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Preface

Engineering Mechanics, one of the oldest branches of physical science, is a subject of immense importance.
Although it is taught at an earlier semester of engineering, its foundation is rooted in the two other fundamental
subjects—applied mathematics and physics. Generically, Mechanics is a subject that deals with the action of
force(s). It is broadly classified under Statics and Dynamics. While the former deals with the action of forces on the
rigid bodies at rest, the latter deals with motion characteristics of the bodies when subjected to force. The present
text includes preliminary concepts of Strength of Materials which is basically an extension of Statics wherein the
internal behaviours of the materials are analyzed when subjected to load, an area not considered in the purview
of Statics. It would not be an exaggeration if Mechanics is envisaged as the ABC of Engineering Education,
irrespective of the discipline or specialization. Its wide range of application potential—ranging from nature to
modern creations, encapsulating a wide spectrum—rightly justifies its candidature as one of the most proliferated
subjects with universal applicability.

The main objective of writing this book is fundamental-concept building combined with strong analytical and
problem-solving abilities that would form the backbone of many other subjects in higher semesters. It is, therefore,
extremely important to emphasize on the basic issues to develop a solid foundation, particularly at the early-stage/
years of engineering education.

The present text is an endeavour towards this goal by offering the students a textbook on a first course in
Mechanics in a most comprehensive manner. Plenty of textbooks on this subject are available in the market.
However, these books include several advanced topics, which sometimes become too difficult and confusing for
students to understand. Further, in most of the cases, Strength of Materials is normally covered by a separate
text. Interestingly, the West Bengal University of Technology (WBUT) has modified the course curriculum and
Engineering Mechanics is considered at the very first semester that includes mechanics and basics of strength
of materials. We, therefore, felt the need to write a textbook that would exclusively conform to the syllabus of
WBUT.

The West Bengal University of Technology has emerged as a promising technological university with over
90 odd affiliated institutions to its credit, poised to foster technical education in the state of West Bengal. These
institutions follow a common syllabus in the first year, irrespective of specialization; and introductory mechanics
is taught at the very first semester. This creates difficulty for the beginners since they need to go through several
books to extract what would exactly serve their purpose.

The present approach is to provide the students a textbook that would guarantee concept building and equip
them with problem-solving ability. The present text will be highly helpful to understand the subject in its true
spirit.

This book is primarily meant for the first-semester students of all disciplines pursuing BTech. under WBUT.
However, the national scenario shows that similar types of courses are also offered by several institutions and
universities in other states as well. Thus, the present book is not only confined to the students of WBUT; rather its
appeal is generic. Further, students pursuing diploma courses can also benefit from this text. Moreover, the topics
discussed and associated problems and questions framed would be extremely helpful in the preparation for various
competitive examinations.
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Salient Features
* Complete coverage of the WBUT syllabus (2010 Regulation)
* Lucid explanation of Kinetics and Kinematics of Rigid Bodies
» Concepts of Vector Algebra have been amply supported by illustrations and vector diagrams
» Practice questions and solved examples provided at the end of each chapter
*  Model Question Papers based on WBUT pattern
» Addition of Solved 2013 and 2014 Question Papers
» Pedagogy includes
o 315 lllustrations
135 Multiple-choice questions
140 Short answer type questions
225 Solved examples

o © © ©o

145 Numerical problems

Chapter Organisation of the Book

The entire content is divided strictly as per the syllabus of WBUT. Chapter 1 highlights the scope and application
potential of the subject, its purview, history, basic idealisation of the situation and the units. The concept of
idealisation is very important without which the entire analysis would be in vain.

Chapter 2 discusses fundamentals of vector algebra. Although vector algebra comes under the purview of
Applied Mathematics, it is mandatory to recapitulate the same since there is a growing need to follow the vector
approach. It is the essence and a prerequisite in the study of Mechanics. Interestingly, the various vector operations
are explained in the context of Mechanics to justify their relevance.

In the subsequent chapters, the basic approach is fully explored to study force analysis in two-dimensional
(Chapter 3) coordinate frames. In addition to the vector approach, scalar approach has been adopted too, so that
students can trade off between the two. Clear elucidation is provided to distinguish equilibrium of particles from
rigid bodies in Chapter 4. The study of Mechanics in majority of the cases is based on the premise of condition
of equilibrium.

Chapters 5, 6, along with Chapter 7, discuss the major topics of Statics—Centre of Gravity, Friction and
Moment of Inertia. Additional emphasis is given to them with quite a good number of solved problems and almost
an equal number of problems provided as an exercise. Moreover, one particular problem is solved by several
methods. This is one of the key features of the text.

Utmost care has been taken in other areas, namely, Dynamics and Strength of Materials in Chapters 8 to
14. Since the coverage of Strength of Materials is confined only to basic definitions of Stress and Strain and
their associated properties, these are rightly described. Moreover, Stress—Strain diagram for ductile material is
meticulously investigated and results or trends are illustrated in the right perspective. However, quite a good
number of problems have been solved involving basic Stress—Strain.

Similarly, emphasis is laid on Newton’s Law of Motions and D’ Alembert’s Principle in Chapters 11 and 12.

Projectiles are covered in Chapter 13. And finally, work, power and energy are discussed in Chapter 14.

At the end of each chapter, adequate questions (both subjective and multiple-choice questions) along with
sufficient numerical problems are provided to accustom students with different question patterns and enable them
to practice the same in order to grasp the subject in the right spirit. The answers to multiple-choice questions and
numerical problems are provided immediately after the end of chapters.
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CHAPTER

1

Introduction

1.1  WHY DO WE STUDY MECHANICS?

If we turn around our eyes to the several creations of civilizations like that of Pyramid of Egypt to Eiffel
Tower of Paris; Tajmahal of Agra to Sydney Harbor; Howrah Bridge to Tirupati Temple, we would hardly
find any item that is beyond the purview of mechanics. Astonishing! Let us take few more examples. Consider
tables and chairs of our drawing room; a building and a factory shed; an automobile and an aircraft; a bicycle
and a three wheeler; a bridge and a TV or mobile tower; a lock gate and a dam; a robot and a human being;
a column and a jack and so on and so forth. All these aforesaid applications have had their own intended
objectives; still these have commonalities from the mechanics point of view. Although these are only a few,
there is no dearth of such examples. It is therefore quite interesting and imperative to study this subject which
has immense application potentials and form the backbone of engineering study irrespective of specialization.
The authenticity of such credentials can be verified as the readers will navigate through various topics of the
text. It would not be an exaggeration to say that even people from all walks of life ought to study a little bit
of mechanics which is so versatile and has got immense potential to its credit.

1.2 WHAT IS MECHANICS?

It is one of the oldest branches of physical science and perhaps the most powerful that deals with the action
of forces on bodies that are either in rest or in motion.

The subject has proliferated to a great extent to emerge as one of the most prominent and fundamental engineering
field with wide diversifications. Essentially, mechanics is classified into Solid Mechanics and Fluid Mechanics.

Solid mechanics has got two broad domains — namely, Statics and Dynamics.

While Statics deals with bodies under rest, Dynamics deals with bodies under motion. Statics is further
classified as rigid body mechanics and deformable body mechanics. While the former deals with physical
bodies that do not manifest any changes in its dimension when subjected to external forces, the latter deals
with bodies that exhibit some kind of deformation under load. Dynamics is also categorised as kinematics
and kinetics. Kinematics involves various attributes of motion of a particle like position, velocity and
acceleration but without regard to the force that causes motion. It is kinetics where forces find place for
necessary analysis.

Like solid mechanics, fluid mechanics also has got two wings titled fluid statics and fluid dynamics
depending on whether fluid is at rest or in motion. Similar classification of fluid dynamics is also made as
Sfluid kinematics and fluid kinetics. Further classification of fluid dynamics stems from the fact whether fluid
is viscous or not and hence it falls under the category of viscous fluid flow or non-viscous fluid flow. Another
approach to classify fluid flow resulted from the consideration of whether the fluid density remains unchanged
or not and hence it is categorised as incompressible or compressible fluid flow respectively.

Few other emerging areas of mechanics that have come into existence and got adequate attention in recent
years are fracture mechanics, tribology, computational fluid dynamics, etc.



1.4 Engineering Mechanics

In this book, the focus of discussion is solely confined to solid mechanics and hence any further attempt
to deal with fluid mechanics is beyond the scope of this text.

1.3 FUNDAMENTAL IDEALISATION

Whenever it is required to analyse any physical system (such as a structure, an automobile, a power plant), it is
imperative to develop a model that would describe the behaviour of the system. This model may be of any type
that is suitable for this purpose (a graphical model, a mathematical model, a physical model, etc). The real life
situations are so complex that it is almost impossible to model it keeping its each and every aspect identical to
that of the actual situation. Further, the actual predictability of behaviour of such systems is too low. Under these
circumstances, it is prudent to simplify the scheme while modeling such systems for the purpose of analysis with
a pledge that such simplification or idealisation would not lead to inclusion of error in the result of analysis so as
to cross reasonable accuracy limits. Nevertheless, such an idealisation would reduce the effort, make it amenable
for analysis and form the foundation of design. This idealisation or simplification of the physical systems which
essentially comprises several members (rigid bodies) that are constrained suitably and are under the action of external
loads and reactions from supports, and maintain equilibrium is the fundamental premise of study of mechanics.

1.3.1 Continuum

A definite quantity of matter can be decomposed to several small elements that can be further divided to atoms
and molecules. The behavior of these individual entities varies widely from each other and it is too complicated
a situation to measure their various attributes individually. It is the aggregation of all such properties that is
manifested by the body as a whole. It is therefore worthwhile to consider the average of different attributes
of these entities to represent the gross behavior of the body. This eventually leads to the consideration that
the matter of body is the collection of uniformly distributed identical elements. Such description of matter is
called continuum.

1.3.2 Space

Space is a geometric region in three-dimension that extends in all directions and is occupied by bodies. The
position of a solid body is described in space by a three-dimensional coordinate system.

1.3.3 Time

Time is the measure of duration between successive events. The unit of time is second which is a fraction of

the period by the earth’s rotation, i.e., of an average solar day.

86400
1.3.4 Rigid Body

Statics, as defined earlier, deals with analysis of force on rigid bodies under rest. A rigid body is a hypothetical
consideration which implies that it will not undergo any deformations under load. It may be a continuous
member or collection of several members. A finite body when subjected to external forces must undergo some
form of deformation, however small it may be. This deformation is accompanied by stress induced in the
body which is manifestation of resistance offered by the body as a consequence of applied load. The amount
of deformation and hence the stress induced are the properties of materials that characterise its strength. Such
behavior, although a reality, is complex to analyse. However, there are ample situations where the deformation
pattern and the amount are too small to affect the results. This led to simplification of the analysis, assuming
that bodies do not deform under load. These are what is called rigid bodies and form the basis of statics.
Such consideration should only be made without much loss of accuracies. Nevertheless, it is the mechanics of
deformable bodies where the strength of the materials are dealt with.
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1.3.5 Particle

A body of negligible dimensions but having a definite mass concentrated at a point is called particle. Strictly
speaking, such a consideration is absurd in the sense that the mass of a body is not concentrated at a point;
rather it is distributed over the entire space it occupies and hence definite mass of matter must occupy a finite
space. Mathematically, above definition can be considered as when the volume approaches zero, entire mass
is concentrated at a point. But when the size of bodies is so small compared to its range, such consideration
would lead to simplification of the problem without any gross error and the body is considered as a particle.
For example, a bullet or a piece of stone is regarded as a particle following the above logic.

Just like entire statics is based on the analysis of force on rigid bodies, the study of dynamics deals with
the particle.

1.4 FORCE

It is an external agency that causes disturbances to the existing status of a body. In other words, it is an
action on the body that tends to change the state of rest or the motion of the body. It is a vector quantity and
it is completely defined by its magnitude, direction and point of application.
Sir Isaac Newton developed the fundamental laws of mechanics for the motion of a particle. The concepts
of space, time, and mass are absolute, independent of each other in Newtonian Mechanics.
It is the Newtonian Mechanics that is the cynosure of present study.
It is to be noted that
¢ Newtonian Mechanics deals with Forces
¢ Hamiltonian Mechanics deals with Impulse and Momentum
¢ Langrangian Mechanics deals with Energy

1.4.1 Newton’s 3 Fundamental Laws

Newton’s First Law states that a particle either remains at rest or continues to move in a straight line with
a constant velocity provided that there is no unbalanced force acting on it (resultant force = 0).

Newton’s Second Law states that the acceleration of a particle is proportional to the resultant force acting
on it and its direction is in the direction of this force.
Thus mathematically
F =ma (1.1)
Here F is the force that causes an acceleration of a to the body of mass m.

Newton’s Third Law states that the forces of action and reaction between interacting bodies are equal in
magnitude, opposite in direction, and act along the same line of action (collinear).
All the three laws in combination provide the fundamental consideration of statics as well as dynamics. More
precisely, Newton’s first law provides the basis for statics where as it is the second law that governs the dynamics.
Critical investigation to the second law reveals that first law has been derived from the second law. In the
absence of any unbalanced force (F = 0), the particle will maintain its status quo of motion (ma = 0) or it will
maintain its status of rest. Thus when there is no external unbalanced force, the body will be in equilibrium.

1.4.2 Newton’s Law of Gravitation
Newton’s Law of gravitation states that

M
F=G ;" (1.2)
r
where, F = mutual force of attraction between two particles

G = universal constant known as the constant of gravitation
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M, m = masses of the two particles
r = distance between the two particles

If we introduce the constant r m
GM / /O
= 1.3
£="2 F (1.3)

and let M = mass of earth
m = mass of a particle
r = radius of earth M
g = acceleration of gravity at earth’s surface

then from Eq. (1.3) we get

o
M
2
" ( Mm
Substituting in Eq. (1.2), we get F=gM(2):>F=mg
r

F=mg
Using F' = ma, at the surface of the earth, we get a = g

F=mg

W = mg (1.4)

g is dependent upon 7.

1.5 DIMENSIONS AND UNITS

A dimension is a physical variable used to specify some characteristic of a system. Mass, length and time
are examples of dimension. A unit is a particular amount of a physical quantity. For example, time can be
measured in second minute, hour, etc.

The dimension mass (M), length (L) and time (T) are considered to be basic dimensions, from which other
dimensions are derived. For example, the dimension of velocity is LT~!, and acceleration is LT2.

In mentioning a unit, it is recommended that small letter (lower case) be used when abbreviated, and small
letters when expanded. For example, the unit of time is s or second, of length and of m or metre. But when
a unit is named after a person, capital letter is used when abbreviated, for example, Newton (N), Pascal (Pa),
Watt (W). Multiples in powers of 10 are indicated by prefixes, which are also abbreviated. It is internationally
accepted to use the prefixes given in Table 1.1.

Dimensions are those terms which are used to characterise physical qualities. Common examples of
dimensions include mass M, length L, time t, temperature T, force F, etc. The reason why dimensions are

Table 1.1 SI Unit prefixes

Multiple Prefix Abbreviation Multiple Prefix Abbreviation

10 deca da 107! deci d

102 hecto h 1072 centi c

103 kilo k 1073 milli m

106 mega M 10°6 micro u

10° giga G 1079 nano n
1012 tera T 10712 pico p
1015 peta P 10715 femto f
1018 exa E 10718 atto a
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important in engineering analysis is that any equation which relates physical quantities must be dimensionally
homogeneous. By dimensionally homogeneous we mean that the dimensions of terms on one side of an equation
equal to those on the other side. Equations relating physical quantities which do not fulfill the condition of
dimensional homogeneity are not correct.

In order to make numerical computation with equations involving physical quantities, there is the additional
requirement that units, as well as the dimensions, be homogeneous. Units are those arbitrary magnitudes and
names assigned to dimensions which are adopted as standards for measurements. For example, the primary
dimension of time may be measured in unit of second, minute, hour, etc.

1.5.1 Base Units

The basic units of mass, length, time and temperature in the SI units are described below:

i) Mass The basic SI unit for mass is kilogram (abbreviated as kg). A standard alloy block of platinum and iridium
maintained at the International Bureau of Weights and Measures at Sevres, Paris, is taken as the base unit of mass.

ii) Length The basic SI unit for length is metre (abbreviated as m). The distance between two arks on
platinum - iridium bar, kept at the International Bureau of Weights and Measures at Sevres, Paris, France, when
measured at 0°C, is taken as the base unit of length.

iii) Time The basic SI unit for time is the second (abbreviated as s). For many years, the accepted basic

unit second was defined as of the mean solar day.

iv) Temperature The basic SI unit for temperature is the Kelvin (abbreviated as K). In 1967, the Thirteenth

Conference General des Poids et Measures defined Kelvin as the fraction of the thermodynamic

temperature of the triple point of water.

1.5.2 Derived Units

The secondary quantities are expressed in term of the derived units, which in turn are formed from the base
units. The relation between the derived units and the base units depends on a definition or a law. For example,

o dL . . . _— .
velocity is defined as v=—; where L is length and ¢ is time. The units of velocity is m/s. The units of force

t
can be derived from the equation F = ma (Newton’s second law) as kg-m/s2. In honour of Newton, the unit
of force has been named Newton and is abbreviated as N. The dimensions and units of some of the physical
quantities commonly used in thermodynamics are given in Table 1.2.

Table 1.2 Dimensions and Units of some physical quantities

Quantity Dimensions Units Abbreviation
Mass M Kilogram Kg
Length L Metre m

Time T Second ]
Temperature 0 Kelvin K
Velocity LT ! m/s ---
Acceleration LT?2 m/s? ---

Force MLT2 kg m/s? (N) Newton
Pressure ML-IT2 kg/ms? (N/m?) Pascal
Energy ML2T2 kg m%/s2 (N-m) joule

Power ML2T3 kg m2/s3 (J/s) watt
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Engineering Mechanics

SHORT ANSWER TYPE QUESTIONS

1.1
1.2
1.3
1.4
1.5

What is mechanics? What is its purview?

Give few engineering applications that are based on principles of mechanics.
What is meant by idealisation? Why it is essential in the study of mechanics?
Distinguish between a rigid body and a particle.

What is Force? Is it scalar or vector? What is its unit?
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CHAPTER

2

Fundamentals of
Vector Algebra

INTRODUCTION

The various attributes that are encapsulated under the purview of mechanics are broadly classified into two
categories — scalars and vectors. While scalar quantities are represented only by their magnitude, the vector
quantities require both the magnitude and direction to define it completely. Time, mass, volume, density, energy,
etc., are some of the prominent scalar quantities that appear frequently in the study of mechanics. On the other
hand, force, moment, displacement, velocity, acceleration, etc., fall under the category of vector quantities.

From the earlier discussion, it is understood that it is the analysis of force(s) that form the nucleus of study
of mechanics. Tt is therefore of paramount important to discuss and review the fundamentals of vector algebra
to understand the mechanics in full vigor.

2.2 TYPES OF VECTOR

A vector quantity is represented by an arrow, where its length represents the magnitude F
and the head of the arrow indicates its direction. A vector F is shown in Fig. 2.1 (a).
It is conventionally appears in bold face like F. The magnitude is represented by |F|.

Types of Vectors

(M

)

3)

Fixed (or bound) vector — A vector for which a unique point of application is Figure 2.1 (a)
specified and thus cannot be moved unless the conditions of the problem are

modified.

Free vector — A vector whose action is not confined to or associated with a unique line in space. This
implies that a free vector can be moved anywhere in space so long its magnitude and direction remains
unaltered for example, displacement, couple.

Sliding vector — A vector for which a unique line in space (line of action) must be maintained.
Thus without disturbing its line of action, it can be shifted to any point following the principle of
transmissibility. Force applied on rigid bodies can be regarded as a sliding vector.

Three different types of vector are shown in Fig. 2.1 (b).

For two vectors to be equal, they must have same magnitude and direction.

However, their point of application need not necessarily be the same. Figure 2.2 (a) shows two different
points 4 and B where two vectors are applied having same magnitude P and they are parallel, i.e., their
directions are same. These two vectors are equal.

A negative vector of a given vector has same magnitude but opposite direction as shown in Fig. 2.2 (b).
P and —P are equal and opposite such that P + (—P) = 0
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Free Vectors Sliding Vectors Bound Vectors
Figure 2.1 (b)

(4) Unit Vector — A vector having a magnitude of one unit is P P p P
called unit vector. If P is a vector, then its unit vector along / /
. P
Pis P=—
A B
P

Figure 2.2 (a) Figure 2.2 (b)

2.3 VECTOR OPERATIONS

2.3.1 Product of a Vector by a Scalar

Product of a scalar and a vector is a vector in the same direction but its magnitude is magnified by a factor
equal to that of the scalar.

Example: If P is a vector, then nP is also a vector, which is » times that of P. Here n is a scalar. Thus
(+n)P = vector having same direction as P, but » times long as that of P.
(—n)P = vector opposite to the direction of P, but n times long as that of P.

2.3.2 Vector Addition

If P and Q are two vectors, then the vector addition would yield another vector R such that R = P + Q.
Nevertheless, this addition is not similar to that of addition of
two scalars.

2.3.2.1 Geometrical Significance of Vector Addition Q

The vector addition can be interpreted as if two vectors P and Q R Q
originated from a common point, such that they represent the 0
two adjacent arms of a parallelogram, then the diagonal of the oF- >
parallelogram having P and Q as its adjacent sides will represent P
the resultant of P and Q as shown in Fig. 2.3. This is known as Figure 2.3  Parallelogram law
Parallelogram Law.

Thus, resultant R = P + Q

B P C

A D

Note: The magnitude of P + @ is not usually equal to |P| + |0

From the parallelogram OACB, two adjacent sides O4 and OB represent the vectors P and Q respectively.
Thus diagonal OC represents the resultant R = P + Q.

Since, OB and AC are equal in magnitude and parallel to each other, 4C can also represent @, since it is a
free vector. Thus considering the triangle OAC as shown in the Fig. 2.3, three arms of the triangle represents
P, Q@ and R.

Thus vector addition has got a different geometrical interpretation that if the two sides of a triangle can
represent two basic vectors in succession such that tail of one vector (Q) coincides with the arrow head of
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another vector (P), then the closing side of the triangle (OC) having O as its tail end and C as its arrow
end, will represent the resultant (R) of P and Q as shown in the above Fig. 2.3. This is popularly known as
Triangle Law.

Similar logic also holds true if triangle OBC is considered, instead. In this case, R = Q + P.

This leads to a very important conclusion that “addition of vectors is commutative.”
ie P+Q=0Q0+P

The magnitude of the resultant R can be computed geometrically.

Refer to Fig. 2.3. Draw a perpendicular from C so as to meet O4 at D.

Thus from the right-angled triangle OCD, OC? = OD? + CD?

or, OC?= (04 + AD)* + CD? = (P + Q cos 0)2 + (Q sin 0)2 = P2 + Q% + 2PQ cos 6

R= P +Q*+2PQcos 6 _
Inclination of the resultant R with P can be computed by the relationship tano = QOsin 0

P+QcosB’

Polygon Rule This rule is meant for the addition of more than two vectors. To implement this rule, initially
two vectors are summed first according to parallelogram law or triangle law, and the resultant so obtained is
added to the third vector to get the final resultant. Thus any number of vectors can be added successively to
get the final resultant. This is called composition of vectors. Needless to say, such addition is not limited to
any specific numbers of vectors.

Let’s add three vectors, namely P, Q and S. First R, is obtained such that R, = P + Q. Now considering
R, and S, finally R is obtained such that R = R, + § = P + Q + 8. This sequence of operation is presented
in Fig. 2.4 (a), (b) and (c) following Parallelogram Law.

R,=P+Q R=R,+S=P+Q+S
(@) (b) (©

Figure 2.4 Composition of vectors by Parallelogram law

Same resultant R can be obtained by following triangle law as shown in Fig. 2.5 from (a) through (c).

R1=Q+P R=R1+S=Q+P+S
(@) (b) ()

Figure 2.5 Composition of vectors by Triangle law
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Thus polygon rule is essentially successive applications of triangle rule as evident from Fig. 2.6.

Q
o P
0]
S
Figure 2.6 Successive applications of Triangle law

It is noteworthy to see that in lieu of P and @, Q and S could have been taken first to get their resultant,
which subsequently added with P would have given the final resultant, which is essentially identical with the
former.

This leads to another important conclusion that “addition of vectors is associative”.

Thus, P+ Q+S=P + Q) +S=P+(Q + ).

2.3.3 Vector Subtraction

The vector subtraction can be envisaged as the addition of the corresponding
negative vector. Thus P can be added to (—@Q) to obtain P — Q. From the
AOAB, OB + BA = OA. This is shown in Fig. 2.7.

Figure 2.7 Vector
subtraction

2.3.4 Resolution of Vector into Components

A single vector can be decomposed to two or more vectors. These vectors are components of the original vector.
Finding these is called resolving the vector into its components. This is just opposite to that of composition
of vectors.

There are mainly two methods to accomplish this.

Case I: When one of the two components, P is known: Q

The second component @ is obtained using the triangle '
rule. Refer to Fig. 2.8; join the tip of P to the tip of R. The

magnitude and direction of Q are determined graphically or

by trigonometry. g -
By using properties of triangle, we have
P O R
sinog  sinf8  siny o

Case II: When the lines of action of two components are Figure 2.8  Resolution of vector

known: The force R can be resolved into two components
P and Q provided their line of actions are known. Let us consider a and b are two lines, originated from
point O, so as to represent the line of actions of P and Q respectively, as shown in the Fig. 2.9.

From the head of the R, draw a line parallel to b so as to intersect the line Oa at A. Similarly, draw another
line parallel to a so that it meets the line Ob at B. Now OA4 and OB will represent the magnitudes of P and Q
respectively.

However, it is quite useful to resolve a vector into two components having included angle 90°. Such
components are called rectangular components or orthogonal components as shown in Fig. 2.10.
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o
T
>y

)

o

Figure 2.9

Y

Figure 2.10

24 ORTHOGONAL TRIAD OF UNIT VECTORS

A vector P can be expressed as product of its magnitude |P| and a

unit vector n, having its direction same as that of P.

N

Thus P = |Pjn. This concept of unit vector can be extended to

three-dimensional coordinate system to solve many probl
mechanics.

Let us consider a three-dimensional coordinate system as shown

ems of k

N

)

x, y and z axis respectively, called orthogonal triad of unit vectors.

in Fig. 2.11. Three unit vectors i, j and k are considered to act along / y
i

Therefore, a vector P can be expressed in terms of the orthogonal

triad as P = P.i + Pj + Pk, where P, P j and Pk are the three

vector components of P as shown in Fig. 2.12.

Note that P,, P, and P, represents the magnitude of the three

component vectors, such that P.=Pcos 6, P, =P
P, = P cos 0,, where cos? 0, + cos? 0, + cos? 0, = 1.

The magnitude of P can be expressedas P =, /PXZ + Py2 + Pz2 .

The three mutually perpendicular scalar components of a
vector can also be established by methods of projection as
shown in the Fig. 2.13.

The vector P can have two projections — the vertical one
denoted as P, that aligns with z axis and its projection on xy
plane denoted as P,

Thus mathematically P, = P cos 6, and P, = P sin 6.

Further P, can now be resolved into two components,
namely, P, and P, such that P, = P, cos 6, = P cos 6, cos 6,
and P, = P, sin 6, = P cos 6, sin 6,.

A vector is often represented by a line 4B that passes
through A(x,, y;, z,) and B(x,, y,, z,) as shown in Fig. 2.14.

Thus a vector P can be expressed as

P=Pn=P

X

Figure 2.11 Orthogonal triad of
unit vectors

cos 0,
) z
A
A
P,k p
92
6, 6, o
0 yj 3, > y
P,i

Figure 2.12  Scalar components
of a vector

(= x)i+ () —WJj+(z—z)k

\/(xz - x1)2 +(

- y1)2 +(z - 21)2
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ZA
P z
B(x,, V., Z
P (Xor ¥2r Z5)
P
o 0, P, A(Xq, Y1, 24)
>y y
P, 6, ny /
X X
Figure 2.13 Method of projection Figure 2.14

This expression is quite useful for solving problems.

Comparing with the previous expression, the inclination of the vector P with three mutually perpendicular
axes [Refer Fig. 2.12] can be calculated as

cosf, = > (x — %) > >
\/(xz )"+ (=) +H(z—z)
cosey _ - - y1)2 -
\/(xz =)+ =) +(z—z)
cosf, = (2 —2)

\/(xz - xl)z +(n - )’1)2 +(z - 21)2

2.5 POSITION VECTOR

As discussed earlier, displacement, which is fundamentally the position of a point
w. 1. t. a coordinate frame, is a vector. Thus position vector r [Refer Fig. 2.15] of
any point A(x, y, z) can also be described as » = xi + yj + zk.

2.6 IDENTITY OF VECTORS Figure 2.15

Two vectors P = Pi+ Pyj+ Pkand Q= Q4+ Qj + Ok are said to be identical provided their magnitude
and direction are both same [Refer 2.1]. It therefore follows that P.i + P j + Pk = Q4 + Oj + Ok, which
eventually leads to

szQx;Py:Qy;PzzQz'

Let P=(Pi+Pj+Pk),Q=(0i+0j+ 0.k
Then by definition P+Q=(PA+Q0)i+(P,+0)+ L.+ 0k Q
Similarly, P-Q=({P. ~ Q)i+ (P, —0Q)+(P.— 0O

2.7 SCALAR OR DOT PRODUCT OF VECTORS

Refer to the Fig. 2.16, the dot or scalar product of two vectors P and @, expressed
as P.Q, is defined as the product of the magnitudes of the two vectors and the cosine
of their included angle 6. Thus P.Q = |P||Q| cos 8 = cos 6 = PQ/PQ. Figure 2.16

Ty
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2.7.1 Physical Significance of Scalar or Dot Product of Vectors

2.7.1.1 Projection of One Vector on to the Other
P.Q = PO cos 8= P(Q cos 8) = (P cos 0)Q. It therefore follows that Q cos 6 is the projection of Q in the
direction of P or P cos 6 is the projection of P along Q.

Thus, dot product of two vectors is the product of one vector and the projection or component of the other
along the former.

This interpretation of dot product can be related with mechanics as follows.

From the basic definition of work done by a force, it is
quantified by either the product of force multiplied by the
component of the displacement along the line of action of the
force or displacement multiplied by component of the force along
the displacement.

Thus, refering to the Fig. 2.17, if a force F applied on the
block at an inclination 8 with the horizontal causes a displacement
ds along the horizontal plane, the component of ds along F is
ds cos 6. Thus work done associated with this displacement
would be dW = F(ds cos 6) = (F cos 0)ds = component of the
force along the displacement multiplied by the displacement.

2.7.1.2 Geometrical Interpretation of Scalar Product
From the AOAB, OA = P; OB = Q. Thus AB becomes P — Q.

Figure 2.17 Significance of dot product
in mechanics (Work done)

P-0OR=P-0).P-0Q)=PP+ Q00 —-2(P0Q) =P+ 0%—-2(P.0O) (2.1)
B B
Q P-Q
; |
o P A © B’ P A
Figure 2.18 Scalar or Dot product of vectors
Further from the AOAB, cosine law yields |[P — Q]2 = P2 + Q* — 2PQ cos 0 (2.2)

From Egs (2.1) and (2.2), it follows that P.Q = PQ cos 6
Thus, dot product of two vectors is tantamount to cosine law of triangle.

2.7.2 Laws of Scalar or Dot Product of Vectors
The Following laws of multiplication can be derived from the definition of scalar or dot product.

(a) P.Q = Q.P (Commutative Law)
From the very definition of the dot product, i.i = jj = k.k = 1, since, cos 0° = 1 and

ij =ji=ik=ki=jk=kj=0 since cos 90° =0
Thus P.Q = (P + Pj+ Pk).(Qi+ Qj+ 0k =PO +PO+PO,
As a special case, when P = Q, we get PP = Q0.0 = P2+ P_‘? +P2=02+ Qy2 +02

Note: When P and Q are perpendicular i.e. cos 90 = 0, then P.Q also becomes zero.
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(b) P.(Q + R) = PQ + PR (Distributive Law)
Let P=(Pi+Pj+ Pk),
0=(Qd+Qj+ 0k and
R=(Ri+Rj+ Rk)
Q+R=(0,+R)i+(Q,+R) + (0. R)k
Hence
P(Q + R)=(Pi+Pyj+ Pk (D, T R)i+(Q,+R)j+ (0. +R)k
=P(O,+R)+P(O,+R)+P(O.+R)
= PO+ P,0,+ P.O.+ PR+ PR + PR,
=P.Q+ PR [Proved]
(c) (AP).Q = A(P.Q) = P.(AQ) (Scalar multiple of a scalar product of two vectors)
(d) Schwarz Inequality |P.Q| < |P||Q|
\P.O| = |P||Ql[cos 6 < [P0

2.8 VECTOR OR CROSS PRODUCT OF VECTORS

The vector or cross product of two vectors P and Q, expressed as P X @, is defined as
the product of the magnitudes of the two vectors and the sine of their included angle 6.

Thus R = P x Q =PQ sin 0. This R is orthogonal to the plane of P and @ and
pointed in the direction of advance of a right-handed screw when turned in the direction
from P to Q by an angle 0 as shown in the Fig. 2.19 (a) and (b).

The magnitude of the vector product can be obtained by the following relationship. I
(P x OF + (P.OY = P2
Note: This expression is the relationship between scalar and vector product. Figure 2.19 (a)
PxQ PxQ
A
B ,.C
Q Q
0 - o .
P o D p A

Figure 2.19 (b) Vector or cross product of vectors

2.8.1 Geometrical Interpretation of Vector Product
Refer to the parallelogram OACB, OA and OB represents the two vectors P and Q respectively.
Thus area of OACB = OD x BD + AD x BD = BD x (OD + DA) = BD x O4 = PQ sin 0

Hence the magnitude of the vector product is equal to the area of the parallelogram, whose sides are
parallel to and have lengths equal to the magnitudes of the vectors and its direction is perpendicular to the
parallelogram.
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2.8.2 Physical Significance of Vector Product

Refer to Fig. 2.20. A force F is applied on a body at a point 4 M=rxF
having its position vector r. Thus as per definition M = r X F = 0
rF sin @ = r(F sin 0) = F(r sin 0) = Fd. Fod\ -
This can be illustrated as moment of a force which is the cross 0.
product of the position vector r and the force F and it is quantified A L
by the magnitude of the force and the perpendicular distance
between the line of application of the force and the moment center.
Refer to the Fig. 2.20. F can be resolved into two mutually
perpendicular components — one along the position vector r having o
magnitude F' cos 0 and other perpendicular to » having magnitude
F sin 6.
Since F' cos 0 being directed along r, it cannot have any
moment about O. However, F sin 0 can produce moment about O, its magnitude being equal to »(F sin 6).
Further, the perpendicular distance between the line of actions of r and F is » sin 6. The moment therefore
can also be quantified as F(r sin 6) = Fd.

Y

Figure 2.20 Significance of vector
product in mechanics (moment)

Note: Further illustrations on moment will find its place in chapter 3.

2.8.3 Laws of Vector Product
The following laws of vector product hold true.
(a) P.Q = —Q.P (It is not commutative) [since sin 6 # sin (—0)]

When 6 = 0; sin 0 = 0. This yields Px P=Q x Q = 0.
(b) Px (Q + R) =P x Q + P x R (Distributive Law)

Since i, j and k are orthogonal to each other, i X i =j X j=k X k=0, since sin 0 = 0 and i X j = k;
jxk=1i kxi=jand

jXi=—k kxj=—-i,ixk=-j
Px Q= (Pi+Pj+Pkx(Qi+ Q4+ 0k
={PQ. - PP+ (PO - PO)+ (PO~ POk

ik
=|P P P
o, 0, 0.

Note: Due to presence of i, j and k in the cells, the absolute value of this determinant cannot be computed.
That is why this determinant is called pseudo-determinant.

Thus PXxP=Qx Q=0
() (Px Q).P=(Px Q).0=0 [Since P x @ is orthogonal to both P and Q]
(d) AP x Q) = AP x Q = P x AQ (Scalar multiple of a vector product of two vectors)

2.9 TRIPLE AND MULTIPLE PRODUCTS

Using mixtures of the pair-wise scalar product and vector product, it is possible to derive “triple products”
between three vectors, and indeed » number of products between n vectors.
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2.9.1 Scalar Triple Product

This is the scalar product of a vector product and a third vector, i.e., P.(Q X R). Unlike the vector product of
two vectors, the scalar triple product can be represented by the true determinant.

PP, P
POxR) =9 9O, 0.
R, R, R

When expanded,
P(Q xR)=P(OR. — OR)+P(OR, — OR)+P(OR, ~— OR)=(PXxQ).R
Nevertheless, the most generic expression of scalar triple product is

PO XR) = QR xP)=R.(Px Q)

Further
(PxXQ).R=R(PxQ)

2.9.1.1 Geometrical Interpretation of Scalar
Triple Product

The scalar triple product gives the volume of the

parallelepiped whose sides are presented by the vectors

P, @ and R as shown in the Fig. 2.21.

We had seen earlier that the vector product P x Q has
magnitude equal to the area of the base and direction is
perpendicular to the base. The component of R in this P
direction is equal to the height of the parallelepiped Figure 2.21 Scalar triple product of vectors
shown in the Fig. 2.21.

2.9.2.1 Vector Triple Product

This is defined as the vector product of a vector with a vector product, P X (Q X R). The vector triple product

P X (Q X R) must be perpendicular to @ X R, which in turn is perpendicular to both @ and R. Thus P X

(Q x R) can have no component perpendicular to Q and R and hence should be coplanar with them.
Following the law (a) as mentioned in the topic 2.6.2,

PxQ)xR=-RxPxQ)=Rx(QxP)
Further, (P x Q) x R = R.PQ — R.QP
And P x (0 x R)= PRQ — POR

»
>

Note: Application of vector operations in mechanics will be discussed in detail in the subsequent chapters.

Here is a question:
What is the significance of vector dot product and cross product in relation to mechanics?

Example 2.1  Given the vectors P=i —2j + 4k and Q@ = 3i +j — 2k find P x Q and |P x Q).
Solution PXQ=(Pi+Pj+Pkx(Qi+0j+0k
=(PQ.— PO+ (PO ~-PO)+ (PO~ POk
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ik
=\ B P

0. 0, 0.
=i4-4)+j12+2)+ k(1 +6)

= 14j + 7k
P x 0= V14> +7* =196 +49 =15.7

Example 2.2 A force vector P = 10i + 9j + 12k. Find the magnitude of this vector. Also find the unit vector
of P.

Solution  Given vector P = 10i + 9j + 12k, which is in the form Pi + P j+ Pk

- The magnitude of p =\/Px2 +P}+ P = V102 +92 +12% = 18.
Thus the unit vector P along P will be = 10i + 95 + 12k/18 = 0.55i + 0.5 + 0.67k

Example 2.3  Determine the magnitude of the resultant force vector F; and F, and its direction, measured
counter-clockwise from the positive x axis. Also find out the resultant in vector expression.
Solution From the figure, we see that included angle of two vectors F, and F, is (90° — 30°) + 45° = 105°.
These two vectors can represent the two adjacent sides of a parallelogram having included angle 105°, and the
diagonal of the parallelogram will be the resultant of F; and F),.

Thus the magnitude R = \[F? + F} +2FF, cos 105 N 1

F, =250 N

—/250% +375% +2x 250 x 375 cos 105N =393 N.

The inclination of the resultant makes an angle o with x axis -30°

F| sin105 250sin 105
= =0.778
F, + Fy cos105 375+ 250 cos 105 ¢

tan o =

o =tan™! 0.778 = 38°

Therefore its direction measured counter-clockwise from the positive x axis
will be 360° — (45° — 38°) = 353°.

Both F; and F, can be resolved into two rectangular components, horizontal
components being F, and £, and vertical components are F',,, and F,, respectively. F,=375N

Thus F|, =F, cos 60° =250 cos 60° = 125N; F, = F, cos (—45°)=
375 cos 45° = 265.16N;

Fy, = F| sin 60° = 250 sin 60° = 216.5N; F,, = I, sin (-45°) = =375 sin 45° = — 265.16N.
Hence R=F+F,=(F,+ F)i+ (F,+F,)j = (125 + 265.16)i + (216.5 — 265.16) j

=390.16i — 48.66;.

45°

Figure 2.22

Example 2.4  Express the force F having magnitude 10 kN as a vector in terms of the unit vectors i, j and k,
as shown in the Fig. 2.13. Assume 6, = 40° and 6, = 60°.
Solution Refer to the Fig. 2.14, OP represents the force F having magnitude 10 kN.
Its projection on x—y plane will be represented by F,, = F' cos 8, = 10 cos 40° = 7.66 kN and its projection
on z axis will be F, = F sin 8, = 10 sin 40° = 6.43 kN.
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Thus the component of 10 kN force along x axis becomes
F,=F,, cos 6, =7.66 cos 60° = 3.83 kN and along y axis becomes
F,=F,, sin 6, =7.66 sin 60° = 6.63 kN.
Thus the vector expression of F in terms of unit vectors Z, j and k becomes, Fi+ F,j+ F k=383 i+ 6.63 j +
6.43k

Example 2.5  Refer to the Fig. 2.23. Find the magnitude of the resultant of vectors AB and AD. Also find the
resultant in vector expression.

Solution Let AB=P=1(9-5)>+(5-3)> =4.472and AD =0 =+/(7-5)* +(12-3)*> =9.22

2
tan 0, = Z =05 .. 6,=26.56° D(7,12)
9 A
tan 6, = E =45; ..6,=7747°
6=6,- 6, =509°
0, ,B9.5)
Thus R= /P> + Q% +2PQ cos 0 i
A5, 3)
= 44727 1922 + 2 x 4472 %9.22 c0s 50.9
=12.53 © ;
Figure 2.23
Further P=4i+2jand Q=2i+9j
Thus R=P+0=4+2)i+2+9)j=6i+1lj

The magnitude of R can also be calculated from R = /6> +11% = 12.53

Example 2.6 A force 150 N originates from the point (2, 4, 6) and passes through the point (4, 9, 15). Express
the force in terms of unit vectors i, j and k.
Solution
F (o =x)i+ (W —y)J+ (5 —z)k

F=Fn-= > > 5
\/(xZ_xl) T = +(z—2)
150 (4=2i+0-4)j+(15-6)k
J@=27 +(9-4) +(15-6)
=28.6i + 71.5f + 128.7k . B

Example 2.7  Refer to the Fig. 2.24. The structure shown is
subjected to force vectors P and T having magnitude 500 N and 200 IS

N respectively. Combine P and T into a single force R. ©
Solution Given P =500 N
T=200N P 75°
Let the angle between P and T be o. So, P and T can be represented ¢ b
by two adjacent sides of the parallelogram and the resultant R can be 3m

represented by the diagonal. Figure 2.24
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From the given geometry,

BD  5sin75°

—=—— = o =484°
AD 3+ 5cos75°

tan o =

Using Law of cosines:

c¢2=qa%+ b2 — 2ab cos
R2=200% + 500% — 2(200)(500) cos (48.4°)
R=13965N
200 396.5
sin@  sin48.4°
- 6=222°
Thus the magnitude of R is R = 396.5 N and its inclination with P is 22.2°.

Using Law of sines, we get

Example 2.8 A force F of magnitude 200 N is applied to the point O (origin) of a three-dimensional coordinate
system and passes through a point A having coordinates (4, 8, 5). Express the force in terms of unit vectors i, j, k.
What is the unit vector in the direction of the 200 N force?

4i+8j+ 5k 4i+8j+5k
Solution The unit vector n = J L
4 +8 +5° 10.25

Thus unit vector in the direction of the force F = Fn = 200[0.39i + 0.78j + 0.49k] N = 78i + 156j + 98k N

N=0.39+0.78j + 0.49k N

Example 2.9  The ball joint at O is subjected to various loads as shown in the Fig. 2.25. Find out the orthogonal
scalar components of the forces on the joint O. The 1000 N force goes through the solid diagonal as shown in the Figure.

Figure 2.25

Solution The unit vector corresponds to 1000 N force = F;, = 1000n;,

= 100034 T2k 185730+ 4 + 2k N = 55.7.1i + 742.8 + 3714k N
3 +4r 42
Thus F,= (557.1 = 500) N = 57.1 N; F, = (742.8 — 400) N = 342.8 N

F,= (600 + 371.4) N = 971.4 N

Example 2.10 A force F of magnitude 400 N is applied to the bracket as shown in the Fig. 2.26. Develop the
force vector F and the position vector r. Also compute the cross product r X F.
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Solution
1st Method: Let Two rectangular scalar components of F will be F, = F cos 75
and F,= F'sin 75.
Thus the vector F becomes F cos 75i + F sin 75j = 103.52i + 386.37j.
The position vector r = 3i + §j.
Therefore
rx F=(3i + 8j)x (103.52i + 386.37j) = 8 x 103.5(—k) + 3 x 386.37k

= 330.95k N-m.
. 3
2nd Method: From the given geometry, tan 6 = 3 = 0=20.5°

Thus the included angle between r and F measured counter-clockwise becomes
o =20.5°—15°=5.5°
The magnitude of the cross product ¥ x F can be computed by |[rF sin ¢
= 8.544 x 400 x sin 5.5° N-m = 330.6 N-m.

Example 2.11 A force F of magnitude 350 N is applied at 4 that connects
two members AB and AC as shown in Fig. 2.27. Find the magnitudes of the two
components of F directed along 4B and AC.

Solution The vertical force F of 350 N acts downward at 4.
Let the induced force in the two members 4B and AC are denoted by 7, and

T, respectively.

Knowing the included angles, the three vectors F, T,; and 7, can be represented
by the three arms of triangle as shown in the figure.
By using Law of sine’s;
Ty _ Ty _ 350
sin 60° sin45° sin 75°
T,;=314N
T,0o=256N

Thus the force in the two members AB and AC become 314 N and 256 N
respectively.

Example 2.12 A block is placed on an inclined plane that makes an angle 30° with

F=400N

A
Y

75°

8m

0]
Figure 2.26

45°

30°
E o
Figure 2.27

the horizontal and subjected to a force F = 5i + 20j + 30k as shown in the Fig. 2.28. If the work done associated

with the force F is 20 N-m, how far does the block have to move?
Solution Let the displacement of the block along the plane is s.
Therefore the displacement vector s can be written as 0.0 +
s cos 30% + s sin 30°k
Work done by the force F' corresponds to displacement s
= F.s = (5i + 20j + 30k).(0.i + s cos 30j + s sin 30k)
= 5% 0+ 20 cos 30°s + 30 sin 30° = 32.32s N-m
Given work done = 20 N-m
32.325 =20
20

s= —— =0.618m
32.32 X

Thus displacement becomes s = 0.618 m

z
A

30°

Figure 2.28
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MULTIPLE-CHOICE QUESTIONS

2.1

22

23

24

2.5

If the resultant of two forces P and Q acting at an angle 6 makes an angle a with P, then

(a) tan o = _Psin6 (b) tan a = _Qsing (c) tan o = _Psind (d) tan o = Lﬂe
Q—Pcos6 P+ Qcos6 P+ Qcosb P+Qsin®

A force is completely defined when we specify

(a) its magnitude (b) its direction (c) point of application (d) all of the above

If two equal forces of magnitude P act at an angle 6, their resultant will be

(a) 2P cos g (b) 2P sin g (c) 2P tan g () P cos g

The resultant of two forces P and Q inclined at angle 6 will be inclined at following angle with respect
to P
P ) P P
(a) tan~! Lﬂ@ (b) tan~! Qsime (C) tan~! Lne (d) tan~! Lne
QO — Pcos6 P+ Qcos0O P+ QcosO P+ QcosO
If two forces each equal to P in magnitude act at right angles, their effect may be neutralized by a

third force acting along their bisector in opposite direction whose magnitude is equal to

P P
2P b 2P —_ d —
(a) ® V2 © 5 @ -
2.6 Which of the following is a vector quantity?
(a) mass (b) energy (¢) momentum (d) angle
2.7 Which of the following is not a vector quantity?
(a) mass (b) velocity (c) force (d) moment
SHORT ANSWER TYPE QUESTIONS
2.1 What do you understand by a vector quantity? Give examples.

2.2
23
2.4
25

2.6

2.7
2.8
29
2.10

State the parallelogram and triangle laws in relation to vector addition.

What do you mean by composition and resolution of a vector?

State and explain the principle of transmissibility of vector. Does it affect its behavior?

Show that cosine of two vector P and Q is equal to mpmg + npng + 0pog where mp, np, op, and m,
ng and o, are the direction cosines of P and O respectively.

State the laws of vector dot and cross products. Why is the cross product of two vectors a vector
whereas a dot product is a scalar?

What is unit vector? What is meant by orthogonal triad of unit vectors?

What is the geometrical interpretations of dot and cross product of two vectors?

What is a position vector? What type of vector is it?

Prove that a force vector F can be expressed as Fn.

NUMERICAL PROBLEMS

2.1

IfP=5i—j—2kand Q =2i + 3j — k, find
(a) PxQand @ x P
(b) |Px Q|

(c) sin 6 and 0 where O is the smaller angle between P and Q.
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2.2
23

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

Engineering Mechanics

IfA=5i—j—2kand B=2i+3j —k find A x B, (4 X B)-B, and (4 x B)-A.
IfA=3i—2+4k B=2i— 4+ 5k and C =i+ j — 2k, find

(a) 4 X (B x C) (b) AxB)yxC
Evaluate
(a) 2i x (3j — 4k) b)) (+2)xk (¢) 2i —4j) x (i + k)

Find P.Q of two vectors P = 10i + 20j + 25k and Q = 5i — 10j + 12k. What is cos (P.Q)? What is
the projection of P on Q?
Given the vectors P = 6i + 3j + 10k, Q = 2i — 5j + 5k and R = 5i — 2j + 7k. Which vector § gives
the following results?
S.P=20;80=5;8.i=10.
A 500 N force is acting along the solid diagonal from O to C i.e. OC = 500 N. What is the rectangular
component of this force along the other diagonal B to 4 as shown in the Fig. 2.29?
If vectors P and @ in the xy plane have a dot product of 50 units and if the magnitudes of these vectors
are 10 units and 8 units respectively, what is P X Q?
What is the component of the cross product P X @ along the direction n where
P=10i + 16j + 3k; @ = 5i — 2j + 2k; n = 0.8 + 0.6j
What is the sum of the following three vectors?
P=06i+ 10j + 16k; Q = 2i — 3j
R is a vector in the xy plane at an inclination of 45° to the positive x axis and directed away from the
origin of magnitude 25 N.
Given a force F= 10i + 5 + Ak N. If this force is to have a rectangular component of 8 N along a line
having unit vector r = 0.6 + 0.8k. What should be the value of 4? What is the angle between F and ?
Two forces are applied at the end of a screw eye as shown in the Fig. 2.30 in order to remove the
post. Determine the angle 8(0° < 6 < 90°) and the magnitude of the force F so that the resultant force
acting on the post is directed vertically upward and has a magnitude of 750 N.

z y

500N C
A X
B
8 6 y
5
10
X L "‘_‘_; e
Figure 2.29 Figure 2.30
ANSWERS TO MULTIPLE-CHOICE QUESTIONS
2.1 (b) 2.3 (a) 2.5 (b) 2.7 (a)

22 (d) 2.4 (b) 2.6 (c)



CHAPTER

3

Two-Dimensional Force
Systems

3.1  INTRODUCTION

From the foregoing discussions, it is evident that study of mechanics involves detailed analysis of force(s) on
rigid bodies, supported suitably by varieties of constraints to ensure equilibrium of the entire system. It is,
therefore, quite reasonable to study the force(s) in full vigor that would form the basis of further analysis.

3.2 FORCE

It has already been explained that force is any action on bodies that tends to change its status. It is a vector quantity
and hence it is completely defined primarily by its magnitude and direction, similar to that of any other vectors.

Let us consider a cantilever beam as shown in Fig. 3.1, loaded by a transverse force P applied at the
free end A. This force P will cause deflection d at the free end
A of the beam as shown by the dotted line. Now if the force
P is moved to act at a new position B keeping its magnitude
and direction unchanged, the beam will be deflected similarly but
present deflection A will be smaller than that of 8. Thus it can be
concluded that point of application of the load, i.e., the force has
got important bearings as regard to its effects.

Hence in addition to its magnitude, and direction, point of
application of the load has to be considered for its complete description.

KR
T

.,.,.,.,.
s
SRR

/ l——
<

S

Figure 3.1

3.21 Types of Forces

The action of forces on bodies can broadly be classified into two categories: External and Internal.

Refer to Fig. 3.2 (a), a slender bar of weight 7 is hung from the ceiling and subjected to a load P. The
force P which is applied together with W is called external force. However, this force P and self weight W are
called active force since these cause different effects on the bar like reactions, deformations, deflections, stress,
tension, compression, etc. Following Newton’s third law, every action is accompanied by an equal and opposite
reaction. Thus the ceiling, by virtue of its reaction will apply a pull force to the slender bar to counteract the
effect of P and W. This is what is called reactive force or simply reaction.

Note: The self weight W is called body force and also treated as external force.

The internal forces on the other hand are those which are induced in the body as a consequence of resistance
that it offers to balance the external force. Under the actions of W and P, the bar will be elongated. This
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(a) (b) (a) (b)
Figure 3.2 Figure 3.3

elongation is accompanied by stress induced in the bar, the magnitude of which is a property of materials.
Analysis of stress and other associated parameters find their place in strength of materials.

Refer to the Fig. 3.3 (a). The load P, applied at the lower end of the bar will try to stretch it. Thus,
internal force induced by virtue of its tendency to oppose the external load will be directed as shown by P,
So the gross effects of Py, is to elongate the bar. The internal forces associated with such situations are called
tensile force or tension.

If the direction of externally applied load is reversed, the internal force will also be modified accordingly.

Refer to the Fig. 3.3 (b), the external force will try to shorten or compress the block and internal force so
developed, called compressive force, will try to oppose it.

3.2.2 Principle of Transmissibility

Refer to the Fig. 3.4. The pull force P applied to the block
can be shifted to any point along its line of action without
changing its effect on the system. This is in agreement p 7 ‘?)_' p
with the consideration of force as a sliding vector. This

is a very useful characteristic of a force.

Following the same logic, the block in Fig. 3.4 (a) which
is subjected to a horizontal pull force P applied at the front (@)
side may be transmitted to the rear side maintaining its
same line of action to consider as a push force. Figure 3.4

The principle by virtue of which a force can be envisaged to act at any position without violating its line
of action with same consequences is called principle of transmissibility.

This can also be explained by the principle of vector addition.

Let a rigid body is subjected to a force vector P, P = P,i + P j + Pk applied at point 4 as shown in Fig. 3.4 (b).

Since P + (—P) = 0, presence of any such combination will not alter the situation. Let such a combination
exist at point B as shown in Fig. 3.4 (b). Now P at 4 and (—P) at B if cancelled out result in a system equivalent
to an applied force P at B maintaining same line of action as was earlier.

Thus we can conclude that two situations are equivalent.

3.2.3 Superimposition of Forces

A null vector can be assumed to be a combination of P + (—P). If such a combination is added to a system
without producing any effect, it is called superimposition of forces.
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3.3 TYPES OF LOAD

Force can also be classified depending on nature of its loading pattern.
If the entire magnitude of force is assumed to be applied through a point, it is called concentrated load; and
on the other hand, if it is distributed over a finite area, it is called distributed load as shown in the Fig. 3.5 (a)
and Fig. 3.5 (b) respectively.
The concept of concentrated load is hypothetical since a definite w
amount of force can only be transmitted through a definite area. i
Nevertheless, such an idealisation will help simplify the problem to
a great extent without appreciable compromise on accuracy provided
the area over which the force is acting is too small compared to
other related dimensions. In majority of the analysis, we come

(a)

across concentrated loading to the structural or machine members. w/unit length
The distributed load normally follows a definite pattern of i i r i i i
loading over the entire area. Unlike concentrated load, it is

customary to express it as its intensity in terms of load/unit length.

Thus entire load therefore is calculated by multiplying its length
to its intensity. However, there are ample evidences when the (b)
distribution does not follow such linear law. Loading of beams is Figure 3.5
a very good example of distributed loading.

3.4 SYSTEM OF FORCES

Most of the engineering problems manifest that systems are subjected to different kinds of forces to constitute
what is called a complete system of forces in space. Based on certain similarities, these forces can be grouped
together under different titles.

3.4.1 Coplanar Forces

When the lines of action of several forces lie in one plane, the forces are called coplanar forces as shown in
the Fig. 3.6 (a).
Essentially such forces and their analysis are confined to two-dimensions only.

3.4.2 Non-Coplanar Forces

When the lines of action of several forces are not contained in one plane, the forces are called non-coplanar
forces as shown in the Fig. 3.6 (b). Force analysis in such a situation requires three-dimensional coordinate
systems.

3.4.3 Concurrent Forces

When the lines of action of several forces intersect at a point so that we can consider all these forces are
applied at that point, these forces together are called concurrent forces as shown in Fig. 3.6 (c).

However, the point of application of all such forces may not be concurrent apparently, but following the
principle of transmissibility, these can be made to intersect at a common point and hence they are said to be
concurrent forces. The common point of intersection is called point of concurrency. Refer to the Fig. 3.6 (d).
Forces F,, F, and F; are applied at 4, B and C respectively. By extending their lines of action, they do converge
at point O and hence considered as concurrent.

If it is not possible to attain any such concurrency, then the force systems are called non-concurrent forces.
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Figure 3.6

3.4.4 Collinear Forces

If the lines of action of several forces are identical, these are called
collinear forces. For the collinear forces, magnitude as well as ZA
directions of different forces may differ.

«— —
Figure 3.7

3.4.5 Parallel Forces ,{,{,{

If the lines of action of several forces are parallel to each other, these 12 3
are called parallel forces as shown in Fig. 3.8.

A system or structure acted upon by a system of forces may exhibit Figure 3.8
any such combinations.

Y<

3.5 TWO-DIMENSIONAL FORCE SYSTEMS

There are quite a number of occasions, when forces are found to be confined to one plane only, i.e., coplanar.
Analysis of such system of forces requires two-dimensional coordinate frame only.

If two forces F; and F), are originating from point O, then it will follow parallelogram law (as explained in
topic 2.2.1) and their resultant R would be another vector that can be expressed by vector addition of F; and
F, such that R = F| + F, The term resultant implies a single force that would be equivalent to the combined
effect(s) of its components.

The magnitude of R = \/ [712 + F22 +2FF, cos @ and its inclination with F; can be computed by the relationship
F,sin0

F+F,cos8

It is misnomer to consider that R = F; + F, means the magnitude of R = F; + F,.

Let us now consider few typical cases.

Case I: When 6 =0, cos 6= 1.
Thus, R = F, + F,.
This implies F; and F, are now collinear having same direction.
It is noteworthy that when F; and F, are parallel having same direction, 8 = 0 and R = F| + F,.

Case II: When 6 = 180° cos 8 = —1. Thus R = F, — F,. Once again F,; and F, become collinear but
opposite directed.
When F, and F, are parallel but their directions are just opposite, then R = F| — F,.

tan o =
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Case III:  When 6 = 90°, cos 0= 0. R = \F?+F? .

This can be interpreted as R being resolved into two mutually perpendicular components — one horizontal
(F, = F, = R cos ) and other vertical (F, = I, = R sin 0).

Thus in terms of unit vectors i and j, R = F,i + F,j and a = tan™!

X

The above addition of two vectors can also be explained by triangle law as discussed in topic 2.2.1.

3.6 COMPOSITION OF FORCES

Following the discussions of topic 2.4, several such forces can be added successively and vectorically to get
the final resultant. While doing so, we can follow either graphical

approach or analytical approach. B
A. Graphical Approach: Consider a suitable scale to represent E
different force vectors. : c
Say, for example, 50 N force is represented by 1 cm. So scale
factor becomes 50. o—— 0
Therefore, a force of magnitude 200 N will be represented F A
by 4 cm. Figure 3.9

Refer to the Fig. 3.9. Vector OA represents force F;. From 4,
draw a line to represent F, by AB. From B, again draw BC to
represent F3. Now join OC which will represent resultant R. Measure the length of OC in cm and multiply it
by scale factor 50 to convert it to Newton. Measure the angle 0 to obtain its inclination with the horizontal.

Likewise, any number of forces can be added to get their resultant.

This can be stated as when a system is subjected to several coplanar, concurrent forces, these can be
represented by a polygon such that its closing arm directed from origin of first vector to the arrowhead of last
vector will represent their resultant. This is popularly known as Polygon of forces.

B. Analytical Approach: Let us consider similar polygon of forces for this purpose.

Let us consider a two-dimensional coordinate frame, the origin of which coincides with the origin of first
vector F).

Resolving F;, F, and F; and R into x and y directions

We have A
(F),=F,cos 8;; (F))y = F, sin 6,
(Fy), = F, cos 0y; (F,), = Fysin 6, Bs iy
(F3), = F5 cos 055 (F3), = F sin 65 o ’ 0,
R.=Rcos 6, R, =R sin 6 B,
From the geometry, it is evident that F
R cos 0= F, cos 0, + F, cos 6, — F; cos 65
R cos 6= F, cos 6, + F, cos 8, — F5 cos (180 — 6;) B, 3 %
R cos = F| cos 6, + F, cos 6, + F; cos 65 0
< 0 A A, A >
= (R, * (B + (Fy), = 2(F), (3.1 e

Figure 3.10
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Similarly
i=3
R sin 0= F, sin 0, + F, sin 6, + F; sin 6; = (F)), + (F,), + (F3)y = Z(Fi)y 3.2)
i i=1

In case n number of such forces are added
I=n
R.=Rcos 0= (F), + (F), + .. +(F), = 2(F),
i=1
i=n

and R, = R sin 0 = (F)), + (F)), + .. + (F,), = Z;(Fi)y such that

2 i, 2
J{ (Fi)yl (33)

and

6= tan! 3.4)

C. Vector Approach: Once R, and R, are calculated, the resultant R can be expressed in terms of unit vectors
i and j, so that R = Ri + R j.
Following the reverse procedure, R can be decomposed into F;, F, ... F, which is called resolution of forces.

Example 3.1  Determine the magnitude of the resultant force and its direction, measured counter-clockwise
from the positive x-axis as shown in the Fig. 3.11.

Solution All the three forces F;, F, and F; are resolved into two mutually perpendicular components.
(F)), = F, cos 8, = 600 cos 45 = 424.26 N;

(F)), = F, sin 6, = 600 sin 45 = 424.26 N y
(Fy), = F, cos 6, =—800 cos 30 = —692.82 N;
(F,), = F, sin 6, = 800 sin 30 = 400 N F,=800N F,=600 N

(F3), = Fy cos 68; = —450 cos 15 = —434 N;
(F3), = Fy sin 6; = =450 sin 15 = ~116.47 N

n
R.= Y,(F), = 42426 — 692.82 — 434.66 = —703.22 N;
i=1 Fy= 450 N

R, = Z(Fi)y = 42426 + 400 — 116.47 N =707.8 N
i=l

Thus R= \[R? + R? =/(~703.22)" +(707.8)* =997.75 N Figure 3.11
R,
6=tan! =~ =tan! 7078 _348°

|

-703.22
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Example 3.2  Refer to the Fig. 3.12 the rod 4B is

subjected to a load of 250 N. Determine the two mutually
perpendicular components of this load — one along the
crank BC and other perpendicular to it.
Solution Let the inclination of the applied force P with
the horizontal be 6.

From the direction of the applied force P,

tan 0 = i
12
.5
= 0=tan! — = 22.62°
12

Refer to the Fig. 3.12, the angle between the force
P and a line perpendicular to the crank body BC is
30° — 22.62°= 7.38°.

Hence the component of P along the direction of the
crank becomes P sin 7.38 N = 250 x sin 7.38 N = 32.11 N and its component perpendicular to the crank body
becomes P cos 7.38 N = 250 X cos 7.38 N = 247.93 N.

Figure 3.12

Example 3.3  Refer to the Fig. 3.13. The pin joint at O is subjected to forces 500 N and 400 N that make angles
o and 3 with the horizontal as shown to yield a resultant of 700 N vertically upward. What are the angles o and f3?
Solution All the forces are resolved into horizontal and vertical components as shown in the Fig. 3.13.

Thus 0 = 500 cos o — 400 cos B (3.5)

and 700 = 500 sin o + 400 sin 8 (3.6)

Multiplying both sides of Eq. (3.5) by cos o and (3.6) by sin o and adding, we have 500 cos? o — 400 cos o
cos B+ 500 sin? o + 400 sin ¢ sin B = 700 sin o

or 500 — 400 cos (o + B) = 700 sin o (3.7
Further R= R} + F} +2FF, cos 0
or 7002 = 5002 + 4002 + 2 x 500 x 400 cos {180 — (& + B)}
—700% + 5007 + 400°
o cos (@t P = T Sooxaon 02 700N 4
or (¢ + PB)=cos! — 0.2 =101.53 500 N
Putting the value of cos (o + B) in Eq. (3.7), we have 400 N

500 + 400 x 0.2 = 700 sin & or ¢ = sin™! % = 56°

ﬂ o
B=101.53 — 56 = 45.5°. [9)
TIIITITIIIITIIIT

Therefore o and B are 56° and 45.5° respectively. Figure 3.13
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Example 3.4  Refer to the Fig. 3.14. Compute the resultant R [in vector expression] of the two forces
applied to the bracket.

200 N

Figure 3.14

Solution Let 200 N and 150 N forces are denoted by F; and F, respectively.
Resolving these two forces along x and y we have

(F)), = Fy cos 6, = 200 cos 35 = 163.83 N; (F)), = F, sin 6, = 200 sin 35 = 114.71 N
(F,), = F, cos 6, = 150 cos 60 = 75 N; (F,), = F, sin 6, = 150 sin 60 = 129.9 N
Thus R =Ri+Ryj = {(F), ~ (Fy)}i + {(F)), + (F),}j
R={163.83 — 75}i + {114.71 + 129.9};
Thus R = 88.83i + 244.6j is the required vector expression of the resultant.

Example 3.5 The pulley is subjected to two equal forces T /

amounts to 400 N applied by means of a cable wrapped around it as
shown in the Fig. 3.15. Determine the vector expression of resultant
R applied to the pulley.

Solution Tension 7 which applied at an angle 60 is resolved into
two components.

Thus R, = (F)), + (F,), = T+ T cos 60 = 1.5T = 1.5 x 400 N =
600 N

R,= (F)), + (Fy), = 0 + T'sin 60 = 0.866T
= 0.866 x 400 N = 346 N

Thus R = 600i + 346j is the required vector expression of the Figure 3.15
resultant [Answer].

The magnitude of R would be R = \[R2 + B2 = y/600?+346> N = 693 N.

Example 3.6  The ‘4’ shaped frame is subjected to two forces as shown in the Fig. 3.16. Combine the
two forces into a single force R. Express R in vector notation in terms of unit vectors i and j. Also compute
the magnitude and direction of R.
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Solution Let 4 kN and 2 kN forces are denoted ™
by F, and F, respectively. :
Resolving these two forces along x and y we have

(F)),=F, cos 6, =4 cos 30 = 3.464 N;
(F,), = Fysin 6; =4sin30 =2 N
(Fy,=F, cos 6, =2 cos 30 = 1.732 N;
(Fy), = F,sin 6, =2sin30=1N
Thus R=Ri+ R,j {(F)), + (Fy),}i
+H{F), — ()l
R= {3464 + 1.732Vi + {2 — 1} A c

Thus R = 5.2i +j is the required vector expression
of the resultant.

The magnitude of R becomes R = /R’ +Rﬁ = /522 +12 =529 kN

If the two forces are extended following the principle of transmissibility, these would supposed to meet at O
as shown with an included angle 6 = 60°

Figure 3.16

Fi sin @ 4 sin 60

——— = T, = a=40.89°
F, + F, cos 0 244 cos 60

Thus tan o =

Therefore the inclination of R with the horizontal is 40.89° — 30° = 10.89°.

3.7 MOMENT

In earlier discussions, we have seen that the forces try to
move the object along its direction which is essentially linear.
However, there are instances, when a force may also try to
invoke a rotation about an axis (perpendicular to the plane
in which the force is applied). Such behavior is desirable in
the light of many applications — a common example being
tightening a nut or bolt by a spanner as depicted in Fig. 3.17. Figure 3.17

From experience of this arrangement, it is evident that
success of the rotational tendency - the desired objective-
depends not only on the applied force but also on the distance of the point of application of the load from a
point with respect to which body tends to rotate. Here, point is essentially an axis since an axis becomes a
point when viewed perpendicularly.

It is also observed that force that is applied perpendicular to the axis of the spanner is more effective.
Further, increase in the above distance also has an encouraging effect in this endeavor. Thus refer to the Fig.
3.17, the force F applied at 4 is the most effective as compared to the other two situations when its point of
application is shifted to B and C.

Thus, a precise definition of moment would be it is the measure of the tendency of the force that tries
to produce a rotation with respect to an axis which is neither parallel nor intersecting with the line of
application of the applied force.

It is quantified by the product of the force (F) and perpendicular distance measured between line of action
of the force and axis of rotation (d).
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Thus M, =Fxd. M=‘r><F

Since moment is the product of force and distance, its unit
following SI system is Newton-metre (N-m). e

The moment is a vector and is perpendicular to the plane of the N 2
body as shown in the Fig. 3.18. D !

Since the moment produces rotation — either clockwise or
anti-clockwise, it follows the right-hand rule as shown in the
Fig. 3.18. 1)

As a sign convention, counter-clockwise moment is considered
positive (right-hand rule) and clockwise moment is considered
negative.

The moment of a force F about a point O can be expressed as by the following cross product of vector

M=rxF (3.8)

where, r is a position vector that originates from the axis with respect to which moment is computed and
directed to meet the line of action of the applied force.

Thus, the basic rules of cross product as mentioned in chapter 2 hold true with moment also.

The direction of M is defined as the direction which would bring r in line with F following right-hand
rule.

Y

Figure 3.18

Note: r is a vector from O to any point on the line of action of F.

From the definition of a cross product,

M, = rF sin 6
M, = Fr sin 0
From the Fig. 3.18, r sin 6 = d, so
M,=Fd (3.9)

where d represents the perpendicular from O to the line of action of F. d is commonly known as the
moment arm.
Resultant moment of a system of forces is

Mo = 2.0 x F) (3.10)

3.8 PRINCIPLE OF MOMENTS - VARIGNON’S THEOREM

The underlying principle of Varignon’s Theorem has a significant contribution in mechanics which can be read as

“The moment of the resultant of several concurrent forces about a given point O is equal to the sum of the
moments of the same individual forces about the same point O”.

Proof: Let’s consider several concurrent forces. We can determine its resultant
R=F, +F,..
The moment of R about O is M, =7xR where 7 is the position vector from O to a point on the line

of action of R.
My =7Fx(F+F,+..)

=

0 =FXF+FXFy+..
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The authenticity of Varignon’s Theorem can also be A
proved following scalar approach.

Let F; and F, be the two forces that originate
from O and let R represent their resultant as shown in
Fig. 3.19.

From any point 4 which is considered as moment
centre on y axis, perpendiculars are dropped.

Thus moment of the resultant R about 4 = Rd =
R.0A cos 6 = OA.R cos 0 = OA.R..

Similarly, moment of the force F; with respect to
the same moment centre 4 = Fyd, = F|.O4 cos 6, =
OA.F, cos 8 = OA.(F)), and that of F, = F,d, = F,.04
cos 6, = OA.F, cos 6, = OA.(F,),

3.11

Y

The sum of moments of F; and F, becomes = F\d, +

Fyd, = OA[(F)), + (F,),] = OA.R, = Rd = Moment of

the resultant with the same moment centre [Proved].

Example 3.7  Determine the magnitude and directional
sense of the moment of the force at 4 about point P as
shown in the Fig. 3.20.

Solution Let the inclination of the applied force F = 520 N
be 6 with the horizontal.

5

12 12
tan 6= < = O=tanl — =67.4°

Thus horizontal component of F becomes F,, = F cos 6=
520 cos 67.4 = 199.83 N; and vertical component becomes
F,=F sin 6 = 520 sin 67.4 = 480 N.

The perpendicular distance between the line of action of F, and
the moment centre P is OP cos 30 = 4 cos 30 = 3.464m and same
for F, is OP sin 30 + 6 = 8m.

It is evident from the sense of F, and location of P, its moment
with respect to P will be F, X OP cos 30 = 520 x 3.464m =
692.21 N-m and its direction is clockwise and hence negative.

Similarly the moment of F, with respect to P will be
F,x (6 + OP sin 30) = 480 x 8 = 3840 N-m which is clockwise
and hence positive.

Thus the algebraic sum of these two moments is the resultant
moment about P which is 3840 — 692.21 N-m = 3147.8 N-m.

Example 3.8  Determine the moment of the 10 N force about
the pivot O of the toggle switch as shown in the Fig. 3.21.
Solution The applied force F is resolved into two mutually
perpendicular components — the horizontal component is F sin «,
vertical component is F cos .

The inclination of the toggle arm OA4 with the horizontal is
0 = 30°.

Figure 3.19
y
520N
30°
4m 12|\!3
5
X
Ol«———6m HA
Figure 3.20

25 mm

Figure 3.21
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ZMOZFCOS oaX OB — F sin oo X AB
=F cos axX OA cos @ — F sin o X OA sin 0
= F X OA [cos o cos O — sin « sin 6]

=F X OA4 cos (o + 0)
=10 x 25 cos 45°
= 176.78 N-mm.

Example 3.9 Compute the moment of the 250 N force on the handle of the monkey wrench about the

centre of the bolt as shown in the Fig. 3.22.

A

200 mm

250N

Y

159

-

T
30 mm
v

Figure 3.22

RRARRY |

/7

Solution The applied force F = 250 N can be resolved into two components. Thus horizontal component
of F becomes F, = F'sin 6 = 250 sin 15 = 64.7 N; and vertical component becomes F, = F cos 6 = 250

cos 15 =241.48 N.
Thus following the sense of moment,

ZMO = —F, x 200 + F, x 30 = —241.48 x 200 + 64.7 x 30 N-mm = —46.36 N-m

Thus net moment about center of the bolt becomes
46.36 N-m and it is clock wise.

Example 3.10 The rocker arm BD of an I.C. engine

is supported by a non-rotating shaft at C as shown in the
Fig. 3.23. If the force exerted by the push pin 4B on the
rocker arm is 360 N, determine what force the valve stem
DE will exert at D so that net moment at C is zero. Also
calculate the resultant of the two forces on the rocker arm
on the rocker.

Solution Let the forces exerted on the rocker by pin 4B
and valve stem DE are denoted by F,; and F,; respectively.
These two forces can be resolved into two components — one
horizontal and other vertical.

Thus (Fp), = Fyp sin 5; and (Fp), = F,p cos 5

Similarly, (Fpg), = Fpg sin 10; and (Fpp), = Fpp cos 10
(F,p), and (Fp;), being directed towards point C, they cannot
produce any moment about C.

<€— 42 mm—><«—24 mm

Figure 3.23
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It is therefore (£, ), and (F)p), that will produce moment about C.

Since the net moment about C is zero, clockwise and counter-clockwise moments produced by (F)5), and
(Fpg), respectively will cancel each other.

This implies,
D Mo=0= Fcos 5x 42 =Fp, cos 10 x 24

_ Fypcos5x42 360 cos5x42

24 cos 10 2costo TN

or Fpp

If F, and F'j;; are extended, they are supposed to meet at a point with an included angle of 10° + 5° = 15°.

Therefore their resultant R = \/FjB + Fpp +2F 3 Fpp cos 15

or R = 3607 +637% +2x360 x 637 cos 15 N = 989 N

Fpp sin @ 637sin 15

tan o0 = = a=9.6°

Fup+ Fppcos@  360+637cos15

Thus inclination of R with the horizontal becomes 90° — 5° + 9.6° = 94.6°.

Example 3.11 Determine the moment of the 100 N force about point 4 as shown in Fig. 3.24.
Solution The applied force P(=100N) is resolved into

two mutually perpendicular components — the horizontal p

component being P sin o, vertical component is P cos «,

ZMA =Psin ax AC + P cos a x BC Z=2p
=P sin aa X (04 — OC) + P cos o X BC
= Psin ax (OB — OB cos 0) + P cos ax OB sin 6
=P X OB (sin o — cos 6 sin & + sin 6 cos &) 5
=P X OB [sin o + sin (6 — a)]
=100 x 0.125 [sin 20 + sin (70 — 20)] N-m
= 13.85 N-m

Thus the force P will produce a moment of 13.85 N-m 0 v
and its sense is clockwise. P cos 20

Figure 3.24
Example 3.12 The force exerted by the plunger of
cylinder AB on the door is 60 N that acts along 4B so as to close the door as shown in Fig. 3.25 [All
dimensions are in mm]. Calculate the moment of this force about O. What is the value of the force F,, normal
to the plane of the door, that the door stop at C exerts on the door so that the combined moment about O of
the two forces is zero?

Solution Considering the cylinder 4B, the force of 60 N is acting along the plunger of the cylinder and is
directed towards point 4 to keep the door in closed condition.

Let the inclination of the plunger AB with the horizontal is 6

0= tan! (0.25) = 14.03°
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The 60 N force is resolved into horizontal and vertical components having magnitudes 60 cos 6 and 60 sin 6
respectively.

Both the component of force will produce clockwise moment with respect to point O.

Thus

Y My = 60 sin 6 x (400 + 25) + 60 cos 6 x 75 5
= 60[425 sin 14.03 + 75 cos 14.03] N-mm Q l%'
= 60[103.03 + 72.762] N-mm i X
= 10.548 N-m Y — ]

If the door stop at C exerts a force F, jWB 100
perpendicular to the plane of the door, it must T I
produce same amount of moment but opposite in
direction, i.e., counter-clockwise.

Moment arm for F, would be 400 + 400 + 25 = 400 400
825 mm = 0.825 m
F, % 0.825 = 10.548

——>«—25
F.=12785 N
Force exerted by door stop at C is 12.785 N. Figure 3.25
3.9 COUPLE
Two equal parallel forces with opposite directions, although do not yield F
any resultant force, but produce a resultant moment with respect to a
moment centre. This moment is called moment of a couple and has got %

Refer to the Fig. 3.26. Two forces +F and —F have the same magnitude,
parallel lines of action and opposite direction.
Although XF, = 0 but +F and —F together will try to rotate about O. F I

. . . A B
a very important role to play in mechanics. d d J
(a)

The moment of these two forces with respect to the point O [Refer
Fig. 3.26 (a)] yields M, = F xd + F x d = F X 2d = Any one of the | A
force multiplied by perpendicular distance between them. o | x d d JB

Unlike the previous case, if the moment centre lies on any one side,
still the above relation will hold true. (b)
Refer to the Fig. 3.26 (b). The moment of the two forces with respect

to the point O" now becomes M, = F X (2d + x) — F xx = F X 2d.
The moment of couple can also be computed by vector approach.
Suppose we have two equal and opposite forces F applied at 4 and B having
their position vector r, and rp with respect to the origin O as shown in Fig. 3.27.
Thus combined moment of this two equal and opposite forces would be

M=r,XxF+rpgx(-F)=(@r —rg) xXF (3.11)
But from the principle of addition of vector, rg + r =r, (3.12)
Comparing Egs (3.11) and (3.12) we have,

M=rxF (3.13)

It is interesting to note that r has got no relation with the moment centre;
rather it is the relative position between two forces and hence moment of a
couple is treated as free vector. Figure 3.27
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Note: Since the moment of a couple is the product of two parameters — the force and the position vector
of one with relative to the other — it will remain unchanged even if both » and F are modified in such a
way so that their product remains unaltered.

3.10 FORCE - COUPLE SYSTEM

A force applied at any point of a rigid body can be replaced by an equivalent force applied at different point
along with a couple.

Refer to the Fig. 3.28. A force F is applied at point A of the body. Following the principle of superimposition
of forces, a set of forces +F and —F is applied at point B without changing the status of the body as shown in

(@) (b) ()
Figure 3.28

the Fig. 3.28 (b). It is clear from the very definition of couple that +F at point 4 and —F at point B together
constitute a couple having its moment d X F in addition to +F at B without altering its status quo. Thus, initial
situation of the body which was acted upon by a force F at 4 is no way different to the final situation as
depicted in Fig. 3.28 (c) when it exhibits presence of a couple with a moment M = Fd along with a force +F
at B. This situation is known as a force can be replaced by same force but at a different location along with
a couple.

Example 3.13 The bracket shown in the Fig. 3.29

is spot welded to the end of the shaft at point O and
is subjected to 900 N force. Find out equivalent force
and couple to replace 900 N force.
Solution Let the 900 N force is applied at point 4.
At point O, we can superimpose +900 N and
—900 N.
Thus +900 N at 4 and —900 N at O together
constitutes a couple having moment

M =900 x 100 N-mm = 90 N-m.

In vector notation, applied force vector F = F.i +
F\j + F.k = 900k. Its position vector r = rJd + rj +
r.k = —100j. Figure 3.29

Therefore M =r x F = —100j x 900k N-mm = —90i N-m.

900 N

Example 3.14  Refer to the wrench shown in the Fig. 3.30. It is subjected to the 200 N force and the force P.
If the equivalent of the two forces is a force R at O and a couple expressed as M = 20k N-m, determine the
vector expressions for P and R.
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Figure 3.30

The magnitude of the moment of the couple is 20 N-m and it is counter-clockwise.

Thus 200 x 160 — P x 300 = 20 x 1000; p = 200x160=20x1000 ¢ _ 44

300

Therefore vector expression of P becomes P = 40j
The net force R becomes —200j N + 40j N = —160j N.

MULTIPLE-CHOICE QUESTIONS

3.1 Forceis a

(a) free Vector (b) sliding (c) fixed (d) all of the above
3.2 Force is completely specified by its
(a) magnitude only (b) magnitude and direction

(c) magnitude, direction and point of application (d) none of the above
3.3 Resolution of force means
(a) conversion of several forces to a single force (b) vector addition

(c) Both (i) and (ii) (d) none of the above
3.4 A system of forces are said to be coplanar if they lie in

(a) a single plane (b) two planes

(c) three mutually perpendicular planes (d) none of the above

3.5 Lami’s theorem is related to
(a) equilibrium of two coplanar, concurrent forces
(b) equilibrium of three coplanar, concurrent forces
(c) equilibriums of four coplanar, concurrent forces
(d) none of the above

3.6 Transmissibility of force refers to
(a) a force can be shifted any where with in the body
(b) a force can be rotated by 90°



3.7

3.8

39

3.10

3.11

3.12

3.13

3.14

3.15
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(c) force can be shifted with out altering its line of action and direction

(d) none of the above

Superimposition of forces

(a) increases the magnitude of the force (b) decreases the magnitude of the force
(c) does not change its status (d) none of the above

Moment of a force with respect to a moment centre in its plane is the

(a) sum of force and perpendicular distance between the moment centre and the line of action of force.
(b) difference between force and above distance.

(c) ratio of force and the distance.

(d) product of force and the distance.

Moment is obtained by

(a) vector addition (b) vector subtraction  (c) vector dot product (d) vector cross product
The force or component of a force which is directed towards moment centre will produce

(a) zero moment (b) maximum moment (c) average moment (d) none of the above
Varignon’s theorem is related with

(a) moment of force(s) (b) friction

(c) deformation characteristics of rigid bodies (d) none of the above

A couple is formed by

(a) two equal and opposite intersecting forces (b) two equal forces that are at 90°

(c) two equal and opposite parallel forces (d) all of the above

The moment of a couple will remain unchanged if

(a) either the force or the distance remains unchanged.

(b) both are changed arbitrarily.

(c) both are increased and decreased simultaneously by same scale factor.
(d) one is increased and other is deceased by same scale factor.

The moment of a couple is

(a) independent of the location of the moment centre

(b) independent if it is outside the body

(c) dependent if it is with in the body

(d) none of the above

M = r x F yields

(a) rF cos 0 (b) rF sin 6 (c) rF tan 6 (d) rF cot 6

SHORT ANSWER TYPE QUESTIONS

3.1
3.2
33

34
3.5
3.6

3.7
3.8
39
3.10

Define force. How it is specified? Is it a vector quantity? If yes, what type of vector is it?

What is meant by point load and distributed load? Give examples.

What do you mean by coplanar, concurrent and collinear force? What is the condition of equilibrium
for two such forces?

What is meant by transmissibility and superimposition of forces?

State Lami’s Theorem.

State and explain Parallelogram Law, Triangle Law and Polygon of Forces. In this context, what is
meant by closed polygon and under what situation it is possible to construct a closed polygon?
Develop a vector expression for resultant of two coplanar, concurrent forces.

What is meant by composition and resolution of forces?

Define moment of a force. What types of vector is it? How it is relevant with vector cross product?
State Varignon’s Theorem and prove it.
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3.11 What is a couple? Under what circumstances is it formed? Replace a force by an equivalent force-couple
system.
3.12 Is couple a vector? Prove that moment of a couple does not depend on the location of the moment
center.
NUMERICAL PROBLEMS
3.1 A barge is pulled by 2 tugboats as shown in Fig. 3.31. The B
resultant of the forces exerted by the tugboats is a 5000 N force A 1
directed along the centre axis of the barge. Find tension in each 30°
rope if o = 45° and value of « such that the tension in rope 2
is minimum. o
3.2 Replace the 6 kN and 4 kN forces as shown in Fig. 3.32 by a
single force, expressed in vector notation. > ¢
3.3 The resultant of three forces is R = 60 N as shown in the Fig. 3.33.
Two of the three forces are also shown as 120 N and 65 N. Figure 3.31
Determine the third force.
3.4 The pole OA4 is subjected to a force applied at 4 as shown in
Fig. 3.34.
120 N
4 kN y
40°
>6 kN 70° oSN
30° >
45°
X R=60N
Figure 3.32 Figure 3.33
Find: (a) Moment of the 100 N force about O. A
(b) Magnitude of a horizontal force applied at 4 which create the same
moment about O.
(c) The smallest force applied at 4 which creates the same moment 1
24 cm 00N
about O.
(d) Distance from O at which a 240 N vertical force must act to create
the same moment about O.
3.5 The lever is loaded by various forces and a couple as shown in Fig. 3.35. If the 60°
resultant of these forces and couple passes through O, calculate M. o
3.6 The aircraft is subjected to thrust forces T as shown in Fig. 3.36. Determine Figure 3.34

the equivalent force couple system at O. Replace this force couple system by
a single force and find out its location on x axis.
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60°

M< 320N

160 mm

A

15°

Figure 3.36

3.7 A device called a rolamite is used to replace slipping motion with rolling motion as shown in Fig. 3.37.
If the belt, which wraps between the rollers, is subjected to a tension of 15 N, determine the reactive

25 mm

Figure 3.37
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forces N of the top and bottom plates on the rollers so that the resultant couple acting on the rollers

is equal to zero.
3.8 A roller with a lever of radius 60 mm attached to its centre makes an angle of 60° with the horizontal
as shown in Fig. 3.38. Replace the couple and force by an equivalent, single force applied to the lever.

Also determine the distance from O to the point of application of this force.

200 N

Figure 3.38
3.9 The lever ABC is hinged at B and subjected to various forces as shown in Fig. 3.39. (a) Replace the
three forces with an equivalent force-couple system at B. (b) Determine the single force which is

equivalent to the force-couple system obtained in, and (a) locate its point of application on the lever.

S0N

Figure 3.39

3.10 The bracket ABCD is hinged at B and subjected to a horizontal force P = 80 N applied at 4 as
shown in Fig. 3.40. (a) Replace the force with an equivalent force-couple system at B. (b) What is
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the magnitude and direction of the vertical applied forces at C and D that would produce equivalent
amount of moment at B?

A
P=80N<€—TO y
50 mm
L~ C D
B 0] O O>
/4 7/
100 mm 40 mm
Figure 3.40

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

3.1 (b) 3.4 (a) 3.7 () 3.10 (a) 3.13 (d)
32 (c) 3.5 (b) 3.8 (d) 3.11 (a) 3.14 (a)
3.3 (d) 3.6 () 3.9 (d) 3.12 (c) 3.15 (b)

ANSWERS TO NUMERICAL PROBLEMS

31 (a) T, = 3660 N, T, = 2590 N (b) oo = 60°, T} = 4330 N, 7, = 2500 N

3.2 2630i + 6060j

3.3 168.8 N. 66.84°

34 (a) 1200 N-cm (b) 57.7 N (¢) 50 N (d) 10 cm

3.5 M = 148 N-m

3.6 T=1.966i + 0.259j; Mg = 2.69T; x = —10.4 m

37 26N

3.8 420 mm

3.9 (a) F =50 N; 65° with the horizontal, M = 455.21 N-mm, (b) F = 50 N; 65° with the horizontal,
15.86 mm to the left of B

3.10 (a) F'= 80 N horizontal at B, towards left; M = 4 N-m (CCW), (b) F- = 100 N (downward), FD = 100 N
(upward)]






CHAPTER

4
Equilibrium of Rigid Bodies

4.1 CONDITIONS OF EQUILIBRIUM

In statics, force analysis is carried out considering the equilibrium of the structures. Thus, establishing condition
of equilibrium is utmost important in regard to its study.
These structures quite often comprise several members that are envisaged as rigid bodies. The structure will
maintain equilibrium when all the members present in it are in equilibrium, separately.
A body is said to be in equilibrium when it does not have any motion whatsoever, in any direction. The
motions essentially are of two types:
(a) Translation
(b) Rotation
Thus, the condition of equilibrium leads to the following requirements that have to be fulfilled simultaneously
to prevent both the motions.
e Under the action of several forces — active and reactive — the net force, i.e., the resultant diminishes, and
¢ The net moment of all the forces with respect to any moment centre should be zero.

4.2 GENERALISED CONDITIONS OF EQUILIBRIUM

A. Graphical Approach: Considering the polygon of forces, closing arm directed from origin of first vector
to the arrowhead of last vector will represent their resultant.

Thus it can be considered that gross effects of individual forces Fy, F,, F3, and so on, can be replaced by
a single force R which is the resultant.

Considering the conditions of equilibrium of two forces, if another force —R exists such that it is collinear
with that of R, the net force will become zero, a necessary condition for equilibrium.

Thus refer to the Fig. 3.9. Following the principle of transmissibility —R can be superimposed over R to
obtain equilibrium.

In other words, when a system is subjected to several coplanar, concurrent forces, these can be represented
by a closed polygon under condition of equilibrium.

A closed polygon implies all the arrowheads follow an order, either clockwise or anti-clockwise to form a
closed loop.

If a polygon has n sides, then n™ side will represent the magnitude as well as the direction of the resultant
of n — 1 number of individual forces.

B. Vector Approach: The resultant of several coplanar, concurrent forces can be expressed by R = R,i + R,j
(Refer to article 3.5)
Thus R becomes zero when both R, = 0 and R, = 0

Mathematically, Ry= Z(Fi)x = ZX =0 4.1)
i=1
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and
Ry= X(F), = XY =0 (4.2)

This can be stated as under condition of equilibrium “Algebraic sum of all the forces along X direction
and along Y direction has to be zero simultaneously”.

These pair of equations is a necessary condition for equilibrium but not sufficient for rigid bodies since zero
resultant force implies there is no resultant force, which means that there cannot be any translational motion.

However, to prevent rotary motion, there should not be any resultant moment.

Thus, condition of equilibrium states “Algebraic sum of moments of all the forces with respect to any
moment centre in its plane should be zero”.

Thus mathematically ZMO = ZFd =0 (4.3)

where ZMO represents moments of all the forces with respect to any moment centre O.

It can therefore be concluded that the necessary and sufficient conditions of equilibrium of rigid bodies
leads to simultaneous satisfaction of Eqs (4.1), (4.2) and (4.3).

However, while dealing with a particle, only Eqs (4.1) and (4.2) become necessary and are sufficient
condition of equilibrium. This is in congruence with the Newton's First Law. This is called statics of a particle.

For a particle, the question of moment does not arise since in the absence of moment arm there cannot be
any moment.

2

, it is evident that

S(F),
i=1

o 2
C. Scalar Approach: From the expression of R = |RZ + R> = Z(F') +
pp p \ § Ll i)x
R is the summation of two square terms.
The necessary condition for R to be zero implies both the terms individually have to be zero, which leads
to Egs (4.1) and (4.2).

Note that ZX is simplified expression of Z(Fi)x and ZY is simplified expression of Z(Fi)y and hence
i=1 i=1
forth only DX and Y. ¥ will be used.

Let us consider few situations, which are simplified, yet encountered quite often.

Case I: Conditions of equilibrium under two concurrent forces

From the expression of R = \/Flz + Ff +2FF, cos 6 , when 6 = 180°, and F| = —F,, R becomes zero.

This implies net effect of F; and F, on the body is zero and hence equilibrium is restored.
This can be stated as when a body is subjected to two coplanar, concurrent forces, the equilibrium of the
body can lead to the following conditions that must be satisfied simultaneously.
* The magnitude of the two forces should be equal.
* The direction of the two forces should be opposite.
® The forces should be collinear.

Case II: Conditions of equilibrium under three concurrent forces
When n = 3, the polygon is reduced to a triangle as shown in Fig. 2.8.

It can therefore lead to the statement when a system is subjected to three coplanar, concurrent forces, these
can be represented by a closed triangle under condition of equilibrium.

Y

Thus the expression ——=—"—=—
sinog sinf8 siny

holds true. [Refer to article 2.3.4 and Fig. 2.8]
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This is popularly known as Lami’s Theorem and found to be extremely useful in the analysis of structures
involving three coplanar, concurrent forces that ensures equilibrium.

4.3 REACTIONS FROM DIFFERENT TYPES OF SUPPORTS

Engineering structure and machine members ensure equilibrium under the influence of active forces and
reactions from various supports that constrain their motion. While the magnitude and direction of active forces
are known, magnitude or direction of its reactive forces are not known. The force analysis of such systems
basically focussed to the computations of reactive forces — both magnitude and directions. Further, depending
on the nature of external load to be experienced, wide varieties of supports having their own characteristics
are used. It is therefore imperative to study various types of supports before considering force analysis under
condition of equilibrium.

Depending on the merits of the structures, the following types of supports are widely used. A particular
situation can make use of any combinations of these supports.

4.3.1 Roller or Simple Support

These types of supports are developed by smooth spherical rollers and hence the name.
These are called simple supports owing to the fact it is easier to establish the direction
of the reaction it offers. In the absence of any frictional forces (since it is smooth), the
reactions from such supports are exactly perpendicular to its base on which the rollers are
mounted as shown in the Fig. 4.1.
Thus the direction of reactive forces is known with certainty. The contact between the
members and the rollers are point contact. Even a smooth wall and a floor may be considered
as roller supports when these are smooth, i.e., frictionless. Confirmed direction of reactive Figure 4.1
forces makes it easy to calculate their magnitudes.

4.3.2 Short Inextensible Cable or String

Loads are often applied by means of short inextensible cable as shown in the Fig. 4.2. Such

cables are not very strong and hence cannot offer resistance to compression, bending, and T
torsion and can withstand only tensile force. This tensile force induced in the string acts

axially and therefore facilitates to calculate its magnitude only.

—~

Figure 4.2
4.3.3 Hinge Supports

These supports are developed by inserting a smooth pin through a common hole made
between the member to be supported and a bracket of the support as shown in the
Fig. 4.3. The bracket is fixed suitably to the intended locations. Such supports, although
do not permit any translational movement, but they allow rotation with respect to the
centre of the pin. For such supports, complexity arises from the fact that the direction
of the reactions it offers is not unique. It is the point of application of external loads
together with nature and types of other supports that the system utilizes, govern its
direction.
Nevertheless, it would not be very difficult to establish its direction considering the Figure 4.3
equilibrium of the entire structure as a whole.
To symbolize the uncertainty of directions, it is denoted by a zigzag arrow at the first
instance as shown in the Fig. 4.3.
Few common examples of hinge joints are tongs, scissors, knifes, etc. Two arms of a tong or of a scissor
can be rotated although these cannot be separated.
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While dealing with such supports, it is wiser not to ponder
too much time over finding its direction. Notwithstanding
the fact that its direction is not clear, it can be resolved into
two mutually perpendicular components — one horizontal Ry
(along +x axis) and other vertical Ry (along +y axis) as shown

in the Fig. 4.4, such that R = \IR)Z( + Rf.

Note that this expression does not include the angle of
inclination of R.

This does not necessarily mean that R will always make
an angle 6 with the horizontal such that 0 < 6 < 90, so that Figure 4.4
Ry and Ry will always act along positive x axis and positive
v axis respectively. If by virtue of calculations, Ry and Ry are
found to be negative, its direction is to be modified accordingly.

Following illustration will help to understand this approach more clearly.

The member 4B is subjected to a load P and supported at 4 and B which are the hinge and roller support
respectively.

The reactions from 4 and B are shown. For roller support, there is no ambiguity. However, being uncertain,
the reaction by hinge is shown by a zigzag arrow at the beginning.

This now can be resolved into two components R, and R, as shown.

Considering the equilibrium of the member 4B under the actions of P, R, and Rj, these must intersect at a
common point. By following principle of transmissibility, P and Ry are made to intersect at O. Thus the third
force R, must intersect no other but the same common point O. Thus, 4O represents the exact direction of R,.
Knowing R, and its inclination, R,y and R,y can be computed.

)
. . R
4.3.4 Cantilever or Fixed Supports ) /P
This is another category of supports which is called built-in or fixed, but “Dm
popularly known as cantilever. It is so named because in essence, one side of — > Ry ‘
the member is fixed and restrains its motion completely and other side is free
as shown in the Fig. 4.5. Under such complex loading situation, it can exhibit
similar reactions like that of hinge in addition to a couple with moment M to
prevent bending. —
Figure 4.5

44 FREE BODY DIAGRAM

Free Body Diagram abbreviated as FBD is a very useful aid to solve the problems of mechanics. The very
name implies that a member for which we focus our attention for the purpose of force analysis should be
isolated from various constraints and all the forces acting on it — both active and reactive, should be shown
without altering its directions. This is a simplified scheme of the actual problem but helps in a bigger way
to its solution.

Free-body diagrams now consist of both applied forces and reactions from the other bodies.

Steps for Drawing a FBD

(1) Decide which body to analyse.

(2) Separate this body from all constraints and sketch the contour.

(3) Draw all applied forces. These includes both active forces and reactions from supports.
(4) Include any necessary dimensions and coordinate axis.
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Applied forces are forces that try to get the body to move.

Reaction forces are forces that try to prevent motion.
Reactions at supports and connections are of only two types:

L.

2.

If a support or connection prevents translation (linear motion) in some direction, then a force may be
developed in that direction.

If a support or connection prevents rotation about some axis, then a moment may be developed around
that axis.

Note: When drawing the forces, if you don’t know the direction, assume a direction and let the sign of the
answer tell you if the direction is correct or not.

Rules of FBD:

(M
2

Magnitude and direction of all forces should be clearly indicated.
Indicate the direction of the forces on the body.

4.5 TYPES OF PROBLEMS UNDER EQUILIBRIUM

In most of the 2-D problems, it is found that members ensure equilibrium under the actions of three forces.
Given the situations, we have to compute the reactions from various supports — their magnitudes and directions.
It may also be required to find out the forces induced in the cables, tie rods, struts, etc, which are also used
as supporting members. However, as mentioned earlier, these axial forces are either tensile or compressive.

4.6 SOLUTION STRATEGIES

Identify the member(s) of interest and draw the free body diagram. The success of solution to equilibrium
problem is dependent on this issue.

Identify the forces (both active and reactive) acting on it along with the clear line of actions.

Never consider the forces that the member under consideration exerts on the others while drawing FBD.
Whenever a body is acted upon by three forces, use Lami’s Theorem.

After construction of FBD, resolve the forces into two mutually perpendicular directions, namely x and y.
Use Eqgs (4.1), (4.2) and (4.3). Note that while taking moment, choose a moment centre scrupulously so
that the unknown becomes one. This helps to solve the problem very easily. Further, in one problem,
any number of moments can be taken with respect to different moment centres.

Whenever, a supporting member is stated as tie bar, it implies the induced force will be tensile. On the
other hand, if it is termed as strut, the induced force will be compressive.

While dealing with the hinge supports, do not meddle over finding its direction at the beginning. If the
body maintains equilibrium under the actions of three forces involving hinge supports, identify the point
of intersection of the other two forces. Thus this point of intersection will be point of concurrency of
the three forces. Notwithstanding the direction of the reactions from hinge supports, resolve it into two
mutually perpendicular directions.

You can follow any approach — graphical, analytical or vector.

Example 4.1 A homogeneous prismatic bar AB of weight W is supported by two smooth inclined planes
AC and BC that are mutually perpendicular and one (BC) makes an angle o with the horizontal as shown in
the Fig. 4.6. If the bar is under equilibrium, what angle (6) the bar makes with the plane CA?

Solution Since both the planes are perfectly smooth, the reactions offered by them should be just perpendicular
to these planes. Thus R, and Ry meets at point D, implying the other force which is the weight of the bar W will
also meet at D. So point D becomes the point of concurrency of the three forces that ensures equilibrium of the bar.
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Figure 4.6 Figure 4.7 Figure 4.7 (a)

Since the bar is homogeneous; its weight will act at its mid-point (G).
Therefore, ACBD becomes a rectangle.

Thus 6 = LGAC = LGCA = a.

Hence under equilibrium, the bar makes an angle 8 = o with the plane CA.

Example 4.2 A right circular roller of weight W rests on a smooth horizontal plane and is subjected to
a pull force P as shown in Fig. 4.7. It is held in position by a string AC. Find the tension 7 in the string AC
and reaction Ry at B.

Solution The free body diagram of the roller is shown in the Fig. 4.7 (a).
Resolving all the forces along x and y direction,

YXx=0
P—Tcos =0
T=Psef
dr=0
Rg—TsinB-WwW=0
Ry=Ptan B+ W
Thus tension in the string AC =T = P sec Band Rz=Ptan f + W

Example 4.3 A load P =200 N is hung by means of a bar 4B and a string BC as shown in Fig. 4.8. The
inclination of the string with the horizontal is 30°. Calculate the axial forces induced in the bar and in the string.
Solution Let the axial forces induced in the bar and in the string are denoted by 7,z and T, respectively.

From the given configuration of the system, the bar will be under compression and the string will be under
tension.
Considering the free body diagram of the point B and using the condition of equilibrium,

YXx=0

T,p= Tgccos (4.4)
dr=0
P = Tgesin o 4.5)
From (4.5 . o=t =20 40N
rom (4.5), we ge B¢ sina  sin30
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R
<

Figure 4.8

Combining Eqs (4.4) and (4.5), Typ = Tpc cosa =400 cos 30 = 346.41 N
Thus the axial forces induced in the string and the bar are 400 N and 346.41 N respectively.

Example 4.4 A smooth sphere of mass 75 kg is held in a position 72
by means of a vertical wall and an inclined plane as shown in Fig. 4.9.
Assuming the supports are frictionless, calculate the reactions exerted B
by the supports.
Solution The free body diagram of the sphere is shown in Fig. 4.9 (a)
R, makes an angle 60° with the horizontal. 30°
Thus (R,)y = R, cos 60 and (R,)y = R, sin 60 A 2

Considering the equilibrium of the sphere,

YX=0

R, cos 60 = Ry

Yy=0
R, sin 60 = mg = 75 x 9.81
~ 75x9.81
47 s5in60
Rp =R, cos 60 = 849.57 cos 60 N = 424.785 N

Figure 4.9

=849.57 N

Example 4.5  Two smooth spheres, each of radius » = 150 mm and
weight W =100 N, rest in a horizontal channel having vertical walls, and
the distance between them is w = 512 mm, as shown in Fig. 4.10. Find Figure 4.9 (a)
the reactions exerted at their points of contacts by the walls and the floor.

Solution From the free body diagrams of the spheres and geometry,

CE
GG
C\E =2r cos 0

cos 0=
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Thus w=r+2rcos 8+ r=2r(1+cos 6)
Taking » = 150 mm and w = 512 mm,
cos 0= —1= 312 1=0707
2r 2x150
6= 45°

The force polygons are now drawn for the two spheres as
shown in Fig. 4.10 (a) and Fig. 4.10 (b).

Since W = 100 N therefore R, = 100 N as 0 = 45°
Thus Rec,= 100 x 2 N = 141.4 N.

From the force polygon of sphere 1; R = 100 N and
Ry =200 N.

Figure 4.10

(a) (b)
Figure 4.10

Example 4.6 A smooth roller of weight W =200 N, rests

on a smooth inclined plane and is prevented from rolling
down by a string as shown in Fig. 4.11. Find the reaction
exerted by the plane and the tension in the string.

Solution Force polygon (triangle in this case) is superimposed
in the above Fig. 4.11.

By using Lami’s theorem,
w o T Ry
sin75  sin45  sin 60

R sin 60 W=1793 N
= X W= .
B sin75
sin 45
T =— X W=146.4 N
sin 75

Figure 4.11

Note: Students are advised to solve the same problem by analytical and graphical methods also.




rests on a horizontal plane and is prevented from rolling by an
inclined string AC of length 2r. A prismatic bar 4B of length 3r
and weight W is hinged at point 4 and leans against the roller as
shown in the Fig. 4.12. Find the tension T induced in the string.
Solution From the centre C, perpendiculars CD and CE are
drawn on the horizontal plane and 4B respectively. AACD and
AACE being similar, AD = AE and LCAD = ZLCAE = 0 (say)
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Example 4.7 A smooth right circular cylinder of radius r

such that
sin 6 = r
2r Figure 4.12
6= 30°

Therefore AD = AE = 2r cos 30 = /3.
Considering the free body of the bar AB [refer Fig. 4.12 (a)] and taking moment at A4,
Y M,=0
Ry x J3r =W cos 60 x 1.5¢

3
REZT W=0433 W
Now considering the free body of the roller [refer Fig. 4.12 (b)] and ZX = 0 we have,
Ry cos 6=T cos 6

T=Rp=0433 W

Wr
E
Tcos6 Rgcos6
(= Re 0 0
1.5r
T
w Re
T
0
N,
A Ro
Figure 4.12 (a) Figure 4.12 (b)

Example 4.8 A vertical prismatic bar AB of negligible weight and length / is hinged to a cylinder of

radius r at 4 and supported at D by an elastic spring CD as shown in Fig. 4.13. The stiffness of the spring
is k£ and the spring is not deformed when o = 0. The horizontal force P is applied to the bar AB at B. Find
the position of equilibrium, as defined by the angle o

Solution The force induced in the spring corresponds to deformation amount J is F' = k6.

In the present situation this deformation & is tantamount to the arc DG.
Further, from geometry DG = ra.

S=ra
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Figure 4.13

The spring force F will act perpendicular to the bar 4B.
Considering the equilibrium of the bar 4B and having ZM =0
Fxr=PxAH =P x I cos o
kxraxr=Plcos a

cos o k2

o Pl

Example 4.9  Refer to Fig. 4.14. A mass of weight 30 kg is hung from a bar 4B which is hinged at 4 and
is supported by a cable BC. Determine the tension in the cable and the reaction from the hinge at A.

Figure 4.14 Figure 4.14 (a)

Solution
1st Method: Since 4 is a hinge point, exact direction of (R,) cannot be established.

It is therefore convenient to resolve this force into two mutually perpendicular components - along positive
x axis and along positive y axis.

However, by virtue of calculation, if (R,)y and (R,)y are found to be negative, it implies the directions need
to be reversed.

Resolving T into two mutually perpendicular components and considering
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YXx=0
(Ry)x= Tpccos O (4.6)
Since the system is under equilibrium
Y M, =0
W x AB = Tye X AD (4.7)
W xAB = Tg-xX AB X sin 6
s
BC sing
_30x9.81 588.6 N
sin 30 '
(Ry)x = Tpc cos 6
W 30x9.81
= t@an30 tan30 _0974N
Considering the bar 4B
=0 Tao
Ryt Tpesin 0=W
RYy=0 L D
2nd Method: Consider the bar 4B is in equilibrium under the (Ra)x T
action of three forces, W, T and R,,. 5c
So, these three forces constitute a force triangle.
Again, since W and T}y intersect at point B, the third force R, wy, 0
must pass through point B, implying (R,)y= R, and (R,)y= 0. E (Ra)x =

Considering the force triangle DEF

w _ (R x _ Tsc
sinf sin(90-0) sin90

, which yields

w
Tpe = = 6N
BCT G p 588.6

w
R)y=—"">-=509.74 N
( A)X tan 6

Example 4.10 Two rollers of weight P =
40 N and Q = 80 N are connected by a flexible
string AB as shown in Fig. 4.15. These rollers
are placed on two inclined planes DE and EF
such that ZDEF = 90° and ZEFD = a = 30°.
Find the tension in the string and the angle 6

Figure 4.14 (b)

that it makes with the horizontal when the
system is in equilibrium.

Solution From the free body diagram of the
two rollers, it is clear that individually they

Figure 4.15
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are under equilibrium under three forces and hence these three forces can be represented by closed triangle as

shown. Thus the roller at 4 is in equilibrium under the forces Wp, R, and T and the roller at B is in equilibrium
under the forces Wy, Ry and T.

Considering force triangle of the roller of weight /¥, and using Lami’s Theorem,

90°-~a-0
(a) (b)
Figure 4.15
/4 T R
— - =—4 (4.8)
sin(¢+60) sin(90-0a) sin(90—-6)
Similar relation from the force triangle of the roller of weight W, yields
Wo _ T _ Ry (4.9)
sin{90—(a+0)} sina sin(90+86) '
Comparing Eqgs (4.8) and (4.9),
sin (90 — @) sin o
= P . WQ
sin (o + 0) sin {90 — (x + 6)}
cos sin o

sin(a+8) F cos(a+86) @

t +0)t e
an (o ) tan o W,
Wp 40

Wytanca 80 tan 30

tan (o + 0) = = 0.866

(ot + 6) = tan™' 0.866 = 40.89°
6= 40.89 — 30 = 10.89°

Wpcosa 40 cos 30
Thus, from Eq. (4.8) T = = =5292 N

sin (0t +6)  sin 40.89

Example 4.11 A prismatic bar AB of weight 50 N and length 3.5 metre is hinged to a vertical wall at 4

and other end is supported by a horizontal strut BC as shown in Fig. 4.16. Find the axial force induced in the
strut and reaction at hinge 4.
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Solution

A. Graphical Approach Strut is a member which is subjected to
compressive load.

From the arrangement of the system, it is evident that self-weight
W of the bar will induce axial force in the strut that is directed
from B towards C. Thus the strut will exert same amount of force
on the bar but in opposite direction.

Thus, the bar 4B is under equilibrium under the actions of three

4.13

forces W, R, and Spc.

To construct the force triangle, select a scale 1 cm = 10 N. Thus
W =50 N can be represented by 5 cm.

From the point D, which is mid-point of 4B, a vertical line

is drawn. This line will intersect BC at E. Thus point E is the w
common point of intersection. Thus, reaction R, will also pass v
through the point E. From E, a vertical line EF is drawn such G She F
that EF = 5 cm. From F, a horizontal line is drawn to represent .

Figure 4.16

only the sense of Sy since its magnitude is still not known. Now,

AE is extended so as to meet with this horizontal line at G. Now, FG and GE will represent the magnitudes
of Spc and R, respectively. Measure their length in cm and multiply by the scalar factor 10 to convert their

magnitudes into N.
B. Analytical Approach Taking moment of all the forces with respect to A4,

M, =0

. /
Sge X 1 sin 30 = WxEcos 30

Sge= w0 _ 433 N
B¢ 2tan30 2tan30 '
F=25N
Since A4 is a hinge, exact direction of R, is not known. A "
However, it can be resolved into (R,)y and (R,)y.
From the other conditions of equilibrium,
YXx=0
(R)xy=Spc=433 N
300 mm

and z Y=20

(R)y=W=50N
Thus Ry=J(R)Y +(Ry)2 =[(43.3) +(50)? c

= 66.14 N
| B
Example 4.12 A nail has to be removed from the ground e i
S . . >4

by the nail diver. If the applied force at 4 is F = 25 N, what Re /4\“‘ 0 mm
force is applied on the nail? /’ 20 i
Solution If the applied force on the nail is R, the nail i
will also apply the same amount of force on the diver as 1

shown in Fig. 4.17.

Figure 4.17
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Under condition of equilibrium,

ZMB: 0

F x 300 = R, cos 20 x 40

~ Fx300  25x300
€ 40xcos20 40 x cos 20

Thus the force exerted on the nail is 199.53 N.

=199.53 N

Note: The horizontal component of R, (R, sin 20) will not produce any moment about B since it passes
through the moment center.

Example 4.13 A horizontal bar 4B is hinged to a vertical wall at 4 and supported at its mid-point C by
a cable CD as shown in Fig. 4.18. The bar is subjected to a vertical load P applied at the free end B. The bar
maintains horizontal position. Find the tension 7 in the cable and the reaction at 4. Neglect the weight of the bar.
Solution Let the tension in the cable be 7. Thus its horizontal and vertical components become T cos 45
and T sin 45, respectively.

The reaction form hinge 4 can be resolved into (R,), and (R,), as shown in the free body diagram
[Fig. 4.18 (a)].

Dg D
P P
457 457k R,y
C % C R
AX
®
B B A
. 1m . 1m o . Tm P 1m _
Figure 4.18 Figure 4.18 (a)

Tsin45x1=Px2

T= = 2.828P
sin 45 828

Yx=0
(Ry),=—T cos 45 = —2P

Yr=0

(Ry),+ Tsin 45 = P
(R),=P — Tsin45=P — 2P = —P
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Since the sign of (R,), and (R,), is found to be negative, it implies the assumed directions are not correct,
rather it has to be reversed to get the correct directions.

Thus R, = /(=2P)> + (-P)* = 2.236 P.
. The tension in the cable = 2.828 P and the reaction at A due to vertical load P applied at B = 2.236 P.

Example 4.14 A bar AB, 5 m long is hinged to a vertical wall at 4 and is supported at its other end B by
a cable BC. The bar makes an angle 55° with the vertical and the cable makes an angle 30° as shown in the
Fig. 4.19. The bar is subjected to a vertical load of 300 N applied at a point D at a distance of 3.5 m along the
bar from A4. Find the tension 7 in the cable. Neglect the weight of the bar.
Solution Due to the load applied at D, the bar AB will experience compressive force.

Application of 300 N force will try to rotate the bar with respect to 4, but it would be prevented due to
tension (7) in the cable BC.

T can be resolved into two mutually perpendicular components as shown in Fig. 4.19.

Figure 4.19

Taking moment of all the forces with respect to 4 and equating it to zero yields

Y M;=0
T cos 30 x AE = T sin 30 x BE + 300 x DF
From geometry,

AE =5 cos 55
BE = 5 sin 55 and
DF = 3.5 sin 55

T[cos 30 X 5 cos 55 — sin 30 x 5 sin 55] = 300 x 3.5 sin 55

300 x 3.5 x sin 55

5 % c0s 85 =1973.73 N

Thus tension in the cable becomes 7' = 1973.73 N.
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Example 4.15 A man weighing 65 kg stands at the

middle rung of a homogeneous ladder that is supported by
a smooth vertical wall at B and a stopper at 4 to prevent
slipping. The weight of the ladder is 20 kg and it is 4 m
long. Under this configuration, the ladder makes an angle
60° with the horizontal. Find the reactions R, and Ry at 4
and B respectively.
Solution The forces acting on the ladder is shown in
Fig. 4.20. Since the ladder is homogeneous, its self weight is
concentrated at its mid-point C. Thus total vertical downward
load on the ladder is W= W,,,, + W 4. = 65 + 20 = 85 kg.
Since the wall is smooth, Ry is perpendicular to the wall.
The line of action of W and R, when extended, meets at
point E, implying the third force R, will also pass through
the same point £ as shown, since the ladder is under
equilibrium under the action of three forces W, R, and Ry
Considering equilibrium of the ladder,

Y M=0

W x AC cos = Rz x AB sin 0
/
WXECOS O0=RyxIsin O

w
— = Rptan 6
> B

W 85x9.81

R.= =
B 2tan@ 2 tan 60

>\

Figure 4.20

N =240.7 N

Ry= \/(RB)2 +(W) = \/(240.7)2 +(85%9.81)> = 8679 N

Thus the reactions R, and Rz become 867.9 N and 240.7 N, respectively.

Example 4.16 A horizontal prismatic bar 4B of negligible weight and length / is hinged at 4 with the
vertical wall at 4 and supported at B by a tie rod BC that makes an angle 6 with the horizontal as shown in
Fig. 4.21. A weight W can have any position (x) along the bar. Determine the tension 7 in the tie bar.

RA
ilx T

C
A 0 RAx 0
9 B —————————————3

A B

X X
« ! N
< > w
yw « y |/ N

Figure 4.21

Figure 4.21 (a)
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Solution The cable tension T can be resolved into two components — the horizontal component is 7' cos 6
and vertical component is T sin 6.

The reaction form hinge 4 can be resolved into (R,), and (R,),. However, this resolution is not necessary
as far as the requirements of the problem is concerned. V

Taking moment of all the forces with respect to 4,

Y M,=0

Tsin OxIl=Wxx

T Wx
[sin @
L ) Wx
Thus tension in the tie bar becomes 7= —;
[sin O

Example 4.17 A roller of 50 cm diameter weighing

1000 N rests against a rectangular block with a 10 cm
height. It is subjected to a pull force P through the centre
of the roller so that it will enable the roller to move over
the block. Find the minimum value of P and its direction.
Solution The arrangement and the free body diagram
of the roller is superimposed and shown in the diagram
(Fig. 4.22).

In the situation when the roller is just on the verge of
rolling past the block, its contact with the floor ceases. Thus
the roller maintains equilibrium under the actions of self Figure 4.22
weight W, the pull force P and the reaction R, from the
point 4 of the block.

The radius of the roller = AC = BC = r and height of the block = AE = OB = h

From point 4, perpendicular 4D is drawn on the line of action of P.

Let ZACD = 0 and LACO = A

Y M=0

WxOA=PxAD =P x AC sin 0

04 = \JAC? —0C? = \JAC? —(BC - AE) = \|© —(r—h)> = \J2rh— I’

Thus WX |2rh—h* =P X rsin 0
. W X 2rh —

rsin @

The magnitude of P will be least, when sin 8 = 1 or 6 = 90°.

_ W X J2rh — h? _ 1000 x /2 x 10 x 25 —10?
r 25

Thus P = 800 N
From the AACO po9¢ _roh 25710 ¢
rom (¢ y COS = AC = , = 25 = L.

A=53.13°

Thus the direction of P with the horizontal would be 53.13° + 90° — 90° = 53.13°
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Example 4.18 The cylinder of radius » = 25 mm shown in c 80 N
Fig. 4.23 is held by a spanner wrench which is subjected to a vertical Rex

»
>

load of 80 N applied at free end 4. Determine the forces exerted on
the cylinder at the points of contact B and C by the spanner wrench.
Neglect friction at B and C.
Solution Under the action of the vertical load, the cylinder will r
exert a horizontal reaction force Ry at B as shown. C, being the other
point of contact, will act as a hinge, the magnitude of which (R.)
will be equivalent to the resultant of R and 80 N.

However, R is resolved into two rectangular components (R.), Figure 4.23

and (R), as shown.
ZMC =0

Ry X r = 80 x 200
80 %200
5 25
Yx=0
(Ro), = —Rg = —640 N
Yr=0
(Re), = 80 N

R = \/(—640)> +(80)> = 645 N.

Thus reactions at B and C are found to be 640 N and 645 N respectively.

<
©
o

o

200 mm

A /
\m
Y
W]

Y

N =640 N

Note: Since (R), is calculated to be negative, its direction will be opposite to what we have assumed, i.e.,
it will be directed towards negative x direction.

Example 4.19 A heavy prismatic bar AB of weight ¥ and
length [ rests at A against a horizontal floor and is pressed against
at two intermediate points C and D as shown in Fig. 4.24.
Determine the reactions at 4, C and at D. Neglect friction at
all contact points.
Solution The free body diagram of the prismatic bar is shown
in Fig. 4.24.

Resolving R, and W along the axis of the bar (x axis) and
its perpendicular direction (y axis) and using the condition of
equilibrium,

we have EXZO
or R sin @ =Wsin 0
R/y=W

Yr=0
Rp+ R cos 0 =R-+ Wcos 6
Ro=Rp [since R, = W]

Figure 4.24
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It is interesting to note that R, and R, are equal in magnitude, opposite in direction and are parallel. Thus
these two forces will form a couple having anti-clockwise moment M = R-a = Rpa.

o . . / .
Likewise R, and W will also produce a couple having an arm length of Ecose that produces clockwise

/
moment, the magnitude of which is W —cos 6.

Equating the clockwise and anti-clockwise moment;

/
Roxa= W cos OXE

wi
Rc=—rcos 8=Rj,
2a

Thus R, = W and R-= R ZZKZ cos 0
a

Example 4.20 A weight of 200 N is supported by two
rigid members 4B and BC connected at point B by a pin.
Other ends of the two members 4 and C are hinged to the
ground as shown in Fig. 4.25. Calculate the axial forces
induced in the two members as a result of 200 N force
applied vertically at point B.
Solution Under the action of vertical load, both the members
AB and BC will be subjected to axial compressive forces.
The free body diagram of the joint B is shown in
Fig. 4.25. It is in equilibrium under the action of three
forces namely applied load of 200 N, 7,z and Tp.

1st Method: Since the system is under equilibrium, the
above three forces will form a closed triangle.

The force triangle OBG is shown in Fig. 4.21.

By using Lami’s theorem,

Tpe Ty5 200
sin30  sin60  sin90
T =200 sin 30 = 100 N
T,5 =200 sin 60 = 173.2 N
2nd Method: Taking the moments of all the forces with respect to C,

ZMCZO

200 x CD = T, X BC

Figure 4.25

Now,
BC = AC cos 30
CD = BC cos 30
200 x BC cos 30 =T, x BC
T, =200 cos 30 = 1732 N
Similarly,

YM=0
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Tge X AB =200 x AD
Tpe X AB = 200 X AB cos 60
Tpc =200 cos 60 = 100 N
Thus axial forces in the members 4B and BC are 173.2 N and 100 N respectively.

Example 4.21 A roller of radius » and weight Q is to be rolled over a curb of height / by a horizontal force
P applied to the end of a string wound around the circumference of the roller as shown in Fig. 4.26. Find the
magnitude of P required to start the roller over the curb. There is sufficient friction between the roller surface and
the edge of the curb to prevent slip at 4.

Figure 4.26 Figure 4.26(a)

Solution The free body diagram of the roller is shown in the Figure 4.26(a). The reactions from the curb R,
the applied force P and the weight of the roller Q is represented by a closed triangle (AADE) under equilibrium.
From the geometry of the Figure [4.26(a)], we get

AD = P —(r =) = J2rh—1*
and DE =2r—h
Considering the equilibrium of the roller and taking moment about 4, we obtain
YM,; =0
or QX AD =P x DE
2r—h

J2rh— 12 €

Example 4.22  Three identical rollers 4, B and C of 350 mm diameter and weight 20 N each are placed in a
box which is 760 mm wide as shown in Fig. 4.27. Determine the reactions offered by the floor and the wall on
the rollers B and C and the contact pressures between rollers.

or P =
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Figure 4.27

Solution From the geometry of the figure [Fig. 4.27], we have

sin 0 = /1-(0.586)*> = 0.81

The reaction exerted by the wall and the floor on B and C as well as contact pressure between 4-B and A-C
is shown in Fig. 4.27.
Considering the equilibrium of roller 4, one can write

YY =0
or W = 2R sin 0

or R-= W = 20 - =1235N
2sin@ 2x0.81sin6

Again considering the equilibrium of roller B, we obtain

Yx=0

or Ry = Ro cos 8 =12.35x0.586 = 7.24 N
and ZY =0
or Ry= W+ Rcsin =20+ 12.35 X 0.81 =30 N

Note: One can consider the roller C instead of B to get the same results.

Example 4.23 A uniform roller weighing 100 N is supported by a F-block having included angle 90°. The
block is tilted as shown in Fig. 4.28. Compute the angle of tilt 8 for which the reaction at B will be one third of
that at 4. Also compute R, and Ry
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Figure 4.28

Solution The roller is in equilibrium under the action of four coplanner forces, namely W, R, and R [Fig. 4.28]
Using the condition of equilibrium, we have

Yx=0

or R, cos (45 + 6) = Rz cos (45— 0)
or cos(45-60) _ R, _, [,%z,&}
cos (45+0) Ry 3

Solving 6, we get 6 = 26.56°
Again, from the other condition of equilibrium, we get

Yy =0
or W =R, sin (45 + 6) + Ry sin (45 — 0)
Substituting W = 100 N, 6 = 26.56° and Rz = R,/3 in the above equation, we obtain R, = 94.876 N and
Rz =31.625 N

Example 4.24 A person, weighing 700 N, stands on the middle rung of a ladder of weight 300 N, as shown
in Fig. 4.29. Assuming that the floor and the wall are perfectly smooth and slipping is prevented by a string DE;
find the tension 7 in the string and reactions at 4 and B.

Y

A
Y

Figure 4.29
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Solution The reactive forces R, and R exerted on the ladder by the floor and the wall are vertical and horizontal
respectively as shown in the Fig. 4.29. Thus the ladder is in equilibrium under the action of four coplanar forces,
namely R,, Ry, T and total weight W (sum of weight of man and ladder). Using the condition of equilibrium,

we have
Y X =0
or T cos 30° = Ry
Yy=o
or T sin 30° + 1000 = R,
Y My=0
or Ry x2=Rpx4+ 1000 x 1

Solving the above three equations, we obtain Rz = 351.5 N, R, = 1203 N and 7 = 406 N.

Example 4.25 A uniform ladder 40 meter long and having weight 50 N is held from sliding by a force P
applied at the lower end as shown in Fig. 4.30. If all surfaces of contact are smooth, determine the force P.

B
W=50N
c
D
10m
P 45° No
2
A
Np
Figure 4.30
Solution Since the ladder is uniform, we have AC = AB/2 =20 m
From geometry of the figure [Fig.4.30], we get
AD =2 x 10 = 1414 m
Thus, CD =AC — AD = 586 m
Taking moment about D, we obtain
N, x 10 + 50 x 5.86 cos 45° = P x 10 4.4

Further moment about point 4 yields

Np, x 14.14 = 50 x 20 cos 45° (4.5)
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Again, from the consideration of equilibrium, we get

Yry=0

or N, + Np sin 45° = 50 (4.6)
Solving Egs. (4.4), (4.5) and (4.6), we obtain P = 45 N

Example 4.26 A uniform beam AB of length 1 m and weight 10 N is held in equilibrium against a vertical wall
and a string BC attached to it as shown in Fig. 4.31. Find the reaction at the wall and the tension in the string.

Figure 4.31 Figure 4.31(a)

Solution The force triangle is shown in Fig. 4.31(a). Following graphical approach T and R, are measured to
have values of 4.33 N and 6.625 N respectively.
Note: The readers are advised to check the results by analytical method.

Example 4.27 A homogeneous prismatic bar AB of weight 7 and length [ is supported at one end B by a
string BC of length a and rests at 4 exactly below C by a smooth vertical wall as shown in Fig. 4.32. Determine
the position of the bar as defined by the length x that ensures equilibrium.

Figure 4.32

Solution The weight of the bar 4B acts at the mid of its length, since it is homogeneous. The tensile force 7T in
string BC acts along its length.

The line of action of W and T intersects at F' implying that the third force R, also passes through this common
point.
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Considering the AADB, E becomes the mid point of BD. Further as regard to ABCD, F' is the midpoint of BC
and interestingly this is also the common point of intersection of the three forces W and T and R, that hold
the system under equilibrium. Following the properties of triangle, point 4 also becomes the midpoint of CD.
From AABCD, we get

a* = (x + x)* + BD?
and from AADB, P =x*>+ BD?

Comparing the above two equations, we obtain

at —4xr =P - ¥,

1
5
or X =
3

Example 4.28 A weight /¥ is attached to a pulley that rides on a wire which is attached to a wall at the left
and connected to a weight O that passes over a pulley at the right as shown in Fig. 4.33. The horizontal distance
between the left support and the right pulley is L. Determine the sag d at the center in terms of W, Q and L
neglecting the dimensions of the pulleys.

T Q
0
0}
w
Figure 4.33 Figure 4.33(a)

Solution Considering equilibrium of the point O [Fig. 4.33 (a)], one can write

YXx=0

or T cos 6 =0 cos 0

or T=0 4.7)
and ZY =0

or 20 sin 6 =W [Since T = Q] (4.8)

From the geometry of the figure [Fig. 4.33], we get
d

sin = ———
Jd? +(L12)?

Substituting the value of sin 6 into Eq. (4.8), we obtain
d

20X
¢ Jd*+(L/2)

2 2
100y, 1w

=W

Squaring both sides and rearranging;
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from which, we obtain d = £%
2 e
w
Example 4.29 A system of levers are loaded and supported as shown in Fig. 4.34. Determine the reaction
forces at the supports 4, B and C.

60 N

A B

3m 4.5m u2m B 4m N

A
Y
A

Figure 4.34

Solution The free body diagrams of the two levers are shown in Fig. 4.34(a). Since the entire system of levers
is under equilibrium; each lever separately would also maintain equilibrium.
Considering the upper lever and taking moment about D, we obtain

Y M, =0

or Re-x6=060x4
or R-=40N
60 N
C D
[ °
Re
Ra Re
B
[ |
A C

Figure 4.34(a)

When the equilibrium of the lower lever is considered, the same R, will act downward as evident from the
free body diagram. Taking moment about 4, we get

M, =0
or R-x75=Rpx3
or Ry =100 N
Further, from the consideration of ZY = (, we obtain
R,+ Rc =Ry
or R, =100 -40 =060 N
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Example 4.30  The frictionless pulley at 4 is supported by two rigid bars 4B and AC which are hinged at B
and C respectively to a vertical wall as shown in Fig 4.35. The flexible cable AD is hinged at D and goes over
the pulley to carry a vertical load of 20 kN. Neglecting the size of the pulley, determine the forces in AB and AC.

30°

W =20 kN

2
F 20 kN

Figure 4.35 Figure 4.35(a)

Solution The free body diagram is shown in Fig. 4.35(a). From the geometry, it is evident that ZBAC = 90°.
Establishing AB and AC as x and y axes respectively, the equilibrium of point 4 yields

YXx=0

or T, + 20 sin 30° — 20 sin 30° =0
7, =0
and ZY =0
or T, + 20 cos 30° + 20 cos 30° =0
or T, = -34.6 kN

The negative sign indicates that the axial force in the bar AC will be compressive.

MULTIPLE-CHOICE QUESTIONS

4.1 A number of forces acting at a point will be in equilibrium if
(a) their total sum is zero.
(b) sum of resolved parts in any two perpendicular directions are both zero.
(c) all of them inclined equally.
(d) two resolved parts in two directions at right angles are equal.

4.2 Two non-collinear parallel equal forces acting in opposite direction
(a) balance each other. (b) constitute a moment.
(c) constitute a moment of couple. (d) constitute a couple.
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4.3 The necessary and sufficient condition of equilibrium for a two-dimensional force system is

(@ Y X=0and )Y =0 () YM,=0

(c) both (a) and (b) (d) none of the above
4.4 The necessary condition for forces to be in equilibrium is that these should be

(a) coplanar (b) meet at a point (c) both of these (d) none of these
4.5 If three forces acting in different planes can be represented by a triangle, these will be in

(a) equilibrium (b) non-equilibrium (c) unpredictable (d) partial equilibrium
4.6 The algebraic sum of moments of the forces forming couple about any point in their plane is

(a) constant (b) equal to the moment of the couple

(c) both of these (d) none of these

SHORT ANSWER TYPE QUESTIONS

4.1 What is meant by equilibrium of rigid bodies? What are the necessary conditions to ensure the same?

4.2

43
44
4.5
4.6
4.7

4.8

Mention different types of supports with sketches showing the reactions that are commonly used in
structures.

What is the condition of equilibrium of a rigid body subjected to three coplanar and concurrent forces?
What is Free Body Diagram (FBD)? How it is useful in solving equilibrium problems?

What do you understand by statics of a particle?

What is a hinge support? What motion does it permit and what motion does it not?

What types of reactions do a cantilever (fixed support) exhibit?

For the equilibrium of a particle ZX =0 and ZY = 0 are necessary and sufficient conditions but for
rigid bodies these are not sufficient. Justify.

NUMERICAL PROBLEMS

4.1
4.2

Refer to Fig. 4.36. Determine the magnitudes of F| and F, so that the particle is in equilibrium.
Determine the maximum weight of the flowerpot as shown in Fig. 4.37 that can be supported without

exceeding a cable tension of 50 N in either cable 4B or AC.
y

C \j"

400 N

Figure 4.36 Figure 4.37
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Determine the horizontal force P and tension in the string that is connected to the ceiling to hold the

80 N force in equilibrium (Fig. 4.38).

The bar AB weighs 250 N is supported by a wall at C and a horizontal cable as shown in Fig. 4.39.
Assuming all surfaces are smooth, find the cable tension and forces at 4 and C.

Figure 4.38

If the wheelbarrow and its contents have a mass of
60 kg and a centre of mass at G as shown in Fig. 4.40,
determine the magnitude of the resultant force which
the man must exert on each of the two handles in
order to hold the wheelbarrow in equilibrium.
Refer to Fig. 4.41. Determine the tension in the
cable and the horizontal and vertical components of
the reaction at pin 4. The pulley at D is frictionless
and the cylinder weighs 80 N.

Determine the distance d for placement of the load
P for equilibrium of the smooth bar in the position 6
as shown in Fig. 4.42. Neglect the weight of the bar.

‘.O W)C
L—1.5m—4<—1.5m—#09m%§

Figure 4.41

Cable

0.9m
Figure 4.40

Figure 4.42
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4.8 The beam is loaded as shown in Fig. 4.43. Find the reactions at A. The reaction includes the reaction
force as well as the moment.
4.9 Given the mass of the crate is 50 kg. Find the horizontal force P needed to position the crate directly

over the wagon as shown in Fig. 4.44.
ANNNNNNNNA-

1
—

v

300 N-m 200 N
— =
Figure 4.43 Figure 4.44

4.10 A rigid bar AB of negligible weight and 4 metres long is hinged at 4 and carries a vertical downward
load of P = 700 N at B as shown in the Fig. 4.45. The bar is maintained equilibrium by a horizontal tie
bar CD. Assuming D as a midpoint of the bar 4B, determine the tension in the tie bar and reaction at A4.

0.1 m
Figure 4.45 Figure 4.46
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100 N
Figure 4.47

4.11 The lever ABC is pin-supported at 4 and connected to a short link BD as shown in Fig. 4.46. If the
weight of the members are negligible, determine the components of the force of the pin on the lever at 4.

4.12 The cord shown in Fig. 4.47 supports a force of 100 N and wraps over a frictionless pulley. Determine
the tension in the cord at C and the horizontal and vertical components of the reaction at the pin A4.

4.13 Two smooth circular cylinders of each of weight I and radius r are connected by a string 4B of length
[ and rest upon a horizontal plane, supporting a third cylinder of weight O and radius » above them,
as shown in Fig. 4.48. Find the tension 7 in the string AB and the pressure produced by the floor at
points of contact D and E.

Figure 4.48

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

4.1 (a) 43 (o) 45 (a)
42 (d) 44 (o) 4.6 (b)

ANSWERS TO NUMERICAL PROBLEMS

41 F,=4349N,F,=1708 N
42 7672 N
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43 T=8514N,P=2911N

44 R, =592 N,R-=14126 N, T = 1082 N
45 105N

46 T=746N,4,=334N,4,=-613N

a
47 cos @==

d
48 (R)x=0, (R)y=200N, M, =40 N-m
49 1267 N

410 T,y =2000 N, R, = 2119 N
411 4,= 533N, 4,= 933 N
412 T=100 N, 4, = 500 N, 4, = 187 N

s37=—2 RD:RE:W+%

2162 =12



CHAPTER

5

Centre of Gravity

This topic is broadly divided into two. The first part deals with computations of centre of gravity of single
geometrical entities while the second part deals with composites.

PART A

5.1  INTRODUCTION

In all our earlier discussions, we had considered that the forces whether active, reactive or any others, are all
concentrated at the point of application. But actually such a consideration is of no practical significance since
a definite amount of force can be applied only over a finite area. Further, the distribution of the forces over
the entire area is also not uniform under all circumstances; rather it varies depending on the geometry of the
surfaces and direction of the applied load. Study of the actual distribution pattern of the forces over a finite area
is too complex and quite often there is absolutely no need of such study keeping the global objective in mind.
In other words, the concept of idealisation of assuming a concentrated load will not be erroneous provided the
area is too small compared to other relevant dimensions of the body — a situation which is predominant in the
study of mechanics. Thus, the forces that are distributed over the entire area and its equivalence to a single
concentrated load are tantamount to a system of parallel forces and its resultant. Such scrupulous approach
forms the basis of computation of centre of gravity of rigid bodies.

5.2 IMPORTANCE OF CENTRE OF GRAVITY

The study of mechanics revolves around concept of rigid bodies and consequence of forces applied on it that
ensure equilibrium. Such rigid bodies may follow any unique fundamental geometric shape or it may be a
composite. While dealing with the forces, when the self-weight of the body is appreciable, we cannot neglect
its effect as evident from our preceding discussions. Since the point of application of the load has important
bearings to this effect, need for computing the exact point of a body at which the entire weight is concentrated,
needs no special mention. It is the centre of gravity of the rigid body at which the entire weight of the body
is concentrated.
Thus, establishing the centre of gravity is very relevant in the study of mechanics.

5.3 CENTRE OF GRAVITY

The centre of gravity is a point through which the entire body weight acts vertically downwards. The weight
of a body is essentially a force by which the body is attracted towards gravity. It is the Newton’s well known
Law of Gravitation that explains this phenomenon.
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Physical bodies have a definite mass due to the gross effect of several particles which constitute them and
such particles also occupy finite volume in space. All such particles are distributed through out the volume,
so their distances from the centre of earth will also be different, and also the gravitational force each of
them experiences. Nevertheless, the variations in the aforesaid distances are negligibly small since the various
dimensions of the body are too small in comparison to the radius of the earth. Thus, it would be prudent to
envisage that these particles are identically located with respect to the earth’s centre of attraction. In essence,
the gross weight of the body is the resultant gravitational force of its constituent particles and the centre of
gravity is a point at which resultant gravitational force is acting. So in the light of mechanics, the situation is
nothing special that these gravitational forces (individual and resultant) form a system of parallel forces. Such
equivalence helps to compute the location of centre of gravity of rigid bodies.

5.4 COMPUTATION OF CG

In congruence with the above discussion, let us consider a rigid body is divided into infinitesimal small elements
of mass dm and weight dW. Thus W is the resultant of all the weights dWV.

Since the point of applications of these body forces is unique, any change in the orientation of the object
will not alter the position of their body forces their resultant. Nevertheless, it is quite useful to describe the
location of this point with respect to a coordinate frame.

Thus refer to Fig. 5.1, if C is considered the CG such that its coordinate is (x,, y,, z.) then by following
Varignon’s Theorem, the moment of the resultant with respect to the moment centre O will be equal to the
sum of moments of all the individual forces with respect to the same moment centre O.

Figure 5.1 Figure 5.2

Thus mathematically,
jxd w _[ xdW

% :de

Wx x, = | xdW or x, = (5.1)

If all the forces as well as their resultant are rotated by 90°, the situation will remain unaltered and following
the same principle, we can compute,

B J.ydW

Ve ™ J‘dW

and z, = jZdW

3 de . (5.2)
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Now dW = dm.g
. Ixxdmxg - J.xdm.

e Jdmxg 7J‘dm’yc W CiJldm

Thus (5.3)

If it is considered that . = x.i + y.j + z.k is the position vector of the CG and r = xi + )j + zk (Refer
Fig. 5.2) is the position vector of a small element of mass dm then

erm
r,= Jdm (5.4)

Thus the point C is also called the centre of mass so long as g remains constant.
Further if the body is homogeneous such that its density p remains constant, the expressions of (x,, y,, z,.)
from Eq. (5.3) become

J'xdm - jxxpde J.de - _[de and o —

T Jam — [pxav  Jar’TT Jav

(5.5)

5.5 COMPUTATION OF CENTROID

It is noteworthy to see that expressions under Eqgs (5.5) include only the geometrical attributes. Centroid is a
terminology coined with calculations involving geometrical parameters only. Therefore x,, y. and z, of Eqs (5.5)
can be considered as coordinates of centroid of the rigid bodies. Thus, in case of homogeneous objects, centre
of mass and centroid coincide.

The computation of centroid of various geometrical entities needs no special care since basic concept remains
same. Nevertheless, based on few attributes, the entire range of objects can be classified under three categories,
namely, volumes, areas and lines. Thus the expressions of Eq. (5.5) get modified and computational efforts
also become reduced.

5.5.1 Volumes

This is a feature that is associated with a three-dimensional object. Thus for a solid geometrical object, the
Eq. (5.5) will hold true.

5.5.2 Areas

The volume of a three-dimensional object of uniform thickness ¢ can be calculated by multiplying its area with
the thickness. Thus for such an object we can write V' = 4 X ¢ and similarly, the volume of an infinitesimal
small element dV =dA x t

Thus from Eq. (5.5),

7J.de7J‘x><t><dA7M' 7JydA

J.sz
T far T fixaa Jaa T Jad Taa

[aa

and z, =

(5.6)

The numerators on the right-hand side of all the expressions of Eq. (5.6) are called first moments of area.
Thus if the coordinates x,, y. and z, are computed and knowing the area of the object, first moments can

be calculated as deA = xc.[ dA; _[ydA = yCJ. dA and J.sz = ch dA
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5.5.3 Lines or Slender Bars

Quite often, we encounter objects of uniform cross-section, like a slender bar or rod or thin wire. The volume

of such objects of uniform cross-section 4 can be calculated by multiplying its area with the length. Thus for

such an object we can write V' = 4 X L and similarly the volume of an infinitesimal small element dV =4 X dL
Thus from Eq. (5.5),

[xav  [xxaxdL [xdL [ L [zaL
= = P V.= and z, =

T Jav T Jaxar a7 far T fa

Note: It is to be borne in mind that centroid of slender bars of uniform cross-section and thin surfaces of
uniform thickness may not always lie within the body itself. The results of few case studies in the subsequent
discussion will corroborate this statement.

In the context of mechanics, in majority of cases, we are supposed to deal with plane geometrical entities.
It is, therefore, imperative to emphasize on computations of centroid. However, centroid and centre of gravity
become synonymous and are also found to be identical when the density and acceleration due to gravity remain
constant.

Road Map to Solution of Problems

Types of Problems

In problems, we encounter several types of geometrical entities — solid, plane lamina, slender bar or uniform
wire for which CG is to be computed. However, computations of CG based on area are more common. These
areas are formed by single geometrical entities or it may be an area formed by intersection of two curves.

Solution Guidelines

Position of origin with respect to which all the coordinates to be calculated has got significant bearings
on overall calculations.

While selecting an infinitesimal small element, one must be careful about judicious selection of it, such
that when integrated over given limits it must cover the entire domain.

It is to be remembered that in the Eq. (5.5), x, y and z are coordinates of the CG of the small element
and its value to be correctly computed before integration.

Uses of polar coordinates is simpler for bodies having circular boundaries.

If the objects become symmetrical with respect to any particular axis, then its CG will lie on that axis.
Thus if an area is found to be symmetrical with x axis, its CG will lie on x axis and hence y, will
become zero. However, unbiased computational result will justify the authenticity of this statement.
In case of symmetrical objects, instead of integrating over the entire area, it can be considered just half
and results of integration so obtained should be multiplied by 2. At the same time, one must take care
of the change of limits of integration.

For geometrical regions covered by curves for which generic equations are given, the actual equations
of the curve are to be obtained first from the given limits.

It is the sole discretion of an individual to select any type of small infinitesimal element for the purpose
of integration provided it serves the intended objectives.

5.6 THEOREMS OF PAPPUS AND GULDINUS

Two theorems developed by Pappus and Guldinus are found to be extremely useful in calculating the surface
areas and volumes of different geometrical entities and are intertwined with the centre of gravity. These two
theorems have got adequate utilities in the Computer Aided Drawings.
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5.6.1 Theorem 1

The area of the surface generated by rotating a plane curve about a non-intersecting axis in its plane is equal
to the product of the length | of the curve and the distance traveled by its centroid.

Proof: To prove the above theorem, let us consider a plane curve
MN of length [ having its CG located at C that lies in the xy plane.
Let the distance of CG from x axis be Y.

Let’s consider an elemental length d/ having its CG located at
a distance y from x axis.

Now the curve is rotated by an angle 0 to assume a new position M'N'.
Thus the original plane curve of length MN will now generate a surface
MNN’M’. Consequently the modified position of CG now becomes C’.

Thus the elemental length dl of the curve covers a distance 0
and the CG of the entire curve covers a distance V6.

The elemental area of the surface generated = d4 = y60.dl o

Y,

Thus the entire surface area of the curve will be 4 = _[dA =

Fi 5.3
[yo.di = o] eure
_ vl _

But by definition, ¥ = W o fyar =1
Thus area of the surface = 4 = QJ ydl = 6 yl = (¥0)] distance traveled by its CG (¥ @) multiplied by the

length of the curve (/).

5.6.2 Theorem 2

The volume of the solid generated by rotating a plane surface about a non-intersecting axis in its plane is
equal to the product of the area A of the surface and the distance traveled by its centroid.

Proof: To prove the 2nd theorem, let us consider a plane area y
MNOP of area 4 having its CG located at C that lies in the xy
plane. As before, let the distance of CG from x axis be V.

Now let’s consider an elemental area d4 having its CG located
at a distance y from x axis.

Now the surface is rotated by an angle 6 so as to generate a
solid of definite volume. The new position of CG becomes C".

Thus the elemental surface area d4 covers a distance y6 and
the CG of the entire curve covers a distance 6.

The elemental volume of the solid generated = dV = y6.dA

Hence the entire volume of the solid becomes V = J.dV =
[v6.d4 = 6]yda.

Figure 5.4

But by definition, ¥ = ‘[f::j J yd4 = y4

Thus volume of the solid = V' = GJ ydA = 0Y4 = (¥ 6)4 = distance travelled by its CG (V) x area of the
surface (4) [Proved]

Note: When the curve or surface is rotated by one complete revolution, 6 becomes 360°.
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Example 5.1  Prove that for a triangle, its centroid lies at a distance /#/3 from its base, where % is the
height of the triangle.

YA

dyi h

b 'wk}’

A, Y

o b B X

Figure 5.5

Solution Let us consider AOAB having height /4 and base width OB = b as shown in Fig. 5.5.
To compute its centroid, let us consider an elemental rectangular strip of width »” at a distance y from x
axis and thickness dy.

Y

. From similarity of triangles,

b h-y b
— =L sy = -
5 P h( y)

b
. Area of the strip =dA =b" X dy = Z(h = y)dy

Tob
ot {y.;(h—wdy

yci"'dA -

h
b
{;(h ~y)dy

2 h
1 3 3 3
R e e
2 3 P2 ok
o _ 2 3 _6 _n _2
= 1, h27h276xh7273 [Proved]
hxylo—=D7T  wP-=— =
2 2 2

Example 5.2 Determine the coordinates (x,, y.) of the centroid C of the area of one-quarter of an ellipse
OAB having major and minor semi-axes a and b respectively.

Solution
1st Method: Refer to Fig. 5.6. OAB is the quarter of an ellipse so that O4 = a and OB = b.
y
. P, y)
B X2 y2
— + “5= 1
a b
b
(C.G)
0 d A >
NS
< 2 >

Figure 5.6
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To compute its centroid, let us consider a vertical elemental rectangular strip at a distance x from y axis

and thickness dx.

Let P(x, y) be a point on the curve.

. b5 2 . : . X2 y2
= = - — + =
Area of the strip = dA = y X dx a” —x~ dx since the equation of the ellipse is = 1, from

a
. b
which, y = f\/az —x?

S

2
a

_ deA _ _ 4a
C
dA f 3
J’ _[é a® —x*dx
04
2 aa
But y, = J.Z , since the vertical coordinate of the small rectangular strip lies at a distance 2 from the
dA
X axis.
186> 5
= — d: a 1 a
[Jaa  [5yx 2£a2 (a” = x")dx o[ - 51T
yc = = a =5 a
A 2a
Jd fydx J.é a® —x* dx l[x\/az —x? +a* ArcSin f}
04 2 al,
3 a 24°

p 47 3 4b

=2 - w3 -2

2a l[ 2y T } 2a Laz 3n

2 2 4

. . .. (4a 4
Thus coordinates (x,, y,) of the centroid C of the area of one-quarter of an ellipse is (3”,317)
n 3m

Note: For the special case, when a = b = r, the ellipse becomes a circle of radius » and the equation of
the circle becomes x> + y? = 2.

3n’ 3
Instead of taking the vertical strip, one could have taken similar horizontal strip.

Thus coordinates (x,, ¥,) of the centroid C of the area of one-quarter of a circle become [4r 47).

2nd Method:

Since P(x, y) is a point on the curve as before, area of the horizontal strip = d4 = x X dy and
X
—dA
_ 5 ydd
X =

. J‘W and y, = W Since d4 = x X dy, the variable now being y, its limit will be from 0 to b.

Nevertheless, the end result would be same as computed earlier. Students are advised to check the validity of
it.

Example 5.3  Locate the centroid of the circular arc PQ of radius R that subtends an angle y as shown
in the Fig. 5.7.
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AT

Figure 5.7

Solution Refer to the Fig. 5.7, where ZPOQ = y and OP = OQ = R.

x axis is considered as axis of symmetry.
To compute its centroid, let us consider a differential length P'Q’ = dI and ZP'OQ" = d6.

The height of the triangle is R. .. dl = R.d6.
From the geometry, x = R cos 0 and y = R sin 6.

v
2
R cos 0.RdO +£
-[/ [sin 6] VZ, sin ¥ — sin (—KJ 2Rsin ¥
_deL__? =R _5—R 2 2 = 2
S P i L ey v
(6] 2 2
| Rrao -2
-y
2
v
2
| Rsin 0.Rd6 o'z v v
S P TRy R v (v "
2 2 Py
[ rao e L ( ? H
v
2 2Rsin ¥
2

Thus coordinates (x,, y,.) of the centroid C of the circular arc PQ are

Note:

axis is equal to the portion that lies below it. This is why the limits of 6 varies from —

to be multiplied by 2 to get the final result.

1. The value of y, is found to be zero. This is because that the arc of the circle PQ is symmetrical
about x axis. This implies that x axis divides the arc in two equal halves such that portion above x

However, one can perform the integration over the limits 0 to +y/2 and results so obtained require

2. From the coordinates of C, it is clear that for a circular arc, it may not always lie on the element itself.
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Example 5.4  Compute the coordinates (x,, y,.) of the centroid C of the sector of a circle OAB of radius R

and included angle 20 as shown in Fig. 5.8.
Solution
1st Method: Refer to Fig. 5.8 (a), where OA4B is the sector of a circle such that x axis is considered as axis
of symmetry.

To compute its centroid, let us consider a differential area O4’B’. This differential area can be approximated
as a triangle having apex angle Z4’OB’ = do. The height of the triangle = O4” = OB’ = R

The base of the triangle is approximated by arc A’B” = R.do.

1 1
.. Area of the AOA’B’ = dA = 2 X R X Rda = ERz.da

2
The CG of a triangle lies at a distance 3 of its height from its apex [Refer Problem 5.1].

Y
A dA
AI
\don B
>
0 (L .
() R
™
" x
DR SEEN 5
B
Figure 5.8 Figure 5.8 (a)
2 . 2 2 .
. OC = gR, from which x = ER cos ¢ and y = gR sin &
+6
2 1 5
[ xda J;ER cos - Rida 2 lsinal§ 2 [sin6—sin(-0)]
. = _ - _cpbli®le 2, BIMU7SNTY)]
< faa oy 30 [ekg 3 [6-(-0)]
'[fR do
,92
_ ER sin 6
3 0
+6
y JgR sin & x + Rdor o
_J.yd _ %3 2 _gR[—cosot]_e _gR[cose—cos(—O)]_0
YT Jaa 37 [er§ 30 [6-(-0) '

+0 1
J. —R’da
_9 2
2Rsin 6

B 0 .
30 j [Answer]

Thus coordinates (x,, y,) of the centroid C of the sector of a circle are [
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Note: If the included angle of the sector of the circle is x, it becomes a semi-circle. Thus x,

. T
. 2R sin —
2R sin O 2 . . . . . . . .
20 =4 = i However, y, remains zero since it continues to be remain symmetrical with x axis.
33—
2

2nd Method: In this method, a differential element as shown in Fig. 5.8 (b) is selected such that its centroid
is denoted by C(x, y).

Thus area of the differential element = d4 = (rdo).dr.

Since the number of variables being two, we have to resort to multiple integral involving da and dr for
which the limits of o would be from —60 to +6 and for r, it would be from 0 to R.
Now, x =rcos ecand y = r sin &

+

O R R
[ ) :L.([rcos a.(rdo)dr  2sin6 { rzdr: o R%

X, = =

c - ®Rr X X5
jdA Tf(r.da).dr 20 Trdr o R%
0

-00

2 .
= 3 R SH;Q [Same as before]

The computation of y, is left to the reader.

y

A y

& ¥ A

9¢-7 ar
0 X‘x
o] X 0 X
0 (o) 0
R

R
M B

(b) ()

Figure 5.8
3rd Method: This method is based on the results of the calculation of problem 5.3

Here, a uniform circular arc is considered at a distance » from y axis having thickness dr as shown in
Fig. 5.8 (¢)

. Area of the differential element = d4 = 20.r.dr.

,
The x coordinates of the centroid of this differential circular arc = x = 0 sin 6 [Refer result of the
problem 5.3]
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R R
ro. . 2
_[di -[5 sin 0.20.r.dr  2sin@ jr dr sin 6 §R3
_ _0 0

c

2 R sin 6
- jdA R R 0 1 2 g 0
[26.r.dr 26 [ rdr SR
0 0

Example 5.5  Compute the coordinates (x,, y,.) of the centroid C of the sector of the general spandrel O4B
as shown in Fig. 5.9.
Solution Let us consider an elemental rectangular strip of N

thickness dx at a distance x from y axis. A
. Area of the strip = d4 =y X dx .,
Let P(x, y) be a point on the curve. Y= hkx
The general equation of the curve is y = kx". \
Since the point A(a, b) lies on the curve, it must satisfy
. P(x,y)
the equation of the curve.
b
b=rka"=k=—. 0 B X
a” X dx
. b |
Thus equation of the curve becomes y = —-x". Figure 5.9
a
) b
. Area of the strip = dd =y X dx = — x"dx
a
a b a 1
x.— x"dx "ay L pnt2pe
_IXdA_J a _{ _n+2[ ]O_n+1 nirenty  MF1
T faa T g o, 4 T [xn+1]a_n+2[” 1=
J —xdx j xdx n+l 0
0 a 0
a; 2
1 b 2 1
y — x“"dx b r 2n+lqa
J5a4 J5 e !2 " b 2nellt b
Ve = J‘ Ve T = N 1
dA Jydx b n 2 a 7[xn+l]a
— x"dx 0
2'; an n+l1
_ b n+l[a2n+17n71]: n+1
24" 2n+1 dn+2
. . . . [ n+1 n+1
Thus coordinates (x,, y,) of the centroid C of the parabolic spandrel is a, b
n+2 4n+2

Note: When n = 2, it becomes a parabolic spandrel.

Example 5.6  Determine the y-coordinate of the centroid C of the shaded area O4B as shown in Fig. 5.10.
Solution The area of interest, i.e., O4B is the difference of area formed by the curve OA4 and the straight
line OB with the x axis as evident from the figure.

The equation of the curve is y* = bx.

It is imperative to find out the equation of the straight line AB that passes through the point (b, 2).
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Since the line passes through the origin, let us Ya
consider its generic equation to be y = mx.

Putting the coordinates of point B in the above b A(b, b)

/

equation, we have Z = mb or m = _.
2 2 X
Thus, the equation of the straight line becomes

1

N

o<

b
y = B(b'?)
To calculate the centroid of the given area, we
select a differential vertical strip of thickness dx.
The height 4 of this elemental strip would be 0
the difference between the y coordinate of the curve
) Figure 5.10

b
X ax

A
Y

1
(y2 = bx.) and the straight line (J’ ==X

2
h=bx - g
~. Area of the strip =d4 = h X dx = (\/b——;j.dx
Let the distance of centroid of the elemental strip be 4, from the x axis.

h
From geometry, A, = 5 + y coordinate of the straight line.

b
» I(sz(b%x%_z)dx vy v v
yzjc 272 2/ _4 10 10 24 50" 12 D
<~ T4 b1 2 B 24 7 5bT 2
J. J'béxz—xdx
0

3 4

. . b
y coordinate of the centroid of the enclosed area OAB therefore becomes 5

Example 5.7  Determine the coordinates of the centroid C of the shaded area OAB as shown in Fig. 5.11.

YA a
A B
b
3
y =k
\Z
X,y
o) > X
Figure 5.11

Solution The general equation of the curve is y = k[x[.

Since it passes through the point (a, b), b = ka’ or k = —3.
a
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b
Thus equation of the curve becomes y = —3|x[’.
a

*. Area of the strip = dA = 2xdy

b 1 b3
a .3

fyTy dy 4
[vaa [yoxay 0 4 FRE
S I Fr T P i R

S B S EL S

)1
b l+1
3

The given geometry being symmetrical with respect to y axis, x, = 0.

<

Thus coordinates (x,, y,.) of the centroid C of the shaded area are (O,jbj

5.13

Example 5.8  Using Pappus and Guldinus Theorem, compute the volume of a right-circular cone of height %

and base radius 7.

O

Solution As per Pappus and Guldinus 2nd Theorem, volume of a solid generated by rotating
a plane curve with respect to a non-intersecting axis would be equal to the area of the curve
multiplied by the distance travelled by its CG.

To generate a right-circular cone, a plane triangular area ABC is considered. The arm AB
is aligned with the vertical axis OO, as shown in the Fig. 5.12. h

The height of this triangle is AB = h and base BC = r.

r
Therefore, its CG will lie at a distance 3 from the OO axis.
This triangle, if rotated about OO by 360°, will generate a cone. B Y
1
The area of the triangle is = 4 = Erh.
-
The distance travelled by its CG when rotated by one complete revolution becomes 27 3 0
. 1 1 Fi 5.12
Thus volume of the cone is V' = Erh x 2l = —nh reure

Example 5.9  Using Pappus and Guldinus Theorem, compute the surface area and volume of the torus

generated by rotating a circle of radius » whose centre is located at a
distance R from y axis as shown in Fig. 5.13.
Solution A circle is a plane curve of length = its perimeter = L = 27r.

The CG being located at its centre, it covers a distance = 27R
when rotated by one complete revolution and consequently generates
a torus.

Thus, as per Pappus and Guldinus 1st Theorem, surface area of the
torus so generated will be 4 = 277 x 2R = 41 Rr, since the surface
area of the circle 4, = mr?

By Pappus and Guldinus 2nd Theorem, the volume of the torus
becomes

V = m? x 27R = 2w Ri*.

YA

A

Figure 5.13
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y
Example 5.10 Locate the CG of a solid right-circular cone of
height A and base radius » as shown in Fig. 5.14.
Solution Let us consider the cone as shown in Fig. 5.10 having
height OA = h and base radius OB = r.
To compute its centroid, let us consider an elemental circular r dy |h
strip of thickness dy at a distance y from x axis. y
Let the radius of the circular strip be . o
’ X
. e . r_n-—y ;y _ T _ =A _y
. From similarity of triangles, — = —=~ = " = . h—y area
r
2
. Cross-section area of the strip =4 = mw? =1 e (h — y)* z

Figure 5.14
*. Differential volume of the strip becomes

2
dv =4 xdy:n:l—z(h—y)zdy

jdV _([ynhz(h ) dy hzx{y} _2h{y3} B}

Jar jn h-yydy W x[y ]o—z’{yz}h PJ"

o3

h
Z h

h3 h—z = E X ﬁ = Z [Answer]
2

Example 5.11 Determine the CG of a hemisphere of radius » as shown in Fig. 5.15.

Vi< X >

N .

dy & y
\

Y x

Figure 5.15

| |l
>

Solution To compute its CG, let us consider a differential element of radius x and having thickness dy at a
distance y from x axis.
Thus the equation of the circular strip becomes x> + y? = 12

. Cross-section area of the strip = 4 = mx’
. Differential volume of the strip becomes dV = 4 x dy = nx*dy.
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5.15

r r
2 2
JWW Jy mx“dy {y(r =y )dy
e T -
dv
J [ax’dy [ =y))dy
0 0
ot
2 4 4 3 3
3. 2 4 2 8
3 3
By symmetry, x, = 0 and z, = 0
PART B

5.7

COMPUTATIONS OF CG AND CENTROIDS FOR COMPOSITES

In mechanics, one has to confront with several objects which do not conform to any unique geometry. Rather a
close look at such objects reveals that although they seem very complicated but basically they are the aggregation
of several fundamental geometric shapes. Such objects which are combination of basic geometrical shapes
are called composites and find wide application in real-life situations. They have several distinct advantages
over their simplified counterparts in view of material savings, enhanced strength, reduced weight and cost-
effectiveness. It is therefore indeed very relevant to compute centre of gravity and centroids for such composites.
However, it is not at all a difficult task to calculate the CG of such composites provided the locations of the

centroids of the elementary geometrical shapes, present in it,

Under such situations, it is not prudent to start from scratch; rather one must make use of results that are

already obtained for basic geometrical entities.

Refer to Fig. 5.16 for which we are interested to compute the CG of

the composite. The composite can be divided into three basic

having masses m;, m, and m5 and x coordinates of their CG being x;, x,

and x5 respectively.

Then by using the principle of Varignon’s Theorem, we can find out the

CG of the composite.
Thus, we have (m; + m, + m3) X, = mx; + myx, + myx;

_omxy tmpXy +maxy 5

3

i=1

my +nmy +my

Similarly, other two coordinates can be calculated as Y, =

are known.
e,
! ———X,
finite shapes —x,
< Xc
Figure 5.16
3 3

It is worth mentioning that there is no limit regarding the choice of numbers as well as types of individual

finite elements.
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Thus above three expressions can be expressed generically when the composite is divided into #» number
elements

n n n
zmz‘xi Zmiyi 2 m;z;
i=1 i=1 i=1

. -7 =

Yc_ c n

== .
Zmi me
i=1

i=1

X_

c” T g s
Zmi
i=1

Following the article 5.4, the above sets of expressions of centre of gravity can be extended for computation
of volumes, areas and lines.

i i=1 i=1
Thus X, == .y =" ; Z, =" for volumes
n n n
Vi Vi Vi
i=1 i=1 i=l1
n n n
Alxl Aiyi AtZi
- - i=1
X =" ;Y =1 0 Z =1 for areas

for slender bars

It may so happen that it may be easier to consider the composites as a difference of two or more basic
entities. Thus depending on the merits of the problem, it can be any combination — only additive, only subtractive
or hybrid.

In such cases, the summation is to be interpreted as algebraic sum both in the numerator and
in the denominator. A few worked out problems will help understand this approach in regard to its
implementation.

Here is a question for you!

“While computation of centre of gravity of composites, the summation formula is used, whereas for basic
entities, integration method is followed” — Justify with reasons.

Example 5.12 Determine the coordinates of centroid C(x,, y,) of an L section as shown in Fig. 5.17.
Solution Let the given L-section be divided into two rectangles OABC and CDEF and let these be denoted
by 1 and 2 respectively.

A, =100 x 10 = 1000 mm?;

10
x1:7:5mm

100
W1 :7 =50 mm

A4, = (80 — 10) x 10 = 700 mm>

_ (80-10)

2 + 10 = 45 mm

RY)

10
y2:7:5mm
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YA
Al B A
VY 950
10 mm B
> F B
A X
£ x )
3
- E D ‘%
D E A 4
Y >
Ol ¢ F EA > X 0 Yoo
< 80 mm » IS Y
o B 100 R
Figure 5.17 Figure 5.18
Ax, + Ax, 1000 x5+ 700 x 45
X, = 4 A, = 1000+ 700 mm = 21.47 mm and
Ay + Ay,  1000x50 +700 %5
Ve = A4 = 1000 + 700 mm = 31.47 mm.

Thus, coordinates of centroid C(x,, y.) of a L-section become (21.47 mm, 31.47 mm)

Example 5.13 Determine the coordinates of centroid C(x,, y.) of the shaded area formed by subtracting a
square with a 50 mm side from a bigger square with a 100 mm side as shown in Fig. 5.18.

Solution Let the larger square with 100 mm sides be represented by OABC and smaller square with 50 mm
sides be represented by BDEF and let these be denoted by 1 and 2 respectively.

A, =100 x 100 = 10000 mm?; 4, = 50 x 50 = 2500 mm?

1

xlzﬂZSOmm X, =50 + 25 =75 mm
100

y1=7=50mm ¥, =50+ 25=75 mm

Since x; = y; and x, = y,
It therefore follows that x, = y,

Ax; — Ax, 10000 x 50 — 2500 x 75

xc=ﬂ= 10000 — 2500 mm = 41.67 mm =y, YA
Example 5.14 Determine the coordinates of centroid C(x, y,) of the 30
composite developed by combining a sector of a circle and a triangle as shown <—>‘
in Fig. 5.19. c B
Solution Let the sector of the circle O4B and the triangle OBC be denoted
by 1 and 2 respectively. 50
1
_ 2 2 _ 2. .
A1—6><7r><60—6007rmm, 04 pos >A > X
1 .
A, =7 x (60 cos 30) x 30 = 900 cos 30 mm? Figure 5.19

, =

NS}
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2r 2% 60 12 1
0 X, =7 x 30 =10 mm

xl:£S1n9:W$n60mm: 75111601’11111

2rn g - 220 60] 60 2(60 30) = 40 cos 30
= — — COS = — COS mm = — mm =7 CoS = COS mm
17 39 3%, ™ 273

6007 X 1270 sin 60 + 900 cos 30 X 10

_Ax + Ay, _
X,=———— = mm = 26.33 mm.
4+ 4, 6007 + 900 cos 30
600 X @ +900 cos 30 x 40 cos 30
y:M: 4l mm = 23.64 mm
¢ A+ 4, 6007 + 900 cos 30 ' ’

Example 5.15 Determine the coordinates of centroid C(x,, y,) of the area remaining after a semi-circle is
removed from the trapezoid as shown in Fig. 5.20.

150 mm

100 mm

<

<
<
<

100 mm L 100 mm N

A

Figure 5.20

Solution The shaded area can be considered as area of the rectangle (size 200 mm X 100 mm) + area of the
triangle (base 200 mm X height 50 mm) — area of the semi-circle with a 100 mm diameter.

From the given dimensions,

1 1
A, =200 x 100 = 20000 mm?; 4, = 5 % 200 x 50 = 5000 mm?; 45 = 5 XX 50? = 12507 mm?

200 2 50
xl:Tzloomm x2:§x200mm:l33.33mm x3:100+2mm2125mm
100 1 4 x50
y1=7=50 mm Yy = 100+§><50 mm = 116.678 mm y3=73ﬁ mm = 21.22 mm

Ay + Ayx, — Asxs 20000 X 100 + 5000 x 133.33 — 12507 x 125

T A4 Ay-d 20000 + 5000 — 12507

mm = 103.25 mm

_ A+ Ay, — Ays 20000 x 50 +5000 x116.67 —12507 x 21.22 mm = 712 mm

YT T A - 4 20000 + 5000 — 12507
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Example 5.16 Locate the coordinates of centroid C(x,, y.) of the shaded obtained by removing a semi-circle
of diameter a from a quadrant of a circle of radius a, as shown in Fig. 5.21.

Solution Let the quadrant of the circle of radius a be denoted as 1 and semi-circle of diameter a as 2.

T 1 = b4
A, = Zaz mmz; A, = 5 X Zaz mm? = gaz mm?
4a a Y,
x1:§mm n=5
da _4(a) me 2
T 3 mm 27 3\ g) M T gy
E 2X4i_£ 2 g » X
An=AY 4 3m 8 D 03490 mm D
¢ A -4, gaz_gag : ’ Figure 5.21
4 8
T, 4a 1w, 2a
—a X ———a" X —
_An=Ay 4 3w 8 T 3m 6 a6 mm
YT 44, T2 _Tp '
4 8

Example 5.17 Locate the centroid C(x,, y,) of the bent wire of uniform cross-section as shown in Fig. 5.22.
Solution The bent wire has got four distinct parts into which it

Y
can be decomposed. These are denoted as 1 through 4 as shown. A
L, =50 mm; L, =100 mm; 3
Ly = 1 x 100 mm; L, =50 mm
50
X == 100+7 =-125 mm; x,=—100 mm; 4
50 J
x3=10; Xy = 100+? =125 mm 2 100 100 50
1
100 > X
y1=0; 2 ==~ mm = 50 mm; L] o}
50
2x100 i
y; = 100 —— mm; y, = 100 mm Figure 5.22
4
ZLixi
=l 50 x(=125)+100 X (=100) + 1007 x 0 + 50 X 125 _ 1045
e iL - 50 +100 + 1007 + 50 i = A

4
ZL,-y,- 50><0+100><50+10077,'><|:100+200}+50X100

i=1 T
Ye ™ =

50 +100 + 1007 + 50 mm = 119.45 mm
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Example 5.18 An isosceles triangle is to be cut from one edge of a square plate of side 1 metre such that
the remaining part of the plate remains in equilibrium in any position when suspended from the vertex of the
triangle, as shown in Fig. 5.23.
Solution The remaining part of the plate remains in equilibrium when suspended from the vertex of the
triangle, which implies that centroid of the remaining part coincides with the vertex of the triangle.

Let /& be the height of the triangle from x axis.

The square plate and the triangle is denoted as 1 and 2 respectively.

h
A= 1x1m’=1m% Ay =7 X Ix hm? =2 m? {
1
y1=7=050m
2 p\
h
=—m
_ Ay, 027X 0s5-0a674 247 |n
a4, Lk 1-0.5h —-x
5 500 |, 500
By definition y, = &
y definition y, i Figure 5.23
p=03=016Th" 332 — p+05=0
1- 0.5k
L 1E1-4X033x05 _ 1x0583 0631
- 2%033 T 066 ormornonm

Since the height of the triangle cannot be 2.4 m, it should be 0.631 m.

1
Thus the area of the triangle becomes 4, = > x 1 x0.631 m*> = 0.3155 m%

Example 5.19 A square hole has to be punched out from a circular
lamina as shown in Fig. 5.24. The diagonal of the square which is punched

out is equal to the radius of circle. Find the centroid of the remaining

lamina.

Solution Let the circle be denoted by 1 and the square be denoted by 2.
The radius of the circle is = » = diagonal of the square.

p
Thus sides of the square become —.
1 )

r

2

v r
A, = m mm?; 4y = 5 X 5 mm? = — mm?
NG 2 Figure 5.24
p
=0, =—— mm
xl x2 P
yl = 05 y2 = 0
x0-5x(-5)
r X0 ——Xx|—-—
: Axy = Axy . 2) tam = 0.095¢ rmm.
Al_AZ 2

The shaded area being symmetrical about x axis y,. will be zero.
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Example 5.20 Identify the mass centre of the slender bar bent to the shape as shown in Fig. 5.25.

< 300 mm

»!
»-

Figure 5.25

Solution Let the circular arc be denoted by 1 and the linear bar be denoted by 2.
The radius of the arc = » = 150 mm.

Ly = nr = 150 mm; L, = 300 mm
X = 2x150 sin 90 = ? mm x2:_150 mm
n=0 ¥, = ~150 mm
Lx, + Lox 150n><¥+300x(—150)
ST LT mm = 0
Li+1L, 1507 + 300
Ly + Ly, 1507 x 04300 x (-=150) -

L+l 1507 + 300 mm = —58.3 mm

Thus, the location of the mass centre of the bent bar becomes (0, —58.3 mm)

MULTIPLE-CHOICE QUESTIONS

5.1 Centre of gravity is a point at which

(a) resultant of all the external force acts (b) resultant of all the reaction force acts
(c) entire body force is concentrated (d) none of the above
5.2 For homogeneous rigid bodies, centre of gravity depends on
(a) shape of the object (b) materials of the object
(c) both shape and materials of the object (d) none of the above
5.3 For homogeneous rigid bodies, centre of mass depends on
(a) position of the body (b) orientation of the body

(c) both Position and Orientation of the body (d) none of the above
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54

5.5

5.6

5.7

5.8

59

5.10

5.11

5.12

Engineering Mechanics

For a semi-circular arc of radius r, centre of mass lies at a distance
r . 2r . 3r . 4r .

(a) — from its centre (b) — from its centre (c) — from its centre (d) —— from its centre
T T 2r KY/4

For a quarter circular sector of radius 7, centre of gravity lies at a distance
r . 2r . 3r . 4r .

(a) I from its centre  (b) F from its centre (c) 5 from its centre (d) ™ from its centre

b4

Pappus and Guldinus Theorem is relevant with

(a) friction (b) moment of Inertia

(c) centre of gravity (d) moment of a force with respect to a point
Computation of centre of gravity by method of integration is valid only for

(a) solid objects (b) 2D lamina

(c) slender bar of uniform cross section (d) all of the above

The center of gravity of a uniform lamina lies at

(a) the centre of heavy portion (b) the bottom surface

(c) the mid-point of its axis (d) all of the above

To generate a solid right-circular cone by using Pappus and Guldinus Theorem, the surface to be
considered should conform to

(a) triangle (b) circle (c) semicircle (d) trapezoidal

An object which is symmetrical about y axis, its

(@ x,=0 b) y.=0 (c) zz=0 (d) none of the above
For solid right-circular cone of height %, its CG lies at a distance

h h
(a) 5 from the base (b) g from the base (c) 1 from the base (d) none of the above

For a hemisphere of radius r, its CG lies at a distance

3 3 r
(a) % from the base (b) ?r from the base (c) gr from the base (d) 5 from the base

SHORT ANSWER TYPE QUESTIONS

5.1
52
53
5.4
55
5.6

5.7

5.8
59
5.10

What is centre of gravity? Does it differ from centre of mass? If yes, under what condition? When did
the term centroid get more relevance?
Why is computation of centre of gravity important in connection with mechanics?
Is centre of gravity a unique point? If yes, why is it so?
If method of integration is replaced by summation technique for basic geometrical shapes, what would
be the difficulties?
Why is method of integration not valid for irregular objects?
. . Jde J.de
For slender rods of uniform cross section, prove that x, = 7 = “=—
Jam — JaL
What is meant by symmetrical objects? For such objects, why does computations of centre of gravity
sometimes become easier and under what conditions?
Briefly outline the method of calculation of centre of gravity of composites?
State Pappus and Guldinus 1st and 2nd theorems and prove them.
For a circle, prove that its CG lies at its centre.
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NUMERICAL PROBLEMS

5.1

52

y A

53

54

5.5

5.6

5.7
5.8

r—j L YA

Determine the location of the centroid of the circular arc of radius R having included angle 90° as

shown in Fig. 5.26.

Determine the location of the centroid of the shaded area formed by the curve y = k(x — a)* with the

x axis as shown in Fig. 5.27.

Yy

Figure 5.26 Figure 5.27

Figure 5.28

><V

Starting from the fundamentals, compute the location of the centre of gravity of the area formed by

subtracting a triangle of base a and height » from a quarter of an
ellipse having semi major and minor axes as @ and b respectively,
as shown in Fig. 5.28.

Determine by direct integration, the y coordinate y, of the
homogeneous wire bent into the shape as shown in Fig. 5.29.
Calculate the CG (x,, y.) of a semi-circular area of radius » such
that centre of the circle coincides with the origin and the object
is symmetrical about positive x axis.

Find out the CG (x,, y,.) of an ‘I’ section as shown in Fig. 5.30.
Locate the centroid of a composite as shown in Fig. 5.31.

Locate the centroid of the hatched area formed by the intersection
2

of straight line y = x and a parabola y = % as shown in Fig. 5.32.

50

7

) 10 1

—

f

10
——

50

20

X

.
M O‘ 40 |

» Y

XY

Figure 5.30 Figure 5.31

Y
45°
o) >X
45°
Figure 5.29
YA
a
lo) >
X
e
Figure 5.32
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5.9 Find out the CG of the hatched area formed by the eliminating a square with 40 mm sides from that
of a quarter of a circle with 80 mm radius as shown in Fig. 5.33.
5.10 Using Pappus and Guldinus Theorem, compute the surface area and volume of a solid sphere of radius .
5.11 Using Pappus and Guldinus Theorem, calculate the surface area and volume of a right circular cylinder
of radius » and height #.
5.12 Find out the CG of the composite as shown in Fig. 5.34.

Ya
R=80 'N
\<L><L>{
40 R
I > > X
0] X . o
Figure 5.33 Figure 5.34

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

5.1 () 53 (d) 5.5 (d) 5.7 (d) 59 (a) 5.11 ()
52 (a) 5.4 (b) 5.6 (c) 5.8 () 5.10 (a) 5.12 (c)

ANSWERS TO NUMERICAL PROBLEMS

2V2R
51 x,= ,,=0
T
a 3b
5.2 )CC :Z,yc :?
2 2
53 x,= a Ve = b
3(r—-2) 3(r—-2)
54 y.=0

2R
55 x, =Y =0

5.6 x,=30,y,=2357
5.7 x,=19.16, y, = 19.07
a 2a
58 x,=—,y,=—
¢ TS

59 x, =405 =y,
512 x, = 0.744a =y,
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6

Friction

6.1 INTRODUCTION

As discussed earlier, statics involve primarily the analysis of forces on rigid bodies such that it forms a system
of forces that ensures equilibrium of the system. These forces are basically the active forces, i.e., external
applied force(s) and or the body force(s), the reactions from different supports that constrain the motion and
the induced forces (tension and compression) in several members as a consequence of applied load. Such force
analysis would form the basis for subsequent design. While dealing with such force analysis, the reaction forces
from various supports are assumed to act normally from the supports. The reason for such consideration is
attributed to the premise that these surfaces are perfectly smooth, although in reality it is not so. Such idealistic
approach helps simplify the complexity of the problem to a great extent without any significant gross error
and well accepted in many cases. Nevertheless, there are plenty of situations, when such considerations would
be misleading. In fact, all the real life surfaces exhibit some kind of roughness, however small it may be. It is
therefore found that while dealing with two mating surfaces (similar or dissimilar), these not only exert normal
reactions but also offer mutually tangential resisting forces that oppose their motion. Thus, whenever there
is a contact between two mating surfaces, a tangential force is developed by virtue of the roughness of the
surfaces that always act opposite to the direction of motion. This resisting force is called friction force and
often plays a very dominant role in many engineering problems. Thus the concept of perfectly smooth surface,
popularly known as ideal surface, is imaginary and therefore, all real life surfaces that manifest some degree
of roughness are called real surface.

6.2 APPLICATION DOMAIN

Friction force, basically being a resisting force, seems to be undesirable. There are ample situations in
engineering applications like power transmission systems involving gears, shafts, keys, bearings (e.g. gearbox),
mechanics of metal cutting (chip flows over tool rake face and rubbing of flank surface of the tool over machined
surface), machine tool slides, hydraulic or pneumatic actuators where presence of friction cause wear and
tear of components, undue heat generation, increase in power consumption and encourage premature failure.
Notwithstanding this fact, this opposing force are very much welcome in the applications like brakes, clutches,
belt drives, screw jack, wedge block etc. Even a simple ladder that is used for the purpose of climbing, utilises
friction to maintain equilibrium, when a person stands on it. It is therefore very much essential to study friction
to incorporate its effects in the analysis of forces in true spirit.

6.3 CLASSIFICATION OF FRICTION

Friction is a natural phenomenon that is exhibited in the wide range of areas. Based on certain attributes and
characteristics, it is broadly classified under three categories that help to analyse the problems of engineering.
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(@) Dry friction This type of friction is encountered between the surfaces of two rigid bodies when there
exists a sliding motion or there is a tendency of motion in the absence of any oil or lubrication in
between. The dry friction is present even if there is no motion, under the condition of impending motion
and when there is motion. It is also called Coulomb friction, named after the scientist Coulomb who
had carried out several experiments in this domain to realise the theory in its present form. The actual
mechanism of friction is too complicated to be reasoned. In the present text, considering the relevance,
this category of friction will be discussed in detail.

(b) Fluid friction Fluid does not have any definite shape; rather it conforms to the shape of the conduit
or vessel in which it is contained for the purpose of fluid flow to take place or simply for its storage.
When fluid flow takes place, the inner wall of the conduit offers resistance to the motion by virtue
of friction. Further, the entire fluid column in a conduit can be envisaged as aggregation of several
layers and there is a relative motion between the layers of fluid during fluid flow and these layers also
offer resistance to the neighboring layer. Such type of friction associated with fluid flow is termed
as fluid friction. This flow phenomenon and the friction characteristics depend on several parameters
like velocity gradient, surface roughness of the conduit, viscosity of the fluid, cross-section of the
conduit, etc. This fluid friction being predominant in different types of fluid flow problems, finds
its discussion and analysis in the study of a separate subject titled fluid mechanics and will not be
discussed here.

(¢) Internal friction This type of friction occurs in solids undergoing cyclic loading. Nevertheless it is not
uniform in all types of solids. Internal friction is considerable in those materials that manifest adequate
plastic deformation compared to those that deform less plastically. Whenever a solid is subjected to
tangential external force, the material undergoes shear deformation and internal friction comes into
existence. The mechanics of internal friction is associated with the subject strength of materials and
hence any further illustration is not under the purview of present discussion.

6.4 MECHANICS OF FRICTION

A surface that apparently seems very smooth is actually not so. w
A microscopic look at such a surfaces will reveal presence of lots of
asperities on it that arise from the intrinsic material qualities or the
consequences of the procedures that are followed during manufacturing.
Presence of these irregularities put hindrance to its motion over the
other surfaces.

To understand the mechanics of friction, consider a body of mass m
resting on a rough horizontal floor and subjected to a horizontal pull
force P as shown in Fig. 6.1.

The magnitude of P is increased gradually from zero to assume a
value till we get a motion of the body with sufficient velocity. Figure 6.1 Figure 6.1
shows that the body force W = mg of the block will act vertically downward and in turn, the floor on which
the block rests will exert a normal reaction N on it. The frictional force F will act at the mating surface and
will be tangential to it—its direction being just opposite to that of external applied force P.

The manifestation of frictional force is the gross behavior of the surface that resulted from asperities present
on it. Meticulous inspection of the surfaces under investigation shows that lots of kills and valleys are present
and their depth and distribution is not uniform throughout the surface areas, as evident from Fig. 6.2 (a).

Whenever, two surfaces come in contact with each other, irregularities of both the surfaces stick together
(temporary locking) and offer resistance to their motions. It is therefore misnomer to consider that higher
contact surface area would eventually enhance the frictional resistance; rather it is the degree of irregularities
that present on the surface which contributes to friction.

o

N
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(a) (b)
Figure 6.2 (a) Surfaces showing asperities, (b) Conditions during motion

Since under the action of all these forces, the block is under static equilibrium, it leads to

Yx =0

P=F (6.1)
Yy =0
W=N (6.2)

Thus from Eq. (6.1), when P = 0; F = 0.

Increase in magnitude of P eventually increases the magnitude of F so as to hold the block under equilibrium.

Thus a plot of friction force (F) against the applied force (P) [Refer Fig. 6.3] shows a linear curve that
passes through the origin and having a slope of 45°. While increasing the value of P, an optimum or threshold
value is reached beyond which the block will start moving. At this point, when the block is just on the verge of
motion, the friction force attains its maximum value. Further increase of P enables the block to move. However,
friction force now drops almost instantaneously and remains fairly constant despite increase in P. Substantial
increase in P will induce appreciable velocity to the block, when F drops slightly. This can be explained by
the fact that temporary bonding that took place between the asperities of mating surface that cause friction is
self-adjusting since it increases linearly from 0 to F, . with the increase in value of P. The maximum value
of friction force, which comes into play when the motion is impending, is known as limiting friction. When
the block starts moving, the bonding becomes weak and it is prevalent only along the humps as shown in
Fig. 6.2 (b) that results in reduction of the frictional resistance.

e Impending Motion

F*  Zone of Static Zone of Kinetic
Fricion ~ ~ [ Friction

Fmax = :usN

Fe=wN

\45°

\

Figure 6.3

Refer to Fig. 6.3; it is clear that there are two distinct regions as divided by the condition of impending
motion marked by vertical dotted line. On the left side of this line, it is the region that portrays the behavior
of friction force when the body is under rest. When the applied force is less than the limiting friction, the
body remains at rest and such frictional force is called static friction, which may have any value between
zero and the limiting friction. If the value of the applied force exceeds the limiting friction, the body starts
moving over the other body and the frictional resistance experienced by the body while moving is known as
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dynamic friction (or kinetic friction). Kinetic friction is found to be less than limiting value of static friction.
To distinguish between static friction and kinetic friction, henceforth F, and F} will be used respectively.

6.5 COEFFICIENTS OF FRICTION

Refer to Fig. 6.4 (a), using the concept of composition of forces, the normal reaction N and the frictional
force F can be replaced by their resultant R. The block is therefore in equilibrium under the action of three
intersecting coplanar forces W, P and R. Thus the number of forces acting on the block is now reduced [from 4
to 3]. Hence these forces will form a closed triangle. This composition of forces is very much useful in solving
problems involving friction. P

It is interesting to note that experimental results show that the magnitude
of limiting friction F'__ bears a constant ratio to the normal reaction N R

max
between the two surfaces and this ratio is called coefficient of Friction (L) R

Z

Thus mathematically, u = @‘

Further from Fig. 6.4 (b), tan @, = % Thus tan ¢, = u. F

So, the coefficient of friction is equal to the tangent of the angle between Figure 6.4 (a)
the normal reaction and the resultant. This angle ¢, is called angle of
limiting friction or angle of static friction.

When the value of P is less than that required to cause impending motion say, P’, R N
we have a different force triangle as shown in Fig. 6.4 (c). Since, W is constant

F P
and P’ < P, R’ will also be less than R. Thus tan B =N=F< tangor <@
This observation leads to the conclusion that when B assumes its maximum < F
value = ¢, F becomes F,,, which corresponds to the condition of limiting friction. ) max
Thus F,,, = WN. U, is called coefficient of static friction. Its value is less Figure 6.4 (b)

than 1 and for common materials its range varies between 0.2 and 0.5.
Once the block attains its motion due to further increase in P, the friction force is
found to be lower than that of its static counterpart. However, it still maintains proportionality
with the normal reaction. R
Under such condition, friction force is quantified by F, = wN, where u, is called B
coefficient of kinetic friction and , = tan ¢,. Angle ¢, is called angle of kinetic friction.
The value of friction force F, remains more or less constant over a wide range until the w
blocl.< attains reasonaply high velocity, Awhen it drops marginally. Figure 6.4 ()
Since F), < F,,, it follows that i, is less than p.
Based on the findings of friction characteristics in dry condition, certain laws, called laws of friction were
developed. These are popularly known as Coulomb’ Laws of Friction, which are mentioned underneath.

=%

6.6 COULOMB’S LAWS OF FRICTION

(1) The friction force always acts in a direction opposite to that in which the body tends to move.

(2) Till the condition of limiting friction is satisfied, the magnitude of friction is exactly equal to the force
which tends to move the body.

(3) The magnitude of the limiting friction bears a constant ratio to the normal reaction between the two
surfaces.

(4) The force of friction depends upon the materials and the degree of roughness/smoothness of the surfaces.

(5) The friction is independent of the area of contact between the two mating surfaces.
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6.7 CONE OF FRICTION

When a body is on the verge of impending motion in the direction of applied force, the frictional force
encountered is the limiting friction and the resultant reaction force R (R = F + N) will make limiting friction
angle ¢, with the normal reaction as shown in the Fig. 6.5. If the direction
of applied force is changed in the same plane, the body will have similar
impending motion along the modified direction of the applied force. The
situation is no different from the former and hence the resultant reaction
force makes same angle ¢, with the normal reaction. Likewise, if the
direction of applied force is changed continuously from 0° to 360°, the
resultant R generates a right circular cone with semi-central angle equal to
@, its height and base radius being equal to that of N and F,,, respectively
as shown in Fig. 6.5. If R is on the surface of this right circular cone having
semi-central angle as limiting frictional angle ¢, the body is under the
condition of impending motion. From this figure, it is clear that when the
base radius of the cone is lower than that of F, ., N being unaltered, R will
be reduced. Consequently, semi-central angle assumes a value 6 lower than
that of ¢, and the situation corresponds to the no motion or static condition.
This cone with semi-central angle equal to limiting angle ¢, is called Cone
of Friction or Cone of Static Friction in particular.

A similar cone of friction can also be developed having semi-central angle equal to ¢, height being same
as that of NV but base radius equal to F, = t,N. Needless to say, base of such a cone will be smaller than the
previous one, since (i, is less than . Such a cone is called Cone of Kinetic Friction.

Figure 6.5

Note: It must be borne in mind that F, = u N is valid only under the condition of impending motion. Thus
when applied force is not adequately high to initiate any movement, F is to be calculated by using the
equations of static equilibrium only. Frictional phenomenon associated with situation upto the condition of
impending motion is considered as static friction. Further, when there is motion, the condition of static
equilibrium is not valid. Under such a situation, friction force that comes into existence is kinetic friction
the magnitude of which is quantified by F}, = u,N.

6.8 ANGLE OF REPOSE

Quite often a situation is encountered when objects are placed on an inclined plane. But, if the inclination of
plane exceeds a certain limiting value, the object will slide down along the plane in the absence of any external
force. This is owing to the fact that a component of the self weight will act along the plane which is directed
downwards and is a function of the inclination angle of the plane.

As shown in Fig. 6.6, the object having weight W = mg is resting on an inclined plane having its inclination
0 with the horizontal. W can be resolved into two mutually
perpendicular components — one along the plane having
magnitude of mg sin 6 and the other, perpendicular to the
plane of magnitude mg cos 6, as is evident from the free
body diagram. The component mg sin 8 will act along the
plane, so as to cause a downward movement of the block
along the plane.

Since the tendency of the block is to slide down, the
frictional force will act upward along the plane. Figure 6.6 Angle of repose
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Considering the static equilibrium of the block, force balance along the plane and perpendicular to the plane

yields
YXx=0
F.= mg sin 8 (6.3)
Yr=0
N = mg cos 0 (6.4)
Dividing Eq. (6.3) by Eq. (6.4), we have
F,
ﬁ =tan 0 (6.5)
Further, under the condition of limiting friction
F,
— = u = tan 6.6
T M= an g, (6.6)

Comparing Eq. (6.5) and Eq. (6.6) tan 6 = tan ¢, = 8 = ¢,

Thus under limiting condition,

The inclination of the plane = Angle of static friction.

Hence to ensure stability of the block 8 < ¢, is the criteria.

This optimum (maximum) inclination of the plane for which a body resting on it would not slide down due
to self weight when free from external forces is called angle of repose. The etymological meaning of the term
repose means rest. Thus angle of repose implies that it is the inclination of a plane such that a person on it
can sleep or can take rest comfortably without slipping.

Example 6.1  Two blocks 4 and B having weights W, and W respectively are attached by an inextensible
string and rest on two different horizontal planes as shown in Fig. 6.7. A force P, is applied to block A
so as to induce motion to the system. Find the magnitude and direction of P_; . Assume that co-efficient of
friction for both the blocks are .

P

Figure 6.7

Solution Let the force P makes an angle o with the horizontal. Also consider the string has got an inclination
B with the horizontal and experience a tensile force 7.

Introducing 4 and B as suffices for the blocks 4 and B respectively, we have two different free body diagrams
of block 4 [Fig. 6.7 (a)] and B [Fig. 6.7 (b)].

Considering equilibrium of block 4 when motion impends,

Sx =0

P cos o= T cos B+ F, 6.7)
YY=0
Psina+ Ny=W,+ Tsin 8 (6.8)

F, = uN, (6.9)
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P Psina Ny T Tsinp Ng
A A A A
:ﬁ LN
Pcos a T cos Tcosf
B
T
F
A\ Y A v FB
W, Tsinp Wy
(a) (b)
Figure 6.7

From Egs (6.7) and (6.9),
P cos aa= T cos B+ uN, (6.10)

Similar equilibrium condition of block B leads to

Yx=0

T cos B=Fy (6.11)
YY=0
Wg=Ng+ Tsin 3 (6.12)
Fp= UNy (6.13)
From Eq. (6.11) and Eq. (6.13),
T cos = UNy (6.14)
Equations (6.10) and (6.14) together yield
P cos oo= uN, + UNg (6.15)
Equations (6.8) and (6.12) together yield
Psin a= (W, + Wg) — (N, + Np) (6.16)
From Egs (6.15) and (6.16),
Psin o= (W,+ Wy) — LS
P%ma+cma}=wg+wb
u
P {sina+ cosa} = W, + Wp; Since tan ¢ = L.
tan ¢

P cos (¢ — @)= (W, + Wy) sin ¢

(W, +Wp)sing
~ cos (ax—-9)
From the above expression of P, it is evident that P will be minimum, when the denominator of the above
expression, is maximum.
Thus cos (& — @) = 1 = cos 0; this leads to o = ¢
Hence P, = (W, + W) sin ¢ and inclination of P is ot = ¢
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Example 6.2  Two identical blocks 4 and B each having
weight W are connected by rigid link and supported by a vertical
wall and a horizontal plane having same co-efficient of friction ()
as shown in Fig. 6.8. If sliding impends for 6 = 45°, calculate u.
Solution The weight of each block is W. These two blocks will 9=45°
experience normal reaction from the supports on which they rest. 4
The friction force offered by the wall and the floor will oppose
their motion. Further, both the blocks will exert mutual thrust on

B
each other of magnitude 7 along the link. The free body diagram of
blocks A and B are shown separately in Fig. 6.8 (a) and Fig. 6.8 (b) .
. Figure 6.8
respectively.
For block 4, when motion impends,
Y X=0 N, =Tcos 6 (6.17)
YY=0 Tsin6+F =W (6.18)
F, = uN, (6.19)
F, T cos 6
T A NB
NN T sin 0
N,
Tsin 6
| T
w
Tcos 6 0 Fs w
(a) (b)
Figure 6.8
From Egs (6.18) and (6.19),
Tsin 0 =W — uUN, (6.20)
Similar equilibrium condition of block B leads to
X =0 Tcos 6=F,=puN, (6.21)
Y =0 Tsin6+W=N, (6.22)
From Egs (6.17) and (6.21), N, = UNg (6.23)
From Eqgs (6.20) and (6.22), W — uN,= Nz — W
or 2W = Ng+ u?Ny= (1 + t?)Ny (6.24)
w
Again, from Eqs (6.21) and (6.22), uNz= Nz — W or Ny = -z (6.25)
—u

From Egs (6.24) and (6.25),

2W = (1 + 12) x

- = 12 +2u — 1 =0, from which u =2 — 1 = 0.414.

Thus the common co-efficient of friction u becomes 0.414.
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Example 6.3  Two blocks connected by a horizontal link, are A B
placed on two rough planes as shown in Fig. 6.9. The co-efficient .
of friction for block 4 and B are i, and (i, respectively. What is the
smallest weight of block A for which the system would be under the
condition of equilibrium? Given the weight of the block B is Wj.
Solution The block B is in the form of a wedge that can slide
along the inclined plane on which it rests. Since both the blocks
are tied together by a rigid link, the downward movements of the 9
block B will cause block 4 to move towards left along the horizontal
floor. As a consequence, an axial load S will be induced in the link. Ficure 6.9
From free body diagram of block 4 [Refer Fig. 6.9 (a)], g )
2)(:0 or F,=S (6.26)
Y =0or N=W, (6.27)
From the condition of limiting friction,
Ey= Ny =p Wy =8 (6.28)
Similarly, from free body diagram of block B [Refer Fig. 6.9 (b)],
Yx =0
Fgsin 6+ 8 = Ny cos 6 (6.29)
Yy =0
Fgcos 6+ Ngsin =W, (6.30)
Fg= 1N (6.31)
Wy
A
) S U
Ny
(a) (b)
Figure 6.9
From Egs (6.28), (6.29) and (6.31),
UpgNgsin 6 + u,W, = Ny cos 0
W,
= 32
B cos6—pysin@ (6:32)
Further from Eqs (6.30) and (6.31),
w,
Ny 4 (6.33)

- Uy cos 0 +sin O
Comparing Egs (6.32) and (6.33),
uW, W

cos 0 — U, sin @ B Uy cos 6 +5sin 6
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w, 1 | cos @ —tan@, sin 6 1
" a2 - —
o W,

W, | sin B +tan@, cos 6 N Uy
WA=COt(9+(PB)WB
tan @,

Example 6.4 A ladder 4B =7 metre long of negligible weight is supported
at A by a smooth vertical wall and a rough horizontal plane at B. A person
weighing 60 kg is standing on the ladder at a distance 3 metre from the bottom
along its length as shown in Fig. 6.10. If the co-efficient of friction between
the floor and the ladder is 0.3, what is the angle (6) the ladder should make
with the horizontal to prevent slipping?

Solution Let the weight of the person be W and it acts vertically downward
through point C. Let 4B = [ = 7 metre and BC = x = 3 metre.

Since the wall is smooth, i.e., frictionless, the reaction R, would be
perpendicular to the wall. However, in presence of friction, the resultant of
normal force and friction force from floor will make an angle (¢) with the
vertical such that tan ¢ = .

Considering the free body of the ladder, the equilibrium condition leads to

Yx=0

R = Fp (6.34)
Yy =0
Ng=W (6.35)
2 My =0
R, x1[sin 8= W X x cos 8 (6.36)
Further under limiting condition,
Fyp = UNy (6.37)
Combining Eqgs (6.34), (6.35), (6.36) and (6.37), we have
Wx cos 6

:umemymmezAmmm%
u

3
For/=7m,x=3mand p=03, 0=4drctan 3 - =55°

[sin O

[Note: Refer to the Fig. 6.10 (a), Ry is the resultant of N, and Fj]

Example 6.5 A ladder AB of length / carries a person of weight /¥ and is
supported by a vertical wall at 4 and a horizontal floor at B and makes an angle
0 with the horizontal as shown in Fig. 6.11. If the co-efficient of friction between
all the mating surfaces is y, what is the location of the person along the length of
the ladder as defined by the position x, for which there would not be any slippage?
Solution
1st Method: Let the weight of the person be W and let it act vertically
downward. However, exact location of the person and hence the point of
application of W cannot be ascertained at the very beginning.

cos O —tan @, sin O
sin 0 + tan @, cos 6

A
[ ]
o
B
Figure 6.10
Ra
A
Rg
Cc
Ng
P
Wy 0
B
Fg
Figure 6.10 (a)
A
°
Cc
B
Figure 6.11

Since both the wall and the floor offer friction, the resultant of normal force (V) and friction force (F') from
the wall as well as from that of floor will make an angle (¢) with the horizontal and vertical respectively as

evident from Fig. 6.11 (a), such that tan ¢ = p.
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Thus R, is the resultant of N, and F; and Ry is the resultant of N and F; respectively.

These two resultants meet at point D. Since the ladder is in equilibrium under the action of R,, R and W,
they must have a common point of intersection, which is D.

Thus point C on the ladder is the unique point through which the weight of the person should act vertically
downwards. So it is BC = x, the location of the person along the ladder from the floor end, that governs the
equilibrium of the system.

From the AABD, ZBAD = 6 + ¢ and ZABD = 90° — (6 + ¢)

ZBDA = 180° — (LBAD + ZABD) = 90°

Further AB =l and BC = x
AD
90° — (0 +
sin {90° ~ (6. g)} =
AD =1 cos (0 + ¢)
A fi AADE, AE
gain from cos p=—
AE =1 cos (0 + @).cos ¢
From the AAEC, cos 0 = A—E
AD
AC = [ cos (0 + @).cos @.sec 0 Figure 6.11 (a)

BC=x=A4AB — AC = I[1 — cos (6 + @) cos @.sec 0]
2nd Method: Considering the equilibrium of the ladder,

Yx=0

Ny =Fp = UNy (6.38)
Yr=o0
Ng=W—F,=W— UN, (6.39)
XMy =0
Wxxcos 8= Ny xIsin 8+ uN, x cos 8= N, I[sin 8 + u cos 0] (6.40)
Comparing Eqs (6.38) and (6.39),
_
4 e

Replacing N, in Eq. (6.40),

W X x cos 8= qu
1+u

[[sin 6 + u cos 6]

x cos O(1 + p2) = I[u sin 6 + u? cos 6]
x cos 6 (1 + tan? @) = [[tan @ sin 6 + tan? @ cos 6]

. )
x cos 8 x 12 —l{sm(psin9+—smz¢cose}
cos” @ cos @ cos” @

_ sin @ sin @ cos ¢ +sin” @ cos O
cos’ @
x cos 8= 1sin ¢[cos ¢ sin O + sin ¢ cos 6] = sin @ sin (0 + @)

Note: This expression looks different from the expression of x obtained by 1st method. But, little bit of
trigonometry will help achieve the same expression.
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x cos @=1sin ¢ sin (6 + @)
Since  cos ¢ cos (6 + ¢) + sin @ sin (6 + @) = cos {¢ — (0 + @)} = cos O
sin ¢ sin (6 + @) = cos 6 — cos ¢ cos (6 + @)
Thus ] X cos 6 =1sin ¢ sin (6 + @) = I[cos 6 — cos ¢ cos (0 + )]

X = op Leos 0~ cos gcos (0+ @)] = [l = cos (0 + ¢) cos ¢ sec O]

Note: From the expression of x, it is evident when ¢ = 0, i.e., in the absence of friction, x becomes zero.
This implies without friction it is not possible to climb the ladder. Thus presence of friction is desirable in
an attempt to climb the ladder.

Example 6.6 Determine the range of values of the weight of
block B for which the system as shown in Fig. 6.12 would be on

the verge of impending motion.
Solution Let the weight of the blocks 4 and B are W, and W,
respectively.
As regards to the impending motion of the system, two different
situations may arise.
(1) When the block B slides up along the inclined plane If the
weight of the block is less than certain minimum value (Wp),..., W5
will slide up along the plane, under the action of W,. Figure 6.12
Since both the blocks are tied by the string, both will experience
common tension 7, as evident from the free body diagram.
From the free body diagram of the block B, equilibrium condition leads to

Yx=0

Wgsin 0+ Fp=T=W, (6.41)
Yy=0
Ng = Wy cos 0 (6.42)
From the condition of impending motion of block B, we have
Fg= uNg (6.43)
Combination of Eqs (6.41), (6.42) and (6.43) yields
— WA

B sin@+p, cos O sl
(2) When the block B slides down along the inclined plane If the weight of the block B is greater than
certain maximum value (Wp),.., it will slide down along the plane. This will cause block A to move up.
Since the block B changes its direction as compared to the earlier case, the friction force will also change
its direction.
Proceeding as before, from the free body diagram of the block B, equilibrium condition leads to

Yx=0

Wgsin 0=Fp+T=Fp+ W, (6.44)
Sr-o
Ny = Wy cos 6 (6.45)

Fy= N, (6.46)
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T=W,
W,sin 6

Wgcos 6 Fg
B
(a)

Figure 6.12

Combination of Eqs (6.44), (6.45) and (6.46) yields
W,

W5 = sin6 - ,cosb = (W B)max

6.13

Example 6.7 Block A4 of mass 25 kg rests on another block B of mass 35 kg. The two blocks together
are placed on an inclined plane that makes an angle 30° with the horizontal as shown in Fig. 6.13. Block 4
is tied by a horizontal rope that is connected to the vertical wall at C. What should be the magnitude of P
applied on block B parallel to the inclined plane so that motion impends? Assume the co-efficient of friction

for all the contiguous surfaces to be 0.3.
Solution Since two blocks are placed one over the other,
as per Newton’s third law, there would be mutual normal
reactions.
Further, the lower block B being placed over the inclined
plane, it will also experience normal reaction from the plane.
As regard to friction forces, the lower block B having
two contact surfaces (the lower one with the inclined plane
and the top one with that of block 4), will be subjected to P
two different friction forces that oppose the motion.

30°

Free body diagram of the block A4 is presented in
Fig. 6.13 (a).
YXx=0

Tcos 0= W, sin 6+ F,= W, sin 8 + uN,

Yr=o0

Tsin 6= N, — W, cos 0
sin@ N, —W, cos0

Dividing Eqs (6.48) by (6.47) yields = =
g Bas (648) by (647) y cos® W,sin@+uN,

Rearranging above expression leads to
W,
cos@ — usin@

For block B [Refer Fig. 6.13 (b)],

Yx=0

N, =

Figure 6.13

(6.47)

(6.48)

(6.49)
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NA
Ng Fa
Tcos 6
0
»T Fs
m,g sin 0
0 W sin 6 + P
FA
m,g cos 6+Tsin 6 W. cos 0+ N
B A
\4 Wg
mag
(a) (b)
Figure 6.13
P+ Wysin 0=F, + Fy = u(N, + Np) (6.50)
Yy=0
Wy cos 6+ N, = Ng (6.51)

Combining Egs (6.50) and (6.51),
P=u[N,+ Ny + Wy cos 8] — Wy sin 6
= 2UN,— Wpy[sin 8 — pt cos 0]
o a
[cos 8 — i sin 0]
Putting the values of u = 0.3, W, =25 x 9.81 N, W; =40 x 9.81 N and 8 = 30°

P=2x03x 25X9'81, — 40 x 9.81[sin 30 — 0.3 x cos 30] N
[cos 30 — 0.3 x sin 30]

— Wpglsin 6 — u cos 0]

= 11126 N

Example 6.8 A 50 kg crate is placed on an inclined plane that makes an angle 15° with the horizontal as
shown in Fig. 6.14. Assuming the co-efficient of static friction (i) and kinetic friction (1) between the crate
and the block are 0.23 and 0.17 respectively, determine the magnitude and direction of friction force offered
by the surface on the crate for (a) P =0, (b) P = 195 N, (c) P = 260 N (d) What is the optimum value of P
for which the motion of the crate up along the plane is impending?

Psin 8 P

mg sin o
mg cos a
Y
W =mg
(a)

Figure 6.14 (a) Block is sliding down, (b) Block is moving up
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Solution
(a) When P = 0.
Since the crate is placed on an inclined plane freely, it is worthwhile to investigate whether it will slide down
along the inclined plane due to its self weight in the absence of any external force, i.e., when P = 0.
Under this circumstance, the condition for stable equilibrium implies
Angle of inclination of the plane (¢t) < Friction Angle (¢,)
Given u, = 0.23 = tan ¢; ¢, = Arc tan (0.23) = 13°
But o = 15°, which is greater than ¢,. Hence, the crate will slide down when P = 0.
So, the force balance along the plane considering static equilibrium will not hold true.
But force balance normal to the inclined plane yields N = mg cos o [Refer Fig. 6.11 (a)].
Since the crate is under motion, the friction offered by the inclined plane is kinetic friction.
. Friction force = F, = u, N = p,.mg cos ot = 0.17 x 50 x 9.81 cos 15 N = 80.53 N
Since the crate will slide down, the friction force will act upward along the plane.
(b) When P = 195 N.
P is resolved into two mutually perpendicular components — one along the plane with a magnitude of P cos [ and the
other, perpendicular to the plane of magnitude P sin § as evident from the free body diagram [Refer Fig. 6.11 (b)].
As before, mg sin o would also act along the plane. Since P cos § and mg sin o are directed opposite, it
is imperative to calculate numerical values to establish the direction of friction force.
From the given data, P cos 8= 195 cos 20 N = 183.25 N and mg sin o= 50 x 9.81 X sin 15 N = 126.95 N.
Thus P cos B > mg sin «; this implies that the crate has a tendency to go up.
Friction force would therefore act downwards along the plane.
Considering the static equilibrium, the force balance of the crate along the plane gives
Pcos B=mgsin o+ F = F=P cos f— mgsin a=183.25 — 126.95 N = 56.3 N.

Note: It would be a blunder to apply F, = u N since the block is not under the condition of impending motion.

(d) Condition of impending motion.
The condition of impending motion leads to
F,=uN (6.52)
Let the P assumes an optimum value P = P, under this condition.
Considering the static equilibrium of the crate,

YXx=0

P cos B=mg sin a + F, (6.53)
YY=0
N + P sin B = mg cos o (6.54)

Combining Egs (6.52), (6.53) and (6.54), we have
P cos 3= mg sin o + pu[mg cos o — P sin f3]

mglsino+ u coso]  mgsina+tan @ cosor]  mgsin (@ + @)

ot [cos B+ u, sin B3] [cos B + tan ¢, sin 3] cos (B —o,)
For o = 15°, @, = 13°, B = 20°, p, , = 20XI8ISINASHI3) 537
cos(20—-13)

Thus P should have a value of 232 N to cause motion to impend.

(c) When P = 260 N.

Since P =260 N > P, (232 N), the crate will slide up. Hence the crate is under kinetic friction and it will

act downwards along the plane.
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So, the force balance along the plane considering static equilibrium is no longer valid. However, force
balance normal to the inclined plane yields N + p sin = mg cos & = N = mg cos o — P sin 8

Friction force = F, = u,N = w,.[mg cos o — P sin fj
=0.17 x [50 x 9.81 x cos 15 — 260 x sin 20] N = 65.43 N

Example 6.9 A block ABCD having height # and base width b rests on an inclined plane that makes an
angle 6 with the horizontal and subjected to a force P applied at the top and parallel to the plane as shown in

Fig. 6.15. Assuming the co-efficient of static friction (i) determine the maximum % ratio for which the block

will slide along the plane without tipping.
Solution The free body diagram of the block is shown in Fig. 6.15 (a).

b b
\/\ C P \A/V\ P
D
K
0
S
h Wsin 0 W
B
Ao e
Figure 6.15 Figure 6.15 (a)

When tipping occurs, the contact between the block and the inclined plane will be only at the lower left edge.

Thus under optimum condition, there are two forces that are held responsible for its equilibrium. These are
P and W. P will try to produce a counter-clockwise moment with respect to A so that it can tip. On the other
hand, W that acts at the CG of the block will produce a clockwise moment with respect to 4 so as to prevent
tipping.

Under equilibrium, these two moments must be equal. Further, since the contact between the block and the
plane is only at 4, the normal reaction N and frictional force F' necessarily will act at 4.

Thus using the conditions of equilibrium,

Yx=0

P+ Wsin 0=F, = uN (6.55)
Yy =0
N= W cos 6 (6.56)
ZMB =0
. h b
P><h+Ws1n9><E:Wcos9><E (6.57)

Combining Egs (6.55) and (6.56), we have
P = W[u, cos 6 — sin 0] (6.58)
Now eliminating P from Eqs (6.57) and (6.58), we have

Whl, cos 8 — sin 8] + W sin 0%2 W cos 9%

h{us cos@—sin0+¥}— cos 9%

h[2u, cos 8 — sin 8] = b cos 8
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h cosf _ 1
b 2ugcos@—sin® 2ug —tanf
. p—
enee b | ax - 2Uug —tan@

Example 6.10 A wedge block 4 weighing 1000 N is to be raised by another block B weighing 600 N as
shown in Fig. 6.16. The angle of wedge for both the block is set at 20°. Determine the minimum horizontal
force P to be applied horizontally to the block B so as to enable the block A4 to rise. Assume the co-efficient
of static friction (i) for all the surfaces in contact to be 0.25.

Solution

1st Method: Free body diagram of both the blocks are portrayed in the 6.16 (a).

Under the action of force P, the lower block B will be pushed towards left. Since there is a common taper
provided on both the blocks along their surfaces of contact, 4 will be raised. Thus the block B will experience two
different friction forces — one between the block and the floor and other along the contact surface with the block A.

Similarly, block 4 will experience two different friction forces — one between the block and the wall and
the other along the contact surface with the block B.

Note that the friction force along their mutual contact surfaces will be equal but their direction will be just
opposite to each other.

Further, both the blocks will be subjected to normal reactions that arise from the supports, i.e., the floor,
wall and their common surface of contact.

Ny
Q
RW
FW
20°
Fas Fe
Free Body of Block A Free Body of Block B
Figure 6.16 Figure 6.16 (a)

The details of force that are acting on individual block are shown in free body diagrams.
Frictional forces for all the contiguous surfaces are listed first.
Introducing suffix W for wall; F for floor and 4B for common contact surface, i.e., F, = U-N,;
and Fyp = p-Nyp
Considering the equilibrium of upper block 4,
ZX =0;
N,, — F, cos 20° — N, sin 20° = 0
N,, — U-N,p cos 20° — N, sin 20° =0 (6.59)

Fr = wNg
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This yields
N,, = 0.5771.N (6.60)
Yy =0
N, cos 20° — UN,p sin 20° — uN,, — 1000 = 0
0.8545N,; — 0.25N,, = W, = 1000 (6.61)
Solving Eqgs (6.60) and (6.61), N,; = 1407.95 N and N, = 8124 N
Now considering the equilibrium of lower block B
Yx =0
UNp + UN g cos 20° + N, sin 20° = P
025N, =P — 8124 (6.62)
Yy =0
Ny + UN g sin 20° = N, cos 20° + 600
Substituting for N,
Np = 600 + 1407.95 cos 20° — 0.25 x 1407.95 sin 20° = 1802.6 N
P=0.25x1802.6 + 812.4 N = 1263.04 N. [From Eq. (6.62)]
Thus the value of P should be at least 1263.04 N so that block 4 can be raised.

2nd Method: This is a graphical method based on Polygon of forces. Consider the forces acting on block 4
followed B. Once N,, is calculated, we can proceed to construct vector diagram.

Ry=INZ +F} = 1+ 1% -N,, = [1+(0.25)° x811.4N =837.4 N

Refer to Fig. 6.16 (b). Select a suitable scale to represent R, by OL. While doing 10 oL
so, consider a point O from which draw a line OL with an inclination ¢ with the L
horizontal. Thus OL is a vector to represent the magnitude and direction of Ry,

From point L, draw a vertical line LM equal to the magnitude of W, = 1000 N.
Now LM represents 1000 N. ¢ 0+ 20°

Since the block A is in equilibrium under the action of three forces namely W,
Ry, and R, they must form a closed triangle. Thus MO represents R .

Since R is common to both the blocks, it will act on block B but its direction IvG M
will be reversed. Thus OM represents R as regard to the block B. From M, draw
a vertical line MN to represent 600 N — the weight of the block B.

From N, we draw a horizontal line NT following the sense of P. Further from O,
a line OT is drawn so that it makes an angle ¢ with the vertical. N7 and OT intersect T /‘ T N

at T. Thus NT and TO represent the vectors correspond to P and R respectively.

Thus OLMNTO is the polygon (closed) of forces. Figure 6.16 (b)
Measure the length of N7 and multiply it by the scale factor to express its

magnitude in Newton.

3rd Method: This is an analytical method based on Trigonometry. Based on Fig. 6.16 (b),
from AOL’L, OL" = OL cos ¢ = Ry, cos ¢ = T'N and LL" = Ry, sin ¢

OM' =L'M=LL + LM = Ry, sin ¢ + 1000
Further, MN = 600 = M'T’
OT' = OM' + M'T" = Ry, sin ¢ + 1000 + 600 = R, sin ¢ + 1600

’

From AOTT, tan ¢ = or TT" = OT’ tan ¢

or’
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" P=NT=NI"+TT=Rycos ¢+ (R sin ¢ + 1600) tan ¢ = 837.4 cos 14 + (837.4 sin 14 + 1600) x 0.25
P =1263.1 N
Thus the value of P should be at least 1263.1 N.

Note: Readers are advised to follow any techniques. Nevertheless, 2nd method (graphical) is less time
consuming and easier. However, its accuracy depends on the scale factor and the human errors associated
while drawing vector diagram.

W,

Example 6.11 Two blocks having weights W, =

W, =20 N are attached by a short string and rest on an W,
inclined plane as shown in Fig. 6.17. If the co-efficient
of friction for the blocks are u; = 0.2 and pu, = 0.3
respectively, find the angle of inclination of the plane
for which motion impends.

Solution From the free body diagrams of block 1
[Fig. 6.17 (a)] and considering equilibrium of block 1
when motion impends, Figure 6.17

Yx =0

W, sin a=T+F, =T+ uN, (6.63)

Yy =0

3

Figure 6.17 (a)

W, cos a = N, (6.64)
From Eqgs (6.63) and (6.64),
W,sinoo=T+ u,W, cos ¢ (6.65)
Similar equilibrium condition of block 2 leads to
Yx =0
W,sin oo+ T=F, = lu,N, (6.66)

Yy =0

W, cos a = N, (6.67)
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From Egs (6.66) and (6.67),

W,sin o= ,N, — T'=u,W,cos o« — T
Comparing Egs (6.65) and (6.68),

W, sin oo — W, cos ot = W, cos o« — W, sin o
Since W, = W,, simplification of above relationship yields
+u, 02+0.3
2 2

o = tan"! (0.25) = 14.04°

tan o0 = =0.25

Example 6.12 Two blocks having weights W, =W,=10 N

are attached by a flexible string and rest on a horizontal and
an inclined plane respectively as shown in Fig. 6.18. The
string passes over a frictionless pulley. If the co-efficient
of friction for both the blocks is u, prove that the angle of
inclination of the plane should be at least twice the angle
of friction so as to have impending motion of the system.

Solution From the free body diagram of block 1 that rests
on inclined plane (Fig. 6.18) and considering equilibrium of
block 1 when motion impends, we have
Yx =0
W,sin =T+ F, =T+ uN,
Yy=0
W, cos 6 =N,
From eqs (6.69) and (6.70),
W, sin 0= T + uW, cos 6

From the free body diagram of block 2 that rests on horizontal plane (Fig. 6.8 (b)), we obtain

Yx=0

T'=F, = uN,
Yy =0
W,=N,
Thus T=uw,

Eliminating 7 = uW, from Eqs (6.71) and (6.74),
W,sin 8 — uW, cos 6= uw,

Figure 6.18

Wo

Figure 6.18 (a)

1Ny

(6.68)

(6.69)

(6.70)

(6.71)

(6.72)

(6.73)
(6.74)
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Since W, = W,; sin 8 — t1 cos 6= U
sin 8= (1 + cos O)u
2 sin 9 cos 9_ 2 cos? gu
2 2 2

tan Q = U =tan @
2
0=2¢

Thus inclination of plane (6) should be twice of angle of friction (¢).

Example 6.13 A short right circular cylinder of weight W rests on a ‘V” block having included angle 2«
as shown in Fig. 6.19. If the co-efficient of friction for the cylinder and the ‘}” block is u, find the minimum
value of applied horizontal pull force P so that motion of the cylinder impends.

W w
a o
‘- S
N
7 2 w N
Figure 6.19 Figure 6.19 (a)

Solution From the front view of the block, Z Y =0 gives

2N sin a= W
W
2sin o
From the side view of the block, considering the equilibrium, we get

w uw

2sinx  sino

P=2F=2XUuN =2u X

Example 6.14 A right circular cylinder of mass m = 10 kg rests on a ‘F” block having included angle 90°.
The ‘P block is now inclined by 30° with the horizontal as shown in Fig. 6.20. If the co-efficient of friction
between the cylinder and the ¢}V block is ¢ = 0.5, determine (a) the friction force F acting on each sides of
the cylinder before the application of force P and (b) the magnitude of P so that cylinder is on the verge of
sliding up the plane.

Horiz

Figure 6.20 Figure 6.20 (a)
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Solution
(a) Since before application of force P, the cylinder is not under the condition of impending motion; the
rules of limiting friction i.e. /= uN can not be applied. Under this condition the F to be calculated
by using the condition of static equilibrium only.
From the free body of the cylinder and considering direction along the plane as x axis;

Sx =0

2F = mg sin 0
1
F=%mg sin 0=5>< 10 x 9.81 x sin 30 = 24.525 N

(b) When the P is applied so that the cylinder is about to move up along the plane; condition of limiting
friction will hold true.
From the front view of the cylinder;
2 Nsin o= W=mg
mg

N=— (6.75)
2sin o

Now from the side view of the cylinder; force balance along the plane yields
2F" + mg sin 6= P (6.76)
where F’ is the friction force when P is applied
The interesting fact about this problem is that N computed above is not that so as to have F’ = UN.
The normal reactions perpendicular to the direction of motion R, to be considered so that F' = UR, [refer
Fig. 6.20 (a)]
: 2UR, + mg sin 6= P (6.77)
But Ry = N cos 0 (6.78)
Comparing Egs (6.77) and (6.78)

mg
2UX 5.~ Xcos 8+ mgsin =P

2sin o
mg{y X C_OS 0 + sin 9} =P
sin 0
P=10x 981 0.5x 3 +sin30} N =109.12 N
sin
Thus the minimum value of P should be 109.12 N to enable the P

cylinder to move up along the incline.

Example 6.15 A wedge ‘4’ having weight 50 N is to be driven
between an inclined support and a block ‘B’ of weight 1500 N as shown
in Fig. 6.21. Determine the magnitude of the vertically applied force P
on the wedge so as to initiate movement of the blocks. Assume that the
co-efficient of friction between all the contiguous surfaces to be (= 0.3.
Solution The following suffices are introduced as given below
W for wall; F for floor and AB for common contact surface.

Therefore F\,= u-N,; Fp = Ny and F;z= N,

Considering the equilibrium of the block ‘B’,

Figure 6.21
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Yx =0

0.3N5 cos 75 + 0.3N, — N,y sin 75 =0 (6.79)
Yy =0
Nj — 1500 = 0.3N,5 sin 75 = N5 cos 75 = 0 (6.80)
1500 N P+ 50
l NAB
/ 186.4 N
B 03N
75° \ AB

—— 621 h
0.3 N /

Ne
Figure 6.21 (a) Figure 6.21 (b)

Solving Egs (6.79) and (6.80),
Ny=06214 N
Fug=UN,z =03 x 6214 N = 1864 N
Now considering free body of the block ‘4’ and having
Yy =0
P + 50 =2(621.4 cos 75 + 186.4 sin 75)

P=632N
Thus the magnitude of P should be 632 N.

Example 6.16 A block of weight W, = 400 N rests on the horizontal surface and supports on top of it, another
block of weight W, = 100 N. The block W, is attached to a vertical wall by the inclined string 4B. Find the
magnitude of the horizontal force P applied to the lower block as shown in Fig. 6.22, which will be necessary to
cause slipping to impend. Take coefficient of static friction for all contiguous surfaces is u = 0.3.

Figure 6.22
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Solution From the geometry of the figure, one can write

tan 9=3
4

The free body diagram of the two blocks is shown in Fig. 6.22(a). For limiting equilibrium, one can write

Fy = R, and F| = uR|

R;
Fi <l
Wi \4 i
Fy <4
Ry
Block 1

Figure 6.22(a)

From the consideration of equilibrium of block 1, we obtain

2E =0

or P=F +F
MF,=0
or Ry =W, + R

Substituting F, = i;R, and F{ = uR] into Eq. (6.82), we get

By  H
u u

From the consideration of equilibrium of block 2, we get

NFE =0

or F =Tcos 0
FI
or T=—1
cos 0

>YF,=0

or R+ Tsin 60 =W,
Substituting the value of T from Eq. (6.84) into Eq. (6.85), we obtain
Ll + A x sin 6 = W,
U cos
1
or F = UEN— U YPTIN

1 3
—+tan@ —+—
u 03 4

From Eq. (6.83), we have

F; =03 x400 + 2449 = 14449 N

R;
Block 2

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)
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From Eq. (6.81), we obtain
P=F + F =14449 + 2449 = 168.98 N

Example 6.17 Two rollers — one large and another small having diameters D and d respectively are placed
side by side on a rough floor as shown in Fig. 1. The larger roller is pulled horizontally by a force P. Assuming
the coefficient of friction, i is same for all the contiguous surfaces, determine the necessary condition for which
the larger roller can be pulled over the smaller one.

Figure 6.23 Figure 6.23(a)

Solution The forces acting on the larger roller is shown in Fig. 6.23(a). Considering equilibrium when the
motion impends, we obtain
Yx=0

or P+ F cos 6= N sin 6

or P+ uUN cos 8= N sin 6

or N:# (6.86)
sin @ — ycos 6

Further, taking moment about C;, we get

M, =
or P x b =Fx b
2 2
or P=F=uN
or N = L (6.87)
u

Comparing Egs. (6.86) and (6.87), we have

U =sin 6 — u cos O:MZﬂ

14 cos @

or _ sinf (6.88)

H e T cos 6 '

From the geometry of the figure [6.23(a)], one can write

cos O = D-d
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2 ~
sin O = 1—(D_d) =2 Dbd

D+d D+d

Substituting the values of cos 6 and sin 8 into Eq. (6.23), we obtain

2\ Dd
__ /D+d _|d
H D—d D

1+

D+d
. . . d
The necessary condition for which the larger roller can be pulled over the smaller one is y > \/;
Example 6.18 A smooth circular cylinder of weight W and radius 7 is placed above two smooth semicircular

cylinders each of radius » and weight /2 as shown in the Fig. 6.24. Find the maximum value of distance & for
which motion will impend. Consider u = 0.5 between the semicircular cylinders and the horizontal plane.

B0
< b >
Y Y
wi2 wi2
Figure 6.24

Solution The free body diagram of the upper cylinder is shown in Fig. 6.24(a). From the consideration of
equilibrium of the upper cylinder and symmetrical configuration, one can write

/4

R, = = — 6.89
b E 2sing ( )
Rp
Figure 6.24(a) Figure 6.24(b)

The free body diagram of the lower left semicircular cylinder is shown in Fig. 6.24(b). Considering the
equilibrium of the cylinder, we get
YXx=0

or Fg = UNg =R}, cos 0 (6.90)
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Yy =0
w .
or Ny = > + R, sin 8 (6.91)
Substituting the value of R, from Egs. (6.89) into Eq. (6.91), we obtain

Ny = K+,Lsin o=w
2 2sin@

Substituting ¢ = 0.5 and Ny = W into Egs. (6.90) and (6.91), one can write

w
R}, cos 9=/,LNB=?

=W-—

and R, sin9:NBf% %

(RRS

From the above two equations, we have
tan =1

From the geometry of the figure (Fig. 6.24), one can write

B0

tan 0 =
b
2
2
(2w2—(9)

or 1=44?4£7

%
or b =2J2r

Example 6.19 Two ends of a heavy prismatic bar AB are supported by a circular ring in a vertical plane, as
shown in Fig. 6.25. The length of the bar is such that it subtends an angle 90 degree in the ring. If the angle of
friction at 4 and B are each ¢, what is the greatest angle of inclination that the bar can make with the horizontal
in a condition of equilibrium?

Figure 6.25
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Solution The bar 4B is under equilibrium under the actions of three forces W, R, and R,. Therefore, these three
forces meet at common point D.

Let the length of the bar AB = I. C being the mid-point of 4B, AC = /2.

It is given that LZ4OB = 90° and OA = OB, therefore from A4AOB, we get LOAB = LOBA = 45°

From ADAB, one can write, ZDAB = 45° + ¢ and £ZDBA = 45° — ¢.

ZADB = 180 — (45° + ¢ + 45° — ¢) = 90°

From AAEC, AE = écos 0
From ADAE, ZDAE = 45° - 0+ ¢
cos (45° — 0 + ¢)=j—g=%
or AD = _ 206 (6.92)

cos (45°—0+¢)
Again from ADAB, we obtain

AD  AD
cos (450+¢)=E=7
or AD =1 cos (45° + @) (6.93)
Comparing Egs. (6.92) and (6.93), one can write
1/2cos 0

m = [ cos (45° + ¢)

or 2 cos (45° — 0 + ¢) cos (45° + ¢) = cos O
Simplifying the above expression, we obtain
cos {90 — (0-2¢)} =0 =sin (0—2¢)=sin 0 = 0=2¢
or sin (0 — 2¢) = sin 0
or 0=2¢

MULTIPLE-CHOICE QUESTIONS

6.1 If ¢ is the angle of friction, then the co-efficient of friction (u) is

(a) cos ¢ (b) sin @ (c) tan ¢ (d) sec ¢
6.2 The maximum frictional force that acts when a body is about to slide over a surface

(a) sliding friction (b) rolling friction (c) kinetic friction (d) limiting friction
6.3 Under static condition when motion is not impending, the friction force F is the

(a) F<uN (b) F=uN (c) F>uN (d) unpredictable
6.4 The coefficient of friction depends on

(a) strength of surface (b) nature of surface

(c) contact area of surface (d) none of the above

6.5 Strike the incorrect statement.

(a) The magnitude of the limiting friction bears a constant ratio to the normal reaction between the
two surfaces.
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6.7

6.8

6.9

6.10
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(b) The frictional force depends on the degree of roughness of the surface.

(c) The frictional force depends on the surface area of contact.

(d) The frictional force acts in a direction opposite to the impending motion of the body.

One of the laws of kinetic friction is

(a) the frictional force is independent of the normal reaction.

(b) the frictional force is always opposite to the direction of motion.

(c) the frictional force is constant for moderate speeds.

(d) kinetic friction is always less than the static friction.

The optimum inclination angle of a surface with the horizontal when a body placed on it is on the
verge of sliding down in absence of any external force is called

(a) the angle of equilibrium (b) the angle of repose

(c) the angle of sliding (d) the angle of friction.

A block of 70 N is placed on a horizontal plane. A pull force of P is applied at an angle 6 with the
horizontal. The magnitude of P will be minimum when

@ 6<¢ (b) 6= © 6> ¢ () 6=0

A block of 40 N is placed on a horizontal plane having p = 0.4. A pull force of P is applied at an
angle 6 with the horizontal. The minimum value of P will be

(a) 10.86 N (b) 1237 N (c) 1485 N (d) 20N

A body of weight W is kept on a rough inclined plane having an angle 6 with the horizontal. The
minimum force P required to be applied parallel to the plane to slide the body up is

(a) W sin (6 — @) (b) w s1n. 0+09) ©) w co§ 0+0) (d) W sin (6 + @)
cos @ sin @ sin @ cos @
6.11 For a particular surface,
(@) u, <y (b) u, =1y (©) u, >y (d) none of the above
SHORT ANSWER TYPE QUESTIONS
6.1 What is friction? Where does it come from? Is it desirable or not?

6.2
6.3
6.4
6.5
6.6

6.7
6.8
6.9
6.10
6.11

6.12

Explain the physics behind friction.

Classify friction and explain its concept.

Give some application examples where friction is desirable.

Plot friction versus applied force and explain its nature.

What is meant be angle of friction and coefficient of friction? What are the parameters that influence
its value?

Write the laws of friction.

What is meant by angle of repose? What should be its value for a particular surface?

Explain cone of friction.

What is meant by limiting value of static friction?

“Force required to maintain motion of a body is lesser than that to initiate movement” — Justify the
statement with reasons.

Derive an expression for the force P that is required to slide a body of weight W up along an inclined
plane when P is applied horizontally. Assume inclination of the plane with the horizontal is 8 and angle
of friction is ¢.
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NUMERICAL PROBLEMS

6.1

6.2

6.3

6.4

6.5

6.6

An inclined force P is applied to a block resting on a rough floor as shown in the Fig. 6.26. The
inclination of the force is 0 with the horizontal. For P to be least, prove that 6 = ¢, where ¢ is the

angle of friction between the block and the floor.
‘//’//;/I//////VP

0

|

w
Figure 6.26

A uniform ladder weighting 28 N rests against a smooth vertical wall with its lower end 5 cm from the
wall. The friction co-efficient between the ladder and the floor is 0.32. The inclination of the ladder is
25° with the vertical. Show that the ladder remains in equilibrium in this position.

A body of certain weight is placed on an inclined plane that is inclined

at angle 6 with the horizontal. Prove that when 6 = ¢, the angle of

friction, the sliding of the body down the plane impends. 1500 N

A block weighing 900 N is held on an inclined plane by a horizontal

force of 1500 N as shown in Fig. 6.27 is the block in equilibrium?

The co-efficient of static friction is 0.3. 30°

A block of weight 800 N is held on an inclined plane by a force P ¢
applied to it at angle of 40° with the plane as shown in Fig. 6.28. 900 N
The angle of friction between the plane and the body is 15°. Find Figure 6.27

the minimum value of P when the motion of the block is impeding

(a) up the plane. (b) down the plane.

A 100 kg block is on an inclined plane of 30° as shown in Fig. 6.29. The coefficient of static friction
between the block and the plane is 0.4. Determine the range of m for which the system will be in

equilibrium.
%
50 kg

i "

800 N 30°

1500 N

Figure 6.28 Figure 6.29
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Figure 6.30 shows a braking system to stop the rotation of drum. If a moment M is applied on the
drum, find out the force P to keep the drum in equilibrium.

An equivalent uniform triangular lamina ABC rests vertically with the corner 4 on a rough horizontal
floor and the corner B against a smooth vertical wall as shown in Fig. 6.31. Show that the least inclination

6 of the side AB with the horizontal is given by cot 8 = % + 2u, where u is the coefficient of friction
at the floor.

o
Y

<«
O

AT

Je ]

R
u
A

Figure 6.30 Figure 6.31

A solid right circular cone of height 4 and base radius r rests on an inclined plane that makes an
angle 6 with the horizontal and subjected to a force P applied at the top and parallel to the plane as

shown in Fig. 6.32. Assuming the coefficient of static friction (), determine the maximum h ratio
for which the cone will slide along the plane without tipping. r

6.10 A wedge block weighing 500 N is to be lifted along the wall by applying a force P horizontally to

another small wedge as shown in Fig. 6.33. The coefficient of friction between all surfaces of contact
is 0.35. Determine the magnitude of the force P required that can enable the wedge to move.

10°

P

2]
Figure 6.32 Figure 6.33

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

6.1 (c) 6.4 (b) 6.7 (b) 6.10 (d)
6.2 (d) 6.5 () 6.8 (b) 6.11 (c)
6.3 (a) 6.6 (d) 6.9 (c)
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ANSWERS TO NUMERICAL PROBLEMS

h 1
6.4 No. 6.6 7.68 kg < m <4232 kg 69 —=

7

3
2u, —Etane

6.5 (a) 625 N (b) 335 N 6.7 Ma 6.10 11335 N

UbR
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7

Moment of Inertia

7.1 INTRODUCTION

In chapter 5, we have discussed the procedures to calculate centroid and centre of gravity of regular geometrical
entities which either conform to basic geometrical primitives (those that can be defined mathematically) or
composition of more than one such primitives that are called composites. This computation is fundamentally
the identification of a point where the entire body force is assumed to be concentrated, i. e., the location of
the resultant of the distributed gravity force. A close look at the pertinent equations shows that these involve
a term which is the integration of the product of the infinitesimal small area and its distance from a reference

axis [y, x A = [y.dd orx, x 4 = [x.dd]

Although this expression is the simplified form that manifests presence of only the geometrical parameters,
original expression is based on the moment of the distributed gravity force with respect to an axis, following
Varignon’s Theorem. Nevertheless, there are ample occasions when the force is found to be a linear function
of aforesaid distance and hence moment equation of such forces generically can be computed by an expression
which is the integration of the product of the infinitesimal small area and square of its distance from a reference

axis. Mathematically, such expression is in the form Iyz.dA or sz.dA. This integral is called Moment of

Inertia of the plane figures with respect to an axis in its plane. In mechanics, there are plenty of situations
which are quite often encountered that involve above integrals and hence a detailed study of these integrations
is found to be useful to realise the merits of computations. Stresses in beams, deflection of beams, buckling
of columns, and torsion of shafts are few such areas, where the moment of inertia appears quite significantly.

It is, however, worth mentioning that apart from mathematical computations, moment of inertia hardly has
any physical interpretation whatsoever.

7.2 DEFINITION OF MOMENT OF INERTIA WITH RESPECT TO AN AXIS
IN ITS PLANE

Consider an area A in the x—y plane as shown in Fig. 7.1. Let d4 be any element of the area at a distance
(x, y) from the axes.

The moment of inertia of the area 4 with respect to the x axis [, = Iysz (7.1)

The moment of inertia of the area 4 with respect to the y axis I, = J‘xsz (7.2)
The moment of inertia of the area A4 is also called the second moment of the area.
The moment of inertia of an area = (Area) x (Distance)’ = (Length)*

Thus, in SI system, the moment of inertia has unit of m*,
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Figure 7.1

7.2.1 Polar Moment of Inertia

The moment of inertia of an area with respect to an axis perpendicular to the x—y plane (z axis) and passing
through a point “O” is called the polar moment of inertia and is denoted by J,.

J,= 1= [ (7.3)
From the above figure, x> + y? = /2
It therefore follows that J, = Jrsz = j(xz +32)dA =1+ 1,

Jy=1+ 1, (7.4)

7.2.2 Radius of Gyration

Consider an area 4 which has a moment of inertia /. with respect to x axis.

Let us imagine this area 4 to be concentrated into a thin strip parallel to the x axis. If this area 4 (concentrated
strip) is to have the same moment of inertia (/) with respect to the x axis, the strip should be placed at a
distance k, from the x axis, as given by the relation

L= kA
I)C
ke=q" (7.5)

k. is known as the radius of gyration of the area with respect to the x axis and has the unit of length.
Radius of gyration with respect to the y axis,

1

by == :
=\ (7.6)

Radius of gyration with respect to the polar axis,

J,

=\ (7.7)
"]() = [X + Iy

kid=klA + kl4
k= kg (7.8)
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7.3 PARALLEL AXIS THEOREM

Let x, y be the rectangular coordinate axes through any point O in the plane of the figure of area 4 as shown
in Fig. 7.2.

x,, . be the corresponding parallel axes through the centroid C of the area. The axes through the centroid of
an area are also called the centroidal axes.

The moment of inertia of the area 4 about the x axis is ‘y Y.

>

I = JyZdA, where dA is an element of area at a distance y
from x, axis.

Therefore, the distance of the element from x axis now
becomes y + d,, d, being the perpendicular distance between
axes x and x,.

L= [ +dyda=[G*+ 2vd, + d>)da

> X,
- [,2 204 = [+2
= [y2d4 + 24, [yaa + [d2da = [y?da + 24,0 +
> X
[d2aa = [y2da + [d2aa
The term J.ysz represents the moment of inertia of the
area A about the axis x, and the term j ysz represents the Figure 7.2
first moment of the area A about its own centroidal axis x,.
=1, + Ad} (7.9)
Similarly,
1,=1,+ Ad} (7.10)
L+ 1,=1,+1,+Ad;+d?
The polar moment of inertia now becomes
Jy=1, +1,=J, + Ad® (7.11)

Example 7.1 Determine the moment of inertia of a rectangle of base b and height # with respect to its
centroidal axes as shown in Fig. 7.3. Also find its moment of inertia about its base.

Solution The centroid of rectangular area is at C. Centroidal Ve
axes, X, — y,. is shown in Fig. 7.3. 4
Consider an element of thickness dy situated at a distance y n
from the x, axis. =
Area of the element d4 = bdy NA Y
Moment of inertia of the elemental area about x, axis is < A
dl. = y*bdy | o Y X
Moment of inertia of the rectangular cross-section about x. ¢ °
axis 1s =
Ll h Y X
3 3T © b
L= [dI, - J‘hyzbdy - bk} = < >
2 2 Figure 7.3
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Similarly, moment of inertia about y, axis is

L
re 12

Moment of inertia with respect to base
The time elemental area remains same. But since the axes are modified, the limits of integration will change.

Thus L= [ar, jy2bdy - 1{ 3]

The same result can be obtained by using parallel axis theorem.

h
o

o 3

2
h h
By definition; I, = I,. + 4 (2) , where 5 is the perpendicular distance of the centroid from the base.

b’ A
1= + bh = —
12 2

Example 7.2  Find the moment of inertia of a triangle of base » and height 4 with respect to its base.

y
A
""”idy h
~ b \ Iy
o Y » X
< b >

Figure 7.4

Solution Choose x axis to coincide with the base as shown in Fig. 7.4.
Consider an element of thickness dy at a distance y from the x axis.
Area of the element d4 = b’dy

’ h — h _
From similar triangles, we get % -2 orb = bTy

. b
Thus area of the elemental strip becomes d4 = b’.dy = Z(h - y)dy

h—
Moment of inertia of the elemental area about x axis is dI, = y*dA = y°b Ty dy

Moment of inertia of the triangular cross-section about x axis is

b 3 4 bh3
1= Jar, ,J b2y ffj (W - Y)dy = {hﬁ—y“} =
0
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Example 7.3  Determine the moments of inertia of a circular area of diameter D about the centroidal axes.
Also calculate its polar moment of inertia and radius of gyration.

%

Figure 7.5

Solution The centroid of circular area is its centre. Centroidal axes x—y are shown in Fig. 7.5.
Consider an element of thickness dr having an included angle d6 situated at a radius » and angle 6 from
the x axis.
Area of the element dA = rd Odr
Moment of inertia of the elemental area about x axis
dI, = (r sin 0)*rd 8dr

Moment of inertia of the circular area about x axis

r=R6=2m r=R6=2m r=R6=2m

L=[dl.= [ [ (sin6’rd6dr= [ [ Psin’6dédr= [ [ r 1=c0s20 494,
2
r=0 6=0 r=0 6=0 r=0 6=0
r=R r=R 4 4
- | Plpn-oar-n | Par- 2 - ZD
o 2 o 4 64
Because of symmetry of circular area, [, = I,
Since  J, =1, + 1,
4 4
Jy=20, =21 =2x 2 7D
64 32
However, polar moment of inertia can also be computed directly.
By definition, radius of gyration is
k= [k = -D =D
4 4 22
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Example 7.4  Determine the moment of inertia of a hollow circular section about its centroidal axes.

Solution This problem is similar to that of Example 7.3.

The limits of » will be from 2i to 2o
2 2

Example 7.5  Determine the polar moment of inertia of the shaded

area with respect to the point O as shown in Fig. 7.6.

Solution The shaded area can be considered as subtraction of quarter

circle OAB of radius  from the square OACB of sides r.

Using previous results, the polar moment of inertia of the square is

1

ot

8
Thus the requisite polar moment of inertia for the shaded
area is

- % 4= 02744

Example 7.6  Determine the moment of inertia of the

shaded area with respect to the point O as shown in Fig. 7.7.
Solution The hatch area can be obtained by the following
relationship.
Hatch area = Area of the triangle ABC + Area of the
semicircle (with a 80 mm diameter) —
Area of the hole (with a 40 mm diameter).

Let us denote these geometrical entities by suffices 1, 2
and 3 respectively.

= L= % x 80 x 80° mm* = 3413333.3 mm*

12

Thus [

X

X.

2 64 128

4
L= = 7 o 40" mm* = 125663.7 mm*
64 64

Therefore the moment of inertia for the shaded area is

4
J,=2I = 21y =2" and the for one quarter circle it is JJ= — X
3 4

A
o >
nrt < ! >
Figure 7.6
y
A C
'\
IS
IS
o
[ee]
,9;7
Oq Y
A ON\>
_ 40mm 40 mm
Figure 7.7

4
I,= 1x P = T 80" mm* = 1005309.6 mm* and

I, =1, +1I,—1I,=34133333 + 1005309.6 — 125663.7 mm* = 429.3 cm*

Example 7.7  Determine the moment of inertia of the angle with respect to a centroidal axis parallel to

the x axis as shown in Fig. 7.8.

Solution The angle can be decomposed to two rectangles — one is ABCF and the other is OFDE.
All the attributes of these two rectangles are denoted by suffices 1 and 2.

Thus 4; = 90 x 10 mm? = 900 mm? and 4, = 100 x 10 mm? = 1000 mm>.
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A
N ___10mm
E 7P
€
€
8 L o =
‘9 A IS
© o
C B> "y
of A4 A >x
- 100 mm |
Figure 7.8

3 3 3
[y = 2" = 90X107 1t — 30000 mm? and 7, = 10X1007 pmét = 333333333 mm*
3 3 3
The y coordinate of the centroid of the composite is

+
_ AntAy, _ 900x5+1000%50 5o se mm

T AtA4 900+1000

The moment of inertia of the composite with respect to the base would be

2
N1, =1, + I, =30000 + 3333333.33 mm* = 3363333.33 mm*
i=1 2

2
Now by using parallel axes theorem; /. = z I, —d? ZAi
i=1

i=1

I, = 3363333.33 — 28.68%[900 + 1000] mm* = 1800502.77 mm*

Example 7.8  Determine the moment of inertia of the “7T” section with respect to a centroidal axis parallel
to the x axis as shown in Fig. 7.9. Consider all the dimensions are in mm.

o\
<20,
G
X H
o
o
D
Y C §
y
2 r F E S
4 4 >
> X
o Al 150 E
Figure 7.9

Solution For composites, it is imperative to calculate various parameters of the individual areas into which the
entire composite is decomposed and present these in a tabular form to improve legibility and to reduce errors.
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Following the previous problem,

Identification Area (A) I, y
3
ABCD A, = 150 x 50 = 7500 I, = w = 6250000 v =25
3
EFGH A4, =100 x 50 = 5000 I,= % + 5000 x 1007 = 54170000  y, = 50 + 50 = 100
2
Composite A, + A, = 12500 ZIxi I, + I, = 60420000 y. =55
i=1

2 2
Thus by using parallel axes theorem, /., = ZIX,- —d? ZAi
i=1 i=1

I. = 60420000 — 55% x 12500 mm* = 22607500 mm*

7.4 PRODUCT OF INERTIA

Consider a plane figure of area 4 in the x—y plane as shown in Fig. 7.1.
The product of moment of inertia is computed by multiplying the infinitesimal small area with it’s coordinates
and integrating the product over the entire area.

Thus by definition, the integral /,, = JxydA is known as the product of moment of inertia.

There are few interesting features of product moment of inertia that need to be discussed.

Although the moments of inertia /, and /, are always positive for positive areas (a void, hole or area removed
is a negative area), the product of inertia /,, for a positive area may be either positive or negative since any
one of x or y, having negative values, will yield negative /,,,.

Another interesting characteristic of product of moment of inertia is that it may have a zero value also.
When either one or both of the x and y axes are treated as axes of symmetry, [, can be zero. This implies
that either x or y axis divides the given area into two identical areas so that one is treated as mirror image of
the other. Under this situation, x and y value will have negative signs so that the product moment of inertia of
the entire area is the sum of product moment of inertia of two equal areas having exactly equal and opposite
magnitudes so that their combined effect becomes zero.

The product of moment of inertia also varies with the change in reference systems. If the reference
system x, — C — y, is considered parallel to that of x — O — y such that distance between two horizontal
and vertical axes are d, and d, respectively [Refer Fig. 7.2], then by using the parallel axes theorem,
we get

Ly,= [(x+d)( +d)dAd = [xydd + d,[yd4d + d,[xdA + d.d,[dA

Since C is the centroid of the plane figure, the 2nd and 3rd term becomes zero.
Thus above relation reduces to

L,= [xydd +dd,[dd = (I,), + Ad d, (7.12)

This expression is extremely useful to the solution of the product of moment of inertia of the composites.
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7.5 PRINCIPAL AXES AND PRINCIPAL MOMENT OF INERTIA

From the very definition of the product of inertia, it
can be concluded that /., may have negative value,
since it is the product of two different coordinates.
Further, if the reference axes are rotated by a definite
angle, it may have a zero value. The reference
coordinate system for which the product moment of
inertia of an area diminishes is called principle axes.
The two principal axes are perpendicular to each other
and are such that the product of inertia of the given
area with respect to these axes is zero.

Consider a plane figure of area 4. Let the moments
of inertia /,, /, and the product of inertia /,, with
respect to the axes x and y passing through any point
O are known.

y

’

Figure 7.10

Let the axes be rotated anticlockwise about O by an angle 6 to new position x” and )" as shown in

Fig. 7.10.

X =04"=0C+ CA" =04 cos 0+ AC’ = OA4 cos 0 + P4 sin @ = x cos 6 + y sin 0 (7.13)
V' =0B"=P4A"=PC —A'C'=PA cos 6 — AC = PA cos 8 — OA sin 0=y cos 0 —x sin 6 (7.14)

Thus I, = [(y cos 6 — x sin 0)°dd =[)* cos® 8dA + [x* sin® dA —[2xy sin 6 cos OdA

= cos® 6.1, + sin’ 0.1, — sin 26.1,,

Since cos®> 6= l(l + cos 26) and sin® 6 = l(l — cos 26)
2 2

(7.15)

I, = %(1 + cos 20).1, + %(1 ~ cos 260).1, - sin 2011,

Rearranging,

I . +1

2

) 1 -1
I,= xly o4 "2 Y cosze—lxysin29

(7.16)

Similarly, 1, = J(x cos 6+ y sin 0)°dA = [x* cos® 6dA + [y* sin> dA + [2xy sin 6 cos 6dA

= cos’ 0.1, + sin® 6.1, + sin 2601,

po L+l

y

2 2
Adding Eqgs (7.16) and (7.18),
Ix’ + ]y’ = [x + ]y

LTl o520+ I, sin 260

(7.17)

(7.18)

This implies in view of rotation of the axes (reference system), the sum of moments of inertia remains

constant.
Subtracting Eq. (7.18) from Eq. (7.16).

I, — I, = (cos” 6 — sin® O)I, — (cos” 6 — sin® )], — 2 sin 201, = (I, — 1) cos 26 — 2 sin 261, (7.19)
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The product moment of inertia with respect to new axes is

Ly = J(x cos 6+ y sin O)(y cos 6 — x sin O)dA

[xy cos? 6dA + [y* sin 6 cos BdA — [x* sin 6 cos Od4 — [ xy sin® OdA
= %(lx ~ 1) sin 26 + I, cos 20 (7.20)

If x’~)" is considered as principle axes then by definition, 7, = 0

1 .
5 (I, — 1) sin 260 + I,, cos 20 = 0

21,
tan 20 = 24 (7.21)

I,-1,

Example 7.9  Determine the product moment of inertia of the rectangle with respect to x and y axis that
coincides with two adjacent sides of the rectangle.

h 2 h 2 27 2,2

Solution By definition, [, = [xydd = Ié ybdy = 2 [y yay = &) 2| = B0

o 2 2% 212 0 4

Example 7.10 Determine the product moment of inertia of the shaded spandrel area as shown in Fig. 7.6.

4
Solution By using the result of Example 7.9, we have (,,); = "

Now 4

i3

. R 2

(r cos 0).(r sin 8).(rdO)dr :7J'
4

0

. 4 — z
sin20 49 - R° Zl[cos29]§

(Ly), = [xydd = >

O =0y
S

-R* -R* R*
—[cost—cos 0] = —[-1 - 1] = —
16 16 8

Therefore the product moment of inertia of the shaded spandrel area is

R4 R4 R4
(Ixy)Com = (Ixy)l - (Ixy)Z = 7 - ? = ?
Example 7.11 Determine the product moment of inertia of the “L” section as shown in Fig. 7.11.
Solution The given L section is divided into two rectangles as shown

802 x10°
4

mm* = 160000 mm*

([ xy) 1

102, 70> x10?
(I),=10x 70 x — + 2 277
V2 2 4

(y)com = (L)) + (L), = 160000 + 157500 mm* = 317500 mm*

mm* = 157500 mm*
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y
A
A
N 10 mm
Py
=
=
/
=
£ %/@ r
o / T E
® ? X e
? L ©
= 2
v 5 //k > x o > X
80 mm < h >
Figure 7.11 Figure 7.12

Example 7.12  Referring to Fig. 7.12, find the relation between » and 4 so that x and y will be principle
axes for the composite area.

Solution The given composite is divided into one triangle having base /# and height 2 and a semicircle of
radius 7. Let us denote them as 1 and 2.

R xQ2r)? _ Wt
24 6

Since the centre of the semicircle does not coincide with the origin O, it is imperative to use parallel axes
theorem.

(Ixy)l =

1 —4r 2 4
Thus (), = ) +Add=0+><7rr2><r><()=r
xp/2 xy/2¢ x%y 2 I 3
Note: The semicircle being symmetrical with respect to x, axis, (/,,),. = 0.
Therefore, product moment of inertia of the composite is
W’ 2
([xy)Com = (lxy)l + (Ixy)Z = T - g 7’4
When x and y will be principle axes for the composite area, its product moment of inertia will be zero,
. . W 2
implying Iycom= —— = =0
6 3
h2 2 274
o
h=2r

Thus the required relationship is & = 2r.

Note: The readers are advised to compute the product moment of inertia of a triangle from the basics.
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Example 7.13 Referring to Fig. 7.13, find the angle 6 that will define the principle axes through point O
for the right-angled triangle having base » = 30 mm and height 2 = 40 mm.

. . 1 3 1 3 IR ) y
Solution For the triangle /. = —bh’; [, = — b’hand [, = — b°h
AT R YT T4 i
The necessary condition for present (rotated) axes will be principle axes if

12,2 1

2Ix 2 X ib h b2h2 bh o

tan 260 = Y = I I = s T 35 N

Iy—]x 7b3h_7bh3 th(b —h) b —h <

12
> X
40x30 o -
= 307407 -1.714 M

Figure 7.13

20=tan! (—~1.714) = -59.74; 120.256
6= -29°52"; 60°7’
Thus considering 6 being positive; 6 = 60°7”

7.6 MASS MOMENT OF INERTIA

The mass moment of inertia of a body about an axis is defined as the product of the mass and the square of the
distance between the mass centre of the body and the axis, with respect to which it is computed.

Consider a body of mass m. The moment of inertia of the body with respect to the axis OO’ is defined by
integral

1= Ir2dm (7.22)

where dm is the mass of the element of the body situated at a distance » from the axis OO’ and the integration
is extended over the entire volume of the body.

From the above definition, it follows that the mass moment of inertia of a body has the dimension of
mass x (length)?

The radius of gyration k of the body with respect to the axis is expressed by the relation

I1=Km
k= I (7.23)
m

The radius of gyration gives the measurement of the distance of a point from the axis at which the entire
mass is assumed to be concentrated.
Following the parallel axes theorem,

I.=1,+ md (7.24)

Example 7.14 Determine the mass moment of inertia of a 112 NL 12

uniform slender rod of length / about its centroidal axis normal
to its length.

Y

X
Solution Refer to the Fig. 7.14, and let us consider a small i dxte—
length element dx located at a distance x from the centroidal axes O C

cc. Figure 7.14
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Thus the mass of this elemental length is dM = m.dx., where m is the mass per unit length

1

Therefore, mass moment of inertia of the entire rod about the axis CC” is | x*.m.dx = m x g[x3]§l =
-1 -
2

— D | —

|

WE P _mb_(mbl*_ M
38 8

2 12 12
Example 7.15 Determine the mass moment of inertia of a solid right circular cone of base radius R and
height 4 about its own axis.

Fig. 7.15

Solution Refer to Fig. 7.15; let us consider a small elecmental thin disk of radius » and thickness dz located

at a distance z from the base.
Then
r= (h — Z)R
h

Thus the mass of this elemental length is dm = par’dz, where, p is the density.

dm = pnr dz—pn'( P ijd

Since the mass moment of inertia of a thin circular disk = EX mass X radius

It therefore follows that

2
d1Z=;x(h;Z) Xpn(hh )RZ fpn (h 2)'dz
pnth

I= h—z)dz=
J( o) de =

2h4
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2
But mass of the cone is M :pnTRh
3 2
Hence I, =—MR".
10
MULTIPLE-CHOICE QUESTIONS
7.1 Moment of inertia is called
(a) first moment of the area (b) second moment of the area
(c) third moment of the area (d) none of the above
7.2 Moment of inertia of a rectangle with respect to its base having base » and height % is
12,2 1,3 1,3 1 52,2
(a) —bh (b) =b’h (c) —bh (d) —b°h
3 3 3 12
7.3 Moment of inertia of a rectangle with respect to its centroidal axis parallel to its base having base b
and height 7/ is
1,,3 1,5 1,3 1 2,2
a) —bh b) = b’h c) —bh d —bh
(a) 3 (b) 3 (c) T (d T
7.4 Moment of inertia of a circular area of diameter d about an axis perpendicular to the area and passing
through its center is given by
nd* nd* nd* nd*
(@) — (b)) — () — (d —
16 32 64 128
7.5 Moment of inertia of a triangle with respect to its base having base b and height 4 is
1 3 1,3 1 3 1 2,2
a) — bh b) = b’h c) —bh d) —bh
(a) 3 (b) 3 (c) T (d T
7.6 The polar moment of inertia of a square of sides a with respect to its centroid is
I 1y, 1 4 Ly
a) —a b) —a c) —a d) —a
(a) 3 (b) 2 (c) ‘ (d D
7.7 The polar moment of inertia of a one quarter circular sector of radius » with respect to its centre is
4 4 4 4
nr nr nr nr
a) — b) — c) — d —
@ = ®) = (©) 2 @ 7 c
7.8 The moment of inertia of an ellipse with respect to x axis having semi-major and semi-minor axis as
a and b respectively is
3 3 3 3
@ f= " ® 1,= = © =™ @ 1,= "
7.9 The product of moment of inertia of a geometrical figure which is symmetrical about one or both the
axes is
(a) maximum (b) minimum (¢c) zero (d) unpredictable
7.10 The axes system for which product of moment of inertia of a geometrical figure is zero is called

(a) principle axes (b) major axes (c) minor axes (d) none of the above
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7.12

7.13

Moment of Inertia 7.15

The moment of inertia of a circular area of diameter d about an axis perpendicular to the area as
compared to its moment of inertia with respect to a horizontal axis, when the origin coincides with
the geometrical centre is

(a) same (b) double (c) half (d) one-third

As per parallel axes theorem, axial moment of inertia (/) is related with centroidal moment of inertia
(1), by the following relationships.

@) I, =L+ Ad] ) I, =1, - Ad]

(c) any one of the above (d) none of the above

The radius of gyration of a circular area of diameter d about x-axis and passing through its centre is
given by

d d d d
@) 3 (b) 1 (c) 3 (d) 6

SHORT ANSWER TYPE QUESTIONS

7.1
72
73
7.4
7.5
7.6

1.7
7.8

7.9
7.10

What is moment of inertia? What is its unit? Can it be negative?

What is meant by polar moment of inertia? What is radius of gyration? What is its unit?

Does moment of inertia have any physical significance? Justify it.

State and prove parallel axes theorem.

What is the product of moment of inertia? Can it be negative or zero?

Derive an expression for moment of inertia when reference axes system is rotated by an angle ¢ in
anti-clockwise direction.

Prove that sum of axial moments of inertia always remains constant.

What is principle axes and principle moment of inertia? Derive an expression for angle ¢ for which,
the present axes can be regarded as principle axes.

What is mass moment of inertia?

Prove that J, = I, + I,. Validate the same for a circle.

NUMERICAL PROBLEMS

7.1
72

73

7.4

7.5

7.6

7.7

Find the moment of inertia of the parallelogram as shown in Fig. 7.16 with respect to its base.

Find the moment of inertia of a triangle of base b and height # with respect to an axis that passes
through its vertex and parallel to its. Ye

Find the moment of inertia of a square of sides o with respect to y 4
its diagonal by using the concept of rotation of the axes system. 4
Determine the polar moment of inertia of an isosceles triangle
having base b and height 4 with respect to is vertex. I / /

h/2

Calculate the polar moment of inertia of a circular sector of radius
and included angle 6 with respect to its centre. ]
Determine the moment of inertia of the “I™ section as shown in
Fig. 7.17.

Determine the axial and polar moment of inertia of an ellipse having 0 b 4
semi-major and semi-minor axes as @ and b respectively, as shown

in Fig. 7.18. Figure 7.16

h/2
N
\
A
x
4
x
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_ 80 mm
Y
1
A K !
£ |
Py 1] 10mm
| y
‘ A
E .
[ \
S !
- It _
\ C T
‘ A
| : o / N
= i Y > X
| ° Q/
Y ‘ Y
Y ‘
100 mm | @
Figure 7.17 Figure 7.18
7.8 Calculate the axial moment of inertia /,, for the channel about a centroidal 40
axis that runs parallel to its base, as shown in Fig. 7.19. All the dimensions B i’
are in mm. 4
7.9 Calculate the product of moment of inertia /,, of a three-quarter circular 2
sector of radius » as shown in Fig. 7.20. T Iy
7.10 Calculate the product of moment of inertia /,, for the angle section as &
shown in Fig. 7.21. ¥ 2
7.11 Calculate the moment of inertia of a solid sphere of radius R about its b
diametral axis. ¢ A4
7.12 Prove that the moment of inertia of a rectangle having dimensions ¢ and <
3,3
. . . a’hb Y
b with respect to a diagonal is [, = —————.
6(a”+b%)
7.13 Determine the mass moment of inertia of a solid right circular cyclinder < 20 >l 20 >
of base radius R and height 4 about its own axis. Figure 7.19
A
__10mm
y > <€
X
£
1S
g £
e
Y
> X
(o] A4 > X
[o) A ~
. 40 mm N

Figure 7.20 Figure 7.21
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ANSWERS TO MULTIPLE-CHOICE QUESTIONS

7.1 (b) 7.3 (c) 7.5 (c) 7.7 (c) 7.9 (c) 7.11 (b)
7.2 (c) 7.4 (b) 7.6 (c) 7.8 (c) 7.10 (a) 7.12 (a)

ANSWERS TO NUMERICAL PROBLEMS

7.1

72

7.3

7.4

7.5

7.6

1.7

7.8

7.9

7.10

7.11 1,

12
b b
7+7

4 48
r'o

4
9002353.3 mm*
wab®  wah

+

4 4

1443610 mm*

—-r

AR
I, =17.75 x 10* mm*
2
I,=1,=1,==MR’
5
1






Strength of Materials






CHAPTER

8

Elasticity — Concept of Simple
Stresses and Strains

8.1 INTRODUCTION

In our earlier discussions on statics, we had contemplated on analysis of forces that are exhibited from various
supports and other load bearing members. However, while doing so, we have not considered whether a particular
member having a specific geometry and material quality will be able to withstand the stipulated force. Further,
it is also pointed out in chapter 1 that statics deals with force analysis of rigid bodies, which are seldom found
in reality since all real-life materials undergo some amount of deformation under load, however small it may
be. It is of immense relevance to emphasise on the two most important attributes of the materials — how much
load it can sustain and how much deformation is permissible considering its intended objectives. Further, it is also
desirable that deformation that takes place during loading must not be permanent, implying that immediately after
removal of load, the material should regain its original size to enable it for further use (loading). Determination
of these parameters forms the backbone of engineering design of structural and machine members.

It is the internal behavior of the materials that answer the above two questions. Strength of Materials is
the subject concerned where this does find its places for its study. All materials are not similar, rather their
properties and behavior under loading varies widely. Thus success of any design lies on how meticulously
these aspects are investigated, and how scrupulous is the selection of one particular category of materials and
its geometry for a specific purpose. In contrast to statics, strength of materials comprehensively deals with the
effects of internal forces that are induced in the materials to make the system viable.

8.2 INTERNAL FORCE - STRESS

In chapter 3 (Refer article 3.2), we have studied how internal forces are induced in a member which is a
consequence of external loading. These internal forces (tensile or compressive) although apparently appear

7

. |2 T S N— %\; Cross-sectional

| area A

P
Figure 8.1
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to be concentrated at a point, but are actually not so, rather they are distributed all over the cross-section,
as shown in Fig. 8.1. It will not be misleading to envisage that in the absence of any non-uniformity in
cross-section, the internal force (S) will be evenly distributed over the cross-section as shown in Fig. 8.1.
Thus entire force, if divided by the area, will give a measure of the intensity of force that acts on the
member and plays a very crucial role in analysis. This force per unit area is called stress. Unit of stress in
S.I. system is N/m>.

However, depending on nature of loading and area that held responsible for this purpose, stresses can be
categorised. In other words, under loading, which area is responsible to resist the external load, is considered
as basis for classifications.

8.2.1 Normal Stress

The intensity of the force perpendicular to or normal to the section is called the normal stress. Normal stress that
causes tension on the surface of a section is called tensile stress. On the other hand, if it causes compression
it is called compressive stress. It is denoted by o. Thus by definition,

Load (F
Normal stress (o) = L().

Area (A)
8.2.2 Bearing Stress
Two plates having thickness ¢ are held together —d—
with the help of nut and bolt as shown in Fig. 8.2. ERE
When the system is subjected to equal and opposite P—I— 1 ‘ | l =

L

force P, a highly irregular pressure develops between Ul t p D—> P
bolt and plates. The average intensity of this nominal Ll o
pressure is obtained by dividing the force transmitted % %

by the projected area of the bolt onto the plate. This

: ! Figure 8.2
is called bearing stress (o},).

P
Thus oy = m

8.2.3 Shear Stress

Refer to Fig. 8.2, if we consider the bolt, it can fail due to shear. In view of single force P, the failure of bolt
would have been similar to that of sliding of one segment over the other. This failure is due to the shearing
action of one over the other.

The intensity of the force which acts parallel to the plane of the area is called shear stress. This acts when one
area has a tendency to move past over the other. The shear stress acts over the mating surface. It is denoted by 7.

where A, is the shear area.

Refer to Fig. 8.2, there are two identical areas of the bolt that held responsible to offer shear resistance.

i P P
Thus in this case T, = i e
s 2x—d?

4

8.3 ELASTICITY

Let us consider a circular or prismatic bar of initial length / and initial cross-section 4 subjected to axial load
P as shown in Fig. 8.3. As the magnitude of P is increased from zero to P, its length will also increase from
zero to 6 and it is said that the bar is elongated by the amount 6.
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When the load is withdrawn, it is found that the bar returns back to original length, provided the magnitude
of P does not exceed a particular limit (threshold value). It may also so happen that when magnitude of P is
larger than the threshold value, the bar cannot fully recover its original length,

i.e., some amount of permanent deformation will take place. It is due to the
property by virtue of which the material can regain its original size when the
applied load is removed, is called elasticity. In view of above two situations, |
if it can recover entire length, it called perfectly elastic and if it is partial, it is
called partially elastic.

8.3.1 Strain
In case of elastic materials, the applied load will cause deformation, which may ";
be temporary or permanent. Strain is defined as the ratio of elongation to original
length. It is denoted by €.

Z

Ve

Figure 8.3

6
==
/

where 0 = deformation or elongation
| = original length

€ being the ratio of two lengths, it is dimensionless. Depending on nature of load, i.e, tensile or compressive,
strain will be tensile strain or compressive strain. Tensile strain is considered positive while compressive strain

is considered negative.

Normal Strain
Depending on the nature of loading, deformation and strain can be of varying natures.
In case of axially loaded bar, the strain manifested is called normal strain.

Shearing Strain
Let us consider a square block ABCD resting on
floor as shown in Fig. 8.4. The upper surface of the PN
block is subjected to a horizontal force of magnitude
P that acts tangentially to the top surface 4B. Since P A E B E
the bottom surface is fixed with the floor, the action
of P will cause the block to deform so that initial / /
square shape of the block will now assume the shape
of a rhombus DEFC.

The shear strain is defined by the ratio of /
deformation to the distance between two parallel Dl ‘o !
surfaces across of which deformation takes place.

AE o

Thus sh train —— = —
us shear:strain = /

Figure 8.4

If & is very small compared to /, then from the AADE,

AE
tan Y= ’}/:E

Thus shear strain becomes y = —

/
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8.4 HOOKE’S LAW AND MODULUS OF ELASTICITY

In case of axial loading of the bar, experiments show that up to a certain limit, stress induced in the bar is
proportional to the strain. Thus a plot of stress versus strain, as shown in Fig. 8.5, for ductile material shows

a linear behavior upto a limit called proportional limit.
Thus, o« ¢
o= FEe = 91—y

A

—>

©
©
where E is known as Modulus of Elasticity. é
By definiti P d %
inition, 0 = — and € = — =
y de 0 y a / o
Thus, Ll =F é
A / >
I Strain (Elongation) —»
5= — Figure 8.5
AE

This can be interpreted as that deformation of the bar under axial loading is proportional to the load P,
initial length / and inversely proportional to the cross-section A.

8.5 LATERAL STRAIN AND POISSON’S RATIO

Referring to the uni-axially loaded members (elastic) in addition to longitudinal deformation, a certain amount
of lateral (transverse) expansion or contraction takes place. To illustrate this, if a solid body is subjected to an
axial tension, it contracts laterally; on the other hand, if it is compressed, the material squashes out sideways.
Therefore, a longitudinal strain is always accompanied by transverse strain. It is experimentally found that
this lateral strain bears a constant relationship to the longitudinal (or axial) strain caused by an axial force,
provided the material remains elastic and is homogeneous and isotropic. This constant is a definite property

of a material and is called Poisson’s ratio (L.

_ |lateral strain| _ lateral strain

axial strain ‘ axial strain

The negative sign indicates that when axial strain is positive, lateral strain is negative and vice-versa.
For common engineering materials, y varies between “0.25 to 0.35”.

8.6 VOLUMETRIC STRAIN AND MAXIMUM VALUE OF
POISSON’S RATIO

Refer to Fig. 8.1 (a). Let the initial length of the bar be /, and initial diameter be d|,.

o . . T
Thus, initial cross-section of the bar is 4, = 2 ag.

The bar is subjected to axial load F as shown in Fig. 8.3.

Thus, after deformation, final length [, = [, + 6 = [, + €ly = [,(I + &)
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Since the above deformation is also accompanied by lateral contraction, Poisson’s ratio

ady
d
=~
Iy

Ad,
4, M

Thus present cross-section

2
T T b4 Ad,
Ap= de - Z[do — Adg]? = 4d0{1 _(dOOJ } = Ay(1 - pey’.
Initial volume of the bar = V) = 4/,
Final volume of the bar = ¥V, = A, [, = Ay(1 — pe)* I(1 + &) = Ayly[1 - 2ue + 1PE](1 + &) = =41,
[1 —2ue + €] [neglecting higher order terms involving i and €].
Therefore, change in volume

AV =V, = Vy = Agly[1 - 2ue + €] — Ayly = Aglye(1 = 2p) = Voe(l — 2u)
The volumetric strain is defined by the ratio of change in volume to the original volume.

AV
Therefore, volumetric strain = A =¢&(l -2
0

The above expression is the volumetric strain in terms of € and p.
The limiting condition of AV is zero, implying the volume of the bar diminishes.
Thus,

¥=0=£(1—2,u)
Vo
1
H=3

Lo . . 1
This implies that the value of Poisson’s ratio cannot exceed 5>

8.7 ELONGATION OF A BAR OF CONSTANT CROSS-SECTION DUE TO
SELF WEIGHT

Refer to Fig. 8.1. Let the bar hang vertically from a support freely. Thus the load on the bar is its self weight
W = pAl
A small elemental length dx of the bar is considered at a distance x from the support.
The force acting on it is F, = pAx.
F dx
AE
Therefore, total elongation of the bar will be

!
Fd Axd. 2 > pAll Wl
5= Jd(s J- X _ pxx {x}:p _pALl

Thus, its elongation do =

2| T 2E 24E  24E
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If the bar was subjected to a load of W, elongation would have been %

Thus it can be concluded the elongation of the bar due to its own weight is just half that of the elongation
resulted from externally applied weight when the magnitude of the applied load is equal to that of the self
weight of the bar.

Example 8.1 A short cylinder with 1 cm wall thickness is subjected to a compressive load of 10 ton.
Calculate the required outside diameter, if the working stress in compression is 800 kg/cm?.

Solution Load P = 10 ton = 10 x 1000 kg,
Let the outer diameter = d;, cm; wall thickness = ¢ = 1 cm
. Inner diameter d; = (d,— 2f) cm = (d;,— 2) cm

o, = 800 kg/cm?
o,XA=P
800 x %{d(f — (dy — 2)*} = 10 x 1000
dy=4.98 cm
Thus the required outside diameter is d, = 4.98 cm.

Example 8.2 A steel wire hangs vertically under its self-weight. What is the greatest possible length that
it can have if the allowable tensile stress is 2000 kg/cm?? The specific weight of the steel is 8000 kg/cm®.

Solution The weight of the wire W = pV = pAl
w
o, = i pxl
0, = 2000 kg/cm?
p = 8000 kg/m*> = 8000 x 107° kg/cm?
_ o, 2000

=Lt =—"— _=2500m
p 8000x107°

Thus the length of the bar becomes / = 2500 m

Example 8.3  Three pieces of wood having 3.75 cm X 3.75 cm square cross-section are glued together and
to the floor as shown in Fig. 8.6. If a horizontal force P = 3000 kg is applied to the middle member, what is

the average shear stress in each of the glued joints?

10 cm

Cross-section

Figure 8.6
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Solution P = 3000 kg
The area that resists shear stress corresponds to the plan area. Since there are two such areas; area to shear
A, =2 x 10 x 3.75 cm?
P 3000

=— =——— =40k 2
T T axi0x3gs 0 kegem

s
Thus the average shear stress in each of the glued joints is 7,, = 40 kg/cm?.
Example 8.4 A lever is attached to a spindle by means of a square key 6 mm X 6 mm X 2.5 cm long as

shown in Fig. 8.7. If the average shear stress in the key is not to exceed 700 kg/cm?, what is the safe value
of the load P applied at the free end of the lever?

| 2.5cm

Key P

o
N
x—

75 cm

Figure 8.7

Solution 7, =700 kg/cm?

Taking moment at the centre C

ZMCZO

. X 75
Force at the key is F' = s =30 P kg
Area to shear 4, = 0.6 x 2.5 cm?
T, XA, =F
130 mm N
700 x 0.6 x 2.5=30 P 500 kN

P=35kg

Therefore the safe value of the load P is 35 kg. W

_ 100 mm dia
Example 8.5 A 100 mm diameter shaft has a projected collar of i N "

!
diameter 130 mm over a length of 20 mm and supported by a hollow :
structure as shown in Fig. 8.8. The shaft is subjected to an axial load }
of 500 kN. Find the shear stress induced in the collar? \

\

|

Solution In view of the configuration, the shaft can be sheared of

owing to failure of the collar. The area that offers shear resistance = Z
A= 7Dt = 7% 100 X 20 mm> = 20007 mm> \__ 0%
The load to be withstand = P = 500 kN = 500 x 1000 N Figure 8.8

P 500x1000
Therefore induced shear stress in the shaft = 7= Z = W N/mm? = 79.57 N/mm?>

s

20 mm
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Example 8.6  An aluminum bar 1.8 m long has a 2.5 cm square cross-section along 0.6 m of its length and
2.5 cm diameter circular cross-section over rest 1.2 m. If the bar is subjected to a tensile load of P = 1750 kg,
what will be the elongation of the bar? Take £ = 75 x 10* kg/cm?.

Solution [/, = 0.6 m = 60 cm
I, =12 m =120 cm
A;=25cm X 2.5 cm

T
Ay =7 X 2.5% cm?

Tensile load P = 1750 kg
Modulus of elasticity £ = 75 x 10* kg/cm?

5:51+52:P11 ﬂzﬁi b
AE A4E E\ 4 4,
1750 60 120
- | 25x25 @ em
75 %10 S5x25 T 542
4
=0.794 cm

Thus the elongation of the bar = 0.794 cm.

Example 8.7 A rigid bar 4B is hinged to a vertical wall at A and supported horizontally by a tie bar
CD shown in Fig. 8.9 (a). The tie-bar has cross-section area of 0.5 sq cm and its allowable stress in tension
is 1500 kg/cm?. Find the safe value of the load P and the corresponding vertical deflection of point B. The
modulus of elasticity of the tie-bar is £ = 2 x 10° kg/cm?.

D
P
N D
15m ¢
L ..... %6_,,,, __QJ_X _____________ Y_ B A< 9 }B
AN . e i
c g L /C ;
sV
B 2m B 2m N N |
\\“B’
(a) (b)
Figure 8.9

Solution The cross-section area of the tie-bar is 4, = 0.5 cm?
E, =2 x 10° kg/cm?
o, = 1500 kg/cm?
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Let the tension induced in the tie bar be S kg.
S= 0, xA4,=1500 x 0.5 = 750 kg
Taking moment about 4,
SsinOx2=Px4

Ssinf® 750 1.5
pP= =— X -——=225kg

2 2 2.5

. . . Sx1,

Refer to Fig. 8.9 (b). Elongation of tie rod CD = CC| =
4, %E,
_ 750x250
0.5%2x10°

= 1875 x 10* cm
Vertical deflection of point C will be = CC” and vertical deflection of point B will be = BB’
From ACC,C’,
CcC,
cc’
cc,

B sin 6
From AACC’ and AABB’,

cC’  AC 2 1

BB AB 4 2

BB’ =2CC" =2 x 0.3125 = 0.625 cm = 6.25 mm

sin 6=

’

= 1875 x 10°* x % =0.3125 ¢cm

Example 8.8 A rigid bar 4B of length 9 m is suspended by two vertical rods at its ends and hangs in a
horizontal position under its own weight as shown in Fig. 8.10. The rod at 4 is made of brass having 3 m
length and cross-section area 10 cm?. Take modulus of elasticity £ = 10 x 10° kg/cm?. The rod at B is steel
having a length of 5 m, cross-section area 4.45 cm?, modulus of elasticity £, = 2 x 10° kg/cm®. At what
distance x from 4 may a vertical load P be applied if the bar is to remain horizontal after the load is applied?

Solution Let us introduce “Br” and “St” as suffices for brass and steel s
respectively.
Thus /, = 3 m = 300 cm; Az, = 10 cm? and Ep, = 10 x 10° kg/em?.
Likewise, [, = 5 m =500 cm ; Ag, = 4.45 cm® and E, =2 x 10° kg/em®. ...
Let the tension induced in 4 and B be Sy, and S, respectively. 9m
Length of the bar AB = 9 metre.
Taking moment of all the forces about B, equilibrium of the bar 4B

yields A‘ . I

Mz=0 x_,

A
Y

Sp. X 9="Px(9—x) vP
Figure 8.10
s, = PO=0
Br 9
PO-x) P
Therefore Sg=P - PO-x) I

9 9
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Szl PO- 300 Sq, 1
The deflection/elongation of the two bars are &, = —2-2— = ©-x) X = and &, = L3

Ag, Ep, 9 10x10x10 Ag Eg,
P X 500 respectivel

=— X—— vely.
9 " 445x2x100 7 Y
In order to maintain horizontal position of the bar,
63r = 6St
P(9—-x) o 300 _ Px o 500
9 10x10x10° 9~ 4.45x2x10°

Solving; x = 3.13 m

Thus the force P has to be applied at a distance of x = 3.13 m from the end 4 to maintain horizontal
position of the bar 4B.

Example 8.9 A prismatic steel bar having cross-section of 3 sq. cm is subjected to axial loading as shown
in Fig. 8.11. Determine net deformation of the bar. Take E, = 2 x 10° kg/cm?.

L— 2t —— 1.5t <«—— 1.5t

1m 1Tm 2m

» |«
> <€

Figure 8.11

Y

A
Y
A

Solution To solve this problem; method of superimposition is followed, i.e., initial one metre length of the
bar from the support is subjected to 2 T load (tensile) only. For this condition, deformation is calculated.
Similarly, next 2 metres of length is subjected to 1.5 T load (tensile) and finally we consider the entire
bar of 4 metres which is subjected to 1.5 T load (compressive). For these two situations, deformations are
calculated.
Once the deformations are calculated individually for different loads and of different length of the bar, we
take the algebraic sum of the deformations to get the final deformation of the bar.
Introducing suffices for above three situations by 1, 2 and 3,
A =3 cm?
Modulus of elasticity £ = 2 x 10° kg/cm?
P, =2 ton = 2000 kg
/[;=1m =100 cm
B, 2000 x100
6 =——=7"""""%=0.033 mm
AE  3x2x10
P, = 1.5 ton = 1500 kg
l,=2m =200 cm
P, 1500 % 200
8, =—22="—"""+-=1005mm
AE  3x2x10

Py = 1.5 ton = 1500 kg
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I;=4 m =400 cm

Pl 1500 x 400
-3 = 77)((6 = —0.1 mm

AE 3x2x10
6=96,+6 + 8 =0.033 +0.05-0.1=-0.17 mm

Thus net deformation of the bar is —0.17 mm.

63=

Example 8.10 A vertical load P = 2100 kg is supported A 0 B
by two inclined steel wires AC and BC as shown in Fig. 8.12.

Determine the required cross-section area 4 of each wire
if the allowable working stress in tension is 700 kg/cm?.
Take angle 6 = 30° and AB = 10 m. Also calculate vertical
deflection of the point C.

Solution P = 2100 kg; 6 =30° 4B =10m
S 04A=5m ... OC =5 tan 30° = 2.886 m

Therefore AC = /5> +2.886> = 5.773 m Figure 8.12

From symmetry of the configuration, it is evident that the

tension induced in the two wires, namely, 4C and BC will be same.
Let this tension is S. The allowable working stress in tension is o,; = 700 kg/cm?
From the force balance considering equilibrium of the point C,

28 sin 6= P
S = P, since 6 = 30°
Thus oy xA4=8=P=2100
2100
= cm? = 3 cm?
700

The required cross-section area of the wires becomes 4 = 3 cm?
Let CC, is the elongation of the wire AC.
Sxl
cC, = A
Aje ¥XE
_ Pxl,
Ayje XE
2100 % 5.773 x 100
= G cm
3x2x10
= 0. 202 cm
Vertical deflection of point C will be

_CCp _ 0.202
sin@ sin 30°

Therefore vertical deflection of the point C is 4.04 mm.

= 0.404 cm = 4.04 mm

A=CC

Example 8.11 Refer to Fig. 8.13. The structure is subjected to a vertical load P = 200 kg applied at B.
Member BC is steel wire with a 3 mm diameter and member 4B is a wood strut of 2.5 cm square cross-section.
Determine the vertical and horizontal components of the deflection of point B.
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A
A4

Figure 8.13

Solution

(a) (b)
Figure 8.13

T T
Ape=—d* = —x 0.3>=0.0707 cm?
4 4

Ayp=125x25=625cm’
P =200 kg
Eg=2 x 10° kg/em?
E, = 10 x 10* kg/cm?
Under the action of load P, member BC will be subjected to tension and strut 4B will be compressed.
Length of BC will be increased and 4B will be shortened.

Sy = Silc x EZBC
pcls
85 = S % l4p
A pEy
To calculate the force induced in BC and AB, we construct the triangle of force as shown in Fig. 8.13 (a).
AC=2m
BC=15m

AB=\JAC* + BC? = {2’ +1.5> =25 m
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T
sin 55
0=—
“S¥T s
Sap _ Spc _ s
sin90° sin6 sin (90°—0)
S = P _200_ 250 k
1B cos® 2 &
2.5
PSin0 _ b an 6= 200 x 22 = 150 k
BC T cos@ 2 &
Spe X Lge 150 x 150 015
= = =0.159 cm
BC ApeEg  0.0707x2x10°
Horizontal deflection &, = 83 = 0.159 cm
Sup Xl __250x250
= = =0.1 cm

)
B ApEy  625%10x10%

From Fig. 8.13 (b)
Vertical deflection
8,=B,L=BN+NL=O0B+NL

2
BO = BB, cos 0=, cos 6 =0.1 x 55 0.08 cm

OM OB, OB,
NL BN OB,+ON

BB, 0.1

OM=BM —-0OB=—=—-0B=—-0.08=0.045 cm
cos 6 2
2.5

L.
OB, = BB, sin 8 = 0.1 x % = 0.06 cm

NL = 0.164 cm

B,L=BN+NL=0B+NL=008+0.164 = 0244 cm = &

Thus vertical deflection of point B is d, = 0.244 cm.

8.15

Example 8.12 Prove that volumetric strain of a rectangular bar is the algebraic sum of strains of length,

width and height.

Solution Consider a rectangular bar having initial length, width and height as /,, w, and A respectively.

Thus, initial volume V;, = [ywyh,

In view of deformation, the final corresponding dimensions are, say, /; w,and &j

Thus I, = Iy + &ly; wy= wy + 0wy hy = hy + Shy
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Therefore, final volume

Thus volumetric strain =

AV V=V Oly + lyhyOwy + [ywy0 oly o 1)
AV Yy =V wohOly + lhgowy + lywohy :70+ﬂ+7h0:£l+8w+8h [Proved]
0 0 lowohy ly — wo
. . . . . I, P
Example 8.13  Refer to Fig. 8.12. Prove that the vertical deflection of point C, is A = 5 3 “E

Solution 4B =1
/
AO=BO=5=L(say)

From static equilibrium,

P=2Tsin 0
Let AC=1L'
Again,
iy

=L —-L=L —L" cos =L (1 — cos 0)
AE

T=AE(1 — cos 0)
P=2A4E(1 — cos 0) sin 6

(92 * ]( 03 )
DY) o A | P
21 4 31

Keeping only first one term of each series,

2
P=~24E9 0= 4E®
2

Since the deflection is very small compared to length,

A
tan =0 =—
L
A3
P:AEF
N-rL

Example 8.14 The frame shown in Fig. 8.14 is made of 10 cm X 10 cm square wooden post, for which
allowable stress in shear parallel to the grain is 7, = 7 kg/cm?, while that in compression perpendicular to the
grain is 0, = 28 kg/cm?. Calculate the minimum safe values of the dimensions a, b and c. The vertical post
is pinned at its lower end to a foundation plate.
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Q

[

Figure 8.14

0.9
Solution From the given geometry, tan 6 = —

1.2
6=37°
Considering the equilibrium of vertical post and taking moment at its base,
ZMBase =0

150 x 2.1 —Fcos 6x09=0
F cos 0= 350 kg
F sin 6= 263 kg
Now Fsin 6= 0, X (c X w)

_ Fsin® 263
o, xw  28x10

c m = 0.9393 cm

Similarly, a compressive force F' cos 0 is exerted on the area amounts to b X w.
F cos 0= 0, X (b xw)

b= Fcos@® 350
o, xw  28x10 €

m = 1.25 cm

Further F cos 6 will cause a shear stress over the area a X w
Fcos =1, x (axw)

_ Fcos@ 350
T, Xw 7x10

cm =5 cm

MULTIPLE-CHOICE QUESTIONS

8.1 Stress is defined by
(a) force/unit area (b) force X unit area
(c) (force/unit length) X area (d) none of the above
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8.2

83

8.4

8.5

8.6

8.7

8.8

Engineering Mechanics

Strain is defined by

(a) original length/final length (b) final length/original length

(c) elongation/original length (d) none of the above

According to the Hook’s law,

(a) stress o< (1/strain)  (b) stress o strain (c) stress o< (strain)’ (d) none of the above

Poisson’s ratio is defined by
(a) ratio of lateral strain and longitudinal strain  (b) ratio of longitudinal strain and lateral strain
(c) ratio of lateral stress and longitudinal stress  (d) ratio of longitudinal stress and lateral stress
Shear stress is quantified by

(a) unit angular deformation (b) unit lateral deformation
(¢) unit longitudinal deformation (d) none of the above
Modulus of Elasticity (E) can be found out by following relationship
c
(a) E=0+c¢ (b)) E=0-¢ (c) E=0xc¢ (d)E:;
The stress produced in the members so to prevent sliding of a section over other is called
(a) nominal stress (b) bearing stress (c) shear stress (d) none of the above
The maximum value Poisson’s ratio is
(a) 0.25 (b) 0.50 (c) 0.75 (d) 1.0

SHORT ANSWER TYPE QUESTIONS

8.1
8.2
83
8.4
8.5
8.6
8.7

8.8

Define stress and strain. What is meant by elasticity of materials?

What is normal stress, bearing stress and shear stress? Explain with sketches and quantify them.
What is Poisson’s ratio? Prove that Poisson’s ratio of materials can never exceed 0.5.

State and explain Hooke’s law with necessary diagram. What is modulus of elasticity? What is its unit?
What are longitudinal strain, lateral strain and volumetric strain?

What is shear strain? How it is quantified?

Obtain an expression for the elongation of a bar of uniform cross-section subjected to self-weight
only.

Prove that the volumetric strain of a sphere is three times of diametrical strain.

NUMERICAL PROBLEMS

8.1

8.2

8.3

Prove that volumetric strain of a cylindrical bar is

sum of longitudinal strain and twice that of lateral 20 kN
strain.

Find the stresses induced in two different sections
of the stepped bar as shown in Fig. 8.15, subjected
to a compressive load of 20 kN.

The cylinder has inside diameter D = 25 c¢cm and
is subjected to internal gas pressure of intensity 230 mm
P =20 kg/cm? gauge. How many 12.5 mm-diameter A >
steel bolts will be required to fasten the top cover
plate to the cylinder if the working stress for the bolt 7
is 700 kg/cm?? Figure 8.15

20 mm
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TTTTTTIT
e _—
[« p —
— —_—
— |
_

Figure 8.16

8.4 A stepped steel bar of varying cross-section (rectangular) is loaded as shown in Fig. 8.17. Calculate
the total deformation. Take £ = 2 x 10° N/mm?. The magnitude of different forces are P; =100 kN,
P, =80 kN and P; =50 kN.

40 x 40 sq. mm

30 x 30 sq. mm
20 x 20 sq. mm
P P, P3 Py
< — - —— - ————————-—-— - — - — - —-—-—- >
500 mm 800 mm 1000 mm

Figure 8.17

8.5 Find the change in length of the bar loaded as shown in Fig. 8.18. Take £ = 2 x 10° kg/cm?.

I : i
60kKN&+—fF——————————————— ———————————1+—>60 kN
& 25 mm 2 ©&25 mm
218 mm
_02mm | 0.3 mm |, 02mm
Figure 8.18

8.6 A rod of steel 60 mm wide and 15 mm thick is 8 m long. It extends by 6 mm when an axial pull of
100 kN is applied. Find the modulus of elasticity of steel.

8.7 A steel column is 100 mm in diameter and is 2.8 m long. Find the intensity of stress and the strain
when it carries an axial compressive load of 800 kN. Take £, = 2 x 10° N/mm?.

8.8 A rod circular in section tapers from 20 mm diameter at one end to 10 mm diameter at other end and

is 200 mm long. On applying an axial pull of 10 kN, it was found to extend by 0.068 mm. Find the
Young’s modulus of the material of the rod.



8.20 Engineering Mechanics

8.9 A copper rod 5 mm in diameter when subjected to a pull of 600 N extends by 0.125 mm over a gauge
length of 350 mm. Find the Young’s modulus for copper.

8.10 A hollow steel column of external diameter 300 mm has to support an axial load of 3500 kN. If the
ultimate stress for the steel column is 480 N/mm?, find internal diameter of the column. Allow a load
factor of 2.50.

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

8.1 (a) 8.3 (b) 8.5 (a) 8.7 (c)
8.2 (c) 8.4 (a) 8.6 (d) 8.8 (b)

ANSWERS TO NUMERICAL PROBLEMS

8.2 63.7 N/mm?, 28.3 N/mm?>

83 12

84 1.12 mm

8.5 0.6 mm

8.6 1.48 x 10° N/mm?

87 o0=102 N/mm? €=5.1x10"*
8.8 1.87 x 10° N/mm?

8.9 8.55x 10* N/mm?

8.10 284 mm



CHAPTER

9

Stress — Strain Diagram

9.1 VARIATION OF STRESS IN REGARD TO CROSS-SECTION

In chapter 8, we have found that the prismatic bar is loaded uniaxially by application of tensile force P, as
shown in Fig. 8.1.

P<—to bt P

Figure 9.1

P
Under the action of force P, normal stress induced ¢ = ]

To investigate the stress characteristics, let us consider an oblique section p-¢ having inclination ¢ with the
vertical as shown in Fig. 9.1.
Considering equilibrium of the left side of the section, the internal force S = P

N

Figure 9.2

Refer to Fig. 9.2. The two mutually perpendicular components of S - one perpendicular to the oblique plane
and the other along the plane denoted by N and T respectively will have values

N=Pcos ¢
T=Psin ¢

The cross-section of the oblique plane
A
 cos ()

’
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Therefore, st ds to N i Poosd _ P os?
S o = = —
erefore, stress corresponds to N is 0, =~ Jcoso A cos” ¢

) Psin ¢ P .
And stress corresponds to T is T = = — sin 2¢
Alcos9 24

Let us consider few typical cases based on the values of ¢.
. P

(i) When ¢ =0, o, = i (C)max and T=0

(i) When ¢ =90°, 6, =0and 7=0

P

(ill) When ¢ =45°, 0, =1=— =1,

24 "
Further, when ¢ = 90° + ¢,

’ s 2 o P i 2
O'n:ZCOS (90 +¢)=;sm (0]
P P
7'=— sin (180° + 2¢) = — — sin 2
24 ( ¢ 24 ¢

Ll

P .
c,+to,= 1 (cos® ¢ + sin® ¢) = ,

P
T+ T’:ﬂ(sin 2¢ —sin 2¢) = 0
T=-7

9.2 CONCEPT OF STRAIN ENERGY

In case of an axially loaded bar when load P causes a deformation 9, the work done by the force P is 1 Pé

as evident from Fig. 9.3.
This energy is stored in the body.

Thus total U= P
us total energy U = ) Pl A
AE
_ Pl _ AES? E =
2AE 2/ -

This is known as strain energy.

When it is expressed per unit volume,

g s
Elongation ——
U 4ES* E m2 E, Figure 9.3
u=—-= =—x|—| ==¢
Al 2Ix Al 2 [ 2
E ¢ o°
= - =

2 E* 2E
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9.3 PROPERTIES OF MATERIALS

In regard to different behaviors exhibited by materials under different types of load, it is imperative to discuss
few salient properties of materials that are found to be extremely useful in justifying their candidature for
intended use. Needless to say, all do not respond equally in varieties of loading conditions.

9.3.1 Ductility

It is the property of the material by virtue of which it can be drawn into thin wire, i.e., the material undergoes
sufficient elongation before failure when subjected to tensile load. Mild steel and structural steel are more
ductile than cast iron.

9.3.2 Brittleness

This property is just opposite to that of ductility implying the property of the material by which the material
does not manifest adequate deformation before failure when subjected to axial load. Failure of such types of
materials under loading takes place without any appreciable changes in its dimensions. Examples are cast iron
and glass.

9.3.3 Hardness

It is the property of the material by virtue of which it offers resistance to indentation or scratch. It is quantified
by depth and distribution of the indentation caused by a standard diamond ball. There are various scales by
which it is measured and expressed such as Brinnell Hardness number, Rockwell hardness, Vickers Pyramid
Number, etc. It is desirable that hardness of the materials should be evenly distributed all over the surface.

9.3.4 Malleability

It is the property of the material that makes it amenable to be rolled into thin sheet. Aluminum, magnesium
are highly malleable materials.

9.3.5 Toughness

The toughness is the amount of energy a material can absorb before actual fracture.

Once various properties of materials are discussed, it is imperative to study stress-strain behavior of ductile
materials such as mild steel to investigate its behavior under loading. Mild steel is widely used materials in
engineering applications. Thus, its recommendation for multifarious use calls for gathering of data’s pertaining
to its strength which can be made available from experiments. Thus a plot of stress versus strain based on
experimental data is of paramount importance.

9.4 STRESS-STRAIN DIAGRAM OF DUCTILE MATERIALS SUBJECTED
TO TENSILE LOADING

To carry out the test, a standard specimen having a definite gauge length and diameter with collars at two ends is
prepared by suitable machining. Experiment is carried out in equipment called Universal Testing Machine (UTM).
The sample or specimen is gripped firmly between two jaws of the machine and subjected to axial loading.
Before start of the experiment, the initial length (/,) and initial diameter (d,) of the specimen is measured and
recorded.
The load is applied slowly from zero to a magnitude such that the specimen breaks. The load and the
corresponding deformations are recorded and plotted automatically that is similar to one as shown in Fig. 9.4.
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From 0 to 1, the curve is linear following Hooke’s law. This implies 5
that stress is proportional to the strain. The point 1 in the curve
is the last point along straight line behavior of the curve, known as
proportional limit.

Since o = Eg, it therefore follows that £ can be interpreted as
the slope of the curve up to point 1. Withdrawal of load brings the
material to original state, i.e., the behavior of the material is elastic.
Further loading beyond proportional limit shows somewhat different
characteristics as evident from the curve. At point 2, material starts
yielding. Without appreciable increase in load, higher deformation takes >
place. This phenomenon continues till it reaches point 3. The point 2 Strain ——>
is called upper yield point whereas point 3 is called lower yield point. Figure 9.4
After point 2 material becomes plastic and the deformation is permanent, i.e., even after
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removal of load, this deformation will be present in the material. Thus yield point is a AP
transition point from elastic to plastic.

Further loading will cause deformation and this continues upto point 4 when stress A
reaches its peak after which it reduces. The maximum value of stress, i.e., stress at - % ///
point 4 is known as Ultimate stress. After point 4, further loading of the material is N
not associated with increased stress value. This can be attributed to the formation of }i{’(
a neck which causes rapid yielding. Finally, the material breaks after reaching point 5. . %
The stress value corresponds to point 5 is known as breaking stress, which is lower A | h
than ultimate stress. It is interesting to note that the breaking stress has got some what I
lower value than the ultimate stress. This can be explained as the stresses are based A
on original cross-sectional area. However, the dotted line which is true stress-strain v
diagram shows that the breaking stress (actual) is higher than that at point 5, since P
the cross-section area of the specimen between point 4 and 5 reduces significantly Figure 9.5

to form a neck prior to failure as shown in Fig. 9.5. This is why, in actual stress-strain diagram, stress
is calculated as load divided by instantaneous cross-sectional area, which shows continuous rise in stress
value till it fails. During breakage, area reduces sharply. Thus actual breaking stress 5" is higher than that
of point 5.

Meticulous investigation shows that failure takes place due to shear rather than tensile along a 45° plane.
This is in congruence with the theory as explained earlier.

The above nature of curve of stress-versus-strain is valid for ductile material.

From the linear segment of the above curve, it is evident that area under the curve is equivalent to
the area of a triangle, which is the measure of the strain energy up to proportional limit. Thus the total
area under the curve represents the energy absorbed by the material before failure, which is measure of
toughness. After yielding takes place, material enters into the plastic zone implying withdrawal of load
will not allow the material to regain its original size. Thus, total energy is the sum of energy absorbed
elastically and plastically.

9.4.1 Modulus of Resilience and Resilience

Resilience is the property of a material which means the amount of energy it can absorb elastically.

The maximum energy which can be stored in a body up to elastic limit or more precisely up to
proportional limit is called the Proof resilience and the proof resilience per unit volume is called modulus
of resilience.

2
cyp.l.

Modulus of resilience u = ——
2F
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9.4.2 Measure of Ductility
After the test is over, the final diameter (d;) and final length (/,) are measured.

increase in length "

Thus % elongation of the specimen is calculated by 100

original length
) I, =1
= % 100% = L—
ly ly

x 100%

Similarly % reduction in area is calculated by decrease inarea 100

original area

-4, dy —d}
DA o0 - B S5 % 100%
4 a;

These two parameters are used to measure the ductility of the material.

9.5 STRESS-STRAIN DIAGRAM OF BRITTLE MATERIALS

Similar experiments, when carried out for brittle materials like 1

cast iron, a curve similar to that shown in Fig. 9.6 is obtained.

In contrast to the ductile materials, no distinct yield point Proof Stress
is obtained. Further amount of deformation before failure is
also not pronounced as compared to that of ductile materials.
This leads to the conclusion, that responsiveness of cast iron to
withstand tensile loading is poor. However, to consider a stress
which would be tantamount to yield point that forms the basis
for design, the concept of proof stress is introduced.

A line parallel to the straight line portion of the curve is
drawn to intersect x axis so that corresponding elongation is - >
0.2%. Thus, a stress that corresponds to above strain is called < 02% Strain—>
proof stress and considered as basis for design calculations.

Stress ——»

Y

Figure 9.6

9.6 WORKING STRESS AND FACTOR OF SAFETY

For ductile material, proportional limit, yield point and ultimate stress can be determined experimentally. These
values provides basis for design.
Nevertheless, there are certain practical reasons as mentioned below for which data obtained from laboratory
experiments cannot be used directly.
* During actual design, exact load cannot be estimated, which is normally found to be higher that it is
assumed.
¢ Static load considerations sometimes become misleading. Load may also come from unforeseen
circumstances, which is not hitherto considered and of varying natures.
* Materials used in manufacturing often exhibits lower strength due to non-availability of requisite
materials as recommended in design.
To cope with such situations, it is imperative to keep the stress value below that which has been found
experimentally so as to be remain safe.
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The design stress, commonly known as working stress, is therefore reduced by a factor (>1). If the design
is based on yield stress, working stress becomes

Gyield point

Oworking = P where n > 1.

The factor “n” is called factor of safety.
Instead of yield stress, design may be based on ultimate stress. In such a case,

fo 0
— “ultimate
G ’

’
working = , Where n” > 1

Sometimes working stress is also called as allowable stress.
Both n and n” are called factor of safety.

Note: While dealing with the stress, we come across two categories. The applied force divided by the
area is the stress induced in the materials as a consequence of load. The other one is the characteristics of
materials, which is the limiting or maximum stress that a particular materials can withstand before rupture.
This is what is obtained from experiments. Thus while designing a load bearing member, one must bear in
mind that induced stress should never exceed the stress that a material can endure safely.

Example 9.1 A mild steel specimen of circular cross-section of diameter d = 1.25 ¢cm shows an elongation
of 0.005 cm over a gauge length of 5 cm. Calculate the maximum shear stress in the material. Assume
E=2x10%kg cm?.

Solution d = 1.25 cm; elongation 6 = 0.005 cm; initial length / = 5 cm

_8_0005_
&€ ! 5 .

E=2x10°kg/em? .. o=Ee=2 x 10% x 0.001 = 2 x 10°> kg/cm?

o 2
Tox = = = 1000 kg/cm

max 2

The maximum shear stress in the material is 7, = 1000 kg/cm?

Example 9.2 A prismatic bar carrying an axial tensile stress o, is cut by an oblique section p — g as shown
in Fig. 9.2. If the normal and shear stress on this section are o, = 825 kg/cm?® and 7 = 275 kg/cm? respectively;
find the values o, and the angle ¢.

Solution
o, = 825 kg/cm? and
7= 275 kg/em?
P
o, = i cos’ ¢ = o, cos’ ¢
o, cos’ ¢ = 825 9.1
P 2= % 2 s
772A sin ¢,7 sin ¢ cos ¢
o, sin ¢ cos ¢ = 275 9.2)
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Dividing Egs (9.2) by (9.1),

1

tan ¢ = E
¢ = 18°26
825

0.=——————— =917 kg/cm?
Y cos’18°26 B

Example 9.3 A prismatic bar is subjected to an axial tensile force. Find the aspect angle ¢ that defines an
oblique section on which the normal and shear stress on this section are equal.

Solution Peos¢ P
o, = Acoso A cos” ¢ and
P sin ¢ P .
T= A/cos 6 =5, 5n 2¢
Since 0,=7T

P, P .
ZCOS ¢=_——sin 2¢ = 2 sin @ cos ¢

24
tan ¢ = 1
¢ =45°

Thus aspect angle ¢ becomes 45°.

Example 9.4  While carrying out experiment (tensile test) in the laboratory; following observations were made.
Diameter of the specimen is 12.5 mm.
Length of the specimen (gauge length) is 50 mm.
Load at proportional limit is 3000 kg.
Load at yield point is 3100 kg.
Maximum load is 5250 kg.
Strain at proportional limit is 0.11%.
Final length is 64 mm.
Diameter over neck is measured as 9.72 mm.
Calculate the following:
(a) Modulus of elasticity E.
(b) Proportional limit
(c) Ultimate stress
(d) % elongation
(e) % reduction in area
(f) Allowable stress based on yield point, considering factor of safety as 1.75.

Solution Initial diameter (d,) of the specimen is 12.5 mm.

o T 2_ 2
Initial area (4,) = 4 dy = i 1.25 x 1.25 em” = 1.227 cm

Strain at proportional limit (¢€) is 0.11% = 0.0011
Load at proportional limit is 3000 kg

3000

Therefore, proportional limit = 6p, =
prop Pr1227

= 2445 kg/em?
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From op, = E,

E=0r = 245 o 106 kefem?
£ 0.0011
Maximum load is 5250 kg
5250

~. Ultimate stress = oy, = = 4278 kg/cm?

1.227

Initial length of the specimen (gauge length) (/y) is 50 mm and final length (/) is 64 mm.

I, =1 _
Thus % elongation = / ; LI 100% = 64-50
0

x 100% = 28%

% reduction in area =

— A4 2 _ g2 2
I 100% = M x 100% = 1—(9'72j x 100% = 39.54%
4, g 125

Yield stress = 0,, = ——— = 2526.5 kg/cm?

o
oy =—2L= 25265 _ 14436 kg/cm?
n 1.75

Example 9.5 A prismatic steel bar, 25 cm long and having cross-section of 12.5 cm?, is subjected to an axial
compressive force P = 2000 kg. Find the strain energy in the bar. Assume £ =2 x 10®kg/cm?.

P 2000 x 2000 x 25

R
2AE  2x12.5%x2x10° gem

Solution Strain energy U =

Example 9.6  Compute the modulus of resilience for structural steel. Assume E = 2 x 10° kg/cm? and
proportional limit is 2000 kg/cm?.

Example 9.7 A prismatic steel bar of length / and cross-section area 4 is hanging vertically under its own
weight. How much strain energy is stored in the bar if its density is and the modulus of elasticity is E.

Solution Refer to article 8.7.
(pAx).dx

The tensile force in the elemental strip dx is pAx that causes an infinitesimal small elongation dd = T IE

. . C 1
Thus strain energy induced in this small element = du = 5 X (pAx) %

p2A13
6F

5

. . . . . A

Therefore, strain energy induced in the entire bar is U = J du = Z—E _[xzdx =
0
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Example 9.8 A wooden block with a 5 cm x 5 cm square cross-section has a glued joint at its mid-section
similar to that as shown in Fig. 9.1. If the allowable working stresses for the glue in tension and shear are
o, = 70 kg/em? and 1, = 42 kg/cm? respectively, what is the optimum angle ¢ < 45° for the joint? What is the

corresponding safe load P,, for the stick?

Solution

P cos’ ¢ = 4.0,

o = Lsmd _ P oo (9.3)
Afcos¢ 24
Psin2 =241, 94
Dividing Egs (9.4) by (9.3) yields
tan g = - = 2 =0.6
w10
¢=tan"! 0.6 = 31°
Thus p, = A% _3X3XT0 _ p38) g
cos”¢  cos” (31)
MULTIPLE-CHOICE QUESTIONS

9.1 The limit up to which stress varies linearly with strain is called

(a) proportional limit  (b) yield point (c) ultimate stress (d) breaking stress
9.2 The values of normal stress and shear stress becomes equal in a plane that makes

(a) zero angles (b) 30° (c) 45° (d) 90°
9.3 The ductility is a property by virtue of which materials

(a) undergo adequate elongation before failure. (b) can be rolled into thin sheets

(c) offer resistance against indentation. (d) none of the above
9.4 The hardness is a property of materials that exhibits its response to

(a) undergo adequate elongation before failure. (b) be rolled into thin sheets

(c) offer resistance against indentation. (d) none of the above
9.5 The following materials have very good malleability.

(a) Mild Steel (b) Cast Iron (¢) Aluminum (d) Silver
9.6 Energy stored in the body by virtue of deformation under load is called

(a) potential energy (b) internal energy (c) strain energy (d) heat energy
9.7 The factor by which allowable stress is calculated is called

(a) power factor (b) factor of safety (c) scale factor (d) none of the above

9.8 Toughness is the measure of
(a) resistance against abrasion (b) ductility
(c) brittleness (d) energy absorbed before failure
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9.9 In case of an axially loaded bar when load P causes a deformation s, the strain energy absorbed is
Pd Pd Pd
(a) P (b) 5 (c) 3 (d) 5
9.10 For brittle materials, following stress is considered as a basis for design
(a) yield stress (b) proof stress (c) ultimate stress (d) breaking stress
9.11 Energy absorbed by materials per unit volume up to proportional limit is called
(a) resilience (b) proof resilience
(c) modulus of resilience (d) toughness
9.12 The maximum values of normal stress (0),,, and shear stress (7)., can be related by following
expression.
@ O™ O O D=5 O © D=5 O @ D = 5 O
9.13 The following material is found to be extremely brittle.
(a) Cast iron (b) Copper (c¢) Gold (d) Glass
9.14 Area under stress-strain diagram represents
(a) resistance (force) against deformation (b) energy absorbed before failure
(c) depth and distribution of hardness (d) % elongation
9.15 For ductile materials loaded axially
(a) ultimate stress < breaking stress (b) ultimate stress = breaking stress
(c) ultimate stress > breaking stress (d) none of the above
9.16 The failure of ductile materials during tensile test is actually due to
(a) normal stress (b) fatigue (c) shear (d) strain hardening
SHORT ANSWER TYPE QUESTIONS
9.1 Derive expressions for normal stress and shear stress for an axial loaded (tensile) bar in a plane that

9.2

9.3

9.4

9.5

9.6
9.7

9.8
9.9
9.10
9.11

makes an angle 90° + ¢ with the direction of the load.

Refer to the Q1; what are the values of for which these two stresses will be maximum, minimum and
equal?

What is strain energy? Derive an expression for the same in terms of geometric attributes and material
properties when a prismatic bar is subjected to tensile loading.

Explain the following properties of materials: Ductility, Malleability, Brittleness, Hardness and
Toughness.

Draw a stress-strain diagram of a mild steel specimen for tensile test, clearly stating the implications
of important points.

Define proof resilience and modulus of resilience.

What is proof stress? Name the category of materials to which it is associated? What purpose does it
serve?

Explain the need of introducing factor of safety for design purpose.

What is the interpretation of the area under stress-strain diagram?

Why is the breaking stress less than that of ultimate stress?

How is ductility of materials quantified?
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NUMERICAL PROBLEMS

9.1

92

9.3

9.4

9.5

Referring to the case of axial tension of a prismatic bar as shown in Fig. 9.1, consider following
numerical data. 4 = 5 sq cm, P = 5,000 kg, ¢ = 20°. Calculate the stresses o, 0, 7, 7" for section p—¢
and p’—q’, where the later is inclined at +90° with the former.

Referring to Fig. 9.1, assume that the angle ¢ = 30° and that o, = 700 kg/cm®. What is the shear
stress (7)?

Refer to the problem 2. Here, o, = 1000 kg/cm?, 6, = —655 kg/cm®. What is the aspect angle defining
the orientation of the section and what is the axial stress P/4 to which the bar is subjected?

A concrete test cylinder having length [ = 30 cm and diameter d = 15 cm is subjected to axial
compressive forces P in a testing machine. If the maximum shear stress in the concrete is not to exceed
140 kg/cm?, what is the safe value for the axial load P?

Following observations were made during tensile test of a mild steel sample in UTM.

Diameter of the sample is 20 mm.

Gauge length is 200 mm.

Load at yield point is 66 kN.

Maximum load is 128 kN.

Deformation at yield point is 0.9545 mm.

Final length is 267 mm.

Diameter over neck is measured as 15.67 mm.

Calculate the following:

(a) Modulus of elasticity £

(b) Yield point.

(c) Ultimate stress

(d) % elongation

(e) % reduction in area

(f) Working stress based on yield point, considering factor of safety as 2.25.

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

9.1 (a) 9.5 (c) 9.9 (b) 9.13 (d)
9.2 (c) 9.6 (c) 9.10 (b) 9.14 (b)
9.3 (a) 9.7 (b) 9.11 (c) 9.15 (c)
9.4 (c) 9.8 (d) 9.12 (c) 9.16 (c)

ANSWERS TO NUMERICAL PROBLEMS

9.1
92
93
9.4
9.5

c, = 884 kg/em?, ¢/ = 117 kg/em?, 7= -7 = 321.4 kg/cm?
7= 404.15 kg/cm?

¢ = 39°

49480 kg

(a) 44 KN/mm? (b) 210 N/mm? (c) 407.65 N/mm?>
(d) 33.5% (e) 38.6% (f) 93.33 N/mm?
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CHAPTER

10

Rectilinear Motion of a Particle

10.1 INTRODUCTION

In statics the entire analysis was focused on the rigid bodies that are under rest. In contrast, dynamics deals with
bodies under motion. Although the statics is an old branch of mechanics, dynamics is relatively new. Another
distinguishing feature of dynamics is that in addition to the force analysis like that of statics, it deals with other
attributes that are associated with motion — namely position, velocity and acceleration, which are essentially
function of time. It is already outlined in the chapter 1 that dynamics has got two wings — kinematics and
kinetics. While the former deals with the study of motion parameters like position, velocity and acceleration
without paying any attention to the force which causes motion, the latter deals with the analysis of force on
the bodies under motion. In dynamics, the majority of the analysis is revolved around particle (the concept
of particle is illustrated in chapter 1) giving rise to the concept of particle dynamics. Further, as regards to
motion, it can be of two types — rectilinear and curvilinear.

10.2 RECTILINEAR MOTION

If a particle moves along a straight path, it is said to have undergone a rectilinear motion. Under this situation,
its position will change with respect to time if measured from a reference point (origin).

10.2.1 Position or Displacement

The instantaneous position of the particle measured from a reference point is called its displacement with respect
to the origin during a specified time interval.

Refer to Fig. 10.1. Say a particle P moves along a straight /VO A B .y
path to occupy a position at 4 during time interval ¢ such that P
OA = x. This x is called its displacement in time ¢. The sign < X e BX
of x is used to symbolise whether it is moving along positive Figure 10.1

or negative x direction. If x is known for every value of ¢, it
is said that the motion of the particle is known.

Mathematically, it can be expressed as x = f(f). Essentially x is linear length unit and therefore in S.I. units
it is expressed in metre. Since x = f{f), a plot of x vs. ¢ will exhibit a complete picture of variations of x with
respect to ¢.

10.2.2 Velocity

The position of P at any instant of time ¢ may be specified by its distance x measured from some convenient
reference point O fixed on the line. Further, at time 7 + A¢, the particle has moved to B and its displacement
becomes x + Ax. The change in the position during the interval Az is called the displacement Ax of the particle.
The average velocity of the particle is defined as the rate of change of displacement with respect to time.
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Thus mathematically, average velocity v = vh As the time interval ¢ approaches zero, the motion becomes
t
uniform and above ratio assumes the velocity at any particular instance.
Thus the instantaneous velocity of the particle is defined as

ax _;
dt

In S.I. units the velocity is expressed in m/s. The sign of v becomes positive or negative depending on

im —
A0 At
whether x is positive or negative.

10.2.3 Acceleration

Similar to the average velocity, the average acceleration of the particle is defined as the rate of change of velocity
with respect to time. Let at the time interval ¢, the velocity be v and at time ¢ + At, let the velocity be v + Av.

Av
Thus mathematically, average acceleration a = o
The instantaneous acceleration of the particle is defined as
. Av dv d*x
lim — = —=—F=¥
Ar—0 At dt dt
In S.I. units the velocity is expressed in m/s?.

a=

The sign of a becomes positive or negative depending on whether x is positive or negative. Further, positive

a implies that the velocity increases and negative a implies that the velocity decreases. When « is negative, it
is popularly known as deceleration.

dv _dvdx dv
dt dxdi | dr
vdv = adx
The motion parameters can also be computed following vector approach.
If a particle moves along any arbitrary path in space such that its position vectors at two different locations

are given by 7, = x,i + y,j + zjk and % = x,i + y,j + z,k as shown in Fig. 10.2, then the displacement during
the time interval ¢ is expressed as

a=

AF =7 =K =0 —x)i+ (- y)j+ (2 -2k

2

Figure 10.2
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A, A . Az

’_,.'

Thus average velocity of the particle is v,, = —=—i+—j+—k
£ Y P VI VA VR
. . . AP dr
The instantaneous velocity can be expressed as v, = lim —=—
Ar—0 At dt

.| A, A Az d. d d. o e
= lim [—i+—yj+—k} = —xi+—yj+—zk = Xi+yj + zk
At—0[ At At At dt dt dt

Thus magnitude v of the velocity v is expressed as v = \x*+ y>+ 22

. . Av . .
Similarly average acceleration a,, = — and instantaneous acceleration

~ AN v A Ay AL
da= lim—=—=—i+—j+—k=Xi+jj+Zzk
M—0 At dt At AT At

Thus magnitude @ of the acceleration a is expressed as a = /%> + j* + 2

10.3 GRAPHICAL REPRESENTATIONS OF POSITION, VELOCITY AND

ACCELERATION

The motion of a particle is said to be known if the position x is known x4
for every values of ¢. Thus, we can have x = f(7). A B

This forms the basis for x vs. ¢ plot. Considering ¢ as abscissa and X A —ZAX\\
x as ordinate, the above curve can be plotted. This is what is called
displacement-time diagram.

Figure 10.3 shows displacement-time diagram for the particle P. By

Ax dx

finiti = lim — = —
definition v A 7

Thus velocity at any instant is equivalent to the slope of the curve at 0] t t+At t
that point. Figure 10.3

Similarly, if the above function is differentiated with respect to time, it gives velocity. Thus x” = f”(f) and
it is possible to plot v vs. t.

Figure 10.4 shows velocity-time diagram for the particle P. By definition, /A

Av dv
m-— = —
At—0 At dt

. . . E A —
Thus, acceleration of the particle at any instant is equivalent to the slope / 7 7

of the velocity-time curve at that point.
Further, the area of the small rectangular strip under the curve = vdt

12}

a=

Thus, the entire area under the curve can be obtained by _[vdt o D tG >
b t1» L 2 !

dx dt

Further =a Figure 10.4
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X, 1
_[ dx = Jvdt

X 4

15}
Xy — X = Jvdt

4
This can be interpreted as the area under the “v—t” curve considering a finite time interval represents the
displacement by the particle during the same time interval.
Figure 10.5 shows acceleration-time diagram for the particle P. By definition,
. Av dv
m ——

= 1i et
a At—0 At dt

Further, the area of the small rectangular strip under the curve = adt

aA
5}
Thus the entire area under the curve can be obtained by J.adt

Furth dv ! 7<W\

urther a=—

dt

dv = adt

v, 1

Jdv = Jadt o t1J L t, %

4 Figure 10.5

This can be interpreted as the area under the “a—t” curve considering a finite time interval represents the
change in velocity of the particle during the same time interval.

There are situations when acceleration is expressed as function of time, displacement and velocity.
1. Acceleration is a given function of time.

Mathematically a = f(¢)

By definition a= dv
dt

dv = adt = f()dt
Jav=[rwar
Observing that when ¢ = 0, v has an initial value of v; and after the time ¢, v has final value of vy

Thus integrating both sides within given limits

jf dv = j foyar

i

Ve v = _[f(t)dt
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Thus v is now expressed in terms of 7, say v = g(?).

dx

Further = —
u % 7

dx = vdt = g(t)dt
Jax= [gwar
Observing that when 7 = 0 x has an initial value of x; and after the time 7, x has final value of x, we have

)]/dx = jg(t) dt

i

t
Xp—X; = _[g(t)dt

2. Acceleration is a given function of displacement.
Mathematically, a=f(x)

vdv = adx = f(x)dx

}vdv = ]Ef(x)dx

) X,

vg = _[ fx)dx

Xo

[vav = fodx

dx
v= 2
dt
dr dx
%

3. Acceleration is a given function of velocity.

Mathematically, a=f(v)
By definition, v J)
dt
g = dv
S

dv
Integrating both sides, J.dt = J.m This is the relationship between v and .
Further, vdv = adx
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a=f0v) = dii

vdv

)

dx

vdv

GN

This is the relationship between x and v.

Integrating both sides, jdx = J

10.4 UNIFORM RECTILINEAR MOTION

A motion is considered to be uniform if the velocity of the particle remains unchanged (v = C). This implies
the acceleration of the particle is zero.

dx
dt

y=

X t
de: v_[dt
Xo o
X —Xy=Vt
X =Xyt Vvt

10.4.1 Uniform Accelerated Rectilinear Motion

If a particle moves with constant acceleration, its motion is considered to be uniform accelerated rectilinear
motion.

=

a=

U

t

jdv: ajdt

Vv — v, = at
v=y, t at
X —Xy=Vt (10.1)
. dx
Since v = %
! dx
— =y, tat
dt

]de = _t[(v0 + at)dt

Xy 0

1
X —Xg=yt t Eat2



Rectilinear Motion of a Particle 10.9

X=xy+ vyt + lat2 (10.2)
Again, vdv = adx 2
J. vdy = _[adx
Yo Xo

%(V2 - voz) = a(x — xy)

V2= v02 + 2a(x — x;) (10.3)
Equations (10.1), (10.2) and (10.3) are very useful relationships for rectilinear motion with uniform
acceleration.

10.4.2 Non-uniform Accelerated Rectilinear Motion

When the acceleration of the particle is not uniform, the motion is said to be non-uniform accelerated rectilinear
motion. Under such conditions, basic equations are used to relate displacement, velocity, acceleration and time.

10.5 RECTILINEAR MOTION UNDER GRAVITY

When a particle is allowed to fall freely, it is subjected to gravity force only. Under this condition, the
acceleration of the particle would be a = g.
Thus if a particle is released from a height of /4, the above equations can be written as

v =gt
1
h= —gf
2g
V= 2gh

Here, v represents velocity of the particle with which it touches the ground.
On the other hand, if a particle is thrown vertically upward with an initial velocity of v, the distance traveled
can be computed by the relationship v* = vZ + 2a(x — x,)

0=1v}-2gh
o
2g
Time required to attain a height /# can be calculated from v = v, + at
0=vy—gt
v
PR
4

10.6 RELATIVE MOTION OF TWO PARTICLES

When more than one particle moves along the same line, their position, velocity and acceleration can be
described independently with respect to the same reference frame.

However, it’s quite useful to establish various motion attributes of one particle with respect to the other.
This is what is called relative motion.
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Let there be two particles namely P, and P, are moving along positive x direction so as to occupy a position
A and B respectively form reference point O as shown in Fig. 10.6.

Let OA = xp; and OB = xp, which are the distances of P, and P, respectively o) A B
from O. |

Thus the distance between Py and P, = xp;p, = AB = OB — O4 = x,, — X, Xpt

This is the relative distance between the two particles. Xpy

From the above relation, xp, = xp; + Xp;py

This is the relative position of P, with respect to P;. Figure 10.6

Similarly, relative velocity of P, with respect to P, can be expressed as vp, = vp; + Vvp;p, and relative
acceleration of P, with respect to P, can be expressed as ap, = ap; + dp;p»

10.7 DEPENDENT MOTIONS

There are ample instances when position of one particle is dependent on the other. 2

Lifting/lowering of loads by means of wire ropes wrapped around several pulleys is
one of the widely used means in industrial applications. Under such condition, velocity Xp
and the acceleration of one particle is dependent on the others. 4R L
Refer to Fig. 10.7. The load B is to be lifted by lowering the load 4 by means of X, \¢D
two pulleys D and E. The entire system is hung from the ceiling as shown. X
Let x, = the distance of load A4 from the ceiling
xp = the distance of load B from the ceiling Xg
xp and xp are the centre distances of the two pulleys at D and E A
respectively from the ceiling. E
h = distance between the load B from the center of the pulley at £ T v

r = radius of the pulleys

Note that r, & and xj, are constant. f

From the geometry of the above configuration, we have

Xy—Xptmar+xg—xpt+tmr+xz=1L \ﬂ
Xq t2xp=L =27 + 2xp Figure 10.7
X, +2(xp—h)=L-2nr + 2xp
Xy + 2xp=L —2mr + 2x;, + 2h = Constant
From this expression, Ax, + 2Axz = 0. This implies an infinitesimal small displacement (downward) Ax,
—AXA

2
Thus the displacement of the weight B will be half of that of 4. Negative sign implies movement of the

weight B is upward.
Differentiating both sides with respect to time ¢ yields
X +2x5=0
4
2
Differentiating this equation with respect to time ¢ yields
Xy+2%5=0
. —X,
I}
B2
Thus the acceleration of the weight B is half of that of 4 and in the opposite direction.

if given to the weight 4, corresponding displacement of the weight B will be Axy =

Xp =
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1
Example 10.1 The motion of a particle is expressed as x = x, + Vt + > af. Calculate the displacement and

velocity at time ¢ = 5s. Given the initial displacement and velocity are 12 m and 5 m/s respectively. Acceleration
of the particle is 20 m/s.

1
Solution X=xy+ Vyt + 5 at*
Xo =12 m, vy= 5 m/s, a = 20 m/s*

x:12+5t+%x20t2

1
Xs = 1245 X5+ D X 20X (5) = 12+ 25 + 250 m = 287 m

dx
dt

t=5

1
=V, + -ax2t
2 =5

=5+20x5=105 m/s

1
Example 10.2  The velocity of a particle is described as * = — af* where a = 10 m/s. Calculate displacement
of the particle when # =5 s. 2
1

Solution X = Eatz
1
dt 2
dx = l at® dt
2

51
x= Idx: J.Eatzdt
0

1 1 s
= —ax —[t]
2 30

L 0x ! x5-20833m
2 3

Example 10.3  The motion of a particle is defined by the relation x = ¢* — 3£ + 22 — 8 where x is in metre
and ¢ is in second. Determine the velocity and acceleration when ¢ = 5 s.
Solution The equation of motion of the particle is x = * — 3£ + 27 — 8

dx

¥ = — =48 -3 X3 +2x2
dr
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Thus ¥,5=4x53 -3x3x52+2x2x%x5=295m/s
I SV -y
dt
L di 5
= =4X3rr-3x3x2t+2x2

X¥,o5=4x3x52-3x3x2x5+2x2=214 m/s?

Example 10.4  The acceleration of a particle is defined by the relation a = £ — 2¢ + 2, where a is in m/s® and ¢
is in sec. The displacement and velocity of the particle at # = 1 s is found to be 14.75 m and 6.33 m/s. Find the
distance traveled, velocity and acceleration when 7 = 3 s.

Solution The acceleration of the particle is a = % = -2t+2
t
[av=[adt = [ = 2+ 2)ar

1
v= 7 t3—2><l 2+ 2t+c
3 2

When ¢ =1 sec; v = 6.33 m/s

1 1

Thus 6.33:51372X512+2X1+010r01:5
dx 1 1

Therefore v=— = £ -2Xx - P+2+5
dt 3 2

x = [dv = [vdr = J%?dt ~ [ Par + 2fude + 5[ar

1
3x4’!

1 1
P +2x A +5t+c
3 2

Whent=1s; x=1475m

1
Thus 1475= — - Lprax lizesxrse
3x4 3 2
6229
Ly 1,
Hence x= —t'— —P+A+5+9
12 3
When ¢t =3 s; 1 |
x= — x3* - 2 x33+32+5%x3+9=3075m

12 3

Similarly 1
V=3 x3-32+2x3+5=11m/s

a=3%-2x3+2=5m/s?
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Example 10.5 A particle starts from rest and moves along a straight line with constant acceleration a. If the
particle attains a velocity v = 10 m/s after a distance of 25 m, find the acceleration.

Solution v =u+at
1
s=ut+ —af
2
When u = 0,
v =at
s=Lag
2
1 1 2
§= —atXt= — ><v><X=l XL
2 2 a 2 a
2
25 = l X &
2 a
a=2 m/s

Example 10.6 A particle is moving with constant acceleration a. It covers initial distance of 16 m in 10 seconds.
What time it will take to cover entire distance of 400 m? What will be its final velocity? Assume that the particle
has started from rest.

Solution s = 5 at®
1
s = Eatlz
25
a = t12

s;=16m, t;, =10 s

a= 218 _ 03 e
100
L,

S, = —at

2 2 2

1= 2y
a

_2x400

0.32

t,=50s

V=at, =032 x50 =16 m/s

Example 10.7 A car starts its motion from rest with a maximum permissible acceleration « so as to attain its
maximum velocity v and immediately after that retards with the same deceleration rate so as to come to a halt.
Find the minimum time in which the car can move from one location to other if the distance between two is S.
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Solution Between start and stop, the characteristics of movement will be as stated below.
(1) Acceleration from zero velocity to maximum velocity of v with acceleration a.
(2) Deceleration from velocity v to stoppage at a deceleration rate a.
(3) The distance covered by the train in (1) and (2) are x and y respectively and the corresponding times
are t; and ¢, respectively.

x= %az‘f
v = 2ax
v = at
2x = v, (10.4)
Again,
y=vt — l at%
2
Vv = at,
2y = vt, (10.5)

Equations (10.4) and (10.5) give
2x T y) = vt T 1)

S S
Imin = ; ;
v? = 2ax
v = 2ay
V= 2a(x +y)
2v* = 2aS
v_>s
a v
S S
in = ; + ;
-S4y
v a
/)
Example 10.8 A rope 4B is attached at B to a small block and passes c
over a small pulley C so that its free end 4 hangs 5 m above the ground as
shown in Fig. 10.8. The end 4 is moved horizontally following a straight
line with a uniform velocity v,,. Establish a relationship between velocity
of the block with time.
Solution Let the vertical distance traveled by the block B is x during h
the time interval ¢.
From AA4,CA we get A,C = h and AyA = vt A, Vo
_ 2 2 _ [12, 22 A AT
AC = 4,C* + Apgd> = P + V)t . .
Length of the rope before movement of the block =L =h + 5+ nr + e
j h 4

h=2h+nmr+5
Figure 10.8
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Further, length of the rope during movement of the block to a position B=AC+ h+ar+5—-x=h+5
+r—x + B +vht?

2h+mr+5=h+5+mr—x+ J+v3

x= B +vit* —h
_ dx

dt

2
_ X vE X 2t = __Yol s the velocity-time relationship of the block.
JP 7 1 +v3e

1
v = — X
2

Example 10.9 A particle falls freely from the top of a tower and during the last second of its motion, it falls
5/9 of the entire height. Find the height of the tower.

Solution Let the height of the tower be % and it takes time ¢ second to cover it.
1
Thus h= > gt
Let 4’ be the distance the particle covers in (¢ — 1) s.

1
W= —g(t—1)>
S8t=1
Thus A — i’ = % gt — % g(t — 1) is the distance covered by the particle in last second.
5
By problem statement, & — i’ = 5 h
1 5 1
—glP -2 +2t—1]= = x —gf
X! =5 X
Gt-3)t-3)=0

t= S

3
5
or t=3s

3 .
As per problem, ¢ > 1 s; hence ¢ = 3 s is not acceptable.
Thus t=3s

. . . 1
.. Total distance covered by the particle = height of the tower = 4 = %gt2 = > x98x3’m=44.1m

Example 10.10 A car starts from rest to attain a speed v with a constant acceleration a,; it maintains the same
speed v for sometime and then comes to rest following a constant deceleration a,. If the total distance covered
is S, find the total time ¢ required to cover this distance.

Solution Let S; be the distance during initial part when it moves with constant acceleration a;;
S, be the distance during intermediate part when it moves with constant velocity v;

S; be the distance during last part when it moves with constant deceleration a, and ¢, #, and t; are the
corresponding time.

1
S, = Ealtlz and v = at;

1
Thus t = Y and S, = -y
a 2
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v 1
S, =vt, and t; = o and S; = EWS
2

1 1
Thus S=8;+ 8+ Sy = vyt vty oty
L2+t = 25
(t+t,+t)+6= 25 (10.6)
1 1
Further, t+ty= L_,_L = v|:+:|
a 4 a 4
1 1
hthL+h-t= v —+—
a 4
f—ty=v| Lyl (10.7)
a4 4

Example 10.11  The acceleration of a particle at any point 4 is expressed by the relation a = 200x(1 + kx?),
where a and x are expressed in m/s> and metres respectively and & is a constant. If the velocity of the particle at

Aisv,=2.5m/s whenx =0 and v, = 5 m/s when x = 0.15 m, find the value of k.
Solution Given a = 200x(1 + kx?)

D 200x(1 + kD)
dt
dvd
L 200x(1 + k)
dx dt
vﬂ = 200x(1 + kx?)
dx

vdv = 200x(1 + kx*)dx
= [vav="J200x(1 + Ky
Integrating both sides,
lv2:200>< 4 200k x %4 +C

2 2
when x = 0; v, = 2.5 m/s.
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2.5
2
Further, when x = 0.15; v, = 5 m/s

Thus C] =

1 2
5% = 200 x 015" 1 200k x

4 2
(015 2.5
2 4

Solving, we get
k=281 m?

Example 10.12  Steep safety ramps are built to enable vehicles with defective brakes to stop safely. A truck
enters such a ramp of 240 m at a high speed v, and travels 165 m in 6 s at constant deceleration so as to

reduce its speed to %0_ Assuming the same uniform deceleration, determine (a) the additonal time required to

stop the truck, and (b) the additional distance traveled by the truck.

Solution Let the deceleration of the truck is a m/s?

v
L=y, —ax6
2
=%
o, 1 ““I
Following x=v0t—5 at’;
1
165 = vy X 6—— X ~L x 62
2 12
165
or, Vo =——m/s
4.5

(a) Let the additional time required to stop the truck is ' s
Thus from the relation v,— v, = af’, we have
0-2o Yo,

2 12
or, t"=6s
(b) Let the additional distance traveled by the truck is x’ m.
It therefore follows from the relationship \{fz —v2=2ax'

2

v—°=2x&><x’
4 12

165
x'=1.5v,=1.5x—=55m
or, 0 45

Example 10.13  The position vector of a particle moving in the x-y plane at time ¢ = 4 s is 5.05/ + 3.2j m.
At t=4.5 s its position vector becomes 6.27i + 4.7j m. Determine the magnitude v of its average velocity during
this interval and the angle 8 made by v with x-axis.

Solution The position vector at t =4 s is 7 = 5.05i + 3.2j and the same at t =4.5sis 7, = 6.27i + 4.7j
Thus, Ar=F%—-1 = (627i + 4.7j) — (5.05i + 3.2j) = 1.22i + 1.5

AF Ay . 122, 1.
v, = =ﬂi+lj=—i+—5j = 2440+ 3j =244 + 3j
At At At 0.5 0.5
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Therefore the magnitude v of its average velocity during this interval becomes /2.44% + 3% m/s = 3.867 m/s

and the angle 6 made by v with x-axis is tan™! (ﬁj = 50.87°

Example 10.14 A particle undergoing rectilinear translation along x-axis has an acceleration a, = —kv,, where
k is a constant and v, is the instantaneous velocity. Find the velocity and displacement at any time ¢, if the initial
velocity and initial displacement are v, and 0 respectively.

Solution
It is given that a, =—kv,
dv,
or v, e = —kv,
or dv, = —kdx
Integrating the above equation, we get
v, =—kx + C

X
where C is constant of integration. Applying the initial condition x = 0, v, = v, we get C = v,
Thus the instantaneous velocity becomes v, = —kx + v,

. dx

Further, one can write v, = p

t
dx

or — =dt
VX

dx

or =dt

vo— kx

Integrating the above equation, we obtain

7% In(vy — kx) =t + C,

where C, is constant of integration. Applying the initial condition x = 0, v, = v, we get C; = —— In v,
Therefore, one can write k
1
% In(vg — kx) =t —— In vy,
or In20= ke _ —kt
Vo
or X = %0(1 — e
The velocity is then found to be
_dx _ —kt
v, =—=yy€
dt
Example 10.15 A particle travels along a straight line with a velocity v, = —2_ Determine its acceleration
when x, =2 m. Given that a = 6 m*/s and b =3 m. b+x,
Solution
. a
It is given that v, =
b+x,

Differentiating the above expression with respect to x,, we obtain

de _ —a

dx, (b+x,)
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The acceleration of the particle becomes

2
de —a a —a

Yo T 2 =
dx, (b+x,)" b+x, (b+x,)

For the given condition, the acceleration becomes

—62
"G ~0.288 m/s”
—+

3
Example 10.16  The velocity of a particle that moves along x-axis is expressed as v =2 + 5¢2, where ¢ is in
s and v is in m/s. Determine the displacement x, the velocity v, and acceleration @ when ¢ = 4 s. The particle is

at the origin when =0 3
Solution It is given that v =2+5¢2
3
or dx _ 2+ 5¢2
3
or dx = (2+5t2)dt

Integrating the above equation, we obtain s

x:2t+5x%t5+c

where C is constant of integration. Applying the condition x = 0, when ¢ = 0, we get C = 0
5

Thus, the above equation becomes x = 2¢ + 22 s

When ¢ = 4 s, the displacement becomes x =2 X 4 + 2 X 42 =72 m.
3

Velocity at t = 4 s becomes v =2 + 5 X 42 = 42 m/s
Acceleration can be expressed as

Acceleration at t = 4 s becomes a = 5 X % x t2 = 15 m/s?

Example 10.17  The acceleration a of a particle that moves in +x direction varies with its position as shown
in Fig. 10.9. If the velocity of the particle is 0.8 m/s when x = 0, determine the velocity v, when x = 1.4 m.

a(m/sz)

Figure 10.9
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Solution
(i) The acceleration remains constant at ¢ = 0.4 m/s? for 0 < x < 0.4.

We know that a= vﬂ
dx
or vdv = adx

Integrating both sides, we get
jvdv = Jadx = ajdx

When x = 0; v = 0.8 m/s
Let the velocity is v, when x = 0.4 m
Vi 0.4
Hence above integration is written as J vdv = aJ dx, from which v; = 0.98 m/s
038 0
(ii) The acceleration follows straight line for 0.4 < x < 0.8
It is now essential to develop the acceleration equation considering a = f(x)
From the graph, it is found that when x = 0.4; @ = 0.4 and when x = 0.8; a = 0.2
Let the general equation of the curve is in the form a = mx + k
Thus 04 =m x 04 + kand 0.2 =m x 0.8 + k
Solving these two equations; the particular equation becomes a = —0.5x + 0.6
Let the velocity is v, when x = 0.8 m
v, 0.8
Then [ vdv = [ (=0.5x+0.6)dx which yields v, = 1.0956 m/s
0.98 0.4
(ili) During the period 0.8 < x < 1.2 acceleration once again remains constant at a = 0.2 m/s
If the velocity of the particle is vy when x = 1.2 m, then from the relationship
v =v?+2ax; vy =1.166 m/s
Since a = 0 and when x > 1.2; the velocity of the particle remains constant at v; = 1.166 m/s.
This implies velocity v = v; = 1.166 m/s, when x = 1.4 m.

Example 10.18  The acceleration a of a particle following rectilinear translation is defined as a = —k/v, where
k is a constant. Knowing that x = 0 and v = 25 m/s at ¢ = 0, and that v = 12 m/s when x = 6 m, determine (a) the
velocity of the particle when x = 8 m and (b) the time required for the particle to come to rest.

1

Solution It is given that a =—kv = —kv?
1
or Vﬂ = _jy2
dx
1
or v2dv = —kdx

Integrating the above equation, we obtain
3

gv§=—kx-|-C
3

where C is constant of integration. Applying the condition v = 25 m/s, when x = 0, we get C = 83.33.
From the above equation, we obtain

y 3
gvz = —kx + 83.33
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Further, when v = 12 m/s; x = 6 m.

Thus,

or

, 3
02 =k x 6+ 8333

k=927

Finally, one can write

(a)

(b)

3
v2 =-927x + 83.33

W | N

The velocity of the particle when x = 8 m is found to be
3
%(vng)2 =-927 x 8 + 83.33

or Vg = 5.746 m/s
1
Again, a = kv = —kv2
1
or v —kv?
dt
1
or v 2 dv = —kdt
Integrating the above equation, we obtain
1
2v2 =kt + C)
When ¢t = 0, v = 25 m/s; from which C; = 10
1
Thus, 2v2 =-927t + 10

. . . . 1
The time required for the particle to come to rest is #,_, = 927 =1.078 s

NUMERICAL PROBLEMS

10.1

10.2

10.3

10.4

10.5

A particle has straight line motion according to the equation x = £ — 3/2 — 5, where x is in metre and
t is in second. Find the change in position when its velocity changes from 8 m/s to 40 m/s.

A particle is undergoing a rectilinear motion such that its displacement from a fixed origin can be
expressed by x = 3/ + 2¢, where x is in metre and ¢ is in second. Find the displacement, velocity and
acceleration at the end of 4 seconds.

A train “4” starts from rest from a point O and travels along a straight line with an acceleration of
2 m/s®. Another train “B” starts from rest from same point O, but 4 sec later and moves with an
acceleration of 3 m/s?. At what distance from O will the train B overtake the train 4?

10

The acceleration of a particle is given by the equation a = e where a is expressed in m/s? and v
v

in m/s. The particle starts from rest at x = 0. What is the position of the particle when v = 10 m/s?
The position of a particle describing rectilinear motion can be described by x = £ — 97 + 15¢ + 18,
where x is expressed in metre and ¢ is in second. Determine the time, displacement, and acceleration
of the particle when its velocity is zero.
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10.6 A car moves along a straight line with a constant acceleration 2 m/s?>. How long will it take to change
its speed from 6 m/s to 9 m/s? What will be the displacement during this period?

10.7 A train starts from rest from station O; it gains speed at the rate of 1 m/s> for 5 seconds and then at
the rate of 1.5 m/s? until it reaches the speed of 10 m/s. The train maintains the same speed until it
reaches the station 4 when brakes are applied so that the train has a constant deceleration and comes
to rest in 5 seconds. The total duration of travel between the stations O and A4 is 40 seconds. Find the
distance between the two stations.

10.8 A particle is dropped from the top of a tower # metres high and at the same time another particle is

thrown upwards from the ground. These two particles meet when the 1st particle has covered 1 times
n

of the total height 4. Prove that the velocities when they meet are in the ratio 2: (n — 2) and that the

initial velocity of projection of the second particle is /% .

10.9 Water drips from a faucet at a uniform rate of »n drops per second. Find the distance x between any
two adjacent drops as a function of the time ¢ that the trailing drop has been in motion.

10.10 Refer to Fig. 10.10. Determine the velocity and acceleration of the block 3 at the instant considered.
Given x, = 4.0 m/s; ¥, = 1.5 m/s’> and X, = 2.5 m/s; ¥, = 2.0 m/s’

Figure 10.10

10.11 A train starts at station A so as to reach another station B located along a straight line. The train
accelerates in such a way that its velocity increases uniformly from O to 20 m/s and then decreases
uniformly to 0 at B. If the total time taken by the train to cover AB is 5 min, draw the v — ¢ diagram
and hence determine the distance between the two stations.

10.12 A train accelerates from rest with constant acceleration of a; to acquire a maximum velocity of v,

and immediately starts decelerating with constant deceleration of a, so as to come to rest. If the total

duration of the travel is T, prove that v, = A% p

a+a,

10.13 The acceleration a of a particle is described as a = 40 — 160x, where a and x are expressed in m/s2
and in m respectively. If the velocity of the particle is 0.3 m/s, when x = 0.4 m, determine (a) the
maximum velocity of the particle and (b) the positions at which the velocity is zero.

10.14 While traveling a distance of 4 km between points A and D, a car is driven at 100 km/hr from 4 to B
for ¢ s and at 60 km/hr from C to D also for ¢ s. If the brakes are applied for 5 s between B and C to
ensure uniform deceleration calculate 7 and the distance s between 4 and B.
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10.15 The velocity v of a particle with respect to time ¢ is as shown in Fig. 10.11. Draw the ¢ — # and x — ¢

graphs for the particle during the period 0 < ¢ < 40, if x = —14.6 m at # = 0. Also determine (a) the
maximum value of its position, (b) the values of ¢ for which x = 32.6 m, (c) the total distance traveled
by the particle during the period ¢ = 0 to # = 30 and (d) the two values of ¢ for which the particle
passes through the origin.

Note: Solve (c) by method of integration and validate the result by area method.

Figure 10.11

10.16 The velocity of a particle having motion in the x-y plane at time ¢ = 3.5 s is 4.12i + 3.17j m/s. The

average acceleration during next 0.05 s becomes 2i + 2.5j m/s>. Determine the velocity at t = 3.55s
and the angle a made by average acceleration and the velocity vector at ¢t = 3.55s.

ANSWERS TO NUMERICAL PROBLEMS

10.1
10.2

10.3
10.4
10.5
10.6
10.7

10.9

41.6 m
x=56m, ¥ =26m/s, ¥ =6m/s’
475 m
3833 m
t=1s,x=25cm, ¥ =-12m/s’andt=5s,x =7 m, ¥ =12 m/s
t=15s;x=11.25m
t=11.6 s; x = 50.46 m (measured from 'O')
_gt . g

x=+=
no 2n’

10.10 %3= 105 m/s T; i3=5m/s* T
10.11 AB = 3000 km

10.13 (a) V,,

= 1.921 m/s, (b) 0.09812 m, 0.402 m

ax

10.14 t = 87.5s, s = 2.43 km

10.15 (a) 49.1m, (b) 18 s and 30 s, (c) 8.1 s and 36 s
10.16 v = 0.412i + 0.396j m/s; a = 7.12°]






CHAPTER

11

Kinetics of a Particle in
Rectilinear Motion

11.1 INTRODUCTION

In chapters 1 and 10, it is explained that kinetics is the branch of dynamics that deals with motion attributes
along with force that causes motion. It is the force that causes motion of the particle with acceleration and
deceleration. The motion parameters and associated force analysis are based on the Newton’s well known
laws of motion.

11.2 NEWTON’S LAWS OF MOTIONS

11.2.1 Newton’s First Law of Motion

A particle maintains its state of rest or state of motion along a straight line with a constant velocity unless
and until it is acted upon by a force.

This implies that it is the inherent nature of a particle to maintain its status quo in regard to its state of
rest or motion. Thus, if a particle moves with constant velocity, it will never stop unless some force opposes
its motion so as to stop it. If a ball is thrown with an initial velocity over a floor, we find that after moving
through a certain distance it comes to rest. This is owing to the fact that frictional resistance between the ball
and the floor becomes instrumental to stop the motion of the ball. Thus, it is a resistive force that brings down
the velocity of the ball. Similarly, when the speed of a car increases it is due to the tractive force developed by
the engine. Further, a particle if at rest will not start its motion from its own. It is therefore can be concluded
that without any external agency in the form of a force, change of status is not possible. This characteristic of
continuation of original status of rest or motion is called the inertia of the particle.

11.2.2 Newton’s Second Law of Motion

The acceleration of a particle is proportional to the net force acting on it and its direction is in the direction
of this force.
Thus mathematically

N F=ma (11.1)

Here F is the force that causes an acceleration of a to the body of mass m.
If the force F is resolved into two mutually perpendicular components, namely, F, and F, such that
F = F,i + F,j and acceleration a has also got the same components a, and a,, then

N\F, = ma, (11.2)
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and

DF, = ma, (11.3)

Closer look at the second law reveals that when a = 0, F = 0. This implies that in the absence of resultant
force, the particle cannot have any acceleration. Further, if it is already under rest, it will remain stationary.
This is in congruence with the Newton’s first law.

11.2.3 Newton’s Third Law of Motion

For every action, there is always an equal and opposite reaction.

This statement does not require any further elaboration since from the very beginning of statics, we have
considered the concept of equal and opposite reactive forces in order to restore equilibrium. This is in compliance
with the equilibrium of bodies under the actions of two forces. However, this concept of equal and opposite
forces is not only confined to the bodies under rest, rather it is equally applicable to the bodies under motion.

Example 11.1 A weight W = 100 N is lifted by means of two pulleys as
shown in Fig. 11.1. If the free end of the rope is pulled down vertically with

constant acceleration @ = 5 m/s?, find the tension in the rope. Neglect friction
in the pulleys.

Solution Let the tension in the string be 7.
Since the free end of the rope is pulled down with an acceleration a, the

acceleration of the weight will be a” = — g [Negative sign implies W is moving

opposite to the direction of applied load at the free end of the rope.]
Considering the free body of the weight and considering Newton’s second law

of motion,
avy a’ =al2

2F=ma

w ., Wa
=>2T-W=—a =—+= Figure 11.1
g g2
=" a1 O IN-eaN
2| 2g 2 2x9.81

Thus, the tension in the rope is 62.74 N.

Example 11.2  The driver of a train that moves along a straight line suddenly applies brake so as to stop
the train in 3 seconds. The train covers a distance of 9.81 m before it comes to rest. Assuming the train has
got a constant deceleration, find the co-efficient of friction between the wheel and the track.
Solution 7=3s; x = 9.81 m; vy = 0

Let the velocity of the train at the time of braking be v, and the deceleration rate is a.

Then considering linear motion, we have

Ve= vy — at

0=v,—3a

Vo= 3a (11.4)
and

2_ .2

Vi =vi — 2ax
0=vi-2xax98l
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v¢=2x981xa
Comparing Eqs (11.4) and (11.5),
9xa*?=2x981xa

2x9.81
a="""""m/s?

The force that causes deceleration of the train is friction.

Thus ZF:ma:Ff:u.N:u.mg
:g=2><9.81 - 022
g 9x9.81

Thus the co-efficient of friction between the wheel and the track is 0.22.

Example 11.3  Weights W and 2W are supported by a string in a vertical
plane as shown in Fig. 11.2. Find the magnitude of an additional weight Q
applied over W that will give a downward acceleration of ¢ = 0.1g. Find the
tension in the rope. Neglect friction in the pulleys.

Solution Let the tension in the string be 7.
The situation being similar to that of the problem 11.1. If the combined
W and Q move down with an acceleration a, the acceleration of the weight

2 will be o = — g
Applying Newton’s second law of motion,

2F=ma

w+ o) -1="*+2

a

T=W+0) {1—“}
g

Similar consideration of the weight 217 yields

w 2W a
2T -2W=—4d' = ——
g 2
T=Ww 1+“}
L 2¢
Comparing Eqgs (11.6) and (11.7) and replacing a = 0.1g
w010 w1 ]
g L 2g
W+ 0)x09=wx1.05
B O.ISW_K
© 0.90 6

. w
Thus, weight O becomes —

11.3

(11.5)

&/
. AT
al T 2
a
w
@ a= a/ZT
Figure 11.2

(11.6)

(11.7)
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Example 11.4 Two blocks of masses m; = 15 kg and m, = 10 kg are connected by a flexible string as
shown in Fig. 11.3. Assuming the coefficient of friction between block of mass m, and the horizontal surface
on which it rests to be u = 0.25, find the acceleration of the system of masses and tension in the string.
Neglect friction in the pulley.

Solution Let the block 1 move downwards at an acceleration of ¢ m/s> and
let the tension in the string be T.
Since both the blocks are connected by a common string, the block 2 that
rests on the floor will also have same acceleration as that of block 1.
Considering the free body of the block 1 and applying Newton’s second
law of motion,
ZF = ma

mg—T=ma
T=m(g—-a) (11.8)

Figure 11.3

For block 2, T — Fy= mya
T — umyg = mya
T=my(a + ug) (11.9)
Eliminating T from Eqs (11.8) and (11.9), we have
my(g — a) = my(a + ug)

a= [m — umy]g _ [15-0.25%10]
my +m, 15+10

x 9.81 m/s* = 4.905 m/s?
From Eq. (11.8), we have 7' = m,(g — a) = 15(9.81 — 4.905) N = 73.575 N

Example 11.5 A small block of mass m rests on an inclined N
plane as shown in Fig. 11.4. Sliding of the block impends

when the inclination angle 6 = 30°. If the inclination angle is
increased to 45°, what would have been the acceleration of the
block? Assume f; = (.

)
Solution From the free body diagram of the block and w \Nooe
considering static equilibrium,

We have N = W cos 6 and
Fy=Wsin 6 = uN = uW cos 6

Figure 11.4

U= tan 6 = tan 30°

When 6 is increased to 6" = 45°; there will be motion and the block is under dynamic equilibrium, implying

. w
Wsin 0" - F/=—a

’ g

. w
Wsin ' — uN’ = —a

g

. w
W sin 0" — uW cos 8’ = —a
g
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a = g[sin 8" — u cos 0]
a = g[sin 45° — tan 30° cos 45°] = 0.3g

Example 11.6 A small block of mass m rests on an inclined plane, starts from point 4 and slides down
the plane as shown in Fig. 11.5. What distance along the horizontal plane BC will it travel before it comes to
rest? The co-efficient of friction between the block and both the planes is ¢ = 0.3. Assume there is no loss of
velocity while changing its motion from inclined plane to that of horizontal plane.

A\
P
o (3! 9
S\ 0%
\N Wy \N © 3m
2 |
C B T
4 m
Figure 11.5

Solution AB =.3’+4>=5m

Let the inclination of the plane with the horizontal be 0;
4 . 3
Thus cos 6 = — and sin 6 = —
5 5
From the free body diagram of the block and considering dynamic equilibrium,
. w
W sin @ — uW cos 8= —a
4

a = g[sin 8 — u cos 0] [a = acceleration of the block along the inclined plane]

Since the block starts from rest;

v} =2as =2 X g[sin 6 - cos 6] x 5 =2 x 9.8l x[z—fox:]xs

V= 5.943 m/s

While moving along the plane BC, the block will come to rest due to retarding force friction. If a” is the
corresponding deceleration,

F=ma =F = umg
a = ug = 0.3 x 9.81 m/s> = 2.943 m/s?
Let the distance covered by the block along horizontal plane BC be x.
0= vfz - 2d’x
Vi 5.943%5.943
YT T 2%2.943

xX=6m
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Example 11.7 Two small cars of weights W, = 200 N and W, = 100 N are connected by a flexible but

inextensible string wrapped around a pulley C and are free to roll on an inclined plane. If the cars are released
from rest having the position as shown in Fig. 11.6, find the time required for them so as to exchange their

positions. Assume entire system is frictionless.

Figure 11.6

W
Solution For car 1, W, sin 30° — T = —Lqg
g

ml 2
=W, {sin30°—a} = 1{1—“} = 100 {1—2‘1}
g] 2 g g

. w,
For car 2, T — W, sin 30° = —~a
g

. a 1 a 1 a
T=W,|sin30°+—=|=W,|=+—|=100|=+—
g 2 g 2 g

From Eqgs (11.10) and (11.11),

2a 1 a
100|1—— =100 |z +—
g 2 g

3a l
g 2
L8
6
1
x=5a12
1 9.81
50=— x —¢
2 6

t= 1/@ sec = 7.82 s
9.81

(11.10)

(11.11)
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11.3 EQUATIONS OF DYNAMIC EQUILIBRIUM: D’ALEMBERT’S
PRINCIPLE

From Newton’s Second Law,

EF:ma

ZFf ma =0
N F+ (—ma)=0 (11.12)

The above equation can be interpreted as if it is considered that ZF is the net force acting along the direction
of motion and —ma is the force that acts opposite to the motion so that their combined effect will restore
equilibrium, i.e., no unbalance force is acting on the body. This can, however, be envisaged that equation of
dynamic equilibrium is tantamount to the equation of static equilibrium. The product of mass and acceleration
with a negative sign is called inertia force to assume to act so as to oppose the motion.

The above equation is treated as equation of dynamic equilibrium of the particle.

To obtain dynamic equilibrium of a particle, a fictitious force called inertia force is added opposite to the
direction of motion so that resultant force on the particle becomes zero. This concept is known as D’ Alembert’s
Principle and is a very useful approach in the solution of problems in kinetics.

Example 11.8 A block of weight W, height 2/ and width 2¢ rests on a flat trailer car that moves horizontally
with a constant acceleration @ as shown in Fig. 11.7. Determine
(a) the acceleration at which slipping of the block will impend if the coefficient of friction between the
block and the car is u.
(b) the value of the acceleration at which tipping of the block about the rear edge of the block will impend,
assuming sufficient friction to prevent slipping.

2c
>
X
h
g h“ _a,
A w Y
L ()
N N
Figure 11.7

Solution Let the acceleration of the car be a;.
(a) From the free body of the block, it is clear that the motion of the car is governed by friction force F,
and the inertia force ma;.
Under the condition of impending motion; Friction force = Inertia Force

Fy=ma,
UN = ma,
umg = ma,
a, = Hg

Thus the acceleration at which slipping of the block will impend is a; = ug
(b) When the tipping of the block about the rear edge will impend, there will be no surface contact between
the block and the floor of the car; rather the contact is along the edge A.
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Thus with respect to 4, the inertia force will try to topple the block which will be counteracted by the
weight.

From the mechanics point of view, the CCW moment produced by the inertia force should be equal to
the CW moment produced by the body force.

ZMAZO

w
Wxc=—a,Xh
g

g
a,=—.
> h
The value of the acceleration at which tipping of the block about the rear edge of the block will impend
P
is a, P

Example 11.9  Neglecting friction and inertia of the two step pulley
as shown in Fig. 11.8, find the acceleration of the falling weight P.
Assume P =20 N, O = 30 N and r| = 2r,.

Solution Let the acceleration of the weight P on pulley of radius
r, = a, and the acceleration of the weight O on pulley of radius r, = a,,
Let during any time interval ¢ the rotation of the pulleys be 6.
Lol
0= a_ 2
non
Q
liry = L ?aOL p
Differentiating both sides twice with respect to ¢ yields T? ap
d2 e Q=30 N{ \
? (erz)zﬁ (12”1) P=20N
a,r, = agr i
_apnr, _ap . _ Figure 11.8
ag=— "= [since r; = 2r,]
i

Considering the dynamic equilibrium of the weights, moment about C yields

ZMCZO

W, W,

Qo — P
Wo+—.a r2—|:WP—.aP:|r1
{Q g Q} g

a a
w, 1+P} rz—WP{l—P}Zrz

Q{ 2g g

30x{1+‘”’}=20x2[1—“”}
2g g

3a 4q
L= oyg 3=
2¢g g
2
P
P llg

2
. Acceleration of the falling weight P = ne
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Example 11.10  Refer to Fig. 11.9. Find the maximum permissible acceleration that the car can develop
without tipping over backward.

A Y ~ N
O O
A
i -
Figure 11.9

Solution When the backward tipping of the car takes place, there would not be any contact between the
front wheel and the road.

Following the similar situations as that of problem 11.8.

Taking moment about the point of contact between the rear wheel and the road

w
Wxb=—axh
g

_bg
h b
Thus the maximum permissible acceleration that the car can develop with out tipping over backward is a = Ig

Example 11.11  Two blocks 4 and B weighing W, =

45 N and W5 = 90 N respectively are placed side by side
on an inclined plane having inclination angle 6 = 30° as
shown in Fig. 11.10, so that they can slide together. If the
coefficient of friction between the blocks and the plane are
1, =0.15 and uz = 0.30 respectively, find the contact thrust
existing between the blocks under motion.

a

Solution Let the mutual thrust existing between the
blocks be T and the acceleration of the blocks be a.

Considering the free body of the block 4 and using
dynamic equilibrium,

Figure 11.10

W, :
T+—a+F,=W,sin 0 (11.13)
g
Similar considerations of the block B yields

. Wg
T+ Wgsin 0 = ga+FB (11.14)
Egs (11.13) — (11.14) yield

w . . w,
~Aa + F,— Wy sin = W, sin HffBafFB
g

(W + W) = 00, Wy sin 0, + Fy)
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= (W + Wp) sin 0 — (UN, + UgNp)
=W, + Wp)sin 0 — (1y X W cos 0+ 2 x , x Wz cos 0)
a
W, + Wp) g = (W, + Wp) sin 0 — u, cos O(W, + 2Wp) (11.15)
Using Wy = 2W,, Eq. (11.15) becomes

3w, xg=3WA sin 6@ — SW, ., cos 0
g

a
3—=3sin 6 - 54, cos 6
g

.81
a =g sin 97§5,uA cos 9=9.81><sin307%><5><0.15><c0s 30 = 2.78 m/s?

Thus from Eq. (11.13)

w 45
T= W, sin Q—ja—uAWA cos O = 45 sin 30—ﬁx2.78—0.15x45 cos 30 =386 N

Thus the contact thrust existing between the blocks under motion is 3.86 N.

Example 11.12 A block of weight W, = 150 N is

placed on an inclined plane having inclination angle
6 = 45° and connected to another weight W, = 100 N by
means of two frictionless pulleys and string as shown in
Fig. 11.11. If the coefficient of friction between the block
and the plane is ¢ = 0.15, find the tension in the string.

Solution Let the tension in the string be T and the
acceleration of the weights be a; and a, respectively.

The most interesting aspects of the given problem is
that it is not clearly mentioned whether the block will
move up or slide down along the plane. This is to be Figure 11.11
ascertained first.

Since the motion is dependent, the acceleration of the two weights are related, which is also required to be
established.

As regards to the first criteria, let us consider force analysis of the block and assume the weight is in static
condition.

Considering static equilibrium of the weight W, = 100 N,
we have 27 = W, = 100

T=50N

As regards the block, the component of the weight mg sin 6 = 150 sin 45 = 106.06 N is acting down the
plane and is greater than the tension 7 = 50 N in the string that is acting upward along the plane.

Thus the block will slide down with a consequence of rising of weight W,.

Now considering the motion of the system, if the displacement of the block is x in a time interval ¢, the

. .X
upward movement of the weight W, is —.

1 ) X 1,2
Thus x = —at” and — = —d't
2 2 2
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. . a
Comparing these two equations, we have a’ = 5

Now considering dynamic equilibrium of the block,

we have from D’Alembert’s principle,

" A
T+uN+—a=W;sin 0
g

T=Ww, {sin@—a—ucose}
g
Similarly for the weight W,,

we have from D’Alembert’s principle,

", a
2T=Wy+—2d" =W, |1+~
8 g

Comparing Egs (11.16) and (11.17),

. a ”2_ al_ ”2 a
w -—- =——=|l+—|=—=|1+—
l{sme < ucos@} 2| e 2{ Zg}

Putting the values of W, W,, g, 1 and 6, we have a = 1.953 m/s?

2 gl 2| 2¢] 2

wy[. o] W[, —al 100 1.953
Thus from Eq. (11.17), T= I+—|=—|1+ =—|1+

Therefore the tension in the string is 7= 55 N.

Example 11.13 A system of weights and pulleys is arranged in a vertical plane
as shown in Fig. 11.12. Find the acceleration of each weight, if their magnitudes are
in the ratio W, :Wy: W, = 3:2:1. Assume the pulleys are frictionless.

Solution Let the accelerations of three weights be denoted by a,, az and a,
respectively.
Let the weight 4 be coming down. Thus force balance of the weight 4 leads to

T+WA W
Pa,
1 g A A

T, = WA[ —“A} (11.18)
g
Since the weights B and C are connected with a pulley, lowering of weight 4
with an acceleration of a, will cause the pulley (that connects weights B and C) to
move up with the same acceleration.
However, this will cause weight B to come down and weight C to move up with
the same acceleration say, a.

2x9.81

11.11

(11.16)

(11.17)

:|—55N

Figure 11.12

Thus the weight B will have an actual acceleration az = (a — a,) and the weight C will have an actual

acceleration a- = (a + ay).
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Therefore, the force balance of weights B and C yields

W
T, + ?(a —ay)=Wg

= T, = W, {1—("_‘”‘)} (11.19)
g

and

/%4
T, ~"C(a+a)=W,
g

= T,= W, {1+(“+“A)} (11.20)
g

Now considering the equilibrium of the pulley (which is moveable), neglecting friction and inertia,
T, = 2T,
From Eqgs (11.18) and (11.19),

W, _ 94 =2XWB|:1_W:|

Since W,:Wy = 3:2;

3x|1-%4 —ZXZ{I—M}

= Tay, —4a=—-g (11.21)
Further equating Eqs (11.19) and (11.20),

WB{l—(a_aA)} _ Wc{n(‘”“”}
4 g

Introducing Wy W, = 2:1

2 {1—(”_“*')} =1 x {1+(”+“A)}
g g

or 3a-ay;=g (11.22)

6
Solving Eqs (11.21) and (11.22) yields a, = % and a = 15

Thus the acceleration of weight 4 is a, = £

6 5
Acceleration of weight B is ag =a —a, = 8 _8_08

17 17 17

6 7
Acceleration of weight Cis ao=a + a, = XL E_E1q

17 17 17
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MULTIPLE-CHOICE QUESTIONS

11.2

11.4

A particle if in motion will

(a) continue its status of motion in the absence of any force.

(b) comes to rest after certain time in the absence of any force.

(c) accelerate automatically in the absence of any force.

(d) none of the above.

According to Newton’s Second Law of motion,

(a) net force on a particle is proportional to its velocity.

(b) net force on a particle is proportional to the square of the velocity.

(c) net force on a particle is proportional to its acceleration.

(d) none of the above.

D’Alembert’s Principle is used

(a) to solve the problems of friction.

(b) to solve the problems of kinetics by equivalent statics problem.

(c) to find the range and time of flight of projectiles.

(d) none of the above.

An elevator weighing 1000 N attains an upward velocity of 5 m/s in 3 sec following a uniform
acceleration. The tension in the cables that supports the elevator is

(a) 850 N (b) 1000 N (c) 1250 N (d) 1500 N
The acceleration of a particle placed on an inclined plane of angle 6 with the horizontal due to its self
weight, when it starts from rest is

(a) g(sin 6 + u cos 6) (b) g(sin 6 — u cos 6)

(c) g(cos @ + u sin 0) (d) g(cos O — u sin 6)

SHORT ANSWER TYPE QUESTIONS

11.1
11.2
11.3
11.4
11.5

State Newton’s st and 2nd laws of motion.

Newton’s 1st law of motion is a special case of 2nd law — Justify this statement.

State and explain D’Alembert’s Principle.

What is inertia force? What is its role in kinetics of a particle?

Compute the acceleration of a particle placed on an inclined plane of angle 6 with the horizontal due
to its self weight, when it starts from rest.

NUMERICAL PROBLEMS

A train weighing 70 kN is capable of developing a tractive effort of 25000 N. Find the acceleration
obtained on a straight path if the coefficient of friction is 0.25 between the wheels and the track.

A small block of weight 10 N is projected with an initial velocity of 8§ m/s along a horizontal plane.
If the block travels a distance of 9 m before coming to rest, what is the coefficient of friction between
the block and the floor?

Two blocks 4 and B of masses 10 kg and 20 kg respectively are connected by an inclined string.
A horizontal force P = 80 N is applied to the block B as shown in Fig. 11.13. Determine the tension
in the string and the acceleration of the systems. Assume i, and pp are 0.4 and 0.2 respectively.
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7° .

1

B —>P=80N

Figure 11.13

A block of mass 40 kg is resting on a horizontal table at a distance of 2 m from its edge. The block
is connected another block weighing 5 kg by means of a string that passes over a frictionless pulley
as shown in Fig. 11.14. If the coefficient of friction is 0.05 between the block and the table, find the
acceleration of the system and time required for the block to come to the edge of the table.

Figure 11.14 Figure 11.15

A homogeneous sphere of radius » and weight W slides along the floor under the action of a constant
horizontal force P applied to a string as shown in Fig. 11.15. Determine the height /# during this motion,
if the coefficient of friction is u between the block and the floor.

Two weights of masses m; = 25 kg and m, = 15 kg are connected by a light inextensible string that
passes over a small frictionless pulley as shown in Fig. 11.16. Find the acceleration of the system and
the tension in the string.

Two blocks of masses m; = 5 kg and m, = 10 kg are connected by a bar of negligible weight and rest
on an inclined plane having inclination angle 6 = 30° as shown in Fig. 11.17. Find the acceleration of
the system and induced force in the bar when the system slides down the plane. Assume p, and fi
are 0.15 and 0.3 respectively.

@/@ :

L™ o 7]

Figure 11.16 Figure 11.17 Figure 11.18

11.8 Refer to Fig. 11.18. Find the acceleration of the weight O, assuming that P = Q. Neglect friction and

inertia in the pulleys.
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11.9 Find the maximum possible acceleration that the rear-wheel drive car, as shown in Fig. 11.9, can develop
if the coefficient of friction is u between the car and the road.

11.10 A mass M resting on a smooth table is connected to masses M, and M, by strings as shown in Fig. 11.19.
Find the acceleration of the system assuming M, is moving down.

Figure 11.19

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

11.1 (a) 11.2 (c) 11.3 (b) 114 (c) 11.5 (b)

ANSWERS TO NUMERICAL PROBLEMS

11.1  1.05 m/s?
112 036
113 T=385N, a=0.8m/s’

11.4 a:% m/s?, 1 =2.473 s

11.5 hzr(l—#W]
P

116 a=025gm/s>, T=184N
117 a=0355gm/s?, F=295N
11.8 04g

Heg
b+c—uh

(M, -M,)g
(M +M,+M)

11.9

11.10
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Curvilinear Motion of a Particle

12.1 INTRODUCTION

In the preceding articles, we had considered motion of particles undergoing rectilinear motions. Nevertheless, there
are situations when a particle moves following a curved path, giving rise to the concept of curvilinear motion. If the
curved path lies in a plane, it is termed as plane curvilinear motion. In the situation when the direction of the applied
force acting on a particle varies or when the particle has some initial motion in a direction that does not coincide
with the direction of the force acting on the particle, the particle moves in a curved path. For example, an object
when thrown horizontally with some initial velocity moves in a curved parabolic path, because the force of gravity
acting on the object does not coincide with the initial velocity of the object and the object moves in a curved path.

12.2 DISPLACEMENT, VELOCITY AND ACCELERATION

When a particle moves along a curved path, its position at any instant is defined by considering its displacement s
along the curved path at any interval of time ¢. Thus we have s = f{¢). However, it is rather convenient to resolve
the displacement into two rectangular components, namely, along the x axis and the y axis, where x and y are
the two separate functions of ¢. Mathematically, this can be expressed by x = f,(f) and y = f5(¢).

However, the motion can also be defined as y = f(x).

Refer to Fig. 12.1; at time ¢, the displacement of the particle is s having horizontal and vertical components
as x and y respectively. After a small time interval Az, the corresponding values are As, Ax and Ay.

Following vector algebra, the position vector r of a point on such a curve in terms of unit vectors i and j
along x and y axes respectively can be expressed by r = xi + yj.

Refer to Fig. 12.2. Consider now the position P’ of the particle, at a later time ¢ + At as defined by a
position vector 7.

The vector Ar joining P and P’ represents the change Y, Ay
in the position vector r during the time interval At. This |
can be verified by applying the triangle law as P

>

as B

r+Ar=r X Ax_

A
Y

Ar=7v —r

Ar represents the change in the magnitude as well as the S
change in the direction of the position vector r. y
Instantaneous velocity of the particle can be defined as

. . Ar
_ limit —
T A0 At

As Ar and At become smaller, the points P and P’
get closer and the vector v obtained at the limit becomes Figure 12.1
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Figure 12.2

tangent to the path at P. The magnitude of Ar is given by the length of the line segment PP’. But as At
approaches zero, the length of the line segment PP” approaches the length As of the arc PP’

’

The magnitude of the velocity v is thus obtained as
ds

.. . . As
v = limit = limit— = 22
A0 At Ar—0 At dt

The speed of the particle can thus be obtained by differentiating with respect to the time the length of the

arc described by the particle. 4
s

T

12.3 COMPONENTS OF MOTION: RECTANGULAR COMPONENTS

Rectangular Components of Velocity
As the direction of the velocity of a particle in curvilinear motion changes continuously, so it is convenient

12.3.1
to deal with its components v, and v,.
As the particle moves, r changes and so also the velocity v changes.

Since r = xi + yj,

. dx d .

differentiating, we get v = [ T —yj: xXi+ yj
dt dt dt

Thus the speed of the particle at any given instance can be expressed by above expression; the magnitude

of which is [v] = yx* + 37
If 0 is the angle the velocity vector of the particle makes with x axis; 6 = tan™! (y) It therefore follows

that velocity vector is tangent to the curved path at any point P.
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12.3
12.3.2 Acceleration of the Particle

It may be emphasised here that in general, the acceleration of the particle at any instant is not tangential to
the path of the particle. That is, the direction of acceleration and velocity may not be the same in a curvilinear
motion.

. dv .
Thus accelerationa = — = v

By definition, acceleration a is also a vector which is the time rate of change of v.

= d—zxi i j= Xi+ yjand its magnitude becomes |a| = \/3* +
dt dr? "~ dr’
12.4 TANGENTIAL AND NORMAL COMPONENTS
In the previous article, the velocity and acceleration were resolved into two mutually perpendicular components

along the unit vectors i and j, called rectangular components. Since the trajectory of the particle is a curve,
these can also be resolved into two mutually perpendicular components, one tangent to the curve and the other

normal to the curve. Such resolution is sometimes found to be extremely useful for computational purpose.
y

PRl

Figure 12.3

_ Refer to Fig. 12.3. AB and AC represents velocity v and v’ respectively. Thus following triangle rule,

BC represents change in velocity Av = V' — v in time Af. This Av can now be resolved into two components,

one tangent to the path Av, and other normal to the path Av,.
Therefore, Av = Av, + Ay,
Since by definition; acceleration a = limit —

Av
At—0 At
a= Ltﬂ+ tAV" =a,+a,
Ar—0 At A0 At
12.4.1 Tangential Component
Refer to Fig. 12.3; Ay, =V —v
" — . A
a, = limit v ) _ limit — dv
A—0 At At—0 At
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Thus the tangential component of acceleration is equal to the rate of change of the speed of the particle.
Tangential acceleration (a,) is considered to be positive in the direction of the tangent coinciding with the
sense of the motion.

12.4.2 Normal Acceleration

Refer to the same figure; Av, = vA@ for a small change in the angle 0

Therefore, a, = limit —

If p is the radius of curvature of the curve then,

As = pAB
Ag= 25
p
... VAO . ., VAs
a, = limit — = limit ——
=0 At A—0 p At
_vds
a,= ——
p dt
But ds v
dt
2
So, a, = v
p

Thus Normal acceleration a, of a particle at a point is equal to the square of its speed divided by the
radius of curvature of the path at that point.

The direction of the normal acceleration is such that it is always directed towards the centre of curvature
of the path. This normal acceleration is also called as the centripetal acceleration.

If we consider two unit vectors - one e, tangent to the curved path at point P and the other e, normal to
it, then a can be expressed as a = a,e, + a,e,,.

L 1 a
Direction 6 = tan™' %2

4
. o . . . (1—-4)y
Example 12.1 The motion of a particle is defined by the following equations, which are x = v +t
P (t-1) . . . .
and y = i PR where x and y are expressed in metres and 7 is in seconds. Determine the acceleration

of the particle when ¢ = 2 s. Also calculate the radius of curvature of the path.

Solution 5
x=U=4) 4 p
6
. 1 )
X = 3 X3 X (t—4) +2t
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1
xt,2=5><(2—4)2+2><2=6m/s

1
X = X2X({t-4)+2=1t-2

2
$,5,=2-2=0
_ L=y
Y76 4
) ! 372 t—1 12 1t 1
= — X - — — = — - — —
y=7 ( ) 2( )
Vo=t —1(2—1)=15m/s
) 2 '
L1 1 1
V= X2- = =t- =
2 2 2

=2 l—15 /s?
= 72—.ms

|la| = NES e = J0+(1.5% =15 m/s?

N . 1 iy — Xy 6x1.5-0
By definition, the radius of curvature — = —— 3 T 3
Pro@4i)? (64152

p=263m

12.5

Example 12.2 The motion of a particle is expressed by the following equations: x = > + 8¢ + 6 and
y =13+ 32 + 8¢ + 6, where x and y are expressed in metres and 7 is in seconds. Determine (a) the initial

velocity of the particle, (b) the velocity at # = 2 s and (c) acceleration of the particle at ¢ = 2
Solution

x=1r>+8+6

X =2t+38

=2

X,o0=8m/s; X, ,=2x2+8=12m/sand ¥,, =2 m/s

y=£+32+8+6

Yy =32 +3x2t+8=37+6t+8

y=6r+6

0=8m/s; §,,=3x2"+6x2+8=32m/s and

P,00=6x2+6=18 m/s?

The velocity |v|,—o = \/)'cz +y? = \/82 +8% =11.31 m/s and

y
Wi = 2 +37 = 1224327 =34.176 /s and 6 = tan™! (x) ~ tan’! (*

S.

32
12

)
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0= 69.45°
@l = NE+ 7 = 22 +(18)° = 18.11 mJs?

Example 12.3 The distance s travelled by a particle moving along a circular path of radius r is given by
the following equation:

s = kf*, where k is a constant.

If the particle starts its motion from rest, find (a) the tangential velocity and acceleration (b) the normal
velocity and acceleration.

Solution
5= ki
v, = s =k X 2t = 2kt
dt
d
a= 2 =2k
dt
v, = 0 and
vioovE 4k
an = — ==
p r r

Example 12.4  Prove that if the ends 4 and B of a bar of length 2/ are constrained along the x axis and yaxis
respectively as shown in Fig. 12.4, its mid-point C describes a circle of radius / with centre at O while any
intermediate point D describes an ellipse with semi-major and semi-minor axes as / + b and / — b respectively.

Solution Let the coordinate of the point C is (x, y) considering O as origin.

Thus from the simple geometry x =/ cos 8 and y = [ sin 6, y

where 0 is the inclination of the bar 4B with the floor.
Thus x* + y* = I (cos® @ + sin®> @) = .
This is the equation of a circle of radius /. A ,
Further, let the coordinate of the point D be (x/, )"),
considering O as origin.
Now, x” = (I + b) cos B and )" = (I — b) sin 6 c
Therefore x> + 1> = (I + b)? cos? 6 + (I — b)? sin® O S N\
2 ’2 D
x _ 2 . 2 _ . .
5+ > = cos” 6 + sin® @ = 1; which is the
(I+b) (I-b) .
. . . . . . . O B
equation of an ellipse with semi-major and semi-minor axes Figure 12.4

as [ + b and I — b respectively.

Example 12.5 A car starts from rest on a curved road of radius 250 m and attains a speed of 18 km/hour
at the end of 60 seconds while travelling with a uniform acceleration. Find the tangential and normal accelera-
tions of the car 30 seconds after it started.

18 x 1000

Solution p=r=250m; v=18kmhr= ——— m/s=5m/s v, =0,7=60 s
60 x 60
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Let the acceleration of the car be a.

Therefore v,=v=y,+at
v _S 2
a=- 0 0.083 m/s

Since the car is moving with constant acceleration, @, = 0.083 m/s* after 30 seconds.
Let the velocity of the particle be v" after 30 seconds.
VvV =vy +af =0+ 0.083 x 30 m/s? = 2.5 m/s?

’2 2

,Qm/z,o(mm/z
T 50 MV T s

Thus tangent and normal accelerations of the car after 30 seconds becomes

a, = 0.083 m/s*> and a, = 0.025 m/s’ respectively

Vv

(@p)i=30 =

Example 12.6 A car enters a curved section of a road of length equal to the quarter of a circle with a
100 metres radius at a speed of 18 km/hour and leaves at 36 km/hour. If the car is moving with a uniform

tangential acceleration, find the magnitude and direction of total acceleration when (a) it enters the curve and
(b) it leaves the curve.

Solution 18 % 1000
vy = 18 km/hr = 60 <60 m/s = 5 m/s;
— 36 km/hr = 2 = 10
vy = = 0% 60 s =10 m/s.
p=r=100 m
1
Length of the curved path = distance covered = n X 2@y = % m

Let the uniform tangential acceleration be a,.

Tr
v22:v12+2><a,><—

vf _V12 10% — 52

= = = 2
a, - 7100 0.238 m/s
vi5?
= = = 2
(a,) - =100 0.25 m/s” and
2 2
vy 10 2
= =—— =1m/s
T

Therefore, total velocity at the entry is

a,= (@) +(@,)] = (0238%)+(0.25) = 0345 m/s®and its direction is

6, = tan”! @) _ tanl( 025 )= 46.4°
a, 0.238
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The same at the exit is a, = \/( a, ) +(a, )22 = \/(0.2382)+ 1> = 1.028 m/s? and its direction is

— o] (a, ) | 1 _ o
6, = tan ( 4 j tan (0.238) 76.4

Example 12.7  The telescopic rod in Fig. 12.5 forces the pin P to move along the fixed path
2
y = %, where x and y are expressed in centimetres. At any

<

instant, the x-coordinate of P is given by x = £2 — 14¢. Determine
the y components of the velocity and acceleration of P at #=15s.

|

Solution
x =1 — 14t and
2

-

4 9
Combining these two equations, =
2 2 X
y= (£ -141) QO B
9
1 .

y =g X AR - 14 - 14) Figure 12.5
L2
y =9 [(# — 148) x 2 + (2t — 14)(2t — 14)]

. 1
Vs = g X 2(15% — 14 x 15)(2 x 15 — 14) = 53.33 cm/s and
P oiss = %[(152 — 14 x 15) x 2 + (2 x 15 — 14)?] = 63.55 cm/s?

12.5 KINETICS OF CURVILINEAR MOTION

It has already been analysed that the acceleration of a particle moving in a curvilinear path is a vector which
can be resolved into two rectangular components a, and a,, along the directions of the coordinates axes x
andy respectively. The same can also be resolved as a, and a, along the directions of the tangent and normal
to the curve respectively.

The equations of motion, therefore, can be written following either set of the components of acceleration.

12.6 EQUATION OF MOTION IN RECTANGULAR COMPONENTS

If a particle is acted upon by several forces that cause its motion, then these forces can be resolved in the x

andy directions. Let ZX and ZY represent the sum of the components of the forces in the x and y directions
respectively.
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Applying Newton’s second law of motion,

ZX: ma,
ZY: ma,

12.7 EQUATION OF MOTIONS: IN TANGENTIAL AND NORMAL
COMPONENTS

and

Sometimes it is convenient to resolve the forces acting on the particle into components F, and F,, the former
being in the tangential direction, the latter being along the normal.
Applying Newton’s second law once again,

Z F,= ma,
Y F, = ma,

12.8 EQUATIONS OF DYNAMIC EQUILIBRIUM (D’ALEMBERT’S
PRINCIPLE)

and

Similar to the case of rectilinear motion of a particle, the curvilinear motion can also be expressed by
using D’Alembert’s Principle, which are known as the equations of dynamic equilibrium.

12.8.1 In Rectangular Components

The equations of motion are
ZX = ma,

2Y= ma,

These can be written as ZX + (—ma,) = 0 and Z Y + (-ma,) = 0 and are called the equations of dynamic
equilibrium, where (-ma,) and (-ma,) are the inertia forces added to the system of forces acting on the particle,
in the directions opposite to the direction of accelerations a, and a,. The basic philosophy is that condition of
dynamic equilibrium is equivalently converted to the conditions of static equilibrium.

and

12.8.2 In Normal and Tangential Components
ZF, = ma, and ZF,, = ma,

Following D’Alembert’s Principle, these can be written as
D F, + (-ma)=0

Y. F, + (-ma,) =0
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Example 12.8 A locomotive of weight W = 534 kN negotiates a curve of radius » = 300 m at a speed of
72 km/hr. Determine the total lateral thrust on the rails.

o 72 x 1000
Solution The speed of the locomotive is v = 72 km/hr = 60X 60 m/s = 20 m/s
The lateral thrust is due to the force associated with normal acceleration.
2 2
Therefore T = m. *-= o4 520 4 = 72,57 kN
erefore T = m. = 981 2300 =72.

Example 12.9 A motorcycle and rider having a total weight W = 2225 N travels in a vertical plane following
a curve AB of radius » = 300 m at a speed of 72 km/hr. Compute the thrust exerted by the road as it passes
over the crest C on the curve, as shown in Fig. 12.6.

S

o

o

o

A I

Figure 12.6
. . 72 x 1000
Solution The speed of the motorcycle is v = 72 km/hr = 76 0% 60 m/s = 20 m/s
Let the thrust be R Newton.

o wov?
The force balance along the vertical direction yields W — R = —.—
g r

v 202
R=W|1-—| =2225|{1-————— N =19224 N
gr 9.81x300

Example 12.10  The bob of a conical pendulum of length/

and weight W describes a horizontal circle defined by equa-
tions x = a cos wt, y = a sin @t, where a is the radius of the
circular path and o is a constant, as shown in Fig. 12.7. Prove
that the tension in the string is constant during such motion

and find its magnitude.
Solution Let at any instant ¢, the bob occupies a position \
on its circular path in horizontal plane as shown in Fig. 12.7. ’
X=acos O, X =—a@sin Ot; y =a sin of, y = aw cos ot
Therefore velocity of the bob becomes v = (/%% + j* = aua

The forces on the bob at this position are shown in Fig. 12.7.

Figure 12.7
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The force balance normal to the circular path considering the equilibrium of the bob yields 7 sin 6 =

wow el W,
—— = ——— = —.0%a
g r g a g
) a
From the geometry, sin 6= 7
a W, W,
Therefore TX - =—.waor T=—wl
I g g

Since all the parameters on the right side of the expression are constant, so 7 is also a constant.

Example 12.11 A small block of weight W rests on a horizontal turntable at a distance » from the axis of
rotation as shown in Fig. 12.8. If the coefficient of friction between the block and the surface of the turntable is L,
find the maximum uniform speed that the block can have due to rotation of the turntable without slipping off.
Solution The lateral thrust owing to normal acceleration will try to slip off
the block outward which will be prevented by frictional forces.

2
Under the condition of equilibrium,  F,= m. Y

r

uw =

Figure 12.8

oQ .\ S
~ ‘g.\,

v}'ﬂ: /’lgr

Thus maximum velocity at which the turntable can be rotated is v,, = VHE"

Example 12.12  An automobile of weight W travels with a

uniform speed v over a vertical curve ACB which is parabolic, as c
shown in Fig. 12.9. Determine the total pressure exerted by the
wheels of the car as it passes over the crest at C. Given 6 = 1.2m,
/=60 m and v = 96 km/hr.

Solution Considering the problem as similar to that of example9,
2 } Figure 12.9

v
we have R = W{l -—
gr

12 12

>l
€

A

Y

v = 96 kuvhr = 2021000 e~ 26.67 ms
60 x 60

However, unlike the previous case, the curve now conforms to a parabola, for which radius of curvature p
is to be computed from given data.

/
Let the equation of the parabola be x> = ky. Since point C (2, 5) lies on the curve, this point must satisfy
the equation, leading to
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The radius of curvature p is given by

2
Therefore, R = W{l _v} =w|l

8gr

2
Ty
4
l2
=4
lz
2_ b
YT 4s”
dy 4
dii = IT X 2x and
2
Q=g 2
dx? /
46
= 7 X 2
@y s
l_ dx? _ ﬁ
;=
P 22 1
[1+(dy)]
dx
60
p= 2xs ™ 375 m
_26.67°
981x375 | ~ 0-807W

Thus the total pressure exerted by the wheels of the car as it passes over the crest at C is R = 0.807 W

Example 12.13  Find the proper super-elevation e for 7.2 m highway curve of radius » = 600 m, in order
that a car travelling with a speed of 80 km/hr will have no tendency to skid sideways.

Solution The super-elevation is provided on the outer track so as to experience equal thrust on two wheels—

inner and outer.

w
Refer to Fig. 12.10, the force balance on the car in horizontal plane gives R sin 8 = — v?r and perpendicular
g

to the track gives R cos 6 = W.

Thus

2
tan 6=
rg



e
Further from geometry, sin 8 = —, where e is

the super-elevation and b is the distance between
the wheels.

For small value of 6, sin 6 = tan 6

Curvilinear Motion of a Particle 12.13

b

2

e VvV
b g
b
?  7.2x2222°
e= E = 600x 0381 - 0.604 m Figure 12.10

Example 12.14  Racing cars travel around a circular track of radius » = 300 m with a speed of 384 km/hr.
What angle « should the floor of the track make with the horizontal in order to avoid skidding?

Solution )

tan @ = — = 3.866
rg

o= tan”! (3.866) = 75°29’

Thus the requisite angle is o = 75°29’

MULTIPLE-CHOICE QUESTIONS

12.1

12.2

12.3

12.4

12.5

12.6

The tangential component of acceleration of a particle in a curvilinear motion is defined by

dv dx dy V2
@ a= " ®) a,= © =% @ a=
The normal component of acceleration of a particle in a curvilinear motion is defined by
dv dx dy v
a) a,= —- b) a,= — c) a,= — d) a,= —
@ a,= ® a,= © a,= @ a,=

The maximum velocity of a car following a circular motion of radius r and having coefficient of friction
as U to avoid skidding is

1 1
(a) per (b) Sugr (©) ugr (d) HvHer
On a curved railway track, the amount by which the outer track is raised is known as
(a) cambering (b) super-elevation (c) deflection (d) none of the above
On a curved track, the super-elevation is provided for the following purpose.
(a) To reduce centrifugal force (b) To reduce vertical thrust
(c) To equalize thrust on two sets of wheels (d) None of the above

The amount of super-elevation is quantified by

by’ 2
(a) e= Lz (b) e= b (c) e= bvr (d) None of the above
8r 4
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SHORT ANSWER TYPE QUESTIONS

12.1 Define curvilinear motion. How does it differ from a straight line motion?

12.2 Define and quantify tangential and normal acceleration of a particle in relation to curvilinear motion.

12.3 If a particle moves with a constant speed, what would be its tangential acceleration?

12.4  Write the equations of dynamic equilibrium of a particle for curvilinear motion in a plane.

12.5 Explain and apply D’Alembert’s principle to the curvilinear motion of a particle.

NUMERICAL PROBLEMS
. 1 . .

12.1 A particle moves along the path y = gxz with a constant velocity of 8 m/s. What are the x and y
components of the velocity when x = 3? What is the corresponding acceleration? Note that x and y are
expressed in metres.

12.2 A particle moves with constant speed v along a parabolic path y = kx?, where k is a constant. Find the
maximum acceleration of the particle.

12.3 The equations of motions by a particle undergoing curvilinear motion can be described by x = 2/ + 8¢
and y = 4.9/, where x and y are expressed in metres and 7 is in seconds. Determine the velocity and
the acceleration at the end of 4 seconds.

12.4 A car is moving along a curved path with 150 m radius with a uniform velocity of 90 km/hr. Find the
normal and tangential acceleration of the car.

12.5 The bob of a simple pendulum of length / and weight /# undergoes oscillation that is defined by s=s,
cos pt, where s is the amplitude of oscillation and p is a constant such that p = £ Determine the
maximum value of the tensile force in the string. !

15.6 Refer to the Example 12.1. Determine (a) the magnitude of the smallest velocity reached by the particle
and (b) the corresponding time, position and direction of the velocity.

12.7 Refer to the Example 12.9. Determine the location D of the motorcycle on the curve as defined by
angle o so that the reaction R becomes zero.

12.8 The coefficient of friction between the road and the wheels of a car is found to be 0.2. At what constant
velocity should the car move so as to avoid skidding, if the radius of the curve is 240 m. Assume that
the road is levelled.

12.9 A car starts from rest on a curved road of 250 m radius and accelerates at a constant tangential

acceleration of 0.6 m/s>. Determine the distance and the time for which the car should travel before
the magnitude of the total acceleration attained by the car becomes 0.75 m/s?.

12.10 A motorist is moving along a curved path with a 300 metre radius at a speed of 72 km/hr. He suddenly

applies brake that causes its speed to decrease to 40 km/hr at a constant rate in 10 seconds. Calculate
the tangential and normal components of acceleration immediately after the application of brake and
6 seconds after that.

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

12.1 (a) 12.2 (d) 12.3 (c) 12.4 (b) 12.5 (a) 12.6 (b)
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ANSWERS TO NUMERICAL PROBLEMS

12.1
12.2
123

12.4

12.5

12.6
12.7
12.8
12.9
12.10

¥ =358m/s, y =716 m/s, a=3.82 m/s?

Aoy = 2507

¥ =24m/s, y =392 m/s, ¥ =4m/s’, j = 9.8 m/s
a, = 4.167m/s%, a,=0

2
W[HSOJ
h

() Vi, = 6.14 m/s, (b) = 1.758 s, x = 1.206 m, y = 0.761 m, § = 10.9°
a = 82°14'

27.45 m/s

x =93.65m, ¢t =17.68s

a, = 1.333 m/s%, a, = —0.88 m/s*; a,= —0.722 m/s*, a, = —0.88 m/s’
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Projectile

13.1  INTRODUCTION

When an object is thrown with an initial velocity such that further motion is exclusively under the action of gravity,
the object is called a projectile and its motion is called motion of a projectile. This motion is quite common in
practice. Firing of a bullet from a gun, release of a bomb from a fighter jet, throwing a stone are few such examples
that fall under this category. A projectile covers a distance along horizontal as well as along vertical directions.

13.2 TERMINOLOGY OF PROJECTILE MOTION

13.2.1 Velocity of Projection

The initial velocity with which a projectile is thrown is called velocity of projection.

13.2.2 Angle of Projection

The angle at which the projectile is thrown with the horizontal is called the angle of projection of the projectile.

13.2.3 Range of a Projectile

Range of a projectile is the horizontal distance it covers from the point of origin and the point on the ground
where it touches.

13.2.4 Trajectory of a Projectile

The path a projectile navigates through space is called its trajectory. The trajectory of a projectile is parabolic.

13.3 EQUATION OF THE PATH

Let us consider a particle that is thrown from the point O with an initial velocity v, that makes an angle 6
with the horizontal as shown in Fig. 13.1.

The velocity v, has got two components — the horizontal component being v, cos 6, the vertical component
is v, sin 6.

Since there is no force acting along the horizontal direction, the particle cannot have any acceleration in
this direction. However, along the vertical direction, it is under the action of gravity. But since the particle is
moving against the gravity, it will decelerate with constant deceleration g.

Let the time of travel of the particle is # corresponds to position C(x, y).

Thus the distance covered by the projectile along horizontal is

X = v, cos Ot (13.1)
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y
A
v, %
Ye----5 |
V, sin § k---------------% Y 0 !
| A VY
t Clx,y)
! h
0 l
o V, cos 6 B X
r
Figure 13.1
and the distance along the vertical direction is
y =, sin 0 — L g (13.2)
2

Eliminating ¢ from Eqs (13.1) and (13.2) yields

2
y =1, sin 0 x 1 i
0 v, cos 0 2g vy cos 6

y = tan Ox — [2829}; (13.3)
2v; cos

The equation is in the form of y = Ax + Bx* which is the equation of a parabola.

Thus Eq. (13.3) is the requisite trajectory of a projectile that manifests a parabola.

At any point on the curve, say, at 4, the velocity v can be resolved into two components as shown in the
above figure.

Time of Flight The time of flight of a projectile is defined as the time interval between the object is thrown
and the instant it touches the ground. Thus it is the duration of the particle during which it flies.
From v = v, + at, we have

0=v,sin 60— gt

Vysin@ _ . S . . . . . L .
t =" [since the particle is moving against the gravity and at the end of its vertical motion, its velocity

becomes zero.]
The value of ¢ so calculated is for only upward movement.
o 2v, si
Thus by definition Time of Flight tgy,,, = 2t = M.
4

Height The maximum height the projectile can reach is called its height.
From v* = v;* + 2ax, we have 0 = (v, sin 0)> — 2gh
he 2 sin” 6
2g
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2 2
Vg sin” 0

Thus the height of a projectile /= 5
4

Range of a Projectile 1In the absence of any acceleration, the displacement is x = vz.
Thus the range r = (v, cos 6)2t = (v, cos 0) 2vy sin &
g
2 .
= Y sin26
g

For a given v, r is a function of 6 only, since g is a constant.
Thus the condition of » to be maxima; sin 20 = 1 = sin 90 = 6 = 45°

2
Hence Y

r
g

max

Slope of the Curve From Eq. (16.3) wehave y=tan Ox—|___ & |2
2v§ cos’ @
Thus the slope of the curve is Zy:tane_[gJ X 2x

X 23 cos’ @

Putting dy —(, we have tan6— & |x2x=0
0 22 cos26
dx vy COS

tan Ovg cos® @ (v, cos B)(v, sin @) VoV,
X = = =

g g g

2 .
2
Further, x=20 S 0 =L
2g 2

This implies the slope of the curve becomes zero when the projectile covers half of its range.

13.3

Example 13.1  An aircraft is moving horizontally with a velocity of 500 km/h. It releases a bomb when it is
at an altitude of 1800 m above the ground to hit a target on the ground. Determine the location of the target
in terms of the horizontal distance from the instantaneous position of the aircraft when the bomb was released.

Solution Let the time of flight of the bomb be ¢ seconds.
Initial velocity vy = 500 km/hr = 200X1000 /¢ — 138 88 mys

60 x 60

Thus yzhzlgt2

2
1= |2t /2“800 s=19.167s
g 9.8

x = vyt =138.88 x 19.167 m = 2661 m = 2.662 km
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Example 13.2  Refer to Fig. 13.2. The pilot of an aircraft flying horizontally at a speed of 480 km/hr at an
elevation of 600 metre above ground wants to hit the target on the ground. At what angle 6 below the horizontal
should the pilot see the target at the instant of releasing the bomb in order to hit the same?

Solution From the geometry of the system, tan p=" v
b 0

h= fgt fe 7

/2><600 S=11.06s h
9.8

x=vypt=_480_ % 11.06 km = 1.474 km = 1474 m l

60 x 60
tan 9:ﬁ=@ «— x —— )
x 1474

Figure 13.2

Example 13.3 The maximum range of a projectile is found to be 2000 m. What should be the angle of projection
so as to obtain a range of 1500 m if the velocity at which it is thrown, remains same?
Solution

2
rmax = 70
g
2 _
VW = Tmax &
Let the angle of projection be 6.
visin26 |
=——si

g
sin20=—— =120 _3
T 2000 4

max

n20=r_ sin 20

max

26 = sin”! (0.75) = 48.6° 131.4° [since sin 6 = sin (180 — 6)]
6= 24.3°(24°18") or 65.7°(65°42")

Example 13.4 Two adjacent guns having the same muzzle velocity of 500 m/s, fire simultaneously at angles
of projections 6, and 6, for the same target located at a range of 5000 m. Find the time difference between
the two hits.

Solution Initial velocity vy = 500 m/s and range » = 5000 m

2 .
20
For 1st gun, =Sy
g
2 .
5000:500 sin 26,
4
or in20, = 5000 % 9.81

500 x 500
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26, = 11.31
6, = 5.65°

Thus 26, = 180 — 26, = 180 — 11.31 = 168.69°
6, = 84.345°

Considering the 1st gun, let #; be the time of flight.
. 2vysin @, 2x 500 x sin 5.65

| s=10.03s
g 9.81

Similarly, for 2nd gun, let #, be the time of flight.

= 2vysin @, 2x500 x sin 84.345
2 g 9.81

s=101.44s

Thus time difference between two hits = ¢, — #; = 101.44 — 10.03 sec = 91.41 s

Example 13.5 A person throws a stone so as to clear a wall of height 3.685 m located at a distance 5.25 m
from the origin. The stone touches the ground at a distance of 3.58 m from the wall — away from the origin.
Find the least initial velocity at which the stone to be thrown along with its direction.

Solution The range of the stone » = 5.25 + 3.58 m = 8.83 m

The trajectory of the stone can be expressed by y = tan 6 x — % x*
2vy cos” @

From the given situation, the top of the wall will lie on the trajectory. Thus the coordinate of the top of
the wall (5.25 m, 3.685 m) will satisfy the equation.

Thus 3.685 = tan 6 x 525 — | ———— | x 525
2X vy cos” 0
2 .
Further, range of the stone = r = vosin20 _ 8.83
g
vy _ 8.83
g sin26

Comparing the two equations, we get

3.685 = tan O x 5.25 — sin 26 x 5.252
2% 8.83 % cos’ 0

3.685 = tan 6 X 5.25 — LCOSQZ x 5.25
2% 8.83 xcos” 6

3.685=525tan O — 3.12 tan 6 = 2.13 tan O
3.685

tan = 2222 =173 = 6= tan ' (1.73) = 60°
2.13
vy _ 883 _ 8.83

Thus - =—
g sin20 sinl20
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vg _ 8.8.3 x9.81 ~100
sin 120

vo = 10 m/s

Thus the stone is to be thrown with an initial velocity of 10 m/s having its inclination of 60° with the
horizontal so as to just cross the wall.

Example 13.6 A projectile is thrown with an initial velocity of 400 m/s at an angle 60° with the horizontal.
Find the velocity and the direction of the particle after 20 seconds from start.
Solution Initial velocity v, = 400 m/s and the angle of projection is 6.

The horizontal component of the velocity is (vy,) = v cos € = 400 cos 60 m/s = 200 m/s and the vertical
component is (vy,) = v, sin 6 = 400 sin 60 m/s = 346.4 m/s.

The horizontal component of the velocity remains unchanged throughout its motion.

To compute vertical component of the velocity after 20 seconds, we have

(V) = Vo, — gt = 346.4 — 9.81 x 20 m/s = 150.2 m/s

Thus the resultant velocity would be v = \/v;z + V;z = \/2()02 +150.2% = 250.12 m/s

7

tan o0 = vi:@z 0.75

V. 200
o = tan’! (0.75) = 37°

Example 13.7 A particle is thrown with an initial velocity of 12 m/s at an angle 60° with the horizontal.
If another particle is thrown from the same position at an angle 45° with the horizontal, find the velocity of
the latter for the following situations.

(a) Both have same horizontal range

(b) Both have same maximum height

(c) Both have same time of flight

Solution Denoting the 1st particle as 4 and 2nd particle as B,
we have; vy, = 12 m/s, 6, = 60° and 65 = 45°
(a) Both have same horizontal range:

ry=1rp

v, sin 26, _ Vi Sin 20,
g g

_ Vousin26, (12’ Xsin120 _ 5,5
sin 20, sin 90

2
Vo

vog = V1247 m/s = 11.16 m/s
(b) Both have same maximum height:
hy=hg
Ve, sin® 6, _ Ve sin® 6,
2g 2g
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V2 = ng. siznz 04 _ (12)2.><2sin2 60 _ 516
sin” O sin” 45
vop = V216 m/s = 14.7 m/s
(c) Both have same time of flight:

Uy = tpp
2vy,48inB, 2vypsin Oy
g g

vop = Vo4 sin 8, _ 12X sin60 — 147 m/s

sin Oy sin 45

Example 13.8 A projectile is launched with an initial speed of 200 m/s at an angle of 60° with respect to
the horizontal. Compute the length of an inclined plane AB that makes an angle 22° with the horizontal such

that point B lies on the trajectory as shown in Fig. 13.3.

Figure 13.3 Figure 13.3 (a)
Solution The trajectory of the projectile and location of the inclined plane 4B is shown in Fig. 13.3 (a)

The trajectory of the projectile can be expressed by y = tan 8 x — [zgz}cz
For 6 = 60°, the above equation becomes 2v; cos”™ 0

y = tan 60x(ng2

2v§ cos? 60

y=1732x-| &  |¥
2% 250% cos? 60

y=1732 x-0. X .
1.732 0.0003x> 13.4

Further from A4BC, tan 22 = ¥
X

y = 0.404x (13.5)
Solving Eqs (13.4) and (13.5), we have

x = 4426.67 and y = 1788.37
Thus AC = 4426.67 m; BC = 1788.37 m

r=AB=r=AB=\[x*+y’ = JAC? + BC? = \J4426.67* + 1788.37% = 47743 m
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Example 13.9 A bullet is fired from a rifle with an initial velocity of 50 m/s so as to just clear a vertical
wall of 20 m high and located at a distance of 30 m measured horizontally from the point of projection. Find

the two angles of projection with horizontal.

Vo =50 m/s T

M—30m ———>

Figure 13.4

Solution The trajectory of the bullet can be expressed by using Eq. (13.3) as

- g 2
=tan Ox — | ——=—— | x
4 [2\/3 cos’ Gj
From the given situation, the top of the wall will lie on the trajectory. Thus the coordinate of the top of
the wall (30 m, 20 m) satisfies the equation. Thus, we get

20 =tan 6x 30 — | ——5——— | x30?
2x507cos” 0

or 1.7658 tan® @ + 30 tan 6 — 21.7658 = 0

Solving the above equation, we get
6 = 86.76° or 34.87°

Example 13.10 A bullet is fired at an angle of 30° up the horizontal with velocity 100 m/s from the top of a
tower, 50 m high. Determine:

(i) The time of flight

(ii) The horizontal range along the ground
(iii)) The maximum height the bullet can attain from the ground
(iv) The velocity of the bullet after 6 sec.

Assume horizontal ground at the foot of the tower.

A

4*3‘4)‘
7

K
Py
Y

Figure 13.5
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Solution The initial velocity v, has got two components — the horizontal component being v, cos 6, the vertical
component is v, sin 6.

Let the total time of flight is T s. Also consider that the projectile will cover 2” m height above the tower
to reach its peak and its corresponding time is ¢” and during fall, it covers 2 m in ¢ s.
Thus T=2"+t¢

0 = v, sin 0 — gt’

2vysin@ _ 2x100sin30°

g 9.81

2t = =10.194 s

. 1
Further h = v, sin 6t + 5 gt

50 = 100 sin 30° + % x 9.81 x 7

or t=092s
Thus total time of flight becomes 7 = 2¢" + ¢t = 10.194 + 0.92 = 11.114 s
Now, 0 = (v, sin 6)? — 2gh’
. o 2
or p = 10030 o m
2x9.81

*. Total height above the ground becomes H = A" + h = 127.42 + 50 = 177.42 m
The range R = (v, cos )T = 100 cos 30° x 11.114 = 962.5 m
Since ¢ = 5.097 s, after 8 s the projectile on its downward movement from the peak height.
Thus the downward component of the velocity after 6 seconds if denoted by v, ¢, then

V6 = & X 0.903 = 8.858 m/s
The horizontal component being unchanged at v, cos 6 implying

Vi6 = 100 cos 30° = 86.6 m/s
Thus resultant velocity after 6 s is

vg = J(V1,6) + (v, 6)* = /8667 +8.858? = 87.05 m/s
Example 13.11 A particle is projected at an angle 6 with the horizontal from point O, as shown in Fig. 13.6.
If after time ¢ the particle is at 4, prove that = M, where « is the angle with the horizontal which the

particle makes at 4 and f3 is the angle of elevation of point 4.

V(ysiné 4

Vycoso

Figure 13.5
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Solution Let the position of the particle is at A (x, y) after time ¢ [Fig. 13.5]. Then, using Egs. (13.1) and (13.2),
we obtain
X = v, cos Ot

. 1
and y =V, sin 6f — Egt2
From the above two equations, we have
tanﬁ:Z:tan Hfg—tsec 0 (13.6)
X 2v,

Let the velocity of the particle at 4 is v. Then, one can write

v, =V cos o =v, cos 0

and v, =V sin = v, sin 0 — gt
From the above two equations, we obtain
t
tan o = tan 0 — S-sec @ (13.7)
Yo

Comparing (13.6) and (13.7), we get

tan B —tan 6 = %(tan o — tan 6)

1
or tan = E(tan 6 + tan o)

Example 13.12  The velocity of a particle when it reaches its maximum height is \/g times of its velocity when

it reaches half of its maximum height. Prove that the angle of projection is 60° for such condition.
Solution Let the angle of projection is 8 with an initial velocity v,,. Velocity of the particle when it reaches its
maximum height is v, cos 6.

Let the velocity at half of its maximum height is v. Then, one can write

2
v, coS 9=\/gv

5
or v: = Zv3 cos® 0

The horizontal component of v is v, = v, cos 0 since there is no acceleration in the horizontal direction.

2.2
The maximum height of the projectile is # = \/05217110
¢ 1v3sin’@
The half of the maximum height of the projectile therefore is 4’ = ——-——
Let the vertical component of v is v,. Then, we have 2 2g

Vg sin® @ _ v; sin® @
4g 2

vy = (v sin 6)° - 2g

Since v* = v2 + vyz, we have

2.2
évg cos® 6 = (v, cos 6)* + Yo sin0
2 2
or 3 cos? @ = sin®> 0
or tan 6 = \/3 = tan 60°

or 0 = 60°
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Example 13.13 A daredevil tries to jump a canyon of width 10 m. To do so, he drives his motorcycle up an
incline sloped at an angle of 15° as shown in Fig. 13.6. What minimum speed is necessary to clear the canyon?

b

Figure 13.6

Solution Let the required velocity is v m/s, and the time required is 7 seconds.

The velocity v has got two components — the horizontal component being v cos 6, the vertical component
is v sin 6.

Thus the distance covered by the cyclist along horizontal = the width of the canyon.

(v cos 15°)¢ =10

. 1
and 0 = (vsin 15°¢ = 5 gt
Combining the above two equations and eliminating f, we get

2
v sin 15° 0 _1 g 10
vcos15° 27| vcosl5®
or v =14 m/s

Example 13.14 A brick is thrown upward from the top of a building at an angle of 25° above the horizontal
and with an initial speed of 15 m/s. If the brick is in the air for 3 seconds, how high is the building? At what
distance from the base of the building, the brick will touch the ground?

Solution The horizontal component of the velocity is v, = v, cos 8 =15 cos 25° = 13.6 m/s
The time of flight = 3 seconds
Therefore horizontal distance covered is found to be
=13.6x3=40.8m
Let the height of the building is # m. Using Eq. (13.2), we obtain

h=v,t- %gtz = (v sin 15°)3 — %g32 =-25.18 m

The height of the building is 25.18 m.

MULTIPLE-CHOICE QUESTIONS

13.1 The path of a projectile is
(a) straight line (b) circular (c) parabolic (d) any arbitrary
13.2 The range of a projectile is expressed by the following expression:

v, sin26 v, sinf v, sin26 v, sinf
r=—- r=— r=— d r=—"—

(a) > >

(b) (©)
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The time of flight of a projectile is expressed by the following expression:

2v,sin@ v, cosf 2v,cos6

(@ T=——— (b) T=

() T= (d T=

The slope of the curve (trajectory) generated by a projectile after it covers half of its range is

(a) positive (b) negative (c) zero (d) unpredictable

The horizontal component of the velocity of a projectile

(a) increases continuously (b) decreases continuously (c) remains constant (d) is zero

The maximum height attained by a projectile is expressed by the following expression:

. 2. 2.2 2.2
(a) h:vosme (b) p=o sin@ © j= Yo sin 0 (d) j= Yo sin 0
g 2g
The range of a projectile is maximum when its angle of projection is
(a) 30° (b) 45° (c) 60° (d) 75°
The maximum value of the range of a projectile is
2 2 2 2
2
(@) T =" (B) P =2 (©) T =15 (@) P =0
g 2g g

SHORT ANSWER TYPE QUESTIONS

13.1 What is a projectile? Give few real - life examples.

13.2 Prove that the trajectory of a projectile is a parabola.

13.3 Compute the range of a projectile and what is the condition for maximum range?

13.4 Determine the time of flight and maximum height attained by a projectile.

13.5 Prove that the slope of the curve that a projectile generates is zero when it covers half of its range.

NUMERICAL PROBLEMS

13.1 A ball is thrown horizontally from the top of a building having height 20 m. The ball touches the
ground at a distance of 25 m from the base of the building. What was the initial velocity of the ball?

13.2  If the initial velocity of a projectile is increased by 20%, what would be the change in maximum range?

13.3 A particle is projected with an initial velocity of 60 m/s at an angle of 70° with the horizontal. Find
the maximum height it can reach, the time of flight and the range.

13.4 The maximum range of a particle is r,,,. Find the range, time of flight and maximum height it can
reach when angle of projection is 60° having same initial velocity.

13.5 An object is projected with an initial velocity of 100 m/s at an angle of 65° with the horizontal. Find
its position and velocity [both magnitude and direction] after 8 seconds.

13.6 A projectile is aimed at a target situated on the horizontal plane. It is observed that when angle of

projection is 15°, it falls 12 m short of the target and it overshoots by 24 m when the angle of projection
is 45°. Find the correct angle of projection so as to hit the target.
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13.7 1If ¢, be the time in which a projectile reaches a point on its path and #, be the time in which the
projectile reaches the ground from the previous point, prove that the height of the point above the

ground is lgtltz.
2

13.8 If a particle is projected at an angle 6, with the horizontal from the foot of an inclined plane that makes
an angle 6, with the horizontal, it strikes the plane at right angle. Prove that cot 6, = 2 tan (6, — 6,).

13.9 The horizontal range of a projectile is found to be 2.3 times of its maximum height. Determine the
angle of projection.

13.10 A bullet is fired at 125 m/s from a point on the ground so as to hit a target at a horizontal distance of
1000 m from the origin and at a height of 203 m from the ground. Determine (a) the angle at which
the bullet is fired, (b) the maximum height attained by the bullet and (c) time required to hit the target.

13.11 A projectile is shot from the edge of a cliff 125 m above ground level with an initial speed of 65 m/s
at an angle of 37° above the horizontal. Determine the magnitude and the direction of the velocity at
the maximum height.

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

13.1 (c) 13.3 (b) 13.5 (c) 13.7 (b)
13.2 (a) 13.4 (c) 13.6 (d) 13.8 (a)

ANSWERS TO NUMERICAL PROBLEMS

13.1 vy = 12.5 m/3
132 44%

133 Iy = 162 m, 15, = 11.5s, 7 = 236 m

max

13.4 7= 08667 gy = 0.553 N maxs b = 0.3757,,,

135 x=1338m, y=411 m, x=4226 m/s, y= 12.15 m/s
13.6 21°

13.9 60°

13.10 (a) 33°, (b) Ay, = 236.23 m, (c) t = 9.54s

13.11 52 m/s [forward] (horizontally)






CHAPTER

14
Work, Power, Energy

14.1 INTRODUCTION

In the chapter 11, we have discussed the effect of force(s) on the motion parameters of a particle by using
Newton’s second law of motion and using D’Alembert’s principle. Since as a consequence to the application
of force, there is displacement, it therefore follows that the force produces some work done. This work done
by a force is a very important attribute to deal with power and energy analysis pertaining to a mechanical
system. For example, if we consider a car or a train, it is essential to consider power developed by the engines
to propel the vehicle with definite motion characteristics under load.

14.2 WORK OF A FORCE

From the basic definition of work done by a force, it is quantified by either the product of force multiplied by
the component of the displacement along the line of action of the force or displacement multiplied by component
of the force along the displacement.

Thus refer to Fig. 14.1. If a force F applied on the block at an
inclination 6 with the horizontal causes a displacement ds along the
horizontal plane, the component of ds along F is ds cos 6. Thus work
done associated with this displacement would be dU = F(ds cos 6) =
(F cos O)ds = component of the force along the displacement multiplied Figure 14.1
by displacement.

Thus work done by a force F during a finite displacement from any position P, to another position P, can

S

be computed by U,_, = J.(F cos 0)ds, where s, and s, are displacement along the path 4B and measured from
5
a reference frame O.
Following vector algebra, work done by a force F acting on a particle moving along any path is defined

as the line integral from position P, at time ¢, to position P, at time f,. Thus U = IFdr, where dr is the
4
infinitesimal change in the position vector r.

Since F = (F,i + F,j + F.k), and r = (dxi + dyj + dzk),

U= [(Fi+ Fj+ Fodxi + dyj + dek) = [(F,dx + F,dy + F.dz)
4 4
This can be expressed further to a time integral as

)
U= j(dex +dey+dez)dz
e dt dt

h
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14.2.1 Graphical Interpretation of Work Done

Figure 14.2 shows the plot of F cos 6 versus s. This is called force-displacement diagram. The area of the
5y

infinitesimal rectangular strip of thickness ds becomes F cos 0. ds. Thus U,_, = J.(F cos Ods) = entire shaded

St

area under the curve as shown in the above Fig. 14.2.

Fcos 0 A
/ -
o) S, ds S, S
Figure 14.2

Unit:  The unit of work done following S.I. system is Nm or Joule (J). Thus one joule of work corresponds
to displacement of a particle by one metre when the magnitude of force along the direction of displacement
is one Newton.

14.3 ENERGY

Energy of a particle implies its ability to do work. Thus it is the stored energy of a particle at the expense of
which it can carry out some work to overcome resistance. Thus energy and work is tantamount to each other
and hence the unit of energy is same as that of the work. Nevertheless, energy has many forms; thermal or
heat energy, electrical energy, mechanical energy, light energy, etc. However, in regard to present discussion,
we will focus our attention to only mechanical energy which has got two wings, namely, potential energy and
kinetic energy.

14.3.1 Conservative Forces

A force F acting on a particle is called conservative if work corresponds to it is independent of the path followed
by the particle as it changes its position. Such work can be quantified as a change in its potential energy.
Gravity force is a conservative force, where as friction is non-conservative force. Other types of conservative
forces are spring force and elastic force.

Following the above definition, if a particle undergoes a closed path so that initial position and final position
is identical, the work is zero.

Mathematically, _[F dr=0

14.3.2 Work Done by Gravity Force — Potential Energy

The energy gained or expended by a particle while doing some work against the gravity force is called its
potential energy.

Refer to Fig. 14.3, let a particle of mass m be moved vertically from its initial position of 4 to a new
position B such that AB = OB — O4 = y, — y,
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The force acting on the particle is gravity force = W = mg B
Y2 A A
Thus corresponding work done would be U, _, = J(—mg)dy =-mg(y, —y) = h
N v
— mgh [Note that (—) sign implies the direction of force and displacement are 180°.] 2| A A
Thus the potential energy of the particle is quantified by product of weight and ¥
vertical displacement.
It is interesting to note that since weight has got no horizontal components, any ’ 0 Y
displacement along horizontal direction will have no effect on potential energy. Figure 143

14.3.3 Work Done by Net Force — Kinetic Energy

Kinetic energy is the energy of a particle that it gains by virtue of its motion.
From Newton’s second law of motion; F' = ma = mx

.2
Thus Fdx = m@.dfc =d mi
dt 2

The left-hand side of the above expression shows the work done by the force F that causes a displacement
of dx. The term with in the bracket in the right hand side is called kinetic energy which is half of the product
of mass and square of the velocity.

Integrating both sides of the above equation with in two limits such that x changes its value from x; to x,
and v changes its value from v, to v,.

LA L N
F()czfxl)—zmvzfzmv1

This can be interpreted as the work done associated with the force for a finite amount of displacement is
equal to the change in kinetic energy of the particle between the two points.

U= ;[F.dr = ]Z.F.dr = ]Z.mf.dr = jml’f’;{:.dt

i i

F 1 %2d 1
=m|G7) dt =—m| =) dt = —m[v* 1>
,j() 2tjdt<) Syl

Example 14.1 A particle of mass 5 kg is thrown up vertically with an initial velocity of 10 m/s. What is its
kinetic energy (a) at the moment of release, (b) after half second, (c) after one second? Assume g = 10 m/s>.

Solution
(a) Initial velocity of the particle is vy = 10 m/s

1 1
Therefore K.E. corresponds to this velocity = > mvl > X 5 x 10> N-m = 250 N-m

1 1
(b) Let the velocity after ¢, = 5 see is v,. Therefore, v; = v, — gt; = 10 — 10 x 5= 5 m/s

1
Therefore K.E. after #; = 5 see=3 mvi =~ x5x 5" N-m = 62.5 N-m
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(c) Let the velocity after ¢, = 1 sec be v,. Therefore, v, = vy —gt, =10-10x 1 =10
Therefore K.E. after #, = 1 sec is zero.

Example 14.2 A block of weight ¥ is thrown with an initial velocity of v, along a rough horizontal plane
and is brought to rest by friction in a distance x Determine the coefficient of friction.

Solution Let the coefficient of friction between the block and the floor be u.
Thus the work done by the frictional force is U = F.x = uN.x = uW.x = [Lmgx

1 2

5 mvg

Since the work done is equal to the change in K.E., it therefore follows that

1
Change in K.E. = > mvg — 0 =

= 202
u.mg.x 5 ™Yo
2
- Y
# 2gx
v

Thus the coefficient of friction becomes u = Py
gax

Example 14.3 A block of weight W slides down an inclined plane from rest from a height 4, as shown in
Fig. 14.4. Find the velocity of the block when it reaches the ground.

Figure 14.4

Solution Let the distance traveled by the block from initial position to the final position is x and corresponding
velocity of the block is v.

Since the block is lying on the inclined plane, the net force that causes displacement along the plane is
F=Wsin 0 — uW cos 6.

The net work done corresponds to this force = U = Fx = [W sin 8 — ulW cos 0]x

Thus net work done = change in K.E.

1
U= Fx=[Wsin 6 — u cos 6]x = Emvz
1
mg[sin 6 — U cos O]x = Emv2
h

From the geometry, X = — 0
sin
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h 1
Th in 6 — — = 7
us, glsin 8 — u cos 0] Sin @ 7Y
v = \2gh(1- pcotB)

Thus the velocity of the block becomes v = /2gh(1 — u cot 0)

Example 14.4  Calculate the work done on a body of mass 5 kg by 60 N force applied to it as shown
in Fig. 14.5 when the same is placed on an inclined plane having inclination angle 6 = 30° and associate
displacement 6 m. Assume o = 15° and u = 0.25.

Figure 14.5

Solution From the free body diagram of the block and considering equilibrium perpendicular to the plane.
Yy=0
N + P sin o = mg cos 6
N=mgcos 0 —Psin =5 x98cos 30 — 60 sin 15 N =2695 N
Net force on the body along the plane = F,

P cos a— mg sin 0 — uN = 60 cos 15 — 5 x 9.8 sin 30 — 0.25 x 26.95 = 26.7 N

Thus work done due to F,,, = 26.7 X 6 = 160.2 Nm

1 . L . .
Example 14.5 A bullet loses P th of its velocity in passing through a wooden plank. Determine how
many such uniform planks it would pass through before coming to rest. Assume that the resistance offered by
the planks is uniform.
Solution Let the mass of the bullet be m kg and its velocity be vm/s.

. . 1 19
Hence after penetrating one plank, the velocity of the bullet becomes v’ = (l - 20) v = 20 v
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2
1 1
Thus loss of K.E. while passing through one wooden plank = Emv - —mv° = —mv — m(zov) =

% x 0.0975 mv2.

Let the number of planks that the bullet can penetrate is n such that after passing through » number of
planks, its kinetic energy is completely lost.

1
Thus n X E x 0.0975mv* = = mv

= =10.25
0.0975

Since number of planks cannot be fraction, n = 10.
Therefore, the bullet can penetrate 10 planks.

Example 14.6 A particle of mass m moves linearly along x axis under the action of force F' = kx, where k
is a constant. Find the velocity v as a function of displacement x if the initial conditions of motion are x, = 0

and X, = v,.

Solution
F=kx =mx
dx
m— =
dt
-
" dt

dt
mdv = kxdt = kx — dx
dx

1 1
mdy = kxdfdx = kx—dx
ax %
dt
mvdv = kxdx

m ].vdv = k]c.xdx

vy 0

1 1
Em(v2 - vg) = Ekx2

v —vg = k¥/m

v= v +ke*/m

This is the requisite expression of v.
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Example 14.7 Two blocks 4 and B of masses 20 kg and 25 kg respectively are connected by a string as
shown in Fig. 14.6. If the system is released from rest, find the velocity of the blocks after the distance moved
by the block 4 along the table on which it rests is 1 metre. Assume the coefficient of friction between the
block and the table is 0.25.

N A
Solution m, = 20 kg; mg = 25 kg; x = 1 metre y = 0.25
Let T be the tension in the string and v is the velocity of the blocks . T
at the end.
: 1 2 1 2 2 Z
For the block 4, change in K.E. = —m," - 0=~ x20 x v = 10v F oy
2 2 mag
Net force on the block 4 = F; =T — um,g=T-0.25x20g=T-5gN T
Thus work done on the block 4 = F; xx=(T—-5g)x=(T—-5g)x 1 =
T - 5g N-m
For the block B, change in K.E. = %vaz -0= % X 25 x v* = 12.5/*
Net force on the block B = Fy =mpg — T =25g - TN J
Thus work done on the block B=Fyx =(25¢—T)x=25g - TN -m mgg
For the entire system comprising block 4 and B, we have Figure 14.6

T - 5g+25g — T= 10V + 12.5/*
22.5v7 = 20g = 20 x 9.81

20 x9.81
V= J————— m/s = 2.95 m/s
22.5

Thus the velocity of the blocks becomes v = 2.95 m/s.

14.4 PRINCIPLE OF CONSERVATION OF ENERGY

From the principle of work-energy,
Work done = Change in kinetic energy.
Thus between any two finite states, work done = (K.E.), — (K.E.);
If a particle moves under the action of gravity force, work done is stored as potential energy.
Thus net work done by a particle when it changes its height between two finite positions = (P.E.), — (P.E.),
Comparing these two equations, we have (K.E.), — (K.E.); = (PE.), — (PE.),

(PE), + (K.E), = (PE.), + (K.E.),

Thus “the sum of the potential energy and the kinetic energy of a particle or a system comprising several
particles remain constant during its motion under the action of conservative forces”. However, potential
energy can be changed to kinetic energy and vice versa so as to maintain their sum at a constant value. This
is popularly known as law of conservation of energy.

14.4.1 Principle of Conservation of Energy — Applied to a Free Falling
Particle
Let a particle of mass m be released freely from a height 4. This implies initial velocity of the particle vy = 0

At this stage sum of P.E. and K.E. = mgh + 0 = mgh (14.1)
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Let us now consider any intermediate stage when the particle is in motion but B Vy
not reached the ground. Let its height at present is #” from the ground as shown in 4
Fig. 14.7. Also consider its velocity as v'.
Thus the distance moved by the particle = 7 — 4’ hoA 4 Y
Therefore v?2=2g(h - k) .
1 1
Hence, sum of P.E. and K.E. = mgh’ + 5 mv’? = mgh’ + > x 2g(h — 1) v 7 v
@)
= mgh (142) Figure 14.7
Finally, let us consider the particle is just about to touch the ground with a
velocity vy.
Thus the distance moved by the particle = 4, implying v; = 2gh
1 1
Sum of P.E. and K.E. at this stage = 0 + 5mvf- =0+ _mx2gh=mgh (14.3)

Comparing Egs (14.1), (14.2) and (14.3), it can be concluded that the law of conservation of energy holds
good for a freely falling particle.

Example 14.8  If the system of weights as shown by solid lines [Refer Fig. 14.8] is released from rest, find
the maximum distance % that the weight P will fall. Neglect friction and consider the pulleys are very small.

Figure 14.8

Solution Let the location of the weights QO below the line 4B be y.
Thus total length of the string following initial configuration is Ly = 2(I + )

From the AOAC, AC = oA +0C* =[PP + I
Let the lift of the weight O be d. Thus the present length of the string becomes
DX PR +y - 8= Lp=2(0+ )
\/12+—h2 +y—-0=1+y
1+6=P+i?

Squaring both sides, we have P + & + 216= > + i®
S +25-n=0
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52 21+ \|41* + 4i*

2
Since & cannot be negative, we take § = VIZ+h* — 1

The loss of potential energy by the weight P due to lowering by height /# should be equal to the gain in
P.E. by the weights Q.

Thus Ph= 028 = Ph=20(NP+h -1
Ph
— + 1= ANP+#
20
2
. . Ph 2. 2
Squaring both sides we get, @ +I1| =F+h
2,2

Ph
+12+2><2—><l:lz+h2

2
o ahi- 2]
0 40
4PQI
4Q2 _ p2

407

h=

Example 14.9 If a system of two masses m, = mz = 20 kg are arranged
as shown in Fig. 14.9 are released from rest, find the velocity of the mass my

after it has fallen a vertical distance of 2 m. Neglect the inertia of the pulleys
and friction.

Solution From the given configuration, it can be concluded that when
mass mp is lowered by 2 m, the pulley Q is lowered by 1 m and the mass m,
is lifted up by 1 m.

At this stage, if the velocity of the mass mj is vz = v m/s; the velocity of

v
the mass m, would be v, = > m/s;

Before start of the movement, the combined system is considered to coincide
with datum, implying (P.E.); as zero. Since there is no motion in the system,
(K.E.), is also zero.

When my is lowered by 2 m,

the total P.E. of the system = (P.E.), = (P.E.),, + (PE.),p = m,gh, — mgghp = 20g x 1 — 20g x 2 = -20g

Figure 14.9

1 1
Total K.E. of the system = (K.E.), = (K.E.),, + (K.E.);5 = 5 mvi+ Eva}%

1 vyl , 25,
= - X20X || + 2 X20x Vv = —
2 2 2 2

Thus total energy at this position is (P.E.), + (K.E.), = —20g + 12.5v*
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Applying the principle of conservation of energy, we get —20g + 12.5v% =

o 2
12.5
v =3.962 m/s

Thus the velocity of the mass my after it has fallen a vertical distance of 2 m becomes vz = 3.96 m/s.

14.5 POWER

Power is defined as time rate of work. As regard to application, power plays very significant role compared to
energy in the sense that a definite work to be delivered in a specified time. Thus in most of the engineering
applications, equipments are specified in terms of their power output. Examples are a car, a motor and a
railway engine.

14.5.1 Average Power

If AU is the work done during an interval At, then average power is defined by AA—U
t
) i AU dUu F.dr
The instantaneous power is defined as Lt — = — = =Fv
At—0 At dt dt
dU = F cos 0.ds;
_ds
T
dU = F cos O.vdt
dUu
— =(F 0).
7 (F cos 6).v

This implies that power is the product of component of the force along the velocity and the velocity.
When both are having the same direction,
0=0;
dUu
— =Fy
dt

Units: The unit of power in S.I. system is Nm/s or Joule/s or Watt. A larger unit of power is kW, where
1 kW = 1000 W.

Example 14.10 A train of mass 600 ton starts from rest and accelerates uniformly to attain a speed of
100 km/hr in 55 seconds. The total frictional resistance to motion is 20 kN. Determine (a) the maximum power
required by the train, (b) the power required to maintain above speed.

Solution Initial velocity of the train is vy = 0

. . o 100 x 1000
Final velocity of the train is v, = 100 km/hr = ——— m/s = 27.78 m/s.
3600
Time required to reach this velocity is ¢ = 55 s.
Vf — VY _ 27.78
t 55

From Vyp=vy tatora= = 0.5 m/s?
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Let the force generated by the train be Fp

600 %1000 x 0.5
Therefore Fr=F;+ Fa =20+ 1000 kN = 320 kN

Thus power = Fr.v, = 320 x 27.78 kW = 8889.6 kW.

Example 14.11 A train of mass 100 ton is moving uniformly along an incline of 1 in 200 having frictional
resistance as 6 N/kN. If the power produced by the engine is 1.2 x 10° W, find the speed of the train.
6x100x1000 x9.81

Solution Frictional resistance is @ 6 N/kN = 1000 N = 5886 N

1
For the inclined plane, tan 6 =—— = sin 6
200

In the absence of any acceleration, force balance along the incline gives

YF=0

Wsin 0 + F,= Fp
Fr=100 x 1000 x 9.81 x ﬁ + 5886 N = 10791 N
P=Fpv.
1.2 x 10° = 10791 x v

v=11.12 m/s = 40 km/hr

Therefore the speed of the train is 40 km/hr.

14.6 EFFICIENCY

The efficiency is one of the major attributes of a mechanical system or machine that indicates its performance.
Machines utilise one form of energy to be converted to other form compatible to its intended application. For
example in an automobile, the fuel is burnt to liberate heat energy. This heat energy is converted to mechanical
energy so as to propel the vehicle. Similarly, in an electric motor, electrical energy is converted to mechanical
energy. However, the output mechanical energy is not same as that of input energy; rather it is always less
than the input energy. It is owing to the fact that some amount of input energy is always lost to overcome
friction between various mating members. This energy is lost in the form of dissipated heat and not possible
to recover for useful purpose. the performance of a machine is said to be good if it can successfully convert
the input energy to the useful work. It is the efficiency of the machine that indicates its performance and is
defined as the ratio of the output power to the input power.

Thus efficiency 1 = Output energy _ Output power

Input energy Input power

The value of 7 is always less than 1. The efficiency is usually expressed in terms of percentage (%). While
computing 17, both the output and input to be expressed in same unit. Higher the value of 1, better is the
performance. Thus in other words, efficiency signifies the amount of energy loss during conversion.
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MULTIPLE-CHOICE QUESTIONS

14.1  Work is quantified by
(a) component of the force along the displacement multiplied by displacement.
(b) component of the displacement along the force multiplied by force.
(c) component of the force perpendicular to the displacement multiplied by displacement.
(d) either (a) or (b).
142 Work is a
(a) fixed vector.
(b) sliding vector.
(c) scalar quantity.
(d) may be scalar or vector depending on its nature.
14.3 The unit of work in S.I. system is
(a) Ib-ft (b) N-m (c) joule (d) both (b) and (c)
14.4 Following category of energy is associated with conservative force.
(a) Kinetic Energy (b) Potential Energy
(c) Energy lost due to friction (d) None of the above
14.5 Following category of energy is associated with conservative force.
(a) Kinetic Energy (b) Potential Energy
(c) Energy lost due to friction (d) None of the above
14.6  The kinetic energy of a particle of mass m and velocity v is quantified by
(@) mv (b) m? ©) %m% @ 2m?
14.7  As per conservation of energy, following statement holds true
(a) (PE.), + (K.E.), = (PE.), + (K.E.), (b) (PE.); + (PE.), = (K.E.); + (K.E.),
(¢) (PE), x (K.E.)); = (PE.), x (K.E.), (d) (PE), = (K.E.), =(PE.), + (KE),
14.8 The potential energy of a particle of mass m and density p and at an elevation /# from a reference
datum is quantified by
(a) pgh (b) mgh (c) %Pgh (d) 2mgh
14.9 Power is
(a) time rate of force (b) time rate of work
(c) time rate of momentum (d) time rate of impulse
14.10 The unit of power in S.I. system is
(a) hp (b) Joule/s (c) Watt (d) both (b) and (c)
SHORT ANSWER TYPE QUESTIONS
14.1 Define work and energy. What are their units in S.I. system?
14.2  Explain work by vector algebra.
14.3 State and prove the principle of work and energy.
14.4 What do you mean by conservative force? Give examples.
14.5 Prove the conservation of energy for a free falling particle.
14.6  What is power? How it is quantified? What is its unit in S.I. system?
14.7 From the Newton’s second law of motion, prove that change in kinetic energy is equal to the work

done.
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14.8 Tllustrate work from force-displacement diagram.

14.9 State and prove the law of conservation of energy.

14.10 Define potential energy? Does its change in magnitude depend on path?

NUMERICAL PROBLEMS

14.1 A force of 500 N is applied on a block of mass 50 kg that is resting on a rough horizontal floor having
coefficient of friction 0.4. Determine the velocity of the block after it covers a distance of 8 m.

142 A small block of weight W = 50 N is given an
initial velocity vy =5 m/s down the inclined plane \
as shown in Fig. 14.10. If the coefficient of friction
between the plane and the block is 0.25, find the
velocity v, of the block at B after it has travelled
a distance 4B = x =2 m.

14.3  Find the total work done on an 8 kg block that is
acted upon by the 100 N force and consequently
moves to the right by 4 m, as shown in Fig. 14.11.

Assume coefﬁcient of friction.is 0._30. Figure 14.10

144 A car of weight W = 20 kN is driven down a 7°
incline at a speed of 95 km/hr when the brakes are applied. The total braking force is estimated as
7kN. Determine the distance travelled by the car before it stops.

100 N
6=20° ‘ 8 kg
Figure 14.11

14.5 A bullet of mass m can penetrate a thickness ¢ of a fixed plate of mass M. Show that if the plate is

free to move, the thickness it can penetrate is ¢ = ( )t.
M +m

14.6 A block of mass 10 kg is released from rest so that it can slide down a distance of 8 m along an
incline of slope 30°. If the coefficient of friction between the plane and the block is 0.25, find the time
required by the block to cover the inclined path.

14.7 A block “A” of mass 20 kg rests on an inclined plane that is connected to another block “B” of mass
40 kg by a string that passes over a frictionless pulley as shown in Fig. 14.12. If both the masses are
released from rest, calculate their velocities after the block B is lowered by 0.5 m.

14.8 Two weights P and Q are hung and initially at rest as shown in Fig. 14.13. Find the velocity of the
falling weight P when it covers a vertical distance of 3 m. Given P = Q = 10 N; r, = 100 mm; r| =
150 mm.

14.9 A train weighing 1000 kN is accelerated uniformly up an inclined plane of 2% grade. The velocity
increases from 9 m/s to 18 m/s in a distance of 600 m. The resistance offered by the track is 50 N per kN
weight of the train. Determine the maximum power developed by the train.

14.10 An engine weighing 500 kN, moving on a horizontal track, attains a speed of 40 km/hr in 4 minutes

starting from rest following uniform acceleration. Take the resistance to motion as 5 N/kN. Determine
the power developed by the engine.
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0=45°

Figure 14.12

Figure 14.13

14.11 A 5 kg block slides 3 m on a horizontal floor. If the coefficient of friction between the floor and the
block is 0.25, determine (a) the work done by the block on the surface, (b) the work done by the
surface on the block.

14.12 A 5 kg block slides down by 2 m along an inclined plane that makes an angle 40° with the horizontal.
If the coefficient of sliding friction is 0.40, determine the work done by all forces acting on the block.
Also calculate its velocity when it touches the ground.

14.13 A particle moves along the path x = 21, y = £ where ¢ is in seconds and distances are in metres. What
is the work done in the interval from ¢ = 0 to # = 3 s by a force whose components are F,, = 2 + ¢t and
F, = 27. Forces are in Newton.

14.14 An automobile weighing 20 kN is driven down a 5° incline at a speed of 85 km/h when the brakes
are applied. The total braking force exerted by the road on the tier is 7000 N. Determine the distance
covered by the automobile before it comes to a halt.

ANSWERS TO MULTIPLE-CHOICE QUESTIONS

14.1 (d) 14.2 (c) 14.3 (b) 14.4 (b) 145 (c)
14.6 (c) 14.7 (a) 14.8 (b) 14.9 (b) 14.10 (c)



Work, Power, Energy 14.15

ANSWERS TO NUMERICAL PROBLEMS

14.1 9.86 m/s 142 v, =6 m/s 143 241 N-m
144 557 m 146 2.82s 14.7 2.9 m/s
14.8 3.685 m/s 149 1356 kW 14.10 54 kW
14.11 36.78 N-m 14.12 32.95 N-m, 3.63 m/s 14.13 313 N-m

14.14 108 m






Model Question Paper
Set-1

ENGINEERING MECHANICS
SEMESTER - 1

Time: 3 Hours Full Marks: 70
Group — A
(Multiple-Choice Questions)
1. Choose the correct alternatives for the following: 10 x1=10
(i) Two non-collinear parallel equal forces acting in opposite directions
(a) balance each other (b) constitute a moment
(c) constitute a couple (d) constitute a moment of a couple

(e) constitute a resultant couple
(i) The centre of gravity of a uniform lamina lies at the
(a) centre of the heavy portion (b) bottom surface
(c) mid point of its axis (d) all of these
(e) none of these
(iii) The ratio of limiting friction and reaction is known as
(a) coefficient friction (b) angle of friction (c) angle of repose (d) sliding friction
(e) friction resistance
(iv) D’ Alembert’s principle is applied to solve problems related to

(a) statics (b) strength of structures (c) dynamics (d) none of these
(v) Materials having the same elastic properties in all directions are called
(a) ideal materials (b) isotropic materials (c) elastic materials (d) uniform materials
(vi) For stable equilibrium, the potential energy will be
(a) maximum (b) minimum (c) zero (d) none of these
(vii) When a body slides down an inclined surface of inclination 6, the acceleration ‘f/” of the body is given
by
(@ f=g¢ (b) f=gsin O (¢) f=gcos O (d) f=tan 6

(e) f=gl/sin O

(viii) According to the principle of transmissibility of forces, the effect of a force upon a body is
(a) maximum when it acts at the centre of gravity of the body
(b) different at different points in its line of action
(c) the same at every point in its line of action
(d) minimum when it acts at the CG of the body
(e) none of the above

(ix) Poisson’s ratio is defined as

(a) longitudinal stress and longitudinal strain (b) longitudinal stress and lateral stress
(c) lateral stress and longitudinal stress (d) lateral stress and lateral strain
(e) none of the above
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(x) The maximum strain energy that can be stored in a body is known as the
(a) impact energy (b) resilience
(c) proof resilience (d) modulus of resilience
(e) toughness

Group — B
(Short-Answer Type Questions)
Answer any three questions 3x5=15

2. (i) State and prove Lami’s theorem.
(i) Define free-body diagram.

3. State and prove the perpendicular axis theorem of the area moment of inertia.

4. A circular roller of weight 100 N and 10-cm radius hangs by a tied rod AB = 20 ¢cm and rest against
a smooth vartical wall at C as shown in the Fig. 1. Determine the force F in the rod.

A(

8\ 20cm

10 cm

Figure 1

1
5. A particle moves along the path y = gxz with a constant velocity of 8 m/s. What are the x and y

components of the velocity when x = 3? What is the corresponding acceleration? Note that x and y are
expressed in metres.

Group - C
(Long-Answer Type Questions)
Answer any three questions 3 x15=45

6. (1) Two blocks (1) and (2) are resting on the horizontal surface as shown in Fig. 2. The block 2 is
attached to a vertical wall by an inclined string AB. Find the magnitude of the horizontal force P
that will be necessary to cause slipping to impend. Take u between the surface and block as 0.4 and
U between the blocks as 0.25.
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Figure 2

(ii)) Two smooth spheres, each of radius » = 150 mm and weight W = 100 N, rest in a horizontal
channel having vertical walls, the distance between them is w = 560 mm, as shown in Fig. 3. Find
the reactions exerted at their points of contacts by the walls and the floor.

Figure 3

7. (1) Two blocks having weights W, = W, = 20 N are attached by a short string and rest on an inclined
plane as shown in Fig. 4. If the coefficients of friction for the blocks are ¢, = 0.2 and y, = 0.3
respectively, find the angle of inclination of the plane for which motion impends.

W,

Figure 4
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(ii) Determine the moment of inertia of the T section with respect to a centroidal axis parallel to the
x axis as shown in Fig. 5. Consider all the dimensions to be in mm.

o\
S0,
G
py H
o
e
D
Y C K
y
ot F | E o
h 4 A4 >
> X
°F AL 150 |8
Figure 5

8. (i) Using the Pappus and Guldinus theorem, compute the volume of a right-circular cone of height 4
and base radius 7.
(i) The bar AB weighs 250 N is supported by a wall at C and a horizontal cable as shown in the
Fig. 6. Assuming all surfaces are smooth, find the cable tension and forces at 4 and C.

Figure 6

9. (i) A lever is attached to a spindle by means of a square key 6 mm X 6 mm X 2.5 cm long as shown
in the Fig. 7. If the average shear stress in the key is not to exceed 700 kg/cm?, what is the safe
value of the load P applied at the free end of the lever?

2.5cm
Key P

o~
~NQ
o —

75 cm

Figure 7

(ii)) A body of 5 kg mass drops freely from a height of 60 m and penetrates the ground by one metre.
Find the average resistance of penetration and the time of penetration.
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10. (i) A train weighing 1000 kN is accelerated uniformly up an inclined plane of 2% grade. The velocity
increases from 5 m/s to 15 m/s in a distance of 500 m. The resistance offered by the track is
SO0N per kN weight of the train. Determine the maximum power developed by the train.

(ii)) The motion of a particle is defined by the following equations:
=4 2=’ . .

= 5 + ¢“ and y = s a4 where x and y are expressed in metre and ¢ is in

second. Determine (a) the magnitude of the smallest velocity reached by the particle, and (b) the

corresponding time, position and direction of the velocity.

X
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Set-2

ENGINEERING MECHANICS
SEMESTER - 1

Time: 3 Hours Full Marks: 70

Group — A
(Multiple-Choice Questions)

1. Choose the correct alternatives for the following: 10 x1=10

(@)

(i)

(iii)

(iv)

™)

(vi)
(vii)

(viii)

(ix)

x)

Lami’s theorem is related to

(a) equilibrium of two coplanar, concurrent forces

(b) equilibrium of three coplanar, concurrent forces

(¢) equilibriums of four coplanar, concurrent forces

(d) none of the above

Moment of a force is obtained by

(a) vector addition (b) vector subtraction  (c) vector dot product (d) vector cross product
A block of 40 N is placed on a horizontal plane having u = 0.4. A pull force of P is applied at an
angle O with the horizontal. The minimum value of P will be

(a) 10.86 N (b) 12.37 N (¢) 1485 N (d) 20N
Two non-collinear parallel equal forces acting in opposite directions

(a) balance each other (b) constitute a moment

(c) constitute a couple (d) constitute a moment of a couple

An elevator weighing 1000 N attains an upward velocity of 5 m/s in 3 s following a uniform acceleration.
The tension in the cables that support the elevator is

(a) 850 N (b) 1000 N (c) 1250 N (d) 1500 N
When the temperature increases, the thermal stress induced in a bar is

(a) tensile (b) compressive (c) shear (d) unpredictable
The following category of energy is associated with conservative force:

(a) Kinetic energy (b) Potential energy

(c) Energy lost due to friction (d) None of the above

Poisson’s ratio is defined by

(a) ratio of lateral strain and longitudinal strain  (b) ratio of longitudinal strain and lateral strain
(c) ratio of lateral stress and longitudinal stress  (d) ratio of longitudinal stress and lateral stress
The moment of inertia of a rectangle having base b and height 4 with respect to its base is

1 1 1 1
— b%? b) —b’h — bi? d) - v
@ 3 ®) 3 © 3 @ 3

The energy absorbed by materials per unit volume up to a proportional limit is called
(a) resilience (b) proof resilience
(c¢) modulus of resilience (d) toughness
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Group - B
(Short-Answer Type Questions)
Answer any three questions 3x5=15

2. What is a couple? Under what circumstances is it formed? Replace a force by an equivalent force—couple
system.

3. Prove that work done is a scalar product of two vectors.

4. The acceleration of a particle at any point 4 is expressed by the relation a = 200x(1 + kx?); where a
and x are expressed in m/s> and metres respectively, and k is a constant. If the velocity of the particle
at A is v, = 2.5 m/s when x = 0 and v, = 5 m/s when x = 0.15 m; find the value of %.

5. Draw the stress—strain diagram of mild steel and explain the implications of the salient points. What
is the interpretation of area under such a curve?

6. What is meant by angle of repose? What should be its value for a particular surface? Prove the same.

Group - C
(Long-Answer Type Questions)
Answer any three questions 3 x15=45

7. (i) A right-circular roller of weight I rests on a smooth horizontal plane and is subjected to a pull
force P, as shown in Fig. 1. It is held in position by a string AC. Find the tension T in the string
AC and reaction Ry at B.

Figure 1

(i) State Coulomb’s laws of friction.
(iii)) The bracket shown in Fig. 2 is spot welded to the end of the shaft at the point O and is subjected
to a 900 N force. Find out the equivalent force and couple to replace the 900 N force.

y

T z
100 mm

900 N

Figure 2
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8. (i) A right-circular cylinder of mass m = 10 kg rests on a V block having an included angle of 90°.

The V block is now inclined by 30° with the horizontal as shown in Fig. 3. If the coefficient of
friction between the cylinder and the V block is u = 0.5, determine (a) the friction force F acting
on each side of the cylinder before the application of force P, and (b) the magnitude of P so that
the cylinder is on the verge of sliding up the plane.

Horizontal

Figure 3

(ii) Determine the moment of inertia of the shaded area with respect to the point O as shown in Fig. 4.

9. (i)

(ii)
10. (i)

(ii)

y
A C
A
€
€
o
[ce]
04 Y > X
A O\ B
_ 40mm | 40mm

Figure 4

A 100 mm diameter shaft has a projected collar of 130 mm diameter over a length of 20 mm and
is supported by a hollow structure as shown in Fig. 5. The shaft is subjected to an axial load of
500 kN. Find the shear stress induced in the collar.

A mass M resting on a smooth table is connected to masses M, and M, by strings as shown in
Fig. 6. Find the acceleration of the system, assuming M, is moving down.

A lever is loaded by various forces and a couple as shown in Fig. 7. If the resultant of these forces
and the couple passes through O, calculate M.

A person throws a stone so as to clear a wall of 3.685 m height located at a distance of 5.25 m
from the origin. The stone touches the ground at a distance of 3.58 m from the wall—away from
the origin. Find the least initial velocity at which the stone was thrown along with its direction.
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130 mm R
500 kN

_ 100 mmdia

‘ >

.

20 mm

\__ 7%

Figure S

60°

M
pal 320N

160 mm

A

Figure 7

11. (i) A motorcycle and rider having a total weight W = 2225N travels in a vertical plane following a
curve AB of radius » = 300 m, at a speed of 72 km/hr. Compute the thrust exerted by the road as
it passes over the crest C on the curve, as shown in the Fig. 8.

Figure 8

(ii)) The frame shown in Fig. 9 is made of a 10 cm X 10 cm square wooden post, for which the allowable
stress in shear parallel to the grain is 7, = 7 kg/cm?, while that in compression perpendicular to
the grain is o,, = 28 kg/cm?. Calculate the minimum safe values of the dimensions @, b and c.
The vertical post is pinned at its lower end to a foundation plate.
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Q

150 kg «———

i
"l

N

C—r [ 1.2 m

Figure 9

12. (i) If a system of two masses m, = mp = 20 kg are arranged as shown in Fig. 10 are released from
rest, find the velocity of the mass my after it has fallen a vertical distance of 2 m. Neglect the
inertia of the pulleys and friction.

Figure 10

(i) Compute the coordinates (x,, y.) of the centroid C of the sector of the general spandrel OAB as
shown in Fig. 11.

N
A
Y=kx'
y
lo) X dx B X

Figure 11
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[Time: 3 Hours] [Full Marks: 70]

Group-A
(Multiple-Choice Type Questions)

1. Choose the correct alternatives for the following: 10x1=10
(i) Free body diagram can be applied only in

(a) a dynamic equilibrium problem (b) a static equilibrium problem
(c) both dynamic and static equilibrium problem (d) none of these
Answer (c)

(ii) The condition of equilibrum for coplanar non-concurrent forces are
(@) D Fy=0;3 F =0 (b) D Fy=0;YM=0
(€) DF=0;>M=0 (d) Y Fe=0;YF =0 M=0
Answer (d)

(iii) The centre of gravity of a solid hemisphere of radius R is
(a) 3R/8 (b) R/2 (c) 3R/4 (d) none of these
Answer (a)

(iv) The equation of motion of a particle is s = 26 — # — 2 where s is the displacement in metres and 7 is

)

(vi)

(vii)

time in seconds. The acceleration of the particle after 1 second will be

(a) 8 m/s’ (b) 9 m/s? (c) 10 m/s? (d) 5m/s?

Answer (c)

When a body slides down an inclined surface of inclination 6, the acceleration of the body is given by
(a) f=g (b) f=gsin@ (¢c) f=gcos B (d) f=g/sin O

Answer (b)

The maximum strain energy that can be stored in a body is known as

(a) impact energy (b) resilience (c) proofresilience (d) modulus of resilience
Answer (c)

When two ships are moving along inclined directions then the time when the two ships will be closest
together depends upon
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(a) velocity of one of the ships (b) velocity of both the ships
(c) angle between the two directions (d) all of these
Answer (d)

(viii) The maximum height of a projectile on ahoriontal range is

(u2 sin Za) (u2 sin a)
(@ ~—r—~ (b)) —
2g 2g
(u2 sin’ 2a) (u2 sin’ oc)
() ~——— (d) ~—-—*
2g 2g
Answer (d)
(ix) The differential equation of a falling body under gravity is
(a) ¥=0,7=0 (b) ¥=0,j=g () ¥=c,j=g (d) ¥=0,7=0
(e) none of these
Answer (e)
(x) If a momentum of a body is doubled, its kinetic energy will
(a) increase by two times (b) increase by four times
(c) remain same (d) get halved
(e) reduce to four times
Answer (b)
Group-B
(Short-Answer Type Questions)
3x5=15
2. What do you mean by a free-body diagram? Draw the free-body diagrams of the following as
shown below: 1+2+2

600 N

Ladder Ball

Fig. Q.1 Fig. Q.2
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Answer

A free-body diagram, abbrebiated as FBD, is a very useful aid to solve the problems of mechanics. The
very name implies that a member for which we focus our attention for the purpose of force analysis should
be isolated from various constraints and all the forces acting on it, both active and reactive, should be shown
without altering its directions. This is a simplified scheme of the actual problem but helps in a bigger way
to arrive at its solution.

600 N

T
R
w
Fig. Q.3 Free-body diagram of the ball Fig. Q.4 Free-body diagram of the ladder
3. Determine the force P required to intend the motion of the block B shown in the Fig. Q.5. Take
1= 0.3 for all surfaces of contact, where u = coefficient of friction. 5
A 300N
P < B 500 N
C400N
/
Fig. Q.5
Answer
Ng
NA WB + NA
F
T P l 58 FBC T
A300N ~<— BS500N B 400 N
|
F a8 l Wy T Ng Fge l
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Since all the blocks are placed one over the other, as per Newton’s third law, there would be mutual
normal reactions.

As regards the middle block B, under the equilibrium condition when there is impending motion, the
minimum force P will be just sufficient enough to overcome the frictional forces resulted from two mating
surface, namely between 4 and B and between B and C.

The free-body diagrams of all the blocks are shown above.

Thus for the block A, N, =300 Nand F,;; =u.NA=03xN=90N

For the block B, considering » ¥=0

N,+ Wg=N¢

N-=300+ 500 N=800N

Similarly for the block C,

Y r=0

Ng+ We=N¢

Np=2800—-400 N =400 N

S Fpe=UN-=03x800N=240N

For the block B, considering ZX =0

P=F;3+Fg=90+240N=330N

4. A force F = 3i —4j + 12k acts at a point A whose coordinates are (1 — 2, 3) m
Compute
(a) moment of force about origin (b) moment of force about the point B(2, 1, 2) m
Answer
(a) The force vector F = 3i — 4j + 12k and the position vector for point of application of force at 4
iSryg=1-2j+3k
Thus as per definition, Mg =r o X F=({1—2j+3k)x (3i—4j+ 12k)=(—24+12)i+ (9 - 12)j +
(-4+6)K=-12i—3j + 2k
(b) The position vector now becomes ry,g=(1 —2)i+(—2-1)j+(3-2)j+ (3 -2)k=-3j+ kM=
rag xF=-1-3j+Kk)x(Bi—4j+12k)=(-36+4)i+ 3+ 12)j+ (4 + 9k =-32i+ 15j + 13k
5. If the string AB is horizontal, find the angle that the string 4C makes with the horizontal when
the ball is in a position of equilibrium. Also, find the pressure R between the ball and the plane.

Fig. Q.7
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Answer The free-body diagram of the roller is shown in Fig. Q.8
R
Q
a !
’ NI

w
Fig. Q.8

Resolving all the forces alobg the x and y directions

Y X=0

P=Qcos o
o P
cos o= —
0

o =cos! [P]
0
Y r=0

R+ Qsina=W
R=W-Qsina=W- \Q*-P?
Group-C

(Long-Answer Type Questions)

Answer any three of the following questions 3x15=45

6. (a) A short semi-circular right cylinder of radius » and weight ¥ rests on a horizontal surface and
is pulled at right angles to its geometric axis by a horizontal force P applied at the middle B of
the frontage as shown. Find the angle « that the flat face will make with the horizontal plane
just before sliding vbegins if the coefficient of friction at the line of contact 4 is y. The gravity
force W must be considered as acting at the centre of gravity C as shown in Fig. Q.9.
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Answer Considering the equilibrium of the semi-circular cylinder during impending motion
> X=0; P=F,=uN

(1)
Y r=0; N=Ww (2)
and
4r .
ZMA=O;W><3—smoc=P><(r—rs1noc) 3)
T

Combining equations (1), (2) and (3);
W x ar sin @ = uWr(1 —sin @)
RV 4

4r l-sina

3T1r_ sin o

1 | 4

=1+
sino 3ur

a=sin! SHm
4+4+3ur

(b) Determine the coordinates of the centroid C of the area of the circular sector OBD of radius r
and central angle a. @)

Answer The problem is worked out in example 5.4 (page 5.9).

7. (a) The following details refer to the bar as shown:

Portion Length Cross-section
AB 600 mm 40 x 40 mm
BC 800 mm 30 X 30 mm
CD 1000 mm 20 x 20 mm

If the load P, = 80 kN, P, = 60 kN and P; = 40 kN, find the extension of the bar, where £ = 2 x 10° N/mm?,

AaA B

P> Ps P,

Fig. Q.10
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Answer These types of problems are solved following the method of superimposition, i.e., individual

sections are in equilibrium under load as well as the entire bar. Thus, force balance of the bar
axially yielding that reaction force generated by the support is R = P; + P, — P, = 80 + 40 —
60 N =120 N.

Now the free-body diagrams of the three different sections are shown in Fig. Q.11.

A B B C c D

120 kN 120 kN

60 kN 60 kN

80 kN 80 kN

Fig. Q.11

Introducing suffices for the above three situations by 4B, BC and CD and having the modulus of elasticity
E=2x105 N/mmZ, we have

60><103><IAB 60 x 1000 x 600
S5 = = > mm = 0.1125 mm
A E 40x40x2x10

12010 X Iy 120 X 1000 x 800
= B = mm = 0.5333 mm and
Agc E 30x30x2x10

BC

80x10° x Iop, 80 x 1000 x 1000 .
= = mm = 1 mm
Acp E 20 %20 x2x10°

5CD

0=0,51 Opc = Ocp=0.1125+0.5333 + 1 = 1.6458 mm
thus, net deformation of the bar is —1.6458.

(b) Calculate the increase in stress for each segment of the compound bar shown in Fig. Q.12, if

the temperature increases by 100°F. Assume that the supports are unyielding and that the bar is
suitably braced against bckling. Take (8)

E,;=10x10%psi, 4,,=2.0 in%, o, = 12.8 x 10°%°F and
Eg =29 x 10° psi, 4g, = 1.5 in®, ag, = 6.5 x 10°°/°F

Aluminium Steel

10in

15in

Fig. Q.12
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Answer Change (rise) in temperature is Ar = 100°F

Both the bas will be under compression.

Force balance of the two bars yields 6, X Ag, =0, %X 4,
Oy xX15=0,,%2
o5, = 1330,

Now, ¢

E 5St =

Similarly, 6, =

0
=Ee=EXx —

1

oy Xlg, 150

E, 19x10°

ouXly, 100,

=0.517x107° x 5,

EAI

= =10 x0o
10 x10° Al

Free contraction = dg,+ 9,

Further free contraction = /g, ot At + 1, 0t At
=100 [15x6.5x 107+ 10 x 12.8 x 10°] = 0.2255 inch
Therefore, 0.2255=0.517 x 10° x o5, + 10 x 0,
Solving Eq. (4) and (5)
o5, = 17,690 psi and o, = 13,352 psi.
8. (a) A spring normally 150 mm long is connected to the two masses as shown in the figure and is
compressed by 50 mm. If the system is released on a smooth horizontal plane, what will be

the speed of each block when the spring is again in its normal length? The spring constant is
2100 N/m.

Mi=1kg

Mq=1.5 kg

_/\/\/\_

Fig. Q.13

Answer The free-body diagrams of the two masses are shown in Fig. Q.14.

_ > an a12 -~
Mig Mg
Miay kx kx
e S— [ e
Ny Nz

Fig. Q.14

Moas

“4)

)

®)
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Answer
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Considering the mass M ; the dynamic equation becomes

M, ¥+kx=0
. —hkx
X=—

M,

Thus differential equation of mass M, becomes i = Lo 0
1

k

Angular velocity @, = IYA
1

The x — ¢ relationship becomes x = x, sin @¢

X =Xy cos wt
Thus % = x,0 =50 x 107 x /@ m/s* =2.3 m/s’

Similarly * becomes 1.87 m/s.

A projectline is aimed at a mark on the horizontal plane through the point of projection and
falls 12 m short when the angle of projection is 15°, while it overshoots the mark by 24 m when
the same angle is 45°. Find the angle of projection to hit the mark. Assume no air resistance.
Consider the velocities of projections are constant in all cases.

2 .
sin 20
The range r = Ml

Let the distance of the target from the point of projection along the horizontal direction be x.
Initially, 6 — 6, (say) = 15°. The range r = r, (say) therefore becomes x — 12 m

Vg sin (2x15°) _ i

Lx—12=
g 2g

(6)

During the second occasion, 6 = 6, (say) = 45°. The range r = r, (say) therefore becomes
(x+24)m

Ve sin2x 45

g

Soxt24=

@
2
Solving Egs (6) and (7), x =48 and —> =72
g

Therefore, the range of the projecttile should be 48 m to hit the target.

Let the correct angle of projection be 6.

_ vg sin 20
g

6 =20.9°

o048 =72 sin 26.
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9. (a) Two inclined rollers, each weighing O = 100 kgf are supported by an inclined plane and a vertical
wall as shown in Fig. Q.14. Assuming smooth surfaces, find the reactions induced at the points

AB and C (7)
Q
Q
.
7
c A
Ra
B
R
30° 5
Fig. Q.15

Answer Let the mutual thrust exerted by two rollers from their common point of contact be T.
Thus (R,)y =R, cos 60° and (R )y = R sin 60°

Considering the equilibrium of the lower roller; ZX =0; Rpsin30°+ T'cos 30° =R ®)

2Y= 0; Rz cos 30°=T'sin 30° + O )

Similar considerations of the upper roller yields

2X=0; T cos 30° = R sin 30° (10)

27 =0; R, cos 30° + T'sin 30° = 0 (11
Q0 —-T,cos30°

From Eqs (10) and (11), tan 30° = R, sin 30°

R [tan 30°sin 30° + cos 30°] = O

R, =0 cos 30°=100 cos 30° = 86.6 kgf

From Eqs (11), T'sin 30° = O — R, cos 30° = Q sin® 30° = 25 kgf

Thus, from Eq. (9), Rz cos 30° + T'sin 30° + O =25+ 100 = 125
125

R,= ——— =144.34
B cos30 34 kef

oo Re-=Rpsin 30° + T cos 30° = 144.34 sin 30° + 50 cos 30° = 115.47 kgf

(b) Two blocks of weight W, and W, rest as shown. If the angle of friction of each block is ¢, find the
magnitude and direction of the least force P applied to the upper block that will induce sliding.

Answer The problem is worked out in Example 6.1 (page 6.6).
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Group — A
(Multiple Choice Questions)

1. Choose the correct alternatives for the following:

(@)

(i)

(iii)

(iv)

™)

Lami’s theorem is related to

(a) equilibrium of two co-planar, concurrent forces

(b) equilibrium of three co-planar, concurrent forces

(c) equilibriums of three co-planar, non-concurrent forces
(d) none of the above

Answer (b)

Strain energy is the

(a) maximum energy which can be stored in a body

(b) energy stored in a body when stresses to the elastic limit
(c) energy stored in a body when stresses to the breaking point
(d) none of these

Answer (c)

Poisson’s ratio is defined as

(a) longitudinal stress by lateral stress

(b) lateral stress by longitudinal stress

(c) longitudinal strain by lateral strain

(d) lateral strain by longitudinal strain

Answer (d)

Free-body diagram of a body is drawn

(a) by isolating the body and its surrounding

(b) by indicating the forces acting on it

(c) both of these

(d) none of these

Answer (c)

If a momentum of a body is doubled, its kinetic energy will
(a) increase by two times

(b) increase by four times

(c) remain same

(d) get halved

(e) reduced by four times

Answer (a)

Full Marks: 70

10x1=10
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(vi)

(vii)

(viii)

(ix)

x)

2. (a)

Mechanical Sciences-I

A body falling freely from a height of 10 m rebounds from the floor. If it loses 20% of its energy in
the impact, how high will it rebound?

(a) 10 m

(b) 8 m

(c) 12 m

(d) None of these

Answer (b)

The dot product of two orthogonal vectors is

(a) one

(b) zero

(c) no definite value

(d) none of these

Answer (b)

The centre of gravity of a uniform lamina lies at

(a) the centre of the heavy portion

(b) the bottom surface

(c) the midpoint of its axis

(d) none of the these

Answer (c)

If the velocity of a projectile is # and the angle of projection is @, the maximum height attained by a
projectile above the horizontal plane is

(a) u? cos? al’g

(b) u? sin? a/’g

(¢) u?tan? a/’g

(d) u?sin? alg

Answer (b)

Three forces /3 p, p and 2p acting on a particle are in equilibrium. If the angle between the first and
second be 90°, the angle between the second and third will be
(a) 30°

(b) 60°

(c) 120°

(d) 150°

Answer (b)

Group - B 3x5=15
(Short-Answer Type Questions)
Answer any three questions

State D’ Alembert’s principle.
Answer
From Newton’s second law,

SF=mx
SF—mx =0
2F+ (-m¥)=0

The above equation can be interpreted as if it is considered that X F is the net force acting along the
direction of motion and —mX 1is the force that acts opposite to the motion so that their combined effect



Solved Question Paper 2009 SQ.3

will restore equilibrium, i.e., no unbalanced force is acting on the body. This can, however, be envisaged
that equation of dynamic equilibrium is tantamount to the equation of static equilibrium. The product
of mass and acceleration with a negative sign is called inertia force to assume to act so as to oppose
the motion.

The above equation is treated as equation of dynamic equilibrium of the particle.

To obtain dynamic equilibrium of a particle, a fictitious force called inertia force is added opposite to
the direction of motion so that resultant force on the particle becomes zero. This concept is known as
D’ Alembert’s principle and is a very useful approach in the solution of problems in kinetics.

(b) A smooth circular cylinder of radius 1.5-m is lying in a rectangular groove, as shown in Fig. 1. Find
the reactions at the surfaces of contact, if there is no friction and the cylinder weighs 1000 N.

Figure 1

Answer

The FBD is shown in Fig. 1 (a). The reactions from the two supports (R and R;;) and the weight of the
cylinder (W) will constitute a closed triangle under equilibrium.

W=1000 N

Figure 1 (a)

R R
Therefore, following Lami’s theorem, — w =—¢ = H__ which yields

sin 120° sin 15°  sin 45°

R;=298.8 N and R;;=816.5 N



SQ.4

Mechanical Sciences-I

3. Refer to Fig. 2, and determine the range of values of mass m, so that the 100-kg block will neither move
up nor slip down the inclined plane. The coefficient of static friction for the surfaces in contact is 0.3.

4.(a)

(b)

My

Figure 2

Answer
Denoting the 100-kg block that rests on the inclined plane as m, and maximum mass of the
my as (mO)max
(M) pax = M1 cos O+ sin 8] =100 x [0.3 cos 20° +sin 20° | = 62.4 kg
and
(M) pin = M[sin 8 — u cos 6] =100 x [sin 20° — 0.3 cos 20°] =6 kg
Thus the range of values of m; becomes 6 kg < m, < 62.4 kg

State Varignon’s principle.

Answer

The algebraic sum of the moments of a system of coplanar forces about a moment centre in their plane
is equal to the moment of their resultant force about the same moment centre.

Written analytically,

Y M, =rx Y F
i i

where ZM,’ = algebraic sum of the moments, r = position vector, ZF,- = resultant force.

4 i
A circular roller of 100-N weight and 10-cm radius hangs by a ties rod AB =20 cm and rest
against a smooth vertical wall at C as shown in the Fig. 3. Determine the force F in the rod.

AQ

0 \20 cm

10 cm

Figure 3
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Answer
From the given geometry, 0 is computed to be 30°.

Under condition of equilibrium (Fig. 3 (a)), considering ZY =0;

Fcos =W
or, F=Wicos 0= 100 =115.5N
cos30
Thus, the tension in the rod F is 115.5 N.

F
R
P

w

Figure 3 (a)

SQ.5

5. Referring to Fig.4,r =12 cm, 0 =500 N and / = 6 cm. Find the magnitude of P required to start the roller

over curb.

Figure 4

The FBD is shown in Fig. 4 (a). The reactions from the curb R, the applied force P and the weight of the

roller Q is represented by a closed triangle (ABDE) under equilibrium.
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Figure 4 (a)
From the geometry;

BD = «/rz—(r—h)2 = J2rh—p? =104 cm; DE=2r —h=18 cm

Considering the equilibrium of the roller and taking moment about B,

¥ My =0
OxBD=PxDE
or P =500 x % =288.88 N

Thus, P, is 288.88 N to initiate movement of the roller.

6. Two smooth circular cylinders of Fig. 5 each of weight W =100 N and radius r =6 cm are connected
by a string AB of length /=16 cm and rest upon a horizontal plane, supporting a third cylinder of
weight O =200 N and radius » = 6 cm above them. Find the tension S in the string AB and the pressure
produced by the floor at points of contact D and E.

Figure 5
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Answer
The FBD of the upper roller is shown in Fig. 5 (a).

Rac }
R
/ | B\i
' |
|

Figure 5 (a) Figure S (b)

Under condition of equilibrium, considering EX =0 yields that R, and Ry are equal (say R).
From the geometry,

o102
sin 2
s 0=41.8°
From ZY=O, we get
2R cos =0
or, R= Q
2cos0O

Since the lower two rollers are identical in all respect, Rj, and R is same.
The FBD of the lower-left roller is shown in the Fig. 5 (b).

> x=0;

R sin 6=T

or, 7=2 tan 0= 2% tan 41.8°=89.4 N
2 2

ZY =0;

o, R,=W+R cos 9:W+%:200N:RE
Group — C
(Long-Answer Type Questions)
Answer any three questions 3x15=45

A 150-kg man stands on the midpoint of a 50-kg ladder as shown in Fig. 6. Assuming that the
floor and the wall are perfectly smooth, find the reactions at points 4 and B. 8
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AN

W

SENNAANNANNANANNANNAN

Figure 6

Answer
This problem is similar to the worked out Example 4.15.

.

7
/ 4m

é

Z

A O'

Figure 6 (a)

The forces acting on the ladder are shown in Fig. 6 (a).

The inclination of the ladder with the horizontal is 6 (say)
tan 0= 4
2

or, 0=063.4°
Total vertical downward load on the ladder is W=W,, , + W,, ..., = 150 + 50 =200 kg.

Considering the equilibrium of the ladder,

ZMA =0
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l .
W x ECOS o=RpxIsin a

w
— =Rptan o
2

R.= W 200x9.81

3= = =491.25 N
2tanx 2tan63.4

wRy= \/(RB)z + (W) =+/(491.25) +(200x9.81)> =2022.5 N

(b) Determine the moment of inertia for the T section (as shown in Fig. 7) with respect to a centroidal
axis parallel to x-axis. All the dimensions are in mm. 7

Y
50
G H

A
o
=

yD c
= F E >
[Ye)

X
0 A 150 B
Figure 7

Answer

This problem is identical to the worked out Example 7.8.

For composites, it is imperative to calculate various parameters of the individual areas into which the entire
composite is decomposed and present these in a tabular form to improve legibility and to reduce errors.

Following the previous problem,

Identification Area (A) I; y
3
X
ABCD A, =150 x 50 = 7500 I, = % = 6250000 ¥, =25
150 x100°
EFGH A, =100 x 50 = 5000 ==~ *5000x 1002=54170000  y,=50+50=100
2
Composite A, +A4,=12500 zlxi =1, +1I,=60420000 y.=55

2 2
Thus by using parallel axes theorem; I,. = Zl i dxzzA,-
i=l i=l

I.= 60420000 — 552 x 12500 = 22607500 mm*
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8. (a) Prove that the volumetric strain of a rectangular bar is the algebraic sum of strains of length, width
and height. 6
Answer
This problem is identical to the worked out Example 8.12.

(b) Show that elongation of a conical bar under its weight is independent of its base diameter but on
length only. 4
Answer

Y

Figure 8

With reference to Fig. 8 of a solid cone, a section M-N is considered at a distance y from the vertex. The
cross-section area at section M-N is say 4.

. . .1 . . .
The weight of the lower part of section M-N is = 3 Ayp, where p is the density of the cone material.

Thus stress at this section becomes g = % yp

The elongation of the elemental length dy becomes S’LE yp.dy

1 2
. . 1 /
The total elongation of the conical bar becomes | — pydy - P
3E 6E
0

This expression shows that it is independent of base diameter but depends on length.
(¢) Determine the strain energy stored within a bar of length /, cross-sectional area A4, density p and

modulus of elasticity E, hanging vertically due to its height. 5
Answer

Refer to Article 8.7, the gravitational force acting on a small elemental length dx of the bar at a distance x
from the support is I, = pAx.

Thus its elongation 46 = Fdx
AE

Therefore strain energy induced in this small element of the bar is
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_F.d§ _ (pAx).(pAx).dx
2 2AE

du

2,1 243

. . . . A Al

Thus total strain energy induced in the bar is u = J.du = p—jﬁdx Al
2E 6E

This is the required expression.

Two spheres P and Q rests in the channel as shown in Fig. 9. The sphere P has a diameter 400 mm
and weight of 200 N, whereas the sphere Q has diameter S00 mm and weight 500 N. If bottom width
of the channel is 500 mm with one side vertical and other side inclined at 60°, determine the reaction
induced in the contacts. 8

500 mm

Figure 9

Answer

Figure 9 (a)
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The geometry of the system is shown in Fig. 9 (a).
From the AO,BC,

6 BC
tan—=——,
2 0OC
or, BC =250 tan 30°

.. 0,G=CF=BD —-DF -BC=500-250 tan 30° —200 = 155.66 mm

O,G 155.66
cosP = =—;
0,0, 450
or ¢=69.76°

Figure 9 (b)

The FBD of the two rollers is shown in the Fig. 9 (b).

Considering equilibrium of the roller P and having ZX =0, we have
R =Ry c0s ¢

From ZY=O, we get
Wp=Rp10, Sin ¢

Solving the above two equations, we have

Ry=73.75 N and Ry, =2132 N

Similar considerations of the roller O yields ZX =0;
R,sin 6=R,, cos ¢

and
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ZY:0;

R+ R, cos 0=Wy+ Ry =sin ¢
Solving these two equations, we have
R,=852 Nand R-=6575 N
(b) In Fig. 10, find the minimum value of horizontal force P applied to the lower block that will keep the

system in equilibrium. Given, coefficients of friction between lower block and floor = (.25, between
the upper block and the vertical wall = 0.30, between the two blocks = 0.20. 7

500 kgf

p—> 1000 kgf

Figure 10
Answer

This problem is similar to the worked out Example 6.10.

500 kgf

1000 kgf

D
Figure 10 (a)
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Introducing suffice W for wall; F' for floor and B for common contact surface between blocks
F,=u.N,; Fg=l,Ngand Fp= 3. N

Given u, =030 = ¢, =16.7°.
Similarly, u, =0.20

or, ¢,=11.3° and
U;=0.25
or, ¢, =14°

Ry, Ry and R, are the resultant of normal reaction and frictional force at the wall, between blocks and the
floor respectively.
Selecting a particular scale and drawing the vector diagram for the two blocks [refer Fig. 10 (a)],
P becomes 82 N.

10. (a) State the principle of virtual work. 3

(b)

Answer
The work done is expressed by U = J.dex + F,dy + F.dz. Inview of equilibrium condition, the algebraic sum

of all forces along the three mutually perpendicular directions is zero i.e. ZFX =0; ZF‘ =0; ze =0.

This leads to the situation that U is also zero.
Another condition of equilibrium 2 M =0 also converges to the same conclusion that work done by the
moment of a couple is also zero.

These two situations can be extended to conclude that “if a rigid body is in equilibrium, the algebraic sum
of all the work done by external forces for any virtual displacements consistent with the geometrical
configurations of the body is zero.” This is popularly known as Principle of Virtual Work.

Two blocks weighing W, and W, resting on smooth inclined planes are connected by an inextensible
string passing over a smooth pulley as shown in Fig. 11. Find the value of W,, when W, =500 N and
o=30°, B=60°. 7

Figure 11

Answer

Since the two rollers are connected by a common string, the tension is same.
Considering the roller 4, T= W, sin o and from the roller B, =W, sin 8
Comparing the above two equations,

W, sin B=W, sin o.

_ 500sin30
sin60

or, =288.67TN
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(c¢) Determine velocity V of the falling weight W of the system as shown in Fig. 12 as a function of its

displacement from the initial position of rest. Assume weight of the cylinder as 2 W. 5
.
Vv

Figure 12

Answer
The total K.E. of the system = (K.E.)¢yjinger  (K-E.) o

The work done = W,
Considering conservation of energy, we get

s
g

or, V=\gx

This is the requisite relation between 7 and x.
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11. (a) From top of a 60-m high, tower, a bullet is fired at an angle of 20° up the horizontal with a velocity of
120 m/s. Determine
(i) time of flight
(ii) horizontal range of ground
(iii) maximum height of the bullet from ground
(iv) velocity of the bullet after 8 seconds
Assume horizontal ground at the foot of the tower 10

Answer

‘4—3’—»‘
I
’

,

.
.
,
P
.

R

Figure 13

The initial velocity v, has got two components — the horizontal component being v, cos 6, the vertical
component is v sin 6.

Let the total time of flight is 7 seconds. Also consider that the projectile will cover /' meter height above
the tower to reach its peak and its corresponding time is ¢’ and during fall, it covers h meter in ¢ seconds.

Thus 7=2¢"+¢
0=v, sin 6 —gt’
2 = 2vysinf _ 2x120sin20 _ 23675
g 9.81
. |
Further h=v,sin0.t + Egt ;

60 =120sin20¢ +% x9.81x1* =1=127s

Thus total time of flight becomes 7=2¢'+1¢=8.367 + 1.27 =9.637s
0= (v, sin 6)> —2gh’

e (120sin20)?
2x9.81
. Total height above the ground becomes H=h'+h=85.85+ 60 =145.85 m

or, =85.85m
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The range R = (v, cos 6).7=120 cos 20°x 9.637 m = 1086.7 m.
Since #'=4.183 s, after 8 s the projectile on its downward movement from the peak height.
Thus the downward component of the velocity after 8 seconds if denoted by v 4, then
v,s =g %x3.817=37.45 m/s
The horizontal component being unchanged at v, cos 8 implying
Vg = 120 cos 20 =112.76 m/s
Thus resultant velocity after 8 s is

v8>

vy =y (vg)? + (v,9)> =V112.76% +37.45% =118.82 m/s

Determine the tension in the strings and accelerations of two blocks of masses 150 kg and 50 kg
connected by a string and a frictionless, weightless pulley as shown in Fig. 12. 5

7

150 kg

Figure 14

Answer
This problem is similar to the worked out Example 11.3.

For the given system, the 50-kg mass (m,) will go up and the 150-kg mass (m,) will come down. Let the
tension in the string is T.

If the mass m; moves up with accelerations a; the mass m, moves down with acceleration

Considering the equilibrium of the mass m, and applying Newton’s second law of motion
T-mg=mua

or, T=m(g+a)



SQ.18 Mechanical Sciences-I
Similar consideration of the mass m, yields
, a a
myg —2T =m,a =m25:>2T=m2(g—E)
Comparing above two equations
a
my(g — 5) =2m(g+a)

Solving a=—"=>

Thus the acceleration of the block of mass 50 kg is a = ZTg T and the block of mass 150 kg is a’ = % \2

Tension in the string is T=m(g+a)=50x9x9.81/7 N=630.65 N
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Group - A
(Multiple Choice Questions)

1. Choose the correct alternatives for the following:

@

(i)

(iii)

(iv)

Mass moment of inertia of a body is

(a) moment of its inertia

(b) rotational analogue of mass

(c) inertial moment about the centroidal axis

(d) none of these

Answer (b)

The centre of percussion of a rigid body is a point
(a) through which the resultant of all forces acts
(b) where minimum external forces act

(c) where impact is made

(d) all of these

Answer (a)

Two coplanar couples having equal and opposite moments
(a) balance each other

(b) produce a couple and an unbalance force

(c) an equivalent

(d) all of these

Answer (a)

The moment of inertia of a rectangle having base b and height # with respect to its base is

122
a) —hb
(@) 3
1.
) =p’n
3
1
(c) —bh’
3
122
d) =bp*h
3

Answer (c)

10 x 1
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(v) D’Alembert’s principle
(a) is based upon the presence of inertia force
(b) provides advantage over Newton’s law
(c) is purely a hypothetical principle
(d) allows a dynamic problems to be treated as a static ones
Answer (d)

(vi) Centroid of a line segment
(a) must lie on the line
(b) must not lie on the line
(c) must be same as the centre of gravity
(d) none of these
Answer (b)

(vii) Volumetric strain of a rectangular body subjected to an axial force, in terms of linear strain & and
Poisson’s ratio y, is given by

(a) e(l1+2p)
(b) e(1-2p)
(©) e(l+u)

@ e(l-p)
Answer (b)

(viii) Poisson’s ratio is defined as
(a) lateral stress and lateral strain
(b) longitudinal stress and longitudinal strain
(c) lateral stress and longitudinal stress
(d) none of these
Answer (d)

(ix) Relative velocity of A with respect to B is defined as

(a) VA/B = I7)}; - I7A

(b) VA/B = I7A - I73

(© I7,4/15’ =Vy+V,

(d) none of these

Answer (a)

(x) When a change in length takes place, the strain is known as

(a) linear strain

(b) lateral strain

(c) shear strain

(d) volumetric strain
Answer (a)
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Group - B
(Short-Answer Questions)
Answer any three questions 3x5=15

2. The position vector of a particle moving in the x-y plane at time 7 = 3.60 s is 2.76j m. At 7 = 3.62 s, its
position vector has become 2.79i — 3.33j m. Determine the magnitude v of its average velocity during
this interval and the angle 6 made by v with the x-axis.

Answer

The position vector at 7 =3.60 s is 7 =276, and the same at # = 3.62 s is 7, =2.79i—3.33]
Thus,
Ar=F —F =2.79i—3.33-2.76] = 2.79 — 6.09
AP A 2. .
oy, AL A Ay 279, 609 595 3045
At At At 0.02 0.02

Therefore, the magnitude v of its average velocity during this interval becomes
J(139.5) +(=304.5)° m/s =334.9 m/s

_304: =-65.38°

The angle 6 made by v with x-axis is tan™'

3. What do you mean by a free-body diagram? Draw the FBD for the Fig.1

B
ﬁ_20+
A
+
+
2?"
Figure 1
Answer
See Section 4.4, Page 4.4.
The FBD is shown in Fig. 1.(a).
Ra
Rag
Rag
Ra Rs
Wi Weg

Figure 1(a)
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4. If two equal tensions 7 in a pulley cable are 400 N, as shown in Fig. 2, express in vector notation the
force R exerted on the pulley by the two tensions. Determine the magnitude of R.

T=400N

T=400N

Figure 2
Answer
This problem is identical to the worked out Example 3.5.
5. (i) State and prove Lami’s theorem.
Answer
If a body is in equilibrium under the action of three concurrent forces, each force will be proportional
to the sine of the angle between the other two forces.
Hence for the system of forces shown above,
A _ B _ A
sinog sinf8 siny
Proof:
Forming a triangle of forces as shown in Fig. 2 (a), we have

180° - 180° —y

B P4 B

Figure 2 (a)
where AB = P|, BC = P,, C4A = P,
Now applying sine rule for the triangle ABC,
AB _ BC _ CA
sin(180°— ) sin(180°— ) sin(180°-y)

R _ b5 _ A

sinoe  sinf3 siny

or,
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ii) Define free-body diagram.
Answer
See Section 4.4, Page 4.4.

6. A bullet of mass m, moving with a horizontal velocity v, hits a stationary block of mass M, suspended
by a massless string of length L. The bullet gets embedded in the block after impact and the two
together swing up. Show that the maximum angle of swing (i.e., angle made by the string with the
vertical is

2.2
O=cos”'|1- Lz
2gL(M +m)
Answer

The arrangement is shown in Fig. 2.(b).

Figure 2 (b)

Let after collision, the velocity of the mass (M + m) becomes v".
S M X0+ my=(m+m)

my

- M+m

From Fig. 2 (b), we get
AC=0C-0A4=L~LcosO

Now energy of the system at points C and B will remain same.
~. energy at the point C = Energy at the point B

or, v

%(M+m)v'2 =(M +m)g x AC

1
or, (M+m)g><AC=E(M+m)v'2

(M +m)g x (L - Lcos@) —l(M+m)ﬂ
or g 2 (M +m)’

(1-cosB) = Li
b 2gL (M +m)?

2.2
or, COSQZI_LLZ
2gL (M +m)

2.2
or, f=cos”'|1 —LLZ
2gL (M +m)
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Group — C
(Long-Answer Questions)
Answer any three questions 3 x15=45

7. (a) A 50 N block is released from rest on an inclined plane which is making an angle of 35° to the
horizontal (Fig. 3). The block starts from ‘A4’, slides down a distance of 1.2 m and strikes a spring
with a stiffness of 8 kN/m. The coefficient of friction between the inclined plane and the block is
0.25. Determine (i) the amount the spring gets compressed, and (ii) distance the block will rebound
up the plane from the compressed position.

Figure 3

Answer
Normal reaction on the block = N =W cos8 =50c0s35°=40.96N

Friction force on the block F'=uN =0.25x40.96=10.24N
The net downward force acting on the block is F,, =W sin@— uN =18.44N

Let x be the displacement (deformation) of the spring when the block strikes.

et

Thus total displacement of the block becomes (1.2+x) m

Thus work done by the block is U =F,_,.x=18.44(1.2+ x)N-m

net

Work done by the spring is —%(kx) x= —%x 8000 x x*N-m

The net work done of the system is U, =18.44(1.2 +x)—4000x°N-m
Since the block starts from rest and after striking, it also comes to rest, the net change in kinetic energy
of the system is zero.

Following work-energy principle, 18.44(1.2 + x) —4000x* =0
Solving, we get
x=0.0766 m

(a) Thus the compression of the spring is 0.0766 m.

During rebounds, the net force on the block is F.

net

=Wsin@+ uN =38.92N

If s is the distance travelled by the block along the plane (upward) then work done is
Fl,.s=38.92xsN-m

net

%kxz =38.92x s N-m

1
or,  —x 8000 % (0.0766)* =38.92xs.
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or, s=0.603m
(b) Thus the block rebounds by 0.603 m up along the plane.

A reinforced concrete column having a cross-section of 300 mm X 300 mm is provided with 9 bars
of 20 mm diameter (Fig. 4). The column carries a load of 300 KM. Find the stress developed in
the steel bars and concrete. Take E, = 2.1 x 10° N/mm? and E, = 2.1 x 105 N/mm?2.

300 mn

300 mn

Figure 4

Answer
Applied load = P = 300 kN = 300000 N.
Total area of the column = 300 x 300 mm?.

T
Area of steel bars = Ay =9 X 2 X (20)*mm?” = 32827.5 mm*

Area of concrete therefore becomes 4., = (90000 — 2827.5) mm? = 87172.5 mm?
Let the stresses induced in the concrete and steel be o, and 0., respectively.
Due to loading, the deformation of both the materials would be same.
Osteel Ocon
Zsteel — Zcon o)

E, E

steel con

Further total load = Load shared by steel + Load shared by concrete

crstccl X Astccl + Gcon X Acon =P (2)
Solving Egs (1) and (2), we have

O, = 2.315 N/mm? and o, = 34.726 N/mm?

teel

A rigid bar 4B is hinged to a vertical wall and supported horizontally by a tie bar CD as shown
in Fig 5. The cross-sectional area of CD is A = 0.5 sq cm and its allowable stress in tension is 1500
kg/cm?. Find the safe value of P and the corresponding vertical deflection A; of B. The modulus
of elasticity of the tie-rod E = 2 x 106 kg/cm?2.

D

7

15m %
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Answer
This problem is identical to the worked out Example 8.7.

9. (a) A block of weight W, = 200 N rests on the horizontal surface and supports on top of it, another
block of weight W, = 50 N. The block W, is attached to a vertical wall by the inclined string AB.
Find the magnitude of the horizontal force P applied to the lower block, as shown in Fig. 6, that
will be necessary to cause slipping to impend. Take coefficient of static friction for all continuous
surfaces is u =0.3.

Figure 6

Answer

The coefficient of friction between the supporting surface and block u; = 0.4
And the coefficient of friction between the blocks u, = 0.25

The angle 6 is given by

0= tan‘li =36.87°
4

Let us draw the FBD of the two blocks [Fig. 6 (a)].

. f T W
Fi - 0

F4 [

R4 R4
Block 1 Block 2

Figure 6 (a)
For Block-1,

Y F.=0
or, P=F+F 3)
X.F,=0
or, R=W,+R/ “)
For limiting equilibrium,
=R (5)
B =R (6)
R =W, +R
L

H

(7
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For Block-2,
2F=0
Fl,:Tcose
or,
’
F
or, T=—! (8)
cosf
sz:O
or, R +Tsin6=W, )
F—1+F—1><sin9=W2
U cos6
R = V. _ 5703=120N
—+tanf ——+—
u 025 4

From Eq.(7), we have
120
F=u {1290+E}
=04 x 1770 = 708 N
From Eq.(3), we find
P=F+F =120+708
=828 N

Two smooth circular cylinders of Figure 5, each of weight W = 100 N and radius » = 6 cm are
connected by a string AB of length / = 16 cm. They rest upon a horizontal plane, supporting a
third cylinder of weight Q = 200 N and radius r = 6 cm above them. Find the tension § in the
string AB and the pressure produced by the floor at points of contact D and E.

Figure 7
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Answer
The FBD of the upper roller is shown in Fig. 7(a).

Q
w Rac
R .
Rac \ R
A RJ -
7 \

/ N |

7/ N |
Figure 7 (a) Figure 7 (b)

Under condition of equilibrium, considering ZX =0 yields that R, and R are equal (say R).
From the geometry,

sin9=l/—2
2r
0=4178"°

From zY:O , we get
2RcosO0 =0
or, R= Q
2cos6

Since the lower two rollers are identical in all respect, R, and R are same.
The FBD of the lower-left roller is shown in Fig. 7(b).

Rsin@=T
or, T=Qtan9 =ﬂtan4l.8°= 89.4N
2 2
Yy=o;
or, RD=W+RCOS9=W+%=2OON=RE

10. (a) Two rollers of diameters 60 mm and 30 mm weigh 200 N and 150 N respectively. They are
supported by an inclined plane and vertical walls as shown in Fig. 8. Assuming smooth surfaces,
determine the reactions at the contact surfaces.
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45°

\

Figure 8

Answer
This problem is identical to the worked out Example 4.5.

(b) Find out the moment of inertia about centroidal axes of an area as shown in Fig. 9.
Answer

20 mm

80 mm

HZOmm

I 100 mm I

Figure 9
This problem is identical to the worked out Example 8.8.

11.(a) Calculate the increase in stress for each segment of the compound bar shown in Fig. 10. If the
temperature increases by 100°F, assume that the supports are unyielding and that the bar is
suitably braced against buckling.

E, =10 x 106 psi, 4, = 2.0 in?, @, = 12.8 x 10-5°F and
Eg, =29 x 106 psi, Ag, = 1.5 in?, o, = 6.5 x 10-5/°F
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(b)
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Aluminium Steel

10 in. y 15 in:

Figure 10
Answer
Change (rise) in temperature is Az = 100°F
Both the bars will be under compression.
Force balance of the two bars yields
O X Agy = Oy X Ay

or, Oy X 1.5 =0y %2
or, Oy = 1.33 0y (10)
Now,
0=E£=Ex§
1
5y = Zsxbs - 1505 5175100 %o,

Eg, 29x10°
Similarly,
O X1y 100,
5/\1 = = 5
Ey  10x10

Free contraction = &g, + 0y,

=10"x 0,

Further, free contraction = Ig 0 At + 1,004, At
=100[15x6.5x10° +10x12.8x107 |

= (0.2255 inch
Therefore,

0.2255=0.517x10° x 05, +10° x 5,

Solving Egs (10) and (11), we get
og = 17,690 psi and o,; = 13,352 psi

(11)

In Fig. 11, a lever is attached to a spindle that is 2.5 cm in diameter by means of a square key
of dimensions 6 mm X 6 mm. If the average shear stress in the key is not to exceed 700 N/cm?,
what is the safe value of the load P applied at the free end of the lever?
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| 2.5cm

Key

1.0
OL

&
N

75 cm

Figure 11
Answer

This problem is identical to the worked out Example 8.4.

SQ.13
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ENGINEERING MECHANICS
SEMESTER - 1

Time: 3 Hours Full Marks: 70

Group - A
(Multiple Choice Questions)

1. Choose the correct alternatives for any ten of the following: 10x1=10
(i) Coulomb friction is between
(a) solids and liquids
(b) dry surfaces
(c) between bodies having relative motion
(d) none of these
Answer (b)
(ii)) The velocity of a simple wheel and axle, with D and d as the diameters of effort respectively is
(@ (D +d)
() (D -4
(c) d/ID
(d) D/d
Answer (d)
(iii) For stable equilibrium the potential energy will be
(2) maximum
(b) minimum
(c) zero
(d) equal to kinetic energy
Answer (b)
(iv) The centroid of a semicircular area of radius » from the base is
(a) ar
kY4
® 2
3
© 3
2

d) r
Answer (a)
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™)

(vi)

(vii)

(vii)

(ix)

x)

(xi)

Engineering Mechanics

Materials having same elastic properties in all directions are called
(a) isotropic

(b) orthotropic

(c) composite

(d) elastic

Answer (a)

The work done against any conservative force is stored in the body in the form of
(a) energy

(b) potential energy

(c) elastic energy

(d) strain energy

Answer (b)

A pair of a force and a couple in the same plane upon a rigid body
(a) balance each other

(b) cannot modify each other

(c) produce a moment

(d) none of these

Answer (c)

A particle inside a hollow sphere of radius r having coefficeient of friction %, can be in rest up to
a height of

(a) r2

(b) r/4

(c) 3r/8

(d) none of these

Answer (d)

Hooke’s law is valid up to

(a) yield point

(b) elastic limit

(¢) proportional limit

(d) ultimate stress

Answer (c)

A jet engine works on the principle of conservation of yield point

(a) energy

(b) angular momentum

(¢) linear momentum

(d) none of these

Answer (c)

Moment of inertia of a triangle of base and height about the centroidal axis parallel to base is

3
(@) O~
36

) b’
12

(c) bi

3



(xii)

xiii)

2. (a)

(b)
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(d) none of these
Answer (a)
Couple is a

(a) bound vector
(b) free vector
(c) sliding vector
(d) none of these

Answer (b)
Angle between the vectors (i + ) and (i — ) is
(a) 90°
(b) 45°
() 0
(d) none of these
Answer (b)
Group - B
(Short-Answer Questions)
Answer any three questions 3x5=15

Define moment.

Answer

See Section 3.7

In the given Figure 1, the weight of the block is 1600 N and y = 0.2. Find the value of P for
impending motion.

P
60°
Figure 1
Solution
Considering equilibrium condition of the block when motion impends,
2X=0
o, P cos 60° + F = W sin 60° )
2Y=0
o, N = W cos 60° + P sin 60° 2)
Further, under limiting condition
F = uN 3)

Combing Eqs (1), (2) and (3), we have
_ W (sin60° - ticos60°) 1600(sin 60° —0.2cos60°)

: = - =1820.54N
(cos60° + usin 60°) (cos 60°+0.2sin 60°)
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3. The position coordinate of particle which is confined to move in a straight line is given by S = 28 —
24t + 6, where S is in m and 7 is in seconds.

Determine,

(a) the time required for the particle to reach a velocity of 72 m/s from its initial condition at 7z = 0.
(b) the acceleration of the particle when v = 30 m/s.
(c) the net displacement of the particle during the interval from 7 = 1 second to # = 4 seconds.

Solution
It is given that S = 2 — 24t + 6
Now,  v=% _62-24
dt
(a) When v = 72 m/s, we have
72 =64 — 24
or, t=4s
(b) When v = 30 m/s, we get
30 = 62 — 24
or, t=3s
The acceleration of the particle is given by
a= ﬂ =12¢
dt

dy = 12 x 3 =36 m/s?
(c) The net displacement of the particle during the interval from # = 1 second to ¢ = 4 second is
AS=243-13)-244-1)=54m
4. Define (i) Malleability, (ii) Resilience, (iii) Toughness, (iv) Ductility, and (v) Proof Resilience.
Answer
See sections 9.3.1, 9.3.4, 9.3.5, and 9.4.1.

5. A force F = 3i — 4j + 12k acts at a point 4 whose coordinates are (1, -2, 3). Compute,

(a) moment of force about origin,
(b) moment of force about point (2, 1, 2).

Solution
The position vector 7, =xi+yj+zk.=i—2j+3k
(a) The moment of force about origin becomes
M, =7, XF =(i—2j+3k)x (3i— 4 +12k)
=-12i—- j+2k

(b) To compute moment of force about point B(2, 1, 2), it is essential to find out position vector 7y, as

Fgy=ry—1g=0—2j4+3k)—(2i+ j+2k)
=—i-3j+k
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The moment of force about the point (2, 1, 2) becomes

My =Py X F =(=i=3j+k)x (3i — 4 +12k)
=-32i+15;+13k

6. (a) State and Prove Lami’s theorem.
Answer
See answer to Question 5 (i) of 2010 Solved Question Paper.

(b) Two equal loads of 2500 N are supported by a flexible string ABCD at points B and D as shown
in Figure 2. Find the tensions in the portions AB, BC and CD of the string.

2500 N
Figure 2

Solution
Considering equilibrium condition of the point B
2X=0
or, T,p sin 30° = Tp cos 30° “
XY=0
o, T,p cos 30° = Ty sin 30° + 2500 (®)
Dividing Eq.(4) by Eq.(5), we get

Ty c0s30°

tan30°=—F——
Ty sin30°+2500

o, Tpe = 2500 N
From Eq. (4), we have
T.p = Tpe cot 30° = 4330.13 N
Equilibrium of the point C yields T, = T = 2500 N [From symmetry]

Group — C
(Long-Answer Questions)
Answer any three questions 3 x15=45

7. (a) A block of weight W, = 200 kgf rests on the horizontal surface and supports on top of it, another
block of weight W, = 50 kgf. The block W, is attached to a vertical wall by the inclined string
AB. Find the magnitude of the horizontal force P applied to the lower block as shown, that will
be necessary to cause slipping to impend. Take coefficient of static friction for all continuous
surfaces is u = 0.3.
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(b)

8. (a)

Engineering Mechanics

Figure 3

Solution
This problem is identical to solution to Question 9 (a) of 2010 Solved Question Paper.

A shot is fired with a bullet with an initial velocity of 40 m/s from a point 20 m in front of a
10 m high vertical wall. Find the angle of projection with the horizontal to enable the shot to
just clear the wall.

u=40m/s [

20m

Figure 4
Solution
The trajectory of the bullet can be expressed by

g 2
=tanfx—| —=>—— |x
g [Zvo2 cos29]

From the given situation, the top of the wall will lie on the trajectory. Thus the coordinate of the top
of the wall (20 m, 10 m) satisfies the equation.

Thus  10=tan® xzo—(%j x 207
2x40”cos” 6
Solving the above equation, we get
0 =86.36° or 30.27°

The bar shown in Figure 5 is subjected to a tensile load of 152 kN. Find the diameter of the
middle portion if the stress there is to be limited to 140 N/mm?2. Find also the length of the middle
portion if the total elongation of the bar is to be 0.16 mm. Take E = 2 X 105 N/mm2.

152 KN T T 152 KN
<— 50 mm dia id 50 mm dia ———>

v v

~300mm ——>

Figure 5
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Solution
Let the diameter of the middle portion of the bar is d mm.
P _152x1000
A 2
4
or, 140><l06:152n><1000
i b3
4
or, d=0.3718 m = 37.18 mm

Let the length of the two ends (having 50 mm diameters) of the bar is /; mm and that of middle portion
is [, mm respectively and the corresponding areas are 4, mm? and 4, mm?.

5:251+52:§{ l—1+l—2}

Al AZ
3
0.16x107 = 2210 _ d +— L -
2107107 T g 95> Z(0.03718)
or 4 4
or, 8001, + 723.41, = 165.35 ©)
Again, 21, + 1, =03 ™

Solving Egs.(6) and (7), we get
[, = 0.140 m = 140 mm

Determine the coordinate of the centroid with respect to the given axis of the shaded area as
shown in Figure 6.

Y
D A
3cm
3 cm
C (0] B X
Figure 6

Solution

The area of interest can be considered as

Area of the quarter circle O4AB(4,) + Area of the rectangle OADC(4,) — Area of the quarter circle
ACD(45)

1 2 4y 4r

A =—Xmr'; =— =—
17y N 3 N RV
—r r

A :}"2; X, =— =—
2 27 by )
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9. (a)

(b)

(©

Engineering Mechanics

1, 4 4]
Ay=—Xmr"; xy=—r|l——|; y3=r|1-—
357 3 ( 37r) Vs ( i

Ayt Ayxy — Ayxg
¢ A+ A, -4

LI 4
4 4
y = A+ 4y, — Ay
¢ A+ A4, - 4,
et
- . . )2 LT 1 144 mm
r 2 3 4
2L
4 4
State principle of transmissibility.
Answer

See Section 3.2.2

Given a force F = 10i + 5j + Ak. If this force is to have a rectangular component of 8 N along a
line having unit vector r = 0.6/ + 0.8%, what should be the value of 4? What is the angle between

F and r?
Solution
Work done by this force would be
F-F=(0i+5j+ Ak)-(0.6i +0.8k)
=10x0.6+5x0+A4%x0.8=6+0.84
. 6+084=28
or, A=25

|F|=v10" +5%+2.5> =11.456
And |r|=40.6> +0.8” =1

Further, ~~F=|F||r|cos(9
c0s9=F—.;=L:>0=45.7°
|F||r| 11.456x1
or,
or, 0 =45.7°

Two identical blocks 4 and B each having weight W are connected by rigid link and supported by
a vertical wall and a horizontal plane having same co-efficient of friction (1) as shown in Figure
7. If sliding impends for 0 = 45°, calculate L.
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457

B

Figure 7
Solution
This problem is identical to the worked out Example 6.2.

If the string AB is horizontal, find the angle that the string 4C makes with the horizontal when
the ball is in a position of equilibrium. Also find the pressure R between the ball and the plane.

Figure 8

Solution
This problem is identical to solution to Question 5 of 2008 Solved Question Paper.

A roller of radius r = 12 cm and weight Q@ = 500 kgf is to be rolled over a curb of height
h = 6 cm by a horizontal force P applied to the end of a string wound around the circumference
of the roller. Find the magnitude of P required to start the roller over the curb. There is sufficient
friction between the roller surface and the edge of the curb to prevent slip at A.

Q
| P

r A
h

A

Figure 9



SQ.10 Engineering Mechanics

Solution
This problem is identical to solution to Question 5 of 2009 Solved Question Paper.

11.(a) State parallel axis and perpendicular axis theorem for moment of inertia.
Answer
See Sections 7.3 and 7.2.1

(b) Define radius of gyration. How is it related to mass moment of inertia?
Answer
See Sections 7.2.2 and 7.6

(c¢) Determine the center of a quarter circular arc of radius
Answer
This problem is identical to worked out Example 5.2.
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Group — A
(Multiple Choice Questions)

1. Choose the correct alternatives for any fen of the followings: 10 x1=10
(i) Two non-collinear parallel equal forces acting in opposite directions

(a) balance each other
(b) constitute a moment
(c) constitute a couple
(d) constitute a moment of a couple
Answer (c¢)

(ii)) The centre of gravity of a uniform lamina lies at the
(a) centre of the heavy portion
(b) bottom surface
(c) midpoint of its axis
(d) all of these
Answer (c¢)

(iii) Materials having the same elastic properties in all directions are called
(a) ideal materials
(b) isotropic materials
(c) elastic materials
(d) uniform materials
Answer (b)

(iv) Given Fi= 5}' +4k and Fy=3i +6k. The magnitude of the scalar product of these vectors is
(a) 15 (b) 30 (c) 24 (d 12
Answer (c)

(v) The moment of inertia of a semicircle of radius R about its centroidal axis x-x is
(a) 0.22R*

(b) 0.055R*

(c) 0.11R*

(d) none of these
Answer (c¢)

(vi) The first moment of an area about the centroidal axis of that area is
(a) maximum (b) minimum
(c) zero (d) cannot be defined
Answer (c¢)
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(vii)

(viii)

(ix)

(x)

(xi)

(xii)

(xiii)

2. (a)

(b)

Engineering Mechanics

A projectile is fired at an angle 0 to the vertical. Its horizontal range will be maximum when 6 is
(a 0 (b) 30° (c) 45° (d) 60°

Answer (c¢)

When a body slides down an inclined surface of inclination 6, the acceleration of the body is given by

(@ f=¢ (b) f=gsin 6
(c) f=gcos B (d) f=g/sin 6
Answer (b)

A body is testing on a plane inclined at an angle of 30° to the horizontal. What forces would be required
to slide down, if the coefficient of friction between body and plane is 0.3?

(a) zero b)) 1kg

(c) 5kg (d) none of these
Answer (a)

Poisson’s ratio is defined as

(a) longitudinal stress and longitudinal strain

(b) longitudinal strain and lateral strain

(c) lateral stress and longitudinal stress

(d) lateral strain and longitudinal strain

Answer (c)

The maximum strain energy that can be stored under elastic limit in a body is known as
(a) impact energy (b) resilience

(c) proof resilience (d) toughness

Answer (c¢)

Coulomb friction is

(a) the friction between solids and liquids

(b) the friction between dry surfaces

(c) the friction between bodies having reactive motion

(d) none of these

Answer (b)

The deformation of a bar per unit length in the direction of force is known as
(a) linear strain

(b) lateral strain

(c) shear strain

(d) volumetric strain

Answer (a)

Group - B
(Short-Answer Questions)
Answer any three questions

State D’Alembert principle.
Answer See Section 11.3, page 11.7

A smooth circular cylinder of radius 1.5 cm is lying in a rectangular groove is shown in Figure 1.
Find the reactions at the surfaces of contact, if there is no friction and cylinder weighs 1000 N.
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450° A
" 50
A c * B
Figure 1

E

Solution
This problem is identical to solution to Question 9 (a) of 2009 Solved Question Paper.

3. A horizontal bar AB is hinged to a vertical wall at 4 and supported at its mid point C by a cable
CD as shown in Figure 2. The bar is subjected to a vertical load P applied at the free end B. The

bar maintains horizontal position. Find the tension 7 in the cable and the reaction at 4. Neglect the
weight of the bar.

A
Y
A

Figure 2

Solution
This problem is identical to the worked out Example 4.13.

4. (a) State the parallel axes theorem of moment of inertia of lamina.
Answer See Section 7.3, page 7.3

(b) Calculate the location of the centroid of the L section shown in Figure 3.

A
. |8 mm
100 nm J
7 8 mm R
X

«— 100 nm ——>>

Figure 3
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Solution
This problem is identical to the worked out Example 7.7.

5. A bar of variable cross-sectional areas as shown in Figure 4 is subjected to different forces. Find the
total elongation of the bar. Take E = 2 x 10° N/mm?

B 9
A 4
¢100 mm b
A 70 kKN
60 kKN <—  ¢60 mm —> <—] #40 mm —
30 kN 40 kN

Tm 1.5m 1.2m ‘

Figure 4
Solution
This problem is identical to solution to Question 8 (a) of 2011 Solved Question Paper.
1
6. The motion of a particle is expressed as x = x;, + vyt + Eatz. Calculate the displacement and velocity
at time ¢ = 5 second. x, = 12 m, v, = 5 m/s, a = 20 m/s>.

Solution
This problem is identical to the worked out Example 10.1.

Group — C
(Long-Answer Questions)
Answer any three questions

7. (a) A cart of mass M rolls down a track inclined at an angle 6. The cart starts from rest a distance
1 up the track from a spring, and rolls down to collide with the spring as shown in Figure 5.

Figure 5

(a) Assuming no non-conservative work is done, what is the speed of the cart when it first contacts
the spring? (Express your answer in terms of the given variables and the gravitational acceleration
2)-

(b) Suppose the spring has a force constant k. What is the peak force compressing the spring during
the collision?
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Solution

(a)

(b)

Following conservation of energy, loss in PE = gain in KE

Mg-1sin 6 = %Mv2 = v = /2glsin0

Let the maximum compression of the spring is x

Since the cart will come to rest after collision, final velocity would be zero

According to conservation of energy, potential energy loss by the cart = Mechanical energy gain
by the spring.

Mg (I + x)sin 6 = %(kx)x

or  kx* — (2Mgsin O)x — 2Mglsin 6 = 0
_ 2Mgsin6 i\/(2Mgsin )’ + 4k x 2Mglsin 0

or
2k
_ Mgsin@ 1+ 1+ 2k‘l
Mgsin 0
. . . Mgsin 6 2kl
Neglecting the minus sign, x,,,, = Mgsmoly I+ ——
Mgsin 0

The maximum compressive force therefore becomes

Frax = kxpax = Mgsin 6[1+ 1+2k.l}
Mgsin 0

8. A block of weight W, = 200 kgf rests on the horizontal surface and supports on top of it, another block
of weight W, = 50 kgf. The block W, is attached to a vertical wall by the inclined string 4B. Find
the magnitude of the horizontal force P applied to the lower block as shown in Figure 6, that will be
necessary to cause slipping to impend. Take coefficient of static friction for all contiguous surfaces is

u=03.

Figure 6

Solution This problem is identical to the worked out Example 6.16.
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9. (a) Determine the moment of inertia of the shaded area with respect to the given axis as shown in

Figure 7.
y
A
c
Py
IS
IS
(=]
[¢°]
Q
A \% % B i
_40mm | 40mm _
Figure 7
Solution

This problem is identical to the worked out Example 7.6.

(b) Explain D’Alembert principle.
Answer See Section 11.3, page 11.7

(c) Two shots are fired from a rifle with an initial velocity of 800 m/s from a point 5 km in front
of a vertical wall of 1.5 km high. Find the two angles of projection with horizontal to enable the
short to just clear the wall (g = 9.81 m/s?).

Solution
This problem is identical to the worked out Example 13.9.

10. (a) In the following Figure 8, F = 1000 N while O(0, 0, 0), 4(0, 10, 0) and B(S, 0, 4). Calculate the
moment of force about O.

Y
A

T -

~

)

4m

5m B

Figure 8
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Solution
The force F' can be expressed as

F=Fn-=F (= x)i+ (= y)Jj+(z—z)k :1000(5_0)i+(0_10)j+(4_O)k

J =5+ (= 31 + (55— 2) J52+ (=10 + 4

=421i — 842j + 337k

5i—10] + 4k

52+ (-10)2 + 42

r =xi+y +zk=0i+ 10/ + 0k = 10j

1000

Therefore the moment of force F about O is M, =r x F = (337 x 10)i — (421 x 10);j = 3370i — 4210

Find the perpendicular distance from the point A(1, 2, 3) to the line joining the origin O and the
point B(2, 10, 5)

Solution

Equation of the line joining the origin O and the point B(2, 10, 5) is given by
x—0_y-0_z-0
2-0 10-0 5-0

or x =2t,y=10t, z = 5¢

= t(say)

If d be the distance from the point 4(1, 2, 3) to the line joining the origin O and the point B(2, 10, 5),
then one can write

& =2t - 1> + (10t — 2)*> + (5t - 3)?

For minimization of d, we have

2
% =22t — 1)2 + 2(10t — 2)10 + 2(5t — 3)5 =0
37
or t=—
129

The perpendicular distance from the point A(1l, 2, 3) to the line joining the origin O and the point

B(2,10, 5) is
2 2 2
d= (2x£—lj +(10><37—2) +(5><37—3)
129 129 129

= 1.939 unit
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11. (a) Determine velocity V of the falling weight W of the system as shown in Figure 9 as a function of
its displacement from the initial position of rest. Assume weight of the cylinder as 2/,

Solution
This problem is identical to solution to Question 10(c) of 2009 Solved Question Paper.

(b) From the top of a tower, 60 m high a bullet is fired at an angle of 20° up the horizontal with
velocity 120 m/s. Determine:
(i) Time of flight
(ii) Horizontal range of ground
(iii) Maximum height of bullet from ground
(iv) Velocity of bullet after 8 sec.
Assume horizontal ground at the foot of the tower.

Solution
This problem is identical to the worked out Example 13.10.
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Group-A
(Multiple-Choice-Type Questions)

1. Choose the correct alternatives for any zen of the followings: 10 x1=10
*(i) Lami’s theorem is applicable to
(a) equilibrium of two coplanar, concurrent forces
(b) equilibrium of three coplanar, concurrent forces
(c) equilibrium of three coplanar, non-concurrent forces
(d) none of these

Answer (b)
*(ii) The angle between the vectors (i + j) and (i — j) is
(a) 90° (b) 45° (c) 0° (d) none of these

Answer (a)

**(iii) When a body slides down an inclined surface of inclination 6 with the horizontal, the acceleration 6
of the body is given by
(@A) a=g (b) a=gcos 6 (¢) a=gsin 6 (d) a=
Answer (c) L o

*(v) The values of i -iandi Xi are
(@ 1and O (b) 1 and 1 (¢c) Oand O (d) O0and 1
Answer (a)

*(v) The moment of inertia of a circle with its centroidal x-axis is
(a) md*/32 (b) md*/256 (c) md*/64 (d) md*128
Answer (c)

**(vi) A particle moves along the horizontal direction and its position at any instance is prescribed by the
relation x = 378 — 5/ where x is in metres and ¢ is in seconds. What distance will be covered by the
particle during ¢ = 2 seconds to 5 seconds?

(a) 246 m (b) 146 m (c) 200 m (d) 216 m
Answer (a)

*(vil) When a rectangular bar of length /, breadth b and thickness ¢ is subjected to an axial pull of P, the

linear strain is given by

8
cos6

(a) bt EIP (b) P/bt E (c) bt/PE (d) PE/bt
Answer (b)

**(viii) Given Fi =5}+4]2 and F»=3i +6k. The magnitude of the scalar product of these vectors is
(a) 15 (b) 30 (c) 24 @ 12

Answer (c¢)

Note: * Indicates Level 1 difficulty
** Indicates Level 2 difficulty
*#% Indicates Level 3 difficulty
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*(ix) The equation of motion of a particle is s = 2r* — > — 2, where s is the displacement in metres and ¢
is time in seconds. The acceleration of the particle after 1 second will be
(a) 8 m/s? (b) 9 m/s’ () 10 m/s? (d) 5 m/s’
Answer (c¢)

*x) If A= Axf+Ay}+Az/2 and B= BX1?+B),]A'+BZ12 then A-B is given by

(a) AB,+B.A,+AB, (b) AA +AB,+BA,
©) AxAy + BxBy +B.A, d AB,.+ AyBy +A.B,
Answer (d)

*(xi) D’ Alembert’s principle
(a) is based upon the presence of inertia force
b) provides an advantage over Newton’s law
(c) is purely a hypothetical law
(d) allows a dynamic problem to be treated as a static one

Answer (d)
*#*%(xii) A single force and couple action in the same plane upon a rigid body
(a) balance each other (b) cannot balance each other
(¢) produce moment of a couple (d) are equivalent
Answer (b)

Group-B
(Short-Answer-Type Questions)
Answer any three of the following.
3x5=15

*#2. A member is shown in Fig. 1. Replace the force (100 N) acting at the point D, into an equivalent
force-couple system at the point C. Find the reaction forces at points 4 and B.

10 mm
—rmm

<50 mm 100 N
D

A hd B
C

100 mm

Figure 1

Solution
At the point C, a pair of 100 N force, one vertically upward and another vertically downward, is
added as shown in Fig. 2(a).
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10 mm 10 mm
— -~
<50 mm 100 N <50 mm 100 N
100 N b 100 N b
A ¢ B A ) B
[ Rg C*1000 mm,Z,
T1OO N . Rg
<«~—100 mm———> 100 mm
(a) (b)
Figure 2

Thus, the 100 N force applied vertically downward at D can be replaced by an equivalent clockwise
couple of moment 1000 N-mm at C along with a 100 N force applied vertically downward at C as
shown in Fig. 2(b).

Let the reactions at A and B be denoted by R, and Ry respectively. Taking moment with respect to
the point A, we obtain

Y M, =0

or Rp x 100 = 1000 + 100 x 50

or Rp =60 N and

From the condition of equilibrium, we get
R, =100 - 60 =40 N

*3, A load P = 50 kg is suspended from A. The spring AB is deformed by an amount of 0.025 m
and is horizontal in the equilibrium position according to Fig. 3. Determine the stiffness of the
spring.

Figure 3

Solution From the conditions of equilibrium at the point A, we get

Y r=0

or T sin 30° = P
T= .50 =100 kg
or sin30°
Y x=0
or T cos 30° = F
or F =100 cos 30° = 86.6 kg

It is given that the deformation amount 6 = 0.025 m. Let the stiffness of the spring is k.



SQ4 Engineering Mechanics

For a spring, F = k6
Thus, k& = F/6 = 86.6/0.025 = 3464 kg/m

**4, A bar of uniform cross section A and length L is vertically hung subjected to its own weight.
Prove that strain energy within the bar U = A@’L3/6E, where o = sp. weight, E = modulus of
elasticity.

Solution This problem is identical to Example 9.7.
5. *(a) State the parallel axes theorem of moment of inertia of lamina.
Solution Refer Section 7.3.
*(b) Calculate the location of the centroid of the L-section as shown in Fig. 4.

8 mm
>

100 mm

«~— 100 mMm——

Figure 4
Solution This problem is identical to Example 5.12.

*6, A force F=(3i-4 j+2k)N acts at a point A whose coordinates are (1, -2, 3) m. Compute
(a) moment of force about the origin, and (b) moment of force about the point (2, 1, 2) m.
Solution It is given that F =3i—4j+2k and 7 =i—2j+3k.

(a) Moment of the force about the origin is
1\710 =F><F=(i—2j+3k)><(3i—4j+2k)=8i+7j+2k
(b) Now, Fyp=—i—3j+k.
Moment of the force about the point (2,1,2) m is
My =Ty X F=(=i—3j+k)x(3i—4j+2k)=—=2i+5j+13k

Group-C
(Long-Answer-Type Questions)

Answer any three of the following.
I3 x15=45

7. *(a) A ball of weight W is resting upon a smooth plane and is attached at its centre to the strings
which pass over a smooth pulley and carry loads P and Q as shown in Fig. 5. Find the angle 6
and pressure between the ball and the plane.
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Figure 5
Solution This problem is identical to solution to Question 5 of 2008 Solved Question Paper.

*%*() A uniform wheel of 60 cm diameter rests against a rigid rectangular block of 15 cm height
as shown in Fig. 6. Find the magnitude and direction of the least pull through the centre of
the wheel that will just turn the wheel over the corner of the block. All surfaces are smooth.
Determine the reaction of the block at the point C. Weight of the wheel is 5 kN.

P —

60 cm

15 cmT

Figure 6
Solution This problem is identical Example 4.17.

8.%(a) State D’ Alembert’s principle.
Answer Refer Section 11.3.

***(b) Two blocks weighing 600 N and 1200 N are placed on 30° and 60° planes respectively as shown
in Fig. 7. The blocks are connected by an extensible string passing over a friction pulley. If
U = 0.25 for both the planes, find the tension in the string and the acceleration of blocks.

Zay

30° 60°

/ \

Figure 7

Solution Let the tension in the string be T and the acceleration of the blocks is a
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Figure 8 (a) Figure 8 (b)

Considering the free-body diagram of the block 1 [Refer Fig. 8 (a)] and using dynamic equilibrium,
T —-F, —W,sin6, :ﬁa
8

. W,
or T — uW, cos8, —W,;sin8, =—La (1
g

Similar condition of the block 2 [Refer Fig. 8(b)] yields
. W,
W,ysin8, —T - F, =—2%a
8

or W, sin8, =T — uW, cos6, =&a 2)
8

Eliminating T from the above two equations;

W, [sin6, — tcos8,1— Wi[sin @, + pcosf; 1= (W, + Wy)
g

or 1200(sin 60° — 0.25cos60°) — 600(sin30° + 0.25c0s30°) = 9 %1800
8

or a =25 m/s’

From Eq. (1), we get

T:Wl(£+uc059l +sin91J
8

or = 600(%+ 0.25c0s30° + sin30°j =583N

9. **¥(a) A gun is fired, so that the initial velocity of its bullet is 200 m/s and can hit the target located
500 m above the level of gunpoint and at horizontal distance of 3000 m. Neglecting the air
resistance, determine the firing angle.

Solution This problem is identical to Example 13.9.
*¥(b) Determine the centroid of the shaded area as shown in Fig. 9.
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Y

>

10 mm

20 mm
Figure 9

Solution Let the larger circle and the smaller circle be denoted by 1 and 2 respectively.
A= %(20)2 =1007 mm?; A, = %(10)2 =257 mm?;

x; =10 mm x, = 15 mm
. = Apxy —Ayx, 1007 x10—-257 X 15
¢ A-A, 100 — 257

=8.33 mm

Since the centroid lies on the x-axis, y, = 0

*(c) Draw the stress-strain curve for ductile material and show various regions and points on it.
Answer Refer Section 9.4.

10. ***(a) A force F = 50i + 75 j + 100 k acts through E as shown in Fig. 10. Determine the moment of
the force about x, y, and z axes respectively.

V4

A
/ 5m

Figure 10
Solution

F=50i+75j+100k; 7=4i+5j+3k.
M, =7 x F =(50i +75; +100k) X (4i + 5] + 3k) = 275i — 250 + 50k
M, =275N-m; M'v =250N-m; M,=50N-m
*%*(hb) Two steel cylinders are supported in a right-angled wedge support as shown in Fig. 11. The
side OL makes an angle of 30° with the horizontal. The diameters of the cylinders A and B are

250 mm and 500 mm, and their weights being 100 N and 400 N, respectively. Determine the
reactions R between all contact points.
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Figure 11
Solution From the geometry,
sina=2"1_15 033 o 1950
n+rn 375

The free-body diagrams of the two cylinders are shown in Fig. 12(a) and Fig. 12(b).

Figure 12(a) Figure 12(b)

Considering the equilibrium of the larger cylinder,
>X=0 = R;cos49.5=R, sin 30

Y =0 = R, cos30+R,sin49.5=W, =400

Solving the above two equations, R- = 212.17 N and R, = 275.6 N
To calculate N and R, for the smaller cylinder, the force polygon is drawn and shown in Fig. 12 (c).

49.5°

R \ 30°

7
30°

Figure 12(c)
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From Fig. 12 (c), N =250 N and R, = 157 N

11. **(a) Find the decrease in length of the steel bar loaded as shown in Fig. 13. Take E = 2 x 105 N/mm?

T 5 kN 10 mm dia
180 mm ;
: 15 mm dia
200 mm , i )
Figure 13

Solution

F =2kN; F,=5kN 4, =%1o2 =257 mm’; A, =%152 =56.257 mm”

3

_h 2500 =39.61 N/mm”

R 2
0, =220 55 46 Nmm?, o, =112 200045000
A 25w A 56.251

1 1
8=8,+8, = (01l +0y) =~ (25.46 x 180+ 39.61  200) = 0.0625 mm

##%(b) t; is the time in which a projectile reaches a point P, along its path and ¢, is the time taken
by the projectile from P, till it hits the horizontal plane passing through point P, as shown in
Fig. 14. Show that the height of the point P; above the plane is 1/2 gt t,.

y

P 1 P2

R
Figure 14

1
Solution The expression y=v,sinft —— g12 can be written in the following form in the context of
the present problem. 2

1
h=v, sinozt—Egt2

In the given figure (Fig. 14), P, and P, both are located at a height / from the horizontal plane.
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It, therefore, implies that the time required by the projectile to reach from P, to the ground = time
required by the projectile to reach P, from O (following the same path) = ¢,

The above equation being a quadratic one, its two roots are #; and f, which corresponds to the time
required to reach P, and P, from O respectively.

Rearranging the above equation, we have

2vgsina 2h
t2— Vg S1n ‘+ -0
8 8
2h
or tltzz_

1
or h=—gtt
2812
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Group-A
(Multiple-Choice-Type Questions)
1. Answer any ten questions. 10 x1=10
*(i) The work done against any conservative forces is stored in the body in the form of
(a) energy (b) potential energy (c) elastic energy (d) strain energy

Answer (b)

**(ii) The magnitude of two forces, acting at right angles, produces a resultant force of J10 kg and when
acting at 60°, produces a resultant of J13 kg. These forces are at

(a) 90° (b) 45° (c) 0° (d) none of these
Answer (b)

*(iii) If three forces acting in one plane upon a rigid body keep it in equilibrium then they must either
(a) meet in a point (b) be all parallel
(c) at least two of them must meet (d) all of the above are correct

Answer (a)

*(iv) A projectile is fired at an angle 6 to the vertical. Its horizontal range will be maximum when 8 is
(a) 0° (b) 30° (c) 45° (d) 60°
Answer (c¢)

*(v) Varignon’s theorem is related to
(a) moment of forces(s) (b) friction
(c) deformation characteristics of rigid bodies (d) none of the above
Answer (a)

*(vi) Strain energy is the
(a) maximum energy which can be stored in a body
(b) energy stored in a body when stressed to the elastic limit
(c) energy stored in a body when stressed to the breaking point
(d) none of the above

Answer (b)

*(vii) The CG of a solid hemisphere lies on the central radius
(a) at distance 37/2 from the plane base (b) at distance 3r/4 from the plane base
(c) at distance 3r/5 from the plane base (d) at distance 3r/8 from the plane base
Answer (d)

*(viii) If i and j are two Cartesian unit vectors then
@i-j=1 b)i-j=0
) i-j=2 (d) none of these
Answer (b)

Note: * Indicates Level 1 difficulty

** Indicates Level 2 difficulty
*#% Indicates Level 3 difficulty
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**(ix) An elevator weighing 980 N attains an upward velocity of 3 m/s in 3 s following a uniform acceleration.

()

*(x1)

*(xii)

w5,

The tension in the cable that supports the elevator is

(a) 1000 N (b) 1080 N (c) 880 N (d 1150 N
Answer (b)

If momentum of a body is doubled, its kinetic energy

(a) gets doubled (b) gets halved (c) remain same (d) gets quadrupled

Answer (a)
The condition of equilibrium of co-planar non-concurrent forces are

@ D F.=0; ) F=0 (b) Y F.=0; > F,=0; YM=0
© Y F=0;>M=0 d Y F=0:YM=0

Answer (b)

The equation of motion of a particle is S = 2 — # — 2, where S is the displacement in metres and
t is time in seconds. The acceleration of the particle after 1 second will be

(a) 8 m/s’ (b) 9 m/s’ () 10 m/s? (d) 5 m/s’

Answer (c¢)

Group-B
(Short-Answer-Type Questions)
Answer any three of the following.
3x5=15
A string is connected at the point C of a structure AB, passing through a frictionless pulley and
at the free end of the string, a weight is attached as shown in Fig. 1. Determine the reaction
forces developed at points A and B. Neglect the mass of the structure AB.

c T
A
20 cm
Ry ;
Al B
1000 N
77777777 7777777
Rg
40 cm
100 cm
Figure 1

Solution Taking moment of all the forces with respect to A, we get

Y My=0
or R, x 100 = T x 20 = 1000 x 20
or R, =200 N
Considering the beam AB, we have

Yr=0

or Ry +Rg=0
or R, = —Rp = -200N
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*3. What is meant by toughness? What is meant by resilience? Draw a stress-strain diagram of a
mild steel specimen and show the region of modulus of toughness and modulus of resilience.
Solution Refer Section 9.4.

*4, By integration, determine the co-ordinate of the centroid of the plane area under the curve y =
kx?* and x-axis, between (0, 0) and (a, b) of Fig. 2.

Y (a b)
(@] X
f——xdx— —
I a |
Figure 2

Solution This problem is identical to Example 5.5.

**5, By integration, determine the co-ordinate of the centroid of the plane area under 5, given a
force F = 10i + 5 + Ak N. If this force is to have a rectangular component of 8 N along a line
having unit vector r = 0.6; + 0.8k, what should be the value of A? What is the angle between F
and r?

Answer

F =10i + 5/ + Ak N and r = 0.6i + 0.8k N
According to the given statement, F. r = 8§ N
Thus, F-r = (10i + 5j + Ak) - (0.6i + 0.8k) = 6 + 0.84
or 6 + 084 =8
or A=25
Therefore, F = 10i + 57 + 2.5k

The magnitude of F is 10> +5%+2.5> =11.456 N and the magnitude of r is V0.6> +0.8% =1

Further, F.r = |F||r| cos6

or T JF[l] T 114561
or 0 =45.7°

Therefore, the angle between F and r becomes 45.7°.

*6.(a) State Lami’s theorem.
Solution Refer Section 4.2.

*(b) Two equal loads of 2500 N are supported by a flexible string ABCD at points B and D as shown
in Fig. 3. Find the tensions in the portions AB, BC, CD of the string.
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2500 N
Figure 3

Solution This problem is identical to the solution to Question 6(a) of 2011 Solved Question
Paper.

Group-C
(Long-Answer-Type Questions)

Answer any three of the following.
3x15=45

7. **(a) A force of 200 N is directed along the drawn from the point P (5, 2, 4) to the point Q(3, -5, 6).
Determine the moment of this force about a point A (4, 3, 2). The distances are in metres.
Solution

(rp —x)i+ (o = y)J + (2 — 2k
\/(xz —x) =)+ ()
(B-5)i+(-5-2)j+(6-4k
\/(3—5)2 +(=5-2)" +(6-4)°

=-53i-185.5j+ 53k

F=Fn=F

=200

The moment of force F about the point A (4, 3, 2), therefore, would be
M, =r, XF
= (4i + 3j + 2k) X (-53i — 185.5] + 53k)
= 530i — 318j — 583k

*(b) Referring to Fig. 4, with what minimum horizontal velocity # can a boy throw a rock at A and
have it just clear the obstruction at B?

Figure 4



Solution The equation of the projectile is given by y=tan 9x—[
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The coordinate of the point B is (40, —10) and 6 = 0
The above equation, therefore, becomes

g
-10=—| —=>——
[2\102 cos?0

or Vo = 28 m/s

]402 = v, =28 m/s

8

21/02 cos’ 0

|

SQ.5

8. **(a) A block of weight W, = 200 kgf rests on a horizontal surface and supports on top of it another
block of weight W, = 50 kgf.

S\
W

ATy

X

G777z
Figure 5

The block W, is attached to a vertical wall by the inclined string AB. Find the magnitude of
the horizontal force P applied to the lower block as shown in Fig. 5, which will be necessary
to cause slipping to impend. The coefficient of static friction for all contiguous surfaces is

u=0J3.

Solution This problem is identical to Example 6.16.

*%*(b) A steel rod ABCD of stepped section is loaded as shown in Fig. 6. The loads are assumed to act
along the centreline of the load. Estimate the displacement of D relative to A. Assume E = 2 X

10° N/mm?>.

B

C

u 10 kN

8 kN I—D

4 kN 2 kN
I — —> B s J —>
<«—10 cm 20 cm 10 cm—>!

(2cm sq) (4 cm sq) (2cmsq)

Figure 6

Solution The bar ABCD can be divided into three segments AB, BC, and CD and the forces acting
on them are shown in Fig. 7.
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B (o}
A B C D
4 kN 4 kN 6 kN 6 kN 2 kN 2 kN
<« — — «— D —
Tension Compression Tension
Figure 7

Total elongation is found to be

1| P, P. Pl
6ap =045 —0Opc +0cp 2_{;11—2—12"'#}

4 A 4

1{4><100 6x200 2x100
or

o= —— - + =0.01-0.015+0.005 =0
200{2x100 4x100  2x100

9. **(a) Determine velocity V of the falling weight W of the system as shown in Fig. 8, as a function of
its displacement from the initial position of rest. Assume weight of the cylinder as 2W.

Figure 8

Solution This problem is identical to solution to Question 10(c) of 2009 Solved Question Paper.

*(b) Prove that the volumetric strain of a rectangular bar is the algebraic sum of strains of length,
width, and height.
Solution Refer Example 8.12.

*(c) A small block of weight W rests on a horizontal turntable at a distance r from the axis of
rotation as shown in Fig. 9. If the coefficient of friction between the block and the surface of
the turntable is u, find the maximum uniform speed that the block can have due to rotation of
the turntable without slipping off.

«— r —>

[l

Figure 9
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Answer This problem is identical to Example 12.11.

w vy

SQ.7

10. ***(a) For the rectangle shown in Fig. 10, compute I, I, and I,, with respect to u-v axes inclined to

x-y axes by 30°. Determine the principal axes and second moment of area about the principal

axes.

20 mm
v 50 mm
/ v

30°
30°

X

Figure 10

Solution We know that
+1, 1,—1

" 3 + 3 ycosZQ—IxysinZQ
1. +1, I.-1,
I,= x2 y_ X2 )cos20+1xysin20

uv

1
I, = E(IX —1,)sin26 + I, cos26

For the given figure, we have

3 3
I, =ﬂ=M=8.33x105 mm*
3 3
3
1, =203—X50=1.33><105 mm*

bt 20% x 507
R 4
Therefore, we get
1,=4.83%10% +3.5x10° cos60 — 2.5 x 10’ 5in 60 = 441493.65 mm*

=25%x10°mm* and 6=30°

1, =4.83x10° —3.5x10° cos60 + 2.5 x 10° sin 60 = 524506.35 mm*
I, = %(8.33 x10° —1.33x10%) sin60 + 2.5 x 10° cos 60 = 428108.89 mm*

Principal moments of inertia are found to be

2
1 +1 1 -1
) 2
L = "2 y+\/[ "2 ] +(Iy)

8.33x10° +1.33x10° . [8.33x105 ~1.33x10°
2 2

2
] +(2.5%10%)%

=913116.26 mm*
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2
I.+1, I.—-1,
Lonin = x2 ’—\/{ x2 }J +(I )

_8.33x10° +1.33x10° [8.33><105
- 2

2
5
~133x10 ] +(25%10%)? = 52883.74 mm*

2

Principal axes are obtained as follows:

=21, —2x2.5%10°
tan2¢ = wo_ ><5 5x10 .
Iy—lx 1.33x10° -8.33x10
or 2¢ = 35.54°
or ¢ =17.77° or 162.23°

##%(b) Three forces F,, F, and F; act on the box as shown in Fig. 11. The magnitudes of the given
forces are 19 N, 23 N and 46 N respectively. Determine the resultant of 2.5 x 10° the forces
and its magnitude.

C
2m
ol
2m N
Figure 11
Solution
Foo 1o Um0t O-Dj+B3k 1 i=2j oo o
J1=02+(0-2)% +(3-3)? 5
F,= 23-CZ0tC-0j+OZIk _ 5 342773k g5, 0; 3
J(3 0)2 +(2—0)2 +(0—3)? V22
B 46 02O T OOk 0 o

J(3 3% +(0-2)2 +(0—0)>
Therefore, F = Fy + F,+ Fy = 8.5(—2,j)+4.9(3i + 2 — 3k)— 46, = 23.2i — 53.2j — 14.7k

11. **(a) A solid right circular cone of altitude 2 = 12 cm and radius r = 3 cm has its CG C on its
geometric axis at a distance #/4 above the base. This cone rests on the inclined plane AB
which makes an angle of 30° with the horizontal and for which the angle of friction is 0.5.
A horizontal force P is applied to the vertex O of the cone and acts in the vertical plane of
the figure. Find the maximum and minimum values of P consistent with equilibrium of the
cone of weight W = 10 kgf.
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Figure 12

Solution The free-body diagram of the cone is shown in Fig. 13.

Figure 13

Two different situations may arise regarding the motion of the cone: (i) the cone may slide down
along the inclined plane, and (ii) the cone may topple against the point B of the base.

Under the limiting condition, the force P required to maintain equilibrium in case (i) would be less
than that required in case (ii).

Case (i) the cone may slide down along the inclined plane.

Considering the equilibrium of the cone, we have

Y x=0

or P cos 30 + uN = W sin 30

P><\/5 !

—+05XN=10x—
2 2

Yr=0

or

or P sin 30 + Wcos 30 = N
or le+10x£:N
2 2

Solving the above two equations, we get
P =P, = 0.6 kgf
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Case (ii) The cone may topple against the point B of the base of the cone.

Y Mp=0

or Wsin30x%+(Wcos30+Psin30)><r:Pcos30><h
h .
w Zs1n30+rcos30 35in 30+ 3c0s30
or p= : _jpL3sin cos301 _ 4 608
[hcos30—rsin30] [12co0s30 —3sin30]
or P =P, =4.608 kgf

*%*(b) A block A weighing 1000 N rests on a rough inclined plane whose inclination to the horizontal

is 45°. The block is connected to another block B weighing 3000 N resting on a rough horizontal
plane, by a weightless rigid bar inclined at an angle of 30° to the horizontal as shown in Fig.
14. Find the horizontal force that has to be applied on the block B to just move the block A up
the slope. Assume that the coefficient of friction for all contact surfaces is 0.26.

1000 N

30°

3000 N

|
s

45°

Figure 14

Solution Let the axial force in the bar that connects the two blocks be T. The free-body diagrams
of the blocks A and B are shown in Fig. 15. Note that R, is the resultant of N, and F;.
W=1000N W=23000 N

A

15°
FA\ \ro T\A <« P
Ra N, T - Fs

™~ Ng
45°
Figure 15
Considering the equilibrium of the block A and using Lami’s theorem,
T _ 1000
sin(180—-45—-15) sinl120

or T =1000 N
Considering the equilibrium of the block B,

Y r=0
or T sin 30 + 3000 = N
or N = 3500 N

Y x=0

or P =Tcos30+ uN =1000cos30+0.26 x3500 =1776.02N
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