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Preface

This book conforms to the latest syllabus in ‘Discrete Mathematics’ prescribed
not only to the students of Engineering at the graduate and postgraduate levels
by Anna University but also to the students of BCA, MCA and other IT related
professional courses in most colleges in various universities throughout India.

This book has been designed to provide an introduction to some fundamental
concepts in Discrete Mathematics in a precise and readable manner and most of
the mathematical foundations required for further studies.

Many students taking this course are used to express that this subject is quite
abstract and vague and that they need more examples and exercises to under-
stand and develop an interest in the subject. To motivate such students, the book
contains an extensive collection of examples and exercises with answers, so as
to enable them to relate the mathematical techniques to computer applications
in a sufficient manner.

I have maintained my style of presentation as in my other books. I am sure
that the students and the faculty will find this book very useful.

Critical evaluation and suggestions for improvement of the book will be highly
appreciated and gratefully acknowledged.

I wish to express my thanks to Prof. M Jegan Mohan, Principal, SSCE,
Aruppukottai for the appreciative interest shown and constant encouragement
given to me while writing this book.

I am thankful to my publishers, McGraw Hill Education (India) for their
painstaking efforts and cooperation in bringing out this book in a short span of
time.
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Dr. B. Pushpa Panimalar Engineering College, Chennai
Dr. D. Iranian Panimalar Institute of Technology, Chennai
M.S. Muthuraman PSNA College of Engineering & Technology, Dindigul

I have great pleasure in dedicating this book to my beloved students, past and
present.

T VEERARAJAN
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Chapter 1

Mathematical Logic

INTRODUCTION

Logic is the discipline that deals with the methods of reasoning. One of the
aims of logic is to provide rules by which we can determine whether a particular
reasoning or argument is valid. Logical reasoning is used in many disciplines
to establish valid results. Rules of logic are used to provide proofs of theorems
in mathematics, to verify the correctness of computer programs and to draw
conclusions from scientific experiments. In this chapter, we shall introduce
certain logical symbols using which we shall state and apply rules of valid
inference and hence understand how to construct correct mathematical
arguments.

PROPOSITIONS

A declarative sentence (or assertion) which is true or false, but not both, is
called a proposition (or statement). Sentences which are exclamatory,
interrogative or imperative in nature are not propositions. Lower case letters
such as p, g, r ... are used to denote propositions. For example, we consider the
following sentences:

1. New Delhi is the capital city of India.
How beautiful is Rose?
2+2=3
What time is it?
xt+ty=z
. Take a cup of coffee.

In the given statements, (2), (4) and (6) are obviously not propositions as
they are not declarative in nature. (1) and (3) are propositions, but (5) is not,

S v W
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since (1) is true, (3) is false and (5) is neither true nor false as the values of x, y
and z are not assigned.

If a proposition is true, we say that the #7uth value of that proposition is true,
denoted by T or 1. If a proposition is false, the truth value is said to be false,
denoted by F or 0.

Propositions which do not contain any of the logical operators or connectives
(to be introduced in the next section) are called atomic (primary or primitive)
propositions. Many mathematical statements which can be constructed by
combining one or more atomic statements using connectives are called molecular
or compound propositions.

The truth value of a compound proposition depends on those of sub-
propositions and the way in which they are combined using connectives.

The area of logic that deals with propositions is called propositional logic or
propositional calculus.

CONNECTIVES

Definition

When p and ¢ are any two propositions, the proposition “p and ¢ denoted by
p A q and called the conjunction of p and ¢ is defined as the compound
proposition that is true when both p and ¢ are true and is false otherwise. (A is
the connective used) A truth table is a table that displays the relationships
between the truth values of sub-propositions and that of compound proposition

constructed from them.
Table 1.1 is the truth table for the conjunction of two

.. o s Table 1.1
propositions p and ¢ viz., “p and ¢q”.
Definition p__ 4 rni
When p and ¢ are any two propositions, the propositions T T T
13 2 . . . T F F
‘p or ¢” denoted by p v ¢ and called the disjunction of p P T F
and ¢ is defined as the compound proposition that is F F F

false when both p and ¢ are false and is true otherwise.
(v is the connective used) Table 1.2
Table 1.2 is the truth table for the disjunction of two qg pvg

propositions p and g, viz., “p v ¢q”.

Definition

Given any proposition p, another proposition formed by
writing “It is not the case that” or “It is false that” before
p or by inserting the word ‘not’ suitably in p is called the
negation of p and denoted by Tp (read as ‘not p’). Ip is
also denoted as p’, p and ~ p. It p is true, then Tp is Table 1.3
false and if p is false, then Tp is true.

ol I IR s
o3
R

7

Table 1.3 is the truth table for the negation of p. For f; lf

example, if p is the statement “New Delhi is in India”, F T
the Tp is any one of the following statements.
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(a) It is not the case that New Delhi is in India
(b) It is false that New Delhi is in India
(¢) New Delhi is not in India

The truth value of p is T and that of Tp is F.

ORDER OF PRECEDENCE FOR LOGICAL
CONNECTIVES

We will generally use parentheses to specify the order in which logical operators
in a compound proposition are to be applied. For example, (p v ¢) A ("Tr) is the
conjunction of p v ¢ and Tr. However to avoid the use of an excessive number
of parentheses, we adopt an order of precedence for the logical operators,
given as follows:
(1) The negation operator has precedence over all other logical operators.
Thus Tp A g means (TIp) A g, not T(p A q).
(i1) The conjunction operator has precedence over the disjunction operator.
Thus p A ¢ v rmeans (p A q) vV r,butnotp A (g v r).
(i) The conditional and biconditional operators — and < (to be introduced
subsequently) have lower precedence than other operators. Among them,
— has precedence over <.

CONDITIONAL AND BICONDITIONAL
PROPOSITIONS

Definition
If p and ¢ are propositions, the compound proposition “if p, then ¢”, that is
denoted by p — ¢ is called a conditional proposition, which is false when p is
true and g is false and true otherwise.

In this conditional proposition, p is called the Aypothesis or premise and q is
called the conclusion or consequence.

Note Some authors call p — ¢ as an implication.

For example, let us consider the statement.

“If I get up at 5 A.M., I will go for a walk”, which may be represented as
p — ¢ and considered as a contract.

If p is true and ¢ is also true, the contract is not violated and so ‘p — ¢’ is
true.

If p is true and ¢ is false (viz., I get up at 5 A.M., but I do not go for a walk),
the contract is violated and so ‘p — ¢’ is false.

If p is false and whether g is true or false (viz., when Table 1.4

I have not got up at 5 A.M; I may or may not go fora | p g p—gq

walk), the contract is not violated and so ‘p = ¢’ is true. [T T T
Accordingly, the truth table for the conditional T F F

proposition p — ¢ will be as given in Table 1.4. F T T
The alternative terminologies used to express p —> ¢ | F F T

(if p, then g) are the following:
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(1) p implies ¢, (ii) p only if ¢ [“If p, then ¢” formulation emphasizes the
hypothesis, whereas “p only if ¢~ formulation emphasizes the conclusion; the
difference is only stylistic], (iii) g if p or ¢ when p, (iv) ¢ follows from p, (v) p
is sufficient for ¢ or a sufficient condition for ¢ is p and (vi) ¢ is necessary for
p or a necessary conditions for p is q.

Definition

If p and ¢ are propositions, the compound proposition “p if and only if ¢”, that
is denoted by p < ¢, is called a biconditional proposition, which is true when
p and g have the same truth values and is false otherwise.

It is easily verified that ‘p <> ¢’ is true when both the conditionals p — ¢
and ¢ — p are true. This is the reason for the symbol <> which is a combination
of = and «.

Alternatively, ‘p <> ¢’ is also expressed as ‘p iff ¢’ Table 1.5

and ‘p is necessary and sufficient for ¢’. D g pegq
The truth table for ‘p <> ¢’ is given in Table 1.5. T T T
Note The notation p 2 ¢ is also used instead of p < gq. T F F
F T F
TAUTOLOGY AND CONTRADICTION F F T

A compound proposition P = P(py, ps, .., p,), where py, p,, ..., p, are variables
(elemental propositions), is called a tautology, if it is true for every truth
assignment for p,, p,, ..., P,

P is called a contradiction, if it is false for every truth assignment for p,, p,,
vevs D
For example, p v Tp is a tautology, whereas p A Tp is a contradiction, as seen
from the Table 1.6 given below.

Table 1.6
P Ip pvIp pAlp
T F T F
F T T F

Note 1. The negation of a tautology is a contradiction and the negation of a
contradiction is a tautology.

2. If P(py, py, ---, p,) is a tautology, then P(q,, g5, .., q,) is also a tautology, where
41> 4> ---» q, are any set of propositions. This is known as the principle of
substitution.

For example, since p v Tp is a tautology, (p v @) Ar) v T ((p v q@) A ¥) is also
a tautology.
3. If'a proposition is neither a tautology nor a contradiction, it is called a contingency.

EQUIVALENCE OF PROPOSITIONS

Two compound propositions A(p,, p,, -.., p,) and B(p,, p,, ..., p,) are said to
be logically equivalent or simply equivalent, if they have identical truth tables,
viz. if the truth value of 4 is equal to the truth value of B for every one of the 2"
possible sets of truth values assigned to p|, ps, ..., p,.
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The equivalence of two propositions 4 and B is denoted as 4 < Bor A =B
(which is read as ‘A4 is equivalent to B’). < or = is not a connective.
For example, let us consider the truth tables of T(p v ¢) and Tp A Tq (see
Table 1.7). The final columns in the truth tables for T(p v ¢) and Tp A Tq are
identical. Hence T(p v q) = Tp A Tgq.

Table 1.7
P q Vg Tpva) Ip Tq Tp A lg
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

Note We have already noted that the biconditional proposition 4 <> B is true
whenever both 4 and B have the same truth value, viz. 4 <> B is a tautology, when 4
and B are equivalent.

Conversely, 4 = B, when 4 <> B is a tautology. For example, (p — ¢) = (TIp v ¢), since
(® = q) < (Ip v q) is a tautology, as seen from the truth Table 1.8 given below:

Table 1.8
P q P4 p Ipvg (G->q¢ < Ipvy
T T T F T T
T F F F F T
F T T T T T
F F T T T T

DUALITY LAW

The dual of a compound proposition that contains only the logical operators v,
A and T is the proposition obtained by replacing each v by A, each A by v,
each T by F and each F by T, where T and F are special variables representing
compound propositions that are tautologies and contradictions respectively.
The dual of a proposition 4 is denoted by 4*.

DUALITY THEOREM

If A(py, pys ---» Py) = By, Py, ---, P,), Where A and B are compound proposi-
tions, then A*(p,, p, ..., p,) = B* (1, P2y ---» Py)-

Proof
In Table (1.7), we have proved that
Tpvg)=TpATdgorpvg=T(Ip A T19) (D)
Similarly we can prove that
pAq=T1(Ip v 1q) 2

Note (1) and (2) are known as De Morgan’s laws.
Using (1) and (2), we can show that
T4y, py. - py) = A*(py, py, .., py) (3)
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Equation (3) means that the negation of a proposition is equivalent to its
dual in which every variable (primary proposition) is replaced by its negation.
From Eq. (3), it follows that

A(pl’ P2 s pn) = FIA*(—Ipls —Ipz, A —Ipn) (4)

Now since A(p,, py, ---» P,) = By, pys ---» P,), We have A(py, ps, ..., p,) <
B, py, ---, p,) 1s tautology

A(py, Tpy, ..., 1p,) < B((py, Tp,, ..., Ip,) is also a tautology (5)
Using (4) in (5), we get
T4*(py, pay ---» Py) < 1B*(py, Py, ---, p,) 1s a tautology.
.~ A* & B* is a tautology.
o A* = B*

ALGEBRA OF PROPOSITIONS

A proposition in a compound proposition can be replaced by one that is equiva-
lent to it without changing the truth value of the compound proposition. By this
way, we can construct new equivalences (or laws). For example, we have
proved that p — g = TTp v g (Table 1.8). Using this equivalence, we get
another equivalence p — (¢ = ) =p — (g Vv ). Some of the basic equivalences
(laws) and their duals which will be of use later are given in Tables 1.9, 1.10
and 1.11. They can be easily established by using truth tables.

Table 1.9 Laws of Algebra of Propositions

SI. No. Name of the law Primal form Dual form
1. Idempotent law pPVP=p PADP=EDp
2. Identity law pvF=p paT=p
3.  Dominant law pvT=T pAF=F
4. Complementlaw pv Ip=T pAdIp=sF
5. Commutative law pvg=qvp PAG=qAD
6. Associative law v vr=pv(gvr) PAgQAr=pAa(gAar)
7. Distributivelaw  pv(@ar)=@Evgoa@vr) pa(gvr=p@PAarq)Vv(pAr)
8. Absorption law pv(pAg=p pA(pVv=p
9. DeMorgan’slaw  T(pvg)= Tpa g Tprqg)=TIpv g

Table 1.10 Equivalences Involving Conditionals

p—q=TIpvg
p—g="Tlg—> Tp
pvg=Ip—gq
prg=T@p— Tg)
Tp—->g=pna g
@P=>Dr@—=>n=p—>(@nar)
pP-=>nNr@@=>n=pve—>r
P>9vp->r=p—>(@vr)
P->nNv@->n=prg—>r

VXA NR WD =
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Table 1.11 Equivalences Involving Biconditionals

. peq=EpP-o>9A(@—>p)
.peoqg=ETIpe g
peog=@EAag) v (Ipa lg)
Tpeog=po g

TAUTOLOGICAL IMPLICATION

B

A compound proposition A(p;, p;, ..., p,) is said to tautologically imply or
simply imply the compound proposition B(py, p,, ..., p,), if B is true whenever
A is true or equivalently if and only if 4 — B is a tautology. This is denoted by
A = B, read as “4 implies B”.

Note = is not a connective and 4 = B is not a proposition).
For example, p = p Vv ¢, as seen from the following truth Table 1.12. We note
that p v ¢ is true, whenever p is true and that p — (p v ¢) is a tautology.

Table 1.12
p q pVq p—=>(PVyg
T T T T
T F T T
F T T T
F F F T

Similarly we note that (p — ¢g) = (Tg — Tp) from the following truth
Table 1.13.

Table 1.13
P q Ip Tq P —q Tg— TIpp—>q —(lg— Tp)
T T F F T T T
T F F T F F T
F T T F T T T
F F T T T T T

Some important implications which can be proved by truth tables are given in
Table 1.14.

Table 1.14 Implications

- PANg=Pp

- PAGg=>q

.pP=>pVvyg

Tp=p—>gq

- gq=>p—4q

Tp—>q9=p
Tp—->q) = lg
.pA(p—>q) =>q
Tgnp—-9 = Tp
Iprlpvg =g

.o PpA@on=>por
.povopAaponral@gor=r

© N LA W~

—
=S
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Note We can easily verify that if 4 = B and B = 4, then 4 = B. Hence to prove
the equivalence of two propositions, it is enough to prove that each implies
the other.

NORMAL FORMS

To determine whether a given compound proposition A(p;, p,, ..., p,) 1S a
tautology or a contradictor or at least satisfiable and whether two given com-
pound propositions A(p;, p,, ..., p,) and B(p,, p,, ..., p,) are equivalent, we
have to construct the truth tables and compare them.
Note A(py, Py, ---» P,) 1s said to be satisfiable, if it has the truth value T for at
least one combination of the truth values of p;, p,, ..., p,.
But the construction of truth tables may not be practical, when the number
of primary propositions (variables) p;, p,, ..., p, increases. A better method is
to reduce 4 and B to some standard forms, called normal forms and use them
for deciding the nature of 4 or B and for comparing 4 and B. There are two
types of normal form—disjunctive normal form and conjunctive normal form.
We shall use the word ‘product’ in place of ‘conjunction’ and ‘sum’ in place
‘disjunction’ hereafter in this section for convenience.

DISJUNCTIVE AND CONJUNCTIVE NORMAL FORMS

A product of the variables and their negations (a conjunction of primary state-
ments and their negations) is called an elementary product.

Similarly, a sum of the variables and their negations is called an elementary
sum. For example, p, Tp, p A Ip, Tp A g, p A Tq and Tp A g are some
elementary products in 2 variables ¢, Tq, p v ¢, p v Tq and Tp v Tq are some
elementary sums is 2 variables. A compound proposition (or a formula) which
consists of a sum of elementary products and which is equivalent to a given
proposition is called a disjunctive normal form (DNF) of the given proposition.

A formula which consists of a product of elementary sums and which is
equivalent to a given formula is called a conjunctive normal form (CNF) of the
given formula.

Procedure to Obtain the DNF or CNF of a Given
Formula

Step 1

If the connectives — and <> are present in the given formula they are replaced
by A, v and T viz. p — ¢ is replaced by Tp v g and p <> q is replaced by either
PArq) v (Ipadg)or(Ipvg)A(TgVp).

Step 2

If the negation is present before the given formula or a part of the given
formula (not a variable), De Morgan’s laws are applied so that the negation is
brought before the variables only.
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Step 3
If necessary, the distributive law and the idempotent law are applied.
Step 4

If there is an elementary product which is equivalent to the truth value F in the
DNEF, it is omitted. Similarly if there is an elementary sum which is equivalent
to the truth value 7 in the CNF, it is omitted.
For example, the DNF of ¢ — (¢ — p) is given by
q—=>(@g—=>p=Tqgviqg—p)
=Tgqv (g vp)
= (Tq v Tq) Vv p, by associative law
= TTq v p, by idempotent law.
The CNF of T(p v q) & (p A q) is given by
Teveeoprgd=(Tova Al rg) v (T(T@ V@) ATE A 9)
=(TpATgalergvipvg A(lpvig)
=@ATIp)Al@gnTg vV g A(Tpv g
=sFAFVpvg A(Ipv g
=@V (lpvig)

PRINCIPAL DISJUNCTIVE AND PRINCIPAL
CONJUNCTIVE NORMAL FORMS

Given a number of variables, the products (or conjunctions) in which each
variable or its negation, but not both, occurs only once are called the minterms.
For two variable p and ¢, the possible minterms are p A g, p A Tg, Tp A g and
Ip A Tg.

For three variables p, ¢ and r, the possible minterms are

PAGAT, IpAGAT,DANTGATr,pAGANTr, Tp ATg AT, p ATTg A Tr,
Tp AgATrand Tp A Tg A Tr.

We note that there are 2" minterms for # variables.

Given a number of variables, the sums (or disjunctions) in which each
variable or its negation, but not both, occurs only once are called the maxterms.

For the two variables p and ¢, the possible maxterms are p v ¢, p v g,
Tp v q and Tp v Tq. The maxterms are simply the duals of minterms.

A formula (compound proposition) consisting of disjunctions of minterms in
the variables only and equivalent to a given formula is known as its principal
disjunctive normal form (PDNF) or its sum of products canonical form of the
given formula. Similarly, a formula consisting of conjunctions of maxterms in
the variables only and equivalent to given formula is known as its principal
conjunctive normal form (PCNF) or its product of sums canonical form.

In order to obtain the PDNF of a formula, we first obtain a DNF of the
formula by using the procedure given above. To get the minterms in the dis-
junctions, the missing factors are introduced through the complement law (viz.
P v TP = T) and then applying the distributive law. Identical minterms
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appearing in the disjunctions are then deleted, as P v P = P. A similar proce-
dure with necessary modifications is adopted to get the PCNF of a formula.
In order to verify whether two given formulas are equivalent, we may obtain
either PDNF or PCNF of both the formulas and compare them.
Note If the PDNF of a formula A is known, the PDNF of T4 will consist of the

disjunctions of the remaining minterms which are not included in the PDNF
of A.

To obtain the PCNF of 4, we use the fact that 4 = T(TA4) and apply
De Morgan’s laws to the PDNF of T4 repeatedly.

Examples
(a) The PDNF of (p v Tgq) is given by
pvI1qg =pAa(gvTg)vVv Tqg A (pv Ip), by complement law
=pAq)vpArTgv(lgap)v (TgAp),
by distributive law
=(pArq)VvpATg v (Ip A T1q), by commutative and
idempotent laws.
(b) To get the PCNF of p <> g, we proceed as follows:
The PDNF of p &> g=( A q) v (Ip A Tq) [assumed from Table (1.11)]
.. PDNF of T(p < q¢) = (TIp A q) v (p A Tg) (remaining minterms) (1)
Peo=T11p < q)
=T(Tp A q) v (p A Tgq), form (1)
=T(Tp A g) A T(p A 1q), by De Morgan’s law
=(p v 19 A (1p vV q), by De Morgan’s law,
which is the same as
P qg=p@ =9 A(g—p).

\ WORKED EXAMPLES 1(A)

Example 1.1 Construct a truth table for each of the following compound
propositions:

@ (@vqg —@nag; ) (> q) > (@ —>p)
(©) (g = Tp) < (p < 9); d peogpeo@agv(IpAlg)
(e) (Tp < Tq) < (p < 9).
(a) Table 1.15 Truth Table for (pv g) = (p A g)
p q pPvq PAq Pvg—>Pnrg)
T T T T T
T F T F F
F T T F F
F F F F T
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(b) Table 1.16 Truth Table for (p —» gq) - (@ = p)
p q pP—q q—p (p—4q9) —>(@q—-p
T T T T T
T F F T T
F T T F F
F F T T T
(©) Table 1.17 Truth Table for (g - Tp) < (p < g
p q 1p q—> 1qg pog (@ Tp o p@eoq)
T T F F T F
T F F T F F
F T T T F F
F F T T T T
(d) Table 1.18 Truth Table for (p <> q) < ((p A g Vv (Tp A T1q))
p q Tdp Tgqpeqg pag Ipa Tgpaq) v (Tpa Tq) given formula
T T F F T T F T T
T F F T F F F F T
F T T F F F F F T
F F T T T F T T T
(e) Table 1.19 Truth Table for (Tp v T1qg) < (p < q)
p q Ip Tq (Tpe T1g) poq) (Mpe Tg o @peoq)
T T F F T T T
T F F T F F T
F T T F F F T
F F T T T T T

Note Formulas given in (d) and (e) are tautologies.

Example 1.2 Construct the truth table for each of the compound proposi-
tions given as follows:

@ (@=>@=>N=>@—=>9—>@—>0)

®) Tev@garmn < @vaalp—r)

© (Tp = Tg) < (g <7)

D @=>@=>0Arvp) g

© (p—=>q—>r)—s

Note If there are n distinct components (sub-propositions) in a statement

(compound proposition), the corresponding truth table will consist of 2"

rows corresponding to 2" possible combinations. In order not to miss any of the combi-
nations, we adopt the following procedure: In the first column of the truth table corre-

sponding to the first component, we will write % x 2" entries each equal to 7, followed
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by % X 2" entries each equal to F. In the second column, (% X 2”) T’s will be first
. | P I . : Loan) oo
written, then 1 x 2" | F’s will be written followed again by 1 x 2" | T’s. Finally

(% X 2”) F’s will be written. In the third column (% X 2") T’s and (% X 2") F’s will

be alternately written starting with T’s and so on.

(a) Table 1.20 Truth Tablefor (p > (g— 1) > (p—>9 — (p—- 1)

p q v p—>q p—o>r q—o>r p—>@—>r) p—>qg) >pP—>r)a—b
=q =b
T T T T T T T T T
T T F T F F F F T
T F T F T T T T T
T F F F F T T T T
F T T T T T T T T
F T F T T F T T T
F F T T T T T T T
F F F T T T T T T

Note The given compound proposition is a tautology.

(b) Table 1.21 Truth Table for T(pv (AN < (pVv g A (p— 1)

p q 1 gAar pvgar) Ta pvg po>rpvgap—or)laesb
=a =b
T T T T T F T T T F
T T F F T F T F F T
T F T F T F T T T F
T F F F T F T F F T
F T T T T F T T T F
F T F F F T T T T T
F F T F F T F T F F
F F F F F T F T F F
(c) Table 1.22 Truth Table for (Tp & Tq) & (g < 1

p q r Tp Tqg (Ipe Tg=a qgeor=b aeob
T T T F F T T T
T T F F F T F F
T F T F T F F T
T F F F T F T F
F T T T F F T F
F T F T F F F T
F F T T T T F F
F F F T T T T T
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(d) Table 1.23 Truth Table for (p - (@ = 8)) A (Trv p) A g

p q r s qg—os=a p—oa=b Tr (Trvpi=c bac barcnrg

T TTT T T F T T T

T T T F F F F T F F

T TF T T T T T T T

T T F F F F T T F F

T F TT T T F T T F

T F T F T T F T T F

T F F T T T T T T F

T F F F T T T T T F

F TTT T T F F F F

F T T F F T F F F F

F T F T T T T T T T

F T F F F T T T T T

F FTT T T F F F F

F F TF T T F F F F

F F F T T T T T T F

F F F F T T T T T F
(e) Table 1.24 Truth Table for (p > g -1 — s

P q r s P—9q =9 —>r (p—>q) —>1)—>s

T T T T T T T

T T T F T T F

T T F T T F T

T T F F T F T

T F T T F T T

T F T F F T F

T F F T F T T

T F F F F T F

F T T T T T T

F T T F T T F

F T F T T F T

F T F F T F T

F F T T T T T

F F T F T T F

F F F T T F T

F F F F T F T

Example 1.3 Determine which of the following compound propositions
are tautologies and which of them are contradictions, using truth tables:

@ (TgA—>q9 —"1p

®) (=D Arlg—>r)=>@—>1)

() T(g—=>rArralp—q)

d (v Arp—=>ra(g—or) -
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(a) Table 1.25 Truth Table for (Tg A (p = q)) = Tp
p q TIp Tq @—>q9 Tgr@w—=>q9 (Tgrp—>q9)—> Tp
T T F F T F T
T F F T F F T
F T T F T F T
F F T T T T T

Since the truth value of the given compound proposition is T for all
combinations of p and g, it is a tautology.
(b) Table 1.26 Truth Table for (p > g A(g—>1nN) > (p— 1

g r po>q por qgqor pogYga@@orn (oY A@-r)
—>{@-7

S|

ol T T RS RS R
R I R R R
M T ™™
= I
= e I
s BT I IR
==
4394494934

Since the truth value of the given statement is T for all combinations of
truth values of p, g and r, it is a tautology.

() Table 1.27 Truth Tables for T(g > N AT A (p > q)
p—oq qg—or Tg-or) T@gorarl@orarap-—q)

MR a3
T I R T I FEN
I I I R
HHHaHTmm a4
HHTmHa 9T
mH ST ™S
oo lile s lie s Mies Bile s liles Miles e o]
oo liesliles e MiesBies Mlesiies)

The last column contains only F as the truth values of the given statement.
Hence it is a contradiction.

(d) Table 1.28 Truth Tablefor (pvgaAa(p—>nNAr(g—> 1) > r

p q r pvgq p—or anb q—>r anbac (@aabnac)—>r
=q =) =c

T T T T T T T T T

T T F T F F F F T

T F T T T T T T T

T F F T F F T F T

(Contd.)
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(Contd.)
F T T T T T T T T
F T F T T T F F T
F F T F T F T F T
F F F F T F T F T

Since all the entries in the last column are T’s, the given statement is a
tautology

Example 1.4 Without using truth tables, prove the following:

O (Tpveoaparlprg=pnag

(i) p>@—->p=Tp—>F@—9
(i) Teped=@EvodrTpve=p@Algv(Ipag)

QO (Ipvgor@ar@arqg)=1Ipvg) A Ap) A g, by associative law

=(Tp v q) A (p A q), by idempotent law

=(p A q) A (Tp vV q), by commutative law
=((pAg)ATp)v((pAqg) A q), by distributive law
=(TpAr@Aaq)Vv(pAq) A q), by commutative law
=((Tp Ap)Aq) Vv (p A (g A q), by associative law
=(Fvq) Vv (p A q), by complement and idempotent law
=F v (p A q), by dominant law

=p A ¢, by dominant law.

i) p>@—->p=TIpv(g—p [Refer to Table 1.10]
Tp v (g v p) [Refer to Table 1.10]
Tg v (p v Tp), by commutative and associative laws

= Tp v T, by complement law
=T, by dominant law )
Tp—>@—>¢=pvVv(p — q),by (1) of Table 1.10
=p v (Ip v gq), by (1) of Table 1.10
= (p v T1p) v ¢, by associative law

=T v g, by complement law
= 7, by dominant law, )
From (1) and (2), the result follows.
(i) T < q9)=T((p — 9) A (g = p)), from Table 1.11
=T({(Tp v q) A (Tq Vv q)), from Table 1.10
=T[((Tp v q) ATq) v ((TIp v q) A pl, by distributive law

=T[((Tp A Tq) v (g ATg) v ((Tp Ap)) V(g AP,

by distributive law
[((Tp ATg) v F) v ((FV(q A p))], by complement law
[((Tp A T1g) v (g A p)], by identity law
[T v q) v (g A p)], by De Morgan’s law
(» Vv q) A T(g A p), by De Morgan’s law )
(Vv q) A (Tg v 1p), by De Morgan’s law
((pv g ATq9) Vv (pvVvqg) A Tp)), by distributive law
(pATg)vgaTg) v ((pAdp)v(g A Tp)), by distributive law

1l
— ] =]
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=((p A T1g) vF) v (FvV(g A T1p)), by complement law

=(p A T1q) v (¢ A TTp), by identity law

=(p A T1q) v (Ip A q), by commutative law 2)
From (1) and (2), the result follows.

Example 1.5 Without constructing the truth tables, prove the following:
) Tp—>(@—->rN=qg—>@vr)
) p>@-orn=p—>Igvr=pEnarqg)—>r
Gi) (v g AT(Ip A(Tg v Ir)) v (IpATg) v (Tp A Tr)is a tautology.
(i) 1p > (g —>r)=p v (g > r), from Table 1.10
=p v (Tq v r), from Table 1.10
= (p v T1q) v r, by associative law
= (Tq v p) Vv r, by commutative law
=Tq v (p Vv r), by associative law
=¢g — (p v r), from Table 1.10.
(i) p—> (@ —>r)=p — (Tq v r), from Table 1.10 (1)
Now p — (Tg v r)="p v (Tq Vv r), from Table 1.10
= ("Ip v T1q) Vv r, by associative law
=T(p A q) v r, by De Morgan’s law
=pArq) > 2
) (v AT(ApA(Tgv Ir) v(Ip ATdg) v (Ip ATr)
=((@voAT(IpAaT@an) v Ty v Ipvr,
by De Morgan’s law
=((evo Ay @A) vy v Ipvr),
by De Morgan’s law
=(@vaAlevaoryvn)vITpve v Ipvnl
by distributive law
=levoAr@evnlvaleyveg Ayl
by idempotent and De Morgan’s laws
The final statement is in the form of p v Tp.
LHS. =T
Hence the given statement is tautology.

Example 1.6 Prove the following equivalences by proving the equiva-
lences of the duals:
O T(Ap A v(IpATg)vprg =p
i) @pvg—or=pE-o>r)algar
(i) pA(peq) =>q=T
(1) The dual of the given equivalence is
T(Opv O A(Ipv I Alpvg =p

Let us now prove the dual equivalence.

LHS.=T(TIp v (g A T19) A (p Vv q), by distribution law
=T(Tp v F) A (p Vv q), by complement law
=T1(Tp) A (p v q), by identity law
=p V9
= p, by absorption law
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(i)

(iii)

PV >r=p—=rAlg—r
e, Tpvge vr=(Ipvr)a(Tgvr)
Dual of this equivalence is
T Arg) Ar=(Ipar)v(TIgAr)
LH.S =(Tp v T1g9) A r, by De Morgan’s law
= (Tp A7) v (g A r), by distributive law
= R.H.S.
PApeoq)—=q=T
ie.pAa((p—>q9) A(g—>p)—> qg=T, from Table 1.11
ie.pA((Mpvg a(lgvp) —>qg=T
ie. T A((Tpvg A(Tgvp)vg=sT
Dual of this equivalence is
T v ({(ApArgv(Igap) rqg=F
LHS.=T[(p v (Tp A q) v (Tq A p)] A g, by associative law
=TT A Vv q) Vv (TgAp)] A g, by distributive and complement
laws
=T[(p Vv q) v (Tq A p)] A g, by identity law
=T[((pvq Vv TIg9 A({(pvVqg)Vp)A g, by distributive law
=T[@vTA@vVq)lA g, by idempotent and complement laws.
=T[T A (p Vv q)] A q, by dominant law
T[p Vv q] A g, by identity law
(Tp A 19) A gq, by De Morgan’s law
= (Tp A F), by complement law
= F, by dominant law.

Example 1.7 Prove the following implications by using truth tables:
Dp>@=>nN=>@>9->@->7n

(i)
(@)

(@)

Po@>s))DA(Trvp)arg=r—s

We have defined that A = B, if and only if A— B is a tautology

Table 1.29

p q r p—oq q—o>r p-or p-o>b a—->c d-oe
(@) (b) © @ (e

T T T T T T T T T

T T F T F F F F T

T F T F T T T T T

T F F F T F T T T

F T T T T T T T T

F T F T F T T T T

F F T T T T T T T

F F F T T T T T T

Since d — e, viz., [p = (¢ > )] = [(p = q) = (p — r)] is a tautology,
the required implication follows.
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(i1) Table 1.30
p q r s qg—os p—oa Ir (Trvp bac drqg r—s e—f
(@) () (© @ (e) 1
T T T T T T F T T T T T
T T T F F F F T F F F T
T T F T T T T T T T T T
T T F F F F T T F F T T
TF T T T T F T T F T T
T F T F T T F T T F F T
TF F T T T T T T F T T
T F F F T T T T T F T T
FTTT T T F F F F T T
FT T F F T F F F F F T
FTF T T T T T T T T T
F T F F F T T T T T T T
FF TT T T F F F F T T
F F T F T T F F F F F T
FF F T T T T T T F T T
F F F F T T T T T F T T

Since e — f'is a tautology, e = f.

Example 1.8 Prove the following implications without using truth tables:
O @vopralp-oral@gor)=r
i) (pvIp) > > (pVvip) >r=qg->r
O [evarporalgon]—r
=(pvg A(pvgqg)—>r) —r from Table 1.10
=@voAr(dpvgvr)—>r
Fvpvgar)—r
(pvg ar)—>r
=T((vg Ar)vr
=T((@Aar)v(gar)vr
=(TpArVAT(GAr)Vvr
=(Tp A VvI)A(T(@Ar)Vvr)
=(IpvIrve)a(TgvIrvr)
=(MpADA(TgATD
=TAT
=T
i) (pvIp) =g =>((pVvIp)>n]—>(@G—>r)
=[(T—>q9)>T—>n]—>@—>r
[(Fvg) = FEVH]—>(@q@—r)
(g—>r)—>(@—>r
T
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Example 1.9 Find the disjunctive normal forms of the following state-
ments:

O T(T@ e g AP

(i) pv (Ip > (g V(g — 1))
(ii)) pAT@Ar)vp—q)

i) @ATgvr)v(parg)v1r)Ap)

O T PdArn=T(Hp Arq) v (Ip A1) Ar)
T[T A q) AT(Tp ATq) A 1]
T((Tpv I APV Q) ATl
T TpAap)v(ApAqg) v (g ap) v (Tg Aq)) AT,

by extended distributive law

T(Tp A gq) v (Tg Ap)) A1)
T((Tp v TIg) A(Tpvp) Alg Vv T9) AlgVp) Arl
T v g A(IpvT19) Ar]
Tpv g v I(lpvIg) v Ir
=(MpAaTg)vpAarg) v Ir
i) pv (Ip > (g V(g — 1))
=pVv(Ip—(qv (Tgv1Ir))
=pVvipvigv(1gvr))
=pvpvgvlgv1r
=pvqvVvlgvr
Note  The given statement is a tautology, asp v (g v Tq)v Tr=Pv Tv 1r=T

(ii)) pAT@Ar)vp—q)

pATgnAr)v(Ipvg)

P A(Igv I v(Ipvg)

pATg)vipATIrv(Ipvyqg)
=pATg)vpAaTdr)viIpvyg

i) @ATgvr)v(parg)v1r)Ap)
= A(TgAaTrn)v(eArg) Aq)v (Trap)
=(pATgATIr)vpAg)Vv(pvVvIr

Example 1.10 Find the conjunction normal forms of the following state-
ments:

D) @AT@Ar)v—9)

i) (v rg) ATpvr)Ag)

(i) @AT@gvr)veag v Ir)vp

D) @AT@Ar) v —9)
P A(1gv ) v(Ipvg)
wATg)vipATIrv(Ipvyg)
Pvp)AevINA(lgvp)A(TgvTr) v (Ipvq)
bvpAapvInnaAap@y TIg9) A(Ipvgyv Igv Ir)
bvpAa@vInaAp@y I A(Ipv TvIr
(»
)

ApvIr)A@yv 19q)
DI A TP v 1) Aq]
g A T[(p v r) A q], by absorption law
gA [T vr) v Ig]

(i) [q v

[T T T TR/
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=g A [((p A Tr) v 4]
=gA(TpvTIg)A(TgvTr)
(i) @AT@gvr)v(pAag) v Tr)Ap)
=A(TgaTr)v(pvIr)a(gyv TIr)Ap)
WATgATrYV APV TIr)Aqgyv1r)
=@ AT1g ATr) v (p A (g v T1r)), by absorption law
=[@A(TgATn) vplAllp ATgATr)vigyv 1]
=p A[((p A Tg A Tr) v Tr) v q], by absorption law
=p A (Tr v g), by absorption law
=pAlgvr
Example 1.11 Obtain the principal disjunctive normal forms and the

principal conjunctive normal forms of the following statements using truth
tables:

@ (Tpv 19 = (p < 19

(i) pv(Ip = (g v (Tg =)
(i) (p = (g A1) A (Tp = (Tg A1)
Procedure 1If the given statement is not a contradiction, then the disjunction
(sum) of the minterms corresponding to the rows of the truth table having truth
value T is the required PDNF, as it is equivalent to the given statement.

For example, if the truth value T of the statement corresponds to the truth
values T, T and F for the variables p, ¢ and r respectively, then the corresponding
minterm is taken as (p A g A Tr).

If the given statement A is not a tautology, we can find the equivalent PCNF
as follows:

We write down the PDNF of TA, which is the disjunction of the minterms
corresponding to the rows of the truth table having the truth value F. Then if
we find TTA(=A), we will get the required PCNF of A. Equivalently the
PCNF is the conjunction of maxterms corresponding to the F values of A. But
the maxterm corresponding to T, T, F value of p, ¢, ris [(TTp v Tq Vv r)]

(1) Table 1.31
p q 1p Tq (Ipv g =a peTg=b a—b
T T F F F F T
T F F T T T T
F T T F T T T
F F T T T F F

PDNFof (TpvIg) > (p T =@ Arq vpATg v (Ipalg),
since the minterms corresponding to the 3 T values of the last column are
PAGpATgIpAg

Now PDNF of T(a = b)="T1p A g

S PCNFof(@a > D) =T(TpATg=pvyg
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(i1) Table 1.32
T1p T1q Tg—>r=a gqv

~
1l
S

Tp—b

o

cp

R R TR R EE N Y
R I IS R NE T PN
T R S R CIEE R
4449 49mmoTo
R R R
R R
I [ QS R, RUENE R N
I ISR PR
M AEAa a4 <

PDNF of the given statement
=@AgAar)vpAgAaTIrnV(PATgaAr)V(pATgATr
VApAGgATYV((IpAgATr)V(Ip ATgAY).
Now PCNF of the given statement = T(Tp A Tg A Tr)

=pvgqgvVvr
(i11) Table 1.33
p q r TIp g Tr gar p—>a TgaTrdIp—c bad
=q =ph =c =d
T T T F F F T T F T T
T T F F F T F F F T F
T F T F T F F F F T F
T F F F T T F F T T F
F T T T F F T T F F F
F T F T F T F T F F F
F F T T T F F T F F F
F F F T T T F T T T T

PDNF of the given statement=(p A g A7) v ((Ip A Tq A Tr)
PDNFof TbAdy=(pAgAT V(@ ATgar)v(pAlgalr
V(ApAgan)v(IpagaTr)v(IpATgAar)
PCNFof (bAd)=(Tpv TIgviryA(Ipvgv TN A(Ipvgvr)
ApvIgvInNAapyvIgvryapvgyvTr)

Example 1.12 Without constructing the truth tables, find the principal
disjunctive normal forms of the following statements:

) (Tp > g) A (g < p)

i) @Agv(IpArg)Vvignar)

(ii)) pAT@Ar)vp—q)
V) @v@eArmAT(pvr)Ag)

O (Tp=>9Arl@geop)=p@v e Arlgap) v (TqgAp)
=@pvoAr(prgvTpvVq)
=(evor@erg)vlpv e ATlpvq)
=((evoArprg)VvF
=@Ar@Ar@)VgnrP@Aqg)
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=@ArgVvnrg
=pArg
(i) pArg)v(IpAg)vi(gnar)
=(@ADAEVIANV(ApAGA (v TNV (g AT) APV D))
(. Already the given statement is in the DNF, but not in PDNF)
=sAgAar)VPAgATIr)V((IpAagar)v(Ipagnar
viprgar)v(IpAagnar)

=sAgAr)VPAgATIr)V((IpAagar)v(TIpagAar

(Deleting repetition of identical minterms)

(iii)) pAT@Ar)vp—q)
=(pA(TgvIn)v(ipvq)
wATgvpAaTdIr)yvipvyg
ATV ATV (ApAlgy 1) vigapyip)
=@ATV@e ATV ApArgv(ApATgvpearq)v(IpAqg)
=@AT) v ATV ApArg v (IpATdg v (pAq)
[Omitting the repletion of (Tp A ¢)]
=(@ATPAEVAN) VAT A(gY Tg9) Vv ((TpAQq)
ArvIAN)V(Ap AT AFEVI)) V(P Ag) AV Tr))
=spATgArVPATGATYIVPAgGATr)V (P ATg ATr)
V(ApArgar)v(ApagaTr)v(IpaAaTgar)v (IpAg
ATV (P AgAar)V(DAgATTr
=ATgArYVPATGATII VP AgGAT)V((IpAgATr)
V(ApAgATINV(IpATgar)v(IpATgATr V(P AgAT)
(Omitting repetitions)
Since all possible minterms are present in the PDNF, we infer that the
Note given statement is a tautology.
i) @v@ AN ATpVr)Ag)
@V @A) ACIpvAvIg
(gv@Ar) A((TpATr)vig)
=(@ATIpATNIV@ATYVPAFrATIpATIr)V(pAraAlg)
(By extended distribution law)
=(MpArgAaTr)VEVFEFV (P ATIgAr
=(Ip Aqg ATr) v (p A T1g Ar), deleting F’s

Example 1.13 Without constructing the truth tables, find the principal
conjunctive normal forms of the following statements:

D) @Argv(IpAagnar)

i) v A@rviIp) Algyv Tr)

(i) (pvT(@gVvr)Vv(pAg) ATr)Ap)
iv) (p > (@A) A(Ip—>(Tg ATr)

O @AV AprganN=((@ArgVvIpDA(@rg VY A(pArg V)
=@vIp)A@VvIpD APV Ar@Vv g Arlpyvr)a(gVvr)
=TA(TpvAr@EVYPArgnalpar)algvr)
=((Mpv v AT aAllevevEAT))Aqgyv(pnap)

Apvryv@aTg A@vr)vipalp)
(- AVvF=A)
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=(MpvgviA(IpvgvInapvgvir)alpvgyvTr
Agvpal@viIpapvrvgalpvrvIgal@yvryvp)
A(gvrvp)

=(Mpvgvi)A(IpvgvIna@yvgvryalpvgyvTr
ApvIgviryIa((gvp) vEaTr)Algy Ip)v (raTr)
(Omitting repetitions)

=(Mpvgvi)OA(IpvgvIna@yvgvryalpvgyvIr
AlpvIgvr) (1)
(Deleting repetitions)

Note In this process, we have directly found out the PCNF of the given statement
S. Alternatively we can first find the PDNF of S, write down the PDNF of TS and
hence get the PCNF of S given as follows:

Aliter
S=@Ag)A@Vv IV (IpAgAar)
=AgAr)VPAgATIr)V((IpAgAar)
TS=@ATgAr)V(IpATgAV(IpAagaTr) v (p A Tg A Tr)
v (Ip ATg A Tr)
S=TIS=T@ ATgAr)AT(Ap ATgAr) AT(Op A g ATr)
AT ATgAT)AT(Ap ATg A Tr)
=s(MpvgvInNna@vgvInapyvIgvr)a(Ipvgvr)
Apvgvr) (2)
We see that PCNF’s of S in (1) and (2) are one and the same.
@) LetS=@vg A@vIp)algyv Tr)
Already S is in the CNF. Hence we can get the PCNF directly quickly.
S=(@eveVvEATIA((TpvrvgaTg) Ay Tr) v (pAp)
=spvgvi)apvgvIna(Ipvgvrya(IpvIgvyr)
ApvgvIna(IpvagvTr)
=spvgvi)AnpvgvIna(Ipvgvrya(IpvIgvr)
A(TpvgvTr
@) LetS=@vIT@@vr)viparg ATr)aAp
=(pv(TgvInN)vpArgaTdrap)
pA@v I v(TgaTr)v(p AagnATr
wArg)vp AT v(TgAaTr)vpAgATr)
s((pAg AV IA) V(P AT AG@EYV IRV ((Tg A Tr)
AlpvIp)vpAgnATr)
=AgArVEPAgGATRIVPATgAT)V (P ATg AT
VPATgATIr)V(IpATgATr)v(pAgnalr)
=AgArVPAgGATIVPATgAT)V (P ATgATR
v (Ip ATg A Tr) (1)
In (1), we have got the PDNF of S.
Now IS=(TpArgar)v(IpagaTr)v(IpATgAar)
S=T1T1S=@vIgvIna@vIgvryalpvgyvIr 2)
(2) is the required PCNF of S.
@iv) Let S=(p->@AnN) A(TIp— (Tg A Tr))
=(Tpvgan) Alpv (g ATr)
=(Tpv g A(Ipv i) AalpvTg Ay
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=(Mpv v AT A((Tpvr)vignaTg) Allpv g
vIEATIr)) Ap v Ir)vi(galg)

=((Mpvgvi)A(IpvgvIr)Aa(IpvgvryA(IpvIgvr)
ApvIgvryalpvIgvInapvgvInapyv Iqgv 1r)

=(pvIgvrapvIgvInapvgvyIrnaA(Ipvgvr)
A(TpvIgvir)a(IpvgyvIr

EXERCISE 1(A)

Part A: (Short answer questions)

1.

N

NoansWw

13.

14.

Define the connectives conjunction and disjunction and give the truth
tables for p A g and p v gq.

Define conditional and biconditional propositions and also give the truth
tables for p — ¢ and p < g.

Define tautology and contradiction with simple examples.

When do you say that two compound propositions are equivalent?
Define the dual of compound proposition with an example.

What is the law of duality?

Give the primal and dual forms of the distributive law, absorption law
and De Morgan’s law.

Define tautological implication with an example.

. When is a statement said to be satisfiable?
10.
11.
12.

Define disjunctive and conjunctive normal forms of a statement.

Define PDNF and PCNF of a statement.

Construct the truth table for each of the following compound proposi-
tions:

(@ pArg) > @Vva)

®) (p > q) < (Tg = Tp)

© @—>q9v(lp—q

d @—=>9A(1p—>9q)

(€ g v(Ipeq)

Determine which of the following statements are tautologies or contradic-
tions.

@ @—"1p) = "1p

®)p—>@va

) (Tg=>p)nrg

(d) (@—=p)A(Iprq)

Prove the following equivalences:

@ T@—>q9 =prlg

b)) prgvATg=p

© v alpvig=p

d Teeog=@aTgv(IpAag)
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15.

16.

17.

18.

19.

Part
20.

21.

22.

Write down the duals of the following statements:

(@ TevgVvI(Ip)rgqglvp

®) Tp—=>@—9

© Prg>@—9

(d) @—4q) — (Tg = 7p)

Prove the following implications, using truth tables:

@ @Prg=@—9

®) (g —=>p)="Tp—> g

©p—og=>p—>@Arq

d @—>9) >9g=>pVvyg

Find a DNF or a CNF of the following:

@ @AP—9

®) T —9)

(©) T < q)

(d) gA@v 9

Find the PDNF of the following statements using truth tables:
@ par@—9

®) Tpvg opnrg

() gn(pvg)

(d) (g =>p)A(IpAg)

Find the PCNF of the following statements using truth tables:
(@ peg

® @ve—>p@Pnrg

© (Mevy)vrqg)

(d) (g =>p)A(IpAg)

() p—>@nlg—p)

B

Construct the truth table for each of the following compound propositions:
@ (TpA(Tgar)vignar)vpnar)

® @o>9arl@-onr—->p@—>r1

© (v Arlp—o>rAa(@—or)—>r

d @eqgv(lgeor)

(€ P g o (res)

Determine which of the following statements are tautologies or contradic-
tions:

@ @Arg ATV

®) gv AT v (IpAlg)

© v Ar(lpvr)—(gvr)

d >G> —>p@—>9—>@—>0)

) (pArg)vI(Ipv (TgATr) A(Ip v Tg) A(Tp v Tr)
By constructing truth tables, prove the following equivalences:
@ @P-o9Ar@—or=p—>(@Aar)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

®) garvIgA(IpvIg)=F

© Po>DAr—>q=pv -4

Without using truth tables, prove the following equivalences:
@ v Ar(IpAa(Ipag)=CIpaq)

®) (IpA(Tgar)v@anvparn=sr

© p=@v=@ -9 vp-—r

d pvg-or=p-oral@—or

(e (Tp—>Tq9) > (@—>p=T

Write down the duals of the following equivalences and prove the duals
without using truth tables:

@ TeAnq >(Ipv(Ipvg)=(Ipvq)

® (Tp=>p—>CIpArg))=pvyg

© peog=Vvg —>p@Pnrg

d po>na@onN=pvye —r

() Ip—>@—>nN=qg—->@vr)

Prove the following implications, using truth tables:

@ ((pvT(gAar)Adp)= (g v 1r)

® v rp-orNA(@gos)=>(vVvr)

Prove the following implications, without using truth tables:
@ @E-o>9pnrl@gonN=>p@E-—>r

® (@=>@ATp) > —>@ATdp)=F—>q)

Find the DNF of the following statements:

(@ T —>(@nnr)

®) (TIp—=>r Ao q

© @viermN)ATpvrAg

Find the CNF of the following statements:

(@ Teve e P@Pnrg)

®) TV 19 ATr)

©) gvparnATpvrnag)

Find the PDNF and PCNF of the following statements using truth tables:
@ p—=>@nlg—p)

® @=>pA(Iprg)

© @rgvparr)vignar

d @rgv(IpAgq)vi(gnar)

Without using truth tables, find the PDNF of the following statements:
@ @rgv(IpAar)vignar

®) p—=>((p =9 AT(Tg v Tp)

© (Mpvgormalpvr

(d) @ATg) v(gAaTp)Vv(rap)

Without using truth tables, find the PCNF of the following statements:
@@ (Tp > 1) Al(gep)

® pArpo>9epa(lpvyg)

© pv(IpATdgAar)

(d) pv(Ip—>(qv(1g—r))
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THEORY OF INFERENCE

Introduction

Inference theory is concerned with the inferring of a conclusion from certain
hypotheses or basic assumptions, called premises, by applying certain prin-
ciples of reasoning, called rules of inference. When a conclusion derived from
a set of premises by using rules of inference, the process of such derivation is
called a formal proof. The rules of inference are only means used to draw a
conclusion from a set of premises in a finite sequence of steps, called argument.
These rules will be given in terms of statement formulas rather than in terms of
any specific statements or their truth values. In this section we deal with the
rules of inference by which conclusions are derived from premises. Any
conclusion which is arrived at by following these rules is called a valid
conclusion and the argument is called a valid argument. The actual truth values
of the premises and that of the conclusion do not play any part in the determi-
nation of the validity of the argument. However, if the premises are believed to
be true and if proper rules of inference are used, then the conclusion may be
expected to be true.

TRUTH TABLE TECHNIQUE

When A4 and B are two statement formulas, then B is said to (logically) follow
A or B is a valid conclusion of the premise 4, if 4 — B is a tautology, viz.,
A = B. Extending, a conclusion C is said to follow from a set of premises H,,
Hy, ... H,it(H AH,..AH)= C.If a set of premises and a conclusion
are given, it is possible to determine whether the conclusion follows from the
premises by constructing relevant truth tables, as explained in the following
example. This method is known as truth table technique.
For example, let us consider

W) H:1p,Hy:pvg,C:gq

(i) Hyi:p—=q,Hyq,C:p Table 1.34

(i) H, and H, are true only in the third row, - » =
in which case C is also true. Hence (i) is p_ 49 P pPYed P—A
valid T T F T T

(i) H, and H, are true in the first and third r r F T F
rows, but C is not true in the third row. E E ¥ l{ ¥

Hence (ii) is not a valid conclusion.

Note The truth table technique becomes tedious, if the premises contain a large
number of variables.

RULES OF INFERENCE

Before we give the frequently used rules of inference in the form of tautologies
in a table, we state two basic rules of inference called rules P and T.

Rule P A premise may be introduced at any step in the derivation.
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Rule T A formula S may be introduced in the derivation, if S is tautologically
implied by one or more preceding formulas in the derivation.

Table 1.35 Rules of Inference

Rule in tautological form Name of the rule
P rg)—>p (V%Z” PA4=P) Simplification
PAg)—=qViz.prg=q)
p—pva) Addition
9—>@vq
@) A @) > @ rq) Conjunction
AP—>9]—q Modus ponens
[Tgar@—-9]—"Tp Modus tollens
(=>DArl@goD]>@—>1) Hypothetical syllogism
(v @) ATp]l —>qg Disjunctive syllogism
(v A(TIpvir]—>(gVvr) Resolution
(v Arpo>DA@o>n]—>r Dilemma

FORM OF ARGUMENT

When a set of given statements constitute a valid argument, the argument form
will be presented as in the following example: “If it rains heavily, then travel-
ling will be difficult. If students arrive on time, then travelling was not diffi-
cult. They arrived on time. Therefore, it did not rain heavily.”
Let the statements be defined as follows:
p: It rains heavily
q: Travelling is difficult
r: Students arrived on time
Now we have to show that the premises p — ¢, ¥ — Tq and r lead to the
conclusion Tp. The form of argument given as follows shows that the premises
lead to the conclusion.

Step No. Statement Reason

1. pP—q Rule P

2. T1q — 1p T, Contrapositive of 1

3. r— g Rule P

4, r— Ip T, Steps 2, 3 and
hypothetical syllogism

5. r Rule P

6. Tp T, steps 4, 5 and

Modus ponen

RULE CP OR RULE OF CONDITIONAL PROOF

In addition to the two basic rules of inference P and T, we have one more basic
rule called Rule CP, which is stated below:

If a formula s can be derived from another formula » and a set of premises,
then the statement (» — s) can be derived from the set of premises alone.
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The rule CP follows from the equivalence
pPAr)>s=p—>@F—>ys)

Note If the conclusion is of the form » — s, we will take » as an additional
premise and derive s using the given premises and .

INCONSISTENT PREMISES

A set of premises (formulas) H,, H,, ... H, is said to be inconsistent, if their
conjunction implies a contradiction.
viz. if Hy A Hy A ... A H, = R A TR, for some formula R.

A set of premises is said to be consistent, if it is not inconsistent.

INDIRECT METHOD OF PROOF

The notion of inconsistency is used to derive a proof at times. This procedure
is called the indirect method of proof or proof by contradiction or reduction
and absurdum.

In order to show that a conclusion C follows from the premises H,, H,, ...
H, by this method, we assume that C is false and include TC as an additional
premise. If the new set of premises is inconsistent leading to a contradiction,
then the assumption that TC is true does not hold good. Hence C is true
whenever H; A H, A ... A H, is true. Thus C follows from H,, H,, ... H,,.

For example, we prove that the premises Tq, p — ¢ result in the conclusion
Tp by the indirect method of proof.

We now include T7Tp as an additional premise. The argument form is given
below:

Step No. Statement Reason
1. T11p C
2. p T, double negation, 1
3. pP—q C
4, Tqg — 1p T, Contrapositive, 3
5. Tq C
6. 1p T, Modus ponens, 4, 5
7. pATp T, Conjunction, 2, 6

Thus the inclusion of TC leads to a contradiction. Hence Tq, p — g = Tp.

PREDICATE CALCULUS OR PREDICATE LOGIC

Introduction

In mathematics and computer programs, we encounter statements involving
variables such as “x > 107, “x = y + 5” and “x + y = z”. These statements are
neither true nor false, when the values of the variables are not specified.

The statement “x is greater than 10” has 2 parts. The first part, the variable
x, is the subject of the statement. The second part “is greater than 10”, which
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refers to a property that the subject can have, is called the predicate. We can
denote the statement “x is greater than 10” by the notation P(x), where P
denotes the predicate “is greater than 10” and x is the variable. P(x) is called
the propositional function at x. Once a value has been assigned to the variable
x, the statement P(x) becomes a proposition and has a truth value. For example,
the truth values of P(15){= 15 > 10} and P(5){= 5 > 10} are T and F respec-
tively. The statements “x = y + 5” and “x + y = z” will be denoted by P(x, y)
and P(x, y, z) respectively. The logic based on the analysis of predicates in any
statement is called predicate logic or predicate calculus.

QUANTIFIERS

Many mathematical statements assert that a property is true for all values of a
variable in a particular domain, called the universe of discourse. Such a state-
ment is expressed using a universal quantification. The universal quantification
of P(x) is the statement.

“P(x) is true for all values of x in the universe of discourse” and is denoted
by the notation (x)P(x) or V xP(x). The proposition (x)P(x) or V xP(x) is read
as “for all x, P(x)” or “for every x, P(x)”. The symbol V is called the universal
quantifier.

Note Let us consider Vx P(x) = Vx, (> — 1) = (x — )(x + 1) (1

(1) is a proposition and not a propositional function, even though a variable

x appears in it. We need not replace x by a number to obtain a statement. The truth
value of Vx P(x) is T.]

Examples

1. If P(x) = {(—x)* = x}, where the universe consists of all integers, then the
truth value of Vx((—x)*> = x?) is T.

2. If Q(x) = “2x > x”, where the universe consists of all real numbers, then
the truth value of Vx Q(x) is F.

3. If P(x) = “x* <10”, where the universe consists of the positive integers 1,
2, 3 and 4, then Vx P(x) = P(1) A P(2) A P(3) A P(4) and so the truth
value of Vx Px) =T ATATAF=F.

Note We have so far applied universal quantification to propositional func-

tions of a single variable only. Universal quantification (and also

existential quantification, that is discussed below) can be applied to compound

propositional functions such as P(x) A Q(x), P(x) = Q(x), TP(x), P(x) v TQO(x)

etc. and to propositional functions of many variables, as given in the following
examples. ]

4. Let P(x) = x is an integer and Q(x) = x is either positive or negative.
Then P(x) — Q(x) is a compound propositional function.

Obviously Vx(P(x) — Q(x)), where the universe of discourse consists of
integers.

5. Let P(x, y): x is taller than y.

If x is taller than y, then y is not taller than x.
viz. P(x, y) = TP(y, x)
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As this assertion is true for all x and y, it can be symbolically represented
as
Vx Vy (P(x,y) = TP(y, x))

EXISTENTIAL QUANTIFIER

The existential quantification of P(x) is the proposition.
“There exists at least one x (or an x) such that P(x) is true” and is denoted by
the notation IxP(x). The symbol 3 is called the existential quantifier.

The proposition IxP(x) is read as “For some x, P(x)”.

Examples

1. When P(x) denotes the propositional function “x > 3”, the truth value of
JxP(x) is T, where the universe of discourse consists of all real numbers,
since “x > 3” is true for x = 4.

Note When the elements of the universe of discourse is finitely many, viz.,

consists of x, x, ... x,,, then IxP(x) is the same as the disjunction

P(x)) v P(x,) v ... v P(x,), since this disjunction is true if and only if at least one
of P(x,), P(x,), ..., P(x,) is true.

2. When P(x) denotes “x*> > 10”, where the universe of discourse consists of
the positive integers not exceeding 4, then the truth value of IxP(x) is T,
since P(1) v P(2) v P(3) v P(4) is true as P(4) [viz., 4° > 10] is true.

NEGATION OF A QUANTIFIED EXPRESSION

If P(x) is the statement “x has studied computer programming”, then ¥V xP(x)
means that “every student (in the class) has studied computer programming”.
The negation of this statement is “It is not the case that every student in the
class has studied computer programming” or equivalently “There is a student
in the class who has not studied computer programming” which is denoted by
JxTP(x). Thus we see that T VxP(x) = IxTP(x).

Similarly, 3xP(x) means that “there is a student in the class who has studied
computer programming “The negation of this statement is “Every student in
this class has not studied computer programming”, which is denoted by
V x TP(x). Thus we get

T 3IxP(x) =V x TP(x)
Further we note that T V xP(x) is true, when there is an x for which P(x) is
false and false when P(x) is true for every x, since
TV xP(x) = IxTP(x)

= TP(x;)) v TP(xy) ... v TP(x,)
T3xP(x) is true, when P(x) is false for every x and false when there is an x for
which P(x) is true,
since TAxP(x) =V x TP(x)

= TP(x;) A TP(x,) ... A TP(x,)
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NESTED (MORE THAN ONE) QUANTIFIERS

There are situations when quantifiers occur in combinations in respect of
1-place or n-place predicate formulas (i.e., propositional functions containing 1
or n variables). For example let us consider a 2-place predicate formula P(x, y).

Now Vx Vy P(x, )= Vx[Vy P(x, y)]
= Vy[Vx P(x, )] ()
and Jx Jy P(x, y) = Ix[Ty P(x, y)] = y[Ix P(x, y)] 2)

From the meaning of quantifiers and by (1) and (2) the following simplifica-
tions hold good:
VxVy Plx,y) = 3y) VxPkx,y)=Vx3y Px,y)
Vy Vx Plx,y) = (3x) VyPkx,y) =V yIx P, y)
Note The negation of multiply quantified predicate formulas may be obtained by
applying the rules for negation (given earlier) from left to right.
Thus T[Vx 3y P(x, y)] = 3x[ T3y P(x, y)]
= dx Vy[TP(x, y)]

FREE AND BOUND VARIABLES

When a quantifier is used on a variable x or when we have to assign a value to
this variable to get a proposition, the occurrence of the variable is said to be
bound or the variable is said to be a bound variable. An occurrence of a
variable that is not bound by a quantifier or that is set equal to a particular
value is said to be free.

The part of the logical expression or predicate formula to which a quantifier
is applied is called the scope of the quantifier.

Examples
Table 1.36
Predicate formula Bound variable and scope Free variable
1. VxP(x,y) x; P(x, ) ¥y
2. Vx (P(x) Q) x; P(x) =0(x) —
3. Vx (P() = E()QOx, ) x; P(x) = EMQ(x, y) —
y; O, y)
4. Vx (P(x) A Q) v Vy R(y) x; P(x) A Q) —
V; R()
5. 3 x P(x) A O(x) First x; P(x) Second x

VALID FORMULAS AND EQUIVALENCES

Let 4 and B be any two predicate formulas defined over a common universe of
discourse £. When each of the variables appearing in 4 and B is replaced by
any element (object name) of the universe E, if the resulting statements have
the same truth values, then 4 and B are said to be equivalent to each other over
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E and denoted as 4 = B or 4 & B over E. If E is arbitrary, we simply say that
A and B are equivalent and denote it as 4 = B or 4 & B.

Generally, logically valid formulas in predicate calculus can be obtained
from tautologies of propositional calculus by replacing primary propositions
(elementary statements) such as p, g, r by propositional functions.

For example, p v Tp =T and (p — q) <> (Ip v q) = T are tautologies in
statement calculus.

If we replace p by V R(x) and ¢ by x S(x) in the above, we get the following
valid formulas in predicate calculus.

Vx Rx)) v (IVx R(x) =T
VxRx) > Ix Sx) & (TVxRx)vIxSx)=T
More generally, all the implications and equivalences of the statement calculus
can also be considered as implications and equivalences of the predicate calculus
if we replace elementary statements by primary predicate formulas. For example,

from T1p & p, we get TTP(x) = P(x) )
from P Ag=qnp,weget P(x) A O, y) = O(x, y) A P(x) ()
from p—q=TIpv g, we get P(x) > O(x) =TP(x) v Ox) 3)

(1), (2) and (3) are some examples for valid formulas in predicate calculus.

Apart from the types of valid formulas given above, there are other valid
formulas also which involve quantifiers. Such valid formulas are obtained by
using the inference theory of predicate logic, discussed below:

INFERENCE THEORY OF PREDICATE CALCULUS

Derivations of formal proof in predicate calculus are done mostly in the same
way as in statement calculus, using implications and equivalences, provided
that the statement formulas are replaced by predicate formulas. Also the three
basic rules P, T and CP of Inference theory used in statement calculus can also
be used in predicate calculus. Moreover, the indirect method of proof can also
be used in predicate calculus.

Apart from the above rules of inference, we require certain additional rules
to deal with predicate formulas involving quantifiers. If it becomes necessary
to eliminate quantifiers during the course of derivation, we require two rules of
specification, called US and ES rules. Once the quantifiers are eliminated, the
derivation is similar to that in statement calculus. If it becomes necessary to
quantify the desired conclusion, we require two rules of generalisation, called
UG and EG rules.

Rule US Universal Specification is the rule of inference which states that
one can conclude that P(c) is true, if V x P(x) is true, where ¢ is an arbitrary
member of the universe of discourse. This rule is also called the universal
instantiation.

Rule ES Existential Specification is the rule which allows us to conclude
that P(c) is true, if 3x P(x) is true, where ¢ is not an arbitrary member of the
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universe, but one for which P(c) is true. Usually we will not know what ¢ is but
know that it exists. Since it exists, we may call it c. This rule is also called the
existential instantiation.

Rule UG Universal Generalisation is the rule which states that V x P(x) is
true, if P(c) is true, where c is an arbitrary member (not a specific member) of
the universe of discourse.

Rule EG Existential Generalisation is the rule that is used to conclude that
Jx P(x) is true when P(c) is true, where ¢ is a particular member of the
universe of discourse.

Examples

1. Let us consider the following “Famous Socrates argument” which is given
by:
All men are mortal.
Socrates is a man.
Therefore Socrates is a mortal.
Let us use the notations H(x): x is a man
M(x): x is a mortal
s: Socrates
With these symbolic notations, the problem becomes

V x(H(x) = M(x)) A H(s) = M(s)
The derivation of the proof is as follows:

Step No. Statement Reason
1. Vv x (H(x) - M(x)) P
2. H(s) — M(s) us, 2
3. H(s) P
4. M(s) T, 2, 3, Modus ponens

2. Application of any of US, ES, UG and EG rules wrongly may lead to a
false conclusion from a true premise as in the following example
Let D(u, v): u is divisible by v, where the universe of discourse is (5, 6,
10, 11).
Then Ju D(u, 5) is true, since D(5, 5) and D(10, 5) are true.
But V u D(u, 5) is false, since D(6, 5) and D(11, 5) are false.
We now give the following derivation:

Step No. Statement Reason
1. Ju D(u, 5) P
2. D(c, 5) ES, 1
3. Vv x D(x, 5) UG, 2

Note In step (3), UG has been applied wrongly, since ¢ is not an arbitrary
member in step (2), as ¢(= 5 or 10) is only a specific member of the
given universe of discourse.
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WORKED EXAMPLES 1(B) //

Example 1.1 Find whether the conclusion C follows from the premises
H,, H,, H; in the following cases, using truth table technique:

() Hi:Mp, Hy:pvq, C:png

i) H:pvg, Hyp—>r,Hy:q—->rCr

(i) Table 1.37
P q H; ="p Hy=pvyq H A H, C=png
T T F T F T
T F F T F F
F T T T T F
F F T F F F

H, and H, and hence H; A H, are true in the third row, in which C is
false.
Hence C does no follow from H, and H,.

(ii) Table 1.38
p q r Hpvyq Hp—>r) Hq—>r) H, AH, A Hy
T T T T T T T
T T F T F F F
T F T T T T T
T F F T F T F
F T T T T T T
F T F T T F F
F F T F T T F
F F F F T T F

H,, H,, H; and hence H\A H, A H; are true in the first, third and fifth
rows in which 7 is also true.
Hence C follows from H,, H, and Hj.

Example 1.2 Show that (¢ A s) can be derived from the premises p — ¢,
qg—>TIr,r,p v (tAs).

Step No. Statement Reason
1. p—q P
2. q—1r P
3. p—1r T, 1, 2 and Hypothetical syllogism
4, r—"p T,3and p > g="Tqg > TIp
5. r P
6. Tp T, 4, 5 and Modus ponens
7. pVv(EAs) P
8. tAS T, 6, 7 and Disjunctive syllogism
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Example 1.3 Show that (a v b) follows logically from the premises
pvg, (pvg) - Ir,Tr > (s A Tt)and (s A TE) = (a Vv b).

Step No. Statement Reason

1. pvaqg) - Ir P

2. Tr — (s A TP P

3. Pvg) > (AT 7, 1, 2 and hypothetical syllogism
4. pVvyq P

5. s ATt T, 3, 4 and modus ponens

6. (sATH) > (avd) P

7. avb T, 5, 6 and Modus ponens

Example 1.4 Show that (p = g) A (r = 5), (g > ) A (s > u), T(t A u)
and (p — r) = Tp.

Step No. Statement Reason
1. P> q9 A(r—s) P
2. p—q T, 1 and simplification
3. r—s T, 1 and simplification
4. go0A(G—>u P
5. q—t T, 4 and simplification
6. s —=u T, 4 and simplification
7. p—>t T, 2, 5 and hypothetical syllogism
8. r—u T, 3, 6 and hypothetical syllogism
9. por P
10. p—u T, 8, 9 and hypothetical syllogism
11. Tt — TIp Tand 7
12. Tu — 1p T and 10
13. (Tt v Tu) = Ip T,11,12,and (a = b), (c > b) =
(ave)—b
14. T Au)—Tp T, 13 and De Morgan’s law
15. T A u) P
16. Tp T, 14, 15 and modus ponens.
Example 1.5 Show that (@ > b)A(a—c¢), T(brc),(dva)=d
Step No. Statement Reason
1. (a—>b)A(a—> o) P
2. a—b T, 1 and simplification
3. a—>c T, 1 and simplification
4. 10 — Ta T, 2 and contrapositive
5. Tc — Ta T, 3 and contrapositive
6. (Tb v Tc) = Ta T,4 and 5
7. T Ac) > Ta T and De Morgan’s law
8. T A c) P
9. Ta T, 7, 8 and modus ponens
10. dva P
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11.
12.
13.
14.
15.

(dva)ATa T, 9, 10 and conjunction
dATa)v(anTa) T, 11 and distributive law
dATa) v F 7, 12 and negation law
dATa 7, 13 and identity law

d T, 14 and simplification

Example 1.6 Give a direct proof for the implication p — (g — s), (Tr v
P q=(r—s).

Step No.

1.

NI R WD

9.
10.

Statement Reason
Trvp P
r—p T, 1 and equivalence of (1)
p—>(g—s) P
r—(g—s) T, 2, 3 and hypothetical syllogism.
Trv (Tqg v s) T, 4 and equivalence of (4)
q P
gnA(TrvTIgvs)y T,5,6 and conjunction
gn(Trvs) T, 7, 8 and negation and domination laws
Trvs T, 8 and simplification
r—s T, 9 and equivalence of (9)

Example 1.7 Derive p — (¢ — s) using the CP-rule (if necessary) from
the premises p — (¢ > r) and g = (r = s).

We shall assume p as an additional premise. Using p and the two given
premises, we will derive (¢ — ). Then, by CP-rule, p — (¢ — s) is deemed to
have been derived from the two given premises.

Step No.

1.

PN WD

9.

10.

Statement Reason
p P(additional)
p—(g—r) P

q—or 7, 1, 2 and modus ponens
Tg vr T, 3 and equivalence of (3)
q— (r—ys) P

Tg v (r - s) T, 5 and equivalence of (5)
Tgv (@ A@F—s) T, 4, 6 and distributive law
Tg v s T, 7 and modus ponens
q—os T, 8 and equivalence of (8)
p—o(@—s) T, 9 and CP-rule

Example 1.8 Use the indirect method to show that » — Tq, r vs, s =
T1q,p — g = Tp.

To use the indirect method, we will include TTp = p as an additional
premise and prove a contradiction.

Step No.

1.
2.

Statement Reason
p P (additional)
pP—q P
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3. q 7, 1, 2 and modus ponens
4. r— g P

5. s — Tgq P

6. (rvs)—gq T, 4, 5 and equivalence
7. rvs P

8. Tq T, 6, 7 and modus ponens
9. qg A g T, 3, 8 and conjunction

10. F T, 9 and negation law

Example 1.9 Show that b can be derived from the premises a — b,
¢ — b,d— (a v c),d, by the indirect method.
Let us include Tb as an additional premise and prove a contradiction.

Step No. Statement Reason
1. a—b P
2. c—ob P
3. (ave)y—b T, 1, 2 and equivalence
4. d—(avo) P
5. d—b T, 3, 4 and hypothetical syllogism
6. d p
7. b 7,5, 6 and modus ponens
8. b P (additional)
9. bAT1b T, 7, 8 and conjunction

10. F T, 9 and negation law.

Example 1.10 Using indirect method of proof, derive p — Ts from the
premises p —> (g v r), g = Ip, s = 1r, p.

Let us include T(p — Ts) as an additional premise and prove a contradiction.
Now T(p = Ts)=T(Tp Vv IAs)=p A s

Hence the additional premise to be introduced may be taken as p A s.

Step No. Statement Reason

1. q—(@vr) P
2. p P
3. qvr T, 1, 2 and modus ponens
4. PAS P (additional)
5. s T, 4 and simplification
6. s — 1r P
7. Tr T, 5, 6 and modus ponens
8. q T, 3, 7 and disjunctive syllogism
9. q—Tp P

10. Tp T, 8, 9 and modus ponens

11. pAp 7, 2, 10 and conjunction

12. F T, 11 and negation law
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Example 1.11 Prove that the premises p > ¢, g > r,s > Trandp A's
are inconsistent.

If we derive a contradiction by using the given premises, it means that they
are inconsistent.

Step No. Statement Reason

1. pP—q P
2. q—r P
3. p—or T, 1, 2 and hypothetical syllogism
4. s = 1r P
5. r— s T, 4 and contrapositive
6. q— s T, 2, 5 and hypothetical syllogism
7. Tg v 1s T, 6 and equivalence of (6)
8. T(g A s) T, 7 and De Morgan’s law
9. gAas P

10. (gAs)AT(gAs) T,8,9 and conjunction

11. F T, 10 and negation law

Hence the given premises are inconsistent

Example 1.12 Prove that the premises a = (b — ¢), d = (b A Tc¢) and
(a A d) are inconsistent.

Step No. Statement Reason
1. and P
2. a T, 1 and simplification
3. d T, 1 and simplification
4. a—(b->o) P
5. b—c T, 2, 4 and modus ponens
6. Tb v ¢ T, 5 and equivalence of (5)
7. d— (b ATo) P
8. Tb A Tc) > T1d T, 7 and contrapositive
9. Tbvec— 1d T, 8 and equivalence
10. 1d T, 6, 9 and modus ponens
11. dA1d T, 3, 10 and conjunction
12. F T, 11 and negation law

Hence the given premises are inconsistent.

Example 1.13 Construct an argument to show that the following premises
imply the conclusion “ it rained”.

“If it does not rain or if there is no traffic dislocation, then the sports day
will be held and the cultural programme will go on”; “If the sports day is held,
the trophy will be awarded" and “the trophy was not awarded”.

Let us symbolise the statement as follows:

p: It rains.

q: There is traffic dislocation.
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r: Sports day will be held.

s: Cultural programme will go on.
t: The trophy will be awarded.
Then we have to prove that

Apv1q =>ras,r—=>1t Tt=p

Step No. Statement Reason

1. Tpv1g —=>rAas P

2. (Tp = (r As)) A(Tg = (r As)) T, 1 and the equivalence
(avb)>c=(@—o)
Ab—> )

3. T As)—p T, 2 and contrapositive of (2)

4, r—t P

5. Tt — Tr T, 4 and contrapositive of (4)

6. Tt P

7. Tr T, 5, 6 and modus ponens

8. Tr v Ts T, 7 and addition

9. T A s) T, 8 and De Morgan’s law

10. p T, 3, 9 and modus ponens

Example 1.14 Show that the following set of premises is inconsistent:

If Rama gets his degree, he will go for a job.
If he goes for a job, he will get married soon.
If he goes for higher study, he will not get married.
Rama gets his degree and goes for higher study.
Let the statements be symbolised as follows:

p: Rama gets his degree.

q: He will go for a job.

r: He will get married soon.

s: He goes for higher study.
Then we have to prove that

p—4q,q > r,s = Tr, p As are inconsistent

Step No. Statement Reason
1. p—q P
2. q—or P
3. p—or T, 1, 2 and hypothetical syllogism
4, p—Ss P
5. p T, 4 and simplification
6. s T, 4 and simplification
7. s = 1r P
8. Tr T, 6, 7 and modus ponens
9. r T., 3, 5 and modus ponens
10. rar T, 8, 9 and conjunction
11. F T, 10 and negation law

Hence the set of given premises is inconsistent.
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Example 1.15 1If L(x, y) symbolises the statement “x loves y”, where the
universe of discourse for both x and y consists of all people in the world,
translate the following English sentences into logical expressions:

(2)
(b)
(©
(d)
(e)
(@)
(b)
©

(d)

(©)

Every body loves z.

Every body loves somebody.

There is somebody whom everybody loves.

Nobody loves everybody.

There is somebody whom no one loves.

L(x, z) for all x. Hence V x L(x, z)

L(x, y) is true for all x and some y. Hence V 3y L(x, »)

Eventhough, (c) is the same as (b), the stress is on the existence of
somebody () whom all x love.

Hence 3y V x L(x, »)

Nobody loves every body
i.e., There is not one who loves everybody
Hence T 3x Vy L(x,y)
=Vx TV y L(x, y)
= Vx 3y TL(x, )
The sentence means that there is somebody whom every one does not
love.
Hence TVx dy L(x, y)
=dx T3y L(x, »)
=dx Vy 1L (x, )

Example 1.16 Express each of the following statements using mathematical
and logical operations, predicates and quantifiers, where the universe of discourse
consists of all computer science students/mathematics courses.

(@)
(b)
(©)
(d)

(@)

(b)

©

(d)

Every computer science student needs a course in mathematics.

There is a student in this class who owns a personal computer.

Every student in this class has taken at least one mathematics course.
There is a student in this class who has taken at least one mathematics
course.

Let M(x) = ‘x needs a course in mathematics’, where the universe of
discourse consists of all computer science students.

Then Vx M(x).

Let P(x) = ‘x owns a personal computer’, where the universe consists of
all students in this class.

Then Jx P(x)

Let O(x, y) = ‘x has taken y’, where the universe of x consists of all
students in this class and that of y consists of all mathematics courses.
Then Vx 3y O(x, y)

Using the same assumptions as in (c), we have dx Jy QO(x, y).
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Example 1.17 Express the negations of the following statements using
quantifiers and in English:
(a) If the teacher is absent, then some students do not keep quiet.
(b) All the students keep quiet and the teacher is present.
(c) Some of the students do not keep quiet or the teacher is absent.
(d) No one has done every problem in the exercise.
(a) Let T represent the presence of the teacher and Q(x) represent “x keeps
quiet”.
Then the given statement is:
TT - Ax O(x) =TT — TVx Ox)
=T v TVx Ox)
Negation of the given statement is
T(T v TVx O(x))
=TT A Vx O(x)
i.e., the teacher is absent and all the students keep quiet.
(b) The given statement is:
Vx Qx) AT
The negation of the given statement is
T(Vx Qx) A T)="TVx Q(x) v 1T
=3dx T Ok v 1T
i.e., some students do not keep quiet or the teacher is absent.
(c) The given statement is:
dx TOX) v IT=T1Vx Ox) v 1T
The negation of the given statement is
T(TVx O(x) v T1T)
=Vx Qx) AT
i.e., All the students keep quiet and the teacher is present.
(d) Let D(x, y) represent “x has done problem y»”.
The given statement is
(T3x)(Vy D(x, y)) ey
The negation of the given statement is
(TT3 )(Vy D(x, y))
=dx Vy D(x, y) 2)
i.e., some one has done every problem in the exercise.
Aliter:
(1) can be re-written as
Vx TVy D(x, y)
= Vx Jy T1D(x, y)
The negative of this statement is
TVx Jy T D(x, y) = Ix Ty TD(x, y)
= dx Vy D(x, y),
which is the same as (2).
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Example 1.18 Show that the premises “one student in this class knows
how to write programs in JAVA” and “Everyone who knows how to write
programs in JAVA can get a high-paying job” imply the conclusion “Someone
in this class can get a high-paying job”.

Let C(x) represent “x is in this class” J(x) represent “x knows JAVA pro-
gramming” and H(x) represent “x can get a high paying job”.

Then the given premises are Jx (C(x) A J(x)) and Vx (J(x) — H(x)). The
conclusion is Fx(C(x) A H(x)).

Step No.

1.

NI R WD

9.

Statement
Fx(C (x) A J(x))
Cla) A J(a)

C(a)

J(a)

Vx (J(x) = H(x))
J(a) — H(a)
H(a)

C(a) A H(a)

Jx (C(x) A H(x))

Reason
P
ES and 1
T, 2 and simplification
T, 2 and simplification
P
US and 5
T, 4, 6 and modus ponens
T, 3, 7 and conjunction
EG and 8.

Example 1.19 Show, by indirect method of proof, that Vx (p(x) v ¢(x))
= (Vx p(x)) v (3x ¢(x)).

Let us assume that T[(Vx p(x)) v (Ix ¢g(x))] as an additional premise and
prove a contradiction.

Step No.
1.

e A Tl

9.
10.
11.
12.
13.
14.

Statement
T[(Vx p(x)) v 3x g(x))]
T(Vx p(x)) A T(3x g(x))
T(Vx p(x))
T(Ex g(x))
Ix Tp(x)
Vx Tq(x)
Ip(a)
Tq(a)
Tp(a) A Tq(a)
T(p(a) v q(a)
Vx (p(x) v q(x))
p(a) v q(a)

Reason
P(additional)
T, 1, De Morgan’s law
T, 2, simplification
T, 2, simplification
T, 3 and negation
T, 4 and negation
ES and 5
US and 6
T, 7, 8 and conjunction
T, 9 and De Morgan’s law
P
US and 11

(p(a) v q(a)) A T(p(a) A g(a)) T, 10, 12 and conjunction
F

T, 13

Example 1.20 Prove that Vx (P(x) — (O() A R(x))), Ix P(x) = O() A
Jx (P(x) A R(x)).

Step No.
1.
2.

Statement

Vx (P(x) = (Q0) A R(x)))

P(z) = (Q0) A R(2))

Reason
P
US and 1
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9.
10.

® NN bW

Ix P(x)

P(2)

O A R(2)

o)

R(2)

P(z) A R(2)

Jx (P(x) A R(x))

0O) A dx (P(x) A R(x)

P

ES and 3

T, 2, 4 and modus ponens
T, 5 and simplification

T, 5 and simplification

T, 4, 7 and conjunction
EG and 8

T, 6, 10 and conjunction

Example 1.21 Show that the conclusion Vx(P(x) — TQ(x)) follows from
the premises

Fx (P(x) A O(x)) = Vy (R(Y) = S()) and Ty (R(y) A TS(»)).

Step No. Statement
1. Iy (Ry) A TS(»))
2. R(a) A TS8(a)
3. T(R(a) — S(a))
4. y (TRY) = SO)))
5. ¥y (R(y) = S())
6. Ix (P(x) A Q(x))— Vy
R(y) = S(0))

7. TIx (P(x) A O(x))
8. Vx T(P(x) A O(x))
9. T(P(b) A O(D))

10. TP(b) v T1O(b)

11. P(b) = TQ(b)

12. Vx (P(x) = TO(x))

Example 1.22 Prove the derivation

Step No.
1.

N

—_ —

e e R

Reason
P
ES and 1
T, 2 and equivalence
EG and 3
T, 4 and negation equivalence
P

T, 5, 6 and modus tollens

T, 7 and negative equivalence
US and 8

T, 9 and De Morgan’s law

T, 10 and equivalence

UG and 11.

Jx P(x) — Vx (P(x) v O(x)) = R(x)),
dx P(x), Ix O(x) = 3x Iy (R(x) A R())

Statement
Jx P(x) = Vx((P(x)
v O(x)) = R(x)
P(a) — (P(b) v O(b)
— R(b))
Jx P(x)
P(a)
(P(b) v Qb)) — R(D)
Jx O(x)
o(b)
P(b) v O(b)
R(b)
Jx R(x)
R(a)

Reason
P

ES, US and 1

P

ES and 3

T, 2, 4 and modus ponens
P

ES and 6

T, 7 and addition

T, 5, 8 and modus ponens
EG and 9

ES and 9
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12.
13.
14.

Example 1.23 Prove the implication

1.

NownkwLb

8.

R(a) A R(b)
Jy (R(a) A R(y))
Ix Ay (R(x) A R())

T, 9, 11 and conjunction
EG and 12
EG and 13.

Vx (P(x) = Ox)), Vx (R(x)— TOXx)) = Vx (R(x) > TP(x)).
Step No. Statement

Vx (P(x) = O(x))
P(a) = O(a)

Vx (R(x) = TO(X))
R(a) — T10(a)
O(a) > TR(a)
P(a) — TR(a)
R(a) — TP(a)

Vx R(x) = TP(x))

Reason
P
US and 1
p
US and 2
T, 4 and equivalence
T, 2, 5 and hypothetical syllogism
T, 6 and equivalence
UG and 7

Example 1.24 Use the indirect method to prove that the conclusion
3z O(z) follows from the premises Vx (P(x) — Q(x)) and 3y P(y).
Let us assume the additional premise T(3z Q(z)) and prove a contradiction

Step No. Statement

1.

— —

12.

e e Al

13z 0(2))

Vz (10(2)
T10(a)

dy P(y)

P(a)

P(a) A 10(a)
T(TP(a) v Q(a)
T(P(a) = O(a))
Vx (P(x) — Q(x))
P(a) — O(a)
(P(a) = O(a)) A
T(P(a) = Q(a))
F

Reason
P (additional)
T, 1 and negation equivalence
US and 2
p
ES and 4
T, 3, 5 and conjunction
T, 6 and equivalence
T, 7 and equivalence
p
US and 9
T, 8, 10 and conjunction

T, 11 and negative law

Example 1.25 Show that Vx (P(x) v Q(x)) = Vx P(x) v Ix Q(x), using
the indirect method

Step No. Statement

1.

Nk

T(Vx P(x) v Ix Q(x))
T(Vx P(x) A T(Ax O(x))
Jx (TPx)) A Vx (TQO(x))
Ix (TP(x))

Vx (1Q(x))

TP(a)

TO(a)

Reason
P (additional)
T, 1 and De Morgan’s law
T, 2 and negation equivalence
T, 3 and simplification
T, 3 and simplification
ES and 4
US and 5
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8. TP(a) A T1Q(a) T, 6, 7 and conjunction
9. T(P(a) v Q(a)) 7, 8 and De Morgan’s law
10. Vx (P(x) v O(x)) P
11. P(a) v O(a) US and 10
12. (P(a) v Q(a@)) v T(P(a) v Q(a)) T,9, 11 and conjunction
13. F T, 12 and negation law.

\

EXERCISE 1(B)

Part A: (Short answer questions)

1.

XN WD

10.
11.
12.
13.
14.
15.
16.

17.

18.
19.
20.

21.
22.

23.

What is meant by ‘formal proof” in the context of mathematical logic?
Show that the conclusion C follows from the premises H,, H,, H; in the
following cases, using truth table technique.
H :1q,H:p—q,C:1p
H:p—>qgH:q—>r,C:p—>r
H:p—>q H:Tpnrg),C:Tp
H :1p,H,:peq, C:T(pAgq)
State the P, T and CP rules of inference.
State the inference rules of modus ponens and modus tollens.
State the inference rules of hypothetical syllogism and disjunction syllo-
gism
When is a set of premises said to be inconsistent?
What do you mean by indirect method of proof?
Prove thatp,p > ¢, g > r=r
Prove that Tg, p - ¢ = Tp
Prove that Tp,p v g =g¢q
Prove that (p > q) = p > (P A q)
Using indirect method, prove that Tp A Tqg = T(p A q).
Show that the hypotheses “x works hard”, “If x works hard, then he is a
dull boy” and “ If x is a dull boy, then he will not get a job” imply the
conclusion “x will not get a job”.
“If you help me, then I will do my home work”. “If you do not help me,
then I will go to sleep early”. “If I go to bed early, the teacher will punish
me”. Show that the above hypotheses lead to the conclusion “If I do not
do my home-work, then the teacher will punish me”.
What do you mean be predicate and predicate logic?
Define universal and existential quantifiers.
Prove or disprove:
T[Vx Ay P(x, y)] = T[3x Vy P(x, »)]
What are free and bound variables in predicate logic?
What are the ways by which we can get valid formulas and equivalences
in predicate logic?
Define the rules of specification and generalisation in predicate logic.
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24,

25.
26.

27.

28.

29.

30.

31.

32.

If A(x): x is an animal, B(x): x is black and C(x): x is a cat, translate the
following in words:

(@) Vx[C(x)— AX)];

(b) Ix[C(x) A B(x)]

Show that Vx P(x) — dx P(x) is a logically valid statement.

Show that Vx (P(x) A OQ(x)) <> Vx P(x) A Vx Q(x) is a logically valid
statement.

Show that 3x (P(x) v Q(x)) <> Jx P(x) v Ix O(x) is a logically valid
statement.

Show that Vx P(x) v Vx Q(x) — Vx (P(x) v Q(x)) is a valid statement. Is
the statement Vx (P(x) v Q(x)) = Vx P(x) v Vx Q(x) valid?

Show that the premises “ Everyone in the Computer Science branch has
studied Discrete Mathematics” and “Ram is in Computer Science branch”
imply that “Ram has studied Discrete Mathematics”.

Show that

T[3x P(x) A O(a)) = Ix P(x) = T0(a)
Show that TP(a, b) follow logically from Vx Vy (P(x, y) = O(x, y)) and
T10(a, b).

Negate the statements “Every student in this class is intelligent” in two
different ways.

Part B

33.

34.

35.

36.

Show that the conclusion C follows from the premises H,, H,, H; in the
following cases using truth table technique:

(@ H:p>@->r.H:prqg C:r

b) H :1Mp—q,H, : T(gATr), Hy: Tr; C: Tp
Prove the following by using direct method:

(@ pvg,p—or,g—o>s=svr.

) anb,(ae>b)—>(cvd) =>dve.

) pArg)—>r,Trvs, T1s= Tp v 1g.
dpvgq-orp-os,TIs=ravyg).

(e) T A 1q), Tg v r, Tr = Tp.

® p—oq, (Tgvr)adr, T(Ip A s) = Ts.

@ o9 >rpars,gnt=r.

h) Tjomvn),hvg) > T,hvg=mvn
Prove the following by using indirect method:
@p—=>qgq9q—->rTpAr),pvr=r.

b) Tg,p > g, pvr=r.

() s > Tq,svr 1r, Tr < q = Tp.

d Tp—>9 >TFvs),(@-o>p)VviIr,r=peqg.
Prove the following by using the CP rule.

@ pvg >r=>@pEnrqg) —r

b) Ipvg Tgvrr—s=p-—s.

©) pp—o(@—>Fns)=q—s.

d p—=>@—s),Trvp,g=r—s.
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37. Prove that each of the following sets of premises is inconsistent:
@ p—>q,p—>r,qg—>1rp.
®) p—ogqg,(gvr)—s,s—>Ip,pAlr
©)p—>@->nr,g—>T—>s),pArgATs.

Show that the following premises are inconsistent.

38. (i) If Raja misses many classes, then he fails in the final examination.

(i) If Raja fails in the final examination, then he is uneducated.
(iii) If Raja reads a lot of books, then he is not uneducated.
(iv) Raja misses many classes and reads a lot of books.

39. “It is not sunny this afternoon and it is colder than yesterday”; “We will
go to the playground only if it is sunny”. “If we do not go to the ground,
then we will go to a movie” and “If we go to a movie, then we will return
home by sunset” lead to the conclusion “We will return home by sunset”.

40. Construct an argument using rules of inference to show that the hypotheses
“Radha works hard”, “If Radha works hard, then she is a dull girl” and
“If Radha is a dull girl, then she will not get the job” imply the conclusion”
“Radha will not get the job”.

41. “If I eat spicy food, then I have strange dreams”. “I have strange dreams,
if there is thunder while I sleep”. “I did not have strange dreams”. What
relevant conclusion can be drawn from the above premises? Construct an
argument to obtain your conclusion.

42. Show that the following set of premises is inconsistent:

John will get his degree, if and only if he passes all the examinations.
He will pass all the examinations, if and only if he works hard.

He will be unemployed, if and only if he does not get his degree.

John works hard if and only if he is employed.

43. If A works hard, then B or C will enjoy themselves. If B enjoys himself,
then A will not work hard. If D enjoys himself, then C will not. Therefore,
if A works hard, D will not enjoy himself.

Translate the above into statements and prove the conclusion by using
the CP-rule.

44. Symbolise the following expressions:

(a) x is the father of the mother of y.
(b) Everybody loves a lover.

45. Prove the following implications

(a) Vx (P(x) = Q) A Vx (Q(x)— R(x)) = Vx (P(x) = R(x)).

(b) Ix P(x), Vx (P(x) = O(x)) = Ix O(x).

(¢) Jdx (Px) A O(x)) = Ix P(x) A Ix Ox).

(d) Jx P(x) > Vx O(x) = Vx (P(x)—> Ox))

(e) Vx (P(x) — O(x)) = Vx P(x)— Vx O(x)

() Vx (Cx) > Ax)) = Vx @y (CO) A B(x, y)) = Iy (A() A B(x, y))).

46. Show that the premises “A student in this class has not read the book”
and “Everyone in this class passed the first examination” imply the
conclusion “Someone who passed the first examination has not read the
book.”
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47.

48.

49.

Establish the validity of the following argument:

Everyone who takes some fruit daily is healthy. X is not healthy. Therefore
X does not take fruit daily.

Verify the validity of the following argument:

Every living thing is a plant or an animal. Rama’s dog is alive and it is
not a plant. All animals have hearts. Therefore Rama’s dog has a heart.
Establish the validity of the following argument:

All integers are rational numbers. Some integers are powers of 2. Therefore
some rational numbers are powers of 2.

answers /.
Exercise 1(A)
Part (A)
12. () T,T, T, T ® 1, T, T, T () T,T, T, T ) T,F,T,F
(e) T, T, T, T (for the conventional order of truth values of p and g)
13. (a) tautology (b) Tautology
(c) contradiction (d) contradiction.
15. (@) T A @ ~A[((Tp) vglAp ®) pATIpArg
© (Tevg)A(lpaqg) (d) T(Tp A q) A (g ~Tp)
17. (a) pAr g (b) p Ag
() @ATg) VgV p) (d pnrg
18. (a) prg
®) pATg) v (IpAg)
() prg
(d) PDNF cannot be found out as the given statement is a contradiction.
19. (@) (Mpv g APV 1g)
®) (Tpv g AV g
() (Tpvg Alpvig)
d (TpvIAPA(Ipv g Alpyv I APV q)
(e) PCNF cannot be found out, as the given statement is tautology.
20. (a) T,F, T,F, T,F, T, T (b) Given statement is a tautology
(c) A tautology (d T, T,T,FFTT,T
e T,F,FT,ET,T,F,F T, T,F,T,F, F, T
21. (a) to (e)—all contradictions
27. () @ATqg) v (p Ay
® @ArgpvArgarr)v(IpATgnar)
©) ATgAar)Vv(IpAgnar
28. (@) (pv @) A(Tpvlg)
®) (pvr)a(gvr
© v rlgvrA(lpvIg A(TgvTr).
29. (@) pAq) v ATg) v (IpAqg)v (Ip A T1q); PCNF is not possible.

(b) PDNF is not possible; PCNF = (Tp v Tg) A (Tp v ¢) A (p v Tq)
APV g
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(c) PDNF=@AgAar)vpAagAaTIr)vpAaTgar)v(Ipagnar)
PCNF=(TpvgvralpvIgvna@evgvIrnapvgvr)
(d) PDNF=@Agar)vpagaTIr)yv(Ipargar)v(Ipagalr)
PCNF=(TpvgvIna(IpvgvryapvgvInapvgvr)
30 (@) AgAr)VPAgATIV((IpAagar)v(IpaATdgAar)
® @Arqv(Iprg)v (1pAg)
© AgnAaTInvATgaTr)v(IpATgAar)
d) PAgaryvPEATGADVEPATGATV(IpAgar)v(TpAagAaTr)
31. (@) (MpvgvINA(IpvgviryAa@yTIgyvIr)a(pyvIgvra
(vgvr)
(b) Sis a tautology
© pvIgvInNnapvIgvrapvgvr)
) pvgvn

Exercise 1(B)

24. (a) All cats are animals (b) Some cats are black.
28. No.
32. (i) Not every student in this class is intelligent

(i1) Some student in this class is not intelligent.
41. 1 did not eat spicy food or there was no thunder.
44. (a) P(x): x is a person; F(x, y): x is the father of y; M(x, y): x is the

mother of y.
Jx (P(z) A F(x, z) A M(z, y))
(b) P(x): x is a person; L(x): x is a lover; R(x, y): x loves y

Vx (P(x) = Vy (P() A L(y) = R(x, y))).
48. Valid.



Chapter 2

Combinatorics

INTRODUCTION

Combinatorics is an important part of discrete mathematics that solves counting
problems without actually enumerating all possible cases. More specifically,
combinatorics deals with counting the number of ways of arranging or choosing
objects from a finite set according to certain specified rules. In other words,
combinatorics is concerned with problems of permutations and combinations,
which the students have studied in some detail in lower classes.

As combinatorics has wide applications in Computer Science, especially in
such areas as coding theory, analysis of algorithms and probability theory, we
shall briefly first review the notions of permutations and combinations and then
deal with other related concepts.

PERMUTATIONS AND COMBINATIONS

Definitions

An ordered arrangement of 7 elements of a set containing # distinct elements is
called an r-permutation of n elements and is denoted by P(n, r) or "P,, where
r < n. An unordered selection of r elements of a set containing n distinct
elements is called an r-Combination of n elements and is denoted by C(n, r) or

n
"C, or (r)

Note A permutation of objects involves ordering whereas a combination does
not take ordering into account.
Values of P(n, r) and C(n, r)

The first element of the permutation can be selected from a set having »
elements in n ways. Having selected the first element for the first position of
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the permutation, the second element can be selected in (n — 1) ways, as there
are (n — 1) elements left in the set.

Similarly, there are (n — 2) ways of selecting the third element and so on.
Finally there are n — (r — 1) = n — r + 1 ways of selecting the ™ element.
Consequently, by the product rule (stated as follows), there are

nn—1)m-2)...(n—r+1)
ways of ordered arrangement of » elements of the given set.

Thus, Pn,ry=nn-1)(n-2)...(n—r+1)
_ n!
C(n—r)!
In particular, P(n, n)=n!
ProductRule
If an activity can be performed in r successive steps and step 1 can be done in
n, ways, step 2 can be done in n, ways, ..., step » can be done in n, ways, then

the activity can be done in (n; - n, ... n,) ways.

The r-permutations of the set can be obtained by first forming the C(n, )
r-combinations of the set and then arranging (ordering) the elements in each
r-combination, which can be done in P(r, ) ways. Thus

P(n,ry=C(n,r)- P(r,r)
P(n,r) n!/(n—r)!

Cn, r) = P(r,r)  rl(r—r)!
_ n!
rli(n—r)!
In particular, C(n,n)=1.

Note Since the number of ways of selecting out » elements from a set of n
elements is the same as the number of ways of leaving (n — r) elements in
the set, it follows that

Cn,r)=Cn,n—r)
This is obvious otherwise, as

n!
Clr, n=r) = (n=r){n-(n-r)}
n!
= -nip = o)
PASCAL’S IDENTITY

P n n n+1
If n and r are positive integers, where n = r, then ) + = .
r— r r

Proof
Let S be a set containing (n + 1) elements, one of which is ‘a’. Let S" =S — {a}.

n+l1
The number of subsets of S containing » elements is ( ] .
r
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Now a subset of § with r elements either contains ‘a’ together with (»r — 1)
elements of §” or contains r elements of S” which do not include ‘a’.

The number of subsets of (» — 1) elements of §*" = ( " 1].
’—

n
.. The number of subsets of » elements of S that contain ‘a’ = ( 1] .
-

Also the number of subsets of 7 elements of S that do not contain ‘a’ = that

n n n n+l1
of §'= ( ] Consequently, ( ]+( Jz[ ]
r r—1 r r

n n
This result can also be proved by using the values of R and
Note u prov y using valu (r—l][ ]

)
n+l1
o
Corollary
Cn+1,r+1)=3 CG, r)

Proof -
Changing n to i and » to » + 1 in Pascal’s identity, we get
Ci,r)+Cli,r+1)=Ci+1,r+1)
ie., Ci,n=Ci+1,r+1)-C@Gr+1) 1)
Puttingi=r,r+ 1, ..., nin (1) and adding, we get

ic(iﬂr)zc(n+1,F+1)7C(r,r+l)
i=r :C(n+ 1’r+ 1) [ C(I’,}‘+ 1)20]

VANDERMONDE’SIDENTITY

If m, n, r are non-negative integers where » < m or n, then
p
Cm+n,ry= > Cm,r—1i)- C(n, i)
i=0

Proof
Let m and n be the number of elements in sets 1 and 2 respectively.

Then the total number of ways of selecting » elements from the union of sets
1 and 2

=C(m+n,r)

The r elements can also be selected by selecting i elements from set 2 and
(n — i) elements from set 1, where i =0, 1, 2, ..., r. This selection can be done
in C(m r —i). C(n, i) ways, by the product rule.

The (» + 1) selections corresponding to i = 0, 1, 2, ..., r are disjoint. Hence,
by the sum rule (stated as follows), we get

Cm+n,r)= i Cm, r—1i)- C(n,i) or i C(m, i) - C(n, r—1)
i=0 i=0
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Sum rule

If r activities can be performed in n, n,, ..., n, ways and if they are disjoint,
viz., cannot be performed simultaneously, then any one of the r activities can
be performed in (n; + n, + ... + n,) ways.

PERMUTATIONS WITH REPETITION

Theorem
When repetition of n elements contained in a set is permitted in 7-permutations,
then the number of r-permutations is 7.

Proof
The number of r-permutations of n elements can be considered as the same as
the number of ways in which the n elements can be placed in » positions.

The first position can be occupied in n ways, as any one of the n elements
can be used

Similarly, the second position can also be occupied in n ways, as any one of
the n elements can be used, since repetition of elements is allowed.

Hence, the first two positions can be occupied in n X n = n* ways, by the
product rule. Proceeding like this, we see that the ‘7’ positions can be occupied
by ‘n’ elements (with repetition) in n” ways.

i.e., the number of r-permutations of n elements with repetition = .
Theorem

The number of different permutations of n objects which include n, identical
objects of type I, n, identical objects of type 1L, ... and n, identical objects of

type k is equal to

Proof
The number of n-permutations of n objects is equal to the number of ways in
which the n objects can be placed in » positions.

n, positions to be occupied by n; objects of the I type can be selected from »
positions in C(n, n,) ways.

n, positions to be occupied by the n, objects of the II type can be selected
from the remaining (n — n;) positions in C(n — n,, n,) ways and so on. Finally
n, positions to be occupied by the n; objects of type k can be selected from the
remaining (n — n; — ny — -+ — ny_;) positions in C(n —ny —ny — -+ — ny_y, Hy)
ways.

Hence, the required number of different permutations

=Cn,n)XCn—n,ny) X ...Cn—ny—ny— - —ny_y,ny)
(by the product rule)

+ N+ e+ 0, =n.
nllnzl---nk!’Wherenl ny n=n

n! (n—ny! ey — ey )
ml(n—n)!  nyl(n—n—n,)! n,!0!
(v nytnyt - +n=n)

n!
nl' n2! A I’lk'
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Example

Let us consider the 3-permutations of the 3 letters 4, B, B,, the number of
which is 3! They are: ABB,, AB,B,. B|AB,, B,B,A, B,AB, and B,B|A. If we
replace B, and B, by B, the above permutations become

ABB, ABB, BAB, BBA, BAB and BBA.

These permutations are not different. The different 3-permutations of the 3
letters A, B, B are ABB, BAB and BBA. Thus the number of different 3-
permutations of 3 letters, of which 2 are identical of one type and 1 is of
another type is equal to
_ 3!
T am
This example illustrates the above theorem.

CIRCULAR PERMUTATION

The permutations discussed so far can be termed as linear permutations, as the
objects were assumed to be arranged in a line. If the objects are arranged in a
circle (or any closed curve), we get circular permutation and the number of
circular permutations will be different from the number of linear permutations
as seen from the following example:

We can arrange 4 elements A, B, C, D in a circle as follows: We fix one of
the elements, say A4, at the top point of the circle. The other 3 elements B, C,
D are permuted in all possible ways, resulting in 6 = 3! different circular
permutations are as follows:

A [ A [ A | A [ A I A
| [ | [ I
| [ I
D B:C B:D cB cc DB D
[ [ | [ I
c ' D ' B ' D ' B I c

Note Circular arrangements are considered the same when one can be obtained
from the other by rotation, viz., The relative positions (and not the actual
positions) of the objects alone count for different circular permutations.

From the example given above, we see that the number of different circular
arrangements of 4 elements = (4 — 1)! = 6.

Similarly, the number of different circular arrangements of n objects = (n —
1)! If no distinction is made between clockwise and counterclockwise circular
arrangements [For example, if the circular arrangements in the first and the
last figures are assumed as the same], then the number of different circular

arrangements = %(n - 1!

PIGEONHOLE PRINCIPLE

Though this principle stated as follows is deceptively simple, it is sometimes
useful in counting methods. The deception often lies in recognising the problems
where this principle can be applied.
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Statement

If n pigeons are accommodated in m pigeon-holes and n > m then at least one
pigeonhole will contain two or more pigeons. Equivalently, if n objects are put
in m boxes and n > m, then at least one box will contain two or more objects.

Proof

Let the n pigeons be labelled P, P,, ..., P, and the m pigeonholes be labelled
H,H,, .. H,IfP,P, .., P, are assigned to H,, H,, ..., H,, respectively,
we are left with the (n — m) pigeons P,, , |, P, 1 5, -.., P, If these left over
pigeons are assigned to the m pigeonholes again in any random manner, at least
one pigeonhole will contain two or more pigeons.

GENERALISATION OF THE PIGEONHOLE PRINCIPLE

If n pigeons are accommodated in m pigeonholes and n > m, then one of the

pigeonholes must contain at least t(nm_l)J + 1 pigeons, where | x ] denotes the

greatest integer less than or equal to x, which is a real number.
Proof

—w.
pigeons.

Then the maximum number of pigeons in all the pigeonholes

e R | S

i.e., the maximum number of pigeons in all the pigeonholes < (n—1)
This is against the assumption that there are n pigeons.

(n=1)
m

If possible, let each pigeonhole contain at the most V"

Hence, one of the pigeonholes must contain at least t J + 1 pigeons.

PRINCIPLE OF INCLUSION-EXCLUSION

Statement
If A and B are finite subsets of a finite universal set U, then
|4 w B| =|A4| + |B| — |A N B|, where |A| denotes the cardinality of (the number
of elements in) the set 4.

This principle can be extended to a finite number of finite sets 4, 4,, ..., 4
as follows:

4, VA4, U ... U4,|= Z|Ai|* Sl Al+ Y 4N A0 A

1

i<j i<j<k

n

+CED" A, AN 04,
where the first sum is over all i, the second sum is over all pairs i, j with i <,
the third sum is over all triples i, j, kK with i <j < k and so on.
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Proof
Let A\B={a, ay,...,a,}
B\A=1{b,b,, ..., b}
ANB={x,x5, ..., X},
where A\B is the set of those elements 4 which are not in B.

Then A4 = {a, ay, ..., a,, x|, X5, ..., X}
and B ={by, by, ..., by, X1, X9, ..., X}
Hence, 4 U B = {ay, ay, ..., a,, X|, X3, ..., X, by, by, ..., b}
Now |A|+|B|—AnB=@F+1+(s+1—t
=r+s+t=|40UB| (D)

Let us now extend the result to 3 finite sets 4, B, C.
[AuBuUCl=]4u@Bul)
=|4A|+|BuC|—|An(BuC)
=4[+ B[+ |C|=[BNC|-{(AnB)u (4N C)} by (1)
=|A|+|B|+|C|-|BNC|-{{AnB|+|4nC|
—(AnB) N (AN C)}, by (1)
=|A|+|B|+|C|-|ANB|-(BNC)—(CNA)
+]AN BN C]
Generalising, we get the required result.

\ WORKED EXAMPLES 2(A)

Example 2.1

(a) Assuming that repetitions are not permitted, how many four-digit numbers
can be formed form the six digits 1, 2, 3, 5, 7, 8?

(b) How many of these numbers are less than 40007

(c) How many of the numbers in part (a) are even?

(d) How many of the numbers in part (a) are odd?

(e) How many of the numbers is part (a) are multiples of 5?

(f) How many of the numbers in part (a) contain both the digits 3 and 5?

(a) The 4-digit number can be considered to be formed by filling up 4 blank
spaces with the available 6 digits. Hence, the number of 4-digits numbers

= the number of 4-permutations of 6 numbers
=P(6,4)=6x5%x4%x3=360

(b) If a 4-digit number is to be less than 4000, the first digit must be 1, 2, or
3. Hence the first space can be filled up in 3 ways. Corresponding to any
one of these 3 ways, the remaining 3 spaces can be filled up with the
remaining 5 digits in P(5, 3) ways. Hence, the required number = 3 X
PG5, 3)

=3x5x%x4x3=180.

(c) If the 4-digit number is to be even, the last digit must be 2 or 8. Hence,

the last space can be filled up in 2 ways. Corresponding to any one of
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(d)
(e)

&)

these 2 ways, the remaining 3 spaces can be filled up with the remaining
5 digits in P(5, 3) ways. Hence the required number of even numbers
=2 X P(5, 3) = 120.

Similarly the required number of odd numbers =4 x P(5, 3) = 240.

If the 4-digit number is to be a multiple of 5, the last digit must be 5.

Hence, the last space can be filled up in only one way. The remaining 3

spaces can be filled up in P(5, 3) ways.

Hence, the required number = 1 X P(5, 3) = 60.

The digits 3 and 5 can occupy any 2 of the 4 places in P(4, 2) = 12 ways.
The remaining 2 places can be filled up with the remaining 4 digits in

P(4, 2) = 12 ways. Hence, the required number = 12 X 12 = 144.

Example 2.2

@
(b)

(c)
(d)
(a)

(b)

(c)

(d)

In how many ways can 6 boys and 4 girls sit in a row?

In how many ways can they sit in a row if the boys are to sit together and
the girls are to sit together?

In how many ways can they sit in a row if the girls are to sit together?

In how many ways can they sit in a row if just the girls are to sit together?
6 boys and 4 girls (totally 10 persons) can sit in a row (viz., can be
arranged in 10 places) in P(10, 10) = 10! ways.

Let us assume that the boys are combined as one unit and the girls are
combined as another unit. These 2 units can be arranged in 2! = 2 ways.

Corresponding to any one of these 2 ways, the boys can be arranged in
a row in 6! ways and the girls in 4! ways.

Required number of ways = 2 X 6! x 4! = 34,560.
The girls are considered as one unit (object) and there are 7 objects
consisting of one object of 4 girls and 6 objects of 6 boys.

These 7 objects can be arranged in a row in 7! ways.

Corresponding to any one of these ways, the 4 girls (considered as one
object) can be arranged among themselves in 4! ways. Hence, the required
number of ways = 7! 4! = 1,20,960.

No. of ways in which girls only sit together

= (No. of ways in which girls sit together)

— (No of ways in which boys sit together and girls sit together)

=1,20,960 — 34,560 = 86,400.

Example 2.3 How many different paths in the xy-plane are there from
(1, 3) to (5, 6), if a path proceeds one step at a time by going either one step
to the right (R) or one step upward (U)?

To reach the point (5, 6) from (1, 3), one has to traverse 5 — 1 = 4 steps to
the right and 6 — 3 = 3 steps to the up.

Hence, the total number of 7 steps consists of 4 R’s and 3 U’s.

To traverse the paths, one can take R’s and U’s in any order.

Hence, the required number of different paths is equal to the number of
permutations of 7 steps, of which 4 are of the same type (namely R) and 3 are
of the same type (namely U).
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7!
4131
Example 2.4 How many positive integers n can be formed using the
digits 3, 4, 4, 5, 5, 6, 7, if n has to exceed 50,00,000?

In order that n» may be greater than 50,00,000, the first place must be occupied
by 5, 6 or 7.
When 5 occupies the first place, the remaining 6 places are to be occupied
by the digits 3, 4, 4, 5, 6, 7.
The number of such numbers
6!
]
= 360.
When 6 (or 7) occupies the first place, the remaining 6 places are to be
occupied by the digits 3, 4,4, 5,5,7 (or 3,4,4,5,5, 6).
The number of such numbers

_ 6! .. .
= 5 [ 4 and 5 each occurs twice]
=180

No. of numbers exceeding 50,00,000 = 360 + 180 + 180 = 720.

Required number of paths = = 35.

(- the digit 4 occurs twice)

Example 2.5 How many bit strings of length 10 contain (a) exactly four

1’s, (b) atmost four 1’s, (c) at least four 1’s (d) an equal number of 0’s and 1’s?

(a) A bit string of length 10 can be considered to have 10 positions. These 10
positions should be filled with four 1’s and six 0’s.

!
No. of required bit strings = % =210.
(b) The 10 positions should be filled up with no 1 and ten 0’s or one 1 and
nine 0’s or two 1’s and eight 0’s or three 1’s and seven 0’s or four 1’s
and six 0’s.

Required no. of bit strings

10! +1—0!+ 10! 4 10! + 10!
0!'10! 119! " 218! 317! 416!
(c) The ten positions are to be filled up with four 1’s and six 0’s or five 1’s

and five 0’s etc. or ten 1’s and no 0’s.
Required no. of bit strings
_ 10! 4 10! 4 10! + 10! + 10! +1—O!+ 10!
416! 515! 614! 7131 8121 911! 10!0!
(d) The ten positions are to be filled up with five 1’s and five 0’s.
Required no. of bit strings
10!

= 386.

= 848.
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Example 2.6 How many permutations of the letters 4 B C D E F G
contain (a) the string BCD, (b) the string CFGA, (c) the strings BA and GF, (d)
the strings ABC and DE, (e) the strings ABC and CDE, (f) the strings CBA and
BED?
(a) Treating BCD as one object, we have the following 5 objets:
A, (BCD), E, F, G.
These 5 objects can be permuted in
P(5, 5) = 5! = 120 ways
Note B, C, D should not be permuted in the string BCD.
(b) Treating CFGA as one object, we have the following 4 objects: B, D, E,
(CFGA).
The no. of ways of permuting these 4 objects = 4! = 24,
(c) The objects (BA), C, D, E and (GF) can be permuted in 5! = 120 ways.
(d) The objects (ABC), (DE), F, G can be permuted in 4! = 24 ways.
(e) Even though (4BC) and (CDE) are two strings, they contain the common
letter C. If we include the strings (ABCDE) in the permutations, it includes
both the strings (ABC) and (CDE). Moreover we cannot use the letter C
twice.
Hence, we have to permute the 3 objects (ABCDE), F and G. This can
be done in 3! = 6 ways.
(f) To include the 2 strings (CBA) and (BED) in the permutations, we require
the letter B twice, which is not allowed. Hence, the required no. of
permutations = 0.

Example 2.7 1f 6 people 4, B, C, D, E, F are seated about a round table,
how many different circular arrangements are possible, if arrangements are
considered the same when one can be obtained from the other by rotation?

If 4, B, C are females and the others are males, in how many arrangements
do the sexes alternate?

The no. of different circular arrangements of n objects is (n — 1)!

.. The required no. of circular arrangements = 5! = 120.

Since rotation does not alter the circular arrangement, we can assume that 4
occupies the top position as shown in the figure.

Of the remaining places, positions 1, 3, 5 must be
occupied by the 3 males. This can be achieved in P(3, 3) =
I, y 3! =06 ways.

The remaining two places 2 and 4 should be occupied
E g by the remaining two females. This can be achieved in
P2, 2) = 2 ways.
M . Total no. of required circular arrangements = 6 X 2 =
12.

A(F)

Example 2.8 From a club consisting of 6 men and 7 women, in how
many ways can we select a committee of
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(a) 3 men and 4 women?

(b) 4 persons which has at least one woman?

(c) 4 persons that has at most one man?

(d) 4 persons that has persons of both sexes?

(e) 4 persons so that two specific members are not included?

(a) 3 men can be selected from 6 men in C(6, 3) ways.

4 women can be selected from 7 women in C(7, 4) ways.
The committee of 3 men and 4 women can be selected in C(6, 3) X
C(7, 4) ways. (by the product rule)

ie., in % X 4?—'3' =700 ways.

(b) For the committee to have at least one woman, we have to select 3 men
and 1 woman or 2 men and 2 women or 1 man and 3 women or no man
and 4 women.

This selection can be done in
c(@,3) - C(7, 1)+ C(6, 2) - C7,2)+ C6, 1) - C(7, 3)
+ (6, 0) - C(7, 4)
=20x7+15%x21+6x%x35+1x%x35
=140 + 315 + 210 + 35 = 700 ways.

(c) For the committee to have at most one man, we have to select no man and

4 women or 1 man and 3 women.
This selection can be done in
C(6,0)- C(7,4)+ C(6,1)- C(7,3)=1x35+ 6 x 35 =245 ways.

(d) For the committee to have persons of both sexes, the selection must
include 1 man and 3 women or 2 men and 2 women or 3 men and 1
woman.

This selection can be done in
C(6, 1) x C(7,3) + C(6,2) x C(7,2) + C(6,3) x C(7, 1)
=6Xx35+15%x21+20x%x7
=210+ 315 + 140 = 665 ways.

(e) First let us find the number of selections that contain the two specific
members. After removing these two members, 2 members can be selected
from the remaining 11 members in C(11, 2) ways. In each of these
selections, if we include those 2 specific members removed, we get C(11,
2) selections containing the 2 members.

The no. of selections not including these 2 members
=C(13,4)-C(11, 2)
=715 - 55 = 660.

Example 2.9 In how many ways can 20 students out of a class of 30 be
selected for an extra-curricular activity, if

(a) Rama refuses to be selected?

(b) Raja insists on being selected?
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(c¢) Gopal and Govind insist on being selected?
(d) either Gopal or Govind or both get selected?
(e) just one of Gopal and Govind gets selected?
(f) Rama and Raja refuse to be selected together?
(a) We first exclude Rama and then select 20 students from the remaining 29
students.
Number of ways = C(29, 20) = 1, 00, 15, 005.
(b) We separate Raja from the class, select 19 students from 29 and then
include Raja in the selections.
Number of ways = C(29, 19) =2, 00, 30, 010.
(c) We separate Gopal and Govind, select 18 students from 28 and then
include both of them in the selections.
Number of ways = C(28, 18) =1, 31, 23, 110
(d) Number of selections which include Gopal = C(29, 19)
Number of selections which include Govind = C(29, 19)
Number of selections which include both = C(28, 18)
By the principle of inclusion — exclusion, the required number of
selections
= (C(29, 19) + C(29, 19) — C(28, 18)
=2,69, 36, 910.
(e) Number of selections including either Gopal or Govind

= (Number of selections including either Gopal or Govind or both)
— (Number of selections including both)

=[C(29, 19) + C(29, 19) — C(28, 18)] — C(28, 18)

=2,69,36,910 -1, 31, 23, 110 = 1, 38, 13, 800.

(f) Number of ways of selecting 20 excluding Rama and Raja together
= (Total number of selections) — (Number of selections including both
Rama and Raja)

= (30, 20) — C(28, 18) [as in part (c)]
=3,00,45,015-1, 31, 23,110 =1, 69, 21, 905.

Example 2.10 In how many ways can 2 letters be selected from the set
{a, b, ¢, d} when repetition of the letters is allowed, if (i) the order of the
letters matters (ii) the order does not matter?
(1) When the order of the selected letters matters, the number of possible
selections = 4 = 16, which are listed below:
aa, ab, ac, ad
ba, bb, bc, bd
ca, cb, cc, cd
da, db, dc, dd
In general, the number of r-permutations of »n objects, if repetition of the
objects is allowed, is equal to #’, since there are n ways to select an object
from the set for each of the r-positions.
(i) When the order of the selected letter does not matter, the number of
possible selections C(4 +2 — 1, 2) = C(5, 2) = 10, which are listed below:
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aa, ab, ac, ad
bb, bc, bd
cc, cd
dd
In general, the number of 7~combinations of # kinds of objects, if repetitions
of the objects is allowed = C(n + r — 1, r).
[The reader may try to prove this result.]

Example 2.11 There are 3 piles of identical red, blue and green balls,
where each pile contains at least 10 balls. In how many ways can 10 balls be
selected:

(a) if there is no restriction?

(b) if at least one red ball must be selected?

(c) if at least one red ball, at least 2 blue balls and at least 3 green balls must
be selected?

(d) if exactly one red ball must be selected?

(e) if exactly one red ball and at least one blue ball must be selected?

(f) if at most one red ball is selected?

(g) if twice as many red balls as green balls must be selected?

(a) There are n = 3 kinds of balls and we have to select » = 10 balls, when
repetitions are allowed.

No. of ways of selecting = C(n +r -1, r) = C(12, 10) = 66.

(b) We take one red ball and keep it aside. Then we have to select 9 balls
from the 3 kinds of balls and include the first red ball in the selections.
.. No of ways of selecting = C(11, 9) = 55.

(c) We take away 1 red, 2 blue and 3 green balls and keep them aside.

Then we selcet 4 balls from the 3 kinds of balls and include the 6 already
chosen bolls in each selection.
No. of ways of selecting=C(3 +4 — 1, 4) = 15.

(d) We select 9 balls from the piles containing blue and green balls and
include 1 red ball in each selection.

No. of ways of selecting = C(2 + 9 — 1, 9) = 10.

(e) We take away one red ball and one blue ball and keep them aside. Then
we select 8 balls from the blue and green piles and include the already
reserved red and blue balls to each selection.

No. of ways of selecting = C(2 + 8 —1, 8) = 9.

(f) The selections must contain no red ball or 1 red ball.

No. of ways of selecting =C2+10-1,100+C2+9-1,9)
=11+10=21

(g) The selections must contain 0 red and 0 green balls or 2 red and 1 green
balls or 4 red and 2 green balls or 6 red and 3 green balls.

No. of ways of selecting = C(1 +10—-1,10)+ C(1 +7—-1,7)
+CA+4-1,H+CA+1-1,1)
=l+1=1+1=4
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Example 2.12 5 balls are to be placed in 3 boxes. Each can hold all the
5 balls. In how many diifferent ways can we place the balls so that no box is
left empty, if

(a) balls and boxes are different?

(b) balls are identical and boxes are different?

(c) balls are different and boxes are identical?

(d) balls as well as boxes are identical?

(a) 5 balls can be distributed such that the first, second and third boxes

contain 1, 1 and 3 balls respectively.
No. of ways of distributing in this manner

51
ERTTE

Similarly the boxes I, II, IIl may contain 1, 3 and 1 balls respectively or 3,

1 and 1 balls respectively. (- the boxes are different). No. of ways of

distributing in each of these manners = 20.

Again the boxes I, II, Il may contain 1, 2, 2 balls respectively or 2, 1,

2 balls respectively or 2, 2, 1 balls respectively. No. of ways of distributing

5!

11212!

Total no. of required ways
=20+20+20+30+30+30=150

(b) Total no. of ways of distributing r identical balls in » different boxes is
the same as the no. of r-combinations of #n items, repetitions allowed.

Itis =C(n+r—-1,r)=C3 +2 -1, 2) = 6 since 3 balls must be first
put, one in each of 3 boxes and the remaining 2 balls must be distributed
in 3 boxes.

(c) When the boxes are identical, the distributions of 1, 1, 3 balls, 1, 3, 1
balls and 3, 1, 1 balls considered in (a) will be treated as identical
distributions. Thus there are 20 ways of distributing 1 ball in each of
any two boxes and 3 balls in the third box.

Similarly, there are 30 ways of distributing 2 balls in each of any 2 boxes
and 1 ball in the third box.

No. of required ways = 20 + 30 = 50.
(d) By an argument similar to that given in (c), we get from the answer in (b)

in each of these manners =

that the required no. of ways = g =2.

Example 2.13 Determine the number of integer solutions of the equation
x; +x, + x5+ x4 =32, where
(@) x;20,1<i<4; (b) x,>0,1<i<4;
(¢) x;,xp=5andx;, x4 27, (d) x;,xy,x3>0and 0 <x, <25.
(a) One solution of the equation is x; = 15, x, = 10, x3 = 7 and x, = 0.
Another solution is x; = 7, x, = 15, x3 = 0 and x, = 10. These two
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solutions are considered different, even though the same 4 integers 15,
10, 7, 0 are used. The first solution can be interpreted as follows:

We have 32 identical chocolates and are distributing them among 4
distinct children. We have given 15, 10, 7 and 0 chocolates to the first,
second, third and fourth child respectively.

Thus, each non-negative solution of the equation corresponds to a
selection of 32 identical items from 4 distinct sets, repetitions allowed.
Hence, the no. of solutions = C(4 + 32 — 1, 32)

= ((35, 32) = 6545
(b) Nowx;>0;1<i<4
e, x;21;1<i<4
Letus putu;=x;—-1,sothaty; 20; 1 <i<4
Then the given equation becomes
uy +uy +uy +uy= 28,
for which the no. of non-negative integer solutions is required.
The required number = C(4 + 28 — 1, 28)
= (C(31, 28) = 4495.
(c) Puttingx;, —5=u;,x,—5=u,,x3—7=u;yand x, — 7 = u,, the equation
becomes u; + u, + uy + uy = 8, where uy, u,, uy, u, 2 0.
The required no. of solutions = C(4 + 8 — 1, 8)
=(C(11, 8) = 165.
No. of solutions such that x;, x,, x3 > 0 and 0 < x, < 25 = (No. of
solutions such that x; > 0; i = 1, 2, 3, 4) — (No. of solutions such that x; >
0;i=1,2,3 and x, > 25) = a — b, say.
From part (b); a = C(31, 28) = 4495
To find b, we put u; =x; — 1, uy =x, — 1, u3 = x5 — 1 and u, = x, — 26.
The equation becomes u; + uy + uy + 1y = 3.
We have to get the solution satisfying 4,2 0; i=1, 2, 3, 4.
No. of solutions=b6=C(4 +3 -1, 3)

= (6, 3) = 20.
Required no. of solutions = 4495 — 20
= 4475.

Example 2.14 Find the number of non-negative integer solutions of the
inequality x; +x, + x5 + x4 + x5 + x4 < 10?
We convert the inequality into an equality by introducing an auxiliary variable
x7>0.
Thus, we get x; +x, + -+ + x + x; = 10, where
x;20,i=1,2,...,6and x; >0 orx; 2 1.
Putting x; =y, i=1,2, ... 6 and x; — 1 =y, the equation becomes
yityt--+y;=10-1=9, where y;20,for1 <i<7
The number of required solutions
=C(7+9-1,9)=C(15, 9) = 5005.
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Example 2.15 How many positive integers less than 10,00,000 have the
sum of their digits equal to 19?

Any positive integer less than 10,00,000 will have a maximum of 6 digits. If
we denote them by x; 1 < i < 6, the problem reduces to one of finding the
number of solutions of the equation

X, +x,+ - +x,=19, where 0 < x; <9 (1)

There are C(6 + 19 — 1, 19) = C(24, 5) solutions if x; = 0.

We note that one of the six x;’s can be = 10, but not more than one, as the
sum of the x;’s= 19.

Letx; 210 and letu; =x; — 10, u;=x,2<i<6

Then the equation becomes

uy tuy,+ - +ug=9, where u; 2 0

There are C(6 + 9 — 1, 9) = C(14, 5) solutions for this equations.

The digit which is > 10 can be chosen in 6 ways (viz., it may be x,, x,, ..., or
Xg)-

Hence, the number of solutions of the equation x; + x, + --- + x; = 19, where
any one x; = 10 is 6 x C(14, 5).

Hence, the required number of solutions of (1)

= (C(24,5) -6 x C(14, 5)
=42,504 — 6 x 2002 = 30,492.

Example 2.16 A man hiked for 10 hours and covered a total distance of
45 km. It is known that he hiked 6 km in the first hour and only 3 km in the last
hour. Show that he must have hiked at least 9 km within a certain period of 2
consecutive hours.

Since, the man hiked 6 + 3 = 9 km in the first and last hours, he must have
hiked 45 — 9 = 36 km during the period from second to ninth hours.

If we combine the second and third hours together, the fourth and fifth hours
together, etc. and the eighth and ninth hours together, we have 4 time periods.

Let us now treat 4 time periods as pigeonholes and 36 km as 36 pigeons.

Using the generalised pigeonhole principal,

the least no. of pigeons accommodated in one pigeonhole

36-1
= +
Sk
=1875]/+1=9

viz., the man must have hiked at least 9 km in one time period of 2 consecutive
hours.

Example 2.17 1If we select 10 points in the interior of an equilateral
triangle of side 1, show that there must be at least two points whose distance

apart is less than %
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Let ADG be the given equilateral triangle. The A

pairs of points B, C; E, F and H, [ are the points of

trisection of the sides AD, DG and GA respectively. B’,{' ! ,
We have divided the triangle ADG into 9 equilateral ’, 22 ,/‘4\'
triangles each of side % c e ’/‘,:(‘_\ 6 H
The 9 sub-triangles may be regarded as 9 pigeon- /5 \ /7 \ / 9 \
holes and 10 interior points may be regarded as 10 D E F G
pigeons.
Then by the pigeonhole principle, at least one sub triangle must contain 2
interior points.

The distance between any two interior points of any sub triangle cannot

exceed the length of the side, namely, %

Hence the result.

Example 2.18

®

(i)

(@)

(i)

If n pigeonholes are occupied by (kn + 1) pigeons, where k is a positive
integer, prove that at least one pigeonhole is occupied by (k + 1) or more
pigeons.
Hence, find the minimum number m of integers to be selected from S =
{1, 2, ... 9} so that (a) the sum of two of the m integers is even; (b) the
difference of two of the m integers is 5. But there are (kn + 1) pigeons.
This results in a contradiction. Hence the result.
If at least one pigeonhole is not occupied by (k + 1) or more pigeons,
each pigeonhole contains at most £ pigeons. Hence, the total number of
pigeons occupying the n pigeonholes is at most kn.
But there are (kn + 1) pigeons. This results in a contradiction. Hence, the
result
(a) Sum of 2 even integers or of 2 odd integers is even.
Let us divide the set S into 2 subsets {1, 3, 5, 7, 9} and {2, 4, 6, 8},
which may be treated as pigeonholes. Thus n = 2.
At least 2 numbers must be chosen either from the first subset or
from the second.
i.e., at least one pigeonhole must contain 2 pigeons
e, k+1=2o0rk=1
The minimum no. of pigeons required or the minimum number
of integers to be selected is equal to
kn+1=3.
(b) Let us divide the set S into the 5 subsets {1, 6}, {2, 7}, {3, 8}, {4, 9},
{5}, which may be treated as pigeonholes. Thus n = 5.
If m = 6, then 2 of integers of S will belong to one of the subsets
and their difference is 5.

Example 2.19 1If (n + 1) integers not exceeding 2n are selected, show
that there must be an integer that divides one of the other integers. Deduce that
if 151 integers are selected from {1, 2, 3, ..., 300} then the selection must
include two integers x, y either of which divides the other.
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Let the (n + 1) integers be a;, a,, ..., a, . ;.- Each of these numbers can be
expressed as an odd multiple of a power of 2.
i.e., a, = 2 x m,, where k; is a non-negative integer and m;, is odd (i =1, 2, ...,
n+1)
[For example, let n = 5 so that 2n = 10. Let us consider n + 1 = 6 nos. that are
less than or equal to 10, viz., 7, 5, 4, 6, 3, 10. Clearly 7 =2° - 7; 5=2°.5;
4=2%.1;6=2"-3;3=2°-3and 10 =2" 5].

The integers m,, m,, ..., m, | ; are odd positive integers less than 2n (pigeons).

But there are only n odd positive integers less than 2n (pigeonholes).

Hence, by the pigeonhole principle, 2 of the integers must be equal. Let

them be m; = m;.

If k; < k;, then 2* divides 2%/ and hence g, divides a;.

If k; > kj, then a; divides a;.

Putting n = 150 (and hence, 2n = 300 and n + 1 = 151) the deduction
follows.

Example 2.20 If m is an odd positive integer, prove that there exists a
positive integer n such that m divides (2" — 1).

Let us consider the (m + 1) positive integers 2! — 1,22 — 1, 2> -1, .., 2" —
land 2" "1 — 1.

When these are divided by m, two of the numbers will give the same
remainder, by the pigeonhole principle [(m + 1) numbers are (m + 1) pigeons
and the m remainders, namely, 0, 1, 2, ..., (m — 1) are the pigeonholes].

Let the two numbers be 2" — 1 and 2° — 1 which give the same remainder 7,
upon division by m.
viz, let2"—1=q m+r’and 2° - 1 = g,m + r’
= 21 -2"=(q, — g)m
But 08 = 2S(2r7s _ 1)

(g1 —q)m=2°Q2""" - 1)
But m is odd and hence cannot be a factor of 2°.
m divides 2"~ ° — 1.

Taking n =r — s, we get the required results.

Example 2.21 Prove that in any group of six people, at least three must
be mutual friends or at least three must be mutual strangers.

Let 4 be one of the six people. Let the remaining 5 people be accommodated
in 2 rooms labeled “A’s friends” and “strangers to A”.

Treating 5 people as 5 pigeons and 2 rooms as pigeonholes, by the generalised

pigeonhole principle, one of the rooms must contain {52_1 J + 1 =3 people.
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Let the room labeled “A’s friends” contain 3 people. If any two of these 3
people are friends, then together with 4, we have a set of 3 mutual friends. If
no two of these 3 people are friends, then these 3 people are mutual strangers.
In either case, we get the required conclusion.

If the room labeled “strangers to 4” contain 3 people, we get the required
conclusion by similar argument.

Example 2.22 During a four-weak vacation, a school student will attend
at least one computer class each day, but he won’t attend more than 40 classes
in all during the vacation. Prove that, no matter how he distributes his classes
during the four weeks, there is a consecutive span of days during which he will
attend exactly 15 classes.

Let the student attend a, classes on day 1, a, classes on day 2 and so on a,g
classes on day 28.

Then b;=a, + a, + --- + a; will be the total no. of classes he will attend from
day 1 to day i, both inclusive (i =1, 2, ..., 28).

Clearly 1<b<by<...<by=<40

and by +15<by,+15<...<by+15<55

Now there are 56 distinct numbers (pigeons) b, b,, ..., byg and b, + 15, b, +
15, ..., byg + 15.

These can take only 55 different values (1 through 55) (pigeonholes).
Hence, by the pigeonhole principle, at least two of the 56 numbers are equal.
Since b; > b; if j > i, the only way for two numbers to be equal is b; = b; +
15, for some i and j where j > i.
- bj—b;=15
ie., i1t ap - ta=15
i.e., from the start of day (i + 1) to the end of day j, the student will attend
exactly 15 classes.

Example 2.23 1If S is a set of 5 positive integers, the maximum of which
is at most 9, prove that the sums of the elements in all the nonempty subsets of
S cannot all be distinct.
Let the subsets of S be such that 1 < n, < 3 (i.e., A consists of only one
or two or three elements of §).
The number of such subsets C(5, 1) + C(5, 2) + C(5, 3)
=5+10+10 (- there are 5 elements in )
=25
Let s, be the sum of the elements of 4.
Then 1 <s5,<7+ 8+ 9 (" the maximum of any element of S=9)

ie., 1<s,<24
Treating the 24 values of s, as pigeonholes and 25 subsets 4 as pigeons, we

get, by the pigeonhole principle, that there are 2 subsets 4 of S whose elements
give the same sum.
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Example 2.24 Find the number of integers between 1 and 250 both
inclusive that are not divisible by any of the integers 2, 3, 5 and 7.

Let 4, B, C, D be the sets of integers that lie between 1 and 250 and that are
divisible by 2, 3, 5, and 7 respectively.
The elements of 4 are 2, 4, 6, ..., 250

4| = 125, which is the same as {%OJ
Similarly, ~ |B|= V;OJ 83; (] = ﬁOJ ~ 50, |D| = [@J - 35,

The set of integers between 1 and 250 which are divisible by 2 and 3, viz.,
A N B is the same as that which is divisible by 6, since 2 and 3 are relatively
prime numbers.

14N B|= {%OJ — 41

Similatly, |4 A C| = VSOJ =25 |4~ D|= VSOJ ~17

4
BACl= VSOJ =168 D| = {%J =11

CAD|= {250J =7 |4NBAC|= {%J = 8;

4B D= {%J =54 CAD|= {%J = 3;
BN CnND|= {%J =2;[AnBNCnND|= {%J =1

By the Principle of Inclusion-Exclusion, the number of integers between 1
and 250 that are divisible by at least one of 2, 3, 5 and 7 is given by
|[AuUBUCuUD|={4|+|B|+|C|+ D} —{|AB|+ -
+ICND}+{{[AnBNCl+ -
+BNCND} —{{ANnBNCn D}
=(125+83 +50+35)— (41 +25+ 17
+16+11+7)+@8+5+3+2)-1
=293 -117+18-1=193
Number of integers between 1 and 250 that are not divisible by any of the
integers 2, 3, 5 and 7
= Total no. of integers — |4 W B U C L D|
=250 -193 =57.

Example 2.25 How many solutions does the equation x; + x, + x3 = 11
have, where x,, x,, x; are non-negative such that x; <3, x, <4 and x; < 6? Use
the principal of inclusion-exclusion.
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Let the total no. of solutions with no restrictions be N.
Let P, P,, P; denote respectively the properties x; > 3, x, >4 and x5 > 6.
Then the required no. of solutions is given by
N — {[Py| + [Py + P3| = [Py N Py = [Py N P3| = |P3 N Py
+IP NPy N P} (1)
Now N=C3B + 11 -1, 11) = 78 (Refer to Example 2.13)
|P;| = no. of solutions subject to P, (viz. x; 24 orx;=4,5,6, ...,
ID=CB3+7-1,7)=C09,7)=36 (- x;<T7andx;<7)
Similarly, |P,|=C3 +6-1,6)=C(8, 6)=28
|P3l=C(3+4-1,4)=C(6,4) =15
|P; N P,| =no. of solutions subject to x; 24 and x, = 5
=C3+2-1,2)=C4,2)=6 [ x3<2]
Similarly, [P, " Ps=0(x;<—1)and |P;NP|=C3+0-1,0)=1
|P; N P, N P;| =no. of solutions subject to x; 24, x, 25 and x; =7
=0
Required number of solutions
=78 - {(36+28+15)-(6+0+1)+0}
=6.

Example 2.26 There are 250 students in an engineering college. Of
these 188 have taken a course in Fortran, 100 have taken a course in C and 35
have taken a course in Java. Further 88 have taken courses in both Fortran and
C. 23 have taken courses in both C and Java and 29 have taken courses in both
Fortran and Java. If 19 of these students have taken all the three courses, how
many of these 250 students have not taken a course in any of these three
programming languages?
Let F, C and J denote the students who have taken the languages Fortran,
C and Java respectively.
Then |F| = 188; |C| = 100; |J| = 35
[FNCl=88;|CNJ|=23;|[FNnJ|=29and [FNCNJ|=19.
Then the number of students who have taken at least onec of the three
languages is given by
|[FUCUJ|=|FI+|C+|J|-|FNnCl-ICAJ|—-|FNJ+|FnCnJ
= (188 + 100 + 35) — (88 + 23 +29) + 19
=323 - 140 + 19 = 202.
No. of students who have not taken a course in any of these languages
=250 —202 = 48.

Example 2.27 A4,, 4,, Ay and A, are subsets of a set U containing 75
elements with the following properties. Each subset contains 28 elements; the
intersection of any two of the subsets contains 12 elements; the intersection of
any three of the subsets contains 5 elements; the intersection of all four subsets
contains 1 element.

(a) How many elements belong to none of the four subsets?
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(b) How many elements belong to exactly one of the four subsets?
(c) How many elements belong to exactly two of the four subsets?

Fig. 2.1

(a) No. of elements that belong to at least one of the four subsets
=140 4, U 45 U A4
= ({14 + 1A + 43| + [Agl} — {14) O Ay + 14, O As| + 14, 0 Ay
Ay O As| Ay O A+ A0 Ayl + {4 0 Ay 0 Ay
A, Ay N A+ A NA; Ay + |4y N A3 N Ay}
-4, N A, " Ay N AY]
=[4x28-6%x12+4x5-1]1=59
No. of elements that belong to none of the four subset = 75 — 59 = 16.
(b) With reference to the Venn diagram given above Fig. 2.1, n(4, alone)
=n[(2)]
=n(4,) — [n(6) + n(7) + n(8) + n(12) + n(13) + n(15) + n(16)]
=n(4,) — [{n(6) + n(12) + n(15) + n(16)} + {n(7) + n(13) + n(15)
+n(16)} + {n(8) + n(12) + n(13) + n(16)} — n(12) — n(13) — n(15)
—2n(16)]
=n(d,) — [n(d, N A4y) + n(d, NA43) +n(d, N A)] + [n(d, "4, N Ay)
+n(dy N Ay N A) +n(d; N Ay N A3)] = 2n[(4; N Ay N Ay O AY)]
=28-3Xx12+3x5+2x1
=9
Similarly n(4, alone) = n(4 alone) = n(A4, alone) =9
No. of elements that belong to exactly one of the subsets = 36.
(c) With reference to the Venn diagram of Fig. 2.1 given above,
n(A, and 4,) only) = n(6)
=n(d; N A4, — {n(15) + n(16)} — {n(12) + n(16)} + n(16)
=n(d;, NA4y)) —n(d;, "Ay N Ay) —n(d; N A, N Ay)
+nAd,NA; N AN A,
=12-5-5+1=3
Similarly n(4, and A5 only) = n(4, and 4, only)
= n(A4, and 4 only) = n(A4, and 4, only) = n(4, and 4, only) =3
No. of elements that belong to exactly two of the subsets = 18.
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Example 2.28 Show that the number of derangements of a set of n
elements is given by

1 1 1 1
=pull]l-—+—=—=—+... 1N —
D, n.[l 1!+ 21731 +-4+(-1) n!]
Note A derangement is a permutation of objects in which no object occupies its
original position. For example, the derangements of 1 2 3 are 2 3 1 and
312 viz, Dy=2.214531is aderangement of 1 23 4 5, but2 154 3 isnota

derangement of 1 2 3 4 5, since 4 occupies its original position.

Proof

Let a permutation have the property A4,, if it contains the " element in the 7"

position.

Then D, = the no. of the permutations having none of the properties
A(r=1,2,...,n)

— ’ ’ ’
= A nd5nn 4

=N-2l4]+ X404l - X 404,04+
i i<j i<j<k
+D"A, N A, .. A4 1)
by the principle of inclusion-exclusion, where N is no. of permutations of n
elements and so equals n!

Now |4,] = (n — 1)}, since |4/ is the number of permutations in which the im
position is occupied by the i™ element, but each of the remaining positions can
be filled arbitrarily.

Similarly, |4, N A4;[= (n—2)!,[4;"4; " 4| = (n—3) ! and so on.
Since there are C(n, 1) ways of choosing one element from n, we get

2l4)=Cn, 1) (n-1)

Similarly, 3 [4; " 4;[=C(n, 2) - (n - 2)!,

i<j
2 |4;nA; A= C(n, 3) - (n—3)! and so on.
i<j<k
Using these values in (1), we have
D,=nl-Cn, 1) - (n—D'+C(n,2) - (n-2)!—...

+ (1)~ Cn,m) - (n — n)! @)
| | |
; B N (L S R N DI () S N N BRI AV SR LY
1e., D, =n! 1!(n—1)!(n 1).+2!(n_2)!(n 2)! +(-1) n!O!O'
_ 1.1 1 a1
- {1‘ﬁ+ﬁ‘§+“'+<‘” ﬁ}

Example 2.29 Five gentlemen 4, B, C, D and E attend a party, where
before joining the party, they leave their overcoats in a cloak room. After the
party, the overcoats get mixed up and are returned to the gentlemen in a
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random manner. Using the principle of inclusion-exclusive, find the probability
that none receives his own overcoat.

Required probability

No. of permutations in which none gets his overcoat
No. of all possible permutations of the coats

1,1 1 1 1

51 51
1 1,1 1 _11

B A VI DT R T R

Example 2.30 In how many ways can the integers 1 through 9 be permuted
such that

@
(b)
@

(b)

no odd integer will be in its natural position?
no even integer will be in its natural position?
there are 5 odd integers between 1 and 9 inclusive.
Proceeding as in example (2.28) and from step (2) of that example,
The required no. of ways =9! — [C(5, 1) - 8! — C(5,2) - 7!
+C(5,3)-6!-C(5,4) - 5!+ C(5,5) - 4]
=2, 05, 056.
There are 4 even integers between 1 and 9.
The required no. of ways =9! — [C(4, 1) - 8! — C(4,2) - 7!
+C(4,3)-6! —C4,4)-5!]
=2, 29, 080.

EXERCISE 2(A) /.

Part A: (Short answer questions)

1.

2.
3.

Define r-permutation and r-combination of n elements and express their
values in terms of factorials.

Establish Pascal’s identity in the theory of combinations.

How many permutations are there for the 8 letters a, b, ¢, d, e, f, g h?
How many of them (i) start with a, (ii) end with 4, (iii) start with ¢ and
end with A?

In how many ways can the symbols a, b, ¢, d, e, e, e, e, e be arranged so
that no e is adjacent to another e?

. What is the number of arrangements of all the six letters in the word

PEPPER?
How many distinct four-digit integers can one make form the digits 1, 3,
3,7, 7 and 8?

. In how many ways can 7 people be arranged about a circular table? If 2

of them insist on sitting next to each other, how many arrangements are
possible?
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11.
12.

13.

14.

15.

16.

17.
18.
19.

20.

. What are the number of r-permutations and r-combinations of n objects if

the repetition of objects is allowed?

. How many different outcomes are possible when 5 dice are rolled?
. A book publisher has 3000 copies of a Discrete Mathematics book. How

many ways are there to store these books in their 3 warehouses if the
copies of the book are identical?

State pigeonhole principle and its generalisation.

Show that in any group of eight people, at least two have birthdays which
fall on the same day of the weak in any given year.

In a group of 100 people, several will have birth days in the same month.
At least how many must have birth days in the same month?

If 20 processors are interconnected and every processor is connected to at
least one other, show that at least two processors are directly connected to
the same number of processors.

State the principle of inclusion-exclusion as applied to two finite subsets.
Extend it for three finite subsets.

Among 30 Computer Science students, 15 know JAVA, 12 know C++
and 5 know both. How many students know (i) at least one of the two
languages (ii) exactly one of the languages.

How many positive integers not exceeding 1000 are divisible by 7 or 11?
What is a derangement? Given an example.

Seven books are arranged in alphabetical order by author’s name. In how
many ways can a little boy rearrange these books so that no book is its
original position?

How many permutations of 1, 2, 3, 4, 5, 6, 7 are not derangements?

Part B

21.

22.

23.

(1) In how many numbers with 7 distinct digits do only the digits 1 — 9
appear?

(i1)) How many of the numbers in (i) contain a 3 and a 67
(ii1)) In how many of the numbers in (i), do 3 and 6 occur consecutively in

any order?

(iv) How many of the numbers in (i) contain neither a 3 nor a 6?

(v) How many of the numbers in (i) contain a 3 not a 67

(vi) In how many of the numbers in (i) do exactly one of the numbers 3, 6

appear?

(vii)) In how many of the numbers in (i) do neither of the consecutive pairs

36 and 63 appear?

In how many ways can two couples Mrs. and Mr. A and Mrs. and Mr. B
form a line so that (i) the A’s are beside each other? (ii) the A’s are not
beside each other? (iii) each couple is together? (iv) the A’s are beside
each other but the B’s are not? (v) at least one couple is together:
(vi) exactly one couple is together?

Three couples, A’s, B’s and C’s are going to form a line (i) In how many
such lines will Mr. and Mrs. B be next to each other? (i) In how many
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

such lines will Mr. and Mrs. B be next to each other and Mr. and Mrs. C
be next to each other? (iii) In how many such lines will at least one
couple be next to each other?

A Computer Science professor has 7 different programming books on a
shelf, 3 of them deal with C++ and the other 4 with Java. In how many
ways can the professor arrange these books on the shelf (i) if there are no
restrictions? (ii) if the languages should alternate? (iii) if all the C++
books must be next to each other and all the Java books must be next to
each other? (iv) if all the C++ books must be next to each other?

(1) In how many possible ways could a student answer a 10-question true
or false test? (ii) In how many ways can the student answer the test in
(1) if it is possible to leave a question unanswered in order to avoid an
extra penalty for a wrong answer?

How many bit strings of length 12 contain (i) exactly three 1s? (ii) at
most three 1s? (iii) at least three 1s? (iv) an equal number of Os and 1s?
A coin is flipped 10 times where each flip comes up either head or tail.
How many possible outcomes (i) are there in total? (ii) contain exactly 2
heads? (iii) contain at most 3 tails? (iv) contain the same number of heads
and tails?

How many bit strings of length 10 have (i) exactly three 0s? (ii) at least
three 1s? (iii) more Os than 1s? (iv) an odd number of 0s?

How many permutations of the letters ABCDEFGH contain (i) the string
ED? (ii) the string CDE? (iii) the strings BA and FGH? (iv) the strings
AB, DE and GH? (v) the strings CAB and BED? (vi) the strings BCA and
ABF?

Determine how many strings can be formed by arranging the letters
ABCDE such that (i) 4 appears before D, (ii) 4 and D are side by side,
(ii1) neither the pattern AB nor the pattern CD appears, (iv) neither the
pattern AB nor the pattern BE appears.

In how many ways can the letters 4, B, C, D, E, F be arranged so that
(1) B is always to the immediate left of the letter E (ii) B is always to the
left of the letter £ (iii) B is never to the left of the letter E?

In how different ways can the letters in the word MISSISSIPPI be arranged
(1) if there is no restriction? (ii) if the two Ps must be separated?

In how many ways can the letters 4, 4, A, A, A, B, C, D, E be permuted
such that (i) no two A4s are adjacent? (ii) if no two of the letters B, C, D, E
are adjacent?

A computer password consists of a letter of the English alphabet followed
by 3 or 4 digits. Find the number of passwords (i) that can be formed and
(i1) in which no digit repeats.

(i) In how many ways can 7 people be arranged about a circular table?
(i1) If two of the people insist on sitting next to each other, how many
arrangements are possible?
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36.

37.

38.

39.

40

41.

42.

43.

44,

45.

46.

47.

48.

There are 6 gentlemen and 4 ladies to dine at a round table. In how many
ways can they be seated so that no two ladies are together?

A committee of 12 is to be selected from 10 men and 10 women. In how
many ways can the selection be carried out if (i) there are no restrictions?
(ii) there must be equal number of men and women? (iii) there must be an
even number of women? (iv) there must be more women than men?
(v) there must be at least 8 men?

7 women and 9 men are on the faculty in the mathematics department of
a college. (i) How many ways are there to select a committee of 5 members
of the department if at least one woman must be on the committee?
(i) How many ways are there to select a committee of 5 members of the
department if at least one woman and at least one man must be on the
committee?

How many licence plates consisting of 3 English letters followed by 3
digits contain no letter or digit twice?

How many strings of 6 distinct letters from the English alphabet contain
(1) the letter A? (ii) the letters 4 and B? (iii) the letters 4 and B in
consecutive positions with 4 preceding B? (iv) the letters 4 and B where
A is somewhere to the left of B in the string?

A student has to answer 10 out of 13 questions in an exam. How many
choices has he (i) if there is no restriction? (ii) if he must answer the first
two questions? (iii) if he must answer the first or second question but not
both? (iv) if he must answer exactly three out of the first 5 questions?
(v) if he must answer at least 3 of the first 5 questions?

In how many ways can we distribute 8 identical white balls into 4 distinct
containers so that (i) no container is left empty? (ii) the fourth container
has an odd number of balls in it?

Find the number of unordered samples of size 5 (repetition allowed) from
the set of letters (4, B, C, D, E, F), if (i) there is no restriction, (ii) the
letter A occurs exactly twice, (iii) the letter 4 occurs at least twice.
Find the number of integer solutions of the equation x; + x, + x5 + x,
=21, where x; = 8 and x,, x3, x, are non-negative.

There are 10 questions on a discrete mathematics test. How many ways
are there to assign marks to the problems, if the maximum of the test
paper is 100 and each question is worth at least 5 marks?

How many integers between 1 and 10,00,000 have the sum of the digits
equal to 15?

Show that among (n + 1) arbitrarily chosen integers, there must exist two
whose difference is divisible by .

[Hints: n of (n + 1) integers, when divided by »n will leave any of the
remainders 0, 1, 2, ..., (n — 1) and (n + 1) integer also will leave one of
the remainders 0, 1, 2, ..., (n — 1).]

If there are 5 points inside a square of side length 2, prove that two of the
points are within a distance of J2 of each other.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Of any 5 points chosen within an equilateral triangle whose sides are of

length 1, show that two are within a distance of % of each other.

Of any 26 points within a rectangle measuring 20 cm by 15 cm, show that
at least two are within 5 cm of each other.

[Hint: Divide the rectangle into subrectangles of dimension 4 X 3 cm.]
Prove that, in any list of 10 natural numbers a,, a,, ... a,,, there is a
string of consecutive items of the list whose sum is divisible by 10.
How many integers between 1 and 300 (both inclusive) are divisible by
(1) at least one of 3, 5, 7? (ii) 3 and by 5, but not by 7? (iii) 5 but by
neither 3 nor 7?

How many prime numbers are less that 200? Use the principle of inclusion-
exclusion.

[Hint To check if a natural number # is prime, we have to check whether
the prime numbers less than or equal to \/; are divisors of 7.]
How many solutions does the equation x; + x, + x3 = 13 have, where x,,
X,, X3 are non-negative integers less than 6? Use the principle of inclusion-
exclusion.
A total of 1232 students have taken a course in Tamil, 879 have taken a
course in English and 114 have taken a course in Hindi. Further, 103
have taken courses in both Tamil and English, 23 have taken courses in
both Tamil and Hindi and 14 have taken courses in both English and
Hindi. If 2092 students have taken at least one of Tamil, English and
Hindi, how many students have taken a course in all the three languages?
How many derangements of {1, 2, 3, 4, 5, 6} (i) begin with the integers
1, 2 and 3 in some order? (ii) end with the integers 1, 2 and 3 in some
order?
In how many ways can a teacher distribute 10 distinct books to his 10
students (one book to each student) and then collect and redistribute the
books so that each student has the opportunity to peruse two different
books?
There are 7 letters to be delivered to 7 houses in a block, one addressed
to each house. If the letters are delivered completely at random, at the
rate of one letter to each house, in how many ways can this be done if
(1) no letter arrives at the right house?
(i1) at least one letter arrives at the right house?

(ii1) all letters arrive at the right house?

Twenty people check their hats at a theatre. In how many ways can their
hats be returned, so that

(1) no one receives his or her own hat?

(i1) at least one person receives his or her own hat?

(iii) exactly one person receives his or her own hat?

A child inserts letters randomly into envelopes. What is the probability
that in a group of 10 letters
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(1) no letter is put into the correct envelope?

(i1) exactly one letter is put into the correct envelope?
(i) exactly 8 letters are put into the correct envelopes?
(iv) exactly 9 letters are put into the correct envelopes?
(v) all letters are put into the correct envelope?

MATHEMATICAL INDUCTION

One of the most basic methods of proof is mathematical induction, which is a
method to establish the truth of a statement about all the natural numbers. It
will often help us to prove a general mathematical statement involving positive
integers when certain instances of that statement suggest a general pattern.

Statement of the Principle of Mathematical
Induction

Let S(n) denote a mathematical statement (or a set of such statements) that
involves one or more occurrences of the variable n, which represents a positive
integer (a) If S (1) is true and (b) If, whenever S(k) is true for some particular,
but arbitrarily chosen k € Z', S(k + 1) is also true, then S(») is true for all n € Z'.
Note (1) The condition (a) is known as the basis step and the condition (b) is
known as the inductive step.
(2) In condition (a), the choice of 1 is not mandatory, viz., S(n) may be true for some
first element n, € Z, so that the induction process has a starting place.

Strong Form of the Principle

Given a mathematical statement S(n) that involves one or more occurrences of
the positive integer »n and if
(a) S(1)is true and
(b) whenever S(1), S(2), ... S(k) are true, S(k + 1) is also true, then S(n) is
true for all n € Z".

Well-ordering Principle

As an application of the principle of mathematical induction, we shall now
establish the well-ordering principle which states that every non-empty set of
non-negative integers has a smallest element.

A set containing just one element has a smallest member, namely the element
itself. Hence, the well-ordering principle is true for sets of size 1.

Now let us assume that the principle is true for sets of size k, viz., any set of
k non-negative integers has a smallest member.

Let us not consider a set S of (k + 1) numbers from which one element ‘a’ is
removed. The remaining & numbers have a smallest element, say b. [by the
induction hypothesis]. The smaller of @ and b is the smallest element of S.

Hence, by the principle of mathematical induction, it follows that any finite
set of non-negative integers has a smallest element.
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RECURRENCE RELATIONS

Definition
An equation that expresses a, viz., the general term of the sequence {a,} in
terms of one or more of the previous terms of the sequence, namely a, a;, ...,
a,_;, for all integers n with n = n,, where n, is a non-negative integer is called a
recurrence relation for {a,} or a difference equation.

If the terms of a sequence satisfy a recurrence relation, then the sequence is
called a solution of the recurrence relation.

For example, let us consider the geometric progression 4, 12, 36 108, ..., the
common ratio of which is 3. If {a,} represents this infinite sequence, we see

a
that —*.

=3 viz, a, . | = 3a,, n 2 0 is the recurrence relation corresponding

n
to the geometric sequence {a,}. However, the above recurrence relation does
not represent a unique geometric sequence. The sequence 5, 15, 45, 135, ...
also satisfies the above recurrence relation. In order that the recurrence relation
a, . = 3a,, n 2 0 may represent a unique sequence, we should know one of the
terms of the sequence, say, a, = 4. If a, = 4, then the recurrence relation
represents the sequence 4, 12, 36, 108, ... The value a, = 4 is called the initial
condition. 1f a, = 4, then from the recurrence relation, we get a; = 3(4), a, =
3%4) and so on. In general when n > 0, a, = 4.3". This is called the general
solution of the recurrence relation.
As another example, we consider the famous Fibonacci sequence

0,1,1,2,3,5,8,13, ...,
which can be represented by the recurrence relation
F,.,=F, +tF,wheren=>0and Fy=0,F, =1
Definitions
A recurrence relation of the form
c,a,tcia, tcya, o+ ... +tca, ,=f(n)is called a linear recurrence
relation of degree k with constant coefficients, where c,, ¢, ... ¢, are real
numbers and ¢, # 0. The recurrence relation is called /inear, because each a, is
raised to the power 1 and there are no products such as a, - a,. Since a, is
expressed in terms of the pervious & terms of the sequence, the degree or order
of the recurrence relation is said to be k. In other words the degree is the
difference between the greatest and least subscripts of the members of the
sequence occurring in the recurrence relation.
If f(n) = 0, the recurrence relation is said to be homogeneous; otherwise it is
said to be non-homogeneous.
Note The recurrence relations given in the above examples are linear homogeneous
recurrence relations with constant coefficients and of degrees 1 and 2
respectively.
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Solving Recurrence Relations

Systematic procedures have been developed for solving linear recurrence relations
with constant coefficients. Let us first consider the solution of a homogeneous
relation of order 2, viz., the recurrence relation of the form

coa,tca, tca, _,=0n22 (1)
Let a, = r" (r # 0) be a solution of (1).
Then c" e T e T2 =0
ie., cor* + 7 + ¢y = 0, since 7 # 0 2)

(2) is a quadratic equation in », which is called the characteristic equation,
whose roots 7, and r, are called the characteristic roots of the recurrence
relation.

Depending on the nature of the roots ; and r,, we get 3 different forms of
the solution of the recurrence relation. We state them as follows without proof:

Case (i) r, and r, are real and distinct.
The solution of the recurrence relation is a, = k1" + k,»;', where k| and k,, are
arbitrary constants determined by initial conditions.
Case (ii) r, and r, are real and equal.
The solution is a, = (k; + k, n)r", where r; = r, =r.
Case (iii) r; and r, are complex conjugate.
Let the modulus-amplitude form of »; = r(cos 8 + i sin 6)
Then r, = r(cos 8 — i sin 6)
The solution in this case is, a, = r'(k; cos n@ + k, sin n6)
Theorem
The solution of a linear non-homogeneous recurrence relation with constant
coefficients, viz., a recurrence relation of the form

Coy + €1, T Cra, ot ety qa, = fn) (1)
where f(n) # 0 is of the form a, = a(nh)+ agp), where aﬁ,h) is the solution of the
associated homogeneous recurrence relation, namely,

coa, tC1a, tea, o+ tea, =0 (2)
and aﬁ,”) is a particular solution of (1).
Proof

Since a, = a'#) is a particular solution of (1),

we have coal?) + cla(p) + ot cka,(fi}c = f(n) 3)
Let a, = b, be a second solution of (1).
Then CObn + Clbn et Ckbn = f(n) 4)

(4)—(3) gives
cotb,—aP} + e, — a4 ey db,_ —alPh = 0 (5)
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Step (5) means that b, — aff’ ) is a solution of recurrence relation (2), viz., aff’)
b, = a™+a'P) for all n.

i.e., the general solution of relation (1) is of the form a, = a'® + (/.

PARTICULAR SOLUTIONS

There is no general procedure for finding the particular solution of a recurrence
relation. However for certain functions f(n) such as polynomials in »n and
powers of constants, the forms of particular solutions are known and they are
exactly found out by the method of undetermined coefficients.

The following table gives certain forms of f(n) and the forms of the
corresponding particular solution, on the assumption that f(n) is not a solution
of the associated homogeneous relation:

Form of f(n) Form of a'P) to be assumed
¢, a constant A, a constant

n Agn+ A,

n? Agn® + Ayn + A,

n',te Z* A’ + A’ '+ .+ 4,

r' re R Ar"

n'r" Fi(Agn'+ A"+ .+ 4)
sin & n Asin aan+ Bcos an

cos an Asin an+ Bcos an
r"sin o n r"(4 sin oo n + B cos & n)
r"cos an (4 sin oo n + B cos o n)

When f(n) is a linear combination of the terms in the first column, then aEf’ ) is
assumed as a linear combination of the corresponding terms in the second
column of the table. When f(n) = r" or (4 + Bn)r" where r is a non-repeated
characteristic root of the recurrence relation, then a'?) is assumed as An " or
cn(A + Bn)r" as the case may be. When f(n) = ", where r is a twice repeated
characteristic root, then a'?) is assumed as 4n* #" and so on.

Note For a different treatment of difference equation (recurrence relations) using

the finite difference operators such as A and E, the students are advised to

refer to the chapter on ‘Difference Equations’ in the author’s book ‘“Numerical Methods
with Programs in C”.

SOLUTION OF RECURRENCE RELATIONS BY
USING GENERATING FUNCTIONS

Definition
The generating function of a sequence a, @, d,, ... is the expression

G(x)=ay+ax+ax*+ - o0= Y aqx"
n=0
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For example,

(1) the generating function for the sequence 1, 1, 1, 1, ... is given by
< 1
Gx) = T=——
(x) on T

(i1) the generating function for the sequence 1, 2, 3, 4, ... is given by

Go)= S+ =1+2x+32+..= 1

n=0 (1-x)?

(iii) the generating function for the sequence 1, a, a°, °, ... is given by

Gx)=1+ax+ a*? - oo = #, for |ax| < 1.

l-ax

To solve a recurrence relation (both homogeneous and non-homogeneous)
with given initial conditions, we shall multiply the relation by an appropriate
power of x and sum up suitably so as to get an explicit formula for the associated
generating function. The solution of the recurrence relation a,, is then obtained as
the coefficient of X" in the expansion of the generating function. The procedure is
explained clearly in the worked examples that follow.

\ WORKED EXAMPLES 2(B)

Example 2.1 Prove, by mathematical induction, that

14348 4 et Q= 1P = 2n@n— 1) 20+ 1)

Let S(n): 12432+ 52 4 oot 2n— 12 = %n(2n ~ 1) @n+ 1)
When n =1,
S(l):12=%-1-1-3

So S(1) is true, viz., the basic step is valid.
Let S(n) be true for n = k

ie., 24324+ 524 oo+ (2k— 1) = %k(Zk—l) Qk + 1)

Now 12+32+ 52+ oo + 2k — 1> + 2k + 1)?
= %k(2k ~ 1) 2k + 1) + (2k + 1), using the truth of S(k)
= %(21« + 1) {kQk — 1) + 3k + 1)}

= %(zm 1) 2K + 5k + 3)

- %(2k+ 1) 2k + 3)k + 1) or %(k+ 1) 2k + 1) 2k + 3)
ie., S(k + 1) is valid.
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Thus the inductive step is also true.
Hence, S(n) is true for all n € Z.

Example 2.2 Prove, by mathematical induction, that
1-2:3+2-3-44+3-4-5+--+nm+1)@n+2)
=+ 1) (1 +2) (1 +3)

Let Sn:l-2-3+2-3-4+---+n(n+l)(n+2)=%n(n+l)(n+2)(n+3).

Nowsl:1-2-3=%-1-2-3-4
Thus, the basic step S is true.

Let S, be true
ie., 1-2-3+2-3-4+---+k(k+1)(k+2)=%k(k+1)(k+2)(k+3)

(D
Now [1:2-342-3 -4+ +k(k+1)(k+2)]+Gk+1)Kk+2) (k+3)

=%k(k+ Dk+2)(k+3)+k+1)(k+2) (k+3),by (1)

:%(k+1)(k+2)(k+3) {k + 4}

Thus S, , | is true, if S} is true.
i.e., the inductive step is true.
Hence, S, is true for all n € Z".

Example 2.3 Prove, by mathematical induction, that

LSS S PR S

12 23 34 nn+1) n+l

N S SN S 1 _ n
Let S 1223 34T T uma) n+l
Then S in which is true.

127 1+1

i.e., the basic step S is true.
Let S, be true.

i 1l 1 kK (1)
1.2 23 k(k+1)  k+1
Now L+i+-~-+ ! + !

1.2 23 k(k+1)  (k+D(k+2)

ok I
T TGy YO

_ 1 k(k+2)+1
k+1 k+2
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1 kD k1 2
k+1| k+2 | k+2
(2) means that S, ,, is also true.
i.e., the inductive step is true.
Hence, S, is true for all n € Z".
Example 2.4 Use mathematical induction to show that
22" forn=1,2,3, ..
Let S:nl =201
: Sy 1! > 2% which is true.
i.e., the basic step is true
Let S, be true
ie., k=28t (1)
Now k+ D'=(k+1). K
> (k+1). 251 by (1)
>2 .25 Usincek+122
=2 (2)
Step (2) means that S, . ; is also true.
i.e., the inductive step is true.
Hence, S, is true forn =1, 2, 3, ....
Example 2.5 Use mathematical induction to show that
1 1 1 1
bttt —=>n, for n =2
TTRTETTT
1 1 1 1
Lt s -LiL L
NN RN R
AR I ! 2, since L.S = 1.707 and R.S = 1.414
NN
i.e., the basic step is true for n = 2.
Let S, be true.
. 1 1 1
ie., —t = = ---+—>\/; (D)
V1 J_ YR
Now 1 L+L+ +—+ by (1)
NN Jk J_ J_
«/k(k+ )+ Jk-k+1
Now \/_
Jk+1 \/k+1 Jk+1
. k+1
ie.,

7 Jk+1
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ie., > Jk+1

R B B

GRTE o

Step (2) means that S, , | is also true.
Hence, S, is true forn =2, 3, 4, ... .

> Jk+1

Example 2.6 Use mathematical induction to show that
13:5-@Qn-1) __ 1
2:4-6---(2n) _\/m

JL35e@n-D_ 1

,forn=1,23, ..

Let S, <
"D 4.6 (2n) [n+1
1 _1 L
L
S 2_2,whlch is true.
i.e., the basic step is true.
Let S, be true.
e 1-3-5--~(2k—1)< 1
v 2:4-6---(2k) _\/m
1-3-5--2k-1)- 2k +1) 1 2k +1
< .
Now 24620 (2k+2) = oy kv YD
2k+1 _AJk+1
Now < ,
2k +2 lk+2
2
i 2k +1) Sk+1
Rk +2)*  k+2
2
ie. if 4k +4k+1<k+1

AK* + 8k +4  k+2
le,if A+ 122+ 9% +2 <4 + 122 + 12k + 4
ie., if 9% +2 <12k + 4
ie., if 3k + 2 2 0, which is true.
Using this in step (2), we get

1:3-5--(2k=DQ2k+D) _ 1 k1
274622k +2) k4l Jhi2

1
k+

ie., <

B

(2)

(1)

)

3)
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Step (3) means that S, , | also true.
i.e., the induction step is true.
Hence, S, is true forn =1, 2, 3, ...

Example 2.7 Use mathematical induction to prove that A, >1+ g , where

on

1 1 1
H; = 1+§+§+---+7'

. n
Let Sy Hy21+7

S H, = 1+%21+%, which is true.

i.e., the basic step is true.
Let S, be true.

ie., 1+%+%+---+2ik21+§ (D)
Now 1"'%"'%"'"""2%"'21{1“
- (l+é+§+"'+21k)+(2k1+1+2k1+2+'”+2k1+1]
> (1+5) ( 1 1 1 )
2] (2541 2F+2 2k 40k
> (l+§)+2k- k1+1 (- each of the 2 terms in the second
group > ﬁ, the last term)
ie., > (1+§)+%
ic. > 1442 @

Step (2) means that S, , | is true.
i.e., the inductive step is true.
S, is true for n € Z".

Example 2.8 Use mathematical induction to prove that #° + 2n is divisible
by 3, for n = 1.
Let S, (n® + 2n) is divisible by 3.
S,: (1° + 2) is divisible by 3, which is true.
i.e., the basic step is true.
Let S, be true.
ie., K + 2k is divisible by 3 (1)
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Now (k+ 1>+ 2k + 1)
= (k> + 2k) + 3K> + 3k + 3)
(k* + 2k) is divisible by 3, by (1)
Also 3k + 3k + 3 = 3(k> + k + 1) is divisible by 3.

The sum, namely, (k + 1)* + 2(k + 1) is divisible by 3 2)
ie., S+ is also true
ie., the inductive step is true.

S, is true for n = 1.

Example 2.9 Use mathematical induction to prove that
n + (n+ 1) +(n + 2)* is divisible by 9, for n > 1.

Let S nmd+ (n+ 1)+ (n+ 2)* is divisible by 9.

. Sy 13 + 2% + 3% = 36 is divisible by 9, which is true.

ie., the basic step is true.

Let S, be true.

ie., K+ (k+ 1) + (k + 2)° is divisible by 9 (1)

Now (k+ 17+ (k+ 27>+ (k +3)°
= [+ (k+ 1)+ (k+ 2)°] + [9k + 27k + 27]
= [+ (k+ 17 + (k+2)°] + 90, + 3k + 3)
The first expression is divisible by 9 [by (1)] and the second expression is a
multiple of 9.
Their sum is divisible by 9
ie., Sy 1 s true.
ie., the inductive step is true.
S, is true for n = 1.

Example 2.10 Use mathematical induction to prove that (3" + 7" — 2) is
divisible by 8, for n = 1.

Let S, (3" + 7" - 2) is divisible by 8
S1: (3 + 7 —2) is divisible by 8, which is true.
ie., the basic step is true.
Let S, be true.
ie., (3% + 7% — 2) is divisible by 8 (1)
Now kL gkl =33k +7(7% - 2
=303+ 7" -2y + 47"+ 1) )

3(3F + 75 — 2) is divisible by 8, by step (1)
7% + 1 is an even number, for k > 1

4(7% + 1) is divisible by 8

R.S. of (2) is divisible by 8

ie., 3k 4 7871 _ 2 s divisible by 8
ie., S .1 is also true.
ie., the inductive step is true

S, is true for n = 1.
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Example 2.11 Solve the recurrence relation a, — 2a =3%a, =5
The characteristic equation of the recurrence relationis r —2=0 .. r=2.
. a(nh) =c-2"
Since the R.S. of the relation is 3", let a particular solution of the relation be
a, = A - 3". Using this in the relation, we get
A-3"-2.4-3"1=3"
ie., 34-24=30rd=3

dp =3

n—1

General solutionis  a, = a +a{P) = ¢ - 2"+ 3" !
Using the condition a; =5, we get2c +9 =5
c=-2
Hence, the required solution is a, =3""1-2"" 1
Example 2.12 Solve the recurrence relation
a,=2a, ,+2"% a,=2
The characteristic equation of the RR.isr—2=0 .. r =2
- ah = ¢ o
Since the R.S. of the R.R. is 2" and 2 is the characteristic root of the R.R., let
a, = An - 2" be a particular solution of the R.R.
Using this in the R.R., we get
An 2" —2(n —1)2" 1 =12"
ie., An—-(n—-1)=1..4=1
a'p) = n2"
General solution of the R.R. is
a,= a +alp
=c-2"+n-2"
Given: ag=2 .c.c=2
Hence, the required solution is a" = (n + 2) - 2".
Example 2.13 n circular disks with different diameters and with holes in
their centres can be stacked on any of the three pegs mounted on a board. To
start with, the pegs are stacked on peg 1 with no disk resting upon a smaller
one. The objective is to transfer the disks one at a time so that we end up with
the original stack on peg 2. Each of the three pegs may be used as temporary
location for any disk, but at no time a larger disk should lie on a smaller one on
any peg. What is the minimum number of moves required to do this for n
disks?
Note This problem is popularly known as the Tower of Hanoi problem.

Let H, denote the number of moves required to solve the Tower of Hanoi
problem with n disks. Let us form a recurrence relation for H, and then solve it.
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To start with, the n disks are on peg 1 in the decreasing order from bottom
to top. We can transfer the top (n — 1) disks to peg 3, as per the rules specified,
in H, _ | moves (by the meaning assigned to /,). We keep the largest disk fixed
in peg 1 during these moves. Then we use one move to transfer the largest disk
to peg 2. We can transfer the (n — 1) disks now on peg 3 to peg 2 using H, _
additional moves, placing them on top of the largest disk which remains fixed
in peg 2 during the second set of H, _; moves.

Since the problem cannot be solved using fewer moves, we get

H,=2H, |+ 1, which is the required R.R. Obviously 4, = 1, since one
disk can be transferred from peg 1 to peg 2 in one move.

The characteristic equation of the RR. isr—2=0 .. r=2

- O — oo,
Since the R.S. of the RR. H, -2 H, ;=11is 1, let
H, = A be a particular solution of the R.R. Using this in the R.R., we have

A=24+1
ie., =1 or HP =-1
The general solution of the R.R. is
H,=c-2"-1
Using the initial condition H; =1, we get2c—-1=1 .. c=1

The required solution of the Tower of Hanoi problem is H, = 2" — 1.

Example 2.14 Solve the recurrence relation a, , | — a, = 3n> — n; n > 0,
ay = 3.
The characteristic equation of the R.R. is
r—1=0 1e, r=1

af,h):c-l”:c

Since the R.S. of the R.R. is 3n> — n = (3n* — n) - 17, let the particular

solution of the R.R. be assumed as a, = (dyn*> + A;n + Ay)n, since 1 is a
characteristic root of the R.R. Using this in the R.R., we have

{Agin + 1P + A, (n + 1 + Ay(n + 1)} — {dg’® + A + A}y = 30" — 1
ie., A +3n+ 1)+ A4,2n+ 1)+ 4, =3n> — n
Comparing like terms, we have

Ag=1, 34,+24,= -1 and 4,+ 4, +4,=0.
Solving these equations, we get

Ayg=1, A;=-2 and 4,=1

a,(,p):n3—2n2+n
=n(n — 1)
The general solutions of the R.R. is

h
a, = af,)+

=c+nn - 1)

a '(11))
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Given that a,=3. .. c=3
The required solution of the R.R. is

a,=3+n(n - 1>~

Example 2.15 Find a formula for the general term F, of the Fibonacci
sequence 0, 1, 1, 2,3, 5, 8, 13, ....
The recurrence relation corresponding to the Fibonacci sequence {F,}; n >0
is F,,,=F,,+F,; n 20 with the initial conditions , = 0, |, = 1.
The characteristic equation of the R.R. is
P —r—-1=0.

1245
5
Since the R.S. of F,, . , — F,, | — F, = 0 is zero, the solution of the R.R. is

F,= cl(Hﬁ n+cz(l_ﬁ]n.

Solving it, we have r =

2 2
F, =0 gives c;te=0 (D)
I++5 1-+5
F, =1 gives c1 \/7] cz( \/7] =1 (2)
2 2
Using (1) in (2), we get ¢; — ¢, = 2 3)
NE]

1 1
NG 55

The general term F,, of the Fibonacci sequence is given by

Example 2.16 A particle is moving in the horizontal direction. The
distance it travels in each second is equal to two times the distance it travelled
in the previous second. If a, denotes the position of the particle in the 0
second, determine a,, given that a, = 3 and a; = 10.

Let a,, a, . |, a, . , be the positions of the particle in the r®, (» + 1)* and
(r + 2)™ seconds.

Using (1) in (3), we have ¢| = and ¢, = —

Then Apyy = Gpy =200, —a)

ie., a.9—3a.,,+2a.=0 (1)
The characteristic equation of the R.R. (1) is m*> — 3m +2 =0

ie., m-1)m-2)=0o0rm=1,2

Since the R.S. of (1) is zero, the solution of the R.R. is
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— r r
a.,=c - 1"+cy -2

ie., a,=c tcy 2" 2)
Using a, = 3, we have c;te,=3 3)
Using a; = 10, we have c; +8c, =10 4)

Solving (3) and (4), we get ¢; =2; ¢, = 1.
The required solutions is
a=2"+2.
Example 2.17 Solve the recurrence relation
a,1,—6a,,,+ 9,=32")+73",n=0,
given that q,=1 and a; =4.
The characteristic equation of the R.R. is
P—6r+9=0 or (r—37°=0
r=3,3
a” = (c; + cm)3”
Noting that 3 is a double root of the characteristic equation, we assume the
particular solution of the R.R. as
a,=Ay- 2"+ An* - 3"
Using this in the R.R., we have
Ay - 2" 2+ A(n+27 3" —6{dy - 2" A - (n+ 13
+9{dy - 2" + Ayn* - 3"} = 3(2") + 7(3")

ie., AR2" (4 =12+ 9)+ 4, - 3" {9(n + 2)> — 18 (n + 1)> + 9n?}
=3-2Hh+7-(3"
ie., Ay 2"+ A4, -3"x18=3-2")+7 (3"
Comparing like terms, we get
7
Ay=1and 4, = —
(P _an L2 an
a, 2 T 3

Hence, the general solution of the R.R. is

a, = a;h) + a,(f)

ie., an=(c1+cz-n)-3"+2"+%n2-3"
Givenay=1 .. ¢ +1=1
ie., =0

: 7 . 5
Given a; =4 .. 3c2+2+g =41.e.,cz=§
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The required solution is
5 n 7 2
= = . + 271 + — . n.
a=1g ™ 3 Th 3
Example 2.18 Solve the recurrence relation
a,=4a,_,—4a,_,+ (n+1)2"
The given RR.is a, —4a, | +4a, ,=@n+ 1)2"
The characteristic equation of the R.R. is
P —4r+4=0
ie., (r—27%=0,ie,r=2,2.

@, = (e + en) - 2"
Since the R.S. of the R.R. is (n + 1)2", where 2 is a double root of the
characteristic equation, we assume the particular solution of the R.R. as
a, = n*(4, + An) - 2"
Using this in the R.R., we have
n*(Ay + Ayn) - 2" — 4(n — 1)? {4y + Ay(n — 1)}2" !
+4(n - 2)* {4y + Aj(n - 2)} 2" 2= (n + 1)2"
ie., 4n*(Ay + Ayn) — 8 (n — 1)? {4y + Ay (n — 1)}
+4(n -2 {Ag+ Aj(n - 2)} =4(n + 1)
Equating coefficients of n on both sides,

-t

Equating constant terms on both sides,
24, — 64, =1

ie., Ay =1

3
aﬁf’) = (nz + nj2”
6

Hence, the general solution of the R.R. is

a, = af,h) + a;p)

3
. n
ie., a, = (c1+czn+n2+6)2"_

Example 2.19 Solve the recurrence relation
a,=2(a

i a,_s);n=2anday=1,a =2

n—-1"
The given recurrence relation is
a,—2a,_|+2a, ,=0
The characteristic equation of the R.R. is
P -2r+2=0
Solving, we have r=1=*1i

n
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The modulus-amplitude form of

Hence, the general solution of the R.R. is

a, = (\/E)n {c, cos%icz sin"‘:t} (1)

Using the condition a, = 1 in (1), we get ¢; =1
Using a; = 2 in (1), we get

G

ie., ¢, =1

+Cz =2

7

The required solution is

(\/—\ [cos ”+sinn”j.
@ 4 4

n
Example 2.20 Form a recurrence relation satisfied by a, = Y k? and
k=1

find the value of Y &2, by solving it
k=1

n n—1
= Yk* and a, = Y k*
k=1 k=1

Hence, a,—a, ,=n" Clearlya, =1
The characteristic equation of the R.R. is

r—1=0 or r=1
(h) =c-1"=c¢
Since the R. S of the R.R. is n? = n* - 1”, let the particular solution be assumed
as a, = (Agn*> + Ajn + Ayn.
Using this in the R.R., we have
(g + Ay + Ay — {An — 1 + Ay(n — 1) + Ak — 1) = 2
Equating like terms and solving, we get

Aozé,Alz % and A, =

N |-

Hence, d'7) = %(2112 +3n+1)

= %(nJrl) Qn + 1)
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Hence, the general solution of the R.R. is
a,=c+ %(n+1)(2n+1)
Using a; =1, we get c = 0

a,= ¥n* = %n(n +1) 2n + 1.

Example 2.21 Use the method of generating function to solve the
recurrence relation
a,=3a, |+ 1;n=1, given that a,=1.

Let the generating function of {a,} be G(x) = 3 a,x" .
n=0

The given RR.is a,=3a,_ | +1 D

n
Y a,x"=3% a,_;x"+ Y x",
n=1 n=1 n=1

on multiplying both sides of (1) by x" and summing up.

ie., G(x) — ay = 3x G(x) + li
ie., (1-3x)Gx)=1+ " (a=1)
1-x
13
Glx) = L2, 2
(I1-x)(1-3x) 1-x 1-3x
ie., G = —L(1 -0+ 21— 3x !
2 2
. - n — 1 < n 3 < n . n
ie., Ya,x" ==Y x"+=% 3x
n=0 2n:0 2n:0

a, = coefficient of x" in G(x)

SR TCAREE)

Example 2.22 Use the method of generating function to solve the
recurrence relation

a,=4a, | —4a,_,+4";n=2, given that ¢y = 2 and a, = 8.

Let the generating function of {a,} be G(x) = Y, a,x".
n=0
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Multiplying both sides of the given R.R. by x" and summing up, we have

Yoa,x"=4Y a, x"-4Y a, ,x"+ Y 4"x"
n=2 n=2

n=2 n=2
ie, {G(x) — ap — a;x} = 4x{G(x) — a,} — 4x* G(x) + | 14 -1 —4x.
—4aXx
ie., (1 - 4+ 47) G0 = - 14 1—4x+2 (~ay=2and a, =8)
—4aX
1+(1-4x)?
G(x) =
(1-2x)%(1-4x)
=_4 _ 2 , on splitting into partial fractions
1-4x (1-2x)
ie., G(x) = Y a,x" =4[l +4x + (4x)* + ... + (40)" + -+ 0]
n=0

S2[1H+2-@20) + 3 (207 + e (1) 20)" + e oo]
o a,=4""1—(n+2)2" "1
Example 2.23 Use the method of generating function to solve the

recurrence relation
— n. . — —
a,,,—8a,+16a,_,=4"n=21;a,=1,a =8

Let the generating functions of {a,} be
Gx)= Y a,x"
n=0
Multiplying both sides of the given R.R. by x" and summing up, we have
Ya, 1 x"-8 a,x"+16 Y a,_x"=73 (4x)"
n=1 n=1 n=1 n=1

% {G(x) — ay — a;x} —8{G(x) — ay} + 16x G(x) = 1_14x

i.e.,
. 2 _ 4x2
Le., (1 - 8x + 16x°) G(x) — ay — a;x + 8ayx =
1-4x

ay+(a;—8ay)x 2

ie., Gy = Jot(@=8d)x  4x
(1-4x)? (1-4x)
2
= L Lo A4x , on using the values of a; and a;.

C(1-4x?  (1-4x)
= (1 —4x +4x) (1 - 4x)°
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ie, Y @, = (1—dx+ ) - %{1 2423 (4x) + 3 - 44x)P + -
"= ) (n+ 2) (e

a, = %[(n 1) (n+2) 4 —nn DA+ (n - Dn 471
- %4”*1{4(;12 T30+ 2) 4+ n) + (- )

= S0P T ®) 4

Example 2.24 Use the method of generating function to solve the
recurrence relation a, , , — 4a, = 9n*; n > 0.
Let the generating function of {a,} be

G = Y a,x"
n=0

Multiplying both sides of the given R.R. by x" and summing up, we have

oo oo oo

a,,,x"=4Y a,x"=9 Y n’x"
n=0 n=0 n=0

ie., {6 — ay - ap} -~ 4G()
X

=9 i {n(n +1) — n}x"
n=0

=91 - 2x +2 - 3x2+ -] = 9x + 227 + 3x° + -]
=9x x 2(1 —x)~ — 9x(1 — x)2

a
ie., (1_4)G(x)_0+“1+ 18x 9x
X’ 2 x (-x (1-x)

1-4x>  (1-x)>(1-4x%) - (1-x)2(1-4x%)

ay+ayx N 9x*+9x*
(1-20)10+2x) (1-x)P>1-2x)(1+2x)

17 1 27

4 B 3 5 6 12 . 4

= + —
1-2x 1+2x I-x (1-»? (@1-x° 1+2x 1-2x

(On splitting into partial fractions)
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=c,(1 = 207" + ep(1 + 20)7' = %(1 — )+ 501 —x)?

—6(1 —x)7,
where ¢, =4 + 27 and ¢, = B — L
4 12
ie., Ya,x"=¢ Y 2"x"+¢, Y (1) 2"X" - HZ x"
n=0 n=0 n=0 3 n=0

FST (A DR -3Y (1) (n+ 2

n=0 n=0
Equating coefficients of x”, we get the general solution of the given R.R. as

an:cl-2”+cz-(—1)"2"—%+5(n+1)—3(n+1)(n+2)

e,  a,=e 2 4o ()2 - 3(”“3”‘*290).

Example 2.25 Use the method of generating function to solve the
recurrence relation
a,=4a,_, +3n-2" n 21, given that g, = 4.
Let the generating function of {a,} be

Gx)= Y a,x".
n=0

Multiplying both sides of the given R.R. by x" and summing up, we have

=

Yax"-4%a, | xX"=3Y n2x)
n=1

n=1 n=1
ie., (G®) — ag) — 4x G@) = 6x - Y n(2x)" !
n=1
ie., (1 —4x) G(x) = 6 iy [ ag=4]
(1-2x)?
6x
G(x) =
(1-4x)1-2x)*
10 3 3

= - - , on splitting into partial fractions
I-4x 1-2x (1-2x)?

ie., Yax" =103 @x) -3 3 Q)" -33 (n+ 1) ()"
n=0 n=0 n=0 n=0

Equating coefficients of x", we get
a,=10x 4" —3 x 2" —3(n + 1) x 2"
=10 x4" - (Bn+6) x2"
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\

EXERCISE 2(B)

Part
1.

X N AN WDN

11.

12.

13.

14.

15.
16.

A: (Short answer questions)

What is mathematical induction? In what way is it useful?

State the principle of mathematical induction.

What are basic and inductive steps in mathematical induction?

State the strong form of the principle of mathematical induction.

What is well-ordering principle. Establish it using mathematical induction.
Use mathematical induction to show that 1 +2 + 22+ ... +2"=2""1_1,

Use mathematical induction to show that 1 +2 +3 + --- + n = 1 n(n+1).

Use mathematical induction to prove that n < 2", for all positive integers #.
Find a formula for the sum of the first n even positive integers and prove
it by induction.

Define a recurrence relation. What do you mean by its solution?

Define a linear recurrence relation. What is meant by the degree of such a
relation?

When is a recurrence relation said to be homogeneous? Non-
homogeneous?

Define the characteristic equation and characteristic polynomial of a
recurrence relation.

What do you mean by particular solution of a recurrence relation?
Define generating function of a sequence and give an example.

How will you use the notion of generating function to solve a recurrence
relation?

Part B

Prove
17.

18.

19.

20.

21.

22.

, by mathematical induction, the following results:
1+3+5+"'+(2”—1):n2.

- n(n+1
12-22+32_ ...+ (_1)n—1n2 _ %

P+22+3+..+n3= i n’(n + 1)~
n(n+1)(n+2)

1-2+2-3+3 -4+ +nn+1)= 3

l-2+3-4+5-6+---+(2n71)-2n=%n(n+l)(4n71).

1.3 3.5 5.7 Qn-D2n+1) 2n+l1
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1 1-3 1-3-5 1-3:-5---(2n-1)

23. + + et
24246 2468 2.4.6--(2n+2)

1 1:3.5Q2n+1)

2 2:4-6---2n+2)°

TR G Gl
S Qr-1)2r+1) 202n+1)

Prove, by mathematical induction, the following inequalities, when n € Z'.

25. n<2" forn=>1.

26. n* < 2", for n > 4.

27. 2" <, for n = 10.

28. 2" < n! for n > 3.

29. 2" > (2n + 1), for n > 3.

30, 122 @D S 1 g
2-4-6---2n 2n

Prove, by mathematical indication, the following results, when n € Z".

31. n’ - n is divisable by 6.

32. n’ — n is divisible by 5.

33. 5" —1 is divisable by 4.

34. 8" — 3" is divisible by 5.

35. 52— 25 is divisible by 7.

36. 10" "1+ 10" + 1 is divisible by 3.

37. 6 x 7" — 2 x 3" is divisible by 4.

Solve the following recurrence relations:

38.a,,,—2a,=5n20;a,=1.

39.a,-2a,_=n+5nz1l;q,=4.

40. a,, 1 —a,=2n+3;n20; a,=1.

41. a,—2a, | =2n*n>1;a =4

42. a,—3a,_;=2"n=1;a,= 1.

43. a,=2a, ;+3-2"n=1;a,=>5.

44. a, - a,_, =3(b, — a,_,), where

n

. n <n<
- {1000 (312)", for0<n<10 oo,

1000-(3/2)!°, forn>10

45. a,, =2a,+3a,_;n21;givena, =0, a; = 8.

46. 9a,=6a,_, —a,_,; n =2, given a, =3, a; = -1.
47. a,,.H—a,,, —2a,=4;n =0, given ay = -1, a; = 3.
48. a,,,*+4a,,, +4a,=7,n20; givenaq, =1, a; = 2.
49. a,,,+3a,,, +2a,=3"n20; given ay =0, a; = 1.
50. a,.,—3a,,; +2a,=2";n20; given a, = 3, a; = 6.
51. a,=5a,_|—6a,_,+ 2"+ 3n.

n
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52

. a,=4a,_ |-

3a, ,+2"+n+3;n22,given a, = 1; and a, = 4.

53. a,.,—4a,,,+3a,=2"-n*n>0;given ay = a; = 0.

54. a,,,— 7a, ., — 8a, = n(n— 1)2".

Use the method of generating functions to solve the following recurrence
relations:

55.
56.
57.
58.
59.
60.

\

ANSWERS

a,+3a,_|—4a,_,=0;n22, given a, =3, a; = -2.
a,.,—5a,,, +6a,=36;n2=0; given a, = a; = 0.
a,,,—a,=2"n2=0; given a;, = 0; a, = 1.
a,.,—6a,,+9y,=3"n20; given aq, =2 and a; = 9.
a,,,t4a,+4a,_,=n—-1;n2=1, given aqy =0 and a; = 1.
a,i,+Ta,=n-2"nz0.

Exercise 2(A)

3

4.
9.
17.
21.

22.
24.
25.
26.
27.
28.
29.

30
31
32
33
34
35
36
37

38
39
40

41

. (1) 8!
24
252
220
(i) 1,81,440
(v) 35,280
12; 12; 8; 4; 16; 8
(1) 5040
(1) 210
(i) 220
(1) 1024
(1) 120
(i) 5040
(v) 24
. (1) 60
. () 120
. (1) 34650
. (1) 24
. (1) 720
. (1) 2,86,000
. 43,200
. (1) 1,25,970
(iv) 10,695
. (1) 4242
. () 1,12,32,000
. () C(25,5) % 6!
(i) C(24, 4) x 5!
. () 286
(v) 276

(i) 7!

5. 60

10. 45,04,501
19. 1854

(i) 1,05,840
(vi) 70,560

(ii) 144
(i) 3'°

(i) 299

(i) 45

(ii) 968

(i) 720

(vi) 0

(i) 48

(i) 360

(ii) 28350
(i) 24

(ii) 240

(ii) 1,49,760

(i) 44,100

(i) 4221

(i) 165

(iii) 7! (iv) 6!

6. 90 7. 720, 240
13. 9 16. 22; 17
20. 3186

(i) 30,240 (iv) 5040

(vii) 75,600

23. 240; 96; 708

(i) 288 (iv) 720
(i) 4017 (iv) 924
(i) 176 (iv) 252
(i) 386 (iv) 512
(i) 120 (iv) 120
(iii) 78 (iv) 78
(iii) 360

(ii) 63,900 (iv) 40,935

(i) C(24, 4) x 6!
(iv) 15 x C(24, 4) x 4!
(i) 110 (iv) 80
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42. (1) 35 (i) 70

43. (1) 252 (i) 35 (ii)) 56

44, 560 45. C(59, 9) 46. C(20, 15) — 6 x C(10, 5)
52. (1) 162 @) 18 (i) 34

53. 46 54. 6 55. 7

56. (i) 4 (i) 36 57. 10! x Dy,

58. (1) Dy @) 7! — D, (iii) 1

59. (1) Dy (i) 20! — D,, (i) 20 X Dyg

60. (i) Dy,/10!

(v) 1/10!

Exercise 2(B)

(i) 10 x Dy/10!

(i) C(10, 2)/10! (iv) O

38. a,=6Q2") -5 39. a,= 112" - (n + 7)
40. a, = (n + 1) 41. a, = 132" — 2(n* + 4n + 6)
42. a,=2(3"-2" 43. a, = (3n + 5)2"
44. a, = 9000{(3) —2) ffor0<n<10
7 (\2
3 10
= 1000(2) {1 — (2)!%, for n > 10.
45. a, = 2(3") — 2(-1)" 46. a,= (1 —2n)/ 3" !
2 Sn 7
. — n+1+_ n+1 . _(_)_271_'_
47. a, =2 1) 2 48a,,96()9
49. a, = 5(71)"7 i(72)"+ i(3)". 50. a,=1+2"""+p.2""1
"4 5 20 "
51.a,=A4-2"+B -3 —n-2"" 1+ %(211—1—7)
1 39 n n+2 1 2 5
= -4+ == _ - = - =
52. a, 2 8(3) 2 4n Zn.
53. a, =3+ 53" - (n*+8) 2"
54, an:A-8"+B-(—1)”—§(3n2—5n+2)-2" 55.a,=2+ (-4)"
56. a,=18[3" - 2"+ 1 + 1] 57. a, = %[2" - 1)1
58. a, = é(# + 17n + 36) - 3"
2 5 2 1
= = (V' — = p(o\' - = +—
59. a, 27( 2) 9 n(-2) 7 9n.
ni . g Gn-8
. a, = -+ - - 2",
60. a, = A4 cos > B sin ) s 2



Chapter 3

Graph Theory

INTRODUCTION

Graphs are discrete structures consisting of vertices and edges that connect
these vertices. Depending on the type and number of edges that can connect a
pair of vertices, there are many kinds of different graphs. The graph models
can be used to represent almost every problem involving discrete arrangement
of objects, where we are not concerned with their internal properties but with
their inter-relationship. Eventhough Graph theory is an old subject, one of the
reasons for the recent interest in it is its applicability in many diverse fields
such as computer science, physical sciences, electrical and communication
engineering and economics.

In this section, we shall define a graph as an abstract mathematical system
and also represent graphs diagrammatically. Then we shall discuss some of the
basic concepts and theorems of graph theory.

BASIC DEFINITIONS

A graph G = (V, E) consists of a non-empty set V, called the set of vertices
(nodes, points) and a set E of ordered or unordered pairs of elements of V,
called the set of edges, such that there is a mapping from the set £ to the set of
ordered or unordered pairs of elements of V.

If an edge e € E is associated with an ordered pair (u#, v) or an unordered
pair (u, v), where u, v € V, then e is said to connect or join the nodes u and v.
The edge e that connects the nodes u and v is said to be incident on each of the
nodes. The pair of nodes that are connected by an edge are called adjacent
nodes.
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A node of a graph which is not adjacent to any other node (viz., which is not
connected by an edge to any other node) is called an isolated node. A graph
containing only isolated nodes (viz. no edges) is called a null graph.

If in graph G = (V, E), each edge e € E is associated with an ordered pair of
vertices, then G is called a directed graph or digraph. If each edge is associated
with an unordered pair of vertices, then G is called an undirected graph.

Note When a graph is represented diagrammatically, the vertex set is represented
as a set of points in plane and an edge is represented by a line segment or

an arc (not necessarily straight) joining the two
vertices incident with it. In the diagram of a V4 Vs V3 va
digraph, each edge e = (u, v) is represented by
means of an arrow or directed curve drawn

from the initial point u to the terminal point v = V4 V2 Vi

as in the Figs 3.1. Undirected graph Directed graph
An edge of a graph that joins a vertex (@) (b)

to itself is called a loop. The direction of Fig. 3.1

a loop is not significant, as the initial and
terminal nodes are one and the same.

If, in a directed or undirected graph, certain pairs of veritices are joined by
more than one edge, such edges are called parallel edges. In the case of
directed edges, the two possible edges between a pair of vertices which are
opposite in direction are considered distinct.

A graph, in which there is only one edge between a pair of vertices, is called
a simple graph.

A graph which contains some parallel edges is called a multigraph.

Vi Vi V1 Vi
7] V3 V2 V3 V2 Vs V2 V3

Simple Undirected Directed Directed graph
graph multigraph multigraph with distinct edges

(a) (b) () (d)
Fig. 3.2

A graph in which loops and parallel edges are allowed is called a
pseudograph. Graphs in which a number (weight) is assigned to each edge are
called weighted graphs.

DEGREE OF A VERTEX

The degree of a vertex in an undirected graph is the number of edges incident
with it, with the exception that a loop at a vertex contributes twice to the
degree of that vertex. The degree of a vertex v is denoted by deg (v). Clearly
the degree of an isolated vertex is zero. If the degree of a vertex is one, it is
called a pendant vertex.
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For example, let consider the graph in Fig. 3.3. v2 Vs va
deg (v)) = 2, deg (vy) = deg (v;) = deg (vy) = 4,
deg (vy) = 1, deg (vg) = 3, deg (v) = 0. A VRN
We note that v, is a pendant vertex and v, is an v Vs Ve Z
isolated vertex. Fig. 3.3

Theorem (The Handshaking theorem)
If G = (V, E) is an undirected graph with e edges, then Y deg(v,) = 2e.

Viz., the sum of the degrees of all the vertices of an undirected graph is
twice the number of edges of the graph and hence even.

Proof
Since every edge is incident with exactly two vertices, every edge contributes 2
to the sum of the degree of the vertices.

All the e edges contribute (2¢) to the sum of the degrees of the verities

viz., > deg(v;) = 2e.

Theorem
The number of vertices of odd degree in an undirected graph is even.

Proof
Let G = (V, E) be the undirected graph.
Let V; and ¥, be the sets of vertices of G of even and odd degrees respectively.
Then, by the previous theorem,
2e= . deg(v)+ X deg(v)) (1

v, eV v eV,

since each deg(v;) is even, Y, deg(v;) is even.
v,eV|

As the L.H.S. of (1) is even, we get
2. deg(v)) is even.

v eV,

Since each deg(v)) is odd, the number of terms contained in Y, deg(v ;) or
v, eV,

in V, is even, i.e., the number of vertices of odd degree is even.
Definitions
In a directed graph, the number of edges with v as their terminal vertex (viz.,
the number of edges that converge at v) is called the in-degree of v and is
denoted as deg (v).
The number of edges with v as their initial vertex, (viz., the number of edges
that emanate from v) is called the out-degree of v and is denoted as deg'(v).
A vertex with zero in degree is called a source and a vertex with zero out-
degree is called a sink.
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Let us consider the following directed graph.

We note that deg (a) =3, deg (b)) =1, deg (c) =2, deg () =1 2 b
and deg'(a) = 1, deg'(b) = 2, deg'(c) = 1, deg'(d) = 3.

Also we note that £ deg (v) = X deg'(v) = the number of
edges = 7. d c

This property is true for any directed graph

Fig. 3.4
G=(V, E), viz., Y, deg (v)
velV
= Y degt(v) =e.
velV

This is obvious, because each edge of the graph converges at one vertex and
emanates from one vertex and hence contributes 1 each to the sum of the in-
degrees and to the sum of the out-degrees.

SOME SPECIAL SIMPLE GRAPHS

Complete graph
A simple graph, in which there is exactly one edge between each pair of
distinct vertices, is called a complete graph.

The complete graph on n vertices is denoted by X,. Figure 3.5 shows the
graphs K through K.

L e
K, K>
Ks

Ks Ks
Fig. 3.5

Ky

n(n—1)

3 . Hence, the maximum

Note  The number of edges in K, is nC, or

number of edges in a simple graph with n vertices is w
Regular graph

If every vertex of a simple graph has the same degree, then the graph is called
a regular graph. If every vertex in a regular graph has degree n, then the graph
is called n-regular. Figure 3.6 shows some 2-regular and 3-regular graphs.
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.
»
L
%
_ \
\
/
o
o e
\
* e

3-regular graphs
Fig. 3.6

Bipartite graph

If the vertex set V' of a simple graph G = (V, E) can be partitioned into two
subsets V; and V), such that every edge of G connects a vertex in V| and a
vertex in V), (so that no edge in G connects either two vertices in V| or two
vertices in V,), then G is called a bipartite graph.

If each vertex of V| is connected with every vertex of V, by an edge, then G
is called a completely bipartite graph. If V| contains m vertices and ¥, contains
n vertices, the completely bipartite graph is denoted by K, . Figure 3.7 shows
some bipartite and some completely bipartite graphs.

A As
.
By B, Bs
Bipartite graphs
Aq Az As
AN . N t\ /I \ ///
/ \ NS
y "\_\‘ \. ,,r>/\, ~ '\.,;\y/‘\:
:"/ \ / N N TN
B By Bs By By Bs
Kz, 3 graph Ks. 3 graph
Fig. 3.7

Subgraphs

A graph H= (V’, E') is called a subgraph of G= (V, E), if V' Vand E’ C E.

If V! c Vand E’ C E, then H is called a proper subgraph of G.

If V' =V, then H is called a spanning subgraph of G. A spanning subgraph
of G need not contain all its edges.

Any subgraph of a graph G can be obtained by removing certain vertices
and edges from G. It is to be noted that the removal of an edge does not go
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with the removal of its adjacent vertices, whereas the removal of a vertex goes
with the removal of any edge incident on it.

If we delete a subset U of V and all the edges incident on the elements of U
from a graph G = (V, E), then the subgraph (G — U) is called a vertex deleted
subgraph of G.

If we delete a subset F' of £ from a graph G(V, E), then the subgraph
(G — F) is called an edge deleted subgraph of G.

A subgraph H= (V', E’) of G = (V, E), where V' < V and E’ consists of
only those edges that are incident on the elements of V”, is called an induced
subgraph of G.

Figure 3.8 shows different subgraphs of a given graph G.

A A A
B C B C B C
D E E D E
Graph G A subgraph of G A spanning
(A vertex deleted subgraph of G
subgraph of G) (An edge deleted
subgraph of G)
A A
B C B
D
E
Induced subgraphs of G
Fig. 3.8

Isomorphic Graphs

Two graphs G| and G, are said to be isomorphic to each other, if there exists a
one-to-one correspondence between the vertex sets which preserves adjacency
of the vertices.

viz., a graph G, = (V}, E,) is isomorphic to the graph G, = (V,, E,), if there
is a one-to-one correspondence between the vertex sets V| and ¥, and between
the edge sets £, and E, in such a way that if e, is incident on #; and v, in Gy,
then the corresponding edge e, in G, is incident on u, and v, which correspond
to u; and v, respectively. Such a correspondence is called graph isomorphism.
Figure 3.9 shows pairs of isomorphic graphs.

From Fig. 3.9, we observe that isomorphic graphs have (i) the same number
of vertices, (ii) the same number of edges and (iii) the corresponding vertices
with the same degree. This property is called an invariant with respect to
isomorphic graphs. If any of these conditions is not satisfied in two graphs,
they cannot be isomorphic. However, these conditions are not sufficient for
graph isomorphism, as seen from the following Fig. 3.10.
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A B Vi Vs
€1
2 €2 ey
c D Vs 4 ©s Va
(a)
e
72 ! Vs
1 2 es| es e |ey
B -] B c Vs V3
4 €p
(b)
Vg e %4
D 6 c es ez
es V3
e H12G 7 Va e
€10
2 10 11 4 e
E F ez 4 Ve
3 9 5 €3/ Vs €9
A B %2
1 V; e Vs
(c)
Fig. 3.9
Ve
7 "
Vi Vo Vs \Z\ vi vy vy v WV
Vs

(a)
Fig. 3.10

There are 6 vertices and 5 edges in both the graphs.
There are 3 vertices namely Vy, Vs, Vi (W, Vs, V) each of degree 1; 2

vertices namely V,, V5 (V5,V,) each of degree 2; 1 vertex namely V, (V5') of

degree 3.
Thus, all the three conditions are satisfied, but the two graphs 3.10 (a) and
(b) are not isomorphic, since the vertices ¥, and V; are adjacent in (a) whereas

the corresponding vertices 7, and V, are not adjacent.

To determine whether two graphs are isomorphic, it will be easier to consider
their matrix representations. Two types of matrices commonly used to represent
graphs will be discussed in the following section.
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MATRIX REPRESENTATION OF GRAPHS

When G is a simple graph with n vertices v|,v,,...v,, the matrix A(or 4;) =
[a; j]:
I, if vyv;isanedgeof G
where, a.. = I
& 0, otherwise

is called the adjacency matrix of G.
For example, if G is the graph given in Fig. 3.11, then the adjacency matrix
A is

Vi Va2
01 11
1 010
1 1 0 1 Vs Va
1 010 Fig. 3.11

The following basic properties of an adjacency matrix are obvious:

1. Since a simple graph has no loops, each diagonal entry of 4, viz., a; = 0,
fori=1, 2,... n.

2. The adjacency matrix of simple graph is symmetric, viz., a; = a;, since
both of these entries are 1 when v; and v; are adjacent and both are 0
otherwise. Conversely, given any symmetric zero-one matrix 4 which
contains only 0’s on its diagonal, there exists a simple graph G whose
adjacency matrix is 4.

3. deg(v,) is equal to the number of 1’s in the i™ row or i™ column.

Note A pseudograph (viz., an undirected graph with loops and parallel edges)

can also be represented by an adjacency matrix. In this case, a loop at the

vertex v; is represented by a 1 at the (i, i)™ position and the (i, /)" entry equals the

number of edges that are incident on v; and v;. The adjacency matrix of a pseudograph is

also a symmetric matrix. For example, the adjacency matrix of the pseudograph
(Fig. 3.12) is given alongside.

120 1 J b
20 30
03 11
1010 d c

In a similar way, directed simple or multigraphs can also
be represented by adjacency matrices, which may not be Fig. 3.12
symmetric. For example the adjacency matrix of the graph in
Fig. 3.13 is given along side.

- o o O
O = = =
S = = O
(= e = =]
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Definition
If G = (V, E) is an undirected graph with » vertices v, v,,... v, and m edges ey,
€,..+5 €y, then the (n X m) matrix B = [b;],
1, when edge e;is incident on v;
where b;; = o
4 0, otherwise

is called the incidence matrix of G.

For example, the incidence matrix of the graph shown in Fig. 3.14 is given
alongside.

€ € €3 €4 €5 Vie 1 v
vl 00l es| 65 ey
w1 1000 N
w0 1 1 0 1 Vas——g Vs
w0 0 1 1.0 Fig. 3.14

The following basic properties of an incidence matrix are obvious:
1. Each column of B contains exactly two unit entries.
2. A row with all O entries corresponds to an isolated vertex.
3. A row with a single unit entry corresponds to a pendant vertex.
4. deg(v,) is equal to the number of 1°s in the i row.
Note Incidence matrices can also be used to represent pseudographs. Parallel
edges are represented in the incidence matrix using columns with identical
entries, since these edges are incident on the same pair of vertices. Loop is represented
by a column with exactly one unit entry, corresponding to the concerned vertex. For
example, the incidence matrix of the graph in Fig. 3.15 is given alongside.

€1 € €3 €4 €5 e
wlt 1100 e v2
w0 1 110 e
»0 0 0 1 1
es(_)Va
Fig. 3.15

Isomorphism and Adjacency Matrices

We state two theorems (without proof) which will help us to prove that two
labeled graphs are isomorphic:

Theorem 1
Two graphs are isomorphic, if and only if their vertices can be labeled in such
a way that the corresponding adjacency matrices are equal.

Theorem 2
Two labeled graphs G, and G, with adjacency matrices 4, and A4, respectively
are isomorphic, if and only if, there exists a permutation matrix P such that
PAPT = 4,

Note A matrix whose rows are the rows of the unit matrix, but not necessarily in

their natural order, is called a permutation matrix.
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For example, let us consider the two graphs shown in Fig. 3.16.

Ae——D V10\\—/,,~V4
B C V2¢;~.V3
Graph Gj Graph G,
Fig. 3.16
01 0 1 0 0 1 1
Now A= 1010 and 4, = 0011
01 0 1 1 1 00
1 010 1 1 00
1 0 0O
10 0 1 0 T _
If we assume that P = 010 ol we can see that P4, P° = 4,. Hence,
0 0 0 1

the two graphs G, and G, are isomorphic such that 4 — V|, B > V5, C = V,
and D — V.

WORKED EXAMPLES 3(A) /.

Example 3.1 Find the number of vertices, the number of edges and the
degree of each vertex in the following undirected graphs. Verify also the
handshaking theorem in each case.
(i) For the graph G, in Fig. 3.17, B E
the number of vertices = 6
the number of edges = 9
deg(4) = 2, deg(B) = 4, deg(C) = 4,
deg(D) = 3, deg(E) = 4, deg(F) =1 A c G D F
Now ZXZdeg(d)=2+4+4+3+4+1=18 Fig. 3.17
=2 X 9 =2 x no. of edges.
Hence, the theorem is true. A
(i) For the graph G, in Fig. 3.18, B
the number of vertices = 5
the number of edges = 13
deg (4) = 6, deg (B) = 6, deg (C) = 6, S
deg (D) = 5, deg (E) = 3 E 2D
Obviously, X deg 4 =2 X no. of edges. Fig. 3.18
Hence, the theorem is verified.
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Example 3.2 Find the in-degree and out-degree of each vertex of each of
the following directed graphs. Also verify that the sum of the in-degrees (or the
out-degres) equals the number of edges.

(i) For the graph G, in Fig. 3.19, E
deg(4) = 2, deg (B) = 1, deg (C) = 2,
deg (D) = 3 and deg (F) = 0
deg’(4) = 1, deg"(B) = 2, deg'(C) = 1, b ~ c
deg’(D) = 1 and deg'(E) = 3 A J
We see that Xdeg (4) = Xdeg'(4) = 8 A B
= the no. of edges of G;. Fig. 3.19
(ii) For the graph G, in Fig. 3.20
deg (4) = 5, deg'(4) = 2 A — B
deg (B) = 3, deg"(B) = 3
deg (C) = 1, deg'(C) = 6
deg (D) = 4, deg'(D) = 2
We see that X deg (4)= X deg'(4) = 13 b > c
= the no. of edges of G,. Fig. 3.20

Example 3.3 If all the vertices of an undirected graph are each of odd
degree k, show that the number of edges of the graph is a multiple of .
Since the number of vertices of odd degree in an undirected graph is even,
let it be 2n. Let the number of edges be ..
Then by the hand-shaking theorem,

2n
>, deg(v) = 2n,
i=1

2n
ie., Y k =2n, or 2nk = 2n,
i=1
. n, = nk
i.e., the number of edges is a multiple of £.
Example 3.4 For each of the following degree sequences, find if there

exists a graph. In each case, either draw a graph or explain why no graphs
exists.

(a) 4, 4,4,3,2
(b) 5,5, 4,3,2, 1
(c) 3,3,3,3,2

d 3,3,3,3,3,3
() 5,4,3,2, 1, 1

(a) Sum of the degrees of all the vertices = 17, which is an odd number. This
is impossible. Hence, no graph exists with the given degree sequence.
(b) There are 6 vertices. Hence, a vertex of degree 5 in the graph must be
adjacent to all other vertices.
As there are 2 vertices each of degree 5, all other vertices should be of
degree at least 2. But the given degree sequence contains a 1. Hence, no
graph is possible with the given degree sequence.
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(¢) A simple graph with the given degree sequence is b c
possible, as shown in Fig. 3.21. The vertices B,
C, D, E are of degree 3, while the vertex 4 is of

degree 2. E B
(d) A simple graph with the given description is not

possible. Only a multigraph as shown in Fig. 3.22 A
is possible with the given degree sequence. Fig. 3.21

L £ L

O 4/‘ ; \\. e
A B c B ¢ bp E F
Fig. 3.22 Fig. 3.23

(e) Only a multigraph as shown in Fig. 3.23 is possible with the given degree
sequence.
The degrees of 4, C, D, B, E and F are respectively 5, 4, 3, 2, 1, 1.

Example 3.5 Verify the handshaking theorem for the complete graph
with n vertices. Verify also that the number of odd vertices in this graph is
even. Also find the ratio of the number of edges to that of vertices (called the
Beta index) for this graph.

In a complete graph, every pair of vertices is connected by an edge. From
the n vertices of the complete graph K,, we can choose nC, pairs of vertices
and hence there are nC, edges in K,

Also the degree of each of the n vertices = n — 1

3 deg(v,) = n(n — 1)

i=1
=2 x nGC,
Thus, the handshaking theorem is verified.
Now if n is even, the degree of each of these n vertices is (n — 1), that is odd.
viz., the number of odd degree vertices is even.
If n is odd, the degree of each of these n vertices is (n — 1), that is even.
viz., the number of odd degree vertices is zero, that is even.
Thus, the property is verified.
Now Beta index (f) = % = %(n -1
Example 3.6 Determine which of the following graphs are bipartite and
which are not. If a graph is bipartite, state if it is completely bipartite
(a) Let us try partitioning of the vertices into 2 subsets satisfying the conditions
of a bipartite graph. Since the vertices D, F, F are not connected by
edges, they may be considered as one subset V'|. Then 4, B, C belong to
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V,. The vertices of V; are connected by edges to the vertices of V,, but
the vertices 4, B, C of the subset V, are connected by the edges AB, BC.
Hence, the given graph 3.24(a) is not a bipartite graph.

B C B C A B C

>
‘l'1-7<
me
»]
>
<
L
»]
w]
m
m

() (b) ()
B c
A D
H E
G F
(d)
Fig. 3.24

(b) Taking V, = (4, C) and V, = (B, D, E), the conditions required for a
bipartite graph are satisfied. Hence, the given graph 3.24(b) is bipartite.
Now, for a bipartite graph to be completely bipartite, each vertex of the
subset /| must be adjacent to every vertex of V5.

In graph 3.24(b), both 4 and C are adjacent to each of B, D, E.
Hence, the graph 3.24(b) is a completely bipartite graph.

(c) Taking V, =(4, B, C) and V, = (D, E, F), it is easily seen that the graph
3.24(c) is a bipartite graph.

Graph 3.24(c) is not a completely bipartite graph, as each vertex of V| is
not connected to every vertex of V,. The vertices 4 and F as well as C
and D are not connected.

(d) Taking V|, =4, C, E, G) and V, = (B, D, F, H), we see that graph 3.24(d)
is a bipartite graph. However, it is not a completely bipartite graph, as
there is no edge between 4 and F, between C and H, between E and B
and between G and D.

Example 3.7 Prove that the number of edges in a bipartite graph with n

n?
vertices is at most - )

Let the vertex set be partitioned into the subsets V| and V. Let V| contain x
vertices. Then ¥, contains (n — x) vertices.

The largest number of edges of the graph can be obtained, when each of the
x vertices in V; is connected to each of the (n — x) vertices in V5.
. The largest number of edges, f(x) = x(n — x), is a function of x.

Now we have to find the value of x for which f(x) is maximum.

By calculus, f(x) = n — 2x and f”(x) = -2
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f'(x) = 0, when x = % andfu(%) <o.

Hence, f(x) is maximum, when x = g

-. Maximum number of edges required
_ ) = n?
) -5
Example 3.8 Draw all the subgraphs of K; containing at least one vertex.
The subgraphs of K, are obtained by removing one or more vertices and edges
from it. We note that removal of an edge does not result in the removal of its
adjacent vertices, but the removal of a vertex results in the removal of all edges

incident on it.
There are 17 subgraphs of K; which are given in Fig. 3.25.

A . 2 » » <
‘ » . . | 4 \‘h ‘ . ¢ o | o .
0 . LY . 0
e e . . e e ] o .
. .
. . L] L] .
Fig. 3.25

Example 3.9 For each pair of graphs given in Figs 3.26(a) and 3.26(b),
find whether or not the graph on the left is a subgraph of the one on the right. If
it is not, explain why not. If it is, label the vertices of the subgraph and then use
the same symbols to label the corresponding vertices of the main graph.

. 7 »
L / /
A X
/ /" \\
y , N

Fig. 3.26 (a) Fig. 3.26 (b)

The graph on the left of Fig. 3.26(a) is a subgraph of the graph on the right
3.26(b). The corresponding vertices in the main graph are labeled by the same
symbols used in the subgraph as given in Fig. 3.26(a”).

The graph on the left of Fig. 3.26(b) A
is not a subgraph of the graph on the ce/ \»D
right, since in the left graph there are 2 ’ . X
vertices each of degree 3, but there is ';/f’ . “\¢ /*E
only one vertex of degree greater than 3 C B

in the right graph. Fig. 3.26 (a’)
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Example 3.10 Determine whether the following pairs of graphs are
isomorphic. Exhibit the isomorphism explicitly or prove that it does not exist.
V4

V.
uq u, 2

Vs

us Ug us Va

Fig. 3.27

In Fig. 3.27, the vertices u; and us are of degree 3 each, u, and u, are of
degree 4 each and u; is of degree 2. Similarly v, and v, are of degree 3 each, v,
and vs are of degree 4 each and v, is of degree 2.

Moreover there are 5 vertices and 8 edges in each of the two graphs.

Thus, the two graphs in Fig. 3.27 agree with respect to the 3 invariants. Still,
we cannot conclude that the two graphs are isomorphic, unless we prove that
their adjacency matrices are the same.

We assume arbitrarily that the vertex u, corresponds to v;, u, corresponds to
vs and u5 corresponds to v, and find the adjacency matrices of the two graphs.
If this choice of corresponding vertices does not lead to identical adjacency
matrices, we may try another choice using the adjacency of vertices and degrees
as a guide.

Now for the choice of corresponding vertices given above, the adjacency
matrices of the two graphs are given below:

Uy Uy Uy Uy Us Vi Vg Vo V3 Vy
w0 1 0 1 1] v[0o 1 0 1 1]
w1 0 1 1 1| wll 01 1 1
w01 01 0| w0 1 01 0
ugll 11 0 1] w1l 1 1 01
us|I 1 0 1 0] w1 1 0 1 0

Since the two adjacency matrices are the same, the two graphs are isomorphic.
In Fig. 3.28, the vertex u, is of degree

2, and all the other vertices are of degree 3

each. In the other graph, 2 vertices v, and Vs Vs

. Us

vy are of degree 2, 2 vertices v, and vs

are of degree 3 and the vertex v, is of

degree 4. Though, there are equal number Us us

of vertices and equal number of edges in Fig. 3.28

the two graphs, the degrees of vertices are

not invariant. Hence, the two graphs in Fig. 3.28 are not isomorphic.

u4q us Vi

Vg V3

Example 3.11 Determine whether the graphs shown in Fig. 3.29 are
isomorphic.
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Ae —» B Os— P
E £ § T
H G )
, v v
D Gy C R Go Q
Fig. 3.29

The graphs G, and G, both have 8 vertices and 10 edges. Also they both
have 4 vertices each of degree 2 and 4 vertices each of degree 3. Thus, the 3
invariants agree in the graphs G, and G,. However, the graphs are not isomorphic
as analysed below:

Deg (4) =2 in G.

Hence, 4 must correspond to either P, O, T or U, which are of degree 2 each
in G,.

Now each of the vertices P, O, T and U is adjacent to another vertex of
degree 2.

viz., P is adjacent to Q, Q is adjacent to P etc. But 4 is not adjacent to any
vertex of degree 2 in G.

Hence, the two graphs G, and G, are not isomorphic.

Example 3.12 Establish the isomorphism of the two graphs given in
Fig. 3.30 by considering their adjacency matrices.

A, .B Vi V2

Vy ‘ = £]
Go

Fig. 3.30

The adjacency matrices 4, and 4, of G, and G, respectively are given
below:

A1:

=
_—0 O =
—_—0 O
_— = = O
S = O =
— O =k
S = O =

The matrices 4, and 4, are not the same.

To establish isomorphism between G, and G,, we have to find a permutation
matrix P such that PA,PT = 4,.

Since 4, and 4, are fourth order matrices, P is a 4" order matrix got by
permuting the rows of the unit matrix /,. Thus, there are 4! = 24 different forms
for P. It is difficult to find the appropriate P from among the 24 matrices by
trial that will satisfy PA,PT = 4,.
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To find the appropriate P, we proceed as follows, using the degree of the
vertices of G| and G,:
Deg(A4) = 3 and Deg(V) =3
Hence, the first row of I, can be taken as the first row of P
Deg(D) = 3 and Deg(V;) =3
i.e., the 4™ vertex of G, corresponds to the 3™ vertex of G,.
Hence, the 4™ row of I, may be taken as the 3™ row of P.
Deg(B) = Deg(C) = 2 and Deg(V,) = Deg(V,) = 2
i.e., the 2" vertex of G, may be taken to correspond to the 2™ or 4™ vertex of
G,. Accordingly the 3™ vertex of G, may be taken to correspond to 4™ or 2™
vertex of G,.
Hence, the 2™ and 3™ rows of 7, may be taken either as the 2™ and 4™ rows
of P or as the 4" and 2™ rows of P.
Thus, there are 2 possible forms for P, namely

oS o o =
(= =
- O O
(= e =R =)
(= e
—_ o O O
oS o = O
(= e R =)

For both the forms of P, it is easily verified that PA,PT = 4,
Hence, the two graphs G, and G, are isomorphic.

\ EXERCISE 3(A)

Part A: (Short answer questions)
1. Define simple graph, multigraph and pseudograph, with an example for each.
2. What do you mean by degree of a vertex? What are the degrees of an
isolated vertex and a pendant vertex?
State and prove the hand-shaking theorem.
Define in-degree and out-degree of a vertex.
What is meant by source and sink in graph theory?
Define complete graph and give an example.
Draw K5 and K.
Define regular graph. Can a regular graph be a complete graph?
Can a complete graph be a regular graph? Establish your answer by 2
examples.
10. Define n-regular graph. Give one example for each of 2-regular and
3-regular graphs.
11. Define a bipartite graph with an example.
12. In what way a completely bipartite graph differs from a bipartite graph?
13. Draw K, ; and Kj 5 graphs.

XN s W
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14

15.
16.
17.
18.

19.

22.

25.

28.

. Define a subgraph and spanning subgraph.

What is an induced subgraph? Give an example.

Define graph isomorphism and give an example of two isomorphic graphs.
What is the invariant property of isomorphic graphs?

Give an example to show that the invariant conditions are not sufficient
for graph isomorphism.

Represent the following graphs by adjacency matrices:

2. . 2, 5
A B D
A
c D |
E C D c

Fig. 3.31 Fig. 3.32 Fig. 3.33

Draw the graphs represented by the following adjacency matrices:

01 11 1 201 0011
1 010 5 (2030 by |00 10
1100 03 1 1 111 01
1000 1 010 1110

Represent the following graphs by incidence graphs:

P 5 26. V4 Vo
‘L (] €3 €p
s 83/,// es e1 V3
& €s
D c Vs Vs
Fig. 3.34 Fig. 3.35
C

A © B
€3 €6
D
Fig. 3.36

Draw the graphs represented by the following incidence matrices:

e e, e; e, es e e, e; e, es
A1 1 1 0 0 A0 1.0 0 1
B|1 0 01 0 29'15’01110
clo 01 01 cf1 0010
D01 011 D1 01 01
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a[l 0 0 0 0 1]
b0 1 1 0 1 0
30. c/[1 001 00
djo 1. 01 0 0
ef0 01 0 1 1]
31. State a necessary and sufficient condition for the isomorphism of two
unlabeled graphs.
32. State a necessary and sufficient condition for the isomorphism of two
labeled graphs.
Part B
33. Verify the handshaking theorem for each of the following graphs:
M, N v v
D E F Vs Vs
Fig. 3.37 Fig. 3.38

34. Verify that the sum of the in-degrees, the sum of the out-degree of the
vertices and the number of edges in the following graphs are equal.

B E
P e N
P A N A
A« Y ‘;-a;f Y . F
~ | A
(o D
Fig. 3.39 Fig. 3.40

35. Draw a graph with 5 vertices 4, B, C, D, E, such that deg(4) = 3, B is
an odd vertex, deg(C) = 2 and D and E are adjacent.
36. If m and M denote the minimum and maximum degrees of the vertices of
a graph with n vertices and ny edges, show that
m < 2& <M.
ny
37. Does there exist a simple graph with 5 vertices of the given degrees? If
so draw such a graph.
@ 1,2,3,4,5 @) 1,2,3,4,4 (i) 3,4, 3,4,3
@iv) 0,1,2,2,3 w) 1,1,1, 1, 1.
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38. Work out example 7.5 with respect to the completely bipartite graph K, ,
39. Determine which of the following graphs are bipartite, and which are
not. If bipartite, state whether it is completely bipartite.

(i) A S (V- ) -
€ A

b D
F E .
E
A B
(iv) A B ™)
E C G
£ C

b F

E D

Fig. 3.41

40. Draw the complete graph Ky with vertices 4, B, C, D, E. Draw also all
the subgraphs of K5 with 4 vertices.

41. For each pair of graphs given in Figs 3.42(a) and 3.42(b), find whether or
not the graph on the right is a subgraph of the one on the left. If it is,
label the vertices of the subgraph and then use the same symbols to label
the corresponding vertices of the main graph.

(@) A (i)

Fig. 3.42(a) Fig. 3.42(b)

42. Examine whether the following pairs of graphs are isomorphic. If not
isomorphic, give the reasons.

Vq

® Us
) @us vz .YQ f/\\/- Vs
us Uy

V3 V4

Fig. 3.43(a)
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.. A
11
(i) , o
E B
T R
D C S
Fig. 3.43(b)
(iii) Yr Y2 Us Us Us Us Vi V2 Va4 Vs Vg Vg
L] l [ l
Ug uz V3 vy

Fig. 3.43(c)

43. Examine whether the following pairs of graphs are isomorphic. If
isomorphic, label the vertices of the two graphs to show that their adjacency
matrices are the same.

- 2 W

Fig. 3.44(a)
(ii)

Fig. 3.44(b)

44. Establish the isomorphism of the following pairs of graphs, by considering
their adjacency matrices:

(i) uy uz Vi

Us
Ug
Ug

us Vs Vg4
Gy G2

Fig. 3.45(a)

V3
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(ii) U v

U5 U4 VS V4
Fig. 3.45(b)

45. The adjacency matrices of two pairs of graphs are as follows. Examine
the isomorphism of G, and G, either graphically or by finding a
permutation matrix.

01 01 1
Q) dg =10 0 1[; dg = 0
110 100
0 1 0 1 (0 1 1 1
) oo 1] 100
@ 46=10 0 0 1" 1271 0 01
1110 1110

46. The incidence matrices of two pairs of graphs are as follows. Examine
the isomorphism of G and H either graphically or by finding a
permutation matrix.

1 0 0 1 1 0 0 1
, 110 o lt1o00
@ le=1o 11 o =161 1 0
00 11 00 1 1
1 01 100 1 001 10
) ftroo0 1o oo 101
@ =l 1 1001 ™ o1 101 0
0001 11 110001

PATHS, CYCLES AND CONNECTIVITY

Definitions
A path in a graph is a finite alternating sequence of vertices and edges, beginning
and ending with vertices, such that each edge is incident on the vertices preceding
and following it.

It the edges in a path are distinct, it is called a simple path.
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In the graph given in Fig. 346, V, e, V, e, Vi €4 Va

Vs es V| e V,is a path, since it contains the es &

e twice. e1 es Vs
VieysVyeg Vyey Vye; Vsis asimple path, es &

as no edge appears more than once. The
number of edges in a path (simple or general)
is called the length of the path.

The length of both the paths given above is 4. If the initial and final vertices
of a path (of non-zero length) are the same, the path is called a circuit or cycle.

If the initial and final vertices of a simple path of non-zero length are the
same, the simple path is called a simple circuit or a simple cycle.

In the graph given in Fig. 3.46, V, e, V, e, V3 e3 V4 e V5 €, V) is a circuit of
length 5 whereas V| es V3 e; Vs eg V, e, V; is a simple circuit of length 4.

Vs e V3
Fig. 3.46

Connectedness in Undirected Graphs
Definition
An undirected graph is said to be connected if a path between every pair of
distinct vertices of the graph.
A graph that is not connected is called disconnected.
In Fig. 3.47, G, and G, are connected, while G5 is not connected.

A E F
o \\ Ce E
. -~ X 72
B D G E N/ F
¥
C
G1 Go G3
Fig. 3.47

Clearly a disconnected graph is the union of two or more connected subgraphs,
each pair of which has no vertex in common. These disjoint connected subgraphs
are called the connected components of the graph.

Two useful results involving connectedness are given in the following
theorems:

Theorem
If a graph G (either connected or not) has exactly two vertices of odd degree,
there is a path joining these two vertices.

Proof

Case (i) Let G be connected.
Let v; and v, be the only vertices of G which are of odd degree.
But we have already proved that the number of odd vertices is even.
Clearly there is a path connecting v, and v,, since G is connected.
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Case (ii) Let G be disconnected.

Then the components of G are connected. Hence, v, and v, should belong to
the same component of G.

Hence, there is a path between v, and v,.

Theorem

The maximum number of edges in a simple disconnected graph G with »

vertices and k& components is

Proof

(n—-k(n-k+1)
5 .

Let the number of vertices in the i component of G be n; (n; 2 1).

Then

Hence,

ie.,

i.e.,

ie.,

ie.,

k
ntn,t+ - t+tn=nor Yn=n (1)

i=1

=~

(n,=-1) =n—-k
i=1

=

2
{ (n,.—l)} =n?—2nk+K

i=1

=

(= 1>+ 23 (= D, — ) =n*-2nk+k (2

i#j

1

Il
—_

(nifl)2£n272nk+k2

M=

1

i

[~ the second member in the L.S of (2) is 2 0, as each n; = 1]

k
S (n?—2m+1) <n?—2nk+ K

i#l

n? <n?-2nk+k+2n—k (3)

M-

i=1

Now the maximum number of edges in the i component of G = %ni(ni -1

Maximum number of edges of G

_ 1
7521 i(n; = 1)

k ) 1
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N

_%(nsznkJrszanfk)f%n,by(3)

ie., S%(nsznk+k2+nfk)
. 1 2

ie., < 5 {(n -k + -k}

ie., < %(n — - k+ 1),

Circuits and Isomorphism

Apart from the three invariants of two isomorphic graphs already discussed,
namely number of vertices, number of edges and degrees of corresponding
vertices, we have one more invariant of isomorphic graphs.

If two graphs are isomorphic, they will contain circuits of the same length £,
where k > 2.

If this invariant condition is not satisfied then the two graphs will not be
isomorphic.

For example, the two graphs G, and G, given in Fig. 3.48 have 6 vertices
each, 8 edges each, 8 edges each and 4 vertices of degree 3 and 2 vertices of
degrees 2. still they are not isomorphic, because G, has a circuit of length 3,
namely, v; — v, — v, — v, whereas G, has no circuit of length 3.

uz us V2 V3

uq Uy V4 Vg

Ug us Ve Vs
Gy Go

Fig. 3.48

The two graphs G, and G, given in Fig. 3.49, satisfy the usual (three)
invariant conditions. We also note they have got circuits of length 5 which pass
through all vertices, namely, u; — uy — u3 — uy — s — u; and vs — v3 — v, — v —
V4 — V5.

uq V4
Us uz Vs Vz
Uy us Vy V3
) )
Gy Gy
Fig. 3.49

In both the circuits, the degrees of the ordered vertices are 3, 2, 3, 2, 2. The
two graphs are isomorphic, as their adjacency matrices are the same
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U Uy Uy Uy Us Vs Vs
w[0 1 1 0 1 [0 1
u[1 0 1 0 0 ;|1 0
6=yt 101 o) Ae= |10
w00 1 0 1 v[0 0
us|1 0 0 1 0] vl O

O»—AO»—AH.\F

=~
N

- o = O O
S = O O =

The Number of Paths between any two Vertices.

Obviously there can be more than one path between any two vertices of a
graph. The number of paths between any two vertices of a graph G can be
found out analytically using the adjacency matrix of G, by applying the following
theorem, the proof of which is omitted.

Theorem

If 4 is the adjacency matrix of a graph G (with multiple edges and loops
allowed), then the number of different paths of length r from v, to v; is equal to

the (i — /)™ entry of 4"

For example, let us consider the graph G shown in

Fig 3.50.

The adjacency matrix of this graph is

A B

4[0
_B|1
el

p|1

G

1

(=i -]

Cc D
11

- o O
oS = O

o B

Fig. 3. 50

Let us now find the number of paths between B and D which are of length 4

by finding AZ .

Now Aé =

—_— = O W
—_ = = O

—_ N = =

A
A1l

B2
cl6
D| 6

and A} =

N = = =

2 A WO W

NS NN @)

D
6
4
6
7

Now the element in the (2 — 4)™ entry of Aé is 4. Hence, there are 4 paths
of length 4 from B to D in the graph G.

The 4 paths can be seen as

B-A-B-A-D,B-A-C-A-D,B—A—-D—-A4—-D and

B-A-D-C-D
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EULERIAN AND HAMILTONIAN GRAPHS

Definitions
A path of graph G is called an Eulerian path, if it includes each edge of G
exactly once.

A circuit of a graph G is called an Eulerian circuit, if it includes each edge
of G exactly once.

A graph containing an Eulerian circuit is called an Eulerian graph.

For example, let us consider the graphs given in Fig. 3.51 and Fig. 3.52.

A B
B C
E
D C A D
G1 G2
Fig. 3.51 Fig. 3.52

Graph G, contains an Eulerian path between B and D namely, B—D — C—B
— A — D, since it includes each of the edges exactly once.

Graph G, contains an Eulerian circuit, namely, A —-E-C—-D—-E—-B— 4,
since it includes each of the edges exactly once.

G, is an Euler graph, as it contains an Eulerian circuit.

The necessary and sufficient conditions for the existence of Euler circuits
and Euler paths are given in two theorems, which we state below without
proof.

Theorem 1
A connected graph contains an Euler circuit, if and only if each of its vertices
is of even degree.

Theorem 2
A connected graph contains an Euler path, if and only if it has exactly two
vertices of odd degree.

Note The Euler path will have the odd degree vertices as its end points.

In the graph G, given in Fig. 3.51, the vertices B and D are of degree 3 each.
Hence, an Eulerian path existed between B and D.

In the graph G, [Fig. 3.52], all the vertices are of even degree. Hence, an
Euler circuit existed.

Definitions
A path of a graph G is called a Hamiltonian path, if it includes each vertex of
G exactly once.

A circuit of a graph G is called a Hamiltonian circuit, if it includes each
vertex of G exactly once, except the starting and end vertices (which are one
and the same) which appear twice.

A graph containing a Hamiltonian circuit is called a Hamiltonian graph.
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Note  The necessary an sufficient condition for the existence of Hamiltonian
circuit in a graph is not known yet, although a few sufficient conditions
have been found.

For example, let us consider the graphs given in Fig. 3.53 and Fig. 3.54.

B C C D

Gi Gz
Fig. 3.53 Fig. 3.54

The graph G, has a Hamiltonian circuit namely, 4 — B— C— D — A. We note
that in this circuit all the vertices appear (each only once), but not all edges.
The graph G, has a Hamiltonian path, namely, 4 — B — C — D, but not a
Hamiltonian circuit.
A few properties

(1) From the graphs shown in Figs. 3.53 and 3.54, it is clear that the path
obtained by deleting any one edge from a Hamiltonian circuit is a
Hamiltonian path.

(2) Also a Hamiltonian circuit contains a Hamiltonian path, but a graph
containing a Hamiltonian path need not have a Hamiltonian circuit.

(3) A compete graph K, will always have a Hamiltonian circuit, when n = 3,
due to the fact that an edge exists between any two vertices and a circuit
can be formed by beginning at any vertex and by visiting the remaining
vertices in any order.

(4) A given graph may contain more than one Hamiltonian circuit.

CONNECTEDNESS IN DIRECTED GRAPHS

Definitions
A directed graph is said to be strongly connected, if there is a path from V; to
V; and from V; to V; where V; and V; are any pair of vertices of the graph.

For a directed graph to be strongly connected, there must be a sequence of
directed edges from any vertex in the graph to any other vertex.

A directed graph is said to be weakly connected, if there is a path between
every two vertices in the underlying undirected graph. In other words, a directed
graph is weakly connected if and only if there is always a path between every
two vertices when the directions of the edges are disregarded. Clearly any
strongly connected directed graph is also weakly connected.

A simple directed graph is said to be unilaterally connected, if for any pair
of vertices of the graph, at least one of the vertices of the pair is reachable from
the other vertex.
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We note that a unilaterally connected digraph is weakly connected, but a
weakly connected digraph is not necessarily unilaterally connected. A strongly
connected digraph is both unilaterally and weakly connected.

For example, let us consider the graphs shown in the Figs 3.55, 3.56 and
3.57.

A - B A > B A > B
Y Y y A A A
D > C D > C D C
G1 G2 G3
Fig. 3.55 Fig. 3.56 Fig. 3.57

G, is a strongly connected graph, as the possible pairs of vertices in G, are
4, B), (4, C), (4, D), (B, C), (B, D) and (C, D) and there is a path from the
first vertex to the second and from the second vertex to the first in all the pairs.

For example, let us take the pair (4, B). Clearly the path from 4 to B is 4 —
B and the path from B to 4 is B — C — A.

Similarly if we take the pair (B, D), the path from Bto DisB—C—A4— D
and the path from D to Bis D — C—- 4 — B.

Clearly G, is only a weakly connected graph.

G, is unilaterally connected, since there is a path from 4 to B, but there is no
path form B to A4. Similarly, there is a path from D to B, but there is no path
from B to D.

Definition

A subgraph of a digraph G that is strongly connected but not contained in a
larger strongly connected subgraph viz., the maximal strongly connected
subgraph is called the strongly connected component of G [see Example (3.8)].

SHORTEST PATH ALGORITHMS

A graph in which each edge ‘e’ is assigned a non-negative real number w(e) is
called a weighted graph w(e) called the weight of the edge ‘e’ may represent
distance, time, cost etc. in some units.

A shortest path between two vertices in a weighted graph is a path of least
weight. In an unweighted graph, a shortest path means one with the least
number of edges.

In this section, we shall deal with the problem of finding the shortest path
between any two vertices in a weighted graph. Many algorithms are available
to find the shortest path in a weighted graph. We shall discuss two of them here
one discovered by Edsger Dijkstra and the other by Warshall.

Dijkstra’s Algorithm

To find the length (or weight) of the shortest path between two vertices, say a
and z, in a weighted graph, the algorithm assigns numerical labels to the vertices
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of the graph by an iterative procedure. At any stage of iteration, some vertices
will have temporary labels (that are not bracketed) and the others will have
permanent labels (that are bracketed). Let us denote the label of the vertex v by
L(v).

Initial Iteration O

Let V,, denote the set of all the vertices v, of the graph. The starting vertex is
assigned the permanent label (0) and all other v;’s the temporary label oo each.
Let V} =V, — {v{}, where v is the starting vertex which has been assigned a
permanent label.

Iteration 1

Let the elements of V| be now denoted by v,. (The elements v, are the same as
the elements v, excluding v§.) For the elements of V; that are adjacent to v,
the temporary labels are revised by using L(v,) = L(v§) + w(viv,), where L(v{)
=0, w(v{v,) is the weight of the edge v{v, and for the other elements of V|,
the previous temporary labels are not altered. Let v¥ be the vertex among the
v,’s for which L(v;) is minimum. If there is a tie for the choice of v, it is
broken arbitrarily. Now L(v{) is given a permanent label. Let V, = V|, — {v{f} =
{va}.

Iteration i

For the elements of Vi that are adjacent to v, ,, the temporary labels are revised
by using L(v;) = L(v._;)) + w(v.,v,) and for the other elements of V, the
previous temporary labels are not altered. If the temporary label to be assigned
to any vertex in the i iteration is greater than or equal to that assigned to it in
the (i — 1)™ iteration, the previous label is not changed.

The iteration is stopped when the final vertex z is assigned a permanent
label eventhough some vertices might not have been assigned permanent
labels. The permanent label of z is the length of the shortest path from a to z.
The shortest path itself is identified by working backward from z and including
those permanently labeled vertices from which the subsequent permanent labels
arose.

We will now consider an example and explain Dijkstra’s algorithm step
by step. Let us assume that the shortest path from the vertex 4 to the vertex F is
required in the weighted graph, given in Fig, 3.58.
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Iteration Iteration
Number Details

Remarks

0. Vi ABCDETF
L(vp): (0) oo oo oo

8
8

1. Vi A*B CDETF
L(v): —(2) 3 o

8
8

2. Vyy A*B*C D E F
L(vy)): ——@3) 7

N
8

3. Vyy A*B*C*D E F
L) ——— T @

4. Vi A*B*C*D E* F
Lvy): ———()— 8

5. Vi  A*B*C*D*E* F

Initial labels for all the vertices are assumed.
A gets the permanent label and L(4*) =0
is bracketed.

B and C are adjacent vertices for 4*.

L(B) = L(4*) + w(A*B)=0+2=2

L(C) = L(A*) + w(4*C)=0+3 =3

Since L(B) < L(C), B gets the permanent label
and L(B*) = 2 is bracketed.

D and E are adjacent vertices to B*.
L(D)=LB*)+wB*D)=2+5=17
LE)=LB*)=wB*E)=2+2=4

Since C is not adjacent to B*, L(C) is brought
forward from the previous iteration as 3.
Since L(C) is minimum among L(C), L(D) and
L(E), C gets the permanent label and L(C*) =3
is bracketed.

D and F are not adjacent to C*. So L(D) and
L(F) are brought forward from iteration (2).
L(E) = L(C*) + w(C*E) =3 +5=28

Since the revised L(E) > the previous L(E) >
the previous value of L(E) = 4 is retained. Now
E gets the permanent label and L(E*) = 4 is
bracketed.

D and F are adjacent to E*

L(D)=L(E¥) + W(E*D)=4+1=5
L(F)=LE*»WE*F)=4+4=28

Since L(D) < L(F), D gets the permanent label
and L(D*) = 5 is bracketed.

Since F is the only vertex adjacent to D* and
since L(F) = L(D*) + w(D*F) =5 + 2 =1, the
final vertex F' gets the permanent label and
L(F*) =7 is bracketed.

Since L(F*) = 7, the length of the shortest path from 4 to F = 7.

To find the shortest path, we work backward from F explained as follows:
F became F* from D* in iteration (5); D became D* from E* in iteration (4); E
became E* from B (but not from C), as L(E) = L(E*) assumed the label 4 in
iteration (2) itself;, B became B* from A* in iteration (1).

Hence, the shortest pathis 4 — B— E — D — F.

Warshall’s Algorithm

Warshall’s algorithm determines the shortest distances between all pairs of
vertices in a graph. It is popular because it is easier to describe than the other
algorithm and it can be applied to a directed graph too without any change. The

algorithm is explained below:
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The weight matrix W = (w;) of the given graph is first formed, where
B {w(ij), if there is an edge from v, to v;
v 0 , if thereis no edge.
Let there be n vertices v;, v,, ..., v, in the graph. Now a sequence of matrices
Ly, Ly, ... L, are formed, where L. = {/.(i, j)}.
1(i)), the ii" entry of L, is computed by using the rule

lr(i’ ]) = min [lrf l(i’ ])’ lr - 1(i7 k) + lrf 1(k7 ])]’

where k takes the values 1, 2, ..., n in the first, second, ...
respectively.
The initial matrix L is the same as the weight matrix W except that each non-
diagonal 0 in W is replaced by oo.

The final matrix L, is the required shortest (path) distance matrix L the i
entry of which gives the length of the shortest path between the vertices v;
and v;.

n™ iterations

Warshall’s algorithm can be applied to find the shortest distance matrix,
Note in the case of directed pseudograph with loops and parallel edges also.
But in this case all 0’s are replaced by oo.

We will now take an example and explain Warshall’s algorithm setp by step.
We require the shortest distance matrix for the undirected graph, given in
Fig. 3.59.

3

A(w) » B(v)
4 5
2
D(vq) y ° C(v3)
Fig. 3.59
A4 B CD Vi Vo V3 Wy
A0 3 4 2 v(0 3 4 2
W=B|3 0 0 5|; Ly=|3 0 = 5
cla 0 0 1 w4 e 0 1
pl2 51 0 vl2 5 1 0

By Warshall’s algorithm,

[,(1, 2) = min{/(1, 2); (1, 1) + Iy(1, 2)}

=min {3; 0 +3} =3
L(1, 3) = min{/y(1, 3); [(1, 1) + Iy(1, 3)}

min {4; 0 + 4} =4
L,(1, 4) = min{/(1, 4); (1, 1) + Iy(1, 4)}

min {2; 0 + 2} =2
1,2, 3) = min{/y(2, 3); [,(2, 1) + Iy(1, 3)}

=min {eo; 3 +4} =7
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L2, 4) = min{/y(2, 4); [)(2, 1) + [(1, 4)}
=min {5;3 +2} =95
1,3, 4= min{/;(3, 4); )3, 1) + Iy(1, 4)}
=min {1; 4 +2} =1
Since L, is a symmetric matrix, L, and the subsequent matrices L,, L; and L,
will also be symmetric. Using the symmetry, we get

0 3 4 2
3075
Ll =
4 7 01
2510
Now I(1, 2) = min{/,(1, 2); ,(1, 2) + (2, 2)}

=min{3; 3 + 0} =3
Similarly proceeding, we get,
L, 3)=4,5L(1,4)=2,12,3) =7, 2,4 =5;,3,4) =1
3 42
0 7 5
7 0 1
510

Hence, L, =

N A WO

Proceeding in the same way, we can get,

0 3 4 2 0 3 3 2

307 5 306 5
L3 = and L4 =

4 7 0 1 36 0 1

2510 2510

L, gives the shortest distances between all pairs of vertices. The corresponding
shortest paths are given by the following matrix:

A B C D
Al — AB ADC  AD
B| B4 —  BADC BD
C|CDA CDAB — CD

D\ DA DB DC —

\ WORKED EXAMPLES 3(B)

Example 3.1 Find which of the following vertex sequences are simple
paths, paths, closed paths (circuits) and simple circuits with respect to the
graph shown in Fig. 3.60.
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(@ A-D-E-B-C A B
b)A-D-B-C-E

(c)A-E-C-B-E-4 c
(d C-B-D-A-E-C

(e)A-D-B-E-C-B D E

(a) A— D — E— B - Cis not a path, since DE is not Fig. 3.60

an edge of the given graph.

(b) A— D — B— C - E is a simple path between the vertices 4 and E, since
the vertices and edges involved are distinct.

(¢) A—E—-C—-B—E—Ais aclosed path, since the initial and final vertices
are the same and the vertex E appears twice.

(d) C—B—-D-A4-FE— Cis a simple circuit, since the initial and final
vertices are the same and the vertices and edges are distinct.

(¢) A— D - B - E— C- B is a path (but not a simple path) as the vertex B
appears twice.

Example 3.2 Find all the simple paths from 4 to F and all the circuits in
the graph given in Fig. 3.61.

The simple paths from 4 to F are the B <
following:

1. A-B-C-F; A F

2. A-D-E-F;

3.A-B-D—-FE - F, D E

4. A-D-B-C-F, Fig. 3.61

5.A-B-C—-E-F,

6. A-D-FE-C-F,

7. A-B-D-E-C-F8 A-D-B-C-E-F

The circuits in the graph are the following:

1. A-B-D - 4; 2. C-F-E-C(, 3. B—C-E-D-B;

4 A-B-C-E-D-45 B-C-F-FE-D-B,

6.A-B-C-F-E-D- A

Example 3.3 Find all connected subgraphs of the graph shown in
Fig. 3.62 containing all of the vertices of the original graph and having as few
edges as possible. In these subgraphs which are paths and simple paths from A
to G?

The graphs in Figs 3.62(a), 3.62(b) and 3.62(c) are the connected subgraphs
required. However they are not connected components of the original graph in

C D C D
o ——— oG
A B A B
F E F E

Fig. 3.62 Fig. 3.62(a)
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c D c D
; G <G
A B A B
F E F E
Fig. 3.62(b) Fig. 3.62(c)

Fig. 3.62. In Fig. 3.62(a), A — B— F— E— D — G is a simple path from 4 to G,
whereas 4 — B— F— C—- F— E— D — G is a path from 4 to G.

In Fig. 3.62(b), A — B— F — E— D — G is a simple path, whereas 4 — B — C
—-B-F—-E-D-Gisapath. In Fig. 3.62(c),A—B-C-F-E-D—-Gisa
simple path containing all the vertices of the original graph.

There are no closed paths and circuits in the subgraphs, whereas they are
present in the original graph.

Example 3.4 Using circuits, examine whether the following pairs of
graphs G| and G, given in Figs 3.63 and 3.64 are isomorphic or not.

(a) A v, Vs
V. V.
B G C 2 Go 3
Fig. 3.63
b A D a c
®) ;
H e
G f h
B C b d
G Go
Fig. 3.64

(a) G, and G, have 4 vertices each and 6 edges each. Also all the 4 vertices
in both the graphs are of degree 3 each. Hence, the necessary conditions
for isomorphism are satisfied.

NowAd-B-D—-A,A— C—D—Aand A — B— C — A are circuits of
length 3 each in G.

AlsoA-B-C-D-A,A-B-D—-C—-AandA-D—-B—-C-A4and
circuits of length 4 each in G,

Similatly V, =V, =V, =V, Vi=V3=V,=V,and V| =V, = V3 -V, are
circuit of length 3 each in G,.

Also V=V, = V3 =Vy= V), Vi =V =Vy=Vs=V,and V|, -V, -
V, — V3 — ¥, are circuits of length 4 each in G,.

Hence, the two graphs G, and G, are isomorphic.

(b) G, and G, have 8 vertices each and 10 edges each.
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Also there are 4 vertices each of degree 3 and 4 vertices each of degree
2 in G, and G,.

Hence, the conditions necessary for isomorphism are satisfied.

Now there is only one circuit of length 4 from 4 to A4, viz., 4 — B - C—
D — 4 in Gy, but there are two circuits of length 4 each from a to a,
namely, a —b-d-c—-—aanda—-e—g—c—a.

Hence, the two graphs G, and G, are not isomorphic.

Example 3.5 Find the number of paths of length 4 from the vertex D to

the vertex E in the undirected graph shown in Fig. 3.65 analytically. Identify
those paths from the graphs.

The adjacency matrix of the given graph is A B
A B CDE
A0 1 0 1 0
Bi1 01 01 D E
A=clo 1 0 1 1 Fig. 3.65
D1 01 00
E{0O 1 1 0 0]
(2.0 2 0 1]
0 3 1 21
By matrix multiplication, 4°=1{2 1 3 0 1
020 21
11 1 2]
Again, by matrix multiplication, we get
A B C D E
A9 3 11 1 6
B3 15 7 11 8
A*=cl11 7 15 3 8
D1 11 3 9 6
E|6 8 8 6 8]

The entry in the (4 — 5)" position of Ay is 6.

Hence, there are 6 paths each of length 4 from D to E.

Those 6 paths identified from the given graphs are as follows:
.D-A-D-C-E, 2.D-C-D-C-E;3. D-A-B-C-E;
4 D-C-E-C-E, 5. D-C-E-B-E 6. D-C-B-C-E.

Example 3.6 Find the number of paths of length 4 from the vertex B to
the vertex D in the directed graph shown in Fig. 3.66 analytically. Name those
paths using the graph.
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The adjacency matrix of the given graph is At B
A B C D ]
A0 1 0 O
L Bloo 1 N .
cir 1 o0 1 Fig. 3.66
D1 0 0 O

By matrix multiplication, we get

A% =

S = N O
_——= = O
S~ O =
O = = =

Again by matrix multiplication, we get

A B CD
A1 2 1 1
A4_B2233
ci3 3 2 3
D|2 1 0 1

The entry in the (BD) position of 4* is 3. Hence, there are 3 paths each of
length 4 from B to D.

Theyare i) B—C-B-C-D,2)B-C-A-B—-Dand(3)B-D—-A4 -
B - D.
Example 3.7 Find which of the following graphs given in Fig. 3.67 is
strongly, weakly or unilaterally connected. Give the reasons.

A B A D A B A B
A A \ A A cC F v C
D Cc B c E D E D
Gy G»> Gs Ga
Fig. 3.67

(i) G, is strongly connected, since there is a path from each of the possible
pairs of vertices, namely, (4, B), (4, C), (4, D), (B, C), (B, D) and (C, D),
to the other are as follows:

Aand B.A—-Band B-D - 4
Aand C:4—-Cand C-B-D -4
Aand D: A-B—-Dand D - 4
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Band C: B—-D—-Cand C-B
Band D:B-Dand D-A4-B
Cand D: C—-B-Dand D-C
(ii) G, is unilaterally connected since there is one-way path only for the 5 of
the 6 possible pairs of vertices as given below:
A and B: A — B and no path from B to 4
A and C: 4 — D — C and no path from C to 4
A and D: A — D and no path from D to 4
B and C: B — C and no path from C to B
B and D: B — D and no path from D to B
CandD:C—-Dand D-C
(i) Gj is not strongly connected, since there are no paths from A4 to the other
4 vertices. However there is one-way path only for some of the 10 possible
pairs of vertices. Hence, G; is unilaterally connected and also weakly
connected.
(iv) G, is unilaterally connected, since there is no path from C to the other
vertices, but C can be reached from them.

Example 3.8 Find the strongly connected components of the graph shown

in Fig. 3.68. A B c D

The strongly connected components of > > >
the given graph are ABHI and CDFG, since \ \) \) E
they are strongly connected and they are
not contained in larger strongly connected = H G = £
subgraphs. Fig. 3.68

Example 3.9 Explain Konisberg bridge problem. Represent the problem
by means of graph. Does the problem have a solution?

There are two islands 4 and B formed by a river. They are connected to
each other and to the river banks C and D by means of 7 bridges as shown in
Fig. 3.69. The problem is to start from any one of the 4 land areas A4, B, C, D,
walk across each bridge exactly once and return to the starting point.

Fig. 3.69 Fig. 3.70

This problem is the famous Konisberg bridge problem.

When the situation is represented by a graph, with vertices representing the
land areas and the edges the bridges, the graph will be as shown in Fig. 3.70.

This problem is the same as that of drawing the graph in Fig. 3.70 without
lifting the pen from the paper and without retracing any line.
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In other words, the problem is to find whether there is an Eulerian circuit
(viz., a simple circuit containing every edge) in the graph. But a connected
graph has an Eulerian circuit if and only if each of its vertices is of even
degree.

In the present case all the vertices are of odd degree. Hence, Konisberg
bridge problem has no solution.

Example 3.10 Find an Euler path or an Euler circuit, if it exists in each
of the three graphs in Fig. 3.71. If it does not exist, explain why?

A B A B

G Go
Fig. 3.71

In G|, there are only two vertices, namely, 4 and B of degree 3 and other
vertices are of even degree.

Hence, there exists an Euler path between 4 and B. The actual path is 4 — B
—FE—D—-A—- C—- D - B. This is an Eulerain path, as it includes each of the 7
edges exactly once.

In G,, there are 6 vertices of odd degree. Hence, GG, contains neither an
Euler path nor an Euler circuit.

In G, all the vertices are of even degree. Hence, there exists an Euler circuit
in Gs.

Itisd—-B-C-D—-E—-A—-C—-E—-B—D— A. This circuit is Eulerian,
since it includes each of the 10 edges exactly once.

Example 3.11 Find a Hamiltonian path or a Hamiltonian circuit, if it
exists in each of the three graphs in Fig. 3.72. If it does not exist, explain why?

A A B (9
e~ o e 4§
[;,Cf ', \\‘/ ~ .
B D E F C D E
GZ Gg
Fig. 3.72

G, contains a Hamiltonian circuit, for example A —-B—-C—-D - E - F — 4.
In fact there are 5 more Hamiltonian circuits in G|, namely, 4 —-B—-C—-F - E
-D-A4,A-B-E-D-C-F-4,A-B-E-F-C-D-4,4A-D -
C-B-E-F-4dAandA-D-E-B-C-F-A.

G, contains neither a Hamiltonian path nor a Hamiltonian circuit, since any
path containing all the vertices must contain one of the edges 4 — B and £ — F
more than once.
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G5 contains 2 Hamiltonian paths from C to E and from D to E, namely,
C—-B-D—-A—-FEand D- B - C- A - E, but no Hamiltonian circuits.

Example 3.12 Give an example of a graph which contains
(1) an Eulerian circuit that is also a Hamiltonian circuit
(i1) an Eulerian circuit and a Hamiltonian circuit that are distinct
(i) an Eulerian circuit, but not a Hamiltonian circuit
(iv) a Hamiltonian circuit, but not an Eulerian circuit
(v) neither an Eulerian circuit nor a Hamiltonian circuit.

A B A B A (o
B
D C D C E D
G1 Gg GS
B (o A B
E
D
A E D Cc
G4 GS
Fig. 3.73

(i) The circuit 4 —B— C— D — A4 in G, consists of all edges and all vertices,
each exactly once.
G, contains a circuit that is both Eulerian and Hamiltonian.

(i) G, contains the Eulerian circuit 4 — B - D - B — C— D — 4 and the
Hamiltonian circuit 4 — B — C — D — A, but the two circuits are different.

(i) G5 contains the Eulerian circuit 4 — B — C— D — B — E — A4, but this
circuit is not Hamiltonian, as the vertex B is repeated twice.

(iv) G, contains the Hamiltonian circuit 4 — B — C — D — E — 4. However, it
does not contain Eulerian circuit as there are 4 vertices each of
degree 3.

(v) In G5, degree of B and degree of D are each equal to 3. Hence, there is no
Euler circuit in it. Also no circuit passes through each of the vertices
exactly once.

Example 3.13 Use Dijkstra’s algorithm to find the shortest path between
the vertices 4 and H in the weighted graph given in Fig. 3.74.

B 2 C
2 2 ) 4 3 1
A D E H
™3 6 [5%
F G
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Dijkstra’s Iteration
Number Details of V and L(v) Adjacent vertices
of latest v*

0. Vo + A B C D E F G H Band F
Li: (0) e e e e e o«

1. v, : A* B cC D E F G H D and G
L(v): — 2 oo o0 oo 1) oo oo

2. Vv, + A* B ¢ D E F* G H C,Dand E
Lvy): — (2) o 4 o — 7 oo

3. Vv + A* B* C D E F* G H Eand H
Livy): — — & 4 6 — o0 oo

4. v, : A* B* C* D E F* G H —
Lvy): — — — oo 7 — e (5

Since H is reached from C, C is reached from B and B is reached from A4,

the shortest pathis 4 — B — C — H.

Length of the shortest path = w(4B) + w(BC) + w(CH)
=2+2+1

5.

Example 3.14 Find the shorted distance matrix and the corresponding
shortest path matrix for all the pairs of vertices in the undirected graph given in
Fig. 3.75, using Warshall’s algorithm.

The weight matrix of the given graph is

given by

MO O = x

F

S —~ O N O

0

o = O W o N

2

o o o w o N

o~ o o o~

S N e =R

The initial distance (length) matrix L,
non-diagonal 0’s by e each. Thus

IS
I

G EICEEQ N N

— 8 N o

8
8

8

B

2
0
3

C

3
0

8

D
1

b
B

N o o~ 3

is got from W by replacing all the

g 8 8

[\
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Since all the L, matrices are symmetric with zero diagonal elements, we
need only compute the following elements in the successive L, matrices:
gy Ly ligs s Dy D3 s boss b B s gy lyss Iy and - Isg
For the L, matrix, the above elements are given by
l;;=min [[;; [; + I; of the L, matrix]
Thus, [ of Ly =min [/}; [, + 112 of L]
=min [2; 0 + 2] = 2 and so on.
lyy of Ly = min [l,5; 1)) + [}5 of L]
=min [3; 2 + o] = 3 and so on.
[y, of Ly = min [l3y; L3 + 114 of L]
= min [eo; oo + 1] = oo and so on.
lys of Ly = min [lys; Iy + ;5 of L]
=min [1; 1 + ] =1 and so on.
Isg of L, = min [lsg; Is; + [} of L]
= min [2; e + o] = 2 and so on.

0

2 oo 1 co oo
2 0 3 3 1 o
0 3 0 o0 oo 2
Hence, L=
I 3 0 0 1 oo
o ] oo 0 2
0 o0 2 o 2 0

Proceeding like this, the required elements of L, matrix are obtained by
using the rule lij of L, = min [Zi], [ + l of L, ], where r =2, 3, 4, 5, 6.

i
Accordingly, the successive matrices are given by:

0 2 5 1 3 o 025137
2 0 3 3 1 oo 2 0 3 31 5
5 3 0 6 4 2 53 0 6 4 2
L2 = N L3 =
I 3 6 0 1 oo 1 36 01 8
31 41 0 2 3141 0 2
o0 o0 2 oo 2 0 75 2 8 20
0251 27 0251 2 4
2 0 3315 2 0 3 21 3
53 0 6 4 2 53 0 5 4 2
L4 = 5 L5 =
1 36 01 8 1 25013
21 41 0 2 21 41 0 2
75 2 8 20 4 32 3 20
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BN —~ N O
— N W o oW
A U O LW LD
— o wn o —~0
S = A~ = NI

S N W N W AT

3 2 3 2

Lg is the required shortest distance matrix that gives the shortest distances
between all pairs of vertices of the given graph. The corresponding shortest
path matrix is as follows:

A B C D E F
Al — AB  ABC AD  ADE ADEF
B| BA — BC BED  BE  BEF
C| CB4 CB — CFED CFE CF
D\ DA DEB DEFC — DE  DEF
E\ EDA EB EFC ED — EF
F\FEDA FEB FC FED FE —

Example 3.15 Find the shortest distance matrix and the corresponding
shortest path matrix for all the pairs of vertices in the directed weighted graph
given in Fig. 3.76, using Warshall’s algorithm.

The weight matrix of the given graph is A‘i: )7 4 D
4 BCD s(i7 2y
A7 5 0 0 \| "3
w=Bl7 0 0 2 B ¥ = c
clo 3 0 o Fig. 3.76
D4 01 0

The initial distance (length) matrix L is got from W by replacing all the 0’s
by e each.

7

5 oo oo
7 o0 oo 2
Thus, Ly =
oo 3 co oo
_4 o ] oo
Using Warshall’s algorithm and proceeding as in the previous example, we get
[7 5 o o
7 12 oo 2
Ll =
oo 3 co oo
14 9 1 o
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[7 5 o 7 7 5 o 7
7 12 o~ 2 7 12 o~ 2
L, = ; Ly =
10 3 o 5 10 3 o 5
4 9 1 11 4 4 1 6
7 5 8 7
7 11 3 2
and L, = )
9 3 6 5
4 4 1 6

which is the required shortest distance matrix that gives the shortest distances
between all pairs of vertices of the given graph.
The corresponding shortest path matrix is as follows:

A B C D
A| AA AB  ABDC ABD

B| BA BDAB BDC BD
C\CBbA CB CBDC CBD
D| DA DCB DC  DCBD

EXERCISE 3(B) //

Part A: (Short answer questions)

1.
2.

SNk W

10.

11.
12.

Define a path and the length of a path.

When is a path said to be simple path? Give an example for each of
general path and simple path.

Define a circuit. When is it called a simple circuit?

Define a connected graph and a disconnected graph with examples.
What do you mean by connected components of a graph?

State the condition for the existence of a path between two vertices in a
graph.

Find the maximum number of edges in a simple connected graph with n
vertices.

State an invariant in terms of circuits of two isomorphic graphs.

. How will you find the number of paths between any two vertices of a

graph analytically?

Define Eulerian path and Eulerian circuit of a graph, with an example for
each.

When is a graph called an Eulerian graph?

State the necessary and sufficient condition for the existence of an Eulerian
path in a connected graph.
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13. State the necessary and sufficient condition for the existence of an Eulerian
circuit in a connected graph.

14. Define Hamiltonian path and Hamiltonian circuit with an example for
each.

15. When is a graph called Hamiltonian graph?

16. For what value of n does the complete graph K, have an Euler path but
no Euler circuit?

17. For what values of m and n does the complete bipartite graph K, , have
an (i) Euler circuit and (ii) Euler path?

18. Find the number of Hamiltonian circuits in Kj;.
Give an example of a graph that contains

19. An Eulerian circuit that is also a Hamiltonian circuit.

20. Neither an Eulerian circuit nor a Hamiltonian circuit.

21. An Eulerian circuit, but not a Hamiltonian circuit.

22. A Hamiltonian circuit, but not an Eulerian circuit.

23. Give the definition of a strongly connected directed graph with an
example.

24. Define a weakly connected directed graph with an example.

25. Define a unilaterally connected directed graph with an example.

26. What is meant by a strongly connected component of a digraph?

27. What are the advantages of Warshall’s algorithm over Dijkstra’s algorithm
for finding shortest paths in weighted graph?

Part B
28. Find which of the following vertex sequences are simple paths, paths, no
paths, simple circuits and circuits with respect to the graph shown in

Fig. 3.77.
G)A-B-C-F-B-A (i))Ad-B-C-F-B-E
(i) A-B-D-E-F (ivyA-B-C-F-B-C
WB-D-E-B-F-C-B

A B C

° ”’.\‘ B C

l A
D E F E D
Fig. 3.77 Fig. 3.78

29. Identify the following vertex sequences as paths, simple paths, circuits
and simple circuits with respect to the graph given in Fig. 3.78.
() A-B-E-D-C-B-E;(ii)A-B-E-D-B-C
(i) A-B-D-C-E-4, (v A-B-E-D-C-B-E-4
30. Find all the simple paths from A to F and simple circuits in the simple
graph shown in Fig. 3.79.
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A B C A B C
F E D F E D
Fig. 3.79 Fig. 3.80

31. Find all the connected subgraphs obtained from the graph given in
Fig. 3.80 by deleting each vertex. List out the simple paths from 4 to F in
each of the subgraph.

32. By using circuits, prove that the two graphs G, and G, given in Fig. 3.81
are isomorphic. Verify the same by using adjacency matrices.

/B\ X
A N C ) ’
E D
Vy V3

Gi G2
Fig. 3.81

33. By using circuits examine whether the graphs G, and G, given in
Fig. 3.82 are isomorphic. Verify your answer by using adjacency matrices.

B c Ve Va
A < ep il Nz
F E Ve Vs
Gy Ge
Fig. 3.82

34. Find the number of paths of length 4 from the vertex 4 to D in the simple
graph G given in Fig. 3.83 analytically. Identify those paths from the
graph.

A B

D C D E
Fig. 3.83 Fig. 3.84

35. Find the number of paths length 3 from the vertex C to E in the
undirected graph given in Fig. 3.84 using adjacency matrix.
Identify those paths graphically.
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36. How many paths of length 4 are there from A to D in the directed graph
given in Fig. 3.85? What are they?

Fig. 3.85 Fig. 3.86

37. How many paths of length 4 are there from B to D in the directed graph
given in Fig. 3.86? What are they?

38. Find which of the graphs given in Fig. 3.87 is strongly, weakly or
unilaterally connected? Give reasons.

A B B E A B A B
NS N A
¥ s /\ \
Y \\ A f > A eA ¥ & < } Y
S x| A \ AN
< 4 e > o> -
C~—»—"D C D C D E C D
G Go Gs Gy
Fig. 3.87

39. Find the strongly connected components of each of the graphs given in
Fig. 3.88.

A B ¢ A B _ C
Y A 4 A Y
E D F  E D
G G»
Fig. 3.88

40. Find an Euler path or an Euler circuit, if it exists in each of the three
graphs in Fig. 3.89. If it does not exist, explain why?

A B C A B F E
DA VAN O
D E F C D E A C
G4 Go G3
Fig. 3.89
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41. Repeat Q. 40 with respect to the three graphs in Fig. 3.90.

A G F B C
. N y .
/ / h g b g h .
v Y =3 A(\ 4 ( » F
/ / / RN -
& L >
B C D D E
Gz Gs
Fig. 3.90

42. Find a Hamiltonian path or a Hamiltonian circuit, if it exists, in each of
the three graphs in Fig. 3.91. If it does not exist, explain why?

A B A B A D
C
D C E D B E
G Go Gs
Fig. 3.91

43. Repeat Q. 42 with respect to the three graphs in Fig. 3.92.

E F G A E A B
B .
AN C D~
el » o » C
A :
. .
B C D B F E D
G Go Gs
Fig. 3.92

44. Give an example of a graph which contains
(1) an Eulerian circuit that is also a Hamiltonian circuit
(i1) an Eulerian circuit, but not a Hamiltonian circuit
(i) a Hamiltonian circuit, but not an Eulerian circuit
(iv) neither an Eulerian circuit nor a Hamiltonian circuit.
Use Dijkstra’s algorithm to find the shortest path between the indicated
vertices in the weighted graph shown in Figs 3.93, 3.94, 3.95 and 3.96.

45 B 6 D
1 2
A 2 S 3 F (between A and F)
4 7
C 1 E
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46.
(between A and F)
47.
(between A and G)
48. B 5 D 5 F
4 7
A 2 8 1 2 H (between A and H)
3 4
C 6 E 5 G
Fig. 3.96

Find the shortest distance matrix and the corresponding shortest path
matrix for all the pairs of vertices in the weighted graph given in Figs
3.97, 3.98, 3.99, and 3.100, using Warshall’s algorithm.

7
49, 50. A 3 5
B 5 D )
2 2 1
6 A Y2
A 1 H
3 4 g
C 5 E D 5 C
Fig. 3.97 Fig. 3.98
51. (Y7 s B 5. A5 B
AN 4 2
AN 173 2Y 4 E
3 <_ 2Y
P AN
e N 1
.//—.(Q >
c 1 b c 4 D

Fig. 3.99 Fig. 3.100
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TREES

Definition
A connected graph without any circuits is called a tree.
Obviously a tree has to be a simple graph, since loops and parallel edges
form circuits.
Note Tress are useful in computer science, where they are employed in a wide
range of algorithms such as algorithms for locating items in a list.
The following are a few examples of trees:

Some Properties of Trees

Property 1
An undirected graph is a tree, if and only if, there is a unique simple path
between every pair of vertices.

Proof
(1) Let the undirected graph T be a tree.
Then, by definition of a tree, T is connected.
Hence, there is a simple path between any pair of vertices, say v; and v,.
If possible, let there be two paths between v; and v—one from v; to v,
and the other from v; to v;. Combination (union) of these two paths would
contain a circuit.
But T cannot have a circuit, by definition.
Hence, there is a unique simple path between every pair of vertices in 7.
(i1) Let a unique path exist between every pair of vertices in the graph T.
Then, T is connceted.
If possible, let T contain a circuit. This means that there is a pair of
vertices v; and v; between which two distinct paths exist, which is against

the data.
Hence, T cannot have a circuit and so 7T is a tree.
Property 2
A tree with n vertices has (n — 1) edges.
Proof

The property is true for » = 1, 2, 3 as seen from Fig. 3.102.  /
Let us now use mathematical induction to prove the prop- ° I \V4
erty completely. Accordingly, let the property be true for all Fig. 3.102
trees with less than n vertices.
Let us now consider a tree 7 with n vertices.
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Let ¢, be the edge connecting the vertices v; and v; of T.
Then, by property (1), e; is the only path between v; and v,
If we delete the edge e, from 7, T becomes disconnected and (T — e)
consists of exactly two components, say, 7| and 7, which are connected.
Since 7" did not contain any circuit, 7; and 7, also will not have circuits.
Hence, both T} and T, are trees, each having less than n vertices, say 7 and
n — r respectively.
By the induction assumption, 7' has (» — 1) edges and T, has (n —r — 1)
edges.
Thas (r—1)+(m—-r—-1)+1=n—1 edges.
Thus, a tree with n vertices has (n — 1) edges.
We give below two more properties without proof:

Property 3
Any connected graph with n vertices and (n — 1) edges is a tree.

Property 4
Any circuitless graph with n vertices and (n — 1) edges is a tree.

SPANNING TREES

Definition
If the subgraph 7 of a connected graph G is a tree containing all the vertices of
G, then T is called a spanning tree of G. for example, let us consider the graph
G shown in Fig. 3.103. Since G has 4 vertices, any spanning tree of G will also
have 4 vertices and hence, 3 edges [by property (2)].

Since G has 5 edges, removal of 2 edges may result in spanning tree. This
can be done in 5C, = 10 ways, but 2 of these 10 ways result in disconnected
graphs. All the possible spanning trees are shown in Fig. 3.103.

NV
RNV RN

Fig. 3.103

Note Every connected graph has at least one spanning tree. This is obvious when
G has no circuit, as G is its own spanning tree. If G has a circuit, we can
get a spanning tree by deleting an edge from the circuit.

MINIMUM SPANNING TREE

Definition

If G is a connected weighted graph, the spanning tree of G with the smallest
total weight (viz., the sum of the weights of its edges) is called the minimum
spanning tree of G.
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Two popular algorithms for constructing minimum spanning trees are given
as follows.

Prim’s Algorithm

Step 1
Any edge of the given graph G with the smallest weight is chosen and put into
the spanning tree.

Step 2

Graph edges of minimum weight that are incident to a vertex already in the
tree and not forming a circuit with the edges already in the tree are added
successively.

Step 3
The procedure is stopped when (n — 1) edges have been added.

Equivalently, we may follow the working procedure given as follows:

Let v, vy, ..., v, be the vertices of the given graph G. The weight matrix W
of G is formed, with < as the weight of any non-existing edge. Then we start
with vy, list the eligible edges incident on v, and select from this list the edge
vyv; (say) with least weight. After deleting v;v; from the list, we list all the new
eligible edges incident on v; and select from the list of eligible edges (consisting
of the old set excluding v;v; and the new set) the edge with the least weight.
This process is repeated until all the n vertices are connected by (n — 1) edges.
The required spanning tree is the tree consisting of the selected edges. [See
Worked Examples 3.2 and 3.3.]

Kruskal’s Algorithm

Step 1
The edges of the given graph G are arranged in the order of increasing weights.

Step 2
An edge G with minimum weight is selected as an edge of the required
spanning tree.

Step 3
Edges with minimum weight that do not from a circuit with the already
selected edges are successively added.

Step 4
The procedure is stopped after (n — 1) edges have been selected. [See Worked
Examples 3.4 and 3.5.]

Note 1. The weight of a minimum spanning tree is unique, whereas different
minimum spainning trees are possible, as two or more edges can
have the same weight.

2. In Prim’s algorithm edges of minimum weight that are incident on a vertex
already in the spanning tree and not forming a circuit are selected, whereas in
Kruskal’s algorithm edges of minimum weight that are not necessarily incident
on a vertex already in the spanning tree and not forming a circuit are selected.
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ROOTED AND BINARY TREES

Definitions
A tree in which a particular vertex is designated as the root of the tree is called
a rooted tree.
Note Since there is a unique simple path from the root to any other vertex of the
tree, the direction to the edges is determined.
Viz., every edge is directed away from the root. Thus, a rooted tree may be viewed as a
directed graph.

The length of the path from the root of a rooted tree to any vertex v is called
the level or depth of v or height of v.

The root is said to be at level zero. The maximum level of any vertex is
called the depth or height of the tree. Every vertex that is reachable from a
given vertex v is called a descendent of v.

Also the vertices that are reachable from v through a single edge are called
the children of v.

If a vertex v has no children, then v is called a leaf or a terminal vertex or a
pendant vertex. The degree of a leaf is 1. A non-pendant vertex is called an
internal vertex. Root is also considered an internal vertex. For example, we
consider the rooted tree given in Fig. 3.104.

Usually the rooted tree is drawn with the root v 2

at the top. B g c ™~ b
In Fig. 3.104, 4 is the root of the tree and is I

at level 0. The vertices B, C, D are at level 1, E, Z_- IF G H

F, G, H are at level 2 and [, J, K are at level 3. b j Y%
The height of the tree is 3. Fig. 3.104

The vertices E, F and I are descendents of B.

Similarly, H, J and K are descendents of D. E and F are children of B and J
and K are children of H.

The vertices E, I, G, J and K are leaves of the tree.

The vertices A, B, F, C, D and H are internal vertices of the tree.

BINARY TREE

A special class of rooted trees, called binary trees, is of importance in applica-
tions of computer science.
Definition
If every internal vertex of a rooted tree has exactly/at most 2 children, the tree
is called a full binary tree/a binary tree.
In other words, a full binary tree is a tree in which there is exactly one
vertex (root) of degree 2 and each of the remaining vertices is of degree 1 or 3.
In Fig. 3.105, 7| is a binary tree, whereas 7, is a full binary tree.

Note In the definition of binary and full binary trees, if 2 is replaced by m, the
trees are called m-ary tree and full m-ary tree.
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Fig. 3.105

Properties of Binary Trees

Property 1
The number 7 of vertices of a full binary tree is odd and the number of pendant
(n+1

-

verities (leaves) of the tree is equal to

Proof
In a full binary tree, only one vertex, namely, the root is of even degree
(namely 2) and each of the other (n — 1) vertices is of odd degree (namely 1 or 3.)
Since the number of vertices of odd degree in an undirected graph is even,
(n —1) is even.
n is odd.
Now let p be the number of pendant vertices of the full binary tree.
The number of vertices of degree 3 =n —p — 1.
The sum of the degrees of all the vertices of the tree
=1X2+pxl+m-p-1)x3
=3n-2p - 1.

Number of edges of the tree = %(311 -2p-1)
(- each edge contributes 2 degrees)
But the number of edges of a tree with n vertices = n — 1(by an earlier property)
%(3n72p71)=n71

ie., 3n—-2p—-1=2n-2
n+1
2

Not The above property can also be stated as: If a full binary tree has i internal
vertices, it has (i + 1) terminal (pendant) vertices and (2i + 1) total vertices.

ie., 2p=n+1lorp=

H ) n+1 n—1
ere =n-— =
i=n > 2
. . . 20+1+1
n =2i+ 1 and the number of terminal vertices = T =i+1

Property 2
The minimum height of a n-vertex binary tree is equal to [log,(n + 1) — 1],
where [x] denotes the smallest integer greater than or equal to x.
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Proof

Let / be the height of the binary tree.

viz., the maximum level of any vertex of the tree is 4.
If n; represents the number of vertices at level i, then

ng=1;n <24 ny<2% ..;m <2M
- n=mngtng oyt <120 274+ 20
ie., no<2htho

ie., 2P >+ 1
: h+12logyn+1)orh=log, (n+1)—1
o Minimum value of & = [log,(n + 1) — 1]
Note To construct a binary tree with n vertices having the minimum height, the
above property can be made use of.
To construct a binary tree with n vertices having the maximum height, we should
n—1
2

have exactly 2 vertices at each level, except at zero level. Thus, maximum /s =

(n is an odd integer)

TREE TRAVERSAL

One of the most common operations performed on tree graphs is that of
traversal. A traversal a tree is a process to traverse (walk along) a tree in a
systematic manner so that each vertex is visited and processed exactly once.
There are three methods of traversal of a binary tree, namely, preorder, inorder
and post order traversals.

Definitions

Let T, T5,..., T, be the subtrees of the given binary tree at the root R from left
to right. The process of visiting the root R first and traversing 7 in pre order,
then T, in preorder and so on until 7, is traversed in preorder is called the pre-
order traversal.

The process of traversing T first in inorder and then visiting the root R and
continuing the traversal of 7}, in inorder, T; in inorder etc. until 7, is traversal
in inorder is called the inorder traversal.

The process of traversing 7 first in postorder then 7, in postorder etc., T, in
postorder and finally visiting the root R is called the postorder traversal.

For example, let us consider the three methods of traversal of the binary tree
shown in Fig. 3.106.

|
|
/" \ | \
T4 N N T2
N |
|
|

Fig. 3.106
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T, and T, are the subtrees of the given binary tree 7 with B and C as the
roots respectively.

Note If v is an internal vertex of a tree, then the subgraph of the tree consisting
of v, its descendents and all the edges incident to these descendents is
called the subtree with v as its root.).

(i) The preorder traversal of T visits the root 4 first and then traverses 7, and
T, in preorder. The preorder traversal of 7 visits the root B and then D
and E in that order

The preorder traversal of T, visits the root C and then F.
Thus, the preorder traversal of Tis 4 B D E C F.

(ii) The inorder traversal of T traverses 7 in inorder first, then visits the root
A and finally traverses 7, in inorder.

But the inorder traversal of 7| processes D, B and E in that order and
the inorder traversal of 7, processes C and then F.

Thus, the inorder traversal of Tis D BE A C F.

(i) The postorder traversal of T-processes T, then T, in postorder and finally

visits 4.

But the postorder traversal of 7 processes D, E and B in that order and
the postorder traversal of 7, processes F and then C.

Thus, the postorder traversal of T'is D E B F C A.

EXPRESSION TREES

Binary trees can be used to represent algebraic expressions, as such represen-
tation facilitate the computer evaluation of expressions. In binary tree represen-
tation of expressions, the terminal vertices (leaves) are labeled with numbers or
variables, while the internal vertices are labeled with the operation such as
addition (+), subtraction (-), multiplication (*), division (/) and exponentiation
(T). The operation at each internal vertex operates on its left and right subtrees
from left to right.

We can represent expressions in three different ways by using binary trees.
They are known as Infix, Prefix and Postfix forms of an expression.

Infix Notation

The standard way of representing an expression in which the operator is placed
between its operands is called the infix form of the expression.
The infix from of an algebraic expression corresponds
to the in order traversal of the binary tree representing
the expression. It gives the original expression with the
operands and operations in the same positions. To avoid
ambiguity in the infix notation, we include a pair of
parentheses for each operation.
For example, the expression ((4 + B)*(C/D)) is A B C b
represented by the binary tree shown in Fig. 3.107. Fig. 3.107
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Prefix Notation

The prefix from of an algebraic expression represented by a binary tree corre-
sponds to the preorder traversal of the tree. The expression in the prefix
notation is unambiguous and so no parentheses need be used in this form.
Expressions written in prefix from are also said to be in Polish notation, which
name is given after the polish logician Jan Lukasiewicz. For example, the prefix
from of the expression represented by the binary tree given in Fig. 3.107 is
* + AB/CD.

Postfix Notation

The postfix from of an algebraic expression represented by binary tree corre-
sponds to the postorder traversal of the tree. As the expression in the postfix
notation is unambiguous, no parentheses are required to be used in this form.
Expressions written in postfix form are also said to be in reverse Polish
notation.
For example, the postfix from of the expression represented by the binary
tree given in Fig. 3.107 is AB + CD/*.
Note The binary tree representation of an expression is the same, but the three
notations (forms) of the expression only are different.

\ WORKED EXAMPLES 3(C)

Example 3.1 Draw all the spanning trees of the graph G shown in
Fig. 3.108.

The given graph G has 4 vertices. Hence, any spanning
tree of G will also have 4 vertices and so 3 edges.

Since G has 5 edges, we have to delete 2 of the edges
of G to get a spanning tree. This deletion can be done in
5C, = 10 ways, but 2 of these 10 ways (namely, removal D G c
of AC, BC and AD, BD) result in disconnected graphs. All Fig. 3.108
the 8 spanning trees of G are given in Fig. 3.109.

A B

A B A B A B A B
. y 0 ) . i
{ . l e l o .
D C D (o D C D C
A B A B A B A B
ad \ < °
o \o ) ° )
D C D C D C D C

Fig. 3.109
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Example 3.2 Use Prim’s algorithm to find a minimum spanning tree for
the weighted graph given in Fig. 3.110.

The weight matrix of the given graph is 4 1 B
B CDE . L \
Afoeo 1 4 o 2 E2
Bl1 w = 3 3 ’
3 c 1 D
W=Cl4 e = 13 Fig. 3.110
D| oo oo 2
E\2 3 2 o
Iteration Eligible edges Selected edge
number (i) after i " iteration with weight
1 AB()|, 4c@), [AEQ2) AB(1)
2 BD(3), BE(3) AE(Q2)
3 EC(3), |ED(2) ED(2)
4 DC() pC()

Since all the 5 vertex are connected by 4 edges that do not from a circuit, the
edges of the minimum spanning tree are BA, AE, ED and DC. The minimum
spanning tree with weight 6 is shown in Fig. 3.111.

A 5 B
Ae *B 4 14 10
£ ¢ 312& 8 -
6 7
C D F 2 G
Fig. 3.111 Fig. 3.112

Example 3.3 Use Prim’s algorithm to find a minimum spanning tree for
the weighted graph given in Fig. 3.112.
The weight matrix of the given graph is

A B C D E F

Q

Afeo 5 4 1 o oo oo
B|5 o o 14 10 o oo
Cl4 o0 o 3 o 6 oo
D1 14 3 o 8 12 9
E|lco 10 oo 8§ o0 o 7
Floo 00 6 12 o0 oo 2
Gloo o0 o 9 7 2 oo




Graph Theory 161

Iteration Eligible edges Selected edge
number (i) after i" iteration with weight

1. ,AC(4), AD(1)
2. DB(14), DE®), DC(3)

DF(12), DG(9)

3. CF(6)
4. FG(2)
5. AB(5)

6. BE(10) GE(T)

Since all the 7 vertices are connected by 6 edged that do not from a circuit,
the edges of the spanning tree are B4, AD, DC, CF, FG and GE. The total
weight of the minimum spanning tree =5+ 1+3+6 +2 + 7 =24,

Example 3.4 Find the minimum spanning tree for the weighted graph
shown in Fig. 3.113, by using Kruskal’s algorithm.

Fig. 3.113

We first arrange the edges in the increasing order of the edges and proceed
as per Kruskal’s algorithm.

Edge Weight Included in the If not included,
spanning tree or not circuit formed
AE 2 Yes —
CD 3 Yes —
AC 4 Yes —
CE 4 No A-E-C-4
AB 6 Yes —
BC 6 No A-B-C-4
BE 6 — —
DE 7 — —
AD 8 — —
BD 8 — —
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Since there are 5 vertices in the graph, we should stop the procedure for
finding the edges of the minimum spanning tree, when 4 edges have been
found out.

The edges of the minimum spanning tree are AE, CD, AC and AB, whose
total length is 15.

There are 5 other alternative minimum spanning trees of total length 15
whose edges are listed below:

(1) AE, CD, AC, BC; (2) AE, CD, AC, BE; (3) AE, CD, CE, A4B;
(4) AE, CD, CE, BC; (5) AE, CD, CE, BE.

Example 3.5 Use Kruskal’s algorithm to find a minimum spanning tree
for the weighted graph shown in Fig. 3.114.

B
A ] 4 c
/ i
2 8/ 6 3
/ 7 E 1
D / . F
G /
4 H 2
Fig. 3.114
Edge Weight Included in the If not included,
spanning tree or not circuit formed
EF 1 Yes —
AD 2 Yes —
HI 2 Yes —
BD 3 Yes —
CF 3 Yes —
EH 3 Yes —
BC 4 Yes —
FH 4 No E-F-H-FE
FI 4 No E-F-1-H-E
GH 4 Yes —
AB 5 — —
BE 5 — —
BF 6 — —
DG 6 — —
DE 7 — —
DH 8 — —

The required minimum spanning tree consists of the 8 edges EF, AD, HI,
BD, CF, EH, BC and GH.
The total length of the minimum spanning tree = 22.
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Example 3.6 Sketch the 11-vertex binary trees with minimum and maxi-
mum heights. Find also the path length of both the trees.

By property (2) of the binary trees, the minimum height of a 11-vertex
binary tree = [log,12 —1] = [3.5850 — 1] = [2.5850] = 3,

(- [x] = the smallest integer > x)

To draw the binary tree with maximum height, we should have exactly 2
vertices at each level (except at zero level).
. Maximum height = % = 5.

The required binary trees are given in Fig. 3.115.

G4 (minimum height) Gy (maximum height)

Fig. 3.115

The sum of the path lengths from the root to all terminal vertices of a binary
tree is called the path length of the tree.

For G|, path length =2 +2+3+3+3+3=16

For G,, pathlength=1+2+3+4+5+5=20

Example 3.7 List the order in which the vertices of the tree given in
Fig. 3.116 are processed using preorder, inorder and postorder traversal.

A
VRN
By »C
>
D/- 4 E
Fo .G
/>- J oK
SN
L M

Fig. 3.116
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(1) Preorder traversal
Stage (1) (after processing level 0 vertex A4)

o L3V
Fig. 3.116(a)

Stage (2) (after processing level 1 vertices B and C)

A B D C E
L

Fig. 3.116(b)

Stage (3) (after processing level 2 vertices D and E)

A B D F G C E H
. ° ° q\\ ° . . /,', .
\.:.‘ . /
¢ e
L M

Fig. 3.116(c)

Stage (4) (after processing level 3 vertices F, G, H)

A B D F / G C E H
(] L] L] ° ° L] L]

/I\
L M
Fig. 3.116(d)
Stage (5) (after processing level 4 vertices I, J, K)

The required list of vertices using preorder traversal is
A, B, D, F, I,L, M, G,C, E, H, J, K

/
Ll

[ I

ox
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(i1) Inorder traversal [Figs 3.116(a) to 3.116(d) may be referred]

Stage (1)

B 4 C
Stage (2) e

D B 4 E C
Stage (3)

F D G B A E H C
Sge (9 © L - o n oo e

F I DG B A E J H K C
Stage (5) . PO A

F, L, I, M, D, G, B, 4, E, J, H K, C, which is the required list of
vertices using inorder traversal.
(iii) Postorder traversal [Figs 3.116(a) to 3.116(d) may be referred]

Stage (1)

B C 4
Stage (2) vt

D B E C 4
Stage (3)

F G D B H E C 4
Sage ) 1ttt

I F G D B J K H E C 4
Sage syttt ot e v e s e

L, M I, F,G,D,B,J, K, H, E, C, A, which is the required list of vertices
using postorder traversal.

Example 3.8 In which order does (i) a preorder, (ii) inorder (iii) a
postorder traversal visit the vertices of the ordered rooted tree given in
Fig. 3.117.

N O P
Fig. 3.117

(1) Preorder traversal
Stage (1)
A B C D
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Stage (2)

A B E F C D G H I
Stage (3)

A B E J K F C D G L M H I
Stage (4)

A, B, E, J,K,N,O, P, F,C, D, G, L, M, H, I, which is the required
order of vertices.
(i1) Inorder traversal

Stage (1):
B 4 C D
Stage (2): e
E B F A C G D H I
Stage (3): e e o e o e e e o
J FE K B F 4 C L G M D H I
Stage (4): e e e e e e e e e e

J,E,N,K, O, P,B, F, A, C, L, G, M, D, H, I, which is the required
order of vertices.
(i) Postorder traversal

Stage (1):
B ¢ D 4
Stage (2):
£ F B C G H I D 4
Stage (3):
J K E F B C L M G H I D 4
Stage (4):

J,N,O,P,K, E,F,B, C, L, M, G, H I, D, A, which is the required
order of vertices.

Example 3.9 Construct the binary tree whose in order and preorder
traversals are respectively EACIFHDBG and FAEICDHGB.

The first letter F' in the preorder traversal represents the root of the tree.

The letters E, A, C, [ and H, D, B, G that lie on the left and right sides of F
in the inorder traversal represent the vertices of the left subtree and right sub-
tree respectively.

Since A4 is the next letter in the right of F in the preorder traversal 4 is the
root of the left subtree and hence, the left child of F.

Among the letters E, A, C, I, the letter E lies on the left of 4 and C and 7 lie
on the right of 4.

Hence, E is the only terminal vertex lying on the left edge emanating from
A.

Since C, I occur in that order in the inorder traversal, C is terminal vertex on
the left edge emanating form /. There is no right edge emanating from 7, which
is the right child of 4.
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Leaving F, A, E, I, C, which have been accounted f
for, D is the next letter in the preorder traversal. Hence,

D is the root of the right subtree. A *j;-P
From the inorder traversal, we see that H is the
only terminal vertex on the left branch of D. £ *oeH Va @
G is the right child of D. B is the terminal vertex e 7
on the left branch of G. c B

Taking all these facts into account, we draw the Fig. 3.118

graph which is given in the adjacent Fig. 3.118.

Example 3.10 Construct the binary tree whose inorder and postorder
traversals are respectively DCEBFAHGI and DECFBHIGA.

The last letter 4 in the postorder traversal represents the root of the tree.

The letters D, C, E, B, F and H, G, I that lie on the left and right sides of 4
in the inorder traversal represent the vertices of the left and right subtrees
repectively.

Since G is the next letter in the left of 4 in the postorder traversal, G is the
root of the right subtree and hence the right child of 4.

H and [ are the left and right children of G respectively.

Leaving H, I, G, A4, in the postorder traversal, B
is the next letter from right and it is the root of the
left subtree.

Since F is the only letter on the right of B, it is
the only right child of B.

Obviously among the letters D, C, E that lie on
the left of B, C is the right child of B. D and E are
the left and right children of C respectively.

Taking all these facts into consideration, we draw Fig. 3.119
the tree which is given in the following Fig. 3.119.

Example 3.11 Represent the expression ((a — ¢) * d)/(a + (b — d) as a
binary tree and write the prefix and postfix forms of the expression.

The binary tree for the expression can be built from the bottom upwards.
First the subtrees for the expressions within the innermost parentheses, namely,
a — c and b — d are constructed as shown in Fig. 3.120(a).

Fig. 3.120(a) Fig. 3.120(b)

Then these are incorporated as part of larger subtree representing (a — ¢)* d
and a + (b — d) which are shown in Fig. 3.120(b).
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Finally the subtrees given in Fig. 3.120(b) are combined to form the required
tree representing the given expression. The required binary tree is given in
Fig. 3.120(c).

Fig, 3.120(c)

The fully parenthesized expression, namely, (((a — ¢) * d)/(a + (b — d))) is
the infix form of the expression.

Prefix form
This is obtained by visited the vertices using preorder traversal.

Stage (1) /, ¥ +
Stage (2) /, * -, d, +, a, —
Stage (3) /*—acd+ a- b d, which is the required prefix form.

Postfix form
This is obtained by visiting the vertices, using postorder traversal.

Stage (1) * 4/
Stage (2) B da *9 a, —, +5 /
Stage (3) ac —d * a b d-+/, which is the required postfix form.

Example 3.12 Represent the prefix expression —/a * b + cde as a binary
tree and write the corresponding infix and postfix forms.

The subtrees are drawn by considering the operation form right to left when
the operands follow an operator. Accordingly we get the following subtrees in
the order given and the final tree.

() O (
© @ ONENO OO
© @ ® @
© @

Fig. 3.121(a) Fig. 3.121(b) Fig. 3.121(c)
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Finally the required binary tree is obtained as shown ©.
in Fig. 3.121(d).
Infix form =) (e)
Stage (1) /,— e
Stage (2) a,/l, * — e (a) (%)
Stage (3) a,/, b, *+, —, e
Stage (4) a,/, b, * c, +,d, —, e. (b) (+)

The usual infix form of the expression is
al(b *(c +d) — e.
The fully parenthesized infix form is

© @

(@b * (c + d))) - e) Fig. 3.121(d)
Postfix form
Stage (1) /, e, —
Stage (2) a, * /, e, —
Stage (3) a, b, +, * /, e —
Stage (4) abcd+ */e—, which is the required postfix form of the
expression.

Example 3.13 Represent the postfix expression ab + cd * ef / — — a* as
a binary tree and write also the corresponding infix and prefix forms.

The subtrees are drawn by considering the operations from left to right,
when two operands precede an operator. Accordingly we get the following
subtrees in the order given and the final tree.

(2)

© ) 0 O Q
< P P
\ / \ / \

o)

NG O NGNGB OROBRG

@) E‘;E,il (c
Fig. 3.122(a) Fig. 3.122(b) Fig. 3.122(c) Fig. 3.122(d)

Fig. 3.122(e) Fig. 3.122(f)

Infix form
Stage (1) - * a
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Stage (2) - % a
Stage (3) (a + b)a B *a T /9 *9 a
Stage (4) ((a + b)— ((c * d) — (elf))) * a, which is the usual infix form of

the expression.
The fully parenthesized form is (((a + b) — ((c¢ * d) — (e/f))) * a)

Prefix form

Stage (1) * - a

Stage (2) * 4+ - a

Stage (3) ¥ — +,a, b, — * /, a

Stage (4) *—+ab-*cd/efa, which is the required prefix form.

Example 3.14 Find the value of
(i) the prefix expression + — T 32 T 23/8 — 42.
(i1) the postfix expression 72 — 3 + 232 + — 13 — * /.
(1) To evaluate the prefix expression, we scan the operators and the associ-
ated operands from right to left.

Thus, +-T132723/8-42
=+ 132 T 238 (— 42)
=+-T327T238(4-2)
=+ - T32 T 23(/82)
=+-T32 7T 2382
=+-T32(T 234
=+-T320273)4
=+-(T32) 84
=+-(3T2) 84
=+ (-98) 4
=+(9-8)4
= (+ 14)
=1+4
= 5.

(i1) To evaluate the postfix expression, we scan the operation and the associ-
ated operands from left to right.

Thus, 72 -3+232+— 13— */
=(72-)3+232+-13 —*/
=(7-2)3+232+-13-*/
=(53+)232+-13 - %/
=82(32+) 13 —*/
=8(25-) 13— */
= 8(— 3) (13 — )* /
=8[(-3) (-2) *

(86/)
8

— or

6

[N
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\ EXERCISE 3(C)

Part A: (Short answer questions)
. Define a tree. Can a multiple graph be a tree?
. State a few properties of tree.
. Define a spanning tree.
. Draw all the spanning trees of Kj.
. What is meant by minimum spanning tree?
. Name two algorithms commonly used to find minimum spanning trees of
a connected weighted graph.
7. Give the step by step procedure of Prim’s algorithm.
8. Give the step by step procedure of Kruskal’s algorithm.
9. Define root of a tree and rooted tree.
10. Define the height of a vertex of a tree and height of a tree.
11. Define a descendent and a child of a vertex in a tree.
12. Define a leaf and an internal vertex of a tree. A
13. In the rooted tree T with root at 4, shown in I
~_G
F

AN N AW =

Fig. 3.123, name the following: By
(1) the internal vertices,
(i1) the leaves, c I
(iti) the parent of C,
(iv) the children of G,
(v) the ancestors of E and
(vi) the descendents of B.

14. Define a binary tree. When is it called a full binary tree?

15. Define an m-ary tree. Give an example of a full 3-ary tree.

16. How many leaves and internal vertices does a full binary tree with 25
total vertices have?

17. What are the maximum and minimum heights of a binary tree with 25
vertices?

18. What do you mean by tree traversal?

19. Define the three kinds of tree traversal.

20. Explain the three different ways of representing expressions by binary
trees.

Part B
Draw all the spanning trees of the graph G,, G, and G5 given in
Figs 3.124, 3.125 and 3.126.

21. 22. 23. a
/[ |
D Cc D E c

Fig. 3.124 Fig. 3.125 Fig. 3.126

T e
Qe

E
Fig. 3.123

Qe
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Find the minimum spanning trees of the weighted graphs given in
Figs 3.127 to 3.131 using Prim’s algorithm.

24. 25.
D 3 C D 3 C
Fig. 3.127 Fig. 3.128
B
26. A 2 3 217. Vs
1 15 7
3
4 E 5
D Vy V2
4 2
13 9
G H
3 3 V3
Fig. 3.129 Fig. 3.130
28. A 5 B 4 C
3 6
2 / 5 8
/
7 1
D« o F
6 8 8 4 4
G 4 H 2 i
Fig. 3.131

Find the minimum spanning trees for the weighted graphs given in
Figs 3.132 to 3.136, using Kruskal’s algorithm.

29. A 16 B 30. A 20 B
N2t M 4 5 23 15
% 1 4
191 40 14 |6 c F g c
el L 40 A
e 10 29 3
E 18 D E 17 D
Fig. 3.132 Fig. 3.133
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31. B 3 E
5 4 2 1 4
3 F
A 3C 5 H
4 3
2 5 6
D 5 G
Fig. 3.134
32 A 41 B 3% C 29 D
’ ? //' A /,';
N 2 7y 43/ a1 €3 ) “
”/"/ // // ]
[ 2 L 2 . -
E 20 F 62 G 45 H
Fig. 3.135
33. AL S S N
3 1 2 5
4 F
E 3 Gg 3 “H
4 2 4 3
I 3 J 3 K 1 L
Fig. 3.136
34. Draw all distinct full binary trees having seven vertices and height 3.

What are their path lengths?

35.

Find also the path lengths of both tress.

36.

Sketch the 9 vertex binary trees with minimum and maximum heights.

Sketch the 13 vertex binary trees with minimum and maximum heights.

Find also the path lengths of both trees.
List the order in which the vertex of the binary trees shown in
Figs 3.137 to 3.140 are processed using preorder, in order and postorder

traversals.
37. 38. A
A B/ l
/.\ /Q \
/ N\ / \
By .:’\C Cx *D
/ /' \ /\
/ / / \ F
D \ ¢ )
\ . RE °F E / ’\
N & S N
G H / G H
Fig. 3.137 Fig. 3.138
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39.

41.

42.

43.

44,

45.

46.
47.

48.
49.

50.
51.

52.
53.

54.
55.

Fig. 3.139 Fig. 3.140

Construct the binary trees whose inorder and preorder traversals are as
follows:
Inorder: HDIBEAFCG
Preorder: ABDHIECFG
Inorderr QBAGCPEDR
Preorder: GBQACPDER
Construct the binary trees whose inordr and postorder traversals are as
follows:
Inorder: DBHEIAFCG
Preorder: DHIEBF GC A
Inorder: HDIBJEKAFCG
Preorder: HIDJKEBF G C A.
Represent the following expressions as binary trees and also write the
prefix and postfix forms of those expressions:

x+y*z)— (%+w).
(@b-c)Td—(e*f+g)
(x+2)T3)* (-3 +x) -5
Represent the following prefix expressions as binary trees and write
also the corresponding infix and postfix froms.
/*~ACD+A-BD
+-*4BTCD/EF
Represent the following postfix expressions as binary trees and write
the prefix forms.
ABCD+*/E—
ABC**CDE+/-
Find the value of each of the following prefix expressions:
+ - * 235/ T 238
+-T327T23/6 - 42
Find the value of each of the following post fix expressions:
723 * 4 T 93/+
32 %2753 - 84/% -
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\ ANSWERS
Exercise 3(A)
? (1) ? g 1 1021 010 0
1901010200112 210011
'00101 12110 111 0 1
1 201 1 000
11010
B
22. , 23. 24.
/ A B
\
D D c
a @2 G 4 6 i[1 1.0 0 0 0]
A[1 1.0 0 0 !
sl 01 01 261/2001101
25. "0 0 0 0 1 1
clo o0 1 1
V,/1 0 1.0 00
D01 110
Vs{0 1 0 1 1 0]
e e e e e5 g A
A1 11 0 0 0 A
27. B[O 1 1 1 0 1 28. e \,\62‘\\@33
clo 00110 / '\,L g
D00 0 0 1 1 B & p 6 ¢
29. 30. a €6 e
€1 96( \lies
. ‘\\\//
c €4 d €2 b
35.
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37. (i) No, as the sum of the degrees is odd;
(i1) No, as explained in Worked Example 3.4(b);
(i) No, as the sum of the degrees is odd,;
(iv) Yes. ;

(v) No, as the sum of the degrees is odd.

mn
38. p= m+n

39. (i) bipartite ; (4, B, C, D) and (E); Yes
(i1) Not bipartite.
(iii) Not bipartite.
(iv) bipartite; (4, B, D, E) and (C, F); Yes.
(v) bipartite; (4, B, D) and (C, E, F, G); No.
40. A A
D C D C
A A
D D ()

A

E%B
c
E@B
D c

removed from the main

(Edges AD, DE, BE, CE
and vertex £ removed
from the main graph to
get the subgraph)

41. (1) A (Edge AC and vertex E
2
“f‘ “nl‘ A D graph to get the subgraph)
B —f+—rcC
\ A“ \\ /
N
E D B (9
(i) ¢ F
A B C
By
// b > g / J A N\
~ N > ‘\‘b
D E F A D
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42. (i) Deg (u,) = 4; There is no vertex of degree 4 in the v-graph. Hence,

not isomorphic.

(i) Deg (D) = Deg(B) = 4, whereas there is only vertex Q of degree 4.

Hence, not isomorphic.

(iii) u;, which is of degree 1 must correspond to v,, v5 v; or vg. u; is
adjacent to u, which is degree 2; but v, and v, are adjacent to v,
which is of degree 3 and v, and vy are adjacent to v, which is of

degree 3. Hence, not isomorphic.

43. (i) A B c e a [0
1
E C 0
1
D b d 0

The graphs are isomorphic.
(i) A [0 1
10
Fé———%B fo— —b 0 1
a 10
d 00
EX—T—+C e L L

D
The graphs are isomorphic.
Uy Uy Uz Uy Us Ug \G

w [0 1 0 1 0 0] vl0 1 0
u,]1 01 0 0 1 vl 0 1
44. (i) Adg=u3|0 1 0 1 0 0]; 4, =v|0 1 O
u/l 01 0 1 0 vs|1l 0 1
us|0 0 0 1 0 1 v[0 0 0
ug|0 1.0 0 1 0 »0 1 0

[ =

S = = O = O

1

S = O = O

—_—= O = O

S = O = O =

0

_ o = O O

O O = =

—_—O = = OO

S = O O = O

S O = = O

S = O O = =

V3 Vg VsV vy
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w[0 1 0 0 0 0 1]

(1 01 0 0 0 0
(,.)A_u30101000.
WA= loo 101 0 o]
us{0 0 0 1 0 1 0

ug|0 0 0 0 1 0 1

u[1 0 00 0 1 0]

Vl V3 V5 V7 V2 V4 V6

v[0 1 0 0 0 0 1]

vi[1 01 00 0 0
A_v50101000
“7y]0 01 01 00
/0001 010

w0 00 01 01

vl 00 0 0 1 0]

45. (i) G, and G, are isomorphic. P =

S = O
- o O
S O =

(i) G, and G, are not isomorphic.
46. (i) G and H are isomorphic. (i) G and H are isomorphic.

Exercise 3(B)

n(n—1)
2

17. (i) When m and n are even integers;
(i) When m = 2 and n an odd integer

18. 8 19. jA 20. A

B C B

7. 16. n=2
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21.

28

29.
30.

31.

33.

34.

35.

36.
37.

38.

39.

A G 22. A B

e

. (i) circuit; (i) simple path; (iii)) not a path  (iv) path;

(v) simple circuit.

(i) path; (ii) simple path; (iii) simple circuit (iv) circuit
Simple paths are A — F;, A— E—-F;A-B—-C—-F,A-B—-E—-F,A-B
-D-E-F,A-B-D-C-F,

A-B-FE—-A4-
Simple circuits are 4 — E—F - A;A-B—-FE—-A;B-D—-E—-B;B; B—
C-D-B,A-B-E-F-A4A,B-C-D-E-B;A-B-C-F—Aetc
B C A AC A B
D E F D E F D E F
(i) (ii) (iii)
A B Cc A B C A B ¢
E F D F D E
(iv) (v) (vi)

In (i),and (vi), no path from A4 to F.

In (i), - D—-E-Fand A-D-E-C-F

In (i), -B-E—-FandA4d-D—-E-F
In(iv),A-B-C-F,A-B-E-F,A-B-C-E-FandA4-B-E -
C-F

In(v),4-B-C-F.

G, and G, are not isomorphic.

8 A-B-A-B-D;A-B-A-C-D;A-B-D-B-D;4-B-
D-C-D;A-C-A4A-B-D;A-C-A4A-C-D;A-C—-D-B-D;
A-C-D-C-D.

5

,C-A-C-E,C-B-C-E,C-D-C-E,C—-E-B-E;C-
E-C-E

33 A-B-D-C-D;A-D-C-B-D;4A-C-D-C-D

5 B—-A-D-A-D;,B-A-D-C-D,B-C-D-A4A-D;B-C
-D-C-D;,B-D-C—-A4-D.

G, is unilaterally connected; G, is unilaterally and strongly connected; G;
is unilaterally connected; G, is strongly connected.
For G|, AEB; For G,, AFEB and CDE.
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40. In Gy, neither an Euler path nor an Eular circuit;
In G,, there is an Euler path between B and D;
In G;, there is an Euler circuit.
41. In G|, neither an Eular path nor an Euler circuit.
In G,, there is an Euler path between B and D
In G;, there is an Euler circuit.
42. In Gy, there is an H path between 4 and D;
In G,, there is an H’ circuit; In Gj, there is neither
43. In G, there is neither H” path nor H'circuit;
In G,, there is an H path; In G5, there is an H’ circuit.

44, A
A B C
B E A 3 B
C D D E C
F E D
(i) (ii) (iii)
A B g
D E I.-'
(iv)

45. Shortest pathis 4 — B— C — E — D — F; length = 9.

46. Shortest path is 4 — B — E — D — F; length = 9.

47. Shortest path is 4 — C — F — E — G; length = 74.

48. Shortest path is 4 — C — D — E — G — H, length = 16.
023547\ [— AB AC ABED ABE ABEDF']
205325]| |B4 — BAC BED BE BEDF

49350658.CA CAB — CED CE CEDF

"1536 01 2| |DEBA DEB DEC — DE DF
425103| |EBA EB EC ED — EDF
758 23 0) |FDEBA FDEB FDEC FD  FDE —
(10 7 9 14] [4ABA 4B ABC  ABCD
50 3 82 7| |B4 BCDB BC BCD
19 6 8 5| |CDBA CDB CDBC CD
|6 1 3 8| |pA DB  DBC DBCD




Graph Theory 181

7 5 8 7| [44 AB  ABDC ABD
6 6 3 2| |BDA BDCB BDC BD
oL 9 3 6 5| |CBDA CB  CBDC CBD
4 4 1 6] |DA DCB DC  DCBD
(7 4 1 5 6| [ACDA ACB  AC ACD  ACBE
6 10 6 3 2| |BDA BDACB BEDAC BED BE
52.16 3 7 4 5|, |cb4 CB CDAC CD  CBE
2 6 3 7 8| |DA  DACB DAC  DACD DACBE
3 7 4 1 9| |EDA EDACB EDAC ED  EDACBE |

Exercise 3(C)

13. () 4,B,C,G (i) D,E, F, H I,J
(i) B (iv) H, I, J v) C, B, 4 (vi) C, D, E.
Each of the internal vertices has 3 children.

Note  Each of the internal vertices has 3 children.
16. 13, 12 17. 13, 4

21. A B A B A B A B
D C D C D C D c
22. A B A B A B A B
o D E C D E C D E C D E
and 8 other spanning trees got by removing the pairs of edges (4D, AE),

(AD, BC), (4D, BE), (4E, BC), (AE, BD), (BC, BD), (BC, BE) and (BD,
BE).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.
39.
40.

15 spanning trees with the following triplets of edges: (a, b, d), (a, b, /), (a,
¢ d), (a, ¢ e),(ac,f),(ade),a,elf, @b cd, @b, .c,e),D,d e),@D,
d, 1), (b, e, ), (c, d, /), (c, e, f) and (d, e, f).

AC — CB — BE — ED; minimum total weight = 10.

AC — CB — BD — DE; minimum total weight = 8.

The edges of the MST are 4B, AD, BC, BE, CF, DG, EH and FI,
minimum total weight = 21.

The edges of the MST are V| Vs, VoVs, VoV, ViV, VsV, VVa, ViV
minimum total weight = 55.

The edges of the MST are 4D, BC, BD, CF, EF, EH, GH and HI,
minimum total weight = 22.

The edges of the MST are AB, BC, BD, BF, DE; minimum total weight =
56.

The edges of MST are AF, AG, BG, CD, CG and DE; minimum total
weight = 57.

The edges of the MST are AC, AD, BE, CE, EF, EH, and FG; minimum
total weight = 18.

The edges of the MST are AE, BC, BF, CD, DG, DH, and EF; minimum
total weight = 191.

The edges of the MST are 4B, AE, BF, CD, CG, FG, FJ, GH, HL, 1J,
and KL; minimum total weight = 24.

Path length of each tree = 9

Minimum height = 3

Maximum height = 4

Path lengths are 12 and 14.

Minimum height = 3

Maximum height = 6
/(QX Path lengths are 20 and 27.

ABDGCEHIF; DGBAHEICF; GDBHIEFCA.
ABCEFGHD; ECGFHBDA; EGHFCDBA.
ABCDEFG; DCBAEFG; DCBGFEA.
ABCDEFGHIJ; CBDEAFIHJG; CEDBIJHGFA.
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41.
43.
45.
Prefix form: Prefix form:
—+tx*yz+tuvw —T—*abcd + * efg
Postfix form: Postfix form:
xyz * + uviw + — ab*c—d T ef*g+—
47.

Prefix form: Infix form:
*T+x23 ——y+3x5 ((4 = C) *D)/(4 + (B — D))
Postfix form: Postfix form:

2+3Ty3x+-5—* AC — D * ABD — +/
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() '
49, FOY 50. (/» )
. ,/ \
p ~ ) \
,// N~ / \‘,—\
~ D () (E)
=L () () =)
~ ~\ M~ -
// N\ / \\ / \
/ \ \ / \
YR A < oo
(*) ) (E) (F) (A) (%)
/ﬁ’ \\ /= \\ = N 7=
/ \ / \ / \\
("/ >"\, ,/“{ (\”\ p// \\\
(A) B) (C) D) (B) (+)
— Vant
/
{
(©

51.

Infix form:

((4 * By~ (C T D) + (E/B))

Postfix form:

AB* CD T — EF/+

Infix form:
A*B*C0)-(C-(D+E)
Prefix form:
- *4 * BC/C + DE

Infix form:

A(B*(C+D)—E

Prefix form:

—/4* B+ CDE



Chapter 4

Group Theory

INTRODUCTION

In this chapter, we shall first define general algebraic systems and discuss some
of their basic properties and concepts that will be later applied to particular
algebraic systems such as semigroups, monoids, groups and rings. Semigroups
find their applications in computer arithmetic such as multiplication, theory of
sequential machines and formal languages. Monoids are used in the study of
syntactic analysis and formal languages. Group theory is useful in the design of
fast adders and error-correcting codes. Towards the end of the chapter, basic
notions of error-detecting and error-correcting codes are introduced.

ALGEBRAIC SYSTEMS

Definition

A system consisting of a non-empty set and one or more n-ary operations on
the set is called an algebraic system. An algebraic system will be denoted by
{S, fi> f2» --.}, when S is the non-empty set and f|, f;, ... are n-ary operations on
S. We will mostly deal with algebraic systems, with » = 0, 1 and 2, containing
one or two operations only. Though we will mostly deal with one algebraic
system only, we may occassionally consider two or more systems which are of
the same ‘type’ in some sense.

General Properties of Algebraic Systems
Let {S, *, @} be an algebraic system, where * and @ are binary operations on S.

1. Closure Property
Foranya, be S, a*be S
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For example, if e, be Z, a+be ZandaXx b e Z, where + and X are the
operations of addition and multiplication.

2. Associativity
For any a, b,c e S, (a*b)*c=a* (b*c).
For example, if a, b, c € Z,

(a+b)y+c=a+b+c)and (a X b) X c=a x (b Xc).

3. Commutativity

Foranya,be S, a*b=1>b * a.

For example, if a, be Z, a+b=b+aandaxb=>bxa

4. Identity Element

There exists a distinguished element e € S, such that for any a € S,

a*e=e*a=a

The element e € S is called the identity element of S with respect to operation
*, For example, 0 and 1 are the identity elements of Z with respect to the
operations of addition and multiplication respectively, since, for any a € Z.

a+t+0=0+a=a
and axl=1Xa=a
5. Inverse Element
For each a € S, there exists an element ¢ ' € Ssuchthata *a ' =a ' *a=e.
The element a~' € S is called the inverse of a under the operation *.

For example, for each a € Z, —a is the inverse of a under the operation of
addition, since, a + (-a) = (—a) + a = 0, where 0 is the identity element of Z
under addition.

6. Distributivity
Forany a, b,ce S, a*(b®c)=a*xb®a*c

In this case the operation * is said to be distributive over the operation
®.

For example, the usual multiplication is distributive over addition, since
axb+tc)y=axb+axec.

7. Cancellation Property

For any a, b, c € S and a # 0,
a*b=a*c=>b=c

and bra=c*a=>b=c

For example, cancellation property holds good for any a, b, ¢ € Z under
addition and multiplication.

8. Idempotent Element
An element a € S is called an idempotent element with respect to the operation
* ifa * a=a.

For example, 0 € Z is an idempotent element under addition, since, 0 + 0 =
0 and 0 and 1 € Z are idempotent elements under multiplication, since,

O0x0=0and 1 x1=1
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9. Homomorphism

If {X, e} and {Y, *} are two algebraic systems, where e and * are binary (n-ary)
operations, then a mapping g: X — Y is called a homomorphism or simply
morphism from {X, e} to {Y, *}, if for any x;, x, € X,

glx; @ xy) = glxy) * gl(xy).

If a function g satisfying the above condition exists, then {Y, *} is called the
homomorphic image of {X, e}, even though g(X) c V.

The concept of homomorphism holds good for algebraic systems with more
than one binary operations. Also more than one homomorphic mapping is
possible from one algebraic system to another.

9(a) Epimorphism

If the homomorphism g: {X, ¢} — {Y *} is onto, the g is called an epimorphism.
9(b) Monomorphism

If the homomorphism g: {X, e} — {Y, *} is one-to-one, then g is called a
monomorphism.

9(c) Isomosphism

If g: {X, o} — {Y, %} is one-to-one onto, then g is called an isomorphism. In
this case the algebraic systems {X, e} and {Y, *} are said to be isomorphic or
to be of the same type.

9(d) Endomorphism

A homomorphism g: {X, e} — {V, *} is called an endomorphism, if Y c X.
9(e) Automorphism

An isomorphism g: {X, ¢} — {V, *} is called an automorphism, if ¥ = X.

Example

Let {X, o}, where X = {a, b, ¢} and e is a binary operation on X be represented
by the composition table or Cayley’s representation table [Table 4.1(a)]. Let
{Y, =}, where Y = {1, 2, 3} and * is a binary operation on Y be represented by
Table 4.1(b). If g is defined by g(a) = 3, g(b) = 1 and g(c) = 2, then {X, e} and
{Y, *} are isomorphic.
Note If the set S = {a,, a,, ..., a,} has only a finite number of elements, then the
results of applying the binary operation e on its elements may be represented
in a table such that g; ® a; € S is entered in the point of intersection of the i row
headed by a; and the j  column headed by a; [Refer to Table 4.1(a)]. The resulting table
is called the Cayley’s table or operation table or composition table.

Table 4.1(a) Table 4.1(b)
° a b C * 1 2 3
a a b c 1 1 2 1
b b b c 2 1 2 2
c c b c 3 1 2 3
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From the definition of g, we see that it is one-to-one onto.
Also
gla e b)=gb)=1=3%1=g(a)* gbh)
gbec)=glc)=2=1=2=gb)* gl
g(c ®a)=g(c)=2=2+*3=g(c) * gla)
and so on for other combinations.
Thus g: {X, ¢} — {7, *} is an isomorphism.
10. Subalgebra
If {X, e} is an algebraic system and Y is a non empty set such that ¥ < X is
closed under the operation e, then {Y, e} is called a sub-algebraic system or a
subalgebra of {X, e}.
For example, {Z", x! is a subalgebra of the algebra {Z, x}, where X is the
multiplication operator.

11. Direct Product
If {X, e} and {Y, *} are two algebraic systems of the same type, then the
algebraic system {X X ¥, @} is called the direct product of the algebras {X, e}
and {Y, *}, provided the operation @ is defined for any x|, x, € Xand y,, », €
Yas (x, y1) @ (x5, y2) = {x] ® x5, ¥ * 0.

The original algebraic systems are called the factor algebras of {X X Y, ®}.

SEMIGROUPS AND MONOIDS

Definition of a Semigroup
If S is a nonempty set and * be a binary operation on S, then the algebraic
system {S, *} is called a semigroup, if the operation * is associative.
viz., if for any a, b, ¢ € S,
(a*b)*c=ax*(b*c).

Note Since the characteristic property of a binary operation on a set S is the
closure property, it is not necessary to mention it explicity when algebraic
systems are defined.

For example, if E is the set of positive even numbers, then {£, +} and {E, X}
are semigroups.
Definition of a Monoid
If a semigroup {M, *} has an identity element with respect to the operation *,
then {M, *} is called a monoid.
viz., if for any a, b, ¢ € M,
(a*b)yxc=a*(b*c)

and if there exists an element e € M such that foranya e M,e*a=a*e=a,
then the algebraic system {M, *} is called a monoid.

For example, if N is the set of natural numbers, then {V, +} and {N, X} are
monoids with the identity elements 0 and 1 respectively.

Note The semigroups {E, +} amd {E, X} are not monoids.
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HOMOMORPHISM OF SEMIGROUPS AND
MONOIDS

Definition
If {S, =} and {7, A} are any two semigroups, then a mapping g: S — T such
that, for any two elements a, b € S,

g(a * b) = gla) A g(b) (1)
is called a semigroup homomorphism. As defined in general algebraic system,
a semigroup homomorphism is called a semigroup epimorphism, monomorphism
or isomorphism, according as the mapping g is onto, one-to-one or one-to-one
onto. Similarly two semigroups {S, *} and {7, A} are said to be isomorphic if
there exists a semigroup isomorphic mapping from § to T.

Definition

If {M, *, e;;} and {T, A, ey} are any two monoids, where e,, and e; are identity
elements of M and T with respect to the corresponding binary operations * and
A respectively, then a mapping g: M — T such that, for any two elements a, b
e M,

g(a * b) = gla) A g(b) (2)
and gley) = ey (3)
is called a monoid homomorphism. As before monoid epimorphism, mono-
morphism and isomorphism are defined.

Note 1. Even if {T, A} is any arbitrary algebraic system, it can be proved to
be a semigroup, provided (1) is satisfied, where g is onto as given
below:

gl(a * b) * c} = gla * b) A g(c), by (1)
= {g(a) A g(b)} A g(c), by (1)
Similarly — gla * (b * o)} = g(a) A {g(b) A g(c)}
Thus A is associative. i.e., {T, A} is a semigroup.
2. When g is a semigroup homomorphism from {S, *} to {7, A} and if a € S is an
idempotent element, then g(a) € T will also be an idempotent element, for

g(a * a) = g(a), since a is idempotent.

Also gla * a) = g(a) A g(a), since g is homomorphism.
: g(a) A g(a) = g(a)
ie., g(a) is idempotent.

3. As can be easily proved, commutativity is also preserved by semigroup and
monoid homomorphisms.

4. If {S, *} is a monoid or semigroup with an identity e and g is a epimorphism
from {S, *} to {7, A}, then the semigroup {7, A} is also a monoid, for,
if ae S, gla*e)=gle * a) = g(a), since e is the identity of {S, *}

ie., g(a) A g(e) = g(e) A g(a), by epimorphism.

g g(a) A gle) = gle) A g(a) = g(a)

ie., g(e), the image of e, is the identity element of {7, A}
ie., {T, A} is also a monoid.

5. Even if {T, A, e;} is an arbitrary algebraic system, it can be proved to be a
monoid, provided condition (2) is satisfied where g is onto, by using the arguments
in notes (1) and (4).
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6. The monoid homomorphism preserves the property of invertibility as explained

below.

Let a' e M be the inverse of a € M

Then gla = a’) = gley) = ey, by (3)

Also gla * a) = g(a) A g(a™), by homomorphism

. gla) Agla") =e;

Similarly, using g(a™' * a), we can prove that g(a™') A g(a) = e,
Hence the inverse of g(a) = g(a™')

ie. [g@)]" = g@™).

Properties of Homomorphism

Property 1
Composition of two homomorphisms is also a homomorphism.
viz., if {S, =}, {T, A} and {V, @} are semigroups and if g: S > Tand h: T —> V
are homomorphisms, then (4 e g): S — V is also a homomorphism.
Proof
Let a, b € S. Then
(h ®g) (a* b)= higla * b)}

= hig(a) A g(b)}

= hig(a)} ® hig(b)}

=(heg)(a) ®(heg) ()
ie., (heg):S — Visalso a homomorphism.

Property 2
The set of all semigroup endomorphisms (automorphisms) of a semigroup is a
semigroup under the operation of (left) composition.

Proof

Let g: X — Y be a semigroup endomorphism. Then Y c X.

Letg;: X =Y, g, X = Yand g;: X = Y be any 3 elements of the set E of all
endomorphisms of the semigroup.

Then (g, ¢ g,): X = Y, since Y € X

Now (g1 ® &) (a x b)= gi{gy(a * b)}

= g1{gx(a) A gy(b)}

= (g1 * g)(@) A (g * 2)D)
. g ® & is a homomorphism (1)
Also {(g1 ® ) g3} (a=xb)=(g *g) {ga * b)}

= (g1 * &) {g3(a) A g3(b)}

= gilgxigs(@}] A gilgaigs(D)}]

=g* {(gr*g)i(a) Ag e {(g gD

Geg)esn=g1°@*g) (2)

From (1) and (2), it follows that E is a semigroup.
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Property 3
If {S, *} is a semigroup, there exists a homomorphism g: § — S5, where {S°, o}
is a semigroup of functions from S to .S under the operation of (left) composition.

Proof
For any element a € S, let g(a) = f,, where £, € S° is defined by
fAb)=a* b, forany b e S (1)
Now gla * b) =f,.p 2)
where Jop(©) =(a * b) *c=a*(b*c),
by the associativity of the semigroup {S, *}
= Jol(fy(©)}, by (1)
= (fa * Jp)(©)
= {g(a) * g(b)j(c)
i, Juep = 8(@) © g(b) 3)

From (2) and (3), we get

gla * b) = g(a) * g(b)
ie., g: S — 85 is a homomorphism.

SUBSEMIGROUPS AND SUBMONOIDS

Definition
If {S, =} is a semigroup and 7' S is closed under the operation *, then {7, *}
is called a subsemigroup of {S, *}.

For example, if the set E of all even non negative integers, then {E, +} is a
subsemigroup of the semigroup {V, +}, where N is the set of natural numbers.

If {M, *, e} is a monoid, T M is closed under the operation * and e € 7,
then {T, *, e} is called a submonoid of {M, *, e}.

For example, if E is the set of all non-negative even integers, then {E, +, 0}
is a submonoid of {N, +, 0}, where N is the set of natural numbers.

Property

The set of idempotent elements of a commutative monoid {M, *, e} forms a
submonoid of M.

Proof
Let S be the set of idempotent elements of M. Since e * e = e, e is an
idempotent element of M and hence e € S.
Leta,be S. Thena *a=aand b * b = b.
Now (axb)y*@*b)y=a*((b=*a)*b
=gq * (a * b) * b, since, M is commutative
(a * a) = (b * b)
=a*b
Hence, a * b is also an idempotent element.
a*be Sand {S, *} is a submonoid.
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GROUPS

Definition
If G is a non empty set and * is a binary operation of G, then the algebraic
system {G, *} is called a group if the following conditions are satisfied:

1. Forall a, b, c € G,

(a * b) * ¢ =a * (b * c¢) (Associativity)

2. There exists an element e € G such that, for any a € G,
a * e = e * a = a (Existence of identity)

3. For every a € G, there exists an element ¢! € G such that
a*a'=a'*a=e (Existence of inverse)

Note The algebraic system {S, *} is a semigroup, if * is associative. If there
exists an identity element e € S, then {S, *} is a monoid. Further if there
exists an inverse for each element of S, then {S, *} is a group.

For example, {Z, +} is a group under the usual addition.

Definitions
When G is finite, the numbers of elements of G is called the order of G and
denoted by O(G) or |G|. If the element a € G, where G is a group with identity
element e, then the least positive integer m for which a™” = e is called the order
of the element a and denoted as O(a). If no such integer exists, then a is of
infinity order. A group {G, *}, in which the binary operation * is commutative,
is called a commutative group or abelian group.

For example, the set of rational numbers excluding zero is an abelian group
under the usual multiplication.

Properties of a Group

1. The identity element of a group (G, *) is unique.

2. The inverse of each element of (G, *) is unique.

3. The cancellation laws are true in a group
Viz., at*b=a*c=>b=c
and bxa=c*a=>b=c

4. (@axby'=b'xqg! foranya be G.

5. If a, b € G, the equation a * x = b has the unique solution x = ¢ * b.
Similarly the equation y * b has the unique solution y = b % a".

6. (G, *) cannot have an idempotent element except the identity element.

Proof
1. If possible, let there be two identity elements in the group {G, *}, say e,
and e,. Since, e, is an identity and e; € G, we have

e Fe=e e =e (1)
Since e, is an identity and e, € G, we have
ep¥e=e te = e (2)
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From (1) and (2), we have
ey =€ *e
= e,
Hence, the identity element of a group is unique.
. If possible, let » and ¢ be two inverses of the element a € G.
Then, by axiom (3) in the definition of a group,

a* b=>b*a= e, where e is the identity of G )
Similarly a*c=c*a=ce 2)
Now b=exb

= (¢ * a) * b, by (2)
¢ * (a * b), by axiom (1)
¢ * e, by (1)
=c
Hence, the inverse of an element of (G, *) is unique.
(1) Givena * b =a * ¢
. als (axb)=a' * (a*c), where a”! is the inverse of a
ie, (@'#a)yxb=(a'*a)*c
ie., e *b=e*c, where e is the identity
ie., b=c
o ax*b=axc=>b=c
i.e., the left cancellation is valid in a group.
(i) Given b *a=c * a
(b*a)*a'=(*a)*a'

ie, bx@xal)y=c*(@=*al)
ie, b*xe=cxe
e, b=c

bxa=c*a=>b=c
i.e., the right cancellation is valid in a group.

(@ by* (b xa=axBxbl)*qa!
1

=a*e*a
—axa'=e

Also Bbleayx@*b)y=b"'%(@!*a)=xb
=b'*exbh
=b'xb=c

Thus the inverse of (a * b) is b! * a!

viz., (@*by'=b"1%qgl

. Letc=al*b.

Then axc=a*@'*b)=(@*a)*b=exb=b

a * ¢ = b means x = ¢ is a solution of the equation a * x = b.
If possible, let x = d be another solution of the equation a * x = b.

Then a*xc=a*xd=0>b
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By left cancellation, we get ¢ =d.
ie., x=a'#bis the unique solution of the equation a * x = b.
Similarly we can prove that y = b % 4 ' is the unique solution of the
equation y * a = b.
6. If possible, let a be an idempotent element of (G, *) other than e.
Then a*a=a H
Now e=ax*a’
=(a*a)*a',by (1)
=a%*(a*al)
=a*e
=a
Hence the only idempotent element of G is its identity element.

PERMUTATION

Definition

A bijective mapping of a non-empty set S — S is called a permutation of S. For
example, if S = {a, b}, the two possible permutations of {a, b} are {a, b} and
{b, a}. In this section, we will represent the two permutations as

a b d a b
P a b 14 b a

where the first row of p contains the elements of S in the given order and the
second row gives their images.

Now the set S, = {p,, p,} is the set of all possible permutations of the
elements of S.

Let * denote a binary operation on S, representing the right composition of
permutations, viz., when i, j, = 1, 2, p; * p; means the permutation obtained by
permuting the elements of S by the application of p,, followed by the application
of p;.

In other words, if p; and p; are treated as functions and e denotes the usual
left composition of functions, then p; * p; = p; ® p;, for i, j =1, 2.

For example,
a b a b
P2 *p1= *

b a a b

a b b a
= %

b a b a

a b
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Pictorially, p, * p, is found as follows:

P2

PERMUTATION GROUP

Definition

P1

The set G of all permutations on a non-empty set S under the binary operation
* of right composition of permutations is a group {G, *} called the permutation

group.

If §={1, 2, ..., n}, the permutation group is also called the symmetric
group of degree n and denoted by S,. The number of elements of S, or |S,| = n!,
since there are n! permutations of » elements.

Now let us verify that {S;, *}, where S = {1, 2, 3} is a group under the

operation of right composition of permutations.
There will be 3! = 6 permutations of the elements 1, 2, 3 of §.

2 3

2 3

ie., S3 = {P1; P2, P3> P> Ps> Ps}> Where
B 1 2 3 ) B 1 2 3 ) B
el as) 27003 2) P22 o3
B 1 2 3 _ B 1 2 3 _ B
P4 71 3 5 Ps 3 o) M 3 2
The Cayley’s composition table of permutations on S; is given below in
Table 4.2.
Table 4.2
* P )23 P3 Ps Ps Ps
P P P2 Ps3 ) Ps Ps
P2 P2 P Pa Ps3 Ps Ps
P3 P3 Ps Ps V2 Py Dy
Py Py Ps Ps P P P3
Ps Ps Py P Ps P3 )2
Ps Ps Ps3 V2 Ps P4 P
Note To obtain p; * D it will be convenient if we rewrite the first row of Dj S0 as

to coincide with the second row of p;

Using Table 4.2, all the three axioms of a group are easily verified.
(P2 * P4) * Ps = P3 * Ps = P4

For example,

Also P2 * (g * Pg) =Py * D3 = P4

Thus associativity is satisfied.
PL*Pi=Pi*P1= Dy

Now

fori=1,2, ..., 6.
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Thus the existence of the identity element (in this example, e = p,) is verified.

Also  pi' =py, p3' =pi, P35 =Ps Pi =pe D5 =psand pg = pe.
Thus the existence of inverse of each element is verified.
Hence {S;, *} is a group.

However this symmetric group is not abelian, since, for example, p, * p; =
P4, Whereas ps * py = pg.

DIHEDRAL GROUP

Definition
The set of transformations due to all rigid motions of a regular polygon of »
sides resulting in identical polygons but with different vertex names under the
binary operation of right composition * is a group called dihedral group,
denoted by {D,, *}.

By rigid motion, we mean the rotation of the regular polygon about its

centre through angles 1 X ?,nﬂ’ 2 X @, B %in the anticlockwise

n
direction and reflection of the regular polygon about its lines of symmetry.

For example, let us consider a three sided regular polygon, viz., an equilateral
triangle whose vertices are 1, 2, 3.

1 23 12 3
(b) (c) (d)

Fig. 4.1

When we rotate the triangle [Fig. 4.1(a)] through 1 X ? = 120° in the

anticlockwise direction about the centre C (i.e., about an axis perpendicular to
its plane through C), we get the triangle in Fig. 4.1(b). We note that the
vertices originally labeled as 1, 2, 3 have now become 3, 1, 2 respectively. We
will denote this transformation, which is the result of rotation through 120° by

1 2 3
r5:
31 2

Note The notation rs corresponds to ps of the previous example.

Similarly, when we rotate the triangle in Fig. 4.1(a) through 2 X 33ﬂ = 240°
and through 3 X 3—§O = 360°, we get the triangles in Fig. 4.1(c) and Fig. 4.1(d)

respectively. The corresponding transformations are
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1 23 1 23
ry = and r = .
(2 3 1] (1 2 3]

Now let us consider the reflections of the equilateral triangle about its lines of
symmetry, namely 14, 2B and 3C.

1 1 3 2

A 33 22 11 3
(a) (b) (c) (d)

Fig. 4.2

When the triangle in Fig. 4.2(a) is reflected about the line 14, the vertex 1
remains in the original position and the other two vertices 2 and 3 interchange
their positions and result in the triangle in Fig. 4.2(b). Similarly the reflections
of the original triangle about the lines 2B and 3C result in the triangles in
Fig. 4.2(c) and 4.2(d) respectively.

The corresponding transformations are given by

1 2 3 1 2 3 1 2 3
7y = ; Te = and r, =
1 3 2 3 21 2 1 3

Now the set {r|, r,, 3, 74, I's, 7s} 1S the same as the permutation set {p,, p,, ...,
D¢ of the previous example.

Hence the set {r, r,, ... r¢} is a group under the right composition * and
called dihedral group {D;, *}, which is of order 6 and degree 3 and which is
the same as {S;, *}.

Note In general, the dihedral group {D,, *} is of order 2»n and is a permutation

group of degree n. Also {D,, *} is a subgroup of {S,, *}. For n = 3, the

orders of both {S;, *} and {D;, *} are 6, but for n = 4, the order of S, is 4! whereas
the order of D, is 8. (See worked example (4.13) in this section).

CYCLIC GROUP

Definition
A group {G, *} is said to be cyclic, if there exists an element @ € G such that
every element x of G can be expressed as x = a” for some integer n.

In such a case, the cyclic group is said to be generated by a or a is a
generator of G. G is also denoted by {a}.

For example, if G = {1, -1, i, —i}, then {G, X} is a cyclic group with the
generator #, for 1 = it -1 =472 i=i"and —i = .

For this cyclic group, —i is also a generator.

Properties of a Cyclic Group
1. A cyclic group is abelian.
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Proof
Let {G, *} be a cyclic group with a € G as generator.
Let b, c € G. Then b = a" and ¢ = a", where m and n are integers.
Now b*c=a"*a"=a""
— an+m
=a" * a"
=c*b
Hence {G, *} is an abelian group.

. If a is a generator of a cyclic group {G, *}, @' is also a generator of {G, *}.

Proof
Let b € G. Then b = o™, where m is an integer.
Now b = (a')™ where —m is an integer.

a! is also a genarator of {G, *}.

If {G, *} is a finite cyclic group generated by an element ¢ € G and is of

order n, then a" = e so that G = {a, a°, ..., a"(=e)}. Also n is the least
positive integer for which a” = e.
Proof

If possible let there exist a positive integer m < n such that a™ = e.
Since G is cyclic, any element of G can be expressed as a*, for some
ke Z
When £ is divided by m, let ¢ be the quotient and » be the remainder,
where 0 < r < m.

Then k=mq +r

. ak: amqﬂ‘: a™ % g
=@") *da
=el x g
=exdqd
= ar

This means that every element of G can be expressed as a’, where 0 <
r<m.

This implies that G has at most m elements or order of G = m < n,
which is a contradiction.
ie., a™ = e, for m < n is not possible.

Hence a” = e, where n is the least positive integer. Now let us prove
that the elements a, a®, @°, ..., a" (= ) are distinct.
If it is not true, let a’ = a/, for i <j < n
Then a'*a'=a'*al
i.e., e=a’"' where j —i <n,
which again is a contradiction.
Hence a'#a’ fori<j<n.
If {G, *} is a finite cyclic group of order n with a as a generator, then a™
is also a generator of {G, *}, if and only if the greatest common divisor
of m and n is 1, where m < n.
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Proof
Let us assume that a™ is a generator of {G, *}.
Then, for some integer r,

a= (am)r = g™

ie., a=a" xe=a" * ¢, where s is an integer
=q™ - (a"), since, a" = e, by property (3)
_  mr+ ns
=a
mr+ ns =1
GCD (m, n) =1

To prove the converse, let us assume that GCD (m, n) = 1
There exists two integers p and ¢ such that
mp + ng =1 (D
Let H be the set generated by a”.
Since, each integral power of a” will also be an integral power of a,

HcG (2)
Now a™ "M = q by (1)
ie., a™ x q" =q
ie., @™? = (a") = a
ie., (@™)? * e=a,since a”" = e
ie., (@™?f =a
This means that each integral power of @ will also be an integral power a™
ie., GcH 3)
From (2) and (3), we have H =G
ie., a™ is a generator of G.

N WORKED EXAMPLES 4(A)

Example 4.1 If * is the binary operation on the set R of real numbers
defined by a * b =a + b + 2ab,

(a) Find if {R, *} is a semigroup. Is it commutative?

(b) Find the identity element, if exists.

(c) Which elements have inverses and what are they?

(a) (a *b)*c =(a+b+2ab)+c+2a+b+2ab)
=a+b+c+2ab+ bc+ ca)+ dabc
a* (b*c) =a+ (b+c+2bc)+2ab + c+ 2bc)

=a+b+c+2ab+ bc+ ca)+ dabc
Hence, (a*b)*c=a* (b*c)
i.e., * is associative.
Hence, (R, *) is a semigroup.
Also b*a=b+a+ 2ba
=a+b+2ab=a*b
Hence, (R, *) is commutative.



200 Discrete Mathematics

(b) If the identity element exists, let it be e.
Then for any a € R,

a*e=a
ie., at+e+2ae=a
ie., e(l1 +2a)=0
. e=0,since 1 + 2a # 0, for any a € R.
(c) Let a’! be the inverse of an element a € R. Thena * a ' = ¢
ie., at+a'+2a-a'=0
ie., al - (1+2a)=-a
-1 _ a
1+2a
Ifa# —%, a! exists and = _1+a2a .

Example 4.2 If * is the operation defined on S = Q x Q, the set of
ordered pairs of rational numbers and given by (a, b) * (x, y) = (ax, ay + b),
(a) Find if (S, *) is a semigroup. Is it commutative?
(b) Find the identity element of S.
(c) Which elements, if any, have inverses and what are they?
(a) {(a, b) * (x, y)} * (c, d)
= (ax, ay + b) * (¢, d)
= (acx, adx + ay + b)
Now, (a, b) * {(x, y) * (¢, d)}
= (a, b) * (cx, dx + y)
= (acx, adx + ay + b)
Hence, * is associative on S.
{S, *} is a semigroup.
Now (x, ¥) * (a, b) = (ax, bx + y) # (a, b) * (x, y)
{S, *} is not commutative.
(b) Let (e, e,) be the identity element of (S, *). Then for any (a, b) € S,
(a’ b) * (81, 62) = (ae b)
ie., (ae,, ae, + b) = (a, b)
ae,=aand ae, +b=>
ie. e; =1and e, =0, since, a # 0
o The identity element is (1, 0).
(c) Let the inverse of (a, b) be (c, d), if it exists.
Then (a, b) * (¢, d)=(1, 0)
ie., (ac, ad + b) = (1, 0)
. ac=1landad +b=0

ie. = andd:—g,ifa;to.

Q |~

Thus the element (a, b) has an inverse if a # 0 and its inverse is (é, - %) .
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Example 4.3 If Z, is the set of equivalence classes generated by the
equivalence relation “congruence modulo 6, prove that {Z,, X} is a monoid
where the operation X4 and Z; is defined as
[i] X6 [J] = [( % j)(mod 6)], for any [i], [/] € Z

Which elements of the monoid are invertible?
[For the definition of Z, the congruence classes modulo 6, refer to example
13(ii) in worked example set 4(b) of Chapter 4.]

The composition table {Z, X} is given below in Table 4.3. For conve-
nience of notation we have written [i] as simply 7 in the body of the Table 4.3.

Table 4.3
X6 [0] (1] (2] (3] (4] (5]
[0] 0 0 0 0 0 0
[1] 0 1 2 3 4 5
2] 0 2 4 0 2 4
3] 0 3 0 3 0 3
[4] 0 4 2 0 4 2
[5] 0 5 4 3 2 1

The operation X4 is associative.

For example,  {[2] X¢ [4]} X% [5] = [2] % [5] = [4]

Also [2] %6 {[4] %6 [51} = [2] %4 [2] = [4]

From the second row and the second column of Table 4.3, we see that [1] is the
identity element of {Z, X4}

Hence {Z;, X} is a monoid.

From the Table 4.3, we see that

[1] x [1] = [1] and [5] x [5] = [1]
The elements [1] and [5] alone are invertible and their inverses are [1] and
[5] respectively.

Example 4.4 1f S = N x N, the set of ordered pairs of positive integers
with the operation * defined by

(a, b) * (¢, d) = (ad + be, bd)

and if f: (S, *) = (Q, 1) is defined by f(a, b) = %, show that f'is a semigroup

homomorphism.

{(a, b) * (c, d)} * (e, f) = (ad + bc, bd) * (e, [)
= {(ad + bc)f + bde, bdf}
= (adf + bcf + bde, bdf)

Also (a, b) * {(c, d) * (e, )} = (a, b) * (c¢f + de, df)
= {adf + b(cf + de), bdf}
= (adf + bcf + bde, bdf)

ie., (S, *) is associative and hence a semigroup.
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Now fl(a, b) * (c, d)} = flad + bc, bd)
ad +bc | _a
" bd [ f(“’b)‘ﬂ
=4,°
b d

= fla, b) + flc, d)
(S, *) > (Q, +) is a semigroup homomorphism.

Example 4.5 Iff: X — X, where X = {1, 2, 3, 4} is defined by /= {(1,
2), (2, 3), (3, 4), (4, 1)}, prove that {F, e}, where F = {f°, f', f% f3} isa
monoid under the operation () of function composition, if /° = {(1, 1), (2, 2),
G,3), 4 Handflefl=fof=1%f2ef=f3f0f=f"=f0

Show also that the mapping g: (F, ®) — (Z,, +,) given by g( f*) = [i], for
i=0,1,2,3 is a monoid homomorphism. Is it an isomorphism?

The Cayley Table 4.3 for {F, e} is given

in Table 4.4. Table 4.4
The operation, e is commutative, since, . F AR A R
for example, N A
frefdi=fl=r3ef2 F A B R = RS N
Also for example 12 fz 73 fo £l
(flefyefP=rlef3=f2 ;s | ;3 o 1 p
and fle(frefH=rlefl=y?
ie., (florhef=rte(f2ef) Table 4.5
Thus, e .is. assoc.:iative. . . . T, [0] 1] 2] 3]
Also it is easily seen that /™ is the identity CRECER G
element of F with respect to e.
Hence, {F, } is a commutative monoid. o e B 1ol
If we define the operation +, on Z, as (21| 21 B o [
[ +j1=[G+j)mod 4, | BT | BT O [ [

for any [il, [ /] € Zy,
The Cayley table for {Z,, +,} will be as given in Table 4.5.
It is easily verified that +, is both commutative and associative. Also [0] is
the identity element of Z, with respect to +,.
Hence {Z,, +,} is a commutative monoid.
Note {Z,, +,} is in fact a commutative group, as the inverse of every element of
Z, exists.
From Table 4.4 and 4.5, it is easily verified that g( /7 e f7) = g(f") +, g(f”)
For example,
g(fPefH=g(sh
=[1]
= [2] +4 [3]
= a(f?) +4 &)
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Thus g: (F, ®) — (Z,, +4) is a monoid homomorphism. Since g(f*) = [i] for
i=0,1, 2,3, gis one-to-one. Also for every element in Z,, there is a preimage
in F. Hence g is onto.

g is an isomorphism.

Example 4.6 If S= {0, 1, 2, 3} is a subset of the semigroup {Z,, +,},
T={1,3,7,9} is a subset of the semigroup {Z,,, X,,} with the Cayley Tables
4.6(a) and 4.6(b) and if a function g: § — T is defined by g(0) = 1, g(1) = 3,
g(2) =9 and g(3) = 7, show that g is an isomorphism.

Table 4.6(a) Table 4.6(b)
g | 107 (11 2] [3] X | 01 B8] [ D]
0] | o 1 2 3 [1] 1 3 7 9
[] 1 2 3 0 31| 3 9 1 7
2] | 2 3 0 1 71 | 7 1 9 3
k1] 3 0 1 2 o] | 9 7 3 1

The Cayley table for {g(S), X;,} is

obtained from Table 4.6(a) by replacing the Table 4.6(c)

elements in S by their images by g and the X | (11 (31 91 [7]
operation +, X,,. It is given in Table 4.6(c). [1] 1 3 9 7

Interchanging the last two rows in Table [3] 3 9 7 1
4.6(c) and the interchanging the last two [9] 9 7 1 3
columns, we get exactly the same table as 7] 7 1 3 9
Table 4.6(b), which is the Cayley table for

{T, X0}

Hence, the mapping g: S — 7T is a homomorphism. Also g is one-to-one
onto.
Hence g is an isomorphism.

Note We have used an alternative method for proving that g: S — T is a
homomorphism. This method is equivalent to the proof by the definition
of homomorphism, as for example,

82 +43)=g(l)=3
and 8(2) %10 8B) =9 %, 7=3
Le., 82 +43) = g(2) %39 &13)
When the composition tables of § and T are given, this method may be preferred.
Example 4.7 If {S, =} is a monoid, where S = {a, b, ¢} is given by the

composition Table 4.7(a) and if a mapping g: S — S is defined by g(a) = £,

g(b) = f, and g(c) = f,, where £, ., £, € SSand fi(y) = x * y; x, y € S, show that
{S5, &} is a monoid under function composition and g is a monoid isomorphism.

Since f(y) =x * y, we get f(a) =a *a=a, f(b)=a* b=0>b, f(c) =
a * c = c etc.



204 Discrete Mathematics

Table 4.7(a) Table 4.7(b)

* a b c * Ja Ty Je
b ¢ Ja Ja Jo fe
¢ a Ty Ty Je Ja

c c a b I Je Ja J

The composition table for {S°, e} is given in Table 4.7(b). The entries of this
table are obtained as follows:
Ja ® Jo = Sl = f(@)
Ja ® o = 1) = f(b)
Ja ® Je = Jlfo) = f(c) ete.
From Table 4.7(b), it is easily seen that e satisfies associativity and f, is the
identity element of S°.
Hence {S°, o} is a monoid.
The composition Table 4.7(b) can be obtained from Table 4.7(a) by replacing
a, b, c respectively by g(a) = f,, g(b) = f, and g(c) = f..
Hence g : S — S% is a monoid homomorphism. Obviously g is one-to-one
onto. Hence, g is a monoid isomorphism.

Example 4.8 Show that the set Q" of all positive rational numbers forms

an abelian group under the operation * defined by a * b = %ab; a,be Q.

When a, b € O, a—zbeQ+
Q" is closed under the operation *
e [Be) 1 be _abe
ax(bxa= (2)_2 27 4

(a*b)yxc=ax*(b*c)
Hence * is associative.
Let e be the identity element of O under *
: a*e=e*a=a,forae Q

ie., %ae =a e, ale—2)=0

Since a >0, we get e=2¢€ QF

Hence identity element exists.

Let b be the inverse of the element ¢ € G
Then axb=bxa=e=2

ie., %ab -2

_ 4 +
b aeQ
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Thus, every element of Q" is invertible
(Q', *) is a group.

Also bra=axb Lab

(O, *) is an abelian group.
Example 4.9 Show that the set {Z,,} of equivalence classes modulo m is
an abelian group under the operation +,, of addition modulo m.

Z, = {[0], [1], 2], ..., [m — 1]}.

Ifa, b, e Z, such that a + b =gm+ r, (D)
0 <7, < m, then
la] +,, [b] =[] € Z, (y
Z,, is closed under +,,.
If ce Z, let b+c=qgm+r, 2)
and rpte=gsm+ry 3)
Then [6] + [c] = [r)] QY
and [ry] + [c] = [r5] €©)
Now at+try=a+b+c—qgm, by (2)

=qm +r +c—qm, by (1)
= qym + gzm + ry — q,m, by (3)

=(q1 v q3—q) m+r (4)
s la] +,, [r2] = [r3] 4
Now {la] +,, [b]} +,, [c] = [r1] +,, [c], by (1)
= [r3], by 3)’, )
Also [a] +,, {[b] +,, [c]} = [a] +,, [ry], by (2)
= [r3], by (4), (6)

From (5) and (6), we see that +,, is associative.
For every [a] € Z,,

[a] +,, [0] = [0] +,, [a] = [a]

[0] is the identity element of Z, with respect to +,,.
Now [0] +,, [0] = [0]. .. [0]"' =T0]
If [a] # [0] € Z,, then [m — a] € Z,, such that

la] +, [m —a] =[m]=1[0], since m=1-m+0.
Also [m — a] +,, [a] = [0]
[a]! = [m — a]. i.e., Inverse of [a] exists.
Now [a] +,, [b] = [b] +,, [a] = [r], by (1)

Z, is commutative with respect to the operation +,,
Thus, {Z,, +,,} is an abelian group.

Example 4.10 If M, is the set of 2 X 2 non-singular matrices over R,
viz.,

b
M, - {[a d}/a,b,c,deRandad—bc;tO},

c
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prove that M, is a group under the operation of usual matrix multiplication. Is it
abelian?

b b
If A—{al dl} and B—{az 2},then

a 1 ¢ dy

4B ajay +bec, ab,+bd,
qa, +dic, ¢b,+dd,

Also |AB|= |4] - |B]
If 4 and B are non-singular, AB is also non-singular.
Also if A4, B € M,, then 4B € M,
Matrix multiplication is closed.

1 0
Now if I = L 0},thenAl=lA=A.

Hence [ is the identity element of M, with respect to matrix multiplication.

1 1
—d ——b
R T Vi
If A= A = LA e M,
¢ d IR
47 14

Inverse of every 4 € M, exists.
Hence, {M,, x} is a group.
Since, AB # BA in general, {M,, X} is not abelian.

Example 4.11 If {G, =} is an abelian group, show that (a * b)" = a" * b",
for all a, b € G, where n is a positive integer.
Since, {G, *} is an abelian group,

a*b=b*a (D)
For a, b € G, we have (a * b)' = (b * a)', by (1)
and (a * b)>=(a * b) * (a * b)

=a * (b * a) * b, by associativity

=gqa * (a * b) * b, by (1)

= (a * a) * (b * b), by associativity

=a’ % b’

Thus, the required result is true for n = 1, 2. Let us assume that the result is

valid for n = m.
ie., (a * )" =a™ = p" 2)
Now (@ * b)"™' = (a % b)™ * (a * b)

= (a" * b"™) * (a * b), by (2)

=a" * (b * a) * b, by associativity

=a" # (a * b™) * b, since G is abelian
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= (a™ * a) * (b™ * b), by associativity
— amH % bmH

Hence, by induction, the result is true for positive integral values of n.

Example 4.12 If the permutations of the elements of {1, 2, 3, 4, 5} are
ven bv o 1 2 3 45 5 1 23 45 1 2 3 4 5
ven = , p= , Y= 5

g y 2 3 1 4 5 1 2 3 5 4 Y 54 3 1 2

1 2 3 45
o= [3 5 1 s 4], find af, Bo, o, yB, 5 and afBy. Also solve the

equation ox = f.

1 2 3 4 5 1 2 3 4 5
a: 4L L1 g: L 4L 1 1 |
2 3 1 4 5 1 2 3 5 4
g: L 4L 1 1 a: L L L1
2 3 1 5 4 2 3 1 5 4

1 2345 12345

op (2 31 4 %) pe (2 315 4]
1 2 3 4 5 1 2 3 4 5
a: L L L1 YARREE SRR R R O A
2 3 1 4 5 5 4 3 1 2
a: L L L1 g: 4+ L 1 1
3.1 2 4 5 4 5 3 1 2

5 1 2 3 4 5 1 2 3 45
o= ;YO =
31 2 45 4 5 3 1 2
57! is obtained by interchanging the two rows of & and then rearranging the
elements of the first row so as to assume the natural order.

1 321 5 4 1 2 3 45
Thus o = =
1 23 45 321 5 4
Note While rearranging the elements of the first row, the correspondence
between the corresponding elements of the two rows is maintained).

1 2 3 4 5
ap: L 1L 1 1

4 (1 2 3 4 5]
2 3 1 5 4 oafy=
v: Lol Ll 435 21

4 3 5 2 1
Solving the equation ox = f means finding the value of x that satisfies the
equation. Premultiplying by &', the given equation becomes ! arx = o' 8
ie., ex = o' B, where e is the identity permutation.
x=a'B
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71 2 31 45 1 2 3 45
Now o = =
1 23 45 31 2 45
1 2 3 4 5
1.
ol L Ll Ll L (12345
3 1 2 4 5 x=oa =
g: L Ll 1l 31254
3 1 2 5 4
Example 4.13 Define the dihedral group (D,, *) and give its composition
table.
The set of transformations due to all rigid y
motions of a square resulting in identical squares 1 < 4

but with different vertex names under the binary
operation of right composition * is a group,

called dihedral group of order 8 and denoted by X X
By rigid motion, we mean the rotation of the , L~ g

square about its centre through angles 90°, 180°, Y

270°, 360° in the anticlockwise direction and Fig. 4.3

reflection of the square about 4 lines of symmetry
is as given in Fig. 4.3.

1 2 3 4 1 2 3 4
r =r(90°) = [ j; r, = r(180°) = (3 ]

41 2 3 41 2
R L T s [ 23
Ber 23 4 1) 77 1 23 4
o[22 34 o 123
5T 21 4 3) 77 43 2 1
Can- (1234, o[l 230
e 1 4 3 2)° 8T IS 321 4

The composition table is given in Table 4.8. For example, the composition
ry * ry is obtained as usual as given below:

1 2 3 4
P A
4 1 2 3
N
3 4 1 2

l.e., rl*r1:r2
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Table 4.8
* r 5 73 Ty Ts 76 & rg
r I r3 Ty r g r7 s s
7y ry ry 7 7y 76 7s rg rs
r3 ry r Iy r3 ry rg Ts rs
Ty r I 3 Ty s s r7 g
7s 7y e rg 7s 7y 7y 7 73
Ts rg s ry Ts r Ty r3 r
r7 e rg s r7 3 r Ty "
rg rs rs 76 rg 7| 73 7y 7y

From the Table 4.8, it is seen that
raRr =k =ryi=1,2, ... 8.
r, is the identity element of {D,, *}.
Also we see that the inverses of 7, r,, ..., rg are respectively rs, ry, 7|, ¥4,
Fs, Ig, 7 and ryq.

Example 4.14 Show that, if {U,} is the set of ™ roots of unity, {U,, x}
is a cyclic group. Is it abelian?

ll/n — (610 + 2rlrl)1/n — lelrl/n; r=0,1,2, .. (I’l _ 1)
ie., the n™ roots of 1 are
1’ eZm/n, 647”/”, e6m/n’ eZ(n—l)m/n.

If we denote ¢*™ by @, the n™ roots of 1 are {U} = {I, o, @, @, ..., ®" '}
Now {U,} is closed under multiplication. Obviously 1 € U, is the identity
element,
aslxow =0"x1=o" forr=1,2, ... n-1).
Also for every element @” € U, there exists an element @"~" € U,, such that
OXO"TT=0""x 0 =0"= eZn‘i =1

. """ is the inverse of @" [(r =10, 1, ... n — 1)]
Hence {U,, X} is a group
Also o' xo'=0x o, for o, ®e U,

{U,, X} is an abelian group.
The generator of this group is obviously @. Even 1 is generated by @, as
0" =1.
Hence {U,, x} is a cyclic group of order n.

Example 4.15 Show that every group of order 3 is cyclic and every
group of order 4 is abelian.
(1) Since G is of order 3, it must have two distinct elements a, b apart from
the identity element e.
Since G is closed under the operation *,
a*be G
a*b=aoraxb=bora*b=e
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(i)

Ifa*b=a,axb=ax*e

b = e, by cancellation law
Ifa*b b,axb=ex*b
. a = e, by cancellation law
But @ and b are not equal to e.

axb=e (1)
Again by closure law, ¢’ € G
o @ =aora*=bora*=ce
Ifa>=aora*a=a* e, then a = e, which is not true
If a® = e, then a* = a * b, by (1)
: a = b, which is not true.
- a=b (2)
Also @ =a*a*=ax*b, by (2

= e, by (1)

Hence G = {a, a°, a® (=€)} is a cyclic group with generator a.

Let G = {e, a, b, ¢}, where e is the identity element.

By closure law, either > = b*> = ¢* = e or at least one of (a2, b* and ¢?) # e.

Case | Let a*=b=c*=e (1)

.TheI.l in the composition table qf (G) Table 4.9

given in Table 4.9, the elements in the

first row and first column are fixed by the - ¢ a b ¢

property of e. e e a ¢
By the assumption (1), the elements in a e ¢ b

the principle diagonal are also fixed as e. b b c e a
Let us now consider the element a * b c c b a e

in the second row and third column.
Ifa*b=a,then a * b=a * e and so b = e, which is not true. Similarly
a * b # b. Hence a * b = ¢. Similarly the element in the second row and
fourth column is ». By similar reasoning, we find the other elements of
Table 4.9.
From the table, it is obvious that {G, *} is abelian.

Note The four-element group {G, *} represented by Table 4.9 is called Klein’s

four group. This group is not cyclic, since no element can generate the
other elements of G.
Case 2 At least one of ¢, b* and ¢? is not equal to e. Let a* # e. Also
a#e.
Hence a®> = b or ¢, since the elements of G are to be distinct.

Let ¢®> = b. Then ¢ # e or a or a°.

c=a, since, > =a**ae G.
Similarly if a* = ¢, then b = &°.
Thus, G = {e, a, a, a3}

Obviously, {G, *} is abelian. Also it is cyclic with a as the generator.
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EXERCISE 4(A)

Part A: (Short answer questions)

1.

2.
3.

—_ —_
[\S]

—_
W

14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

26.

—SwvxNo L

What is an algebraic system? Name some properties satisfied by algebraic
systems.

Define identity, inverse and idempotent elements of an algebraic system.
Find the identity element of the algebraic system {S, *}, where S is the
set of integers and * is defined by a * b=a + b + 2, for all a, b € S.
Find the inverse of the element a € S in the previous question.

What is homomorphism with respect to an algebraic system?

Define isomorphism with respect an algebraic system.

What is Cayley’s composition table? Give an example for the same.
Define sub-algebraic system with an example.

Define direct product of two algebraic systems.

Define semigroup and monoid with an example for each.

If {S, *} is a semigroup such that a * ¢ =c¢ * a and b * ¢ = ¢ * b, where
a, b, c € S, prove that (a * b) * ¢ = ¢ * (a * b).

. If {(x, ), *} is a semigroup such that x * x = y, show that (i) x * y =y *

xand (il) y * y = x.

. If {S, *} is a commutative semigroup such that x * x =x and y * y =y,

show that (x * y) * (x * y) = x * y, where x, y € S.

A binary operation * is defined on Zby a * b=a + b — ab, where a, b €
Z. Show that {Z, *} is a semigroup.

If {M, =} is a monoid with identity e and b, b" are inverses of a € M,
show that b = b". [Hint: b * (a * b') = (b * a) * b’]

Show that {Z', *}, where * is defined by a * b=aq, foralla, be Z", is a
semigroup. Is it a monoid?

If § = N X N and the binary operation * is defined by (a, b) * (¢, d) = (ac,
bd), for all a, b, ¢, d € N, show that {S, *} is a semigroup. Is it a monoid?
Show that {Z*, *} where * is defined by @ * b = max(a, b) for all a, b €
Z', is a monoid. What is the identity element?

IfS= {1, 2,3, 6} and * is defined by a * b = lcm(a, b), where a, b € S,
show that {S, *} is a monoid. What is the identity element?

Define subsemigroup and submonoid with an example for each.

Define a group with an example.

State the basic properties of a group.

Define the order of a group and order of an element of a group.

Find the order of every element of the group {(1, —1, i, —i), X}, for which
the identity element is 1.

Find the order of every element of the multiplication group G = {a, a°, a°,
at, &, a® = e}.

Show that the identity element of a group is the only element whose order
is 1.



212

Discrete Mathematics

27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

Prove that the inverse of the inverse of an element of a group is equal to
the element itself.

Show that the set {1, 2, 3, 4} is not a group under addition modulo 5.

Show that the set {1, 2, 3} is not a group under multiplication modulo 4.
If a is an element of a group with identity e such that a*> = a, prove that
a=e.

If every element of a group (G, *) is its own inverse, prove that G is
abelian. [Hint: Use (a * b) = (a * b)"', where a, b € G)].

If2 a2 and b are any two elements of an abelian group, prove that (ab)* =
ab’.

If g and b are any two elements of a group G such that (ab)> = a’b%, show
that G is abelian.

Define a permutation group.

Define a dihedral group.

How are {S,, *} and {D,, *} related? What are their orders?

Define a cyclic group with an example.

Show that the multiplication group {1, @, ®?} where ® is a complex
cube root of unity is a cyclic group. What are the generators?

Show that the group {G, +s} is a cyclic group where G = {0, 1, 2, 3, 4}.
What are its generators?

How many generators are there for a cyclic groups of order 87 What are
they? [Hint: Use property (4) of cyclic groups]

Part B

41.

42.

43.

44,

45.

46.

If N is the set positive integers and * denotes the least common multiple

on N, show that {N, *} is a commutative semigroup. Find the identity

element of *. Which elements in N have inverses and what are they?

If O is the set of rational numbers and * is the operation on Q defined by
a*b=a+b - ab,

show that {Q, *} is a commutative semigroup. Find also the identity

element of *. Find the inverse of any element of Q if it exists.

If Z, is the set of equivalence classes generated by the equivalence relation

“congruence modulo 6”, prove that {Z;, +4} is a monoid, where the

operation and +4 on Z; is defined by [i] +4 [j] = [(i +j)(mod 6)], where

[i], /1 € Zs. What are the inverses of the elements of Z?

If R is the set of real numbers and * is the operation defined by a * b =

a+ b+ 3ab, where a, b € R, show that {R, *} is a commutative monoid.

Which elements have inverses and what are they?

Show that there exists a homomorphism from the algebraic system {N, +}

to the system {Z,, +,}, where N is the set of natural numbers and Z, is the

set of integers modulo 4. Is it an isomorphism?

[Hint: Define g: N = Z, by g(i) = [i]}

If {S, +} and {7, x} are two algebraic systems, where S is the set of all

real numbers and T is the set of non-zero real numbers, prove that the

mapping g: S — T defined by g(a) = 3% for a € S is a homomorphism but

not an isomorphism.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

If {R", x} and {R, +} are two semigroups in the usual notation, prove
that the mapping g(a): R — R defined by g(a) = log, a is a semigroup
isomorphism.

If {Z, +} and {E, +}, where Z is the set of all integers and F is the set of
all even integers, show that the two semigroups {Z, +} and {F, +} are
isomorphic. [Hint: g(a) = 2a, where a € Z.]

If C is the semigroup of non-zero complex numbers under multiplication
and R is the semigroup of non-zero real numbers under multiplication,
show that g: C — R, defined by g(z) = |z| is a homomorphism.

If S =N X N is the set of ordered pairs of positive integers and * is an
operation on S defined by (a, b) * (¢, d) = (a + ¢, b + d), show that {S, *}
is a semigroup. If /': (S, *) — (Z, +) is defined by f(a, b) = a — b, show
that f'is a homomorphism.

If §= N X N is the set of ordered pairs of positive integers and * is an
operation on S defined by (a, b) * (¢, d) = (ac, bd), show that {S, *} is a
semigroup. If /: (S,*) — (Q, X) is defined by f(a, b) = a/b, show that f'is
a homomorphism.
(i) Prove that the set {0, 1, 2, 3, 4} is a finite abelian group of order 5
under addition modulo 5 as composition.
(i1) Prove that the set {1, 3, 7, 9} is an abelian group under multiplication
modulo 10.
(i) If * is defined on Q" such that g * b = a?b’ for a, b € Q", show that
{O", *} is an abelian group.
(i1) If * is defined on Z such thata * b=a + b+ 1 for a, b € Z, show that
{Z, %} is an abelian group.
(i) If * is defined on R such that a * b =a + b — ab, for a, b € R, show
that {R, *} is an abelian group.
Show that the set of all polynomials in x under the operation of addition
is a group.
Show that the sets of 2 X 2 matrices in (i), (iii), (iv) form groups under
matrix multiplication and the set in (ii) forms a group under matrix addition.
Which of them are abelian groups?
1 o][-1 o]]1 o][-1 o0
o o 0 e S 2D
o {2 |
(i) sa,b,c,deR;ad —bc#0
lc d
{ a b} ) }
(iii) sa,beR;a”“+b°#0
|—b a
o o 2Jesomes
@iv) ;a#0and e R
la a
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1 23 45 6 1 23 45 6
56.Ifa—( ]andﬂ—( ]aretwo

315 46 2 5316 2 4

elements of the symmetric group S, find of3, e, o’ ﬁz, o' and ﬂfl.
57. If o, B are elements of the symmetric group S, given by

(1 2 3 4) (1 23 4)

o= and f = ,

34 21 2 4 31
find aB, for, o® and o' Find also the orders of o, B and af.

58. In the symmetric group S;, find all those elements a and b such that
() (a * b)? # a* = b?; (i) a*=¢; a® =e.

59. Show that the group {(1, 2, 3, 4, 5, 6), X5} is cyclic. How many generators
are there for this group? What are they?

60. Show that the group {(1, 2, 4, 5, 7, 8), Xy} is cyclic. What are its
generators?

SUBGROUPS

Definition
If {G, *} is a group and H < G is a non-empty subset, that satisfies the
following conditions:

1. Fora,be H,a*be H.

2. e € H, where e is the identity of {G, *}.

3. Forany a € H, a’' € H, then {H, *} is called a subgroup of {G, *}.

Note {H, *} is itself a group with the same identity as that of {G, *} and with
the same binary operation * defined on G.

Obviously {e, *} and {G, *} are trivial subgroups of {G, *}. All other
subgroups are called proper subgroups.

For example, (1) the additive group of even integers is a subgroup of the
additive group of all integers, and (2) the multiplicative group (1, —1) is a
subgroup of the multiplicative group {1, —1, i, —i}.

Theorem
The necessary and sufficient condition for a non empty subset H of a group
{G, *} to be a subgroup is a, be H=a *b' e H.

Proof

(1) Let H be a subgroup.
Thenifa,be H,b' € H
a * b' € H, by closure property.
Thus, the condition is necessary.

(i) Leta * b € H, where a, b € H, where H is a nonempty subset of G.
If b = a, the given condition gives

axa'e H

ie., ee H (1)
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Using the given condition for the pair e, « € H, we have e * a' € H

ie., ale H (2)
Similarly, ble H
Using the given condition for the pair @ and 5! € H, we have
ax(bY'e H
ie., a*be H 3)

From (1), (2) and (3), it follows that {H, *} is a group and hence a
subgroup of G.
Thus the condition is sufficient.

GROUP HOMOMORPHISM

Definition
If {G, *} and {G’, A} are two groups, then a mapping /: G — G’ is called a
group homomorphism, if for any a, b € G,
fa = b) = fla) A f(D).
A group homomorphism f is called group isomorphism, if f is one-to-one
onto.
Theorem
If f: G — G’ is a group homomorphism from {G, *} to {G’, A}, then
(1) f(e) = ¢, where e and ¢’ are the identity elements of G and G’ respectively,
(ii) for any a € G, fla) = [f(@)]"
(iii) if H is a subgroup of G, then f{H) = {f(h)|h € H} is a group of G’
Proof
(1) fle * e) = f(e) A f(e), by definition of homomorphism.
ie., fle) = fle) A fe).
ie., f(e) is an idempotent element of {G’, A}
But the only idempotent element of a group is its identity.
fle)=¢
(i) Foranya e G,ale G
> fla = a') = fla) A fla™)
Le, fle) = fla) A fla™")

ie., ¢ = fla) A fla™) (1)
Similarly, f(a! * a) = fla™") A f(a)
ie., ¢ = fle) = fla") A fla) (2)

From (1) and (2), we see that
fla!) is the inverse of f(a)
ie., flah) = [fl]™.
(i) Let Ay, h, € H.
Then  h = f(h)) and h} = f(hy) € f(H)
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Now Al A ()™ = flhy) A [fhy)]"
= flh)) A f(h3"), by (i)
= f(h, * h3"), by homomorphism

—_

= f(hy), where hy = h, * hy' € H, as H is a subgroup.
ie. B A (W)™ e f(H)
Thus hi, b5 € f(H) = hl A ()™ e f(H).
f(H) is a subgroup of G

KERNEL OF A HOMOMORPHISM

Definition

If f: G — G is a group homomorphism from {G, *} to {G’, A}, then the set of
elements of G, which are mapped into ¢’, the identity element of G’, is called
the kernel of the homomorphism f and denoted by ker( f).

Theorem
The kernel of a homomorphism f from a group (G, *} to another group (G’, A)
is a subgroup of (G, *}.
Proof
By the previous theorem,
fle) = €, where e and ¢’ are the identities of G and G’
o e € ker(f)
ie., ker(f) is a non empty subset of (G, *)
Let a, b € ker(f)
- fla) = ¢ and f(b) = ¢/, by definition
Now fla b= fla) A f(b)
= f(a) A {f(b)}", by the previous theorem
=¢ A {e}!
e' A

a*ble ker(f)
Thus when a, b € ker(f), a * b € ker(f)
ker( /) is a subgroup of {G, *}.

COSETS

Definition
If {H, =} is a subgroup of a group {G, *}, then the set aH, where a € G,
defined by

aH = {a * hh € H}
is called the left coset of H in G generated by the element ¢ € G - a is called
the representative (element) of the left coset aH.



Group Theory 217

Similarly the set Ha defined by
Ha = {h * alh € H}
is called the right coset of H in G generated by a € G - a is again called the
representative (element) of Ha.

Lagrange’s Theorem

The order of a subgroup of a finite group is a divisor of the order of the group.
Proof

Let aH and bH be two left cosets of the subgroup {H, *} in the group {G, *}.

Let the two cosets aH and bH be not disjoint.
Then let ¢ be an element common to aH and bH i.e., ¢ € aH N bH.

Since, ¢ € aH, c = a * hy, for some h) € H (D)
Since, ¢ € bH, c = b * h,, for some h, € H 2)
From (1) and (2), we have
a*h =bx*h,
a="b%*hy* ' (3)

Let x be an element in aH

: X=a * hy, for some h; € H
=b % hy * by * hy, using (3)

Since H is a subgroup, h, * h;' * hy e H

Hence, (3) means x € b H

Thus, any element in aH is also an element in bH. .. aH C bH
Similarly, we can prove that bH c aH

Hence aH = bH

Thus, if aH and bH are not disjoint, they are identical.
The two cosets aH and bH are disjoint or identical. “4)

Now every element a € G belongs to one and only one left coset of H in G,

for,
a=aee€ aH,sincee e H

ie., a € aH
a ¢ bH, since, aH and bH are disjoint i.e., a belongs to one and only left coset
of Hin G i.e.,, aH. ®)]

From (4) and (5), we see that the set of left cosets of A in G form a partition
of G. Now let the order of H be m.
viz., let H = {h,, h,, ..., h,}, where h;’s are distinct
Then aH = {ah,, ah,, ... ah,}

The elements of aH are also distinct, for, ah; = ah; = h; = h;, which is not
true.

Thus H and aH have the same number of elements, namely m.

In fact every coset of H in G has exactly m elements.

Now let the order of the group (G, *) be n, i.e., there are n elements in G.
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Let the number of distinct left cosets of H in G be p. [p is called the index of
Hin G.]
the total number of elements of all the left cosets = pm = the total number
of elements of Gie.n=p - m
i.e. m, the order of H is a divisor of n, the order of G.

Deductions

1. The order of any element of a finite group is a divisor of the order of the
group.
Proof
Let a € G and let O(a) = m. Then a” = e. Let H be the cyclic subgroup
generated by a. Then H = {a, &%, ..., d"(= e)}. i.e., O(H) = m.
By Lagrange’s theorem,

O(H) is a divisor of O(G)

. O(a) is a divisor of O(G)

2. If G is a finite group of order n, then a”" = e for any element a € G.

Proof
If m is the order of a, then & = e. Then m is a divisor of n. i.e., n = km
Now a" = a*m = (amk = ek =e.
3. Every group of prime order is cyclic.
Proof

Let a(# e) be any element of G
O(a) is a divisor of O(G) = p, a prime number
O(a) =1 or p (= the divisors of p are 1 and p only)
If O(a) = 1, then a = e, which is not true.
Hence, O(a) = p. ie,d’ =e
G can be generated by any element of G other than e and is of order
p. 1.e., the cyclic group generated by a(# e) is the entire G.
ie., G is a cyclic group.

NORMAL SUBGROUP

Definition
A subgroup {H, *} of the group {G, *} is called a normal subgroup, if for any
a € G,aH = Ha (i.e., the left and right cosets of H in G generated by a are the
same)

Note aH = Ha does not mean that a * h = h * a for any h € H, but it means that

a * hy = h, * a, for some h, h, € H.

Theorem
A subgroup (H, *) of a group (G, *) is a normal subgroup if and only if ¢! * A
*qge Hforeveryae Gand h € H.
Proof

(1) Let (H, *) be a normal subgroup of (G, *).

Then aH = Ha for any a € G, by definition of normal subgroup.
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Now h*ae Ha=aH
h#*a=a* h,for some hy € H
ie., a'*h*a=h e H
(i) Let a'*h+ae H foreveryae Gand he H
Then a*(a'*h=a)e aH
ie., (@a*a')y*(h+*a)e aH
ie., e* (h+*a)e aH
i.e., h*ae aH
Ha c aH (D)
Let b=a'e G,since,al e G
b'¥h+be H
ie., @ht«hxaleH
ie., a*h+a'le H
(@a*h*a')y*ae Ha
ie., (a*h)*(a'*a)e Ha
ie., (a* h)*ee Ha
ie., a* he Ha
aH c Ha 2)

From (1) and (2), it follows that aH = Ha.

QUOTIENT GROUP (OR) FACTOR GROUP

Definition

If H is a normal subgroup of a group (G, *) and G/H denotes the set of all (left
or right) cosets of H in G and if the binary operation ® is defined on G/H by
aH ® bH = (a * b)H [or Ha ® Hb = H(a * b)] for all a, b € G, then {G/H, ®}
is a group called a quotient group or factor group.

Theorem

If H is a normal subgroup of a group (G, *), then {G/H, ®} is a group, where
G/H and ® are defined as above:

Proof
Let G/H = {aH/a € G}
Then eH = H, where e is the identity of (G, *)

eH(=H) € G/H
ie., G/H is not an empty set (D)
If aH, bH € G/H, then aH ® bH = (a * b)H € G/H
Hence, G/H is closed under ® 2)

Let aH, bH, cH € G/H
Now aH ® {bH ® cH} = aH ® (b * ¢)H
={a = (b*o)}H
= {(a * b) * c}H, since, a, b, c € G
=(a*b) H® cH
= {aH ® bH} ® cH
the operator ® is associative 3)
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Now aH ® eH=(a * e) H {*- eH € G/H by (1)}
=aH

Also eH ® aH = (e * a)H = aH

eH is the identity element of G/H

Since, aH € g/H, a'H e G/H.

Now aH ® a'H=(a * a")H = eH

Also a'H® aH = (a! * a)H = eH

: a'H is the inverse of aH

By (1), (2), 3), (4) and (5), {G/H, ®} is a group
Note The operation ® is called coset multiplication.

Theorem

4)

(&)

If £: (G, *) > (G, A) is a homomorphism with kernel K, then K is a normal

subgroup of G and the quotient group G/K is isomorphic to f(G).

Proof
(1) We have already proved that

K=Xker(f)= {a e G|f(a) = ¢} is a subgroup of (G, *), where ¢ is the

identity of (G’, A).
Now for any a € G and k € K,

fla! = k+a) = flah) A f(k) A fla)
=fla!) A e A fla)
= [flay" Afla)=¢
al«h+*ae K
{K, *} is a normal subgroup of (G, *)
(ii) Let ¢: G/IK —> G’ such that ¢aK) = f(a), for any a € G.
Let a, b € G such that aK = bK

Then (@' *a)K=(a'* bK

ie., eK = (a”' * b)K, where e is the identity of G and so of K.
ie., K=(a"'*bK
ie., al*e K

Thus, if aK=bK,a'*be K
fla! = b) = ¢, where ¢ is the identity of G’
ie., flay A fb) = ¢
ie., [Aa)]" Af(b) = ¢
ie., fla) A [fl@]™" A fb) = fla) A ¢
ie., f(b) = fla)
ie., NaK) = ¢(bK)
This means that the ¢ is well defined
Now daK ® bK) = ¢{a * b)K}
= fla * b)

(1)

)
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= fla) A f(b)
= ¢(ak) A ¢(aK)
o ¢ is a homomorphism. 3)
Now let  @(aK) = ¢(bK)
Then fla) = f(b)
@] A fla) = [f@]" A f(b)
ie., ¢ =fla' *b)
: alxbeK
aK = bK, by (1)
This means that ¢ is one-to-one 4)
Let x be any element of G’

Since f: G — G’ is a homomorphism from G to G’, there is an element
a € G such that

f(a) = x.

¢(aK) = fla) = x
Since aK € G/K, ¢: G/K — G’ is an isomorphism, or ¢: G/K — f(G) is
an isomorphism.

ALGEBRAIC SYSTEMS WITH TWO BINARY
OPERATIONS

Introduction

So far we have studied algebraic systems with one binary operation, namely
semigroup, monoid and group. As these are not adequate to describe the system
of real numbers satisfactorily, we shall now consider an abstract algebraic
system, called a ring, with two basic operations of addition and multiplication.
By imposing more restrictions on rings, other algebraic systems with two binary
operations will be obtained and discussed in this section.

RING

Definition
An algebraic system (R, +, ®), where R is a nonempty set and + and e are two
closed binary operations (which may be different from ordinary addition and
multiplication) is called a ring, if the following conditions are satisfied:
1. (R, +) is an abelian group
2. (R, ) is a semigroup
3. The operation e is distributive over +, i.e., for any a, b, ¢ € R,
ae(b+tc)=aeb+aecand
(b+tc)ea=bea+cea
Note Conditions (1) and (2) given above include the following:
(i) a+b=b+a,foranya, be R
@) (@a+tb)y+c=a+b+c),foranya, b, ce R.
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(iii)

(iv)
V)

There exists an identity element, denoted by 0 € R, such thata + 0 =0+ a = a,
for every a € R.

For every a € R, there is an element b(= —a) such that a + b=5b + a = 0.
ae(bec)=(aeb)ec, foranya,b, c

Example of rings are the set of integers (Z), real numbers (R), rational
numbers (Q) and complex numbers (C).

Definitions

1.

2.

If (R, ) is commutative, then the ring (R, +, ®) is called a commutative
ring.

If (R, ®) is a monoid, then the ring (R, +, ®) is called a ring with identity
or unity.

. If @ and b are two non-zero elements of a ring R such that a e b = 0, then

a and b are divisors of 0 or zero divisors.

(For example, if R is the set of integers modulo 6, under addition and
multiplication modulo 6, the elements of R are [0], [1], [2], ... [5].
Now [2] %¢ [3] = [0], but [2] # [0] and [3] # O.

The [2] and [3] are zero divisors in R, i.e., in a ring R, a ® b = 0 with
neither a = 0 nor b = 0.)

. A commutative ring with unity (containing at least 2 elements) and without

zero divisors is called an integral domain.

Example

The ring of integers is an example of an integral domain, whereas (Z, +,
%) 1s not an integral domain, since [2]; X, [3]¢ = [0]¢.

. A commutative ring R with multiplication identity, containing at least

two elements is called a field, if every non-zero element of R has a
multiplicative inverse in R.

Example

The ring of rational numbers (0, +, ®) is a field, since it is a commutative
ring with identity and the multiplicative inverse of every non-zero element
of Qisin Q.

Similarly the set R of real numbers and the set of complex numbers
under ordinary addition and multiplication are fields.

. A non-empty subset S < R, where (R, +, ®) is a ring, is called a subring of

R, if (S, +, e) is itself a ring with the operations + and e restricted to S.

Example

The ring of even integers is a subring of the ring of integers under
ordinary addition and multiplication.

. If (R, +, ) and (S, ®, ©) be rings and f: R — S is a mapping from R to S,

then f'is called a ring homomorphism from R to S, if for any a, b € R,

fla +b) = fla) ® f(b) and f(a ® b) = f(a) O f(b).
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Some Elementary Properties of a Ring

1. (a) The additive identity or the zero element of a ring (R, +, ®) is unique.
(b) The additive inverse of every element of the ring is unique.
(¢) The multiplicative identity of a ring, if it exists, is unique.
(d) If the ring has multiplicative identity, then the multiplicative inverse
of any non-zero element of the ring is unique.

Proof
(a) If possible, let there be two elements of the ring, say 0 and 0’
Since 0" € R and 0 is a zero element, 0+ 0=0+0"=0" (1)
Since 0 € R and 0’ is a zero element, 0 + 0" =0"+0=10 2)
From (1) and (2), we get 0" = 0.
i.e., zero element of ring is unique.
(b) Let b and ¢ be two additive inverses of a € R, if possible.

Then atb=b+ta=0 (1)
Similarly, atc=c+a=0 2)
Now b=b+0=b+(a+c),by (2

= (b + a) + ¢, by associativity

=0+¢ by (1)

=c

Thus the additive inverse of a is unique. In a similar manner, the
proofs of (c) and (d) may be given.

2. The cancellation laws of addition
For all a, b, c € R,
(a) If a + b =a + ¢, then b = ¢ (left cancellation)
(b) If b+ a=c+ a, then b = ¢ (right cancellation)

Proof
(@ a+tb=a+c
(-a) + a+ b= (—a)+ a+ c, where —a is the additive inverse of a
ie, (—a +a)+b=(-a+ a)+ c by associativity
e, 0+b=0+c
e, b=c.
Similarly (b) part may be proved.

3. If (R, +,e)isaringand a € R, then a ® 0 = 0 ® ¢ =0, where 0 is the zero
(additive identity) element of R.

Proof
ae0=ae(0+0),since0+0=0
=a e (0 + a e 0, by distributivity (1)
O+ael0=ae0
=ae(0+ae0,by(l)
.. By the cancellation law,
ae(0=0.
Similarly we can prove that 0 e a = 0.
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Note The operation e need not represent ordinary multiplication.

4. If (R, +, o) is a ring, then for any a, b, ¢ € R,
(@) «(-a)=a
(b) ae(-b)=(-a)eb=—(aebh)
() a)e(-b)=aseb
(d) ae(b—c)=aeb—-—aec
(e) (a—b)ec=aec—bec
Proof
@) (-a)ta=a+(-a)=0
a is the additive inverse of (—a)
Also the additive inverse of (—a) is unique

—(—a) = a.
(b) We have a ® (-b + b) = a e (—b) + a e b, by distributivity
ie, ae0=ae(-b)+aeb
ie., 0=a e (=b)+ ae b, by property (3)
the additive inverse of a @ b is a ® (—b)

ie., —(aeb)=ae(-b) (1)
Similarly, we may prove that
—(aeb)y=(-a)e b (2)
(¢) From (1) of (b), we have
(—a) ® (-b) = —[(—a) * b)], by replacing a by —a

= —[—(a ® b)], from (2) of (b)
= g e b, by property 4(a)
(d) ae(b-—c)=ase[b+ (-0
=a e b+ a e (—c), by distributivity
=aeb+[-(aec)by (b))
=aeb—-aec
[a + (=b)] ®c
=a e ¢ + (—=b) e ¢, by distributivity
aec+[—(bec)
aec—bec

(¢) (a—b)ec

5. A commutative ring with unity is an integral domain if and only if it
satisfies cancellation law of multiplication.
Proof
(a) Let R be an integral domain and a(= 0) € Randleta e b=a e ¢ (1)
ie, ae(b-¢)=0
Since R is an integral domain, @ = 0 or b — ¢ = 0. But a # 0.
b-—c=0o0rb=c 2)
From (1) and (2), we see that the left cancellation holds. Since the
ring is commutative, the right cancellation also holds.
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(b) Converse
Let the cancellation law hold good for R.
Then for a, b € R where a # 0,
if aeb=0=qge(0, then b=0
Similarly, ifb #0, then a=0.
Thus, ifa e 5 =0, then a=0 or =0
i.e., R has no zero divisors
ie., R is an integral domain.

6. Every field is an integral domain.

Proof

Since a field F' is a commutative ring with unity, it is enough we prove
that F has no zero divisors to show that it is an integral domain.
Leta,be Fsuchthat a#0andaeb=0 (D)
Since @ # 0, a! exists.

Hence, from (1), we have

ale(aeb)y=a'e0=0

ie., (a'ea)yeb=0
ie., leb=0
ie., b=20

Similarly if 5 # 0, b™! exists.
Hence, from (1), we have
(aeb)yeb'=0epb'=0

ie., ae(beb)=0

ie., ael=0

i.e., a=0

Thus, if a ® b = 0, where a, b € F, then
a=0orb=0

i.e., the field F has no zero divisors
F is an integral domain.
Note The converse of property (6) need not be true, viz., every integral domain is
not a field.
For example, the ring of integers is an integral domain, but it is not a field, as the
elements 1 and —1 only have inverses.

7. Every finite integral domain is a field.

Proof
Let {D, +, o} be a finite integral domain. Then D has a finite number of
distinct elements, say, {a;, a,, ..., a,}.

Let a (# 0) be any element of D.

Then the elements a ® a;, a ® a,, ... a ® a, € D, since D is closed under
multiplication. The elements a ® a;, a ® a,, ..., a ® a, are distinct, because
ifaea =aea,thenae (a,—a)=0.
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But a # 0. Hence a; — a;= 0, since D is an integral domain i.e., a; = aj

which is not true, since ay, a,, ..., a, are distinct elements of D.
Hence, the sets {a e a, a ® a,, ..., a ® a,} and {a|, a, ..., a,} are the

same.
Since a € D is in both sets, let a ® a, = a, for some k (D)
Then a, is the unity of D, detailed as follows:
Let afe D)=aeq 2)
Now a; ® a;= a; ® a; by commutativity

= a; ® (a®a), by (2)

=(ap®a)eaq

= (a ® a;) ® a; by commutativity

=a e a, by (1)

= a;, by (2)

Since, g; is an arbitrary element of D
a, is the unity of D
Let it be denoted by 1.
Since, 1 € D, there exist a (# 0) and g; € D such thata e g, =q; 0 a =1
. a has an inverse.
Hence, (D, +, o) is a field.

8. If (R, +, @) is a ring and S is non-empty subset of R, then (S, +, ) is
subring of R, if and only if for all @, b€ S,a—b € Sanda e b € S.

Proof
Since (R, +, ®) is a ring, (R, +) is an abelian group.
Since § is a non-empty set of R, it is a subgroup of R, if and only if, for
alla,be S,a*b'eS.
Here the binary operation is + and the additive inverse of b is —b
S is a subring of the ring R, if and only if @ + (-b) € §
e, a—beS.
Now § is a ring by itself.
Whena, be S,aebe S
9. If f: (R, +, ®) > (S, ®, ©) is a ring homomorphism, then
(a) f(0) = 0’, where 0 and 0" are the additive identities (zeros) of R and S.
(b) f(-a) = —f(a), for every a € R.
(c) f(na) = nf(a), for every a € R, where n is an integer.
(d) (@) = [f(@)]", for every a € R, where n is a positive integer.
Proof
(a) Since f(0) € S, we have
0" ® f(0) = £(0)
= f(0 + 0), since 0 is the identity of R
= f(0) ® f(0)
By cancellation law of addition in S, we have f(0) = 0".
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(b) 0" = f(0) = fla + (-a)}
= fla) ® f(-a)
Since additive inverses in S are unique, f(—a) is the additive inverse
of f(a)
ie., f(=a)= —f(a).

(c) When n =0, f(na) = f(0) = 0" = n f(a)
When n = 1, f(a) = 1 f(a)
Hence, the result is true for » = 0 and 1.
Let the result be true for n = k (= 1) (induction hypothesis)
Now f{(k + 1) a} = flka + a)
= flka) ® f(a)
= k f(a) ® f(a), by inductions hypothesis
= (k+1) fla)
i.e., the result is true for n = k£ + 1
By mathematical induction, the result f(na) = nf(a) for all a € R,
ne 7"
Now if n € Z°,
Sna) @ f(na) = fin(-a)} @ f(na)
=n f(—a) ® n f(a), by the previous part
n[f(-a) ® f(a)]
n[-f(a) ® f(a)], by part (b)
= n(0")
= 0’
f(—na) = the additive inverse of f{na) in §
= —f(na)
—n f(a), by previous part.
The result is true for all n € Z.
(d) This result too can be proved by mathematical induction.

\\ WORKED EXAMPLES 4(B)

Example 4.1 Every subgroup of a cyclic group is also cyclic.

Let G be the cyclic group generated by the element a and let H be a
subgroup of G. If H= G or {e}, evidently H is cyclic. If not, the elements of H
are non-zero integral powers of a, since, if @ € H, its inverse a " € H.

Let m be the least positive integer for which a™ € H (D)

Now let a” be any arbitrary element of H. Let ¢ be the quotient and r the
remainder when # is divided by m.

Then n = mq + r, where 0 < r <m 2)
Since, a™ € H, (a™)? € H, by closure property
ie., a™ e H

(@™ € H, by existence of inverse, as H is a subgroup
ie., a ™ e H.
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Now since, a" e Hand a™ € H,
a""" e H
ie., a"e H

By (1) and (2), we get r =0 .. n=mq

. a" = a"l = (a")

Thus, every element a” € H is of the form (a™)?.
Hence H is a cyclic subgroup generated by a™.

Example 4.2 1If G is an abelian group with identity e, prove that all
elements x of G satisfying the equation x> = e form a subgroup H of G.

H={x|x*=¢}
e?=e .. the identity element e of G € H
Now ¥ =e
R xloxt=x'.e
ie., x=x1 (1)
Hence, if x € H, x' € H.
Letx,ye H
Since, G is abelian, xy = yx
=y 'x, by (1)
= ()

()Yl =e ie,xye H

Thus, if x, y € H, we have xy € H

Thus, all the 3 conditions in the definition of a subgroup are satisfied.
H is a subgroup of G.

Example 4.3 1If G is the set of all ordered pairs (a, b), where a(# 0) and b
are real and the binary operation * on G is defined by
(a, b) * (¢, d) = (ac, bc + d),

show that (G, *) is a non-abelian group. Show also that the subset H of all
those elements of G which are of the form (1, ) is a subgroup of G.

The reader can verify the closure and associative property of G.

If (e;, e,) is the identity of (a, b) € G,
then (e, ey) * (a, b) = (a, b)
ie., (e,a, e,a + b) = (a, b)

eja=aand e;a+b=>

. e,=1lande, =0
ie., (1, 0) is the identity of G.

If (x, y) is the inverse of (a, b) € G,
then (x, y) * (a, b) = (1, 0)
ie., (xa, ya + b) = (1, 0)

_ 1
xa=1lorx= —
a
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and ya+ b= Ooryf—s

. (1 b
Inverse of (a, b) is (a’_a) (1)

Thus, (G, *) is a group.
Obviously, H is not an empty set.

Now ap) s ot = (L=< oy )
— (L B # (1, - o)
=(1-1,b-1-c), by definition of *
—(1,b-c)
(1,b-c)e H.

Hence, the necessary and sufficient condition for a subgroup is satisfied.
H is a subgroup of G.

Example 4.4 Prove that the intersection of two subgroups of a group G
is also a subgroup of G. Give an example to show that the union of two
subgroups of G need not be a subgroup of G.
Let H, and H, be any two subgroups of G. H, N H, is a non-empty set,
since, at least the identity element e is common to both H, and H,.
Letae H N H, Thenae H and a € H,
Letbe H nH, Thenae H and b € H,
H, is a subgroup of G.
axble H,, since, a and b € H.
H, is a subgroup of G.
o a*b' e H,, since a and b € H.
Hence, a*b'e H nH,
Thus, when a, b € H, " Hy, a * b' € H, N H,
. H, N H, is a subgroup of G.
Let G be the additive group of integers.
Then H={- -6,-4,-2,0,2,4,6, ---} and
H,={-,-9,-6,-3,0,3,6,9, ---} are both subgroups of G.
Now H; U H, is not closed under addition.
For example, 2 € H, U H,and 3 € H U H,
But 2+3=5¢ H UH,
: H, U H, is not a subgroup of G.

Example 4.5 Show that the group {Z,, +,} is isomorphism to every
cyclic group of order n.

Let the cyclic group (G, *) of order n be generated by an element ¢ € G.
Then the elements of G are {a, a? a(= e)}.

Let us consider the mapping f': Z - G deﬁned by £([i]) , 1=
n — 1. Obviously [1] is the generator of {Z,, +,}, as ] [ ]
[1] +, [1] +, ... n times = [n] = [1]

2, ...

0,1,
:[]etc
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Now fi +jD)=a"
=g a
= fED - ALD

f'is a homomorphism from Z, to G. Also f'is onto. Hence, f'is an isomorphism.

Example 4.6 If G is the set of all ordered pairs (a, b) of real numbers and
* is the binary operation defined by (a, b) * (¢, d) = (a + ¢, b + d), prove that
(G, *) is a group. If G’ is the additive group of all real numbers, prove that the
mapping /: G — G’ defined by f(a, b) = a, for all a, b € G is a homomorphism.
It is easily verified that (G, *) is a group, with the identity element (0, 0).

The inverse of (a, b) is (—a, —b).
Now {fla, b) * (¢, d)}y=fla+c, b+ d}

=a + ¢, since f(a, b) = a

= fla, b) + f(c, d)

Hence, f'is a homomorphism from G to G’.

Example 4.7 If R and C are additive groups of real and complex numbers
respectively and if the mapping /> C — R is defined by f(x + iy) = x, show that
fis a homomorphism. Find also the kernal of f.
Let a + ib and ¢ + id be any two elements of C.
Then fla+ib) + (c+id)=f{(a+c) +ib+d)}
=atc
=fla + ib) + flc + id)
Hence, f'is a homomorphism from C to R.
The identity of R is the real number 0.
The images of all complex numbers with real part 0 are each equal to 0, the
identity of R, under f.
Hence, the kernal of f'is the set of all purely imaginary numbers.

Example 4.8 If G is the multiplicative group of all (n X n) non-singular
matrices whose elements are real numbers and G’ is the multiplicative group of
all non-zero real numbers, show that the mapping f: G — G’, where f(4) = [4],
for all 4 € G is a homomorphism. Find also the kernel of f.

Let A, B € G.

Now f(AB) = |4B|
= |4] - |B]
= f(4) - f(B)

fis a homomorphism from G to G’. The identity of G’ = 1.
The elements of G whose images under f'is 1 form the kernel of f.
Thus, the set of all matrices whose determinant values are equal to 1 form
the kernel of 1.

Example 4.9 1If G is the additive group of integers and H is the subgroup
of G obtained by multiplying each element of G by 3, find the distinct right
cosets of H in G.
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G=1{.,-3-2-0,1,2,3,..}
H={.,-9 -6,-3,0,3,6,9, ...}
Now 0 e G.

H+0={...,-9,-6,-3,0,3,6,9,...} = H
1 e G.

H+1={.,-8,-5 -2,1,4,7,10, ...}
2e .

H+2={.,6-7,-4,-1,2,5 8,11, ...}
3eG.

H+3={.,6-6,-3,0,3,6,9,12, ...}
We see that H +3 = H
Similarly H+4=H+1,H+5=H+2, H+ 6 =H etc.
We can also see that H + (-1)=H+2, H+(-2)=H+ 1, H+ (-3) = H and
SO on.
Hence, the three distinct right cosets of Hin G are H, H+ 1 and H + 2, as
they are disjoint. Also HU (H+ 1) U (H+2)=G

Example 4.10 Show that (H, *) is a subgroup of the symmetric group
(S5, *) of degree 3, where H = {p,, p,}. Find also the left cosets of H in G.
Refer to Table 4.2, which is the Cayley’s composition table of permutations
on S;. From the table, it is seen that (H, *) is a group by itself with identity p,
and with p;' = p, and p;' = p,.
Hence, (H, *) is a subgroup of (S;, *).
Now P =, *p,p*p)=@,p)=H
P = (py * pi.py ¥ p2) = (P2, p) = H
P = (p3 * p, p3 * py) = (D3, Pe)
PsH = (P4 * p1, P4 * P3) = (P4, Ds)
psH = (ps * p1, Ps * py) = (Ps, Pa)
PeH = (Ps * P1, Ps * P2) = (D> P3)
The three distinct left cosets of H in G are (p,, py), (P3, Ps) and (py, ps).

Example 4.11 Show that the set of inverses of the elements of a right
coset is a left coset, viz., show that (Ha)‘1 =q'H.
Let Ha be a right coset of Hin G, where a € G.If he H,thenh*ae H
Now (h=a)y'=a'=np! (1)
Since H is a subgroup of Gand h € H, h'' € H. Hence,a ' * h'' e a' H
or (h *a)' e a' H, by (1)
i.e., the inverse of every element of Ha belongs to the left coset a 'H

(Ha)' c a'H (2)
Now leta!*healH.
Then alsh=qag' s« (WY =0"*a)y' € (Ha)", since, i'' € H

i.e., every element of ¢ 'H belongs to the set of inverses of the elements of Ha
a'H c (Ha)™ (3)
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From (2) and (3), it follows that
(Ha)' = a’'H.

Example 4.12 If H is a normal subgroup of G and X is a subgroup of G
such that H € K < G, show that H is a normal subgroup of K also.
H is a normal subgroup of G
H is a subgroup of G.
Since H ¢ K ¢ G and K is a subgroup of G, H is a subgroup of K also.
Let x be any element of K.
Then x is an element of G too.
Since H is a normal subgroup of G, we have xH = Hx, for every x € G.
Since H is a subgroup of K and x € K,
xH = Hx, for every x € K
H is a normal subgroup of K also.

Example 4.13 Show that the intersection of two normal subgroups of a
group G is also a normal subgroup of G.
Let H, and H, be two normal subgroups of G.
The H, and H, are subgroups of G and hence, H; N H, is also a subgroup
of G. [Refer to the Example 4.4.]
Now let x be any element of G and / any element of H; N H,.
Then h e H and h € H,
Since H, is a normal subgroup of G, we have x'* h *x e H,.
Similarly x % h#xe H, ("~ H,is a normal subgroup of G)
: x‘l*h*xzeHlmH2
Hence, H, N H, is a normal subgroup.

Example 4.14 If His a subgroup of G such that x> € H for every x € G,
prove that H is a normal subgroup of G.
For any ¢ € G and h € H, we have a * h € G, by closure property.

(a * h)*> € H, by the given condition )
Also, since, ' € G, (a’l)2 =a’e H, by the given condition.
Since H is a subgroup (viz., a group by itself) and 4™, a> € H, we have

W'« a? e H (by closure property) 2)
From (1) and (2), we have

(@axhy«hlsa?eH

ie., a*hxaxh+*h'*aq’e H

i.e., a*h+*a#*e*a’e H where e is the identity
ie., a*h*a'eH

or a'# h*ae H(byreplacing a by a!)

H is a normal subgroup.

Example 4.15 If G is the additive group of integers and H is a subgroup
of G, defined by H = {4x|x € G}, write down the elements of the quotient
group G/H. Also give the composition table for G/H.
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= (... -1,0,1,2,3, ...}
{—12—8—404812}

Obviously G is an abelian group. Let a € G and & € H.
Now a'*h*a=a'*axh [~ G is abelian]
=ex*h
=he H
Hence, H is a normal subgroup of G.
Note In this problem the binary operation * is the ordinary addition.
The elements of G/H are the left (or right) cosets of H in G which are as
follows:
0O+H=H={...,-12,-8,-4,0,4, 8, 12, ...}
1+H={.,6-11,-7,-3,1,5,9, 13, ...}
2+ H={...,-10,-6,-2, 2,6, 10, 14, ...}
3+H={.,-9 -5-1,3,7, 11, 15, ...}
4+H={...,-8,-4,-0,4,8, 12, 16, ...} =
Similarly S+H=1+H 6+ H=2+H 7+H=3+ H etc.
Thus, there are 4 distinct elements in the set G/H.
If we define the binary operation ® as the ordinary addition, we see that
I+H@@B+H)=(1=H+Q@B+H=4+H
In general, if a, b € G, we see that
aH ® bH = (a + b)H
Hence, {G/H, +} is a quotient group.
The composition table for this quotient group is given in Table 4.10.

Table 4.10
+ H 1+H 2+ H 3+ H
H H 1+H 2+ H 3+ H
1+H 1+H 2+ H 3+ H H
2+ H 2+ H 3+ H H 1+H
3+ H 3+ H H 1+ H 2+ H

Example 4.16 Show that every quotient group of a cyclic group is cyclic.

Let G be a cyclic group and a be a generator of G.

Let H be a subgroup of G.

Since, every cyclic group is abelian and every subgroup of an abelian group
is a normal subgroup, H is a normal subgroup of G.

Let ¢” be any element of G when r is a positive integer. Then a"H(or Ha") is
any element of G/H.
Now adH=dH = (aH)
i.e., any element of G/H can be expressed as (aH)"

G/H is a cyclic group, generated by aH.
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Example 4.17 Show that the set M of all n X n matrices with real
elements is a non-commutative ring with unity with respect to matrix addition
and matrix multiplication as binary operations.
The sum and product of two n X n real matrices are again n X n real
matrices. Hence M is closed under matrix addition and matrix multiplication.
If A, Be M, then A + B= B + A. Hence, the binary operation + (i.e., matrix
addition) is commutative.
IfA,B,Ce M,then(A+B)+C=4+ B+ ()
Hence, matrix addition is associative.
If 0 is an n X n null matrix, then 4 + 0 =0 + 4 = 4, for every 4 € M. Since
0 € M, 0 is the additive identity of (M, +).
Corresponding to every A € M, there exists a matrix —4 € M such that
A+ (-A)+ (4 +4=0.
i.e., there exists an additive inverse for (M, +).
If 4, B, C € M, then we can prove that
(4B)C = A(BC)
Hence, (M, X) is associative. Similarly we can prove that
AB + C) = AB + AC and
(B+ C)A = BA + CA.
Thus, matrix multiplication is distributive over matrix addition
Hence, (M, +, X) is a ring.
In general, AB # BA. Hence (M, +, X) is a non-commutative ring.
If 1 is the n X n unit matrix, then / € M and Al = I4 = A, for every 4 € M.
Hence / is the multiplicative identity of (M, +, X) or (M, +, X) is a ring with
unity.

Example 4.18 Prove that the set Z, = (0, 1, 2, 3) is a commutative ring
with respect to the binary operation +, and X,.

The composition tables for addition modulo 4 and multiplication modulo 4
are given in Tables 4.11(a) and 4.11(b).

Table 4.11(a) Table 4.11(b)
i [0] (1] (2] (3] Xy (0] (1] (2] (3]
[0] 0 1 2 3 [0] 0 0 0 0
[1] 1 2 3 0 (1] 0 1 2 3
2] 2 3 0 1 2] 0 2 0 2
[3] 3 0 1 2 [3] 0 3 2 1

From the composition tables, we observe the following:

1. All the entries in both the tables belong to Z,. Hence, Z, is closed under
+4 and x,.

2. The entries in the first row are the same as those of the first column in
both the tables. Hence Z, is commutative with respect to both +, and x,.
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3. Ifa, b, c € Z,, it is easily verified that
(@at+yb)+,c=a+, (b +,c)and
(@ax4 by x4c=ax,(bx,c)
For example, 3 +, (1 +,2)=3+,3=2

Also B+ DH+2=0+2=2

and 3% (1%42)=3x%x4,2=2

Also Bxs )%, 2=3x%x,2=2.

Thus, associative law is satisfied for +, and X, by Z,.
4. O+4a=a+,0=aqa,foralla e Z,

and Il xqa=ax4,1=a,forall ae Z,

Hence 0 and 1 are the additive and multiplicative identities of Z,.
5. It is easily verified that the additive inverses of 0, 1, 2, 3 are respectively
0, 3, 2, 1 and that the multiplicative inverses of the non-zero elements 1,
2, 3 are respectively 1, 2, 3.
6. If a, b, c € Z,, then it can be verified that
axg(bryc)=axyb+yax,c
and bryo)xga=bxsa+,c%X4a
For example,
2%, B3+, 1)=2x%x,0=0
and 2x3)+H2x1)=2+2=0
i.e., X, is distributive over +, in Z,
Hence, (Z,, +4, X4) is a commutative ring with unity.

Example 4.19 Show that (Z, ®, ©) is a commutative ring with identity,

where the operations @ and © are defined, for any a, b€ Zasa® b=a+ b —

landa © b=a+ b - ab.

Whena, be Z,atb-1e Zanda+b—-abe Z

Hence, Z is closed under the operations @ and O.
b®a=b+ta-1=a+b-1=a®b
bOa=b+ta-ba=a+tb-ab=a0b

Hence, Z is commutative with respect to the operations @ and ©.

If a, b, c € Z, then

@®b)®c=@+b-1)®c=a+b+c-2

and a@b®c)=a®b+rc-1)=a+b+c-2
Hence, a@a®b)@c=a® D).
Also (a@aOb)Oc=(atb-—ab)Oc

=a+b-ab+c—(a+b-ab)c
a+b+c—ab- bc— ca+ abc
and aOboc)=a O (b+c—bc)
a+b+c—bc—alb+c—bc)
a+b+c—ab- bc—ca+ abc
Hence, @Ob)Oc=a®B 0O
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Thus, associative law is satisfied by @ and © in Z.
If z is the additive identity of Z, then
a®z=z@a,foranya e Z
i.e., atz—-1=a .. z=1
If u is the multiplicative identity of Zthena Qu=u Qa=a
ie., atu—au=a
ie., u(l—a)=0
ifaz1l,u=0
Hence 1 and 0 are the additive and multiplicative identities of Z under @ and ©.
Now a®@b=bDa=1,
If a+b-1=1
ie,ifb=2-a
The additive inverse of a € Zis (2 — a)
Also a®@c=cOa=0,
If atc—ac=0
ie,ifa+c(l —a)=0

ie,ifc= % (a=zl
ie., if ¢ a—l’(a )

The multiplicative inverse of a (#1) € Z is aa I

Finally, if a, b, c € Z,
aOb®@c)y=aOB+tc-1)
=a+b+c—-1—-ab+c-1)
=2a+b+c—ab—-ac—-1
and (a@aOb)®abGc=(a+b—-ab)® (a+c—ac)
=g+b-ab+tatc—ac-1
=2a+b+c—ab—ac-1
Thus, aOb®c)y=a®b+tadec.
Similarly, it can be verified that
@@b)Oc=@Oc)® (b 0o
Hence, (Z, ©, ©) is a commutative ring with identity.

Example 4.20 Prove that the set S of all ordered pairs (a, b) of real
numbers is a commutative ring with zero divisors under the binary operations
@ and © defined by
(a, D) ® (c, dy=(a+c, b+ d
and (a, b) © (¢, d) = (ac, bd), where a, b, ¢, d are real.
Since, a + ¢, b + d, ac, bd are all real, S is closed under @ and ©.
(a, b) ® (¢, d)=(a+ c, b+ d)
=(c+a,d+b)=1(c,d @ (a,b)
(a, b) © (c, d) = (ac, bd)
= (ca, db) = (c, d) © (a, b)
Hence S is commutative under the operations @ and O.
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Let (a, b), (c, d), (e, f) € S.

Now [(a, b) @ (c, d)] @ (e, f)
=(atc,btd®(ef)
=(at+cteb+d+f)
=lat(cte),btd+])]
=(a, b) ® [c + e, d+ []
=(a, b) @ [(c, d) ® (e, /)]

Thus, S is associative under ®.

Similarly it is associative under ©. Now (0, 0) € S.

(a, b) ® (0, 0) =(0,0) @ (a, b)=(a+ 0,5+ 0)

= (a, b)
(0, 0) is the additive identity in S.
Also (aa b) O (19 1) = (17 1) O] (aa b) = (aa b)

(1, 1) is the multiplicative identity in S.
If (a, b) € S, (—a, —b) € S, since a, b are real

Now (a, b) ® (-a, —b) = (-a, —b) @ (a, b) = (0, 0)
(—a, —b) is the additive inverse of (a, b)
Now (a, b) O [(c, d) @ (e, )]

=(a,b)Olct+e d+f]
=a(c+te), bld+f)
= (ac, bd) @ (ae, bf)
=(a,b)O(c,d) @ (a, b) O (e, f)
Thus, the left distributivity holds.
Similarly the right distributivity also holds.
Now (a, 0) and (0, ) € S, where a 20, b #0
and (a, 0) © (0, b) =(a x 0,0 xb)
= (0, 0), which is the zero element of S.
But (a, 0) and (0, b) are not zero elements of S.
(a, 0) and (0, b) are zero divisors of S.
Hence, (S, ®, ©) is a commutative ring with zero divisors.

Example 4.21 Prove that the set S of all real numbers of the form

a + b2, where a, b are integers is an integral domain with respect to usual
addition and multiplication.

We can easily verify that S is closed with respect to addition and multiplication,
S is commutative under + and X and S is associative under + and X.

Let ¢ + d~/2 be the additive identity (zero) of a + b2 in S.

Then (@+bJ2)+(c+dJ2)=a+ b2
atc=aand b+d=5>b
c=0andd=0

Hence, the zero element of S is 0 + Ox/E .
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Lete + f\/E be the multiplicative identity (unity) of a + b2 in S.

Then (@a+bJ2) (e +AJ2)=a+ b2
ae + 2bf=a and af + be = b
ie., 2bf=a(l — e) and b(1 — e) = af (1)
Multiplying, we get 2b% f(1 — e) = a*f(1 — e)
ie., QR -d)f(l1-¢e)=0
Since, a and b are arbitrary, 208 - d*>#0
fl—e) =0

. f=0o0rl-e=0
But, from (1), when f=0, e = 1

unity of Sis 1 + 0+/2.

We can easily verify the distributive laws with respect to X and + in S.
(S, +, X) is a commutative ring with unity.

Let us now prove that this ring is without zero divisors.

Let a+ b\/E and ¢ + d\/E € S such that

(@+bJ2) (c+dJ2)=0+0+2 2)
o ac +2bd =0 and bc + ad =0
ie., (@a—b)c+d2b—-a)=0or
(c—=d)ya+b2d-c)=0
Eithera =0 and b=0orc=0and d =0

a+bJ2=0 or c+dy2 = 0, when (2) is true.
i.e., the ring has no zero divisors. Thus, (S, +, X) is an integral domain.

Example 4.22 If S is the set of ordered pairs (a, b) of real numbers and
if the binary operations @ and © are defined by the equations
(a, D) ®(c, d)y=(a+c, b+ d

and (a, b) © (c, d) = (ac — bd, bc + ad),
prove that (S, ®, ©) is a field.

As usual, the closure, associativity, commutativity and distributivity can be
verified with respect to @ and @ in S.

Also the additive and multiplicative identities can be seen to be (0, 0) and
(1, 0) respectively.

Hence, (S, @, ©) is a commutative ring with unity.

Let (a, b) be a non-zero element of S, i.e., @ and b are not simultaneously
zero.

Let (¢, d) be the multiplicative inverse of (a, b).
Then (a, b) © (¢, d) = (1, 0)
ie., (ac — bd, bc + ad) = (1, 0)
ac—bd=1and bc +ad =0
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Solving these equations for ¢ and d, we get

c= 2a 5 andd:—izb 5
a +b a - +b

a®> + b? # 0, since a and b are not simultaneously zero.

¢ or d or both are non-zero real numbers.

A+ b
Hence, (S, © ©) is a field.

( a b ) is the multiplicative inverse of (a, b)

b
Example 4.23 If M is the set of 2 X 2 matrices of the form {Z },
a

where a, b € Z and Z is the set of integers, show that (M, ® ©) and (Z, +, X)
are rings where @ and O represent matrix addition and matrix multiplication.

a b
Show that the mapping f: M — Z given by f[[b D =a-bisa
a

homomorphism.
The reader can verify that (M, @, ©) and (Z, +, X) are rings.

a b c d
Let M, = 5 and M, = 4
a ¢

[[a-kc b+dD
Now fM, @ My)=f

b+d a+c
= (a + ¢) — (b + d), by definition
=(a-b)+(c—4d)
= f(M) + f(M)
ac+bd ad+bc
ad + bc ac+bdD

SM, QMz):f[[

= (ac + bd) — (ad + bc)
(a—>b)x(c-d)
= fM)) x f(M))

Hence, f'is a ring homomorphism.

b
Example 4.24 Show that the set of matrices of the form [g } is a
c

subring of the ring of 2 X 2 matrices with integral elements.
Let R be the ring of 2 x 2 matrices with integral elements and let R’ be the

b
subset of R consisting elements of the form [g }
¢
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a b ay b ,
Let 4 = 0 and B = 0 be any two elements of R’.
c

Then

Also

G 2

- -b
A-B= [al “@ b 2} belongs to R’
b b b+ b
7 2 B N R T e belongs to R'.
0 ¢ 0 o 0 €iCy

Hence, by property (8) of rings, R’ is a subring of R under matrix addition
and matrix multiplication.

EXERCISE 4(8) /.

Part A: (Short answer questions)

1.

2
3.
4

*

10.

11.

12.

13.

14.
15.
16.
17.

18.

Define subgroup and proper subgroup.

. State the condition for a subset of a group to be a subgroup.

Prove that the identity of a subgroup is the same as that of the group.

. Prove that the inverse of any element of a subgroup is the same as the

inverse of that element regarded as an element of the group.

. Is the subset {1, 2, 22, 23, ...} of the multiplicative group {..., 27, 272,

2711, 2,22, 23, ...} a subgroup?

. Prove that (E, + ) is a subgroup of the group (Z, + ), where Z is the set of

integers and E is the set of even integers.

Find all the subgroups of a group G of prime order.

Define group homomorphism and group isomorphism.

If G is a group with identity e, show that the mapping f: G — G defined
by f(a) = a, for every a € G is a homomorphism.

Show that every homomorphic image of an abelian group under
multiplication is also abelian.

If R" is the group of non-zero real numbers under multiplication and 7 is a
positive integer, show that f(x) = ¥ is a homomorphism from R" to R".

If G is a group of real numbers under addition and G’ is the group of
positive real numbers under multiplication, show that the mapping defined
by flx) = 2% is a homomorphism.

If (G, *) is a group, a € G and the mapping f : G — G is given by f(x) =
a* x* a”! for every x € G, prove that fis an isomorphism of G onto G.
Define the kernel of group homomorphism.

Define left and right cosets of a subgroup. When will they be the same?
State Lagrange’s theroem in group theory.

If H is a finite subgroup of group G, show that H and any coset Ha have
the same number of elements.

Find the left cosets of {[0], [3]} in the group (z4, +4]-
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19. Define normal subgroup and state a condition for a subgroup of a group
to be normal.

20. Show that every subgroup of an abelian group is normal.

21. Define quotient group.

22. Define a ring and give an example of a ring.

23. Define a commutative ring and a ring with unity.

24. Define an integral domain and give an example.

25. Define a field with an example.

26. If a, b, € R, where (R +, @) is a ring, show that

(a+b’=a*>+aeb+bea+b.

27. If R is a Boolean ring such that ¢*> = a for every a, show that R is
commutative.

28. If R is a Boolean ring, show that each element of R is its own additive
inverse.

29. Define ring homomorphism.

30. Define subring and give an example.

Part B

31. If H is the subset of the additive group of integers (G, +) whose elements
are multiples of integers by a fixed integer m, show that H is a subgroup
of G.

32. Prove that the set H of all elements a of a group (G, *) such that a * x =
x * a, where x is some (fixed) element of G is a subgroup of G.

[Hint: Verify that H is non-empty, satisfies closure and every element of
H has an inverse in H|

33. Show that the set {a + bi € C|a* + b> =1} is a subgroup of (C, ®) where
e is the multiplication operation of complex numbers.

[Hint: Verify that, if a + bi and ¢ + di € H, then (a + bi)(c + di) ' € H]

34. If H is subgroup of a group G, prove that aHa ' = {aha 'la € G; h € H}
is also a subgroup of G.

[Hint: Verify that (ahla’l) (ahza’l)’1 € aHa™]
35. If * is defined on S = N X N by
(a, b) * (a', b)Y = (a + d', b + b")
and if the mapping f: (S, *) — (Z, +) is defined by f(a, b) = a — b, show
that f/'is a homomorphism.

36. If C* is the multiplication group of non-zero complex numbers and if the
mapping /> C* — C* is defined by f(z) = z*, show that f'is a homomorphism
with kernel = {1, -1, i, —i}.

37. If R is the additive group of real numbers and C* is the multiplication
group of complex numbers whose modulus is unity, prove that the mapping
f: R — C* given by f(x) = €” is a homomorphism. Find the kernel of f.

38. If C* and R* are multiplication groups of non-zero complex numbers and

non-zero real numbers respectively and if the mapping /' : C* — R* is
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39.

40.

41.

42.

43.

44,

45.

46.
47.

48.

49.

50.
51.

52.

53.

54.

55.

56.

defined by f(z) = |z|. Show that f'is a homomorphism. What is the kernel
of f?

Show that (H, *) is a subgroup of the symmetric group (S;, *) of degree
3, where H = {p,, p3, ps}. Find also the right cosets of H in G.

If G is the additive group of integers and H is a subgroup of G, defined
by H = {5x|x € G}, find the distinct left cosets of H in G.

If H is a subgroup of a group G and K is a normal subgroup of G, show
that H N K is a normal subgroup of H.

Show that {p,, p,}, {p, Ps}> {P1, P} are subgroup of the symmetric
group (83, *) of degree 3. Are they normal subgroups?

Find whether the subgroup H = {p,, p3, ps} of (S, *) is a normal subgroup
of §;.

If G is a finite group and H is a normal subgroup of G, show that 0(G/H)
= 0(G) + 0(H), where G/H is the quotient group.

Show that every quotient group of an abelian group is abelian.

Show that (zg, +4, Xg) is a commutative ring.

Find all the values of the integers m and n for which (Z @, ©) is a ring
under the binary operationsa ® b=a+b—-manda © b =a + b — nab,
where a, b € Z.

Show that (Z, ©, ©) is a commutative ring with identity, where the
operations @ and O are defined, forany a, b€ z,asa @ b=a+ b + 1
anda ©b=a+ b+ ab.

Show that (Q, ®, ©) is a ring, where @ and © are defined, for any a, b €
Qasa®@b=a+b+7anda O b=a+ b+ (abl7).

Prove that the set M of 2 X 2 real matrices is a ring with zero divisors.
Show that the set of complex numbers a + ib, where a and b are integers
is an integral domain under ordinary addition and multiplication.

Show that the set of complex numbers of the form a + b~ =5 , where a,
b, are integers is an integers is an integral domain.

Show that the set of numbers of the from a + b\/E , where a and b are
rational numbers is a field.

If R’ is the set of all even integers and * is defined by a * b = a—zb; ab e

R’. Show that (R’, + *) is a commutative ring. If R is the ring of integers
under ordinary addition and multiplication, prove that R is isomorphic to
R.

0
If M is the set of matrices of the form {Z 0} where a, b are real

numbers, show that M is a subring of the ring R of all 2 X 2 real matrices.
Show that S = {[0], [2], [4]} and T = {[0], [3]} are subrings of the ring
(Zs, +¢, %) and that every of Z can be expressed as s +¢ £, where s € §
andt e T.
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CODING THEORY

Introduction

The process of communication involves transmitting some information carrying
signal (message} that is conveyed by a sender to a receiver. Even though the
sender may like to have his message received by the receiver without any
distortion, it is not possible due to a variety of disturbances (noise) to which the
communication channel is subjected. Coding theory deals with minimizing the
distortions of the conveyed message due to noise and to retrieve the original
message to the optimal extent possible from the corrupted message.

ENCODERS AND DECODERS

An encoder is a device which transforms the incoming messages in such a way
that the presence of noise in the transformed messages is detectable. A decoder
is a device which transforms the encoded message into their original form that
can be understood by the receiver. By using a suitable encoder and decoder, it
may be possible to detect the distortions in the messages due to noise in the
channel and to correct them. The model of a typical data communication system
with noise is given in Fig. 4.4.

Transmitter —>»| Encoder —>| Channel > Decoder —>{ Receiver

A

Noise

Fig. 4.4

The input message which consists of a sequence of letters, characters or
symbols from a specified set (called alphabet) will be transformed by the
encoder into a string of characters or symbols of another alphabet in a one-to-
one fashion. In our discussion, we will deal with only a binary channel in
which the encoder will transform an input message into a binary string consisting
of the symbols 0 and 1. Decoding is only the inverse operation of encoding,

GROUP CODE

Definition
If B= {0, 1}, then B" = {x}, x,, ... x,|x; € B,i=1,2, 3, ... n} is a group under
the binary operation of addition modulo 2, denoted by @. This group (B", @) is
called a group code.

Let us now prove that (B", @) is a group.

If Xy Xy oo X, = (X1, Xy ... x,) and yyp,....¥, = 01, 5 ..., ¥,) € B”, then
X1 Xy o X, @Y,y Y, = YL X Yy s X, Ty Y, €, B
since x;+,y;,=1or0,as0+,0=0,0+,1=1,1+0=1landl1+,1=1
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Note The operation +, is also called binary addition.

0, 0,0, ..., 0) is the identity element of B". Also the inverse of xx, ... x, is
itself.

Hence, (B", @) is a group—it is abelian.

In general, any code which is a group under the operation @ is called a
group code.

HAMMING CODES

The codes obtained by introducing additional digits called parity digits to the
digits in the original message are called Hamming codes. If the original message
is a binary string of length m, the Hamming encoded message is string of
length n, (n > m). Of the n digits, m digits are used to represent the information
part of the message and the remaining (n — m) digits are used for the detection
and correction of errors in the message received.

In Hamming’s single-error detecting code of length n, the first (n — 1) digits
contain the information part of the message and the last digit is made either 0
or 1. If the digit introduced in the last position gives an even number/odd
number of 1’s in the encoded word of length », the extra digit is called an even/
odd parity check.

For example, when a single even parity check is appended, the words 000,
001, 010, 011, 100, 101, 110 and 111 become 0000, 0011, 0101, 0110, 1001,
1010, 1100 and 1111. On the other hand, when an odd parity is appended to
each of the above words, they will become 0001, 0010, 0100, 0111, 1000,
1011, 1101 and 1110.

We note that a single mistake in a word, say, 0000 produces another word
0001 or 0010 or 0100 or 1000. None of these words appear in the set of 8
words transmitted. Hence, it is an indication that an error has occurred in
transmission. However, it is not possible to correct the error, as, for example,
0001 might have been got from any of the words 0000, 0011, 0101, 1001 due
to a single error.

An error correcting method based on parity checks that helps the detection
of positions of erroneous digits, as developed by Hamming will be discussed
later.

Definitions

1. The number of 1’s in the binary string x € B is called the weight of x
and is denoted by |x|.

2. If x and y represent the binary strings x; x, x5 ... x,, and ¥, ¥, 5 ... »,, the
number of positions in the strings for which x; # y; is called the Hamming
distance between x and y and denoted by H(x, y).

Obviously H(x, y) = weight of x @ y

=X (x; +5 ).
i=1
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For example, if x = 11010 and y = 10101, then
Hx, y)=]x @ y|=[01111| =4
3. The minimum distance of a code (a set of encoded words) is the minimum
of the Hamming distances between all pairs of encoded words in that
code.
For example, if x = 10110, y = 11110 and z = 10011, then
H(x, y) =1, H(y, z) = 3 and H(z, x) = 2 and so the minimum distance
between these code words = 1.
Note The term ‘code’ used above is sometime called an (m, n) encoding function,
which is a one-to-one function e: B” — B" (where n > m). If b € B" is the
original word, them e(b) is the code word or encoded word representing b.

Theorem
A code [an(m, n) encoding function] can detect at the most & errors if and only
if the minimum distance between any two code words is at least (kK + 1).

Proof
A set (combination) of errors in various digit positions cannot be detected if
and only if the set transforms a code word x into another code word y.
Since, the minimum distance between any two code words is at least (k + 1),
a set of at least (k + 1) errors would be required to change the code word x into
the code word y.
Hence, if the code word x is transformed to the word y due to at least (k + 1)
errors, almost k errors can be detected.

Example

Let 000 and 111 be the encoded words, viz., two values of the encoding
function.

These two code words differ in 3 digits, viz. the distance between them is 3.

If one error occurs during transmission, the word 000 would have become
100 or 010 or 001, whereas the word 111 would have been received as 011 or
101 or 110. The two sets of received words are disjoint.

Hence, if any of the above six words is received due to one error, it is easily
found out which encoded word has get altered and in which digit position the
error has occurred and hence, the error is corrected. On the other hand if two
errors occur during transmission, the word 000 would have been received as
110 or 011 or 101, whereas the word 111 would have been received as 001 or
100 or 010. If an error in a single digit is corrected in any of the received words
110, 011 and 101, the corrected word would be 111, which is not the transmitted
word.

Similarly if a single error correction is made in any of the received words
001, 100 and 010, the corrected word would be 000, which is not the transmitted
word. Hence error correction is not possible.

Theorem
A code can correct a set of at the most k errors if and only if the minimum
distance between any two code words is at least (2k + 1).
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Proof
Let the code correct at the most & errors.

Then we have to prove that the minimum distance between any two code
words is at least 2k + 1.

If possible, let there be at least one pair of code words, say x and y such that

H(x, y) <2k + 1.

By the previous theorem, H(x, y) = k + 1, as otherwise the k errors cannot
even be detected.

g k+1<Hx y) <2k (D)

Let x” be another word which differs from x in exactly & digits, which form a
subset of the set of the digits in which x and y differ i.e.,

H(x, x) =k 2)

Since, H(x, x"), + H(x', y) = H(x, y), we have from (1) and (2), H(x", y) < k.
. By the previous theorem, the code can detect at the most (kK — 1) errors.

Thus, we get a contradiction.

. H(x, y) = 2k + 1.
Converse: Let us assume that H(x, y) = 2k + 1.

Let x be a code word and x” be a received erroneous word with at most k&
errors. If a decoding rule correctly decodes x” as x, then x” is nearer to x than
any other word y.

Since, H(x, x') + H(x, y) 2 H(x, y), we get
HXx,y)2k+1 [+ Hx y)=2k+ 1 and H(x, x") < k]
This means that every code word y is farther away form x” than x.
Hence x” can be correctly decoded.

Example

Let us consider the encoded words 000 and 111. These words differ in 3 digits.
So zero or one error can be corrected.

If zero or one error occurs during transmission, 000 would have become any
one of 000, 100, 010 and 001 and 111 would have become any one of 111,
011, 101 and 110. These two sets of received words are disjoint. So whatever
be the words received, the single or no error can be easily detected and corrected.

Basic Notions of Error Correction using

Matrices

When m, n € Z" and m < n, the encoding function e: B” — B", where B = (0,
1) is given by a m X n matrix G over B. This matrix G is called the generator
matrix for the code and is of the form [/,,| 4], where [, is the m X m unit matrix
and 4 is an m X (n — m) matrix to be chosen suitably. If w is a message € B”,
then e(w) = wG and the code (the set of code words) C = e (B") < B", where w
is a (1 x m) vector. For example, if the message w € B’ we may assume G

1 0110
01 011

Note Now row of 4 has only zeros or only 1.
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The words that belong to B* are 00, 10, 01 and 11. Then the code words
corresponding to the above message words are respectively

o= ® =00 000
¢ 0101 1]
ao=tol Ot Zpo o
¢ 0101 1]
on=on' ® T Zporom
¢ 0101 1]
an=ona/t ® P Spon
¢ 0101 1]
Note While getting wG, the modulo 2 arithmetic is to be used.

Clearly C=eB)cCB.

We observe that we can get back the message word from the corresponding
code word by dropping the last 3( = n — m) digits.

For all w = x; x, € B*

e(w) = X; X, X3 X, X5 € B° (D)
where x; € B.
o ) G- ] 1 0110
ince, = =
amEWE TR, 0 1
=[xy, X9, X1, X1+ Xp, X9 (2)
From (1) and (2), we have x; = x3, x; + x, = x4 and x, = x5 3)

Since, x; € B, by modulo 2 arithmetic — x; (mod 2) = (=x; + 2x;) (mod 2).
Hence, the equations (3) become

X + x5 =0
X+ X, +x, =0 4)
X, +x5=0
o]
1 010 0]|x, 0
ie., 1101 0|[xs|=1]0
0100 X, 0
L X5 ]
0
ie., H - [em)]' =10 (5)
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The (n — m) equations in (3) are called the parity check equations.

The matrix H in (5) is called the parity check matrix.

We note that H is an (n — m) X n matrix, whereas G is an m X n matrix.
Also H = [AT|I, ,]. In the present example

10 1 00
AT=11 1|andl, ,=L=1]0 1 0
0 1 00 1

We also note that H does not contain a column of only 0’s and no two
columns of H are the same. This is achieved by a careful choice of A. This
unique parity check matrix H provides a decoding scheme that corrects a single
error in transmission as explained below:

(M)

(i)

If r is a received word considered as a(1 x n) matrix and if H - T = [0],
then we conclude that there is no error in transmission and that r is the
code word transmitted. The decoded (original) message then consists of
the first m components of r.

In the present example, if » =1 1 1 0 1], then

-
1 01 0 o]l 0
H-/=[1 101 of|l|=]0
01 00 1/[0 0

1

Hence, r is itself the code word transmitted and the decoded message is
11 (got by taking the first (m =)2 components of r).
If H - rT = the i column of H, then we conclude that a single error has
occurred during transmission and it has occurred in the i component of
r. Changing the i component of , we get the code word ¢ transmitted.
As before the first m components of ¢ give the original message.

In the present example if » = [11 011], then

-
1 01 0 0|1 1
H-*"=11 1 01 of|lo|=]1
01 0 0 1|1 0

1

Since, H r! = the first column of H, a single error has occurred in the first
component of ». Changing the first component of », we get the code word
transmitted as 01011. Taking the first 2 components of the code word, we
get 01 as the original message.
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(i) If neither case (i) nor case (ii) occurs then we conclude that more than one
transmission error have occurred. Though detection of errors is possible
in this case, correction is not possible.

In the present example, if » = [11 010], then

1
1 01 0 Off1 1
H-7"={1 1 0 1 0o[|lo|=]1
01 0 0 1|1 1
_O_
Since, H - 1T # any column of H, more than one transmission error has
occurred.
1 1 0
Since 1l=|1|+]|0]| = 1* column of H + 5" column of H,
1 0 1

2 errors have occurred in transmission, one in the first component and the
other in the fifth component of ». Changing these components in 7, the
code word transmitted may be assumed as 01 011 and hence the original
message may be taken as O1.

1 0 1
Also 1{=|1[+]|0]| = the 2" column of H + the 3" column of H.
1 1 0

Hence, 2 errors might have occurred, one in the 2™ component and the
other in the 3™ component of . Changing these components in 7, the
code word transmitted may be assumed as 10110 and hence, the original
message may be taken as 10. Thus, there is an ambiguity as to which
message has been encoded and transmitted. In other words, the correction
of errors is not possible, even though errors have been detected.

We note that the minimum distance between any pair of code words is
3 in the present example. Hence, according to the two previous theorems,
atmost 2 errors can be detected and atmost 1 error can be corrected. We
have verified the same in the examples considered above.

ERROR CORRECTION IN GROUP CODES

We have already introduced a group code, that is any code which is a group
under the binary operation of addition modulo 2, denoted by @. In general
when the code words form a group, it is easier to find the minimum distance
between code words, using the following theorem.



250 Discrete Mathematics

Theorem
In a group code, the minimum distance between distinct code words is the
minimum weight of the non zero code words in it.

Proof
Let a, b, ¢ be 3 members of a group code C, such that a # b, H(a, b) is
minimum and ¢ is a non zero element with minimum weight.

Now a @ b € C, by closure property in the group C.

As already seen, H(a, b) = Wt(a @ b)

Since the weight of ¢ is minimum, we have

H(a, b) = Wt(c) (1)

Also Wt(c) = H(c, 0), where 0 is the identity element of c.

Now H(c, 0) = H(a, b), since, H(a, b) is the minimum
ie., Wit(c) = H(a, b) 2)
From (1) and (2), it follows that H(a, b) = Wt(c).

The parity check matrix H defined in the previous section satisfies

H - [ew)]" = [0],

where e(w) is a code word and [0] is a column matrix consisting of 0’s.
Conversely, if x = [x}, x, ... x,] satisfies

H - [x]" = [0], where H is an (n — m) X n matrix, [x] is a 1 X n row matrix and
[0] is an (n — m) X 1 column matrix, then x is a code word.

The following two theorems will show that H always defines a group code
and the minimum weight of the code can be obtained from H.
Theorem
If H is a parity check matrix with n — m rows and n columns, then the set C of
code words x = (x; X, ... x,) such that C = {x|H - [x]” = [0], modulo 2} is a
group code under the operation @.

Proof

Since [H]n_an []nxlf[o]m—nxl’ [0]1><nE C.
Ifxy,eCthenH [] [0] and H - [y]" = [0]

- H-[x" 69)/]—[]

ie., Hx @ y]" = [0]

x @ y € C satisfies the closure property.
Slmllarly the associativitly is satisfied by .
Since (x ® x)T =[0] or x ® x = [0]7, every element x in C is its own inverse.
Hence, [C, @] is a group code.
Theorem
The parity check matrix H generates a code word of weight ¢ if and only if

there exists a set of ¢ columns of H such that their 4-tuple sum (mod 2) is a
zero column, where k = n — m.

Proof

In the code word x generated by H let the components x;;, xp, ... X;, be 1 each
and the remaining components be 0 each.
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Note The components x;;, X, ..., X;, of x are the same as the components x;, x,,
..., X, written in a different order.

Now the weight of the code word x is g.
Since H - [x]T = [0], we get
hyy © hyp ® ... © hy, =0, where

hits hip, ..., hj, are the elements of any row of H corresponding to the
positions of x;; X, ..., X;, I x.

As the above result is true for all the Xk = n — m rows for H, the result follows:

Conversely, let us assume that there is a set of ¢ distinct columns of H such
that by @ hp @ -+ @ hy, = 0 for all the rows (where h;y, hp, ..., hy;, are the
elements of any row in the ¢ columns). Then we can chosen x = [x;;, X5, ...,

x;,] such that x;;, x5, ..., x;, are 1 each and the remaining components are 0
each.
Then x will satisfy the equation
T _
Hlx]" = [0]

This means that x is a code word of weight ¢ generated by H.

Example

Let us consider the example considered in the previous section on ‘“error
correction using parity check matrix”.
In that example, we established that

.
1 01 0 0]f! 0
H-[xI"=[1 1 0 1 o||l|=]0
01 00 1/[0 0

1

Now it is obvious that the sum of the 1%, 2", 3" and 5" columns of H
(mod 2) is the zero column.

The weight of the corresponding code word [1 1 1 0 1] is 4, that verifies
the above theorem.

STEP BY STEP PROCEDURE FOR DECODING
GROUP CODES

Step 1
We list in a row all the code words in C, starting with the identity.
Thus, we have ¢,(=0) ¢; ¢5 ... ¢,n

For clarity, we shall write the corresponding step with respect to the problem
discussed in the previous section, in which m = 2

ie., 00000 10110 01011 11101



252 Discrete Mathematics

Step 2
We select some word y; € B" but not in C having minimum weight and
construct a new row or coset y; @ ¢; for all i such that 1 <7< 2"

Thus, we have

Y@y @y ®c...y® c,

ie., V2 1@y @y ... ®
In the example, if y, = 10000, then the second row would be
10000 00110 11011 01101
Step 3
We now form the third row by selecting some y, € B" which is not in the
preceding two rows and which has the minimum weight and proceeding as in

step 2.
Thus we have

Vi 1390y @y @ cp
In the example, if y; =0 1 0 0 0, then the third row would be
01000 11110 00011 10101
Step 4

This process is continued until all the elements in B" are entered in the table.
The complete decoding Table 4.12 will be of the form.

Table 4.12
¢ (=0) &) C3 Com
N @ »n @ e 1@ c
V3 3@ ¢ V3@ ¢ 3@ ¢
yzn—m yzn—m @ C2 yzn—m @ C3 e yzn—m @ sz

For the example in consideration, the complete decoding table is given in
Table 4.13.

Table 4.13

00000
10000
010060
001060
00010
00001
11000
10001

(e

e e e N i e
—_ o = O O o oo
— O et et kO e
e e = e e
S OO — OO o 0o

O = O = s = =

O O = = e e O
O R OO o~ OO
e e e e e
SO oo~ O OO
e e i e i e
O = O = = = =
O O = m e —m O
e N N i e B

—_—_0 O O O =
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Note  The elements in the first row of the decoding table are the code words,
whereas the elements in the first column are the coset leaders, which
represent the errors that occur during transmission.

Step 5

Once the decoding table is constructed, the decoding of any received word 7 is
done as follows. First we identify the column of the decoding table in which »
occurs. If the weight of the coset leader corresponding to r is 1, then the
decoded word (viz. the coded word transmitted) is the element at the top of the
column in which » occurs.

In the current example, if the received word is 11011, we note that it lies in
the 3™ column and 2™ row of the table. Since, the weight of the coset leader in
the 2™ row is 1, the decoded word is 01011 that lies at the top of the 3™
column. The corresponding message transmitted is 01.

Note If, by chance the received word happens to lie at the top of any column (or
in the first row) of the decoding table, no error has occurred during
transmission and the received word itself is the coded word transmitted.

Step 6

If the weight of the coset leader corresponding to the received word r is 2, the
decoding cannot be done, viz., the coded word transmitted cannot be determined
uniquely, as two coded words might have been received as the same word r
due to 2 errors during transmission, as explained below with respect to the
current example.

If the received word is 1 1 0 1 0, the weight of the corresponding coset
leader is 2 and hence, the top element in the 3™ column, namely, 0 1 0 1 1
cannot be taken as the code word transmitted for the following reason.

After filling up the first 7 rows of the decoding table, the words belonging
to B> with weight 2 and not included in the table are 10001 and 01100. We
have constructed the 8" row by taking coset leader as 10001. Instead had we
taken 0 1 1 0 0 as the coset leader of the 8" row, it would have become

01100 11010 00111 10001

Now as per the alternative 8" row of the decoding table, the received word
1 101 0 occurs in the record column. The top element in that column is
1 011 0 and this too can be taken as the code word transmitted. Thus if 2
errors occur during transmission, they can be detected but not corrected.

\\ WORKED EXAMPLES 4(C)

Example 4.1 A binary symmetric channel has probability p = 0.05 of
incorrect transmission. If the code word ¢ = 011 011 101 is transmitted, what is
the probability that (a) we receive » =011 111 101? (b) we receive r = 111 011
100? (c) a single error occurs? (d) a double error occurs? (e) a triple error
occurs?
(a) The received word » = 011 111 101 differs from the transmitted word ¢ =
011 011 101 only in the fourth position.
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The probability of occurrence of this specific error

= P(1 error and 8 non-errors)
= 0.05 x (0.95)% = 0.0332.

(b) The received word » = 111 011 100 differs from the transmitted word ¢ =
011 011 101 only in the first and ninth positions.
The probability of occurrence of these specific error

= P(2 errors and 7 non-errors)
= (0.05)* x (0.95)” = 0.0017.
(c) P(1 error in any one position and 8 non-errors in the remaining positions)
=“nC,-p -q"~ 1 by Bernoulli’s theorem in Probability theory
9C, x (0.05)' x (0.95)* = 0.2985
(d) P(2 errors in any two positions and 7 non-errors in the remaining positions)
= 9C, x (0.05)* x (0.95)" = 0.0629.
(e) P(3 errors in any three positions and 6 non-errors in the remaining
positions)
=9C; x (0.05)* x (0.95)% = 0.0077

Example 4.2 The (9, 3) three times repetition code has the encoding
function e = B> — B, where B = (0, 1).

(a) If d: B — B is the corresponding decoding function, apply ‘d’ to decode
the received words (i) 111 101 100, (i1) 000 100 011; (iii) 010 011 111 by
using the majority rule.

(b) Find three different received words r for which d(r) = 000

(a) Triple repetition code means that when we encode a word w = B™, all the
m elements of w are repeated three times so as to produce e(w) € B>

To decode any received word by the majority rule we examine the 1,
4" and 7% positions and note down the element (0 or 1) which appear
more times. This process is continued with 2", 5™ and 8" positions, 3,
6" and 9™ positions and so on and finally with m™, (2m)™ and (3m)"
positions. The m elements thus noted down are written in the order to
give the original word.

(1) The received word is 111 101 100.

Among the elements in the 1%, 4" and 7" positions, 1 appears all
the three times. Hence 1 is taken as the first element of the original
word.

Among the elements in the 2", 5™ and 8" positions, 0 appears
twice. Hence 0 is taken as the second element of the original word.
Among the elements in the 3", 6™ and 9™ positions, 1 appears twice.
Hence 1 is taken as the third element of the original word.

d(111 101 100) = 101
(i) Similarly 4(000 100 011) = 000
(iii) 4010 011 111) = 011
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(b) Since d(r) = 000, 0 must appear more times in the 1%, 4™ and 7" positions
and similarly in the 2", 5" and 8" positions and in the 3™, 6™ and 9"
positions.

One set of such three words is:

100 000 000, 000 010 000, 000 000 001.

Example 4.3 Find the code words generated by the encoding function
e: B> — B’ with respect to the parity check matrix

01 1
01 1
H=11 0 0
01 0
0 0 1]

Note In our discussion, if the encoding function is e: B” — B”, the generator
matrix was assumed as an m X n matrix G = [I,|4] and the parity check
matrix was assumed as an (7 — m) X m matrix H = [A7|, ,]and as such there was less
number of rows and more number of columns in H. We shall stick to our notation. As
per our notation, what is given in this problem is not H, but H’. However some authors
use this notation to denote the parity check matrix.
Rewriting the given matrix as per our notation, we have

0 0|1 00
H=1|1 1|0 1 0| =1[471, ,]
1 1/0 0 1

Here n =5 and m = 2.
Hence, the generator matrix G is given by

(1 0[]0 1 1]
G=1,|4] =
0 1/0 1 1]

Now B ={00,01,10,11}and ew)=w G
(00)—[00]—1 00l 1_—[00000]
¢ 0101 1)

0 1)=1[0 1]—1 0 0l 1_—[01011]
¢ 01011
(10)—[10]_1 00 =[10011]
¢ 0101 1]
(1 D=1 1]—1 0 01 1_—[11000]
¢ 01011

Hence, the code words generated by Hare 00000,01 011,100 1 1 and
11000.
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Example 4.4 Find the code words generated by the parity check matrix

1 11
1 0 1
0 1 1
H=
1 00
010
10 0 1]
when the encoding function is e: B> — B°.
1101 0 0]
Taking H=1{10 1/0 1 0| =1[4"1,_,]
11 1/0 0 1]
as per our notation, the generator matrix
1 0 01 1 1
Gisgivenby G=1[[,|4]=(0 1 0|1 0 1
00 1{0 1 1
Now B*={000,001,010,100,011,101,110,111}
: e000)=[000]-G=[00000 0]
e00H)=[001]-G=[00101 1]
e010)=[010]-G=[01010 1]
e100)=[100]-G=[100111]
e01 H=[011]-G=[011110]
e1 0 )=[101]-G=[101100]
e110)=[110-G=[11001 0]
el 1 H)=[111]-G=[11100 1]

Thus, the code words generated are

000000,001011,010101,100111,011110,
101100,110010and111001.

Example 4.5 Decode each of the following received words corresponding
to the encoding function e: B> — B°® given by e(000) = 000 000, e(001) =
001 011, ¢(010) = 010 101, ¢(100) = 100 111, ¢(011) = 011 110, ¢(101) = 101
100, ¢(110) = 110 010 and e(111) = 111001, assuming that no error or signal
error has occurred:
011110,110111,110000,111000,011111.

We note that the minimum distance between the code words (viz., the
minimum weight of the non-zero code words) is 3 and hence, atmost 1 error
can be corrected that might have occurred in the received words.
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(1) The word 0 1 1 1 1 O is identical with e(0 1 1). Hence, no error has
occurred in this word and the original message is 0 1 1.

(i) The word 1 1 0 1 1 1 differs from e(1 00)=1001 1 1 in the second
position only. Correcting this single error, the transmitted word is
100111 and the original message is 1 0 0.

(iii) The word 1 1 0 0 0 O differs from e¢(1 1 0) =110 0 1 0 in the fifth
position only. Correcting this error, the transmitted word is 1 1 0 0 1 0
and the original message is 1 1 0.

(iv) The word 1 1 1 0 0 O differs from e(1 1 1) =111 0 0 1 in the sixth
position only. Correcting this error, the transmitted word is 1 1 1 0 0 1
and the original message is 1 1 1.

(v) The word 0 1 1 1 1 1 differs from e(0 1 1) =011 1 1 0 in the sixth
position only. Correcting this error, the transmitted word is 0 1 1 1 10
and the original message is 0 1 1.

Example 4.6 If x is a specific encoded word that belongs to B'* and
S(x, k) is the set of all received words corresponding to x with at most & errors,
determine [S(Cx, 1), [SCx, 2)|, [SCx, 3)|. If x € B", what is |S(x, k)|, where 1 < k < n.
S(x, 1) is the set of all received words € B'’. Since the position for the
single error can be chosen from the 10 positions of x in 10C; = 10 ways. As
S(r, 1) includes the word with no error, S(x, 1) contains 1 + 10 = 11 words.
ie., ISCe, D)= 11
Similarly  [S(x, 2)| = No. of words with no error, 1 error and 2 errors
=1+ 10C, + 10C,
= 56.
IS(x, 3)| = No. of words with no error, 1 error, 2 errors and 3 errors
=1+ 10C, + 10C, + 10C;
176.

In general,

k
IStx, k)|=1+nC, + nC, + --- nC, = Y nC;

i=o

1 00110
Example 4.7 Given the generator matrix G = [0 1 0 0 1 1|,
001101

corresponding to the encoding function e: B> — B®, find the corresponding
parity check matrix and use it to decode the following received words and
hence, to find the original message. Are all the words decoded uniquely?
110101,3)001111,3GH)I1I1000L, Gv) 111111
If we assume that G = [/5]|4], then

H=[A"|L] =

O = =

0
1
1

—_— O
S O =
S = O
- o O
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We compute the syndrome of each of the received word by using H - [r]".

() - 1" =

O = =
—_— O
—_— O
(e R
S = O
- o O

0

1
1
0
1
0
1

T

S o O

Since, H - [e(w)]” = | 0, the received word in this case is the transmitted

0

(encoded) word itself. Hence, the original message is 1 1 0.

1 01100
G) H-[7\1"=11 1 0 01 0
01 1 0 01
0
Since, the syndrome | 1
0

ol
0
1
1
1
1_

(= =

is the same as the fifth column of H, the

element in the fifth position of r is changed.
The decoded wordis 0 0 1 1 O 1 and the original messageis 0 0 1.

1 01 0 0
G H-["1"=11 1 0 10
01 1 0 1

1

Since, the syndrome |0

0

—_—O O O =

(=

is the same as the fourth column of H, the

fourth component of » is changed to get the decoded word. It is
1 1010 1and the original message is 1 1 0.
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1
1011001 1
(iv)H-[r]T=1100101=1
0110011 1

1

Since, the syndrome is not identical with any column of H, the received
word cannot be decoded uniquely.

Example 4.8 Construct the decoding table for the group code given by
the generator matrix.

Q

1l
S O =
S = O
— O O
O = =

11
0 1
11

Decode the following received words using the decoding table obtained.
Which of the words could not be decoded uniquely?

torrri,ortrotro,10tr1r1ro, 111111,
Since G is a 3 x 6 matrix, it corresponds to the encoding function e: B> — BS.
Now, B*={000001,010,100,011,101,110,11 1}
e(000)=[000]G=[000000O0]
Similarly e(001)=[001011];e010)=
e(100)=[100111];e011)
e(101)=[101100];e110)

—_—— O
S O

0101 ]
0111 1;
[110010]
ande(1 1 1)=[111001].
We form the decoding table by making these encoded words as the elements
of the first row and the coset leaders as the elements of the first column. The
coset leaders with only one 1 have been taken in a certain order and then those
with two 1’s have been taken. The decoding table is given in Table 4.14.

Table 4.14

Code words—| 000000 001011 010101 100111 011110 101100 110010 111001
100000 101011 110101 000111 111110 001100 010010 011001
010000 011011 000101 110111 001110 111100 100010 101001
001000 000011 011101 101111 010110 100100 111010 110001
000100 001111 010001 100011 011010 101000 110110 111101
000010 001001 010111 100101 011100 101110 110000 111011
000001 001010 010100 100110 O11111 101101 110011 111000
011000 010011 001101 111111 000110 110100 101010 100001

T

Coset leaders
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Note The decoding table is not unique as the coset leader of the last row could
have been takenas 1000010or000110.

Decoding of the received words

(i) 101 111 appears in the 4™ row and 4™ column. The coset leader of the 4"
row is 001 000, which contains only one 1,

Since the minimum weight of the code words is 3, atmost one error can
be corrected in the received word.

The corrected (received) word, viz., the code word transmitted is the
top element of the 4" column. It is 100 111 and hence the original
message is 100.

(i) 0110 10 appears in the 5™ row and 5 column. Hence the corresponding
code word transmitted is 0 1 1 1 1 0 and hence the original message is
011.

(iii) 101110 appears in the 6™ row and 6™ column. Hence the corresponding
code word transmitted is 1 0 1 1 0 0 and hence the original message is
101

(iv) 11111 1 appears in the 8" row, the coset leader of which contains two
I’s viz., the received word contains 2 errors. Hence, they cannot be
corrected and the code word transmitted cannot be uniquely determined.

EXERCISE 4() /.

Part A: (Short answer questions)
1. What is the main objective of coding theory?
What do you mean by encoder and decoder?
What is group code?
Define Hamming code.
Define even and odd parity checks.
What is meant by (i) the weight of a code word (ii) the Hamming distance
between two code words?

7. If the minimum distance between two code words is (i) 3, (i) 4 and
(ii1) 5, how many errors can be detected and how many can be corrected
in each case?

8. Define generator matrix corresponding to the encoding function e: B" —
B".

9. What are the restrictions on 4 occurring in the generator matrix G =
[1,,14]?

10. How will you use the generator matrix to get the code words corresponding
to the given message words?

11. Define the parity check matrix. How is it related to the generator matrix?

12. How will you use the parity check matrix to retrieve the code word from
a received word?

13. How will you find the minimum distance between any two code words in
a group code?

ARSI
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14. What are the possible weight of the code word x, if
1 0100 0
H-x"=111 0 1 0o[x]"=|0]?
01 0 01 0

15. Explain briefly the step by step procedure for constructing the decoding
table for group code.

16. How will you make use of the decoding table to get back the code word
corresponding to a received word, if it contains a single error?

17. If x, y, z € B", prove that (i) H(x, y) = 0 (i) H(x, y) = 0 = x = y (iii) H(x,
y) = H(y, x).

18. If x, y, z € B", prove the triangle inequality H(x, z) < H(x, y) + H(y, z)
[Hint: Hx, z) =Wtx @ 2) =Wt{x @y @ y) @z} =Wt{x D (y ® y) @
z)}, since y @ y = 0]

19. If C < B, where C is a set of code words and » = ¢ + e, where ¢ € C, e is
the error pattern and r is the received word, find r, e and ¢ respectively
from the following:

1) c=1010110ande=0101101

(i) c=1010110andr=1011111

(i) e=0101111andr=0000111

20. Ife: B - B%is given by (0 0)=000000,e(10)=101010,e0 1)
=010101amde(l 1)=111111,list the elements in S(1 01010,
I)and S(1 1 1 11 1, 1), where S(x, k) is the set of all received words
corresponding to x with at most k errors.

21. For each of the following encoding fucntions, find the minimum distance
between the code words. State also the error-detecting and error-correcting
capabilities of each code:

(1) e00)=0000,e(10)=0110,e01)=1011,e(11)=1100

(i) e00)=00001,e(10)=10100,e(01)=01010,e(11)=
11111

(i) e00)=0000000000;e(10)=1111100000,¢e(01)=
000001111 Le(11l)=11111111T11.

(iv) e000)=000111;e001)=001001;e010)=010010;
e100)=100100;e011)=011100;¢101)=101010;
e110)=110001Le111)=111000.

(v) €000)=00000000;,e001)=10111000;e010)=
00101101;¢100)=10100100;e011)=10010101;
e101)=10001001,e1100=00011100;e(111)=
00110001.

Part B
22. A binary symmetric channel has probability p = 0.001 of incorrect

transmission. If the code word 110 101 101 is transmitted, what is the
probability (i) of correct transmission (ii) of making atmost one error in
transmission (iii) of making atmost 2 errors in transmission?
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23. The (24, 8) triple repetition code has the encoding function e: B® — B,
where B = (0, 1). If d: B** — B?® is the corresponding decoding function,
apply d to decode the received word 10100111 00110111
10110110, by using the majority rule.

24. Find the code words generated by the parity check matrix H =

1 0100

1 1 0 1 0, when the encoding function is e: B> — B°.

01 0 0 1

25. Find the code words generated by the parity check matrix H =

1 1.0 1 00
1 0 1 0 1 0f,when the encoding function is e: B> — B°.
01 1 0 0 1

26. Prove that the code words generated by the parity check matrix H =

0 0 00
1 0
01
1 0 0 0 01

B’ form a group code.

27. If the encoding function e: B> — B® is given by
e000)=00000000,e001)=00110010,
e010)=01011100,¢100=10000101;
e011)=01101110,e101)=10110111
e(110)=11011001, and ¢(111) = 11101011,
find the corresponding parity check matrix.

28. Decide each of the following received words corresponding to the encoding
function e: B> — B given by ¢0 00)=000000,¢001)=00110 1,
e010)=010011,¢100=100110,e011)=011110,
e101)=101011,e110)=110101ande(111)=111000,
assuming that no error or single error has occurred:

100101,101101,011010,111010,100010.

1
1 0 : . . 4
0 with respect to the encoding function e: B* —

(=
oS O

1
1
0

B

1 000110
. . 01 00101 .
29. Given the generator matrix G = , corresponding
01 0011
0001 1T11

to the encoding function e: B* — B’, find the corresponding parity check
matrix and use it to decode the following received words and hence, to
find the original message:

1100001,1110111,0010001,00111600.
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30.

31.

32.

33.

34.

35.

1 00110
Given the generator matrix G = |0 1 0 0 1 1| corresponding to
001101

the encoding function e: B> — B®, find the corresponding parity check
matrix and use it to decode the following received words and hence to
find the original message:

111101,100100,111100,010100
1 01 010
01 0101
received words 000100,011101,111010and10101 1.

1 0100100
Repeat problem 30) with G=|1 0 1 1 1 0 0 0|, e B> —» B
00101101

and received words 101 10101,10011001,00010100,
001100T1T1.
Construct the decoding table for the group code given by the generator

matrix
1 0 011
G =
{O 1 110}

Use the decoding table to decode the following received words:
11110,11101,11011,10101,10011,11111and01100.

Construct the decoding table for the group code given by the generator
matrix

Repeat problem (30) with G = { }, e: B> — B® and

Q
Il
S o =
o - o
- o o

1
0
1

O =
—_— O

Use the decoding table to decode the following received words:
000110,000011,000101,110001,101001land011111.

Construct the decoding table for the group code generated by the parity
check matrix

11010
H=11 01 0 1
11100

- o O

Use the decoding table to decode the following received words:
111000,110000,101000,101111,001110and110101.
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36. Construct the decoding table for the group code generated by the parity
check matrix.

1 01 0 0O

01 01 00
H=

1 00010

01 00 01

Use the decoding table to decode the following received words:
011101,111010,101011,101111,11010Tland111011

ANSWERS /
Exercise 4(A)
3.e=-2 4. a' = —(a + 4)16. No 17. Yes
18. 1 19. 6 24. O(1)=1,0(-1)=2, O+ i) =4

25. O(a) = 6, 0(a®) = 3, 0(@®) = 2, 0(a*) = 3, 0(@’) = 6, O@d®) = 1
36. O(S,) = n!, OD,) = 2n; (38) w, w?39. [1], [2], [3] and [4];

40. 4; a, a’, a’, a’ 41. 1, only 1 4. 0,a'=ala-1)(a=1);
43. Inverses of 1, 2, 3, 4, 5 are 5, 4, 3, 2, 1 respectively

44. 0, —

1 2 3 4 5 6 34 5 6
56. aff = = ,
2 6 4 3

, (1 23 456 3456
o = , B = ,
53 6 4 21 215 4 36
a71:123456ﬂ71:123456.
2 6 1 4 3 5) 352 61 4)
1 2 3 4 1 2 3 4 1 2 3 4
57. off = , o= , o = ,
31 4 2 41 2 3 21 4 3

al—(l 2 4],o<a>—4, O(B) = 3, O(0p) = 4

45. No

4 31 2

58. a#p,, b#p and a # b;a=p, p,, ps Ps @ = Py, P3: D5
59. 2; 3 and 5; 60. 2 and 5
Exercise 4(B)

5. No 7. {e} and G
18. The distinct left cosets are {[0], [3]}, {[1], [4]} and {[2], [5]}
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37.
39.
42.
43.

ker (f)=2nm,ne Z 38. ker (f) = €™ ne Z

{p, p3 ps} and {p,, P4, Ps} 40. Hy1+ H 2+ H 3+H 4+ H
All the three are not normal subgroups;

Yes 47. m=n=1lorm=n=-1.

Exercise 4(C)

7.

14

19.
20.

21.

22.
23.
24.
25.

27.

28.
29.
30.
31.
32.

33.

1 2,1 (i) 2,1 (iii) 4, 2

.3or4

(i) 1111011 (i) 0001001 (ii)) 0101000

(i) {101010, 001010, 111010, 100010, 101110, 10100, 101011}
@) {111111, 011111, 101111, 110111, 111011, 111101, 111110}
(1) 2; can detect atmost 1 error; cannot correct any error.

(i1) 3; can detect atmost 2 errors; can correct atmost 1 error;
(ii1)S; can detect atmost 4 errors and can correct atmost 2 erros;
(iv) 2; can detect atmost 1 error and cannot correct any error.
(v) 3; can detect 2 errors and can correct 1 error;

(1) 0.991036 (ii) 0.999964 (iii) 0.999999

10110111

¢(00) = 00000, e(01) = 01011, e(10) = 10110, e(11) = 11101;
¢(000) = 000000, e(001) = 001011, e(010) = 010101, ¢(100) = 100110;
e(011) = 011110, e(101) = 101101, ¢(110) = 110011, e(111) = 111000.
(01 1 1.0 0 0 O]
01001000
H=1{11000 10 0
001 000T10
100000 0 1]
110101, 001101, 011110, 111000, 100110;

1100, 1110, 0010, 0011
101, 010, 100, could not be decoded.
00, 01, 10, 10;

011, 101, 110, 111.
Table 4.15
00000 01110 10011 11101
00001 01111 10010 11100
00010 01100 10001 11111
00100 01010 10111 11001
01000 00110 11011 10101
10000 11110 00011 01101
11000 10110 01011 00101
10100 11010 00111 01001

01110, 11101, 10011, 10011, 10011, 11101, 11101 and 01110
Massages are: 01, 11, 10, 10, 10, 11, 11, and 01,
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34. Table 4.16

000000 100110 010011 001101 110101 101011 011110 111000
100000 000110 110011 101101 010101 001011 111110 011000
010000 110110 000011 011101 100101 111011 001110 101000
001000 101110 011011 000101 111101 100011 010110 110000
000100 100010 010111 001001 110001 101111 011010 111100
000010 100100 010001 001111 110111 101001 011100 111010
000001 100111 010010 001100 110100 101010 O11111 111001
010100 110010 000111 011001 100001 111111 001010 101100

100110, 010011, 001101, 110101, 101011 and 011110.
Messages: 100, 010, 001, 110, 101 and 011.

35. Table 4.17

000000 001011 010101 011110 100111 101100 110010 111001
100000 101011 110101 111110 000111 001100 010010 011001
010000 011011 000101 001110 110111 111100 100010 101001
001000 000011 011101 010110 101111 100100 111010 110001
000100 001111 010001 011010 100011 101000 110110 111101
000010 001001 010111 011100 100101 101110 110000 111011
000001 001010 010100 O11111 100110 101101 110011 111000
000110 001101 010011 011000 100001 101010 110100 111111

111001, 110010, 101100, 100111, 011110 and 010101.
Messages: 111, 110, 101, 100, 011 and 010.

36. Table 4.18

000000 010101 101010 111111
000001 010100 101011 111110
000010 010111 101000 111101
000100 010001 101110 111011
001000 011101 100010 110111
010000 000101 111010 101111
100000 110101 001010 011111
110000 100101 011010 011111
100100 110001 001110 011011
100001 110110 001011 011110
011000 001101 110010 100111
010010 000111 111000 101101
001100 011001 100110 110011
001001 011100 100011 110110
000110 010011 101100 111001
000011 010110 101001 111100

010101, 101010, 101010, 111111, 010101 and 111111.
Messages: 01, 10, 10, 11, 01 and 11.



Chapter 5

Set Theory

INTRODUCTION

Most of mathematics is based upon the theory of sets that was originated in
1895 by the German mathematician G. Cantor who defined a set as a collection
or aggregate of definite and distinguishable objects selected by means of some
rules or description. The language of sets is a means to study such collections
in an organised manner. We now provide a formal definition of a set.

BASIC CONCEPTS AND NOTATIONS

Definition
A set is a well-defined collection of objects, called the elements or members of
the set.

The adjective ‘well-defined’ means that we should be able to determine if a
given element is contained in the set under scrutiny. For example, the states in
India, the self-financing engineering colleges in a state, the students who have
joined the computer science branch in a college are sets.

Capital letters 4, B, C, ... are generally used to denote sets and lower case
letters a, b, c, ... to denote elements. If x is an element of the set 4 or x belongs
to A4, it is represented as x € 4. Similarly y ¢ 4 means that y is not an element
of A.

Notations

Usually a set is represented in two ways, namely, (1) roster notation and (2) set
builder notation.

In roster notation, all the elements of the set are listed, if possible, separated
by commas and enclosed within braces. A few examples of sets in roster
notation are given as follows:
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1. The set V of all vowels in the English alphabet: V = {a, e, i, 0, u}
2. The set E of even positive integers less than or equal to 10: £ = {2, 4, 6,
8, 10}
3. The set P of positive integers less than 100: P = {1, 2, 3, ..., 99}
Note The order in which the elements of a set are listed is not important. Thus
{1, 2,3}, {2, 1, 3} and {3, 2, 1} represent the same set.
In set builder notation, we define the elements of the set by specifying a
property that they have in common.
A few examples of sets in set builder notation are given as follows:
1. The set V' = {x|x is a vowel in the English alphabet} is the same as V' =
{a, e, i, o, u}
2. The set 4 = {xx = n® where n is a positive integer less than 6} is the same
asAd=1{1409,16, 25}
3. The set B = {x|x is an even positive integer not exceeding 10} is the same
as B= {2, 4,6, 8, 10}
Note The set 7 in example (1) is read as “The set of all x such that ...”

The following sets play an important role in discrete mathematics:
N={0, 1, 2, 3, ...], the set of natural numbers

Z=4{...,-2,-1,0,1, 2, ...], the set of integers
Z"=1{l1, 2, 3, ...}, the set of positive integers

0= {lq) |pez,gez,q# 0} , the set of rational numbers

R = the set of real numbers.

Some More Definitions

The set which contains all the objects under consideration is called the Universal
set and denoted as U.

A set which contains no elements at all is called the Null set or Empty set
and is denoted by the symbol ¢ or { }.

For example, the set 4 = {x[x’ + 1 = 0, x real} and the set B = {x|x > x°,
x € z'} are null sets.

A set which contains only one element is called a Singleton set. For example,
A = {0} and B = {n} are singleton sets.

A set which contains a finite number of elements is called a finite set and a
set with infinite number of elements is called an infinite set.

For example, the set 4 = {x’[x € z*, x> < 100} is a finite set as 4 = {1, 4, 9,
16, 25, 36, 49, 64, 81}. The set B = {x|x is an even positive integer} is an
infinite set as B = {2, 4, 6, 8, ...}

If a set A is a finite set, then the number of eclements in A is called the
cardinality or size of A and is denoted by |4]. In the example given above, |4]| =
9. Clearly |¢| = 0.



Set Theory 269

The set 4 is said to be a subset of B, if and only if every element of 4 is also
an element of B and it is denoted as 4 < B. For example, the set of all even
positive integers between 1 and 100 is a subset of all positive integers between
1 and 100.

If 4 is not a subset of B, i.e., if 4 é B, at least one element of 4 does not

belong to B.
Notes 1. The null set ¢ is considered as a subset of any set 4. i.e., ¢ < 4.
2. Every set A4 is a subset of itself, i.e., 4 < 4.

3. f Ac Band Bc C, then 4 c C.

4. If 4 is a subset of B, then B is called the superset of A and is written as B D A.

Any subset 4 of the set B is called the proper subset of B, if there is at least
one element of B which does not belong to 4, i.e., if 4 < B, but A # B. It is
denoted as 4 — B.

For example, if 4 = {a, b}, B= {a, b, ¢} and C = {b, ¢, a}, then 4 and B are
subsets of C, but 4 is a proper subset of C, while B is not, since B = C.

Two sets A and B are said to be equal, i.e., A = B,if A c B and B C A.

Given a set S, the set of all subsets of the set S is called the power set of S
and is denoted by P(S).

For example, if S = {a, b, ¢}, P(S) is the set of all subsets of {a, b, c}. i.e.,
P(S) = [9, {a}, {b}, {c}, {a, b}, {b, c}, {c, a}, {a, b, c}.]

In this example, we note that |[P(S)| = 8 = 23. This result is only a particular
case of a more general property, given as follows:
Property
If a set S has n elements, then its power set has 2" elements, viz., if |S| = n, then
IPES)| = 2"
Proof
Number of subsets of S having no element, i.e., the null sets = 1 or C(n, 0)

Number of subsets of S having 1 element = C (n, 1)

In general, the number of subsets of S having k£ elements = the number of
ways of choosing k elements from n elements = C(n, k); 0 < k < n.

|P(S)| = total number of subsets of S

=C(n, 0)+ C(n, 1) + C(n, 2) + ... + C(n, n) (1)
Now (a + b)"= C(n, 0)a" + C(n, 1) a"'b + C(n, 2)a"2b*
+ ... + C(n, n)b" 2)

Putting a = b =1 in (2), we get

Cn, 0) + Cn, ) + C(n, 2) + ... + Cn,n) = (1 + )" =2" 3)
Using (3) in (1), we get |[P(S)| = 2".
ORDERED PAIRS AND CARTESIAN PRODUCT

A pair of objects whose components occur in a specific order is called an
ordered pair. It is represented by listing the two components in the specified
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order, separating by a comma and enclosing them in parentheses. For example,
(a, b), (1, 2) are ordered pairs.

The ordered pairs (a, b) and (c, d) are equal, if and only if a = c and b = d.
It is to be noted that (@, b) and (b, a) are not equal unless a = b.

If A and B are sets, the set of all ordered pairs whose first component
belongs to 4 and second component belongs to B is called the cartesian product
of 4 and B and is denoted by 4 X B. In other words,

A X B={(a, blae Aand b € B}
For example, if 4 = {a, b, ¢} and B = {1, 2},
then A4 X B= {(a, 1), (a, 2), (b, 1), (b, 2), (¢, 1), (c, 2)}
and B xA4={{1, a), (1, b), (1, ¢), (2, a), (2, b), (2, ¢)}
Note A X B and B X A are not equal, unless 4 = ¢ or B = ¢ (so that 4 X B = ¢) or
unless 4 = B.

The cartesian product of more than two sets can also be defined as follows:

The cartesian product of the sets A, 4,, ..., 4,, denoted by 4; X 4, X ... X
A, is the set of ordered n-tuples (a,, a,, ..., a,) where a; belongs to 4; for i = 1,
2, 3, ... n. In other words,

Ay X Ay X ... x A, = {(ay, ay, ..., a,)la; € A;fori=1,2, ... n}
For example, if 4 = {a, b}, B={1,2},C= (0, B, ). then A x Bx C= {(a, 1,
@), (a, 1, p), (a, 1, P, (a. 2, &), (a, 2, B), (@, 2, P, (b, 1, ), (b, 1, B), (b, 1, D,
b, 2, @), (b, 2, ), (b, 2, P}

SET OPERATIONS

Two or more sets can be combined using set operations to give rise to new sets.
These operations that play an important role in many applications are discussed
as follows:

Definition
The union of two sets 4 and B, denoted by A4 U B, is the set of elements that
belong to 4 or to B or to both, viz., 4 U B = {x|x € 4 or x € B}.

Venn Diagram

Sets can also be represented graphically by means of Venn diagrams in which
the universal set is represented by the interior of a rectangle and other sets are
represented by the interiors of circles that lie inside the
rectangle. If a set 4 is a subset of another set B, the circle
representing 4 is drawn inside the circle representing B.

The union of two sets 4 and B is represented by the
hatched area within the circle representing A4 or the circle
representing B, as shown in the Fig. 5.1.

For example, if 4 = {1, 2, 3}, B={2,3,4} and C= Fjg 5.1 [AU B
{3, 4, 5}, then 4 U B = {1, 2, 3, 4},

BuC={2,3,4,5]land 4 U C= {1, 2, 3, 4, 5}.
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Definition

The intersection of two sets 4 and B, denoted by 4 N B,

is the set of elements that belong to both 4 and B. A_B
viz, AN B = {xx € 4 and x € B}. é
In the Venn diagram, the intersection of two sets 4 and

B is represented by the hatched area that is within both

the circles representing the sets 4 and B (Refer to Fig. Fig. 5.2 [A N B
5.2).
In the example given earlier,
ANB=1{2,3}, BN C={3,4} and 4 n C = {3}.

Definition
If 4 n B is the empty set, viz., if 4 and B do not have any element in common,

then the sets 4 and B are said to be disjoint. For example, if A = {1, 3, 5} and
B=1{2,4,6, 8}, then A " B = ¢ and hence 4 and B are disjoint.

Definition

If U is the universal set and A is any set, then the set of elements which belong

to U but which do not belong to A4 is called the complement of A and is denoted

by A" or A° or A

viz., A"={x|x € Uand x ¢ 4} -

For example, if U = {1, 2, 3, 4,5} and 4 = {1, 3, 5}, then 4 = {2, 4}.

Definition

If 4 and B are any two sets, then the set of elements that belong to 4 but do not

belong to B is called the difference of A and B or relative complement of B

with respect to 4 and is denoted by 4 — B or A\B.

viz, A-B={x|xe€ Aand x ¢ B}

For example, if 4 = {1,2,3} and B= {1, 3,5, 7},then 4 — B= {2} and B— 4

= {57}

Definition

If A and B are any two sets, the set of elements that belong to 4 or B, but not

to both is called the symmetric difference of A and B and is denoted by 4 ® B or

A ABor A+ B. It is obvious that 4 ® B = (4 — B) U (B — A).

For example, if 4 = {a, b, ¢, d} and B= {c, d, e, f} then 4 ® B = {a, b, e, f}
The sets 4, A — B and 4 @ B are represented by the hatched areas shown in

Figs. (5.3), (5.4) and (5.5) respectively.

Fig. 5.3 A Fig. 54 A-B Fig. 5.5 A® B
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The Algebraic Laws of Set Theory

Some of the important set identities or algebraic laws of set theory are listed in
Table 5.1. There is a marked similarity between these identities and logical
equivalences discussed in the chapter on Mathematical Logic. All these laws
can be proved by basic arguments or by using Venn diagrams and truth tables.
We shall prove some of these laws and leave the proofs of the remaining laws
as exercise to the reader.

Table 5.1 Set Identities

Identity Name of the law

. @4uo=4 .
L ) AN U=4 Identity laws
; Egi t)\ Z:qﬁj Domination laws
3. (@dud=4
3 (b) A A=A Idempotent laws
4 @4V Ii -v Inverse laws or Complement laws
4. b)An A =9
5. A=4 Double Complement law or Involution law|
6. @dvB=Bud Commutative laws
6. ®)ANB=BnNnA
7. @AuBuUulO)=(AuBuUC i
7. () AN(BAC)=(ANB)C Associative laws
8. @AnNnBuUO)=AnBudul) Y
8 (b)AUBAC)=(AUB) AU C) Distributive laws
9. @AuAnB)=4 .
9 (b)Ar(duB) =4 Absorption laws
10. a) AUB=ANB

- _ _ De Morgan’s laws
10. ) ANB=AUB

Dual Statement and Principle of Duality

If s is a statement of equality of two set expressions each of which may contain
the sets 4, B, A, B etc., ¢ and U and the only set operation symbols U and M,
then the dual of s, denoted by s¢, is obtained from s by replacing (1) each
occurrence of ¢ and U (in s) by U and ¢ respectively and (2) each occurrence
of U and M (in s) by M and U respectively.
The principle of duality states that whenever s, a statement of equality of
two set expressions, is a valid theorem, then its dual s¢ is also a valid theorem.
Note All the set identities given in (b) parts of various laws are simply the duals
of the corresponding set identities in (a) parts.
Now let us establish some of the set identities:
i) Aud=4
We recall that, to prove that 4 = B, we should establish that 4 < B and
B c 4.
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Now xeAUA=>xe Aorxe 4
=>x€e€ 4
AuvuAdcA (D)
xeAd=>xe Aorxe 4
=>xe€ AU A
AcAuA 2)
From (1) and (2), we get 4 U 4 =4
(i) ANnB=BnNnA
Let us use the set builder notation to establish this identity.
AN B={xx e A n B}
= {xx € 4 and x € B}
= {xx € Band x € 4}
= {xx € BN 4}
=BnNA
i) AuvBNCO=MUAUBNMUAUO
AUuBNC={xlxe dorxe (Bn C)}
={x|lxe€e Aor(x e Band x € O)}
={x|(xe Aorxe B)and (x € 4 or x € C)}
={xlxe AuBandxe 4 U C}
={xlxe AuB) N}
=(A4uBnNnAuUl
V) ANnBuUCO=AnNnBuUANO
Let us use Venn diagram to establish this identity.

AnC (AnB)u (BN C)
(d) (e)
Fig. 5.6
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(V) AnB = AUB
ANB ={x|x ¢ A N B}
={x|x e Aorx ¢ B}
={x|]xe dorxe B}
={x|lxe 4 U B}

g

N, WORKED EXAMPLES 5(A)

Example 5.1 Prove that (4 — C) N (C — B) = ¢ analytically, where 4, B,
C are sets. Verify graphically
MA-CnNn(C-B)=f{xlxe Aandx ¢ Candx € Cand x ¢ B}
={x|]xe dand (xe Candx e C)and x € B}
= {x|(xe Aand x € ¢) and x € B}
={xlxe An¢and x € B}
= {x|x € ¢and x € B}
={x|xe 6 N B}
= {xlx e ¢}
=¢

Let us now use Venn diagrams to verify the result.

A B
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Example 5.2 1If 4, B and C are sets, prove, both analytically and
graphically, that A — (B "N C) =4 - B) u (4 - O).
A-BNnC)={x|lxe Aand x ¢ (B n O)}
={xlxe Aand (x ¢ Borx ¢ C)}
={x|xe Aandx ¢ B)or (x € A and x ¢ C)}
{x]lxe 4—-—B)orxe (4- C)}
={xlxe -B)u-0)}
=d-BuAd-0

c
A-(BUO) A-B A-C
A B
c
(A-BuU(A-0)
Fig. 5.9

Example 5.3 If 4, B and C are sets, prove, both analytically and
graphically, that A " (B—C)=(A N B) — (4 n C).
AN B-C={xlxe Aandx € (B- (O)}
= {xjx € Aand (x € Band x ¢ C)}
={x]xre dand (x € Bandx € C)}
={xlxe UnBn C)
=4nBn C
Now ANB) -ANC)=f{xlxe AnB) andxe ANC}
={xlxe AN B)and x € (Zué}, by De Morgan’s law
={xlxe UnB)and (x € 4 orxe C)}
=[x @NnB)andxe Alor[xe AnB)andxe CJ}
={xlxedn AnBorxe (AN BN C)}
={x|]xe porx(A "B C)}
={xlxe AnBN Cc}
=AnNnBnNn C
Hence the result.
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B A@B
C
B-C AnB
A A B
C C
AnC (AnB)—(An C)
Fig. 5.10

Example 5.4 1If 4, B and C are sets, prove that
AU(BNC) = (CUB)N A, using set identities

LS. = AU(BNC) = An (BN C), by De Morgan’s law

AN (BuUC), by De Morgan’s law
= (E ] 6) NA, by Commutative law

= (CUB)N 4, by Commutative law

= R.S.
Example 5.5 1If A, B and C are sets, prove algebraically that 4 x (B N C)
=l XxB) N A4xCO).

AXBNC)={x,y)xe Aand y € (BN C)}
={(x, y)lre Aand (y € Band y € C)}

{x,|(xe Aand y e B)and (x € 4 and y € O)}
={(x, MI(x,y) € A x Band (x,y) € 4 X C}

= {(x, Y, y) € (A xB) N (4 xC)
=AXB)nNnA4x0
Example 5.6 If A, B, C and D are sets, prove algebraically that (4 N B) X
(CNn D)= xC)n (B x D). Give an example to support this result.
ANnB)x(CnNnD={x,y)|xe AnB)and y € (C N D)}
{x, MI(xe Aand x € B)and (v € C and y € D)}
={x yIixe Adand ye () and (x € Band y € D)}
= {0, YICx, y) € (A4 x ) and (x, y) € (B X D)}
{x x, y) € (4% C) N (B X D)}
=AxC)n (BxD)
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Example Llet A= {1,2,3],B=1{2,3,4],C=1{5,6,7} and D= {6, 7, 8}.
Then AN B=1{2,3} and Cn D= {6, 7}
AN B)x(CnD)={2,6), 12,7, @3,0), (3, N}
Now 4 x C={(1,5),(,6), 1,7, 2,5),(2,06), (2,7), (3,5), (3, 6), (3, 7)}
BxD={2,6),2,7), (2, 8),3,6),(3,7), 3, 8), 4, 6),4,7), 4,8}
MAxC)n(BxD)={2,06),(2,7), 3, 6), (3,7}
Hence AN B)Xx(CNnD)=AXxC)n (BxD)
Example 5.7 Use Venn diagram to prove that @ is an associative
operation, viz., (4 ® B)® C=4 @ (B @ O).
Instead of shading or hatching the regions in the Venn diagram, let us label
the various regions as follows:

o

c
Fig. 5.11

Set A consists of the points in the regions labeled 1, 2, 3, 4; set B consists of
the points in the region labeled 2, 3, 5, 6; set C consists of the points in the
region labeled 3, 4, 6, 7.

Now A®B=(AvB)—-(A4nB)
= R, Ry, R, Ry, Rs, R} — {Ry, R,
where R; represents the region labeled i
= {Ry, Ry, Rs, Ry}
(4 @ B) @ C= {Ry, Ry, Ry, Rs, Rg, Ry} — {Ry, R}
= {Ry, R;, Rs, Ry}
Now B ® C= {R,, R;, Ry, Rs, Ry, Ry} — {R3, R¢}
= {Ry, Ry, Rs, Ry}
4@ (B O C)={R|, Ry, Ry, Ry, Rs, Ry} — {Ry, Ry}
= {Ry, R;, Rs, Ry}
Hence A @ B) @ C=4® (B O

Example 5.8 Use Venn diagram to prove that (4 @ B) X C=(Ax C) ®
(B x C), where 4, B, C are sets.

Using the same assumptions about 4, B, and C and the Fig. 5.11 in the
Example (8), we have 4 @ B = {R|, Ry, Rs, R¢}.
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(4 @ B) x C= {R), Ry, Rs, Rg} X {Rs, Ry, Rg, Ry}
= {R, X Ry, Ry X Ry, ..., Rg X R}
A X C=A{Ry, Ry, Ry, Ry} X {R3, Ry, R, Rj]
={RXRy, Ry XRy, ..., Ry X R}}
B x C= {Ry, Ry, Rs, Rg} X {R3, Ry, Rg, Ry}
It is easily verified that
A®B)XxC=UAXxC)d®BxO0
= {(R; X R), (R4 X R)), (Rs X R)), (Rg X R))}
where i=3,4,6,7

Example 5.9 Simplify the following sets, using set identities:
@ AUBuUANBA C)
(b) AN B)U[BN (CnD)u(Cn D)

(@) A4UBUANBANC) =(ANB) U[(AdnB)~ C], by De Morgan’s
law

=[A4ANB) AN B]IN[ANnB U 5], by distributive law

Un AnB u C, by inverse law

AnB U C , by identity law

=4 UB U 5, by De Morgan’s law
(b) AN B)UI[BN (CND)uU(Cn D)
=ANB)UI[BN {Cn (DU D)}, by distributive law
=(A N B) v [B N (Cn V)], by inverse law
= (4 N B) U [B N (], by identity law
= (B N A4) u (B n (), by commutative law
=B N (4 u (), by distributive law
Example 5.10 Write the dual of each of the following statements:
(a) A= (B nA) U (4 N B)

b) UNnB)U(AdNBUUANBYU(Ad N B)=U
(a) Recalling that the dual of any statement is obtained by replacing U by N
and N by v, the dual of the statement in (a) is got as

A= (B U A) N (4 U B), which can be easily seen to be a valid statement.
(b) The dual of the statement in (b) is

AUBN(AUBNAUBYN(A U B)=¢

Example 5.11 For each of the following statements in which 4, B, C
and D are arbitrary sets, either prove that it is true or give a counter example to
establish that it is false:

(@ AuC=BuC—>A4=8B
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) ANnC=BnCandAdUC=BUC—>A=8
()A-BxC)=U-B)x (-0

(d)

AuUuB)XxX(CuD)y=AxC) v (BxD)

() A®C=B®C—>A=8B
HADBNCO)=U®B) N A®C)

(a)

The statement is false, as in the following counter example:
Let A= {1}, B={2} and C = {1, 2}

Now 4AuC=BuC={l,2}

But 4#B

(b) A= {x|x € 4}

(c)

(d)

={xlxe 4u C}
= {x|]x € Bu C} (given)
={x|lxe Borx e C}
{x|x € B} or {x|x € C}
= {x|x € B} or {x|x € A and x € C}
=Bor {xlxe 4n C}
=B or{x|]x e BN C} (given)
=Bor {x]x € Band x € C}
=B or {x|x € B}
=BorB
=B
Hence the given statement is true.
The statement is false, as in the following counter example:
Let 4=1{1,2, 3,4,5}, B={1,2}, C= {3, 4}
Then B x C= {(1, 3), (1, 4), (2, 3), (2, 4)
A-BxC)=1{1,2,3,4,5}
Now A-B={3,4,5and 4 - C= {1, 2, 5}
A-B)xAd-0={3,1,3,2,3,5,(41),42),4)5),5 1),
(5, 2), (5, 5)}
Hence A-BxC)z#zA-B)xA4-0)
The statement is false, as in the following counter example:
Let 4=1{1,2},B=1{2,3},C=1{4,5),D=1{5, 6}
Then A UB=1{1,2,3},CuD-={4,5, 6}
AuBx(CuD)={Q1,4),@1,5),d,06),12, 4, 2,5), @2, 6), 3, 4),
(3, 5), 3, 6)}
Now 4 x C={(1,4),{,)5), 2,4, 2,5}
and B x D= {2,5), (2, 6), (3,5), (3, 6)}
@x O uBxD)={1,4),(1,5), 24,2 5),(206),6,5), 6,0}
Thus AUB)Xx(CuD)yz(AxC)u(BxD)

(e) xe Aandx e C = x ¢ A @ C, by definition of 4 & C

=>x¢ B® C (given)
> xe€e Bandxe C
=xe B (D)
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Alsoxe Aandxe C=xe€ 4 ® C
>xe B®C (given)
=xe B 2)
From (1) and (2), it follows that 4 < B
Similarly we can prove that B < 4
Hence 4 =8B
i.e., the given statement is true.
(f) The statement is false, as in the following counter example:

Let 4={1,2,3,4},B=1{3,4,5,6} and C= {2,3,5, 7}
BNnC={3,5and4d® B N O ={l1,2 5}
A®B={1,2, 56}and 4 ® C={1,4,5,7}

(A®B)nAdeC={l,5}
Hence A@BNO)2ADB)NA4d® O
Example 5.12 Find the sets 4 and B, if
(@ A-B={1,3,7,11},B-A4=1{2,6,8} and 4 n B = {4, 9}
b) 4A-B=1{1,2,4,B—-A={7,8 and4 U B=1{1,2,4,5,7,8, 9}
(a) From the Venn diagram, it is clear that
A=1{1,3,4,7,9, 11}
and B=1{2,4,6,8, 9}

Fig. 5.12 Fig. 5.13

(b) From the Venn diagram, it is clear that
A=1{1,2,4,5,9}s
and B=1{517,8, 9}

N\ EXERCISE 5(A)

Part (A): (Short answer questions)

1. Explain the roster notation and set builder notation of sets with examples.
Define null set and singleton set.
Define finite and infinite sets. What is cardinality of a set?
Define subset and proper subset. When are two sets said to be equal?
What is a power set? State the relation between the cardinalities of a
finite set and its power set.

SR w
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6. Define the cartesian product of two sets and give an example.
7. Define union and intersection of two sets. Give their Venn diagram
representation.
8. When are two sets said to be disjoint?
9. Define complement and relative complement of a set. Give examples.
10. Define the symmetric difference of two sets.
11. State the identity, domination, idempotent and inverse laws of set theory.
12. State the commutative, associative and distributive laws of set theory.
13. State De Morgan’s laws of set theory.
14. State the principle of duality in set theory. Give an example.
15. Given that U= {1, 2,3, ...,9, 10}, 4 = {1, 2,3, 4,5}, B= {1, 2, 4, 8},
C=1{1,2,3,5 7} and D = {2, 4, 6, 8}, find each of the following ((a)~(1)):
(@A 4uBnC b)) 4AuBnNO
(c) CuD (d cubD
() 4uB)-C () 40 (B-0)
(e B-0O-D (h) B—-(C-D)
(i) 4w B)-(CnD) () A-B) v (C-D)
kK)yAdAe BN O HDA4auB®O0
16. Prove the following analytically or graphically:
() A-B=AN B (b) A—-(AN B =4-B
() nB uUMAN B)=4 (dA4uAnB =4
e AduB N@up =4 ) @UnBuUB-4) =8B
(g) (4-B) =4 UB hy AnB-4)=2¢
(i) A-B=B-4 () A-ByuAnB)=4
k) A-B)yn(B-A4)=9¢
HODA-BuB-A)=AuB-ANDB
m) A®@B=AUB)-ANB) M AD®B=UA-B)uB-4
(0) AnB)cAdAc(4uB (p) AnB)cBc(duB
Part B
17. Prove the following statements analytically, where 4, B and C are sets.

Verify them graphically also.

(@ AUB=UNB UMAN B)u (4 N B)
b) ANB)-C=A-OnB-0

() A-BUCO)=A-B)n(-0)

(d BUC) —A4=(B-A) U (C-4A)

() A—B) - C=4-(BuUCQC

(H d-B)-C=A4-0C)-B-0)

(g ANnB-CO)=MUNB)-ANCO)

(hy A®B=A4 ®B=4A® B
DANBO®CO)=UANB)®UN C)

G UANnOcBnNnCanddn C)yc(Bn C)—>ACB.
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18. For each of the following statements in which 4, B, C and D are arbitrary
sets, either prove that it is true or give a counter example to show that it is
false.

@ AnNnC=BnNnC—>A4A=8B

by AnB=AnCand A "NB=A4ANC—>B=C
() d-O)=B-C)—>4=8B
dAnC=BnCandAd-C=B-C—>A4=8B
() AuC=BuCandA4-C=B-C—>A4=B
) AXBUC=UAXB)UAxO

QAN BxO)=UANBXxANCOC

h) UnBxC=AxC)nBxO

i) A-BxC=AxC)-(BxC(C)

() A-B)x(C-D)=(4xC)—(BxD)
kKyAdA@eB®O)=AB)SC

D ADPBXC=AXC)dDBxO

19. Simplify the following set expressions, using set identities:
(@) (AUB)N(AUC)N(BUCO)

b) ANB)yUUANBNC NDU(A N B)
(c) 4-B)yu A nB

20. Write the dual of each of the following statements:
(a) AuBNAduUp =4
b) AUB=UANB UMAN B)U (A N B)
() ANnBNC)=(AnC)u(4n B).

RELATIONS

Introduction

A relation can be thought of as a structure (for example, a table) that represents
the relationship of elements of a set to the elements of another set. We come
across many situations where relationships between elements of sets, such as
those between roll numbers of students in a class and their names, industries
and their telephone numbers, employees in an organization and their salaries
occur. Relations can be used to solve problems such as producing a useful way
to store information in computer databases.

The simplest way to express a relationship between elements of two sets is
to use ordered pairs consisting of two related elements. Due to this reason, sets
of ordered pairs are called binary relations. In this section, we introduce the
basic terminology used to describe binary relations, discuss the mathematics of
relations defined on sets and explore the various properties of relations.
Definition
When A and B are sets, a subset R of the Cartesian product 4 X B is called a
binary relation from 4 to B. viz., If R is a binary relation from 4 to B, R is a set
of ordered pairs (a, b), where a € 4 and b € B. When (a, b) € R, we use the
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notation @ R b and read it as “a is related to b by R”. If (a, b) ¢ R, it is
denoted as a K b.
Note Mostly we will deal with relationships between the elements of two sets.
Hence the word ‘binary’ will be omitted hereafter.

If R is a relation from a set 4 to itself, viz., if R is a subset of 4 X A4, then R
is called a relation on the set A.

The set {a € Ala R b, for some b € B} is called the domain of R and
denoted by D(R).

The set {b € Bla R b, for some a € A} is called the range of R and denoted
by R(R).

Examples

1. Let A=1{0,1,2,3,4},B={0,1,2,3} andaea R bifand only if a + b = 4.
Then R = {(1, 3), (2, 2), (3, 1), (4, 0)}
The domain of R = {1, 2, 3, 4} and the image of R = {0, 1, 2, 3}

2. Let R be the relation on 4 = {1, 2, 3, 4}, defined by a R bifa < b; a, b e A.
Then R = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4),
4, 9}

The domain and range of R are both equal to 4.

TYPES OF RELATIONS

A relation R on a set 4 is called a universal relation, if R = 4 X A.
For example if 4 = {1, 2, 3}, then R=4 x 4 = {(1, 1), (1, 2), (1, 3), (2, 1),
(2, 2), (2, 3), 3, 1), (3, 2), (3, 3)} is the universal relation on A.

A relation R on a set A4 is called a void relation, if R is the null set ¢. For
example if 4 = {3, 4, 5} and R is defined as a R b if and only if @ + b > 10,
then R is a null set, since no element in 4 X A satisfies the given condition.

Note The entire Cartesian product 4 X 4 and the empty set are subsets of 4 X 4.

A relation R on a set A is called an identity relation, if R = {(a, a)la € A}and
is denoted by /.

For example, if 4 = {1, 2, 3}, then R = {(1, 1), (2, 2), (3, 3)} is the identity
relation on A.

When R is any relation from a set 4 to a set B, the inverse of R, denoted by
R, is the relation from B to 4 which consists of those ordered pairs got by
interchanging the elements of the ordered pairs in R.
viz, R'= {(b, a)(a, b) € R}
viz, ifa R b, then b R a.

For example, if 4 = {2, 3, 5}, B= {6, 8, 10} and a R b if and only if a € 4
divides b € B, then R = {(2, 6), (2, 8), (2, 10), (3, 6), (5, 10)}

Now R'= {6, 2), (8, 2), (10, 2), (6, 3), (10, 5)}

We note that b R™! a, if and only if b € B is a multiple of a € 4. Also we note
that

DR)=R®R") = {2, 3, 5} and
R(R)= D(R™) = {6, 8, 10}
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SOME OPERATIONS ON RELATIONS

As binary relations are sets of ordered pairs, all set operations can be done on
relations. The resulting sets are ordered pairs and hence are relations.

If R and S denote two relations, the intersection of R and S denoted by
R N S, is defined by

aRnNSh=aRbaraSh

and the union of R and S, denoted by R U S, is defined by a (R U S)b=a R b
vaSh.

The difference of R and S, denoted by R — S, is defined by a (R—-S)b=a R b

Aa /8( b.

The complement of R, denoted by R” or ~R is defined by a(R)b = a K b.
For example, let A = {x, y, z}, B={1,2,3}, C= {x, y} and D = {2, 3}. Let R
be a relation from 4 to B defined by R = {(x, 1), (x, 2), (v, 3)} and let S be a
relation from C to D defined by S = {(x, 2), (v, 3)}.

Then RAS={(x2),(3)}andRUS=R
R-S= {x 1)}
R=1{x3),» D, 02,1, (2, 3)}

COMPOSITION OF RELATIONS

If R is a relation from set 4 to set B and S is a relation from set B to set C, viz.,

R is a subset of 4 X B and § is a subset of B x C, then the composition of R

and S, denoted by R e S, [some authors use the notation S e R instead of R ¢ 5]

is defined by

a(R « S) ¢, if for some b € B, we have a R b and b R c.

viz., R ¢ S = {(a, c)| there exists some b € B for which (@, b) € R and (b, ¢) € S}
Note 1. For the relation R e S, the domain is a subset of 4 and the range is a

subset of C.

2. R e Sis empty, if the intersection of the range of R and the domain of S is empty.

3. If R is a relation on a set 4, then R e R, the composition of R with itself is always

defined and sometimes denoted as R°.

For example, let R = {(1, 1), (1, 3), (3, 2), (3, 4), (4, 2)} and S = {(2, 1),
(3, 3), G, 4, 4 Dj.

Any member (ordered pair) of R « S can be obtained only if the second
element in the ordered pair of R agrees with the first element in the ordered
pair of S.

Thus (1, 1) cannot combine with any member of S.

(1, 3) of R can combine with (3, 3) and (3, 4) of S producing the members
(1, 3) and (1, 4) respectively of R e S. Similarly the other members of R ¢ S are
obtained.
Thus
Similarly,

¢ S=1{(1,3),(1,4), (3, 1), 4 1)}

*R=1(2, 1), (2, 3),3,2), 3,4, 4 1), 4, 3);
e R={(1, 1), (1, 3), (1, 2), (1, 4), 3, 2)}
*§=1G,3), G, 4, 3, Dj
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ReS)eR={(12),(1,4), 3G, 1, G 3, # 1), 4 3)}
Re(SeR)={(1,2),(1,4),3, 1), 3, 3), 4 1), 4 3)}
RP=ReReR=(ReR)eR=Re(ReR)
= {1, 1), (1, 3), (1, 2), (1, 4)}

PROPERTIES OF RELATIONS

(@)

(i)

(i)

(iv)

v)

A relation R on a set 4 is said to be reflexive, if a R a for every a € 4,
viz., if (a, a) € R for every a € A.
For example, if R is the relation on 4 = {1, 2, 3} defined by (a, b) € R if
a < b, where a, b € A4, then R = {(1, 1), (1, 2), (1, 3), (2, 2), (2, 3), (3, 3)}.
Now R is reflexive, since each of the elements of A is related to itself, as
(1, 1), (2, 2) and (3, 3) are members in R.

Note A relation R on a set 4 is irreflexive, if, for every a € 4, (a, a) ¢ R.

viz., if there is no a € A such that a R a.

For example, R, {(1, 2), (2, 3), (1, 3)} in the above example is irreflexive.
A relation R on a set 4 is said to be symmetric, if whenever a R b then
b R a, viz., if whenever (a, b) € R then (b, a) also € R.
Thus a relation R on A4 is not symmetric if there exist @, b € A such that
(a, b) € R, but (b, a) ¢ R.
A relation R on a set A4 is said to be antisymmetric, whenever (a, b) and
(b, @) € R then a = b. If there exist @, b € A such that (a, b) and (b, a) €
R, but a # b, then R is not antisymmetric.
For example, the relation of perpendicularity on a set of lines in the plane
is symmetric, since if a line a is perpendicular to the line b, then b is
perpendicular to a.
The relation < on the set Z of integers is not symmetric, since, for example,
4<5buts £ 4
The relation of divisibility on N is antisymmetric, since whenever m is
divisible by n and # is divisible by m then m = n.

Note Symmetry and antisymmetry are not negative of each other. For

example, the relation R = {(1, 3), (3, 1), (2, 3)} is neither symmetric

nor antisymmetric, whereas the relation § = {(1, 1), (2, 2)} is both symmetric
and antisymmetric.
A relation R on a set 4 is said to be transitive, if whenever a R b and b R
c then a R c. viz., if whenever (a, b) and (b, ¢) € R then (a, ¢ ) € R.
Thus if there exist a, b, c € 4 such that (a, b) and (b, ¢) € R but (a, ¢) ¢
R, then R is not transitive.
For example, the relation of set inclusion on a collection of sets is transitive,
sinceif AcBand Bc C, A c C.
A relation R on a set A4 is called an equivalence relation, if R is reflexive,
symmetric and transitive.
viz., R is an equivalence relation on a set 4, if it has the following three
properties:

1. aRa, foreverya e 4
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2. IfaR b, then b R a
3.IffaRband bR ¢, thena R ¢
For example, the relation of similarity with respect to a set of triangles T
is an equivalence relation, since if T, 7,, T; are elements of the set 7,
then
T\ || T}, ie, T} R T| for every 7| € T,
T, || T, implies 7, ||| 7, and
T, || Ty and T, || Ty simplify T, || T
viz., the relation of similarity of triangles is reflexive, symmetric and
transitive.
(vi) A relation R on a set A is called a partial ordering or partial order
relation, if R is reflexive, antisymmetric and transitive.
viz., R is a partial order relation on A if it has the following three properties:
(a) a R a, for every a € 4
(b) aRbandbRa=a=5>
(c) aRbandbRc=>aRc
A set A together with a partial order relation R is called a partially
ordered set or poset. For example, the greater than or equal to (=) relation
is a partial ordering on the set of integers Z, since
(a) a = a for every integer a, i.e. 2 is reflexive
(b) azband b =2a = a = b, i.e. = is antisymmetric
(c) a=band b= ¢ = a = ¢, i.e. 2 is transitive
Thus (Z, 2) is a poset.

EQUIVALENCE CLASSES

Definition
If R is an equivalence relation on a set 4, the set of all elements of 4 that are
related to an element a of 4 is called the equivalence class of a and denoted by
[a]-
When there is no ambiguity regarding the relation, viz., when we deal with
only one relation, the equivalence class of a is denoted by just [a].
In other words, the equivalence class of a under the relation R is defined as
[a] = {xl(a, x) € R}
Any element b € [a] is called a representative of the equivalence class [«].
The collection of all equivalence classes of elements of 4 under an equivalence
relation R is denoted by 4/R and is called the quotient set of A by R.
Viz. A/R = {[a]la € A}
For example, the relation R on the set 4 = {1, 2, 3} defined by R = {(1, 1),
(1, 2), (2, 1), (2, 2), (3, 3)} is an equivalence relation, since R is reflexive
symmetric and transitive.
Now [1] = {1, 2}, [2] = {1, 2} and [3] = {3}
Thus [1], [2] and [3] are the equivalence classes of 4 under R and hence form
A/R.
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Theorem
If R is an equivalence relation on non-empty set 4 and if @ and b € A4 are
arbitrary, then

(1) a € [a], for every a € 4

(i) [a] = [b], if and only if (a, b) € R

(i) If [a] N [b] # ¢, then [a] = [b]
Proof:

(1) Since R is reflexive, (a, a) € R for every a € A.

Hence a € [a]

(i1) Let us assume that (¢, b)) € Rora R b (D)
Let x € [b]. Then (b, x) € Ror b R x 2)
From (1) and (2), it follows that a R x or (a, x) € R (" R is transitive)

x € [a]
Thus x € [b] = x € [a] .. [b] < [a] 3)
Lety € [a]. Thena R y 4
From (1), we have b R @, since R is symmetric. (5
From (5) and (4), we get b R y, since R is transitive.

y € [b]
Thus y € [a] > y € [b] .. [a] C [b] 6)

From (3) and (6), we get [a] = [b]
Conversely, let [a] = [b]
Now b € [b] by (i)
ie,be [a]l .. (a,b)e R
(i) Since [a] N [b] # ¢, there exists an element x € A4 such that x € [a] N [b]
Hence x € [a] and x € [b]
iie., xRaandxR b
or aRxandxRb
~.a R b, since R is transitive
Hence, by (ii), [a] = [b]
Equivalently, if [a] # [b], then [a] N [b] = ¢.
Note From (ii) and (iii) of the above theorem, it follows that the equivalence
classes of two arbitrary elements under R are identical or disjoint.)

PARTITION OF A SET

Definition
If S'is a non empty set, a collection of disjoint non empty subsets of S whose
union is § is called a partition of S. In other words, the collection of subsets 4;
is a partition of S if and only if

(i) A4; # ¢, for each i

(i) 4; " 4;= ¢, for i # j and

(ii)) J4; = S, where |J4; represents the union of the subsets 4; for all i.

INOTC The sublsets in a partition are also called blocks of the partition.
For example, if S= {1, 2, 3,4, 5, 6}
1) [{1, 3,5}, {2, 4}] is not a partition, since the union of the subsets is not
S, as the element 6 is missing.



288 Discrete Mathematics

(i) [{1, 3}, {3, 5}, {2, 4, 6}] is not a partition, since {1, 3} and {3, 5} are not
disjoint.
@) [{1, 2, 3}, {4, 5}, {6}] is a partition.

PARTITIONING OF A SET INDUCED BY AN
EQUIVALENCE RELATION

Let R be an equivalence relation of a non-empty set 4.
Let 4, 4,, ..., A, be the distinct equivalence classes of 4 under R.
For every a € A,, a € [a], by the above theorem.
A;= [alg
U lalr = U4, =4
ac4; i
Also by the above theorem, when [a]; # [b]g, then
[alg N [b]g = ¢. viz., 4; " 4; = ¢, if [a]g = 4; and [b]; = 4;
. The equivalence classes of 4 form a partition of 4.
In other words, the quotient set A/R is a partition of A.
For example, let 4 = {blue, brown, green, orange, pink, red, white, yellow} and
R be the equivalence relation of 4 defined by “has the same number of letters”,
then
A/R = [{red}, {blue, pink}, {brown, green, white}, {orange, yellow}]

The equivalence classes contained in A/R form a partition of 4.

MATRIX REPRESENTATION OF A RELATION

If R is a relation from the set 4 = {a,, a5, ..., a,,} to the set B = {b, b,, ..., b,},
where the elements of 4 and B are assumed to be in a specific order, the
relation R can be represented by the matrix

Mg = [m], where

{1, if (a;,b;)€ R

m;; = .

v 0, if (a;,b;)eR.

In other words, the zero-one matrix My has a 1 in its (i — j)th position when q;
is related to b; and a 0 in this position when a; is not related by b,.

For example, if 4 = [a,, a,, a5} and B = {b,, b,, b3, b,} and R = {(a;, b,),
(ay, b)), (ay, by), (ay, by), (a3, by), (a3, b,)}, then the matrix of R is given by
[0 100
Mp=11 0 1 1
1 01
Conversely, if R is the relation on 4 = {1, 3, 4} represented by

MR:

1 T
c o~ o
O =
- o o
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then R = {(1, 1), (1, 3), (3, 3), (4, 4)}, since m; = 1 means that the ith element
of A is related to the jth element of 4.

1. If R and § are relations on a set 4, represented by My and M respectively,
then the matrix representing R U S is the join of My and Mg obtained by
putting 1 in the positions where either My or M has a 1 and denoted by
My v Mgie, My, g= My v M.

2. The matrix representing R N S is the meet of My and M obtained by
putting 1 in the positions where both M and Mg have a 1 and denoted by
Mp A Mgie., Mp = Mp A M.

Note The operations ‘join’ and ‘meet’, denoted by v and A respectively
are Boolean operations which will be discussed later in the topic on
Boolean Algebra.

For example, if R and S are relations on a set A represented by the

matrices

1 01 1 01
Mp=10 1 1 and Mg= |1 0 O] respectively,
1 00 010

then My, g= My v Mg
[1v1 ovoOo 1vi] [1 0 1
=|0vl 1v0 1vo|=l1 1 1
[IvO Ovl OvO| |1 1 0

and My~ g= My A Mg
[1A1 0AO0 1a1] [1 0 1
=|10A1l 1A0 1AO0|=]0 O O
[1A0 OAl 0AO] [0 0 O

3. If R is a relation from a set 4 to a set B represented by My, then the

matrix representing R™' (the inverse of R) is Mg, the transpose of M.
For example, if 4 = {2, 4, 6, 8} and B = {3, 5, 7} and if R is defined by
{2, 3), (2,5), (4,5), (4, 7), (6, 3), (6, 7), (8 7)}, then

110
o1
Me= 1y 0
00 1

R is defined by {(3, 2), (5, 2), (5, 4), (7, 4), (3, 6), (7, 6), (7, 8)

1010
Now M, =1 1 0 0|=M}.
01 11



290 Discrete Mathematics

4. If R is a relation from 4 to B and S is a relation from B to C, then the
composition of the relations R and S (if defined), viz., R o S is represented
by the Boolean product of the matrices My and M, denoted by M; e M.
Note The Boolean product of two matrices is obtained in a way similar to the
ordinary product, but with multiplication replaced by the Boolean
opadion A and with addition replaced by the Boolean operation v.

For example, the matrix representing R o S

010 010
where Mp=1|1 1 1| and Mg=|0 1 1
1 00 111

[0vOvO OvivO 0vIvVO
Mpos=Mp O Mg=|0vOvl 1vivl Ovlvl
[OvOvO 1vOvO OvOvoO

[0 1 1
=111
010

5. Since the relation R on the set 4 = {a,, a,, ..., a,} is reflexive if and only if
(@ya)e Rfori=1,2,...,n,m;=1fori=1,2, ..., n In other words,
R is reflexive if all the elements in the principal diagonal of M}, are equal
to 1.

6. Since the relation R on the set 4 = {a,, a,, ..., a,} is symmetric if and
only if (a;, a;) € R whenever (a;, a)) € R, we will have m;; = 1 whenever
m; =1 (or equivalently m; = 0 whenever m;= 0). In other words, R is
symmetric if and only if m; = mj;, for all pairs of integers i and j (i, = 1,
2, ..., n). This means that R is symmetric, if My = (MR)T, viz., My is a
symmetric matrix.

Note The matrix of an antisymmetric relation has the property that if m; =
1 (i #), then m;= 0.

7. There is no simple way to test whether a relation R on a set 4 is transitive
by examining the matrix M. However, we can easily verify that a relation
R is transitive if and only if R” < R for n > 1.

REPRESENTATION OF RELATIONS BY GRAPHS

Let R be a relation on a set A. To represent R graphically, each element of 4 is
represented by a point. These points are called nodes or vertices. Whenever the
element a is related to the element b, an arc is drawn from the point ‘@’ to the
point ‘b’. These arcs are called arcs or edges. The arcs start from the first
element of the related pair and go to the second element. The direction is
indicated by an arrow. The resulting diagram is called the directed graph or
digraph of R.
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The edge of the form (a, a), represented by using an 2
arc from the vertex a back to itself, is called a loop. .
For example, if 4 = {2, 3, 4, 6} and R is defined by a R b ’
if a divides b, then
R=1(2,2),2,4), 2 06), 3, 3), (3, 0), (4, 4), (6, 6)} X\
The digraph representing the relation R is given in \"‘\
Fig. 5.14. \ .
Not The digraph of R!, the inverse of R, has exactly the 2 " 6
same edges of the digraph of R, but the directions of .
the edges are reversed. Fig. 5.14
The digraph representing a relation can be used to determine whether the
relation has the standard properties explained as follows:

(1) A relation R is reflexive if and only if there is a loop at every vertex of
the digraph of the relation R, so that every ordered pair of the form (a, a)
occurs in R. If no vertex has a loop, then R is irreflexive.

(il) A relation R is symmetric if and only if for every edge between distinct
vertices in its digraph there is an edge in the opposite direction, so that
(b, a) is in R whenever (a, b) is in R.

(i) A relation R is antisymmetric if and only if there are never two edges in
opposite directions between distinct vertices.

(iv) A relation R is transitive if and only if whenever there is an edge from a
vertex a to a vertex b and from the vertex b to a vertex c, there is an edge
from a to c.

HASSE DIAGRAMS FOR PARTIAL ORDERINGS

The simplified form of the digraph of a partial ordering on a finite set that
contains sufficient information about the partial ordering is called a Hasse
diagram, named after the twentieth-century mathematician Helmut Haasse.

The simplification of the digraph as a Hasse diagram is achieved in three
ways:

(1) Since the partial ordering is a reflexive relation, its digraph has loops at
all vertices. We need not show these loops since they must be present.

(i1) Since the partial ordering is transitive, we need not show those edges that
must be present due to transitivity. For example, if (1, 2) and (2, 3) are
edges in the digraph of a partial ordering, (1, 3) will also be an edge due
to transitivity. This edge (1, 3) need not be shown in the corresponding
Hasse diagram.

(i) If we assume that all edges are directed upward, we need not show the
directions of the edges.

Thus the Hasse diagram representing a partial ordering can be obtained
from its digraph, by removing all the loops, by removing all edges that are
present due to transitivity and by drawing each edge without arrow so that its
initial vertex is below its terminal vertex.
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For example, let us construct the Hasse diagram for the partial ordering
{(a, b)| a £ b} on the set {1, 2, 3, 4} starting from its digraph. (Fig. 5.15)

4 4 4 4
A

3 3 b 3
A

2 2 b 2
A

> 1 1 + 1

(a) (b) (c) (d)
Fig. 5.15

TERMINOLOGY RELATED TO POSETS

We have already defined poset as a set S together with a partial order relation
R. In a poset the notation a < b (or equivalently a < b) denotes that (a, b) € R.
a < b is read as “a precedes b” or “b succeeds a”.

Definitions

When {P, <} is a poset, an element a € P is called a maximal member of P, if
there is no element b € P such that a < b (viz., a strictly precedes b).

Similarly, an element a € P is called a minimal member of P, if there is no
element b € P such that b < a.

If there exists an element a € P such that b < g for all b € P, then a is called
the greatest member of the poset {P, <}.

Similarly if there exists an element a € P such that a < b for all b € P, then
a is called the least member of the poset {P, <}.

Note 1. The maximal, minimal, the greatest and least members of a poset can be
easily identified using the Hasse diagram of the poset. They are the top
and bottom elements in the diagram.

2. A poset can have more than one maximal member and more than one minimal

member, whereas the greatest and least members, when they exist, are unique.
For example, let us consider the Hasse diagrams of four posets given in
Fig. 5.16.

For the poset with Hasse diagram 5.16(a), a and b are minimal elements and d
and e are maximal elements, but the poset has neither the greatest nor the least
element.

For the poset with Hasse diagram (b), a and b are minimal elements and d is
the greatest element (also the only maximal element). There is no least element.

For the poset with Hasse diagram (c), a is the least element (also the only
minimal element) and ¢ and d are maximal elements. There is no greatest
element.
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de_ re d oC od od
P o b bl e
h / \ I Y
ae oh as b a v a
(a) (b) (c) (d)
Fig. 5.16

For the poset with Hasse diagram (d), a is the least element and d is the

greatest element.
Definitions
When 4 is a subset of a poset {P, <} and if u is an element of P such that a <
u for all elements a € A, then u is called an upper bound of A. Similarly if / is
an element of P such that / < g for all elements a € A, then [ is called a lower
bound of A.

Note The upper and lower bounds of a subset of a poset are not necessarily

unique.

The element x is called the least upper bound (LUB) or supremum of the
subset 4 of a poset {P, <}, if x is an upper bound that is less than every other
upper bound of 4.

Similarly the element y is called the greatest lower bound f
(GLB) or infimum of the subset 4 of a poset {P, <}, if y is
a lower bound that is greater than every other lower bound
of 4.

Note The LUB and GLB of a subset of a poset, if they exist, b
are unique.
For example, let us consider the poset with the Hasse dia-
gram given in Fig. 5.17.

The upper bounds of the subset {a, b, ¢} are e and f.
[Note: d is not an upper bound, since c is not related to d]
and LUB of {a, b, ¢} is e.

The lower bounds of the subset {d, e} are @ and b and GLB of {d, e} is b.

Note ¢ is not a lower bound, since ¢ is not related to d.

Fig. 5.17

WORKED EXAMPLES 5(B) /’

Example 5.1 List the ordered pairs in the relation R from 4 = {0, 1, 2, 3,
4} to B={0, 1, 2, 3} where (a, b) € R if and only if (i) a = b, (il) a + b =4,
(iil) a > b, (iv) alb (viz., a divides b), (v) gcd(a, b) = 1 and (vi) lem (a, b) = 2.
(1) Sinceae Aand b € Band a R b when a = b, R= {(0, 0), (1, 1), (2, 2),
3, 3)}.
(ii) Since a R b ifand only if a + b =4, R = {(1, 3), (2, 2), (3, 1), (4, 0)}.
(iii)) Since a R b, if and only if @ > b, R = {(1, 0), (2, 0), (2, 1), (3, 0), (3, 1),
(3, 2), (4, 0), (4, 1), (4, 2), 4, 3)}.
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(iv) Since a R b, if and only if alb, R = {(1, 0), (1, 1), (1, 2), (1, 3), (2, 0),
2, 2), (3, 0), (3, 3), (4, 0)}.

Note % is indeterminate and so 0 does not divide 0.

(v) Since a R b, if and only if ged (a, b) = 1, R = {(0, 1), (1, 0), (1, 1), (1, 2),
(1,3, 2, 1), (2,3), 3, 1), 3, 2), (4, 1), 4, 3)}.
(vi) Since a R b, if and only if lem (a, b) = 2, R = {(1, 2), (2, 1), (2, 2)}.

Example 5.2 The relation R on the set 4 = {1, 2, 3, 4, 5} is defined by
the rule (a, b) € R, if 3 divides a — b.
(1) List the elements of R and R -,
(i1) Find the domain and range of R.
(iii) Find the domain and range of R'.
(iv) List the elements of the complement of R.
The Cartesian product 4 X A consists of {(1, 1), (1, 2), (1, 3), (1, 4),
(1,5,2,1),2,2), ....2,5,3,1),3,2) ..., 3,5, 4 1, 4 2), ...,
“4,5), 5, 1), (5,2), ..., (5 5}
(i) Since (a, b) € R, if 3 divides (a — b), R = {(1, 1), (1, 4), (2, 2), (2, 5),
(3, 3), (4, 1), 4, 4), (5, 2), (5 5)}
R! (the inverse of R) = {(1, 1), (4, 1), (2, 2), (5, 2), (3, 3), (1, 4), (4, 4),
2, 5), (5, )}
We note that R™' = R
(i) Domain of R = Range of R = {1, 2, 3, 4, 5}
(iii) Domain of R"! = Range of R! = {1, 2, 3, 4, 5}
(iv) R’ (the complement of R) = the elements of A X A, that are not in R =
{1, 2), (1, 3), (1,5), (2, 1), (2, 3), (2, 4), 3, 1), 3, 2), (3, 4), 3, %),
(4,2), (4,3), 4,5, (5, 1), (5 3), 5 4}

Example 5.3 If R={(1,2),(2,4),(3,3)} and S = {(1, 3), (2, 4), (4, 2)},
find ) RU S, (i) RN S, (ii)) R— S, (iv) S— R, (V) R @ S. Also verify that dom
(R v S) = dom(R) U dom (S) and range (RN S) < range (R) N range (S).
0 RO S={(1,2),(,3), 24,3, 3), 4 2)
(i) RN S={Q2, 4}
@) R - S = {1, 2), (3, 3)}
@iv) S-R={(1, 3), 4, 2)}
VYRDS=RUS—-RNYS)
=1{(1, 2), (1, 3), 3, 3), (4, 2)}
dom (R) = {1, 2, 3}; dom (S) = {1, 2, 4}
Now dom (R) v dom (S) = {1, 2, 3, 4}
= domain (R U S)
Range (R) = {2, 3, 4}; Range (S) = {2, 3, 4}
Range (R N S) = {4}
Clearly {4} c {2, 3, 4} n {2, 3, 4}
i.e., Range (R N S) < Range (R) N Range (S).
Example 5.4 R and S are “Congruent modulo 3” and “Congruent modulo

4” relations respectively on the set of integers. That is R = {(a, b)la = b (mod 3)}
and S = {a, b)la = b (mod 4)}.
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Find ) RUS, (i) RN S, (ii) R-S,(iv)S—R, (V) R® S.
R = {(a, b), where (a — b) is a multiple of 3
ie. a-b=..-9 -6,-3,0,3,6,9, ...
ie. a-b=1{.,-93,1527,39, ...}, {..., 6, 6, 18, 30, ...}, {..., 3, 9,
21,33, ...}, {..., 0, 12, 24, 36, ...}
ie. a—b=3 (mod 12) or 6 (mod 12) or 9 (mod 12) or 0 (mod 12) (1)
S = {(a, b)}, where (a — b) is a multiple of 4
ie. a-b=..-12,-8,4,0,4,8, 12, ...
ie. a-b={...,-8,4,16,28, ...}, {..., -16, -4, §, 20, ...}, {..., 24,
-12, 0, 12, 24, ...}
ie. a—b=4 (mod 12) or 8 (mod 12) or 0 (mod 12) 2)
R U S={(a, b)la— b =0 (mod 12), 3 (mod 12), 4 (mod 12), 6 (mod
12), 8 (mod 12) or 9 (mod 12)}
RN S={(a, b)la— b =0 (mod 12), from (1) and (2)
R — 8= {(a, b)la — b =3 (mod 12), 6 (mod 12) or 9 (mod 12)}
S—R={(a, b)l a— b =4 (mod 12) or 8 (mod 12)}
R ® S={(a, b)la— b =3 (mod 12), 4 (mod 12), 6 (mod 12), 8 (mod
12) or 9 (mod 12)}.

Example 5.5 If the relations R}, R,, ..., R are defined on the set of real
numbers as given below,
R, = {(a, b)la > b}, R, = {(a, b)la 2 b},
R3 = {(a7 b)|a < b}7 R4 = {(a7 b)|a < b}’
RS = {(a7 b)|a = b}7 R6 = {(a7 b)|a * b}’
find the following composite relations:
Ry ®R),,Ry® Ry, Ri Ry, Ry ® Rs, Ry « R;, Rg ® R;, Ry » Ryand Ry » Ry
(1) R, * R, =R,. For example, let (5,3) € Ry and let (3, 1), (3,2), (3,3) € R,
Then R, ¢ R, consists of (5, 1), (5, 2), (5, 3) which belong to R,
(i) R, ® R, = R,. For example, let (5, 5), (5, 3), (5, 2) € R,
Then R, e R, = {(5, 5), (5, 3), (5, 2)} = R,
(iii) R, » R, = R? (the entire 2 dimensional vector space). For example, let R,
= {5, 4), (5, 3)} and Ry = {(4, 4), (4, 6), (3.3), 3, 5)}
Then R, » R, = {(5, 4), (5, 6), (5, 3), (5, 5)}
Thus R, e R, = {(a, b)la > b, a = b and a < b}
(iv) R; ® Ry = R;. For example, let R, = {(3, 4), (2, 4), (2, 5)} and Rs = {(3, 3),
4, 4), (5, 5)}
Then Ry o Rs = {(3, 4), 2, 4), (2, 5)} = Ry
(v) Rs e Ry =R;. For example, let Rs = {(3, 3), (4, 4), (5, 5)} and R; = {(3, 4),
4, 6), (5, 7}
Then R o R% =1{3,4), 4, 6), (5,7} = R,
(vi) R; ® Ry = R°. For exasmple, let R, = {(1, 2), (4, 3), (5, 2)} and R; =
{2, 5), 3, 4), (2, 3)}
Then Ry » Ry = {(1, 5), (1, 3), (4, 4), (5, 5), (5, 3)}
Thus Ry ¢ Ry = {(a, b)la> b, a = b and a < b}
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(vii) Rg e R, = R?. For example, let R, = {(1, 2), (4, 3), (5, 2)} and R, = {(2, 3),
2,5, G, 3)}
Then Rs R, = {(1, 3), (1, 5), (4, 3), (5, 3), (5, 5)}— R*

(viii) R¢ ® Rg = R%. For example, let Rg = {(1, 2), (2, 1), (2, 3), (3, 2), (3, 4)}
Then Ry ¢ R = {(1, 1), (1, 3), (2,2), 2, 4), 3, 1), 3, 3)} —» R?

Example 5.6 Determine whether the relation R on the set of all integers
is reflexive, symmetric, antisymmetric and/or transitive, where a R b if and
only if (i) a # b, (ii) ab =2 0, (iii)) ab = 1, (iv) a is a multiple of b, (v) a = b
(mod 7), (i) |a — b| = 1, (vii) a = b?, (viii) a > b*.
(1) ‘a # &’ is not true. Hence R is not reflexive
a#b= b+#a. . Rissymmetric
a # b and b # ¢ does not necessarily imply that a# c. .. R is not transitive
Hence R is symmetric only.
(i) a*=0. . R is reflexive.
ab =20 = ba 2 0. .. Ris symmetric.
Consider (2, 0) and (0, —3), that belong to R. But (2, -3) ¢ R, as 2(-3) <
0. .. R is not transitive.
R is reflexive, symmetric and not transitive.
(iii) ‘@® = 1’ need not be true, since @ may be zero. .. R is not reflexive.
ab>21 = ba 21 .. Ris symmetric.
ab>2land bc>21 = allofa, b,c>0o0r<0
If all of a, b, ¢ > 0, least @ = least b = least ¢ = 1
ac 21
If all of a, b, ¢ < 0, greatest a = greatest b = greatest ¢ = —1
ac 2 1. Hence R is transitive.
R is symmetric and transitive.
(iv) a is a multiple of a. .. R is reflexive. If a is a multiple of b, b is not a
multiple of a in general. But if a is a multiple of b and b is a multiple of
a, then a = b.
R is antisymmetric.
When a is a multiple of b and b is a multiple of ¢, then a is a multiple of c.
R is transitive.
Thus R is reflexive, antisymmetric and transitive.
(v) (a— a)is amultiple of 7 .. R is reflexive. When (a — b) is a multiple of 7,
(b — a) is also a multiple of 7. .. R is symmetric.
When (a — b) and (b — ¢) are multiples of 7, (a —b) + (b—c)=(a—c¢) is
also a multiple of 7.
R is transitive.
Hence R is reflexive, symmetric and transitive.
(vi) |a —a] # 1. . R is not reflexive
la—bl=1=1|b—a|l=1. .. Ris symmetric.
a—-bl=1=a-b=1or-1 Q)
b—cl=1=b-c=1or-1 2)



Set Theory 297

1)+ @2)givesa—c=22o0r 0
ie. la—c/=2o0r0
ie. la—cl#1
Hence R is symmetric only.
(vii) ‘a = a* is not true for all integers.
R is not reflexive.
a=bandb=a* fora=b=0orl
R is antisymmetric.
a =b* and b = ¢* does not simply a = ¢
R is not transitive
Hence R is antisymmetric only.
(viii) ‘@ > @ is not true for all integers.
R is not reflexive.
a>b*and b > a® imply that a = b
R is antisymmetric
When a > b* and b > 2, a >
R is transitive
Hence R is antisymmetric and transitive.

2

Example 5.7 Which of the following relations on {0, 1, 2, 3} are
equivalence relations? Find the properties of an equivalence relation that the
others lack.
(@) Ry ={(0, 0), (1, 1), (2, 2), (3, 3)}
(b) R, = {(0, 0), (0, 2), (2, 0), (2, 2), (2, 3), (3, 2), (3, 3)
(¢) Ry ={(0, 0), (1, 1), (1, 2), (2, 1), (2, 2), (3, 3)}
(d) Ry ={(0, 0), (1, 1), (1, 3), (2, 2), (2, 3), 3, ), 3, 2), 3, 3)}
(e) Ry = {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 2), (3, 3)}
(a) R, is reflexive, symmetric and transitive.
R, is an equivalence relation.
(b) R, is reflexive
R, is symmetric, but not transitive, since (3, 2) and (2, 0) € R,, but (3, 0)
¢ R,
R, is not an equivalence relation.
(c) Ry is reflexive, symmetric and transitive. .. R; is an equivalence relation.
(d) R, is reflexive and symmetric, but not transitive, since (1, 3) and (3, 2)
Ry, but (1, 2) ¢ Ry . R4 is not an equivalence relation.
(e) Rs is reflexive, but not symmetric since (1, 2) € R, but (2, 1) ¢ R.
Also Rs is not transitive, since (2, 0) and (0, 1) € R, but (2, 1) ¢ R.
Rs is not an equivalence relation.

Example 5.8 Show that the following relations are equivalence relations:
(i) R, is the relation on the set of integers such that aR b if and only if a = b
or a =—b.
(ii) R, is the relation on the set of integers such that aR,b if and only if a = b
(mod m), where m is a positive integer > 1.
(iii) Rj is the relation on the set of real numbers such that aR;b if and only if
(a — b) is an integer.
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(@)

(i)

(iii)

a = a or a = —a, which is true for all integers.
R, is reflexive.
Whena=bora=-b,b=aorb=-a.
R, is symmetric
When a, b, c 20, a=>b and b = ¢, if aR\b and bR|c
. a=c, le., aRc
Similarly when a 2 0, 5 <0, ¢ <0, we have a = —b and b = ¢, if aR|b and
bR,c.
.. a=—c ie., aRc.
The result is true for all positive and negative value combinations of a, b, c.
R, is transitive.
Hence R, is an equivalence relation.
(a — a) is multiple of m
a = a (mod m) i.e., R, is reflexive.
When a — b is multiple of m, b — a is also a multiple of m.
ie. a=b (mod m) = b=a (mod m)
R, is symmetric.
When (@ — b) = kym and b — ¢ = kym, we get a — ¢ = (k; + ky)m
(by addition)
When a = b (mod m) and b = ¢ (mod m), a = ¢ (mod m)
R, is transitive.
Hence R, is an equivalence relation.
(a — a) is an integer. .. Rj is reflexive.
When (a — b) is an integer, (b — @) is an integer.
R; is symmetric.
When (a — b) and (b — ¢) are integers, clearly (¢ — ¢) is also an integer
(by addition)
Rj; is transitive.
Hence R; is an equivalence relation.

Example 5.9

()

(i)
(@)

If R is the relation on the set of ordered pairs of positive integers such
that (a, b), (¢, d) € R whenever ad = bc, show that R is an equivalence
relation.
if R is the relation on the set of positive integers such that (a, b) € R if
and only if ab is a perfect square, show that R is an equivalence relation.
(a, b) R (a, b), since ab = ba

R is reflexive.
When (a, b) R (c, d), ad = bc i.e., cb = da
This means that (¢, d) R (a, b)

R is symmetric.
When (a, b) R (¢, d), ad = bc (1)
When (c, d) R (e, f), ¢f = de 2)
(1) and (2) gives af = be (* c and d are > 0)
This means that (a, b) R (e, f)

R is transitive
Hence R is an equivalence relation.
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(i)

(a, a) € Ry, since a’

R is reflexive.
When ab is a perfect square, ba is also a perfect square.
i.e. aRb = bRa

R is symmetric.

is a perfect square

If, a R b, let ab = x* (1)
If bR c, let be = )? ()
(1) x (2) gives ab’c = x*y?
Xy 2
ac = B = a present square.

aRc. i.e. R is transitive.
Hence R is an equivalence relation.

Example 5.10

()
(if)
(M)

(i)

If R is the relation on the set of positive integers such that (a, ) € R if
and only if a® + b is even, prove that R is an equivalence relation.
If R is the relation on the set of integers such that (@, b) € R, if and only if
3a + 4b = 7n for some integer n, prove that R is an equivalence relation.
a® + a=a(a + 1) = even, since a and (a + 1) are consecutive positive
integers.

(a, a) € R
Hence R is reflexive.
When a” + b is even, a and b must be both even or both odd.
In either case, b + a is even

(a, b) € R implies (b, a) € R
Hence R is symmetric.
When a, b, ¢ are even, a* + b and b* + ¢ are even. Also a° + ¢ is even.
When a, b, ¢ are odd, a®> + b and b* + ¢ are even. Also a® + ¢ is even.
Then (a, b)) € R and (b, c) € R = (a, ¢) € R i.e., R is transitive.

R is an equivalence relation.
3a + 4a = 7a, when a is an integer.

(a, a) € R. i.e., R is reflexive.

3b+4a="Ta+ 7b — (3a + 4b)
=T7(a+b)—"Tn
=7(a + b — n), where a + b — n is an integer

(b, a) € R when (a, b) € R.
i.e. R is symmetric.
Let (a, b) and (b, ¢) € R.

ie. let3a+4b="Tm (D)

and 3b+4c="Tn 2)

(1) and (2) gives, 3a + 4c = 7(m + n — b), where m + n — b is an integer.
(a, c) € R

i.e. R is transitive
R is an equivalence relation.
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Example 5.11

(1) Prove that the relation < of set inclusion is a partial ordering on any
collection of sets.

(i1) If R is the relation on the set of integers such that (a, b) € R if and only if
b = a" for some positive integer m, show that R is a partial ordering.

(1) (4, B) € R, if and only if 4 c B, where 4 and B are any two sets.
Now 4 c 4 ~. (4, A) € R. i.e. R is reflexive.
If A c Band B c A4, then A = B.
i.e. R is antisymmetric.
IfAcBand Bc C,then 4 c C
ie. A4, B)e Rand (B,C)e R= (4, C) e R

R is transitive

Hence R is a partial ordering.

(i) a=4d' - (a,a) € R.
Let (@, b) € R and (b, a) € R
ie. b=d" and a ="

where m and n are positive integers. )]
a=(am'"=a".
This means that mn =1 ora=1 or a = -1

Case (1): f mn=1,then m =1 and n = 1
~a=>b [from (1)]
Case (2): If a =1, then, from (1), b=1"=1=a
If b =1, then, from (1), a=1"=1=15
Either way, a = b.
Case (3): If a = -1, then b = -1
Thus in all the three cases, a = b.

R is antisymmetric.
Let (@, b)) € R and (b, c) € R
ie. b=a"andc=>d"

c= (am)n = g"n

(a, ¢) € R. i.e. R is transitive.

R is a partial ordering.

Example 5.12
(1) If R is the equivalence relation on the set 4 = {1, 2, 3, 4, 5, 6} given
below, find the partition of 4 induced by R:
R={(1,1),(1,2),(2,1),(2,2),3,3), 44,45, 5,4, 5,5), (6, 6)}
(i1) If R is the equivalence relation on the set 4 = {(-4, —20), (-3, -9), (-2,
—4), (-1, -11), (-1, -3), (1, 2), (1, 5), 2, 10), (2, 14), (3, 6), (4, 3),
(4, 12)}, where (a, b) R (c, d) if ad = bc, find the equivalent classes of R.
(i) The elements related to 1 are 1 and 2.
[l = {1, 2}
Also [2]; = {1, 2}
The element related to 3 is 3 only
ire. [3]z = {3}
The elements related to 4 are {4, 5}
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(i)

ie. [4]p = {4, 5} = [5]x
The element related to 6 is 6 only

ie. [6]p = {6}
{1, 2}, {3}, {4, 5}, {6} is the partition induced by R.
The elements related to (—4, —20) are (1, 5) and (2, 10)
ie. [(—4, =20)] = {(-4, —20), (1, 5), (2, 10)}
The elements related to (-3, —9) are (-1, —3) and (4, 12)
ie. [(-3, 9] = {(-3, -9), (-1, -3), (4, 12)}
The elements related to (-2, —4) are (-2, —4), (1, 2), (3, 6) and (4, 8)
ie. [(-2, 4] = {(-2, 4), (1, 2), (3, 6), (4, 8)}.
The element related to (—1, —11) is itself only.
The element related to (2, 14) is itself only.

. The partition induced by R consists of the cells
[(-4, =20)], [(-3, -9)], [(-2, 4], [(-1, ~11] and [(2, 14)].

Example 5.13

(@)

(i)
(@)

(i)

If4=1{1,2, 3,4} x {1, 2, 3, 4} and the relation R is defined on 4 by
(a, b) R (¢, d)if a + b= c + d, verify that 4 is an equivalence relation on
A and also find the quotient set of 4 by R.

If the relation R on the set of integers Z is defined by a R b if a = b (mod
4), find the partition induced by R.

4=A{1,1,(1,2),(1,3),(1,4), 2, 1), (2,2), 2,3), 2,4, 3, 1), 3, 2),
(3,3), (3, 4), 4 1), 4 2), (4 3), 4 b}

If we take R = 4, it can be verified that R is an equivalence relation.
The quotient set A/R is the collection of equivalence classes of R.

It is easily seen that

[(1, DI = {{, D}

(1, 2)]= {1, 2), 2, D}

[(1, 3)]= {1, 3), 2, 2), 3, D}

[(1, H] = {1, 4, 2, 3), 3, 2), 4, D}
(2, H] =12, D, G, 3), (4, 2)}

(3, HI=1{G, 4, (4, 3)}

(@, 4] = {4 D}

Thus [(1, D], [(1, 2)], [(1, 3)], [(1, H)], [(2, D], [3, D], [(4, 4)] form the
quotient set A/R.
The equivalence classes of R are the following:

[0]g= {---,-8,—4,0,4,8, 12, ---}

[1]1z -7,-3,1,5,9,13, ---}

2]z -6, -2, 2, 6, 10, 14, ---}

Blz={-, -5, -1,3,7, 11, 15, ---}
Thus [0]g, [1]z, [2]z and [3]; form the partition of R.
Note These equivalence classes are also called the congruence classes

modulo 4 and also denoted [0],, [1],4, [2], and [3],.

= {’
= {’
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Example 5.14 If R is the relation on 4 = {1, 2, 3} such that (@, b) € R, if
and only if @ + b = even, find the relational matrix Mj. Find also the relational

matrices R”', R and R%.
R={(1, 1), (1, 3), (2, 2), 3, 1), 3, 3)}

1 01
MR: 01 0
I 01

Now My, =My =

—_— O =
S = O
—_— O

R is the complement R that consists of elements of 4 x A that are not in R.

Thus R = {(1, 2), (2, 1), (2, 3), 3, 2)}

010
Mz =11 0 1|, which is the same as the matrix obtained from M} by
010

changing 0’s to 1’s and 1’s to 0’s.

101 101
My =MygeMg=10 1 0[]0 1 0
1 0 1 1 0 1

[1vOvl 0vOovOo 1vovl
=|{0vOv0 OvivO0 OvOvoO
_lval OvOovo0o 1vOvl

S = O

1 1
=10 0
|1 1

It can be found that R> = R e R = R. Hence My, = My
Example 5.15 1If R and S be relations on a set A represented by the

matrices
01 0 010
Mp=11 11 and Mg=1|0 1 1],
1 0 0 1 11
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find the matrices that represent
@ RuUS (bB)RNS (c)ReS (d SeR (e) R® S
(a) Mg = Mg v Mg
[ov0 1vi ovOo] [0 1 0
=|1v0 1vl 1vl|=|11
|[1vl Ovl Ovl] 1111
(b) Mpng = Mp A Mg
[0A0 1A1 O0AO] [O 1 O
1A0 1Al 1A1|= 1
1A OALl OAlj 11 0 0
(c) Mpog = My ® M
[OvOvO0 OvIvO OvIvoO 011
OvOovl 1vivl Ovivli|i=]1 11
[OvOvO 1vOv0 OvOvoO 010
(d) MS.R :MS. MR
[Ov1IvO OvIvO OvIvO 111
Ovivl OvlivO0O OvivoOo| =111
_Ovlvl 1viv0Oo OvIivoO 1 11
(€) Mpos= Mpus — Mpns
[0 0 0
=1 0 O
10 1 1
1 0 1
Example 5.16 Examine if the relation R represented by Mz=|0 1 0
1 0 1

is an equivalence relation, using the properties of M,

Since all the elements in the main diagonal of M and equals to 1 each, R is
a reflexive relation.

Since Mj is a symmetric matrix, R is a symmetric relation.

1
MRZZMR.MR: 0 :MR
1

S = O
—_— O
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viz. R”Ec R
R is a transitive relation.
Hence R is an equivalence relation.
Example 5.17 List the ordered pairs in the relation on {1, 2, 3, 4}
corresponding to the following matrix:

_—0 O =
S = O =
—_—— O O

O O =

Also draw the directed graph representing this
relation. Use the graph to find if the relation is
reflexive, symmetric and/or transitive.

The ordered pairs in the given relation are {(1, 1),
(1,2), (1,3), (2,2), (3, 3), (3,4), (4, 1), (4, 4)}. The

directed graph representing the relation is given in &—,—.
Fig. 5.18. A, (4
Since there is a loop at every vertex of the digraph, Fig. 5.18

the relation is reflexive. The relation is not symmetric.

For example, there is an edge from 1 to 2, but there is no edge in the opposite
direction, i.e. from 2 to 1. The relation is not transitive. For example, though
there are edges from 1 to 3 and 3 to 4, there is no edge from 1 to 4.

N

Example 5.18 List the ordered pairs in the a( y
relation represented by the digraph given in Fig. 5.19. A
Also use the graph to prove that the relation is a
partial ordering. Also draw the directed graphs
representing R™' and R.

The ordered pairs in the relation are {(a, a), (a, c),
(b, a), (b, b), (b, ©), (c, ©)}. A -

Since there is a loop at every vertex, the relationis 4 A
reflexive. Fig. 5.19

Though there are edges b — a, a — ¢ and b — ¢, the
edges a — b, ¢ — a and ¢ — b are not present in the digraph. Hence the relation is
antisymmetric.

When edges b — a and a — ¢ are present in the digraph, the edge b — ¢ is also
present (for example). Hence the relation is transitive.

Hence the relation is a partially ordering. The digraph of R is got by
reversing the directions of the edges (Fig. 5.20). The digraph of R contains
the edges (a, b), (c, a), and (c, b) as shown in Fig. 5.21.

‘,: >
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O - O

Fig. 5.21

Fig. 5.20

Example 5.19 Draw the digraph representing the partial ordering
{(a, b)} | a divides b} on the set {1, 2, 3,4, 5, 6, 7, 8}. Reduce it to the Hasse
diagram representing the given partial ordering.

Fig. 5.22

Deleting all the loops at the vertices, deleting all the edges occurring due to
transitivity, arranging all the edges to point upward and deleting all arrows, we
get the corresponding Hasse diagram as given in Fig. 5.23.
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Example 5.20 Draw the Hasse {a, b, c}
diagram representing the partial ordering

{(4, B)|(A < B)} on the power set P(S),

where S = {a, b, c}. Find the maximal,

minimal, greatest and least elements of the  {a, b} {b, ¢}
poset.

Find also the upper bounds and LUB of
the subset ({a}, {b}, {c}) and the lower
bounds and GLB of the subset ({a, b}, ({a {c}
{a, c}, {b, c}).

Here P(S) = ({9}, {a}, {b}, {c}, {a, b},

{a, ¢}, {b, ¢}, {a, b, c}.

By using the usual procedure (as in the

previous example), the Hasse diagram is {0}
shown, as shown in Fig. 5.24. Fig. 5.24

The element {a, b, ¢} does not precede
any element of the poset and hence is the only maximal element of the poset.

The element {¢} does not succeed any element of the poset and hence is the
only minimal element.

All the elements of the poset are related to {a, b, ¢} and precede it. Hence
{a, b, c} is the greatest element of the poset.

All the elements of the poset are related to {¢} and succeed it. Hence {¢} is
the least element of the poset. The only upper bound of the subset ({a}, {b},
{c}) is {a, b, ¢} and hence the LUB of the subset.

Note {a, b} is not an upper bound of the subset, as it is not related to {c}.
Similarly {a, ¢} and {b, c} are not upper bounds of the given subset.

The only lower bound of the subset ({a, b}, {a, c}, {b, c}) is {¢} and hence
GLB of the given subset.

Note {a}, {b}, {c} are not lower bounds of the given subset.

\\ EXERCISE 5(B)

Part A: (Short answer questions)

1. Define a binary relation from one set to another. Give an example.

2. Define a relation on a set and give an example.

3. If R is the relation from 4 = {1, 2, 3, 4} to B = {2, 3, 4, 5}, list the
elements in R, defined by aRb, if a and b are both odd. Write also the
domain and range of R.

4. Define universal and void relations with examples.

5. If R is a relation from 4 = {1, 2, 3} to B = {4, 5} given by R = {(1, 4),

(2, 4), (1, 5), (3, 5)}, find R"! (the inverse of R) and R (the complement
of R).

6. If R={(1, 1), (2, 2), 3, 3)} and S = {(1, 1), (1, 2), (1, 3), (1, 4)} find
R @S
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12.
13.
14.
15.
16.
17.
18.
19.

20.
21.

22.

23.

24.

25.

26.

Define composition of relations with an example.
When is a relation said to be reflexive, symmetric, antisymmetric and
transitive?

. Give an example of a relation that is both symmetric and antisymmetric.
10.
1.

Give an example of a relation that is neither symmetric nor antisymmetric.
Give an example of a relation that is reflexive and symmetric but not
transitive.

Give an example of relation that is reflexive and transitive but not
symmetric.

Give an example of a relation that is symmetric and transitive but not
reflexive.

Define an equivalence relation with an example.

Define a partial ordering with an example.

Define a poset and give an example.

Define equivalence class.

Define quotient set of a set under an equivalence relation.

Find the quotient set of {1, 2, 3} under the relation {(1, 1), (1, 2), (2, 1),
2, 2), 3, 3)}.

Define partition of a set and give an example.

What do you mean by partitioning of a set induced by an equivalence
relation?

If R is a relation from 4 = {1, 2, 3} to B = {1, 2} such that aRb if a > b,
write down the matrix representation of R.

If the matrix representation of a relation R on {1, 2, 3, 4} is given by

01 01

1 010
MR:

01 01

1 010

list the ordered pairs in the relation.
If the relations R and S on a set 4 are represented by the matrices

10 1 01 1
Mz=1|1 0 0|and Mg=|1 0 1
010 010

What are the matrices representing R U S and R N §?

Draw the directed graph representing the relation on {1, 2, 3, 4} given by
the ordered pairs {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}.

Draw the directed graph representing the relation on {1, 2, 3, 4} whose
matrix representation is

—_— O =
S = O =
—_ = = O
—_— = D =
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27.

28.

29.

30.

What is Hasse diagram? Draw the Hasse diagram for < relation on {0, 2,
5, 10, 11, 15}.

Define maximal and minimal members of a poset. Are they the same as
the greatest and least members of the poset?

Define the greatest and least members of a poset. Are they different from
the maximal and minimal members of the poset?

Define supremum and infimum of a subset of a poset.

Part B

31.

32.

33.

34.

35.

36.

37.

38.

39.

2 . . .
Show that there are 2" relations on a set with n elements. List all
possible relations on the set {1, 2}.

Hint: When a set 4 has n elements, 4 X A has n* elements and hence the
number of subsets of 4 X 4 = 2",

Which of the ordered pairs given by {1, 2, 3} x {1, 2, 3} belong to the
following relations?

(@) aRbiff a < b, (b) a R b iff a > b,

(c) aRbiffa=b, (d) aRbiffa=>b+1 and

() aRbiffa+ b <4

If R is a relation on the set {1, 2, 3, 4, 5}, list the ordered pairs in R when
(a) aRb if 3 divides a — b, (b) aRb if a+ b =6, (c) aRb if a — b is even,
(d) aRb if lem (a, b) is odd, (e) aRb if a* = b.

If R is the relation on the set {1, 2, 3, 4, 5} defined by (¢, b) € Rifa+ b
<6,

(a) list the elements of R, R”' and R.

(b) the domain and range of R and R".

(c) the domain and range of R .

IfR, ={(1,2), (2 3), 3,4} and R, = {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3),
(3, 1), (3, 2), (3, 3), (3, 4} be the relations from {1, 2, 3} to {1, 2, 3, 4}.
Find

(a) R, U Ry, (b) R, N R,, () R, — R,.
(d) R, — R]z’ (e) R, ® R,.

If R ={(x, x)} and S = {(x, 2x)}, where x is a non-negative integer, find
(a) RU S, (®) RN S, (¢) R-S,

(d) S-R, (e) R ® S.

If R, and R, are relations on the set of all positive integers defined by
R, = {(a, b)|a divides b} and R, = {(a, b)|a is a multiple of b}, find
(a) R, U Ry, (b) R, N Ry, () R, — R,,
(d) R, — R, (e) R, ® R,.

If the relations R, R,, R;, R,, Rs are defined on the set of real numbers as
given below,

R, = {(a, bla > b}, R, = {(a, blla < b)},

Ry = {(a, b)la < b}, Ry = {(a, b)la = b}, Rs = {(a, b)la # b}, find (a) R,, U
Rs, (b) Ry N Rs, (¢) Ry — Rs, (d) Ry @ Rs, () R, @ R,

If the relations R and S are given by

R=1{(1,2),(2,2), 3,4}, S=1{1,3),(2,5,3, 1), (4, 2)}, find R e S,
SeR ReR SeS Re(SeR),(ReS)yeRand Re R eR.
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40.

41.

42.

43.

44,

45.

46.

47.

If R, S, T are relations on the set 4 = {0, 1, 2, 3} defined by R = {(a, b)|
a+b=3},5={(a, b)| 3 is a divisor of (¢ + b) and T = {(a, b)imax(a, b)
=3,find (a) ReT,(b) TeRand (c) S e S.
If the relations R, R,, R;, Ry, Rs, Ry are defined on the set of real
numbers as given below,

R, = {(a, bla > b}, Ry = {(a, blla = b}, Ry = {(a, blla < b},

Ry = {(a, bla < b}, Ry = {(a, blla = b}, Rg = {(a, b)la # b},
findR, e R, R, ® R, R; e R, R, ® R, Ry ® R, R, ® R|, R; ® R, and R; e R;.
Determine whether the relation R on the set of all real numbers is reflexive,
symmetric, antisymmetric and/or transitive, where (a, b) € R if and only
if

@ a+b=0 (b) a==xb
(c) a - b is a rational number (d) a=2b
() ab=0 (f) ab=0
(g) a=1 (hya=lorb=1

For each of the following relations, determine whether the relation is

reflexive, symmetric, antisymmetric and/or transitive:

(a) R c Z" x Z', where aRb if a divides b.

(b) R ¢ Z x Z, where aRb if a divides b.

(¢) R is the relation on Z, where aRb if a + b is odd.

(d) R is the relation on Z, where aRb if a — b is even.

(e) R is the relation on the set of lines in a plane such that aRb if a
perpendicular to b.

Determine whether the relation R on the set of people is reflexive,

symmetric, antisymmetric and/or transitive, where aRb if

(a) a is taller than b, (b) a and b were born on the same day, (c) a has the

same first name as b, (d) a is a spouse of b, (¢) a and b have a common

grand parent.

Which of the following relations on the set {1, 2, 3, 4} is/are equivalent

relations? Find the properties of an equivalent relation that the others

lack.

(@) {2, 4, 4 2)

() {1, 1, 2, 2), G, 3), 4, B}

(©) {2,2),(2,3), (2.4, (3,2),3,3), 3,4

(d {1, D, (1, 2), (2, 1), (2, 2), 3, 3), (4, 4)}

(e) {(1,3), (1, 4),(2,3), (2,4, 3, 1), G, 4}

If4=1{1,2,3,...,9} and R be the relation defined by (a, b), (¢, d) € R if

a+d= b+ c, prove that R is an equivalence relation.

If R is a relation on Z defined by

(a) aRb, if and only if 2a + 3b = 5n for some integer n.

(b) aRb if and only if 3a + b is a multiple of 4, prove that R is an
equivalence relation.
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

If R is a relation defined by

(@) (a, b) R (¢, d) if and only if a® + b* = ¢* + &%, where a, b, ¢ and d are
real.

(b) (a, b) R (c, d) if and only if @ + 2b = ¢ + 2d, where a, b, ¢ and d are
real, prove that R is an equivalence relation.

(a) If R is the relation defined on Z such that aRb if and only if a* — b* is
divisible by 3, show that R is an equivalence relation.

(b) If R is the relation on N defined by aRb if and only if % is a power 2,

show that R is an equivalence relation.
If R is the relation the set 4 = {1, 2, 4, 6, 8} defined by aRb if and only if

b is an integer, show that R is a partial ordering on A.
a

(a) If R is the equivalence relation on 4 = {0, 1, 2, 3, 4} given by {(0, 0),
0, 4), (1, 1), (1, 3), (2, 2), 3, 1), (3, 3), (4, 0), (4, 4)}, find the
distinct equivalence classes of R.

(b) If R is the equivalence relation on 4 = {1, 2, 3, 4, 5, 6} given by
{(L, 1), (1, 5), (2, 2), (2, 3),(2,6), 3, 2), 3, 3), 3, 6), (4, 4), (5, 1),
5, 5), (6, 2), (6, 3), (6, 6)}, find the partition of 4 induced by R.

If R is the equivalence relation on the set 4 = {1, 2, 3, 4, 5, 6, 7} defined

by aRb if a — b is a multiple of 3, find the partition of 4 induced by R.

If R is the equivalence relation on Z defined by aRb if > = b* (or, a = * b),

find the partition of Z.

If R and S are equivalence relations on 4 = {a, b, ¢, d, e} given by R =

{a, a), (a, ), (b, a), (b, b), (c, ¢), (d, d), (d, e), (e, d), (e, e)} and S =

{(a, a), (b, b), (c, ), (d, d), (e, e), (a, ¢), (¢, a), (d, e), (e, d)}, determine

the partitions of 4 induced by (a) R!, (b) R N S.

List the ordered pairs in the equivalence relations R and S produced by

the partitions of {0, 1, 2, 3, 4, 5} and {1, 2, 3, 4, 5, 6, 7} respectively that

are given as follows:

(a) [{0}, {1, 2}, {3, 4, 5}] (b) [{1, 2}, {3}, {4, 5, 7}, {6}]

Hint: R = {0} x {0} u {1, 2} x {1, 2} U {3, 4, 5} x {3, 4, 5}

If R is the relation on 4 = {1, 2, 3} represented by the matrix

01 1
My={1 1 0],
10 1

find the matrix representing (a) R, (b) R and R* and also express them
as ordered pairs.
If R and S are relations on 4 = {1, 2, 3} represented by the matrices

10 1 01 1
My=1{0 1 0|and M¢=|1 1 0
00 0 00 1

find the matrices that represent (a) R U S, (i) RN S, (c) Re S, (d) Se R,
e) RS S.
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58.

59.

60.

61.

62.

63.

64.

65.

Examine if the relations R and S represented by Mj and M, given below
are equivalent relations:

(a) Mg = (b) Mg =

—_— = O =
oS O = O
S = O =
—_—0 O
_—0 O =
S = = O
S = = O
_—0 O =

List the ordered pairs in the relations R and S whose matrix representations
are given as follows:

1 0 00 1 1 01
(a) M, = 01 10 ; (b) M, = 1 110
01 10 01 11
0 0 01 1 011

Also draw the directed graphs representing R and S. Use the graphs to
find if R and § are equivalence relations.

Draw the directed graphs of the relations

R=1{1,1),{,3),2 1), 23,24, 3, 1),3,2), 4 1} and S =
{(1,3), (1,4), (2, 1), (2,2), (2, 3), (3, 1), (3, 3), (4, 1), (4, 3)}. Use these
graphs to draw the graphs of (a) ', S and (b) R and S .

Draw the Hasse diagram representing the partial ordering P = {(a, b)la
divides b} on {1, 2, 3, 4, 6, 8, 12}, starting from the digraph of P.
Draw the Hasse diagram for the divisibility relation on {2, 4, 5, 10, 12,
20, 25} starting from the digraph.

Draw the Hasse diagram for the “less than
or equal to” relation on {0, 2, 5, 10, 11,
15} starting from the digraph.

Find the lower and upper bounds of the
subsets {a, b, ¢}, (j, h} and {a, c, d, f} in
the poset with the Hasse diagram in Fig.
5.25. Find also the LUB and GLB of the 4 e
subset {b, d, g}, if they exist.

For the poset [{(3, 5, 9, 15, 24, 45}; divisor
of], find b c

h

(a) the maximal and minimal elements

(b) the greatest and the least elements

(c) the upper bounds and LUB of {3, 5}

(d) the lower bounds and GLB of (15, 45} a

Fig. 5.25
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LATTICES

Definitions
A partially ordered set {L, <} in which every pair of elements has a least upper
bound and a greatest lower bound is called a lattice.

The LUB (supremum) of a subset {a, b} < L is denoted by a v b [or a @ b
ora+ b orawv b] and is called the join or sum of a and b.

The GLB (infemum) of a subset {a, b} < L is denoted by a A b [or a * b or
a ® boran b]is called the meet or product of a and b.

Note Since the LUB and GLB of any subset of a poset are unique, both A and v
are binary operations on a lattice.

For example, let us consider the poset ({1, 2, 4, 8, 16}|), where | means
‘divisor of’. The Hasse diagram of this poset is given in Fig. 5.26.

The LUB of any two elements of this poset is obviously the larger of them
and the GLB of any two elements is the smaller of them. Hence this poset is a
lattice.

16 ¢
o4
8¢ /
/
44 ,
24« 3 »5
2 \
1 1
Fig. 5.26 Fig. 5.27
Note All partially ordered sets are not lattices, as can be seen from the following
example.
Let us consider the poset ({1, 2, 3, 4, 5}, |) whose Hasse diagram is given in

Fig. 5.27.
The LUB’s of the pairs (2, 3) and (3, 5) do not exist and hence they do not have
LUB. Hence this poset is not a Lattice.

PRINCIPLE OF DUALITY

When < is a partial ordering relation on a set S, the converse > is also a partial
ordering relation on S. For example if < denotes ‘divisor of’, > denotes ‘multiple
of’.

The Hasse diagram of (S, =) can be obtained from that of (S, <) by simply
turning it upside down. For example the Hasse diagram of the poset ({1, 2, 4,
8, 16}, multiple of), obtained from Fig. 5.26 will be as given in Fig. 5.28.
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From this example, it is obvious that LUB(A) with respect to
< is the same as GLB(A4) with respect to > and vice versa, where
A c §. viz. LUB and GLB are interchanged, when < and > are
interchanged.

In the case of lattices, if {L, <} is a lattice, so also is {L, =}.
Also the operations of join and meet on {L, <} become the
operations of meet and join respectively on {L, =}.

From the above observations, the following statement, known
as the principle of duality follows:

Any statement in respect of lattices involving the operations v
and A and the relations < and = remains true, if v is replaced by
A and A is replaced by v, < by = and = by <.

The lattices {L, <} and {L, =} are called the duals of each

16 *
Fig. 5.28

other. Similarly the operations v and A are duals of each other and the relations

< and > are duals of each other.

PROPERTIES OF LATTICES

Property 1

If {L, <} is a lattice, then for any a, b, ¢ € L,

Liava=a L):ana=a (Idempotency)

Lyavb=bva L):anb=bnra (Commutativity)

Lyavbvey=@vb)yve L):anbacy=(@nrb)ac
(Associativity)

Liav(anb)=a (Ly):an(avb)=a (Absorption)

Proof
(1) a v a=LUB (a, a) = LUB (a) = a. Hence L, follows.

(i) av b=LUB (a, b) =LUB (b, a)=b v a {" LUB (a, b) is unique.}

Hence L, follows.
(i) Since (a v b) v c is the LUB {(a v b), ¢}, we have

avb<(avbyve (D)
and c<(avb)ve 2)
Since a v b is the LUB {a, b}, we have
alavb 3)
andb<avb 4)
From (1) and 3),a < (av b) v e by transitivity (5)
From (1) and 4), b<(av b) v e by transitivity (6)
From (2) and (6), bvc<(avbd)ve by definition of join (7)
From (5) and (7), a v (b v ¢) £ (a v b) v ¢ Dby definition of join (8)
Similarly, a < a v (b v ¢) 9)
b<bvcec<Lav(bveo (10)
andc<bhbvcec<Lav(bvoe (1)
From (9) and (10), avb <av (b Vv c) (12)
From (11) and (12), (a vb)vec<av (b Vo) (13)
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From (8) and (13), by antisymmetry of <, we get
av(bvec)y=(@avb)vec.
Hence L follows.

(iv) Since a A b is the GLB {a, b}, we have

anb<a (D)
Also a<a 2)
From (1) and (2), a v (a A b) < a 3)
Also a<av(anb) 4)

by definition of LUB

From (3) and (4), by antisymmetry, we get a v (a A b) = a.
Hence L, follows.
Now the identities (L,)" to (L,)" follow from the principle of duality.

Property 2

If {L, <} is a lattice in which v and A denote the operations of join and meet
respectively, then for a, b € L,

a<bsavb=bsanb=a.

In other words,
(1) av b=b,if and only if a < b.
(i) a A b =a, if and only if a < b.
(i) a A b=a, if and only if a v b = b.
Proof
(1) Leta < b.
Now b < b (by reflexivity).
s avbsh (1)
Since a v b is the LUB (a, b),
b<avhb 2)
From (1) and (2), we geta v b =5 3)
Leta v b=05b.
Since a v b is the LUB (a, b),
a<avb
ie, a < b, by the data 4)
From (3) and (4), result (i) follows. Result (ii) can be probed in a way
similar to the proof (i).
From (i) and (ii), result (iii) follows.
Note Property (2) gives a connection between the partial ordering relation
< and the two binary operations v and A in a lattice {L, <}.

Property 3 (Isotonic Property)

If {L, <} is a lattice, then for any a, b, ¢, € L, the following properties hold
good:
Ifb<c,then(i)avb<avcand ii)anb=<anec

Proof
Since b < ¢, b v ¢ = ¢, by property 2(i).
Also a v a = a, by idempotent property
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Now a v ¢ = (a v a) v (b v ¢), by the above steps
=a v (a v b) v ¢, by associativity
a v (b v a) v ¢, by commutativity

(a v b) v (a v c¢), by associativity

This is of the form x v y = y. .. x <y, by property 2(i).
i.e. a v b <a v c, which is the required result (i).
Similarly, result (ii) can be proved.

Property 4 (Distributive Inequalities)
If {L, <} is a lattice, then for any a, b, ¢, € L,
W) anbveyz(a@anb)vianc
(i) avbarcys(a@avb)alaveo).

Proof
Since a A b is the GLB(a, b), a A b < a (D)
Also anb<b<bvece 2)

since b v ¢ is the LUB of b and c.
From (1) and (2), we have a A b is a lower bound of {a, b v ¢}

. anb<an(veoe 3)
Similarly anc<a
and anc<c<bvec

anc<anbveo 4)

From (3) and (4), we get
(anb)yv@anc)y<an@veo

ie.an(bve)z(anb)v(anc), which is result (i).

Result (i1) follows by the principle of duality.

Property 5 (Modular Inequality)

If {L, <} is a lattice, then for any @, b,c,e L,a<csavbarc)<(avb) ac

(1

Proof
Since a<c,avc=c (1), by property 2(i)
avibarcys(avbya(aveo (2), by property 4(ii)
ie. avbac)ys(avb)ac (3), by (1)

Now av((bac)s(avb)ac
a<av(bnac)<(avb)ac<c, by the definitions of LUB and GLB
ie. a<lc 4)
From (3) and (4), we get

alcoavibac)<(avb) ac.

LATTICE AS ALGEBRAIC SYSTEM

A set together with certain operations (rules) for combining the elements of the
set to form other elements of the set is usually referred to as an algebraic
system. Lattice L was introduced as a partially ordered set in which for every
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pair of elements a, b € L, LUB(a, ) = a v b and GLB(a, b) = a A b exist in the
set. That is, in a Lattice {L, <}, for every pair of elements a, b of L, the two
elements @ v b and a A b of L are obtained by means of the operations v and A.
Due to this, the operations v and A are considered as binary operations on L.
Moreover we have seen that v and A satisfy certain properties such as
commutativity, associativity and absorption. The formal definition of a lattice
as an algebraic system is given as follows:
Definition
A lattice is an algebraic system (L, v, A) with two binary operations v and A on
L which satisfy the commutative, associative and absorption laws.
Note We have not explicity included the idempotent law in the definition, since
the absorption law implies the idempotent law as follows:
ava=avlan(ava),byusing a v afora v bin (L) of property 1
= a, by using a v a for b in L, of property 1.
a A a = a follows by duality.

Though the above definition does not assume the existence of any partial
ordering on L, it is implied by the properties of the operations v and A as
explained below:

Let us assume that there exists a relation R on L such that for a, b € L,

aRb ifand only ifa v b =>
For any a € L, a v a = a, by idempotency
aRa or R is reflexive.
Now for any a, b, € L, let us assume that aRb and bRa.
avb=bandbva=a
Since a v b = b v a by commutativity, we have a = b and so R is antisymmetric.
Finally let us assume that aRb and bRc
avb=band bvc=c
Now avcec=av(bvec=(avbyvec=bvc=c
viz. aRc and so R is transitive.
Hence R is a partial ordering.
Thus the two definitions given for a lattice are equivalent.

SUBLATTICES

Definition

A non-empty subset M of a lattice {L, v, A} is called a sublattice of L, iff M is
closed under both the operations v and A. viz. if a, b, € M, then a v b and
anbalsoe M.

From the definition, it is obvious that the sublattice itself is a lattice with
respect to v and A.

For example if aRb whenever a divides b, where a, b € Z" (the set of all
positive integers) then {Z*, R} is a lattice in which a v b = LCM (a, b) and
a A b =GCD(a, b).

If {S,, R} is the lattice of divisors of any positive integer #, then {S,, R} is a
sublattice of {Z", R}.
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LATTICE HOMOMORPHISM

Definition
If {L,, v, A} and {L,, @, *} are two lattices, a mapping f: L, — L, is called a
lattice homomorphism from L, to L,, if for any a, b € L,,

fla v b) = fla) ® f(b) and f(a A b) = fla) * f(D).

If a homomorphism f: L; = L, of two lattices {L,, v, A} and {L,, @ *} is
objective, i.e. one-to-one onto, then f'is called an isomorphism. If there exists
an isomorphism between two lattices, then the lattices are said to be isomorphic.

SOME SPECIAL LATTICES

(a)

(i)

(iii)

A lattice L is said to have a lower bound denoted by 0, if 0 < a for all
a € L. Similarly L is said to have an upper bound denoted by 1, if a < 1
for all a € L. The lattice L is said to be bounded, if it has both a lower
bound 0 and an upper bound 1.
The bounds 0 and 1 of a lattice {L, v, A, 0, 1} satisfy the following
identities, which are seen to be true by the meanings of v and A.
Foranyae L,avi=1l,anl=aandav0=a,aAn0=0.
Since a v0=aand a A 1 =aq, 0 is the identity of the operation v and
1 is the identity of the operation A.
Sinceav 1=1anda A 0=0,1 and 0 are the zeros of the operations
v and A respectively.
Note 1 If we treat 1 and O as duals of each other in a bounded lattice, the
principle of duality can be extended to include the interchange of 0
and 1. Thus the identities @ v 1 = 1 and a A 0 = 0 are duals of each other; so also
areavO=gandanl=a
Note 2 IfL={a a, ..., a,} is afinite lattice, then a; v a, v a5 ... v a, and
a; Aay, Aas A ... Aa, are upper and lower bounds of L respectively
and hence we conclude that every finite lattice is bounded.
A lattice {L, v, A} is called a distributive lattice, if for any elements a,
b,ce L,
anbvecy=(@nb)v(anc)and
avbarc)y=(avb)a(avo).
In other words if the operations v and A distribute over each other in a
lattice, it is said to be distributive. Otherwise it is said to be non distributive.
If {L, v, A, 0, 1} is a bounded lattice and a € L, then an element b € L is
called a complement of a, if

avb=landaAnb=0

Since0 v1=1and 0 A 1=0,0 and 1 are complements of each other.
Whenav b=1,weknowthatbva=1and whena Anb=0,bAra=0.
Hence when b is the complement of a, a is the complement of b.

An element ¢ € L may have no complement. Similarly an element,
other than 0 and 1, may have more than one complement in L as seen
from Fig. 5.28.
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as

a dp a

ap
0

0
(a) (b)

Fig. 5.28

In Fig. 5.28(a), complement of a, is a,, whereas in (b), complement of
a, is a, and a;. It is to be noted that 1 is the only complement of 0. If
possible, let x # 1 be another complement of 0, where x € L.

Then Ovx=1 and 0Ax=0
But Ovx=x . x =1, which contradicts the assumption x # 1.
Similarly we can prove that 0 is the only complement of 1.

Now a lattice {L, v, A, 0, 1} is called a complemented lattice if every
element of L has at least one complement.

The following property holds good for a distributive lattice.

Property

In a distributive lattice {L, v, A} if an element a € L has a complement, then it
is unique.

Proof
If possible, let b and ¢ be the complements of a € L.
Then avb=avc=1 (D)
and anb=anc=0 2)
Now b=bv0=bv(anc),by()
= (b v a) A (bvc),since L is distributive
=1A(bvVeo),by(l)
=bvece 3)
Similarly, c=cvO0=cv(anb),by(2)

= (c v a) A (c v b), since L is distributive
=1 A (cvVvb),by (1)
=cvb 4
From (3) and (4), since b v ¢ =c v b, we get b = c.
Note From the definition of complemented lattice and the previous property, it
follows that every element a of a complemented and distributive lattice has
a unique complement denoted by «’.
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BOOLEAN ALGEBRA

Definition

A lattice which is complemented and distributive is called a Boolean Algebra,

(which is named after the mathematician George Boole). Alternatively, Boolean

Algebra can be defined as follows:

Definition

If B is a nonempty set with two binary operations + and e, two distinct elements

0 and 1 and a unary operation ’, then B is called a Boolean Algebra if the

following basic properties hold for all a, b, ¢ in B:

Bl: a+t0=a
a-1=a

B2: atb=>b+a .
a-b=b-a Commutative laws

} Identity laws

B3: (atb)y+c=a+b+c o
(@-b)y-c=a-(b-c) Associative laws

Bda+(b-c)=(a+Db) (a+o) e
a-b+c)=(a b+ (a-c Distributive laws

BS: a+a =1

a-da = 0} Complement laws.

Note 1. We have switched over to the symbols + and e instead of v (join) and A
(meet) used in the study of lattices. The operations + and e, that
will be used hereafter in Boolean algebra, are called Boolean sum and Boolean
product respectively. We may even drop the symbol e and instead use juxta-
position. That is @ e b may be written as ab.
2. If B is the set {0, 1} and the operations +, e, * are defined for the elements of B as
follows:
0+0=0;0+1=1+0=1+1=1
0-0=0-1=1-0=0;1-1=1
0=1and 1’=0,
then the algebra {B, +, o, ", 0, 1} satisfies all the 5 properties given above and is
the simplest Boolean algebra called a two-element Boolean algebra. It can be
proved that two element Boolean algebra is the only Boolean algebra.
If a variable x takes on only the values 0 and 1, it is called a Boolean variable.
3. 0 and 1 are merely symbolic names and, in general, have nothing to do with the
numbers 0 and 1. Similarly + and e are merely binary operators and, in general,
have nothing to do with ordinary addition and multiplication.

ADDITIONAL PROPERTIES OF BOOLEAN
ALGEBRA

If {B, +,»,7, 0,1} is a Boolean algebra, the following properties hold good.
They can be proved by using the basic properties of Boolean algebra listed in
the definition.
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(i) Idempotent Laws
ata=a and a-a=a, forallae B

Proof

a=a+ 0, by Bl
a+a-d, by B5
=(a+a)- (a+d), by B4
=(a+a)- 1, by BS
a + a, by Bl
=a -1, by Bl
- (a + d’), by B5
-a+ta-d, by B4
-a+ 0, by BS
- a, by Bl.

Now,

N
|

I
Q QR

(ii) Dominance Laws
atl=1landa-0=0, forall a € B.

Proof
atl=(a+1)-1,byBl
=(a+1)-(a+d),byB5
=a+1-d, by B4
=a+a -1,by B2
=a + d, by Bl
=1, by B5.

Now a-0=a-0+0,by Bl
=a-0+a-d,byB5
=a- (0 +d), by B4
=a-(a+0), by B2
=a-d, by Bl
=0, by BS

(iii) Absorption Laws
a-(a+t+b)=aanda+a-b=a,forala be B.

Proof
a-(a+b)y=(a+0)-(a+b),byBl
=a+0-b, by B4
=a+b-0,by B2
=g + 0, by dominance law
= a, by BI.

Now at+ta-b=a-1+a-b,byBl
=a-(1+b),by B4
=a-(b+1),by B2
=gqa - 1, by dominance law
= a, by Bl



Set Theory 321

(iv) De Morgan’s Laws
(a+b)y=da - b and (a- b)Y =a + bV, forall a, b € B.

Proof
Note If y is to be the complement of x, by definition, we must show that x + y =
land x - y=0.

(@a+b)y+ab={a+b)+ad}  {(a+b)+b}, by B4
={(bta)+a} {(a+b)+b} by B2
={b+(@ata)} {at (b+b)} by B3
=Mb+1)-(a+1),byB5
=1 -1, by dominance law
=1, by BI. (D)

Now (a+b)-ab=ab" -(a+b),byB2

=a'b -a+db -b, by B4
a-(ab)+da - b'b, by B3
=(a-da)-b +a - (bb), by By and B,
=0-b +da -0, byB5
=b-0+a -0, by B2
= 0 + 0, by dominance law
=0, by BI. 2)
From (1) and (2), we get a’b’ is the complement of (a + b). i.e. (a + b) = a’b’.
[ the complement is unique]

Note  The students are advised to give the proof for the other part in a
similar manner.

(v) Double Complement or Involution Law
(@'Y =a, for all a € B.
Proof
at+a=1anda-d =0,byB5
ie. a+a=1land a -a =0, by B2
a is the complement of o’
ie. (a’) = a, by the uniqueness of the complement of a’. [See example (14)]

(vi) Zero and One Law
0=1land 1"=0

Proof
O’

(ad’y, by B5

=a + (a"), by De Morgan’s law
a’ + a, by involution law
a+d, by B2

=1, by BS

Now oy=1

ie. 0=1"0or1”=0.
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DUAL AND PRINCIPLE OF DUALITY

Definition
The dual of any statement in a Boolean algebra B is the statement obtained by
interchanging the operations + and e and interchanging the elements 0 and 1 in
the original statement.

For example, the dual of a + a(b+ 1) =aisa e (a+ b e 0)=a.

PRINCIPLE OF DUALITY

The dual of a theorem in a Boolean algebra is also theorem.

For example, (a - b) = a’ + b’ is a valid result, since it is the dual of the valid
statement (a + b) = a’ - b’ [De Morgan’s laws]. If a theorem in Boolean
algebra is proved by using the axioms of Boolean algebra, the dual theorem
can be proved by using the dual of each step of the proof of the original
theorem. This is obvious from the proofs of additional properties of Boolean
algebra.

SUBALGEBRA

If C is a nonempty subset of a Boolean algebra such that C itself is a Boolean

algebra with respect to the operations of B, then C is called a subalgebra of B.
It is obvious that C is a subalgebra of B if and only if C is closed under the

three operations of B, namely, +, ® and * and contains the element 0 and 1.

BOOLEAN HOMOMORPHISM

If {B+,0,7,0,1} and {C, U, N, —, &, B} are two Boolean algebras, then a
mapping f: B — C is called a Boolean homomorphism, if all the operations of
Boolean algebra are preserved. viz., for any a, b € B,

fla + b)= fla) v f(b), fla - b) = fla) N f(b),

fla)y= f(a), f(0) = a and /(1) = B,

where o and f3 are the zero and unit elements of C.

ISOMORPHIC BOOLEAN ALGEBRAS

Two Boolean algebras B and B’ are said to be isomorphic if there is one-to-one
correspondence between B and B’ with respect to the three operations, viz.
there exists a mapping f: B — B’ such that f(a + b) = f(a) + f(b), fla - b) =

fa) - f(b) and f(a’) = {f(@)}".

BOOLEAN EXPRESSIONS AND BOOLEAN
FUNCTIONS

Definitions
A Boolean expression in n Boolean variables x|, x,, ... x,, is a finite string of
symbols formed recursively as follows:

1. 0, 1, x;, X, ... x,, are Boolean expressions.
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2. If E| and E, are Boolean expressions, then £, - E, and E| + E, are also
Boolean expressions.
3. If E is a Boolean expression, E’ is also a Boolean expression.
Note A Boolean exprssion in # variables may or may not contain all the n
literals, viz., variables or their complements.
If x, x,, ..., x,, are Boolean variables, a function from B" = {(x, x5, ...,
x,} to B={0, 1} is called a Boolean function of degree n. Each Boolean
expression represents a Boolean function, which is evaluated by
substituting the value 0 or 1 for each variable. The values of a Boolean
function for all possible combinations of values of the variables in the
function are often displayed in truth tables.
For example, the values of the Boolean function f(a, b, ¢) = ab + ¢’ are
displayed in the following truth table:

ab + ¢’

o
<
o
-
S

S
o

~

SO OO~ = = =
CO == OO = =
S — O = O = O
OO OO OO =
_—o = O = O = O
—_—o = O = O = —

Note Although the order of the variable values may be random, a symmetric
way of writing them in a cyclic manner which will be advantageous
is as follows:

If there be n variables in the Boolean function, there will obviously be
2" rows in the truth table corresponding to all possible combinations of
the values 0 and 1 of the variables.

We write % x 2" ones followed by % x 2" zeros in the first column

representing the values of the first variable.

Then in the second column, we write % x 2" ones and % x 2" zeros

alternately, representing the values of the second variable. Next in the

third column, we write % x 2" ones and % x 2" zeros alternately,

representing the values of the third variable. We continue this procedure
and in the final column, we write 2% x 2" (=1) one and 1 zero alternately,

representing the values of the n™ variable.]
Definitions
1. A minterm if n Boolean variables is a Boolean product of the » literals
(variables of complements) in which each literal appears exactly once.
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For example, ab, a’b, ab’ and a’b’ form the complete set of minterms of
two variables a and b, abc, abc’, ab’c, a’be, ab’c’, a’bc’, a’b’c and a’b’c’
form the complete set of minterms of three variables a, b, c.

2. A maxterm of n Boolean variables is a Boolean sum of the # literals in
which each literal appears exactlty once.

For example, a + b, @’ + b, a + b’ and &’ + b’ form the complete set of
maxterms in two variables a and b.

3. When a Boolean function is expressed as a sum of minterms, it is called
its sum of products expansion or it is said to be in the disjunctive normal
form (DNF).

4. When a Boolean function is expressed as a product of maxterms, it is
called its product of sums expansion or it is said to be in the conjunctive
normal form (CNF).

5. Boolean function expressed in the DNF or CNF are said to be in canonical
form.

6. If a Boolean function in n variables is expressed as the sum (product) of
all the 2" minterms (maxterms), it is said to be in complete DNF (complete
CNF).

7. Boolean functions expressed in complete DNF or complete CNF are said
to be complete canonical form.

EXPRESSION OF A BOOLEAN FUNCTION IN
CANONICAL FORM

1. Truth Table Method

If the Boolean function f(x, y, z) is represented by a truth table, we express
f(x, v, z) in DNF as follows:

We note down the rows in which ‘f” column entry is 1. The DNF of f'is the
Boolean sum of the minterms corresponding to the literals in those rows. While
forming the minterm corresponding to a row, 1 entry is replaced by the
corresponding variable and 0 entry is replaced by the complement of the
variable concerned.

For example, let us consider the function f(x, y, z) whose truth table
representation is given as follows:

N
~

SO OO~ — = = x
OO = = O O ==
S — O = O = O
SO OO~ = = O
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1’s occur in the ‘f” column against the second, third and fourth rows. The
minterm corrsponding to the second row is xyz’, since 1 occurs in each of the x
column and y column and 0 occurs in the z column. Similarly the minterms
corresponding to the third and fourth rows are x)’z and x)’z" respectively.

Since f'is the Boolean sum of these three minterms, the required DNF of fis

xyz +xy'z + xy'7

The CNF of f(x, y, z) represented by a truth table is obtained as follows:

We note down the rows in which the ‘/” column entry is 0. The CNF of f'is
the Boolean product of the maxterms corresponding to the literals in those
rows. While forming the maxterm corresponding to a row, 0 entry is replaced
by the corresponding variable and 1 entry is replaced by the complement of the
variable concerned.

In the above example, 0’s occur in the ‘/” column against the 1st row and
the fifth to the eighth rows. The maxterm corresponding to the first row is (x” +
V' + 2’), since 1 occurs under each of x, y, z.

Similarly the maxterms corrsponding to the other rows are written.

The CNF of f'is the Boolean product of these maxterms.

f=+y +2)(x+y +2)(x+y +tz)x+y+zZ)(x+ty+2).

2. Algebraic Method

To get the DNF of a given Boolean function, we express it as a sum of
products. Then each product is multiplied in Boolean sense by a + a’, which is
equal to 1, if a is the missing literal and simplified. In the end if a product term
is repeated, the repetition is avoided since a + a = a.

To get the CNF of a given Boolean function, we express it as a product of
sums. Then to each sum is added in Boolean sense the term aa’, which is equal
to 0, if a is the missing literal and simplified. In the end if a sum factor is
repeated, the repetition is avoided since a - a = a. For example, let us consider
the Boolean function f(x, y, z) = x(3/ + z’) and express it in the sum of products
canonical form:

f=xy +xz
=xy - (z+ )+ xzZ(y +))) {" z is the missing literal in the first
product and y is the missing literal in the second product.}
=xyz +xy7 + xyz’ + xy’7
=xy'z + xy'z + xyz’ (v xy’Z is repeated)
Now let us express the same function in the product of sums canonical form.
f=x-0'+2)
=(x+p)- 0+ +xx)
=(x+y)-x+y) - ¢+ +x)(G ++X)
=x+ty+zZ)x+y +zZ)x+Yy +H)E+y +2)
=@tytg-(ty+) - (x+)y +2)x+)y +2)
x+y +2)y@+y +2)
=xtyto-@ty+d) @ty +tz- @ty +)E+)y+2)
(repetition avoided)
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LOGIC GATES

A computer or any other electronic device is made up of a number of circuits.
Boolean algebra can be used to design the circuits of electronic devices. The
basic elements of circuits are solid state devices called gates, that implement
Boolean operations. The circuits that we consider in this section give the output
that depends only on the input and not on the current state of the circuit. In
other words these circuits have no memory capabilities. Such circuits are called
combinational circuits gating networks.

We shall now consider three basic types of gates that are used to construct
combinational circuits:.

1. OR gate: This gate receives two or , ,

more inputs (Boolean variables) and xp — > X+ Xp+ - + Xp
produces an output equal to the x,—
Boolean sum of the values of the Fig. 5.29(a)

input variables. The symbol used for
an OR gate is shown in Fig. 5.29(a). The inputs are shown on the left
side entering the symbol and the output on the right side leaving the
symbol.

2. AND gate: This gate receives two or more inputs (Boolean variables) and
produces an outut equal to their Boolean product. The symbol used for an
AND gate is shown in Fig. 5.29(b).

X{ ——
X2 —>E X1Xo +++ Xp X—FDO—VX’
Xn _'>

Fig. 5.29(b) Fig. 5.29(c)

3. NOT gate or Invertor: This gate accepts only one input (value of one
Boolean variable) and produces the complement of this value as the
output. The symbol for this NOT gate is shown in Fig. 5.29(c).

COMBINATION OF GATES

Combinational circuits are formed by interconnecting the basic gates. When
such circuits are formed, some gates may share inputs. One method is to
indicate the inputs separately for each gate [Fig. 5.30(a)]. The other method is
to use branchings that indicate all the gates that use a given input [Fig. 5.30(b)].

X —————— xy

Yy——————>1

y ‘I>OLF xy'

Fig. 5.30(a)

Xy + xy'
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X j—» Xy
y >

xy'
">0L’k

Xy + xy'

Fig. 5.30(b)

Thus we can compute the value of the output y by tracing the flow through
the circuit symbolically from left to right as in the following example.
[See Fig. 5.30(c)].

X1 —
> \
X2 )

—>—T\7\\\ R
X3 | ‘i Pl

>
»

Fig. 5.30(c)

First the Boolean product of x; and x, is obatined as x; - x,. This output is
Boolean added with x5 to produce x,x, + x;. This output is conmplemented to
produce the final output y = (x;x, + x3).

ADDERS

We shall consider two examples of circuits that perform some useful functions.
First we consider a half adder that is a logic circuit used to find x + y, where x
and y are two bits each of which has the value 0 or 1. The output will consist of
two bits, namely the sum bits and carry bit c. Circuits of this type having more

than one output are called multiple output circuits. The truth table for the half
adder is given as follows:

Inputs Outputs
X y K c
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

From the truth table, we get s = x)’ + x’y and ¢ = xy. The half adder circuit is
given in Fig. 5.31(a).
If we observe that
(@ +y) () =(x +y) " +))
=xx’ + 0+ xy + 3/
=x) +xy
the half adder circuit can be simplified with only four gates as shown in Fig.
5.31(b).
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y N 9%
X ™ T
l::f - | > > s=xy’ +Xy

) > C=Xy
Fig. 5.31(a)

X 40—>ﬁ*‘ N X+y
| ]

y—o———/
>\ s=(x+ n(xy)
,,’—>

oy e

>o—

c=X
’V>

Fig. 5.31(b)

A full adder accepts three bits x, y, z as input and produces two output bits s
(sum bit) and ¢ (carry bit). The truth table for the full order is given as follows:

Inputs Outputs
X y z s
1 1 1 1 1
1 1 0 1 0
1 0 1 1 0
1 0 0 0 1
0 1 1 1 0
0 1 0 0 1
0 0 1 0 1
0 0 0 0 0

From the truth table, we get
s=xyz +xy’z +x'yz + x'y'z
and c=xyz +xyz + xy'z + x'yz
If we observe that
c=xyz +xyz + xy'z + x'yz
= (z +xyz') + (yz + xpz) + (xpz + xXyz)
=xy (z+2)+zx(y +)) +yzx + X)
=Xxy +yz + zx,
the circuit for the full adder can be drawn as given in Fig. 5.32.

Note If we simplify s, we can draw the circuit for full adder in a simpler way
using lesser number of gates.
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[ R N
-/ 1

Fig. 5.32

Minimisation of Circuits/Boolean Functions

The important use of Boolean algebra is to express circuit design problems in a
simplified form that is more readily understood. The efficiency of a combinatorial
circuit depends on the number of gates used and on the manner of arranging
them, because the cost of a circuit depends on the number of gates in the circuit
to a certain extent.
For example, let us consider the following circuit, the output of which is xyz
+ xyz’, that is in the sum of products form.
Since the two products in this example differ in only one variable, namely z,
they can be combined as follows:
xyz +xyz' = xy(z + 2°)
=xy-1
=xp
The circuit for the simplified function xy is shown in Fig. 5.33(b).
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; : N Xyz
2 S I N Xxyz + xyz'
y‘l /\ >
» o r —
e ) xyz > Xy
>E y—»—}'
Fig. 5.33(a) Fig. 5.33(b)

The second circuit uses only one gate, whereas the first circuit used three
gates and an inverter. Thus the second circuit is a simplified or minimised
version of the first circuit.

From this example, we see that combining terms in the S of P expansion of
a circuit leads to a simpler expression for the circuit. Though simplification of
S of P expansions can be done algebraically using laws of Boolean algebra,
there are two other procedures which are more elegant and which will be
described as follows. The goal of all these procedures is to obtain Boolean
sums of Boolean products that contain the least number of products of least
number of literals.

KARNAUGH MAP METHOD

Karnaugh Map method is a graphical method for simplifying Boolean
expressions involving six or fewer variables that are expressed in the sum of
products form and that represent combinational circuits. Simplification requires
identification of terms in the Boolean expression which can be combined (as in
the previous example). The terms which can be combined can be easily found
out from Karnaugh maps.

A Karnaugh map (K-map) is a diagram consisting of squares. If the Boolean
expression contains n variables, the corresponding K-map will have 2" squares,
each of which represents a minterm. A ‘1’ is placed in the square representing
a minterm if it is present in the given expression. A ‘0’ is placed in the square
that corresponds to the minterm not present in the expression. The simplified
Boolean expression that represents the output is then obtained by combining or
grouping adjacent squares that contain 1. Adjacent squares are those that
represent minterms differing by only one litreral.

To identify adjacent cells (squares) in the K-map for grouping, the following
points may be borne in mind:

1. The number of cells in a group must be a power of 2, i.e., 2, 4, 8, 16, etc.

2. A cell containing 1 may be included in any number of groups.

3. To minimise the expression to the maximum possible extent, largest
possible groups must be preferred. viz., a group of two cells should not
be considered, if these cells can be included in a group of four cells and
SO on.

4. Adjacent cells exist not only within the interior of the K-map, but also at
the extremes of each column and each row viz. the top cell in any column
is adjacent to the bottom cell in the same column. The left most cell in
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any row is adjacent to the rightmost cell in that row. [see Fig. 5.37 and
5.38]
Karnaugh maps for 2, 3 and 4 variables in two forms for each are given in
Figs. 5.34, 5.35 and 5.36. The minterms which the cells represent are written
within the cells.

y’ y x Y o 1
x| xy | xy ol xy' | xy
x| xy’ Xy 1 xy Xy

(@) (b)
Fig. 5.34 K-map for 2 variables

xy©oxty oyt N 00 o1 1 10
z' |\ x'y'Z | x'yz" | xyz’' |xy'z’ 0 |x'y'z" | x'yz'" | xyz' | xy’'z’
z | x'y'z | x'yz | xyz | xy'z 1 | xy'z |x'yz | xyz |xy’z

@ (b)
Fig. 5.35 K-map for 3 variables

i

yz

’

y'z yz yz

ry’ AV,

w’x w'x'y’'z" \w'x'y'z |w'x'yz wx'yz’

w’x wxyzZ wxyz W Xxyz w'xyz’

w X wxy’'z’ wxy 'z wxyz wxyz’
wx’' |wx'y’z" |wx'y’z wx'yz wx'yz’
(@)
W ¥Z 00 01 11 10
00 |w'Xy’z” |wx'y'z |wx'yz |w'x'yz’
01 |w'xy'z” | wxy'z w'xyz w'xyz’
11 | wxy’z’ wxy 'z wxyz wxyz’
10 | wx’y’z” | wx'y'z wx'yz wx'yz’
(b)

Fig. 5.36 K-map for 4 Variables

While minimising Boolean expressions by K-map method, it will be
advantageous if we are familiar with patterns of adjacent cells and groups of
1’s, that will be enclosed by loops. All the basic patterns are given as follows
for 3 and 4 variable K-maps:
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m

v

al

(@)

(b)

©

Fig. 5.37(a) All possible forms of basic loops of 2 cells or 3 variables

(]

€

111

"]

o

an

1

i

(@)

(b)

(©

Fig. 5.37(b) All possible forms of 4 cell basic loops for 3 variables

[

[
()

Glo

(d)

Fig. 5.38(a) All possible forms of 2 cell basic loops for 4 variables

Note A loop of 2, 4 and 8 cells will eliminate from the simplified Boolean
expression 1, 2 and 3 variables.

Procedure for minimisation of Boolean expressions using K-maps

1. K-map is first constructed by placing 1’s in those squares corresponding
to the minterms present in the expression and 0’s in other squares.

2. All those 1’s that cannot be combined with any other 1’s are identified

and looped.

3. All those 1’s that combine in a loop of two but do not make a loop of

four are looped.

4. All those 1’s that combine in a loop of four but do not make a loop of

eight are looped.

5. The process is stopped when all the 1’s have been covered.
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aE

1 G111l 1D

B
B/

R

1 B 1]
(d) (e) (®
Fig. 5.38(b) All possible forms of 4 cell basic loops for 4 variables

11
11
1|1 HEE ﬂ
1) ‘ 1 1 1 1 J
(@) (b)
) 1] ‘b 101 |1 J
1 1
1 1
Ry a (1 111

[ [
() (d)
Fig. 5.38(c) All possible forms of 8 cell basic loops for 4 variables

6. The simplified expression is the sum of all the terms corresponding to
various loops.
Note Minimisation of Boolean expressions with 5 or 6 variables by the K-map
method is beyond the scope of this book.)
Alternative notation for S of P form of Boolean expressions
In each minterm of the sum of products form of a Boolean expression, a
variable is replaced by 1 and a complemented variable is replaced by 0. Thus
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we get the binary equivalent of the minterm. Then the decimal equivalent of the
binary number is found out. All the decimal numbers corresponding to the
minterms are written after ¢ X separated by commas.

For example let us consider the Boolean expression (xy’z + xy’z" + x’yz +
x'y'z + x"y’z’) in 3 variables.

The binary equivalents of the minterms in the given order are 101, 100, 011,
001, 000.

The decimal equivalents of the binary numbers in the given order are 5, 4, 3,
1, 0. The alternative notation for the given Boolean expression is f(x, y, z) =
30, 1, 3, 4, 5).

On the other hand, if the Boolean expression is given as f(a, b, ¢, d) =
(0, 2,6,7,8,9, 13, 15), the binary equivalents to the given decimal numbers
are written as 4 digit numbers, as f'is a 4 variable expression.

They are 0000, 0010, 0110, 0111, 1000, 1001, 1101 and 1111.

The minterms corresponding to these binary numbers are a’b’c’d’, a’b’cd’,
a’bed’, a’bed, ab’c’d’, ab’c’d, abc’d.

Thus the given Boolean expression is f(a, b, ¢, d) = d'b’c’d + a’b’ed’ +
a’bed + a’bed + ab’c’d” + ab’c’d + abc'd.

DON’T CARE TERMS

The Boolean function to be simplified will contain two groups of minterms—
one group of minterms which are to be necessarily included in the function and
the other group of minterms which may or may not be included in the function.
The second group of minterms are called Don’t care terms.

In the K-map representation, the cells corresponding to ‘don’t care minterms’
will be filled up with ¢ — a ‘0’ and a ‘1’ superimposed or with the letter d.
Those minterms in the don’t care group which when included with the regular
input terms will simplify the output to the maximum, viz. will yield the most
economical circuit are assigned the value 1 and others are assigned the value 0.

Thus a don’t care term of a Boolean function is a minterm whose value is
not of any consequence and as such its value can be chosen either as a 0 or as
a 1 at our convenience.

For example, let the Boolean function to be simplified be f(a, b, ¢) = X (3,
5) + X(0, 7). The regular terms in f(a, b, c¢) are a’bc and ab’c and the don’t

o

care terms are a’b’c’ and abc. bc

The K-map representation of f(a, b, ¢) is given in a\ 00 01 11 10
Fig. 5.39. 0l ¢
The most simplified output will be obtained if we include 4

‘abc’ as a regular input minterm. The ouptput function
in this case is (ac + bc). Fig. 5.39

QUINE-McCLUSKEY’S TABULATION METHOD

This method provides a mechanical procedure for simplifying Boolean
expressions in the sum of products form. K-map method is cumbersome when
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there are five or six variables in the expression, whereas the Quine-McCluskey’s
method can be used to simplify Boolean functions in any number of variables.
When the K-map method is used, one has to depend on visual inspection to
identify adjacent cells that are to be looped, whereas the tabulation method
uses a step-by-step procedure, which is described as follows:

Step-by-step procedure of Quine-McCluskey’s method

1.
2.

3.

4.

The given Boolean function is first expressed in its canonical sum form.
Then each term in the function is converted to a binary form by replacing
x;in it by 1 and x/ by 0.

Then the terms are separated into groups, according to the number 1’s in
each. (column 1)

The binary numbers are then converred to the decimal form and the
decimal numbers are arranged in ascending order of their values within
the groups. (column 2)

. The smallest decimal number in the uppermost group in column 2 is

compared successively with all numerically greater numbers that appear
in the next group in that column. When the two numbers under comparison
differ by a power of 2 [viz., 2°, 2!, 22, etc.] the pair is placed is a new 3rd
column along with the value by which they differ in brackets. The second
number (next smaller number) in the first group is then compared with all
numerically greater numbers in the second group. The process is continued
until the first group is exhausted. A line is then placed under the last entry in
the 3rd column.

Now the first number in the second group is compared with all
numerically greater numbers in the third group. This procedure is continued
until the entire list in column 2 is exhausted.

Any decimal number that fails to combine with any other number is
noted for later reference. The Boolean term that corresponds to such a
number is called a prime implicant.

The second comparison is performed on column 3. This comparison is
almost identical with the procedure used on column 2, except that both
the decimal numbers in the brackets must be the same before checking
the difference of the leading number in each row.

For example, let us consider the following:

Column3  The first row numbers in the first group are
0,2 (2) compared with the second row numbers in the
0,8 (®) second group, since the difference numbers in the
2,10 (8) brackets are the same, namely 2. Similarly the
8,10 (2) second row numbers in the first group are compared

with the first row numbers in the second group, since the bracketed
difference numbers are equal, namely 8. The third column entries will
then be

0,2,8, 10 (2, 8)
and 0,8,2,10 (8, 2)
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The first entry in the brackets is the difference in the previous column
just carried over and the second entry is the new difference between the
leading terms in the rows compared. As the order of the digits has no
significance, the two rows in column 4 are listed only once in the column
4as0,2,8, 10 (2, 8). Again the terms that fail to compare are recorded.

7. A new comparison is now performed on column 4. Again all the terms in
the brackets must be identical before a comparison is made. Only the
leading decimal numbers in the rows are actually checked to determine if
the compared numbers differ by a power of 2. A new comparison is
performed on each new column generated until further comparisons are
not possible.

8. A graphical method (Prime implicant chart method) is now used to
eliminate unnecessary prime implicants and to show all possible answers.
All the decimal numbers corresponding to the terms in the given Boolean
function are entered in the first row of the chart. All the prime implicants
chosen are entered in the first column of the chart. Check marks (Xx) are
now placed in the body of the chart below those decimal numbers in the
first row which also occur in the first column. Numbers in the brackets
are not considered for this purpose.

9. Columns that contain only one check mark are noted. The term in the
first column that produces that ckeck mark is required in the answer and
is called irredundant prime implicant. The check mark is now encircled.

10. The first decimal number in each irredundant prime implicant is converted
to its binary form. The bit positions in the binary number corresponding
to the decimal numbers in the brackets are crossed out. The remaining
bits are then converted to their Boolean (alphabetic) variables.

\\ WORKED EXAMPLES 5(C)

Example 5.1 Determine whether the posets represented by the Hasse
diagrams given in Fig. 5.40 are lattices.

g
e f f
f
d e d e
d
C
c
a b b b c
a

(a) (b) (c) (d)
Fig. 5.40
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(a) The poset represented by the Hasse diagram in Fig. 5.40(a) is a lattice,
since every pair of elements of this poset has both an LUB and a GLB.

(b) The pair of elements a, b does not have a GLB and the pair e, f does not
have an LUB. Hence the poset in Fig. 5.40(b) is not a lattice.

(c) Since every pair of elements of the poset in Fig. 5.40(c) has both an LUB
and a GLB, it is a lattice.

(d) Though the pair of elements {b, ¢} has 3 upper bounds d, e, f, none of
these precedes the other two i.e. {b, ¢} does not have an LUB. Hence the
poset in Fig. 5.40(d) is not a lattice.

Example 5.2 If P(S) is the power set of a set S and U and M are taken as
the join and meet, prove that {P(S), c} is a lattice.
Let A and B be any two elements of P(S), i.e. any two subsets of S.
Then an upper bound of {4, B} is a subset of .S that contains both 4 and B
and the least among them is 4 U B € P(S), as can be seen from the following:
We know 4 € 4 U Band B c A U B. i.e. A U B is an upper bound of
{4, B}. If we assume that A < C and B c C, then 4 U B c C.
Thus the LUB {4, B} =4 U B.
Similarly A " Bc Aand 4 " B c B
i.e. 4 N B is a lower bound of {4, B}.
If we assume that C c 4 and C < B, then Cc A N B.
Thus the GLB {4, B} = 4 n B.
i.e. every pair of elements of P(S) has both an LUB and a GLB under set
inclusion relation.
Hence {P(S), c} is a lattice.
Note Refer to the example 20 of the previous section in which the Hasse diagram
of {P(S), c}, where S = {a, b, ¢} is given.

Example 5.3 1If L is the collection of 12 partitions of S = {1, 2, 3, 4}

ordered such that P; < P; if each block of P; is a subset of a block P;, show that

L is a bounded lattice and draw its Hasse diagram.

The 12 partitions of S = {1, 2, 3, 4} are

P, ={1), 2), 3), 4} ie. [1, 2,3, 4], P, = {1, 2), 3), (4)} ie. [12, 3, 4]

Py =113,2,4], P, =114, 2, 3], Ps = [23, 1, 4], P, = [24, 1, 3], P; = [34, 1, 2],

Pg =123, 4], Py = [124, 3], P, = [134, 2], P,; = [234, 1] and P, = [1234].

Using the ordering relation, the Hasse diagram of L has been drawn as in

Fig. 5.41.

Since P; < P, forj=2,3,..,12, P, is

a lower bound of the lattice.

Similarly since P, < Py, forj=1,2, ...,

11, Py, is an upper bound of the lattice.
Since L has both a lower bound and

an upper bound, it is a bounded lattice.
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Example 5.4 Draw the Hasse diagram of the lattice {P(S), <} in which
the join and meet are the operations U and M respectively, where S = {a, b, c}.

Identify a sublattice of this lattice with 4 elements and a subset of this
lattice with 4 elements which is not a sublattice.

Sg={a, b, c}

Ss ={a, b} S7=1{b, c}

S1=1{¢}
Fig. 5.42

Ly = {8, S,, S4 Sg} is a sublattice of L, by the argument given below:

STuS,=8¢eLl,S\usS;=S8S,eL,SuS=S¢€l,
S, uS,=8¢€L,SUS=8¢cLl and S, U S; =S¢ L,

Thus L, is closed under the operation L.

Now S\nS,=8€Ll,55nNn8=8e€L,5NnS5=58¢€lL,
S NS=8€L,$NSg=S¢€L,SynNS=S,¢€ L,

Thus L, is closed under the operation M.

Let us now consider L, = {S, S5, S7, Sg}.

Ss S, =b=S5;¢ L, Hence L, is not a sublattice of L.

Example 5.5 1If S, is the set of all divisors 24

of the positive integer n and D is the relation of

‘division’, viz., aDb if and only if a divides b, 8

prove that {S,,, D} is a lattice. Find also all the 12

sublattices of D,, [= {S,4, D}] that contain 5 or

more elements. 4
Clearly {S,4, D} = {(1, 2, 3, 4, 6, 8, 12, 24),

D} is a lattice whose Hasse diagram is given in

Fig. (5.43). 2
The sublattices containing 5 elements are {1,

2,3,6,12}, {1, 2, 3,12, 24}, {1, 2, 6, 12, 24},

{1, 3, 6, 12, 24} and {1, 2, 4, 8, 24} 1

The sublattice containing 6 elements is {1, 2, 3,

6. 12, 24}. Fig. 5.43
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Example 5.6 If a and b are elements of a lattice L such that a < b and if
the interval [a, b] is defined as the set of all x € L such that a < x < b, show
that [a, b] is a sublattice of L.

Let x, y be in [a, b]. Then x, y € L.

xvyandx Ay e L,since L is a lattice.

Now a<x<xvy<b .. xvye |a,b]
Also a<xAy<x<b . xAye€a b]

Hence [a, b] is a sublattice.

Example 5.7 Verify whether the lattice given by the Hasse diagram in
Fig. 5.44 is distributive.

anbvey=anb=0 1
Also (@Ab)v@anc)=0v0=0
anbvey=(@nb)vanco (D) b
Now caAn(avb)y=caAl=c
Also (crna)v(icnanb)=0vcec=c a
canlavb)=(nra)v(cab) 2) c
Steps (1) and (2) do not mean that the lattice is
distributive. 0
Now let us consider Fig. 5.44

ba(cva)=bAal=bh
But brcyvibra)=cv0=c
This means that b A (c v A) # (b Ac¢c) v (b A a)
Hence the given lattice is not distributive.

Example 5.8 Prove that Dy, = {Sy,, D} is a complemented lattice by
finding the complements of all the elements.
Dy =11,2,3,6,7, 14, 21, 42}
The Hasse diagram of D,, is given in Fig. 5.45.
The zero element of the lattice is 1 and the unit element of the lattice is 42.
1v42=LCM {1, 42} =42 =1’
and 1 A42=GCD {1,42} =1="0
: "'=42

42 (1)

14
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Similarly we can find that 2’ =21,3"=14,6"=7,7 =6, 14 =3,21"=2 and
42" = 1.
Since every element of D, has a complements, it is a complemented lattice.

Example 5.9 Find the complements, if they exist, of the elements a, b, ¢
of the lattice, whose Hasse diagram is given in Fig. 5.46. Can the lattice be
complemented?

From the Hasse diagram, it is seen that a v e = 1 and 1
ane=0. i
The complement of a is e.
Similarly bvd=1and b Ad=0

. de’ c e
The complement of b is d.
But cva=c¢ and cAra=a

cvb=c and cAb=5b a’ b
cvd=1 and cAnd=a
cve=1 and cAe=0b _

¢ has no complement. e

Since one of the elements of the lattice, namely c Fig. 05. 46

has no complement, the lattice is not complemented.

Example 5.10 Prove that cancellation law holds good in a distributive
lattice, viz. if {L, v, A} is a distributive lattice such that a v b = a v ¢ and
aAnb=anc, where a, b, c € L, then b = c.
cAf(avb)=(cna)v(cnab),since L is distributive

=(a A ¢) Vv (c A b), by commutativity

= (a A b) v (¢ A D), given

=(b A a) v (b A ¢), by commutativity

= b A (a v b), by distributivity

=b A (b v a), by commutativity

= b, by absorption law )
Also cA(avb)=cna(avc), given

=c¢ A (¢ v a), by commutativity

= ¢, by absorption law 2)
From (1) and (2), it follows that b = c.

Example 5.11 Prove that De Morgan’s laws hold good for a complemented
distributive lattice {L, v, A}, viz. (a v b)Y =d’ A b" and (a A b)Y = da’ v b, where
a, be L.
Since the lattice is complemented, the complements of a and b exist. Let
them be a” and &’
Now (a v b)v (@ Ab)={(av b)va} a{(avb)v b}, by distributivity
={av (bva) A fav(bv b)}, by associativity
={a v (d v b)} A {a v 1}, by commutativity
{(a v d') v b} A {a v 1}, by associativity
Avd)a(@av]
I Al
=1 (1)
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(avb)a@ab)y={an(@nAnb)}v{bna (@ Ab)}, by distributivity
={lanad)yAb} v iba® Ad)},
by associativity and commutativity
={(ana)Ab} v {bnab)na}, by associativity
=0Ab)Vv(0Ad)
=0voO
=0 2
From (1) and (2), we get
a’ A b’ is the complement of a v b
or (avby=d Ab 3)
By principle of duality, it follows from (3) that
(andby=dvb.

Example 5.12 If P(S) is the power set of a non-empty set S, prove that
{P(S), U, N, \, @, S} is a Boolean algebra, where the complement of any set
A < Sis taken as S\M or S — A4 that is the relative complement of 4 with respect
to S.

Let X, Y and Z be any three elements of P(S).

Now Xu ¢p=Xand XN S=X
Thus ¢ and S play the roles of 0 and 1 and the identity laws are satisfied (1)

XvuY=YuXandXNnY=YnNnX

i.e. the commutative laws are satisfied 2)
XuDhHhuZ=XuvuFuDandXnNnY)NnZ=XNnTnN2Z
i.e. the associative laws hold good 3)

XNnYu2dh)=AXnNnY)u X n Z and
XuImn2H)=XuvulhnXu?2

i.e. the distributive laws hold good 4)
XulS-X=Sand XN S-X)=¢
i.e. the complement laws hold good (5

Thus all the 5 axioms of Boolean algebra hold good.
Hence {P(S), U, N, \, ¢, S} is a Boolean algebra.

Example 5.13
(i) Ifa,be S={1,2,3,6} anda+b=LCM (a, b), a- b = GCD (a, b)
and a’ = g, show that {S, +, -, ’, 1, 6} is a Boolean algebra.

(i) Ifa, be S={1,2,4,8} and a + b = LCM(a, b), a, b = GCD (a, b) and

,_ 8
ad=2
a
(1) 1 and 6 are the zero element and unit element of {S, +, -, ’, 1, 6}
If a represents any of the elements 1, 2, 3, 6 of S, clearly a + ‘0” = LCM
(a, 1) =aand a - ‘1’ = GCD(a, 6) = a
i.e. identity laws hold good.

, show that {S, +, -, ’, 1, 8} is not a Boolean algebra.



342 Discrete Mathematics

Similarly commutative, associative and distributive laws can be verified.

a+ad =LCM (Cl,g)

and a-a =GCD (a, g)

i.e. the complement laws hold good.
Hence {S, +, -, ’, 1, 6} is a Boolean algebra.

(i) 1 and 8 are the zero element and unit element of {S, +, -, ’, 1, 8}
The first 4 axioms can be verified to be true.

When a = 2, a+d=LCM (2%)
=4 %8

Similarly a-a =GCD (2, %)
=2=%1

Hence the complement laws do not hold good.
Hence {S, +, -, ’, 1, 8} is not a Boolean algebra.

Example 5.14 In Boolean algebra, if a + b =1 and a - b =0, show that
b = a’, viz., the complement of every element « is unique.
b=b-1

=b-(a+ d), by B5

=b-a+b-d, by B4

=a-b+b-d, by B2

=0+b-d, given

=a-a +b-d,byB5

=d -a+ad b, by B2

=d - (a+ b), by B4

=a -1, given

=da/, by Bl
Example 5.15 1In a Boolean algebra, prove that the following statements
are equivalent:

(1) a+b=b () a-b=a, B3) d+b=1, 4 a-b'=0.

Let (1) be true.
Then a-b=a-(a+Db),by(l)
a, by absorption law.

ie. (1) = (2)
Now a+b

a-b+ b by (2
=b+b-a
=b
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ie. 2) = (1)
(1) and (2) are equivalent.
a +b=a + (a+b), by (1)
=(a+ad)+b
=1+5b
= 1, by dominance law.
ire. (1) = (3)
Also at+tb=(a+b)- 1
=(a+b)-(a+b),by(3)
=a-a +b
=0+5b
=b
ie. 3) = (1)
(1) and (3) are equivalent.
Given: a+b=1 3)
. (@ +b)y=1
ie. (@) - b"= 0, by De Morgan’s law
ie. a-b=0
ie. 3) = 4)
Given: a-b=0 4)
a’ + (b)Y = 0’, by De Morgan’s law
ie. a+b=1
ie. (4) = (3)
(3) and (4) are equivalent.
Hence all the 4 statements are equivalent.
Example 5.16 The Hasse diagram of a Boolean .
algebra B is given in Fig. 5.47. Which of the following SN
subsets are subalgebras of B, just Boolean algebras .
and neither? as ‘vb / b’
S,=10,a,d,1}; S,={0,a" + b,a- b, 1}; NN
_ / N N
Sy={a,a- b, b, 1}; NG N
S4: (0. Voa. b a'};S5: 0. a, Y, I b e \ a-b' s a
Note  To test whether S is a subalgebra of B, it is \\ y
not necessary to check for closure with respect AN
to all the three operations +, - and ’, nor is it necessary to 0
check whether 0 and 1 are in S;. Equivalently it is enough Fig. 5.47

to test the closure with respect to {+, "} or {:, ’}]

O+a=a,0+ad=d,0+1=1,a+ta =1,a+1

in S,.

=landa +1=1 are

0'=1,d,(@) =a, 1”=0are in S,

S, is a subalgebra of B.

In fact, the general form of a 4-element subalgebra is (0, a, d’, 1).
Accordingly, (¢’ + b)Y =a - b". Hence S, = {0, " + b, a - b’, 1} is also a

subalgebra of B.
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Though S5 and S, satisfy the axioms of Boolean algebra, they are not closed
with respect (+, /).

Hence S; and S, are Boolean algebras, but not subalgebras of B.

In Ss, @’ and (b”)" are not present. Hence S5 is not even a Boolean algebra,
but it is only a subset of B.

Example 5.17 Simplify the Boolean expression
a-b-cta-b-c+ta- b -, using Boolean algebra identities.
a-b-cta-b-c+ta-b-
=a b -cta-b-(c+c)
=a b -cta-b-1
=b -(@atd- o
=b -(atd) (a+c)
=b -1 -(a+0)
=a-b+b - c

Example 5.18 In any Boolean algebra, show that
ab’ +a b= 0 if and only if a = b.

(1) Leta = b.
Then ab" +a'b=ad +da
=0+0
=0.
(i) Letab’ +a’ b=0 (1)
Then a+ab’'+a b=a
ie. a + a b= a, by absorption law
ie. (@a+td)-(a+tb)=a
ie. l-(a+tb)=a
ie. atb=a 2)
Similarly, from (1), ab” + a’b + b =b
ie. ab’ + b= b, by absorption law.
ie. (a+bh)-(b+tb)=b
ie. (atb)-1=b
ie. at+b=b>b 3)

From (2) and (3), it follows that a = b.

Example 5.19 In any Boolean algebra, show that
(a@a+bd)yb+c)(ct+ad)y=(@@+b) @B +c)(d+a)
LS.=(@+b +0)(b++0)(c+d +0)

=(@+b+tc-)-(b+c +ad): (c+a + bb)

=(@+b+c)y- (a+b+c)-b+c+a)- b+t +d)
(c+a +b) -(ct+td +b)

={d+b+c)yd+b+)}-{(d+cta) +c+a)}
Al +a+b)(d+a+ b))

=@ +b+cc)- (b +c+ad) - (c+a+ bb)
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=@+b+0)- b +c+0)-(+a+0)
=@ +b)-(b+c) (+a)
= R.S.

Example 5.20 In any Boolean algebra, prove that

) x+twtrtwz=x+tut+twxtu+ty)xtv+twx+tv+y)(x+w+tz)

(x+yt2)

(i) ab + abc + d’b + ab’c = b + ac.

i) RS.=(x+tu+wy)-x+v+wy) (x+z+w)
={x+twy) tuvp - (x +wy+2)
=xtwy+uz
= L.S.

(i) L.S.= (ab + d’b) + (abc + ab’c)
=(a+d)-b+(b+Db)-ac
=1-b+1-ac
=b+ac
= R.S.

Example 5.21 Find the output of the network given in Fig. 5.48(a) and
design a simpler network having the same output.

X —
Y ————>

— -
X%}:D+

Fig. 5.48(a)

The output of the upper AND gate is xyz. The output ¥ ———> ) yz
of the inverter before the lower AND gate is x" and so z — 5
the output of the lower AND gate is x’yz. Fig. 5.48(b)
Consequently, the output of the OR gate is xyz +
x'yz.
Now xyz+xyz=(@x+x")-yz
=1.yz
=yz
Thus the simplified Boolean expression is yz which is reresented by the simplified
circuit diagram given in Fig. 5.48(b).

Example 5.22 Find the output of the network given in Fig. 5.49(a) and
design a simpler network having the same output.
The outputs of the AND gates from top to bottom are
xyz’, xy’z’, x'yz and x’y’Z’.
Hence the output of the OR gate is
xyz +xy’z" + x'yz + x'y'Z.
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——)
Z—[>o—>—_/

X —|>o—>—
-
z —DO—)—

Fig. 5.49(a)

Simplfying algebraically, the output
=xz(y +)) + X2y +))
=xz -1 +x7 -1 Fig. 5.49(b)
=x+x)=1-2=7

The simplified output is represented by the network [Fig. (5.49(b)].

z ~_ Z'
» O »

Example 5.23 Find the output of the combinational circuit given in Fig.
5.50(a) and design a simpler circuit having the same output.
Proceeding backwards from the output f, we have

f=h+hth
=(a- ) +hL+ s »
= (yz) (wx)’ +w+x+y (o wy
=@z) - (wx) Tw+tx+y+x+z+wy

y—>— f4

ZzZ ————

Fig. 5.50(a)
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Rewriting f'using Boolean algebra rules, we have
f=02) - (w) +wtx+y+xytyztyw
=02 )+ (w+yw) + (x +xp) + (v + y2)
=02 - () +wtxty
Note (vz)’ - (wx)’ is not rewritten as (y'+z") - (W’ +x") =y'w’ +x’y" +z'w’ +
z’x’, as the modified form requires more gates and more inverters than the
original form.
The simpler circuit corresponding to the modified f'is given in Fig. 5.50(b).

Fig. 5.50(b)

Example 5.24 Simplify the following Boolean expressions using Boolean
algebra:
O x+y+x)(x+2)
(i) x[y + z(xy + x2)]
(i) xy +z+ & +y) 2.
O &xt+y+x)(x+2) =x+ty)xtz) [vyt+xy=)]
=Xx-xt+txz+txy+yz
=x+txz+xy+tyz [ x-x=x]
=x+xy+yz [ x+xz=x]
=x+yz [ x+xy=x]
(i) x[y + z(xy + x2)]
=x[y + z(xp)" - (x2)'] [by De Morgan’s law]
=x[y +z(x’ +)) (" + )] [by De Morgan’s law]
=xlyt+zx +xZ+xy +y2)] [ x X=X
=x[y+zx+xy +yZ)] [ X +xZ =X
=xly +z(" + Y] [ X+ X =X
=x[y + zx" + y'zZ]
=x(y +zx’) [ zz'=0]
=xy + zxx’
=xy [+ xx'=0]
(i) x)/+z+ & +y)Z =) +z2)+ (x) +z), by De Morgan’s law
=1 [ a+a=1]
Example 5.25 Simplify the following expressions using Boolean algebra:
(1) a’bla’+ c) +ab'(b’ + ¢)
(i) a+a’bc’ + (b +cy
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(1) abl@ +c)ytab'(b’+c) =dab+dbc+ab +abc
(va-d=adand b b =0b)
= (d’b + ab’) + (a’b + ab’)c
=ab+ab [ x+xy=x]
(i) a +a’bc” + (b +c)
=a + a'’bc’ + b’¢’, by De Morgan’s law
a+@b+0b) ¢
=at[(@+ ) (b+ )]
at+(@+b) (ob+b=1)
=(a+dd)+bc
=(@+d)@+c)+bc
=a+(+bc) [va+td=1]

=a+c [ x+xy=x]
Example 5.26 In any Boolean algebra, show that
) x+y) @ +2)=xz+xy+yz=xz+xy
() 2 +xz+xyz+xp2) (x+y)=x
i) &x+y) " +2)
=xx'+xz+x'y+yz
=xz+xy+yz (v xx’=0)
Now xz + x'y + yz
=xz +x'y + yz(x + x’)
=xz+xXy+xyz+xyz
= (xz + xzy) + (Xy + x'yz)
=xz+xy
@) LS. =) +2)+xpz+2)] - (x+y)
=@ +tx)xty [vatad=1]
=x(y +)) (x+y)
=x(x+y) [vy+y=1]
=xtxy
=x

= R.S.

Example 5.27 Find the disjunctive normal forms of the following Boolean
expressions by (i) truth table method and (ii) algebraic method:

(@) f(x, y,2) =xy + yz’

®) f,y, )=y + [ +x+ (2] (+x)

(c) fx, y, z, w) = xy + yzw’
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(a) (i) Truth Table Method
x y z xy vz’ S
0 0 0 0 0 0
0 0 1 0 0 0
0 1 0 0 1 1
0 1 1 0 0 0
1 0 0 0 0 0
1 0 1 0 0 0
1 1 0 1 1 1
1 1 1 1 0 1

The minterms corresponding to the 3 rows for which 1 occurs in the f
column are x’yz’, xyz" and xyz.
DNF of f(x, y, z) = x'yz’ + xyz’ + xyz.
(i1) Algebraic method
f=xy tyz =xpz +2) + (x + X7
=xyz + xyz’ + xyz’ + x'yz
=xyz +xyz +xyz (v at+a=a)

(b) (i) Truth Table Method
vz (z2)" g=z'+tx+(z2)" xy h=z+xy gh [f=y'+gh

[N

= === I
—_— 0 O = = O O =
—_ o = O = O = O
—_0 O O = O O O
[ R G S o Y S S S
—_ e e O e =
SO O O = = O O
[ s S S o T S S S
—_ o = O O = = O
_ O = = O =

The minterms correspond to all the rows except the 4" and 7" rows.
DNF of f(x, y, z) = xyZ + Xy'z + X'yz’ + xy’2 + x)'z + xyz.
(i1) Algebraic method
fe, vy, 2=y +[2 +x+ )y +Z] (z +x'y), by De Morgan’s law
=y +@x+)y +2)z+xy) (-Z+2=2)
=y +xz+tyz+xyz (cxx'=y)=z=0)
=) (x + X))+ xz(y + ) +yz(x + x) + x'yZ
=xy(z+2)+ XY+ +xyz+xz2+xyz+x'y7
=xyz +xy'z + xyz +x"y'7 + xyz + x'y7
(avoiding repetition of terms).
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(c) (i) Truth Table Method
x 0 o0 o0 o0 o0 o0 o0 o0 1 1 1 1 1 1 1 1
y 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
z 0 01 1.0 0 1 1 O O 1 1 0 0 1 1
w O 1 0 1 o0 1 o0 1 O 1 O 1 0 1 0 1
x 60 0 0 0 0 O O O O O O o0 1 1 1 1
y3w0 0 0 0 0 O 1 0 0 0 0O 0 0 0 1 0
f0 0 O O o0 o 1 O O O 0 0 1 1 1 1

DNF of f'= x'yzw’ + xyz’w’ + xyz'w + xyzw’ + xyzw
(i1) Algebraic method
fx, y, D) =xp(z + 2) + (x +x7) yzn’
=xyz(w + W) + xyz’ (w + w') + xyzw’ + x'yzw’
= xyzw + xyzw’ + xpz’'w + xpz’w’ + xyzw’ + xyzw’
=xyzw + xyzw’ + xyz’w + xyz’w + x’yzw’
(repetition of xyzw” avoided).

Example 5.28 Find the conjuctive normal forms of the following Boolean
expressions using (i) truth table method and (ii) algebraic method:

(@) flx,y, 2) = (x + 2)y;

(®) f(x, y, 2) = x;

(¢) flx,y,2) = (yz + x2) (0 +2).

(a) (i) Truth Table Method
X y z x+z f=x+zy
0 0 0 0 0
0 0 1 1 0
0 1 0 0 0
0 1 1 1 1
1 0 0 1 0
1 0 1 1 0
1 1 0 1 1
1 1 1 1 1

The maxterms corresponding to the rows for which 0 occurs in the f

column are

xtyta, x+ty+s), x+)y +2,+y+zand (K +y+2)

The required CNF of f(x, y, z) is
Cty+t)x+ty+)(+)y +2) @ +y+2) @ +y+2)
(i1) Algebraic method
=ty =&+z+py

=(xtytz)(x+)y +2) ¢+ x)
=xty+tz)(x+y +2)(x+y) & +y)
S(xtytz)(x+y t2)(xty+z) (@ +y+ )
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=@tyt+tz)(x+y t)(xty+tz) xty+z)
W+ty+tz)+y+72)
=xtyt) Y+t ty+) @ +y+z)
& +y+z) (. aa=a).
(b) (i) Truth Table Method
Since f(x, y, z) = x, 0’s occur in the first rows of the f column.
The maxterms corresponding to three rows are
(x+ty+tz),(x+ty+2), (x+) +z)and (x +)" +2)
DNFof f=(x+y+z)(x +)y +2)(x +y +2) (x +) +2)
(i1) Algebraic method
Sy, =x=x+p =@x+y) x+))
=@ ty+zz) (x+)y +z)
S@tytn)ty+)x+)y +z)(x+)y +2)

(c) (i) Truth Table Method
X y z vz Xz g=yz+xz/ x h=xy'+z h" [f=gh’
0 0 0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 1 0
0 1 1 1 0 1 0 1 0 0
1 0 0 0 1 1 1 1 0 0
1 0 1 0 0 0 1 1 0 0
1 1 0 0 1 1 0 0 1 1
1 1 1 1 0 1 0 1 0 0

By Boolean multiplication of the maxterms corresponding to the 0’s in f
column, we get
DNFof f=(x +y+2) (x ty +2) (x +)" +2) (x +) + 2)
Kyt @ +y+2) & +)y +2)
(i1) Algebraic method
o,y 2) =z +x2) (0 + 2)
= (yz + xz’) (x" + y)Z/, by De Morgan’s laws.
= (yz + x2) (X2 + y2)
=0z +x) (z+2) (X7 +y) &2 +2)
=X+ttt +y) @+ +2)
[z+Z=1landz + 7 =7
=x+y+zZ)@x+z+ )@+ +xx) @ +y+zZ)
+zZ+xx) (X +2Z+p) @ +xx)
=(x+y+2)x+ty+)xFry+t)@x+y +tz)x+ty+2)
@Hty+) (X Hyt) Tyt Gty +) @yt
@ty +) (Y +2) @ Hxt) @ X+ )
S@tyt)ty+) (Yt ty+t) & +y+2)
o +y +2) (x+)y +2) [avoiding repetition of factors]
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Example 5.29 Find the minimal sum of products expression for the

function.
f(a, b, ¢) = ab’c’ + abc’ + abc + ab’c + a'b'c, using 2200 01 11 10
Karnaugh map method. ol o [ o] o
Corresponding to each minterm, a 1 is placed in the
respective square. B(CHITIENED)

For example, corresponding to the minterm ab’c’,
we place a 1 in the cell for whicha=1,5=0and c =
0 (Fig. 5.51).

The adjacent cells containing 1’s are looped as shown in the figure.

The bigger loop corresponds to @ = 1, while the smaller one corresponds to
b=0and c=1.

Hence the terms to be included in the minimum sum is a and b’c.
ie. f(a, b, c)=a+ bc

Example 5.30 Use Karnaugh map method to minimise the Boolean
expression f(a, b, ¢) = X (0, 2, 5, 6).

Converting the decimal numbers contained in X, abCOO o1 11 10
the given expression is

Fig. 5.51

ol Dlo|o |
fla, b, ¢)=000 + 010 + 101 + 110 N f
=a'b’c + a’bc’ + ab’c + abc’ 1o |®fo b
Proceeding as in the previous problem, the Karnaugh Fig. 5.52

map representation of f(a, b, ¢) is given in Fig. 5.52.
The minimum possible loops to cover all the 1’s in the various cells are
shown in the figure. The two cell loop enclosing the 1’s in the 000 and 010
cells correspond to the term a’c’.
Note The common digits 0 in the 1** place and 0 in the 3™ place in the two
binary numbers 000 and 010 contribute a’c’.
Similarly the two cell loop enclosing the 1’s in the 010 and 110 cells
contribute bc’.
The 1 in the 101 cell cannot be grouped with any other 1. This contributes
the term ab’c.
Thus the minimum fla, b, ¢) = a’c’ + bc’ + ab’c.
Example 5.31 Find the minimum sum for the cd
function fla, b, ¢, d) = a’b'c'd + a’b'd + a'bed + 20 20 01 11 10
a’b’cd’ + a’bed, by Karnaugh map method. 00| 1)} 0 |[1]
The given minterms in f(a, b, ¢, d) correspond o1] o |(1 J 0
0

to the binary numbers 0000, 0101, 0011, 0010, —
and 0111. The number 1 is entered in the cells 111010
corresponding to these numbers and the number 0 is
entered in the remaining cells.

The minimum possible number of loops containing Fig. 5.53
the maximum possible number of 1’s are shown in
Fig. 5.53.
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The terms corresponding to the loops are a’b’d’, a’bd and a’bd.

Hence minimum f(a, b, ¢, d) = a’b’d’ + a’bd + a’bd.
Example 5.32 Minimise the function f(a, b, c, cd
d) _ a/brcrd/ + a/b/c/d + arb/cd/ + a/bc/dr + a’bc’d + ab>. 00 01‘\ 11 10
a’bed’ + ab’c’d + ab’c’d + abed by Karnaugh map 00 ﬂ 1<.1

method.

The given minterms in f(a, b, ¢, d) correspond to 01—41i—d 0 tL~
the binary numbers 0000, 0001, 0010, 0100, 0101, 1,010
0110, 1000, 1001 and 1111. The number 1 is entered —
in the cells corresponding to these number and 0 is 10 F oo
entered in the other cell in Fig. 5.54. ‘ . N

The minimum number of loops each containing the Fig. 5.54
maximum number of 1’s are drawn as in Fig. 5.54.

The terms corresponding to the three 4-cell loops are a’c’ [obtained by
decoding the common digits in 0000, 0001, 0100, 0101], &«’d’ are b’c’. The
single 1 encircled corresponds to abcd.

Minimum f{a, b, ¢, d) = a’c’ + a’d + b'¢’ + abcd.

Example 5.33 Simplify the Boolean function f(a, b, ¢, d) =X (0, 1, 2,
3,4,5,6,7, 8,9, 11), by Karnaugh map method.

The decimal numbers contained in X are converted b o0 01 11 10
into 4 digit binary numbers are 0000, 0001, 0010, O —
0011, 0100, 0101, 0110, 0111, 1000, 1001 and 1011, %0 [(LW[ T 1)
They are represented by 1’s in the respective cells as 01 b 1 11]1])
shown in Fig. 5.55.

The minimum number of loops each containing

)

o

&

11| 0[0|0] O

the maximum number of 1’s are drawn as in Fig. 10 (1 . q 0
5.55. There are one 8-cell loop and two 4-cell loops. —
The common binary digit corresponding to all the Fig. 5.55

numbers in the 8-cell loop is the ‘0’ in the first place.

Hence all the 8 terms in 8-cell loop represent «’. Similarly the terms representing
the two 4-cell loops are b’¢’ and b'd.

Hence minimum f{(a, b, ¢, d) = a’ + b'¢’ + b'd.

Example 5.34 Minimise the function f(a, b, ¢, d) = X (0, 2, 6, 7, 8, 9,
13, 15), using Karnaugh map method.

Proceeding as usual, we get the Karnaugh map representation of the function
fla, b, ¢, d) as shown in Fig. 5.56(a) and Fig. 5.56(b).

To cover the various 1’s, two ways of looping are possible as shown in
Fig. 5.56(a) and Fig. 5.56(b). The minimum values of f(a, b, ¢, d) got in both
ways require the same number of gates and the same number of literals.

Thus minimum f{(a, b, ¢, d) = a’b’d’ + a’bc + abd + ab’c’ or b’c’d’ + ac’d +
bed + d’cd'.
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55900 01 11 10 v 00 01 11 10
i1 D] 0 [ o [T oWl o] 0|
ot|o|o|G][D 0rjojo mU
] o |Gl o 1o |(1)|W] o
10|G [ D]ofo 10 m U o]0

Fig. 5.56(a) Fig. 5.56(b)

Example 5.35 Minimise the function f(a, b, ¢, d) =X (2, 3, 7, 9, 11,
13) + £, (1, 10, 15) by Karnaugh map method, where X, denote the don’t care
terms. Make optimum use of the don’t care terms.

Proceeding as usual, we get the Karnaugh map representation of the function
fla, b, ¢, d). The cells corresponding to the ‘don’t care terms’, namely 1(0001),
10(1001) and 15(1111) are marked with ¢ as shown in Fig. 5.57(a)

5200 01 11 10 Al 00 01 11 10
0|0 |¢|1]1 00| o ol(1)] 1
ot|ofo|1]o ot/ o] o|lt]| o
11|01 ]9¢]0 11| 0 |1 1)|| o
1lo]|1]1]¢ 10/ 0|1 € q

Fig. 5.57(a) Fig. 5.5I7(b) |

The ¢ terms can be assumed as either 1 or 0. If we assume the ¢ in the
(1111) cell as 1, we are able to form two 4-cell loops and hence it is done.
Similarly if we assume the ¢ in the (1010) cell as 1, it results in another 4-cell
loop. On the other hand, if we assume the ¢ in the (0001) cell, it does not result
in any further simplification. Hence it is taken as 0.

Figure 5.57(b) shows the usual 1’s and the ¢-converted 1’s and the loops.
Minimum f(a, b, ¢, d) = ad + c¢d + b’c.

Example 5.36 Find the minimum product of b oo 01 11 10
sums for the function fla, b, ¢, d)=n (1, 3, 5, 7, 8,
10, 11, 12, 14), by using Karnaugh map method. 0o 1 Fﬂ !

The decimal numbers contained in 7 (product g1 | { @ J 1
symbol) are converted into 4 digit binary numbers as ]
0001, 0011, 0101, 0111, 1000, 1010, 1011, 1100 and ~ '? ‘ﬂ T 10
1110. These numbers represent the maxterms (a + b 4, ﬂ 1 | @]
+c+d), (a+ b+ "+ d) etc. These are repersented i
by 0’s in the respective cells in the Karnaugh map Fig. 5.58
given in Fig. 5.58.
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The minimum number of loops each containing the maximum number of
0’s are drawn as in Fig. 5.58.

The 4-cell loop in the first two rows corresponds to @ = 0 and d = 1 and
hence represents (a + d’).

The 4-cell loop in the last two rows corresponds to @ = 1 and d = 0 and
hence represents (a” + d).

The 2 cell loop in the last row corresponds to @ = 1, 5 =0 and ¢ = 1 and
hence represents (a” + b + ¢').

Hence the minimum product form of f(a, b, ¢, d) = (a + d’) (@’ + d) (a’ +
b+ ).

Example 5.37 Find the minimum sum of products for the function
f(a, b, ¢) = (0, 2, 3, 7) by using the Quine-McCluskey’s tabulation method.

First we find the binary number representations of the given decimal numbers
in X and arrange them in column 1 after separating them in groups according to
the number of 1’s. In column 2, we write the decimal equivalents, arranging
them in ascending order within each group.

Col. 1 Col. 2 Col. 3
000 0 0,2 (2)*
010 24 2,3 (1)*
011 34 3,7 (4)*
111 7

Note The prime implicants are marked with *.

The entry 0 in the 1% group of Col. 2 is compared with the entry 2 in the 2™
group. Since the difference is (2 — 0) = 2, a power of 2, the pair of numbers 0
and 2 are placed in the 1% group in the Col. 3 with the difference within
brackets as 0, 2(2). The numbers in col. 2 thus paired are ticked. Similarly the
numbers 2 and 3 paired and then the numbers 3 and 7 are paired.

The pair of numbers in the 1% group in Col. 3 cannot be compared with the
pair of numbers in the 2™ group, since the numbers in the brackets are not the
same. Similarly the pairs of numbers in the 2™ and 3™ groups cannot be
compared. The process ends.

The entries in the 2" and 3™ columns which are not ticked are the prime
implicants.

Now to eliminate the unnecessary prime implicants from the minimum sum,
we form the prime implicant chart. In the first column of the chart, the prime
implicants are entered. In the top row of the chart, all the given decimal
numbers are entered as shown in the following chart.

Prime Implicant chart

P.lL’s 0V 2V 3V 7V
0, 2(2) ® X
2,3(1) x %
3, 7(4) X &)
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Since the first prime implicant is the pair 0, 2, we make a X mark below 0
and 2 of the chart in the 1% row.

Similarly x marks are made under 2 and 3 in the 2™ row and also under 3
and 7 in the 3™ row.

Columns containing only one check (X) mark are noted and encircled. The
terms in the 1% column corresponding to the @ mark are to be included in the
minimum sum. If we note that the terms 0, 2(2) and 3, 7(4) include all the
given decimal numbers, we conclude that no further term given in the 1st
column need be included in the minimum sum.

Now the minimum sum is the sum of the irredundant prime implicants in
the following sense:

Minimum f(a, b, ¢) = 0(2) + 3(4),

taking only the leading number in the selected terms
= 000(2) + 001(4) [binary equivalents taken]
=000+ g11 [the bit positions corresponding to the
bracketed difference numbers struck off]
=d'c + be.

Example 5.38 Minimise f(a, b,c,d)=2(0,1,2,3,4,6,7,8,9, 11, 15)
by Quine-Mc Cluskey’s method.

Col. 1 Col. 2 Col. 3 Col. 4
0000 oV 0, 1(1)V 0, 1,2, 3(1, 2)*
0001 I 0, 22V 0, 1,8, 9(1, 8)*
0010 2 0, 4(4)V 0,2, 4, 6(2, 4)*
0100 4y 0, 8(8)V 1, 3,9, 11(2, 8)*
1000 8V 1, 320 2,3, 6, 7(1, 4)*
0011 3V 1, 98V 3,7, 11, 15(4, 8)*
0110 6V 2, 3(1)W
1001 9V 2, 6(4)
0111 7 4, 62V
1011 11V 8, 9(1)V
1111 15V 3, 74V

3, 11(8)V

6, 7(1)V

9, 112N

7, 15(8)V

11, 15(4W

The prime implicants are marked with * mark
Note 1. Numbers in any group of Col. 2 should be compared with larger

numbers in the succeeding group. For example, the entry 4 in the 2™ group
should not be compared with the entry 3 in the 3™ group, eventhough the
numerical difference is 1 = 2°.

2. In column 3, the entry 0, 1(1) can be compared with 2, 3(1) in the next group,
contributing 0, 1, 2, 3 (1, 2). Similarly the entry 0, 2(2) can be compared with 1,
3(2) in the next group, contributing the very same result 0, 2, 1, 3(2, 1), eventhough
the numebrs outside and inside the brackets are in different order. The entry 0, 1,
2, 3(1, 2) should be made only once in the Col. 4.
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3. Of the two entries bracketed, one is the difference obtained while comparing Col.
entries and the other is the difference (of the leading numbers) obtained while
comparing Col. 3 entries.

Now all the terms corresponding to the entries in Col. 4 are the prime
implicants. To find the irredundant prime implicants, we proceed to the

prime implicant chart.

Prime Implicant Chart

P.L’s ov 1V 2v 3V 4V 6V 7V 8V 9V 11V 15V
0,1,2,3(1,2) X X X X
0,1,8, 91,8 x x ®
0,2,4,6(2,4) X X ® x
1,3,9,11(2, 8) X X x
2,3,6,7(1, 4) X X X X
3,7, 11, 15(4, 8) X X X ®

Minimum f(a, b, ¢, d) = 0(1, 8) + 0(2, 4) + 3(4, 8)
= 0000 + 0000+ G411

=bcd +add + cd.
Example 5.39 Minimise f(a, b, c,d, ¢)=X(0, 1, 3, 8,9, 13, 14, 15, 16,
17, 19, 24, 25, 27, 31) by Quine-Mc Cluskey’s method.

Col. 1 | Col 2 Col. 3 Col. 4 Col. 5
00000 o 0, 1(1)V 0, 1,8, 9(1, 8)V 0,1,8,9, 16,
00001 I 0, 8(8)V 0, 1,16, 17(1, 16)Y 17, 24, 25
01000 8 0, 16(16)N | 0,8, 16, 24(8, 16}V (1, 8, 16)*
10000 16V 1, 3N 1,3, 17, 19(2, 16)*
00011 3 1, 98 1,9, 17, 258, 16)Y
01001 9 1, 17(16)Y | 8, 9,24, 25(1, 16)V
10001 N | 8,901 16, 17, 24, 25(1, 8)V
11000 244 8, 24(16)V 17, 19, 25, 27(2, 8)
01101 13V 16, 17(1)V
01110 144 16, 24(8)V
10011 19V 3, 19(16)V
11001 25V 9, 13(4)"
01111 15V 9, 25(16)V
11011 27 17, 192
11111 31 17, 25(8)V
24, 25(1)V
13, 15(2)*
14, 15(1)*
19, 27(8)V
25, 27(12)V
15, 31(16)*
27, 31(4)*

Note

The prime implicants are marked with * mark.
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Minimum f(a, b, ¢, d) = 0(1, 8, 16) + 1(2, 16) + 14(1) + 13(2) + 27(4) (or)
0(1, 8, 16) + 1(2, 16) + 14(1) + 9(4) + 27(4)
= gBo0g + 0001 + 01110 + 01101 + 14011  (or)
#3000 + 90001 + 011164 + 01001 + 11011
=cd + b'c’e+ a’bed + a’bee + abde  (or)
cdd +b'ce+ a’bed + a’bd’e + abde
Example 5.40 Minimise f(a, b,c,d)=%(2,3,7,9, 11, 13) + Z¢ (1, 10,
15), by using Quine-Mc Cluskey’s method.

While finding the prime implicants, the ¢-terms are also included along with
the required terms.

Col. 1 Col. 2 Col. 3 Col. 4
0001 1 1, 3QN 1,3,9, 11(2, 8)*
0010 2V 1, 98 2,3, 10, 11(1, 8)*
0011 3V 2, 3(1)W
1001 9V 2, 10(8)V 3,7, 11, 15(4, 8)*
1010 10V 3, 7(4)V 9,11, 13, 15(2, 4)*
0111 7 3, 11(8)V
1011 11V 9, 11(2)V
1101 13V 9, 13(4)V
1111 15V 10, 11(1)V

7, 15(8)V

11, 15(4)V

13, 152V

While forming prime implicant chart, the ¢-terms should not be included as the
column headings.

Prime Implicant Chart

PlL’s 2V 3V 7V 9V 11V 13V
1, 3,9, 11(2, 8) X X X
2,3,10, 11(1, 8) ® X X
3,7, 11, 15(4, 8) X ® X
9,11, 13, 15(2, 4) x x ®

Minimum f(a, b, ¢, d) = 2(1, 8) + 3(4, 8) + 9(2, 4)
= 0010(1, 8) + 0011(4, 8) + 1001(2, 4)
= 4010 + 6411 + 1001
=b'c + cd + ad.
Note  Among the ¢-terms, 10 and 15 have been included for minimising /(a, b, ¢, d).
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EXERCISE 5(C)

Part A: (Short answer questions)

1.

halb e

N

©

11.
12.
13.
14.

15.
16.
17.
18.
19.
20.
21.
22.
23.

24.

25.
26.
27.
28.
29.

30.

Define a lattice and give an example of a lattice.

State the principle of duality with respect to lattices.

State the four basic properties of a lattice.

Write the dual of each of the following statements in a lattice:

@) (@aanb)yve=((Bvec)an(cva) (b) (anb)yva=an(bva).
Draw the Hasse diagram of all lattices with 5 elements.

State the isotonic property of a lattice.

Write down the distributive inequalities of a lattice.

State the modular inequality of a lattice.

Define a lattice as an algebraic system.

Define sublattice.

Define lattice homomorphism and lattice isomorphism.

When is a lattice said to be (a) bounded, (b) distributive?

Define complement of an element of a lattice and complemented lattice.
Draw the Hasse diagram of a lattice one of whose elements has no
complement; more than one complement.

Define Boolean algebra as a lattice.

State the axioms of Boolean algebra.

Define a Boolean variable.

State the idempotent and dominance laws of Boolean algebra.

State the absorption and De Morgan’s laws of Boolean algebra.

State the principle of duality with respect to Boolean algebra.

Define sub Boolean algebra.

Define Boolean homomorphism and isomorphism.

Prove the following Boolean identities:

@ a+a -b=a+b ®) a-(@+b)y=a-b
(c)a-b+a-b=a da-b-c+ta-b=a-b

() (a+tb)-(@+b)=0b

Simplify the following Boolean expressions:

(@) (a-b) +(a+by (®) (1-a)+(0-a)
() a-ctct[(b+D)+c] (d (@+b)-(@+c)
Find the dual of the following Boolean expressions:

(@) @’ b’ +a' b'c (b) a(b’c’ + be)

Find the complement of the following Boolean expressions:
(@) ab” + ac + b'c (b) a(be + b'¢")

What is meant by Boolean function degree n?

Define minterm and maxterm with examples.

Define disjunctive normal form and conjuctive normal form of a Boolean
function.

What do you mean by canonical form of a Boolean function?
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31. What is a logic gate? Give 3 basic types of gates used in combinational
circuits.
32. Write down the truth table for the half adder.
33. Draw the combinational circuit for the half adder.
34. Write down the truth table for a full adder.
35. Name the methods commonly used to simplify Boolean expressions.
36. What do you mean by “don’t care terms” in a Boolean function?
Part B
37. Determine whether the posets represented by the Hasse diagrams given
in Fig. 5.59 are lattices.

h
e e g
f e g
b d d
b c b d
a
a a
(b) (c)

(a)
Fig. 5.59

38. Determine whether the posets represented by the Hasse diagrams given
in Fig. 5.60 are lattices.

—_
5 -
Iy

ae ob d e f f >
R Ca. d d
I ad TN b c b g c
d o . .
0 a a
(@) (b) (c) (d)
Fig. 5.60

39. If Z' is the set of all positive integers and D denotes the relation of
‘division” in Z" such that for any a, b € Z', a D b if and only if a divides
b, show that {Z*, D} is a lattice.

40. Determine whether the following posets are lattices:
(a) {(1, 3, 6,9, 12), D}
(b) {Q, 5, 25, 125), D}
If a poset is not a lattice, given reasons.

41. Draw the Hasse diagram of the poset {S;;, D}. Hence or otherwise
prove that it is a lattice.
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42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

If the sets S, S|, ..., S; are given by S, = {a}, S, = {a, b}, S, = {a, c},
S;=1{a, b, c},Sy=1{a, b, c, e}, Ss=1a, b, c,d, e}, S¢={a, b, c, e, f} and
S;=1a, b, c, d, e, f}, find whether {L, c} is a lattice, where L = {S,, S|,
..., 57} by drawing the Hasse diagram or otherwise.

Show that the lattice of divisors of any positive integer #n, viz., {S,, D} is
a sublattice of {Z', D}.

Show the poset represented by the Hasse diagram in Fig. 5.61(a) is a
lattice. Find if it is a sublattice of the lattice represented by the Hasse
diagram in Fig. 5.61(b).

(a) (b)
Fig. 5.61

Which of the following subsets of the lattice L 1
represented by the Hasse diagram in Fig. 5.61(a)

are sublattices of L? d e
L,={0,a,b,1},L,={0,a,e 1}, Ly = {a, c,
d, 1}, Ly = {0, ¢, d, 1}.

Which of the following subsets of L, represented
by the Hasse diagram given in Fig. 5.62 are 0
sublattices of L? Fig. 5.62
L,=1{0,a,b,1},L,=1{0,a,e, 1}, Ly = {a, c,

d, 1}. ]

Find all the 4 element sublattices of the lattice

S50, D} ? ¢
Show that with an example that the union of
two sublattices may not be a sublattice.

Find all the 5 element sublattices of the lattice
with the Hasse diagram in Fig. 5.63.

Find whether the lattices represented by the
Hasse diagrams in (a) Fig. 5.63 and (b) Fig. Fig. 5.63
5.64 are distributive.

Find the complements of 2 and 10 in the lattice {Sg,, D}.

Find the complements of the elements a, b, ¢ in the lattices represented
by (a) Fig. 5.44 and (b) Fig. 5.64.

Show that the lattice represented by the Hasse diagram in Fig. 5.65 is
complemented but not distributive.

(o]
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54.

55.

56.

57.

58.

59.
60.

61.

(o] (o]
Fig. 5.64 Fig. 5.65

Show that the lattice represented by the Hasse diagram in Fig. 5.66 is
distributive but not complemented.

o
Fig. 5.66

If P(U) is the power set of a universal set U, prove that {P(U), U, N, ’, @,
U} is a Boolean algebra, where 4’ is the complement of the set A.
If a, b € Sy, the divisors of 70 and a + b = LCM(q, b), a - b = GCD(a, b)

and a’ = ?, show that {S5,, +, -, ’, 1, 70} is a Boolean algebra.

If a, b € S}3, the divisors of 18 and a + b = LCM(a, b), a - b = GCD(a, b)

and a’ = % , show that {S|g, +, -, ', 1, 18} is not a Boolean algebra.

Prove that Dy, viz., {S;;p D} is a Boolean algebra and find all its
subalgebras. Find also the number of sublattices with 4 elements.

In any Boolean algebra, prove that a - "+ ¢’ - b= b, if and only if a = 0.
In any Boolean algebra, prove that

@ a-b+d - -b=(@+b) (a+b)

®) (@a+b)- (@ +c)=ac+a'b+ bc=ac+ ab.
c)ya-b+b-ctc-d=d -b+b -c+c - a

Simplify the following Boolean expressions using Boolean algebra
identities.

@ ad-b-@+c)yta-b - +c

() (@a+b+ab)  (a+c)

(¢) a-(a+b)-(a+ ab)

da-b+c+t@+b)-
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62. Find the outputs of the networks given in Figs 5.67, 5.68 and 5.69 and
design a simpler network having the same outputs:

< |
o )
z % (
. ‘D_JL/\’J

Fig. 5.67

64.

b —¢

C ::D—>

Y'Y

4

Y

Fig. 5.69

65. Find the disjunctive normal forms of the following Boolean expressions
using (a) truth table method and (b) algebraic method:
(@) flx,y,2)=x)" +z
(b) fex, y,z,w) =w+xy+ )z
(¢) flx, y,2) = (D) (x + )
66. Find the conjunctive normal forms of the following Boolean expressions
using (a) truth table method and (b) algebraic method:
(i) fx, 7, 2) =
(i) fix,y,2)=(x+y) (& +2) (v +2)
(i) f(x, y, 2) = xz +x'y + yz
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67.

68.

Use Karnaugh map method to find the minimum of the following Boolean

functions:

(a) fla, b, ¢c) = abc’ + ab’c + ab’c’ + a’bc + a’b’c

(d) fla, b, c)=%2(0,1,2,3,5,7)

(c) fla, b, c)=Z%2 (0, 2,3, 7)

(d) f(a, b, ¢, d) = abcd + abc’d + abcd’d’ + ab’cd” + ab’c’d.

(e) fla, b, ¢, d) = abcd + abed” + abc’d + ab’c’d + ab’c’d” + a’bc’d +
abed +a'b'cd.

) fla, b,c,d)=%(0,1,2,3,4,6,7,8,9, 11, 15)
() fla, b, e, d) =% (1,2, 4,5,6, 11, 12, 13, 14, 15)

(h) fla, b, c,d) =% (2,5, 6,9, 13, 14) + £, (0, 7, 8, 10, 15)
(@) fla, b,c,d) =2 (1,4, 6,8 11, 12) + %, (2, 5, 13, 15)
G) fla, b, c,d) =2 (0,5,9, 10,12, 15) + T, (2, 7, 8, 13)

() fla, b, ¢, d) = m (0, 4, 11, 15)

M) fla, b, ¢, d) = (0, 1, 2, 4,7, 9, 10, 12, 15)

Use Quine-McCluskey’s method to minimise the following Boolean

functions:

(@) f(a, b, ¢) = abc + ab’c + ab’¢’ + a’bc + a’bc” + a’b’c’.

(b) fla, b, c) =2 (0, 1, 4, 6)

(c) fla, b, ¢, d) = abcd” + abc’d + ab’ed + a’bc’d + a’b'ed + a’b’c’d.

(d) f(a, b, ¢, d) = abcd + abcd’ + abc’d + ab’cd + ab’cd’” + a’bed + a’b’ed
+a'b'ed+ a’b’cd.

() fla, b, ¢, d) =2 (0,2, 6,7, 8,9, 13, 15)

) fla, b, e, dy =% (1,2,3,4,5,6,8, 10, 12)

(2) fla, b, ¢, d, €) = = (9, 20, 21, 29, 30, 31)

(h) fla, b, ¢, d) = £ (4, 10, 11, 13) + £, (0, 2, 5, 15)

answers /.
Exercise 5(A)
15. (a) {1, 2, 3, 5} d) {1, 2,3, 4,5}
(c) {1,3,4,5,6,7,8,9, 10} (d) {9, 10}
(e) {4, 8} ) {1,2,3,4,5, 8}
(e ¢ (h) {2, 4, 8}
M {1, 3,4, 5, 8} G {1,3,5 7}
(k) {3, 4, 5} M {1,2,3,4,5,7, 8}
18. (a) False: 4 = {1}; B = {2}; C = {3} (b) True

(c) False: 4 = {1, 2}; B={1}; C= {2} (d) True
(e) False: 4 = {1, 2}; B={1}; C= {2} (f) True
(g) False: 4 = {1, 2}; B={1}; C= {2} (h) True
(1) True

() False: 4 = {1, 2}; B = {2}; C= {3, 4}; D = {4}
(k) True (1) True
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19. (a) ¢ (b) B (c) 4
20. (@) UNBUUANU) =4

by AnB=AUB NAU B)n (A4 U B)
() (AUBUC)=(4UC)N(4U B).

Exercise 5(B)
3. {(1, 3), (1, 5), (3, 3), (3, 5)}; Dom(R) = {1, 3}; Ran(R) = {3, 5}

5. R =1{4, 1), (42,5, 1), 5 3} R =1{2,5),G.4)

6. {(1,2), (1, 3), (1, 4, (2, 2), 3, 3)}

9. {(1, 1), (2, 2)} on {1, 2}

10. {(1, 3), 3, 1), (2, 3)}

11 {(1, 1), (2, 2), 3, 3), (1, 2), (2, 1), (2, 3), (3, 2)} on {1, 2, 3}

12, {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 4), 3, 3), (4, 4)} on {1, 2, 3, 4}.
13. {(1, 1), (2, 2), (1, 3), 3, D} on {1, 2, 3}

19 [1] = [2] = {1, 25; 3] = 3}

i

23. {(1,2), (1, 4), (2, 1), (2, 3), 3, 2), 3, 4), 4, 1), (4, 3)}

111 00
24. MRus{l 0 1]; MRﬁs{l 0
010 0 1

4

—_— O
- o O

1 1
2501 . & 26 (0 . o 2 g
h g \ / 11
Y A < b
5 > 3 Q2 0

3L [¢s {1, 135 {1, 255 42, 135 {2, 255 ({1, 15, {1, 28); ({1, 13, {2, 1}); ({1,
1}), 42, 23); ({1, 2}, 2, D); ({1, 23, {2, 23); (12, 13, {2, 2); ({1, 1},
{1, 25, {2, 1)) ({1, 13, {1, 24, 42, 23); ({1, 15, {2, 13, {2, 2}); ({1, 2},
{2, 13, {2, 23); ({1, 13, {1, 23, {2, 1}, {2, 2})]

32. () ({1, 13, {1, 2}, {1, 3}, {2, 2}, {2, 3}, {3, 3});
() {2, D, 3, D, 3, 2)};
(©) {1, D, 2, 2), 3, 3)};
(d) {2, D, G, 2};
(e) {(1, D, (1, 2), (1, 3), 2, D, (2, 2), 3, D}

33. (@) {(1, 1), (1, 4), (2, 2), (2, 5), (3, 3)}
(d) {(1,3), 2,9, (3,3, 4 2), 65, D}
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34.

35.

36.

37.

38.
39.

40.

41.
42.

43.

44,

(©) {1, D, (1,3),(1,5,2 4,3, 1,3,3),3,5,(4 2,44, 5 1),
G, 3), 5, 5)}

(d) {(1,1), (1, 3), (1,'5), 3, 1), 3, 3), 3, 5), (5, 1), (5, 3), (5, 5)}

(e) {(1, 1), 2, 4);

@ R=R"'={(1,1),(1,2),(1,3), (1,4, (15,2 1), 22),(23),
24), 3, 1, (3,2), (3, 3), 4 1, 4 2), 5, 1)}

(b) (153 ; ]{(2, 5, (3, 4), (3,5, (4,3), 4, 4, (4, 5), (5,2), (5, 3), 5, 4,

(¢c) dom(R) = ran(R) = dom(R™") = ran(R™") = {1, 2, 3, 4, 5} dom(R) =

ran(R) = {2, 3, 4, 5).
(@ Ry UR, =R, (b) Ry N R, =R,
©) Ri—-R,=9¢
(d) RZ - Rl = {(17 1)7 (27 1)7 (27 2)’ (37 1)7 (37 2)5 (37 3)}
(e) Rl ® RZ = {(17 1)7 (27 1)’ (25 2)9 (39 1)9 (3’ 2)’ (3’ 3)}
(@) Ru S={0,0),(,1),(,2),(2,4,@3,6), (3,9), 4,38), 4, 1)}
() R S = {0, 0), (2, 4)}.
(c) R—S={1,1),@3,9), 4, 16), ...}
(d S—-R={{1,2),3,06), 4,79), ...}
e) R®&S={1,1,(1,2),@3,06), (3,9, 4, 8), (4, 16), ...}
@ RVR,={(1,1),(2,2),3,3),....(1,2), 2, 1), (1,3), 3, 1) ...,
2, 4), 4, 2), (2,06), (6, 2), ...}
d) RN R,=1{(1,1), (2, 2),@3,3), ..}
() Ry —R,={(1,2), (1, 3), (1, 4), ..., (2, 4), (2, 6), (2, 8), ...}
(d R -R ={2,1),3,1D,&1,..H42),(®,2),@S,2),..}
) Ri®R,={(1,2),(2,1),(1,3),(3, 1), (2,4, 4 2), (2, 6), (6, 2), ...}
(@) Rs; (b) Ry; (c) ¢ (d) Ry (e) Ry
ReS={(L5), (25 GD5:SeR=1{(L4 (32,42} ReR=1{(12)
2,25 SeS5={L1,3,3,@4)5Re(SeR=0C,2)=ReS R
ReReR=1{1,2),(2,2)}
(@) R T={0,3),(1,3),(2,3), (3, 3)}
(b) T e R ={(0,0), (1, 0), (2, 0), (3, 0)}
(c) Se8={0,0), (0, 3), (1, 1), (2 2), 3, 0), 3, 3)}
Ry; R;; Ry R% R; R*, R* R,

(a) symmetric; (b) reflexive, symmetric and transitive;

(c) reflexive, symmetric and transitive; (d) none;

(e) reflexive and symmetric; (f) symmetric;
(g) reflexive and transitive; (h) symmetric.
(a) reflexive, antisymmetric and transitive; (b) transitive;

(c) symmetric; (d) reflexive, symmetric and transitive;

(e) symmetric

(a) transitive; (b) reflexive, symmetric and transitive;

(c) reflexive, symmetric and transitive; (d) symmetric;

(e) reflexive and symmetric.
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45.

51.
52.
53.
54.

55.

(a) neither reflexive not transitive;

(b) equivalence relation (also partial ordering);

(c) neither reflexive nor symmetric;

(d) equivalence relation;

(e) lacks all the three properties.

(a) [{0, 4}, {1, 3}, {2}]; (b) [{1, 5}, {2, 3, 6}, {4}]

[{1, 4, 7}, {2, 5}, {3, 6}]

[{0}9 {719 1}’ {72’ 2}7 ]

(@) [{a, b}, {c}, {d, e}]

(d) [{a}, {b}, {c}, {d, e}]

(@) R=T[{0, 0}, {1, 1}, {1, 2}, {2, 1}, {2, 2}, {3, 3}, {3, 4}, {3, 5},
{4, 35, {4, 4}, {4, 5}, {5, 3}, {5, 4}, {5, 5]]

() §={1,1,(1,2), 2 1), (2 2),3,3), (44,4 5, 47,5, 4,

(5.5, 6,7, (7,4, (7,5, (7, 7), (6, 6)}

56.

57.

58.
59.

0 1 1T
R'=|1 1 0/ ={1,2,(1,3),@21,(22,3 D, G3,3)
_1 0 -
_ o
E =10 1 = {(1, 1); (2’ 3)7 (3’ 2’)}
_0 O_
111
R*=|111|=4x4
111
M1 1] [0 0 1]
(@) Mpos=|1 1 0}; (b) Mp~s=10 1 0f;
0 0 1) 10 0 0]
0 1 1] [0 1 0]
(¢) Miys=1|1 1 0OF; (d) Mgp=|1 1 1};
10 0 0] 10 0 0]
g 0
() Mggr=11 0 0
_O 0 -
(a) No; (b) Yes

(a) Equivalent relation (b) Not an equivalent relation
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60. (a)
(b)
61 8 12 62. 12 2.0
///
7
4 6 4
- 10 25
/
S
2 A3 2
\\',/ 5
1
63. 15
11
10
5
2
0

64. UB{a, b, c} = e, f, j, h; LB{a, b, ¢} = a;
UB{j, h} =nil; LB{j, h} = a, b, c, d, e, f;
UB(a, c, d, f}=f, h, j; LB{a, c, d, f} = a;
LUB{b, d, g} = g; GLB{b, d, g} = b
65. (a) (24, 25) and (3, 5) (b) No; No
(c) (15, 45) and 15; (d) (15, 5, 3) and 15

Exercise 5(C)
4. @) (avb)rc=bArc)v(cra) ) (avbra=av(bnaa)

5. S
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14.
24.
25.
26.
37.
38.
40.

42.
44.
45.
46.
47.
48.

49.
50.
51.
52.
58.
61.
62.
63.

64.
65.

66.

67.

Figs 5.28 (a) and 5.28 (b)

(@) a + b (b) a; (¢) ¢ (d) bc

@ @+b+c)-(@+b +c) ®)a+@® +)-b+co)
@ @+b)-d+)-(b+) b)) ad+® +)-(b+c)
(a) Yes; (b) No; (c) Yes

(a) No; (b) Yes; (c) Yes; (d) No

(a) No, since LUB(6, 9) and LUB(9, 12) do not belong to the poset;
(b) Yes

Yes

No

L, and L, are sublattices; L, and L, are not.

L, and L, are sublattices; L, is not.

{1, 2, 3, 6), D}; {(1, 2, 5, 10), D}; {(1, 3, 5, 15), D} and {5, 10, 15, 30), D}

L={(1,2,3,4,6,12), D}; L, = {(1, 2), D}; L, = {(1, 3), D}, but L, U L,

= {1, 2, 3), D} is not a sublattice of L.

{0, a, b, d, 1}; {0, a, c, d, 1}; {0, a, c, e, 1}; {0, a, d, e, 1}; {0, b, c, e, 1};

{0, ¢, d, e, 1}

(a) No; (b) No.

2’ does not exist; 10" = 3.

(a) Complements of a are b and ¢; complement of b = @ and that of ¢ = a

(b) Complements of @ are b and c; those of b are ¢ and a; those of ¢ are

a and b.

{1, 110}, {1, 2, 55, 110}, (1, 5, 22, 110} and {1, 10, 11, 110}; 15

sublattices

@ a-b+d - -b;b)a+b-c (c) a; (d) 1.

Xyz(x +y +2')

{(a + ) (bD)}

abc.

(@) f=xyz+xy2 +xyz + x'yz + x'yz.

(b) f=xyzw + xX'yzw + xy"zw + xyzw + xpz'w + X'yzZ'w + xyZw + xyZ'w
+xy"zw + xXyzw’ + X'yzw’ + x'yz'w.

(©) f=xyz+xyz + x3'z + x2" + xy'z.

(@ f=@tyt)xty+)x+)y +2) @ +)y +2) @ +) +2)
o +y +2).

®) f=+ty+2)@x+ty+2H) K +ty+2) (@ +y +2) " +y+2).

) f=x+y+tz)x+ty+2)x+y+tz) X +)y +2).

(@) f=ab" + ac’ + de.

b) f=d +c

(c) f=dc + be.

(d) f=abd + abc’ + ac’d + ab’cd’.

(e) f=cd+ abd + ab’c’ + d'b’ed’.

) f=ad +bc +cd

(g) f=bc" +ab+a'cdd+dcd + acd (or)
bd + ab + d'cd’d+ d’cd + acd
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68.

(h) f=bd + cd + ac'd.

(i) f=bc" +bd +d'd’d+ ac’d + ab’cd.

() f=ac +bd+ab'd +b'cd.

k) f=@tct+td (@ +b+d).

O f=@+b+d@+c+dyb+c+d)d++d)-(a+b++d).
@) f=ac+db+bc.

(b) f=db +ac.

(c) f=a'c’d + bc’d + abed” + ab’cd + a’b’ed’ .
(d) f=ac+cd+ b'c+abd + a'bd.

(e) f=a'b'd + ab’c" + abd + a’'be.

() f=a'bc+acdd+ abd +abd + bc'd.
(g) f=abc’d’ e+ ab’cd + abce + abcd.

(h) f=da'bc’ + abd + ab’c.
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