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Preface

Introduction to Linear Algebra with Applications is an introductory text targeted to
second-year or advanced first-year undergraduate students. The organization of this
text is motivated by what our experience tells us are the essential concepts that students
should master in a one-semester undergraduate linear algebra course. The centerpiece
of our philosophy regarding the presentation of the material is that each topic should
be fully developed before the reader moves onto the next. In addition, there should be
a natural connection between topics. We take great care to meet both of these objec-
tives. This allows us to stay on task so that each topic can be covered with the depth
required before progression to the next logical one. As a result, the reader is prepared
for each new unit, and there is no need to repeat a concept in a subsequent chapter
when it is utilized.

Linear algebra is taken early in an undergraduate curriculum and yet offers the
opportunity to introduce the importance of abstraction, not only in mathematics, but in
many other areas where linear algebra is used. Our approach is to take advantage of this
opportunity by presenting abstract vector spaces as early as possible. Throughout the
text, we are mindful of the difficulties that students at this level have with abstraction
and introduce new concepts first through examples which gently illustrate the idea.
To motivate the definition of an abstract vector space, and the subtle concept of
linear independence, we use addition and scalar multiplication of vectors in Euclidean
space. We have strived to create a balance among computation, problem solving, and
abstraction. This approach equips students with the necessary skills and problem-
solving strategies in an abstract setting that allows for a greater understanding and
appreciation for the numerous applications of the subject.

Pedagogical Features

1. Linear systems, matrix algebra, and determinants: We have given a stream-
lined, but complete, discussion of solving linear systems, matrix algebra, determi-
nants, and their connection in Chap. 1. Computational techniques are introduced,
and a number of theorems are proved. In this way, students can hone their
problem-solving skills while beginning to develop a conceptual sense of the fun-
damental ideas of linear algebra. Determinants are no longer central in linear
algebra, and we believe that in a course at this level, only a few lectures should
be devoted to the topic. For this reason we have presented all the essentials on
determinants, including their connection to linear systems and matrix inverses,
in Chap. 1. This choice also enables us to use determinants as a theoretical tool
throughout the text whenever the need arises.

ix
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. Vectors: Vectors are introduced in Chap. 1, providing students with a familiar

structure to work with as they start to explore the properties which are used later
to characterize abstract vector spaces.

. Linear independence: We have found that many students have difficulties with

linear combinations and the concept of linear independence. These ideas are fun-
damental to linear algebra and are essential to almost every topic after linear
systems. When students fail to grasp them, the full benefits of the course cannot
be realized. In Introduction to Linear Algebra with Applications we have devoted
Chap. 2 to a careful exposition of linear combinations and linear independence
in the context of Euclidean space. This serves several purposes. First, by placing
these concepts in a separate chapter their importance in linear algebra is high-
lighted. Second, an instructor using the text can give exclusive focus to these ideas
before applying them to other problems and situations. Third, many of the impor-
tant ramifications of linear combinations and linear independence are considered
in the familiar territory of Euclidean spaces.

. Euclidean spaces R": The Euclidean spaces and their algebraic properties are

introduced in Chap. 2 and are used as a model for the abstract vectors spaces of
Chap. 3. We have found that this approach works well for students with limited
exposure to abstraction at this level.

. Geometric representations: Whenever possible, we include figures with geomet-

ric representations and interpretations to illuminate the ideas being presented.

. New concepts: New concepts are almost always introduced first through concrete

examples. Formal definitions and theorems are then given to describe the situation
in general. Additional examples are also provided to further develop the new idea
and to explore it in greater depth.

. True/false chapter tests: Each chapter ends with a true/false Chapter Test with

approximately 40 questions. These questions are designed to help the student
connect concepts and better understand the facts presented in the chapter.

. Rigor and intuition: The approach we have taken attempts to strike a balance

between presenting a rigorous development of linear algebra and building intu-
ition. For example, we have chosen to omit the proofs for theorems that are not
especially enlightening or that contain excessive computations. When a proof is
not present, we include a motivating discussion describing the importance and
use of the result and, if possible, the idea behind a proof.

. Abstract vector spaces: We have positioned abstract vector spaces as a central

topic within Introduction to Linear Algebra with Applications by placing their
introduction as early as possible in Chap. 3. We do this to ensure that abstract
vector spaces receive the appropriate emphasis. In a typical undergraduate math-
ematics curriculum, a course on linear algebra is the first time that students are
exposed to this level of abstraction. However, Euclidean spaces still play a central
role in our approach because of their familiarity and since they are so widely
used. At the end of this chapter, we include a section on differential equations
which underscores the need for the abstract theory of vector spaces.
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10. Section fact summaries: Each section ends with a summary of the important facts
and techniques established in the section. They are written, whenever possible,
using nontechnical language and mostly without notation. These summaries are
not meant to give a recapitulation of the details and formulas of the section;
rather they are designed to give an overview of the main ideas of the section.
Our intention is to help students to make connections between the concepts of
the section as they survey the topic from a greater vantage point.

Applications

Over the last few decades the applications of linear algebra have mushroomed, increas-
ing not only in their numbers, but also in the diversity of fields to which they apply.
Much of this growth is fueled by the power of modern computers and the availability
of computer algebra systems used to carry out computations for problems involving
large matrices. This impressive power has made linear algebra more relevant than
ever. Recently, a consortium of mathematics educators has placed its importance, rel-
ative to applications, second only to calculus. Increasingly, universities are offering
courses in linear algebra that are specifically geared toward its applications. Whether
the intended audience is engineering, economics, science, or mathematics students,
the abstract theory is essential to understanding how linear algebra is applied.

In this text our introduction to the applications of linear algebra begins in Sec. 1.8
where we show how linear systems can be used to solve problems related to chemistry,
engineering, economics, nutrition, and urban planning. However, many types of appli-
cations involve the more sophisticated concepts we develop in the text. These appli-
cations require the theoretical notions beyond the basic ideas of Chap. 1, and are
presented at the end of a chapter as soon as the required background material is com-
pleted. Naturally, we have had to limit the number of applications considered. It is our
hope that the topics we have chosen will interest the reader and lead to further inquiry.

Specifically, in Sec. 4.6, we discuss the role of linear algebra in computer graph-
ics. An introduction to the connection between differential equations and linear algebra
is given in Secs. 3.5 and 5.3. Markov chains and quadratic forms are examined in
Secs. 5.4 and 6.7, respectively. Section 6.5 focuses on the problem of finding approx-
imate solutions to inconsistent linear systems. One of the most familiar applications
here is the problem of finding the equation of a line that best fits a set of data points.
Finally, in Sec. 6.8 we consider the singular value decomposition of a matrix and its
application to data compression.

Technology

Computations are an integral part of any introductory course in mathematics and
certainly in linear algebra. To gain mastery of the techniques, we encourage the student
to solve as many problems as possible by hand. That said, we also encourage the
student to make appropriate use of the available technologies designed to facilitate,
or to completely carry out, some of the more tedious computations. For example, it
is quite reasonable to use a computer algebra system, such as MAPLE or MATLAB,
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to row-reduce a large matrix. Our approach in Introduction to Linear Algebra with
Applications is to assume that some form of technology will be used, but leave the
choice to the individual instructor and student. We do not think that it is necessary to
include discussions or exercises that use particular software. Note that this text can be
used with or without technology. The degree to which it is used is left to the discretion
of the instructor. From our own experience, we have found that Scientific Notebook,™
which offers a front end for I&TEX along with menu access to the computer algebra
system MuPad, allows the student to gain experience using technology to carry out
computations while learning to write clear mathematics. Another option is to use ISTEX
for writing mathematics and a computer algebra system to perform computations.
Another aspect of technology in linear algebra has to do with the accuracy and
efficiency of computations. Some applications, such as those related to Internet search
engines, involve very large matrices which require extensive processing. Moreover, the
accuracy of the results can be affected by computer roundoff error. For example, using
the characteristic equation to find the eigenvalues of a large matrix is not feasible.
Overcoming problems of this kind is extremely important. The field of study known as
numerical linear algebra is an area of vibrant research for both software engineers and
applied mathematicians who are concerned with developing practical solutions. In our
text, the fundamental concepts of linear algebra are introduced using simple examples.
However, students should be made aware of the computational difficulties that arise
when extending these ideas beyond the small matrices used in the illustrations.

Other Features

1. Chapter openers: The opening remarks for each chapter describe an application
that is directly related to the material in the chapter. These provide additional
motivation and emphasize the relevance of the material that is about to be covered.

2. Writing style: The writing style is clear, engaging, and easy to follow. Impor-
tant new concepts are first introduced with examples to help develop the reader’s
intuition. We limit the use of jargon and provide explanations that are as reader-
friendly as possible. Every explanation is crafted with the student in mind. /ntro-
duction to Linear Algebra with Applications is specifically designed to be a
readable text from which a student can learn the fundamental concepts in linear
algebra.

3. Exercise sets: Exercise sets are organized with routine exercises at the beginning
and the more difficult problems toward the end. There is a mix of computational
and theoretical exercises with some requiring proof. The early portion of each
exercise set tests the student’s ability to apply the basic concepts. These exercises
are primarily computational, and their solutions follow from the worked examples
in the section. The latter portion of each exercise set extends the concepts and
techniques by asking the student to construct complete arguments.

4. Review exercise sets: The review exercise sets are organized as sample exams
with 10 exercises. These exercises tend to have multiple parts, which connect
the various techniques and concepts presented in the text. At least one problem
in each of these sets presents a new idea in the context of the material of the
chapter.
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5. Length: The length of the text reflects the fact that it is specifically designed for
a one-semester course in linear algebra at the undergraduate level.

6. Appendix: The appendix contains background material on the algebra of sets,
functions, techniques of proof, and mathematical induction. With this feature, the
instructor is able to cover, as needed, topics that are typically included in a Bridge
Course to higher mathematics.

Course Outline

The topics we have chosen for Introduction to Linear Algebra with Applications
closely follow those commonly covered in a first introductory course. The order in
which we present these topics reflects our approach and preferences for emphasis.
Nevertheless, we have written the text to be flexible, allowing for some permutations
of the order of topics without any loss of consistency. In Chap. 1 we present all the
basic material on linear systems, matrix algebra, determinants, elementary matrices,
and the LU decomposition. Chap. 2 is entirely devoted to a careful exposition of lin-
ear combinations and linear independence in R”. We have found that many students
have difficulty with these essential concepts. The addition of this chapter gives us
the opportunity to develop all the important ideas in a familiar setting. As mentioned
earlier, to emphasize the importance of abstract vector spaces, we have positioned
their introduction as early as possible in Chap. 3. Also, in Chap. 3 is a discussion
of subspaces, bases, and coordinates. Linear transformations between vector spaces
are the subject of Chap. 4. We give descriptions of the null space and range of a
linear transformation at the beginning of the chapter, and later we show that every
finite dimensional vector space, of dimension n, is isomorphic to R". Also, in Chap. 4
we introduce the four fundamental subspaces of a matrix and discuss the action of an
m x n matrix on a vector in R". Chap. 5 is concerned with eigenvalues and eigenvec-
tors. An abundance of examples are given to illustrate the techniques of computing
eigenvalues and finding the corresponding eigenvectors. We discuss the algebraic and
geometric multiplicities of eigenvalues and give criteria for when a square matrix is
diagonalizable. In Chap. 6, using R" as a model, we show how a geometry can be
defined on a vector space by means of an inner product. We also give a description
of the Gram-Schmidt process used to find an orthonormal basis for an inner product
space and present material on orthogonal complements. At the end of this chapter we
discuss the singular value decomposition of an m x n matrix. The Appendix contains
a brief summary of some topics found in a Bridge Course to higher mathematics.
Here we include material on the algebra of sets, functions, techniques of proof, and
mathematical induction. Application sections are placed at the end of chapters as soon
as the requisite background material has been covered.

Supplements

1. Instructor solutions manual: This manual contains detailed solutions to all
exercises.

2. Student solutions manual: This manual contains detailed solutions to odd-
numbered exercises.
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3. Text website www.mhhe.com/defranza: This website accompanies the text and
is available for both students and their instructors. Students will be able to access
self-assessment quizzes and extra examples for each section and end of chapter
cumulative quizzes. In addition to these assets, instructors will be able to access
additional quizzes, sample exams, the end of chapter true/false tests, and the
Instructor’s Solutions Manual.
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To The Student

You are probably taking this course early in your undergraduate studies after two or
three semesters of calculus, and most likely in your second year. Like calculus, linear
algebra is a subject with elegant theory and many diverse applications. However,
in this course you will be exposed to abstraction at a much higher level. To help
with this transition, some colleges and universities offer a Bridge Course to Higher
Mathematics. If you have not already taken such a course, this may likely be the
first mathematics course where you will be expected to read and understand proofs of
theorems, provide proofs of results as part of the exercise sets, and apply the concepts
presented. All this is in the context of a specific body of knowledge. If you approach
this task with an open mind and a willingness to read the text, some parts perhaps
more than once, it will be an exciting and rewarding experience. Whether you are
taking this course as part of a mathematics major or because linear algebra is applied
in your specific area of study, a clear understanding of the theory is essential for
applying the concepts of linear algebra to mathematics or other fields of science. The
solved examples and exercises in the text are designed to prepare you for the types
of problems you can expect to see in this course and other more advanced courses in
mathematics. The organization of the material is based on our philosophy that each
topic should be fully developed before readers move onto the next. The image of a tree
on the front cover of the text is a metaphor for this learning strategy. It is particularly
applicable to the study of mathematics. The trunk of the tree represents the material
that forms the basis for everything that comes afterward. In our text, this material is
contained in Chaps. 1 through 4. All other branches of the tree, representing more
advanced topics and applications, extend from the foundational material of the trunk or
from the ancillary material of the intervening branches. We have specifically designed
our text so that you can read it and learn the concepts of linear algebra in a sequential
and thorough manner. If you remain committed to learning this beautiful subject, the
rewards will be significant in other courses you may take, and in your professional
career. Good luck!

Jim DeFranza
jdefranza@stlawu.edu

Dan Gagliardi
gagliardid@canton.edu
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h the process of photosynthesis solar energy
Ls converted into forms that are used by living
organisms. The chemical reaction that occurs in
the leaves of plants converts carbon dioxide and
water to carbohydrates with the release of oxygen.
The chemical equation of the reaction takes the
form

aCO; + bH,O — ¢cO;y + dCgH 204

where a, b, c, and d are some positive whole
numbers. The law of conservation of mass states
that the total mass of all substances present before
and after a chemical reaction remains the same.
That is, atoms are neither created nor destroyed Photograph by Jan Smith/RF

in a chemical reaction, so chemical equations must be balanced. To balance the pho-
tosynthesis reaction equation, the same number of carbon atoms must appear on both
sides of the equation, so

a = 6d

The same number of oxygen atoms must appear on both sides, so
2a +b =2c+6d
and the same number of hydrogen atoms must appear on both sides, so

2b = 12d



Chapter 1 Systems of Linear Equations and Matrices

1.1

This gives us the system of three linear equations in four variables

a — 6d=0
2a+ b—2c— 6d=0
2b —12d=0

Any positive integers a, b, ¢, and d that satisfy all three equations are a solution to
this system which balances the chemical equation. For example, a = 6,b = 6, ¢ = 6,
and d = 1 balances the equation.

Many diverse applications are modeled by systems of equations. Systems of
equations are also important in mathematics and in particular in linear algebra. In
this chapter we develop systematic methods for solving systems of linear equations.

Systems of Linear Equations

As the introductory example illustrates, many naturally occurring processes are
modeled using more than one equation and can require many equations in many vari-
ables. For another example, models of the economy contain thousands of equations
and thousands of variables. To develop this idea, consider the set of equations

2x — y=2
xX+2y=6
which is a system of two equations in the common variables x and y. A solution to

this system consists of values for x and y that simultaneously satisfy each equation.
In this example we proceed by solving the first equation for y, so that

y=2x—-2
To find the solution, substitute y = 2x — 2 into the second equation to obtain
x+22x—-2)=6 and solving for x gives x=2

Substituting x = 2 back into the first equation yields 2(2) — y = 2, so that y = 2.
Therefore the unique solution to the system is x =2,y = 2. Since both of these
equations represent straight lines, a solution exists provided that the lines intersect.
These lines intersect at the unique point (2, 2), as shown in Fig. 1(a). A system of
equations is consistent if there is at least one solution to the system. If there are no
solutions, the system is inconsistent. In the case of systems of two linear equations
with two variables, there are three possibilities:

1. The two lines have different slopes and hence intersect at a unique point, as shown
in Fig. 1(a).

2. The two lines are identical (one equation is a nonzero multiple of the other), so
there are infinitely many solutions, as shown in Fig. 1(b).
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1.1 Systems of Linear Equations 3

5 =5
(a) (®)
Figure 1

3. The two lines are parallel (have the same slope) and do not intersect, so the
system is inconsistent, as shown in Fig. 1(c).

When we are dealing with many variables, the standard method of representing
linear equations is to affix subscripts to coefficients and variables. A linear equation
in the n variables xi, x3, ..., X, is an equation of the form

aixy+axxo + -+ apx, =b

To represent a system of m linear equations in n variables, two subscripts are used for
each coefficient. The first subscript indicates the equation number while the second
specifies the term of the equation.

System of Linear Equations A system of m linear equations in n variables,
or a linear system, is a collection of equations of the form

ayxy + apxy + -+ apx, = by
ax1xy + axnxy + -+ -+ ayx, = by
as1x) + apxy + -+ -+ azx, = bs

A1 X1 + Apaxa + - -+ App Xy = by,

This is also referred to as an m X n linear system.

For example, the collection of equations

=2x1+3x+x3 — x4=-2
X1 +x3 —4xs4= 1
3)(1 — X2 — X4 = 3

is a linear system of three equations in four variables, or a 3 x 4 linear system.

A solution to a linear system with n variables is an ordered sequence
(s1, 82, ..., Sy) such that each equation is satisfied for x; = sy, xp = 52, ..., X, = Sp-
The general solution or solution set is the set of all possible solutions.
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DEFINITION 2

The Elimination Method

The elimination method, also called Gaussian elimination, is an algorithm used to
solve linear systems. To describe this algorithm, we first introduce the triangular form
of a linear system.

An m x n linear system is in triangular form provided that the coefficients
a;; = 0 whenever i > j. In this case we refer to the linear system as a triangular
system. Two examples of triangular systems are

X1 —2x 4+ x3=-—1 X1+x2— x3— x4=2
X —3x3= 5 and Xo— x3—2x4=1
x3= 2 2x3— x4=3

When a linear system is in triangular form, then the solution set can be obtained
using a technique called back substitution. To illustrate this technique, consider the
linear system given by

X1 —2x+ x3=-1
X2 — 3)63 = 5
X3 = 2

From the last equation we see that x3 = 2. Substituting this into the second equation,
we obtain x, — 3(2) = 5, so x, = 11. Finally, using these values in the first equation,
we have x; — 2(11) +2 = —1, so x; = 19. The solution is also written as (19, 11, 2).

Equivalent Linear Systems Two linear systems are equivalent if they have
the same solutions

For example, the system

X1 —2x2+ x3=-—1
2)C1—3XZ— X3 = 3
X1 —2xp+2x3= 1

has the unique solution x; = 19, x, = 11, and x3 = 2, so the linear systems

X1 —2x 4+ x3=-—1 X1 —2x+ x3=-—1
xp—3x3= 5 and 2x1 —3xp— x3= 3
x3= 2 xXp—2x +2x3= 1

are equivalent.

The next theorem gives three operations that transform a linear system into an
equivalent system, and together they can be used to convert any linear system to an
equivalent system in triangular form.
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Let
anxi +apxy +---+ apx, = by

a1 X1 + axnxy + -+ ayx, = by
az1xy + apxy + -+ azyx, = b3

am1 X1 + maX2 + -+ AppXn = by
be a linear system. Performing any one of the following operations on the linear
system produces an equivalent linear system.
1. Interchanging any two equations.
2. Multiplying any equation by a nonzero constant.
3. Adding a multiple of one equation to another.

Proof Interchanging any two equations does not change the solution of the linear
system and therefore yields an equivalent system. If equation i is multiplied by a
constant ¢ # 0, then equation i of the new system is

caj1 x| + cajrxy + - -+ + caipx, = cb;

Let (sq, s2,...,5,) be a solution to the original system. Since
a;151 + ajpsy + - -+ aips, = b, then ca;181 + cappsy + -+ - + caips, = cb;
Hence (sq, s2,...,5,) is a solution of the new linear system. Consequently, the

systems are equivalent.

For part (3) of the theorem, consider the new system obtained by adding ¢ times
equation i to equation j of the original system. Thus, equation j of the new system
becomes

(cai1 +aj)x) + (capp +ajr)xy + -+ - + (cayy +ajn)x, = chb; +b;
or equivalently,

c(aiixy + aipxz + - + ainxy) + (@j1x1 + ajoxz + -+ ajpxn) = cb;i + b;

Now let (s, 52, ..., s,) be a solution for the original system. Then
a;181 + appsy + -+ -+ aips, = b; and aj1s1+aj2sz+---+aj,,sn=bj
Therefore,

c(@j1s1 + aipsy + - + @insp) + (@151 +ajos2 + -+ ajusy) = cb; + b

so that (si, s2,...,s,) is a solution of the modified system and the systems are
equivalent.
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m Use the elimination method to solve the linear system.

Solution

Solution

x+y=1
— 2 =eyi=il

Adding the first equation to the second gives the equivalent system

x4+ y=1
2y =2

From the second equation, we have y = 1. Using back substitution gives x = 0.
The graphs of both systems are shown in Fig. 2. Notice that the solution is the same
in both, but that adding the first equation to the second rotates the line —x + y = 1
about the point of intersection.

AY
x+y=15T —X+y=
—+ 7/
=+ //
7/
A’// y = 1
7/
B e e
-5 // 1 5 x
// T
7/
, 1
—51
(b)
Figure 2

Converting a linear system to triangular form often requires many steps. Moreover,
the operations used to convert one linear system to another are not unique and may
not be apparent on inspection. To articulate this process, the notation, for example,

(=2)-E1+ E; — Ej

will mean add —2 times equation 1 to equation 3, and replace equation 3 with the
result. The notation E; <> E; will be used to indicate that equation i and equation j
are interchanged.

Solve the linear system.
x+y+ z= 4
=P Z==2
2x —y+2z= 2

To convert the system to an equivalent triangular system, we first eliminate the
variable x in the second and third equations to obtain
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xX+y+ z= 4 Ei+ Ey— Ey x+ y+ z= 4
—x—y+ z2=-2 C2F| 4+ Er— E 2z= 2
2x —y+2z= 2 1753 e —3y =—6

Interchanging the second and third equations gives the triangular linear system

x+ y+ z= 4 x+ y+ z= 4
o= 2 E), < E3 — — 3y =—-6
—3y = —6 Vg = 2

Using back substitution, we have z = 1,y =2, and x =4 — y — z = 1. There-
fore, the system is consistent with the unique solution (1, 2, 1).

Recall from solid geometry that the graph of an equation of the form
ax + by + cz = d is a plane in three-dimensional space. Hence, the unique solution
to the linear system of Example 2 is the point of intersection of three planes, as shown
in Fig. 3(a). For another perspective on this, shown in Fig. 3(b) are the lines of the
pairwise intersections of the three planes. These lines intersect at a point that is the

solution to the 3 x 3 linear system.
h

(1,2,1)

ey
e

(a) (b)
Figure 3
Similar to the 2 x 2 case, the geometry of Euclidean space helps us better understand
the possibilities for the general solution of a linear system of three equations in three
variables. In particular, the linear system can have a unique solution if the three planes

all intersect at a point, as illustrated by Example 2. Alternatively, a 3 x 3 system can
have infinitely many solutions if

1. The three planes are all the same.

2. The three planes intersect in a line (like the pages of a book).

3. Two of the planes are the same with a third plane intersecting them in a line.
For example, the linear system given by



8 Chapter 1  Systems of Linear Equations and Matrices

Solution

represents three planes whose intersection is the x axis. That is, z = 0 is the xy plane,
y =0 is the xz plane, and y = z is the plane that cuts through the x axis at a 45°
angle.

Finally, there are two cases in which a 3 x 3 linear system has no solutions. First,
the linear system has no solutions if at least one of the planes is parallel to, but not
the same as, the others. Certainly, when all three planes are parallel, the system has
no solutions, as illustrated by the linear system

z = 0
Z
Z 2

Also, a 3 x 3 linear system has no solutions, if the lines of the pairwise intersections
of the planes are parallel, but not the same, as shown in Fig. 4.

From the previous discussion we see that a 3 x 3 linear system, like a 2 x 2 linear
system, has no solutions, has a unique solution, or has infinitely many solutions. We
will see in Sec. 1.4 that this is the case for linear systems of any size.

In Example 3 we consider a linear system with four variables. Of course the
geometric reasoning above cannot be applied to the new situation directly, but provides
the motivation for understanding the many possibilities for the solutions to linear
systems with several variables.

Solve the linear system.

4x1 — 8xp — 3x3 +2x4 =13
3X1—4X2— X3—3X4= 5
2x1 —4xy) —2x3+2x4= 6

Since every term of the third equation can be divided evenly by 2, we multiply the
third equation by % After we do so, the coefficient of x; is 1. We then interchange
the first and third equations, obtaining

4x1 — 8xy —3x3 +2x4 =13 4x; — 8xp —3x3+2x4 =13
3x; —4x, — x3—3x4= 5 %E3—>E3 —> < 3x; —4xo— x3—3x4= 5
2x1 —4xy —2x3+2x4= 6 X]1—2x— x34+ x4= 3

| ) = dar =
E1<—>E3 —> 3)61—4)62— )C3—3)C4= 5
4x1 — 8xy — 3x3 +2x4 =13

Next using the operations —3E| + E; — E; and —4E| + E3 — E3, we obtain
the linear system
x| —2x— x3+ x4= 3
2xy + 2x3 — 6x4 = —4
X3 — 2X4 = 1
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which is an equivalent system in triangular form. Using back substitution, the gen-
eral solution is
x3=2x4 + 1 Xo =x4 — 3 X1 =3x4 —2

with x4 free to assume any real number. It is common in this case to replace x4
with the parameter ¢. The general solution can now be written as

S={Bt—2,t—=3,2t+1,1) |t € R}

and is called a one-parameter family of solutions. The reader can check that
x1=3t—2,xp=t—3,x3=2t+1, and x4 = ¢ is a solution for any ¢ by substi-
tuting these values in the original equations. A particular solution can be obtained
by letting ¢ be a specific value. For example, if + = 0, then a particular solution is
(—=2,-3,1,0).

In Example 3, the variable x4 can assume any real number, giving infinitely many
solutions for the linear system. In this case we call x4 a free variable. When a linear
system has infinitely many solutions, there can be more than one free variable. In this
case, the solution set is an r-parameter family of solutions where r is equal to the
number of free variables.

Solve the linear system.
X1 — Xp—2x3—2x4 —2x5= 3
3X1 - 2)C2 . 2X3 . 2)C4 = 2X5 =-—1
—3x1+2x+ x3+ x4— x5=-—1

After performing the operations E3 + E, — E; followed by E, — 3E; — Ej, we
have the equivalent system

xl—x2—2x3—2x4—ZX5= 3
Xp + 4x3 + 4x4 + 4x5 = — 10
— Xx3— X4 —3x5=— 2

The variables x4 and x5 are both free variables, so to write the solution, let x4 = s
and x5 = ¢. From the third equation, we have

xX3=2—x4—3x5=2—5—3t
Substitution into the second equation gives

Xy = —10 — 4x3 — 4x4 — 4x5
—10—4Q2 —s —3t) —4s — 4t
= —18+ 8¢
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Finally, substitution into the first equation gives

X1 =3+ x2 +2x3 + 2x4 + 2x5
=34+ (—1848)+2(2 -5 —3t) +2s + 2t
=—11+44t
The two-parameter solution set is therefore given by

S={(—11+4t,—18+8t,2 —s5 —3t,s,1) | 5,1t € R}

Particular solutions for s =t =0 and s =0,7 =1 are (—11,—18,2,0,0) and
(=7,—-10,—1,0, 1), respectively.

m Solve the linear system.

X1 — X4+ 2x3=5
2x1+ x2 =¥
X1 +8x;— x3=3
—X] —5)C2— 12X3 =4

Solution To convert the linear system to an equivalent triangular system, we will eliminate
the first terms in equations 2 through 4, and then the second terms in equations
3 and 4, and then finally the third term in the fourth equation. This is accomplished
by using the following operations.

ZXI-T- X+ 2x3i§ 2B+ Ey— E, x1—3x2-l- ‘2‘X3i_§
Mt8n— me3 TOtEE o Srr— =2
2= e Ei+E4— E4 il
—X1 — 5)62 = IZX3 =4 s 6)62 - 10)63 = 9
X1 — X2+ 2x3= 5
—-3E, + E; — E3 N 3x; — 4x3= -8
2E, + E4 — E4 9x3 = 22
—18x3= —7
X1 — X2+2x3= 5
3x2—4X3= -8
2E3+ E4 — E4 — 9x3= 22
0 = -37

The last equation of the final system is an impossibility, so the original linear system
is inconsistent and has no solution.

In the previous examples the algorithm for converting a linear system to triangular
form is based on using a leading variable in an equation to eliminate the same variable
in each equation below it. This process can always be used to convert any linear system
to triangular form.
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m Find the equation of the parabola that passes through the points (—1, 1), (2, —2),

and (3, 1). Find the vertex of the parabola.

Solution The general form of a parabola is given by y = ax? + bx + c. Conditions on a, b,
and ¢ are imposed by substituting the given points into this equation. This gives

l=a(-1D%+b(-1)+c= a— b+c
—2=a®)?* +bQ2) +c=4a+2b+c
1=aB)? +b(3) +c=9%+3b+c
From these conditions we obtain the linear system
a— b+c= 1
4da+2b+c=-2
9a+3b+c= 1

First, with a as the leading variable, we use row operations to eliminate a from
equations 2 and 3. In particular, we have

a— b+c= 1 a— b+ c= 1
4a+2b+c=—-2 :g?i?:? - 6b —3c=—6
9a+3b+c= 1 L R 3 12b — 8¢ = —8
Next, with b as the leading variable we, eliminate b from equation 3, so that
a— b+ c= 1 a— b+ c= 1
6b —3c=—-6 —2E, + E5 — Ej — 6b —3c=—6
12b — 8¢ = -8 —2c= 4
Now, using back substitution on the last system gives c = —2,b = —2, and a = 1.
Thus, the parabola we seek is
sﬂy y=x2—2x-2 y:x2_2x_2
Completing the square gives the parabola in standard form
(-1.Dy + .
5\(3'15)X y=(x—1)2—3
@2 with vertex (1, —3), as shown in Fig. 5.

Figure 5

Fact Summary

1. A m X n linear system has a unique solution, infinitely many solutions, or
no solutions.

2. Interchanging any two equations in a linear system does not alter the set of
solutions.

3. Multiplying any equation in a linear system by a nonzero constant does not
alter the set of solutions.
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4. Replacing an equation in a linear system with the sum of the equation and a
scalar multiple of another equation does not alter the set of solutions.

5. Every linear system can be reduced to an equivalent triangular linear
system.

Exercise Set 1.1 B

1. Consider the linear system Perform the operations —E| + E, — E; and
—2E| + E; — Ej3, and write the new equivalent
system. Solve the linear system.

In Exercises 5—18, solve the linear system using
the elimination method.

X1 — X2 — 2)C3 = 3
—Xx1+2x+3x3= 1
2x1 —2xp —2x3=-2

Perform the operations E; + E; — E, and
—2E| + E3 — E3, and write the new equivalent
system. Solve the linear system.

N
—N
|
NN
= =
_l’_
[O8)
<
Il
|
[\S)

2. Consider the linear system

2)61 —2)C2—)C3=—3
X1 —3x+x3=-2
X1—2)C2 = 2

Perform the operations E; <> E»,

—2E\+E, —> E,, —E\+ E; > E3, E; < Ej3,

and —4E, + E3 — Ej3, and write the new

equivalent system. Solve the linear system. 8.

3. Consider the linear system

3x —2y=4
X1 +3X4:2 9. i_gy_i‘
X1+ X3 +4x4=3 ER
2x1 +x3+8x4=3
y= 1
—x+ y:_%

Perform the operations —E| + E; — E»,

—2E\+E3; — E3, —E|+ E4 — E4, —E» +

E4 — E4, and —E;5 + E4 — E4, and write the

new equivalent system. Solve the linear system. 11.

—3x —2y+2z=-2
- x=3y+ z=-3

xX—=2y+ z=-2
4. Consider the linear system

X1 + X3 =-2
X1+ x2 +4x3 =-1 12.
2x1 +2x3 + x4 =—1

x+3y+ z= 2
—2x+2y—4z=-1
— y+3z= 1

X1+ X3+ x3+6x5=2 {3x—5
0. 73
3



13.
3x+2y+3z-—2

—x+ y+4dz=-1
14. 3x— y+2z= 2
2x =2y —8z= 2

3x1 +4x; + 3x3 = 0

15. 3x; —4xy + 3x3 =

16.

X1 —2xp—2x3— x4=-3

17. —2x14+ x4+ x3—2x4=-3

18 2x1 4+ 2x3 — x3 =1
: — X3 +3x4=2

In Exercises 19-22, solve for x, y, and z in terms of
a, b, and c.

19. {_2x+ y=a

=3x+2y=>b
2x+3y=a
. [z
3x+ y+3z=a
21. ¢ —x — z=>b
—x+2y =c

—3x+4+2y+ z=a
22. X— y— = b
x— y—2z=c
In Exercises 2328, give restrictions on a, b, and ¢
such that the linear system is consistent.

o P
R
R [
{0
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xX—2y+4z=a
27. ¢ 2x+ y— z=b
3x— y+3z=c
xX— y+2z=a
28. ¢ 2x+4y—-3z=b
4x4+2y+ z=c¢
In Exercises 29—32, determine the value of a that
makes the system inconsistent.

x4+ y=-2
29. {2x+ay= 3

2x— y=4
30. {ax+3y=2
x— y=2
31. {3x—3y:a

2x — y=a
32. {6x—3y=a

In Exercises 33—-36, find an equation in the form
y = ax® 4 bx + ¢ for the parabola that passes through
the three points. Find the vertex of the parabola.

33. (0,0.25), (1, —1.75), (—1, 4.25)
34. (0,2), (=3,-1),(0.5,0.75)

35. (—0.5,-3.25), (1,2),(2.3,2.91)
36. (0, —2875), (1, —5675), (3, 5525)
37. Find the point where the three lines

—x+y=1,—-6x+5y =3, and 12x + 5y =39
intersect. Sketch the lines.

38. Find the point where the four lines
2x4+y=0,x+y=—-1,3x+y =1, and
4x + y = 2 intersect. Sketch the lines.

39. Give an example of a 2 x 2 linear system that
a. Has a unique solution
b. Has infinitely many solutions
c. Is inconsistent

40. Verify that if ad — bc # 0, then the system of
equations
ax + by = xi
{ cx +dy=x;
has a unique solution.
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41. Consider the system

X1 —x24+3x3— x4=1
Xo— x3+2x4=2

. Describe the solution set where the variables x3

and x4 are free.

. Describe the solution set where the variables x;

and x4 are free.

Systems of Linear Equations and Matrices

43.

Determine the values of k such that the linear
system

{ 9% +ky= 9

kx+ y=-3

has
a. No solutions
b. Infinitely many solutions
¢. A unique solution

42. Consider the system 44. Determine the values of k such that the linear

system
Xp—xp+x3— x4+ x5= 1 kx+ y+ z=0
X2 — xg— xs=-1 x+ky+ z=0
X3 —2x4+3xs= 2 x+ y+kz=0
has

a. Describe the solution set where the variables x4 ) )
and xs are free. a. A unique solution

b. Describe the solution set where the variables x3 b. A one-parameter family of solutions

and xs are free. c. A two-parameter family of solutions

1.2 » Matrices and Elementary Row Operations

In Sec. 1.1 we saw that converting a linear system to an equivalent triangular system
provides an algorithm for solving the linear system. The algorithm can be streamlined
by introducing matrices to represent linear systems.

DEFINITION 1

Matrix An m x n matrix is an array of numbers with m rows and n columns.

For example, the array of numbers

2 3 -1 4
3 1 0 -2
-2 4 1 3

is a 3 x 4 matrix.

When solving a linear system by the elimination method, only the coefficients of
the variables and the constants on the right-hand side are needed to find the solution.
The variables are placeholders. Utilizing the structure of a matrix, we can record the
coefficients and the constants by using the columns as placeholders for the variables.
For example, the coefficients and constants of the linear system

_4x1 —+ 2)62 — 3_X4 = 11
2x1— xp—4x3+2x4=— 3
3)62 — X4 = 0

—2x1 + x4= 4
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can be recorded in matrix form as

-4 2 0 =3 11
2 -1 -4 2|3
0 3 0 -1 0

-2 0 0 1 4

This matrix is called the augmented matrix of the linear system. Notice that for an
m X n linear system the augmented matrix is m x (n 4+ 1). The augmented matrix
with the last column deleted

—4 2 0 -3
2 -1 -4 2
0 3 0 -1

-2 0 0 1

is called the coefficient matrix. Notice that we always use a 0 to record any missing
terms.

The method of elimination on a linear system is equivalent to performing similar
operations on the rows of the corresponding augmented matrix. The relationship is
illustrated below:

Linear system Corresponding augmented matrix

x+y— z= 1 1 1 -1 1
2x—y+ z=-1 2 -1 1] -1
—x—y+3z= 2 -1 -1 3 2

Using the operations —2E| + E; — E, | Using the operations —2R| + R; — R;
and E| + E; — E3, we obtain the equiv- | and R| + R; — Rj3, we obtain the equiv-

alent triangular system alent augmented matrix
x+ y— z= 1 1 1 -1 1
—3y+3z=-3 0 -3 3]-3
0o o0 2 3

2z= 3

The notation used to describe the operations on an augmented matrix is similar
to the notation we introduced for equations. In the example above,

2R+ Ry — R,

means replace row 2 with —2 times row I plus row 2. Analogous to the triangular
form of a linear system, a matrix is in triangular form provided that the first nonzero
entry for each row of the matrix is to the right of the first nonzero entry in the row
above it.

The next theorem is a restatement of Theorem 1 of Sec. 1.1, in terms of operations
on the rows of an augmented matrix.
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THEOREM 2 Any one of the following operations performed on the augmented matrix, corre-
sponding to a linear system, produces an augmented matrix corresponding to an
equivalent linear system.

1. Interchanging any two rows.
2. Multiplying any row by a nonzero constant.
3. Adding a multiple of one row to another.

Solving Linear Systems with Augmented Matrices

The operations in Theorem 2 are called row operations. An m x n matrix A is called
row equivalent to an m x n matrix B if B can be obtained from A by a sequence of
row operations.

The following steps summarize a process for solving a linear system.

Write the augmented matrix of the linear system.
Use row operations to reduce the augmented matrix to triangular form.
Interpret the final matrix as a linear system (which is equivalent to the original).

El ol

Use back substitution to write the solution.

Example 1 illustrates how we can carry out steps 3 and 4.

m Given the augmented matrix, find the solution of the corresponding linear system.

1 0 O0f1 1 0 0 0]5 1 2 1=l
a.| 0 1 0]2 b.{ 0 I -1 0]1 c. [ 0 3 —1 01
0 0 1|3 00 0 1|3 00 0 010

Solution a. Reading directly from the augmented matrix, we have x3 = 3, x, = 2, and
x1 = 1. So the system is consistent and has a unique solution.

b. In this case the solution to the linear system is x4 =3,x = 1 + x3,
and x; =5. So the variable x3 is free, and the general solution is
S={5,1+11:3)|te R}

c. The augmented matrix is equivalent to the linear system

X1 +2x+x3 —x4=1
3X2 — X3 =l
Using back substitution, we have
1

1 5
XQ=§(1+X3) and X1=1—2XZ—X3+X4=§—§)C3+)C4
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So the variables x3 and x4 are free, and the two-parameter solution set is given by

S = E 5s+tl+s t telR
“1\3 7 3 e

Write the augmented matrix and solve the linear system.
x— 6y—4z=-5
2x — 10y —9z=—4
— x+ 6y+5z= 3

To solve this system, we write the augmented matrix

1 —6 —4]|-=5
2 —-10 -9 | -4
-1 6 5| 3

where we have shaded the entries to eliminate. Using the procedure described above,
the augmented matrix is reduced to triangular form as follows:
1 -6 —4|-5 1 -6 —4| -5
2 —10 —9| -4 _221122:? — o 2 -1 6
-1 6 5| 3 i : 0 0 1|-2

The equivalent triangular linear system is
x —6y—4z=-5
2y— z= 6
z=-2

which has the solution x = —1,y =2, and z = —2.

Echelon Form of a Matrix

In Example 2, the final augmented matrix
1 -6 —4|-5
0 2 -1 6
0 o0 1|2

is in row echelon form. The general structure of a matrix in row echelon form is
shown in Fig. 1. The height of each step is one row, and the first nonzero term in a
row, denoted in Fig. 1 by *, is to the right of the first nonzero term in the previous
row. All the terms below the stairs are 0.
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Figure 1

Although, the height of each step in Fig. 1 is one row, a step may extend over
several columns. The leading nonzero term in each row is called a pivot element. The
matrix is in reduced row echelon form if, in addition, each pivot is a 1 and all other
entries in this column are 0. For example, the reduced row echelon form of the matrix

1 -6 -4 -5
0 2 -1 6
0 0 1 -2

is given by
1 0 0 -1
01 0 2
0 01 =2

Transforming a matrix in row echelon form to reduced row echelon form in effect
incorporates back substitution as row operations on the matrix. If we read from
the last matrix above, the solution to the corresponding linear system is, as before,
x=-1,y=2,and z = 2.

Here are three additional matrices that are in reduced row echelon form

1 0 0 —1 (1) (1) 8 (O) 1 =2 0 —1
01 0 2 00 1 0 0 0 1 - 2
0 0 1 4 00 0 1 0 0 0 0 0
and two that are not in reduced row echelon form
1 3 2 1 1 =2 1 0
01 -5 6 0 0 2 1
0 1 4 1 0 0 0 3

In general, for any m x n matrix in reduced row echelon form, the pivot entries
correspond to dependent variables, and the nonpivot entries correspond to independent
or free variables. We summarize the previous discussion on row echelon form in the
next definition.
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DEFINITION 2 Echelon Form An m X n matrix is in row echelon form if

1. Every row with all O entries is below every row with nonzero entries.

2. If rows 1,2,...,k are the rows with nonzero entries and if the leading
nonzero entry (pivot) in row i occurs in column c¢;, for 1,2,...,k, then
Cl <) <00 < Ck.

The matrix is in reduced row echelon form if, in addition,
3. The first nonzero entry of each row is a 1.
4. Each column that contains a pivot has all other entries 0.

The process of transforming a matrix to reduced row echelon form is called
Gauss-Jordan elimination.

m Solve the linear system by transforming the augmented matrix to reduced row

echelon form.
X1— xp—2x3+ x4q= 0

2x1 — X2 —3x3+2x4=-—6
—X1+2x+ x3+3x4= 2
X1+ x2— x3+2x= 1
Solution The augmented matrix of the linear system is

L =il =2 I 0
2 -1 —32RE=06
=1l 2 1 3 2
1 =il 2 1

To transform the matrix into reduced row echelon form, we first use the leading 1
in row 1 as a pivot to eliminate the terms in column 1 of rows 2, 3, and 4. To do
this, we use the three row operations

—2R1+ Ry, > R,

Ry + R3 — R3
—Ri+ R4 — Ry
in succession, transforming the matrix
1 -1 -2 1 0 1 -1 -2 1 0
2 -1 =3 2|-6 ’ 0 1 1 0] —6
—1 2 NN . 0 1 —1 4| 2
1 1 -1 2 1 0 2 1 1 1

For the second step we use the leftmost 1 in row 2 as the pivot and eliminate
the term in column 2 above the pivot, and the two terms below the pivot. The
required row operations are

Ry 4+ Ry — Ry
—R2 TP R3 — R3
—2Ry + Ry — Ry
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reducing the matrix

=il =2 | 0 1 0 -1 1]|—6
0 1 I 0| —6 - 0 1 I 0| —6
0 1 -1 4 00 -2 4 8
0o 2 I 1 1 00 -1 1] 13

Notice that each entry in row 3 is evenly divisible by 2. Therefore, a leading 1 in
row 3 is obtained using the operation —%R3 — Rj3, which results in the matrix

10— 1| -6
0 1 1 0| —6
0 0 1 -2 -4
0 0 -1 1] 13

Now, by using the leading 1 in row 3 as a pivot, the operations

R3 + Ry — Ry

—R3;+R)—> R

R3; + R4 — R4

row-reduce the matrix

1 0 -1 1|-6 1 0 0 —1|-10
0 1 1 0| —6 " 01 0 2 =2
00 1 —2|-4 ° 00 1 —2| —4
0 0 -1 1] 13 0 0 0 -1 9

Using the operation —R4 — R4, we change the signs of the entries in row 4 to
obtain the matrix

0 0 —1]|-10

1 0 2| -2

01 —-2| —4

0 0 0 1| -9

Finally, using the leading 1 in row 4 as the pivot, we eliminate the terms above it
in column 4. Specifically, the operations

S O =

Ry + Ry — R
—2R4+ R, > Ry
2Ry + R3 — R3

applied to the last matrix give

1 0 0 O0f-—-19
01 0 0 16
00 I O0f-=22
00 0 1| =9

which is in reduced row echelon form.
The solution can now be read directly from the reduced matrix, giving us

X1 = —19 Xy = 16 X3 = —22 and X4 = —9.
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m Solve the linear system.

Solution

Solution

3x1 — X4+ x34+2x4=-2
X1 +2x— x3+ xq= 1
— X1 —3x2+2x3 —4x4=—6

The linear system in matrix form is
3 -1 1 2| =2
1 2 -1 1 1
-1 -3 2 —4| -6

which can be reduced to
1 2 -1 1 1
0 1 -1 3 5

00 1 -2 -10

Notice that the system has infinitely many solutions, since from the last row we
see that the variable x4 is a free variable. We can reduce the matrix further, but the
solution can easily be found from the echelon form by back substitution, giving us

20
x3=—104+ —x4

3
20 11
X2 =5+x3—3x4 =5+ (—10+3X4> —3X4=—5+?X4

X1 =1—2)Q+)C3—X4=1—§X4

Letting x4 be the arbitrary parameter ¢, we see the general solution is

5t 11¢ 20¢
SE= l——, 54+ —,—-10+—,7 )|t eR
{(1-F s+ 50 ) |ser)

21

Example 5 gives an illustration of a reduced matrix for an inconsistent linear

system.

Solve the linear system.

x+ y+ z=4
3x— y— z=2
x+3y+3z=8

To solve this system, we reduce the augmented matrix to triangular form. The
following steps describe the process.

1 1 14 1 1 1] 4
3 SN __3?122::1152 — |0 —4 —a|-10
1 EPEEE: 187 3 0o 2 2 4
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Figure 2

Solution

1 1 1 4
R2 <> R3 — 0 2 2 4
0 —4 —4|-10
1 1 1 4
IRR>R — |0 1 1 2
0 —4 -—-4|-10 |
I 1 1 4
4R +R3; - Ry — | 0 1 1 2
0 0 0]-2 ]
The third row of the last matrix corresponds to the equation 0 = —2. As this

system has no solution, the system is inconsistent. This can also be seen from the
fact that the three planes do not have a common intersection, as shown in Fig.2.

In Example 5, each entry in the last row of the reduced coefficient matrix is 0,
but the constant term is nonzero and the linear system is inconsistent. The reduced
augmented matrix for a consistent linear system can have a row of zeros. However, in
this case the term in the last column of this row must also be zero. Example 6 gives
an illustration.

Determine when the augmented matrix represents a consistent linear system.

1 0 2|a
2 1 5|b
1 -1 1]|e¢

The operation —2R; + R, — R, followed by —R; + R3; — R3 and finally followed
by R, + R3 — Rj3 reduces the augmented matrix to

1 0 2 a
0 1 1 b—2a
0 0 O|b+c—3a

Hence, the corresponding linear system is consistent provided that b + ¢ — 3a = 0.
That is, the system is consistent for all a, b, and ¢ such that the point (a, b, c) lies
on the plane b + ¢ — 3a = 0. Notice also that when the system is consistent, the
third row will contain all zeros and the variable x3 is a free variable.

Shown in the following list is an outline that summarizes the process for trans-
forming a matrix to its equivalent reduced row echelon form.

1. If necessary, interchange rows so that the leading nonzero entry of row 1 is the
leftmost nonzero entry of the matrix. Then divide each entry of row 1 by the
leading entry.



THEOREM 3

Exercise Set 1.2

1.2 Matrices and Elementary Row Operations 23

. Eliminate all other nonzero terms in this leading column.
. Repeat the first two steps, starting with row 2. Note that the leading entry may

not be in column 2.

. Continue in this way, making sure that the leading entry of each row is a 1 with

zeros elsewhere in that column.

. The leading 1 in any row should be to the right of a leading 1 in the row above it.
. All rows of zeros are placed at the bottom of the matrix.

We have implicitly assumed in our discussion that every matrix is row equivalent

to exactly one matrix in reduced row echelon form. It is an important fact that we
will state here as a theorem without proof.

The reduced row echelon form of every matrix is unique.

Fact Summary

1. Altering an augmented matrix by interchanging two rows, or multiplying a

row by a nonzero constant, or replacing a row with the sum of the same
row and a scalar multiple of another row does not alter the set of solutions
of the corresponding linear system.

2. If an augmented matrix is row-reduced to triangular form, the coefficient

matrix has a row of zeros, and the corresponding augmented term is not
zero, then the linear system has no solutions.

3. Every matrix has a unique reduced row echelon form.
4. If the augmented matrix of an n X n linear system is row-reduced to

triangular form and the coefficient matrix has no rows of zeros, then the
linear system has a unique solution.

5. If the augmented matrix of an n x n linear system is row-reduced to

triangular form, the coefficient matrix has rows of zeros, and each
corresponding augmented term is 0, then the linear system has infinitely
many solutions.

In Exercises 1-8, write the linear system 2x —2y=1
as an augmented matrix. Do not solve the 2. 3x =1
system.
2x —z=4
L{_2x;3y:_§ 3. x+4y+z=2
. Y= dx+ y—z=1
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—3x+ y+ z=2
—4z=0
—4x +2y—-3z=1

2)61 —X3=4
X1 +4x+x3=2

[=))

dx1 —4xy +2x3=-2

{4x1+ xp—4x3= 1
2x1 +4xy +2x3 +2x4 = -2

. 4x1—2x2—3x3—2x4= 2
X1+ 3x+3x3 —3x4=—4

3x1 —3x3+4x4=-3
8. { —4x; +2x; —2x3 —4x4= 4
4xy — 3x3 +2x4 =-3

In Exercises 920, write the solution of the linear
system corresponding to the reduced augmented
matrix.

10. | O

—_
(=]
wIN O N

11. | 0

—_
|

S = N
[\

1|4
2. /0o 1 3|3
0]0

13.

o o
o o
O =
SN

14.

S O =
S O
S O W

15.

16.

17.

18.

19.

20.

o O

S = O oo -

S O =

1
0
0

O —

— o oo o

—_o o~ o 9O W

0

5 4

In Exercises 21-28, determine whether the matrices
are in reduced row echelon form.

21.

22,

24.

25.

26.

27.

1
0

1
0

0
1

2
0

O =

—_ o O

5]
')

N O

S = O
O = W

S~ O

—1
-2

W

-1

S D B
\S}

-1
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28. |0 1 1 5 6
000 1 1

In Exercises 2936, find the reduced row echelon
form of the matrix.

[ 2 3

[ -3 2
30._33]

T3 3 1]
31. 3 -1 0

-1 -1 2 |

o 2 17
32. |1 =3 =3

12 =3 ]

[ —4 1 4
33'_34—3]

[ —4 -2 -1

-2 2 -1 27
35. 0 3 3 -3

1 -4 2 2

[ 4 -3 —4 -2
3. | -4 2 1 -4

-1 =3 1 —4 ]

In Exercises 37—48, write the linear system as an

augmented matrix. Convert the augmented matrix to
reduced row echelon form, and find the solution of the

linear system.

3. { =l

4x +3y=2
=3x+ y=1
3x — 3y = 3
39. 4x — y—3z= 3
—2x =2y =-2

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.
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—4z=1
4x +3y—2z=0
+2z=2

x+2y+ z=1
2x 4+3y+2z=0
x+ y+ z=2

X1 +2x— x3=-2

—3)62—)63 2
X1 +x3=-2

—X1 +3x3+x4= 2
2x1+3x) —3x3+x4= 2
2)(1 — 2XQ — ZX3 — X4 = -2

—3x1— xp+3x3+3x4=-3
X1— X2+ x34+ xq= 3
—3x1+3x— x3+4+2x= 1

3x1 —3x2 +x3+3x4=-3
X1+ xp—x3—2x4= 3

g
|
|
|
|
|
|

4x1 — 2x2 + xa= 0
—3x1+2x —x3—2x4=2
X1 — X2 —3X4=3

4x1 —3xy+x3— xg4=1

The augmented matrix of a linear system has the
form

1 2 -1 a
2 3 -2 b
-1 -1 1 ¢

a. Determine the values of a, b, and ¢ for which
the linear system is consistent.

b. Determine the values of a, b, and ¢ for which
the linear system is inconsistent.

c. When it is consistent, does the linear system
have a unique solution or infinitely many
solutions?
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d. Give a specific consistent linear system and
find one particular solution.

50. The augmented matrix of a linear system has the

form

ax y 1
2x (a—1)y 1

a. Determine the values of a for which the linear
system is consistent.

b. When it is consistent, does the linear system
have a unique solution or infinitely many
solutions?

c. Give a specific consistent linear system and
find one particular solution.

1.3 » Matrix Algebra

Systems of Linear Equations and Matrices

51.

52.

The augmented matrix of a linear system has the
form
-2 3 1 a
1 1 -1 b
05 -1 ¢

a. Determine the values of a, b, and ¢ for which
the linear system is consistent.

b. Determine the values of a, b, and ¢ for which
the linear system is inconsistent.

c. When it is consistent, does the linear system
have a unique solution or infinitely many
solutions?

d. Give a specific consistent linear system and
find one particular solution.

Give examples to describe all 2 x 2 reduced row
echelon matrices.

Mathematics deals with abstractions that are based on natural concepts in concrete
settings. For example, we accept the use of numbers and all the algebraic properties
that go with them. Numbers can be added and multiplied, and they have properties
such as the distributive and associative properties. In some ways matrices can be
treated as numbers. For example, we can define addition and multiplication so that
algebra can be performed with matrices. This extends the application of matrices
beyond just a means for representing a linear system.

Let A be an m x n matrix. Then each entry of A can be uniquely specified by
using the row and column indices of its location, as shown in Fig. 1.

Row i —

For example, if

Column j
\
all DY a]] .. aln
ajy v Gijj o din | = A
am1 Amj Amn
Figure 1
-2 1 4
A= 5 7 11

2 3 22
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then
ayl = -2 app = 1 az = 4
ay = 5 a22=7 a23=11
asz) = 2 azy = 3 azy = 22

A vector is an n x 1 matrix. The entries of a vector are called its components.
For a given matrix A, it is convenient to refer to its row vectors and its column
vectors. For example, let

1 2 -1
A=13 0 1
4 —1 2
Then the column vectors of A are
1 2 —1
and 1

4 ~1

while the row vectors of A, written vertically, are

1 3 4
0 and —1
-1 1 2

Two m x n matrices A and B are equal if they have the same number of rows
and columns and their corresponding entries are equal. Thus, A = B if and only if
ajj =b;j, forl <i <mand1 < j < n. Addition and scalar multiplication of matrices
are also defined componentwise.

Addition and Scalar Multiplication If A and B are two m X n matrices,
then the sum of the matrices A + B is the m x n matrix with the ij term given by
ajj + bjj. The scalar product of the matrix A with the real number ¢, denoted by
cA, is the m x n matrix with the ij term given by ca;;.

Perform the operations on the matrices

2 0 1 =2 3 =I
A= 4 3 -1 and B = 3 5 6
-3 6 5 4 2 1
a. A+ B b. 2A - 3B
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Solution

THEOREM 4

a. We add the two matrices by adding their corresponding entries, so that

2 0 1 =2 3 =l
A+ B = 4 3 -1 |+ 3 5 6
-3 6 5 4 2 1

24(=2) 043 1+(=1)
= 443 345 —1+6
344 642 541

03 0
=785
1 8 6

b. To evaluate this expression, we first multiply each entry of the matrix A by 2
and each entry of the matrix B by —3. Then we add the resulting matrices.
This gives

2 0 1 =2 3 =]
2A+ (=3B) =2 4 3 —1 | +(=3) 35 6
-3 6 5 4 2 1|
[ 4 0o 2 6 -9 3]
= 8 6 —2|+| -9 —15 —18
| -6 12 10 -12 -6 -3 |
[ 10 —9 5
- -1 -9 =20
| —18 6 7

In Example 1(a) reversing the order of the addition of the matrices gives the
same result. That is, A + B = B + A. This is so because addition of real numbers
is commutative. This result holds in general, giving us that matrix addition is also a
commutative operation. Some other familiar properties that hold for real numbers also
hold for matrices and scalars. These properties are given in Theorem 4.

Properties of Matrix Addition and Scalar Multiplication Let A, B, and

C be m x n matrices and ¢ and d be real numbers.

A4+B=B+A

A+(B+C)=(A+B)+C

c(A+B)=cA+cB

(c+d)A=cA+dA

c(dA) = (cd)A

The m x n matrix with all zero entries, denoted by 0, is such that A 40 =

0+A=A.

7. For any matrix A, the matrix —A, whose components are the negative of each
component of A, is such that A + (—A) = (—A) + A = 0.

SN AW
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Proof In each case it is sufficient to show that the column vectors of the two
matrices agree. We will prove property 2 and leave the others as exercises.

(2) Since the matrices A, B, and C have the same size, the sums (A + B) + C
and A + (B + C) are defined and also have the same size. Let A;, B;, and C;
denote the ith column vector of A, B, and C, respectively. Then

ai b Cli
(A +B) +C = N +
i b Crmi
[ aii + by Cli (a1 +bu) +cui
= : + = :
| ami + bmi Cmi (@mi + bmi) + Cmi

Since the components are real numbers, where the associative property of addition
holds, we have

(a1; + b1;) +cy
(A; +B) +C; :

L @mi + bmi) + Cmi |
[ ai + (b1 +c1)
= : =A + B, +C)
L ami + Dpi + i) |

As this holds for every column vector, the matrices (A + B) + C and A+ (B + C)
are equal, and we have (A+B)+C=A+ (B+ ().

Matrix Multiplication

29

We have defined matrix addition and a scalar multiplication, and we observed that
these operations satisfy many of the analogous properties for real numbers. We have
not yet considered the product of two matrices. Matrix multiplication is more difficult

to define and is developed from the dot product of two vectors.

Dot Product of Vectors Given two vectors

uj V]

us v
u= and V=

Up Un

the dot product is defined by

n
u - v=uvy +uvy+---+uv, = E U;v;
i=1
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Observe that the dot product of two vectors is a scalar. For example,

2 -5
3 |. 1 | =@ 5+ 3)HD)+ (D) =—17
-1 4

Now to motivate the concept and need for matrix multiplication we first introduce
the operation of multiplying a vector by a matrix. As an illustration let

=[41] w [l]

The product of B and v, denoted by By, is a vector, in this case with two components.
The first component of Bv is the dot product of the first row vector of B with v,
while the second component is the dot product of the second row vector of B with v,

so that
s 1AL OO+EDE) ][ -2
-2 1 3 | () +MB) | 1

. . . . 1
Using this operation, the matrix B transforms the vector v = [ } to the vector

3
-2 -1 2 1. .
Bv = 1L If A= 0o 1| another matrix, then the product of A and Bv
is given by

som=| 75 3] [ ]= 1)

The question then arises, is there a single matrix which can be used to transform

3 1

v | ¥ A= | @1 an and B— b1 b
y a1 ap by bxn

The product of B and v is

the original vector [ ! ] to [ 4 ]? To answer this question, let

biix + boy
Bv =
v { byx + bpy

Now, the product of A and Bv is

A(Bv) = | @ a2 ] {

by1x + by

biix + bpy
a ap

_ | anux +biay) + ana(baix + bxny)
a1 (b11x + b12y) + axn(byix + byny)

[ (anbi + anby)x + (anbiz + anbyn)y ]
(a21b11 + axnbr)x + (az1bia + anbn)y

_ [ anbii +annby  anbin +anbn X
ax1biy +axnby1  anbiy 4+ axnby y
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Thus, we see that A(BvV) is the product of the matrix

aiibii +apby  anbi +apnbn
ax1by1 +axnby  abiy + axnbxn

and the vector [ ;i ] We refer to this matrix as the product of A and B, denoted by

AB, so that
A(BvV) = (AB)v
See Fig. 2.

Figure 2

Notice that the product matrix AB is obtained by computing the dot product of
each row vector of the matrix A, on the left, with each column vector of the matrix
B, on the right. Using the matrices A and B given above, we have

-1 2 1 -1
AB = [ 0 1 ] [ -2 1 ]
_ { DM+ D2 DD+ @M ] _ { -5 3 }
O)(D) + (1)(—2) 0)(=1) + (DH(D) =2 1

This matrix transforms the vector [ ; ] to [ ? ] in one step. That is,

am=[ 3] [4]-[1]

which was our original aim. The notion of matrices as transformations is taken up
again in Chap. 4 where we consider more general transformations of vectors.
For another illustration of the matrix product let

1 3 0 -2 5
A= 2 1 -3 and B = —1 4 -2
—4 6 2 1 0 3

The entries across the first row of the product matrix AB are obtained from the dot
product of the first row vector of A with the first, second, and third column vectors of
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B, respectively. The terms in the second row of AB are the dot products of the second
row vector of A with the first, second, and third column vectors of B, respectively.
Finally, the terms in the third row of AB are the dot products of the third row vector
of A again with the first, second, and third column vectors of B, respectively. Thus,
the product matrix AB is

[ (DHBG)+FB)(=D+0)(1) —2+1240 5—-6+0
AB = 6—-1—-3 —4+4+4+0 10-2-9
i —12-6+42 8+24+0 —20—12+6
0 10 -1
= 2 0 -1
| —16 32 -26

In the previous example, the product AB exists since the matrices A and B have
the same number of rows and the same number of columns. This condition can be
relaxed somewhat. In general, the product of two matrices A and B exists if the
number of columns of A is equal to the number of rows of B.

DEFINITION 3 Matrix Multiplication Let A be an m x n matrix and B an n X p matrix; then
the product AB is an m x p matrix. The ij term of AB is the dot product of the
ith row vector of A with the jth column vector of B, so that

n
(AB)ij = ai1bij + aipbyj + - - + ainbyj = Zaikbkj
k=1

It is important to recognize that not all properties of real numbers carry over to
properties of matrices. Because matrix multiplication is only defined when the number
of columns of the matrix on the left equals the number of rows of the matrix on the
right, it is possible for AB to exist with BA being undefined. For example,

3 =2 57
TN
1 0 3]
is defined, but
3 =2 5 .
T
1 0 3 .

is not. As a result, we cannot interchange the order when multiplying two matrices
unless we know beforehand that the matrices commute. We say two matrices A and
B commute when AB = BA.

Example 2 illustrates that even when AB and BA are both defined, they might
not be equal.
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m Verify that the matrices

1 0 0 1
A:{_1 2] and Bz[ll]

do not satisfy the commutative property for multiplication.

Solution The products are

and

so that AB # BA.

In Example 3 we describe all matrices that commute with a particular matrix.

m Find all 2 x 2 matrices that commute with the matrix

1 0]
A__l 1|

Solution We start by letting B denote an arbitrary 2 x 2 matrix
2 5

)= cd_

Then the product of matrix A on the left with matrix B on the right is given by
1 0 a b a b
AB_[ll][c d]_[a—l—c b+d}

On the other hand,
1 0| |a+b b
1 1| | c+td d

a=a+b at+c=c+d and b+d=d

a
@

U

Ba= |

Setting AB = BA, we obtain

so that b = 0 and a = d. Let S be the set of all 2 x 2 matrices defined by

s={[2 *]| meen)

Then each matrix in S commutes with the matrix A.
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m Perform the operations on the matrices

-3 1
A= 2 2
-1 5
a. A(B+C)

Solution

=Il

B=1ISC

~1 3 32 =2
=3 1 i C={1 6 —2
b. AB+ AC

We first notice that the matrix A is 3 x 2 and both B and C are 2 x 4, so AB and

AC are defined. Also since the matrices B and C have the same number of rows
and columns, the matrix B + C is defined, so the expressions in parts (a) and (b)

are defined.

a. We first add the matrices B and C inside the parentheses and then multiply
on the left by the matrix A. This gives us

A(B+C)
R
1 =il 3 3 2 =2 |
=1 22 /(] |+ ),
= 5 2 5 =3 i 1 6 -2
P
- | 2 2 (S
| -1 5 | N
[ —3Q2)+13) —=3@)+1(11) =3(=3)+1(=5) =34 +1(5)
= 2)+23)  23)+2(11)  2(=3)+2(=5) 24 +205)
| 1) +53) —-13)+5(11) —1(=3)+5(=5 —1(4)+5(5)
[ —3 2 4 -7
=| 10 28 —16 18
13 52 —-22 21

b. In this case we compute AB and AC separately and then add the two resulting

matrices. We have

AB+ AC =

_gé {—11—13]

15 2 5 =3 1
N _3; {32—21}

o - 1 6 -2 4

5 2 0 -8 -8 0 4 1
2 12 -8 8 |+ 8 16 —8 10
|11 24 -14 2 2 28 -8 19
[=3 2 a =7

10 28 —16 18
| 13 52 —22 21
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Notice that in Example 4 the matrix equation
A(B+C)=AB + AC

holds. This and other familiar properties involving multiplication and addition of real
numbers hold for matrices. They are listed in Theorem 5.

Properties of Matrix Multiplication Let A, B, and C be matrices with sizes
so that the given expressions are all defined, and let ¢ be a real number.

1. A(BC) = (AB)C

2. ¢(AB) = (cA)B = A(cB)
3. ABB+C)=AB+ AC
4. (B+C)A=BA+CA

We have already seen that unlike with real numbers, matrix multiplication does
not commute. There are other properties of the real numbers that do not hold for
matrices. Recall that if x and y are real numbers such that xy = 0, then either x = 0
or y = 0. This property does not hold for matrices. For example, let

1 1 -1 -1
A:{1 1} and B:{ 1 1]

Then

Transpose of a Matrix

The transpose of a matrix is obtained by interchanging the rows and columns of a
matrix.

Transpose If A is an m x n matrix, the transpose of A, denoted by A’, is the
n X m matrix with ij term
(ADij = aji
where 1l <i<nand1<j <m.
For example, the transpose of the matrix

1 2 =3 1 0 -1
A= 0 1 4 is Al = 21 2
-1 2 1 -3 4 1

Notice that the row vectors of A become the column vectors of A’. Theorem 6
gives some properties of the transpose.
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Solution

Suppose A and B are m x n matrices, C is an n X p matrix, and c is a scalar.

1. (A+B)! =A"+B'

2. (AC) =C'A!

3. (A=A

4. (cA)Y =cA’
Proof (2) We start by showing that the products involved are all defined. Since
AC is m x p, then (AC)" is p x m. As C" is p x n and A’ is n x m, then C' A’
is also p x m. So the sizes of the products agree. Now to show that the products
are equal, we apply the definitions of multiplication and transpose to obtain

(C'A")i; = (CHi(A)y;

k=1
n n

= cuaj =Y _ajci = (AC)j;
k=1 k=1

= ((AC)");j

The proofs of parts 1, 3, and 4 are left as exercises.
Symmetric Matrix An n x n matrix is symmetric provided that A" = A.

Find all 2 x 2 matrices that are symmetric.

a b
ol
Then A is symmetric if and only if
|la b | _|a c|
=l a]=ls a]-
which holds if and only if b = ¢. So a 2 x 2 matrix is symmetric if and only if the
matrix has the form
a b
b d

Let

Fact Summary

Let A, B, and C be matrices.

1. The definitions of matrix addition and scalar multiplication satisfy many of
the properties enjoyed by real numbers. This allows algebra to be carried
out with matrices.
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2. When AB is defined, the ij entry of the product matrix is the dot product
of the ith row vector of A with the jth column vector of B.

3. Matrix multiplication does not in general commute. Even when AB and
BA are both defined, it is possible for AB # BA.

4. The distributive properties hold. That is, A(B + C) = AB + AC and
(B+C)A=BA+CA.
5. (A+B) = A"+ B!, (AB)! = B'A’, (A")! = A, (cA)! = cA’

6. The matrix A = [ Ccl

Exercise Set 1.3

In Exercises 1—-4, use the matrices

=i 7]

=[5 2]
1. Find A 4 B and B + A.
2. Find 3A — 2B.
3. Find (A+B)+ C and A+ (B + ().
4. Find 3(A + B) —5C.

In Exercises 5 and 6, use the matrices

[ -3 -3 3
A=] 1 0 2
0 -2 3
[ -1 3 3
B=| -2 5 2
12 4
-5 3 9
C=|-3 10 6
2 2 11

5. Find (A — B) + C and 2A + B.

6. Show that A +2B — C = 0.
In Exercises 7 and 8, use the matrices

R

d

} is symmetric if and only if b = c.

7. Find AB and BA.
8. Show that 3(AB) = A(3B).

In Exercises 9 and 10, use the matrices

=52 7]

-3 =2 0
3 —1
B=|2 -2
3 0
9. Find AB.
10. Find BA.
11. Let
-1 1 1
A= 3 -3 3
—1 2 1
and _
-2 3 -3
B = 0 -1 2
| 3 -2 -1 ]
Find AB.
12. Let _ -
-2 =2 -1
A= =3 2 1
1 =1 =1 ]
and _ _
1 -1 =2
B=| -2 =2 3
| 3 I =3 ]

Find AB.
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In Exercises 13—16, use the matrices

(7] (3
=[]

13. Find A(B + C).
14. Find (A + B)C.
15. Find 2A(B — 30).

16. Find (A +2B)(3C).
In Exercises 17—24, use the matrices

2 0 -1
A=[1 0 —2}

Y
NEE
Whenever possible, perform the operations. If a
computation cannot be made, explain why.
17. 2A" — B!
18. B' —2A
19. AB'
20. BA'
21. (A" + B")C
22. C(A"+ BY)
23. (A'C)B
24. (A'B"HC
25. Let

e[ 7 1]

Show that AB = AC and yet B # C.

26. Let
0 2
=10 %]

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Find a 2 x 2 matrix B that is not the zero matrix,
such that AB is the zero matrix.

Find all 2 x 2 matrices of the form

=[50

such that Lo

A= AA = [ 01 }
Let A = [ ? } } Find all matrices of the form
M= [ 2 ] such that AM = M A.

Find matrices A and B such that AB = 0 but
BA #£0.

Show there are no 2 x 2 matrices A and B such

that
1 0
AB—BA:{0 1}

Determine all values of a and b such that
1 2 3 b| | -5 6
a 0 -4 1 | 12 16

If A and B are 2 x 2 matrices, show that the sum
of the terms on the diagonal of AB — BA is 0.

Let

1 0
A= 0 -1
0 0

—_ o O

Find the matrix A20.

If A and B are n x n matrices, when does
(A+ B)(A— B) = A> — B¥?

If the matrices A and B commute, show that
A’B = BA%.

Suppose A, B, and C are n x n matrices and B
and C both commute with A.

a. Show that BC and A commute.

b. Give specific matrices to show that BC and
CB do not have to be equal.



37.

38.

39.
40.

41.

Suppose that A is an n x n matrix. Show that if
for each vector x in R”, Ax = 0, then A is the
zero matrix.

For each positive integer n, let
1—n —n
An = [ n l+n }
Show that A, A, = Apim-
Find all 2 x 2 matrices that satisfy AA" = 0.

Suppose that A and B are symmetric matrices.
Show that if AB = BA, then AB is symmetric.

If A is an m x n matrix, show that AA’ and A’A
are both defined and are both symmetric.

42.

43.

44.
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An n x n matrix A is called idempotent provided
that A2 = AA = A. Suppose that A and B are

n x n idempotent matrices. Show that if

AB = BA, then the matrix AB is idempotent.

An n x n matrix A is skew-symmetric provided
A" = —A. Show that if a matrix is
skew-symmetric, then the diagonal entries are 0.

The trace of an n x n matrix A is the sum of the
diagonal terms, denoted tr(A).

a. If A and B are n x n matrices, show that
tr(A + B) = tr(A) + tr(B).

b. If A is an n x n matrix and c is a scalar, show

that tr(cA) = ctr(A).

1.4

The Inverse of a Square Matrix

In the real number system, the number 1 is the multiplicative identity. That is, for any
real number a,
a-l1=1-a=a

We also know that for every number x with x # 0, there exists the number %, also
written x !, such that
x-—=1
X
We seek a similar relationship for square matrices. For an n x n matrix A, we can
check that the n x n matrix

100 0
010 0
;|0 01 0
00 0 1

is the multiplicative identity. That is, if A is any n x n matrix, then
Al =TA=A

This special matrix is called the identity matrix. For example, the 2 x 2,3 x 3, and
4 x 4 identity matrices are, respectively,

o 1]

1 0 0
01 0 and
0 0 1

SO o =
S o= O
S = O O
-0 O O
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DEFINITION 1 Inverse of a Square Matrix Let A be an n x n matrix. If there exists an n x n
matrix B such that
AB=1=BA

then the matrix B is a (multiplicative) inverse of the matrix A.

m Find an inverse of the matrix !

=1 2]

X1 X2
X3 X4

1 1 X1 x| | x1+ x3 x2+ x4 | |1 0
1 2 X3 Xa4 | | x14+2x3 xo+2x4 | | 0 1

This matrix equation is equivalent to the linear system

Solution 1In order for a 2 x 2 matrix B = [ } to be an inverse of A, matrix B must

satisfy

T A Xy =1
X2 + x4=0
X1 +2x3 =0
X2 +2x4 =1
The augmented matrix and the reduced row echelon form are given by
1 01 0]1 1 000 2
01 0 10 N 01 0 0 —1
1 0 2 00 001 0—-1
01 0 2|1 0 0 0 1 1
Thus, the solution is x; =2, x; = —1,x3 = —1, x4 = 1, and an inverse matrix is

The reader should verify that AB = BA = 1.

Theorem 7 establishes the uniqueness, when it exists, of the multiplicative inverse.

THEOREM 7 The inverse of a matrix, if it exists, is unique.

Proof Assume that the square matrix A has an inverse and that B and C are
both inverse matrices of A. Thatis, AB = BA =1 and AC = CA = I. We show
that B = C. Indeed,

B =Bl =B(AC)=(BA)C=(I)C=C
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We refer to the unique inverse as the inverse of A and denote it by A~!. When
the inverse of a matrix A exists, we call A invertible. Otherwise, the matrix A is
called noninvertible.

The inverse of the matrix A = Z } exists if and only if ad — bc # 0. In this

case the inverse is the matrix

Al = 1 d —-b
ad —bc | —c¢ a
Proof First, assume that ad — bc # 0, and let
=[]
X3 X4
We need to find x;, xp, x3, and x4 such that

-]} ]

0 1

Taking the product of the two matrices yields

axy+bxy axy+bxy | | 1 0
cx1+dxy cxo+dxg | | 0 1

which results in the linear system

ax) + bxs =1
axp +bxs=0
cx| + dx;3 =0
cxo +dxs=1
The augmented matrix of this linear system is given by
a 0 b 0]1
0 a 0 b|O
c 0 4 010
0 ¢ 0 d|1
which reduces to
100 0 4
010 0~ adibc
0 0 1 0] -5
0 0 0 1 adhe
Since ad — bc # 0, the inverse of the matrix A is
d b
Al = ad—bc ~ ad—bc | — 1 d —b
_adibc ada—bc ad — bc - a

To prove the reverse claim, we use the contrapositive. That is, if ad — bc = 0,
then the inverse does not exist. An outline of the proof is given in Exercise 41.
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To illustrate the use of the formula, let

e-[374]

o[ 2 ]=]

For an example which underscores the necessity of the condition that ad — bc # 0,
we consider the matrix
A— 11
11

Observe that in this case ad — bc =1 — 1 = 0. Now, the matrix A is invertible if

o such that
X3 X4

IR

This matrix equation yields the inconsistent system

then

LN
QO a—

there isa B =

X1 +x3 =1
X2 +x4=0
X1 “+ X3 =0
X2 +x4=1

Hence, A is not invertible.
To find the inverse of larger square matrices, we extend the method of aug-
mented matrices. Let A be an n x n matrix. Let B be another n x n matrix, and let

B, B,, ..., B, denote the n column vectors of B. Since AB|, AB,, ..., AB, are the
column vectors of AB, in order for B to be the inverse of A, we must have

1 0 0

0 1 0

AB, = | . AB, = | . AB, =

0 0 1
That is, the matrix equations

1 0 0

0 1 0

AXx = . AX = . . AX =
0 0 1

must all have unique solutions. But all n linear systems can be solved simultaneously
by row-reducing the n x 2n augmented matrix

ayy dipp ... dip 1 0 ... O
a)y dzy ... dyp 0 1 0
anl  ap2 ap |00 1
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On the left is the matrix A, and on the right is the matrix /. Then A will have an
inverse if and only if it is row equivalent to the identity matrix. In this case, each
of the linear systems can be solved. If the matrix A does not have an inverse, then
the row-reduced matrix on the left will have a row of zeros, indicating at least one of
the linear systems does not have a solution.

Example 2 illustrates the procedure.

Find the inverse of the matrix

-2
A= | = 2 0
0 —1 1

To find the inverse of this matrix, place the identity on the right to form the 3 x 6

matrix
1 1 -2|1 0 O

-1 2 0/0 1 0
0 —1 110 0 1
Now use row operations to reduce the matrix on the left to the identity, while
applying the same operations to the matrix on the right. The final result is

1 0 0,2 1 4
01 011 1 2
00 11 1 3
so the inverse matrix is
2 1 4
AT'=]11 2
1 1 3
1

Use the method of Example 2 to determine whether the matrix

I -1 2
A=1]3 =3 1
3 =311

is invertible.

Following the procedure described above, we start with the matrix

1 -1 2|1 0 O
3 =3 1(0 1 0
3 -3 1(0 0 1
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After the two row operations —3R; + R, — R, followed by —3R; + R3 — Rj3,
this matrix is reduced to

=l 2 1 00
0 0 -5/-3 10
0 0 -5(-3 0 1

The 3 x 3 matrix of coefficients on the left cannot be reduced to the identity matrix,
and therefore, the original matrix does not have an inverse. Also notice that a
solution does exist to

1
Ax=| 0
0
while solutions to
0 0
Ax = | 1 and Ax= | 0
0 1

do not exist.

The matrix A of Example 3 has two equal rows and cannot be row-reduced to the
identity matrix. This is true for any n x n matrix with two equal rows and provides
an alternative method for concluding that such a matrix is not invertible.

Theorem 9 gives a formula for the inverse of the product of invertible
matrices.

THEOREM 9 Let A and B be n x n invertible matrices. Then AB is invertible and

(AB)"' =B 1A7!
Proof Using the properties of matrix multiplication, we have
(ABYBT'A™H)Y = ABBB ™ HA ' = AIA ' = AA" =1

and

B'A™H(AB) =B " (AT'A)B=B'IB=BB ' =1
Since, when it exists, the inverse matrix is unique, we have shown that the inverse
of AB is the matrix B~'A~!.
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m Suppose that B is an invertible matrix and A is any matrix with AB = BA. Show

that A and B~! commute.

Solution Since AB = BA, we can multiply both sides on the right by B~! to obtain
(AB)B~! = (BA)B™!

By the associative property of matrix multiplication this last equation can be writ-
ten as
A(BB™") = BAB™!
and since BB~! = I, we have
A= BAB™!

Next we multiply on the left by B~ to obtain
B'A=B"'BAB™' so B 'A=AB"'

as required.

Fact Summary

Let A and B denote matrices.

1. The inverse of a matrix, when it exists, is unique.

a b _q i d —b
2.IfA=[c d}andad—bc;ﬁO,thenA =ad_bc[_c a
3. A matrix A is invertible if and only if it is row equivalent to the identity

matrix.

4. If A and B are invertible n x n matrices, then AB is invertible and
(AB)~! = B~1A1.

Exercise Set 1.4 _—

In Exercises 1-16, a matrix A is given. Find A~! or 3 [ -2 4
indicate that it does not exist. When A~! exists, check 1 2 -4 }
your answer by showing that AA~! = 1. |1
1 [ 1 -2 ] 12 2 }
13 -1 -
0 1 -1
2 { -3 1 ] 503 1 1
) I 2 12 —1
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-3

0

—1
-2

-3
-3
-2

2

N O OO

W o oo

N O OO

—_—0 O =

17.

18.

19.

20.

21.

22.

23.

|
S}

I
W
(98]
o

2 0 -2
2 0o -1 -
-2 0 1 1
Let

2 1 1 2
A=[3 _4} Bz[_l 3}
Verify that AB + A can be factored as A(B + 1)
and AB + B can be factored as (A + I)B.

If A is an n x n matrix, write A2+ 2A + [ in

factored form.
1 2
A= { B ]

a. Show that A2 — 24 + 51 = 0.

Let

b. Show that A=! = 121 — A).

c. Show in general that for any square matrix A
satisfying A2 —2A + 51 = 0, the inverse is
A7l =1@2I - A).

Determine those values of . for which the matrix

I
3 2
|

—_ o O

is not invertible.

Determine those values of A for which the matrix
1 » 0
1 3 1
2 1 1

is not invertible.

Determine those values of A for which the matrix

2 a1
3 2
1 2

is not invertible.

Let

=
Il
O = =
S = >
—_—— O



a. Determine those values of \ for which A is
invertible.

b. For those values found in part (a) find the
inverse of A.

24. Determine those values of \ for which the matrix

ro—1 0
—1 ro—1
0 -1 PN

is invertible.

25. Find 2 x 2 matrices A and B that are not
invertible but A + B is invertible.

26. Find 2 x 2 matrices A and B that are invertible
but A + B is not invertible.

27. If A and B are n x n matrices and A is invertible,
show that

(A+B)A™"(A—B)=(A—B)A""(A+ B)

28. If B= PAP !, express B2, B3, ..., BX, where k
is any positive integer, in terms of A, P, and
Pl

29. Let A and B be n x n matrices.

a. Show that if A is invertible and AB = 0, then
B =0.
b. If A is not invertible, show there is an n x n

matrix B that is not the zero matrix and such
that AB = 0.

30. Show that if A is symmetric and invertible, then
A~ is symmetric.

In Exercises 31—-34, the matrices A and B are
invertible symmetric matrices and AB = BA.

31. Show that AB is symmetric.

32. Show that A~!B is symmetric.
33. Show that AB~! is symmetric.
34. Show that A~!'B~! is symmetric.

35. A matrix A is orthogonal provided that
A" = A~!. Show that the product of two
orthogonal matrices is orthogonal.
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36. Show the matrix

A cos6 —sinb
~ | sin®  cosH

is orthogonal. (See Exercise 35.)

37. a. If A, B, and C are n x n invertible matrices,
show that

(ABC) '=c'p71A™!

b. Use mathematical induction to show that for all
positive integers k, if Ay, Ay, ..., Ay are n X n
invertible matrices, then

(A1Ay--- A P = At A - AT

38. An n x n matrix A is diagonal provided that
a;; = 0 whenever i # j. Show that if a,, # 0 for
all n, then A is invertible and the inverse is

ﬁ 0 0 . 0
Lo . 0
ann

0 0 a1173n71 0
0 0 0 L

39. Let A be an n x n invertible matrix. Show that if
A is in upper (lower) triangular form, then A~! is
also in upper (lower) triangular form.

40. Suppose B is row equivalent to the n x n
invertible matrix A. Show that B is invertible.

41. Show that if ad — bc = 0, then A = [ i 2 ] is

not invertible.
a. Expand the matrix equation

B

b. Show the 2 x 2 linear system in the variables
x1 and x3 that is generated in part (a) yields
d = 0. Similarly, show the system in the
variables x; and x4 yields b = 0.

c. Use the results of part (b) to conclude that
ad —bc =0.
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1.5 » Matrix Equations

In this section we show how matrix multiplication can be used to write a linear
system in terms of matrices and vectors. We can then write a linear system as a single
equation, using a matrix and two vectors, which generalizes the linear equation ax = b
for real numbers. As we will see, in some cases the linear system can then be solved
using algebraic operations similar to the operations used to solve equations involving
real numbers.

To illustrate the process, consider the linear system

x— 6y—4z=-5
2x =10y —9z=—-4
—x+ 6y+5z= 3

The matrix of coefficients is given by

1 -6 -4
A= 2 —10 -9
-1 6 5
Now let x and b be the vectors
X -5
X=1|Yy and b=| —4
Z 3

Then the original linear system can be rewritten as
Ax=Db

We refer to this equation as the matrix form of the linear system and x as the vector
form of the solution.

In certain cases we can find the solution of a linear system in matrix form directly
by matrix multiplication. In particular, if A is invertible, we can multiply both sides
of the previous equation on the left by A~!, so that

A7'Ax) = A"
Since matrix multiplication is associative, we have
(A'A)x=A""Db

therefore,
x=A"'b

For the example above, the inverse of the matrix

1 -6 —4 2 3 7

: -1 11 1

A= 2 —-10 -9 18 AT = -3 3 3
—1 6 5 1 0 1
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Therefore, the solution to the linear system in vector form is given by

2 3 7 -5 —1
Al 1 1 1 —
1 0 1 3 -2

That is,
x=-1 y=2 and z=-2

We have just seen that if the matrix A has an inverse, then the equation Ax = b
has a unique solution. This fact is recorded in Theorem 10.

If the n x n matrix A is invertible, then for every vector b, with n components,
the linear system Ax = b has the unique solution x = A~'b.

Write the linear system in matrix form and solve.
2x+ y=1
—4x +3y=2
The matrix form of the linear system is given by
2 1 x| _ |1
—4 3 y | |2
Notice that since 2(3) — (1)(—4) = 10 # 0, the coefficient matrix is invertible. By
Theorem 8, of Sec. 1.4, the inverse is

1 [3 =1
04 2

Now, by Theorem 10, the solution to the linear system is
|3 -1 | T e O
XTW0 |4 2||2|T0| 8|7

and y

sh=

Slee

so that

Slee

=
[
sl=

Homogeneous Linear System A homogeneous linear system is a system of
the form Ax = 0.

The vector x = 0 is always a solution to the homogeneous system Ax = 0, and
is called the trivial solution.
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Solution

Solution

Let

1 2 1 X1
A=|1 3 0 and X=| X
1 1 2 X3
Find all vectors x such that Ax = 0.

First observe that x = 0 is one solution. To find the general solution, we row-reduce
the augmented matrix

1 2 1|0 1 2 1|0
1 3 0(0 to 01 —-1]0
1 1 210 0 0 00
From the reduced matrix we see that x3 is free with x; = x3, and x| = —2x; — x3 =
—3x3. The solution set in vector form is given by
—3¢
S = t [|telR

t

Notice that the trivial solution is also included in S as a particular solution with
t=0.

Observe that in Example 2, the coefficient matrix is not row equivalent to /, and
hence A is not invertible.

If a homogeneous linear system Ax = 0 is such that A is invertible, then by
Theorem 10, the only solution is x = 0. In Sec. 1.6 we will show that the converse
is also true.

Show that if x and y are distinct solutions to the homogeneous system Ax = 0,
then x + ¢y is a solution for every real number c.

Using the algebraic properties of matrices, we have that

AX +cy) = A(x) + A(cy)
= AX + cAy
=0+c0
=0

Hence, x 4 cy is a solution to the homogeneous system.

The result of Example 3 shows that if the homogeneous equation Ax = 0 has
two distinct solutions, then it has infinitely many solutions. That is, the homogeneous
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equation Ax = 0 either has one solution (the trivial solution) or has infinitely many
solutions. The same result holds for the nonhomogeneous equation Ax = b, with
b # 0. To see this, let u and v be distinct solutions to Ax = b and ¢ a real number.
Then

AVv+c(u—v)) = Av+ A(c(u —v))
= Av+ cAu — cAv
=b+cb—cb=b

These observations are summarized in Theorem 11.

THEOREM 11 If A is an m x n matrix, then the linear system Ax = b has no solutions, one
solution, or infinitely many solutions.

Fact Summary

Let A be an m x n matrix.

1. If A is invertible, then for every n x 1 vector b the matrix equation Ax = b
has a unique solution given by x = A~ 'b.

2. If A is invertible, then the only solution to the homogeneous equation
Ax = 0 is the trivial solution x = 0.

3. If u and v are solutions to Ax = 0, then the vector u + c¢v is another
solution for every scalar c.

4. The linear system Ax = b has a unique solution, infinitely many solutions,
or no solution.

Exercise Set 1.5 ——

In Exercises 1-6, find a matrix A and vectors x and b 3y—2z= 2
such that the linear system can be written as Ax = b. 4. { —x +47=-3
1 2x +3y=-1 —x —=3z= 4
Tl —x+2y= 4
4x1 4+ 3xy —2x3 — 3x4=—1
) —4x — y=3 5. —3x1—3x+ x3 = 4
: —2x —5y=2 2x1 —3xp +4x3 —4x4= 3
2x —3y+ z=-1 3+ x3 —2x4=-—4
3. —X — y+2z:—1 6. 4xy —2x3—4x4= 0

3x —2y—2z= 3 X1+ 3x —2x3 = 3
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In Exercises 7—12, given the matrix A and vectors x

and b, write the equation Ax = b as a linear system. 14. 4 3 _4
_ ~1
7. A= I 2 1 :| X = l: y :| b= |: 2 :| 1 2 4
- 2
8. A=| 2 4 lx=|"|b=| ! b=| 2
0 3 y 1
- -2
0 -2 0
9. A=1]2 -1 -1 15.
3 -1 2 -3 =2 0 3
y -1 2 =2 3
3 -1
x A o 1 2 3
x= |y b= 1 -1 0 3 1
Z —1
4 -5 5 2
10 A=| 4 -1 1 b= | 3
4 35 2
3
X -3
z 1 ) 30 =2 -2
2 0 1 -1
125 =5 3 Al =
11.A_{3 1 o _4} -3 -1 -1 1
2 -1 -2 -3
X1
SHEH .
3 b=
X4
0 -2 4 =2
12. A= | 2 0 1 1 In Exercises 17—22, solve the linear system by finding
I 01 =2 the inverse of the coefficient matrix.
X1
4
e | 1. x+4y= 2
L b= ? 7 {3x+2y=—3
X4

2x —4y =4

In Exercises 13—16, use the information given to solve 2x +3y=3

the linear system Ax = b.

— z=-—1
13. _1 {—3x+ y—3z= 1

x—3y4+2z= 1

—2x—=2y—z= 0
—Xx—y =—1
— y+2z= 2



— X1 — X —2x3+ x4=-—1
21 2x1+ x4+ 2x3— x4= 1
) —2x;—x —2x3—2x4= 0
—2x1—xp— x3— x4= 0
—Xx1 — 2x2 + x3=-3
22 —X14+ x2—2x34+ x4=-2
: —X1+2x —2x34+ x4= 3
—2xp +2x3 —2x4 =—1

23. Let

1 —1
a=13 75)
Use the inverse matrix to solve the linear system
Ax = b for the given vector b.

o[

24. Let
-1 0 -1
A=| =3 I -3
1 =3 2

Use the inverse matrix to solve the linear system
Ax = b for the given vector b.

-2
a. b= 1
. 1_
b. b=| -1

25. Let
~1 —4
A=| 3 12
2 8

Find a nontrivial solution to Ax = 0.

26. Let
1 -2 4
A=12 —4 8
3 -6 12

Find a nontrivial solution to Ax = 0.
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27. Find a nonzero 3 x 3 matrix A such that the
vector

is a solution to Ax = 0.

28. Find a nonzero 3 x 3 matrix A such that the
vector
-1
2
1

is a solution to Ax = 0.

29. Suppose that A is an n x n matrix and u and v
are vectors in R”. Show that if Au = Av and
u # v, then A is not invertible.

30. Suppose that u is a solution to Ax = b and that v
is a solution to Ax = 0. Show thatu+visa
solution to Ax = b.

31. Consider the linear system

2x+ y= 1
x4+ y=-2
x+2y=-1

a. Write the linear system in matrix form Ax = b
and find the solution.

b. Find a 2 x 3 matrix C such that CA = I. (The
matrix C is called a left inverse.)

c. Show that the solution to the linear system is
given by x = Cb.

32. Consider the linear system

2x+ y= 3
—x— y=-2
3x+2y= 5

a. Write the linear system in matrix form Ax = b
and find the solution.

b. Find a 2 x 3 matrix C such that CA = I.

¢. Show that the solution to the linear system is
given by x = Cb.
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1.6

DEFINITION 1

Solution

DEFINITION 2

Determinants

In Sec. 1.4 we saw that the number ad — bc, associated with the 2 x 2 matrix
a b
A=
has special significance. This number is called the determinant of A and provides
useful information about the matrix. In particular, using this terminology, the matrix
A is invertible if and only if the determinant is not equal to 0. In this section the
definition of the determinant is extended to larger square matrices. The information
provided by the determinant has theoretical value and is used in some applications.
In practice, however, the computational difficulty in evaluating the determinant of a

very large matrix is significant. For this reason the information desired is generally
found by using other more efficient methods.

Determinantofa2 x 2 Matrix The determinant of the matrix A = [ i 2, } s

denoted by |A| or det(A), is given by

|A| = det(A) = Z

a ):ad—bc
c

Using this terminology a 2 x 2 matrix is invertible if and only if its determinant
is nonzero.

Find the determinant of the matrix.

aA—31- bA—35 cA—10

" T ISR T4 2 -3 0
31

alAl=| 3 ) [=00-02=8

b 14]=| 2 §‘=<3)(2>—<5><4)=—14

clal=| 5 ol=0O-0c3=0

Using the determinant of a 2 x 2 matrix, we now extend this definition to 3 x 3
matrices.

Determinant of a 3 x 3 Matrix The determinant of the matrix
ayp ap aps
A= | ay axn ax
as; aspy asjz
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is

ax a3 azr ax azy a
Al = an —an + a3
azx  ass asr  asz asl  as
The computation of the 3 x 3 determinant takes the form
ko ok * ko ok ok * kK
Al =ai | * axn a3 |—ann| an * axp |+tapz| 921 d2 *
*  dzy asj asy  k  asz asy  azxp ok

where the first 2 x 2 determinant is obtained by deleting the first row and first column,
the second by deleting the first row and second column, and the third by deleting the
first row and third column.

Find the determinant of the matrix

2 =l
A= 3 1
5 =3 3

By Definition 2, the determinant is given by

14 3 4 30
-3 3 _1‘5 3’“_1)‘5 —3‘
=@ B-12]-MO —-20+ (=D(=9-5)
=30+ 11+ 14

=55

det(A) = |A| =2

In Example 2, we found the determinant of a 3 x 3 matrix by using an expansion
along the first row. With an adjustment of signs the determinant can be computed by
using an expansion along any row. The pattern for the signs is shown in Fig. 1. The
expansion along the second row is given by

1 -1 2 -1
det(A)=|A|=—3‘_3 3‘ 1‘5 3
=-383-3)+(6+5) —4(—6—-5)=>55

The 2 x 2 determinants in this last equation are found from the original matrix by
deleting the second row and first column, the second row and second column, and
the second row and the third column, respectively. Expansion along the third row is
found in a similar way. In this case

1 -1 2 -1
| afmevls e
=5@+1)+38+3)+32-3)=55

det(A) = [A] =5 i

1
1
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DEFINITION 3

DEFINITION 4

THEOREM 12

DEFINITION 5

The determinant can also be computed using expansions along any column in a
similar manner. The method used to compute the determinant of a 3 x 3 matrix can
be extended to any square matrix.

Minors and Cofactors of a Matrix If A is a square matrix, then the minor
M;;, associated with the entry a;;, is the determinant of the (n —1) x (n — 1)
matrix obtained by deleting row i and column j from the matrix A. The cofactor
Ofa,-.,- is C,‘j = (—1)l+jM,J

For the matrix of Example 2, several minors are

1 4 3 4 3 1
-3 3 53 5 =3

Using the notation of Definition 3, the determinant of A is given by the cofactor
expansion

My = My = and M3 =

det(A) = a11C11 + a12C12 + a13C13
=2(—=D2(15) + (=13 (=11) — 1(-D*(—14)
=30+ 11+14=155

Determinant of a Square Matrix If A is an n x n matrix, then

n
det(A) = a1 Ci1 +apCi+ - +a,,Cin = Zalkclk
k=1

Similar to the situation for 3 x 3 matrices, the determinant of any square matrix
can be found by expanding along any row or column.

Let A be an n x n matrix. Then the determinant of A equals the cofactor expansion
along any row or any column of the matrix. That is, for every i =1,...,n and
j=1...,n,
n
det(A) = aiCi1 + ainCiz + -+ + ainCin = Y _ aixCix
and =

n
det(A) = a1;C1j +azjCoj + -+ ajCyj = Zaijkj
k=1

For certain square matrices the computation of the determinant is simplified. One
such class of matrices is the square triangular matrices.

Triangular Matrices An m x n matrix is upper triangular if a;; = 0, for all
i > j, and is lower triangular if g;; =0, for all i < j. A square matrix is a
diagonal matrix if a;; = 0, for all i # j.
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Some examples of upper triangular matrices are

11 2 -1 0 1 1 01
{ 0 2 } 0 0 3 and 0 0 01
0 0 2 0 0 1 1
and some examples of lower triangular matrices are

1 000
1 0 200 0 0 00

0 1 0 and
1 1 10 2 1 310
0 1 2 1

If A is an n x n triangular matrix, then the determinant of A is the product of the
terms on the diagonal. That is,

det(A) = a1 -axn - an,
Proof We present the proof for an upper triangular matrix. The proof for a
lower triangular matrix is identical. The proof is by induction on n. If n = 2, then
det(A) = ajjay; — 0 and hence is the product of the diagonal terms.
Assume that the result holds for an n x n triangular matrix. We need to show
that the same is true for an (n + 1) x (n + 1) triangular matrix A. To this end let

[an an a3 -+ a,w aiapr |
0 ax a3 -+ ay a4l
0 0 as - a3 A3 ugl
A =
0 0 0 ccr Apn Ap,n+1
L 0 0 0 e 0 Ap+1,n+1 |

Using the cofactor expansion along row n + 1, we have

ap app a3z -+ dp
0 ax ax -+ ay
det(A) = (_1)(”+1)+(”+1)an+1,n+l 0 0 a3 - as,
0 0 0 - am

Since the determinant on the right is n x n and upper triangular, by the inductive
hypothesis

det(A) = (=¥ (apt1 n1)(@11022 - - @)

= a)an - - Applp+1,n+1

Properties of Determinants

Determinants for large matrices can be time-consuming to compute, so any properties
of determinants that reduce the number of computations are useful. Theorem 14 shows
how row operations affect the determinant.
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THEOREM 14

Let A be a square matrix.
1. If two rows of A are interchanged to produce a matrix B, then det(B) =
—det(A).
2. If a multiple of one row of A is added to another row to produce a matrix B,
then det(B) = det(A).
3. If a row of A is multiplied by a real number o to produce a matrix B, then
det(B) = adet(A).
Proof (1) The proof is by induction on n. For the case n = 2 let

a b
s=[e 4]
Then det(A) = ad — bc. If the two rows of A are interchanged to give the matrix
c d
r=[o ]

then det(B) = bc — ad = — det(A).

Assume that the result holds for n x n matrices and Aisan (n + 1) x (n + 1)
matrix. Let B be the matrix obtained by interchanging rows i and j of A. Expanding
the determinant of A along row i and of B along row j, we have

det(A) = a;1Ci1 +aipCiz + -+ -+ a;nCip

and

det(B) =aj1Dj1 +ajpDjp+---+a;j,Dj,

=a;1Dj1 +apDjp + -+ -+ ainDjy,

where C;; and D;; are the cofactors of A and B, respectively. To obtain the result
there are two cases. If the signs of the cofactors C;; and D;; are the same, then
they differ by one row interchanged. If the signs of the cofactors C;; and D;; are
opposite, then they differ by two rows interchanged. In either case, by the inductive
hypothesis, we have det(B) = — det(A)

The proofs of parts 2 and 3 are left as exercises.

We note that in Theorem 14 the same results hold for the similar column oper-
ations. To highlight the usefulness of this theorem, recall that by Theorem 13, the
determinant of a triangular matrix is the product of the diagonal entries. So an alter-
native approach to finding the determinant of a matrix A is to row-reduce A to
triangular form and apply Theorem 14 to record the effect on the determinant. This

method is illustrated in Example 3.

Find the determinant of the matrix



Solution

THEOREM 15

Since column 1 has two zeros, an expansion along this column will involve the
fewest computations. Also by Theorem 14, if row 2 is added to row 4, then the

determinant is unchanged and

0 1 3 -1

2 4 —6
eA=1p 3 9 >
0 0 -5 -2

Expansion along the first column gives

1 3 -1
det(A)=-2(3 9 2
0 -5 -2

We next perform the operation —3R; + R, —> R», leaving the determinant again

unchanged, so that
1 3 -1
det(A)=-2({0 0 5
0 -5 =2

Now, interchanging the second and third rows gives

1 3 —1
det(A) = (=2)(-1)| 0 =5 =2
0 0 5

This last matrix is triangular, thus by Theorem 13,

det(A) = (=2)(=D[(D(=5)(5)]
= —50

1.6 Determinants

Theorem 15 lists additional useful properties of the determinant.

Let A and B be n x n matrices and o a real number.
1. The determinant computation is multiplicative. That is,

det(AB) = det(A) det(B)

. det(aA) = o det(A)
. det(A") = det(A)

A N A W N

det(A) = 0.

. If A has two equal rows (or columns), then det(A) = 0.

. If A has a row (or column) of all zeros, then det(A) = 0.

. If A has a row (or column) that is a multiple of another row (or column), then

59
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Solution

THEOREM 16

COROLLARY 1

THEOREM 17

1 2

LetA:{3 5

} and B = [ i _‘1‘ } . Verify Theorem 15, part 1.

In this case the product is

=11
so that det(AB) = —33 — 7 = —40. We also have det(A) det(B) = (—8)(5) = —40.

[} ]

Properties of the determinant given in Theorem 15 can be used to establish the
connection between the determinant and the invertibility of a square matrix.

A square matrix A is invertible if and only if det(A) # 0.
Proof If the matrix A is invertible, then by Theorem 15,
1 = det(1) = det(AA™") = det(A) det(A™")

Since the product of two real numbers is zero if and only if at least one of them
is zero, we have det(A) # 0 [also det(A~") # 0].

To establish the converse, we will prove the contrapositive statement. Assume
that A is not invertible. By the remarks at the end of Sec. 1.4, the matrix A is
row equivalent to a matrix R with a row of zeros. Hence, by Theorem 14, there is
some real number k # 0 such that det(A) = k det(R), and therefore by Theorem 15,
part 4,

det(A) = kdet(R) = k(0) =0

Let A be an invertible matrix. Then
1

det(A™) = det(A)

Proof If A is invertible, then as in the proof of Theorem 16, det(A) # 0,
det(A™") #£ 0, and
det(A)det(A™!) = 1

Therefore,

det(4™) = det(A)

The final theorem of this section summarizes the connections between inverses,
determinants, and linear systems.

Let A be a square matrix. Then the following statements are equivalent.
1. The matrix A is invertible.
2. The linear system Ax = b has a unique solution for every vector b.



The graph of the equation

(x—h?  (y—k?

a? + o
is an ellipse with center
(h, k), horizontal axis of
length 2a, and vertical
axis of length 2b.
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3. The homogeneous linear system Ax = 0 has only the trivial solution.
4. The matrix A is row equivalent to the identity matrix.
5. The determinant of the matrix A is nonzero.

Determinants can be used to find the equation of a conic section passing through
specified points. In the 17th century, Johannes Kepler’s observations of the orbits of
planets about the sun led to the conjecture that these orbits are elliptical. It was Isaac
Newton who, later in the same century, proved Kepler’s conjecture. The graph of an
equation of the form

Ax?> + Bxy+Cy? + Dx+Ey+F =0

is a conic section. Essentially, the graphs of conic sections are circles, ellipses, hyper-
bolas, or parabolas.

An astronomer who wants to determine the approximate orbit of an object travel-
ing about the sun sets up a coordinate system in the plane of the orbit with the
sun at the origin. Five observations of the location of the object are then made
and are approximated to be (0,0.31), (1, 1), (1.5, 1.21), (2, 1.31), and (2.5, 1).
Use these measurements to find the equation of the ellipse that approximates the
orbit.

We need to find the equation of an ellipse in the form
Ax* 4+ Bxy+Cy* 4+ Dx+Ey+F=0

Each data point must satisfy this equation; for example, since the point (2, 1.31) is
on the graph of the conic section,

AQ)? 4+ BQ2)(131)+C(131)*+DQR)+ E(131)+F=0

N
4A+2.62B +1.7161C +2D +131E+ F =0

Substituting the five points in the general equation, we obtain the 5 x 6 linear
system (with coefficients rounded to two decimal places)

0.1C + 03lE+F=0

A+ B + C+ D+ g4k 17 =0
4A+2.62B+1.72C+ 2D+ 131E+F=0
225A+182B+146C+ 15D+ 121E+ F =0
6.25A+ 2.5B + C+25D + E+F=0

Since the equation Ax?+ Bxy + Cy®>+ Dx + Ey + F =0 describing the
ellipse passing through the five given points has infinitely many solutions, by
Theorem 17, we have
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Figure 2

=y

2 xy ¥y x y

X
0 0 0.1 0 0.31
1 1 1 1 1
4 262 172 2 1.3l
225 182 146 15 1.21
6.25 2.5 2.5 1

Expanding the determinant gives us the equation

—0.014868x2 + 0.0348xy — 0.039y> + 0.017238x — 0.003y + 0.00483 = 0

— = e = e

The graph of the orbit is shown in Fig. 2.

Cramer’s Rule

Determinants can also be used to solve linear systems. To illustrate the technique
consider the 2 x 2 linear system

ax+by=u
cx+dy=v

with ad — bc # 0. By Theorem 17, the linear system has a unique solution.
To eliminate the variable y, we multiply the first equation by d and the second
equation by b, and then we subtract the two equations. This gives

adx + bdy — (bex + bdy) = du — bv

Simplifying, we have

du — bv
(ad — bc)x = du — bv so that X =
ad — bc
Using a similar procedure, we can solve for y.
_av—cu
r= ad — bc
Using determinants, we can write the solution as
u b a u
v d c v
X =5 and y= "7
a b a b
c d c d

Notice that the solutions for x and y are similar. The denominator for each is the
determinant of the coefficient matrix. The determinant in the numerator for x is formed
by replacing the first column of the coefficient matrix with the column of constants
on the right-hand side of the linear system. The determinant in the numerator for y is
formed by replacing the second column of the coefficient matrix with the column of
constants. This method of solving a linear system is called Cramer’s rule.
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m Use Cramer’s rule to solve the linear system.

2x +3y =2
—Sx+T7y=3
Solution The determinant of the coefficient matrix is given by
2 3
5 7 =14—(-15 =29
and since the determinant is not zero, the system has a unique solution. The solution
is given by
2 3 2 2
3 7 14—-9 5 -5 3 6—(—10) 16
e = = = — and y = = T B
29 29 29 29 29 29

THEOREM 18 Cramer’sRule Let A be ann x n invertible matrix, and let b be a column vector
with n components. Let A; be the matrix obtained by replacing the ith column of A

x|
X2
with b. If x = . is the unique solution to the linear system Ax = b, then
Xn
det(A;
X; = et(4:) for i=1,2,...,n
det(A)

Proof Let I; be the matrix obtained by replacing the ith column of the identity
matrix with x. Then the linear system is equivalent to the matrix equation

Al; = A; SO det(Al;) = det(A;)
By Theorem 15, part 1, we have
det(A) det(Z;) = det(Al;) = det(A;)
Since A is invertible, det(A) # 0 and hence
det(A;)
det(A)
Expanding along the ith row to find the determinant of /; gives

det(l;) = x; det(]) = x;

det(l;) =

where [ is the (n — 1) x (n — 1) identity. Therefore,
det(A;)
X = ——
det(A)
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If a unique solution exists, then Cramer’s rule can be used to solve larger square
linear systems. Example 7 illustrates the technique for a 3 x 3 system.

m Solve the linear system.

2x+3y— z= 2
3x —2y+ z=-1
—5x —4y+2z= 3

Solution The determinant of the coefficient matrix is given by

2 3 -1
3 -2 1 | =—11
-5 -4 2
By Cramer’s rule the solution to the system is
2 3
1 5
3 -4 2
2 2 -1
1 36
y = —H 3 —1 1 |= ﬁ
=3 3 2
2 3 2
1 76
7=—— 3 2 -1 |=—
I s _4 3 11

The reader should verify this solution by substitution into the original system.

Fact Summary

Let A and B be n x n matrices.

1. det[ a b ] = ad — be.
c d
2. The determinant of A can be computed by expanding along any row or

column provided that the signs are adjusted using the pattern

+ +

+ +

+ I+
a= I == |

3. The matrix A is invertible if and only if det(A) # 0.
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. If A is a triangular matrix, then the determinant of A is the product of the

diagonal terms.

. If two rows of A are interchanged, the determinant of the resulting matrix

is the negative of the determinant of A.

. If a multiple of one row of A is added to another row, the determinant is

not altered.

. If one row of A is multiplied by a scalar ¢, the determinant of the resulting

matrix is ¢ times the determinant of A.

. det(AB) = det(A) det(B), det(cA) = " det(A), det(A?) = det(A)
. If A has a row or column of zeros, then det(A) = 0.
10.

If one row or column of A is a multiple of another row or column, then
det(A) = 0.

If A is invertible, then det(A~!) = ﬁ(m.

In Exercises 1-4, evaluate the determinant of the 1 0 0
matrix by inspection. 7. 3 6 0
[2 =40 10 [ 08 I
1. 0 3 12 B 7 2 1
L0 0 4 8. |7 2 1
1 2 3 | 3 6 6
2 4 56 ] 9. Answer the questions using the matrix
- 23 2 0 1
1 0 0 0 A=| 3 -1 4
3 3 -1 0 0 —4 1 -2
14 220
1 1 6 5 a. Find the determinant of the matrix by using an
_ expansion along row 1.
4 ! _; 2 b. Find the determinant of the matrix by using an
) 5 1 expansion along row 2.
- c. Find the determinant of the matrix by using an
In E).cer.cis.es 5—.8, use determinants to decide if the expansion along column 2.
matrix is invertible. d. Interchange rows 1 and 3 of the matrix, and
2 1 find the determinant of the transformed matrix.
> { —2 2 } e. Multiply row 1 of the matrix found in part (d)
by —2, and find the determinant of the new
6. [ 1 3 ] matrix. Use the value to find the determinant of
5 -2 the original matrix.
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f. Replace row 3 of the matrix found in part (e)
with the sum of row 3 and —2 times row 1 and
find the determinant of the new matrix in two
ways. First, use an expansion along row 3 of
the new matrix. Second, use the value for the
determinant of A that has already been
calculated.

g. Does the matrix A have an inverse? Do not try
to compute the inverse.

Answer the questions using the matrix
-1 11 2
3 =2 0 -1
A=l 0 10 1
3 33 3

a. Find the determinant of the matrix by using an
expansion along row 4.

b. Find the determinant of the matrix by using an
expansion along row 3.

c. Find the determinant of the matrix by using an
expansion along column 2.

d. In (a), (b), and (c), which computation do you
prefer, and why?

e. Does the matrix A have an inverse? Do not try
to compute the inverse.

In Exercises 11-26, find the determinant of the
matrix. Specify whether the matrix has an inverse
without trying to compute the inverse.

11.

12.

13.

14.

15.

16.

[ 5 6
| -8 -7
(4 3
19 2
[ -1 -1
-1 5

1 2
4 13

17.
18.
19.
20.
21.

22.

23.

24.

25.

26.

In Exercises 27-30, let

0
0
1
1
—1
1
0
—1

—1

0
—1
0
1
1

1
—1
0
0
1
1

A=

—_,—_ O OO0 PO, OO0 PN, O OO

and assume det(A) = 10.

(=i e i e )

—1
—1

= &

~ 0



27.
28.

29.
30.

31.

32.

33.

34.

Find det(3A).
Find det(2A~1).
Find det [(ZA)_I] .

Find
a g d
det| b h e
c i f
Find x, assuming
X2 x 2
det| 2 1 1 |=0
0o 0 -5

Find the determinant of the matrix

1 11 11
01 1 1 1
1 01 11
1 1.0 1 1
1 11 01

Suppose a; # b;. Describe the set of all points
(x, y) that satisfy the equation
1 1 1
det | x a; b =0
y a b
Use the three systems to answer the questions.
x+ y=3 x+ y=3
(1){2x+2y=1 2) {2x+2y=6
x+ y=3
) { 2x =2y =1

a. Form the coefficient matrices A, B, and C,
respectively, for the three systems.

b. Find det(A), det(B), and det(C). How are they

related?

¢. Which of the coefficient matrices have
inverses?

d. Find all solutions to system (1).
e. Find all solutions to system (2).
f. Find all solutions to system (3).
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35. Answer the questions about the linear system.
x— y—2z= 3
—x+2y+3z= 1
2x =2y —2z=-2
a. Form the coefficient matrix A for the linear
system.
b. Find det(A).
¢. Does the system have a unique solution?
Explain.
d. Find all solutions to the system.
36. Answer the questions about the linear system.
x+3y—-2z=-1
2x+5y+ z= 2
2x +6y —4z7=-2

a. Form the coefficient matrix A for the linear
system.

b. Find det(A).
¢. Does the system have a unique solution?
Explain.
d. Find all solutions to the system.
37. Answer the questions about the linear system.
—X — z=—1
2x +2z= 1
x—=3y—-3z= 1
a. Form the coefficient matrix A for the linear
system.
b. Find det(A).
c. Does the system have a unique solution?
Explain.
d. Find all solutions for the system.

In Exercises 38—43, use the fact that the graph of the
general equation

Ax> + Bxy+Cy*+ Dx+Ey+F =0
is essentially a parabola, circle, ellipse, or hyperbola.
38. a. Find the equation of the parabola in the form
Ax> +Dx+Ey+F=0

that passes through the points (0, 3),
(1, 1), and (4, —=2).
b. Sketch the graph of the parabola.
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39.

40.

41.

42.

43.

. Sketch the graph of the parabola.

. Find the equation of the circle in the form

. Sketch the graph of the circle.
. Find the equation of the hyperbola in the form 48

. Sketch the graph of the hyperbola.

. Find the equation of the ellipse in the form
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. Find the equation of the parabola in the form In Exercises 44—51, use Cramer’s rule to solve the

linear system.

m {2x+3y:4

Cy’ +Dx+Ey+F=0

that passes through the points (-2, —2), (3, 2),

and (4, —3). 2x42y=4

45.

A*+y)+Dx+Ey+F =0 46.

that passes through the points (—3, —3), (-1, 2),
and (3, 0). 47.

—10x — 7y=-12
5 5 Rx+1ly= 5
Ax*4+Cy "+ Dx+Ey+F=0

that passes through the points (0, —4), (0, 4), 49.
(1, —=2), and (2, 3).
—2x+4+ y—4z=-8
—4y+ z= 3

4x — z=-8

50.

Ax> +Cy’+ Dx+Ey+F=0 2x +3y+2z=-2
—x—3y—8z=-2

—3x+4+2y—Tz= 2

that passes through the points (-3, 2), (—1, 3), SL

(1,-1), and (4, 2).

. Sketch the graph of the ellipse. 52. An n X n matrix is skew-symmetric provided
) ) o A" = —A. Show that if A is skew-symmetric and
. Find the equation of the ellipse in the form n is an odd positive integer, then A is not
Ax2 + Bxy+CyY  + Dx + Ey+ F =0 invertible.
that passes through the points (—1, 0), (0, 1), 53. If A is a 3 x 3 matrix, show that det(A) = det(A’).
(1,0),(2,2), and (3, 1). 54. If A is an n x n upper triangular matrix, show
. Sketch the graph of the ellipse. that det(A) = det(A’).

1.7 » Elementary Matrices and LU Factorization

In Sec. 1.2 we saw how the linear system Ax = b can be solved by using Gaussian
elimination on the corresponding augmented matrix. Recall that the idea there was
to use row operations to transform the coefficient matrix to row echelon form. The
upper triangular form of the resulting matrix made it easy to find the solution by using
back substitution. (See Example 1 of Sec. 1.2.) In a similar manner, if an augmented
matrix is reduced to lower triangular form, then forward substitution can be used to
find the solution of the corresponding linear system. For example, starting from the
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first equation of the linear system

X1 = 3
—X1 + X2 =-—1
2x1—x2+x3= 5

we obtain the solution x; = 3, x, = 2, and x3 = 1. Thus, from a computational per-
spective, to find the solution of a linear system, it is desirable that the corresponding
matrix be either upper or lower triangular.

In this section we show how, in certain cases, an m X n matrix A can be written
as A = LU, where L is a lower triangular matrix and U is an upper triangular matrix.
We call this an LU factorization of A. For example, an LU factorization of the

matrix [ 3 4 ] is given by

y E ‘ij;[‘i 210 1)

with L = [ _l ) and U = [ 0 } . We also show in this section that when such

a factorization of A exists, a process that involves both forward and back substitution
can be used to find the solution to the linear system Ax = b.

[

Elementary Matrices

As a first step we describe an alternative method for carrying out row operations using
elementary matrices.

Elementary Matrix An elementary matrix is any matrix that can be obtained
from the identity matrix by performing a single elementary row operation.

As an illustration, the elementary matrix E; is formed by interchanging the first
and third rows of the 3 x 3 identity matrix 7, that is,

00 1
E/=|0 1 0
1 00

Corresponding to the three row operations given in Theorem 2 of Sec. 1.2, there
are three types of elementary matrices. For example, as we have just seen, E| is
derived from I by means of the row operation R; <> R3 which interchanges the first
and third rows. Also, the row operation kR| + R —> R; applied to [ yields the
elementary matrix

E, =

S =
S = O
— o O
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Next, if ¢ # 0, the row operation cR, —> R performed on I produces the matrix

1 0 0
E3= 0 ¢ O
0 0 1

Using any row operation, we can construct larger elementary matrices from larger
identity matrices in a similar manner.

We now show how elementary matrices can be used to perform row operations.
To illustrate the process, let A be the 3 x 3 matrix given by

1 2 3
A=1|4 5 6
7 8 9
Multiplying A by the matrix E;, defined above, we obtain
7 8 9
E/A=|4 5 6
1 23

Observe that £ A is the result of interchanging the first and third rows of A. Theorem 19
gives the situation in general.

THEOREM 19 Let A be an m x n matrix and E the elementary matrix obtained from the m x m
identity matrix / by a single row operation R. Denote by R(A) the result of
performing the row operation on A. Then R(A) = EA.

By repeated application of Theorem 19, a sequence of row operations can be
performed on a matrix A by successively multiplying A by the corresponding ele-
mentary matrices. Specifically, let E; be the elementary matrix corresponding to the
row operation R; with 1 <i < k. Then

Ri - Ra(Ri(A)) = E--- E2E1A

m Let A be the matrix
1 2 -1
A= 3 5 0
-1 1 1
Use elementary matrices to perform the row operations R;: R, —3R; —> Ry,
Ry: R3+ Ry —> R3,and R3: R; +3R, — Rs.
Solution The elementary matrices corresponding to these row operations are given by
1 00 1 00 1 00
Ei=| -3 10 E;,=10 1 0 E;z=]10 1 0
0 0 1 1 0 1 0 3 1
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respectively, so that

1 20 1
EsE;E/A=| 0 —1 3
0 0 9

The reader should check that the matrix on the right-hand side is equal to the result
of performing the row operations above on A in the order given.

The Inverse of an Elementary Matrix

An important property of elementary matrices is that they are invertible.

Let E be an n x n elementary matrix. Then E is invertible. Moreover, its inverse
is also an elementary matrix.

Proof Let E be an elementary matrix. To show that E is invertible, we compute
its determinant and apply Theorem 17 of Sec. 1.6. There are three cases depending
on the form of E. First, if £ is derived from / by an interchange of two rows,
then det(E) = —det(/) = —1. Second, if E is the result of multiplying one row
of I by a nonzero scalar ¢, then det(E) = cdet(I/) = ¢ # 0. Third, if E is formed
by adding a multiple of one row of / to another row, then det(E) = det(/) = 1.
In either case, det(E) # 0 and hence E is invertible. To show that E~! is an
elementary matrix, we use the algorithm of Sec. 1.4 to compute the inverse. In this
case starting with the n x 2n augmented matrix

[E [ 1]

we reduce the elementary matrix on the left (to /) by applying the reverse operation
used to form E, obtaining
(11 E]

That E~! is also an elementary matrix follows from the fact that the reverse of
each row operation is also a row operation.

As an illustration of the above theorem, let R be the row operation 2R, + Rj —>
R1, which says to add 2 times row 2 to row 1. The corresponding elementary matrix
is given by

1 20
E=]10 10
0 0 1
Since det(E) = 1, then E is invertible with
1 =2 0
E'=]0 10
0 0 1
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THEOREM 21

THEOREM 22

Observe that E~! corresponds to the row operation Ry: —2R; + Ry —> R; which
says to subtract 2 times row 2 from row 1, reversing the original row operation R.

Recall from Sec. 1.2 that an m x n matrix A is row equivalent to an m x n matrix
B if B can be obtained from A by a finite sequence of row operations. Theorem 21
gives a restatement of this fact in terms of elementary matrices.

Let A and B be m x n matrices. The matrix A is row equivalent to B if and only if
there are elementary matrices Ey, Ey, ..., Ex such that B = ExEy_; --- E;E | A.

In light of Theorem 21, if A is row equivalent to B, then B is row equivalent to
A. Indeed, if A is row equivalent to B, then

B=EEr - EEA

for some elementary matrices E|, E3, ..., Ex. Successively multiplying both sides of
this equation by E,:l, E,:I, ...,and Efl, we obtain

A=E" - ECNES'B

Since each of the matrices Efl, E;l, e, E,:l is an elementary matrix, B is row
equivalent to A.

Theorem 22 uses elementary matrices to provide a characterization of invertible
matrices.

An n x n matrix A is invertible if and only if it can be written as the product of
elementary matrices.

Proof First assume that there are elementary matrices Ej, E, ..., Ej such that
A=EEy - Ex1E;

We claim that the matrix B = Ek_] e Ez_lEl_1 is the inverse of A. To show this,
we multiply both sides of A = E|E;,--- Ex_1 E; by B to obtain

BA=(E;"-  E;'E-HWA=(E' - E;'E;YWE\Ey - Ex o Ex) =1

establishing the claim. On the other hand, suppose that A is invertible. In Sec. 1.4,
we showed that A is row equivalent to the identity matrix. So by Theorem 21,
there are elementary matrices Ey, Ey, ..., Ex such that [ = ExEp_1--- E2E|A.
Consequently, A = Efl -~-E,:II. Since Efl, e E,:l and / are all elementary
matrices, A is the product of elementary matrices as desired.

LU Factorization

There are many reasons why it is desirable to obtain an LU factorization of a matrix.
For example, suppose that A is an m x n matrix and b;, with 1 <i < k, is a collection
of vectors in R, which represent outputs for the linear systems Ax = b;. Finding input
vectors x; requires that we solve k linear systems. However, since the matrix A is the
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same for each linear system, the process is greatly simplified if A is replaced with its
LU factorization. The details for solving a linear system using an LU factorization
are presented later in this section. If A is an n x n matrix with an LU factorization

given by A = LU, then L and U are also n x n. See Fig. 1. Then by Theorem 13 of
Sec. 1.6, the determinant of A is given by

det(A) = (Ell o 'erm)(ull e Mnn)

where ¢;; and u;; are the diagonal entries of L and U, respectively. If this determinant
is not zero, then by Theorem 9 of Sec. 1.4 the inverse of the matrix A is given by

A=)yt =vuL!
To describe the process of obtaining an LU factorization of an m X n matrix A,
suppose that A can be reduced to an upper triangular matrix by a sequence of row

operations which correspond to lower triangular elementary matrices. That is, there
exist lower triangular elementary matrices Ly, L, ..., L such that

LiLy_1---L1A=U
Since each of the matrices L; with 1 < i < k is invertible, we have
A=L7'Ly' LU

By Theorem 20, Ll_l, Ly 1, ...,and Lk_1 are elementary matrices. They are also lower
triangular. Now let L = LflL; b L,:l. Observe that L is lower triangular as it is
the product of lower triangular matrices. The desired factorization is thus given by
A=LU.

Find an LU factorization of the matrix

3 6 -3
A= 6 15 -5
-1 -2 6

Observe that A can be row-reduced to an upper triangular matrix by means of
the row operations R : %Rl —> R, Rp: —6R1+ Ry —> Ry, and R3: Ry +
R3; —> Rj3. The corresponding elementary matrices are therefore given by

3 00 10 0 100
Ei;=|0 1 0 Ey=| -6 10 E3=|0 10
0 0 1 00 1 101
respectively, so that
1.0 0 100 100 3 6 =3
EsERE\A=|0 1 0| -6 1 0 010 6 15 -5
[ 1.0 1 00 1 0 0 1 -1 -2 6
[1 2 -1
100
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THEOREM 23

Solution

An LU factorization of A is then given by A = (El_lE2_1E3_1> U, so that
3 6 -3 300 1 2 -1
6 15 =5 | = 6 1 0 0 3
-1 -2 6 -1 0 1 0 0

From the remarks preceding Example 2, we see that to use the above procedure
with success, there are limitations on the matrix A. Specifically, A must be reducible to
upper triangular form without any row interchanges. This will ensure that the elemen-
tary matrices used in the elimination process will all be lower triangular. Theorem 23
summarizes these results.

Let A be an m x n matrix that can be reduced to the upper triangular matrix U
without row interchanges by means of the m x m lower triangular matrices L,
Ly, ...Li. T L=L7"Ly"--- L', then A has the LU factorization A = LU.

A simple example of a matrix that cannot be reduced to upper triangular form

0

) (1) } This matrix does not have an LU

without interchanges is given by P = [

factorization. (See Exercise 29.)
As stated in Theorem 23, it is not necessary for A to be square, as shown in
Example 3.

Find an LU factorization of the matrix
1 -3 =2 0
A=1|1 =2 1 -1
2 —4 3 2

1 -3 -2
Observe that A can be reduced to the upper triangular matrix U = | 0 1 3 -1
0 0 1
by means of the elementary matrices
1 0 0 1 0 0 1 0 0
Et=| -1 1 0 E; = 01 0 E;=1|0 1 0
0 0 1 -2 0 1 I -2 1
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Hence,

A= (ET'E;'E;')U

1 0 0] 1 0 0 1 0 0 1 -3
= 1 1 0 0 1 0 01 0 1
00 1] 201 0 2 1 0 0
1 oo][1 =3 =2 0
=110 0 1 3 =l | =Lw
2 21 L0 0 1 4

Solving a Linear System Using LU Factorization

We now turn our attention to the process of solving a linear system by using an
LU factorization. To illustrate the procedure, consider the linear system Ax = b with

3

b= | 11 | and A the matrix of Example 2. By using the LU factorization of A

9
found in Example 2,
3 6 -3 X1
AX = 6 15 -5 x | = 11
-1 =2 6 X3

can be written equivalently as

300 1 2 -1 X1
LUx = 6 1 0 0 3 1 Xy | =
-1 0 1 00 5 X3
Y1
To solve this equation efficiently, we define the vectory = | y»
Y3
Ux =Yy, so that
1 2 -1 X1 Y1
0 3 1 X2 | =1 »
0 0 5 X3 y3

Making this substitution in the linear system L(Ux) = b gives

300 1
6 1 0 v | =] 11
~1 0 1 3

11

by the equation
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Using forward substitution, we solve the system Ly = b for y, obtaining y; =1,
y2 =5, and y3 = 10. Next we solve the linear system Ux =y. That is,

1 2 -1 X1 1
0 3 1 X2 = 5
0 0 5 X3 10

Using back substitution, we obtain x3 = 2, x, = 1, and x; = 1.
The following steps summarize the procedure for solving the linear system
Ax = b when A admits an LU factorization.

Use Theorem 23 to write the linear system Ax = b as L(Ux) = b.
Define the vector y by means of the equation Ux =y.
Use forward substitution to solve the system Ly = b fory.

B

Use back substitution to solve the system Ux =y for x. Note that x is the solution
to the original linear system.

PLU Factorization

We have seen that a matrix A has an LU factorization provided that it can be row-
reduced without interchanging rows. We conclude this section by noting that when
row interchanges are required to reduce A, a factorization is still possible. In this
case the matrix A can be factored as A = PLU, where P is a permutation matrix,
that is, a matrix that results from interchanging rows of the identity matrix. As an
illustration, let

2 =2
A=|1 4 3
|12 0 |
The matrix A can be reduced to
(1 2 0]
U=|0 2 3
|0 0 =5 |
by means of the row operations R;: R; < Rz, R;: —R;i+ R, — R, and

R3: —R, + Rz —> Rj3. The corresponding elementary matrices are given by

00 1 1 00 1 00
Ei=|0 1 0 Ex=1| -1 10 and E3=|0 1 0
1 00 00 1 0 —1 1
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Observe that the elementary matrix E; is a permutation matrix while E; and E3 are
lower triangular. Hence,

A=Er (B U

0 0 1 1 00 1 2 0
=0 10 1 1 0 02 3
1 00 0 1 1 0 0 -5
= PLU
Fact Summary
1. A row operation on a matrix A can be performed by multiplying A by an
elementary matrix.
2. An elementary matrix is invertible, and the inverse is an elementary matrix.
3. An n x n matrix A is invertible if and only if it is the product of
elementary matrices.
4. An m x n matrix A has an LU factorization if it can be reduced to an
upper triangular matrix with no row interchanges.
5. If A = LU, then L is invertible.
6. An LU factorization of A provides an efficient method for solving Ax = b.
Exercise Set 1.7 B
In Exercises 1—4: b. Write A as the product of elementary matrices.
a. Find the 3 x 3 elementary matrix E that performs 5. 04— 13
the row operation. ’ -2 4
b. Compute EA, where -
6. A— -2 5
1 2 1 ) 25
A=13 1 2 ) )
1 1 —4 1 2 -1
7.A=|2 5 3
1. 2RI+ R, — Ry _1 2 0_
2. R1 <> R2 ~ -
-1 1 1
3. 3R+ R; — R3 8. A= 1 0
-2 1 1
4. —R|+R3; — R; o -
In Exercises 5—10: [0 11
. . . 9. A=|1 2 3
a. Find the elementary matrices required to 01 0
reduce A to the identity. L
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00 0 1
001 0
10.4=19 1 0 o0
1 000

In Exercises 11-16, find the LU factorization of the
matrix A.

[ 1 =2
e 7}
2. 4=|; 9]
L2 ]
12 1
B.A=| 2 5 5
-3 -6 2
111
4. A=| -1 0 —4
i 2 3
i 1
I
15. A= 1 % 1
-1 -1 4
1 -2 1 3
-2 5 -3 -7
16.4=1"1 5 2 3
| 3 -6 3 10

In Exercises 17—-22, solve the linear system by using
LU factorization.

—2x+y=-1
17. { Ax—y= 5

x+4y—-3z= 0
—x—=3y+5z=-3
2x 48y —5z= 1

|
|
|

19.

20. 2x =3y +6z= 8

—2x+4y— z= 4

x—=2y+3z4+ w= 5
xX— y+5z4+3w= 6
2x —4y+T7z+3w= 14
—x4+ y—5z7—-2w=-8

21.

X+2y+2z— w= 5
y+ z— w=-2
—x—=2y— z+4w= 1
2x +2y+2z42w= 1
In Exercises 23 and 24, find the PLU factorization of
the matrix A.

22.

o 1 -1
23.A=12 -1 0
1 =3 2
[0 0 1
24.A=12 1 1
|1 0 -3

In Exercises 25—28, find the inverse of the matrix A
by using an LU factorization.

[ 1 4
25. A = 3 -1 }

(17
26. A = 2 20 }

[2 1 —1
27. A=|2 2 =2

| 2 2 1

[ -3 2 1
28. A = 3 -1 1

| -3 1 0

. . 0 1

29. Show directly that the matrix A = [ 1 0 ] does

not have an LU factorization.

30. Let A, B, and C be m x n matrices. Show that if
A is row equivalent to B and B is row equivalent
to C, then A is row equivalent to C.

31. Show that if A and B are n x n invertible
matrices, then A and B are row equivalent.

32. Suppose that A is an n x n matrix with an LU

factorization, A = LU.

a. What can be said about the diagonal entries
of L?

b. Express det(A) in terms of the entries of L
and U.

¢. Show that A can be row-reduced to U using
only replacement operations.



1.8

Solution

1.8 Applications of Systems of Linear Equations 79

Applications of Systems of Linear Equations

In the opening to this chapter we introduced linear systems by describing their con-
nection to the process of photosynthesis. In this section we enlarge the scope of the
applications we consider and show how linear systems are used to model a wide
variety of problems.

Balancing Chemical Equations

Recall from the introduction to this chapter that a chemical equation is balanced if
there are the same number of atoms, of each element, on both sides of the equation.
Finding the number of molecules needed to balance a chemical equation involves
solving a linear system.

Propane is a common gas used for cooking and home heating. Each molecule of
propane is comprised of 3 atoms of carbon and 8 atoms of hydrogen, written as
Cs3Hg. When propane burns, it combines with oxygen gas, O,, to form carbon
dioxide, CO;,, and water, H,O. Balance the chemical equation

C3;Hg + O; — CO; + H,O
that describes this process.
We need to find whole numbers xi, x3, x3, and x4, so that the equation
x1C3Hg + x,0y — x3CO; + x4H,0

is balanced. Equating the number of carbon, hydrogen, and oxygen atoms on both
sides of this equation yields the linear system

3)61 — X3 =30

8x 1 — 2)C4 =30

2x2—2x3 = X4=0
Solving this system, we obtain the solution set

1 5 3
S —t,—t,-t,t || t€R
444

Since whole numbers are required to balance the chemical equation, particular solu-
tions are obtained by letting r=0,4,8,.... For example, if ¢+ =8, then
x1 =2, x; =10, x3 = 6, and x4 = 8. The corresponding balanced equation is given by

2C3Hg + 100, — 6CO, + 8H,0

Network Flow

To study the flow of traffic through city streets, urban planners use mathematical
models called directed graphs or digraphs. In these models, edges and points are
used to represent streets and intersections, respectively. Arrows are used to indicate
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the direction of traffic. To balance a traffic network, we assume that the outflow of
each intersection is equal to the inflow, and that the total flow into the network is
equal to the total flow out.

m Partial traffic flow information, given by average hourly volume, is known about

a network of five streets, as shown in Fig. 1. Complete the flow pattern for the
network.

100

300 500
300
200 400

400

600

500

Figure 1

Solution To complete the traffic model, we need to find values for the eight unknown flows,
as shown in Fig. 2.

X1 100
A Y
X6
300 < < <500
4 X Y 300
X7
200 » »> » 400
4 X3 Y X4
X3 400
< < <600
A Y X5
500
Figure 2

Our assumptions about the intersections give us the set of linear equations

X2 + X6 =300 + x;
100 + 500 = x¢ + 300
200 + x3 = x3 + x7

300 +x7 =400+ x4
400 4+ 500 = x3 + xg
x4 +600 =400+ x5
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Moreover, balancing the total flow into the network with the total flow out gives
us the additional equation

500 + 600 + 500 + 200 + 100 = 400 + x5 + x3 + 300 + x|
The final linear system is

—X1 + X2 + X6 = 300
X6 = 300

Xy — X3 + x7 = 200

— X4 + x7 = 100

X3 +xg= 900

— X4 + X5 = 200

X1 + X5 + xg = 1200

The solution is given by

x1=1100 —s — ¢ xp=1100 — s — ¢ x3 =900 — ¢ x4 = —100+s
x5 =100+ s x¢ = 300 X7 =3¢ xg =1

Notice that x; and xg are free variables. However, to obtain particular solutions,
we must choose numbers for s and ¢ that produce positive values for each x; in the
system (otherwise we will have traffic going in the wrong direction!) For example,
s =400 and r = 300 give a viable solution.

Nutrition

Designing a healthy diet involves selecting foods from different groups that, when
combined in the proper amounts, satisfy certain nutritional requirements.

Table 1 gives the amount, in milligrams (mg), of vitamin A, vitamin C, and calcium
contained in 1 gram (g) of four different foods. For example, food 1 has 10 mg of
vitamin A, 50 mg of vitamin C, and 60 mg of calcium per gram of food. Suppose
that a dietician wants to prepare a meal that provides 200 mg of vitamin A, 250
mg of vitamin C, and 300 mg of calcium. How much of each food should be used?

Table 1
Food 1 | Food 2 | Food 3 | Food 4
Vitamin A 10 30 20 10
Vitamin C 50 30 25 10
Calcium 60 20 40 25
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Solution

Let x, x2, x3, and x4 denote the amounts of foods 1 through 4, respectively. The
amounts for each of the foods needed to satisfy the dietician’s requirement can be
found by solving the linear system

10x1 4+ 30x; + 20x3 + 10x4 = 200
50x1 4+ 30x, + 25x3 + 10x4 = 250
60x; + 20x, + 40x3 + 25x4 = 300

Rounded to two decimal places, the solution to the linear system is given by

x; =0.63+0.117 Xy =3.13 + 0.24¢
x3 =5—0.92¢t X4 =1

Observe that each of these values must be nonnegative. Hence, particular solutions
can be found by choosing nonnegative values of ¢ such that

0<5-0.92¢

Isolating ¢ gives

5
t<—=54
0.92

Economic Input-Output Models

Constructing models of the economy is another application of linear systems. In a real
economy there are tens of thousands of goods and services. By focusing on specific
sectors of the economy the Leontief input-output model gives a method for describing
a simplified, but useful model of a real economy. For example, consider an economy
for which the outputs are services, raw materials, and manufactured goods. Table 2
provides the inputs needed per unit of output.

Table 2
Services | Raw materials | Manufacturing
Services 0.04 0.05 0.02
Raw materials 0.03 0.04 0.04
Manufactured goods 0.02 0.3 0.2

Here to provide $1.00 worth of service, the service sector requires $0.04 worth of
services, $0.05 worth of raw materials, and $0.02 worth of manufactured goods. The
data in Table 2 are recorded in the matrix

0.04 0.05 0.02
A= 0.03 0.04 0.04
0.02 03 0.2
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This matrix is called the input-output matrix. The demand vector D gives the total
demand on the three sectors, in billions of dollars, and the production vector x, also
in billions of dollars, contains the production level information for each sector. Each
component of Ax represents the level of production that is used by the corresponding
sector and is called the internal demand.

As an example, suppose that the production vector is

200
x= | 100
150
Then the the internal demand is given by
0.04 0.05 0.02 200 16
Ax = 0.03 0.04 0.04 100 | = | 16
0.02 03 0.2 150 64

This result means that the service sector requires $16 billion of services, raw materi-
als, and manufactured goods. It also means that the external demand cannot exceed
$184 billion of services, $84 billion of raw materials, and $86 billion in manufactured
goods.

Alternatively, suppose that the external demand D is given. We wish to find a
level of production for each sector such that the internal and external demands are
met. Thus, to balance the economy, x must satisfy

x—Ax=D
that is,

(I—-—A)x=D
When I — A is invertible, then

x=(I-A4)'D

Suppose that the external demand for services, raw materials, and manufactured
goods in the economy described in Table 2 is given by

300
D= | 500
600

Find the levels of production that balance the economy.

From the discussion above we have that the production vector x must satisfy

(I-A)x=D
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that is,

0.96
—0.03
—0.02

Systems of Linear Equations and Matrices

—0.05 —-0.02 X1 300
0.96 —0.04 x2 | = | 500
—0.3 0.8 X3 600

Since the matrix on the left is invertible, the production vector x can be found by
multiplying both sides by the inverse. Thus,

X1
X2
X3

%

1.04 0.06 0.03 300
0.03 1.06 0.05 500
0.04 04 1.27 600
360
569
974

So the service sector must produce approximately $360 billion worth of ser-
vices, the raw material sector must produce approximately $569 billion worth of raw
materials, and the manufacturing sector must produce approximately $974 billion
worth of manufactured goods.

Exercise Set 1.8

In Exercises 1—4, use the smallest possible positive
integers to balance the chemical equation.
1. When subjected to heat, aluminium reacts with
copper oxide to produce copper metal and
aluminium oxide according to the equation

Al; + CuO — AlLO3 + Cu

Balance the chemical equation.

2. When sodium thiosulfate solution is mixed with
brown iodine solution, the mixture becomes
colorless as the iodine is converted to colorless
sodium iodide according to the equation

I, + NayS,03 —> Nal + Na,S40¢
Balance the chemical equation.

3. Cold remedies such as Alka-Seltzer use the
reaction of sodium bicarbonate with citric acid in

solution to produce a fizz (carbon dioxide gas).
The reaction produces sodium citrate, water, and
carbon dioxide according to the equation

NaHCO; + C¢HgO7 —>

Na3zC¢HsO7 + H,O 4 CO,
Balance the chemical equation. For every 100 mg
of sodium bicarbonate, how much citric acid

should be used? What mass of carbon dioxide will
be produced?

. Balance the chemical equation

MnS + AspCr9O35 + H,SO4 —
HMnO4 + AsHj3 4+ CrS;0;; + H,O

. Find the traffic flow pattern for the network in the

figure. Flow rates are in cars per hour. Give one
specific solution.



300

800 «

<500

A

<300

A
7

A Y

700

. Find the traffic flow pattern for the network in the
figure. Flow rates are in cars per hour. Give one
specific solution.

100
A Y
400 < < <500
4300 Y
500 » > » 300
A Y
400
< < <200
A A\

. Find the traffic flow pattern for the network in the
figure. Flow rates are in cars per half-hour. What
is the current status of the road labeled x5?

150
X1 X4
X5
100 < »> <50
X2 X3

100
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8. Find the traffic flow pattern for the network in the

figure. Flow rates are in cars per half-hour. What
is the smallest possible value for xg?

150 100

200
300

100 200

. The table lists the number of milligrams of

vitamin A, vitamin B, vitamin C, and niacin
contained in 1 g of four different foods. A
dietician wants to prepare a meal that provides
250 mg of vitamin A, 300 mg of vitamin B, 400
mg of vitamin C, and 70 mg of niacin. Determine
how many grams of each food must be included,
and describe any limitations on the quantities of
each food that can be used.

Group 1 | Group 2 | Group 3 | Group 4
Vitamin A 20 30 40 10
Vitamin B 40 20 35 20
Vitamin C 50 40 10 30
Niacin 5 5 10 5

10. The table lists the amounts of sodium, potassium,
carbohydrates, and fiber in a single serving of
three food groups. Also listed are the daily
recommended amounts based on a 2000-calorie
diet. Is it possible to prepare a diet using the three
food groups alone that meets the recommended

amounts?
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&

Group 1 Group 2 | Group 3 | Requirement
Sodium (mg) 200 400 300 2400
Potassium (mg) 300 500 400 3500
Carbohydrates (g) 40 50 20 300
Fiber (g) 5 3 2 25

11. An economy is divided into three sectors as

described in the table. Each entry represents the
number of units required by the sector to produce
1 unit of output.

Services | Raw materials | Manufacturing
Services 0.02 0.04 0.05
Raw materials 0.03 0.02 0.04
Manufacturing 0.03 0.3 0.1

a. Write the input-output matrix A for the
economy.

If the levels of production, in billions, of the
three sectors of the economy are 300, 150, and
200, respectively, find the internal demand
vector for the economy. What is the total
external demand that can be met by the three
sectors?

¢. Find the inverse of the matrix /7 — A.

d. If the external demands on the three sectors
are 350, 400, and 600, respectively, determine
the levels of production that balance the
economy.

12. Economies are, in general, very complicated with many sectors. The input-output
matrix A is based on grouping the different industries and services into 10 separate
sectors. If the external demands to the sectors are given in the vector D, determine
the levels of production that balance the economy.

0.041
0.023
0.018 0.03

034 0.005
0.019
0.005 0.02
0.001
0.004 0.03

0.022
0.044
0.018
0.026

0.01  0.011

0.048 0.03

13. The table contains estimates

0.032
0.037

0.018
0.046

0.034
0.021

0.049

0.039
0.019

0.041
0.011
0.039 0.05

0.039
0.009
0.006
0.011
0.015

0.009
0.004
0.038
0.023
0.007
0.013
0.043
0.044

0.002
0.024
0.011
0.007
0.035

0.039
0.041
0.049
0.009
0.044
0.005 0.032
0.003  0.024
0.021 0.01
0.029 0.024
0.033  0.014

care in billions of dollars.

Year | Dollars (billions)
1965 30
1970 80
1975 120
1980 250
1985 400
1990 690

0.048 0.04

0.006 0.004
0.001 0.028
0.023  0.05  0.006
0.023  0.019 0.019
0.016  0.047 0.02

0.047 0.042
0.004 0.044
0.023 0.042
0.03  0.042 0.05

0.021
0.007
0.047

for national health

a. Make a scatter plot of the data.

Use the 1970, 1980, and 1990 data to write a
system of equations that can be used to find a
parabola that approximates the data.

&

Solve the system found in part (b).

g

d. Plot the parabola along with the data points.

e. Use the model found in part (c) to predict an
estimate for national health care spending in
2010.

14. The number of cellular phone subscribers

worldwide from 1985 to 2002 is given in the



table. Use the data from 1985, 1990, and 2000 to
fit a parabola to the data points. Use the quadratic
function to predict the number of cellular phone
subscribers expected in 2010.

Year Cellular Phone
Subscribers(millions)

1985 1

1990 11

2000 741

2001 955

2002 1155

In Exercises 15—18, use the power of a matrix to solve
the problems. That is, for a matrix A, the nth power is

AT=A- A - A-.- A
—_—

n times

15. Demographers are interested in the movement of

populations or groups of populations from one
region to another. Suppose each year it is
estimated that 90 percent of the people of a city
remain in the city, 10 percent move to the suburbs,
92 percent of the suburban population remain in
the suburbs, and 8 percent move to the city.

a. Write a 2 x 2 fransition matrix that describes
the percentage of the populations that move
from city to city (remain in the city), city to
suburbs, suburbs to suburbs (remain in the
suburbs), and suburbs to city.

b. If in the year 2002 the population of a city was
1,500,000 and of the suburbs was 600,000,
write a matrix product that gives a 2 x 1 vector
containing the populations in the city and in
the suburbs in the year 2003. Multiply the
matrices to find the populations.

c. If in the year 2002 the population of a city was
1,500,000 and of the suburbs was 600,000,
write a matrix product that gives a 2 x 1 vector
containing the populations in the city and in
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16.

17.

18.

the suburbs in the year 2004. Multiply the
matrices to find the populations.

d. Give a matrix product in terms of powers of

the matrix found in part (a) for the size of the
city and suburban populations in any year after
2002.

To study the spread of a disease, a medical
researcher infects 200 laboratory mice of a
population of 1000. The researcher estimates that
it is likely that 80 percent of the infected mice
will recover in a week and 20 percent of healthy
mice will contract the disease in the same week.

a. Write a 2 x 2 matrix that describes the
percentage of the population that transition
from healthy to healthy, healthy to infected,
infected to infected, and infected to healthy.

b. Determine the number of healthy and infected

mice after the first week.

c. Determine the number of healthy and infected
mice after the second week.

d. Determine the number of healthy and infected

mice after six weeks.

In a population of 50,000 there are 20,000
nonsmokers, 20,000 smokers of one pack or less a
day, and 10,000 smokers of more than one pack a
day. During any month it is likely that only 10
percent of the nonsmokers will become smokers
of one pack or less a day and the rest will remain
nonsmokers, 20 percent of the smokers of a pack
or less will quit smoking, 30 percent will increase
their smoking to more than one pack a day, 30
percent of the heavy smokers will remain smokers
but decrease their smoking to one pack or less,
and 10 percent will go cold turkey and quit. After
one month what part of the population is in each
category? After two months how many are in
each category? After one year how many are in
each category?

An entrepreneur has just formed a new company
to compete with the established giant in the
market. She hired an advertising firm to develop a
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campaign to introduce her product to the market.
The advertising blitz seems to be working, and in
any given month 2 percent of the consumers
switch from the time-honored product to the new
improved version, but at the same time 5 percent
of those using the new product decide to switch
back to the old established brand. How long will
it take for the new company to acquire 20 percent
of the consumers?

In Exercises 19 and 20, the figure shows an electrical
network. In an electrical network, current is measured
in amperes, resistance in ohms, and the product of
current and resistance in volts. Batteries are
represented using two parallel line segments of
unequal length, and it is understood the current flows
out of the terminal denoted by the longer line segment.
Resistance is denoted using a sawtooth. To analyze an
electrical network requires Kirchhoff’s laws, which
state all current flowing into a junction, denoted using
a black dot, must flow out and the sum of the products
of current / and resistance R around a closed path (a
loop) is equal to the total voltage in the path.

19. a. Apply Kirchhoff’s first law to either junction to
write an equation involving Iy, I, and I5.
b. Apply Kirchhoff’s second law to the two loops
to write two linear equations.

c. Solve the system of equations from parts
(a) and (b) to find the currents I, I, and I3.

Systems of Linear Equations and Matrices

20. a. Apply Kirchhoff’s first law to the four
junctions to write four equations involving
currents.

b. Apply Kirchhoff’s second law to the three
loops to write three linear equations.

c. Solve the system of equations from parts
(a) and (b) to find the currents Iy, I, I3, Iy, Is,
and /.

Ry=6 18V
Is é Rs=2 Loop C Is

<
4] §R(,:3

In Exercises 21 and 22, use the fact that if a plate has
reached a thermal equilibrium, then the temperature at
a grid point, not on the boundary of the plate, is the
average of the temperatures of the four closest grid
points. The temperatures are equal at each point on a
boundary, as shown in the figure. Estimate the
temperature at each interior grid point.

21. 30

20 25

20

22. 30

20 25

20



f.

x+ y+2z+ w= 3
—X + z4+2w= 1
2x 42y + w=-2
x+ y+2z4+3w= 5

Define the coefficient matrix A for the linear
system.

. Find det(A).

Is the linear system consistent? Explain.
Find all solutions to Ax = 0.

Is the matrix A invertible? If yes, then find the
inverse.

Solve the linear system.

2. The augmented matrix of a linear system has the

form
I -1 2 1 a
—1 31 1 b
3 -5 51 ¢
2 -2 4 2 d
a. Can you decide by inspection whether the

determinant of the coefficient matrix is 0?
Explain.

. Can you decide by inspection whether the

linear system has a unique solution for every
choice of a, b, ¢, and d? Explain.

. Determine the values of a, b, ¢, and d for

which the linear system is consistent.

. Determine the values of a, b, ¢, and d for

which the linear system is inconsistent.

. Does the linear system have a unique solution

or infinitely many solutions?

Ifa=2,b=1,c= -1, and d = 4, describe

the solution set for the linear system.
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Review Exercises for Chapter 1

1. Consider the linear system

3. Find all idempotent matrices of the form

k

4. Let S denote the set of all 2 x 2 matrices. Find all

. b . .
matrices [ ccl d } that will commute with every

matrix in S.

5. Let A and B be 2 x 2 matrices.

a.

Show that the sum of the terms on the main
diagonal of AB — BA is 0.

If M is a 2 x 2 matrix and the sum of the main
diagonal entries is 0, show there is a constant ¢
such that

M? =cl

If A, B, and C are 2 x 2 matrices, then use
parts (a) and (b) to show that

(AB — BA)>’C = C(AB — BA)?

6. Find the traffic flow pattern for the network in the
figure. Flow rates are in cars per hour. Give one
specific solution.

100
4 Y
300 < < <500
4 Y 300
200 » » » 400
A Y
400
<t < <600
A Y
500
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7. a. Explain why the matrix

I 1 1 11
01 1 1 1
A=|10 0 1 1 1
00 0 11
00 0 01

is invertible.

b. Determine the maximum number of 1’s that
can be added to A such that the resulting
matrix is invertible.

8. Show that if A is invertible, then A’ is invertible
and (A~ = A~

9.

10.

A matrix A is skew-symmetric provided A" = —A.
a. Let A be an n x n matrix and define

B=A+A' and C=A-A'

Show that B is symmetric and C is
skew-symmetric.

b. Show that every n x n matrix can be written as

the sum of a symmetric and a skew-symmetric
matrix.

Suppose u and v are solutions to the linear system
Ax = b. Show that if scalars o and p satisfy

o+ B =1, then au + Bv is also a solution to the
linear system Ax = b.

Chapter 1: Chapter Test

In Exercises 1-45, determine whether the statement is
true or false.

1. A 2 x 2 linear system has one solution, no
solutions, or infinitely many solutions.

2. A 3 x 3 linear system has no solutions, one
solution, two solutions, three solutions, or
infinitely many solutions.

3. If A and B are n x n matrices with no zero
entries, then AB # 0.

4. Homogeneous linear systems always have at least
one solution.

5. If A is an n x n matrix, then Ax = 0 has a
nontrivial solution if and only if the matrix A has
an inverse.

6. If A and B are n x n matrices and Ax = Bx for
every n X | matrix x, then A = B.

7. If A, B, and C are invertible n x n matrices, then
(ABC)"' = A-1B~ICc!.

8. If A is an invertible n x n matrix, then the linear
system Ax = b has a unique solution.

9. If A and B are n x n invertible matrices and
AB = BA, then A commutes with B~!.

10. If A and B commute, then A2B = BAZ2.

11

12.

13.

14.

15.

16.

17.

18.

The matrix
1 -2 3 1 0
0 -1 4 3 2
0 0 3 5 =2
0 0 0 O 4
0 0 0 O 6

does not have an inverse.

Interchanging two rows of a matrix changes the
sign of its determinant.

Multiplying a row of a matrix by a nonzero
constant results in the determinant being
multiplied by the same nonzero constant.

If two rows of a matrix are equal, then the
determinant of the matrix is 0.

Performing the operation aR; + R; — R; on a
matrix multiplies the determinant by the
constant a.

1 2 )
IfA_[4 6},thenA—7A_21.
If A and B are invertible matrices, then A + B is

an invertible matrix.

If A and B are invertible matrices, then AB is an
invertible matrix.



19.

20.

21.

22.

23.

24.
25.

If A is an n x n matrix and A does not have an
inverse, then the linear system Ax = b is
inconsistent.

The linear system

1 23 X 1
6 5 4 y =12
0 00 z 3

is inconsistent.

The inverse of the matrix
2 -1 .
3 ) is
The matrix
2 -1
4 =2

does not have an inverse.

If the n x n matrix A is idempotent and
invertible, then A = 1.

If A and B commute, then A’ and B’ commute.

If A is an n x n matrix and det(A) = 3, then
det(A'A) = 9.

In Exercises 26—32, use the linear system

26.

27.

28.
29.

30.

31.

{2x+2y=3

The coefficient matrix is
2 2
A= { 2 }

The coefficient matrix A has determinant

det(A) =0
The linear system has a unique solution.
The only solution to the linear system is
x=—7/4and y = —5/4.
The inverse of the coefficient matrix A is

T

The linear system is equivalent to the matrix
equation

INSEN
D= D=
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32. The solution to the system is given by the matrix

equation

Bl B—

In Exercises 33—36, use the linear system
X1 +2x—3x3= 1
2x1+5x —8x3= 4
—2x; —4x; + 6x3=-2
33. The determinant of the coefficient matrix is
5 =8 2 -8 2 5
-4 6 -2 6 -2 —4

34. The determinant of the coefficient matrix is 0.

35. A solution to the linear system is
X1 = —4,)62 = 0, and X3 = —1.

36. The linear system has infinitely many solutions,

and the general solution is given by x3 is free,

Xy =2+ 2x3, and x; = —3 — x3.

In Exercises 37—41, use the matrix

-1 =2 1 3
A= 1 0 1 -1
2 1 2

37. After the operation Ry <— R; is performed, the

matrix becomes

38. After the operation —2R; + R3 —> Rj3 is

performed on the matrix found in Exercise 37, the

matrix becomes

1 0 1 -1
-1 -2 1 3
0 -2 0 =3

39. The matrix A is row equivalent to

1 0 1 -1
0 -2 2 2
0 0 1 4
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40. The reduced row echelon form of A is

1 0 0 =5
o1 0 3
0 0 1 4

41. If A is viewed as the augmented matrix of a
linear system, then the solution to the linear
system is x = —5,y =3, and z = 4.

In Exercises 4245, use the matrices

112
A=| -2 3 1
4.0 -3
1201
-1 3 2

42.

43.

45.

The matrix products AB and BA are both defined.

The matrix expression —2B A + 3B simplifies to a
2 x 3 matrix.

. The matrix expression —2BA + 3B equals

-3 -5 3
-5 7 16
The matrix A2 is
7 4 -3
4 7 —4
-8 4 17
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Linear Combinations
and Linear Independence
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h the broadest sense a signal is any time-
I varying quantity. The motion of a particle
through space, for example, can be thought of
as a signal. A seismic disturbance is detected
as signals from within the earth. Sound caused
by the vibration of a string is a signal, radio
waves are signals, and a digital picture with col-
ors represented numerically also can be consid-
ered a signal. A video signal is a sequence of
images. Signals represented using real numbers
are called continuous while others that use inte-
gers are called discrete. A compact disc contains
discrete signals representing sound. Some signals
are periodic; that is, the waveform or shape of the
signal repeats at regular intervals. The period of
a wave is the time it takes for one cycle of the
wave, and the frequency is the number of cycles
that occur per unit of time. If the period of a wave
is 2T, then the frequency is F = % Every periodic motion is the mixture of
sine and cosine waves with frequencies proportional to a common frequency, called
the fundamental frequency. A signal with period 27 is a mixture of the func-
tions

X . TX 2nx . 27mx 3ntx . 37mx
1,cos —, sin—, cos ——, sin ——, cos ——, sin ——, . ..
T T T T T T

and for any n, the signal can be approximated by the fundamental set
X 2nx . 2mx nmX . ATX

COS ————, Sin OS ———,SIm ——

™ .
1,cos —, sin —, —\...,C
T T T T T T

93
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The approximation obtained from the sum of the elements of the fundamental set with
appropriate coefficients, or weights, has the form

n X 4 b X n 27X
ag + ay cos — sin — + ap cos ——
0 1 T 1 T 2 T

+ by si 27X n n nmx b nix

sin — + -+ +a, cos — sin ——
20T " T T
This sum is called a linear combination of the elements of the fundamental set. A

square wave on the interval [—, mt] along with the approximations
4 . 4 4 4 4
—sinx, —sinx + — sin3x, — sinx + — sin3x + — sin 5x
T T 3w b4 3n St
d
o 4.4 4 4
—sinx 4+ -—sin3x + —— sin5x + -— sin 7x
Bl 3n 5w T
are shown in Fig. 1. As more terms are added, the approximations become better.

Ay Yy

) O — 1
Square wave

=V
=V

Figure 1

In Chap. 1 we defined a vector, with n entries, as an n x 1 matrix. Vectors are
used not only in mathematics, but in virtually every branch of science. In this chapter
we study sets of vectors and analyze their additive properties. The concepts presented
here, in the context of vectors, are fundamental to the study of linear algebra. In
Chap. 3, we extend these concepts to abstract vector spaces, including spaces of
functions as described in the opening example.

B 2.1 » Vectorsin R"

Euclidean 2-space, denoted by R?, is the set of all vectors with two entries, that is,

{2

X1, X are real numbers}
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A)Y
(1,2)
>
Figure 2
A)
ya
v
x
Figure 3

DEFINITION 2
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Similarly Euclidean 3-space, denoted by R3, is the set of all vectors with three entries,
that is,
X1
R} = X X1, X2, x3 are real numbers
X3
In general, Euclidean n-space consists of vectors with n entries.

VectorsinR” Euclidean n-space, denoted by R", or simply n-space, is defined by

X1
. x2 .
R" = . xi €R, fori=1,2,...,n

Xn

The entries of a vector are called the components of the vector.

Geometrically, in R? and R? a vector is a directed line segment from the origin to
the point whose coordinates are equal to the components of the vector. For example,
the vector in R? given by

1

is the directed line segment from the origin (0, 0) to the point (1, 2), as shown in
Fig. 2. The point (0,0) is the initial point, and the point (1,2) is the terminal
point. The length of a vector is the length of the line segment from the initial point

to the terminal point. For example, the length of v = [ é } is V12422 =./5. A

vector is unchanged if it is relocated elsewhere in the plane, provided that the length
and direction remain unchanged. For example, the directed line segments between
(0,0) and (1,2) and between (2, 2) and (3, 4) are both representations of the same

vector v = [ é ] . See Fig. 3. When the initial point of a vector is the origin, we say

that the vector is in standard position.

Since vectors are matrices, two vectors are equal provided that their corresponding
components are equal. The operations of addition and scalar multiplication are defined
componentwise as they are for matrices.

Addition and Scalar Multiplication of Vectors Let u and v be vectors in
R" and ¢ a scalar.

1. The sum of u and v is

uy vy up + v

u V2 uy + v
u+v= . + . = .

Un Un Up + Uy
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Solution
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2. The scalar product of ¢ and u is

cu=c

ui
us

Un

cuy,

These algebraic definitions of vector addition and scalar multiplication agree with
the standard geometric definitions. Two vectors u and v are added according to the
parallelogram rule, as shown in Fig. 4(a). The vector cu is a scaling of the vector u.
In Fig. 4(b) are examples of scaling a vector with 0 < ¢ < 1 and ¢ > 1. In addition,
if ¢ < 0, then the vector cu is reflected through the origin, as shown in Fig. 4(b). The
difference u — v = u 4 (—v) is the vector shown in Fig. 4(c). As shown in Fig. 4(c),
it is common to draw the difference vector u — v from the terminal point of v to the

terminal point of u.

Let

=7
3

u =

Find 2u + v) — 3w.

Using the componentwise definitions of addition and scalar multiplication, we have

1
=2

Qu+v)—3w=|[2

(2)

=Y

1
0
9

3

2
—4
6

+

AV

=i
+| 4
3

+

4
3
~12
_6 =

e
— il
6 -
7
+| -6
il
~11
—6
-9

—2u

(b)
Figure 4

=Y

=Y




Solution

THEOREM 1
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Vectors in R”, being matrices with n rows and 1 column, enjoy all the algebraic

properties of matrices that we saw in Chap. 1.

Show that vector addition is commutative.

If u and v are vectors in R”, then

uj V1 up + vp

up v Uy + vy
u+v= =+ X S .

Up Up Up + vy

Since addition for real numbers is commutative,

U + v v+ ug
uy + v vy + U

ut+v= . = . =v-+u
Up + Uy Uy + Uy

The zero vector in R” is the vector with each component equal to 0, that is,

0
Hence, for any vector v in R”, we have v + 0 = v. Recall that for any real number a

there is a unique number —a such that a + (—a) = 0. This enables us to define the
additive inverse of any vector v as the vector

so that v+ (—v) = 0.

Theorem 1 summarizes the essential algebraic properties of vectors in R”. These
properties serve as a model for the structure we will require for the abstract vec-
tor spaces of Chap. 3. The first of these properties was proved in Example 2. The
remaining justifications are left as exercises.

Let u, v, and w be vectors in R”, and let ¢ and d be scalars. The following algebraic
properties hold.

1. Commutative property: u+v=v+u
2. Associative property: u+v)+w=u+ (v+w)
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Solution

3. Additive identity: The vector 0 satisfies 0 +u=u+ 0 = u.

Additive inverse: For every vector u, the vector —u satisfies
u+(—u)=—utu=0.

>

5. c(u+v)=cu+cv
6. (c+du=cu+du
7. c(du) = (cd)u

8. (Hhu=u

By the associative property, the vector sum u; + u; + - - - 4+ u,, can be computed
unambiguously, without the need for parentheses. This will be important in Sec. 2.2.

4] ] w [

Verify that the associative property holds for these three vectors. Also verify that
for any scalars ¢ and d, c(du) = (cd)u.

Let

To verify the associative property, we have

wrorw=([_1]]
-[3]+[5]-

and

Hence, (u+v)+w=u+ (v+w).
For the second verification, we have

c(du)=c<d[ B D=c[ _ﬂ:[_ij]:m[_}]:(cd)u

The properties given in Theorem 1 can be used to establish other useful properties
of vectors in R”. For example, if u € R” and c is a scalar, then

ui 0

uy 0
Ou=0 : = . =0 and c0=0

<
3
=K



Exercise Set 2.1

In Exercises 1-6,

1. Find u +v and v + u.

2.1 Vectors in R” 99

We also have the property that (—1)u = —u. That is, the scalar product of —1 with
u is the additive inverse of u. In the case of real numbers, the statement xy = 0 is
equivalent to x = 0 or y = 0. A similar property holds for scalar multiplication. That
is, if cu = 0, then either ¢ = 0 or u = 0. To see this, let

cuq 0

cuy 0

cuy, 0
so that cu; =0,cu; =0, ..., cu, =0. If ¢ =0, then the conclusion holds. Other-
wise, uy =uy = --- =u, =0, that is, u = 0.

Fact Summary

1. The definitions of vector addition and scalar multiplication in R" agree with
the definitions for matrices in general and satisfy all the algebraic properties
of matrices.

2. The zero vector, whose components are all 0, is the additive identity for
vectors in R”. The additive inverse of a vector v, denoted by —v, is
obtained by negating each component of v.

3. For vectors in R? and R vector addition agrees with the standard
parallelogram law. Multiplying such a vector by a positive scalar changes
the length of the vector but not the direction. If the scalar is negative, the
vector is reflected through the origin.

use the vectors 5. Find —3(u +v) —w.

-2 6. Find 2u — 3(v — 2w).
0 In Exercises 7—10, use the vectors

1

-2
3 -1
0

7. Find —2(u + 3v) + 3u.

N W

2. Find (u+v) +wand u + (v+ w).

3. Find u — 2v + 3w.

4. Find —u + %v — 2w.

8. Find 3u — 2v.

9. If x; and x, are real scalars, verify that
(x1 + x2)u = xju + xou.
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10. If x; is a real scalar, verify that
xi(w+v) = xju+ xv.

In Exercises 11-14, let

[ 1] 0
€ = 0 € = 1
| 0 | 0
T 0]
€3 = 0
_1_

Write the given vector in terms of the vectors ey, e;,
and ej3.

2
11. v=| 4
|1
F T
12. v= 3
. 2_
F o0
13. v= 3
__2_
F
14. v= 0
1
L 2

In Exercises 15 and 16, find w such that
—u+3v—2w=0.

1 -2

15. u=| 4 V= 2
| 2 0

[ —2 2

16. u = 0 v=| =3
1 4

In Exercises 17—24, write the vector equation as an
equivalent linear system and then solve the system.
Explain what the solution to the linear system implies
about the vector equation.

ool L]ve] 2]-]2]

18. ¢ :| + |: :;
19. C1l :l

20. C1l

21. Cl

22. C1

23. C1l

1 — 1
|
—_ O
1 _ 1
+
)
S}
—
+
[
%)
.
Il
1
I
O -
1

24. ¢; 2 4| 2 |+

N
o~
—_

In Exercises 25-28, find all vectors [

vector equation can be solved.

25.C1 _i:|+6’2|:?:|:|:z

|
wal 1] oo 4] ]

ma] 3 ]ea] 2]-[4]
HEHER

In Exercises 2932, find all vectors

a
b }, so that the

28. C1

so that the vector equation c¢;v| + cav3 + ¢3V3 = v can
be solved.



29.

30.

31.

Vi

V3

V) =

V3 =

V) =

V3

—_ O

S~ DN

—_—

—_

[\SRRVS]

Vo) =

V) =

V2

2.2
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0 [ —1 ] 1
1 32. vi = 0 v,=| -2
1 | 2] 8
1
V3 = -1
L 3 -
0 In Exercises 33—-39, verify the indicated vector
1 property of Theorem 1 for vectors in R”.
0 33. Property 2.
34. Property 3.
35. Property 4.
) 36. Property 5.
1 37. Property 6.
1

38. Property 7.
39. Property 8.

40. Prove that the zero vector in R” is unique.

Linear Combinations

In three-dimensional Euclidean space R? the coordinate vectors that define the three
axes are the vectors

1 0 0
eg=1|0 ;=1 and  e3=
0 0 1

Every vector in R® can then be obtained from these three coordinate vectors, for
example, the vector

2 1 0 0
v=|3|=2{0]|+3]1]|+3]0
3 0 0 1

Geometrically, the vector v is obtained by adding scalar multiples of the coordi-
nate vectors, as shown in Fig. 1. The vectors e, e;, and e3 are not unique in this
respect. For example, the vector v can also be written as a combination of the
vectors
1 0 —1
vi=| 1 vo= |1 and V3 = 1
1 1 1
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Figure 1
that is,
2
3vi—vo+v3= 1|3
3

A vector written as a combination of other vectors using addition and scalar mul-
tiplication is called a linear combination. Combining vectors in this manner plays a
central role in describing Euclidean spaces and, as we will see in Chap. 3, in describing
abstract vector spaces.

DEFINITION 1 Linear Combination Let § = {vy,v,,..., v} be a set of vectors in R", and
let ¢y, ¢z, ..., cx be scalars. An expression of the form

k
civi+cva+ - v = E CiVi
i=1

is called a linear combination of the vectors of S. Any vector v that can be written
in this form is also called a linear combination of the vectors of S.

In Example 1 we show how linear systems are used to decide if a vector is a
linear combination of a set of vectors.

m Determine whether the vector :

V= 1
10
is a linear combination of the vectors
1 -2 —6
vi=]0 V2 = 3 and vz = 7

1 =2 5
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Solution The vector v is a linear combination of the vectors vy, v,, and v3 if there are scalars
c1, ¢3, and c¢3, such that

—1
V= 1 = C1V] + 2V + €c3V3
10
1 —2 —6
=C 0 =+ ¢ 3 aF @3 7
1 -2 5
€| = 2C2 = 6C3
= 3¢y + T3
c1—2¢ 4+ 5¢3
Equating components gives the linear system
C1l —2C2 —6C3 =-—1
3cp+Tc3= 1

c1 —2c; +5¢3= 10

To solve this linear system, we reduce the augmented matrix

1 -2 -6 -1 1 0 0 1
0 3 7 1 to 01 0|-2
1 -2 5|10 0 0 1 1
From the last matrix, we see that the linear system is consistent with the unique
solution
6‘1=1 022—2 and C3=1

Using these scalars, we can write v as the linear combination

—1 1 -2 -6
v=| 1 |=1|0|+E2| 3 |[+1]| 7
10 1 2 5

The case for which a vector is not a linear combination of a set of vectors is
illustrated in Example 2.

m Determine whether the vector 5

V= 11
-7
is a linear combination of the vectors
1 0 2
vi=| =2 v,=1|5 and vi=1| 0
2 5 8
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Solution

The vector v is a linear combination of the vectors vy, v,, and v; if there are scalars
c1, ¢a, and c¢3, such that

=5 1 0 2
11 = @] -2 + 5 +c3 0
=7 2 5 8
The augmented matrix corresponding to this equation is given by
1 0 2|5
-2 5 0] 11
2 5 8| -7
Reducing the augmented matrix
1 0 2|5 1 0 2|5
-2 5 0| 11 to 0 5 4 1
2 5 8| -7 00 0| 2

shows that the linear system is inconsistent. Therefore, the vector v cannot be
written as a linear combination of the three vectors vq, v,, and vs.
To see this geometrically, first observe that the vector v; is a linear combination
of vi and v,. That is, 4
vy = 2v| + sz
Therefore, any linear combination of the three vectors vy, v,, and v, is just a linear
combination of v; and v;. Specifically,

4
C1V1 + Vo + €3V3 = €1V + V2 +¢3 <2V1 + gvz)

4
= (c] + 2¢3)v; + (Cz + 563> V2

The set of all vectors that are linear combinations of v; and v, is a plane in R3,
which does not contain the vector v, as shown in Fig. 2.

Figure 2
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In R” the coordinate vectors are the n vectors given by

1 0 0
0 1 0
€ = . € = : €, = :
0 0 1

These vectors can also be defined by the equations
1 ifi=k
(e z{ 0 ifi Ak
where 1 < k <n.
An important property of the coordinate vectors is that every vector in R" can be

written as a linear combination of the coordinate vectors. Indeed, for any vector v in
R", let the scalars be the components of the vector, so that

vy 1 0 0
V2 0 1 0
V= : =v1 : +v2 : +"'+vn :
U, 0 0 1

=vie; + ey + -+ v,e,
Linear combinations of more abstract objects can also be formed, as illustrated
in Example 3 using 2 x 2 matrices. This type of construction is used extensively in
Chap. 3 when we consider abstract vector spaces.

Show that the matrix

2

is a linear combination of the matrices
1 0 0 1 1 1
M1=[01} MF[H] and MF[H]

Similar to the situation with vectors, we must find scalars ¢y, ¢, and ¢35 such that

ciM; + co;My + c3M3 = A

10 0 1 1 1] 11
Slo 1 (T2 1 1T 1 1[T|1 0

After performing the scalar multiplication and addition, we obtain

1+ c+c | [ 11
co4+c3 ci+ed+es | |10

that is,
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Equating corresponding entries gives the linear system
c1 + c; =1
c+cz =1
cit+ec+ecz =0

This system is consistent with solution ¢; = —1, ¢, = —1, and ¢3 = 2. Thus, the
matrix A is a linear combination of the matrices M;, M,, and M3.

m Consider the homogeneous equation Ax = 0. Show that if x;, Xy, ..., X, are solu-

tions of the equation, then every linear combination ¢;X; + c2Xp + - -+ 4+ ¢, X, 1S
also a solution of the equation.

Solution Since xi, xp, ..., X, are solutions of the matrix equation, we have

Ax; =0 Axy; =0 Ax, =0

Then using the algebraic properties of matrices, we have

Ac1x) + X + - - - + X)) = A(e1xy) + A(eaXa) + -+ - + A(cnXy)
= c1(AX)) + c2(AXp) + - - - + ¢, (AX,)
=ci0+c04---+c,0
=0

The result of Example 4 is an extension of the one given in Example 3 of
Sec. 1.5.

Vector Form of a Linear System
We have already seen that a linear system with m equations and n variables
anxi +apxy +- -+ axy = b

azixy + apnxy + -+ apx, = b

A1 X1+ ApaXa + -+ Aup Xy = by,

can be written in matrix form as Ax = b, where A is the m x n coefficient matrix, x
is the vector in R" of variables, and b is the vector in R™ of constants. If we use the
column vectors of the coefficient matrix A, then the matrix equation can be written



THEOREM 2

2.2 Linear Combinations 107

in the equivalent form

ap ap ain by

an axn a, by
X1 : + X7 : + -+ x, . = .

am1 am2 Amn bm

This last equation is called the vector form of a linear system. This equation can also
be written as

XA +xA +---+x,A, =b
where A; denotes the ith column vector of the matrix A. Observe that this equation is
consistent whenever the vector b can be written as a linear combination of the column
vectors of A.

The linear system Ax = b is consistent if and only if the vector b can be expressed
as a linear combination of the column vectors of A.

Matrix Multiplication

Before concluding this section, we comment on how linear combinations can be used
to describe the product of two matrices. Let A be an m x n matrix and B an n x p
matrix. If B; is the ith column vector of B, then the ith column vector of the product
AB is given by

aip  ap ... A by;
azy axp ... dx by;
AB; = .

L Am1  Am2 ... Amn bni

[ anbii + anbyi +- -+ + aiubpi
anbi; + anby + -+ axby;

L amb1i + amaboi + -+ + aunbni

[ aiiby; anby; Anbyi
az1by; axnby; A2nbyi

L amlbli am2b2i amnbni

= b1iA1 + b2iAs + -+ + buiAy
Since fori = 1,2, ..., p the product AB; is the ith column vector of AB, each column

vector of AB is a linear combination of the column vectors of A.
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Fact Summary
1. Every vector in R” is a linear combination of the coordinate vectors
€1,€2,...,€,.
2. If x;, X, ..., X¢ are all solutions to the homogeneous equation Ax = 0,
then so is every linear combination of these vectors.
3. The linear system Ax = b can be written in the equivalent vector form as
X1A| + x2A) + - - - + x,A,, = b. The left side is a linear combination of the
column vectors of A.
4. The linear system Ax = b is consistent if and only if b is a linear
combination of the column vectors of A.
Exercise Set 2.2 B
In Exercises 1-6, determine whether the vector v is a -3 2
linear combination of the vectors v; and v,. 5, v—= 10 v, = 3
10 4
1.V=|:_4:| vlz[l}
11 1 1
V) = 4
) 2
=3
-2 3
2v=[13] Vl:[—l] 6. v= 6 v, =
-2 2 8 —1
3 2
V2= [ 0 ] Vo= |7
3

="

2
4

|

In Exercises 7—12, determine whether the vector v is a
linear combination of the vectors vy, v, and v3.

v — 3

2=1 6 2 2
7. v= 8 V) = -2
3 1 2 0

SRS
3 -2
1 V) = 0 V3 = 0
Vz—[_zl] -3 ~1



10.

11.

12.

5
v=| —4
—7
-2
V) = —1
-1
vV =
-1
V) = -1
3
-3
V= 5
5
1
V) = 4
1
3
| -7
V=1 17
7
1
_ 6
V) = 1
2
6
v 3
|3
7
1
| -1
V) = 2
3

vV =

V3 =

V) =

V3

vV =

vV =

V3 =

wn AW
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In Exercises 13—16, find all the ways that v can be
written as a linear combination of the given vectors.

w[3] o[i]
SEI I
e[ 4] e[ ]

-2 3
V) = _1 V3 = 0
0 0
15. v=| —1 vi=| 1
-3 1
[ 2] -2
V) = -1 V3 = -3
| 2 | —1
R
V4 = —1
L _2 -
-3 -1
16. v = -3 vV = —1
1 2
[ 0] 0
Vo = -1 V3 = —1
| -1 -2
-3
V4 = -1
L _2 -

In Exercises 17—-20, determine if the matrix M is a
linear combination of the matrices M, M,, and Mj.

-2 4
R



19.

20.

21.

22.

23.

24.
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we[12]
(3 3] (1 1]
ool 1]
vl 1]
we[ 3 3]we[2 2]
we[2 ]
we[3 1]

1 0 0 1
m=lo A ]w=lo 0]
0 0
w=lo 1]
Let A = 3 dx= 2 Write th
etA=| , | |andx=| . |. Writethe

product Ax as a linear combination of the column
vectors of A.

1 2 -1 -1
Let A = 2 3 4 and x = | —1
| -3 2 1 3

Write the product Ax as a linear combination of
the column vectors of A.

[ —1 =2 3 2 .
3 4}and3=[2 5}.Wmte

each column vector of AB as a linear
combination of the column vectors of A.

Let A =

2 0 -1
Let A = 1 -1 4 and
—4 3 1
3 2 1
B=| -2 1 0 |. Write each column

2 -1 1

vector of AB as a linear combination of the
column vectors of A.

In Exercises 25 and 26, write the polynomial p(x), if
possible, as a linear combination of the polynomials

25.
26.

and x?

1+x
p(x)=2x2—3x—1

p(x) = —x*+3x+3

In Exercises 27 and 28, write the polynomial p(x), if
possible, as a linear combination of the polynomials

27.
28.
29.

30.

31.

32.

33.

34.

35.

1+x, —x, x>+ 1 and 2303 —x+1
p(x)=x3—2x+1
px) = x*

Describe all vectors in R? that can be written as a
linear combination of the vectors

1 3 1
2 7 and 3
-1 -2 0

Describe all 2 x 2 matrices that can be written as
a linear combination of the matrices
0 0
0 1

1 0 0 1
0 0 1 0
Ifv=v|+vy+v;+ vy and

V4 = Vi — 2v, + 3v3, write v as a linear
combination of vy, v,, and vs.

and

If v=v|+Vvy+Vv3+ vy and v, = 2v| — 4vs,
write v as a linear combination of vy, v3, and vy.

Suppose that the vector v is a linear combination
of the vectors vy, v2, ..., V,, and

civi +cava 4+ -+ 4+ ¢, v, = 0, with ¢; # 0. Show
that v is a linear combination of vy, ..., v,.

Suppose that the vector v is a linear combination

of the vectors vy, va, ..., V,, and Wi, Wa, ..., W,
are another m vectors. Show that v is a linear
combination of v, Vo, ..., V,, Wi, W2, ..., Wy,.

Let S; be the set of all linear combinations of the
vectors vy, v, ..., Vg in R", and S, be the set of
all linear combinations of the vectors vy, v, ...,



36.

37.

Vi, cVi, where ¢ is a nonzero scalar. Show that
S =5,.

Let S; be the set of all linear combinations of the
vectors vi, va, ..., vy in R”, and S, be the set of
all linear combinations of the vectors vy, va, ...,

Vi, Vi + V2. Show that §; = 5.

Suppose that Ax = b is a 3 x 3 linear system that
is consistent. If there is a scalar ¢ such that

Az = cAj, then show that the linear system has
infinitely many solutions.

2.3

38.

39.
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Suppose that Ax = b is a 3 x 3 linear system that
is consistent. If A; = A; + A,, then show that the
linear system has infinitely many solutions.

The equation
2y//_3y/+y=O

is an example of a differential equation. Show that
y=f(x) =¢* and y = g(x) = e2" are solutions
to the equation. Then show that any linear
combination of f(x) and g(x) is another solution
to the differential equation.

Linear Independence

In Sec. 2.2 we saw that given a set S of vectors in R”, it is not always possible

No—

=V

that

Figure 1

=V

sets of vectors in R”.

Figure 2

DEFINITION 1
{V], V2, ..
the equation

to express every vector in R” as a linear combination of vectors from S. At the
% other extreme, there are infinitely many different subsets S such that the collection
of all linear combinations of vectors from S is R”. For example, the collection of all
linear combinations of the set of coordinate vectors S = {ey, ..
is the collection of linear combinations of 7' = {e, ..
and T both generate R". To characterize those minimal sets S that generate R", we
require the concept of linear independence. As motivation let two vectors u and v in
R? lie on the same line, as shown in Fig. 1. Thus, there is a nonzero scalar ¢ such

.,e,} is R", but so
.,€,, e + e} In this way S

Y This condition can also be written as

u—cv=_>0

In this case we say that the vectors u and v are linearly dependent. Evidently we
have that two vectors u and v are linearly dependent provided that the zero vector is
a nontrivial (not both scalars 0) linear combination of the vectors. On the other hand,
the vectors shown in Fig. 2 are not linearly dependent. This concept is generalized to

Linearly Indpendent and Linearly Dependent The set of vectors S =
., Vi) in R" is linearly independent provided that the only solution to

cvi+ vt vy, =0

is the trivial solution ¢y = ¢; = --- = ¢,, = 0. If the above linear combination has
a nontrivial solution, then the set S is called linearly dependent.
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For example, the set of coordinate vectors

S=1{er,....e}
in R” is linearly independent.
m Determine whether the vectors
1 0 1
. 0 1 nd |1
=0 = . E= |
2 2 3

are linearly independent or linearly dependent.

Solution We seek solutions to the vector equation

1 0 1 0
0 n 1 o 1| |0
Tl T2 (T3 [T o
2 2 3 0
From this we obtain the linear system
c1 + =0
o+ c3=0

c1+ oo+ a3=0
2c1+2¢cp+3¢c3=0

Subtracting the first equation from the third equation gives c¢; = 0. Then, from
equation 2, we have ¢3 = 0 and from equation 1 we have ¢; = 0. Hence, the only
solution to the linear system is the trivial solution ¢; = ¢ = ¢3 = 0. Therefore, the
vectors are linearly independent.

m Determine whether the vectors

1 —1 -2 2
vV = 0 Vo) = 1 V3 = 3 V4 = 1
2 2 1 1

are linearly independent.

Solution As in Example 1, we need to solve
1 —1 -2 2 0
c1| 0| +c 1 | +c3 3 | 4| 1 | =10
2 2 1 1 0
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This leads to the homogeneous linear system
c1— ¢ —2c3+2c4=0
cy+3c3+ ¢c4=0
2c1+2c+ 3+ c4=0

with solution set given by
S ={(—2t,2t,—t,t) |t € R}

Since the linear system has infinitely many solutions, the set of vectors
{vi, V2, v3, v4} is linearly dependent.

In Example 2, we verified that the set of vectors {v{, v», v3, v4} is linearly depen-
dent. Observe further that the vector v4 is a linear combination of vy, vy, and vj,
that is,

V4 =2vi —2Vr + v3
In Theorem 3 we establish that any finite collection of vectors in R”, where the
number of vectors exceeds n, is linearly dependent.

Let S = {vy,Vva,...,V,} be a set of n nonzero vectors in R™. If n > m, then the
set S is linearly dependent.

Proof Let A be the m x n matrix with column vectors the vectors of S so that
A =v; for i=1,2,...,n

In this way we have
civi+oeove+ -4+, v, =0
in matrix form, is the homogeneous linear system

Cl
(%)
Ac=0 where c= .

Cn

As A is not square with n > m, there is at least one free variable. Thus, the solution
is not unique and S = {vy, ..., v,} is linearly dependent.

Notice that from Theorem 3, any set of three or more vectors in R?, four or
more vectors in R3, five or more vectors in R?, and so on, is linearly dependent. This
theorem does not address the case for which n < m. In this case, a set of n vectors
in R™ may be either linearly independent or linearly dependent.

The notions of linear independence and dependence can be generalized to include
other objects, as illustrated in Example 3.
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Solution

THEOREM 4

Determine whether the matrices
1 0 -1 2 5 —6
[0 8] w33 e me[3 3

are linearly independent.

Solving the equation
1 0 4 -1 2 + 5 =6 _[00
U3 2|72 3 2 [F5 =3soR
is equivalent to solving

c1— ¢+ 5¢3 2¢cy — 6c3 N 0 0
3ci +3cp — 3¢z 2ci 4+ 2¢) — 2¢3 10 0
Equating corresponding entries gives the linear system
ci1— ¢c+53=0
2C2 = 6C3 =30
3ci1 +3cp—3¢c3=0
2c1+2¢; —2¢c3=0

The augmented matrix of the linear system is

1 -1 510 1 0 210
0 2 —610 . 01 =30
3 3 _300 which reduces to 0 0 0lo
2 2 =210 0 0 00

Therefore, the solution set is
S ={(=2t,3t,1) | t € R}

Since the original equation has infinitely many solutions, the matrices are linearly
dependent.

Criteria to determine if a set of vectors is linearly independent or dependent are
extremely useful. The next several theorems give situations where such a determination
can be made.

If a set of vectors S = {vy, v2, ..., V,} contains the zero vector, then S is linearly
dependent.

Proof Suppose that the vector v, = 0, for some index k, with 1 < k < n. Setting
cir=cp=-=c-1=0,¢cc =1, and ¢jy| = cky2 =+ = ¢, =0, we have

Ovi+ -+ 0viy + 1V + 0V + -+ 0v,, =0

which shows that the set of vectors is linearly dependent.
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Solution

2.3 Linear Independence

A set of nonzero vectors is linearly dependent if and only if at least one of the
vectors is a linear combination of other vectors in the set.

Proof LetS = {vi,v,,...,V,} bea set of nonzero vectors that is linearly depen-
dent. Then there are scalars cy, ¢z, ..., ¢,, not all 0, with
aviteavat--4cev, =0

Suppose that ¢; # 0 for some index k. Then solving the previous equation for the
vector vi, we have

cl Ck—1 Ck+1 Cn

Vi=——Vi— = Vi | — V] — - — —V
Ck Ck Ck Ck
Conversely, let v; be such that
Vi =C1Vy + Vo + -+ Cp—1Vk—1 + Ch1Vi+1 + -+ -+ Cn Vi
Then
cvi+ Vot 1Vl — Vi H CrpVipr -+ 6V, =0

Since the coefficient of v; is —1, the linear system has a nontrivial solution. Hence,
the set S is linearly dependent.

As an illustration, let S be the set of vectors

1 -1 2
S = 3, 2 [, 6
1 1 | 2
Notice that the third vector is twice the first vector, that is,
2 1]
6 | =213
2 1

Thus, by Theorem 5, the set S is linearly dependent.

Verify that the vectors

=[4) w[f] e oe[i]

are linearly dependent. Then show that not every vector can be written as a linear
combination of the others.

By Theorem 3, any three vectors in R? are linearly dependent. Now, observe that
vy and v3 are linear combinations of the other two vectors, that is,

vi =0vy —v3 and v3 =0vy — v

115
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However, v, cannot be written as a linear combination of v; and v3. To see this,

Ay notice that the equation
avy + bvy = v,
*v, is equivalent to the inconsistent linear system
| Vi, . —a+b =0
* 0 =1
T As shown in Fig. 3, any linear combination of the vectors v; and vj is a vector that
is along the x axis. Therefore, v, is not a linear combination of v; and vs.

Figure 3

THEOREM 6 1. If a set of vectors § is linearly independent, then any subset of S is also a
linearly independent set of vectors.
2. If a set of vectors T is linearly dependent and S is a set of vectors that contains
T, then S is also a linearly dependent set of vectors.

Proof (1) Let T be a subset of S. Reorder and relabel the vectors of §, if
necessary, so that 7 = {vy,..., v} and S = {vy, ..., Vg, Vks1, - - ., Vin}. Consider
the equation

avi+ovo+ -+ avi=0
Next let cx+1 = cg42 = -+ - = ¢ = 0, and consider the linear combination

cvi+aova+ -+ cavi + v+ -+ 0v,, =0

Since S is linearly independent, ¢; = ¢; =--- = ¢; = 0 and hence T is linearly
independent.

(2) Let T = {vy, ..., v} and suppose that T C S. Label the vectors of S that are
notin 7 as Vg41, ..., V. Since 7T is linearly dependent, there are scalars ¢y, . . ., ¢,

not all 0, such that
avit+oava+ -4 agvi=0
Then c1,c¢2, ..., Ck, Ckt1 = Cra2 = -+ = ¢y = 0 is a collection of m scalars, not
all 0, with
cvi+cva+ -4 cvie +0vepr + -4+ 0v,, =0
Consequently, S is linearly dependent.

Given a set of vectors S = {vy, ..., v,} and an arbitrary vector not in S, we have
seen that it may or may not be possible to write v as a linear combination of S. We
have also seen that sometimes v can be written as a linear combination of the vectors
of S in infinitely many ways. That this cannot happen for a linearly independent set
is the content of Theorem 7.



THEOREM 7

THEOREM 8

2.3 Linear Independence 117

Let S = {vy, va, ..., v, } be a linearly independent set. Suppose that there are scalars

C1,¢2, ..., cy, such that
n
V= E CkVk
k=1

Then the scalars are unique.

Proof To prove the result, let v be written as

n n
V= E CkVi and as V= E divi
k=1 k=1

Then

n n
0=v—v= ZCka —devk
k=1 k=1
= Z(Ck — dp)Vvy
k=1

Since the set of vectors S is linearly independent, the only solution to this last
equation is the trivial one. That is,

ci—d1=0,¢c0—dr,=0,...,¢,—d, =0, or ci=di,c;=ds,...,c, =d,

Linear Systems

At the end of Sec. 2.2, in Theorem 2, we made the observation that a linear sys-
tem Ax = b is consistent if and only if the vector b is a linear combination of the
column vectors of the matrix A. Theorem 8§ gives criteria for when the solution is
unique.

Let Ax = b be a consistent m x n linear system. The solution is unique if and only
if the column vectors of A are linearly independent.

Proof First we prove that the condition is necessary. Suppose that the column

vectors Ay, Ay, ..., A, are linearly independent, and let
1 d
&) dy
c= : and d= .

Cn dy
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Solution

be solutions to the linear system. In vector form, we have
ClA| + A+ -+, A, =Db and diA| +drAy+ - +d,A, =D

By Theorem 7, ¢; =dj,c; =dy,...,c, =d,. Hence, ¢ = d and the solution to
the linear system is unique.

To prove the sufficiency, we will prove the contrapositive statement. Let v be a
solution to the linear system Ax = b, and assume that the column vectors of A are
linearly dependent. Then there are scalars cy, ¢3, ..., ¢;, not all 0, such that

A1+ A+ -+ A =0

.. 2 . . .. . . .
that is, if ¢ = .|, then Ae = 0. Since matrix multiplication satisfies the dis-

Cn
tributive property,

A(v+c¢)=Av+Ac=b+0=Db
Therefore, the vector v + ¢ is another solution to the linear system, and the solution
is not unique. This completes the proof of the contrapositive statement. Therefore,
we have shown that if the solution is unique, then the column vectors of A are
linearly independent.

Theorem 8 provides another way of establishing Theorem 11 of Sec. 1.5 that a

linear system has no solutions, one solution, or infinitely many solutions.

Linear Independence and Determinants

In Chap. 1, we established that a square matrix A is invertible if and only if det(A) # 0.
(See Theorem 16 of Sec. 1.6.) This is equivalent to the statement that the linear
system Ax = b has a unique solution for every b if and only if det(A) # 0. This
gives an alternative method for showing that a set of vectors is linearly independent.
Specifically, if A is a square matrix, then by Theorem 8, the column vectors of A are

linearly independent if and only if det(A) # 0.

Let
1 1 1
S = 0f, (21| 4
3 4 5

Determine whether the set S is linearly independent.

Let A be the matrix whose column vectors are the vectors of §; that is,

I 1 1
A=1|0 2 4
3 45
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The determinant of A can be found by expanding along the first column, so that

2 4 11 11
det(A)=1‘4 5)—0 p 5‘+3‘2 7
=—6-0+32)=0

Therefore, by the previous remarks S is linearly dependent.

The final theorem summarizes the connections that have thus far been established
concerning solutions to a linear system, linear independence, invertibility of matrices,
and determinants.

Let A be a square matrix. Then the following statements are equivalent.

1. The matrix A is invertible.

The linear system Ax = b has a unique solution for every vector b.
The homogeneous linear system Ax = 0 has only the trivial solution.
The matrix A is row equivalent to the identity matrix.

The determinant of the matrix A is nonzero.

S AN

The column vectors of A are linearly independent.

Fact Summary

Let S be a set of m vectors in R”.

1. If m > n, then § is linearly dependent.
2. If the zero vector is in S, then S is linearly dependent.

3. If u and v are in S and there is a scalar ¢ such that u = cv, then S is
linearly dependent.

4. If any vector in S is a linear combination of other vectors in S, then S is
linearly dependent.

5. If S is linearly independent and 7" is a subset of S, then T is linearly

independent.

6. If T is linearly dependent and T is a subset of S, then S is linearly
dependent.

7. If S = {vy, ..., vy} is linearly independent and v = c;vy + - - - + ¢,y Vi,
then the set of scalars ¢y, ..., ¢, is uniquely determined.

8. The linear system Ax = b has a unique solution if and only if the column
vectors of A are linearly independent.

9. If A is a square matrix, then the column vectors of A are linearly
independent if and only if det(A) # 0.
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Exercise Set 2.3 B

In Exercises 1—10, determine whether the given 1
vectors are linearly independent. ~1 0
9. V) = V) =
1] 2 - :
1_ V) = i l ] V) = i _3 :| : 2 : 1
[ 2] (1 _| !
2. vV = _4 V) = 5 :| V3 = 0
) |1
3. V] = ! V) = —2 i -2 | 3
—4 8 —4 —4
- 10. v; = 1 V) = 0
1 0
4.V1= 0:|V2=[_1:| - 1— 4
) -1
T Ve — —12
V3 = _1 :| 3= 2
) i 6
[ —1 ] [ —2 ] In Exercises 11—14, determine whether the matrices
5. vi = 2 |vp= 2 are linearly independent.
1 3 -
L J L J 3 3 0 1
- 1. M, = 21}%:[00]
4 -2 -
6. vV = 2 V) = -1 _ I
| —6 | 3 MS__—I -2
[ —1 2 1 4
[ —4 T [ -5 ] 12. M, = ) I]M2:[Ol}
7. vy = 4 | vy, = 3 - )
= 3 | 22 ]
- 3 _ :
1 -2 0 -1
V3 = -5 13.M1= ) _2:|M2=|:2 2:|
L 5 - -
-~ - [ —1 1 1 1
3 -1 Ms=1 2]M4=[—1 —2]
8. v = -3 1w = 2 -
—1 -2 [0 -1 -2 -1
1] =] 0 =2 ]
R
V3 = 3 _ 2 0 -2 2
1 M= 2]M4—[ 2 —1




In Exercises 15—18, explain, without solving a linear
system, why the set of vectors is linearly dependent.

__1 1
15. v = 4:|V2=|:_%:|
16.V1= _?]V2=|::;:|
[ 1
V3 = 3:|
! 0
17.vi=| =6 |va=1{ 0
2 0
[ 4
V3 = 7
|1
1] 1
18.V1= 0 V) = -2
| —2 | 1
- 2_
V3 = -2
__1_

In Exercises 19 and 20, explain, without solving a
linear system, why the column vectors of the matrix A
are linearly dependent.

[ -1 25
19.2.A=| 3 —6 3
2 -4 3
[ 213
b.A=| 1 0 1
-1 10

20. a. A= 5 =2 0 2

-1 2 3

2 31

b. A= 1 -1 0
3 5 2

21.

23.

24.

121
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Determine the values of a such that the vectors

1 -1 2
2 0 a
1 1 4

are linearly independent.

. Determine the values of a such that the matrices

R

are linearly independent.

=y

Let
1 1 1
V) = 1 V) = 2 V3 = 1
1 3

a. Show that the vectors are linearly independent.

b. Find the unique scalars ¢y, ¢3, ¢3 such that the
vector

can be written as
V =1C1V] +C2V2 + C3V3

Let

a. Show that the matrices are linearly
independent.

b. Find the unique scalars ¢y, ¢3, ¢3 such that the

matrix
3 5
w135

can be written as

M =c M+ c; My + c3M3
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¢. Show that the matrix

u-[31]

cannot be written as a linear combination of
M], Mz, and M3.
In Exercises 25 and 26, for the given matrix A
determine if the linear system Ax = b has a unique
solution.

(120
25.A=| -1 0 3
i 12
(3 2 4
26.A=|1 -1 4
0 2 —4

In Exercises 27—30, determine whether the set of
polynomials is linearly independent or linearly
dependent. A set of polynomials

S ={p1(x), p2(x), ..., pp(x)} is linearly independent
provided

apix)+capr(x)+--+cpa(x) =0

for all x implies that

cp=c=--=¢,=0
27. p1(x) =1pa(x) = -2+ 4x?
p3(x) = 2x pa(x) = —12x + 8x3

28. pi(x) =1pa(x) =x
p3(x) =5+2x —x2

29. pi(x) =2 pa(x) = x p3(x) =x*
pa(x) =3x —1
30. pi(x) = 3 =2xr 41 p2(x) = 5x
p3(x) =x% — 4 pay(x) = x> +2x
In Exercises 31—34, show that the set of functions is
linearly independent on the interval [0, 1]. A set of

functions S = {fi(x), f2(x), ..., fu(x)} is linearly
independent on the interval [a, b] provided

cafix)+oforx)+- -+ fulx) =0

for all x € [a, b] implies that

cir=c=---=¢, =0

31. fi(x) =cosmx fo(x) = sinmx

32. filx)=¢" fr(x) =¢e"*
fr(x) = e

33, fix) =x folx) =x% filx) = €

34. filkx) =x fr(x) =e€*
f3(x) = sin7tx

35. Verify that two vectors u and v in R” are linearly
dependent if and only if one is a scalar multiple
of the other.

36. Suppose that S = {v}, v, v3} is linearly
independent and

Wi =V +Vy+V3 Wy =Vy 4+ V3

and

W3 = V3
Show that T = {wj, w,, w3} is linearly
independent.

37. Suppose that S = {v}, v, v3} is linearly
independent and

Wi =V + WV Wy =V) — V3

and

W3 =V 4+ V3
Show that T = {wy, w,, w3} is linearly
independent.

38. Suppose that S = {v}, v, v3} is linearly
independent and

w1 =V Wy = V] +V3

and

W3 =V] +V)+ V3
Determine whether the set T = {wy, wa, w3} is
linearly independent or linearly dependent.

39. Suppose that the set S = {vy, v»} is linearly
independent. Show that if v3 cannot be written as
a linear combination of v; and v,, then
{vi, v2, v3} is linearly independent.

40. Let S = {vy, v2, v3}, where v3 = v| + v,.
a. Write v as a linear combination of the vectors
in S in three different ways.



b. Find all scalars ¢y, ¢, and c¢3 such that
Vi = C1V] + €2V + C3V3.

41. Show that if the column vectors of an m x n
matrix Ay, ..., A, are linearly independent,
then

{x e R"| Ax =0} = {0}

2.3 Linear Independence 123

42, Let vy, ..., v be linearly independent vectors in

R", and suppose A is an invertible n x n matrix.
Define vectors w; = Av;, fori =1, ..., k. Show
that the vectors wy, ..., wi are linearly
independent. Show, using a 2 x 2 matrix, that the
requirement of invertibility is necessary.

Review Exercises for Chapter 2

1. If ad — bc # 0, show that the vectors

o] - 0]

are linearly independent. Suppose that
ad — bc = 0. What can you say about the two
vectors?

2. Suppose that S = {vy, v», v3} is a linearly
independent set of vectors in R”". Show that
T = {vy, V2, vi + v2 + v3} is also linearly
independent.

3. Determine for which nonzero values of a the

vectors
a? 0 1
a and 0
1 2 1
are linearly independent.
4. Let
25 —t
S = s s,t €R

t
N

a. Find two vectors in R* so that all vectors in S
can be written as a linear combination of the

two vectors.
b. Are the vectors found in part (a) linearly

independent?
5. Let
1 1
vi=| 0 and v = 1
2 1

a. Is S = {vy, v»} linearly independent?

a
b. Find a vector | b | that cannot be written
C

as a linear combination of v; and v;.

¢. Describe all vectors in R3 that can be written
as a linear combination of v; and v;.

d. Let
1
V3 = 0
0
Is T = {vy, v2, v3} linearly independent or
linearly dependent?

e. Describe all vectors in R> that can be written
as a linear combination of vy, v, and vj.

. Let
V) = - V) = 1
|1 1
K -2
vy=| 2 and V4 = 2
|1 1

a. Show that S = {vy, v2, v3, v4} is linearly
dependent.

b. Show that T = {vy, v,, v3} is linearly
independent.

¢. Show that v4 can be written as a linear
combination of vy, v,, and vs.
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d. How does the set of all linear combinations of

vectors in § compare with the set of all linear
combinations of vectors in 7'?

7. Consider the linear system

x+ y+2z+ w= 3
—X + z4+2w= 1
2x 42y + w=-2
x4+ y+2z43w= 5

. Write the linear system in the matrix form

Ax = b.

. Find the determinant of the coefficient

matrix A.

. Are the column vectors of A linearly

independent?

. Without solving the linear system, determine

whether it has a unique solution.

e. Solve the linear system.

8. Let

a. Show that the set {M|, M,, M3} is linearly

independent.

b. Find the unique scalars cy, ¢z, and c3 such that

1 -1
{ ] } =My + oMy + c3M;
1 -1
1 2

be written as a linear combination of M;, M5,
and M3?

¢. Can the matrix

d. Describe all matrices [ ‘é z } that can be
written as a linear combination of M, M5,
and Ms;.

9. Let
1 32
A=1|2 —
1 —1

a. Write the linear system Ax = b in vector
form.

b. Compute det(A). What can you conclude as to
whether the linear system is consistent or
inconsistent?

c. Are the column vectors of A linearly
independent?

d. Without solving the linear system, does the

10.

system have a unique solution? Give two
reasons.

Two vectors in R" are perpendicular provided
their dot product is 0. Suppose S = {vi, v, ...,
v, } is a set of nonzero vectors which are pairwise
perpendicular. Follow the steps to show S is
linearly independent.

a.

b.

Show that for any vector v the dot product
satisfies v-v > 0.

Show that for any vector v # 0 the dot product
satisfies v-v > 0.

Show that for all vectors u, v, and w the dot
product satisfies

u-v+w)=u-v+u-w
Consider the equation
cvi+evo+--4¢,v, =0

Use the dot product of v;, for each 1 <i < n,
with the expression on the left of the previous
equation to show that ¢; = 0, for each
1<i<n.
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Chapter 2: Chapter Test

In Exercises 1-33, determine whether the statement is

true or false.

1. Every vector in R? can be written as a linear
combination of

1 0 0
0 1
0 0 1

2. Every 2 x 2 matrix can be written as a linear

combination of
1 0 0 1 0 0
0 0 0 0 1 0

3. Every 2 x 2 matrix can be written as a linear

combination of
0 1 0
0 0 1

o o)

In Exercises 4—8, use the vectors

1 2
V) = 0 V) = 1
1
4
V3 = 3
—1

4. The set S = {vy, v2, v3} is linearly independent.

5. There are scalars ¢; and ¢, so that
V3 = C1V] + V).

6. The vector v, can be written as a linear
combination of v and vs.

7. The vector v; can be written as a linear
combination of v, and vs.

8.

10.

If vy, v5, and v3 are the column vectors of a 3 x 3
matrix A, then the linear system Ax = b has a
unique solution for all vectors b in R3.

The polynomial p(x) = 3 + x can be written as a
linear combination of ¢;(x) = 1 + x and

qz(x)zl—x—x2.
The set
1 1
S = -1, 0|,
3 1
2
21,11
6 0

is linearly independent.

In Exercises 11—14, use the matrices

11.

12.

14.

1 -1 0 0
I

0 0 2 -1
M3=[01} M4={1 3]
The set S = {M;, My, M3, M4} is linearly
independent.

The set T = {M, M;, M3} is linearly
independent.

. The set of all linear combinations of matrices in S

is equal to the set of all linear combinations of
matrices in 7.

Every matrix that can be written as a linear
combination of the matrices in T has the

form
X —x
b
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15. The vectors

s 1 0
0 s 1
0 1 s
are linearly independent if and only if s = 0 or

s=1.

In Exercises 16—19, use the vectors

-[1] e[ 2]

16. The set S = {vy, v,} is linearly independent.

17. Every vector in R? can be written as a linear
combination of v; and v,.

18. If the column vectors of a matrix A are v; and vy,
then det(A) = 0.

19. If b is in R? and ¢;v| + ¢;v; = b, then

R
2

where A is the 2 x 2 matrix with column vectors
vi and v,.

20. The column vectors of the matrix
[ cos6 sin6 ]

—sin® cos6

are linearly independent.

21. If v; and v; are linearly independent vectors
in R" and v3 cannot be written as a scalar
multiple of vy, then vy, v», and v3 are linearly
independent.

22. If S = {v1, Vs, ..., Vv,} is a set of nonzero vectors
in R” that are linearly dependent, then every

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Chapter 2 Linear Combinations and Linear Independence

vector in S can be written as a linear combination
of the others.

If v; and v, are in R?, then the matrix with
column vectors vy, vo, and v| + v, has a nonzero
determinant.

If v; and v, are linearly independent, vy, v,, and
vi + v, are also linearly independent.

If the set S contains the zero vector, then S is
linearly dependent.

The column vectors of an n x n invertible matrix
can be linearly dependent.

If A is an n x n matrix with linearly independent
column vectors, then the row vectors of A are
also linearly independent.

If the row vectors of a nonsquare matrix are
linearly independent, then the column vectors are
also linearly independent.

If v, va, v3, and vy4 are in R* and {v}, va, v3} is
linearly dependent, then {v{, v,, v3, v4} is linearly
dependent.

If vi, va, v3, and v4 are in R* and {vi, va, v3} is
linearly independent, then {vy, v, v3, v4} is
linearly independent.

If vi, va, v3, and vy are in R* and {v}, v2, v3, v4}
is linearly independent, then {v;, v,, v3} is linearly
independent.

If v, va, v3, and v4 are in R* and {v;, v2, v3, v4}
is linearly dependent, then {vi, v5, v3} is linearly
dependent.

If §$ = {vi, Vva,...,Vs} is a subset of R*, then § is
linearly dependent.
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hen a digital signal is sent through space

(sometimes across millions of miles),
errors in the signal are bound to occur. In
response to the need for reliable information,
mathematicians and scientists from a variety
of disciplines have developed ways to improve
the quality of these transmissions. One obvious
method is to send messages repeatedly to increase
the likelihood of receiving them correctly. This,
however, is time-consuming and limits the num-
ber of messages that can be sent. An innovative
methodology developed by Richard Hamming in
1947 involves embedding in the transmission a
means for error detection and self-correction. One
of Hamming’s coding schemes, known as Ham-
ming’s (7,4) code, uses binary vectors (vectors
consisting of 1s and 0s) with seven components.
Some of these vectors are identified as codewords

© Brand X Pictures/PunchStock/RF

depending on the configuration of the Is and Os within it. To decide if the binary

vector

127
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is a codeword, a test using matrix multiplication is performed. The matrix given by

1 110100
c=(01 11010
1 01 1 0 01

is called the check matrix. To carry out the test, we compute the product of C and b,
using modulo 2 arithmetic, where an even result corresponds to a 0 and an odd result
corresponds to a 1. This product produces a binary vector with three components
called the syndrome vector given by

Cb=s

A binary vector b is a codeword if the syndrome vector s = 0. Put another way, b
is a codeword if it is a solution to the homogeneous equation Cb = 0 (mod 2). For
example, the vector

1
1
0
u=| 0
0
1
_1_
is a codeword since
T
1
1 1101 0 0 0 2 0
Cu=|0 1 1 1 0 1 O 0|=|2]=1|0] (mod?2)
1 01 1 0 0 1 0 2 0
1
_1_
whereas the vector
Bh
1
1 3 1
v=1| 0 is not since Cv=|2|=1| 0| (mod?2)
0 2 0
0
_0_

With this ingenious strategy the recipient of a legitimate codeword can safely assume
that the vector is free from errors. On the other hand, if the vector received is not
a codeword, an algorithm involving the syndrome vector can be applied to restore
it to the original. In the previous example the fifth digit of v was altered during the
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transmission. The intended vector is given by

<
Il
SO~ O = = =

Hamming’s (7,4) code is classified as a /inear code since the sum of any two code-
words is also a codeword. To see this, observe that if u and v are codewords, then
the sum u + v is also a codeword since

Clu+v)=Cu+Cv=0+0=0 (mod 2)

It also has the property that every codeword can be written as a linear combination
of a few key codewords.

In this chapter we will see how the set of all linear combinations of a set of vectors
forms a vector space. The set of codewords in the chapter opener is an example.

Definition of a Vector Space

In Chap. 2 we defined a natural addition and scalar multiplication on vectors in
R" as generalizations of the same operations on real numbers. With respect to these
operations, we saw in Theorem 1 of Sec. 2.1 that sets of vectors satisfy many of
the familiar algebraic properties enjoyed by numbers. In this section we use these
properties as axioms to generalize the concept of a vector still further. In particular,
we consider as vectors any class of objects with definitions for addition and scalar
multiplication that satisfy the properties of this theorem. In this way our new concept
of a vector will include vectors in R" but many new kinds as well.

Vector Space A set V is called a vector space over the real numbers provided
that there are two operations—addition, denoted by @, and scalar multiplication,
denoted by ©—that satisfy all the following axioms. The axioms must hold for
all vectors u, v, and w in V and all scalars ¢ and d in R.

1. The sumu@visin V. Closed under addition
2.udv=vohu Addition is commutative
3. Udv)Ow=ud (Vvew) Addition is associative



130 Chapter 3 Vector Spaces

Solution

Solution

4. There exists a vector 0 € V such that for Additive identity
every vectorue V,0@u=ud 0 =u.

5. For every vector u € V, there exists a vec- Additive inverse
tor, denoted by —u, such that u @ (—u) =
—udu=0.
6. The scalar product c Qu is in V. Closed under scalar
multiplication

7.cOUBVY)=>COu®(COV)
8. c+d)Ou=(CoOuwddou)
9. cOdOU) =(cd)Ou

10 1Qu=u

In this section (and elsewhere when necessary) we use the special symbols &
and © of the previous definition to distinguish vector addition and scalar multi-
plication from ordinary addition and multiplication of real numbers. We also will
point out that for general vector spaces the set of scalars can be chosen from any
field. In this text, unless otherwise stated, we chose scalars from the set of real
numbers.

Euclidean Vector Spaces The set V = R" with the standard operations of
addition and scalar multiplication is a vector space.

Axioms 2 through 5 and 7 through 10 are shown to hold in Theorem 1 of Sec. 2.1.
The fact that R”" is closed under addition and scalar multiplication is a direct con-
sequence of how these operations are defined. The Euclidean vector spaces R”
are the prototypical vector spaces on which the general theory of vector spaces is
built.

Vector Spaces of Matrices Show that the set V = M,,, of all m x n matrices
is a vector space over the scalar field R, with @ and ® defined componentwise.

Since addition of matrices is componentwise, the sum of two m x n matrices is
another m x n matrix as is a scalar times an m x n matrix. Thus, the closure
axioms (axioms 1 and 6) are satisfied. We also have that 1 © A = A. The other
seven axioms are given in Theorem 4 of Sec. 1.3.
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When we are working with more abstract sets of objects, the operations of addition
and scalar multiplication can be defined in nonstandard ways. The result is not always
a vector space. This is illustrated in the next several examples.

Let V = R. Define addition and scalar multiplication by
ad®b=2a+2b and k©Oa=ka

Show that addition is commutative but not associative.

Since the usual addition of real numbers (on the right-hand side) is commutative,

adb=2a+2b

=2b+ 2a

=bda
Thus, the operation @ is commutative.

To determine whether addition is associative, we evaluate and compare the
expressions
(adb)de and a® (bdc)

In this case, we have

(a®b)dec=QRa+2b)dc and ad(bdc)=a®(2b+2c)
=2Q2a + 2b) + 2¢ =2a+22b+ 2c)
=4a+4b+ 2c =2a+4b+4c

We see that the two final expressions are not equal for all choices of a, b, and
c. Therefore, the associative property is not upheld, and V is not a vector space.

Let V = R. Define addition and scalar multiplication by
a®b=ad’ and k©a=ka

Show that V is not a vector space.

In this case

a®b=ad’ and b®a=1>"
Since a” # b“ for all choices of @ and b, the commutative property of addition is
not upheld, and V is not a vector space.

In Example 5 we show that familiar sets with nonstandard definitions for addition
and scalar multiplication can be vector spaces.
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Solution

Let V={(a,b) | a,b € R}. Let v = (v1, vp) and w = (w;, wy). Define

(v1, v2) ® (w1, w2) = (v +wy + L, vy +wy + 1) and
cO v =(vi+c—1l,co+c—1)

Verify that V is a vector space.

First observe that since the result of addition or scalar multiplication is an ordered
pair, V is closed under addition and scalar multiplication. Since addition of real
numbers is commutative and associative, axioms 2 and 3 hold for the @ defined
here. Now an element w € V is the additive identity provided that for all v € V

VOW=vV or (w1 +wy + L, vy +wy + 1) = (vy, v2)
Equating components gives

v+ wi+1=uv; and vt+wy+1l=uv; SO
wq =—1 and wy =—1

This establishes the existence of an additive identity. Specifically, 0 = (—1, —1),
so axiom 4 holds.
To show that each element v in V has an additive inverse, we must find a
vector w such that
vew=0=(—1,-1)
Since v w = (v; + wy + 1, v2 + wy + 1), this last equation requires that

vi+w+1=-1 and 4w+ 1=-—1 so that
wq =—v;—2 and wy =—v;—2

Thus, for any element v = (v, vp) in V, we have —v = (—v; — 2, —vy — 2). The
remaining axioms all follow from the similar properties of the real numbers.

A polynomial of degree n is an expression of the form
p(x) = ap+arx +ax? + -+ ap_ 1 X" + g, x"

where ay, ..., a, are real numbers and a, # 0. The degree of the zero polynomial is
undefined since it can be written as p(x) = 0x” for any positive integer n. Polynomials
comprise one of the most basic sets of functions and have many applications in
mathematics.

Vector Space of Polynomials Let n be a fixed positive integer. Denote by P,
the set of all polynomials of degree n or less. Define addition by adding like terms.
That is, if

p(x) = ap+a1x +axx? + -+ ap_1 X" + g, x"
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and
Q(x) =by+ bix + b2x2 dLooo +bn_1xn—1 +bnx"
then

P(x) @ q(x) = (ao + bo) + (a1 + b1)x + (az + b2)x* + - - + (an + by)x"
If ¢ is a scalar, then scalar multiplication is defined by
c® p(x) = cap + caix + carx* + -+ - + can_1 X" + ca,x"

Verify that V = P, U {0} is a real vector space, where 0 is the zero polynomial.

Since the sum of two polynomials of degree n or less is another polynomial of
degree n or less, with the same holding for scalar multiplication, the set V is closed
under addition and scalar multiplication. The zero vector is just the zero polynomial,
and the additive inverse of p(x) is given by

—p(x) = —ap —a1x —apx? — - — a1 x" L — g, x"

The remaining axioms are consequences of the properties of real numbers. For
example,

p(x) ® q(x) = (ag + bo) + (a1 + b1)x + (az + by)x> + - - - + (a, + by)x"
= (bo + ao) + (b1 + a))x + (by + a2)x* + - - - + (by + ap)x"
=q(x)® p(x)

In the sequel we will use P, to denote the vector space of polynomials of degree
n or less along with the zero polynomial.

The condition degree n or less cannot be replaced with all polynomials of degree
equal to n. The latter set is not closed under addition. For example, the polynomials
x2 —2x 41 and —x? 4+ 3x + 4 are both polynomials of degree 2, but the sum is
x + 5, which has degree equal to 1.

Vector Space of Real-Valued Functions Let V be the set of real-valued
functions defined on a common domain given by the interval [a, b]. For all f and
g in V and ¢ € R, define addition and scalar multiplication, respectively, by

(fegex)=fx)+gx) and  (cO f)x) =cf(x)
for each x in [a, b]. Show that V is a real vector space.
Since the pointwise sum of two functions with domain [a, b] is another function

with domain [a, b], the set V is closed under addition. Similarly, the set V is closed
under scalar multiplication.
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To show that addition in V is commutative, let f and g be functions in V.
Then

(fex)=f(x)+gkx)=gx)+ f(x) = (gD f)x)
Addition is also associative since for any functions f, g, and & in V, we have
(f@(Edh)x) = fx)+(Dh)(x)
= f(x) +g(x)+hx)
=(f ®gK)+ h(x)
=({(f® g dhKx)

The zero element of V, denoted by 0, is the function that is 0 for all real
numbers in [a, b]. We have that 0 is the additive identity on V since

(f@0)(x) = f(x) +0x) = f(x)

Next we let ¢ and d be real numbers and let f be an element of V. The
distributive property of real numbers gives us

c+d)O fx)=(+d)fx)=cf(x)+df(x)
=(COfHX)DUEO f)x)

so(c+d)O f=(0O f)D (O f), establishing property 8.
The other properties follow in a similar manner.

The set of complex numbers, denoted by C, is defined by
C={a+bilabeR}

where i satisfies
i?=-1 or equivalently i=~—1
The set of complex numbers is an algebraic extension of the real numbers, which
it contains as a subset. For every complex number z = a + bi, the real number a is
called the real part of z and the real number b the imaginary part of z.
With the appropriate definitions of addition and scalar multiplication, the set of
complex numbers C is a vector space.

13 GV [ JNE: W Vector Space of Complex Numbers Letz=a + bi and w = ¢ + di be ele-

ments of C and a a real number. Define vector addition on C by
z2OwW=(a+bi)+(c+di)=(a+c)+ (b+d)i
and scalar multiplication by
a@®@z=a® (a+bi)=aa—+ (ab)i

Verify that C is a vector space.



3.1 Definition of a Vector Space 135

Solution For each element z = a + bi in C, associate the vector in R> whose components
are the real and imaginary parts of z. That is, let

zZ=a+ bi <— [Z}

Observe that addition and scalar multiplication in C correspond to those same
operations in R2. In this way C and R? have the same algebraic structure. Since
R? is a vector space, so is C.

In Example 8, we showed that C is a vector space over the real numbers. It is
also possible to show that C is a vector space over the complex scalars. We leave the
details to the reader.

Example 9 is from analytic geometry.

m Let a, b, and c be fixed real numbers. Let V be the set of points in three-dimensional

Euclidean space that lie on the plane P given by
ax +by+cz=0

Define addition and scalar multiplication on V coordinatewise. Verify that V is a
vector space.

Solution To show that V is closed under addition, let u = (u1, u, u3) and v = (vy, vz, v3)
be points in V. The vectors u and v are in V provided that

auy + buy + cuz =0 and avy +bvy +cv3 =0

Now by definition
udv = (uy+ v, uz + vy, uz + v3)
We know that u @ v is in V since

a(uy +vy) + b(uy + vy) + c(us + v3) = auy + avy + buy + bvy + cuz + cvs
= (auy + buy + cuz) + (avy + bvy + cvz)
=0

Similarly, V is closed under scalar multiplication since for any scalar o, we have

a®u=(ouy,aduy, aus)
and
a(ouy) + b(auy) + c(ausz) = alau; + buy + cuz) = a(0) =0

In this case the zero vector is (0, 0, 0), which is also on the plane P. Since
the addition and scalar multiplication defined on V' are the analogous operations
defined on the vector space R?, the remaining axioms are satisfied for elements of
V as well.
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We conclude this section by showing that some familiar algebraic properties of
R" extend to abstract vector spaces.

THEOREM 1 In a vector space V, additive inverses are unique.

Proof Let u be an element of V. Suppose that v and w are elements of V and
both are additive inverses of u. We show that v = w. Since

udv=_0 and udw=0

axioms 4, 3, and 2 give

v=veh0=vh(udpw) =FVoudbw=0pw=w
establishing the result.

THEOREM 2 Let V be a vector space, u a vector in V, and ¢ a real number.
1.0Gu=0
2.c00=0
3.(-)Ou=—u
4. If c ®©u =0, then either c =0 or u = 0.
Proof (1) By axiom 8, we have
0Ou=0+0)0u=00u ® OOu

Adding the inverse —(0 ® u) to both sides of the preceding equation gives the
result.
(2) By axiom 4, we know that 0 & 0 = 0. Combining this with axiom 7 gives

cO0=cO0080)=(cO00)® (00

Again adding the inverse —(c ® 0) to both sides of the last equation gives the
result.
(3) By axioms 10 and 8 and part 1 of this theorem,

ud (—Hou=(10uwd[(-1) Ou]

=1-1D0u
=00u
=0

Thus, (—1) ©@ u is an additive inverse of u. Since —u is by definition the addi-
tive inverse of uw and by Theorem 1 additive inverses are unique, we have
(1) Ou=—u
(4) Let c©Ou = 0. If ¢ =0, then the conclusion holds. Suppose that ¢ # 0. Then
multiply both sides of

cOu=0
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1
by — and apply part 2 of this theorem to obtain
¢

1
- OcOu =0 so that l1Ou=0
c

and hence u = 0.

Fact Summary

1. To determine whether a set V with addition and scalar multiplication
defined on V is a vector space requires verification of the 10 vector space
axioms.

2. The Euclidean space R" and the set of matrices M,,x,, with the standard
componentwise operations, are vector spaces. The set of polynomials of
degree n or less with termwise operations is a vector space.

3. In all vector spaces, additive inverses are unique. Also
0OGu=0 cO0=0 and () Ou=—u

In addition if ¢ ©® u = 0, then either the scalar ¢ is the number 0 or the
vector u is the zero vector.

Exercise Set 3.1 B

In Exercises 1-4, let V = R3. Show that V with the X1 [ x ] [ 2x; + 2x5
given operations for @ and © is not a vector space. ol i || 2| =] 2n+2»m
X1 Tl T x—x 7 L 2 ] [ 2a+22
L& »n|=|n—M» o
1 22 21— 22 1 €1
- ) cO| Yyt | =] on
- - - 21 CcZ1
X1 cx) - - -
€O ;}1 - 21 X1 [ x| [ X1+ x
Lerd oL 4l n|e|n|=]|ntr
_ _ _ 21 | 22 | | 21+ 22
X1 X2 X1 +x — 1
2.0 @ »n|=|ntn-1 [x1 ] [ e+x
21 | 22| [atz—1 cO| »n | = Y1
ST I
[xi ] [ ex . , >
colnl=|en 5. Write out all 10 vector space axioms to show R
21 cz1 with the standard componentwise operations is a

- - - vector space.
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6. Write out all 10 vector space axioms to show that
M, > with the standard componentwise operations
is a vector space.

7. Let V = R? and define addition as the standard
componentwise addition and define scalar
multiplication by

o3 ]-17]
y y
Show that V is not a vector space.

8. Let
a

V= b

1

a. With the standard componentwise operations
show that V is not a vector space.

a,belR

b. If addition and scalar multiplication are defined
componentwise only on the first two
components and the third is always 1, show
that V is a vector space.

9. Let V = R? and define
a c | | a+2c
[b}@{d}_[b—l—w}

o3 ]=15]

Determine whether V is a vector space.

([ 5]

and let addition and scalar multiplication be the
standard operations on vectors. Determine
whether V is a vector space.

te IRE}

_ t+1
v={[ 3]
and let addition and scalar multiplication be the

standard operations on vectors. Determine
whether V is a vector space.

10. Let

11. Let

12. Let

a,b,celR}

and let addition and scalar multiplication be the
standard componentwise operations. Determine
whether V is a vector space.

13. Let
V:{[a b]
c 1

a. If addition and scalar multiplication are the
standard componentwise operations, show that
V is not a vector space.

b. Define
a b d e| | a+d b+e
c 1% s 1T ety 1

and b ka kb
a a
kQ{cl}:[kc 1]

Show that V is a vector space.

a,b,celR}

In Exercises 14—19, let V be the set of 2 x 2 matrices
with the standard (componentwise) definitions for
vector addition and scalar multiplication. Determine
whether V is a vector space. If V is not a vector space,
show that at least one of the 10 axioms does not hold.

14. Let V be the set of all skew-symmetric matrices,
that is, the set of all matrices such that A’ = —A.

15. Let V be the set of all upper triangular matrices.

16. Let V be the set of all real symmetric matrices,
that is, the set of all matrices such that A’ = A.

17. Let V be the set of all invertible matrices.
18. Let V be the set of all idempotent matrices.

19. Let B be a fixed matrix, and let V be the set of
all matrices A such that AB = 0.

20. Let
V:{[a b}
Cc —d

and define addition and scalar multiplication as
the standard componentwise operations.
Determine whether V is a vector space.

a,b,ceR}

21. Let V denote the set of 2 x 2 invertible matrices.
Define

A®B=AB cOA=CcA



a. Determine the additive identity and additive
inverse.

b. Show that V is not a vector space.

v= {1 ]] o)

3] 15
|:l+t1:|@|:l+t2]
_ h+n
Tl 14+

o t _ ct
¢ 14+t | | 1+ect

a. Find the additive identity and inverse.

22. Let

Define

b. Show that V is a vector space.
c. Verify that 0 © v =0 for all v.

23. Let
1+ ¢
V= 2— t trelR
3+ 2t
Define
1+ 1 1+ n
2— 4 | ®| 2— 1n
3+ 21 3+2n
[ 14+ (1 + 1)
=|2- (t+nt)
i 34 (21 + 21p)
1+ ¢ [ 14 et
cO|2—t | =] 2— ct
342t | 3+ 2ct

a. Find the additive identity and inverse.
b. Show that V is a vector space.
c. Verify 0© v =0 for all v.

24. Let
1 2
u=1,20 v=| —1
1
and

S={au+bv|a,beR}

3.1 Definition of a Vector Space
Show that § with the standard componentwise
operations is a vector space.
25. Let v be a vector in R", and let
S ={v}
Define @ and © by
vbv=v cOvV=yY

Show that S is a vector space.

26. Let
X
S = y
z

3x—=2y+2z=0

Show that § with the standard componentwise
operations is a vector space.

27. Let S be the set of all vectors

X

y
z

in R? such that x + y —z = 0 and

2x — 3y 4+ 2z = 0. Show that S with the standard

componentwise operations is a vector space.

te[R{}

{ cos 1 } [ cost }
. (&) .
sin sin fp
cos(t) + 1)
sin(t) + 12)

cost cos ct
® { i } - { i ]
sint sin ct
a. Determine the additive identity and additive
inverse.

28. Let

and define

b. Show that V is a vector space.

c. Show that if @ and © are the standard
componentwise operations, then V is not a
vector space.
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29. Let V be the set of all real-valued functions Determine whether V is a vector space.
defined on R with the standard operations that
satisfy f(0) = 1. Determine whether V is a
vector space. V={f(x+1t)|teR}

31. Let f(x) = x> defined on R and let

30. Let V be the set of all real-valued functions Define
defined on R.

fa+n) @ fx+n)=fx+n+n)
Define f @ g by
cOfx+1)=flx+ct)
(f ®&)x) = f) +80) a. Determine the additive identity and additive
and define ¢ © f by inverses.
(c® F)x) = f(x +0) b. Show that V is a vector space.

3.2 p» Subspaces

Many interesting examples of vector spaces are subsets of a given vector space V that
are vector spaces in their own right. For example, the xy plane in R* given by

X
y x,yeR
0

is a subset of R3. It is also a vector space with the same standard componentwise
operations defined on R3. Another example of a subspace of a vector space is given
in Example 9 of Sec. 3.1. The determination as to whether a subset of a vector space
is itself a vector space is simplified since many of the required properties are inherited
from the parent space.

DEFINITION 1 Subspace A subspace W of a vector space V is a nonempty subset that is itself
a vector space with respect to the inherited operations of vector addition and scalar
multiplication on V.

The first requirement for a subset W C V to be a subspace is that W be closed
under the operations of V. For example, let V be the vector space R? with the
standard definitions of addition and scalar multiplication. Let W C R? be the subset

defined by
a

Observe that the sum of any two vectors in W is another vector in W, since

lelo]=1"]




Ay

W is not a subspace of V'

Figure 1
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In this way we say that W is closed under addition. The subset W is also closed under
scalar multiplication since for any real number c,

a ca
o[3]=[%]
which is again in W.
On the other hand, the subset

-1

is not closed under addition, since

HEME e

which is not in W. See Fig. 1. The subset W is also not closed under scalar multipli-
cation since
ol 1]=17]
1 c

which is not in W for all values of ¢ #£ 1.

Now let us suppose that a nonempty subset W is closed under both of the oper-
ations on V. To determine whether W is a subspace, we must show that each of the
remaining vector space axioms hold. Fortunately, our task is simplified as most of
these properties are inherited from the vector space V. For example, to show that the
commutative property holds in W, let u and v be vectors in W. Since u and v are
also in V, then

udv=vou
Similarly, any three vectors in W satisfy the associative property, as this property is
also inherited from V. To show that W contains the zero vector, let w be any vector
in W. Since W is closed under scalar multiplication, 0 © w € W. Now, by Theorem 2
of Sec. 3.1, we have 0 © w = 0. Thus, 0 € W. Similarly, for any w € W,

How=—-w

is also in W. All the other vector space properties, axioms 7 through 10, are inherited
from V. This shows that W is a subspace of V. Conversely, if W is a subspace of
V, then it is necessarily closed under addition and scalar multiplication. This proves
Theorem 3.

Let W be a nonempty subset of the vector space V. Then W is a subspace of V if
and only if W is closed under addition and scalar multiplication.

By Theorem 3, the first of the examples above with

v={[s]|o<n}
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Solution

is a subspace of R? while the second subset

is not. Wz{{ﬂll} QER}

For any vector space V the subset W = {0}, consisting of only the zero vector,
is a subspace of V, called the trivial subspace. We also have that any vector space
V, being a subset of itself, is a subspace.

W:{[ail} “GR}

be a subset of the vector space V = R? with the standard definitions of addition

Let

and scalar multiplication. Determine whether W is a subspace of V.

In light of Theorem 3, we check to see if W is closed under addition and scalar
multiplication. Let

= “ and = v
US u-+1 M v+ 1

be vectors in W. Adding the vectors gives
u v
wov=| 51 ]e| 3]

i u-+v
Tl ud+v+2

This last vector is not in the required form since
u+v+2#ut+v+1

and hence we see that u @ v is not in W. Thus, W is not a subspace of V.

It is sometimes easy to show that a subset W of a vector space is not a subspace.
In particular, if 0 ¢ W or the additive inverse of a vector is not in W, then W is not a
subspace. In Example 1, W is not a subspace since it does not contain the zero vector.

The trace of a square matrix is the sum of the entries on the diagonal. Let M,«»
be the vector space of 2 x 2 matrices with the standard operations for addition and
scalar multiplication, and let W be the subset of all 2 x 2 matrices with trace 0,

that is,
a b
v =

Show that W is a subspace of M5.;.

a—+—d:0}
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| a by _ | a2 by
wl_[cl d1:| and WZ_[cz dz}

be matrices in W, so that a; + d; = 0 and a; + dy = 0. The sum of the two matri-

ces is
| a1 b a by | | ar+a bi+by
WI@WZ_{Q d1]®[02 dz}_[CH-Cz d1+d2}

Since the trace of wy; @ w; is
(a1 +a2) + (di +do) = (a1 +di) + (a2 +d2) =0

then W is closed under addition. Also, for any scalar c,
B ai by | _ | cai cb
CGWI_C®|:C1 d1:|_|:C01 Cd1:|

The trace of this matrix is ca; + cdy = c(a; +d;) = 0. Thus, W is also closed
under scalar multiplication. Therefore, W is a subspace of Mjy;.

Let W be the subset of V = M,,, consisting of all symmetric matrices. Let the
operations of addition and scalar multiplication on V be the standard operations.
Show that W is a subspace of V.

Recall from Sec. 1.3 that a matrix A is symmetric provided that A’ = A. Let A
and B be matrices in W and ¢ be a real number. By Theorem 6 of Sec. 1.3,

(AGBB)IZAIGBBIZAEBB and (C@A)t:CQAt:CeA

Thus, W is closed under addition and scalar multiplication, and consequently, by
Theorem 3, W is a subspace.

Let V = M, «, with the standard operations and W be the subset of V consisting
of all idempotent matrices. Determine whether W is a subspace.

Recall that a matrix A is idempotent provided that A> = A (See Exercise 42 of
Sec. 1.3.) Let A be an element of W, so that A> = A. Then
(cOA?=(A?=PA’=%A=0A
so that
(cOA?=cOA ifandonlyif ?=c¢
Since this is not true for all values of ¢, then W is not closed under scalar multi-
plication and is not a subspace.
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Solution

The two closure criteria for a subspace can be combined into one as stated in

Theorem 4.

A nonempty subset W of a vector space V is a subspace of V if and only if for
each pair of vectors u and v in W and each scalar ¢, the vectoru @ (c ® v) isin W.

Proof Let W be a nonempty subset of V, and suppose that u & (¢ © v) belongs
to W for all vectors u and v in W and all scalars ¢. By Theorem 3 it suffices to
show that W is closed under addition and scalar multiplication. Suppose that u and
varein W;thenu® (1 ©v) =ud® visin W, so that W is closed under addition.
Next, since W is nonempty, let u be any vector in W. Then 0 =u & [(—1) O u],
so that the zero vector is in W. Now, if ¢ is any scalar, then cOu=0® (c © u)
and hence is in W. Therefore, W is also closed under scalar multiplication.

Conversely, if W is a subspace with u and v in W, and c¢ a scalar, then since W
is closed under addition and scalar multiplication, we know that u@® (c ©v) is
in W.

Let W be the subset of R® defined by

3t
W = 0
—2t

Use Theorem 4 to show that W is a subspace.

relR

Let u and v be vectors in W and ¢ be a real number. Then there are real numbers
p and g such that

[ 3p 3q
ud (cOVv) = 0|®|co 0
| —2p —2q
3(p+cq)
= 0
| —2(p +cq)

As this vector is in W, by Theorem 4, W is a subspace.
Alternatively, the set W can be written as

3
W=<t 0
=72

trelR

which is a line through the origin in R>.
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We now consider what happens when subspaces are combined. In particular,
let W, and W, be subspaces of a vector space V. Then the intersection W N W, is
also a subspace of V. To show this, let u and v be elements of W; N W, and let ¢
be a scalar. Since W and W, are both subspaces, then by Theorem 4, u @ (c ©v) is
in W) and is in W, and hence is in the intersection. Applying Theorem 4 again, we
have that W; N W, is a subspace.

The extension to an arbitrary number of subspaces is stated in Theorem 5.

The intersection of any collection of subspaces of a vector space is a subspace of
the vector space.

Example 6 shows that the union of two subspaces need not be a subspace.

Let Wy and W, be the subspaces of R? with the standard operations given by

o {[][ren) e {[2]] e

Show that W; U W, is not a subspace.
The subspaces W, and W, consist of all vectors that lie on the x axis and the y axis,
respectively. Their union is the collection of all vectors that lie on either axis and

is given by
=[5

This set is not closed under addition since

oJelt]=11]

which is not in W; U W5, as shown in Fig. 2.

x:Oory:O}

v
W,
{i:|¢W1UWZ

—
=]
[E—

Wi

} x

—
S — ¥

Figure 2
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DEFINITION 2

DEFINITION 3

PROPOSITION 1

Span of a Set of Vectors

Subspaces of a vector space can be constructed by collecting all linear combinations of
a set of vectors from the space. These subspaces are used to analyze certain properties
of the vector space. A linear combination is defined in abstract vector spaces exactly
as it is defined in R” in Chap. 2.

Linear Combination Let S = {vy, vy, ..., vV} be a set of vectors in a vector
space V, and let ¢y, ¢, ..., c; be scalars. A linear combination of the vectors of
S is an expression of the form

Cc1OVD)B(C@OV2)D D (ck O V)

When the operations of vector addition and scalar multiplication are clear, we
will drop the use of the symbols @ and ©. For example, the linear combination given
in Definition 2 will be written as

k
C1Vl + Vo + -+ -+ Vg = E CiVi
i=1

Unless otherwise stated, the operations on the vector spaces R", M,,«,, P,, and
their subspaces are the standard operations. Care is still needed when interpreting
expressions defining linear combinations to distinguish between vector space opera-
tions and addition and multiplication of real numbers.

Span of a Set of Vectors Let V be a vector space and let S = {vy, ..., Vv,} be
a (finite) set of vectors in V. The span of S, denoted by span(S), is the set

span(S) = {c;vi+cavo+ -+ eV | c1,C2y ..., 0 € R}

If S={vi,va,...,v,} is a set of vectors in a vector space V, then span(S) is a
subspace.

Proof Let u and w be vectors in span(S) and ¢ a scalar. Then there are scalars
ci,...,c, and dy, ..., d, such that

u+cw=(c1vi+-+¢Vp) +cldivi + -+ dpVi)
= (c1 +cd)vi+ -+ (cn + cdn)Vy

Therefore, u + cw is in span(S), and hence the span is a subspace.
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Let S be the subset of the vector space R® defined by

2 1 1
S -1 |, 3 (|1
0 -2
Show that
—4
V= 4
—6

is in span(S).

To determine if v is in the span of S, we consider the equation

2 1 1 —4
@l || =L || e 3 |+ | 1| = 4
0 —2 4 —6

Solving this linear system, we obtain

C1=—2 6‘2:1 and 6’3=—1

147

This shows that v is a linear combination of the vectors in S and is thus in span(S).

The span of a single nonzero vector in R” is a line through the origin, and the span
of two linearly independent vectors is a plane through the origin as shown in Fig. 3.

A)
span{v}

3v

=V

—2v
—3.5v

Figure 3

Since every line through the origin in R? and R?, and every plane through the

origin in R3, can be written as the span of vectors, these sets are subspaces.
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g— 1 0 0 1 0 0
_ O 0|1 0o/} |0 1
Show that the span of S is the subspace of M., of all symmetric matrices.

Recall that a 2 x 2 matrix is symmetric provided that it has the form

<]

Since any matrix in span(S) has the form

Lo o]eel o] eelo v] =[5 <]

span(S) is the collection of all 2 x 2 symmetric matrices.

Show that _

1 1 1
span 11,1 0|, |1 - R?
1 2 | 0
Let -
a
v=| b
C -

be an arbitrary element of R>. The vector v is in span(S) provided that there are

scalars ¢y, ¢p, and c¢3 such that

1 1 1 a
1 1 +c | 0| +c3 1 = b
1 2 0 c

This linear system in matrix form is given by

1 1 1]a
1 0 1|»b
1 2 0)c
After row-reducing, we obtain
1 0 0] —2a+2b+c
010 a— b
0 0 1 2a— b—c
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X
Tx—y+9z=0
Figure 4
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From this final augmented matrix the original system is consistent, having solution
ci=-2a+2b+c,c; =a—b, and ¢c3 = 2a — b — ¢, for all choices of a, b, and
c. Thus, every vector in R3 can be written as a linear combination of the three
given vectors. Hence, the span of the three vectors is all of R>.

Show that
—1 4 —6
span 2, 1 |, 3 5 R3
1 —3 5

We approach this problem in the same manner as in Example 9. In this case,
however, the resulting linear system is not always consistent. We can see this by
reducing the augmented matrix

=l 4 —6|a -1 4 -6 a
2 1 3|b to 09 =9| b+2a
1 -3 5|c¢ 00 O|c+ga—gb

This last augmented matrix shows that the original system is consistent only if
7a — b+ 9¢ = 0. This is the equation of a plane in 3-space, and hence the span is
not all of R3. See Fig. 4.

Notice that the solution to the equation 7a — b + 9¢ = 0 can be written in

. , i i _1._ 9
parametric form by letting b =5, ¢ =1, and @ = 55 — 51, so that

—1 4 —6 % _%
span 2, 1 |, 3 =<s | 1 |+t 0 s, t €R
1 -3 5 0 1

In this way, we see that the span is the subspace of all linear combinations of
two linearly independent vectors, highlighting the geometric interpretation of the
solution as a plane.

With Examples 9 and 10 we have completed the groundwork for the notion of a
basis, which is central to linear algebra and is the subject of Sec. 3.3. Specifically, in
Example 9, we saw that the set of vectors

S={vi, v2, v3} = 1], | 0],
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spans R3. These vectors are also linearly independent. To see this, observe that the
matrix

11
A=|1 0 1
2 0

whose column vectors are the vectors of S, is row equivalent to the 3 x 3 identity
matrix, as seen in the solution to Example 9. [Another way of showing that S is
linearly independent is to observe that det(A) = 1 # 0.] Consequently, by Theorem 7
of Sec. 2.3, we have that every vector in R can be written in only one way as a
linear combination of the vectors of S.

On the other hand, the span of the set of vectors

—1 4 —6

S/_ / / / . 2 1 3
={v], V5, Vj} = , .

1 =3 5

of Example 10 is a plane passing through the origin. Hence, not every vector in R
can be written as a linear combination of the vectors in S’. As we expect, these vectors
are linearly dependent since

-1 4 -6
det 2 1 3]]=o0
1 -3 5

In particular, v; = 2v| — v,. The vectors v} and v, are linearly independent vectors
which span the plane shown in Fig. 4, but not R>.

To pursue these notions a bit further, there are many sets of vectors which span
R3. For example, the set

1 0 0 1
B ={e;, e, e3, v} = 0 |, 11, 0 |,
0 0 1 3

spans R?, but by Theorem 3 of Sec. 2.3 must necessarily be linearly dependent. The
ideal case, in terms of minimizing the number of vectors, is illustrated in Example 9
where the three linearly independent vectors of S span R>. In Sec. 3.3 we will see
that S is a basis for R3, and that every basis for R consists of exactly three linearly
independent vectors.

Show that the set of matrices

U

does not span M;,. Describe span(S).
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The equation )
-1 0 n 1 1| |a
‘Ul 2 1|72 1 o e

is equivalent to the linear system

—Cci+c =a
€ =

2c1+c =c¢

C1 =d

From these equations we see that
c1 = d and Cy) = b

which gives
a=b—d and c=b+2d

Therefore,

span(S):{[Z_T_ZZ Z] ' b,deR}

Show that the set of polynomials

S={x>+2x+1,x>+2,x}
spans the vector space P;.
An arbitrary vector in P, can be written in the form ax? + bx + c. To determine
whether the span(S) = P,, we consider the equation
a2+ 2x+ D +e(x>+2)+c3x =ax> + bx +¢
which simplifies to
(c1 + cz)x2 + 2c1 +c3)x + (1 + 2¢) = ax’> +bx +c¢

Since two polynomials are equal if and only if the coefficients of like terms are
equal, equating coefficients in the previous equation gives, in matrix form, the linear
system

1 1 0|a
2 0 115b
1 2 0|c
This matrix reduces to
1 0 0 2a — ¢
01 0 —a—+c
0 0 1| —4a+b+2c
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DEFINITION 4

THEOREM 6

Hence, the linear system has the unique solution ¢; = 2a — ¢, ¢; = —a + ¢, and
c3 = —4a + b + 2c, for all a, b, and c. Therefore, span(S) = P,.

The Null Space and Column Space of a Matrix

Two special subspaces associated with every matrix A are the null space and column
space of the matrix.

Null Space and Column Space Let A be an m X n matrix.

1. The null space of A, denoted by N(A), is the set of all vectors in R” such
that Ax = 0.

2. The column space of A, denoted by col(A), is the set of all linear combinations
of the column vectors of A.

Observe that N(A) is a subset of R" and col(A) is a subset of R™. Moreover,
by Proposition 1, col(A) is a subspace of R™. Using this terminology, we give a
restatement of Theorem 2 of Sec. 2.2.

Let A be an m x n matrix. The linear system Ax = b is consistent if and only if
b is in the column space of A.

1 -1 =2

Solution

A= | —1 2 3 and b= 1
2 2 =2 —2

a. Determine whether b is in col(A).

b. Find N(A).

a. By Theorem 6, the vector b is in col(A) if and only if there is a vector x such
that Ax = b. The corresponding augmented matrix is given by

1 -1 =2 3 1 0 0 3
—1 2 3 1 which reduces to 01 0 8
2 -2 -2|-2 0 0 1|-4
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Hence, the linear system Ax = b is consistent, and vector b is in col(A).
Specifically,

3 1 —1 =7
I =3 -1 ]+8 2 | —4 3
=2 2 —2 =2

b. To find the null space of A, we solve the homogeneous equation Ax = 0.

The corresponding augmented matrix for this linear system is the same as in
part (a), except for the right column that consists of three zeros. Consequently,
the only solution is the trivial solution and hence N(A) = {0}.

In Theorem 7 we show that the null space of a matrix also is a subspace.

Let A be an m x n matrix. Then the null space of A is a subspace of R".

Proof The null space of A is nonempty since 0 is in N(A). That is, A0 = 0.

Now let u and v be vectors in N(A) and ¢ a scalar. Then

A(u+cv) = Au+ A(cv)
= Au+cA(®v)
=04+c0=0

Hence, u + cv is in N(A), and therefore by Theorem 4, N(A) is a subspace.

Fact Summary

Let V be a vector space and W a nonempty subset of V.

1. To verify that W is a subspace of V, show that ué@ c © v is in W for any u
and v in W and any scalar c.

2. The span of a set of vectors from V is a subspace.

3. The span of a single nonzero vector in R? or R? is a line that passes
through the origin. The span of two linearly independent vectors in R? is a
plane that passes through the origin. These sets are subspaces.

4. The intersection of subspaces is a subspace. The union of two subspaces
may not be a subspace.

5. If A is an m x n matrix, the null space of A is a subspace of R" and the
column space of A is a subspace of R”.

6. The linear system Ax = b is consistent if and only if b is in the column
space of A.
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Exercise Set 3.2

In Exercises 1-6, determine whether the subset S of
R? is a subspace. If S is not a subspace, find vectors u
and v in S such that u + v is not in §; or a vector u
and a scalar ¢ such that cu is not in S.

o

1. §= eR
{_y_ Y }
L

2. § = xy >0
{_y_ g }
T

3. §S= xy <0
{_y_ y‘}

4.S={ * x2~|—y2§l}
LY ]

X
5°S_{2x—1 xGR}

o.5={[ ;]| xe®)

In Exercises 7—10, determine whether the subset S of
R3 is a subspace.

X1
7. S = X2
X3

X1+ x3=-2

X1
8. §= X2
X3

X1X2X3 = 0

s — 2t
s,t eR
t+s

X1
10. S = 2
X3

x1,x3 >0

In Exercises 11-18, determine whether the subset S of
M., is a subspace.

11. Let S be the set of all symmetric matrices.
12. Let S be the set of all idempotent matrices.

13. Let S be the set of all invertible matrices.

14. Let S be the set of all skew-symmetric matrices.
15. Let S be the set of all upper triangular matrices.
16. Let S be the set of all diagonal matrices.
17. Let S be the set of all matrices with ay; = 0.
18. Let S be the set of all matrices with

ayr +axp =0.
In Exercises 19-24, determine whether the subset S of

Ps is a subspace.

19. Let S be the set of all polynomials with degree
equal to 3.

20. Let S be the set of all polynomials with even
degree.

21. Let S be the set of all polynomials such that
p(0) =0.

22. Let S be the set of all polynomials of the form
2

px) =ax~.
23. Let S be the set of all polynomials of the form
p(x) = ax®+ 1.
24. Let S be the set of all polynomials of degree less
than or equal to 4.

In Exercises 25 and 26, determine if the vector v is in
the span of

1 -1 -1

S = 1], —1 |, 2

0 1 0
S
25. v=| —1
e
26. v= 7
__3_

In Exercises 27 and 28, determine if the matrix M is

in the span of
0 1 1 -1
2 17| -4 -3

s={lo <}
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-2 1 1 —1
27'M=[65} a0.5=4 2| ol ]1]
1 3
1 1
ZS'M_{Z —3} 41. Let
In Exercises 29 and 30, determine if the polynomial F1 ] [ =1 1
p(x) is in the span of S = 2 1, 3, 2 1,
2] [ -1 ] —1
S ={1+x,x*—2,3x} .
0 -3
29. p(x) =2x> —6x — 11 ? ’ g
30. 3x2 —x — 4 ) T N
a. Find span(S).
In Exercises 31-36, give an explicit description of the b. Is S linearly independent?
span of S.
c. Let
2 1 [ 1 ~1 1
31. §= -1 i, 3 T — 2 |, 3, 2 |,
| 2 -1 2 ~1 -1
[ 1 2 1 3
32. §= 1, ]3] 2 4
2 1 —1 5
13 { [ } [ 1 -1 ] } Is span(7T) = R3? Is T linearly independent?
0 1 d. Let
1o 0 —1 1 —1 1
ws={liaob[a S T ) SHENE
2 —1 -1
35. S={x,c+ D% x2+3x+ 1}
Is span(H) = R3? Is H linearly independent?
36. S={x*—42—x,x?+x+2}
42. Let

In Exercises 37-40, a subset S of R3 is given.
a. Find span(S).
b. Is S linearly independent?

r ) 3 a.
37. S = 1Ll oo b.

-1 -2 c.

(17 o 2]
38.5=S|1[|-1]]5

2| 1 1|

(370 1
39.5={ |3 [ |1] | -1

2] |0 -1 |

=1l

Find span(S).
Is S linearly independent?

Let
2 -3 1 1 -3 1
{3 o ek o)
0 0
0 1
Is span(T) = M,4»? Is T linearly

independent?
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43.

44.
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Let
S={1,x—3,x* +2x,2x* + 3x + 5}

a. Find span(S).

b. Is S linearly independent?

¢. Show that 2x? 4 3x + 5 is a linear combination
of the other three polynomials in S.

d. Let T = {1, x =3, x* + 2x,x3}. Is T linearly
independent? Is span(7) = P3?

Let
2s —t
s
t
—s

S = s, teR
a. Show that S is a subspace of R*.
b. Find two vectors that span S.

c. Are the two vectors found in part (b) linearly
independent?

47.

48.

49.

50.

c. Are the three matrices that generate S linearly
independent?

Let A be a 2 x 3 matrix and let

s={xew =] 1))

Is S a subspace? Explain.
Let A be an m x n matrix and let
S:{XGIR" ‘ Ax:O}
Is S a subspace? Explain.
Let A be a fixed n x n matrix and let
S={BeM,,| AB= BA}
Is S a subspace? Explain.

Suppose S and T are subspaces of a vector
space V. Define

S+T={u+v|ueS,veT}
Show that S + T is a subspace of V.

d. Is S = R*?
51. Let S = span({u;, uy, ...u,}) and
45. Let T = span({vy, v, ...Vv,}) be subspaces of a
=S vector space V. Show that
S = s — 5t s,t €R
3¢+ 2s S+ T =span({uy, ...y, v, ...V,})
a. Show that S is a subspace of R>. (See Exercise 50.)
b. Find a set of vectors that span S. 52. Let
c. Are the two vectors found in part (b) linearly g = { [ X =X ] X, 9,7 € [R{}
independent? Yy z
d. Is S = R3? and
a b
46. Let T—{{_a c} a,b,ceR}

G —wand [ OT[1 0O
= spa o 1|1 0

a. Describe the subspace S.
b. Is § = szz?

Yl

a. Show that S and T are subspaces.
b. Describe all matrices in S + 7.
(See Exercises 50 and 51.)

3.3 » Basis and Dimension

In Sec. 2.3 we introduced the notion of linear independence and its connection to
the minimal sets that can be used to generate or span R”. In this section we explore
this connection further and see how to determine whether a spanning set is minimal.
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This leads to the concept of a basis for an abstract vector space. As a first step, we
generalize the concept of linear independence to abstract vector spaces introduced in
Sec. 3.1.

DEFINITION 1 Linear Independence and Linear Dependence The set of vectors S =
{vi,va2,..., vy} in a vector space V is called linearly independent provided that
the only solution to the equation

civitoevo+ -4V, =0

is the trivial solution ¢ = ¢; = - - - = ¢, = 0. If the equation has a nontrivial solu-
tion, then the set S is called linearly dependent.

V] = 0 V) = 2 V3 = 4
-1 2 7
and let W = span{vy, v2, v3}.
a. Show that v3 is a linear combination of v; and v;.
b. Show that span{v, v;} = W.
c. Show that v; and v, are linearly independent.
Solution  a. To solve the vector equation
1 0 -3
Cl 0 +c | 2 = 4
-1 2 7
we row-reduce the corresponding augmented matrix for the linear system to
obtain
1 0] -3 1 0 -3
0 2 4 | — [0 1 2
-1 2 | 7 0 0 \ 0
The solution to the vector equation above is ¢; = —3 and ¢; = 2, therefore

vy = —3v| + 2V,

Notice that the vector vs lies in the plane spanned by v; and v;, as shown
in Fig. 1.

Figure 1 b. From part (a) an element of W = {c;v| + c2V2 + ¢3V3 | ¢1, ¢2, 3 € R} can be
written in the form
c1vi + v + 3v3 = ¢V + oV + ¢3(=3v; + 2vy)
= (c1 — 3c3)Vv1 + (c2 + 2¢3)v2
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and therefore, every vector in W is a linear combination of v; and v;. As a
result, the vector v; is not needed to generate W, so that span{v;, v} = W.

¢. Since neither vector is a scalar multiple of the other, the vectors v; and v, are
linearly independent.

In Example 1, we were able to reduce the number of linearly dependent vec-
tors that span W to a linearly independent set of vectors which also spans W. We
accomplished this by eliminating the vector v3 from the set, which, as we saw in the
solution, is a linear combination of the vectors v; and v, and hence does not affect
the span. Theorem 8 gives a general description of the process.

THEOREM 8 Let vy, ..., v, be vectors in a vector space V, and let W = span{vy,...,v,}. If

v, is a linear combination of v, ..., v,_1, then
W = span{vy,...,v,_1}
Proof Ifv isin span{vy,...,v,_}, then there are scalars ¢, c3, ..., c,—1 such
that v=civi+---+cp—1Vy—1. Then v=rc;vi + -+ c,—1Vp—1 + Ov,, so that v
is also in span{vy, ..., v,}. Therefore,
span{vy, ..., v,_1} C span{vy, ..., V,}
Conversely, if v is in span{vy, ..., v,}, then there are scalars cy, ..., ¢, such

that v=c;vy + --- + ¢,V,. Also, since v,, is a linear combination of vy, ..., v,_,
there are scalars di, ..., d,—; such that v, =d;vi +---+d,—1v,—1. Then

V=cC1Vi+ -+ Cu—1Vn—1 + CnVp
cvi+ -+ Vot Fep(divi + -+ dy—1Va—1)
= (c1 +cpd)Vi + -+ (chet + Cndp—1) Vi1

so that vespan{v,...,v,_;} and span{vy,...,v,} Cspan{v(,...,Vv,_}.
Therefore,
W =span{vy,...,v,} =span{vy, ..., v, 1}

m Compare the column spaces of the matrices

and B =

W = N =
A= O O
W = N =
A= O O
—_— N =
O N

=i 1
1 7
2 7
1 5
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By using the methods presented in Chap. 2 it can be shown that the the column
vectors of the matrix A are linearly independent. Since the column vectors of B
consist of a set of five vectors in R* by Theorem 3 of Sec. 2.3, the vectors are
linearly dependent. In addition, the first four column vectors of B are the same as
the linearly independent column vectors of A, hence by Theorem 5 of Sec. 2.3 the
fifth column vector of B must be a linear combination of the other four vectors.
Finally by Theorem 8, we know that col(A) = col(B).

As a consequence of Theorem 8, a set of vectors {vy,...,v,} such that V =
span{vy, ..., Vv,} is minimal, in the sense of the number of spanning vectors, when
they are linearly independent. We also saw in Chap. 2 that when a vector in R" can
be written as a linear combination of vectors from a linearly independent set, then the
representation is unique. The same result holds for abstract vector spaces.

If B={vy,Vva,...,V,}is alinearly independent set of vectors in a vector space V,
then every vector in span(B) can be written uniquely as a linearly combination of
vectors from B.

Motivated by these ideas, we now define what we mean by a basis of a vector
space.

Basis for a Vector Space A subset B of a vector space V is a basis for V
provided that

1. B is a linearly independent set of vectors in V
2. span(B) =V

As an example, the set of coordinate vectors
S={ern,...,e}

spans R” and is linearly independent, so that S is a basis for R”. This particular basis
is called the standard basis for R". In Example 3 we give a basis for R*, which is
not the standard basis.

Show that the set

1 1 0
B = |, |1
1 =1

is a basis for R3.
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Solution

First, to show that S spans R, we must show that the equation

1 1 0 a
c| 1 | +e| 1| +cs 1 (=] b
0 1 —1 G

has a solution for every choice of @, b, and ¢ in R. To solve this linear system, we
reduce the corresponding augmented matrix

1 1 0|a 1 0 0| 2a—b—c
1 1 1|b to AB=| 0 1 0| —-a+b+c
01 —1]|c¢ 0 0 1 —a—+b
Therefore, c; =2a — b — ¢,c; = —a+ b + ¢, and c3 = —a + b. For example, sup-
1
pose that v= | 2 |; then
3
cg=2(1)—2—-3=-3
o=—-14+2+3=4
c3=—-14+2=1
so that
1 1 0 1
=301 [ +4|1 [+ 1 1=12
0 1 —1 3
Since the linear system is consistent for all choices of a, b, and ¢, we know that
span(B) = R3.

To show that B is linearly independent, we compute the determinant of the
matrix whose column vectors are the vectors of B, that is,

1 1 0
I 1 1 =1
O 1 =l

Since this determinant is nonzero, by Theorem 9 of Sec. 2.3 the set B is linearly
independent. Therefore, B is a basis for R®. Alternatively, to show that B is linearly
independent, notice from the reduced matrix above that

1 1 0
A=1|1 1 1
0 1 -1

is row equivalent to /. Again by Theorem 9 of Sec. 2.3, B is linearly independent.

As we have already illustrated in the examples above, bases for a vector space are
not unique. For example, consider the standard basis B = {ej, e,, e3} for R>. Another
basis for R3 is given by B’ = {2e, e,, e3}, where we have simply multiplied the first
vector by 2.
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Theorem 10 generalizes this idea, showing that an infinite family of bases can be
derived from a given basis for a vector space by scalar multiplication.

Let B = {vy, ..., v,} be a basis for a vector space V and c¢ a nonzero scalar. Then
B. = {cvi, V2, ..., V,} is a basis.

Proof If v is an element of the vector space V, then since B is a basis there are
scalars ¢y, ..., ¢, such that v = c|v| + ¢cav2 + - - - + ¢, V,,. But since ¢ # 0, we can
also write o

V= ?(CVI) +covot -+ vy

so that v is a linear combination of the vectors in B.. Thus, span(B.) = V. To
show that B, is linearly independent, consider the equation

cilev)+cvo+---+cpv, =0
By vector space axiom 9 we can write this as
(cio)v) +va+ -+ v =0

Now, since B is linearly independent, the only solution to the previous equation is
the trivial solution

cic=0 =0 c, =0

Since ¢ # 0, then ¢; = 0. Therefore, B, is linearly independent and hence is a
basis.

Let W be the subspace of M,y of matrices with trace equal to 0, and let
g— 1 0 0 1 0 0
B O —-1/]0 0|1 O
Show that S is a basis for W.

In Example 2 of Sec. 3.2 we showed that W is a subspace of M;y,. To show that
span(S) = W, first recall that a matrix

a b
a=]2 7]
has trace 0 if and only if a + d = 0, so that A has the form
A:{a b]
c —a

Since for every such matrix

[ 2]=elo a]eelo o]l

= =
—
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then span(S) = W. We also know that S is linearly independent since the linear

system
Cl{l O]+C2{0 1]+C3[0 0}2[0 0}
0 -1 0 0 1 0 0 0
is equivalent to
C1 C2 i 0 0
|: C3 =] :| B |: 0 0 :|

which has only the trivial solution ¢; = ¢; = ¢3 = 0. Thus, S is a basis for W.

Similar to the situation for R”, there is a natural set of matrices in M,,, that
comprise a standard basis. Let e;; be the matrix with a one in the ij position, and 0Os

elsewhere. The set S ={e;; | 1 <i <m, 1 < j < n} is the standard basis for M,, .
For example, the standard basis for Mjy; is
0 0
10 1

s=Hlo oblo o[V

Determine whether
1
={|2

is a basis for Myy».
Let b
a
<l

be an arbitrary matrix in M;4,. To see if A is in the span of S, we consider the

equation
1 3 n -1 2 L [0 1| |a b
T2 1|72 1 0]7% |0 4|7 |c d
The augmented matrix corresponding to this equation is given by
I -1 0|a
32 1[b
2 1 0] c
1 0 —4|d
After row-reducing, we obtain
1 -1 0 a
0 5 1 —3a+b
0 0 —-3| —a—-3b+5c
0 0 O0|a+4b—-Tc+d

Observe that the above linear system is consistent only if a +4b — 7c +d = 0.
Hence, B does not span M,;, and therefore is not a basis.
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Notice that in Example 5 the set B is linearly independent, but the three matrices
do not span the set of all 2 x 2 matrices. We will see that the minimal number of
matrices required to span M,y is four.

Another vector space we have already considered is P,, the vector space of
polynomials of degree less than or equal to n. The standard basis for P, is the set

B={l,x,x% ..., x"}

Indeed, if p(x) = ap + a1x + axt 4 -+ a,x"is any polynomial in P,, then it is a
linear combination of the vectors in B, so span(B) = P,. To show that B is linearly
independent, suppose that

co+cix+oxi4+epx"=0

for all real numbers x. We can write this equation as
cot+cix+ex>+ - +cpx" =04 0x +0x%+ -+ 0x”

Since two polynomials are identical if and only if the coefficients of like terms are
equal,thenci =, =c3=---=¢, =0.
Another basis for P, is given in Example 6.

Show that B = {x + 1, x — 1, x?} is a basis for P;.

Let ax? 4+ bx + ¢ be an arbitrary polynomial in P,. To verify that B spans P, we

must show that scalars ¢y, ¢z, and c¢3 can be found such that
cix+1)4+c(x—1) +C3x2 =ax’+bx +c

for every choice of a, b, and c. Collecting like terms on the left-hand side gives
c3x? 4 (c1+c)x + (¢1 — ) =ax’> +bx + ¢

Equating coefficients on both sides, we obtain c3 = a,c; +¢; =bandc; — ¢; = c.
This linear system has the unique solution

clzé(b—{—c) czzé(b—c) c3=a
Therefore, span(B) = P,. To show linear independence, we consider the equation
a(x+ 1D +ex—1)+c3x? =0+ 0x + 0x?

Observe that the solution above holds for all choices of a, b, and ¢, so that ¢| =
¢y = ¢3 = 0. Therefore, the set B is also linearly independent and hence is a basis.

Another way of showing that the set B of Example 6 is a basis for P, is to show
that the polynomials of the standard basis can be written as linear combinations of
the polynomials in B. Specifically, we have

I=3+D=3x—-D  x=3x+D+jE-D

and x? is already in B.
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Dimension

We have already seen in Theorem 3 of Sec. 2.3 that any set of m vectors from R”,
with m > n, must necessarily be linearly dependent. Hence, any basis of R" contains
at most n vectors. It can also be shown that any linearly independent set of m vectors,
with m < n, does not span R". For example, as we have already seen, two linearly
independent vectors in R? span a plane. Hence, any basis of R” must contain exactly n
vectors. The number 7, an invariant of R", is called the dimension of R". Theorem 11
shows that this holds for abstract vector spaces.

If a vector space V has a basis with n vectors, then every basis has n vectors.

Proof Let B ={v|,Vvp,...,V,} be a basis for V, and let T = {u, up, ..., u,}
be a subset of V with m > n. We claim that 7' is linearly dependent. To establish
this result, observe that since B is a basis, then every vector in 7 can be written
as a linear combination of the vectors from B. That is,

up = Avy+ AV + oo+ AV
u; = A1Vi + hpva + -+ Aoy

Wy = M1Vl + Mm2Va + - -+ NV
Now consider the equation
ciui +couy +---+cpu, =0

Using the equations above, we can write this last equation in terms of the basis
vectors. After collecting like terms, we obtain

(cih1 +2ho1 + - -+ Cuhm1)Vi
+ ik +aakn+ -+ onhm2)va

+ (Cl)\ln + ok + 0+ Cm)\-mn)vn =0
Since B is a basis, it is linearly independent, hence

cihtt+ e+ o+ ek =0
cihzt+ehn+ -+ ke =0

Clxln + CZ)\-Zn + - +Cm)‘-mn =0

This last linear system is not square with n equations in the m variables cy, . .., ¢;.
Since m > n, by Theorem 3 of Sec. 2.3 the linear system has a nontrivial solution,
and hence T is linearly dependent.



DEFINITION 3

THEOREM 12

3.3 Basis and Dimension 165

Now, suppose that T = {uy, uy, ..., u,} is another basis for the vector space V.
By the result we just established it must be the case that m < n. But by the same
reasoning, the number of vectors in the basis B also cannot exceed the number of
vectors in 7', so n < m. Consequently n = m as desired.

We can now give a definition for the dimension of an abstract vector space.

Dimension of a Vector Space The dimension of the vector space V, denoted
by dim(V), is the number of vectors in any basis of V.

For example, since the standard bases for R", M2, My, «,,, and P, are

{e11e21-"7en}
{ei1, ez, €21, €2}
{e;j |1 <i<m,i<j<n}

2

{1, x,x%, ..., x"}

respectively, we have
dim(R") =n dim(M,y,) = 4 dim(M,,«,) = mn dim(P,) =n +1

We call a vector space V finite dimensional if there exists a basis for V with
a finite number of vectors. If such a basis does not exist, then V is called infinite
dimensional. The trivial vector space V = {0} is considered finite dimensional, with
dim(V) = 0, even though it does not have a basis. In this text our focus is on finite
dimensional vector spaces, although infinite dimensional vector spaces arise naturally
in many areas of science and mathematics.

To determine whether a set of n vectors from a vector space of dimension 7 is
or is not a basis, it is sufficient to verify either that the set spans the vector space or
that the set is linearly independent.

Suppose that V is a vector space with dim(V) = n.
1. If S ={vy, vy, ..., Vv,} is linearly independent, then span(S) =V and S is a
basis.
2. If S ={vy,va,...,v,} and span(S) = V, then S is linearly independent and
S is a basis.

Proof (1) Suppose that S is linearly independent, and let v be any vector in V. If
visin S, then v is in span(S). Now suppose that v is not in S. As in the proof of
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Theorem 11, the set {v, v, v2, ..., v, } is linearly dependent. Thus, there are scalars
Cly .-+ Cn, Cny1, Not all zero, such that

cavitcova+--4cepvy +cpv=_0

Observe that ¢4 # 0, since if it were, then S would be linearly dependent, vio-
lating the hypothesis that it is linearly independent. Solving for v gives

C1 2 Cn
1 Voo ——Vy,
Cn+1 Cn+1 Cp+1

vV=—

As v was chosen arbitrarily, every vector in V is in span(S) and therefore V =
span(S).

(2) (Proof by contradiction) Assume that S is linearly dependent. Then by
Theorem 5 of Sec. 2.3 one of the vectors in S can be written as a linear combina-
tion of the other vectors. We can eliminate this vector from S without changing the
span. We continue this process until we arrive at a linearly independent spanning
set with less than n elements. This contradicts the fact that the dimension of
V is n.

Determine whether

1 1 0
B = Of,| 1110
1 0 1

is a basis for R3.

Since dim(R3) = 3, the set B is a basis if it is linearly independent. Let

I 1 0
A=]10 1 0
1 0 1

be the matrix whose column vectors are the vectors of B. The determinant of this
matrix is 1, so that by Theorem 9 of Sec. 2.3 the set B is linearly independent and
hence, by Theorem 12, is a basis. We can also show that B is a basis by showing
that B spans R’.

Finding a Basis

In Sec. 3.2, we saw that the span of a nonempty set of vectors S = {vy,...,v,} is
a subspace. We then ask whether S is a basis for this subspace (or a vector space).
From Theorem 12, this is equivalent to determining whether S is linearly independent.
When the vectors vy, ..., Vv, are in R", as in Example 7, form the matrix A with ith
column vector equal to v;. By Theorem 2 of Sec. 1.2, if B is the row echelon matrix
obtained from reducing A, then Ax = 0 if and only if Bx = 0. Now if the column
vectors of A are linearly dependent, then there are scalars cy, ..., ¢, not all 0, such
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that ¢;vy 4+ -+ + ¢V, = 0. To express this in matrix form, let

C1
2

Cm

Then Ac = 0 = Be. Hence, the column vectors of A and B are both linearly dependent
or linearly independent. Observe that the column vectors of B associated with the
pivots are linearly independent since none of the vectors can be a linear combination
of the column vectors that come before. Therefore, by the previous remarks, the
corresponding column vectors of A are also linearly independent. By Theorem 12,
these same column vectors form a basis for col(A). When choosing vectors for a basis
of col(A), we must select the column vectors in A corresponding to the pivot column
vectors of B, and not the pivot column vectors of B. For example, the row-reduced
echelon form of the matrix

1 0 1 1 0 1
A=1[10 0 O 1s the matrix B=|0 1 1
0 1 1 0 0 O

However, the column spaces of A and B are different. In this case col(A) is the xz
plane and col(B) is the xy plane with

1 0
col(A) = span{vy, v} = span 01,10
0 1
and
1 0
col(B) = span{w, w,} = span 0], |1
0 0
respectively. See Fig. 2.
/ “Z
|
/
v,
xz plane /| / / span{vi, v2}
Y , W

’/: 7 - > e
| Wi

xy plane ¥x span{wi, w}

=

Figure 2
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The details of these observations are made clearer by considering a specific
example. Let

1 2 2
S = {vy, V2, V3, Vg, Vs5} = L ,{of, | L[, L] |1
1 2
We begin by considering the equation
1 2 3 0
ci|l 1 |+ 0Ol +e3| 1 | +es| 1 | +es| 1 | =10
0 1 2 1 3 0

To solve this system, we reduce the corresponding augmented matrix to reduced
echelon form. That is,

1 1 2 2 3 ‘ 0 1 0 01 O ‘ 0
1 01 1 1]0 reduces to 01 0 1 10
01 2 1 3|0 001 0 1]0

In the general solution, the variables ¢y, ¢;, and c¢3 are the dependent variables cor-
responding to the leading ones in the reduced matrix, while ¢4 and c¢s are free. Thus,
the solution is given by

S={(-s,—s—1t,—t,s,1) | s,t € R}

Now to find a basis for span(S), we substitute these values into the original vector
equation to obtain

1 1 2 2 3 0
—s | L {+(s=0 |0 [+ | L {+s| 1|+ 1]|=/0
0 1 2 1 3 0

We claim that each of the vectors corresponding to a free variable is a linear com-
bination of the others. To establish the claim in this case, let s =1 and t = 0. The
above vector equation now becomes

1 2 0
- —lo|+]|1]=]o0
1 1 0

that is,
—Vi—Va+vs=0
Thus, v4 is a linear combination of vy and v,. Also, to see that vs is a linear combi-
nation of vy, v, and v3, we let s =0 and t = 1.
In light of Theorem 8 we eliminate v4 and vs from S to obtain S’ = {vq, v, v3}.
Observe that S’ is linearly independent since each of these vectors corresponds to a
column with a leading 1. Thus, the equation

1 1 2 0
ca| 1 | 4+e| 0| 4+ec| 1 |{=]0
0 1 2 0

has only the trivial solution.
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We summarize the procedure for finding a basis for the span of a set of vectors.

Given a set S = {v], v2, V3, ...,V,} to find a basis for span(S):
1. Form a matrix A whose column vectors are vy, va, ..., V,.
2. Reduce A to row echelon form.
3. The vectors from S that correspond to the columns of the reduced matrix with
the leading 1s are a basis for span(S).

In Example 8 we use the process described above to show how to obtain a basis
from a spanning set.

Let
1 0 1 —1
S = o, L[, 111121, 1
1 1 2 1 -2

Find a basis for the span of S.

Start by constructing the matrix whose column vectors are the vectors in S. We
reduce the matrix

1 01 1 -1 1 01 0 -2
0o 1 1 2 1 to 01 1 0 -1
11 2 1 =2 0 0 0 1 1

Observe that the leading 1s in the reduced matrix are in columns 1, 2, and 4.
Therefore, a basis B for span(S) is given by {vy, v, v4}, that is,

1 0 1
B = 01,1 [, 2
1 1 1

A set of vectors in a vector space that is not a basis can be expanded to a basis
by using Theorem 13.

Suppose that S = {vy, v2, ..., v,} is a linearly independent subset of a vector space
V.If visavector in V that is not in span(S), then 7' = {v, vi, v5, ..., v, } is linearly
independent.

Proof To show that 7 is linearly independent, we consider the equation
cvit+eova+-- 4+ vy +epv=20

If ¢,41 # 0, then we can solve for the vector v in terms of the vectors of S, contrary
to the hypothesis that v is not in the span of S. Thus, ¢,+; = 0 and the starting
equation is equivalent to

cvi+ovat -+, v, =0
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COROLLARY 1

Since S is linearly independent, then
c1=0 =0 c, =0

Hence, T is linearly independent.

An alternative method for expanding a set of vectors in R” to a basis is to add the
coordinate vectors to the set and then #rim the resulting set to a basis. This technique
is illustrated in Example 9.

Find a basis for R* that contains the vectors

1 —1
vV = (1) and V) = _}
0 0

Notice that the set {vy, v,} is linearly independent. However, it cannot span R*
since dim(R*) = 4. To find a basis, form the set S = {v}, v2, €], e, €3, e4}. Since
span{e|, e, e3, ¢4} = R*, we know that span(S) = R*. Now proceed as in
Example 8 by reducing the matrix

[1 -1 1 0 0 0]
0 1 01 0 0
1 -1 0 0 1 0

| 0 0 0 0 0 1|

to reduced row echelon form

1.0 01 1 0]
01 0 1 0 0
001 0 —1 0

|00 0 0 0 1 |

Observe that the pivot columns are 1, 2, 3, and 6. A basis is therefore given by the
set of vectors {vy, v, e1, e4}.

The following useful corollary results from repeated application of Theorem 13.

Let S = {vy, v2, ..., v,} be a linearly independent set of vectors in an n-dimensional
vector space V with r < n. Then § can be expanded to a basis for V. That is, there
are vectors {V,yi, Viq2,...,V,} so that {vi, vy, ..., V., V,41,...,V,} is a basis
for V.
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Fact Summary

Let V be a vector space with dim(V) = n.

1.

N A W N

Exercise Set 3.3

There are finite sets of vectors that span V. The set of vectors can be
linearly independent or linearly dependent. A basis is a linearly independent
set of vectors that spans V.

. Every nontrivial vector space has infinitely many bases.

. Every basis of V has n elements.

. The standard basis for R" is the n coordinate vectors ey, e;, ..., €,.
. The standard basis for M, consists of the four matrices

o] Do [ 57

. The standard basis for P, is {1, x, x2, ..., x"}.

. If v, is a linear combination of vq, v,, ..., v,_1, then

span{vy, Vo, ..., V,_1} = span{vy, V2, ..., V,_1, V,}

. dim(R") = n, dm(M,,«,) = mn,dim(P,) =n + 1

. If a set B of n vectors of V is linearly independent, then B is a basis for V.
10.
11.
12.

If the span of a set B of n vectors is V, then B is a basis for V.
Every linearly independent subset of V can be expanded to a basis for V.

If S is a set of vectors in R”, a basis can always be found for span(S) from
the vectors of S.

In Exercises 1-6, explain why the set S is not a basis 5. S={x, 2, 2420, —x+1} V="
for the vector space V. s 1 0 0 1
2 0 e 0O 110 0F
1. S= 1| -1 V=R 0 0 5 3
3 1 N =
IR
2 S:{[z } [ 1 }{ 8 }}Vz[g@ In Exercises 7—12, show that § is basis for the vector
1 0 -3 space V.
1 —1 0 _ 1 -1 2
3.85=¢(0 ]| 1 ,[1 V=R 7'S_H1H ZHV_R
1 0 1
L e (Ao
4. S={2,x, x> +2x2 — 1}V = P3 3 -1
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17 [ ol o
9. § = — =21, 2
i | _—3_ _—2

V =R3
[ =17 [ 2771
10. S = -1 |, =11, 1
i 0_ _—3_ _2

V=R

1 0 1 1

s={[1 o} o)
0 1 1 0
-1 20710 1

V=M

12. S= {2+ 1,x+2, —x>+x} V=P,

In Exercises 13—18, determine whether S is a basis
for the vector space V.

~1 1 1
13. S = 2|0 |1 ]|pVv=R
o L] [

[ 275737
4. S= | =2 .| 1| |1 |pV=PR
1] 2] [

1] [27 (2771
1 1 4 2
BS=vl il lsll2]] o
v [ 1][5] 3
V=R
(1] [ 2 1 2]
1 1 3 1
16. 5= ol =t 1|1
1] 2 ~1 2 |
V=R

17. S={1,2x2+x+2, —x24x} V=P,
1 0 11
18.S={{0 OHO o]’
-2 1 0 0
1 1|0 2

V=M

In Exercises 19—-24, find a basis for the subspace S of
the vector space V. Specify the dimension of S.

s+ 2t
—s+ t]|s,teR}V=R3
1

_ a a+d
S

21. Let S be the subspace of V = M., consisting of
all 2 x 2 symmetric matrices.

19. § =

a,dGR}V:MZXQ

22. Let S be the subspace of V = M., consisting of
all 2 x 2 skew-symmetric matrices.

23. S={px) | p(0) =0} V="P

24. S = (p(x) | p(0) = 0, p(1) = 0} V = P

In Exercises 25-30, find a basis for the span(S) as a
subspace of R3.

2 2 1
25. 5 = 2| o}
-1 2] | 1]
- T -
26. S = L] -1 [ ]o
L 3__ __5_
2101 [-1] [ 2
27. 5= | =3 [ |2 | -1 || 3
o |2 0| -1
21 1 -3 1
28. § = ofL| of|=3]] 2
2| -3 2| | -2
27707 277[+4
29. =S| =3[ [2[|-1|]o0
o[22 2] |4
[ 2 1770772
3. s=¢ 2| | -1 [.]2]]3
0 0|2 1

In Exercises 31-36, find a basis for the vector space
V that contains the given vectors.

2 1
31. §= -1 (10 V =R?
3 2



32.

33.

34.

35.

36.

37.

38.

39.

—1

17 40
1 V=R
1 -
3
1 4
1 V=R 41
2 -

1 1 42
::;‘ ) :1 V=R
1
} V==R 43
—1
-1 V =R}

3

44.

Find a basis for the subspace of M), consisting
of all diagonal matrices.

Show that if S = {v;, vy, ...,V,} is a basis for the
vector space V and c is a nonzero scalar, then

S" = {cvy, vy, ..

,cv,} is also a basis for V.

Show that if § = {v{, vy, ...,v,} is a basis for R"
and A is an n X n invertible matrix, then
S" = {Avy, Avy, ..., Av,} is also a basis.

34
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. Find a basis for the subspace

S = {x € R* | Ax = 0} of R* where

33 1 3
A=| -1 0 -1 -1
20 2 1

. Suppose that V is a vector space with

dim(V) = n. Show that if H is a subspace of V
and dim(H) = n, then H = V.

. Let S and T be the subspaces of P; defined by

S={pk) | p) =0}
and

T ={q(x)|q(1) =0}
Find dim(S), dim(7"), and dim(S N T).

. Let

2s +1t+3r
W= 3s —t+2r s, t,r €R
s+t+2r
Find dim(W).

Let S and T be the subspaces of R* defined by

S
S = ! s,t € R
= 0 ,
._0_
and o
0
T = i s,t €R
0

Find dim(S), dim(T), and dim(S N T).

Coordinates and Change of Basis

From our earliest experiences with Euclidean space we have used rectangular coordi-
nates, (or xy coordinates), to specify the location of a point in the plane. Equivalently,
these coordinates describe a vector in standard position which terminates at the point.
Equipped with our knowledge of linear combinations, we now understand these xy
coordinates to be the scalar multiples required to express the vector as a linear com-

L. . 2
bination of the standard basis vectors e; and e;. For example, the vector v = [ 3 ],

with xy coordinates (2, 3), can be written as

v =12e; + 3e;
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as shown in Fig. 1(a). This point (or vector) can also be specified relative to another
pair of linearly independent vectors, describing an x’y’ coordinate system. For

example, since
2] _s[ 1],
3721 2 1

the x’y’ coordinates of v are given by (3, 1). See Fig. 1(b).

A) A

a T

Lo
N
N
7/
Ea

N

=V
=V

(a) (b)
Figure 1

In this section we generalize this concept to abstract vector spaces. Let V be
a vector space with basis B = {vy, V2, ..., V,}. From Theorem 7 of Sec. 2.3, every
vector v in V can be written uniquely as a linear combination of the vectors of B.
That is, there are unique scalars cy, ¢y, . .., ¢, such that
V=ciVi+cvo+ -+ cpvy,

It is tempting to associate the list of scalars {cy, ¢, ..., ¢,} with the coordinates of
the vector v. However, changing the order of the basis vectors in B will change the
order of the scalars. For example, the sets

=l Y]]
r={[ )

are both bases for R2. Then the list of scalars associated with the vector [ é } is

and

{1, 2} relative to B but is {2, 1} relative to B’. To remove this ambiguity, we introduce
the notion of an ordered basis.

Ordered Basis An ordered basis of a vector space V is a fixed sequence of
linearly independent vectors that span V.
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DEFINITION 2 Coordinates Let B = {v|, Vv, ..., V,} be an ordered basis for the vector space
V. Let v be a vector in V, and let ¢y, ¢z, ..., ¢, be the unique scalars such that

V=1cC1Vi +CVy + -+ ¢V,

Then ¢y, ¢y, ..., c, are called the coordinates of v relative to B. In this case we
write
1
C2
[Vls =
Cn

and refer to the vector [v]p as the coordinate vector of v relative to B.

In R" the coordinates of a vector relative to the standard basis B = {e;, e,, ..., €,}
are simply the components of the vector. Similarly, the coordinates of a poly-
nomial p(x) = ag + ax + ax*> +--- +a,x" in P, relative to the standard basis
{1,x,x%, ..., x"} are the coefficients of the polynomial.

m Let V = R? and B be the ordered basis
1 —1
{1 ]

Find the coordinates of the vector v = [ é ] relative to B.

Solution The coordinates ¢; and ¢, are found by writing v as a linear combination of the
two vectors in B. That is, we solve the equation

a1 ]+al ] =]5]

In this case ¢; = 3 and ¢, = 2. We therefore have that the coordinate vector of

V= [ ; ] relative to B is
3
[Vl = { ) ]

m Let V = P, and B be the ordered basis

B={l,x—1,x—-D%}
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Find the coordinates of p(x) = 2x? — 2x + 1 relative to B.

Solution We must find ¢, ¢;, and ¢3 such that
c(D+eox—D+eax—1D2=2x*—2x+1
Expanding the left-hand side and collecting like terms give
C3X2 + (¢ —2¢c3)x +(c1 —cp +¢3) = 2x2 —2x + 1
Equating the coefficients of like terms gives the linear system
cir—c+ 3= 1
c)—2c3=-2
3= 2
The unique solution to this system is ¢; = 1, ¢; = 2, and ¢3 = 2, so that

1
[vlg = | 2
2

m Let W be the subspace of all symmetric matrices in the vector space Msy,. Let
1 0 0 1 0 0
#={lo s}V o} [5 1]}

Show that B is a basis for W and find the coordinates of

=[5 5]

relative to B.

Solution In Example 8 of Sec. 3.2, we showed that B spans W. The matrices in B are also
linearly independent and hence are a basis for W. Observe that v can be written as

1 0 0 1 0 0 2 3
2o o]V o]+s[o T]=[5 5]
Then relative to the ordered basis B, the coordinate vector of v is

2
[VlIp=| 3
5
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Change of Basis

Many problems in applied mathematics are made easier by changing from one basis of
a vector space to another. To simplify our explanation of the process, we will consider
a vector space V with dim(V) = 2 and show how to change from coordinates relative
to one basis for V' to another basis for V.

Let V be a vector space of dimension 2 and let

B ={vi,v,} and B = {Vllavlz}

be ordered bases for V. Now let v be a vector in V, and suppose that the coordinates
of v relative to B are given by

x .
[vlg = [ xl ] that is V=Xx1V] + X2V
2

To determine the coordinates of v relative to B’, we first write v; and v, in terms of
the vectors v} and v}. Since B’ is a basis, there are scalars aj, az, by, and b, such
that

v = CI]V/I + an’z
V) = b]V/l + sz/z
Then v can be written as
v = x1(a1v] + axvh) + x2(b1v] + bavh)
Collecting the coefficients of v} and v} gives
v = (x1a1 + x2b1)V] + (x1a2 + x2b2)V)

so that the coordinates of v relative to the basis B’ are given by

xiai + x2by
x1a; + x2by

[Vlp = {
Now by rewriting the vector on the right-hand side as a matrix product, we have
e A | B S A T
Notice that the column vectors of the matrix are the coordinate vectors [vi]p and

[v2]p. The matrix
ay b1
as b2

is called the transition matrix from B to B’ and is denoted by [/ ]g’, so that

Vlg = [115 [V]s
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Solution

THEOREM 14

Let V = R? with bases

={HA4) = o={[21])

a. Find the transition matrix from B to B’.

b. Let [v]p = { _; } and find [v]p.
a. By denoting the vectors in B by v; and v, and those in B’ by v} and v, the

column vectors of the transition matrix are [v;]’ and [v2]p. These coordinate
vectors are found from the equations

o 3] +a = (3] e[S S

Solving these equations gives ¢; =2 and ¢; = 3, and d; = 0 and d, = —1, so
that

vilp = [ : ] and  [valy = [ K }

Therefore, the transition matrix is

/ 2 0
(115 = [ 3 .1 }
b. Since )
Vg =115 [Vls
then

we=[2 ][ 2] 4]

Observe that the same vector, relative to the different bases, is obtained from
the coordinates [v]p and [v]p:. That is,

NEEENEEEE

The procedure to find the transition matrix between two bases of a vector space
of dimension 2 can be generalized to R" and other vector spaces of finite dimension.
The result is stated in Theorem 14.

Let V be a vector space of dimension n with ordered bases
B=1{vi,va,...,V,;} and B ={V|,v,, ...V}

>'n

Then the transition matrix from B to B’ is given by

B/
g = Vi \&) |

B’ B’ B’
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Moreover, a change of coordinates is carried out by

Vlp = [115 [V]s

In Example 5 we use the result of Theorem 14 to change from one basis of P,
to another.

Let V = P, with bases
B={l,x,x}} and B ={Lx+1,x>+x+1}
a. Find the transition matrix [/ ]g/.
b. Let p(x) =3 — x + 2x? and find [p(x)]p.
a. To find the first column vector of the transition matrix, we must find scalars

ay, az, and az such that

a () +ay(x + 1)+a3(x2—|-x—|- H=1

By inspection we see that the solutionis a; = 1, a, = 0, and a3 = 0. Therefore,

The second and third column vectors of the transition matrix can be found by
solving the equations

bi(D)+by(x+ 1) +bs(x>+x+1) =x

and
M +atc+D+aE?+x+1) =x2
respectively. The solutions are given by by = —1,b, = 1, and b3 =0, and
c1 =0,c; =—1, and ¢3 = 1. Hence, the transition matrix is
1 =1 0
s =10 1 -1
0 0 1

b. The basis B is the standard basis for P,, so the coordinate vector of
p(x) =3 — x + 2x? relative to B is given by
3

[Py = | —1
2
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Hence,
1 -1 0 3 4
[pOlp=|0 1 -1 ||-1]|=]|-3
0 0 1 2 2

Notice that 3 — x +2x2 =4(1) = 3(x + 1) +2(x2 + x + 1).

m Let B = {e;, e;} be the standard ordered basis for R2, B’ be the ordered basis

Solution

given by

B’={V’I,V/2}={{ o H i ]}

and let v = { i }

. Find the transition matrix from B to B’.
. Find [v]p’.

. Write the vector v as a linear combination of e; and e, and also as a linear

combination of v| and V).

. Show the results of part (c) graphically.

. The transition matrix from B to B’ is computed by solving the equations

o[ ]eeli]=[o] w a5 ]ali]= 5

That is, we must solve the linear systems

{—cl—l—cz =1 - {—d1+d2 =0

cir+c =0 d+d, =1
The unique solutions are given by ¢| = —%, @ = % and d| = % d) = % The
transition matrix is then given by
_1 1
g =| 75 i
2 2

. Since B is the standard basis, the coordinates of v relative to B are [v]p =

3

4 | By Theorem 14, the coordinates of v relative to B’ are given by

13-11]

[Vlp = [

= [—
N[— B—
N N—
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c. Using the coordinates of v relative to the two bases, we have

1 0 .7,
3{0]+4{ 1 } _V_§V1+5V2
d. The picture given in Fig. 2 shows the location of the terminal point (3, 4) of
the vector v relative to the eje, axes and the v}V) axes.

Figure 2

Inverse of a Transition Matrix

A fact that will be useful in Chap. 4 is that the transition matrix [/ ]g/ between bases
B and B’ of a finite dimensional vector space is invertible. Moreover, the transition
matrix from B’ to B is the inverse of [/ ]g,. To see this, suppose that V is a vector
space of dimension n with ordered bases

B={vi,v2,...,V,} and B ={V|,v,,...,v,}

To show that [/ ]g/ is invertible, let x € R” be such that
[IEx=0

Observe that the left-hand side of this equation in vector form is xi[vi]g + - -+
Xn[va1p - Since B is a basis, then the vectors v; for 1 < i < n are linearly independent.
Hence, so are the vectors [v]p’, - - -, [Vn]p’. Therefore, x; = x, = --- = x,, = 0. Since
the only solution to the homogeneous equation [/ ]g/x = 0 is the trivial solution, then
by Theorem 17 of Sec. 1.6, the matrix [/ ]g/ is invertible. Moreover, by Theorem 14,
since )

Ve =[15vls  weknow that  ([715)7' [Vl = [V]s

and therefore
[ = {15)"
The previous observations are summarized in Theorem 15.
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THEOREM 15 Let V be a vector space of dimension n with ordered bases
B ={vi,va,...,V,;} and B ={V|,v,,...,V,}
Then the transition matrix [/ ]g/ from B to B’ is invertible and

(115 = ([115)™!

Fact Summary

Let V be a vector space with dim(V) = n.

1. In R”, the coordinates of a vector with respect to the standard basis are the

components of the vector.

2. Given any two ordered bases for V, a transition matrix can be used to
change the coordinates of a vector relative to one basis to the coordinates

relative to the other basis.

3. If B and B’ are two ordered bases for V, the transition matrix from B to B’
is the matrix [/]5 whose column vectors are the coordinates of the basis

vectors of B relative to the basis B’. Also

Vg = [115 [V]s

4. If B and B’ are two ordered bases for V, the transition matrix from B to B’
is invertible and the inverse matrix is the transition matrix from B’ to B.

That is, ([115)~! = [11%,

Exercise Set 3.4 B

In Exercises 1-8, find the coordinates of the vector v
relative to the ordered basis B. v=| —1

ENTHIEISH
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5. B={l,x—1,x*}v=pkx) = -2x>+2x+3 1 0 1 -1
1.Bi=910 2|1 o
6.B:{x2+2x+2,2x+3,—x2+x+1}
v=pkx)=-3x>+6x+8 0 1 2.0
1 o] -1 1

ra={ls ST o) mo{[2 11 0]
TRriT (s 5 H
=[ 3] =[5 1]

wo-{[5 [0 ;
HiER) an{[1 ][]}

V_{Z —2]
13 B, =

In Exercises 9—12, find the coordinates of the vector v
relative to the two ordered bases B and B;.

.= 7} ]2]} .
os=1 1|
ik

_2 L
V= 2 o
2 16. B, =

|
0
2
)
1|,
1. By =2 —x+ La2+x+1,2x2) L 0]
0
1
2

} In Exercises 13—18, find the transition matrix between
’ the ordered bases B and Bs; then given [v]p,, find

—_

—_—

By={2x*>+1,—x>4+x+2,x+3} B
2

V=p(x)=x2~|—x—|—3
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17.

18.

19.

20.

Chapter 3 Vector Spaces

[V]Bl = 1
- 1 -

By ={1,x,x%} By = {x?,1,x},
-

[vlg, = | 3
. 5 -

B ={x2—1,2x2+x+1,—x+1}
By ={(x—1%x+2, (x +1)?%

[vlg, = | 1
2

Let B = {vy, V2, v3} be the ordered basis of R?
consisting of

-1 1
V] = 1 v, =1| 0
| 1] 1
R
V3 = 1
L O -
Find the coordinates of the vector
a
v=| b
c

relative to the ordered basis B.

Let B = {v|, V2, v3, v4} be the basis of R*
consisting of

1 0
10 | 1
vV = 1 V) = 1
0 ~1
0 —1
—1 0
V3 = 1 V4 = 0
0 ~1

21.

22.

Find the coordinates of the vector

o S Q

d

relative to the ordered basis B.

Let L
1 0 0
B, = 0, {1,
0 1

be the standard ordered basis for R and let

0 1 0
B, = 11,1 0 |,
0 0 1

be a second ordered basis.

a. Find the transition matrix from the ordered
basis B; to the ordered basis B;.

b. Find the coordinates of the vector

1
v=| 2
3

relative to the ordered basis B;.

Let

and

be two ordered bases for RZ.

a. Find [113

b. Find [713!

—1
¢. Show that ([z]gf) =8



23.

24.

Let

=1 1]}

be the standard ordered basis for R? and let

s={[s}[ 1]}

be a second ordered basis.

Nf— B|—

a. Find [1]%
b. Find the coordinates of
HIBIEI
2 4 2 4
relative to the ordered basis B.

c. Draw the rectangle in the plane with vertices
(1,2),(1,4), (4, 1), and (4, 4).

d. Draw the polygon in the plane with vertices
given by the coordinates found in part (b).

Fix a real number 6 and define the transition

matrix from the standard ordered basis S on R? to

3.5

3.5 Application: Differential Equations 185

a second ordered basis B by

B [ cosf

(15 = sin

—sin6
cos 6

&

L If[v]s = [ ;C] }, then find [v]p.

b. Draw the rectangle in the plane with vertices

0 0 1 1

0 1 0 1
c. Let 6 = 7. Draw the rectangle in the plane
with vertices the coordinates of the vectors,

given in part (b), relative to the ordered
basis B.

. Suppose that By = {u;, up, usz} and

B, = {vy, v, v3} are ordered bases for a vector
space V such that u; = —v; +2v,, up =
—Vi +2vy — vz, and uz = —v; + V3.

a. Find the transition matrix [/ ]gf

b. Find [2u; — 3u; + u3],

Application: Differential Equations

Differential equations arise naturally in virtually every branch of science and tech-
nology. They are used extensively by scientists and engineers to solve problems
concerning growth, motion, vibrations, forces, or any problem involving the rates
of change of variable quantities. Not surprisingly, mathematicians have devoted a
great deal of effort to developing methods for solving differential equations. As it
turns out, linear algebra is highly useful to these efforts. However, linear algebra also
makes it possible to attain a deeper understanding of the theoretical foundations of
these equations and their solutions. In this section and in Sec. 5.3 we give a brief
introduction to the connection between linear algebra and differential equations.

As a first step, let y be a function of a single variable x. An equation that

involves x, y, y/, y", ...

, ¥, where n is a fixed positive integer, is called an ordinary

differential equation of order n. We will henceforth drop the qualifier ordinary since
none of the equations we investigate will involve partial derivatives. Also, for obvious
reasons we will narrow the scope of our discussion and consider only equations of a

certain type.
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The Exponential Model

One of the simplest kinds of differential equations is the first-order equation given by
y' =ky

where k is a real number. This equation is used to model quantities that exhibit

exponential growth or decay and is based on the assumption that the rate of change

of the quantity present at any time ¢ is directly proportional to the quantity present at

time 7. A solution to a differential equation is a function y = f(¢) that satisfies the

equation, that is, results in an identity when substituted for y in the original equation.
To solve this equation, we write it as

2k
y
and integrate both sides of the equation with respect to the independent variable to

obtain ,
1ny=/y—dt=/kdt=kt+A
y

y = elny — ekt+A — eAekt — Cekt

Solving for y gives

where C is an arbitrary constant.

As an illustration, consider the differential equation y’ = 3y. Then any function of
the form y(f) = Ce* is a solution. Since the parameter C in the solution is arbitrary,
the solution produces a family of functions all of which satisfy the differential equation.
For this reason y(f) = Ce* is called the general solution to y' = 3y.

In certain cases a physical constraint imposes a condition on the solution that
allows for the identification of a particular solution. If, for example, in the previous
problem it is required that y = 2 when ¢t = 0, then 2 = Ce3®, so that C = 2. This is
called an initial condition. A differential equation together with an initial condition
is called an initial-value problem. The solution to the previous initial-value problem
is given by

y(t) = 2%

From a linear algebra perspective we can think of the general solution to the
differential equation y’ = ky as the span, over R, of the vector ek’ which describes a
one-dimensional subspace of the vector space of differentiable functions on the real
line.

Second-Order Differential Equations with Constant
Coefficients

We now extend the differential equation of the previous subsection to second-order
and consider equations of the form

Y'+ay' +by =0

Motivated by the solution to the exponential model, we check to see if there are any
solutions of the form y = ¢"*, for some real number r. After computing the first and
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2

second derivatives y' = re"™ and y” = r-e’*, we see that y = ¢'* is a solution of the

second-order equation if and only if
r2e™ +are™ +be™ =0
that is,
¢’ +ar+b)=0
Since ¢’* > 0 for every choice of r and x, we know ¢’ is a solution of y” + ay’ +
by = 0 if and only if
rPtar+b=0
This equation is called the auxiliary equation. As this equation is quadratic there
are three possibilities for the roots r; and r,. This in turn yields three possible vari-
ations for the solution of the differential equation. The auxiliary equation can have

two distinct real roots, one real root, or two distinct complex roots. These cases are
considered in order.

Case 1 The roots r; and r, are real and distinct.
In this case there are two solutions, given by

yi(x) = and ya(x) = *

Find two distinct solutions to the differential equation y” — 3y’ + 2y = 0.

Let y = ¢". Since the auxiliary equation 7> —3r +2 = (r — 1)(r —2) = 0 has
the distinct real roots r; = 1 and r, = 2, two distinct solutions for the differential
equation are

yir)=€¢" and  y(x) =X

Case 2 There is one repeated root r. Although the auxiliary equation has only one
root, there are still two distinct solutions, given by

yi(x) =¢e" and ya(x) = xe'™*

Find two distinct solutions to the differential equation y” — 2y’ + y = 0.

Let y =¢". Since the auxiliary equation 7> —2r +1= (r — 1)> =0 has the
repeated root r = 1, two distinct solutions of the differential equation are

yix)=¢* and  y(x) = xe*
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Solution

THEOREM 16

THEOREM 17

Case 3 The auxiliary equation has distinct complex (conjugate) roots given by
r1 = a+ Bi and r, = o — Pi. In this case the solutions are

yi(x) = e** cosPx and y2(x) = €** sinBx

Find two distinct solutions to the differential equation y” — 2y’ + 5y = 0.

Let y = ¢'*, so the auxiliary equation corresponding to y” — 2y’ + 5y = 0 is given
by 72 — 2r + 5 = 0. Applying the quadratic formula gives the complex roots r; =
1 4 2i and r, = 1 — 2i. The two solutions to the differential equation are then given
by

y1(x) = e* cos2x and v2(x) = e* sin2x

In what follows we require Theorem 16 on existence and uniqueness for second-
order linear differential equations. A proof can be found in any text on ordinary
differential equations.

Let p(x), g(x), and f(x) be continuous functions on the interval 7. If xq is in 7,
then the initial-value problem

Vi+px)yY +qx)y=fx)  yxo)=yo Y (xo) =y,

has a unique solution on /.

Fundamental Sets of Solutions

With solutions in hand for each one of these cases, we now consider the question
as to whether there are other solutions to equations of this type, and if so, how they
can be described. The simple (but elegant) answer, to which the remainder of this
section is devoted, is found by using linear algebra. We will see that in each case
the functions y;(x) and y(x) form a basis for the vector space of solutions to the
equation y” + ay’ + by = 0. Accordingly, every solution y(x) to this equation can be
written as a linear combination y(x) = c;y;(x) + c2y2(x).

Toward this end, for a positive integern > 0, let V. =C M) (1) be the vector space
of all functions that are n times differentiable on the real interval I. If n = 0, then
CO(I) denotes the set of all continuous functions on /. We first show that the solution
set to the differential equation y” + ay’ + by = 0 is a subspace of V = CP([).

Superposition Principle Suppose that y;(x) and y,(x) are functions in
CA(I). If y;(x) and y,(x) are solutions to the differential equation y” + ay’ +
by = 0 and c is any scalar, then y;(x) + cy»(x) is also a solution.
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Proof Since y;(x) and y,(x) are both solutions, then
() +ayy(x) +byi(x) =0 and ¥y (x) +ayy(x) +bya(x) =0

Now to show that y(x) = y;(x) 4+ cy»(x) is a solution to the differential equation,
observe that

Y () =yi(x) +eys(x)  and  Y'(x) = y{(x) + cyy (x)

Substituting the values for y, y’, and y” in the differential equation and rearranging
the terms gives

V1) 4 cyy (x) 4+ alyy (x) + cyy (0] 4 bly1 (x) 4+ cya(x)]
= y{ (x) + cyy (x) + ay| (x) + acyy(x) 4+ by (x) + bey, (x)
= [y} (x) + ay;(x) + by (x)] + c[yy (x) + ay;(x) + by, (x)]
=0+0=0

Let S be the set of solutions to the differential equation y” 4+ ay’ 4+ by = 0. By
the superposition principle above and by Theorem 4 of Sec. 3.2, we know that S is a
subspace of C®(1).

To analyze the algebraic structure of S, we recall from Exercise 31 of Sec. 2.3
that a set of functions U = {f|(x), f2(x), ..., fu(x)} is linearly independent on an
interval [ if and only if

cfitx) +erfolx) + -+ fu(x) =0

for all x € I implies that c; =c¢; =--- = ¢, = 0. Theorem 18 provides a useful test
to decide whether two functions are linearly independent on an interval.

Wronskian Let f(x) and g(x) be differentiable functions on an interval I.
Define the function W[ f, g] on I by

Jx) gx)
[ g'(x)

If W[, g]l(xo) is nonzero for some xq in 7, then f(x) and g(x) are linearly inde-
pendent on /.

WIS glx) = = f(0)g' () = f'()gx)

Proof Consider the equation

c1f(x) +c28(x) =0
Taking derivatives of both sides, we obtain

el f'(x) +cg'(x) =0

Taken together, these equations form a linear system of two equations in the two
variables c¢; and c¢;. Observe that the determinant of the corresponding coefficient
matrix is W [f, g] (x). Hence, if W[f, g](x) is nonzero for some x¢ € I, then by
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THEOREM 19

THEOREM 20

Theorem 17 of Sec. 1.6 we know that ¢; = ¢, = 0. Accordingly, f(x) and g(x)
are linearly independent.

The function W] f, g] of Theorem 18 is called the Wronskian of f and g. The
Wronskian, and the result of Theorem 18, can be extended to any finite set of functions
that have continuous derivatives up to order n.

If y; and y, are solutions to the differential equation y” + ay’ + by = 0, then
Abel’s formula for the Wronskian gives the next result.

Let y;(x) and y,(x) be solutions to the differential equation y” + ay’ + by = 0.
The functions y; and y; are linearly independent if and only if W[y, y2](x) # 0
for all x in [.

At this point we are now ready to show that any two linearly independent solutions
to the differential equation y” 4+ ay’ + by = 0 span the subspace of solutions.

Fundamental Set of Solutions  Suppose that y;(x) and y,(x) are two linearly
independent solutions, on the interval 7, to the differential equation

y' +ay +by=0
Then every solution can be written as a linear combination of y;(x) and y,(x).
Proof Let y(x) be a particular solution to the initial-value problem
y'4+ay +by=0  with  yxo)=yo and  y'(x0) =y
for some x( in 1. We claim that there exist real numbers ¢; and ¢, such that
y(x) = ciy1(x) + c2y2(x)
Differentiating both sides of this equation gives
Y (x) = 1y (x) + cay; (x)

Now substituting xo into both of these equations and using the initial conditions
above, we obtain the linear system of two equations in the two variables ¢; and c;
given by

c1y1(xo) + c2y2(x0) = Yo

c1yy(xo) + c2y5(x0) =¥,
Observe that the determinant of the coefficient matrix is the Wronskian
Wi, ¥2](x0). Since y; (x) and y,(x) are linearly independent, then by Theorem 19,
the determinant of the coefficient matrix is nonzero. Consequently, by Theorem 17
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of Sec. 1.6, there exist unique numbers ¢; and ¢, that provide a solution for the
linear system. Define the function g by

g(x) = c1y1(x) + c2y2(x)
Then g(x) is also a solution to the original initial-value problem. By the uniqueness
part of Theorem 16,
yx) = g(x) = cryi(x) + c2y2(x)
as claimed.

The linearly independent solutions y;(x) and y,(x) of Theorem 20 are called
a fundamental set of solutions. In light of this theorem, the fundamental set
{y1(x), y2(x)} is a basis for the subspace S of solutions to y” + ay’ + by = 0. As
there are two of them, dim(S) = 2.

We now return to the specific cases for the solutions to y” + ay’ + by = 0. Recall
that for case 1 we obtained the two solutions

yix) =€ and  yy(x) =€

with r; # r;. To show that these functions form a fundamental set, we compute the
Wronskian, so that

erlx ei’zx

Wiy, y21(x) = FleE pye2X

— rz(erlxerZX) - (erlxerZX)

— rze(r1+r2)x (ri+r2)x

=12 (ry — ry)

—rpe

Since the exponential function is always greater than 0 and r; and r; are distinct, the
Wronskian is nonzero for all x, and therefore the functions are linearly independent.
Hence, {e"*, ¢2*} is a fundamental set, and every solution y(x) to a problem of this
type has the form
y(x) = cret + e’
for scalars ¢ and c;.
For case 2, the Wronskian is given by

W[erx’ xerX] — e2rx

Since €2

this type.
Finally, for case 3 the Wronskian is given by

is never zero, {e¢"*, xe""} is a fundamental set of solutions for problems of

W e cospx, e sinpx] = pe’**

so that {¢** cos Bx, e** sinPx} is a fundamental set as long as f is not zero. If § = 0,
then the differential equation becomes y” + ay’ = 0 which reduces to case 1.

There are many physical applications of second-order differential equations with
constant coefficients. Two important areas are in mechanical and electrical oscillations.
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Solution

A fundamental problem in mechanics is the motion of an object on a vibrating spring.
The motion of the object is described by the solution of an initial-value problem of
the form

my"+cy' +ky=f(x) yO0O=A YO0 =B
where m is the mass of the object attached to the spring, ¢ is the damping coefficient,

k is the stiffness of the spring, and f(x) represents some external force. If there are
no external forces acting on the system, then f(x) = 0.

Let the mass of an object attached to a spring be m = 1, and the spring constant
k = 4. Solve the three initial-value problems describing the position of the object
attached to the spring with no external forces; initial conditions y(0) = 2, y’(0) = 0;
and damping coefficients ¢ equaling 2, 4, and 5.
The differential equation describing the position of the object is given by

Yty +4y=0
When ¢ = 2, the auxiliary equation for y” + 2y +4y =0 is

rPP+2r+4=0

Since the roots are the complex values rj = —1 4+ +/3i and r» = —1 — +/3i, the
general solution for the differential equation is

yx)=e* {cl cos(v/3x) + ¢ sin(«/gx)}

From the initial conditions, we have
3
y(x) =2 " [cos(x/gx) + é sin(x/gx)]

When ¢ = 4, the auxiliary equation for y” 4+ 4y’ +4y =0 is
rPPrar+4=0r+2>%=0

Since there is one repeated real root, the general solution for the differential

equation is
y(x) =cre ¥ + copxe >

From the initial conditions,
y(x) =2 Q2x + 1)
When ¢ = 5, the auxiliary equation for y” + 5y +4y =0 is
rrP45r+4=@+1Dr+4)=0
Since there are two distinct real roots, the general solution for the differential
equation is

y(x) = cre™ + e
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From the initial conditions,
Y(x) = (@de™ —em™)

The graphs of the solutions are shown in Fig. 1.

Exercise Set 3.5

In Exercises 1-4, find the general solution to the
differential equation.

a.

b.

C.

Find two distinct solutions to the homogeneous dif-
ferential equation.

Show that the two solutions from part (a) are lin-
early independent.

Write the general solution.

Figure 1

a. Find the general solution to the associated
homogeneous differential equation for which
g(x) = 0. This is called the complementary
solution and is denoted by y.(x).

b. Assume there exists a particular solution

denoted y,(x) to the nonhomogeneous
equation of the form

yp(x) = ax’> +bx +c¢

1. y/ =5y +6y=0

2. y'+3y'+2y=0 Substitute y,(x) into the differential equation
3.y 44y 44y =0 ‘zlciliréd conditions on the coefficients a, b,

4.y —4y +5y=0 '

In Exercises 5 and 6, find the solution to the
initial-value problem.

5.
6.
7.

YV'=2y'+y=0y0)=1y(0)=3
Y' =3y +2y=0y(1)=0y(1) =1
Consider the the nonhomogeneous differential
equation given by
Y =4y 43y =3g(x)
glx) = 3x+x+2

where

¢. Verify that y(x) = y.(x) 4+ y,(x) is a solution
to the differential equation.

8. Consider the nonhomogeneous differential

equation given by

y'+4y +3y =g(x)  where

g(x) = 3sin2x
a. Find the general solution to the associated

homogeneous differential equation for which
g(x) = 0.
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b. Assume there exists a particular solution to the
nonhomogeneous equation of the form

vp(x) = Acos2x + Bsin2x

Substitute y,(x) into the differential equation
to find conditions on the coefficients A and B.

c. Verify that y.(x) + y,(x) is a solution to the
differential equation.

. Let w be the weight of an object attached to a
spring, g the constant acceleration due to gravity
of 32 ft/s?, k the spring constant, and d the
distance in feet that the spring is stretched by the

10.

Y and

weight. Then the mass of the object is m =
k = % . Suppose that a 2-1b weight stretches a
spring by 6-in. Find the equation of the motion of
the weight if the object is pulled down by 3-in
and then released. Notice that this system is

undamped; that is, the damping coefficient is 0.

Suppose an 8-1b object is attached to a spring
with a spring constant of 4 1b/ft and that the
damping force on the system is twice the velocity.
Find the equation of the motion if the object is
pulled down 1-ft and given an upward velocity

of 2 ft/s.

Review Exercises for Chapter 3

1. Determine for which values of k the vectors

5. Suppose that S = {v|, v5, v3} is a basis for a

1 0 0 2
-2 1 0 3
0 -1 1 4
2 4 k

form a basis for R*.

. For which values of a, b, ¢, d, e, and f are the
vectors

a d
0 c e
0 0 f

a basis for R3?

. Let
a—>b a

= { [ b+c a-—c }
a. Show that S is a subspace of Mj»;.

5 3.

9

.Is[_2 3}mS.
¢. Find a basis B for S.
d. Give a 2 x 2 matrix that is not in S.
.LetS={px)=a+bx+cx’|a+b+c=0}
a. Show that S is a subspace of P;.

a,b,celR}

=3

b. Find a basis for S. Specify the dimension of S.

vector space V.

a. Determine whether the set T = {v{, v; +
V2, Vi + Vo + v3} is a basis for V.

b. Determine whether the set

W ={-vy+v3,3vi +2vy + V3, v —
v, + 2v3} is a basis for V.

. Let S = {vy, v», v3}, where

-3 —
V) =

V3 =

a. Explain why the set S is not a basis for R*.

b. Show that v3 is a linear combination of v; and

V2.

c. Find the dimension of the span of the set S.

d. Find a basis B for R* that contains the vectors

vi and v;.
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e. Show that a. Give a basis for V and find its dimension. Let
1 1 1 1 S be the set of all matrices of the form
2 0 0 2 a b
=9l ol 1] { ¢ a }
0 -1 -1 and let T be the set of all matrices of the form
is a basis for R*. [ Xy ]
f. Find the transition matrix from the ordered y Z
basis B to the ordered basis 7. b. Show that S and T are subspaces of the vector
g. Use the matrix found in part (f) to find the space V.
transition matrix from the ordered basis T to ¢. Give bases for S and T and specify their
the ordered basis B. dimensions.
h. If d. Give a description of the matrices in S N T.
1 Find a basis for S N T and give its dimension.
Ms=| 3 9. Let
- Uy V]
5 u= [ } and V= [ }
uz V2
find the coordinates of v relative to the ordered such that
basis 7. u-v=0 and Vul+ui=1=/vi+v3
i If ) a. Show that B = {u, v} is a basis for R
v] 13 b. Find the coordinates of the vector w = [ ; }
A% =
r =5 relative to the ordered basis B.
-1
find the coordinates of v relative to the ordered 10. Let c be a fixed scalar and let
basis B. pix) =1 px)y=x+c
2
7. Suppose span{vy,...,v,} =V and p3(x) =@ +o)
CIVi+ Va4 -4 cuvy =0 a. Show that B = {p;(x), pa(x), p3(x)} is a basis
for P;,.
with ¢; 7# 0. Show that span{vz, ... v,} = V. b. Find the coordinates of f(x) = ag +
8. Let V = M. a1x + a»x? relative to the ordered basis B.
Chapter 3: Chapter Test
In Exercises 1-35, determine whether the statement is 2. The set
true or false. 1 2 0
1. If V = R and addition and scalar multiplication S = 3, 1 |{,| 4
are defined as 1 -1 3
X®y=x4+2y cOx=x+c is a basis for R3.

then V is a vector space. 3. A line in R? is a subspace of dimension 1.
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4.

10.

11.

Chapter 3 Vector Spaces

The set

s-{[3 13 0 o))

is a basis for Myy>.

The set
1 0 -2
2 0,1 1 |, 0
3 2 1
is a basis for R? if and only if
1 0 =2
det| 2 1 0|0
3 2 1
The set

is a subspace of R2.

The set

S ={A € My, | det(A) = 0}
is a subspace of M;y».
The set

2,1 4+x,2-32x2—x+1}
is a basis for Ps.
The set

{x3 —2x* + l,)c2 —4, X + 2x, 5x}

is a basis for P;.
The dimension of the subspace

s+ 2t
S = t—s s, teR
K

of R3 is 2.
If

and

then span(S) = span(7).

12.

—

14.

16.

17.

18.

19.

20.

21.

22,

23.

3.

The set

S = a aclR
0

is a subspace of R* of dimension 1.

If S ={vi,vo, vz} and T = {vy, v2, v3, V| + V»},
then span(S) = span(T).

If § = {vi,v2,v3}, T = {v1,v2,v3, Vi + vz}, and
S is a basis, then T is not a basis.

. If {v1, v2, v3} is a basis for a vector space V and

Wi =V +2vy+ V3, W =V + V2 +v3,
W3 = V| — VvV, — V3, then W = {w;, wp, w3} is
also a basis for V.

If V is a vector space of dimension n and S is a
set of vectors that span V, then the number of
vectors in S is less than or equal to n.

If V is a vector space of dimension 7, then any
set of n — 1 vectors is linearly dependent.

If S and T are subspaces of a vector space V,
then S U T is a subspace of V.

If S ={vy,...,v,} is a linearly independent set
of vectors in R”, then S is a basis.

If A is a 3 x 3 matrix and for every vector

a
b= | b | the linear system Ax = b has a
¢

solution, then the column vectors of A span R3.

If an n x n matrix is invertible, then the column
vectors form a basis for R”.

If a vector space has bases S and T and the
number of elements of S is n, then the number of
elements of T is also n.

In a vector space V, if

span{vy, vo,...,v,} =V
and wi, Wy, ..., W, are any elements of V, then
span{vy, Vo, ..., V,, W, W, ..., Wy} =V.



24, If V is a vector space of dimension n and H is a
subspace of dimension n, then H = V.

25. If By and B; are bases for the vector space V,
then the transition matrix from B; to B, is the
inverse of the transition matrix from
B, to Bj.

In Exercises 26—29, use the bases of R?

n=il b))

and
1 3
m={[1}[ 2]}
26. The coordinates of ! , relative to By, are
. LY ]
't
27. The coordinates of (1) relative to B, are

a1 |
28. The transition matrix from B; to B is
1] —1 3
B _ 1
[I]Bl - 2 |: 1 -1 :l

29. The transition matrix from B, to Bj is

=y 7]

In Exercises 30—35, use the bases of Ps,

By = {1, x,x% x%)

and

30.

31.

32.

33.

34.

35.

3.5 Application: Differential Equations

1

[x3+2xz—x]31 = 2
- _1 -
F o]

—1

[x3 +2x2 — x]p, = )
L 1 -
F o

—1

[x3 +2x2 —x]p, = )
L 1 -
R

2

[X3+2x2—x]32 = 0

1

[A+x)?2 =32 +x— 1)+ 23],

The transition matrix from B to B, is

01 0 0
B 0O 0 1 0
=11 0 o o

00 0 1
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critical component in the design of an airplane is
the airflow over the wing. Four forces that act on
an aircraft, and need to be considered in its design,
are [lift, the force of gravity, thrust, and drag. Lift and

drag are aerodynamic forces that are generated by the Yaw
movement of the aircraft through the air. During take- O
off, thrust from the engines must overcome drag. Lift, z

created by the rush of air over the wing, must over-

9
come the force of gravity before the airplane can fly. >§>’//"

Mathematical models developed by aeronautical engi-
neers simulate the behavior of an aircraft in flight. These ) / %
models involve linear systems with millions of @/x

equations and variables. As we saw in Chap. 1, lin-

ear algebra provides systematic methods for solv- Roll Pitch
ing these equations. Another use of linear algebra
in the design process of an airplane is in modeling the movement of the aircraft
through space. To check the feasibility of their designs, aeronautical engineers use
computer graphics to visualize simulations of the aircraft in flight. Three control
parameters which affect the position of an aircraft are pitch, roll, and yaw. The pitch
measures the fore and aft tilt of an airplane, relative to the earth, while the roll mea-
sures the tilt from side to side. Together these give the attitude of the aircraft. Using
the figure above, the pitch is a rotation about the y axis, while a roll is a rotation
about the x axis. The yaw measures the rotation about the z axis, and when combined
with the pitch, gives the heading. During a simulation, the attitude and heading of
the aircraft can be changed by applying a transformation to its coordinates relative
to a predefined center of equilibrium. As we shall see in this chapter, such a trans-
formation can be represented by matrix multiplication. Specifically, if the angles of

199
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4.1

rotation for pitch, roll, and yaw are given by 0, ¢, and s, respectively, then the matrix
representations for these transformations are given by

cos6 0 —sin6 1 0 0 cosy siny 0
0 1 0 0 cosqg —sing and —siny cosy O
sinf 0 cosO 0 sing cos¢g 0 0 1

This type of transformation is a linear map between vector spaces, in this case from
R3 to R3. The generation and manipulation of computer graphics are one of many
applications that require the linear transformations which are introduced in this chapter.

Due to their wide applicability linear transformations on vector spaces are of
general interest and are the subject of this chapter. As functions between vector spaces,
they are special since they preserve the additive structure of linear combinations. That
is, the image of a linear combination under a linear transformation is also a linear
combination in the range. In this chapter we investigate the connection between linear
transformations and matrices, showing that every linear transformation between finite
dimensional vector spaces can be written as a matrix multiplication.

Linear Transformations

In mathematics every line of inquiry ultimately leads to a description of some set and
functions on that set. One may metaphorically refer to elements of the set as nouns
and functions that operate on elements as verbs. In linear algebra the sets are vector
spaces, which we discussed in Chap. 3, and linear transformations on vector spaces
are the functions.

If V and W are vector spaces, then a mapping 7" from V to W is a function that
assigns to each vector v in V a unique vector w in W. In this case we say that T
maps V into W, and we write T: V — W. For each v in V the vector w = T (v) in
W is the image of v under 7.

Define a mapping T: R> — R? by

r([3])-135]
y xX=Y
a. Find the image of the coordinate vectors e; and e, under the mapping 7.

b. Give a description of all vectors in R? that are mapped to the zero vector.
¢. Show that the mapping 7 satisfies

Tu+v)=Tw)+T(V) (preserves vector space addition)

and
T (cv) =cT(v) (preserves scalar multiplication)

for all vectors w and v in V and all scalars ¢ in R.
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Solution a. Since e] = [ (1) } and e; = [ (1) ], we have

T(eQ:“J_rg]z{” il T(e@:{_i]

b. To answer this question, we solve

(D=5 =16

This leads to the linear system
x+y =0
x—y =0

where the unique solution is x = y = 0. Thus, the only vector that is mapped

byTto[g

¢. To show that the mapping T preserves vector space addition, let
uz[ul} and V=|:U1:|
17%) v

cwner((3]+[2)
uj (%]
. Ui + vg
-r([nin])
i [ (u1 +v1) + (u2 + v2) }
(1 +vy) — (u2 + v2)

-[ oz E=a
([ ])er(n))

=T(u) +T(v)

i Cu]

ren=7 (]2 ])
_ | curtcux | Uy + up
_ CUuyp — Ccuyp - uyp — up

=cT(u)

} is the zero vector [ 8 ]

Then

We also have

A mapping T between vector spaces V and W that satisfies the two properties,
as in Example 1,

Tu+v)=T)+T(V) and T (cu) = cT (u)
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is called a linear transformation from V into W. Notice that the operations of addition
and scalar multiplication on the left-hand side of each equation refer to operations in
the vector space V, and on the right-hand side refer to operations in the vector space W.

Definition 1 combines the two requirements for the linearity of 7 into one
statement.

DEFINITION 1 Linear Transformation Let V and W be vector spaces. The mapping 7: V — W
is called a linear transformation if and only if

T(cu+v)=cT(u)+ T(V)

for every choice of w and v in V and scalars ¢ in R. In the case for which V = W,
then T is called a linear operator.

The mapping 7 defined in Example 1 is a linear operator on R?. In Example 2
we show how matrices can be used to define linear transformations.

m Let A be an m x n matrix. Define a mapping 7% R” — R™ by

T (x) = Ax

a. Show that 7 is a linear transformation.
b. Let A be the 2 x 3 matrix

1 2 -1
- [ -1 3 2 ]
Find the images of

and —1

under the mapping 7: R® — R? with T'(x) = Ax.

Solution a. By Theorem 5 of Sec. 1.3, for all vectors u and v in R” and all scalars ¢ in R,
A(cu+vVv) = cAu + Av
Therefore,

T(cu+v)=cT )+ T(V)

b. Since T is defined by matrix multiplication, we have

1 1
2 =l 2
(|1 :[ } I z[ ]
1 -1 3 2 1 4
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and

Later in this chapter, in Sec. 4.4, we show that every linear transformation between
finite dimensional vector spaces can be represented by a matrix. In Examples 1 and 2, we
have discussed some of the algebraic properties of linear transformations. In Example 3
we consider the action of a linear transformation from a geometric perspective.

m Define a linear transformation 7: R®> — R? by

Solution

x X
- y
a. Discuss the action of T on a vector in R?, and give a geometric interpretation
of the equation

1 0 1
T 0+ |1 =T 0 +T
1

—_—

b. Find the image of the set

Si=<t]| 2 ||teR
1
c¢. Find the image of the set
P
S = y [|x,yeR
L 3 -
d. Describe the set _ -
X
S = 0 [|x,zeR
L Z -

and find its image.

a. The linear transformation 7' gives the projection, or shadow, of a vector in
3-space to its image in the xy plane. Let
1 0 1
vi=1| 0 vy = | 1 and vi=vi+v=|1
1 1
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The images of these vectors are shown in Fig. 1. We see from the figure that

T(v3) = [ } } is equal to the vector sum 7 (vy) + T (v3) = [ (1) } —+ [ (l) },

as desired.

/T\‘
) T (v2) T (v3)
g T(v1)
X
Figure 1
1

b. The set S is a line in 3-space with direction vector | 2 |. By the definition

1
1
T(Sl)z{t{z} te[R{}

which is a line in R? through the origin with slope 2.

of T we have

c. The set S, is a plane in 3-space 3 units above and parallel to the xy plane. In

this case,
T(Sz)z{{’y“] x,yeR}

Thus, the image of S, is the entire xy plane, which from the description of T’
d. The set S3 is the xz plane. Here we have

o[ oo

which is just the x axis. Again, this is the expected result, given our description
of T.

as a projection is the result we expect.

In Example 4 we use the derivative of a function to define a linear transformation
between vector spaces of polynomials.



Solution

PROPOSITION 1

4.1 Linear Transformations

Define a mapping 7: P; —> P, by
T(p(x)) = p'(x)

where p’(x) is the derivative of p(x).
a. Show that 7 is a linear transformation.
b. Find the image of the polynomial p(x) = 3x3 4+ 2x% — x + 2.
c. Describe the polynomials in 5 that are mapped to the zero vector of P;.

First observe that if p(x) is in Ps, then it has the form

px) = ax> +bx*+cex+d
so that
T(p(x)) = p'(x) = 3ax* + 2bx + ¢
Since p’(x) is in P,, then T is a map from Ps into ;.

205

a. To show that T is linear, let p(x) and ¢ (x) be polynomials of degree 3 or less,
and let k£ be a scalar. Recall from calculus that the derivative of a sum is the
sum of the derivatives, and that the derivative of a scalar times a function is

the scalar times the derivative of the function. Consequently,
d
T(kp(x) +q(x)) = E(kp(x) +qx))

d d
= 7 kp(0)) + 7 =(q(x))

=kp'(x) +q'(x)
=kT(p(x)) + T(q(x))

Therefore, the mapping 7 is a linear transformation.
b. The image of the polynomial p(x) = 3x> +2x? —x + 2 is

d
T(p(x)) = 5(3% +2x2 —x +2) = 9x% +4x — 1

c. The only functions in P; with derivative equal to zero are the constant poly-

nomials p(x) = ¢, where c is a real number.

Let V and W be vector spaces, and let 7: V — W be a linear transformation. Then

T0) =0.

Proof Since 7(0) = T7(0+0) and T is a linear transformation, we know that
TO0)=T0+0)=T7(0)+ 7(0). Subtracting 7(0) from both sides of the last

equation gives 7'(0) = 0.
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Solution

Solution

Solution

Define a mapping T: R> — R? by

(D=5 )

Determine whether 7 is a linear transformation.

T(0)=T<[8D={22]={}}

by the contrapositive of Proposition 1, we know that 7' is not a linear transfor-
mation.

Since

Define a mapping 7: M, x, —> My x;m by
T(A) = A’

Show that the mapping is a linear transformation.

By Theorem 6 of Sec. 1.3, we have
T(A+B)=(A+B) = A"+ B' =T(A) + T(B)
Also by this same theorem,
T(cA) = (cA)' = cA' = cT(A)

Thus, T is a linear transformation.

Coordinates Let V be a vector space with dim(V)=n, and B =

{vi,v2,...,V,} an ordered basis for V. Let T: V — R" be the map that sends a
vector v in V to its coordinate vector in R” relative to B. That is,
T(v)=[v]s

It was shown in Sec. 3.4 that this map is well defined, that is, the coordinate vector
of v relative to B is unique. Show that the map 7 is also a linear transformation.

Let u and v be vectors in V and let k be a scalar. Since B is a basis, there are
unique sets of scalars ¢y, ..., ¢, and dy, ..., d, such that

u=cyvy+---+c,v, and v=divi+ - --+d,v,
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Solution
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Applying T to the vector ku + v gives
T(ku+v) =T((key +di)vi+ -+ (key + dn)Vn)

ker + dy C1 d;
kcy + d (65) dy
kcn + dn Cn dn

=kT(u)+T(v)

Therefore, we have shown that the mapping 7 is a linear transformation.

As mentioned earlier, when 7: V — W is a linear transformation, then the
structure of V is preserved when it is mapped into W. Specifically, the image of a
linear combination of vectors, under a linear map, is equal to a linear combination
of the image vectors with the same coefficients. To see this, let V and W be vector
spaces and T: V — W be a linear transformation. Then by repeated application of
Definition 1, we have

T(civi+cva+---+cvy) =T(crvi) + -+ T(cyvpn)
=cT(vi) + 2T (v2) + -+ cnT (Vi)

The fact that a linear transformation 7" between vector spaces V and W preserves
linear combinations is useful in evaluating 7" when its action on the vectors of a basis
for V is known. This is illustrated in Example 8.

Let T: R? — R? be a linear transformation, and let B be the standard basis for R>.

If
T(e) = [ } ] T(ey) = [ _; ] and  T(e3) = [ (1) ]
find T (v), where

To find the image of the vector v, we first write the vector as a linear combination
of the basis vectors. In this case

v=-e; + 3er + 2e;3
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Applying T to this linear combination and using the linearity properties of 7, we

have
T(v) =T(e; + 3e; + 2e3)

= T(e1) +3T(&2) +2T(e3)
1 =1 0

-| =l

| =2

. 9

m Let T: R? — R be a linear operator and B a basis for R® given by

1 1 1
B = [, 2| |1
1 3 2
If
1 1 1 -1 1 2
T 1 = || 1 T 2 =| =2 T 1 = | 2
1 3 -3 2 4
find
2
T 3
6
Solution Since B is a basis for R>, there are (unique) scalars ¢y, ¢, and ¢3 such that
1 1 1 2
C1 I [+ 2 |+ | 1 = 3
1 3 2 6
Solving this equation, we obtain ¢; = —1, ¢; = 1, and ¢3 = 2. Hence,
[ 2 1 1 1
T 3 =T|-1|1[+]2|+2]|1
| 6 1 3 2
By the linearity of 7, we have
2 [ 1] 1
T 3 = (—=DT 1 +T 2 + 2T 1
6 | 3 ] 2
-1 [ 2]
= — + | -2 [+2] 2
-3 4 |
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Operations with Linear Transformations

Linear transformations can be combined by using a natural addition and scalar mul-
tiplication to produce new linear transformations. For example, let S, T: R> — R? be
defined by

s(BD=12] e o(BD=15550

S+T)(v) =85V +T(v) and (€S) (V) = c(S(v))

To illustrate this definition, let v = [ 2 ]; then

—1

(S+T)V)=5SW)+T(v) = [ ? +_(2_1) } + [ 22(? 5((—_1;) } N [ —g }

For scalar multiplication let ¢ = 3. Then
GBT)(v) =3T(v) =3 { _? } = { _lg }

In Theorem 1 we show that these operations on linear transformations produce
linear transformations.

Let V and W be vector spaces and let S, 7: V. — W be linear transformations. The
function S + 7 defined by

S+TH)(v) =SV +T(v)

is a linear transformation from V into W. If ¢ is any scalar, the function ¢S
defined by
(€S)(v) =cSv)

is a linear transformation from V into W.
Proof Letu,v e V and let d be any scalar. Then
S+ T)du+vVv)=Sda+v)+T(du+vV)
= S(dw) + S(v) + T (du) + T(v)
=dSu) + Sv) +dT (u) + T (v)
=d(S(u)+T)+ SV)+T(v)
=d(S+T)w) + (S+T)(V)



210

Chapter 4 Linear Transformations

THEOREM 2

SoT (v)

Figure 2

so that S + T is a linear transformation. Also

(cS)(du+v) =c(S(du+v))
=c(S(du) 4+ S(v))
=c(dS(u) + S(v))

(cd)S(u) 4+ cS(v)

=d(cS)(u) + (¢ (V)

so that ¢S is a linear transformation.

Using the sum of two linear transformations and the scalar product defined above,
the set of all linear transformations between two given vector spaces is itself a vector
space, denoted by £(U, V). Verification of this is left to Exercise 45 at the end of this
section.

As we saw in Example 2, every m x n matrix A defines a linear map from R” to
R™. Also, if B is an n X p matrix, then B defines a linear map from R” to R”". The
product matrix AB, which is an m x p matrix, then defines a linear transformation
from R? to R™. As we shall see (in Sec. 4.4), this map corresponds to the composition
of the maps defined by A and B. The desire for this correspondence is what motivated
the definition of matrix multiplication given in Sec. 1.3.

Let U, V, and W be vector spaces. If T: V — U and S: U — W are linear trans-
formations, then the composition map So7: V — W, defined by

(SeT)(v) = S(T (V)
is a linear transformation. (See Fig. 2.)

Proof To show that SoT is a linear transformation, let v; and v, be vectors in
V and c a scalar. Applying SoT to cvj + v,, we obtain

(8eT)(cvy +v2) = S(T (cvi + V2))
= S(cT(v) +T(v2))
= S(cT(v1)) + S(T(v2))
=cS(T(v1)) + S(T(v2))
= c(8°T)(v1) + (S°T)(v2)

This shows that So7 is a linear transformation.

In the case of all linear operators on a vector space V, denoted by £(V, V), the
operations of addition and scalar multiplication make £(V, V) a vector space. If, in
addition, we define a product on £(V, V) by

ST (v) = (§°T)(v)
then the product satisfies the necessary properties making £(V, V) a linear algebra.
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Fact Summary

Let V, W, and Z be vector spaces and S and 7 functions from V into W.

Exercise Set 4.1

In Exercises 1-6, determine whether the function
is a linear transformation.

T R?2 — R2
1.T< x
Ly
2.T< x
Ly
3.T< x
y
4.T< x
Ly
5.T( x
Ly
6.T< x
y

)

N N N~ N~

1.

The function T is a linear transformation provided that for all u, v in V and
all scalars ¢, T(cu+v) = cT (u) + T(v).

If A is an m x n matrix and 7T is defined by 7 (x) = Ax, then T is a linear
transformation from R” into R™.

. If T is a linear transformation, then the zero vector in V is mapped to the

zero vector in W, that is, 7(0) = 0.

If B={vy,Vs,...,V,} is an ordered basis for V and W = R", then the
coordinate mapping 7'(v) = [v]p is a linear transformation.

If {vi, Vo, ..., Vv,} is a set of vectors in V and T is a linear transformation,
then

T(civi+cava+ -+ V) = 1T (Vi) + 2T (Vo) + - -+ ¢, T (V)

for all scalars cy, ..., cy.

If S and T are linear transformations and c is a scalar, then S + T and ¢T
are linear transformations.

If T: V.— W is a linear transformation and L : W — Z is a linear
transformation, then LoT: V —> Z is a linear transformation.

In Exercises 7—16, determine whether the function is a
linear transformation between vector spaces.

7. TR —> R, T(x) = x2
8. 'R— R, T(x) = —2x

9. T [R2—>|R,T<[);})=x2+y2

10. T: R’ — R?,
X X
1))
B y
11. - R? - R?,
X xX+y—z2
T y = 2xy
z x+z+1
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12. T R’ - R,
X coS x
T y = siny
z sinx + sinz
13. T: P; — Ps,

T(p(x)) =2p"(x) = 3p'(x) + p(x)
4. T: P, — P,
T(p(x)) = px)+x
15. T: My, — R, T(A) = det(A)

16. T: Myyr — Moy, T(A) = A+ Al

In Exercises 17-20, a function 7 V — W between

vector spaces and two vectors u and v in V are given.

a. Find T (u) and T (v).
b. IsT(u+v)=T()+ T(v)?
¢. Is T a linear transformation?

B (T);by]) =[]
o= 3] =]

18. Define T: P, — P, by

T(p(x)) = p"(x) =2p'(x) + p(x)

Let

Let

u=x>—-3x+1 v=—x—1

19. Define T: P; — R? by

3 2 _ —a—b+l
T (ax’ + bx —i—cx—i—d)—[ ctd }
Let

u= - +2x2—x+1 v=x>-1

20. Define T: R? — R? by

X 2
T ¥ =[x 1}

21.

22.

23.

24.

Let

If T: R2 — IR{; IEE znir :pe[ra;j and
r([])=17]
)

If T: R® — R is a linear operator and

then find T ([

1 1
T 0 = -1
| 0] | 0
[0 ] [ 2
T 1 =10
| 0 | |1
[0 ] 1
T 0 = -1
|1 |1
1
then find T 7
5
If T: P, — P, is a linear operator and
T(H=14x Tk)=2+x>

T(xz) = x — 3x?
then find 7'(—3 + x — x?).

If T: My« — M>; is a linear operator and

ren=[3 3]
ren=[4 1]
ren=[4 3]
re=[2 9]



25.

26.

27.

28.

then find
2 1
A(Y)

Suppose that T: R?> — R? is a linear operator

such that
()11
r([o)-14]
Is it possible to determine T ([ ; ])‘7 If so, find

it; and if not, explain why.

Define a linear operator T: R® — R3 by
T (u) = Au, where

A=

—_ N =
[SSIE I )
N W W

a. Find T(ey), T(ey), and T (e3).
b. Find T (3e; — 4e; + 6e3).

Suppose that T: P, — P, is a linear operator such
that

T(x*) =2x — 1 T(-3x)=x>—1

T(—x*>+3x)=2x>—2x +1

a. Is it possible to determine 7' (2x? — 3x + 2)? If
so, find it; and if not, explain why.

b. Is it possible to determine T (3x* — 4x)? If so,
find it; and if not, explain why.

Suppose that T: R* — R is a linear operator
such that

1 1
T(|lo]]=
_0_ L 3_
. -
T(|1]]=]| -2
L - L 1_

29.

30.

31.

32.

33.
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1 8
T 3 =] —10
0 | -3
a. Find _
2
T -5
|0

b. Is it possible to determine 7'(v) for all vectors
v in R3? Explain.

Define a linear operator T: R*> — R? by

f(13])-13]
y -y
a. Find a matrix A such that T'(v) = Av.

b. Find T (e;) and T (ey).

Define a linear transformation 7: R*> — R3 by

r([51)-

a. Find a matrix A such that T'(v) = Av.
b. Find T (e;) and T (ey).

Define 7: R* — R? by

x et
])-1E
z y

x —2y
3x+y
2y

Find all vectors that are mapped to 0.
Define T: R* — R? by

X
T y ={

x+2y+z]
z

—x+5y+z

Find all vectors that are mapped to 0.
Define 7: R* — R? by

X xX— y+2z
T y = 2x+3y— z
b4 - x+2y—-2z

a. Find all vectors in R* that are mapped to the
zero vector.
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34.

35.

36.

37.

38.
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7 39. Define T: C(V[0, 1] — R by
b. Let w= | —6 |. Determine whether there is 1
9 T(f) = /O o) dx

a vector v in R? such that 7'(v) = w.
Define T: P, — P, by
T(p(x)) = p'(x) — p(0)

a. Find all vectors that are mapped to 0.

b. Find two polynomials p(x) and ¢g(x) such that
T'(p(x)) =T(q(x)) =6x —3.

c. Is T a linear operator?

Suppose T1: V — R and T5: V — R are linear
transformations. Define T: V — R? by

40.

41.

for each function f in C@J0, 1].
a. Show that T is a linear operator.
b. Find T (2x* — x + 3).

Suppose that 7: V — W is a linear transformation
and T(u) =w. If T(v) = 0, then find 7' (u + v).

Suppose that 7 R" — R™ is a linear
transformation and {v, w} is a linearly
independent subset of R”. If {T'(v), T (w)} is
linearly dependent, show that 7(u) = 0 has a
nontrivial solution.

T 42. Suppose that 7: V — V is a linear operator and
T(v) = [ Tl v) ] {vi,...,v,} is linearly dependent. Show that
2(V) (T (v1), ..., T(v,)} is linearly dependent.

Show that T is a linear transformation.

Define T: M, x, — R by T(A) = tr(A). Show
that 7 is a linear transformation.

Suppose that B is a fixed n x n matrix. Define
T My, = My, by T(A) = AB — BA. Show
that 7' is a linear operator.

Define T: R — R by T (x) = mx + b. Determine
when 7 is a linear operator.

4.2

43.

44.

45.

Let S = {vy, v, v3} be a linearly independent
subset of R*. Find a linear operator T: R> — R3,
such that {T'(v), T(v2), T (v3)} is linearly
dependent.

Suppose that 7: V. — V and T5: V — V are
linear operators and {vy, ..., v,} is a basis for V.
If Ty (v;) = T»(v;), foreachi = 1,2, ..., n, show
that T7(v) = T»(v) for all vin V.

Verify that £(U, V) is a vector space.

The Null Space and Range

In Sec. 3.2, we defined the null space of an m x n matrix to be the subspace of R” of
all vectors x with Ax = 0. We also defined the column space of A as the subspace of
R™ of all linear combinations of the column vectors of A. In this section we extend
these ideas to linear transformations.

DEFINITION 1

Null Space and Range Let V and W be vector spaces. For a linear transfor-

mation 7: V —> W the null space of 7', denoted by N(T), is defined by

N(T)={veV |T) =0}
The range of 7, denoted by R(T), is defined by
R(T) ={T(v) |veV}
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The null space of a linear transformation is then the set of all vectors in V that are
mapped to the zero vector, with the range being the set of all images of the mapping,
as shown in Fig. 1.

T T
V" U V_—" U
“
0 R(1))
Figure 1

In Theorem 3 we see that the null space and the range of a linear transformation
are both subspaces.

THEOREM 3 Let V and W be vector spaces and 7: V — W a linear transformation.

1. The null space of T is a subspace of V.
2. The range of T is a subspace of W.

Proof (1) Let vy and v, be in N(T), so that T(vi) =0 and T(v;) =0.Ifcisa
scalar, then using the linearity of 7', we have

Tevi+Vvy)=cT(vi))+T(vy))=c0+0=0

Thus, ¢vy + v, is in N(T'), and by Theorem 4 of Sec. 3.2, N(T) is a subspace
of V.

(2) Let wy and wp be in R(T). Then there are vectors v; and v, in V such that
T (vi) = wj and T (v2) = wy. Then for any scalar c,

T(cvi +v2) =cT(vi) +T(v2) = cwi + Wy
so that cw; + wy is in R(7T') and hence R(T) is a subspace of W.

m Define the linear transformation 7: R* — R? by

a
b a+b
T = b—c
¢ a+d
d

a. Find a basis for the null space of 7' and its dimension.
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b. Give a description of the range of T.
c. Find a basis for the range of 7" and its dimension.

Solution a. The null space of T is found by setting each component of the image vector
equal to 0. This yields the linear system

a+b =0
b—c =0
a +d =0

This linear system has infinitely many solutions, given by
=
Si= relR

Hence,

N(T) = span

—_— e —

A basis for N(T) consists of the one vector
-1
1

1
1

Consequently, dim(N (7)) = 1.
b. Observe that any vector in the range can be written as

1 1 0 0
al 0| +b| 1 | 4+c| =1 |4+d]| 0
1 0 0 1
for some real numbers a, b, ¢, and d. Therefore,
1 1 0 0
R(T) = span Oof,1 1 1|, -=1110
1 0 0 1

c. Since the range is a subspace of R3, it has dimension less than or equal to 3.
Consequently, the four vectors found to span the range in part (b) are linearly
dependent and do not form a basis. To find a basis for R(T), we use the
trimming procedure given in Sec. 3.3 and reduce the matrix

1 1 0 0 1 0 0 1
01 -1 0 to 01 0 -1
1 0 0 1 0 0 1 -1
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Since the reduced matrix has pivots in the first three columns, a basis for the
range of T is

1 1 0
B = o1, (1| | —1
1 0 0

Therefore, dim(R(T)) = 3. Observe that B also spans R>, so that R(T) = R>.

m Define the linear transformation 7: Py —> P3, by

Solution

THEOREM 4

T(p(x)) = p'(x)
Find the null space and range of 7.

Recall that the derivative of a constant polynomial is 0. Since these are the only
polynomials for which the derivative is 0, we know that N (7') is the set of constant
polynomials in Ps. We claim that the range of 7 is all of P;. To see this, let
q(x) = ax® 4+ bx*> + cx +d be an arbitrary element of P3. A polynomial p(x)
whose derivative is g (x) is found by using the antiderivative. That is, to find p(x),
we integrate g(x) to obtain

b
px) = /q(x)dx = /(ax3 +bx’+cx+d)dx = %x“—}— §x3 + %xz +dx +e
which is an element of Py, with p’(x) = ¢ (x). This shows that for every polynomial
q(x) in P5 there is a polynomial p(x) in P4 such that T (p(x)) = ¢g(x), giving that
the range of T is all of P;.

In Sec. 4.1, we saw that the image of an arbitrary vector v € V can be computed if
the image T (v;) is known for each vector v; in a basis for V. This leads to Theorem 4.

Let V and W be finite dimensional vector spaces and B = {v}, v, ..., V,} a basis
for V.If T: V — W is a linear transformation, then

R(T) = span{T (v1), T(v2), ..., T(vy)}

Proof To show that the two sets are equal, we will show that each is a subset of
the other. First, if w is in R(T'), then there is a vector v in V such that T(v) = w.
Now, since B is a basis for V, there are scalars ¢y, ..., ¢, with

V=c1Vi+cvo+---+c,v,

so that
T(V) = T(C1V1 + vyt + Cnvn)
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From the linearity of 7, we have
w=T{) =cT(vV) +cT(v2) + -+ cnT (V)

As w is a linear combination of 7(vy), T (v2), ..., T(v,), then w € span{T (v),
T(v2), ..., T(vy)}. Since this is true for all w in R(T), then

R(T) C span{T (v1), T(v2), ..., T(vp)}

On the other hand, suppose that w € span{7 (v,), T(v2), ..., T(v,)}. Then
there are scalars ¢y, ..., ¢, with

w=c1T(vi)+c2T(v2) +---+c,T(vy)
=T(vi+cava+---+cpvy)

Therefore, w is the image under 7" of ¢;v| + cpv + - - - + ¢, V,,, which is an element
of V. Therefore, span{T (vy), T (v2), ..., T(v,)} C R(T).

m Let T: R — R3 be a linear operator and B = {vi, v2, v3} a basis for R>. Suppose

that
1 2
T(V]) = 1 T(Vz) = 0 T(V3) = 1
0 —1 —1
1
a.Is | 2 | in R(T)?
1
b. Find a basis for R(T).
c. Find the null space N(T).
1
Solution a. From Theorem 4, the vector w= | 2 | isin R(T) if there are scalars cy, ¢,
1
and c¢3 such that
1
aalT(vi)+cT(vy) +e3T(v3) = | 2
1
that is,
1 1 2 1
c| 1l |+ 0|+ce 1 (=] 2
0 -1 -1 1

The set of solutions to this linear system is given by S = {(2 — ¢, —1 — ¢, 1) |

t € R}. In particular, if ¢ = 0, then a solution is ¢; =2, ¢; = —1, and ¢3 = 0.
Thus, w € R(T).
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b. To find a basis for R(T), we row-reduce the matrix

1 1 2 1 0 1
1 0 1 to obtain 0 1 1
0o -1 -1 0 0 0
Since the leading 1s are in columns 1 and 2, a basis for R(T') is given by
1 1
R(T) = span 1], 0
0 —1

Observe that since the range is spanned by two linearly independent vectors,
R(T) is a plane in R3, as shown in Fig. 2.

¢. Since B is a basis for R3, the null space is the set of all vectors c;v| + cvo +
c3v3 such that

0
aT) + T (v2)+ce3T(vs)=| 0
0
By using the reduced matrix
1 0 1
0 1 1
0 0 0
from part (b), the null space consists of all vectors such that ¢c; = —c3, 2 =

—c3, and c3 is any real number. That is,
N(T) = span {—v; — v5 + v3}

which is a line in R3. See Fig. 2.

Figure 2

Notice that in Example 3 we have
dim(R%) = dim(R(7)) + dim(N (7))

In Theorem 5 we establish this fundamental result for all linear transformations
between finite dimensional vector spaces.
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THEOREM 5

Let V and W be finite dimensional vector spaces. If 7: V — W is a linear
transformation, then

dim(V) = dim(R(T)) + dim(N(T))

Proof Suppose that dim(V) = n. To establish the result, we consider three cases.

First, suppose that dim(N (7)) = dim(V) = n. In this case, the image of every
vector in V is the zero vector (in W), so that R(T) = {0}. Since the dimension of
the vector space containing only the zero element is 0, the result holds.

Now suppose 1 < r = dim(N(T)) < n. Let {vy, V2, ..., V,} be abasis for N(T).
By Corollary 1 of Sec. 3.3, there are n — r vectors {V,11,V,42,...,V,}, such
that {v{,v2,...,V,,V,41,...,V,} is a basis for V. We claim that S = {T (v,41),
T(Vy42),...,T(v,)} is a basis for R(T). By Theorem 4, we have

R(T) = span{T'(v1), T(v2), ..., T(v}), T(¥r41), .. .. T(Va)}

Since T'(vi) = T(vy) = --- = T(v,) =0, each vector in R(T) is a linear combina-
tion of T(V,41), ..., T(v,) and hence R(T) = span(S). To show that S is linearly
independent, we consider the equation

1T (Vi) + 2T (Veg2) + -+ T (V) = 0

We need to show that ¢, = c¢,42 = --- = ¢, = 0. Since T is linear, the previous
equation can be written as

T(Cr+lvr+1 +Cri2Vrp2 + o+ V) =0

From this last equation, we have ¢, 1V,4+1 4+ ¢42Vrq2 + -+ -+ ¢,V 18 in N(T).
However, since {v{, v, ..., V,} is a basis for N(T), there are scalars c;, ¢, ..., ¢,
such that

Cr41Vr+1 + Crp2Vrp2 + -+ vy =1V + Vo + - - + ¢V,

that is,
—CIV] — C2Va — = CVp + Crp1Vrtl + Crp2Vrpa + oo+ CuVy =0
Now, since {v|, V2, ..., V., Vo4, ..., V,} is a basis for V and hence linearly inde-
pendent, the coefficients of the last equation must all be 0, that is, ¢} = c; =+ =
¢ =Crp1 =+ =c¢, = 0. In particular, ¢,+1 =c¢,42 =--- = ¢, = 0. Hence, the
n —r vectors T(V,41), ..., T(v,) are a basis for R(T). Consequently,
n=dim(V) = (n —r) + r = dim(R(T)) + dim(N(T))
Finally, suppose that N(T') = {0}, so that dim(N(T)) = 0. If {vy,...,v,} is a

basis for V, then by Theorem 4 we have
R(T) = span{T(vy), ..., T (Vn)}

A similar argument to the one above shows that {7 (v{),..., T(v,)} is linearly
independent. Thus, dim(R(7)) = n = dim(V), and the result also holds in this
case.
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Define a linear transformation 7: Py —> P, by

T(p(x)) = p"(x)

Find the dimension of the range of 7, and give a description of the range.

Let B = {1, x, x?, x>, x*} be the standard basis for P4. Since p(x) is in N(T) if and
only if its degree is 0 or 1, the null space is the subspace of P, consisting of polyno-
mials with degree 1 or less. Hence, {1, x} is a basis for N(7'), and dim(N(T)) = 2.
Since dim(P4) = 5, by Theorem 5 we have

2+dim(R(T) =5 so  dim(R(T)) =3
Then as in the proof of Theorem 5, we have
(TG, TP, TxH} = {2, 6x, 12x%}
is a basis for R(T). Observe that R(T) is just the subspace P, of Pj.

Matrices

In Sec. 3.2 we defined the column space of a matrix A, denoted by col(A), as the
span of its column vectors. We also defined the null space of the m x n matrix A as
the set of all vectors x in R” such that Ax = 0. We further examine these notions here
in the context of linear transformations. In particular, let A be an m x n matrix and
let T: R" — R™ be the linear transformation defined by

T(v) = Av
This last equation can be written in vector form as

T(V) = viA; + 1A + - + VA,

where A; are the column vectors of A, and v; are the components of v for 1 <i <n.
In this way we see that the range of 7, which is a subspace of R™, is equal to the
column space of A, that is,
R(T) = col(A)
The dimension of the column space of A is called the column rank of A. We also have
N(T)={veR"| Av=0} = N(A)
The dimension of N(A) is called the nullity of A. Applying Theorem 5, we have
column rank(A) + nullity(A) =n

Another subspace of R" associated with the matrix A is the row space of A,
denoted by row(A), and is the span of the row vectors of A. Since the transpose
operation maps the row vectors of A to the column vectors of A’, the row space of
A is the same as the column space of A’, that is,

row(A) = col(A")



222

Chapter 4 Linear Transformations

THEOREM 6

THEOREM 7

By using the algorithm for finding a basis, given in Sec. 3.3, a basis for col(A) can
be found by row reduction. In particular, the columns with the leading 1s in the row-
reduced form of A correspond to the column vectors of A needed for a basis of col(A).
Hence, the column rank of A is equal to the number of leading 1s in the row-reduced
form of A. On the other hand, row-reducing A eliminates row vectors that are linear
combinations of the others, so that the nonzero row vectors of the reduced form of A
form a basis for row(A). Hence, the row rank is equal to the number of leading 1s
in the reduced form of A. We have now established Theorem 6.

The row rank and the column rank of a matrix A are equal.

We can now define the rank of a matrix A as dim(row(A)) or dim(col(A)).
Again by Theorem 5, we have

rank(A) + nullity(A) =n

Linear Systems

When the nullity of a matrix A is known, the above formula can sometimes be used to
determine whether the linear system Ax = b is consistent. For example, suppose that
a linear system consists of 20 equations each with 22 variables. Further suppose that a
basis for the null space of the 20 x 22 coefficient matrix consists of two vectors. That
is, every solution to the homogeneous linear system Ax = 0 is a linear combination
of two linearly independent vectors in R??. Then nullity(A) = 2, so that

dim(col(A)) = rank(A) = 22 — nullity(A) = 20

But the only subspace of R? with dimension 20 is R?° itself. Hence, col(4) = R?°,
and consequently every vector b in R? is a linear combination of the columns of A.
That is, the linear system Ax = b is consistent for every vector b in R?’. In general,
if A is an m x n matrix, nullity(A) = r, and dim(col) = n — r = m, then the linear
system Ax = b is consistent for every vector b in R,

We now add several more items to the list of equivalences given in Theorem 9
of Sec. 2.3, connecting solutions of the linear system Ax = b and properties of the
coefficient matrix A.

Let A be an n x n matrix. Then the following statements are equivalent.

1. The matrix A is invertible.

2. The linear system Ax = b has a unique solution for every vector b.
3. The homogeneous linear system Ax = 0 has only the trivial solution.
4. The matrix A is row equivalent to the identity matrix.
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The determinant of the matrix A is nonzero.

The column vectors of A are linearly independent.

The column vectors of A span R”.

The column vectors of A are a basis for R".

rank(A) =n

R(A) =col(A) =R"

N(A) = {0}

row(A) = R”

The number of pivot columns of the reduced row echelon form of A is n.

Fact Summary

Let V and W be vector spaces and 7 a linear transformation from V into W.

Exercise Set 4.2

1.

The null space N(T) is a subspace of V, and the the range R(T) is a
subspace of W.

If B={vy,...,v,} is a basis for V, then

R(T) = span{T (vy), ..., T(v,)}

. If V and W are finite dimensional vector spaces, then

dim(V) = dim(R(T)) + dim(N (7))
If A is an m x n matrix, then
rank(A) + nullity(A) =n

If A is an m x n matrix, then the rank of A is the number of leading 1s in
the row-reduced form of A.

If A is an n x n invertible matrix, in addition to Theorem 9 of Sec. 2.3, we
know that rank(A) = n, R(A) = col(A) = R", N(A) = {0}, and the
number of leading 1s in the row echelon form of A is n.

In Exercises 1—4, define a linear operator 7: R> — R?>  Determine whether the vector v is in N(T).

x —2y

(3] =55] ety
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N
<
I
.

4. v =

w
<
Il
Bl— = W = =N
[E—

B

In Exercises 5—8, define a linear operator
T: P3 — P3 by
T(p(x)) = xp"(x)

Determine whether the polynomial p(x) is in N(T).

5 p(x) =x?-3x+1
6. p(x)=5x+2

7. p(x) =1 —x2

8. p(x)=3

In Exercises 9—12, define a linear operator
T: R® - R3 by

X X+ 2z
T y =| 2x+y+3z
z x—y+3z

Determine whether the vector v is in R(T).

T
9. v=| 3
_O_
F o
10. v=| 3
_4_
e
11. v= 1
__2_
N
12. v=| =5
__1_

In Exercises 13—16, define a linear transformation
T: ngz e M3><2 by

b a+ ¢ b+ d
T{“ d]: —a+2c —b+2d
¢ 2a 2b

Determine whether the matrix A is in R(T).

S
13. A= | =5 =2
- 2 O_
1 2]
4. A=| 3 =3
__2 2_
(10
15. A= |2 1
40
[ 41
16. A=| -1 5
6 -2

In Exercises 17—-24, find a basis for the null space of
the linear transformation 7.

17. T: R? - R2,
()=
y y
18. T: R? —» R?,
f(D)=155
y X =y
19. T: R? - R3,
X x+2z
T y =| 2x+y+3z
b4 x—y+3z
20. T R® > R3,
X —2x+2y+2z
T y = 3x+5y+z
b4 2y +z
21. T R3 — R3,
X x—2y— 2
T y =| —x+2y+ z
z 2x —4y — 2z
22. T R* —> R?,

o X+y—z+4+w
T i =| 2x+y+4z+w
» 3x+y+9z




23. T: P, - R,
T'(p(x)) = p(0)

24. T- P — P,
T(p(x)) = p"(x)

In Exercises 25-30, find a basis for the range of the
linear transformation 7.

25. T: R3 — R?,
1 1
Tvy=[10 1 -1 |v
2 0
26. T: R — R?,
1 -2 -3 1 5
Tv)y=1] 3 -1 1 0 4 |v
1 1 31 2
27. T: R3 — R3,
X X
r y =1
Z 0
28. " R - R?,
X x— y+3z
T y = x+ y+ z
z —x+3y—5z
29. T: Py — Ps,

T(p(x)) = p"(x) + p'(x) + p(0)

30. T Py, — P,
T(ax2+bx+c) = (a+b)x2+cx+(a+b)

31. Let T: R® — R? be a linear operator and
B = {v{, V2, v3} a basis for R3. Suppose

-2 0
T(vy) = 1 T(vy) = 1
1 —1

-2

T(v3) = 2

0

32.

33.

35.

36.
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a. Determine whether

is in the range of T.
b. Find a basis for R(T).
c. Find dim(N(T)).

Let T: R> — R3 be a linear operator and
B = {v1, v, v3} a basis for R3. Suppose

—1 0
T(V]) = 2 T(Vz) = 5
1 0

-1

T(v3)= | —1

2

a. Determine whether

is in the range of T.
b. Find a basis for R(T).
¢. Find dim(N(T)).

Let T: P, — P, be defined by
T(ax>+bx+c)=ax’>+ (a—2b)x+b

a. Determine whether p(x) = 2x> — 4x + 6 is in
the range of 7.

b. Find a basis for R(T).

. Let T: P, — P, be defined by

T(ax2+bx+c)=cx2+bx—b

a. Determine whether p(x) = x> — x — 2 is in the
range of 7.

b. Find a basis for R(T).

Find a linear transformation 7: R3 — R? such
that R(T) = R2.

Find a linear operator T: R*> — R? such that
R(T) = N(T).
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37. Define a linear operator 7: P, — P, by Find a basis for the null space of T.
T(p(x)) = p'(x) 42. Define T: My, — My, by T(A) = A’. Show
a. Describe the range of 7. that R(T) = Myxn-
b. Find dim(R(T)). 43. Define T: Myyn — Myxn by T(A) = A + A
c¢. Find dim(N(T)). a. Find R(T).
38. Define a linear operator 7: P, — P, by b. Find N(T).
dk
T(px)) = d—k(p(x)) 44. Define T: My« — M, x, by T(A) = A — A",
x

a. Find R(T).

where 1 < k < n. Show dim(N(T)) = k. .
b. Find N(T).

39. Suppose T: R* — RO is a linear transformation.

a. If dim(N(T)) = 2, then find dim(R(T)). 45. Let A be a fixed n x n matrix, and define
b. If dim(R(T)) = 3, then find dim(N (T)). T: Mysn — Myxn by T(B) = AB. When does
R(T) = Mnxn?
40. Show that if 7: V — V is a linear operator such
that R(T) = N(T'), then dim(V) is even. 46. Let A be a fixed n x n diagonal matrix, and
41. Let define T: R* — R" by T(v) = Av.
A= [ 1 0 } a. Show dim(R(T)) is the number of nonzero
0 -1 entries on the diagonal of A.
Define T: Msx2 — My by b. Find dim(N(T)). How is it related to the
T(B) = AB — BA diagonal terms of the matrix A?

4.3 » Isomorphisms

Many of the vector spaces that we have discussed are, from an algebraic perspective,
the same. In this section we show how an isomorphism, which is a special kind of
linear transformation, can be used to establish a correspondence between two vector
spaces. Essential to this discussion are the concepts of one-fo-one and onto mappings.
For a more detailed description see App. A, Sec. A.2.

DEFINITION 1 One-to-One and Onto Let V and W be vector spaces and 7: V — W a
mapping.
1. The mapping T is called one-to-one (or injective) if u # v implies that 7' (u) #
T (v). That is, distinct elements of V must have distinct images in W.

2. The mapping T is called onto (or surjective) if 7(V) = W. That is, the range
of T is W.

A mapping is called bijective if it is both injective and surjective.

When we are trying to show that a mapping is one-to-one, a useful equiva-
lent formulation comes from the contrapositive statement. That is, 7 is one-to-one if
T'(u) = T (v) implies that u = v. To show that a mapping is onto, we must show that
if w is an arbitrary element of W, then there is some element v € V with 7 (v) = w.
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m Let T: R*> — R? be the mapping defined by T (v) = Av, with

=[]

Show that T is one-to-one and onto.

Solution First, to show that T is one-to-one, let
u=[u1] and v:[vl]
Uy )
_ 1 1 u | w1t u
rw=| o[ ] =[]
_ 1 1 vi | | vt
ror= | ol | RIS R
Now if T'(u) = T (v), then
uyp+uz | | vyt
—Uq i —V1

Equating the second components gives u; = v;, and using this when equating the
first components gives up = v,. Thus, u = v, establishing that the mapping is one-
to-one.

Next, to show that 7' is onto, let w = [ Z

Then

and

] be an arbitrary vector in R?. We

must show that there is a vector v = [ zl } in R? such that
D

i 1 1 V1 i a
ro=[ 1o [4]=[3]
Applying the inverse of A to both sides of this equation, we have
vp | | 0 =1 a . v | —b
=l S]] e 5]
Thus, T is onto. For example, let w = { ; then using the above formula for the

1+2

ro=[ _{ 3|[3]= ]

An alternative argument is to observe that the column vectors of A are linearly
independent and hence are a basis for R?. Therefore, the range of T being the
column space of A is all of R%.

1
2
. -2 -2 . .
preimage, we have v = = 3| As verification, observe that
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THEOREM 8

Solution

Theorem 8 gives a useful way to determine whether a linear transforation is
one-to-one.

The linear transformation 7: V — W is one-to-one if and only if the null space
of T consists of only the zero vector of V.

Proof First suppose that 7 is one-to-one. We claim that N(T) = {0}. To show
this, let v be any vector in the null space of 7, so that 7(v) = 0. We also have,
by Proposition 1 of Sec. 4.1, T(0) = 0. Since T is one-to-one, then v = 0, so only
the zero vector is mapped to the zero vector.

Now suppose that N(7") = {0} and

T(u) = T(v)

Subtracting 7' (v) from both sides of the last equation and using the linearity of T,
we obtain

T —Twv)=0 so that Tu—v)=0
Thus, u — v € N(T). Since the null space consists of only the zero vector, u — v =
0, that is, u = v.

Define a linear operator T: R> — R? by

([3))=1555]

Use Theorem 8 to show that 7' is one-to-one.

The vector [ ;C) } is in the null space of T if and only if

2x —3y =0
5x+2y=0

This linear system has the unique solution x = y = 0. Thus, N(7') = {0} and hence
by Theorem 8, T is one-to-one.

The mapping of Example 2 can alternatively be defined by using the matrix
2 -3
=153

so that 7' (x) = Ax. Since det(A) # 0, then A is invertible. This allows us to show
that the map is also onto. Indeed, if b is any vector in R?, then x = A~'b is the vector
in the domain that is the preimage of b, so that 7 is onto.

In Theorem 4 of Sec. 4.2, we showed that if 7 V — W is a linear transfor-
mation between vector spaces, and B = {vy, ..., V,} is a basis for V, then R(T) =

span{7T (vy), ..., T(v,)}. If, in addition, the transformation is one-to-one, then the
spanning vectors are also a basis for the range, as given in Theorem 9.
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Suppose that 7: V — W is a linear transformation and B = {vy, ..., Vv,} is a basis
for V. If T is one-to-one, then {T'(vy), ..., T(v,)} is a basis for R(T).

Proof By Theorem 4 of Sec. 4.2, we know that the span{T (vy), ..., T(v,)} =
R(T), so it suffices to show that {T'(v;), ..., T(v,)} is linearly independent. To do
so, we consider the equation

alTvy) +aTV)+--+c,T(vy) =0
which is equivalent to
T(civi+ceava+--+cuvp) =0
Since T is one-to-one, the null space consists of only the zero vector of V, so that
civit+oeove+ -4+, v, =0
Finally, since B is a basis for V, it is linearly independent; hence
cr=c=---=¢, =0

Therefore, {T'(vy), ..., T(v,)} is linearly independent.

We note that in Theorem 9 if T is also onto, then {T'(vy), ..., T(v,)} is a basis
for W.
We are now ready to define an isomorphism on vector spaces.

Isomorphism Let V and W be vector spaces. A linear transformation 7: V. —
W that is both one-to-one and onto is called an isomorphism. In this case the vector
spaces V and W are said to be isomorphic.

Proposition 2 builds on the remarks following Example 2 and gives a useful
characterization of linear transformations defined by a matrix that are isomorphisms.

Let A be an n x n matrix and 7: R" — R" be the mapping defined by 7'(x) = Ax.
Then T is an isomorphism if and only if A is invertible.

Proof Let A be invertible and b be any vector in R”. Then x = A~!b is the
preimage of b. Thus, the mapping 7 is onto. To show that 7" is one-to-one, observe
that by Theorem 10 of Sec. 1.5 the equation Ax = 0 has only the solution x =
A710 = 0. Thus, by Theorem 8, the mapping T is one-to-one and hence is an
isomorphism from R” onto R”.

Conversely, suppose that 7' is an isomorphism. Then 7: R" — R” is onto,
with the column space of A being R". Hence, by Theorem 7 of Sec. 4.2 the matrix
A is invertible.
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THEOREM 10

DEFINITION 3

Theorem 10 is of fundamental importance to the study of finite dimensional vector

spaces and is the main result of the section.

If V is a vector space with dim(V) = n, then V and R" are isomorphic.

Proof Let B = {vy,...,Vv,} be an ordered basis for V. Let T: V — R" be the
coordinate transformation defined by 7'(v) = [v]p, first introduced in Example 7 of
Sec. 4.1. We claim that T is an isomorphism. First, to show that 7' is one-to-one,

suppose that 7' (v) = 0. Since B is a basis, there are unique scalars ¢y, ..., ¢, such
that
V=ciVi+ -+ cpVy
Thus,
C1 0
(6] 0
T(v)= [V]B = : = :
o 0
sothatc; = ¢y = -+ = ¢, = 0 and v = 0. Therefore, N(T) = {0}, and by Theorem
8, T is one-to-one.
Now, to show that T is onto, let
ki
k2
W= :
kn

be a vector in R”. Define vin V by v = kyv; + - - - + k,v,,. Observe that T (v) = w
and hence 7T is onto. Therefore, the linear transformation 7' is an isomorphism, and
V and R" are isomorphic vector spaces.

So far in our experience we have seen that dim(P;) =3 and dim(S;x2) = 3,
where S is the vector space of 2 x 2 symmetric matrices. Consequently, by Theorem

10, the vector spaces P, and S, are both isomorphic to R3, where the isomorphism

is the coordinate map between the standard bases. Next we show that in fact all vector
spaces of dimension n are isomorphic to one another. To do so, we first require the

notion of the inverse of a linear transformation.

Inverse of a Linear Transformation Let V and W be vector spaces and
T: V — W a one-to-one linear transformation. The mapping T~': R(T) — V,
defined by

T-'w)y=v if and only if T(v)y=w
is called the inverse of 7. If T is onto, then 7! is defined on all of W.
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Solution
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By Theorem 4 of Sec. A.2, if T is one-to-one, then the inverse map is well
defined. Indeed, let u and v be vectors in V such that 7-'(w) = u and T-'(w) = v.
Applying T gives T(T~!(w)) = T (u) and T(T ' (w)) = T(v), so that T'(u) = T (v).
Since T is one-to-one, we have u = v.

The inverse map of a one-to-one linear transformation is also a linear transfor-
mation, as we now show.

Let V and W be vector spaces and 7: V —> W a one-to-one linear transformation.
Then the mapping 7~': R(T) —> V is also a linear transformation.

Proof Let w; and w, be vectors in R(T), and let ¢ be a scalar. Also let v; and
vy be vectors in V with 7-1(w;) = v; and 7' (w,) = v,. Since T is linear,
T(cvi+v2) =cT(v) +T(v2)
=CW] + W,
Hence,
Tﬁl(Cwl + W) =cvi+V
=cT ' (w) + T (W)

-1

Consequently, 77" is a linear transformation.

Proposition 4 shows that the inverse transformation of an isomorphism defined
by matrix multiplication can be written using the inverse of the matrix. The proof is
left as an exercise.

Let A be an n x n invertible matrix and 7: R” — R” the linear transformation
defined by 7'(x) = Ax. Then 7~ !(x) = A~ 'x.

Let T: R*> — R? be the mapping of Example 1 with T (v) = Av, where
4= o]
Verify that the inverse map 7~': R? — R? is given by 7-!(w) = A~'w, where
e[t ]
Let v = [ z; } be a vector in R2. Then

w=T() = [ v1+v2]

—U
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THEOREM 11

Solution

Applying A~! to w, we obtain

0 -1 ViU | | U | e
B R

If V and W are vector spaces of dimension n, then V and W are isomorphic.

Proof By Theorem 10, there are isomorphisms 71: V — R" and 7»: W — R",
as shown in Fig. 1. Let ¢ = T{loTl: V — W. To show that ¢ is linear, we first
note that T{l is linear by Proposition 3. Next by Theorem 2 of Sec. 4.1, the
composition T2710T1 is linear. Finally, by Theorem 4 of Sec. A.2, the mapping ¢
is one-to-one and onto and is therefore a vector space isomorphism.

T

1

w

db=T, TV — W

Figure 1

Find an explicit isomorphism from 7P, onto the vector space of 2 x 2 symmetric
matrices Sy».

To use the method given in the proof of Theorem 11, first let

neoer w ne{[3 ][0 8][4 8))

be ordered bases for P, and Syy», respectively. Let 77 and 7, be the respective
coordinate maps from P, and S, into R®. Then

c c
Ti(ax>*+bx+c)=| b and T2<{Z ?}): b
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Observe that T2_1: R} — Sy, maps the vector

c
) . b
b to the symmetric matrix [ Z . ]
a

Thus, the desired isomorphism is given by (T[loTl): Py —> Sryp with

(T[loTl)(ax2+bx+c) = [ Z i ]

For example,

(T o2 —x4+2) =L, (12 —x+2)) =T, ! -1 . [ —i _é ]

Fact Summary

Let V and W be vector spaces and 7' a linear transformation from V into W.
1. The mapping T is one-to-one if and only if the null space of 7' consists of
only the zero vector.

2. If {vy,...,v,} is a basis for V and T is one-to-one, then
S ={T(v1),...,T(vy)} is a basis for the range of T. If T is also onto, then
S is a basis for W.

Every vector space of dimension #n is isomorphic to the Euclidean space R”.
If T is one-to-one, then 7! is also a linear transformation.
If V and W are both of dimension n, then they are isomorphic.

SR AR LN

Let A be an n x n matrix and 7' (x) = Ax. Then the mapping 7 is an
isomorphism if and only if A is invertible.

7. If A is an invertible matrix and 7' (x) = Ax, then 7! (x) = A~ !x.

Exercise Set 4.3 B

In Exercises 1-6, determine whether the linear 3.7 R} - R,
transformation is one-to-one. X xX+y—z
5 ) r y = y
1. T: R* —» R4, z ~;
by 4x —y Y
T =
Y * 4. ' R - R,
. 02 2 2 2 2
2. T: R — R7, 1 N Ix—2y-2;
IR r|y]) =] -2-b-ie
' 2%+ : — -y -3z
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5. T: Py, — P,
T(p(x)) = p'(x) — p(x)
6. T: P, — Ps,

T'(p(x)) = xp(x)

In Exercises 7—10, determine whether the linear
transformation is onto.

7. T: R? = R?,
T X | 3x=y
y]) | x+y
8. I R? — RZ,
X —2x +
(D175
y X —=3Yy
9. I' R’ —» R3,
X xX—y4+2z
T y = y—z
Z 2z
10. 7: R3 — R3,
X 2x +3y— z
T y =| —x+ y+3z
z x+4y 42z

In Exercises 11-14, T: R*> — R? is a linear operator.
Determine whether the set {7 (e;), T (e2)} is a basis
for R2.

11. T: R? > R?,
(-7
12. T: R* - R?,
(1) =[5
13. T: R* > R?,

14. T: R? > R?,

r([3])-

In Exercises 15-18, T: R> — R? is a linear operator.
Determine whether the set {T'(e;), T(e3), T (e3)} is a
basis for R3.

1 1
10¢ T 5y
s+ 3y

15. T: R — R?,
X —x—y+2z
T y = y—z
z 5z
16. T: R’ - R3,
X 2x+3y— z
T y = | 2x+6y+3z
Z 4x +9y+ 2z
17. T: R - R3,
[ x ] [ 4x — 2y +z
T y = 2X+Z
| 2 | _2x—y+%z
18. T: R} — R3,
[ x ] [ x—y+2z
T y =| —x+2y—z
B | —y+52

In Exercises 19 and 20, T: P, — P, is a linear
operator. Determine whether the set
(T (1), T(x), T(x?)} is a basis for P5.

19. T(ax>+bx+c)=(@+b+o)x*+(@+bx+a
20. T(p(x)) = xp'(x)

In Exercises 21-24, let T: V — V be the linear
operator defined by 7'(v) = Av.

a. Show that 7' is an isomorphism.
b. Find A1

¢. Show directly that 7~ (w) = A~!'w for all
weV.

wr([3])=] 5 S]]
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30.

235

Show that T: P; — P; defined by
T(p(x)) = p"(x)+ p"(x) + p'(x) + p(x)

x -2 0 1 X is an isomorphism.
23. T y = I -1 -1 y
z 0 1 0 z 31. Let A be an n x n invertible matrix. Show that
~ _ - T: Myxn — My, defined by
X 2 -1 1 X »
24. T y =| -1 1 -1 y T(B)=ABA
L % L 01 0] [ z] is an isomorphism.

In Exercises 25-28, determine whether the matrix
mapping 7: V — V is an isomorphism.

wo((3])-[

32.
33.
34.

Find an isomorphism from M;,, onto R4,
Find an isomorphism from R* onto Ps.

Find an isomorphism from M., onto Pj.

— 3S5. Let
s ([3) =[50 :
: Y A ) Y V= y |[|lx+2y—2=0
X 0 -1 -1 X z
27. T y =12 0 2 y Find an isomorphism from V onto RZ.
Z 1 1 -3 Z
_ _ 36. Let )
X 1 3 0 X _ a
8.7y |]|=]-1 =2 =3y V‘{[c —a]“’b’CER}
| 2 | | 0 -1 3 Z Find an isomorphism from 7P, onto V.

29. Show that T: M, «,, — M, , defined by
T(A) = A’

is an isomorphism.

37.

Suppose T: R? — R? is an isomorphism. Show
that T takes lines through the origin to lines
through the origin and planes through the origin
to planes through the origin.

4.4

Matrix Representation of a Linear Transformation

Matrices have played an important role in our study of linear algebra. In this section
we establish the connection between matrices and linear transformations. To illustrate
the idea, recall from Sec. 4.1 that given any m x n matrix A, we can define a linear
transformation 7: R" — R” by

T(v) = Av
In Example 8 of Sec. 4.1, we showed how a linear transformation 7: R® — R? is
completely determined by the images of the coordinate vectors ej, e;, and e3 of R3.

v
The key was to recognize that a vector v= | v,
U3

can be written as

vV =vie] + ey + v3es so that T(v)=vT(e)) +vyT(er) +v3T(e3)
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In that example, 7" was defined so that

T@o={i},ﬂm>={‘§] T@n=[?]

Now let A be the 2 x 3 matrix whose column vectors are 7 (e;), T'(e2), and T (e3).
Then
1 -1 0
ro=| 1 7 v=m
That is, the linear transformation 7 is given by a matrix product. In general, if
T: R" — R™ is a linear transformation, then it is possible to write

T(v) = Av

where A is the m x n matrix whose jth column vector is T'(e;) for j =1,2,...,n.
The matrix A is called the matrix representation of 7 relative to the standard
bases of R" and R"”.

In this section we show that every linear transformation between finite dimensional
vector spaces can be written as a matrix multiplication. Specifically, let V and W be
finite dimensional vector spaces with fixed ordered bases B and B’, respectively. If
T: V — W is a linear transformation, then there exists a matrix A such that

[T(V)]p = Alv]s

In the case for which V = R", W = R"™, and B and B’ are, respectively, the standard
bases, the last equation is equivalent to

T(v) = Av
as above. We now present the details.
Let V and W be vector spaces with ordered bases B = {vi, v,...,V,} and B’ =
{Wi, Wa, ..., Wy}, respectively, and let T: V — W be a linear transformation. Now

let v be any vector in V and let

Cn
be the coordinate vector of v relative to the basis B. Thus,
V=cC|Vi+cva+ -+ ¢y Vp
Applying T to both sides of this last equation gives

T(v) =T(civi +cava+ -+ cyVy)
=ciT(vi))+cT(vo)+--+c,T(vy,)

Note that for each i =1, 2, ..., n the vector T(v;) is in W. Thus, there are unique
scalars a;; with 1 <i <m and 1 < j < n such that
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T(vi) =anwi +awa 4 -+ au Wy
T(v2) = apwi +anwy + -+ apoWpy,

T(Vn) = a;,Wi1 +aW2 + -+ + Wi
Thus, the coordinate vectors relative to the ordered basis B” are given by

aii

@i
(Tl = | . fori=1,2,...,n

Ami
Recall from Example 7 of Sec. 4.1 that the coordinate map defines a linear transfor-

mation. Thus, the coordinate vector of 7'(v) relative to B’ can be written in vector
form as

apy an Aln
as) az a2n
[T(V)]B’ =C1 : +c : + -+
am1 am? Amn
or in matrix form as
a ap <. dip Cl
a; az ... dx 1653
[TW]p = .
aml Am2 ... Qun Cn

The matrix on the right-hand side of the last equation is denoted by [T]g/, with

(715 = || T TV | | TV
B’ B’ B’
We call [T]g/ the matrix of 7 relative to B and B’. In the case for which T: V — V

is a linear operator and B is a fixed ordered basis for V, the matrix representation for
the mapping 7T is denoted by [T']3.
The preceding discussion is summarized in Theorem 12.

Let V and W be finite dimensional vector spaces with ordered bases B = {vy,
Vo, ...v,} and B" = {wy, wp, ... w,,}, respectively, and let T: V —> W be a linear
transformation. Then the matrix [T]g, is the matrix representation for 7" relative to
the bases B and B’. Moreover, the coordinates of T (v) relative to B’ are given by

[TW)]s =[T15 [V]s
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Solution

Figure 1

Suppose that in Theorem 12 the vector spaces V and W are the same, B and B’
are two different ordered bases for V, and 7: V — V is the identity operator, that
is, T(v) = v for all vin V. Then [T]% is the change of bases matrix [7]5, given in
Sec. 3.4.

Define the linear operator 7: R> — R? by

X X
T y =| -y
Z Z

a. Find the matrix of T relative to the standard basis for R3.
b. Use the result of part (a) to find

T

a. Let B = {e}, e, e3} be the standard basis for R>. Since

1 0 0
[T(e)]lg=| 0 [T(ex)]p = | —1 [T(e3)lg=| 0
0 0 1
then
1 0 0
Tls=|0 —1 0
0 0 1

b. Since B is the standard basis for R?, the coordinates of any vector are given
by its components. In this case, with

1 1
v=| 1 then [vlig=| 1
Thus, by Theorem 12,
1 0 0 1 1
TV)=[TW]g=1]0 -1 0 1 | =] —1
0 0 1 2 2

Notice that the action of 7 is a reflection through the xz plane, as shown in
Fig. 1.

The following steps summarize the process for finding the matrix representation
of a linear transformation 7: V — W relative to the ordered bases B and B’.
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1. For the given basis B = {v, va, ..., v,}, find T(vy), T (v2), ..., T(v,).

2. Find the coordinates of T (vy), T'(v2),...,T(v,) relative to the basis B’ =
{wi,wa, ..., wy,} of W. That is, find [T (v{)]g, [T(V2)]p, ..., [T (V)] -

3. Define the m x n matrix [T]g/ with ith column vector equal to [T (v;)]p.

4. Compute [v]p.

5. Compute the coordinates of 7 (v) relative to B’ by

C1

[TW)] = [TV = | ¢

Cm

6. Then T (V) = ciwW; + oW + -+ - + Cu Wi,

m Let T: R> — R be the linear transformation defined by
X -2
T(V):T({ . D = | %1+
X2
X1 — X2

(B0 == ef i)

be ordered bases for R? and R?, respectively.

and let

a. Find the matrix [T]5.

b. Letv = [ :; } . Find T'(v) directly and then use the matrix found in part (a).

Solution a. We first apply T to the basis vectors of B, which gives

2 1
r()=] 2 = (3]s
—1 2
Next we find the coordinates of each of these vectors relative to the basis B’.
That is, we find scalars such that

1 1 1 2
ar | 0O | +a | 1 |4+az3| 1 | = 3
0 0 1 -1
and
1 1 1 1

b] O I b2 1 aF b3 1 =]
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The solution to the first linear system is
a1=—l (1224 a3=—1
and the solution to the second system is

by = =3 b A

Thus,
-1 -3
713 =| 4 2
—1 2

b. Using the definition of 7' directly, we have
-2

(EIREIEE

Now, to use the matrix found in part (a), we need to find the coordinates of

v relative to B. Observe that the solution to the equation

1 3 -3 . 3 4
ay 2 + ap 1 = 2 1S dl=—g a2=—g

=2

-

We can now evaluate 7, using matrix multiplication, so that

Thus, the coordinate vector of [ ] relative to B is

S 3 3
[TWlg=| 4 2 [ " ] =| —4
] 2 ~s L
Hence,
1 1 1 -2
Tw)=3|0|—-4l1|=-]1|=] =5
0 0 1 —1

which agrees with the direct computation.

m Define a linear transformation 7: P, —> P3 by

T(f(x)) = x2f"(x) = 2f'(x) + xf (x)

Find the matrix representation of 7' relative to the standard bases for 7, and P;.
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Solution  Since the standard basis for P, is B = {1, x, x?}, we first compute
TH=x Tx)=x*-2 T =x*Q2)—22x)+x(x%) =x>+2x> —4x

Since the standard basis for Ps is B’ = {1, x, x2, x3}, the coordinates relative to

B’ are
0 -2 0
1 0 —4
[Ty = | Ty =| | and  [T)]p=| ,
0 0 1
Hence, the matrix of the transformation is given by
0 -2 0
’ 1 0 —4
0 0 1
As an example, let f(x) = x> — 3x + 1. Since f/(x) = 2x — 3 and f"(x) =2,

we have

T(f(x)) =x2@2)—2Q2x —3) +x(x* —=3x + 1)
=x3—x?-3x4+6
Using the matrix representation of 7' to find the same image, we observe that

1

[f)]s=| -3
1

The coordinates of the image of f(x) under the mapping T relative to B’ are then

given by
0 -2 0 6
/ 1 0 —4 - -
TGNy =TEL®E=| 4 | 5 || 3]|=]_
1
0 0 1 1

The image T'(f(x)) is the linear combination of the monomials in B’ with coeffi-
cients the components of [T (f(x))]p’, that is,

T(f(x)=6(1)—3x)—x*4+x>=x>—x>—3x+6

This agrees with the direct calculation.

In Sec. 4.1 we discussed the addition, scalar multiplication, and composition of
linear maps. The matrix representations for these combinations are given in a natural
way, as described by Theorems 13 and 14. The proofs are omitted.
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Solution

THEOREM 14
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Let V and W be finite dimensional vector spaces with ordered bases B and B’,

respectively. If S and T are linear transformations from V to W, then
L [S+T18 =S8 +[T1¥
2. [kT18 =k[T]8  for any scalar k

As before in the special case for which S and T are linear operators on a finite
dimensional vector space V, and B is a fixed ordered basis for V, the notation becomes
[S+T1p =[Sl + [T]p and [kT]p = k[T ]5.

Let S and T be linear operators on R? with

s(GD=02] w2 ([

=y
If B is the standard basis for R?, find [S 4+ T]p and [35]5.

The matrix representations for the linear operators S and 7 are, respectively,

Sl = | | S | | S =“ _ﬂ
LL I L B
and . o -
-1 1
[T]s = T (e1) T (e2) =[ 3 0}
LL Ip L B
Then by Theorem 13,
1 2 -1 1 0 3
sero=[o 3]+[ 3 o]=[3 4]

and

As we mentioned in Sec. 4.1, the matrix of the composition is the product of the
matrices of the individual maps, as given in Theorem 14.

Let U, V, and W be finite dimensional vector spaces with ordered bases B, B’, and
B”, respectively. If T: U — V and S: V — W are linear transformations, then

[SoT18" = [S15/[T1%
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Again, if S and T are linear operators on a finite dimensional vector space V,
and B is a fixed ordered basis for V, then
[SeT1s = [S18[T 18

Repeated application of Theorem 14 gives the following result.

COROLLARY 1 Let V be a finite dimensional vector space with ordered basis B. If T is a linear
operator on V, then
[T"]p = ([T])"

m Let D: P; — P3 be the linear operator defined by
D(p(x)) = p'(x)

a. Find the matrix of D relative to the standard basis B = {1, x, x2, x3}. Use the
matrix to find the derivative of p(x) = 1 — x + 2x3.

b. Find the matrix needed to compute the second derivative of a polynomial in
P3. Use this matrix to find the second derivative of p(x) = 1 — x + 2x3.

Solution  a. By Theorem 12, we have

[Dlg= || D) ] D(x) D(x?) D(x?)
0
2
0

S OO
w o O

(=]
(= R

0 0

Since the coordinate vector of p(x) = I — x + 2x7, relative to B, is given by

1

—1

POl =|

2

then

01 0 O —1
00 2 0 —1 0
PEOB=]49 0 0 31| ol=| &
00 0 O 2 0
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Therefore, as expected, D(p(x)) = —1 + 6x2.
b. By Corollary 1, the matrix we need is given by

0 0 2 0

2 2 |0 0 0 6

0 0 0 O

If p(x) =1 — x + 2x>, then

0 0 2 0 1 0
2 10 0 0 6 =1 | _ || 12
[D°(p(x)]s = 00 0 0 ol =1 o
0 0 0 O 2 0

so that p”(x) = 12x.

The final result of this section describes how to find the matrix representation of
the inverse map of an invertible linear operator.

COROLLARY 2  Let T be an invertible linear operator on a finite dimensional vector space V and
B an ordered basis for V. Then

(77" = (T1p) "
Proof Since 77 'oT is the identity map, by Theorem 14, we have
[1p =TTl = [T"'15[T1s
Since [I]p is the identity matrix, [T~ ']z = ([T]5) "

Fact Summary

Let V and W be vector spaces, B = {v{, ..., v,} and B’ = {wy, ..., W, } ordered
bases of V and W, respectively, and 7 a linear transformation from V into W.

1. The matrix of T relative to B and B’ is given by
[T13 = [ITOVDIs [TOD]s - [TV)]s]

2. If v is a vector in V, the coordinates of 7 (v) relative to the basis B’ can be
computed by

[TW)]p = [T15 [V]s
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3. To find T (v) multiply each basis vector in B’ by the corresponding

component of [T (v)]p. That is, if [T (v)]p = [b] D)

... b1, then

T(v) =b\wi +bywr + -+ b, Wy,

4. If S is another linear transformation from V into W, then the matrix
representation of S + 7T relative to B and B’ is the sum of the matrix
representations for S and 7. That is, [S + T]g/ = [S]g, + [T]gl.

5. If ¢ is a scalar, then to find the matrix representation of ¢7 relative to B and
B’, multiply the matrix representation for 7' by c. That is, [cT]g = C[T]gl.

6. If S is a linear transformation from W into Z and B” is an ordered basis

for Z, then [SoT]B”

7. [T"]g = ([T1B)"

"

=[S18/ 115

8. If T is invertible, then [T~!]z = ([T]5)~".

Exercise Set 4.4

In Exercises 1-4, T: R" — R" is a linear operator.
a. Find the matrix representation for 7 relative to the
standard basis for R".
b. Find T (v), using a direct computation and using
the matrix representation.

1. - R — R?,

3. 7R = R,
X —x+y+2z
T y = 3y+z
b4 i X —z
!
v=| -2
|3

4. T: R — R3,
X [ x_
T y = y
b4 | —2 |
.
V= -5
- 1_

In Exercises 5—12, T: V — V is a linear operator with
B and B’ ordered bases for V.

a. Find the matrix representation for 7T relative to
the ordered bases B and B’

b. Find T (v), using a direct computation and
using the matrix representation.

5. T R? - R?,

(D=1
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B/—{[l} [o]} 9. T: Py = Py,
(1) 1 T(ax*+bx+c¢)=ax’>+bx +c¢
V=[_2} B={1.1-x (1-x7?
6. TR - R B=(lx2)
: v=x>—3x+3
X 2x —z
T y =[—x+y+z 10. T:’Pz—)Pz,
¢ = T(p(x) = p'(x) + p(x)
-1 1 1 2 2
B={1—-x—-x°1,1
B = ol l2]]2 =x =% L1y
1 0 1 B ={—1+x,—1+x+x*x}
[ 0 0 v=1-x
B/={ 8 : (1)} ? 11. Let
L |1 0
1 o-[4 ]
V= { -1 and let T be the linear operator on all 2 x 2
1 matrices with trace 0, defined by
7. T: R?> — R?, T(A)=AH—-HA
1 0 0 1 0 0
-1 e={lo S0 ol Vo))
T = _ ’ ’
([y}) {x%—y] , 0 1 0 0 1 0
1)1 B =5
B = 21 _ 2 1
5 . VZ13 =2
r={l2H =]}
- - 12. T: Myyy — Moy,
—1
V=[_3 T(A) =2A"+ A
8. T R o R3 ) B and B’ the standard basis on M,»
' ’ - 713
X X +z V= 1 2
T y = | 2y—x
< y+z | 13. Let T: R?> — R? be the linear operator defined by

-1 0
Bl ((3)-[7%
1 1 y y

1

1

0

Let B be the standard ordered basis for R? and B’
the ordered basis for R? defined by

¥
i

. =1l
o

2 ~1
a. Find [T]5.
b. Find [T]p.
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15.

c. Find [T]%.

d. Find [T]5,.

e. Let C be the ordered basis obtained by
switching the order of the vectors in B. Find
[T1¢.

f. Let C’ be the ordered basis obtained by
switching the order of the vectors in B’. Find
(718

Let 7: R*> — R? be the linear transformation

defined by

X =Yy
(5= .;
Y x+2y
Let B and B’ be ordered bases for RZ and B” the
ordered basis for R* defined by

)
=ilo 1]}

0
B" = L {,| 1]
0 1 2

a. Find [T]5".

b. Find [T]5/.

c. Let C be the ordered basis obtained by
switching the order of the vectors in B. Find
[T1¢".

d. Let C’ be the ordered basis obtained by
switching the order of the vectors in B’. Find
[71Z.

e. Let C” be the ordered basis obtained by
switching the order of the first and third
vectors in B”. Find [T]5 .

Let T: P; — P, be the linear transformation
defined by
b,
T(a+ bx) =ax + Ex

Let B and B’ be the standard ordered bases for
‘P and P, respectively.
a. Find [T]%.
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16.

17.
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b. Let C be the ordered basis obtained by
switching the order of the vectors in B. Find
[71¢

c. Let C’ be the ordered basis obtained by
switching the first and second vectors in B’.
Find [T]S .

d. Define S: P, — P by

S(a+bx+cx2) =b+ 2cx

Find [S15,.

e. Verify that [S]g,[T]gl = I, but that
[T15 1815 # 1.

. Interpret the statement

by

[S1IT15 =1
in terms of the functions 7" and S.

Define a linear operator T: Msx> — Mjy; by

r([en])=]2 o2t

Let B be the standard ordered basis for M>., and
B’ the ordered basis

w={lo L]

{ -1 1
-1 1
. Find [T]5.
. Find [T]5,.
. Find [T]p.
. Find [714 and [1]5,.
. Verify that

o & 6 T &

(715 = [T1p[115
(T15, = (15T

Define a linear operator T: R*> — R? by

([3)=15]

Find the matrix for 7T relative to the standard

basis for R%. Describe geometrically the action of
T on a vector in R2.
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18. Define a linear operator T: R*> — R? by

T X _ | cos®—sinf X
y | sin® cosH y
Describe geometrically the action of 7' on a

vector in R2.

19. Let ¢ be a fixed scalar and define 7: R" — R” by

X1 X1
X2 X2
T . =c .
Xn Xn

Find the matrix for T relative to the standard
basis for R”.

20. Define T: Myyy — Mjys by
T(A) =A—-A

Find the matrix for 7T relative to the standard
basis for M.

21. Define T: My, — R by
T(A) =tr(A)

Find the matrix [T]g,, where B is the standard
basis for M>,, and B’ = {1}.

In Exercises 2225, let S, T: R — R2 be defined by

(=155
([3])=15 ]

a. Find the matrix representation for the given
linear operator relative to the standard basis.

and

b. Compute the image of v = _i } directly
and using the matrix found in part (a).
22. -38
23. 2T+ S
24. ToS
25. SeT

In Exercises 26-29, let S, T: R* — R3 be defined by

X X—y—z
b4 —x+y+z
and
X 3x — 2
S y = X
z z

a. Find the matrix representation for the given
linear operator relative to the standard basis.

b. Compute the image of

-1
V= 1
3

directly and using the matrix found in part (a).
26. 2T
27. =3T + 28
28. T-S
29. SoT
30. Let B be the basis for R?> defined by

=]

If T: R> — R? is the linear operator defined by

by _ 9x — 5y
r() -85
find the matrix for 7%, for k > 1, relative to the

basis B.
31. Define T: P4 — P4 by

T(p(x)) = p"(x)

Find the matrix for T relative to the standard
basis for P4. Use the matrix to find the third
derivative of p(x) = —2x* — 2x3 + x2 — 2x — 3.

32. Let T: P, — P, be defined by
T (p(x)) = p(x) +xp'(x)

Find the matrix [T]p where B is the standard
basis for P;.
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34.

Let S: P, — P;3 and D: P; — P, be defined by

S(p(x)) = xp(x)
and

D(p(x)) = p'(x)
Find the matrices [S]g/ and [D]g,, where
B ={1,x,x% and B’ = {1, x, x2, x3}. Observe
that the operator 7 in Exercise 32 satisfies
T = DoS. Verify Theorem 14 by showing that
[T1s = [DI}[S]5

a. Define a basis for R? by

=L

Find [T]p where T: R? — R? is the linear
operator that reflects a vector v through the

1

1

b. Let B = {vi, v»} be a basis for R?. Find [T]p
where T: R*> — R? is the linear operator that

line perpendicular to

4.5 p Similarity

35.

36.

37.
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reflects a vector v through the line
perpendicular to vj.

Let A be a fixed 2 x 2 matrix and define
T: szz —> szz by

T(B) = AB — BA

Find the matrix for 7T relative to the standard
basis for M»».

Let B = {vy, Vv, v3} and B’ = {v,, v{, v3} be
ordered bases for the vector space V. If

T: V — V is defined by T (v) = v, then find
[T]g/. Describe the relationship between [v]z and
[v]p' and the relationship between the identity
matrix / and [T]g,.

Let V be a vector space and B = {vy, Vs, ...
be an ordered basis for V. Define vy = 0 and
T:V — V by

s Vol

T(vi)) =vi+vi_1 fori=1,...,n

Find [T]5.

We have just seen in Sec. 4.4 that if 7 V — V is a linear operator on the vector
space V, and B is an ordered basis for V, then T has a matrix representation relative
to B. The specific matrix for 7" depends on the particular basis; consequently, the
matrix associated with a linear operator is not unique. However, the action of the
operator T on 'V is always the same regardless of the particular matrix representation,

as illustrated in Example 1.

(|

Let T: R> — R? be the linear operator defined by

;D:[—ﬁid}

Also let B; = {e, e} be the standard basis for R? and let B, = { [ . ] } { . } }

1 2

be a second basis for R?. Verify that the action on the vector v = [ g ] by the

operator T is the same regardless of the matrix representation used for 7.
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Solution

THEOREM 15

The matrix representations for 7' relative to By and B; are

[ﬂm={_§i] and [n&=[§g}

respectively. Next, observe that

o =53] e o= ]

Applying the matrix representations of the operator 7 relative to B; and B,, we

obtain . ] !
UWH&=[ﬂmhhl={_2 4}{3}=[8]

[TW]s, = [T1s,[V]s, = [ (2) (3) ] [ i ] - { § }

To see that the result is the same, observe that

T(V)=5{é}+8[?]={g} ar T(v):z[}]ﬁ[”:[

and
5
8

Theorem 15 gives the relationship between the matrices for a linear operator
relative to two distinct bases.

Let V be a finite dimensional vector space, By and B; two ordered bases for V,
and 7: V — V a linear operator. Let P = [/ ]ﬁ; be the transition matrix from B;
to By. Then

[T1s, = P~'[T]s, P

Proof Let v be any vector in V. By Theorem 12 of Sec. 4.4, we have
[T(V)]s, = [T15,[V]s,

Alternatively, we can compute [7(v)]p, as follows: First, since P is the transition
matrix from B, to By,

[Vls, = P[V]s,
Thus, the coordinates of T (v) relative to B; are given by
[T(V)]31 = [T]Bl[V]Bl = [T]Blp[v]32

Now, to find the coordinates of 7'(v) relative to B, we multiply on the left by
P~!, which is the transition matrix from B; to B, to obtain

[TW]s, = P~ [T Plvls,

Since both representations for [T'(v)]p, hold for all vectors v in V, then [T]p, =
P_I[T]BIP. See Fig. 1.
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[Vl » [T(V)]5
+ [T]Bl
P P!
[T]s, M
[vls, » [T(V)]s,
Figure 1

m Let T, By, and B, be the linear operator and bases of Example 1. Then

Solution

1 1
[T]B1 == |: 2 4 :|
Use Theorem 15 to verify that
0

[T]Bz=[§ 3}

251

Since B is the standard basis for R2, by Theorem 14 of Sec. 3.4 the transition

matrix from B; to By is

P = [1]@ =

and hence

Then

Let T: R> — R? be the linear operator given by

(V)= 5%

and let
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Solution

DEFINITION 1

be ordered bases for R?. Find the matrix of T relative to B;, and then use Theorem 15
to find the matrix of T relative to B,.

A(ED-[3] = (D[]
mn=[[ 4], [31,)-[3 2

The transition matrix from B, to Bj is
1 0 1 -1
pemi=|[ ], [1],)=[4 ]
i -1 B, 1 B, —1 2
Therefore, by Theorem 15
1 -5 =3 1 -1
— p-1 -
wrmar=[3 1][7 3[4 ]
| =3 2
I
In general, if the square matrices A and B are matrix representations for the same

linear operator, then the matrices are called similar. Using Theorem 15, we can define
similarity for square matrices without reference to a linear operator.

Since

we have

2
1

Similar Matrices Let A and B be n x n matrices. We say that A is similar to
B if there is an invertible matrix P such that B = P~1AP.

The notion of similarity establishes a relation between matrices. This relation is
symmetric; that is, if the matrix A is similar to the matrix B, then B is similar to A.
To see this, let A be similar to B; that is, there is an invertible matrix P such that

B=P'AP
Now let Q = P~!, so that B can be written as

B=Q0AQ0"!

Hence, A = Q™' BQ, establishing that B is similar to A. For this reason we say that
A and B are similar if either A is similar to B or B is similar to A. In addition,
the relation is reflexive since any matrix is similar to itself with P being the identity
matrix. This relation is also transitive; that is, if A is similar to B and B is similar
to C, then A is similar to C. See Exercise 17. Any relation satisfying these three
properties is called an equivalence relation.
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Let V be a finite dimensional vector space, B; and B, ordered bases of V, and T

a linear operator on V.

1. The matrix representations [7]p, and [T']p, are similar. That is, there is an
invertible matrix P such that [T]p, = P 7] g, P. In addition, the matrix
P is the transition matrix from B, to Bj.

2. A matrix is similar to itself. If A is similar to B, then B is similar to A. If
A is similar to B and B is similar to C, then A is similar to C.

Exercise Set 4.5

In Exercises 1 and 2, [T]p, is the matrix
representation of a linear operator relative to the basis
By, and [T]p, is the matrix representation of the same
operator relative to the basis B,. Show that the action
of the operator on the vector v is the same whether
using [T]p, or [T]3,.

1. [T]31=|:_i §:|7[T]Bz—|: 1 2:|,
a=tlo ]}
m=tli ]}

[+
A
2 [T131=[g _”,mgz— - ‘1)]

<[

In Exercises 3—06, a linear operator 7 and bases B;
and B, are given.
a. Find [T']p, and [T]3,.
b. Verify that the action on v of the linear
operator T is the same when using the matrix

representation of 7" relative to the bases B
and B,.

co((1 )]

w11
[

el )

X X
5. T y =10
b4 z

1 -1 0
B, = 0 |, 1(,]0
1 0 1
1
V= 2
-1
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X X+y
6. T y =| x—y+z
b4 y—2z

By = {e1, ey, e3}

-1 0 1
B, = 1,01 | O
0 1 1
2
v=| —1
—1

In Exercises 7-10, [T]p, and [T]p, are, respectively,
the matrix representations of a linear operator relative
to the bases By and B,. Find the transition matrix
P=1I ]B;, and use Theorem 15 to show directly that
the matrices are similar.

SIS
| |
—_

7. [Tls, = [; H[T]BF [
By ={ey, ez}

w={l2H

|
—_—
I
—

=il b))
m={l 2]

In Exercises 11—14, find the matrix representation of
the linear operator 7" relative to Bj. Then use
Theorem 15 to find [T]3,.

nr () =15

(5[5

By = {e1, e}

wr(]])-[ 2]

|
()1
|

15. Let T: P, — P, be the linear operator defined
by T(p(x)) = p’(x). Find the matrix
representation [7']p, relative to the basis
B, ={1,x, x2} and the matrix representation
[T], relative to B, = {1, 2x, x? — 2}. Find the
transition matrix P = [/ ]g;, and use Theorem 15
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to show directly that the matrices [T']p, and [T']p, 18. Show that if A and B are similar matrices, then
are similar. det(A) = det(B).

. Let T: P, — P, be the linear operator defined 19. Show that if A and B are similar matrices, then
by T(p(x)) = xp’(x) + p”(x). Find the matrix tr(A) = tr(B).
representation [71']p, relative to the basis
B; = {1, x, x?} and the matrix representation 20. Show that if A and B are similar matrices, then
[T]p, relative to B, = {1, x, 1 + x?}. Find the A" and B’ are similar matrices.

transition matrix P = [/ ]g;, and use Theorem 15
to show directly that the matrices [T']p, and [T']p,
are similar.

21. Show that if A and B are similar matrices, then
A" and B" are similar matrices for each positive

integer n.
. Show that if A and B are similar matrices and B
and C are similar matrices, then A and C are 22. Show that if A and B are similar matrices and A\
similar matrices. is any scalar, then det(A — \1) = det(B — \1).

4.6 » Application: Computer Graphics

The rapid development of increasingly more powerful computers has led to the explo-
sive growth of digital media. Computer-generated visual content is ubiquitous, found
in almost every arena from advertising and entertainment to science and medicine.
The branch of computer science known as computer graphics is devoted to the study
of the generation and manipulation of digital images. Computer graphics are based
on displaying two- or three-dimensional objects in two-dimensional space. Images
displayed on a computer screen are stored in memory using data items called pixels,
which is short for picture elements. A single picture can be comprised of millions
of pixels, which collectively determine the image. Each pixel contains informa-
tion on how to color the corresponding point on a computer screen, as shown in
Fig. 1. If an image contains curves or lines, the pixels which describe the object
may be connected by a mathematical formula. The saddle shown in Fig. 1 is an
example.

Figure 1
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Figure 2

Figure 3

Graphics Operations in R?

To manipulate images, computer programmers use linear transformations. Most of the
examples we consider in this section use linear operators on R?. One of the proper-
ties of linear transformations that is especially useful to our work here is that /inear
transformations map lines to lines, and hence polygons to polygons. (See Exercise 10
of the Review Exercises for Chapter 4.) Therefore, to visualize the result of a linear
transformation on a polygon, we only need to transform the vertices. Connecting the
images of the vertices then gives the transformed polygon.

Scaling and Shearing

A transformation on an object that results in a horizontal contraction or dilation
(stretching) is called a horizontal scaling. For example, let 7' be the triangle shown
in Fig. 2 with vertices (1, 1), (2, 1), and (%, 3). Suppose that we wish to perform
a horizontal scaling of T by a factor of 3. The transformed triangle 7’ is obtained
by multiplying the x coordinate of each vertex by 3. Joining the new vertices with
straight lines produces the result shown in Fig. 3.

The linear operator S: R> — R? that accomplishes this is given by

s(13)-17]

To find a matrix representation of S, let B = {e1, e;} be the standard basis for R2.
Then by Theorem 12 of Sec. 4.4, we have

[S1z =[[S(e)] [S(en)] ] = { (3) (1) }

Let v; and v;, for i = 1,2, and 3, be, respectively, the vertices (in vector form) of T
and 7. Since the coordinates of the vertices of T are given relative to B, the vertices
of T’ can be found by matrix multiplication. Specifically,

S EHIHRH IS HHIEEY
s=[]-0)

These results are consistent with the transformed triangle 7", as shown in Fig. 3.
In general, a horizontal scaling by a factor k is given by the linear transformation

N NS

and

[\S1[08)
ST R=)
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The matrix representation of S, relative to the standard basis for RZ, is given by

[Sh]B=[’(§ H

Similarly, a vertical scaling is given by the linear operator

s(GD)-14]

The matrix representation of S, relative to the standard basis for R2, is given by

[SU]B=“ 2]

If both components are multiplied by the same number &, then the result is called a
uniform scaling. In all the above cases, if k > 1, then the transformation is called a
dilation, or stretching; and if 0 < k < 1, then the operator is a contraction.

Let T denote the triangle with vertices given by the vectors

=[2] we[2] =[]

as shown in Fig. 4.

a. Stretch the triangle horizontally by a factor of 2.
b. Contract the triangle vertically by a factor of 3.

c. Stretch the triangle horizontally by a factor of 2, and contract the triangle
vertically by a factor of 3.

a. To stretch the triangle horizontally by a factor of 2, we apply the matrix

2 0
0 1
to each vertex to obtain

a=|V] w=lt] w=|3]

Connecting the new vertices by straight-line segments gives the triangle 7"’
shown in Fig. 5(a).

b. To contract the triangle vertically by a factor of 3, we apply the matrix

to each vertex to obtain

2
I
[ —
wi— O
—_
=
SN
I
L —
wWi— N
—
=
wx
I
[ —
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1t
<

:

Figure 6

=V

As an illustration, let 7 be the triangle of Fig. 7(a) with vertices v; = [

The contracted triangle 7" is shown in Fig. 5(b).

A) Ay
5T 5T
4 T’ 4
7N s
1 1 1 1 1 | 1 1 1 1 1 » 1 1 1 1 1 -AI 1 1 1 »
_5I T T T T 1 T T T T 3 ; _5I T T T T 1 T T T T é ;
—51 —54
(a) (b)
Figure 5

c. This operator is the composition of the linear operators of parts (a) and (b).

By Theorem 14 of Sec. 4.4, the matrix of the operator, relative to the standard
basis for R?, is given by the product

o 1le V=16 8]

Applying this matrix to the vertices of the original triangle gives

e<[§] e=[i] -3
3 3

as shown in Fig. 6.

Another type of transformation, called shearing, produces the visual effect of
slanting. The linear operator S: R*> — R? used to produce a horizontal shear has the
form

([3])=173"]

where k is a real number. Relative to the standard basis B, the matrix representation
of S is given by

Sl= o 5|

0
0

V) = [ 3 }, and v; = [ i }, and let k = 2. After applying the matrix

[S]B=[(1) ﬂ
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to each of the vertices of T, we obtain v| = [ 8 :|,V/2 = [ (2) ], and v5 = [ i ]

The resulting triangle 7"’ is shown in Fig. 7(b).

A)Y Ay
54 51
+ 7 1 ]_,
N+ _,_,_,_,_,_4_,_,_,
-5 1 5 x -5 1 5 x
—51 —51
(a) (b)
Figure 7

A vertical shear is defined similarly by

(D=1

In this case the matrix for S, relative to the standard basis B, is given by

S 4 7

m Perform a vertical shear, with k = 2, on the triangle of Fig. 2.

Solution The matrix of this operator, relative to the standard basis for R?, is given by

1 0
2 1
Applying this matrix to the vertices

~=[1] =l
a=[3] w=[2] w=[}]

Figure 8 The images of the original triangle and the sheared triangle are shown in Fig. 8.

LW rolw

we obtain

S\
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Reflection

The reflection of a geometric object through a line produces the mirror image of the
object across the line. The linear operator that reflects a vector through the x axis is

w(2])-12]

A reflection through the y axis is given by

»([3)=15]

and a reflection through the line y = x is given by

(5 ])=13]

The matrix representations, relative to the standard basis B, for each of these are given
by

®i=| o 3] wuw=| Y] wew=]] g

m Perform the following reflections on the triangle 7' of Fig. 4.

Solution

a. Reflection through the x axis.
b. Reflection through the y axis.
c. Reflection through the line y = x.

a. The vertices of the triangle in Fig. 4 are given by

w= 1] =

Applying the matrix [R,]p to the vertices of the original triangle, we obtain

i=[3] w=[d] we[S]

The image of the triangle is shown in Fig. 9(a).
b. Applying the matrix [R,]p to the vertices of the original triangle, we obtain

a=[t] =[] w=[3]

The image of the triangle with this reflection is shown in Fig. 9(b).
c. Finally, applying the matrix [R,—,]p to the vertices of the original triangle,

we obtain
/ 1 / 1 / 3
V1 =] 0 V2 = 2 V3 =] 1

The image of the triangle is shown in Fig. 9(c).
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£V LV
5+ 54
G+ T
-5 | 5 x -5 ] 5 0x
5] 5]
(a) (b)
Figure 9

Reversing Graphics Operations

The operations of scaling, shearing, and reflection are all reversible, and hence the matrix
representations for each of these operators are invertible. By Corollary 2 of Sec. 4.4, to
reverse one of these operations, we apply the inverse matrix to the transformed image.

Let S be the linear operator that performs a reflection through the line y = x,
followed by a horizontal stretching by a factor of 2.

a.
b.

a.

Find the matrix representation of S, relative to the standard basis B.
Find the matrix representation of the reverse operator, again relative to B.
Using the matrices given above for these operations, and by Theorem 14 of

Sec. 4.4, the matrix of the transformation, relative to the standard basis for RZ,
is given by the product

s[5 1] [V o] = (1 6]

. By Corollary 2 of Sec. 4.4, the matrix which reverses the operation of part (a)

is given by

e = s =5 | o |=|

NI—- S
O =
[

As we noted in Example 4(a), if a graphics operation S is given by a sequence

of linear operators Sy, S, ..., Sy, then

S = 8§,08,_10- -8

The matrix representation, relative to the basis B, is then given by the matrix product

[S1z = [SulB[Su-1l - - - [Si1]B

The reverse process is given by

[S15' = [S115'[S205" - - [Sul5!
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Thus, applying the matrices [Sl]gl, [Sz]gl, ceey [S,,]E1 in succession reverses the pro-
cess one transformation at a time.

Translation

A translation of a point in the plane moves the point vertically, horizontally, or both.
For example, to translate the point (1, 3) three units to the right and two units up, add
3 to the x coordinate and 2 to the y coordinate to obtain the point (4, 5).

Now let v = [ zl } be any vector in R? and b = [ Zl ] some fixed vector. An
2 2

operation S: R> — R? of the form

S(V)=v+b= { v+ b ]

v + by

is called a translation by the vector b. This transformation is a linear operator if
and only if b = 0. Consequently, when b # 0, then S cannot be accomplished by
means of a 2 x 2 matrix. However, by using homogeneous coordinates, translation of
a vector in R? can be represented by a 3 x 3 matrix. The homogeneous coordinates
of a vector in R? are obtained by adding a third component whose value is 1. Thus,

. X .
the homogeneous coordinates for the vector v = [ y ] are given by

Now, to translate w by the vector b = [ Zl }, we let
2

1 0 b
A=|0 1 b
0 0 1
so that .
1 0 b1 X X+ b]
Aw= | 0 1 b y | =|y+b
0 0 1 1 1
To return to R?, we select the first two c_omponents of Aw so that
X + by
as desired.

As an illustration of this, let b = [ _é } Using homogeneous coordinates, the

3 x 3 matrix to perform the translation is



Solution
AV
10+
o ]
AR
} \R\ | } } }
-0 | ] 10 x
AVaRN
10
T =RQP
Figure 10
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3

Now let v = 5| Then
1 0 1 3 4
01 -2 2|1 =10
0 0 1 1 1

The vector S(v) = is the translation of v by the vector b.

4
0

In the previous illustration the translation can be accomplished with less work
by simply adding the vector b to v. The benefits of using a matrix representation are
realized when we combine translation with other types of transformations. To do this,
we note that all the previous linear operators can be represented by 3 x 3 matrices.
For example, the 3 x 3 matrix for reflecting a point (in homogeneous coordinates)
through the x axis is

S O =
|
S — O
—_ o O

Find the image of the triangle 7" of Fig. 4 under a translation by the vector

b= 3 | followed by a horizontal scaling by a factor of 1.5, followed by

a reflection through the x axis.

The matrix for the composition of these operations is given by the product

1 0 0 1.5 0 0 1 0 =5 1.5 0 =75
0 -1 0 0 1 0 0 1 31=1]0 -1 -3
0 0 1 0 0 1 0 0 1 0 0 1
The vertices of the original triangle in homogeneous coordinates are given by
2 1
V) = 1 V) = 1 V3 = 3
1 1 1
After applying the above matrix to each of these vectors, we obtain
—7.5 —4.5 —6
vi=| —4 v,=| —4 vi=| —6
1 1 1

The resulting triangle, along with the intermediate steps, are shown in Fig. 10.

Find a 3 x 3 matrix that will transform the triangle shown in Fig. 11(a) to the
triangle shown in Fig. 11(b).
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Solution

Rotation by 45°

Figure 12

=¥

el
=V
|
T

(a) Triangle T (b) Triangle 7"

Figure 11

Triangle 7' is obtained from triangle 7 through a horizontal scaling by a factor of
3, followed by a vertical scaling by a factor of 2, without changing the left vertex
(1, 1). The scalings alone will move the point (1, 1) to (3, 2). One way to correct this
is to first translate the triangle so that the left vertex is located at the origin, perform
the scaling, and then translate back. The matrix to perform all these operations is
the product of the matrices for each transformation. The matrix is given by

1 0 1 1 00 300 1 0 -1 3 0 -2
0 1 1 0 2 0 01 0 01 -1 |{=]0 2 -1
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1
Notice that .
1 1 1 0 -1
01 1L |=]01 =1
0 0 0 1

that is, the matrix representation for translation by [ 1 } is the inverse of the matrix

. . —1
representation for translation by 1l

Rotation

Another common graphics operation is a rotation through an angle 6. See Fig. 12. To
describe how a point is rotated, let (x, y) be the coordinates of a point in R and 6 a
real number. From trigonometry, the new coordinates (x’, y’) of a point (x, y) rotated

by 0 rad about the origin are given by
x' = xcosH — ysin6
y = xsinf + ycos9

If 6 > 0, then v is revolved about the origin in a counterclockwise direction. If 6 < 0,
the direction is clockwise. These equations define a linear operator Sp: R? — R?
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Figure 13
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S x | xcosB — ysin6
o y | xsinB+ ycosH

The matrix of Sy relative to the standard basis B = {e;, e;} for R? is given by

given by

cosf —sinb
[So]s = [ sinf  cos6 ]
When using homogeneous coordinates, we apply the matrix
cosf —sinB 0
sin6 cos® 0
0 0 1

Find the image of the triangle of Fig. 4 under a translation by the vector b =
[ _} ], followed by a rotation of 30°, or 7/6 rad, in the counterclockwise

direction.
The matrix for the combined operations is given by

cosg —sing 0 1 0 ? —% 0 1 0 1
sing  cosg 0 0 1 — = % @ 0 0 1 -1
0 0 1 0 0 L0 0 1 0 0 1
[ V3 1 31
2 T2 2 t2
= L V3 1_ 43
2 2 27 72
| 0 0 1
The vertices of the triangle in homogeneous coordinates are given by
0 2 1
vi=| 1 v, = | 1 and vi=| 3
1 1 1
After applying the above matrix to each of these vectors, we obtain
& . VG
V)= % vy = % and vi=| +/3+1
1
1 1

The resulting triangle is shown in Fig. 13.

Projection

Rendering a picture of a three-dimensional object on a flat computer screen requires
projecting points in 3-space to points in 2-space. We discuss only one of many methods
to project points in R? to points in R? that preserve the natural appearance of an object.
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v

Figure 14

EXAMPLE 8

Parallel projection simulates the shadow that is cast onto a flat surface by a far away
light source, such as the sun. Shown in Fig. 14 are rays intersecting an object in
3-space and the projection into 2-space. The orientation of the axes in Fig. 14 is such
that the xy plane represents the computer screen.

To show how to find the xy coordinates of a projected point, let the vector

Xd

represent the direction of the rays. If (xg, yo, zo) is a point in R3, then the parametric
equations of the line going through the point and in the direction of v, are given by

x(t) =x0+txg

y() =yo+tya

2(t) =zo+tza
for all # € R. The coordinates of the projection of (xg, yo, zo) onto the xy plane are
found by letting z(#) = 0. Solving for ¢, we obtain

20
t=—"
Zd

Now, substituting this value of ¢ into the first two equations above, we find the
coordinates of the projected point, which are given by
20 20
X, =X0— —Xgq Yp=Y0o— —Yd and 7, =0
2d 2d

The components of v, can also be used to find the angles that the rays make with the
Yd

z axis and the xz plane. In particular, we have
Vit i
tan = — and tangp = ——

X4 2d

where { is the angle v, makes with the xz plane and ¢ is the angle made with the
z axis. On the other hand, if the angles {r and ¢ are given, then these equations can
be used to find the components of the projection vector v,.

Let ¢ = 30° and ¢ = 26.6°.

a. Find the direction vector v, and project the cube, shown in Fig. 15, into R?.
The vertices of the cube are located at the points (0, 0, 1), (1, 0, 1), (1, 0, 0),
0,0,0), (0,1, 1), (1, 1, 1), (1, 1, 0), and (0, 1, 0).
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b.

a.
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A y
x
z
Figure 15
Find a 3 x 3 matrix that will rotate the (projected) vertices of the cube by 30°
and another that will translate the cube by the vector 1
We can arbitrarily set z; = —1. Then
tany = tan30° ~ 0.577 = % and (tan¢)? = (tan26.6°)> ~ (0.5)% = x2 + )2
Xd
so that

va = 0.577x,4 and x34y2 = }‘

Solving the last two equations gives x4 ~ 0.433 and y; &~ 0.25, so that the

direction vector is
0.433

Vg = 0.25
-1
Using the formulas for a projected point given above, we can project each
vertex of the cube into R?. Connecting the images by line segments gives the
picture shown in Fig. 16. The projected points are given in Table 1.

Table 1

Vertex | Projected Point
(0,0,1) | (0.433, 0.25)
(1,0,1) | (1.433,0.25)
(1,0,0) | (1,0)

(0,0,0) | (0, 0)

(0,1,1) | (0.433, 1.25)
(L,1,1) | (1.433, 1.25)
(1,L,o) | (1, 1)

(0,1,0) | (0, 1)
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b. Using homogeneous coordinates, we find the matrices to rotate the cube coun-

terclockwise by 30° and translate the cube by the vector [ ? } are given by

cos(g) —sin(g) 0 1 0 2
sin(g) cos(g) O and 0 1 1
0 0 1 0 0 1

respectively. Depictions of the results when the original cube is rotated and
then the result is translated are shown in Figs. 17 and 18.

Ay y ky

&

=V
=Y
=Y

Figure 16 Figure 17 Figure 18

Exercise Set 4.6

1. Find the matrix representation relative to the c.
standard basis for the linear transformation
T: R> — R? that transforms the triangle with
vertices at the points (0, 0), (1, 1), and (2, 0) to
the triangle shown in the figure.
a. v

2. Find the matrix representation relative to the
standard basis for the linear transformation
T: R> — R? that transforms the square with
vertices at the points (0, 0), (1, 0), (1, 1), and
(0, 1) to the polygon shown in the figure.

a. y




b. g
54
=5 1 5 x
54
C. y
5
———— F———— >
=5 5 X

3. Let T: R? —> R2 be the transformation that

performs a horizontal stretching by a factor of 3,
followed by a vertical contraction by a factor of 2,
followed by a reflection through the x axis.

a. Find the matrix of T relative to the standard
basis.

b. Apply the transformation to the triangle with
vertices (1, 0), (3, 0), and (2, 2), and give a
sketch of the result.

¢. Find the matrix relative to the standard basis
that reverses T.

. Let T: R? — R? be the transformation that
performs a reflection through the y axis, followed
by a horizontal shear by a factor of 3.

a. Find the matrix of T relative to the standard
basis.

b. Apply the transformation to the rectangle with
vertices (1, 0), (2,0), (2, 3), and (1, 3), and
give a sketch of the result.

c¢. Find the matrix relative to the standard basis
that reverses 7.

. Let T: RZ — R? be the transformation that

performs a rotation by 45°, followed by a

reflection through the origin.

a. Find the matrix of T relative to the standard
basis.
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b. Apply the transformation to the square with
vertices (0, 0), (1, 0), (1, 1), and (0, 1), and
give a sketch of the result.

¢. Find the matrix relative to the standard basis
that reverses 7.

6. Let T: R? — R? be the transformation that
performs a reflection through the line y = x,
followed by a rotation of 90°.

a. Find the matrix of T relative to the standard
basis.

b. Apply the transformation to the triangle with
vertices (0, 0), (2, 0), and (1, 3), and give a
sketch of the result.

c¢. Find the matrix relative to the standard basis
that reverses 7.

d. Describe this transformation in another way.
Verify your answer.

7. Let T: R? — R? be the (nonlinear)
transformation that performs a translation by the

t
vector |

a. Using homogeneous coordinates, find the 3 x 3
matrix that performs the translation and
rotation.

! } , followed by a rotation of 30°.

b. Apply the transformation to the parallelogram
with vertices (0, 0), (2, 0), (3, 1), and (1, 1),
and give a sketch of the result.

c. Find the matrix that reverses 7.

8. Let T: R? — R? be the (nonlinear)
transformation that performs a translation by the

vector —4 ], followed by a reflection through

2
the y axis.

a. Using homogeneous coordinates, find the 3 x 3
matrix that performs the translation and
reflection.

b. Apply the transformation to the trapezoid with
vertices (0, 0), (3,0), (2, 1), and (1, 1), and
give a sketch of the result.

¢. Find the matrix that reverses 7.

9. Let
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be a basis for R?, and let A be the triangle in the

xy coordinate system with vertices (0, 0), (2, 2),

and (0, 2).

a. Find the coordinates of the vertices of A
relative to B.

b. Let T be the transformation that performs a
reflection through the line y = x. Find [T]%,
where S is the standard basis for R

c. Apply the matrix found in part (b) to the
coordinates found in part (a). Sketch the
result.

d. Show the same result is obtained by applying

{ (1) (1) } to the original coordinates.

10. Let

be a basis for R?, and let A be the parallelogram
in the xy coordinate system with vertices
(0,0), (1, 1), (1,0), and (2, 1).

a. Find the coordinates of the vertices of A
relative to B.

b. Find the matrix representation relative to B of
the transformation 7 that performs a reflection
through the horizontal axis.

c. Apply the matrix found in part (b) to the
coordinates found in part (a). Write the
resulting vectors relative to the standard basis,
and sketch the result.

d. Find the matrix representation relative to the
standard basis for the transformation that
performs the same operation on the
parallelogram. Apply this matrix to the original
coordinates, and verify the result agrees with

part (c).

Review Exercises for Chapter 4

1. Let T: R2 — R* be a linear transformation.

e

is a basis for R2.

b. If
1
1 2
T[l =10 and
| 2
3
2
T[—l | 4
| -2
determine

(Hint: Find the coordinates of [ ; } relative
to S.)

Describe all vectors in N (T').

Is the linear map 7' one-to-one? Explain.
Find a basis for R(T).

Is T onto? Give two reasons.

Find a basis for R* that contains the vectors

w - 0

and

—_—— O
—_—O =

h. UsethebasisB:{{;}[_i }}ofﬂ%2

and the basis found in part (g) for R?, call it C,
and find a matrix representation for 7 with
respect to the bases B and C.



i. Apply the matrix A found in part (h) to an
arbitrary vector

. Define linear transformations S, 7. P; — P4 and

H: Py — P4 by

S(p(x)) = p'(0)
T'(p(x)) =(x+1Dp)
H(p(x)) = p'(x) + p(0)

o

. Compute HoT and So(HoT).

b. Find the matrix for S, T, and H relative to the
standard bases for P5 and Pj.

c¢. Show that T is one-to-one.

d. Find R(T).

. Let S, T: R? - R2? be transformations so S
reflects every vector through the x axis and T
reflects every vector through the y axis.

a. Give definitions for S and 7. Show the
mappings are linear transformations.

b. Find the matrix for S and for T relative to the
standard basis for RZ.

¢. Find the matrix for the linear transformations
ToS and SoT. Describe geometrically the
action of 7S and SeT.

. a. Let T: Myy, — M>y» be defined by
1 3
T(A) = [ 1 ]A

Is T a linear transformation? Is T one-to-one?
Is T an isomorphism?

b. Let T: My — M;,, be defined by
1 0
T(A) = [ Lo } A
Is T a linear transformation? Is T one-to-one?
Show R(T) is isomorphic to R2.

. Let v; and v; be linearly independent vectors in

R? and T: R*> — R? a linear operator such that
T(Vi) =V, and T (vy) = Vi

Let B = {v,v2} and B’ = {v,, v{}.

4.6 Application: Computer Graphics 271

a. Find [T]3.
b. Find [T]5.

6. Let T: R*? — R? be the linear operator that

projects a vector across the line span { [ _i ] }
and S: R?> — R? the linear operator that reflects a
vector across the line span{ [ (1) ] } Let B

denote the standard basis for R2.
a. Find [T]p and [S]p.

(| 3] (1)

c. Find the matrix representation for the linear
operator H: R?> — R? that reflects a vector

across the subspace span{ [ _} ] } and

across the subspace span{ [ (1) ] }

o o ([ 2]).

e. Find N(T) and N(S).
f. Find all vectors v such that 7(v) = v and all
vectors v such that S(v) = v.

. Let T: R®> — R? be the linear operator that

reflects a vector across the plane

1 0
span 0, |1
0 1

The projection of a vector u onto a vector v is the
vector

) u-v
proj,u = —v
\ A%
and the reflection of v across the plane with

normal vector n is
v —2proj, v

Let B denote the standard basis for RA.
a. Find [T]p.
—1
b. Find T 2
1
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c¢. Find N(T).
d. Find R(T).
e. Find the matrix relative to B for 7", n > 2.

8. Define a transformation 7: P, — R by

1
T(px) = /0 p(x)dx

. Show that T is a linear transformation.
. Compute T(—x2—=3x+2).
. Describe N(T). Is T one-to-one?
. Find a basis for N(T).
. Show that T is onto.
. Let B be the standard basis for P, and
B’ = {1}, a basis for R. Find [T]gl.
g. Compute T (—x? — 3x + 2), using the matrix
found in part (f).

h. Define linear operators 7: CV[0, 1] —
cM[0, 1] and S: ¢ V[0, 1] = CcDJ0, 1] by

- o 2 6 TN

T _d
(f)—af(X)
and
S(f)=F, where F(x):/xf(t)dt
0

Find T (xe*) and S(xe*). Describe SoT and
ToS.

. Let T: V — V be a linear operator such that
T? — T + 1 =0, where I denotes the identity
mapping. Show that 7~! exists and is equal to
1 —-T.

Chapter 4: Chapter Test

In Exercises 1-40, determine whether the statement is
true or false.

1. The transformation 7: R?> — R? defined by

T([;])z{xzi;iyz}

is a linear transformation.

10. Let 72 R?> — R? be a linear operator.

a. Show that the line segment between two
vectors u and v in R? can be described by

ta+ (1 —1t)v for 0<r<l

b. Show that the image of a line segment under

the map 7 is another line segment.

c. A set in R? is called convex if for every pair
of vectors in the set, the line segment between

the vectors is in the set. See the figure.

N

Convex set Not a convex set

Suppose T: R?> — R? is an isomorphism and S

is a convex set in R%. Show that T(S) is a
convex set.

d. Define T: R? — R? by

f(GD)-1%]
LY Yy

Show that 7' is an isomorphism. Let

[ x ] 2 2
S = x“+y =1
{_y_ g }

Describe the image of the set S under the
transformation 7.

2. The transformation 7: R — R defined by
T(x) =2x — 1 is a linear transformation.

3. If b = 0, then the transformation 7 R — R
defined by 7 (x) = mx + b is a linear
transformation.

4. If A is an m X n matrix, then 7 defined by
T (V) = Av
is a linear transformation from R” into R™.



10.

11.

12.

13.

14.

Let A be a fixed matrix in M,,,. Define a
transformation 7: M, x, — M, x, by

T(B) = (B + A)? — (B +2A)(B —3A)
If A> =0, then T is a linear transformation.

0

Letu = 1

1
[0 andv:[

]. If T: R? — R? is
a linear operator and

Tu+v)=v and TRu—v)=u+v

then
T(u) = [

W= WIN
—_

If 7: R> — R? is defined by

r([])-=1

then 7 is an isomorphism.

HIN

If T: V. — W is a linear transformation and
{vi,..., vy} is a linearly independent set in V,
then {T'(vy), ..., T(v,)} is a linearly independent
subset of W.

. The vector spaces Pg and M343 are isomorphic.

If a linear map T: Py —> P5 is defined by
T(p(x)) = p'(x), then T is a one-to-one map.

If A is an n x n invertible matrix, then as a
mapping from R” into R” the null space of A
consists of only the zero vector.

The linear operator T: R?> — R? defined by
X _lx—y
(V)=

1S one-to-one.

If 7 R — R? is the transformation that reflects
each vector through the origin, then the matrix for
T relative to the standard basis for R? is

-1 0
0 -1
A linear transformation preserves the operations
of vector addition and scalar multiplication.

15.

16.

17.

19.

20.

21.

4.6 Application: Computer Graphics 273

Every linear transformation between finite
dimensional vector spaces can be defined using a
matrix product.

A transformation T: V — W is a linear
transformation if and only if

T(c1vi +cavp) = 1T (v1) + 2T (v2)

for all vectors vy and v, in V and scalars ¢
and c;.

If f R — R is a linear operator and
¢: R? — R? is defined by

olx,y) =(x,y — f(x))

then the mapping ¢ is an isomorphism.

. Let U, V, and W be finite dimensional vector

spaces. If U is isomorphic to V and V is
isomorphic to W, then U is isomorphic to W.

If T: V — V is a linear operator and u € N(T),
then
T(cu+v)=T()

for all v € V and scalars c.

If P: R® — R is the projection defined by

X X
P y =1y
Z 0

then P2 = P.

If T: V. — W is a linear transformation between
vector spaces such that 7' assigns each element of
a basis for V to the same element of W, then T is
the identity mapping.

. If T R* — RS and dim(N(T)) = 2, then

dim(R(T)) = 3.

. If 7' R* - R’ and dim(R(7)) = 2, then

dim(N (T)) = 2.

. If T R — R3 is defined by

X 2x—y+z
T y = X
Z y—X
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25.

26.

27.

28.

29.

30.

31.

32.

Chapter 4 Linear Transformations

then the matrix for 7! relative to the standard
basis for R3 is

0 1 0
0 0 1
-1 -2 1
If T: R? — R? is defined by
T by | 2x+3y
yl) [ —x+y

B = {ey, e}, and B’ = {e,, e}, then
/ -1 1
[T]B = |: 2 3 ]
There exists a linear transformation 7" between
vector spaces such that 7°(0) £ 0.

The linear transformation T: R® — R? defined by

X X
T y =10
z y

projects each vector in R? onto the xy plane.

The linear operator T: R*> — R? defined by

(D=1l

reflects each vector in R? across the line y = x.

Let T: V — W be a linear transformation and

B ={vy,...,v,} abasis for V. If T is onto, then
{T(v1),...,T(v,)} is a basis for W.

The vector space P, is isomorphic to the subspace
of R?

a,b,ceR

o O

(=]

If T: V — V is the identity transformation, then
the matrix for 7' relative to any pair of bases B
and B’ for V is the identity matrix.

If T: R® — R is defined by

X xX+y+z
T y = y—Xx
z y

then dim(N(T)) = 1.

33.

34.

3s.

36.

37.

38.

39.

40.

If T: P, — P, is defined by

T(ax2 +bx+c)=2ax+0b
then a basis for N(T) is {—3}.
If T: My — My is defined by

T(A)=A>— A

then N(T) = {0}.
If T: P3 — P5 is defined by

T(p(x)) = p"(x) —xp'(x)
then T is onto.

If T: P3 — P5 is defined by
T(p(x)) = p"(x) — xp'(x)
then ¢(x) = x? is in R(T).

The linear operator T: R? — R* defined by

X 3 -3 0 X
z 3 -1 1 z

is an isomorphism.

If Ais an m x n matrix and 7 R" — R™ is
defined by

T(v) = Av

then the range of 7T is the set of all linear
combinations of the column vectors of A.

If A is an m x n matrix with m > n and
T: R" — R™ is defined by

T(v) = Av
then 7 cannot be one-to-one.

If A is an m X n matrix with m > n and
T: R* — R™ is defined by

T(v) = Av
then T cannot be onto.
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Markov chain is a mathematical model used

to describe a random process that, at any
given time r =1,2,3,..., is in one of a finite
number of states. Between the times ¢ and 7 + 1
the process moves from state j to state i with
a probability p;;. Markov processes are also
memoryless; that is, the next state of the sys-
tem depends only on the current state. As an
example, consider a city C with surrounding res-
idential areas N, S, E, and W. Residents can
move between any two locations or stay in their

(X
current location, with fixed probabilities. In this
case a state is the location of a resident at any
@ @ given time. The state diagram shown in Fig. 1
describes the situation with the probabilities of
\ / moving from one location to another shown in the
B~ 2@p

corresponding transition matrix A = (p;;). For
example, entry pss; = 0.2 is the probability that U-S- Geological Survery/DAL

Figure 1 a resident in region £ moves to region S. Since a resident is assumed to be living
in one of the five regions, the probability of being in one of these regions is 1, and
hence each column sum of A is equal to 1. A square matrix with each entry between
0 and 1 and column sums all equal to 1 is called a stochastic matrix. The initial
distribution of the population is called the initial probability vector. Assume that the

} initial population distribution is given by the vector

0.3
0.2
v= | 0.1
0.2
0.2

a
=
©
]
=

eoeooe
DR — N W
coooe
NG
coooo
—h N —
ceooo
B W NN —
coooe
Do = — —

=muza
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5.1

DEFINITION 1

Then the population distribution after one time step is Av, after two time steps is
A(Av) = A?v, and so on. For example, after 10 time steps, the population distribution
(rounded to two decimal places) is

0.21
0.20
A% =1 0.16
0.20
0.23

Notice that the sum of the entries of the population distribution vector is equal to 1.
Starting with some initial distribution vector, the long-term behavior of the Markov
chain, that is, A"v as n tends to infinity, gives the limiting population distribution
in the five regions into the future. When A"v approaches a distribution vector s
as n tends toward infinity, we say that s is the steady-state vector. If a transition
matrix for a Markov chain is a stochastic matrix with positive terms, then for any
initial probability vector v, there is a unique steady-state vector s. Moreover, if s is
the steady-state vector, then As = s. Finding the steady-state vector is equivalent to
solving the matrix equation
AX = \X

with . = 1. In general, if there is a scalar N and a nonzero vector v such that Av = \v,
then \ is called an eigenvalue for the matrix A and v is an eigenvector corresponding
to the eigenvalue \. In our Markov chain example, the steady-state vector corresponds
to the eigenvalue \ = 1 for the transition matrix A.

In the last decade the growth in the power of modern computers has, quite mirac-
ulously, made it possible to compute the eigenvalues of a matrix with rows and
columns in the billions. Google’s page rank algorithm is essentially a Markov chain
with transition matrix consisting of numerical weights for each site on the World Wide
Web used as a measure of its relative importance within the set. The algorithm was
developed by Larry Page and Sergey Brin, the founders of Google.

For any n x n matrix A, there exists at least one number-vector pair A, v such that
Av = \v (although N may be a complex number). That is, the product of A and v is
a scaling of the vector v. Many applications require finding such number-vector pairs.

Eigenvalues and Eigenvectors

One of the most important problems in linear algebra is the eigenvalue problem. It
can be stated thus: If A is an n x n matrix, does there exist a nonzero vector v such
that Av is a scalar multiple of v?

Eigenvalue and Eigenvector Let A be an n x n matrix. A number X is called
an eigenvalue of A provided that there exists a nonzero vector v in R” such that

Av = \v
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Every nonzero vector satisfying this equation is called an eigenvector of A corre-
sponding to the eigenvalue ).

The zero vector is a trivial solution to the eigenvalue equation for any number
and is not considered as an eigenvector.
As an illustration, let

Observe that

S0 V| = (1) is an eigenvector of A corresponding to the eigenvalue A; = 1. We
also have

1 2 O I e O 1 1

0 -1 -1 | 1| -1
sOVy = [ _i } is another eigenvector of A corresponding to the eigenvalue h, = —1.

In Example 1 we show how to find eigenvalues and eigenvectors for a 2 x 2
matrix.

Let

a. Find the eigenvalues of A.

b. Find the eigenvectors corresponding to each of the eigenvalues found in
part (a).

a. The number \ is an eigenvalue of A if there is a nonzero vector v = [ ;C] }

such that

0 1 z | _ by . . ) y | _ | M
{1 0}{)}]_)\[)}] which is equivalent to [x}_[xy}

This matrix equation is equivalent to the homogeneous linear system
- 4+ y = 0
x — Ny = 0

By Theorem 17 of Sec. 1.6, the linear system has a nontrivial solution if and
only if
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Consequently, \ is an eigenvalue of A if and only if

M —1=0 so that AM=1 and X, =-1
b. For Ny = 1, a vector v = [ ;C) } is an eigenvector if
0 1 x| | x
1 0 y | |y
This yields the linear system

{ =0 with solution set SES { [ g }
x—y=0 t

teR}

t . .
Thus, any vector of the form v, = [ ; }, for ¢ # 0, is an eigenvector corre-
sponding to the eigenvalue h; = 1. In a similar way, we find that any vector
t : : .
of the form v, = [ i }, for ¢t #£ 0, is an eigenvector of A corresponding to

the eigenvalue A, = —1. Specific eigenvectors of A can be found by choosing
any value for ¢ so that neither v; nor v; is the zero vector. For example, letting
t = 1, we know that
1
w=[1]

is an eigenvector corresponding to | = 1 and

o[ 1]

is an eigenvector corresponding to Ay = —1.

Geometric Interpretation of Eigenvalues and Eigenvectors

A nonzero vector v is an eigenvector of a matrix A only when Av is a scaling of

; _41‘ } . Using the techniques just introduced,

the eigenvalues of A are A =2 and Ay =3 with corresponding eigenvectors

the vector v. For example, let A = [

v = [ _i } and v, = [ _; ], respectively. Observe that

e[ 4[4[ 3]
e[ 2] [ 4] 2]

and
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Figure 2

THEOREM 1
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In Fig. 2, we provide sketches of the vectors vy, vy, Avy, and Av; to underscore that
the action of A on each of its eigenvectors is a scaling. Observe that this is not the

1
) } then

1 -1 1 0
w=a ]l 1E]
Eigenspaces

Notice that in Example 1, for each of the eigenvalues there are infinitely many eigen-
vectors. This is the case in general. To show this, let v be an eigenvector of the matrix
A corresponding to the eigenvalue \. If ¢ is any nonzero real number, then

A(cv) = cA(V) = c(hv) = N(cv)

case for an arbitrary vector. For example, if v = [

so c¢v is another eigenvector associated with the eigenvalue \. Notice that all eigen-
vectors corresponding to an eigenvalue are parallel but can have opposite directions.

Building on the procedure used in Example 1, we now describe a general method
for finding eigenvalues and eigenvectors. If A is an n x n matrix, then

Av = \v
for some number X if and only if
Av—>2av =0 that is (A—N)v=Av—2AIv=0

Again by Theorem 17, of Sec. 1.6, this equation has a nontrivial solution if and only
if
det(A—NI)=0

We summarize this result in Theorem 1.

The number \ is an eigenvalue of the matrix A if and only if

det(A—A1)=0

The equation det(A — \1) = 0 is called the characteristic equation of the matrix
A, and the expression det(A — \I) is called the characteristic polynomial of A. If
A is an n X n matrix and ) is an eigenvalue of A, then the set

Vi ={veR"| Av=2\v}

is called the eigenspace of A corresponding to A. Notice that V; is the union of the
set of eigenvectors corresponding to A and the zero vector.

We have already shown that V; is closed under scalar multiplication. Therefore,
to show that V; is a subspace of R", we need to show that it is also closed under
addition. To see this, let u and v be vectors in V,; that is, Au = hu and Av = \v for
a particular eigenvalue \. Then

Au+v)=Au+Av=ru+rv=ru+v)
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Alternatively, the set
Vi={veR'|Av=\}={veR"'|(A—N)v=0}=N(A—2\I)

Since V; is the null space of the matrix A — N/, by Theorem 3 of Sec. 4.2 it is a
subspace of R".

m Find the eigenvalues and corresponding eigenvectors of

2 —12
A:{l _5]

Give a description of the eigenspace corresponding to each eigenvalue.

Solution By Theorem 1 to find the eigenvalues, we solve the characteristic equation

2—2x —12
det(A —\I) = 1 5 ’
=2-M(E5-0) - (D(=12)
=22 +3)\+2
=A+DMr+2)=0
Thus, the eigenvalues are .y = —1 and hp = —2. To find the eigenvectors, we need

to find all nonzero vectors in the null spaces of A — \;/ and A — \,/I. First, for

=1,
2 —12 1 0 3 —12
aomimari=2 2]4[) 0] <[2 2]

The null space of A + [ is found by row-reducing the augmented matrix
3 —-1210 ¢ 1 —410
0 0 0 00

1 —4
The solution set for this linear system is given by S = { { 4; }

t e R}. Choosing

. . 4 . .
t = 1, we obtain the eigenvector v; = [ 1 } Hence, the eigenspace corresponding

to vy =—11s
Vo = {t [ 41‘ } t is any real number}
For h, = -2,
4 —12
e

In a similar way we find that the vector v, = } is an eigenvector corresponding

1
to hp = —2. The corresponding eigenspace is
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(3

The eigenspaces V;, and Vy, are lines in the direction of the eigenvectors [ T }

t is any real number}

and {3

) }, respectively. The images of the eigenspaces, after multiplication by

A, are the same lines, since the direction vectors A [ ‘1‘ } and A [ ’;’ ] are scalar

multiples of [ ‘1‘ } and [ i’ ], respectively.

In Example 3 we illustrate how the eigenspace associated with a single eigenvalue
can have dimension greater than 1.

m Find the eigenvalues of

100 0
01 5 —10
A=11902 o
100 3

and find a basis for each of the corresponding eigenspaces.

Solution The characteristic equation of A is

I—%x 0 0 0
det(A — \I) = (1) 16x 2ix _})0 == DXL —=2)(A—3) =0
1 0 0 3—1x

Thus, the eigenvalues are

)\121 )\.222 and }\323

Since the exponent of the factor X — | is 2, we say that the eigenvalue A; = 1 has
algebraic multiplicity 2. To find the eigenspace for A; = 1, we reduce the matrix

000 0 100 2
00 5 —10 00 1 -2
A = (D =118 G & 000 0
100 2 000 0
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Hence, the eigenspace corresponding to h; = 1 is

0 -2
1 0
Vi=<s 0 +t ) s, teR
0 1
Observe that the two vectors

0 -2

1 0

0 and )

0 1

are linearly independent and hence form a basis for V5. Since dim(V;,) = 2, we
say that A; has geometric multiplicity equal to 2. Alternatively, we can write

0 -2
1 0
Vi, = span 0| 2
0 1
Similarly, the eigenspaces corresponding to A, = 2 and A3 = 3 are, respectively,
0 0
5 .
Vi, = span 1 and Vi; = span

S
—_

In Example 3 the algebraic and geometric multiplicities of each eigenvalue are
equal. This is not the case in general. For example, if

[0

then the characteristic equation is (A — 1)> = 0. Thus, % = 1 has algebraic multiplicity

2. However,
t

so A = | has geometric multiplicity 1.

Although eigenvectors are always nonzero, an eigenvalue can be zero. Also, as
mentioned at the beginning of this section, eigenvalues can be complex numbers.
These cases are illustrated in Example 4.

Find the eigenvalues of

=
Il
c oo
— oo
|
—_
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PROPOSITION 1

DEFINITION 2
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The characteristic equation is

-\ 0 0
dettA—2D=| 0 —x —-1|==22-r=-202+1)=0
0 1 -
Thus, the eigenvalues are A; = 0, \, = i, and A3 = —i. The corresponding eigen-
vectors are
1 0 0
0 1 and 1
0 —i i

A fact that will be useful in the next section has to do with the eigenvalues of a
square triangular matrix. For example, let

2 4
e[z 4]
Since det(A — n1) = 0 if and only if (2 — X\)(—3 — 1) = 0, we see that the eigenval-

ues of A are precisely the diagonal entries of A. In general, we have the following
result.

The eigenvalues of an n x n triangular matrix are the numbers on the diagonal.

Proof Let A be an n x n triangular matrix. By Theorem 13 of Sec. 1.6, the
characteristic polynomial is given by

det(A —NI) = (a11 — M(a2 — N) -+~ (@ — )
Hence, det(A — N1) =0 ifand only if Ay = aj;, Mo = a2, ..., My = Q-

Eigenvalues and Eigenvectors of Linear Operators

The definitions of eigenvalues and eigenvectors can be extended to linear operators.

Eigenvalue and Eigenvector of a Linear Operator Let V be a vector space
and 7:V — V be a linear operator. A number \ is an eigenvalue of 7 provided
that there is a nonzero vector v in V such that 7'(v) = Av. Every nonzero vector that
satisfies this equation is an eigenvector of 7' corresponding to the eigenvalue \.

As an illustration define T: P, — P, by
T(ax2+bx+c) = (—a—i—b—i—c)x2 +(=b—2c)x —2b—c¢
Observe that

T(—x>4+x+1)=3x2=3x—-3=-3(-x>4x+1)
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so p(x) = —x2+x+1 is an eigenvector of T corresponding to the eigenvalue
r=-3.
Example 5 is from ordinary differential equations.

m Interpret the solutions to the equation
[0 =kf(x)

as an eigenvalue problem of a linear operator.

Solution Let D denote the collection of all real-valued functions of one variable that have
derivatives of all orders. Examples of such functions are polynomials, the trigono-
metric functions sin(x) and cos(x), and the natural exponential function ¢* on R.
Define a linear operator 7: D —> D by

T(f(x) = f'(x)

Then ) is an eigenvalue of 7 if there is a function f(x), not identically zero, such
that T(f(x)) = N f(x). That is, f(x) satisfies the differential equation

F(x) =nfx)
Nonzero solutions to this differential equation are eigenvectors of the operator 7,
called eigenfunctions, corresponding to the eigenvalue h. The general solution to
this equation is given by
f(x) = ke™
where k is an arbitrary constant. This class of functions is a model for exponential
growth and decay with extensive applications.

Fact Summary

Let A be an n X n matrix.

1. The number X\ is an eigenvalue of A if and only if det(A — \I) = 0.
2. The expression det(A — /) is a polynomial of degree n.

3. If X is an eigenvalue of A and c is a nonzero scalar, then ¢ is another
eigenvalue of A.

4. If ) is an eigenvalue of A, then the eigenspace
Vi, ={veR"| Av = \v}

is a subspace of R".
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5. The eigenspace corresponding to A is the null space of the matrix A — N\ 1.

6. The eigenvalues of a square triangular matrix are the diagonal entries.

Exercise Set 5.1

In Exercises 1-6, a matrix A and an eigenvector v are
given. Find the corresponding eigenvalue directly by

solving Av = \v.

30
1.A_[1 3
-1
2.A=[ 0
[ -3

3. A= —1
| -3

1 0

4. A=1| 3 2
13 0

_4

3

V= 1
4

1 0

0 1

5. A= 11
0 1

| [

2 3
-2 1 V=
2 3
1
0
-1
1 1
0 0
0 0
0 1
1 1
-1 0 —
1 0 1
-1 -1 0

In Exercises 7—16, a matrix A is given.

10.

11.

12.

13.

14.

15.

a. Find the characteristic equation for A.
b. Find the eigenvalues of A.

c. Find the eigenvectors corresponding to each

d. Verify the result of part (c) by showing that

eigenvalue.
AViZ)\.l'V,'.
[ —2 2
A__ 3 —3]
[ -2 —1
a=| 7 _2]
1 -2
a=ly 7]
2
[0 2]
-1 0 1
A= 0 1 0
| 0 2 -1
[0 2 0]
A=|0 -1 1
| 0 0 1 |
(2 1 2]
A=1|0 2 -1
| 0 1 0 |
i 1 1
A= 1 0
| 0 0 1
[ —1 0 0
0 2 0
A=1 00 =2
| 0 0 0

O OO
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.
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32 3 —1
01 2 1

A=10 0 2
00 0 —1

Show that if A2 + b\ + ¢ is the characteristic
polynomial of the 2 x 2 matrix A, then

b = —tr(A) and ¢ = det(A).

Let A be an invertible matrix. Show that if '\ is
an eigenvalue of A, then 1/\ is an eigenvalue of
AL

Let A be an n x n matrix. Show that A is not

invertible if and only if X = 0 is an eigenvalue
of A.

Let V be a vector space with dim(V) = n and
T: V. — V a linear operator. If X is an
eigenvalue of 7" with geometric multiplicity n,
then show that every nonzero vector of V is an
eigenvector.

Let A be an idempotent matrix. Show that if \ is
an eigenvalue of A, then A =0 or A = 1.

Show that A and A’ have the same eigenvalues.
Give an example to show A and A’ can have
different eigenvectors.

Show that if there is a positive integer n such that
A" =0, then X = 0 is the only eigenvalue of A.

1 0
0 -1

T: Myyr — My, by
T(B) = AB — BA

Let A = [ ] . Define an operator

a. Show that e = [ g (1) is an eigenvector
corresponding to the eigenvalue \ = 2.
b. Show that f = [ (1) 8 ] is an eigenvector

corresponding to the eigenvalue A = —2.

Let A and B be n x n matrices with A invertible.
Show that AB and B A have the same eigenvalues.

Show that no such matrices A and B exist such
that
AB—-BA=1

27.

28.

29.

30.

31.

32.

33.

34.

Show that the eigenvalues of a square triangular
matrix are the diagonal entries of the matrix.

Let X be an eigenvalue of A. Use mathematical
induction to show that for all n in the set of all
natural numbers N, if \ is an eigenvalue of A,
then \" is an eigenvalue of A”. What can be said
about corresponding eigenvectors?

Let C = B~'AB. Show that if v is an eigenvector
of C corresponding to the eigenvalue A, then Bv
is an eigenvector of A corresponding to .

Let A be an n x n matrix and suppose Vi, ...,V
are eigenvectors of A. If S = span{vy,...,v,},
show that if v € §, then Av € §S.

Let T: R*> — R? be the linear operator that
reflects a vector through the x axis. Find the
eigenvalues and corresponding eigenvectors for 7.

Define a linear operator T: R*> — R? by

r[ 3=

Show that the only eigenvalues of T are A = +1.
Find the corresponding eigenvectors.

Define a linear operator T: R*> — R? by

Y= cos —sinf X
y | | sin®  cos6 y

That is, the action of T is a counterclockwise

rotation of a vector by a nonnegative angle 6.
Argue that if 6 # 0, t, then T has no real
eigenvalues; if 6 = 0, then A = 1 is an eigenvalue;
and if 6 = m, then A = —1 is an eigenvalue.

Let D denote the function space of all real-valued
functions that have two derivatives, and define a
linear operator 7 on D by

T(f)y=f"=2f -3f

a. Show that for each k, the function f(x) = e&*
is an eigenfunction for the operator 7.

b. Find the corresponding eigenvalues for each

eigenfunction f(x) = e*.
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c. Find two nonzero functions f such that a. Find the matrix representation for 7T relative to

f(x) =2f'(x) =3f(x) =0

the basis B.
b. Find the matrix representation for 7 relative to

35. Define a linear operator 7: P, — P, by the basis B’.

T(ax* + bx +¢) = (a — b)x> + cx c. Show that the eigenvalues for the matrices

found in parts (a) and (b) are the same.

Define two ordered bases for P, by
B={x—1,x+1,x*}and B’ = {x +1, 1, x?}.

5.2

Diagonalization

Many applications of linear algebra involve factoring a matrix and writing it as the
product of other matrices with special properties. For example, in Sec. 1.7, we saw
how the LU factorization of a matrix can be used to develop efficient algorithms for
solving a linear system with multiple input vectors. In this section, we determine if a
matrix A has a factorization of the form

A=pPDpP!

where P is an invertible matrix and D is a diagonal matrix. The ideas presented here
build on the concept of similarity of matrices, which we discussed in Sec. 4.5. Recall
that if A and B are n x n matrices, then A is similar to B if there exists an invertible
matrix P such that

B=P AP
If B is a diagonal matrix, then the matrix A is called diagonalizable. Observe that if
D is a diagonal matrix, then A is diagonalizable if either

D=P AP or A = pDP!

for some invertible matrix P. One of the immediate benefits of diagonalizing a matrix
A is realized when computing powers of A. This is often necessary when one is solving
systems of differential equations. To see this, suppose that A is diagonalizable with

A=pPDpP!

Then
A’ =xpP YPDP YHY=PDP 'P)DP ' = pD?’P!

Continuing in this way (see Exercise 27), we see that
A* = pprFp~!

for any positive whole number k. Since D is a diagonal matrix, the entries of D* are
simply the diagonal entries of D raised to the k power.

As we shall soon see, diagonalization of a matrix A depends on the number of
linearly independent eigenvectors, and fails when A is deficient in this way. We note
that a connection does not exist between a matrix being diagonalizable and the matrix
having an inverse. A square matrix has an inverse if and only if the matrix has only
nonzero eigenvalues (see Exercise 19 of Sec. 5.1).
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Solution

THEOREM 2

Let
(1 2 0 ]
A= 2 1 0
| 0 0 =3 |
Show that A is diagonalizable with
[ 1 1 0]
P=| -1 1 0
| 0 0 1 |
The inverse matrix is given by
1 1
| A
i _ || @
0 0 1
so that
-1 0 0
plap=| 03 0
0 0 -3

Therefore, the matrix A is diagonalizable.

The diagonal entries of the matrix P~'4P, in Example 1, are the eigenvalues of
the matrix A, and the column vectors of P are the corresponding eigenvectors. For
example, the product of A and the first column vector of P is given by

1 I 2 0 1 1
Al =1 | =12 1 0 -1 | =-1] =1
0 0 0 -3 0 0

Similarly, the second and third diagonal entries of P~'AP are the eigenvalues of A
with corresponding eigenvectors the second and third column vectors of P, respec-
tively. With Theorem 2 this idea is extended to n x n matrices.

An n x n matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors. Moreover, if D = P! AP, with D a diagonal matrix, then the diag-
onal entries of D are the eigenvalues of A and the column vectors of P are the
corresponding eigenvectors.

Proof First suppose that A has n linearly independent -eigenvectors
V1, V2,...,Vy, corresponding to the eigenvalues A\i, Ao, ..., \,. Note that the
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eigenvalues may not all be distinct. Let

P11 P12 Plin

P21 P22 P2n
V| = : V) = . vV, = .

Pni Pn2 Pnn

and define the n x n matrix P so that the ith column vector is v;. Since the column
vectors of P are linearly independent, by Theorem 9 of Sec. 2.3 the matrix P is
invertible. Next, since the ith column vector of the product AP is

APi = AVi = )\,,‘Vi

we have

[ Mipi Mpiz oo AP

Mp2at Mp2 .. MgpPon
AP = . . .

>\1pn1 )\anz )\npnn

[ P11 P12 ... Pun M0 .. 0
P2t P2 .- Pu 0 » ... 0

L Pnl Pn2 --- Pnn 0 0 oo >\n

=PD

where D is a diagonal matrix with diagonal entries the eigenvalues of A. So
AP = PD and multiplying both sides on the left by P~! gives
P 'AP=D

The matrix A is similar to a diagonal matrix and is therefore diagonalizable.
Conversely, suppose that A is diagonalizable, that is, a diagonal matrix D and
an invertible matrix P exist such that

D=P'AP

As above, denote the column vectors of the matrix P by vy, vy, ...,V, and the
diagonal entries of D by hi, A2, ..., \,. Since AP = PD, foreachi =1,...,n,
we have

AV,’ = )\,’V,’
Hence, vy, va, ..., v, are eigenvectors of A. Since P is invertible, then by Theorem
9 of Sec. 2.3 the vectors vy, v, ..., V, are linearly independent.

Use Theorem 2 to diagonalize the matrix

1 0 0
A=]6 -2 0
7 —4 2
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Solution Since A is a triangular matrix, by Proposition 1 of Sec. 5.1, the eigenvalues of the
matrix A are the diagonal entries

)\121 )\,22—2 and )\.322

The corresponding eigenvectors, which are linearly independent, are given, respec-

tively, by
1 0 0
vi=| 2 vy = | 1 and vz=| 0
1 1
Therefore, by Theorem 2, D = P~ 'AP, where
1 0 0 1 0 0
D=|0 -2 0 and P=(2 1 0
0 0 2 I 1 1

To verify that D = P~'AP, we can avoid finding P~! by showing that

PD=AP
In this case,
1 0 0 1 0 0 1 0 0]
PD=|2 1 0 0 2 0|=|2 -2 0
I 1 1 0 0 2 | 1§22y
1 0 0] 1 0 0
=16 =2 0 2 1 0
| 7 Ay 1 1 1
= AP
0 1 1 -1 1 0
A=1|1 0 1 and B = 0 —1 1
1 1 0 0 0 2

Show that A is diagonalizable but that B is not diagonalizable.

Solution To find the eigenvalues of A, we solve the characteristic equation

-\ 1 1
det(A — \1) = det 1 —x 1
1 I —x

=-+1D*2=-2)=0

Thus, the eigenvalues of A are A\; = —1, with algebraic multiplicity 2, and A, = 2,
with algebraic multiplicity 1. To find the eigenvectors, we find the null space of
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A — NI for each eigenvalue. For h; = —1 we reduce the matrix
I 1 1
to 0 0 0
0 0 0
Hence,
—1 —1
N(A+I) = span 1|, 0

In a similar manner we find

N(A —2]) = span 1
1

—1 —1 1
Since the three vectors 1 |, 0 |, and | 1 | are linearly independent,
0 1 1

by Theorem 2 the matrix A is diagonalizable.
Using the same approach, we find that B has the same characteristic polynomial
and hence the same eigenvalues. However, in this case

1 1
N(B + I) = span 0 and N(B —2I) = span 3
0 9

Since B does not have three linearly independent eigenvectors, by Theorem 2, B
is not diagonalizable.

The matrix P that diagonalizes an n x n matrix A is not unique. For example, if
the columns of P are permuted, then the resulting matrix also diagonalizes A. As an
illustration, the matrix A of Example 3 is diagonalized by

-1 -1 1 -1 0 0
P= 1 0 1 with P'AP = 0 -1 0
0 1 1 0 0 2

However, if Q is the matrix obtained from interchanging columns 2 and 3 of P, then
Q also diagonalizes A, with

-1 0 0
0 'AQ = 02 0
0 0 —1

Notice, in this case, that the second and third diagonal entries are also interchanged.
Theorem 3 gives sufficient conditions for a matrix to be diagonalizable.
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THEOREM 3

Let A be an n x n matrix, and let Ay, N\, ..., N\, be distinct eigenvalues with
corresponding eigenvectors vy, vz, ..., V,. Then the set {v|, v, ..., v,} is linearly
independent.

Proof The proof is by contradiction. Assume that A, A2, ..., \, are distinct
eigenvalues of A with corresponding eigenvectors vy, va, ..., v,, and assume that
the set of eigenvectors is linearly dependent. Then by Theorem 5 of Sec. 2.3,
at least one of the vectors can be written as a linear combination of the others.
Moreover, the eigenvectors can be reordered so that vy, vy, ..., v,, with m < n,
are linearly independent, but vy, vy, ..., V,,4 are linearly dependent with v, a
nontrivial linear combination of the first m vectors. Therefore, there are scalars
Cl,...,Cm, not all 0, such that

V4l = C1VL + -+ + CuVim

This is the statement that will result in a contradiction. We multiply the last equation
by A to obtain

Avm+1 - A(CIVI + -+ Cme)
=clA(vV) + -+ cnA(Vy)

Further, since v; is an eigenvector corresponding to the eigenvalue );, then Av; =
\;V;, and after substitution in the previous equation, we have

Mn+1Vm+1 = CIM VL + -+ Cnhm Vi
Now multiplying both sides of v,,41 = c1vi 4+ -+ 4+ ¢ Vin bY Nppt1, We also have
Mnt1Vmt1 = Crhp1Vi + -+ Cnhng1Vim
By equating the last two expressions for A, 1V,;+1 we obtain
CIN VL + o+ Gy Vi = ClA g1V + -+ Cnhmt1 Vi
or equivalently,
1M = M DVE+ -+ O — Mnt 1)V = 0

Since the vectors vy, vy, ..., Vv, are linearly independent, the only solution to the
previous equation is the trivial solution, that is,

Cl()‘-l - )‘-m+l) =0 CZ()‘Q - )‘-m+l) =0 cee Cm()‘-m - )\-m+1) =0
Since all the eigenvalues are distinct, we have

)\l_xm+17£0 )\2_)\m+1750 )\m_)\m+17£0
and consequently
c1=0 =0 cn =0
This contradicts the assumption that the nonzero vector v, is a nontrivial linear
combination of v{, V2, ..., V,,.
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COROLLARY 1 If A is an n x n matrix with n distinct eigenvalues, then A is diagonalizable.

m Show that every 2 x 2 real symmetric matrix is diagonalizable.

Solution Recall that the matrix A is symmetric if and only if A = A’. Every 2 x 2 symmetric
matrix has the form

a b
=[5 4]
See Example 5 of Sec. 1.3. The eigenvalues are found by solving the characteristic
equation
i a— \ b __ a2 2 _
det(A —\I) = b d_)\‘_)»—(a—i-d))\—i-ad—b =0

By the quadratic formula, the eigenvalues are

x_a+d:t (a — d)? + 4b?

Since the discriminant (a — d)? 4+ 4b> > 0, the characteristic equation has either one
or two real roots. If (@ — d)? + 4b*> = 0, then (a — d)*> = 0 and b*> = 0, which holds
if and only if a=d and b =0. Hence, the matrix A is diagonal. If
(a —d)*> +4b> > 0, then A has two distinct eigenvalues; so by Corollary 1, the
matrix A is diagonalizable.

By Theorem 2, if A is diagonalizable, then A is similar to a diagonal matrix
whose eigenvalues are the same as the eigenvalues of A. In Theorem 4 we show that
the same can be said about any two similar matrices.

THEOREM 4 Let A and B be similar n x n matrices. Then A and B have the same eigenvalues.

Proof Since A and B are similar matrices, there is an invertible matrix P such
that B = P~'AP. Now
det(B —\I) = det(P~'AP — 1)
=det(P~Y(AP — P(ND)))
= det(P"Y(AP — NI P))
=det(P~'(A = ND)P)
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Solution

COROLLARY 2

Applying Theorem 15 and Corollary 1 of Sec. 1.6, we have

det(B — W) = det(P~ 1) det(A — 1) det(P)
= det(P~") det(P) det(A — \I)
= det(A — \I)

Since the characteristic polynomials of A and B are the same, their eigenvalues
are equal.

Let

1 2 1 1
A={03} and P={12]

Verify that the matrices A and B = P~' AP have the same eigenvalues.

The characteristic equation for A is
dettA—2)=1-MN3B-N=0

so the eigenvalues of A are A = 1 and X\, = 3. Since

serar=[ 2 (3 2[4 4]0 4]

the characteristic equation for B is
det(tB—n)=(1—-7NB—-—n)=0

and hence, the eigenvalues of B are also Ay = 1 and X\, = 3.

In Sec. 4.5, we saw that a linear operator on a finite dimensional vector space
can have different matrix representations depending on the basis used to construct the
matrix. However, in every case the action of the linear operator on a vector remains
the same. These matrix representations also have the same eigenvalues.

Let V be a finite dimensional vector space, 7: V — V a linear operator, and B
and B; ordered bases for V. Then [T]p, and [T]p, have the same eigenvalues.

Proof Let P be the transition matrix from B; to By. Then by Theorem 15 of
Sec. 4.5, P is invertible and [T]5, = P~![T]p, P. Therefore, by Theorem 4, [T]3,
and [T']p, have the same eigenvalues.
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Recall that in Example 3, the characteristic polynomial for A and B is
—(n 4 1?(n —2). For the matrix A the eigenspaces corresponding to hj = —1
and \, = 2 are

-1 -1 1
Vi, = span 11, 0 and Vi, = span 1
0 1 1
whereas the eigenspaces for B are
1 1
Vi, = span 0 and Vi, = span 3
0 9

Notice that for the matrix A, we have dim(Vy,) =2 and dim(V;,) = 1, which,
respectively, are equal to the corresponding algebraic multiplicities in the charac-
teristic polynomial. This is not the case for the matrix B, since dim(V;,) =1 and
the corresponding algebraic multiplicity is 2. Moreover, for A, we have dim(V;,) +
dim(Vy,) =3 =n.

The general result describing this situation is given, without proof, in Theorem 5.

Let A be an n x n matrix, and suppose that the characteristic polynomial is
c(x = AU (x — W)® -+ (x — np)%. The matrix A is diagonalizable if and only if
d; = dim(Vj,), foreachi =1,...,n, and

dy +dy + -+ dp = dim(Vy,)) + dim(V;,) + - - +dim(Vy,) =n

To summarize Theorem 5, an n x n matrix A is diagonalizable if and only if the
algebraic multiplicity for each eigenvalue is equal to the dimension of the correspond-
ing eigenspace, which is the corresponding geometric multiplicity, and the common
sum of these multiplicities is 7.

Diagonalizable Linear Operators

In Theorem 12 of Sec. 4.4, we established that every linear operator on a finite
dimensional vector space has a matrix representation. The particular matrix for the
operator depends on the ordered basis used. From Corollary 2, we know that all
matrix representations for a given linear operator are similar. This allows us to make
the following definition.

Diagonalizable Linear Operator Let V be a finite dimensional vector space
and T: V — V a linear operator. The operator 7 is called diagonalizable if there
is a basis B for V such that the matrix for T relative to B is a diagonal matrix.
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Now suppose that V is a vector space of dimension n, T: V — V a linear
operator, and B = {v, v, ..., V,} a basis for V consisting of n eigenvectors. Then

[T]z = T(vy) T(v2) e | T(vy)
B B B

Since for each i = 1, ..., n the vector v; is an eigenvector, then 7 (v;) = \;V;, where
\; is the corresponding eigenvalue. Since for each i, the basis vector v; can be written
uniquely as a linear combination of vy, ..., Vv,, we have

Vi=0vi+ -4+ 0vi 1 +V; +0vigg + -+ 0v,
Then the coordinate vector of T'(v;) relative to B is

0

S e

[T(vi)]p =

z

0
Therefore, [T]p is a diagonal matrix. Alternatively, we can say that 7' is diagonalizable
if there is a basis for V consisting of eigenvectors of 7. As an illustration, define the

linear operator T: R?> — R? by

{HIRES
oo[1] e ee[t]

are eigenvectors of 7' with corresponding eigenvalues h; = 2 and A, = 1, respectively.
Let B = {vy, v»}, so that

Observe that

(71 =T O0la (70201 = | ] |

is a diagonal matrix.

In practice it is not always so easy to determine the eigenvalues and eigenvectors
of T. However, if B is any basis for V such that [T]p is diagonalizable with diagonal-
izing matrix P, then T is diagonalizable. That is, if B’ is the basis consisting of the
column vectors of P, then [T]y = P~ '[T]gP is a diagonal matrix. This procedure
is illustrated in Example 6.
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m Define the linear operator T: R? —> R3 by

X1 3x1 — xp + 2x3
T X2 = 2x1 + 2x3
X3 X1 + 3x2

Show that T' is diagonalizable.

Solution Let B = {e;, e, e3} be the standard basis for R3. Then the matrix for 7' relative to

B is
3 -1 2
[Tlg=| 2 0 2
1 30
Observe that the eigenvalues of [T']p are Ay = —2, A = 4, and h3 = | with cor-
responding eigenvectors, respectively,
1 1 -5
V| = 1 vy = | 1 and V3 = 4
-2 1 7
Now let B’ = {vi, v, v3} and
1 1 -5
P = 1 1 4
-2 1 7
Then
1—14—3 3 -1 2 1 1 =5 -2 0 0
[T]g = = 51 3 2 0 2 1 1 4 | = 0 4 0
111 o1 30|21 7 00 1

Fact Summary

Let A be an n X n matrix.

1. If A is diagonalizable, then A = PDP~! or equivalently D = P~'AP. The
matrix D is a diagonal matrix with diagonal entries the eigenvalues of A.
The matrix P is invertible whose column vectors are the corresponding
eigenvectors.

2. If A is diagonalizable, then the diagonalizing matrix P is not unique. If the
columns of P are permuted, then the diagonal entries of D are permuted in
the same way.

3. The matrix A is diagonalizable if and only if A has n linearly independent
eigenvectors.

4. If A has n distinct eigenvalues, then A is diagonalizable.
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Exercise Set 5.2

5. Every 2 x 2 real symmetric matrix is diagonalizable and has real
eigenvalues.

6. Similar matrices have the same eigenvalues.

7. If A is diagonalizable, then the algebraic multiplicity for each eigenvalue is
equal to the dimension of the corresponding eigenspace (the geometric
multiplicity). The common sum of these multiplicities is rn.

8. Let T: V. — V be a linear operator on a finite dimensional vector
space V. If V has an ordered basis B consisting of eigenvectors of 7, then
[T]p is a diagonal matrix.

9. Let T: V — V be a linear operator and B; and B, ordered bases for V.
Then [T]p, and [T']p, have the same eigenvalues.

In Exercises 1—4, show that A is diagonalizable, using [ —1 1]
the matrix P. A= 0 -2
1 0 -2 0 - 1
1. A= P = -2 =3
| =2 =3 | [ 1 1] 6. A= 2 2|
-1 1 _ ,
2. A= —1 =1
| =3 =5 | 7. A= 0 -1 |
1 —
P= [ =3 2]
| 3 ] 8. A=| 5 7]
(1 0 0 i
3.A=|2 -2 0 9. A— 0 1 }
|0 20 | 0 1
[0 o 2 2 2
P=]0 -1 % 104 = -2 =2 }
112 _
] ) 2 20
-1 22 1. A=|2 2 2 ]
4. A = 0 0 0 3
2 -1 2 )
' - [ -1 3 2
1 -2 -2 12.4=| -1 2 3
P=]10 —4 0 1 2 3
2 1 1] -
In Exercises 5—18, find the eigenvalues, and if 2
. ; 13. A= 2 -1 -
necessary the corresponding eigenvectors, of A and -1 ]
determine whether A is diagonalizable. L



14. A=

15. A=

16. A =

18. A=

In Exercises 19—-26, diagonalize the matrix A.

19. A=

20. A=

21. A=

22. A=

23. A=

24. A=

25. A =

—_o =, O O = O

S = O =

|
—_— O

—_—— O O

—_o O O

2
—1
-2 1

I 2
1 0
0 -2
I =2
0 -1
0o 2
0 0
-1 0
-1 1

0 0
1 0
0 0
0 -1
1 0
0 1
1 0
0 0

—_ 0 = O

OO = O

0

(= e

—_——0 O O = O

—_—

—_—O O

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
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1 0 1 1
01 0 0
A=11 111
1 1 1 1
Suppose A is diagonalizable with D = P~1AP,

Show that for any positive integer &,

A* = ppfp~!

3]

Factor A in the form A = PDP~!, where D is a
diagonal matrix. Then find AS. See Exercise 27.

Let

Let
3 -1 =2
A= | 2 0o -2
2 -1 -1

Factor A in the form A = PDP~!, where D is a
diagonal matrix. Then find A*, for any positive
integer k. See Exercise 27.

Suppose A is an n x n matrix that is diagonalized
by P. Find a matrix that diagonalizes A’.

Suppose A is an n x n matrix that is diago-
nalizable. Show that if B is a matrix similar to A,
then B is diagonalizable.

Show that if A is invertible and diagonalizable,
then A~! is diagonalizable. Find a 2 x 2 matrix
that is not a diagonal matrix, is not invertible, but
is diagonalizable.

Suppose A is an n x n matrix and A\ is an
eigenvalue of multiplicity n. Show that A is
diagonalizable if and only if A = A1

An n x n matrix A is called nilpotent if there is a
positive integer k such that A¥ = 0. Show that a
nonzero nilpotent matrix is not diagonalizable.

Define a linear operator T: P, — P, by
T(p(x)) = p'(x)

a. Find the matrix A for T relative to the
standard basis {1, x, xz}.
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b. Find the matrix B for T relative to the basis Show that T is not diagonalizable.

1 42
b, l,x‘ J 38. Define a linear operator 7: R* — R by
c. Show the eigenvalues of A and B are the same.

d. Explain why 7 is not diagonalizable. T 2 _ 32 i;ii 132
36. Define a vector space V = span{sinx, cosx} and X3 4x3

a linear operator T: V. — V by T(f(x)) = f'(x).

S . Show that T is diagonalizable.
Show that 7' is diagonalizable.

39. Let T be a linear operator on a finite dimensional

: . 3 3
37. Define a linear operator T: R* — R” by vector space, A the matrix for 7 relative to a

X1 2x1 4+ 2x2 + 2x3 basis Bj, and B the matrix for 7T relative to a
T X2 = | —x14+2x+x3 basis B,. Show that A is diagonalizable if and
X3 X1 — X only if B is diagonalizable.

5.3 » Application: Systems of Linear Differential
Equations

In Sec. 3.5 we considered only a single differential equation where the solution
involved a single function. However, in many modeling applications, an equation
that involves the derivatives of only one function is not sufficient. It is more likely
that the rate of change of a variable quantity will be linked to other functions outside
itself. This is the fundamental idea behind the notion of a dynamical system. One of
the most familiar examples of this is the predator-prey model. For example, suppose
we wish to create a model to predict the number of foxes and rabbits in some habitat.
The growth rate of the foxes is dependent on not only the number of foxes but also the
number of rabbits in their territory. Likewise, the growth rate of the rabbit population
in part is dependent on their current number, but is obviously mitigated by the number
of foxes in their midst. The mathematical model required to describe this relationship
is a system of differential equations of the form

i@ = f, y,y)
y5(t) =gt y1.y2)

In this section we consider systems of linear differential equations. Problems such as
predator-prey problems involve systems of nonlinear differential equations.

Uncoupled Systems
At the beginning of Sec. 3.5 we saw that the differential equation given by
Y =ay

has the solution y(t) = Ce“, where C = y(0). An extension of this to two dimensions
is the system of differential equations

yi =ay
v, =bn
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where a and b are constants and y; and y; are functions of a common variable ¢. This
system is called uncoupled since y| and y} depend only on y; and y,, respectively.
The general solution of the system is found by solving each equation separately and
is given by

yit)y =Cie” and  y(t) = Cre”

where C; = y1(0) and C; = y,(0).
The previous system of two differential equations can also be written in matrix
form. To do this, define

, ¥ a 0 i
=] aslin] e =[]

Then the uncoupled system above is equivalent to the matrix equation
Y = Ay

The matrix form of the solution is given by

at

¥() = { ‘0 } ¥(0)

where y(0) = [ 228; }

As an illustration, consider the system of differential equations

yio=-n

yy = 2»
In matrix form the system is written as

;o | -1 0
y =A4y= { 0o 2 |Y

The solution to the system is

et 0

y= { 0 o }y(o)
that is,
@ =y and () = y2(0)e”

The Phase Plane

In the case of a single differential equation, it is possible to sketch particular solutions
in the plane to see explicitly how y(¢) depends on the independent variable . However,
for a system of two differential equations, the solutions are vectors which depend on
a common parameter ¢, which is usually time. A particular solution can be viewed as
a parameterized curve or trajectory in the plane, called the phase plane. Shown in
Fig. 1 are trajectories for several particular solutions of the system

Yio=-n
Y, = 2»m



302

Chapter 5 Eigenvalues and Eigenvectors

Figure 1

The vectors shown in Fig. 1 comprise the direction field for the system and
describe the motion along a trajectory for increasing ¢. This sketch is called the phase
portrait for the system. Phase portraits are usually drawn without the direction field.
We have done so here to give a more complete picture of the system and its solutions.

Diagonalization

In the previous example, the matrix A is diagonal, as this is the case for any uncoupled
system of differential equations. We now consider more general systems of the form

y = Ay

for which A is not a diagonal matrix, but is diagonalizable with real distinct eigen-
values. To solve problems of this type, our strategy is to reduce the system y’ = Ay
to one that is uncoupled.

To develop this idea, let A be a 2 x 2 diagonalizable matrix with distinct real
eigenvalues. Consider the system of differential equations given by

y = Ay

Since A is diagonalizable, then by Theorem 2 of Sec. 5.2 there is a diagonal matrix
D and an invertible matrix P such that

D =P AP
The diagonal matrix D is given by
| x0
o5 ]

where A; and X, are the eigenvalues of A. The column vectors of P are the corre-
sponding eigenvectors. To uncouple the system y’ = Ay, let

W= P_ly
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Differentiating both sides of the last equation gives
w =Py =Py
= P_lAy
=P Y (PDP Hy= (P 'P)(DP Dy
=DPly
= Dw

Since D is a diagonal matrix, the original linear system y’ = Ay is transformed into
the uncoupled linear system

w = P 'APw = Dw
The general solution of this new system is given by

et! 0

W(t) = 0 e}\zt

w(0)

Now, to find the solution to the original system, we again use the substitution w =
P~y to obtain
_ [ et 0] _
Py =1| " | PTYO)
Hence, the solution to the original system is

it
¥() =P [ o o ] Py(0)

m Find the general solution to the system of differential equations
i =
y, = 3y1+2»
Sketch several trajectories in the phase plane.
Solution The differential equation is given in matrix form by
-1 0
= = { 3 9 ]y

After solving the characteristic equation det(A — A1) = 0, we know that the eigen-
values of A are A; = —1 and X, = 2 with corresponding eigenvectors

o[ 4] mae[t]

Hence, the matrix P which diagonalizes A (see Theorem 2 of Sec. 5.2) is

[ 1o : o [1 0
p=[ V] v pr=[) 9]
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The related uncoupled system is then given by

whose general solution is
e’ 0
w(r) = [ 0 o ] w(0)

Hence, the solution to the original system is given by

1 0 -0 1 0
y<t>={_1 1Heo ez,Hl 1]ym)

e’ 0
= [ —et o2t o2 ]y(O)
The general solution can also be written in the form
@O =y©e" and  y) = -y 0 + [y1(0) + y(0)]
The phase portrait is shown in Fig. 2. The signs of the eigenvalues and the

direction of the corresponding eigenvectors help to provide qualitative information
about the trajectories in the phase portrait. In particular, notice in Fig. 2 that along

the line spanned by the eigenvector v; = 1 ] the flow is directed toward the
origin. This is so because the sign of \; = —1 is negative. On the other hand, flow
along the line spanned by v, = (l) is away from the origin, since in this case

Ny = 2 is positive.
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In Example 2 we describe the solution for a system when the eigenvalues have

the same sign.

Find the general solution to the system of differential equations

yI =y+3»
y, = 2y,

The system of differential equations is given in matrix form by
1 3
=y = [ 0 2 } y

The eigenvalues of A are A; = 1 and A, = 2 with corresponding eigenvectors

o3 m we[l]

The matrix that diagonalizes A is then

13 : 4 DI
P‘[01] with P _[ ]

The uncoupled system is given by

with general solution
e 0
w(r) = [ 0 o ]W(O)

Hence, the solution to the original system is given by

1 3 0 1 -3
y(r)=[0 1“80 ethO 1]y(O)

el —3e¢' 4 3%
= |: 0 eZt :|Y(O)

The general solution can also be written in the form

y1(@) = [y1(0) = 3y2(0)] ' +3y2(0)e*  and ¥ (1) = y2(0)e*
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The phase portrait is shown in Fig. 3. For this example, since \; and X, are both

positive, the flow is oriented outward along the lines spanned by v; and vj.
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The process described for solving a system of two equations can be extended to
higher dimensions provided that the matrix A of the system is diagonalizable.

Find the general solution to the system of differential equations

y{ = =i
Y, = 2y1+»m
Y5 = 4yi+y+2y3

The system of differential equations in matrix form is

-1 0 0
y = Ay = 21 0|y
4 1 2
Since A is triangular, the eigenvalues of A are the diagonal entries Ay = —1, Ay = 1,
and X3 = 2 with corresponding eigenvectors
—1 0 0
Vi = 1 g = 1 and vz= | 0
1 -1 2

respectively. Since A is a 3 x 3 matrix with three distinct eigenvalues, by Corollary
1 of Sec. 5.2, A is diagonalizable. Now, by Theorem 2 of Sec. 5.2, the diagonalizing
matrix is given by

Pl=

12 = with

—_— O
N OO
= —_— O
ST e il )
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The related uncoupled system then becomes

[ -1 0 0 -1 0 0 —1 0 0
w = 1 1 0 2 1 0 1 1 0 (w
11
- - 4 1 2 1 -1 2
[ -1 0 0
= 01 0w
| 0 0 2
with general solution
e’ 0 0
w(t) = 0 ¢ 0 | w0
0 0 ¥
Hence, the solution to the original system is given by
(-1 0 0 e’ 0 0 -1 0 0
y(@) = 1 1 0 0 ¢ 0 I 0 [y(0)
I -1 2 0 0 & 5 5
[ e! 0 0
- —e! + e e’ 0 |y
—e ! _et+262t _et+621 621

The general solution can also be written in the form

yi@®) =y1(0e™  yat) = =y1(0)e”" + [y1(0) + y2(0)]¢"  and
y3(t) = —y1(0)e™" — [y1(0) + y2(0)]e’ + [2y1(0) + y2(0) + y3(0)]e*.

Example 4 gives an illustration of how a linear system of differential equations
can be used to model the concentration of salt in two interconnected tanks.

Suppose that two brine storage tanks are connected with two pipes used to exchange
solutions between them. The first pipe allows water from tank 1 to enter tank 2 at
a rate of 5 gal/min. The second pipe reverses the process allowing water to flow
from tank 2 to tank 1, also at a rate of 5 gal/min. Initially, the first tank contains
a well-mixed solution of 8 Ib of salt in 50 gal of water, while the second tank
contains 100 gal of pure water.

a. Find the linear system of differential equations to describe the amount of salt
in each tank at time ¢.
b. Solve the system of equations by reducing it to an uncoupled system.
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Solution

C.

a.

Determine the amount of salt in each tank as ¢ increases to infinity and explain
the result.

Let y1(t) and y,(¢) be the amount of salt (in pounds) in each tank after # min.
Thus, yj(r) and y}(r) are, respectively, the rates of change for the amount of
salt in tank 1 and tank 2. To develop a system of equations, note that for each
tank

Rate of change of salt = rate in — rate out

Since the volume of brine in each tank remains constant, for tank 1, the rate in
is % v () while the rate out is 5—50y1 (t). For tank 2, the rate in is 55—0 y1(t) while
the rate out is 1%0)’2 (t). The system of differential equations is then given by

{yi(t)=%y2(l)— = (@) , {y;(t)=—ﬂ—0 y1(t) + 55 y2(0)
that is,

V)= 25 y1(t) — 135 v2(0) V)= 1501 — 55 y2(0)

Since the initial amounts of salt in tank 1 and tank 2 are 8 and 0 Ib, respectively,
the initial conditions on the system are y;(0) = 8 and y,(0) = 0.

. The system of equations in matrix form is given by

LU
y/zl p Zl‘)]y with y(O):[g}
R

The eigenvalues of the matrix are A = —23—0 and hy = 0 with corresponding

eigenvectors [ _} } and [ ; } Thus, the matrix that uncouples the system

r=[13] =[]

1S

W= WIN
W= W=

1 2

The uncoupled system is then given by

_2 1 T 1 -
’_ 3 3 10 20 i
W_lll][L_L][lz}w
3 3 10 20
3
— 0
= 20

The solution to the uncoupled system is

e
w(t) = [ g ° } w(0)
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Hence, the solution to the original system is given by

_3
wo=] 7 1] 0]

2
] y(0)
3

W= W—

—_

2e 30! 4 1
T3] e w42

c. The solution to the system in equation form is given by

yi(t) = 2 (267%’ + 1) and  y(t) = 2 <_2e*%l +2)

309

To find the amount of salt in each tank as ¢ goes to infinity, we compute the

limit
imits g " g g
llmf(Ze 20 +1>=7(0+1)=7
=00 3 3

d
. 1im8( 2*23*0+2) 8 o+n=198
®(_2e . R
t—o00 3 3 3

These values make sense intuitively as we expect that the 8 1b of salt should
eventually be thoroughly mixed, and divided proportionally between the two

tanks in a ratio of 1:2.

Exercise Set 5.3 B

In Exercises 1—06, find the general solution to the

system of differential equations. yi = —4y1 — 3y — 3y
Lot =t o, 5.9 % = 2n+3n+2n
' yé = — Zyz }’§ = 4)’1 + 2)’2 + 3)’3
, IV =nE2n yio==3y— 4n— 4y
y, = 6. ¢y = Tyn+1lly+13y
/ ¥y =5y — 8y2—10y;
3.l = -3
oy, =34 »m In Exercises 7 and 8, solve the initial-value problem.
L= e 2 A = n@=1 " y»0)=-1
yy =—=yi+»n Yy = 2y+w»m
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Y1 =5y1 — 12y, 4+ 20y3
y; =4y1— 9y +16y3
Y5 =2y1— 4m+ Ty

0 =2 »0)=-1 y3(0) =0
Suppose that two brine storage tanks are
connected with two pipes used to exchange
solutions between them. The first pipe allows
water from tank 1 to enter tank 2 at a rate of
1 gal/min. The second pipe reverses the process,
allowing water to flow from tank 2 to tank 1, also
at a rate of 1 gal/min. Initially, the first tank
contains a well-mixed solution of 12 1b of salt in
60 gal of water, while the second tank contains
120 gal of pure water.
a. Find the linear system of differential equations
to describe the amount of salt in each tank at
time 7.

b. Solve the system of equations by reducing it to

an uncoupled system.

c. Determine the amount of salt in each tank as ¢
increases to infinity and explain the result.

Suppose the rates of heat flow between the
upstairs, downstairs, and outside are as shown in
the figure. Further suppose the temperature of the
first floor is 70°F and that of the second floor is
60°F when the furnace fails.

<
0.2 0O & o1
0.2 0.1
» 4
0.5
-«
1 2
»
0.5

a. Use the balance law
Net rate of change = rate in — rate out

to set up an initial-value problem to model the
heat flow.

b. Solve the initial-value problem found in

part (a).

c¢. Compute how long it takes for each floor to
reach 32°F.

In probability theory a Markov process refers to a type of mathematical model used
to analyze a sequence of random events. A critical factor when computing the proba-
bilities of a succession of events is whether the events are dependent on one another.
For example, each toss of a fair coin is an independent event as the coin has no mem-
ory of a previous toss. A Markov process is useful in describing the tendencies of
conditionally dependent random events, where the likelihood of each event depends

As an illustration, we consider a simple weather model based on the two obser-

1. If today is sunny, then there is a 70 percent chance that tomorrow will be sunny.
2. If today is cloudy, then there is a 50 percent chance that tomorrow will be cloudy.

The conditional probabilities for the weather tomorrow, given the weather for

10. On a cold winter night when the outside
temperature is 0 degrees Fahrenheit (0°F) at
9:00 p.m. the furnace in a two-story home fails.
5.4 » Application: Markov Chains
on what happened previously.
Table 1 vations that
Sunny | Cloudy
Sunny 0.7 0.5
Cloudy | 0.3 0.5 today, are given in Table 1.

The column headings in Table 1 describe today’s weather, and the row headings
the weather for tomorrow. For example, the probability that a sunny day today is
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followed by another sunny day tomorrow is 0.7, and the probability that a sunny day
today is followed by a cloudy day tomorrow is 0.3. Notice that the column sums are
both 1, since, for example, it is certain that a sunny day today is followed by either
a sunny day or a cloudy day tomorrow.

In a Markov process, these observations are applied iteratively, giving us the
ability to entertain questions such as, If today is sunny, what is the probability that it
will be sunny one week from today?

State Vectors and Transition Matrices
To develop the Markov process required to make predictions about the weather using

U1

the observations above, we start with a vector v = [ ’ } whose components are the

probabilities for the current weather conditions. In particular, let v; be the probability
that today is sunny and v, the probability that today is cloudy. Each day the com-
ponents of v change in accordance with the probabilities, listed in Table 1, giving us
the current state of the weather. In a Markov process, the vector v is called a state

vector, and a sequence of state vectors a Markov chain. Using Table 1, the state
/

v
vector v/ = { v/l } for the weather tomorrow has components
2

v] = 0.7v; + 0.5, and vy = 0.3v; + 0.50;

That is, the probability v] of a sunny day tomorrow is 0.7 times the probability of a
sunny day today plus 0.5 times the probability of a cloudy day today. Likewise, the
probability v} of a cloudy day tomorrow is 0.3 times the probability of a sunny day
today plus 0.5 times the probability of a cloudy day today. For example, if today is
sunny, then v; = 1 and v, = 0 so that

v; =0.7(1) + 0.5(0) = 0.7 and vy =0.3(1) 4+ 0.5(0) = 0.3
which is in agreement with the observations above. Observe that if we let 7' be the

matrix 07 0
705
r= [ 03 0.5 ]

then the relationship above between v and v’ can be written using matrix multiplica-

tion as
vi | [ 07 05 V]
v, || 03 05 V2

In a Markov chain, the matrix used to move from one state to the next is called
the transition matrix. If n is the number of possible states, then the transition matrix
T is an n x n matrix where the ij entry is the probability of moving from state j
to state i. In the above example 71, = 0.5 gives the probability that a cloudy day
is followed by one that is sunny. A vector with positive entries whose sum is 1 is
called a probability vector. A matrix whose column vectors are probability vectors
is called a stochastic matrix. The transition matrix 7" given above is an example of
a stochastic matrix.
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Returning to the weather example, to predict the weather 2 days forward, we
apply the transition matrix 7 to the vector v’ so that

v | [ 07 05 v}
vy | ] 03 05 v)

CJ07 057w ] _[064 060w
103 05 | v | T [036 040 || vy

Thus, for example, if today is sunny, the state vector for the weather 2 days from now

is given by
vl (o064 060 [ 17 o064
v | T [ 036 040 [ [ 0] 7| 036

In general, after n days the state vector for the weather is given by

; 0.7 051" w
TV_{OS 0.5] |:v2]
To answer the question posed earlier about the weather one week after a sunny day,
we compute

07 0511 | 0.625 0.625 1| ] 0.625

03 05 0| | 0375 0375 0| | 0375
That is, if today is sunny, then the probability that it will be sunny one week after
today is 0.625, and the probability it will be cloudy is 0.375.

Diagonalizing the Transition Matrix

As we have just seen, determining future states in a Markov process involves comput-
ing powers of the transition matrix. To facilitate the computations, we use the methods
of Sec. 5.2 to diagonalize the transition matrix. To illustrate, we again consider the

transition matrix
S
0
5
10

of the weather example above. Observe that T has distinct eigenvalues given by

Sl glw
—

a =1 and A =

S

with corresponding eigenvectors

3 1
_ 3 I
vl_lll and V2—|: 1}
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For reasons that will soon be clear, we scale v (by the reciprocal of the sum of its
components) so that it becomes a probability vector. Observe that this new vector

<[}

is also an eigenvector since it is in the eigenspace V;,. Since the 2 x 2 transition
matrix has two distinct eigenvalues, by Corollary 1 of Sec. 5.2, T is diagonalizable
and, by Theorem 2 of Sec. 5.2, can be written as

0w ool

BRI

By Exercise 27 of Sec. 5.2, the powers of T are given by

ool ool
O =
0N
[ E—

T":PD"P_lzP{ln 20,1]1)—1
0 (i)

As mentioned above, this gives us an easier way to compute the state vector for
large values of n. Another benefit from this representation is that the matrix D"

approaches
1 0
0 0

as n gets large. This suggests that the eigenvector corresponding to h = 1 is useful in
determining the limiting proportion of sunny days to cloudy days far into the future.

Steady-State Vector

Given an initial state vector v, of interest is the long-run behavior of this vector in a
Markov chain, that is, the tendency of the vector 7"v for large n. If for any initial
state vector v there is some vector s such that 7"v approaches s, then s is called a
steady-state vector for the Markov process.

In our weather model we saw that the transition matrix 7" has an eigenvalue . = 1
and a corresponding probability eigenvector given by

SHEE

0w ool
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We claim that this vector is a steady-state vector for the weather model. As verification,

0.6
720, _ [ 0.6250000002 }

let u be an initial probability vector, say, u = ] . We then compute

and

~ | 0.3750000046

710y — 0.6249999954
~ | 0.3750000002

which suggests that T"u approaches vi. That this is in fact the case is stated in
Theorem 6. Before doing so, we note that a regular transition matrix 7 is a transition
matrix such that for some n, all the entries of 7" are positive.

THEOREM 6 If a Markov chain has a regular stochastic transition matrix 7, then there is a
unique probability vector s with T's = s. Moreover, s is the steady-state vector for
any initial probability vector.

m A group insurance plan allows three different options for participants, plan A, B,

or C. Suppose that the percentages of the total number of participants enrolled in
each plan are 25 percent, 30 percent, and 45 percent, respectively. Also, from past
experience assume that participants change plans as shown in the table.
| A B C
A 075 025 02
B | 015 045 04
cl01 03 04

a. Find the percent of participants enrolled in each plan after 5 years.
b. Find the steady-state vector for the system.

Solution Let 7' be the matrix given by

0.75 0.25 0.2
T=1] 015 045 04
0.1 03 04

a. The number of participants enrolled in each plan after 5 years is approximated
by the vector

0.49776 0.46048 0.45608 0.25 0.47
T3v = | 028464 030432 0.30664 0.30 | = | 0.30
0.21760 0.23520 0.23728 0.45 0.22

so approximately 47 percent will be enrolled in plan A, 30 percent in plan B,
and 22 percent in plan C.

b. The steady-state vector for the system is the probability eigenvector corre-
sponding to the eigenvalue \ = 1, that is,

0.48
s=| 0.30
0.22
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1. Each year it is estimated that 15 percent of the

population in a city moves to the surrounding
suburbs and 8 percent of people living in the
suburbs move to the city. Currently, the total
population of the city and surrounding suburbs is
2 million people with 1.4 million living in the
city.
a. Write the transition matrix for the Markov
chain describing the migration pattern.

b. Compute the expected population after 10
years.

c. Find the steady-state probability vector.

. After opening a new mass transit system, the
transit authority studied the user patterns to try to
determine the number of people who switched
from using an automobile to the system. They
estimated that each year 30 percent of those who
tried the mass transit system decided to go back
to driving and 20 percent switched from driving
to using mass transit. Suppose that the population
remains constant and that initially 35 percent of
the commuters use mass transit.
a. Write the transition matrix for the Markov
chain describing the system.
b. Compute the expected number of commuters
who will be using the mass transit system in 2
years. In 5 years.

c. Find the steady-state probability vector.

. A plant blooms with red, pink, or white flowers.
When a variety with red flowers is cross-bred
with another variety, the probabilities of the new
plant having red, pink, or white flowers are given
in the table.

R | P | W

05]0410.1

04104102

0.1]02107

Suppose initially there are only plants with pink
flowers which are bred with other varieties with
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the same likelihood. Find the probabilities of each
variety occurring after three generations. After 10
generations.

. A fleet of taxis picks up and delivers commuters

between two nearby cities A and B and the
surrounding suburbs S. The probability of a driver
picking up a passenger in location X and
delivering the passenger to location Y is given in
the table. The taxi company is interested in
knowing on average where the taxis are.

A | B | S

0603]04

B101]04/03

03103]03

a. If a taxi is in city A, what is the probability it
will be in location S after three fares?

b. Suppose 30 percent of the taxis are in city A,

35 percent are in city B, and 35 percent are in
the suburbs. Calculate the probability of a taxi
being in location A, B, or S after five fares.

c. Find the steady-state probability vector.

. An endemic disease that has reached epidemic

proportions takes the lives of one-quarter of those
who are ill each month while one-half of those
who are healthy become ill. Determine whether
the epidemic will be eradicated. If so, estimate
how long it will take.

. A regional study of smokers revealed that from

one year to the next 55 percent of smokers quit
while 20 percent of nonsmokers either became
new smokers or started smoking again. If 70
percent of the population are smokers, what
fraction will be smoking in 5 years? In 10 years?
In the long run?

. A frog is confined to sitting on one of four lily

pads. The pads are arranged in a square. Label the
corners of the square 4, B, C, and D clockwise.
Each time the frog jumps, the probability of
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jumping to an adjacent pad is 1/4, the probability
of jumping to the diagonal pad is 1/6, and the
probability of landing on the same pad is 1/3.

a.

b.

C.

Write the transition matrix for the Markov
process.

Find the probability state vector after the frog
has made n jumps starting at pad A4.

Find the steady-state vector.

8. Let the transition matrix for a Markov process be

a.
b.

C.

0 1
=1
Find the eigenvalues of T'.

Find T" for n > 1. Use T" to explain why the
Markov process does have a steady-state
vector.

Suppose T is the transition matrix describing
the population distribution at any time for a

constant population where residents can move
between two locations. Describe the interaction
in the population.

9. Show that for all p and ¢ such that 0 < p < 1
and 0 < g < 1, the transition matrix

T:[l—p q ]
p l—g¢q

has steady-state probability vector

9
p+q
P
ptq

10. Suppose the transition matrix 7" for a Markov
process is a 2 x 2 stochastic matrix that is also
symmetric.

a. Find the eigenvalues for the matrix 7.
b. Find the steady-state probability vector for the

Markov process.

Review Exercises for Chapter 5

1. Let

for some real numbers a and b.

a.

b.

Show that [ ! is an eigenvector of A.

1
Find the eigenvalues of A.

c. Find the eigenvectors corresponding to each

eigenvalue found in part (b).

. Diagonalize the matrix A, using the

eigenvectors found in part (b). That is, find the
matrix P such that P~'AP is a diagonal
matrix. Specify the diagonal matrix.

2. Let

a. Find the eigenvalues of A.

b. From your result in part (a) can you conclude

whether A is diagonalizable? Explain.

. Find the eigenvectors corresponding to each

eigenvalue.

by

. Are the eigenvectors found in part (c) linearly

independent? Explain.

. From your result in part (¢) can you conclude

whether A is diagonalizable? Explain.

. If your answer to part (e) is yes, find a matrix

P that diagonalizes A. Specify the diagonal
matrix D such that D = P~'AP.

. Repeat Exercise 2 with

0
0
A= 0

—_ O = =
S o = O
_—O = =

0

. Let T be a linear operator on a finite dimensional
vector space with a matrix representation

1 0 0
A= 6 3 2
-3 -1 0

a. Find the characteristic polynomial for A.
b. Find the eigenvalues of A.
c. Find the dimension of each eigenspace of A.



d. Using part (c), explain why the operator T is
diagonalizable.

e. Find a matrix P and diagonal matrix D such
that D = P~'AP.

f. Find two other matrices P; and P, and
corresponding diagonal matrices D; and D,
such that D; = PflAPl and D, = P{lAPz.

. Let

A=

&~ o O

1 0
0 1
—k 3 0

a. Show the characteristi
M —3n+k=0.

b. Sketch the graph of y(») = 3> — 3\ + k for
k<-2,k=0,and k > 2.

¢. Determine the values of k for which the matrix
A has three distinct real eigenvalues.

o

equation of A is

. Suppose that B = P~'AP and v is an eigenvector
of B corresponding to the eigenvalue A. Show
that Pv is an eigenvector of A corresponding to
the eigenvalue \.

. Suppose that A is an n x n matrix such that every
row of A has the same sum .

a. Show that \ is an eigenvalue of A.

b. Does the same result hold if the sum of every
column of A is equal to \?

. Let V be a vector space and 7: V — V a linear

operator. A subspace W of V is invariant under

T if for each vector w in W, the vector T'(w) is

in W.

a. Explain why V and {0} are invariant subspaces
of every linear operator on the vector space.

b. Show that if there is a one-dimensional
subspace of V that is invariant under 7, then 7
has a nonzero eigenvector.

c. Let T be a linear operator on R? with matrix
representation relative to the standard basis

given by
0 -1
=7 7]

10.
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Show that the only invariant subspaces of T
are R? and {0}.

. a. Two linear operators S and 7 on a vector

space V are said to commute if S(T (v)) =

T (S(v)) for every vector vin V. If S and T are
commuting linear operators on V and g is an
eigenvalue of T, show that V; is invariant
under S, that is, S(V,) € Vi,.

b. Let S and T be commuting linear operators on
an n-dimensional vector space V. Suppose that
T has n distinct eigenvalues. Show that S and
T have a common eigenvector.

c. A pair of linear operators 7" and S on a vector
space V is called simultaneously diagonalizable
if there is an ordered basis B for V such that
[T]p and [S]p are both diagonal. Show that if
S and T are simultaneously diagonalizable
linear operators on an n-dimensional vector
space V, then S and 7 commute.

d. Show directly that the matrices

30 1
A=10 2 0
1 0 3
and
1 0 -2
B = 0 1 0
-2 0 1

are simultaneously diagonalizable.

The Taylor series expansion (about x = 0) for the
natural exponential function is

X _ 1 L L _ o | k
e = +x+2—!x +§x +-~-_kz;)n—!x

If A is an n x n matrix, we can define the matrix
exponential as

1 1
A _ 22 a3
e —I+A+2!A +3!A +

. 1, 1 .
=lim{U+A+ A+ A+ + —A")
m— 00 21 3! m!
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a. Let D be the diagonal matrix b. Suppose A is diagonalizable and D = P~'AP.
M 0 0 ... 0 Show that ¢4 = PeP? P~
0O » 0 ... 0 ¢. Use parts (a) and (b) to compute e for the
D=, . . . : matrix
0 M A { g -1 ]
and find e?.
Chapter 5: Chapter Test
In Exercises 1—40, determine whether the statement is 6. The eigenvectors of
true or false.
A -4 0
1. The matrix o 3 =5

1 1
P=
[01] are[(l)]and{;}
diagonalizes the matrix

, 7. The matrix

_[ - 3 2
A= 0 2 Az{z —1}
. has an eigenvalue Ay = 1 and V;, has
2. The matrix | 17 dimension 1.
4=1 0 2 8. If
is similar to the matrix A —% é
- . —_ ﬁ 1
D= (1) _(1) 2 2
then AA" = 1.
3. The matrix 9. If A is a2 x 2 matrix with det(A) < 0, then A
1 0 0 has two real eigenvalues.
A= 0 1 0 10. If A is a 2 x 2 matrix that has two distinct
-1 -1 1 eigenvalues \; and \,, then tr(A) = A + \s.
is diagonalizable. 11. If A= { Z 2 }, then the eigenvalues of A are
4. The eigenvalues of
| 0 M=a+band Ay =b—a.
A=|
[ -4 =3 ] 12. For all integers k the matrix A = [ i ]I ] has
are .y = —3 and N, = —1. only one eigenvalue.
5. The characteristic polynomial of 13. If A is a 2 x 2 invertible matrix, then A and A~!
1 -1 -1 have the same eigenvalues.
A= 0 0 -1 14. If A is similar to B, then tr(A) = tr(B).
2 =2 -1

15. The matrix A = [ bl ] is diagonalizable.

is M4+ 202+ —4. 0 1



16.

a b

IfA:[C d]and

at+c=b+d=>x

then \ is an eigenvalue of A.

In Exercises 1719, let

and

17.
18.
19.

20.

21.

22,

23.

24.

25.

26.

1 0 0
A=10 2 0
L0 0 —1 |
[ -1 0 0]
B = 01 0
.| 0 0 2|
The matrices A and B have the same eigenvalues.
The matrices A and B are similar.
If
01 0
P=1|0 0 1
1 0 0

then B= P~ 1AP.

If a 2 x 2 matrix has eigenvectors [ _i ] and

{ _; }, then it has the form

20—P a—pP

p—2a 28—«
The only matrix similar to the identity matrix is
the identity matrix.

If » = 0 is an eigenvalue of A, then the matrix A
is not invertible.

If A is diagonalizable, then A is similar to a
unique diagonal matrix.

If an n x n matrix A has only m distinct
eigenvalues with m < n, then A is not
diagonalizable.

If an n x n matrix A has n distinct eigenvalues,
then A is diagonalizable.

If an n x n matrix A has a set of eigenvectors that
is a basis for R”, then A is diagonalizable.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
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If an n x n matrix A is diagonalizable, then A has
n linearly independent eigenvectors.

If A and B are n x n matrices, then AB and BA
have the same eigenvalues.

If D is a diagonal matrix and A = PDP~!, then
A is diagonalizable.

If A is invertible, then A is diagonalizable.

If A and B are n x n invertible matrices, then
AB~! and B~'A have the same eigenvalues.

A 3 x 3 matrix of the form
a 1 0
0 a 1
0 0 b

always has fewer than three distinct eigenvalues.

If A and B are n x n diagonalizable matrices with
the same diagonalizing matrix, then AB = BA.

If X is an eigenvalue of the n x n matrix A, then
the set of all eigenvectors corresponding to A is a
subspace of R".

If each column sum of an n x n matrix A is a
constant ¢, then c¢ is an eigenvalue of A.

If A and B are similar, then they have the same
characteristic equation.

If A is an eigenvalue of A, then A2 is an
eigenvalue of A2

If A is a 2 x 2 matrix with characteristic
polynomial %% + . — 6, then the eigenvalues of
AZare \y =4 and Ny = 9.

Define a linear operator T: P, — Py, by
T (a + bx) = a + (a + b)x. Then the matrix
representation for A relative to the standard

basis is
1 0
A:{l 1}

and so T is not diagonalizable.

If V =span{e*, e} and T: V — V is defined
by T(f(x)) = f'(x), then T is diagonalizable.
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ccording to a growing number of scientists,
Aa contributing factor in the rise in global
temperatures is the emission of greenhouse gases
such as carbon dioxide. The primary source of
carbon dioxide in the atmosphere is from the
burning of fossil fuels. Table 1* gives the global
carbon emissions, in billions of tons, from burn-
ing fossil fuels during the period from 1950
through 2000. A scatterplot of the data, shown
in Fig. 1, exhibits an increasing trend which can
be approximated with a straight line, also shown

- - -~ L L

§§§ in Fig. 1, which best fits the data even though

Figure 1 Table 1

Global Carbon Emissions 1950-2000
1950 1.63 1980 5.32
1955 2.04 1985 5.43
1960 2.58 1990 6.14
1965 3.14 1995 6.40
1970 4.08 2000 6.64
1975 4.62

*Worldwatch Institute, Vital Signs 2006—2007. The trends that are shaping our future, W. W. Norton and
Company, New York London, 2006.

321



322 Chapter 6 Inner Product Spaces

there is no one line that passes through all the points. To find this line, let (x;, y;), for
i=1,2,...,11, denote the data points where x; is the year, starting with x; = 1950,
and y; is the amount of greenhouse gas being released into the atmosphere. The linear
equation y = mx + b will best fit these data if we can find values for m and b such
that the sum of the square errors

11
S i = (naxg + 5)])* = [1.63 — (1950m — b)> + - - - + [6.64 — (2000m — b)?

i=1
is minimized. One method for finding the numbers m and b uses results from multi-
variable calculus. An alternative approach, using linear algebra, is derived from the
ideas developed in this chapter. To use this approach, we attempt to look for numbers
m and b such that the linear system
m(1950) +b =1.63
m(1955)+b =2.04

m(2000) +b =6.64
is satisfied. In matrix form, this system is given by Ax = b, where

1950 1 1.63
1955 1 2.04
1960 1 2.58
1965 1 3.14
1970 1 4.08
A= | 1975 1 x=[’Z] and  b=| 4.62
1980 1 5.32
1985 1 5.43
1990 1 6.14
1995 1 6.40
| 2000 1 | | 6.64 |

Now, since there is no one line going through each of the data points, an exact solution
to the previous linear system does not exist! However, as we will see, the best-fit line
comes from finding a vector x so that Ax is as close as possible to b. In this case,
the equation of the best-fit line, shown in Fig. 1, is given by

y =0.107x — 207.462

In the last several chapters we have focused our attention on algebraic properties
of abstract vector spaces derived from our knowledge of Euclidean space. For example,
the observations made in Sec. 2.1 regarding the behavior of vectors in R” provided
us with a model for the axiomatic development of general vector spaces given in
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Sec. 3.1. In this chapter we follow a similar approach as we describe the additional
structures required to generalize the geometric notions of length, distance, and angle
from R? and R? to abstract vector spaces. These geometric ideas are developed from
a generalization of the dot product of two vectors in R", called the inner product,
which we define in Sec. 6.2. We begin with a description of the properties of the dot
product on R” and its relation to the geometry in Euclidean space.

The Dot Product on R"

In Definition 2 of Sec. 1.3, we defined the dot product of two vectors

231 V]

us v2
u= and V=

Uy Un

in R" as

u-v=uvy +uvy+---+u,v,
To forge a connection between the dot product and the geometry of Euclidean space,
recall that in R? the distance from a point (x;, x2, x3) to the origin is given by

d=\/x}+x3+x3

Now let

be a vector in R?® in standard position. Using the distance formula, the length (or
norm) of v, which we denote by || v||, is defined as the distance from the terminal
point of v to the origin and is given by

[|v]| :\/vlz+v§+v§

Observe that the quantity under the square root symbol can be written as the dot
product of v with itself. So the length of v can be written equivalently as

vl =+v-v

Generalizing this idea to R", we have the following definition.

Length of a Vector in R”  The length (or norm) of a vector

V]
v2

Un
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in R", denoted by || v ||, is defined as

IvIi= o} 403 44 2

=4V*V

LV 1

As an illustration, let v = 2 |. Then
u—yv _ 1

R 4

Figure 2

DEFINITION 2 Distance Between Vectors in R" Let

uj V]

up V2
u= and V=

Up Un

IV = Vv = VI + 2+ (=17 = /6

In Sec. 2.1, it was shown that the difference u — v, of two vectors u and v in
standard position, is a vector from the terminal point of v to the terminal point of u,
as shown in Fig. 2. This provides the rationale for the following definition.

be vectors in R". The distance between u and v is defined by

lu=v]=v@=v):(u-yv)

Since the orientation of a vector does not affect its length, the distance from u to

v is equal to the distance from v to u, so that

lu—=vl=1[v—u]

m Show that if v is a vector in R” and c is a real number, then

levil=1c |Vl
Solution Let
V]
V2
V= .

Un
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Then

levil = v/(ev) (V) = v/ (cvn)? + (cv2)? + - - + (cvy)?
= \/czvlz—}—czv%—}—n-—i—czv,% =1/2W + v+ +v2)

=|c|\/v%+v§+'~+v,2,=|c| v

The result of Example 1 provides verification of the remarks following Definition
2 of Sec. 2.1 on the effect of multiplying a vector v by a real number c. Indeed,
as a consequence of Example 1, if |c| > 1, then cv is a stretching or dilation of
v; and is a shrinking or contraction of v if |c| < 1. If, in addition, ¢ < 0, then the
direction of cv is reversed. As an illustration, let v be a vector in R" with || v | = 10.
Then 2v has length 20. The vector —3v has length 30 and points in the opposite
direction of v.
If the length of a vector in R” is 1, then v is called a unit vector.

Let v be a nonzero vector in R". Then

is a unit vector in the direction of v.

Proof Using Definition 1 and the result of Example 1, we have
1 1 vl

—v|| = [— |Vl = g =

vl vl vl

Since 1/ || v|| > 0, then the vector uy, has the same direction as v.

Let
V= 2
-2
Find the unit vector uy in the direction of v.

Observe that || v|| = 4/1%2 4+ 22 + (—2)2 = 3. Then by Proposition 1, we have

1
2
=2

1 1
uvzgvzg
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THEOREM 1

Solution

THEOREM 2

Theorem 1 gives useful properties of the dot product. The proofs are straightfor-
ward and are left to the reader.

Let u, v, and w be vectors in R” and ¢ a scalar.

I.u-u>0

u-u=0ifand only ifu=20

u-v=v-u

u-(v+w)=u-v+u-wand (u+v) - w=u-w+v-w

LIPS

. (cu)-v=c(u-v)

Let u and v be vectors in R”. Use Theorem 1 to expand (u+ v) - (u + V).

By repeated use of part 4, we have

u+v)-u+v)=@+Vv)-u+@u+v)-v
=u-u+v-u+u-v+v-v

Now, by part 3, v-u = u-v, so that
(u+v)-w+v)=u-u+2u-v+v-v

or equivalently,
I”?

@+v)-@+v)=llul>+ 2u-v +|v]|?

The next result, know as the Cauchy-Schwartz inequality, is fundamental in devel-
oping a geometry on R". In particular, this inequality makes it possible to define the
angle between vectors.

Cauchy-Schwartz Inequality If u and v are in vectors in R”, then

lu-v| < fluff{fv]

Proof If u=0, then u-v=0. We also know, in this case, that ||u]| V] =
0] v] = 0 so that equality holds. Now suppose that u # 0 and & is a real number.
Consider the dot product of the vector ku + v with itself. By Theorem 1, part 1,
we have

(ku+v)-(ku+v)>0

Now, by Theorem 1, part 4, the left-hand side can be expanded to obtain
Ku-u)+2k(u-v) +v-v=>0

Observe that the expression on the left-hand side is quadratic in the variable k
with real coefficients. Letting ¢ =u-u, b =wu-v, and ¢ = v-v, we rewrite this
inequality as

ak® +2bk +c¢ >0



lu—v]

vl

AV

[l

Figure 3

=Y
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This inequality imposes conditions on the coefficients a, b, and c. Specifically,
the equation ak® + 2bk + ¢ = 0 must have at most one real zero. Thus, by the
quadratic formula, the discriminant (2b)? — 4ac < 0, or equivalently,

(-v)* < (u-w)(v-v)
After taking the square root of both sides, we obtain
lu-uf < [[vI[ vl

as desired.

The Angle between Two Vectors

With the Cauchy-Schwartz inequality in hand, we are now in a position to define the
angle between two vectors. To motivate this idea, let u and v be nonzero vectors in
R? with u — v the vector connecting the terminal point of v to the terminal point of
u, as shown in Fig. 3. As these three vectors form a triangle in R?, we apply the law
of cosines to obtain

2 2 2
lTu=vI"=lul®+ v =2/ul[[v]cosb

Using Theorem 1, we rewrite this equation as

u-u—2u-v+v-v=u-u+v-v—2|uf||v|cos6
After simplifying and solving for cos 6, we obtain
u-v
w1l
Our aim now is to extend this result and use it as the definition of the cosine
of the angle between vectors in n-dimensional Euclidean space. To do so, we need
|cosB] < 1 for every angle 6, that is,
u-v
S 0 =
IR SNAAI

for all vectors u and v in R”. But this fact follows immediately from the Cauchy-
Schwartz inequality. Indeed, dividing both sides of

lu-v| < fluff{v]

by [lull [l v, we obtain

[u-v|
lulffivi —
so that
u-v

Sv oo =
IRNINIRA

This permits us to make the following definition.
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DEFINITION 3  Angle Between Vectors in R” If u and v are vectors in R”, then the cosine
of the angle 6 between the vectors is defined by

u-v
cosfh = ——
w {1l
m Find the angle between the two vectors
2 —1
u= | -2 and V= 2
3 2

Solution The lengths of the vectors are

lull = V22 +(=2)2+32=+/17 and |vl=+(-1)2+22+22=3

and the dot product of the vectors is
u-v=2(-1)+(=2)2+32)=0

By Definition 3, the cosine of the angle between u and v is given by
g — LS
wli vl
Hence, 6 = 1t/2 and the vectors are perpendicular. Such vectors are also called
orthogonal.

DEFINITION 4 Orthogonal Vectors The vectors u and v are called orthogonal if the angle
between them is 7/2.

As a direct consequence of Definition 3, we see that if u and v are nonzero vectors
in R" with u-v = 0, then cos6 = 0, so that 6 = 7t/2. On the other hand, if u and v
are orthogonal, then cos = 0, so that
Wy 0 therefore u-v=20
lall v
The zero vector is orthogonal to every vector in R” since 0 -v = 0, for every vector v.
These results are given in Proposition 2.
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PROPOSITION 2 Two nonzero vectors u and v in R" are orthogonal if and only if u-v = 0. The
zero vector is orthogonal to every vector in R”.

One consequence of Proposition 2 is that if u and v are orthogonal, then

lutvP=@+v)-u+v)=ul?+2u-v+]|v]|>
=[lul®+vI?

This is a generalization of the Pythagorean theorem to R”.
Theorem 3 gives several useful properties of the norm in R”.

THEOREM 3 Properties of the Norm in R" Let v be a vector in R” and ¢ a scalar.

L fvl=0
2. ||v]l=0if and only if v=0
3o llevii=lelllvll

4. (Triangle inequality) l[u+ v < | ul] 4+ | V]

Proof Parts | and 2 follow immediately from Definition 1 and Theorem 1. Part 3
is established in Example 1. To establish part 4, we have

fu+v*=@+v)-@+v)
=u-uw+2u-v)+(v-v)
=lull’+2m-v)+ v
< flul?+2u-v[+[v|?

Ay Now, by the Cauchy-Schwartz inequality, [u-v| < ||u]|/ || V]|, so that
lu+vi
lut+vIE < lull®+20ullvi+IvI?
vl )
' = (lull+1vID)
v lull After taking square roots of both sides of this equation, we obtain
* lu+vi < llwll+ vl
Figure 4 Geometrically, part 4 of Theorem 3 confirms our intuition that the shortest distance

between two points is a straight line, as seen in Fig. 4.
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PROPOSITION 3

Let u and v be vectors in R”. Then |[u+v| = |lul+ | v] if and only if the
vectors have the same direction.

Proof First suppose that the vectors have the same direction. Then the angle
between the vectors is 0, so that cos6 =1 and u-v = ||u|| || v||. Therefore,

lu+ v =@+v)-u+v)
=[lul?+2u-v)+ v
=lul®+20ulvi+IvI?
=(lull+lvIH?
Taking square roots of both sides of the previous equation gives [u+v| =
lull + (vl
Conversely, suppose that |[u+v| = |ul + || v|. After squaring both sides,
we obtain
lu+vi>=ul®+20ulv]+Iv]?
However, we also have
lut+v[*=@+v)-@+v)=]ul’+2u-v+|v|?
Equating both expressions for ||u+ v II? gives
Tal? + 20wl v+ IvI®=lul®+2u-v+ v
Simplifying the last equation, we obtain u-v = ||u|| || v| and hence
u-v.
[T ff vl
Therefore, cos® = 1, so that 6 = 0 and the vectors have the same direction.

Fact Summary

All vectors are in R".

1. The length of a vector and the distance between two vectors are natural
extensions of the same geometric notions in R? and R>.

2. The dot product of a vector with itself gives the square of its length and is
0 only when the vector is the zero vector. The dot product of two vectors is
commutative and distributes through vector addition.

3. By using the Cauchy-Schwartz inequality |u-v| < [[u|| || v ||, the angle
between vectors is defined by

u-v

cosf = ——
IRNINIRA

4. Two vectors are orthogonal if and only if the dot product of the vectors is 0.
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5. The norm of a vector is nonnegative, is 0 only when the vector is the zero

vector, and satisfies

lcull = lc| lull and

lut+vil<llall+I[vl

Equality holds in the last inequality only when the vectors are in the same

direction.

6. If u and v are orthogonal vectors, then the Pythagorean theorem

holds.
Exercise Set 6.1
In Exercises 1-4, let
[0
u= | 1 v=| —1
| 3 2
(1
W= 1
| -3

Compute the quantity.

1. u-v

2. 1Y

V-V

3. u-(v+2w)

4. "V
W-W

In Exercises 5—10, let

Find || u]|.
Find the distance between u and v.

Find a unit vector in the direction of u.

® X w

Find the cosine of the angle between the two
vectors. Are the vectors orthogonal? Explain.

9. Find a vector in the direction of v with length 10.

2 2 2
lu+v[®=lwl"+lvl

10. Find a vector w that is orthogonal to both u and v.

In Exercises 11-16, let

-3 -1
u= | —2 v=| —1
3 -3

11. Find |[u].

12. Find the distance between u and v.

13. Find a unit vector in the direction of u.

14. Find the cosine of the angle between the two
vectors. Are the vectors orthogonal? Explain.

15. Find a vector in the opposite direction of v with
length 3.

16. Find a vector w that is orthogonal to both u and v.

17. Find a scalar ¢, so that [ ¢

I

} is orthogonal to

—1

18. Find a scalar c, so that ¢ | is orthogonal to
2
0
2
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In Exercises 19-22, let

19.
20.

21.

22.

1 6
V1 = V) = -2
| -1 ] 2
[ =1 ] [ —1//3
vi=| =2 V4= 1//3
L 1] L 1/V3
37
V5 = —1
. 1 -

Determine which of the vectors are orthogonal.

Determine which of the vectors are in the same
direction.

Determine which of the vectors are in the
opposite direction.

given by

Determine which of the vectors are unit vectors.
In Exercises 23-28, find the projection of u onto v
u-v
W= —V
V-V

The vector w is called the orthogonal projection of u
onto v. Sketch the three vectors u, v, and w.

23.

24.

25.

26.

27.

__2 | 4
u—_3 v=1|,
__—2 | 4
- R
_-4 3
u—_3 v=1]
F 5 Bh
u= 2 V= 0
_1_ _O_
1 F s
u= 0 |v= 2
_0_ _1_

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

2 0
u= 3 fv=] 2
-1 3

Let S = {uy, uy, ..., u,} and suppose v-u; =0
for each i =1, ..., n. Show that v is orthogonal
to every vector in span(S).

Let v be a fixed vector in R” and define
S = {u|u-v=0}. Show that S is a subspace of
R,

Let S = {vi,va,...,V,} be a set of nonzero
vectors which are pairwise orthogonal. That is, if
i # j, then v; -v; = 0. Show that S is linearly
independent.

Let A be an n x n invertible matrix. Show that if
i # j, then row vector i of A and column vector
j of A=! are orthogonal.

Show that for all vectors u and v in R”,

lu+v]?+]u—v|?
=2[ul?+2(v|?

a. Find a vector that is orthogonal to every vector
in the plane P: x +2y —z = 0.

b. Find a matrix A such that the null space N(A)
is the plane x + 2y —z = 0.

Suppose that the column vectors of an n x n
matrix A are pairwise orthogonal. Find A’A.

Let A be an n x n matrix and u and v vectors in
R™. Show that

u-(Av) = (A'u)-v

Let A be an n x n matrix. Show that A is
symmetric if and only if
(Au)-v=1u-(Av)

for all w and v in R". Hint: See Exercise 36.
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Inner Product Spaces

In Sec. 6.1 we introduced the concepts of the length of a vector and the angle between
vectors in Euclidean space. Both of these notions are defined in terms of the dot
product and provide a geometry on R”. Notice that the dot product on R” defines a
function from R” x R" into R. That is, the dot product operates on two vectors in
R, producing a real number. To extend these ideas to an abstract vector space V,
we require a function from V x V into R that generalizes the properties of the dot
product given in Theorem 1 of Sec. 6.1.

Inner Product Let V be a vector space over R. An inner product on V is
a function that associates with each pair of vectors u and v in V a real number,
denoted by (u, v), that satisfies the following axioms:

1. (u,u) > 0 and (u, u) = 0 if and only if u = 0 (positive definite)

2. (u,v) = (v, u) (symmetry)
3. (u, w) + (v, w)

u+v,w) =
4. (cu,v) =c(u,v)

The last two properties make the inner product linear in the first variable. Using
the symmetry axiom, it can also be shown that the inner product is linear in the
second variable, that is,
3. (u, v+w) = (u,v) + (u, w)
4. (u,ev) =cu,v)
With these additional properties, the inner product is said to be bilinear.

A vector space V with an inner product is called an inner product space.

By Theorem 1 of Sec. 6.1, the dot product is an inner product on Euclidean
n-space. Thus, R” with the dot product is an inner product space.

1
Le‘[v_[3

product is the dot product.

]. Find all vectors u in R? such that (u,v) = 0, where the inner

Ifu:{x ],then
y

(u,v) =u-v=x 43y
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so that (u,v) =0 if and only if y = —%x. Therefore, the set of all vectors such

that (u, v) = 0 is given by S = span { [ 11 ] } The vector v and the set S are
3

shown in Fig. 1. Notice that each vector in S is perpendicular to v.

For another example, consider the vector space of polynomials P,. To define an

inner product on P,, let p(x) = ag + a1x + ax? and g(x) = by + b1 x + brx*. Now
let (-, +): P> x P, = R be the function defined by

(P, q) = aobo + a1by + axby

Notice that this function is similar to the dot product on R3. The proof that P; is
an inner product space follows along the same lines as the proof of Theorem 1 of
Sec. 6.1.

Another way to define an inner product on P, is to use the definite integral.
Specifically, let p(x) and g(x) be polynomials in P,, and let (-, -) be the function
defined by

1
(P, q) =/0 p(x)g(x)dx

This function is also an inner product on P,. The justification, in this case, is based
on the fundamental properties of the Riemann integral which can be found in any text
on real analysis.

Let V = P, with inner product defined by

1
o = /0 p(D)a ()

a. Let p(x) =1 —x? and ¢(x) = 1 — x + 2x2. Find (p, q).
b. Let p(x) = 1 — x?. Verify that (p, p) > 0.

a. Using the definition given for the inner product, we have
1
(p.q) = / (1—xH(1 —x +2x>) dx
0

1
=/ (1 —x+x2+x>—2x%dx
0
1

1 1 1 2
= <x = Exz aF §x3 aF Zx4 = §x5>
4l

" 60

0
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b. The inner product of p with itself is given by
1
(p. p) =/ (1 =x%)(1 = x?) dx
0
1
=/ (1 —2x%* + xY dx
0

2 5. 15\
= (x = §x3+ ng)

8
— >0
15

0

Example 3 gives an illustration of an inner product on R”" that is not the dot
product.

Let V = R? and
u:{ul] and v:[vl]
Uy %)

be vectors in V. Let k be a fixed positive real number, and define the function
(+, ) R?xR> > R by

(u,v) = uyvy + kupvy
Show that V is an inner product space.

First we show that (-, -) is nonnegative. From the definition above, we have
(u, u) = u? + ku3
Since k > 0, then u? + ku3 > 0 for every vector u. In addition,
u? +kui=0  ifandonlyif u;=up=0
or equivalently if u = 0. The property of symmetry also holds since
(u, v) = ujv; + kurvy = viuy + kvouy = (v, u)

wi

Next, let w = {
w2

] be another vector in R2. Then

(w+v,w) = (u1 +v)w; + k(uz + v2)ws
= (uiwy + kuywz) + (viwy + kvywy)
= (u, w) + (v, w)
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Finally, if ¢ is a scalar, then
(cu, v) = (cup)vy + k(cuz)vy = c(uyvy + kuyvy) = ¢ (u, v)

Therefore, R? with this definition for (-, +) is an inner product space.

Notice that in Example 3 the requirement that k£ > 0 is necessary. For example,

ifk=—1andu= [;

(1)2 4+ (=1)(2)?> = —3, which violates the first axiom of Definition 1.
Again using R" as our model, we now define the length (or norm) of a vector v
in an inner product space V as

], then the inner product of u with itself is given by (u, u) =

vl =v(v,v)
The distance between two vectors u and v in V is then defined by
[u—v]=vu-v,u-v)

The norm in an inner product space satisfies the same properties as the norm in
R". The results are summarized in Theorem 4.

Properties of the Norm in an Inner Product Space Let u and v be vectors
in an inner product space V and c a scalar.

L [v[]=0

2. ||vll=01ifand only if v=10

3. levii=lel vl

4. | (u,v)| < [Ju|||v]] (Cauchy-Schwartz inequality)
5. lu+v]| < |u|+ | v] (Triangle inequality)

Let V = R? with inner product defined by

(u, v) = uyvy + 3usvy

SEIER

a. Verify that the Cauchy-Schwartz inequality is upheld.

Let

b. Verify that the Triangle Inequality is upheld.
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a. Using the given definition for the inner product, we have

[{w, v} = [(2)(1) +3(=2)@D| = | — 22| =22
The norms of u and v are given, respectively, by

Tull = (w,u) = V)2 +3(=2)2 = /16 = 4

and

Ivil= /v, v) = V)2 +30@)2 =49 =7
Since
22 =|{(u,v)| <[lulllv] =28

the Cauchy-Schwartz inequality is satisfied for the vectors u and v.

. To verify the triangle inequality, observe that

[ 2 1] _[3
V=] 2 [t T 2
lutvil=v3?+3272 =21

V2l=llu+tvl<ful+lvl=4+7=11

the triangle inequality holds for u and v.

so that

Since

Orthogonal Sets

(u,v)
cosf = ——
IR INIRA

As before, the vectors u and v in V are orthogonal provided that (u, v) = 0.

m Let V = P, with inner product defined by

1
(p.q) = /1 p(x)q(x) dx

a. Show that the vectors in

S={lx 13x* -1}

are mutually orthogonal.

b. Find the length of each vector in S.

337

Taking the same approach as in Sec. 6.1, we define the cosine of the angle between
the vectors u and v in an inner product space V by
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PROPOSITION 4

a. The inner product of each pair of vectors in S is

1
(1,x)=/ xdx=1x2 =0
-1

11(32—1) —/11(3 2_1d _1(3_)
» 5 (3% = /.2 X Sl B
=30

1 1 1 /3 1
<x, E(3x2 - 1)> = /_1 E(3x3 —x)dx = . (4x4 - 2x2> =

Since each pair of distinct vectors is orthogonal, the vectors in S are mutually
orthogonal.

1
=0

1

b. For the lengths of the vectors in S, we have

1
1] = AL 1) = / dx = V2
=il

1
||X||=\/(x,x)=\/m=\/§

14652 = D) = /(36x? - 1. 13x2 = D) = /1 [, G2 — Ddx = |2

Orthogonal Set A set of vectors {vy, vz, ..., V,} in an inner product space is
called orthogonal if the vectors are mutually orthogonal; that is, if i # j, then
<V,~, vj> = 0. If in addition, ||v; || =1, for all i = 1, ...n, then the set of vectors

is called orthonormal.

Observe that the vectors of Example 5 form an orthogonal set. They do not, how-
ever, form an orthonormal set. Proposition 4 shows that the zero vector is orthogonal
to every vector in an inner product space.

Let V be an inner product space. Then (v, 0) = 0 for every vector v in V.
Proof Letv be a vector in V. Then
(v,0) = (v, 0+ 0) = (v, 0) + (v, 0)

After subtracting (v, 0) from both sides of the previous equation, we have (v, 0) = 0
as desired.

A useful property of orthogonal sets of nonzero vectors is that they are linearly
independent. For example, the set of coordinate vectors {e;, e, e3} in R? is orthogonal
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and linearly independent. Theorem 5 relates the notions of orthogonality and linear
independence in an inner product space.

If § ={vy,vy,...,v,} is an orthogonal set of nonzero vectors in an inner product
space V, then § is linearly independent.

Proof Since the set S is an orthogonal set of nonzero vectors,
(vi,vjy=0  fori#j and vi,vi)=1|vil>#0  foralli
Now suppose that
civi+oeovae+ -4+ v, =0

The vectors are linearly independent if and only if the only solution to the previous
equation is the trivial solution ¢y = ¢y = --- = ¢, = 0. Now let v; be an element
of S. Take the inner product on both sides of the previous equation with v; so that

(vji,(cotvi+ava+ - +cjmvjmi Vi cjpVipr 4+ o +eava)) = (v}, 0)

By the linearity of the inner product and the fact that S is orthogonal, this equation
reduces to

cj(vi-vi) = (v.0)
Now, by Proposition 4 and the fact that || \i H # 0, we have
Cj||VjH2=0 so that cj=0

Since this holds for each j = 1,...,n,thenc; =c¢; = --- = ¢, = 0 and therefore
S is linearly independent.

If V is an inner product space of dimension 7, then any orthogonal set of n nonzero
vectors is a basis for V.

The proof of this corollary is a direct result of Theorem 12 of Sec. 3.3. Theorem
6 provides us with an easy way to find the coordinates of a vector relative to
an orthonormal basis. This property underscores the usefulness and desirability of
orthonormal bases.

If B={vy,Vvs,...,Vv,} is an ordered orthonormal basis for an inner product space
V and v =c1vy + vy + -+ + ¢,V,, then the coordinates of v relative to B are
given by ¢; = (v;,v) foreachi =1,2,..., n.

Proof Letv; be a vector in B. Taking the inner product on both sides of

V=cVi+cVa+ -0 +Cio1Viel +6iVi F Cip1Vitl + 0 CiVa
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with v; on the right gives
(vivi) = ((c1vi +cava + -+ -+ cim1Vie1 +6iVi + Cip1Vigr + -+ CuVa), Vi)
=ci (v, Vi) + - F i Vi, Vi) + o+ (Vi Vi)
Since B is an orthonormal set, this reduces to
(Vi Vi) = ci(vi, Vi) = ¢i

As this argument can be carried out for any vector in B, then ¢; = (v, v;) for all
i=1,2,...,n.

In Theorem 6, if the ordered basis B is orthogonal and v is any vector in V, then
the coordinates relative to B are given by

c,-:M foreachi =1,...,n
(Vi, Vi)
so that
V,V Vv,V Vv,V
_ev) ) )
(vi, v1) (v, v2) Vi, Vi)

Fact Summary

All vectors are in an inner product space.

1. An inner product on a vector space is a function that assigns to each pair of
vectors a real number and generalizes the properties of the dot product on

R".
2. The norm of a vector is defined analogously to the definition in R" by
vl = v(v,v).

3. An orthogonal set of vectors is linearly independent. Thus, any set of n
orthogonal vectors is a basis for an inner product space of dimension 7.

4. When an arbitrary vector is written in terms of the vectors in an orthogonal
basis, the coefficients are given explicitly by an expression in terms of the
inner product. If {vy, ..., v,} is the orthogonal basis and v is an arbitrary
vector, then

_ (v, V1) <V,Vz)V - (v, V)
T vv) L (vaava) (Vis Vi)

If case B is an orthonormal basis, then

n

V=AV, V() Vi + - +(V,V,) V,
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In Exercises 1—-10, determine whether V is an inner

product space.
1. V=R?
(w, v) = ujvy — 2uqvy — 2upvy + 3upv;
2. V=R?

(u,v) = —ujv; + 2u vy
3. V=R?
(u,v) = u%v% + u%v%
4. V=R?
(w, V) = ujvy + 2uvy + 3uszvs
5 V=R"
(w,v) =u-v
6. V=M,
(A, B) = tr(B'A)
7.V =M, xn

m n
=D > aijbi

i=1 j=I

n
= Z piqi
9. Vv C(O)[ ]

8) = f f(x)g(x)e ™ dx
10. V = C<°>[ 1, ]
g =

f f(x)g(x)xdx
In Exer01ses 11714, let V = C9[a, b] with inner
product

b
(frg) = / F)g(x) dx

Verify that the set of vectors is orthogonal.

11. {l,cosx,sinx};a =—m,b=m

12. {Lx,1(5x° =30)};a=-1,b=1

1B {lL2x—1,—x*+x—¢}:a=0,b=1

14. {1, cosx,sinx, cos2x,sin2x};a = —7n,b=m

In Exercises 15-18, let V = C©[qa, b] with inner
product

6.2 Inner Product Spaces 341

b
(i) = / FL08() dx

a
a. Find the distance between the vectors f and g.

b. Find the cosine of the angle between the
vectors f and g.

15. f(x)=3x—-2,gx)=x*+1:a=0,b=1
16. f(x) =cosx, g(x) =sinx;a=—-mn,b=m7
17. f(x)=x,gx)=¢*a=0,b=1

18. f(x)=¢€", gx)=e " 5a=—-1,b=1

In Exercises 19 and 20, let V = P, with inner product

2
9= pigi
i=0
a. Find the distance between the vectors p and q.

b. Find the cosine of the angle between the
vectors p and q.

19. p(x) =x>4x —2,q9(x) = —x*4+x+2

20. p(x)=x—-3,9g(x)=2x—6

In Exercises 21-24, let V = M,,«,, with inner product
(A, B) = tr(B'A)

a. Find the distance between the vectors A and B.

b. Find the cosine of the angle between the
vectors A and B.

1 2 2 1
nas [l 2= Y]

1 0 =2
23. A= =3 1 1
| -3 -3 -2 |
[ 3 -1 —1]

B=| -3 2
-1 =2 1]
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24.

25.

26.

27.

28.

29.

Chapter 6 Inner Product Spaces
(2 1 27
A=1|3 1 0
| 3 2 1 |
[0 0 1
B=|3 3 2
|1 0 2]
Describe the set of all vectors in R? that are

orthogonal to g }

Describe the set of all vectors in R? that are

[ 1

L _b .

Describe the set of all vectors in R> that are
2

orthogonal to | —3

1

orthogonal to

Describe the set of all vectors in R? that are
(1
orthogonal to | 1
0

For f and g in C'9[0, 1] define the inner product
by 1
o) = [ Fsedx

. Find <x2,x3>.
. Find <ex,e’x>.
. Find || 1] and || x ||.
. Find the angle between f(x) = 1 and

g(x) =x.
e. Find the distance between f(x) = 1 and

g(x) =x.

e e T

6.3

In Theorem 6 of Sec. 6.2 we saw that if B = {v{, vy, ..

30. Let A be a fixed 2 x 2 matrix, and define a

31.

32.

33.

34.

Orthonormal Bases

function on R? x R? by
(u,v) = u'Av

a. Verify that if A = I, then the function defines
an inner product.
2 -1

b. Show that if A = 1 )

function defines an inner product.

3 2
2 0
does not define an inner product.

, then the

¢. Show that if A = , then the function

Define an inner product on CY[—a, a] by

(f.g) = fx)gx)dx

Show that if f is an even function and g is an
odd function, then f and g are orthogonal.

Define an inner product on CO[—mx, 7] by

(f,8) = f(x)gx)dx
-7
Show
{1, cosx, sinx, cos2x, sin2x, ...}

is an orthogonal set. (See Exercise 31.)

In an inner product space, show that if the set
{u;, uy} is orthogonal, then for scalars ¢; and c¢;
the set {cjuy, couy} is also orthogonal.

Show that if (u, v) and ((u, v)) are two different
inner products on V, then their sum

(((u, v))) = (u, v) + ((u, v))

defines another inner product.

., Vp} is an ordered orthonormal

basis of an inner product space V, then the coordinates of any vector v in V are
given by an explicit formula using the inner product on the space. In particular, these
coordinates relative to B are given by ¢; = (v, v;) for i = 1,2, ...n. For this reason,
an orthonormal basis for an inner product space is desirable. As we have already seen,
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the set of coordinate vectors S = {e{, e, ..., e,} is an orthonormal basis for R". In
this section we develop a method for constructing an orthonormal basis for any finite
dimensional inner product space.

Orthogonal Projections

Of course, most of the bases we encounter are not orthonormal, or even orthogonal.
We can, however, in a finite dimensional inner product space, transform any basis to an
orthonormal basis. The method, called the Gram-Schmidt process, involves projections
of vectors onto other vectors.

To motivate this topic, let u and v be vectors in R?, as shown in Fig. 1(a).

Figure 1

Our aim is to find a vector w that results from an orthogonal projection of u onto v,
as shown in Fig. 1(b). To do this, recall from trigonometry that
w
qu so that [w] = |lul cos
[l
Moreover, using the expression for cos 6, established at the beginning of Sec. 6.1, we
have

u-v u-v
Wil =llulfcos=[u] ——— = —
Talf v v
This quantity is called the scalar projection of u onto v. Now, to find w, we take
the product of the scalar projection with a unit vector in the direction of v, so that

u-v A u-v
W=|(— | —=—>V
v/ vl vl

Moreover, since || v||> = v-v, the vector w can be written in the form

u-v
w= (")
V-V
This vector is called the orthogonal projection of u onto v and is denoted by proj, u,

so that
. u-v
proj, u = (—) v
Vv
Another useful vector, shown in Fig. 2, is the vector

u — proj, u
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from u to proj, u. From the manner in which proj, u is defined, the vector u — proj, u
is orthogonal to proj, u, as shown in Fig. 2. To verify algebraically that proj, u and
u — proj, u are orthogonal, we show that the dot product of these two vectors is zero.
That is,

u-v u-v
—vVv) - lu——vV
Vv vev

u-v u-v
—(Viu——v-v
v-v

(projv u) . (u — proj, u)

u-v u-v
—(vu—u:-v)=—@-v—u-v) =0
V-V V-V

u In Fig. 1, the angle 6 shown is an acute angle. If 6 is an obtuse angle, then proj, u
Z\G ,  gives the orthogonal projection of u onto the negative of v, as shown in Fig. 3. If
w v 6 =90 then proj, u = 0.

Figure 3

u={3] and v=[1]

a. Find proj, u.
b. Find u — proj, u, and verify that proj, u is orthogonal to u — proj, u.

Solution a. From the formula given above, we have
. (H)v— MM +GMN[ 1] _5 1]
rvi=GV) YV \oorom /[ T ] T

b. Using the result of part (a), we have

. 1 2] [ —1
u—projyu=| 5 | —| 5 | = 1
4y «— proiu To show that proj, u is orthogonal to u — proj,u, we compute the dot product.
1 . Here we have
projy u . . 2 —1
s projyu- (w—projyu) = | > |- | | |=@ED+@0)=0

See Fig. 4.

Figure 4 Definition 1 provides an extension of this idea to general inner product spaces.
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Orthogonal Projection Let u and v be vectors in an inner product space. The
orthogonal projection of u onto v, denoted by proj, u, is defined by

(u,v)

POVE= )

The vector u — proj, u is orthogonal to proj, u.

Define an inner product on P; by

1
(p.q) = /0 p(x)g(x)dx

Let p(x) = x and g (x) = x2.

a. Find proj, p.
b. Find p — proj, p and verify that proj, p and p — proj, p are orthogonal.

a. In this case

! 1 ! 1
(p,q)=/ x*dx=- and <q,q)=/ xtdx =
0 = 0 S

Now the projection of p onto g is given by

oo p = P05
B (g.q)" 4
b. From part (a), we have
. S,
P—pTOJqP=X—Zx

To show that the vectors p and p — proj, p are orthogonal, we show that the
inner product is zero. Here we have

s 5 Lrs 25 5 5
/ a2 (x—Zx%)dx = / 3ot dx = [ =xt = =50
0o 4 4 o \4 16 16 16

We now turn our attention to the construction of an orthonormal basis for an
inner product space. The key to this construction is the projection of one vector onto
another. As a preliminary step, let V = R? and let B = {vi, v2} be a basis, as shown
in Fig. 5. Now, define the vectors w; and w, by

1
=0
0

W] =V and Wy =Vy — projvlvz
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Recall from Example 1 that w, defined in this way is orthogonal to w; as shown in
Fig. 6. We normalize these vectors by dividing each by its length, so that

v {i )
will” [l wa I

is an orthonormal basis for RZ.

A A

V2 V2
v i \ Vi =W
| WZX \ 1 1

» ] »
projy, v2
_ . . 2 _ .
B = {vy, v»} is a basis for R W2 = V3 — pIojy, V2
Figure 5 Figure 6

To construct an orthonormal basis for R”, we first need to extend this idea to
general inner product spaces.

THEOREM 7 Every finite dimensional inner product space has an orthogonal basis.

Proof The proof is by induction on the dimension n of the inner product space.
First if n = 1, then any basis {v,} is orthogonal. Now assume that every inner
product space of dimension n has an orthogonal basis. Let V be an inner product
space with dim(V) = n + 1, and suppose that {v|, v5, ..., V,, v,41} is a basis. Let
W = span{vy, v, ..., v,}. Observe that dim(W) = n. By the inductive hypothe-
sis, W has an orthogonal basis B. Let B = {w, W, ..., W, }. Notice that B’ =
{Wi, W2, ..., Wy, V,11} is another basis for V. By Theorem 5 of Sec. 6.2, it suf-
fices to find a nonzero vector w that is orthogonal to each vector in B. (Here is
where we extend the idea presented just prior to the theorem.) Let

W=Vuq1 — projwl Vo4l — projw2vn+1 - = pI'ij”Vn_H
(Vn+la Wl) <Vn+1 5 Wz) <Vn+1 5 Wn)
= V41 — Wi — Wy — =W,
(Wi, wi) (W2, W2) (Wi, W)

Observe that w £ 0 since if w = 0, then B’ will be linearly dependent and therefore
not a basis for V. To complete the proof, we must show that w is orthogonal to



6.3 Orthonormal Bases 347

each vector in B. To see this, let w; be a vector in B. Then

(W, W) = (Va1 = PrOjy, Vi1 — PrOjyy Va1 — ==+ — PrOjyy, Vis1. Wi)

(Vir1, Wi) (Vir1, W2)
= (Vpt1, Wi) — ————— (W, W;) — ———— (W2, W;)

(Wi, wi) (w2, Wa)

(vﬂ+la W,‘) (Vn+1 5 Wn)

— = (WL, W) — e = (W, W)
(Wi, w;) (Wn, W)
Now, as each vector in B = {wj, W, ..., W,} is mutually orthogonal, the previous

equation reduces to

(W, Wi) = (Vp1, Wi) =0—0— -~ —MMI',WI')—O— =0
(Wi, w;)

= Va1, Wi) — (Vpp1, W) =0

Therefore B’ = {w;, W, ..., W,, W} is an orthogonal set of n 4+ 1 vectors in V.
That B’ is a basis for V is due to Corollary 1 of Sec. 6.2.

From Theorem 7, we also know that every finite dimensional vector space has

an orthonormal basis. That is, if B = {w, wy, ..., w,} is an orthogonal basis, then
dividing each vector by its length gives the orthonormal basis
B — { wwW W, }
will w2l [l wy, |l

Gram-Schmidt Process

Theorem 7 guarantees the existence of an orthogonal basis in a finite dimensional inner
product space. The proof of Theorem 7 also provides a procedure for constructing
an orthogonal basis from any basis of the vector space. The algorithm, called the
Gram-Schmidt process, is summarized here.

1. Let B ={vy, V2, ..., V,} be any basis for the inner product space V.
2. Use B to define a set of n vectors as follows:

W =V

. (va, wi)
Wy = V) — pI‘O_]leQ =V)— —W

<W17 WI)

W3 = V3 — PI0j,,, V3 — Proj,,,v3

(v3, wy) (v3, wa)
=V3— W — W)
(w1, wy) (w2, wa)
Wy = Vp — PIOjy, Va — PIOjyy,Vn — =+ — PIOjy,  Vu
<Vns W]) <V}’ls W2) (Vru Wn—l>
=V W Wy — e — W,

(Wi, wi) (w2, wa) (Wy_1, Wy_1)
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3. The set B’ = {wy, w,, ..., w,} is an orthogonal basis for V.
4. Dividing each of the vectors in B’ by its length gives an orthonormal basis for

the vector space V
B — { W W W, }
- ’ R ]
Twill™ [fwa | Il Wi |l

A Geometric Interpretation of the Gram-Schmidt Process

The orthogonal projection proj,u of the vector u onto the vector v, in R”, is the
projection of u onto the one-dimensional subspace W = span{v}. See Figs. 2 and 3. As
seen above, to construct an orthogonal basis from the basis B = {vy, v, v3}, the first
step in the Gram-Schmidt process is to let w; = vy, and then perform an orthogonal
projection of v, onto span{v;}. As a result, w; is orthogonal to w, = v, — projwlvz.
Our aim in the next step is to find a vector w3 that is orthogonal to the two-dimensional
subspace span{w, w,}. This is accomplished by projecting v3 separately onto the one-
dimensional subspaces span{w;} and span{w,}, as shown in Fig. 7. The orthogonal
projections are

Projy, V3 = 7<V3’W1>w and  proj,, v = {¥s, W2)
w 1 M (W)

(Wi, wi)
Hence, the orthogonal projection of v3 onto span{w;, w;} is the sum of the projections

Projy, v3 + projy, v
also shown in Fig. 7. Finally, the required vector is

W3 = V3 — (proj,, v 4 proj,,v3) = V3 — proj,, v — proj,, v3

which is orthogonal to both w; and w,, as shown in Fig. 7.

In general, when dim(W) =n > 1, then the Gram-Schmidt process describes
projecting the vector v,y; onto n one-dimensional subspaces span{w},
span{w,}, ..., span{w,}. Then the vector w,,| that is orthogonal to each of the
vectors Wi, wWa, ..., W, is obtained by subtracting each projection from the vector v,,.

pI‘ij2V3

Projy, vs

spanfw;, w}

projy, V3 Wi \

Figure 7
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m Let B be the basis for R® given by

1 —1 —1
B ={vi,v2,v3} = 1], 1, 0
1 0 1

Apply the Gram-Schmidt process to B to find an orthonormal basis for R>.

Solution In this case the inner product on R? is the dot product. Notice that v; - v, = 0,
so that the vectors v and v, are already orthogonal. Applying the Gram-Schmidt

process results in w; = v; and w, = v;,. Following the steps outlined above, we
have

WIRSAVIES
—1
V)« W] 0
W) =V — W1=V2—§W1=V2= 1
Wi W 0

Next note that v; and v3 are also orthogonal, so that in this case only one projection
is required. That is,

V3 - W V3 -W2
W3 =V3 — Wi — W2
Wi-W W2 - W2

-1 —1 —
= 0| —0w —3 1= -1
1 0 1
Then ’
1 —1 2
B/:{w17w25W3}: 1 I 1 ) _%
1 0 1
is an orthogonal basis for R®. See Fig. 8. An orthonormal basis is then given by
1 —1 —1
B = { Wi w2 w3 } _J1 1 1 1 A _1
EANEANEA Bl |'v2| o' Ve

Figure 8
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Example 4 illustrates the use of the Gram-Schmidt process on a space of poly-
nomials.

m Define an inner product on P by

1
(p.q) = /1 p(x)g(x)dx

2

Use the standard basis B = {vi, v, v3, va} = {1, x, x2, x?} to construct an orthog-

onal basis for P;3.
Solution First note that B is not orthogonal, since
! 2
<x,x3> :/ xtdx =2
il 5

We can simplify some of the work by noting that since the interval [—1, 1] is a
symmetric interval,

1
When p is an odd function, then / px)dx =0
—il

1 1
When p is an even function, then / px)dx =2 / p(x)dx
-1 0
Now, since f(x) = x, g(x) = x>, and h(x) = x° are all odd functions,

1 1
(vl,w):/ xdx =0 <V2,V3>=/ Xdx=0

1 1

1 1
<V4,V1>=/ Xdx=0 (V4,V3)=/ X dx =0

1 1
Since v; and v, are orthogonal, proceeding with the Gram-Schmidt process, we
have

W =V and Wy =V

Next, to find w3, the required computation is

(v3, wi) (v3, Wa)
W3 = V3 — Wi —

(w1, wp) (w2, wo)
_. (v3, v1) . <V3’V2>v

(v, vi) (v2, v2)
. (v3, v1) (v2, v3)
=v; — v — v

(vi, v1) (v2, v2)

But we have already noted above that 0 = (v, v3) and since

(
1 1 2 1
(V3,V1)=/ X dx—Z/ X dx_g and (vl,vl)z/ dx =2
—i 0 —i

then

S}
—_
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To find wy, we first note that since (v4, vi) = 0, w; = v, and wy = v,, then

(v4, W1) (V4, W2) (v4, W3)
Wyq = V4 — Wi — Wy — W3
(Wi, wp) (W, Wa) (W3, w3)
(V4, V2) (V4, W3)
= — B =
(v2, v2) (w3, w3)

Next, observe that p(x) = x° — %xz’ is an odd function. Hence,

Consequently,

2 =
(v2, v2)
An orthogonal basis for Ps is therefore given by

’r_ 2 1 .3 3
B—{l,x,x — 2, X —gx}
By normalizing each of these vectors, we obtain the orthonormal basis

p= {2 ) S 3

(-

W=

272 4 4 g

Let U be the subspace of R* with basis

—1 —1 1

1 0 0

B ={uj,w, w3} = e 111 o
0 0 1

where the inner product is the dot product. Find an orthonormal basis for U.

Following the Gram-Schmidt process, we let w; = u;. Next we have

1
1 —l 3 1
wo = 1| DL I 0| 2 1 [ 3 2
2T T Now T 1 3 1|~ |
0 0 ! 0

To facilitate the computations, we replace wp with

1
2
=l
0

Wy =

351
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To justify this substitution, note that w; - w, = 0; that is, multiplying w, by a
scalar does not change the fact that it is orthogonal to w;. To find w3, we use the

computation
us - wj usz « Wy
W3 = u3 — W — W2
W1 W] W) - W)
1 -1 1 1
_|of_(_!L N L A B
|0 3 1 6| -1 211
1 0 0 2
As before we replace w3 with _
1
0
W3 = 1
| 2
An orthogonal basis for U is then given by
—1 [ 1 1
o 1 2 0
s L[] =1 1] ]1
0 | 0 2
Normalizing each of the vectors of B’ produces the orthonormal basis
[ -1 1 1
g | L 210
V3 L1"Ve| -1 |"ve| 1
| 0 0 2

Fact Summary

1. Every finite dimensional inner product space has an orthonormal basis.

2. The Gram-Schmidt process is an algorithm to construct an orthonormal
basis from any basis of the vector space.

Exercise Set 6.3 B

In Exercises 1—38, use the standard inner product on -1 ~1
R" 1. u= V=
. 2 1
a. Find proj, u.
b. Find the vector u — proj,u and verify this 2. u= [ 3 } V= { 1 }
vector is orthogonal to v. —2 —2



1 1
3.ll=-_2:|V=|:2:|
1 -2
4. u= _1}v=[_2]
[ —1 1
5. u= 3 lv=]| —1
| 0 —1
m 37
6.u=|0 |v= 2
._1 _1_
1 0
T.ou=| —1 |v=1| 0
__1 1_
"3 {7
8. u= 2 V=
_0 _1_

In Exercises 9—12, use the inner product on P,
defined by

1
{p.q) = / p(X)q(x)dx
a. Find proj, p. ’
b. Find the vector p — proj, p and verify that this
vector is orthogonal to g.

9. p)=x>—x+1,qgx) =3x—1
10. p(x)=x2—x+1,q(x)=2x—1
11. p(x) =2x>+1,q(x) =x>—1
12. p(x) =—4x+1,q(x) =x

In Exercises 13—16, use the standard inner product on
R". Use the basis B and the Gram-Schmidt process to
find an orthonormal basis for R".

wo-{[ 2} 4]
wo-{[5H2])

1 0 0
15. B = 01, -1 |,] -1
1 1 —1

6.3 Orthonormal Bases 353

1 0
16. B - 0 ) 1 ’
-1

In Exercises 17 and 18, use the inner product on P,
defined by

1
(p,q) = /0 p(x)g(x)dx

Use the given basis B and the Gram-Schmidt process
to find an orthonormal basis for P,.

17. B={x —1,x+2,x%)

18. B={x?—x,x,2x+ 1}

In Exercises 19-22, use the standard inner product on
R" to find an orthonormal basis for the subspace
span(W).

ST
19. W = 1],] =1
_1_ __1_
01 T 1
20. W = 1],]| =1
_l_ . 1_
C 1] [ =17 [ 17
-2 3 -2
21. W = o l-1 -7 |
1] [ -1] [ 1]
1] =177 o]
-2 3 -1
2. W= o | L 0
- O_ ___ __1_

In Exercises 23 and 24, use the inner product on Ps
defined by

1
(p.q) = /0 p(x)q(x)dx

to find an orthonormal basis for the subspace
span(W).

23. W ={x,2x + 1}

24, W={l,x+2,x3-1)}
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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In R* with the standard inner product find an
orthonormal basis for

1 2 ~1
spand | 0 -3 2
1Pl =1t s -3
1 1 ~1 1

In R? with the standard inner product find an
orthonormal basis for

2 3
span o, 11|, =11,
1 1

Let {u;, up, ..., u,} be an orthonormal basis for

R™. Show that
IvIP=vew P+ o 4 veu,
for every vector v in R".
Let A be an n x n matrix. Show that the
following conditions are equivalent.
a. A7l = A
b. The row vectors of A form an orthonormal
basis for R”.

¢. The column vectors of A form an orthonormal
basis for R”.

Show that an n x n matrix A has orthonormal
column vectors if and only if A’A = 1.

Let A be an m x n matrix, x a vector in R™, and
y a vector in R". Show that x- (Ay) = A’x-y.

Show that if A is an m x n matrix with
orthonormal column vectors, then || Ax || = || x||.

Show that if A is an m x n matrix with
orthonormal column vectors and x and y are in
R", then (Ax) - (Ay) = x-y.

Show that if A is an m x n matrix with
orthonormal column vectors and x and y are in
R", then (Ax) - (Ay) = 0 if and only if x-y = 0.

In R* with the standard inner product show that
1
the set of all vectors orthogonal to both _(1)
1

35.

2

and 1 is a subspace. Find a basis for the
2

subspace.

Let S = {uy,...,u,} be a set of vectors in R”".

Show that the set of all vectors orthogonal to
every u; is a subspace of R”.

In Exercises 36—41, a (real) n x n matrix A is called
positive semidefinite if A is symmetric and u’ Au > 0
for every nonzero vector u in R”. If the inequality is
strict, then A is positive definite.

36.

37.

38.

39.

40.
41.

42.

Let A be a positive definite matrix. Show that the
function (u, v) = u’ Av defines an inner product
on R". (Note that when A = I this function
corresponds to the dot product.)

Let A = ? ; } Show that A is positive
definite.
Show that if A is positive definite, then the

diagonal entries are positive.

Let A be an m x n matrix. Show that A’A is
positive semidefinite.

Show that a positive definite matrix is invertible.

Show that the eigenvalues of a positive definite
matrix are positive.

Let
=2 _ 2
V] = _1 V) = _4
-2
a. Are the vectors vi = 1 and
=, orthogonal?
-2 -1
Let A = [ ) 4 ]

b. Find det(A’A).
c. Show that the area of the rectangle spanned by

_i ] is 4/det(A’A).

. Show that the area of the rectangle is | det(A)|.

e. If vi and v, are any two orthogonal vectors in
R?, show that the area of the rectangle spanned

Vi = [ :? ] and v, =

(=%
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by the vectors is | det(A)|, where A is the
matrix with row vectors v; and vj.

. Let v; and v, be two vectors in R? that span a
parallelogram, as shown in the figure. Show
that the area of the parallelogram is | det(A)], -

where A is the matrix with row vectors v, \ S

and v,. p Vi

. If vi, v, and v3 are mutually orthogonal

vectors in R3, show that the volume of the box
spanned by the three vectors is | det(A)|, where
A is the matrix with row vectors vy, v, and v3.
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Throughout this chapter we have seen the importance of orthogonal vectors and bases
in inner product spaces. Recall that two vectors u and v in an inner product space V
are orthogonal if and only if
(u,v) =0

A collection of vectors forms an orthogonal basis if the vectors are a basis and are
pairwise orthogonal. In this section we extend the notion of orthogonality to subspaces
of inner product spaces. As a first step, let v be a vector in an inner product space V
and W a subspace of V. We say that v is orthogonal to W if and only if

(v,w) =0 for each vector we W

As an illustration, let W be the yz plane in the Euclidean space R3. Observe that W
is closed under addition and scalar multiplication, so that by Theorem 3 of Sec. 3.2 it
is a subspace. Using the dot product as the inner product on R3, the coordinate vector

1
€ = 0
0
is orthogonal to W since
1 0
0 y | =0
0 b4

for every y, z € R. Note that any scalar multiple of e is also orthogonal to W.
Example 1 gives an illustration of how to find vectors orthogonal to a subspace.

Let V = R3, with the dot product as the inner product, and let W be the subspace

defined by
1

W = span =2
3
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OX
y o 5
Figure 1

Inner Product Spaces

Describe all vectors in R3 that are orthogonal to W.

Let

Thus, any vector in W has the form cw, for some real number ¢. Consequently, a
vector

X
v= |y
Z

in R? is orthogonal to W if and only if v-w = 0. This last equation is equivalent
to the equation

x—2y+3z=0
whose solution set is given by
S={@2s—3t,s5,1)| s,t € R}

Therefore, the set of vectors orthogonal to W is given by

2s — 3t 2 -3
S = s s,teRP=<{s| 1 | +¢ 0 ||s,teR
0 1

Letting s =t = 1 gives the particular vector

V=
which is orthogonal to W since
—1 1
VoW = L] =2 | =DM +ME)+HME) =0
1 3

If the vectors in S’ are placed in standard position, then the solution set describes
a plane in R3, as shown in Fig. 1. This is in support of our intuition as the set of
vectors orthogonal to a single vector in R* should all lie in a plane perpendicular
to that vector, which is called the normal vector.

The set of vectors found in Example 1, orthogonal to the subspace W, is called
the orthogonal complement of W. The following definition generalizes this idea to
inner product spaces.
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Orthogonal Complement Let W be a subspace of an inner product space V.
The orthogonal complement of W, denoted by W+, is the set of all vectors in V
that are orthogonal to W. That is,

Wt={veV|(v,w)=0forallwe W}

Let V = P5 and define an inner product on V by

1
<p4)=/‘MMdex
0
Find W+ if W is the subspace of constant polynomials.

Let f(x) = a + bx 4 cx? 4 dx> be an arbitrary polynomial in 3 and p(x) = k be
an arbitrary constant polynomial. Then f is in W+ if and only if
L b ¢ d
(ﬁphi/km+MHwﬁ+dﬁﬁM=k<a+2+3+4>:0
0

Since this equation must hold for all k € R,

wt = {a+bx+cxz+dx3

by
a — = = =
2 3 4

Notice in Examples 1 and 2 that the zero vector is an element of the orthogonal
complement W It can also be shown for these examples that W+ is closed under
vector space addition and scalar multiplication. This leads to Theorem 8.

Let W be a subspace of an inner product space V.

1. The orthogonal complement W+ is a subspace of V.
2. The only vector in W and W+ is the zero vector; that is, W N W+ = {0}.

Proof (1) Let u and v be vectors in W+, and w a vector in W, so that
(u,w) =0 and (v,w) =0
Now for any scalar ¢, we have

(w4 cv,w) = (u, w) + (cv, w)
= (u,w)+c(v,w)
=0+0=0

Thus, u + cv is in W+, and therefore by Theorem 4 of Sec. 3.2, W+ is a subspace
of V.
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(2) Let w be any vector in W N W+, Then
(w,w) =0

and hence w = 0 (see Definition 1 of Sec. 6.2). Thus, W N W+ = {0}.

To determine whether a vector v is in the orthogonal complement of a subspace,
it suffices to show that v is orthogonal to each one of the vectors in a basis for the
subspace.

PROPOSITION 5 Let W be a subspace of an inner product space V and B = {wy, ..., w,,} a basis
for W. The vector v is in W+ if and only if v is orthogonal to each vector in B.

Proof First suppose that v is orthogonal to each vector in B. Let w be a vector
in W. Then there are scalars cy, ..., ¢, such that

W=CW| + - +CnWp

To show that v is in W+, take the inner product of both sides of the previous
equation with v, so that

(V, W) = c1 (v, W) + 2 (V,W2) + -+ +Cp (V, Wy,)

Since (v,w;) =0forall j =1,2,...,m, we have (v, w) = 0 and hence v € W+.
On the other hand, if ve W+, then v is orthogonal to each vector in W. In
particular, v is orthogonal to w;, forall j =1,2,...,m.

m Let V = R* with the dot product as the inner product, and let

1 0
0 1
W = span 11l 1
—1 1
a. Find a basis for W.
b. Find a basis for W+.
c. Find an orthonormal basis for R?.
d. Let
1
Vo = .
0
0

Show that vy can be written as the sum of a vector from W and a vector
from Wi,
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Solution a. Let

1
W = _(1) and Wy = _i
-1

Notice that w; and w; are orthogonal and hence by Theorem 5 of Sec. 6.2 are
linearly independent. Thus, {w;, w,} is a basis for W.

b. Now by Proposition 5, the vector

N2 =

w

is in W+ if and only if v-w; = 0 and v-w,; = 0. This requirement leads to
the linear system
X —z—w=0
y—z+w=0

The two-parameter solution set for this linear system is
s+t
s —1
S = s, t€R
S
t

The solution to this system, in vector form, provides a description of the
orthogonal complement of W and is given by

1 1
L 1 =
W- = span BE
0 1
Let

1 1
V] = i and V) = 1
0 1

Since v; and v, are orthogonal, by Theorem 5 of Sec. 6.2 they are linearly
independent and hence a basis for W+.

c. Let B be the set of vectors B = {w|, W, V|, V2}. Since B is an orthogonal
set of four vectors in R*, then by Corollary 1 of Sec. 6.2, B is a basis for
R*. Dividing each of these vectors by its length, we obtain the (ordered)
orthonormal basis for R* given by
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1 0 1 1
0 1 1 —1

;_ _ ) 1 J 1 4
B —{b11b2’b3’b4}— /3 —1 UVES —1 VES 1 '3 0
—1 0 1

d. By Theorem 6 of Sec. 6.2 the coordinates of v, relative to B’ are given by
¢, =vy-b;, forl <i <4. So
1 1 1
1= —7 =0 c3 = =

V3

Now, observe that the first two vectors of B’ are an orthonormal basis for W
while the second two vectors are an orthonormal basis for W-. Let w be the
vector in W given by

1
1 0
W=C1b1+62b2=§ —1
—1
and u be the vector in W' given by
2
1o
u=C3b3+C4b4=§ 1
1
Then
1 2 1
w+u= 0 i 0 = 0 =V
3| —1 3] 1 0
—1 1 0

The vector w in Example 3 is called the orthogonal projection of v onto the
subspace W, and the vector u is called the component of v orthogonal to W. The
situation, in general, is the content of Definition 2 and Theorem 9.

DEFINITION 2 Direct Sum Let W, and W, be subspaces of a vector space V. If each vec-

tor in V can be written uniquely as the sum of a vector from W; and a vector
from W, then V is called the direct sum of W; and W,. In this case we write,
V=W &Ww,.
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Let W, and W, be subspaces of a vector space V with V = W, @& W,. Then
Wi N W, = {0}.

Proof Letve W; N W,. Then
v=w; +0 and v=0+w

with w; € W; and w, € W,. Hence, by the uniqueness of direct sum representa-
tions, we have w; = wp = 0.

Projection Theorem If W is a finite dimensional subspace of an inner product
space V, then
V=wew"

Proof The proof of this theorem has two parts. First we must show that for any
vector v € V there exist vectors w € W and u € W+ such that w4+ u = v. Then
we must show that this representation is unique.

For the first part, let B = {wy, ..., w,} be a basis for W. By Theorem 7 of
Sec. 6.3, we can take B to be an orthonormal basis for W. Now, let v be a vector
in V, and let the vectors w and u be defined by

W= (V, W) W] + (V,W2) W + -~ + (V, W) W, and u=v-w

Since w is a linear combination of the vectors in B, then w € W. To show that u is
in W+, we show that (u, w;) = 0 foreachi = 1,2, ..., n and invoke Proposition 5.
To this end, let w; be a vector in B. Then

<ua wi) - <V - W, Wi)
= (v, W;) — (W, W;)
= (vowi) = Y (v, W) (W), wi)
j=1
Since B is an orthonormal basis,

(wi,w;) =1 and (wj,wi)=0 fori # j

Hence,

(w, wi) = (v, w;) — (v, w;) (w;, w;) =0
Since this holds for each i =1, ..., n, then by Proposition 5 the vector u € wt
as claimed.

For the second part of the proof, let
vV=w-+u and v=w+u
with w and w’ in W and u and w’ in W+. Subtracting the previous equations gives

W—w)+@u—-u)=0
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THEOREM 10

or equivalently,
w-w=u—u

Now, from this last equation we know that the vector u — u’ is in W, as it is a linear
combination of the vectors w and w’, which are in W. However, u — u’ is also in
W+ since it is the difference of two vectors in W-. Therefore, by Theorem 8, part 2,
u—u = 0 and hence u = u’. This being the case, we now have w —w = 0, so
that w' = w. Thus, we have shown that for every v in V, there are unique vectors
win W and u in W+ such that v=w +u and hence V. =W @ W+.

Motivated by the terminology of Example 3, we call the vector w, of Theorem 9,
the orthogonal projection of v onto W, which we denote by projy, v, and call u the
component of v orthogonal to W.

Matrices

In Definition 4 of Sec. 3.2 we defined the null space of an m x n matrix A, denoted
by N(A), as the set of all vectors x in R" such that Ax = 0. The column space of
A, denoted by col(A), is the subspace of R™ spanned by the column vectors of A.
In a similar way, the left null space of A, denoted by N(A’), is the set of vectors
y in R™ such that A’y = 0. Finally, the row space of A, which we discussed in
Sec. 4.2, denoted by row(A), is the subspace of R” spanned by the row vectors of
A. Since the rows of A are the columns of A’, then row(A) = col(A?). These four
subspaces
N(A) N(A") col(A) and col(A")

are referred to as the four fundamental subspaces associated with the matrix A.
Theorem 10 gives relationships among them.

Let A be an m x n matrix.

1. N(A) = col(A")*+
2. N(A") = col(A)*

Proof (1) Let vy, ..., Vv, denote the row vectors of A. So that
V] +X
AX = Vz.. X
Vi *+ X

First let x be a vector in N(A) so that Ax = 0. Thenv; -x=0fori =1,2,...,m.
Thus, x € row(A)" = col(A") and N(A) C col(A")*. On the other hand, let x
be a vector in col(A’)* = row(A)L. Then x-v; =0, for i =1,...,m, so that
Ax = 0. Therefore, col(A’)+ € N(A). Hence, N(A) = col(A")L.

For part 2, substitute A’ for A in part 1.
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Linear Systems

Let A be an m x n matrix. In light of Theorem 10, we are now in a position to
provide an analysis of the linear system Ax = b in terms of the geometric structure
of Euclidean space and the fundamental subspaces of A. As a first step, we describe
the action of A on a vector x in R". Since row(A) = col(A’), by Theorem 10, N(A)
is the orthogonal complement of row(A). Thus, by Theorem 9, a vector x in R" can
be uniquely written as
X = Xrow + Xnull

where Xy is in the row space of A and xp, is in the null space of A. Now, multiplying
x by A, we have

AX = A(Xpow + Xnull) = AXpow + AXpull
Since Axyy = 0, the mapping 7: R" — R™ defined by 7' (x) = Ax maps the row
space of A to the column space of A. Observe that no vector in R" is mapped to a
nonzero vector in N (A"), which by Theorem 10 is the orthogonal complement of the
column space of A. See Fig. 2.

Xrow.\\ A col(A)
: \ .
dim r ~ = dim r
row(A) > ,{
/
Xnul t
dimn—r 1 A NCADY | dim m —
N(A)
Rn Rm
Figure 2

We now consider, again from a geometric point of view, the consistency of the
linear system Ax = b for an m x n matrix A and a given vector b in R”. We have
already observed in Sec. 3.2 that Ax = b is consistent if and only if b is in the column
space of A. By Theorem 10, this system is consistent if and only if b is perpendicular
to the left null space of A, or equivalently, if and only if b is orthogonal to every
vector in R™, which is orthogonal to the column vectors of A. This sounds a bit
awkward. However, in cases where a basis for the null space of A’ consists of only
a few vectors, we can perform an easy check to see if Ax = b is consistent. As an
illustration, let

1 0 0 2
A= 1 1 and b= 1
-1 -1 -1 -3

Since

1 0
Al=10 1 -1 then N(A") = span 1
0 1
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Now as b is orthogonal to

1 |, by Proposition 5, b is orthogonal to N(A’) and

1

hence in col(A). Therefore, the linear system Ax = b is consistent.

Fact Summary

Let W be a subspace of an inner product space V.

1. The orthogonal complement of the span of a single nonzero vector v in
3-space is the plane with normal vector v.

2. The orthogonal complement of W is a subspace of V.

3. The only vector common to both W and its orthogonal complement is the

Z€ero vector.

4. If W is finite dimensional, then the vector space is the direct sum of W and
its orthogonal complement. That is, V = W @ W+,

5. If B is a basis for W, then v is in W+ if and only if v is orthogonal to each

vector in B.

6. If A is an m x n matrix, then N(A) = col(A")* and N(A’) = col(A)" .

Exercise Set 6.4

In Exercises 1—38, find the orthogonal complement of
W in R" with the standard inner product.

o[ 4]

2. W

3. W = span

oo

(]

-

-
|

6. W = span

—_— O S N =

7. W = span

8. W = span

— e — (D
N = O

—_— O =
—_— O =
—_—— = O

In Exercises 9—12, find a basis for the orthogonal
complement of W in R" with the standard inner

product.
9. W = span
10. W = span

2 -1
1], 1
0
1 -2
-1 1, 2
1 -2



6.4 Orthogonal Complements 365

[ 3 1] -2
. 1 1 18. W = span -1 1, 2
11. W = span 11 4 0
. 2 0 -
_ _ 5
B e
= 1
12. W = span BEEEERE
|1 1] 1 1 _1
In Exercises 13 and 14, find a basis for the orthogonal ~ 19. W = span 2, 3
complement of W in P, with the inner product 1 2
! 1
(P, q) = /O p(x)q(x)dx v=| =3
13. W = span{x — 1, x?} >
14. W = span{l, x?} 1 1 3
2 3 0
. 20. W = span , )
15. Let W be the subspace of R*, with the standard -1 -1 1
inner product, consisting of all vectors w such that |1 0 -1
w; + wy + w3 + wg = 0. Find a basis for W+. _
In Exercises 16—21, W is a subspace of R" with the 8
standard inner product. If v is in R” and {wy, ..., Wy} V= 1
is an orthogonal basis for W, then the orthogonal 0
projection of v onto W is given by e
m 3 -6
. _ (Va Wi)
Prolwv = ; (w;, wi)w' 21. W = span _(1) , g
Find the orthogonal projection of v onto W. If L 4
necessary, first find an orthogonal basis for W. |
1 2 _ 2
16. W = span 01,1 V= 1
—1 1 —1
1 In Exercises 22—25, W is a subspace of R" with the
v= | =2 standard inner product.
2 a. Find W+.
2 0 b. Find the orthogonal projection of v onto W.
17. W = span 01, -1 (See Exercises 16-21.)
0 0 c. Compute u = v — projy, v.
1 d. Show u is in W so v is a sum of a vector in
V= 2 W and one in W+.

-3 e. Make a sketch of W, W+, v, proj, v, and u.



366

22.

23.

24.
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o[}
R

W = span 1
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|
')

V=
1 —1
25. W = span 1], 2
| —1 4
2
V= 1
1_

26.

27.

28.

Show that if V is an inner product space, then
= {0} and {0} =V

Show that if W, and W, are finite dimensional
subspaces of an inner product space and
Wi C Wa, then Wit € Wit

Let V = C©O[—1, 1] with the inner product

1
(f.g) = / @0 ds

and W={feV]f(-x)=f}
a. Show that W is a subspace of V.
b. Show W+ ={f e V| f(—x) = —f(x)}.

6.5

30.

31.

(]

. Verify that W N W+ = {0}.

d. Let g(x) = 1[f(x) + f(—x)] and
h(x) = 5[f () = f(=x)]. Verify
g(—x) = g(x) and h(—x) = —h(x), so every
f can be written as the sum of a function in W
and a function in W+.

. Let V. = My, with the inner product

(A, B) =tr(B'A)
Let W ={A € V | A is symmetric}.
a. Show that
Wt ={AeV|A is skew symmetric}

b. Show that every A in V can be written as the
sum of matrices from W and W+.

In R? with the standard inner product, the
transformation that sends a vector to the
orthogonal projection onto a subspace W is a

linear transformation. Let W = span { { ? ] } .

a. Find the matrix representation P relative to the
standard basis for the orthogonal projection of
R? onto W.

b. Letv= [ } } Find projy v and verify the

result is the same by applying the matrix P
found in part (a).
¢. Show P2 = P.

If W is a finite dimensional subspace of an inner
product space, show that (W)t = W

Application: Least Squares Approximation

There are many applications in mathematics and science where an exact solution to
a problem cannot be found, but an approximate solution exists that is sufficient to
satisfy the demands of the application. Consider the problem of finding the equation
of a line going through the points (1, 2), (2, 1), and (3, 3). Observe from Fig. 1 that
this problem has no solution as the three points are noncollinear.

This leads to the problem of finding the line that is the best fit for these three
points based on some criteria for measuring goodness of fit. There are different ways
of solving this new problem. One way, which uses calculus, is based on the idea
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A)Y

Figure 1

of finding the line that minimizes the sum of the square distances between itself and
each of the points. Another quite elegant method uses the concepts of linear algebra to
produce the same result. To illustrate the technique, we consider the original problem
of finding an equation of the form y = mx + b that is satisfied by the points (1, 2),
(2, 1), and (3, 3). Substitution of these points into the equation y = mx + b yields the
linear system

m+b =2
2m+b =1
3m+b =3

As noted above, this system is inconsistent. As a first step toward finding an
optimal approximate solution, we let

11

A=|2 1 x=[’ﬂ and b= 1
3.1 3

and we write the linear system as Ax = b. From this perspective, we see that the

linear system is inconsistent as b is not in col(A). Thus, the best we can do is to look
for a vector w in col(A) that is as close as possible to b, as shown in Fig. 2.

b1\ W—b
1
| \
L \ »
S~ L \ .
N\*
\W i
\
W col(A)

Figure 2
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We will soon see that the optimal choice is to let w be the orthogonal projection of b
onto col(A). In this case, to find w we let

1
W = col(A) = span 2|,
3

By Theorem 9 of Sec. 6.4, the vector b can be written uniquely as

b=w+y
where y is in WL. By Theorem 10 of Sec. 6.4, we have W+ = N(A’). By row
reducing A’, the orthogonal complement of W is

1
W+ = span -2
1

As this space is one-dimensional, the computations are simplified by finding y first,
which in the terminology of Sec. 6.4 is the component of b orthogonal to W. To find
y, we use Definition 1 of Sec. 6.3 and compute the orthogonal projection of b onto

1
WL, Letv=| —2 |, so that
1
b-v 1 1
y:—v:— —2
Vv 2 1
Hence,
1 3
~ 1 1
1 5

Finally, to find values for m and b, we solve the linear system Ax = w, that is, the

system
11 1 3
21 [’"]:- 4
3 1 5

By Theorem 6 of Sec. 3.2, this last linear system is consistent since the vector on the
right-hand side is in col(A). Solving the linear system, we obtain m = % and b =1,
giving us the slope and the y intercept, respectively, for the best-fit line y = %x + 1.

The vector
m] 1
bl |1

is the least squares solution to the system Ax = b since it produces a line whose total
squared distances from the given points are minimal, as shown in Fig. 3. Finding the
line that best fits a set of data points is called linear regression.

i)
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col(A)
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Least Squares Solutions

We now consider the general problem of finding a least squares solution to the m x n
linear system Ax = b. An exact solution exists if b is in col(A); moreover, the solution
is unique if the columns of A are linearly independent. In the case where b is not in
col(A), we look for a vector x in R” that makes the error term ||b — Ax || as small
as possible. Using the standard inner product on R™ to define the length of a vector,
we have

Ib— Ax||®> = (b — AX) - (b — AX)
= [b1 — (AX)1 > + [b2 — (AX)2 P + -+ + [by — (AN ]

This equation gives the rationale for the term least squares solution.

To find the least squares solution X to the linear system Ax = b, we let W =
col(A). As W is a finite dimensional subspace of R™, by Theorem 9 of Sec. 6.4, the
vector b can be written uniquely as

b=w +w

where w; is the orthogonal projection of b onto W and w; is the component of b
orthogonal to W, as shown in Fig. 4.

We now show that the orthogonal projection minimizes the error term || b — Ax ||,
for all x in col(A). First, we have

[b—Ax|? = || w; +w, — Ax|?
= (W + (w; — AX), wp + (W] — AX))
= (wp, W2) + 2 (wp, Wi — AX) + (w1 — AX, Wi — AX)

Since w; and Ax are in W and w is in W+, the middle term vanishes, giving

b — Ax[* = (w2, Wa) + (W — AX, W — AX)
= w2 |l + llw; — Ax ||

The quantity on the right-hand side is minimized if x is any solution to
AX = w

Since wy is in col(A), this linear system is consistent. We call any vector X in R" such
that Ax = w; a least squares solution of Ax = b. Moreover, the solution is unique
if the columns of A are linearly independent.

Occasionally, as was the case for the example at the beginning of this section,
it is possible to find w; directly. The least squares solution can then be found by
solving Ax = w;. In most cases, however, the vector w; is hard to obtain. Solving
the normal equation

A"Ax = A'b

circumvents this difficulty.
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THEOREM 11

Solution

Let A be an m x n matrix and b a vector in R™. A vector X in R" is a solution to
the normal equation

A'Ax = A'b
if and only if it is a least squares solution to Ax = b.

Proof From the discussion just before the theorem, we know that a least squares
solution X to Ax = b exists. By Theorem 9 of Sec. 6.4, there are unique vectors
w; in W = col(A) and w, in W such that b = w; + ws.

First assume that X is a least squares solution. Since wj is orthogonal to
the columns of A, then A’w, = 0. Moreover, since X is a least squares solution,
AX = w;. Therefore,

A'AX = A'w; = A'(b—w;) = A'Db
so that X is a solution to the normal equation.

Conversely, we now show that if X is a solution to A’ Ax = A’b, then it is also
a least squares solution to Ax = b. Suppose that A’AX = A’b, or equivalently,

A'(b— AX) = 0

Consequently, the vector b — AX is orthogonal to each row of A’ and hence to
each column of A. Since the columns of A span W, the vector b — AX is in W+.
Hence, b can be written as

b = AX + (b — AX)
where AX is in W = col(A) and b — AX is in W+. Again, by Theorem 9 of Sec. 6.4,
this decomposition of the vector b is unique and hence AX = w,. Therefore, X is
a least squares solution.

Let
-2 3
A= 1 -2 and b=| —1
I =i

a. Find the least squares solution to Ax = b.

b. Find the orthogonal projection of b onto W = col(A) and the decomposition
b = w; + w,, where wy is in W and w, is in W=,

a. Since the linear system Ax = b is inconsistent, the least squares solution is
the best approximation we can find. By Theorem 11, the least squares solution
can be found by solving the normal equation

A'Ax = A'b

In this case the normal equation becomes

{—2 1 1] _% _; [x]_{—2 1 1} _i
3 -2 -1 L 3 -2 -1 5
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which simplifies to

w15

The matrix on the left-hand side is invertible, so that

HEHEMIE

The least squares solution is then given by

=[51-[5 ]

371

b. To find the orthogonal projection w; of b onto col(A), we use the fact that

w; = AX. So

-2 3 JE] 1 1
3
1 3 4

We now find w; from the equation w, = b — w, so that

| ! 1
a2 s 22
2 31 4 31

The decomposition of b is then given by

Wz:b—le

b aF ! ; +2 }
= W] Wy = — s b~
3 4 3 1

Note that w, is orthogonal to each of the columns of A.

Linear Regression

Example 2 illustrates the use of least squares approximation to find trends in data sets.

The data in Table 1, which are also shown in the scatter plot in Fig. 5, give the

average temperature, in degree celsius (°C), of the earth’s surface from 1975 through

2002.* Find the equation of the line that best fits these data points.

*Worldwatch Institute, Vital Signs 2006—2007. The trends that are shaping our future, W. W. Norton and

Company, New York London, 2006.
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Solution

Table 1
Average Global Temperatures 1975-2002

19751 13.94 | 1985 | 14.03 | 1994 | 14.25

1976 | 13.86 | 1986 | 14.12 | 1995 | 14.37

1977 | 14.11 | 1987 | 14.27 | 1996 | 14.23

1978 | 14.02 | 1988 | 14.29 | 1997 | 14.40 . o °

1979 | 14.09 | 1989 | 14.19 | 1998 | 14.56

1980 | 14.16 | 1990 | 14.37 | 1999 | 14.32

Temperature

1981 | 14.22 | 1991 | 14.32 | 2000 | 14.31

1982 | 14.04 | 1992 | 14.14 | 2001 | 14.46

1983 | 14.25 | 1993 | 14.14 | 2002 | 14.52

A\ 4

1984 | 14.07 Year

Figure 5

Denote the data points by (x;, y;), fori = 1,2, ..., 28, where x; is the year starting
with x; = 1975 and y; is the average global temperature for that year. A line with
equation y = mx + b will pass through all the data points if the linear system

m(1975) +b = 13.94
m(1976) +b = 13.86

m(2002) +b = 14.52

has a solution. In matrix form, this linear system becomes

1975 1 13.94
1976 1 m] | 1386
: 2 I
2002 1 14.52

Since the linear system is inconsistent, to obtain the best fit of the data we seek
values for m and b such that x = [ ’Z ] is a least squares solution. The normal
equation for this system is given by

1975 1 13.94
1975 .- 2002 } { m ] B [ 1975 .- 2002
1 b T 1

2002 1 14.52
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which simplifies to

110,717,530 55,678 m | | 791,553.23
55,678 28 b | 398.05

The least squares solution is

m | 0.0168609742
b | | —19.31197592

The line that best fits the data is then given by y = 0.0168609742x — 19.31197592,
as shown in Fig. 6.

Temperature

Year

Figure 6

The procedure used in Example 2 can be extended to fit data with a polynomial
of any degree n > 1. For example, if n = 2, to find the best-fit parabola of the form
y = ax? + bx + ¢ for a set of data points requires finding the least squares solution
to an n x 3 linear system. See Exercise 6.

Fourier Polynomials
A trigonometric polynomial of degree n is an expression in cosines and sines of
the form

ap + ajcosx + by sinx +aycos2x + bysin2x + --- +a, cosnx + b, sinnx

where the coefficients ag, ay, by, az, by, ..., a,, b, are real numbers. Let PC[—m, 7]
denote the vector space of piecewise continuous functions on the interval [—, 7].
The vector space PC[—m, 1] is an inner product space with inner product defined by

(f.8) = fx)gx)dx

Suppose now that given a piecewise continuous function f defined on [—t, ], which
may or may not be a trigonometric polynomial, we wish to find the trigonometric
polynomial of degree n that best approximates the function.



374

Chapter 6

Inner Product Spaces

To solve this problem using linear algebra, let W be the subspace of PC[—m, 7]
of trigonometric polynomials. Let fy(x) = 1/4/27, and for k > 1, let

1
fr(x) = — coskx and gr(x) = —sinkx

ﬁ JT
Define the set B by

B:{vaflvva"'9fnvglsg29-~-sgn}

={ﬁ,ﬁcosx,ﬁcosh,...,fcosnx,fs1nx,fs1n2x ..,fsmnx}

It can be verified that relative to the inner product above, B is an orthonormal basis
for W. Now let f be a function in PC[—m, wt]. Since W is finite dimensional, f has
the unique decomposition

f=fw+ fwe
with fi in W and fy,1 in W', Since B is already an orthonormal basis for W, then
fw can be found by using the formula for the orthogonal projection given in the proof
of Theorem 9 in Sec. 6.4. In this case we have

Jw={f fo) fo+{fi i) i+ (L ) S H(Fogt) gt + - +(f gn) gn

We now claim that fy, defined in this way, is the best approximation for f in W.
That is,

Nf—=fwl=<Ilf—wl forallwe W
To establish the claim, observe that
If—wi? = w|?
= || fwe + (fw —w) H

= (fwe + Uw =W, fwr + (fw —wW))
= (fwe, fwe) +2(fwe, fw = W) + (fw — W, fw — W
The middle term of the last equation is zero since fy,1 and fiy — w are orthogonal.
So
2
If=wiP =] fwe [|"+ 1l fw = wlP
Observe that the right-hand side is minimized if w = fy, that is, if we choose w to

be the orthogonal projection of f onto W. The function fy is called the Fourier
polynomial of degree n for f.

Let

O<x<m
Find the Fourier polynomial for f of degree n = 5.

f(x):{_} —1<x<0
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Figure 7
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The graph of y = f(x) is shown in Fig. 7. Since f(x) is an odd function and
fx(x) is an even function for k > 0, the product f(x) fx(x) is also an odd function.
Hence, the integral on any symmetric interval about the origin is 0, and we have

(fifiy=0  fork>=0

Now for k > 1, we have
T

(fs &k) = f)gr(x)dx

—T

1 15
- sinkxdx+—/ sinkx dx
£ - VT Jo

1

= m [2 —2coskm]
B 0 if k is even
. % if k is odd

Therefore, the Fourier polynomial of degree 5 that best approximates the function
f on the interval [—m, 7] is

4 . 4 4
p(x) = —sinx + — sin3x + — sin5x
T 31 S5

In Fig. 8 we see the function and its Fourier approximations for n = 1, 3, and 5.

7\ M |

W

=Y
=Y
=Y

L b

pi1(x) = %sinx p3(x) = %sinx + % sin 3x

4 4 - 4 .
p3(x) = - sinx + 5= sin3x + 5 sin 5x

Figure 8

Exercise Set 6.5 _—

1. Let

o

Il
DN =
W W W

a. Find the least squares solution to Ax = b.

b. Find the orthogonal projection of b onto
W = col(A) and the decomposition of the
vector b = wy + wp, where w; is in W and w»

is in Wi,

and b=

DN ==
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2. Let

2 2
A=1]1 2 and b=
1 1

a. Find the least squares solution to Ax = b.

b. Find the orthogonal projection of b onto
W = col(A) and the decomposition of the

vector b = wy + wp, where w; is in W and w;

is in W+,
3. The table gives world hydroelectricity use in
thousands of terawatthours.

1965 927 1990 2185
1970 1187 1995 2513
1975 1449 2000 2713
1980 1710 2004 2803
1985 2004

a. Sketch a scatter plot of the data.

b. Find the linear function that is the best fit to
the data.

4. The table gives world infant mortality rates in
deaths per 1000 live births.

1955 157 1985 78
1960 141 1990 70
1965 119 1995 66
1970 104 2000 62
1975 93 2005 57
1980 87

a. Sketch a scatter plot of the data.

b. Find the linear function that is the best fit to
the data.

5. The table gives world population in billions.

1950 2.56
1960 3.04
1970 3.71
1980 4.46
1990 5.28
2000 6.08

a. Sketch a scatter plot of the data.

b. Find the linear function that is the best fit to
the data.

6. The table gives the worldwide cumulative HIV
infections in millions.

1980 0.1 1995 29.8
1982 0.7 1997 40.9
1985 2.4 2000 57.9
1987 4.5 2002 67.9
1990 10 2005 82.7
1992 16.1

a. Sketch a scatter plot of the data.

b. Find a curve of the form y = ax? + bx + ¢
that best fits the data.

7. Let f(x) = x on the interval —mt < x < 7.
a. Find the Fourier polynomials for f of degrees
n=273,4, and 5.
b. Sketch y = f(x) along with the polynomials
found in part (a).
8. Let
X ifo<x<m
X+ if —m<x<0

o=
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a. Find the Fourier polynomials for f of degrees 10. Let A be an m x n matrix with rank(A) = n, and

n=273,4, and 5.

suppose A = QR is a QR factorization of A.

b. Sketch y = f(x) along with the polynomials (See Exercise 9, Review Exercises for Chapter 6.)

found in part (a).

9. Let f(x) = x? on the interval —7 < x < m.

Show that the best least squares solution to the
linear system Ax = b can be found by back
substitution on the upper triangular system

a. Find the Fourier polynomials for f of degrees Rx = O'D.

n=2,3,4, and 5.

b. Sketch y = f(x) along with the polynomials

found in part (a).

6.6

Diagonalization of Symmetric Matrices

In Sec. 5.2 a methodology was given for diagonalizing a square matrix. A charac-
terization was also provided to determine which n x n matrices were diagonalizable.
Recall, specifically, from Theorem 2 of Sec. 5.2 that an n x n matrix is diagonaliz-
able if and only if it has n linearly independent eigenvectors. As we have seen, the
application of this theorem requires finding all eigenvectors of a matrix. In certain
cases, however, we can tell by inspection if a matrix is diagonalizable. An example of
such a case was given in Example 4 of Sec. 5.2, where it was shown that any 2 x 2
real symmetric matrix is diagonalizable with real eigenvalues. That this is the case in
general is the subject of this section.

In the remarks preceding Example 8 of Sec. 3.1, we defined the set of com-
plex numbers C. The proof of our main result requires that the reader be familiar
with some of the terminology and notation from complex variables. In particular, if
z =a + bi is a complex number, then the conjugate of z, denoted by z, is given by
z=a—Dbi.

Two complex numbers are equal if and only if their real and imaginary parts are
equal. From this we know that a complex number z = 7 if and only if z is a real
number. To see this, first suppose that z =z. Then bi = —bi or 2bi = 0 and hence
b = 0. We therefore have z = a + 0i and z is a real number. Conversely, if z is a real
number, then z =a+0i =a and Z=a — 0i = a so that z = Z.

We can also define this bar notation for vectors and matrices. So if v is a vector
with complex components and M is a matrix with complex entries, then

V1 ap a2 ... dp
B vy _ ayy dzp ... dyy
V= and M =

Un am1 a2 cee Umn

We are now ready to state our main result.
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THEOREM 12

The eigenvalues of an n x n real symmetric matrix A are all real numbers.

Proof Let v be an eigenvector of A corresponding to the eigenvalue \. To show
that \ is a real number, we will show that X = k. We first consider the matrix
product (V' Av)’, which by Theorem 6 of Sec. 1.3 can be written as

VAV =V AV

Since A is symmetric, A’ = A. Also since A has real entries, then A=A.
Therefore, N o

VAV = VAV = VAV = VvV Ay
Now as v is an eigenvector of A corresponding to the eigenvalue \, then Av = \v,
so that -

VAV = vVIav = VAV = W'Y
Alternatively, the original expression can be evaluated by

V' AV) = (VAV) = VAV = WY

Equating these results gives

WV =2V'V that is OL=MVVv=0

Since v is an eigenvector of A, and therefore nonzero, so is v'V. By an extension

to the complex numbers of Theorem 2 (part 4) of Sec. 3.1, we have A — A = 0;
hence ) =\, establishing that \ is a real number.

One consequence of Theorem 12 is that the eigenvectors of a real symmetric
matrix have real components. To see this, let A be a symmetric matrix with real
entries and v an eigenvector corresponding to the real eigenvalue A = a. Observe that
v is a vector in the null space of the real n x n matrix A —al. By Theorem 7 of
Sec. 3.2, N(A —al) is a subspace of R". Thus, v being a vector in R", has real

components as claimed.

Let A be the symmetric matrix defined by

2 0 2
A= 0 0 -2
2 =2 1

Verify that the eigenvalues and corresponding eigenvectors of A are real.
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The characteristic equation of A is
det(A—2l) =23 +30 2 +6L—-8=0
After factoring the characteristic polynomial we obtain
=D +2)A=4 =0

Thus, the eigenvalues of A are Ay = 1, Ay = —2, and A3 = 4.
To find eigenvectors corresponding to A = 1, we find the null space of A — I.
To do this, we see that

1 0 2 1 0 2
A-I=]0 -1 -2 reduces to 0 1 2
2 =2 0 0 00
-2
Thus, an eigenvector corresponding to Ay =1 is vy = | —2 |. In a similar way
1
we have that eigenvectors corresponding to A, = —2 and \3 = 4 are, respectively,
1 -2
vy=| —2 | and v3 = 1
-2 -2

Orthogonal Diagonalization

In Sec. 6.1 we showed that two vectors u and v in R" are orthogonal if and only if their
dot product u-v = 0. An equivalent formulation of this condition can be developed
by using matrix multiplication. To do this, observe that if u and v are vectors in R”,
then v'u is a matrix with a single entry equal to u-v. Hence, we know that u and v
are orthogonal if and only if viu = 0.

Theorem 13 shows that eigenvectors which correspond to distinct eigenvalues of
a real symmetric matrix are orthogonal.

Let A be a real symmetric matrix and v; and v, be eigenvectors corresponding,
respectively, to the distinct eigenvalues \; and h,. Then v| and v, are orthogonal.

Proof We have already shown that v; and v, are vectors in R". To show that
they are orthogonal, we show that v{v, = 0. Now, since ), is an eigenvalue of A,
then Av, = \pVva, so that

ViAv, = Vihova = Maviva
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Solution

Also since A' = A,
ViAv, = Vi Alvy = (Avy) vy = Mviva
Equating the two expressions for v| Av,, we obtain
(M — A)Viva =0

Since Nj # hp then A; — \p # 0. Hence, by Theorem 2, part 4, of Sec. 3.1, we
have v’lvz = 0, which, by the remarks preceding this theorem, gives that v; is
orthogonal to v;.

Let A be the real symmetric matrix given by

1 0 0
A=|0 0 1
0 1 0

Show that the eigenvectors corresponding to distinct eigenvalues of A are
orthogonal.

The characteristic equation of A is

det(A—2N)=—-(L—1D>A+1) =0

so the eigenvalues are h; = 1 and A, = —1. Then the eigenspaces (see Sec. 5.1)
are given by
1 0 0
Vi, = span 01,1 and Vi, = span —1
0 1 1
1 0
Since every vector in V5 is a linear combination of u=| 0 [ andv= | 1 |,
0
0
andw= | —1 | is orthogonal to both u and v, then by Proposition 5 of Sec. 6.4,
1

w is orthogonal to every eigenvector in V5 . Hence, every eigenvector in V;, is
orthogonal to every eigenvector in V.

In Example 2, we showed that every vector in the eigenspace V;, is orthogonal
to every vector in the eigenspace V;,. Notice, moreover, that the vectors within V5
are orthogonal to one another. In this case, the matrix has a special factorization. We
normalize the spanning vectors of the eigenspaces to obtain

1

S

and

S sko

0

S-
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Using these vectors, we construct the matrix

1 0 0
o L _—_L
P = V2 V2
o L L
V2 2
which is then used to diagonalize A. That is,
1 0 0
0 L 1 10 0 o0 10 0
PlAP = NN 00 1 0O %5 ~%Bl=]0o1 o
_ 1 01 0 1 1 0 0 -1
0 -»2 & 5 x

Observe in this case that the diagonalizing matrix P has the special property that
PP' =1, so that P! = P’. This leads to Definition 1.

Orthogonal Matrix A square matrix P is called an orthogonal matrix if it is
invertible and P~! = P'.

One important property of orthogonal matrices is that the column (and row)
vectors of an n x n orthogonal matrix are an orthonormal basis for R". That is, the
vectors of this basis are all mutually orthogonal and have unit length.

As we mentioned at the beginning of this section, one particularly nice fact about
symmetric matrices is that they are diagonalizable. So by Theorem 2 of Sec. 5.2 a
real symmetric matrix has n linearly independent eigenvectors. For the matrix A of
Example 2, the eigenvectors are all mutually orthogonal. Producing an orthogonal
matrix P to diagonalize A required only that we normalize the eigenvectors. In many
cases there is more to do. Specifically, by Theorem 2, eigenvectors corresponding
to distinct eigenvalues are orthogonal. However, if the geometric multiplicity of an
eigenvalue \ is greater than 1, then the vectors within V, (while linearly indepen-
dent), might not be mutually orthogonal. In this case we can use the Gram-Schmidt
process, given in Sec. 6.3, to find an orthonormal basis from the linearly independent
eigenvectors. The previous discussion is summarized in Theorem 14.

Let A be an n x n real symmetric matrix. Then there is an orthogonal matrix P
and a diagonal matrix D such that P~!AP = P'AP = D. The eigenvalues are the
diagonal entries of D.

The following steps can be used to diagonalize an n x n real symmetric
matrix A.
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1. Find the eigenvalues and corresponding eigenvectors of A.

2. Since A is diagonalizable, there are n linearly independent eigenvectors. If nec-
essary, use the Gram-Schmidt process to find an orthonormal set of eigenvectors.

3. Form the orthogonal matrix P with column vectors determined in Step 2.
4. The matrix P"!AP = P'AP = D is a diagonal matrix.

Solution

A=

_—— O
—_—O

1
1
0
Find an orthogonal matrix P such that P~'AP is a diagonal matrix.

The characteristic equation for A is given by

det(A—AD) =2 4+304+2=-0-2)A+1)’=0

Thus, the eigenvalues are Ay = —1 and A, = 2. The corresponding eigenspaces are
—1 —1 1
Vi, = span 1], 0 and Vi, = span 1
0 1 1
Let B be the set of vectors
1 —1 —1
B ={vi, vy, v3} = L, 1, 0
1 0 1

Since B is a linearly independent set of three vectors, by Theorem 2 of Sec. 5.2,
A is diagonalizable. To find an orthogonal matrix P which diagonalizes A, we use
the Gram-Schmidt process on B. This was done in Example 3 of Sec. 6.3, yielding
the orthonormal basis

Observe that P is an orthogonal matrix with P~! = P’. Morevover,

2 0
PAP=|0 —1
0 0 -1

oS O
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1.

Fact Summary

Let A be an n x n real symmetric matrix.

The eigenvalues of A are all real numbers.

. The eigenvectors corresponding to distinct eigenvalues of A are orthogonal.

2
3. The matrix A is diagonalizable.
4

. There is an orthogonal matrix P such that D = P~ 'AP = P'AP, where D
is a diagonal matrix with diagonal entries the eigenvalues of A.

Exercise Set 6.6

In Exercises 1—4, verify that the eigenvalues of the
symmetric matrix are all real numbers.

-1 3
a4 3]
120
3A=]2 -1 2
0 21
T )
4.A=] 1 -1 2
-2 2 1

In Exercises 5-8, verify that the eigenvectors of the
symmetric matrix corresponding to distinct
eigenvalues are orthogonal.

1 2
sa[l 2]

6a=| 3 3

2 -3
(12 0
7.A=|2 -1 -2
0 -2 1
[ -2
8.A=| 0 -1 0
2 1

In Exercises 9—12, find the eigenspaces of the n x n
symmetric matrix, and verify that the sum of the
dimensions of the eigenspaces is n.

1 0 2
9.A=|0 -1 0
(2 0 1
(1 0 1]
10 A=|0 —1 0
_1 1_
2 1 11
1 - 11
WA=1y 0 Z0 o
11 0 -1
1 0 0 0
0 -2 0 0
12Z.4=10 o —1 o
0 0 01

In Exercises 13—16, determine whether the matrix is
orthogonal.

[ 3 1
N 2 2

13. A = N ﬁ}
L 2 2

V5
_ 5
14. A = ﬁ}
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[ V2 V2 27. a. Show that the matrix
2 2
_ cos —sin6
15 4= _4 % 0 - [ sin 6 cos 6 }
. 0 0 1
is orthogonal.
r 2 2 1
3.3 3 b. Suppose that A is a 2 x 2 orthogonal matrix.
16. A = —% % % Show that there is a real number 6 such that
1
x 0 1
L 3

_ | cos® —sinb
In Exercises 17—22, for the given matrix A find an ~ | sin® cos6

orthogonal matrix P and a diagonal matrix D such or

that D = P"1AP. cos 0 sin@
A= .
sinf® —cos0

17. A= Z ‘3‘ } (Hint: Consider the equation A’A = I.)

c. Suppose that A is an orthogonal 2 x 2 matrix

18 A= [ } and 7: R> — R? is a linear operator defined

(V)]
W N

by T(v) = Av. Show that if det(A) = 1, then
T is a rotation and if det(A) = —1, then T is a
[ —1 3 } reflection about the x axis followed by a

19. A= rotation.

r 2 ] 28. Matrices A are B are orthogonally similar if there
20. A=

is an orthogonal matrix P such that B = P'AP.
Suppose that A and B are orthogonally similar.

1 =1 1 a. Show that A is symmetric if and only if B is

21. A= | —1 —1 1 symmetric.

1 1 1 b. Show that A is orthogonal if and only if B is
orthogonal.

29. Suppose that A is an n x n matrix such that there
22. A= 0 -1 0 exists a diagonal matrix D and an orthogonal

L matrix P such that D = P'AP. (Matrix A is
called orthogonally diagonalizable.) Show that A
is symmetric.

23. Show that if A and B are orthogonal
matrices, then AB and BA are orthogonal

matrices. 30. Suppose A is invertible and orthogonally
diagonalizable. Show that A~! is orthogonally
24. Show that if A is an orthogonal matrix, then diagonalizable. (See Exercise 29.)
det(A) = £1. ) )
31. Let A be an n x n skew-symmetric matrix.
25. Show that if A is an orthogonal matrix, then A’ is a. If v is in R", expand v'v in terms of the
an orthogonal matrix. components of the vector.
b. Show that the only possible real eigenvalue of
26. Show that if A is an orthogonal matrix, then A~! A'is A = 0. [Hint: Consider the quantity

is an orthogonal matrix. vi(v).]
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Application: Quadratic Forms

When working with complicated algebraic expressions, mathematicians will often
attempt to simplify problems by applying transformations designed to make these
expressions easier to interpret, or at least better suited to the task at hand. In this
section we show how certain transformations of the coordinate axes in R? can be
used to simplify equations that describe conic sections, that is, equations in x and
y whose graphs are parabolas, hyperbolas, circles, and ellipses. As an illustration,
consider the equation
x—4x+y*—6y—-3=0

To simplify this equation, we complete the square on x> — 4x and y*> — 6y to obtain

(X —dx4+4)+(?—6y+9)=3+4+9

that is,
x=2%+@(y-32=16

IS
N

T R N '

-10

Figure 1

This last equation describes a circle of radius 4 centered at the point (2, 3). The graph
is shown in Fig. 1. To further simplify this equation, we can translate the coordinate
axes by means of the equations

xX'=x-2 and y=y-3
The equation of the circle then becomes
(x/)z + (y’)2 =16

This is the equation of the circle in standard position in the x’y’ plane with center at
the origin.

Rotation of Axes
The most general quadratic equation in two variables has the form

ax®> +bxy +cy’ +dx+ey+ f=0
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where a, b, c,d, e, and f are real numbers such that at least one of a, b, or ¢ is
not zero. The graph of a quadratic equation in x and y is a conic section (including
possible degenerate cases), the particular one being dependent on the values of the
coefficients. When b # 0, the conic section is rotated from standard position. The
expression

ax® + bxy +cy?
is called the associated quadratic form. For example, the quadratic equation

2x2 4+ 5xy =Ty  +2x —4y+1=0
has an associated quadratic form given by
2x2 + 5xy — 7y?

The quadratic equation

ax’> +bxy +cy* +dx+ey+ f =0
is also given in matrix form by setting

i et

Then the quadratic equation above is equivalent to

(oY IS

XAX+b'x+ =0
The quadratic form (in matrix form) is then given by
x'Ax

As an illustration, the quadratic equation 2x? 4 5xy + y? 4+ 3x — y + 1 = 0 in matrix

form is given by
Hx]+[3 —1][x}+1=o
y y

[[]

Observe that the matrix A, for any quadratic equation in two variables, is symmetric;
that is, A’ = A. This fact enables us to develop a transformation that we can use
to simplify the equation. Specifically, the map we desire will rotate the coordinate
axes by the precise angle needed to situate the conic section in standard position with
respect to a new coordinate system.

To produce such a mapping, first recall from Theorem 14 of Sec. 6.6 that if A is a
real symmetric matrix, then there exists an orthogonal matrix P and a diagonal matrix
D suchthat A= PDP~' = PDP’. Next, we need to examine which orthogonal 2 x 2
matrices are rotations.

2

—_— N

2
[x yI|
The associated quadratic form is
2
[x I 5

2

[N SV
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Now by Exercise 27(b) of Sec. 6.6, a real orthogonal 2 x 2 matrix has the form

cos —sinb cos 6 sin 6
sin 0 cos 0 sin® —cos0

or B/=[

Next, recall from Sec. 4.6 that B is the matrix representation, relative to the standard
basis for R?, of a linear operator which rotates a vector in the plane by 6 rad. The
matrix B’ is not a rotation (relative to any basis). To see this, let Q = {v, v;} be a
basis for R and 6 = 0. Then
1 0
r_
#=[o )

Relative to the basis Q, this matrix produces a reflection through the line spanned by
vi. For example, if Q is the standard basis for R2, then B’ is a reflection through the
x axis. These results are summarized in Theorem 15.

Let B be a real orthogonal 2 x 2 matrix. The change of coordinates given by
/
)=l
y y
is a rotation if and only if det(B) = 1.

We are now in a position to analyze quadratic equations in two variables. Start
with C a conic section with equation

XAx+b'x+ f=0

Let P be the orthogonal matrix that diagonalizes A, so that

M0

_ t _

A=PDP where D_[ 0 )\2]

with A and ), being the eigenvalues of A. As P is orthogonal, by the above remarks
on the form of P, its determinant is either +1 or —1. If det(P) = —1, then interchange

the column vectors of P, along with the diagonal entries of D. Since
{ sin® cosH } B l cos (3 —0) sin(3 —0) ]
—cos6 sind —sin (3 —60) cos (% —0)

a rearrangement of the column vectors of P is a rotation. To obtain the equation for C
in the x’y’ coordinate system, substitute x = Px’ into x’ Ax + b’x + f = 0 to obtain

(Px') A (PX)+b'PX + f =0
By Theorem 6 of Sec. 1.3, if the product of A and B is defined, then (AB)" = B'A’,

and since matrix multiplication is associative, we have

() P'APX' +b'Px' 4+ f =0  thatis, (X)'DX +b'PxX' +f=0
/
Let b’ P = [ o } . The last equation can now be written as

MO+ +dx +ey + =0
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This equation gives the conic section C in standard position in the x’y’ coordinate
system. The type of conic section depends on the eigenvalues. Specifically, C is

1. An ellipse if A; and A, have the same sign
2. A hyperbola if \; and A, have opposite signs
3. A parabola if either A or X, is zero

m Let C be the conic section whose equation is x> — xy + y*> — 8 = 0.

a. Transform the equation to x'y" coordinates so that C is in standard position
with no x’y’ term.

b. Find the angle of rotation between the standard coordinate axes and the x'y’
coordinate system.

Solution  a. The matrix form of this equation is given by
_1
XAx—8=0  with A:{ 11 21]
T2

The eigenvalues of A are A = % and Ay = %, with corresponding (unit) eigen-

vectors
Vi = —(— an = —
vzl A

Then the orthogonal matrix

-5t ]

diagonalizes A. Moreover, since det(P) = 1, then by Theorem 15, the coordi-
nate transformation is a rotation. Making the substitution x = Px’ in the matrix
equation above gives
(X)' PPAPX —8=0
that is,
x)YDx' —8=0 where D= [

O =
nlw O
—_

This last equation can now be written as
1 /
5 0 X
"y 2 —-8=0
s 3]

so that the standard form for the equation of the ellipse in the x’y’ coordinate
system is
@) 300

1
16+ 16
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This is the equation of an ellipse with x’ as the major axis and y’ as the minor
axis, as shown in Fig. 2.

()2 +3(/)? =16

Figure 2
b. To find the angle between the original axes and the x’y’ coordinate system,
observe that the eigenvector v; points in the direction of the x’ axis. Now
using Definition 3 of Sec. 6.1, the cosine of the angle between e; and v; is
given by
€]V

1 b
cosf=——— = — so that 0=—
lerll Ivill &2 4

An alternative way to find the angle between the axes is to note that the matrix
P, which is the transition matrix from x’y’ coordinates to xy coordinates, can
be written as

B A

p=| V2 NEI C(.)Se —ine withO:E
i 1 sin cosH 4
V2

Example 2 involves a rotation and a translation.
m Describe the conic section C whose equation is
2% —4xy —y* —4x —8y+14=0

Solution The equation for C has the form x’ Ax + b’x + f = 0 given by

[xy]{_i :?:||:§:|+[—4—8][;]+14=0

The eigenvalues of A = _; :% ] are A = —2 and X\, = 3, with corresponding
(unit) eigenvectors
1 1 1 -2
nezla] m w=[H]
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Since the eigenvalues have opposite sign, the conic section C is a hyperbola. To
describe the hyperbola, we first diagonalize A. Using the unit eigenvectors, the
orthogonal matrix that diagonalizes A is

1 [1 =2 . 20 .

Making the substitution x = Px’ in the equation x’Ax + b’x + f = 0 gives

/ ;2 /
[x/y/]{_(z) gH;“,}H—zt—s]l ﬁ“;‘,]+14=0

/5
After simplification of this equation we obtain

—2(x)? —4v5x +3(y)* +14=0

S
|_.

that is,
—2[(x)? +2v/5(:)]+3(y)> +14=0

After completing the square on x’, we obtain
—2[(x")? +2v/5(x) + 5] +3(y)> = —14— 10

that is,
& +572 G
12 8
This last equation describes a hyperbola with x” as the major axis. An additional
transformation translating the x” axis allows us to simplify the result even further.
If we let

1

X = 5! + \/g and y// - y/
then the equation now becomes
(x//)z (y//)2 °F
12 8

The graph is shown in Fig. 3.

Figure 3
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Quadric Surfaces

The graph of a quadratic equation in three variables of the form
ax® + bxy + cxz +dy* +eyz+ f22 +gx+hy+iz+j=0

is an ellipsoid, a hyperboloid, a paraboloid, or a cone. As in the two-dimensional case,
the terms gx, hy, and iz produce translations from standard form, while the mixed
terms xy, xz, and yz produce rotations. The quadratic form

ax* + bxy + cxz +dy* + eyz + fz°

can be written in matrix form as

b ~
a 3 3 x
XAx=[xyz]| 2 d % y
4 (4 Z

5 3 f

As before, a rotation developed from the eigenvectors of A can be used to transform
the quadric surface to one in standard form

MO+ 0 + 0@+ =0

where ©j, hy, and A3 are the eigenvalues of A. We omit the details.

Write the quadratic equation
S5x* +4y* — 522 4 8xz = 36

in standard form by eliminating the xz term.

Let
5 0 4
A=|0 4 0
4 0 -5
Then the quadratic equation can be written as
50 4 5
[xyz]| O 4 0 y | =36
4 0 -5 2z

The eigenvalues of the matrix A are
M=+V41 M =—V41 A3 =4
Hence, the quadric surface, in standard position, has the equation
VA - VAL +4E) =36

The graph of the surface, which is a hyperboloid of one sheet, is shown in Fig. 4.
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Exercise Set 6.7

In Exercises 1-6, let C denote the conic section given
by the equation. Transform the equation to x’y’
coordinates so that C is in standard position with no
x'y’ term.

L27x2 —18xy + 3y +x+3y =0

L 2x2 —8xy+8y2+2x +y=0

L 12x2 4+ 8xy + 12y —8=0

12 —6xy +19y? +2x +4y —12=0
—x?—6xy —y>+8=0

xy =1

N SN AW N =

. Let C denote the conic section in standard
position given by the equation 4x> + 16y? = 16.
a. Write the quadratic equation in matrix form.

b. Find the quadratic equation that describes the
conic C rotated by 45°.

8. Let C denote the conic section in standard

9.

10.

a. Write the quadratic equation in matrix form.

b. Find the quadratic equation that describes the
conic C rotated by —30°.

Let C denote the conic section in standard
position given by the equation 16x2 + 4y? = 16.
a. Find the quadratic equation for the conic
section obtained by rotating C by 60°.
b. Find the quadratic equation that describes the
conic found in part (a) after a translation
3 units to the right and 2 units upward.

Let C denote the conic section in standard

position given by the equation x> — y = 0.

a. Find the quadratic equation for the conic
section obtained by rotating C by 30°.

b. Find the quadratic equation that describes the
conic found in part (a) after a translation 2

position given by the equation x2 — y2 = 1. units to the right and 1 unit downward.

6.8 > Application: Singular Value Decomposition

In earlier sections we have examined various ways to write a given matrix as a product
of other matrices with special properties. For example, with the LU factorization of
Sec. 1.7, we saw that an m x n matrix A could be written as A = LU with L being an
invertible lower triangular matrix and U an upper triangular matrix. Also in Sec. 1.7,
we showed that if A is invertible, then it could be written as the product of elementary
matrices. In Sec. 5.2 it was shown that an n x n matrix A with n linearly independent
eigenvectors can be written as

A=PDP!
where D is a diagonal matrix of eigenvalues of A. As a special case, if A is symmetric,
then A has the factorization

A=QDQ!
where Q is an orthogonal matrix.

In this section we consider a generalization of this last result for m x n matrices.

Specifically, we introduce the singular value decomposition, abbreviated as SVD,
which enables us to write any m x n matrix as

A=UxV’

where U is an m x m orthogonal matrix, V is an n x n orthogonal matrix, and ¥ is
an m X n matrix with numbers, called singular values, on its diagonal.
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Singular Values of an m x n Matrix

To define the singular values of an m x n matrix A, we consider the matrix A’A.
Observe that since A is an m x n matrix, A’ is an n X m matrix, so the product A’ A
is a square n x n matrix. This new matrix is symmetric since (A’A)’ = A'A" = A’ A.
Hence, by Theorem 14 of Sec. 6.6, there is an orthogonal matrix P such that

P'(A'A)P =D

where D is a diagonal matrix of the eigenvalues of A’ A given by

N 0 - 0
0 % - 0
p=| . . .
0 oo ey

Since by Exercise 39 of Sec. 6.3 the matrix A’A is positive semidefinite, we also
have, by Exercise 41 of Sec. 6.3, that \; > 0 for | <i < n. This permits us to make
the following definition.

Singular Values Let A be an m x n matrix. The singular values of A, denoted
by o; for 1 <i < n, are the positive square roots of the eigenvalues \p, ..., A, of
A'A. That is,

0, = \/)T, for 1<i<n

It is customary to write the singular values of A in decreasing order
0l 202>+ 20,

As mentioned in Sec. 5.2, this can be accomplished by permuting the columns of the
diagonalizing matrix P.

Let A be the matrix given by

=

Il
—_—O -
O — =

Find the singular values of A.

The singular values of A are found by first computing the eigenvalues of the square

matrix
1 0 1 - 2 1
1 1 0 1 0 1 2
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The characteristic equation, in this case, is given by
det(A'A—=N)=(A=3)(L—1)=0

The eigenvalues of A’A are then Ay =3 and A, = 1, so that the singular values
are 0 = /3 and 0, = 1.

We have already seen that orthogonal bases are desirable and the Gram-Schmidt
process can be used to construct an orthogonal basis from any basis. If A is an
m x n matrix and vi,...,v, are the eigenvectors of A’A, then we will see that
{Avy, ..., Av,} is an orthogonal basis for col(A). We begin with the connection
between the singular values of A and the vectors Avy, ..., Av,.

THEOREM 16 Let A be an m x n matrix and let B = {v|, v, ..., V,} be an orthonormal basis
of R" consisting of eigenvectors of A’A, with corresponding eigenvectors hj,
A2, ..., hy. Then

1. ||Av; || =o0; foreachi =1,2,...,n.
2. Av; is orthogonal to Av; for i # j.

Proof For the first statement recall from Sec. 6.6 that the length of a vector v in
Euclidean space can be given by the matrix product || v || = +/v'v. Therefore,

| Av; [* = (Av)' (Av)) = V(A A)yv; = vinvi = N vl =

The last equality is due to the fact that v; is a unit vector. Part 1 is established
by noting that o; = +/A; = || Av; ||. For part 2 of the theorem, we know that (as in
Sec. 6.6) the dot product of two vectors u and v in Euclidean space can be given
by the matrix product u-v = u’v. Thus, since B is an orthonormal basis of R”, if
i # j, then

(AVi) - (Av)) = (AV))' (Av)) = Vi(A"A)v; = vik;vi = hjviv; =0

In Theorem 16, the set of vectors {Av;, Av,, ..., Av,} is shown to be orthogonal.
In Theorem 17 we establish that the eigenvectors of A’ A, after multiplication by A,
are an orthogonal basis for col(A).

THEOREM 17 Let A be an m x n matrix and B = {vy, v, ..., v,} an orthonormal basis of R" con-
sisting of eigenvectors of A’ A. Suppose that the corresponding eigenvalues satisfy
M >hy> - >N >Nap = -+, =0, that is, A’A has r nonzero eigenval-
ues. Then B’ = {Avy, Ava, ..., Av,} is an orthogonal basis for the column space
of A and rank(A) = r.
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Proof First observe that since o; = +/; are all nonzero for 1 <i < r; then by
Theorem 16, part 1, we have Avy, Av,, ..., Av, are all nonzero vectors in col(A).
By part 2 of Theorem 16, we have B’ = {Avy, Avy, ..., Av,} is an orthogonal set
of vectors in R™. Hence, by Theorem 5 of Sec. 6.2, B’ is linearly independent. Now
to show that these vectors span the column space of A, let w be a vector in col(A).
Thus, there exists a vector v in R” such that Av = w. Since B = {v{, V2, ..., V,}
is a basis for R”, there are scalars ¢y, ¢, ..., ¢, such that

V=ciVi +cva+ - + vy,
Multiplying both sides of the last equation by A, we obtain
AV = 1AV + cAvo + -+ + ¢, AV,
Now, using the fact that Av,y; = Av,4, = --- = Av, = 0, then
AV = c1Av| + c2Avo + -+ + ¢, AV,

so that w=Av is in span{Avy, Av,,..., Av,}. Consequently, B’ =
{Avy, Avy, ..., Av,} is an orthogonal basis for the column space of A, and
the rank of A is equal to the number of its nonzero singular values.

Let A be the matrix given by
1 1
A=1]0 1
10
Find the image of the unit circle under the linear transformation 7: R?> — R3

defined by T'(v) = Av.
From Example 1, the eigenvalues of A’ A are Ay = 3 and A\, = 1, with eigenvectors

=[] i

respectively. The singular values of A are then o; = /3 and o; = 1. Let C(r) be
the unit circle given by cos(t)vy + sin(f)v, for 0 < ¢ < 2mw. The image of C(r)
under 7' is given by

T (C(t)) = cos (t)Av; + sin (1) Avy
By Theorem 17, B’ = {éAvl, ész} is a basis for the range of 7. Hence, the
coordinates of T(C(r)) relative to B’ are x' =ojcost=~/3cost and
y' = o, sint = sint. Observe that

X\ 2 &) 2 2 2
=) = + ()" =cos“t +sin“t =1
(ﬁ > g 3 g

which is an ellipse with the length of the semimajor axis equal to o; and length of
the semiminor axis equal to o7, as shown in Fig. 1.
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Figure 1
For certain matrices, some of the singular values may be zero. As an illustration,
consider the matrix A = { é é } For this matrix, we have col(A) = span [ é ]
The reduced row echelon form for A is the matrix (1) (2) , which has only one
pivot column. Hence, the rank of A is equal to 1. The eigenvalues of A’ A are h; = 50
and X, = 0 with corresponding unit eigenvectors
v = 15 and vy = ~2/V5
NG 2T s
The singular values of A are given by o; = 5+/2 and o, = 0. Now, multiplying v,
and v, by A gives
Av1={3£} and szz{g]
Observe that Av; spans the one dimensional column space of A. In this case, the
linear transformation 7: R> — R? defined by T'(x) = Ax maps the unit circle to the
line segment
NG
t —l1<tr<1
{ [ 35 -
as shown in Fig. 2.
Singular Value Decomposition (SVD)
We now turn our attention to the problem of finding a singular value decomposition
of an m X n matrix A.
THEOREM 18 SVD Let A be an m x n matrix of rank r, with r nonzero singular values

01,02, ...,0.. Then there exists an m X n matrix ¥, an m x m orthogonal matrix
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Ay A)

=V
=

N
NI

Figure 2

U, and an n x n orthogonal matrix V such that

A=UxV!
Proof Since A’A is an n x n symmetric matrix, by Theorem 14 of Sec. 6.6 there
is an orthonormal basis {vy, ..., v,} of R", consisting of eigenvectors of A’A. Now
by Theorem 17, {Avy, ..., Av,} is an orthogonal basis for col(A). Let {uy, ..., u,}
be the orthonormal basis for col(A), given by
1 1 .
= Av; = — Ay, for i=1,...,r
| Av; || of
Next, extend {uy, ..., u,} to the orthonormal basis {uy, ..., u,} of R”. We can
now define the orthogonal matrices V and U, using the vectors {vy,...,v,} and
{uy, ..., u,}, respectively, as column vectors, so that
V=[vi vo - v, ] and U=[u w - uy ]
Moreover, since Av; = o;u;, fori = 1,...,r, then
AV=1| Avy -+ Av, 0 --- 0| =]| ouy --- omu 0 --- 0

Now let ¥ be the m x n matrix given by

op O 0/0 ... O
0 oo ... 00 ... 0
E: 0 Oy 0 O
0 010 0
) 00 0 |
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Solution

Then
U= | uy w u,;, b))
=|omwy - ouw 0 --- 0
— AV

Since V is orthogonal, then V' = V-1 and hence, A =UXV".

Find a singular value decomposition of the matrix

=l 1
A=| —1 1
2 2

A procedure for finding an SVD of A is included in the proof of Theorem 18. We
present the solution as a sequence of steps.
Step 1. Find the eigenvalues and corresponding orthonormal eigenvectors of A' A
and define the matrix V.
The eigenvalues of the matrix
6 —6
1A —
ATA = { [ }
in decreasing order are given by h; = 12 and \, = 0. The corresponding orthonor-
mal eigenvectors are

=[] e[

Since the column vectors of V are given by the orthonormal eigenvectors of A’A,
the matrix V is given by

r=[ "7 )

Step 2. Find the singular values of A and define the matrix X.
The singular values of A are the square roots of the eigenvalues of A’A, so that

0’12/\/)\122\/5 and 0’2:«/'}\220
Since ¥ has the same dimensions as A, then X is 3 x 2. In this case,
2J3 0
0

) = 0
0 0
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Step 3. Define the matrix U.
The matrix A has one nonzero singular value, so by Theorem 17 the rank of A is 1.
Therefore, the first column of U is

, 1/¥6
u = —Av; = 1//6
. ~2/v/6
Next we extend the set {u;} to an orthonormal basis for R*® by adding to it the
vectors
2/4/5 ~1/42
u = 0 and u; = 1 /«/5
1//5 0
so that

V6 2/5 —1/4/2
U=| 1//6 0 1/v/2
—2/6 1/4/5 0

The singular value decomposition of A is then given by

1/V6  2/V5 —1/42 2V3 0
A=UZV' =| 1/4/6 0 1/v2 0 0 _ijg i;g
L —2/v/6 1/V/5 0 0 0
[ — 1IN
= -1 1
| 2 2

In Example 3, the process of finding a singular value decomposition of A was
complicated by the task of extending the set {u, ..., u,} to an orthogonal basis for
R™. Alternatively, we can use A’A to find V and AA’ to find U. To see this, note
that if A =UZXV' is an SVD of A, then A’ = VX'U’. After multiplying A on the
left by its transpose, we obtain

A'A=VIU'UZV =V D V!

where Dy is an n x n diagonal matrix with diagonal entries the eigenvalues of A’A.
Hence, V is an orthogonal matrix that diagonalizes A’ A. On the other hand,

AA'=UZV'VI'U" = UD,U'

where D, is an m x m diagonal matrix with diagonal entries the eigenvalues of AA’
and U is an orthogonal matrix that diagonalizes AA’. Note that the matrices A’A and
A A" have the same eigenvalues. (See Exercise 22 of Sec. 5.1.) Therefore, the nonzero
diagonal entries of D; and D, are the same. The matrices U and V found using this
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procedure are not unique. We also note that changing the signs of the column vectors
in U and V also produces orthogonal matrices that diagonalize AA” and A’A. As a
result, finding an SVD of A may require changing the signs of certain columns of U
or V.

In Example 4 we use this idea to find an SVD for a matrix.

m Find a singular value decomposition of the matrix

1 1
a=ls 5]
Solution First observe that

wa=[1 3105 3]-[ % ]

. . 1] . . '
By inspection we see that v| = % { 1 } is a unit eigenvector of A’A with

corresponding eigenvalue h; = 18, and v, = % [ 1 } iS a unit eigenvector of

A" A with corresponding eigenvalue \; = 2. Hence,
1 1 1
1
The singular values of A are o; = 3+/2 and 0, = +/2 so that
[3v2 0 }

=

0 2

To find U, we compute

(1 1]t 31_[2 o
AA_[s 3]t =3]T |0 18

Observe that a unit eigenvector corresponding to Ay = 18 isu; = [ (1) ] and a unit
eigenvector corresponding to hy = 2 is up = [ (1) ] Thus,
0 1]
o=V ]
A singular value decomposition of A is then given by
r L =1
o= [22]1%4 81[3 )18 2
R
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The Four Fundamental Subspaces

In this subsection we show how the matrices U and V, which give the singular value
decomposition of A, provide orthonormal bases for the four fundamental subspaces
of A, introduced in Sec. 6.4. To develop this idea, let A be an m x n matrix of rank
r<n and B ={vy,...,v,} be an orthonormal basis of eigenvectors of A’A with
corresponding eigenvalues Ay > hp > -+« > A, > Ny = -+ - = N, = 0. First, from
the proof of Theorem 17 if oy, - - -, o, are the nonzero singular values of A, then

, { 1 1 }
C'=4¢—Avy,...,—Av, p ={uy,...,u}
(o8] Oy

is a basis for col(A). Next, the remaining columns of U are defined by extending
C’ to an orthonormal basis C = {uy, ..., u,, w41, ..., u,} for R". We claim that
C” ={u,41, ..., u,} is an orthonormal basis for N(A"). To see this, observe that each
vector of C’ is orthogonal to each vector of C”. Hence, by Proposition 5 of Sec. 6.4
and the fact that dim(R"™) = m, we have span{u, 1, ..., u,} = col(A)*. By Theorem
10, part 2, of Sec. 6.4, span{u, 1, ..., u,} = N(A"), so that C" = {u,;1,...,u,}isa
basis for N(A") as claimed. We now turn our attention to the matrix V. From the proof
of Theorem 16, we have Av,;| = --- = Av, = 0. Consequently, span{v, 1, ..., v,}
is contained in N(A). Now by Theorem 5 of Sec. 4.2,

dim(N(A)) 4+ dim(col(A)) =n

so that dim(N(A)) =n —r. Since B” = {v,41, ..., V,} is an orthogonal, and hence
linearly independent, set of n —r vectors in N(A), by Theorem 12, part (1), of
Sec. 3.3, B” is a basis for N(A). Finally, since B = {vy, ..., V,} is an orthonormal
basis for R", each vector of B” is orthogonal to every vector in B’ = {v{,...,v,}.
Hence,
span{vy,...,v,} = N(A)* = col(A") = row(A)

so that B’ is a basis for row(A).

To illustrate the ideas of this discussion, consider the matrix A of Example 3 and
its SVD. By the above discussion, we have

row(A) = span { [ _i ] } col(A) = span

2
N(A):span{{ } }} N(A") = span 01,
1

The four fundamental subspaces are shown in Fig. 3.

Data Compression

An important application that involves the singular value decomposition is data com-
pression. As a preliminary step, suppose that a matrix A of rank r (with r nonzero
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Figure 4

singular values) has the SVD A = UX V', That is,
A=UxV'=| cjuy -+ omu 0 --- 0 [V!

=ou v} + oowpvh + -+ +o.u, v

1 t 1 1 1 1
=01 | —Avi |Vi+o | —Ava | v+ - +0, | —AV, |V,
(o3} (o] 7%

= (AV)V] + (AV)Vh + - + (Av,)V.

Observe that each of the terms Av; v’

¢ is a matrix of rank 1. Consequently, the sum
of the first k terms of the last equation is a matrix of rank k£ < r, which gives an
approximation to the matrix A. This factorization of a matrix has application in many
areas.

As an illustration of the utility of such an approximation, suppose that A is the
356 x 500 matrix, where each entry is a numeric value for a pixel, of the gray scale
image of the surface of Mars shown in Fig. 4. A simple algorithm using the method

above for approximating the image stored in the matrix A is given by the following:

1. Find the eigenvectors of the n x n symmetric matrix A’A.

2. Compute Av;, fori =1,...,k, with kK <r = rank(A).

3. The matrix (Av;)V| 4+ (Av2)Vh + -+ + (Avy)V} is an approximation of the orig-
inal image.

To transmit the kth approximation of the image and reproduce it back on earth
requires the eigenvectors vy, ..., vy of A’A and the vectors Avy, ..., Av.

The images in Fig. 5 are produced using matrices of ranks 1, 4, 10, 40, 80, and
100, respectively.

Figure 5

The storage requirements for each of the images are given in Table 1.
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Table 1
Image Storage Requirement | Percent of Original | Rank
Original 356 x 500 = 178,000 100%
Approximation 1 2 x 500 = 1,000 0.6 1
Approximation 2 8 x 500 = 4,000 1 4
Approximation 3 20 x 500 = 10,000 1 10
Approximation 4 80 x 500 = 40,000 22 40
Approximation 5 160 x 500 = 80,000 45 80
Approximation 6 | 200 x 500 = 100,000 56 100

Exercise Set 6.8

In Exercises 1—4, find the singular values for the
matrix.

10
3A=| 2 -1 -
2 11
1 -1 0
4.4=| 0 01
-1 10

In Exercises 5—8, find a singular value decomposition

for the matrix.

[ 5
3

W W
[

(=2
=
I
r
ES S
—_—O |
— N
—_ o [ I

O =

403

A= 00 1

0 1 1

In Exercises 9 and 10, the condition number of a
matrix A is the ratio o) /o,, of the largest to the

smallest singular value. The condition number

provides a measure of the sensitivity of the linear

system Ax = b to perturbations to A or b. A linear
system is ill-conditioned when the condition number
is too large and called singular when the condition

number is infinite (the matrix is not invertible).

11
9 Let A= [ 1 1.000000001 }

a. Solve the linear system

=H

b. Solve the linear system

Ax — 2
=1 2.000000001
¢. Find the condition number for A.

1
10. Letb= | 3
—4
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a. Let
-2 -1 0
A=| =2 -1 =2
0 -2 1

Solve the linear system Ax = b.

b. Let
—2.00001 —1.001 0
B=| -2.01 —-0.87 -2
0 -2 1

Solve the linear system Bx = b.
¢. Find the condition number for A.

Review Exercises for Chapter 6

1. Let V be the inner product space R with the
standard inner product and let

1 1 2
B = 0Of,[107],]1
1 0 0

a. Verify that B is a basis for R3.
b. Use B to find an orthonormal basis for R3.

1 1
c. Let W = span 01,10 and
1 0
-2
V= 1 |. Find projy, v. (Hint: First use
—1

the Gram-Schmidt process to find an
orthogonal basis for W; then refer to Exercise
16 of Sec. 6.4.)

2. Let
—1 -3
0
W = span E 0|
-2 0
3 0
- 0
- -1
1

be a subspace of R* with the standard inner
product.

a. Find a basis for W.
b. Find W+,
¢. Find an orthonormal basis for W.

d. Find an orthonormal basis for W+,
e. Verify that dim(R*) = dim(W) 4+ dim(W1).
-2

f. Find the orthogonal projection of v =

onto W.

. Let a, b, and ¢ be real numbers and

X
W = y | eR| ax+by+cz=0
z

where R? is given the standard inner product.
a
a. Show that | b | isin W+,
C
b. Describe W+.
X
c. Letv=| x, |.Find projy.v.
X3
d. Find || projy. v||.

. Define on P, an inner product by

1
(p.q) = /1 p(x)q(x)dx

Let p(x) = x and g(x) = x> —x + 1.

. Find (p, q) .

. Find the distance between p and q.

. Are p and g orthogonal? Explain.

. Find the cosine of the angle between p and g.
. Find proj, p.

. Let W = span{p}. Find W+.

-0 2 6 TN



5. Let V be the inner product space CO[—m, rt]

with inner product defined by

(f.g)= fx)gx)dx

Let W = span{1, cosx, sinx}.

a. Verify that the set {1, cosx, sinx} is
orthogonal.

b. Find an orthonormal basis for W.

c. Find projy, x2.

d. Find || projy x* ||.

. Let B = {vy,...,V,} be an orthonormal basis for

an inner product space V, and let v be a vector
inV.

cl
a. Find the coordinate of v relative to B.
Cn
b. Show that ¢;v; = proj,, v for each
i=1,2,...,n.
c. Let
1 1 1
B={ | 1|, L] -1] L 1
2 V2 V6
V2 0 V2 0 Vo -2

be an orthonormal basis for R3, with the
standard inner product, and let

V= . Find the coordinate

1 1
VRN
1 1
oA
NG

of v relative to B.

Cn

. Show that if B is an orthonormal basis for R”,
with the standard inner product, and
C1

&)
[vls = , then
Cn

Ivli= S+ + -+

Give a similar formula for || v || if B is an
orthogonal basis, not necessarily orthonormal.

8.

10.
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Let {vy, ..., vy} be an orthonormal subset of R",
with the standard inner product, and let v be any
vector in R”. Show that

m
2 2
IVIZF =) (vevi)
i=1

(Hint: Expand || v — 32" (v, v;)v; Hz-)

. (OR factorization) Let A be an m X n matrix

with linearly independent column vectors. In this
exercise we will describe a process to write

A = QR, where Q is an m X n matrix whose
column vectors form an orthonormal basis for
col(A) and R is an n x n upper triangular matrix
that is invertible. Let

1 0 —1
1 -1 2
A=11 o
1 -1 2

a. Let B = {vy, v», v3} be the set of column
vectors of the matrix A. Verify that B is
linearly independent and hence forms a basis
for col(A).

b. Use the Gram-Schmidt process on B to find an
orthogonal basis B| = {w, wa, w3}.

¢. Use B; to find an orthonormal basis
B, = {qi, @2, q3}.

d. Define the matrix Q = [q; q2 q3]. Define the
upper triangle matrix R fori =1, 2,3 by

0 if
rii =
Y Vj-q; if

e. Verify that A = OR.

Let B = {vy, V2, ..., V,} be an orthogonal basis
for an inner product space V and ¢y, ¢z, ..., ¢y
arbitrary nonzero scalars. Show that

By = {c1vi,cava, ..., vy}

is an orthogonal basis for V. How can the scalars
be chosen so that B; is an orthonormal basis?
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Chapter 6: Chapter Test

In Exercises 1-40, determine whether the statement is

true or false.

1. If u is orthogonal to both v; and v;, then u is
orthogonal span{vy, v,}.

2. If W is a subspace of an inner product space V
and v € V, then v — proj,,v e Wt

3. If W is a subspace of an inner product space V,
then W N W+ contains a nonzero vector.

4. Not every orthogonal set in an inner product
space is linearly independent.

In Exercises 5—10, let

|
— N
—_ N =

be vectors in R* with inner product the standard dot
product.

S. v |l =30

6. The distance between the vectors vy and v, is

2+4/14.

. Th toru = — v, i nit vector.
7 e vector u = rviisau ecto

8. The vectors v; and v, are orthogonal.

9. The cosine of the angle between the vectors
vy and v, is —14—5\/%.
—8/15
—4/15
—16/15
—12/15

In Exercises 11-16, let

10. proj, v2 =

1 —
vV = 0 Vo =

[\S}

V3 = 4

be vectors in R? with inner product the standard dot
product.

11. The set {vy, v2, v3} is orthogonal.

12. The set {v}, v, v3} is a basis for R>.

1
13. If W =span{v|, vy} andu= | 1 |, then
1

projy u = vy + %vz.
14. If W = span{vy, v, v3}, then W+ = {0}.
15. If W = span{v,, v,}, then W+ = {0}.

16. W = span{vy, vz, v3}, then proj;v = v for any
vector v € R3.

In Exercises 17—23, use the inner product defined on
P, defined by

1
(p.q) = /1 p(x)q(x)dx

=l =

1 NE

2

18. The polynomials p(x) = x and g(x) = x> — 1 are
orthogonal.

19. The polynomials p(x) = 1 and ¢(x) = x*> — 1 are
orthogonal.

20. The set {1, x, x> — %} is orthogonal.
21. The vector p(x) = % iS a unit vector.
22. If W = span{l, x}, then dim(W+) = 1.

23. If W = span{1, x?}, then a basis for W+
is {1, x}.

24. An n x n symmetric matrix has n distinct real
eigenvalues.

25. If u and v are vectors in R2, then
(u, v) = 3ujvy — upv; defines an inner product.

26. For any inner product

2u, 2v+2w) =2 (u, v) + 2 (u, w)



27.

28.

29.

30.

31.

32.

33.

If W = span({1, x?} is a subspace of P, with
inner product

1
(p.q) = /O p(x)q(x)dx

then a basis for W= is {x}.

If {uy, ..., u} is a basis for a subspace W of an
inner product space V and {vi,...,Vv,]} is a basis
for W+, then {uy,...,u, vy, ..., v,} is a basis
for V.

If A is an n x n matrix whose column vectors
form an orthogonal set in R" with the standard
inner product, then col(A) = R”".

In R? with the standard inner product, the

orthogonal complement of y =2x is y = %x.

In R? with the standard inner product, the
orthogonal complement of —3x 4+ 3z =0 is
-3
span 0
3

Every finite dimensional inner product space has
an orthonormal basis.

If
1 0
W = span 21, 1
1 —1

then a basis for W+ is also a basis for the null
space of

34.

35.

36.

37.

38.

39.

40.
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If
1 —1
W = span 01, 1
1 0
then dim(W+') = 2.
If
0 1
W = span 11,10
1
then
—1
wt = span —1
1
In R> with the standard inner product there exists

a subspace W such that dim(W) = dim(W+).

If A is an n x n matrix whose column vectors are
orthonormal, then AA’v is the orthogonal
projection of v onto col(A).

If u and v are orthogonal, w; is a unit vector in
the direction of u, and w; is a unit vector in the
opposite direction of v, then w; and w; are
orthogonal.

If u and v are vectors in R" and the vector
projection of u onto v is equal to the vector
projection of v onto u, then u and v are linearly
independent.

If A is an m x n matrix, then AA’ and A’ A have
the same rank.
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Preliminaries

Algebra of Sets

The notion of a set is a fundamental concept in mathematics allowing for the grouping
and analysis of objects with common attributes. For example, we can consider the
collection of all even numbers, or the collection of all polynomials of degree 3. A set
is any well-defined collection of objects. By this we mean that a clear process exists
for deciding whether an object is contained in the set. The colors of the rainbow—red,
yellow, green, blue, and purple—can be grouped in the set

C = {red, yellow, green, blue, purple}

The objects contained in a set are called members, or elements, of the set. To indicate
that x is an element of a set S, we write x € S. Since green is one of the colors of the
rainbow, we have that green € C. The color orange, however, is not one of the colors
of the rainbow and therefore is not an element of C. In this case we write orange ¢ C.

There are several ways to write a set. If the number of elements is finite and
small, then all the elements can be listed, as we did with the set C, separated by
commas and enclosed in braces. Another example is

S={-3,-2,0,1,4,7}

If a pattern exists among its elements, a set can be described by specifying only a
few of them. For example,
S=1{2,4,6,...,36}

is the set of all even numbers between 2 and 36, inclusive. The set of all even whole
numbers can be written
T ={2,4,6,...}

Special sets of numbers are often given special symbols. Several common ones
are described here. The set of natural numbers, denoted by N, is the set

N={1,2,3,...}
The set of integers, denoted by Z, is given by
Z=A...,-3,-2,-1,0,1,2,3,..}
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We use the symbol @ to denote the set of rational numbers, which can be described as

@:{5
q

Finally, the set of real numbers, denoted by R, consists of all rational and irrational
numbers. Examples of irrational numbers are +/2 and 7.
In many cases, the set we wish to consider is taken from a larger one. For example,

S={xeR|-1<x<4}

p,qGZ,qsﬁO}

is the set of all real numbers greater than or equal to —1 and less than 4. In general,
the notation
{x € L | restriction on x}

translates to “the set of all x in L such that x satisfies the restriction.” In some cases
L is omitted if a universal set is implied or understood.

Sets can be compared using the notion of containment. Denote two sets by A and
B. The set A is contained in B if each element of A is also in B. When this happens,
we say that A is a subset of B and write A C B. For example, let

A={1,2) B={1,2,3} and C=1{23,4)

Since every element of A is also in B, we have A C B. However, A is not a subset
of C since 1 € A but 1 ¢ C. In this case we write A ¢ C. For the sets of natural
numbers, integers, rational numbers, and real numbers, we have

NCZCQCR

The set with no elements is called the empty set, or null set, and is denoted by ¢.
One special property of the empty set ¢ is that it is a subset of every set.

Two sets A and B are equal if they have the same elements. Alternatively, A and
B are equal if A € B and B C A. In this case we write A = B.

Operations on Sets

Elements can be extracted from several sets and placed in one set by using the oper-
ations of intersection and union. The intersection of two sets A and B, denoted by
A N B, is the set of all elements that are in both A and B, that is,

ANB={x|xe€ Aandx € B}

The union of two sets A and B, denoted by A U B, is the set of all elements that are
in A or B, that is,
AUB={x|xe€eAorxe B}

As an illustration, let A = {1, 3,5} and B = {1, 2, 4}. Then
ANB={1} and AUB={1,2,3,4,5}

A graphical device, called a Venn diagram, is helpful for visualizing set operations.
The Venn diagrams for the intersection and union of two sets are shown in Fig. 1.
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A B A B
ANB AUB
Figure 1

m Define two intervals of real numbers by A =[—3,2) and B =[—7,1). Find AN B

Solution

and AU B.

Since the intervals overlap with —7 < —3 < 1 < 2, the intersection is the interval
ANB=[-3,1)

and the union is the interval
AUB=[-17,2)

Notice that x ¢ AN B ifand only if x ¢ A or x ¢ B, and x ¢ A U B if and only
ifx ¢ Aand x ¢ B.

The complement of the set A relative to the set B, denoted by B\ A, consists of all
elements of B that are not elements of A. In set notation this complement is given by

B\A={xeB|x¢A}
For example, let A and B be the intervals given by A = [1, 2] and B = [0, 5]. Then
B\A =[0,1)U (2, 5]

If A is taken from a known universal set, then the complement of A is denoted
by A€. To illustrate, let A =[1,2] as before. Then the complement of A relative to
the set of real numbers is

R\A = A° = (=00, 1) U (2, 00)

Another operation on sets is the Cartesian product. Specifically, the Cartesian
product of two sets A and B, denoted by A x B, is the set of all ordered pairs whose
first component comes from A and whose second component comes from B. So

AXxB={(x,y)|xe€e Aand y € B}
For example, if A = {1, 2} and B = {10, 20}, then
A x B ={(1, 10), (1, 20), (2, 10), (2, 20)}

This last set is a subset of the Euclidean plane, which can be written as the Cartesian
product of R with itself, so that

RP=RxR={(x,y)|x yeR}
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m Let A =[-3,2) and B = (-2, 1]. Describe the set A x B.

5:" Solution Since A x B consists of all ordered pairs whose first component comes from A and
second from B, we have
1 3 < — <
Iy xcan 3<x<2 and 2<y=<l
; NN The points that satisfy these two conditions lie in the rectangular region shown in
L1 % Fig2
sl
Figure 2 Example 3 shows that operations on sets can be combined to produce results

similar to the arithmetic properties of real numbers.

IETYIIEEY  Verify that if A, B, and C are sets, then AN (BUC) = (AN B)U(ANC).

Solution The Venn diagrams in Fig. 3 show that although the two sets are computed in
different ways, the result is the same. The quantities inside the parentheses are
carried out first. Of course, the picture alone does not constitute a proof. To establish
the fact, we must show that the set on the left-hand side of the equation above is
a subset of the set on the right, and vice versa.

A A

2, | D

AN(BUC) (ANB)UANC)

Figure 3

Indeed, if x e AN (BUC), then x € A and x € B U C. This is equivalent to
the statement x € A and (x € B or x € C), which in turn is also equivalent to

(x € Aand x € B) or (xeAand x € O)
Hence, x € (AN B) U (AN C), and we have shown that
AN(BUC)C(ANB)U(ANC)
On the other hand, let x € (A N B) U (A N C), which can also be written as
x € (ANB) or xe(ANC)

This gives
xe€eA and xeB or xeA and xeC

In either case, x € A and, in addition, x € B or x € C, so that

xe ANBUCQC)
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Therefore,
(ANB)U(ANC)C AN(BUCQC)

Since each set is a subset of the other, we have

AN(BUC)=(ANB)U(ANC)

Theorem 1 includes the result given in Example 3 along with other properties of
set operations. The verifications of the remaining properties are left as exercises.

Let A, B, and C be sets contained in a universal set U.

1. ANA=A,AUA=A

(A)=A

ANA =¢, AUA=U

ANB=BNA AUB=BUA
(ANB)NC=ANBNC), AUB)UC=AU(BUC)
AN(BUC)=(ANB)U(ANC)
AUMBNC)=(AUB)N(AUC)

AU S o

DeMorgan’s Laws Let A, B, and C be sets. Then
1. A\(BUC) = (A\B) N (A\C)
2. AA(BNC) = (A\B) U (A\C)

Proof (1) We need to verify that the set on the left-hand side of the equation is a
subset of the set on the right, and vice versa. We begin by letting x € A\(B U C).
This means that x € A and x ¢ B U C. This is equivalent to the statement

x €A and (x ¢ Band x ¢ C)
which is then equivalent to
x€A and x¢B and xeA and x¢C
This last pair of statements gives
x € (A\B)N(A\C) sothat A\(BUC) C (A\B)N (A\C)

To show containment in the other direction, we let x € (A\B) N (A\C). Rewriting
this in equivalent forms, we have

x € (A\B) and x € (A\C)
x€A and x¢B and x€eA and x¢C
xeA and x¢B and x¢C

x€eA and x ¢ (BUCQC)
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Therefore,

(A\B) N (A\C) € A\(BUC)

(2) The proof is similar to the one given in part 1 and is left as an exercise.

Exercise Set A.1

In Exercises 1-6, let the universal set be Z and let

A = {_47 _270, 172’37 5’ 77 9}
B={-3.-2.-1.2.4.6.8.9.10)

Compute the set.
1. ANB
2. AUB
AXB
(AU B)*
A\B
B\A
Exercises 7—14, use the sets

A=(-11,3] B=[0,8] C=[-9,00)

S e o oA W

I

Compute the set.
7. ANB
8. (AU B)°
9. A\B
10. C\A
11. A\C
12. (AUB)XNC
13. (AU B)\C
14. B\(ANC)

In Exercises 15-20, use the sets
A=(-2,3] B =11,4] C =1[0,2]
to sketch the specified set in the plane.
15. Ax B
16. B x C

17. C x B

18. (A x B)\[C x (BN ()]
19. Ax(BNC)

20. (Ax B)N(A xC)

In Exercises 21-26, let

A=1{1,2,3,5,7,9,11}
B = 12,5, 10, 14, 20}
C =1{1,5,7, 14,30,37)

Verify that the statement holds.

21. ANB)NC=AN(BNC)

22. (AUB)UC=AU(BUCQC)

23. AN(BUC)=(ANB)U(ANC)
24. AUBNC)=(AUB)N(AUC)
25. A\(BUC) = (A\B) N (A\C)

26. A\(BNC)=(A\B) U (A\C)

In Exercises 27—34, show that the statement holds for
all sets A, B, and C.

27. (A=A

28. The set A U A€ is the universal set.

29. ANB=BNA

30. AUB=BUA

3. ANB)NC=AN(BNC)

32. (AUB)UC =AU(BUC)

33. AUBNC)=(AUB)N(AUC)

34. A\(BNC)=(A\B) U (A\C)

35. If A and B are sets, show that
A\B =ANB°
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36. If A and B are sets, show that 39. If A, B, and C are sets, show that

(AUB)N A = B\A Ax(BNC)=(AxB)N(AxC)
37. If A and B are sets, show that 40. The symmetric difference operation A on two sets

(AUB)\(AHB)Z(A\B)U(B\A) AandBlsdeﬁnedby
AAB = (A\B) U (B\A)

38. If A and B are sets, show that Show that

(AN B) = A\(A\B) AAB = (AU B)\(AN B)

A.2 » Functions

DEFINITION 1

The sets we described in Sec. A.1 along with functions are two of the fundamental
objects of modern mathematics. Sets act as nouns defining objects and functions as
verbs describing actions to be performed on the elements of a set. Functions connect
each element of one set to a unique element of another set. The functions that are
studied in calculus are defined on sets of real numbers. Other branches of mathematics
require functions that are defined on other types of sets. The following definition is
general enough for a wide variety of abstract settings.

Function A function f from a set X to a set Y is a rule of correspondence
that associates with each element of X exactly one element of Y.

Before continuing with a description of functions, we note that there are other
ways of associating the elements of two sets. A relation is a rule of correspondence
that does not (necessarily) assign a unique element of Y for each element of X.
A function, then, is a relation that is well defined with a clear procedure that associates
a unique element of Y with each element of X. A common metaphor for a function
is a machine that produces a unique output for each input.

A function f is also called a mapping from X to Y and is written f: X — Y.
If x € X is associated with y € Y via the function f, then we call y the image of x
under f and write y = f(x). The set X is called the domain of f and is denoted by
dom(f). The range of f, denoted by range( f), is the set of all images of f. That is,

range(f) = {f(x) | x € dom(f)}
If A is a subset of the domain, then the image of A is defined by

F(A) ={f(x)|xe A}

Using this notation, we have range( f) = f(X).

There are many ways of describing functions. The pictures shown in Fig. 1, give
us one way while providing an illustration of the key idea distinguishing relations
from functions.
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Figure 2

Ay

1,,
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Figure 3
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L

A function Not a function

Figure 1

The relation f, shown in Fig. 1, is a function since it is well defined with each
element of the set X corresponding to a unique element of the set Y. Notice that more
than one element in the domain of the function f can be associated with the same
element in the range. In this case x3 and x4 both map to y;. However, the relation
g, also shown in Fig. 1, is not a function since x3 corresponds to both y; and ys.
Notice in this example that f(X) is not equal to Y, since y4 is not in the range of
f. In general, for the mapping f: X — Y, the set X is always the domain, but
range(f) C Y.

The graph of a function f: X — Y is a subset of the Cartesian product X x Y
and is defined by

graph(f) = {(x, y) [ x € X and y = f(x) € range(f)}
For a function f: R —> R the graph is a subset of R?, the Cartesian plane.
A familiar function is f: R — R defined by the rule

f)y=x*—4x+3=(x-27%-1

Since the rule describing the function is defined for all real numbers, we have
dom(f) = R. For the range, since the vertex of the parabola is (2, —1), then
range(f) = [—1, 00). These sets are also evident from the graph of the function,
as shown in Fig. 2. Also the image of x = 0 is f(0) = 3. Notice that in this example
it is also the case that f(4) = 3, so {0, 4} is the set of all real numbers with image
equal to 3. The set {0, 4} is called the inverse image of the set {3}. This motivates the
next concept.

If f: X — Y is a function and B C Y, then the inverse image of B, denoted
by f~!(B), is the set of all elements of the domain that are mapped to B. That is,

f'(B)={x eX| f(x) € B

The set f~!(B) is also called the set of preimages of the set B. As another illustration
let f: [0,2n] — [—1, 1] be defined by f(x) = sinx. The graph is shown in Fig. 3.
We see from the graph that

SN0, 1) =[0,%]  and  f7N([=1,0D) =[x, 27]
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m Let f: R —> R be the function defined by f(x) = x> — 4x + 3. Define the sets

Solution

e Fp

A=[0,3] B=[L,4 C=[-1,31 D=[0,3]

Compare the sets f(A N B) and f(A) N f(B).
Compare the sets f(A U B) and f(A) U f(B).
Compare the sets f~1(C N D) and f~1(C) N f~1(D).
Compare the sets f~!(C U D) and f~1(C)U f~1(D).
Since AN B =[1,3], we see from Fig. 2 that f(AN B)=[—1,0]. Again
using the graph of f, we have f(A)= f([0,3]) =[—1,3] and f(B) =
f([1,4]) =[—1, 3], so that f(A) N f(B) =[—1, 3]. Hence, we have shown
that
F(ANB) C f(AN f(B) with f(ANB) # f(A)N f(B)
Since AU B = [0, 4], we have f(AU B) =[—1, 3]. Also f(A) =[-1,3]=
f(B), so that f(A) U f(B) =[—1, 3]. Therefore,
f(AUB) = f(A)U f(B)
Since C N D = [0, 3], we have
fienD) ={xeR| f(x) €0,3]}
={xeR|[0=< f(x) <3}
=xeR|0<(x—-2%—-1<3)
We see from Fig. 2
fcnD)=1[0,1]U[3,4]
On the other hand,
f7H©) =10,4]
The inverse image of the set D is
S7H(D) =[0,1]U 3, 4]

Finally,
ioyn i)y =fcn D)

. Since C U D = [—1, 3], we have from the results in part (c)

ficcub)=flc)u (D)

Theorem 3 summarizes several results about images of sets and inverse images

of sets including the observations made in Example 1.
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THEOREM 3

Let f: X — Y be a function, and suppose A and B are subsets of X and C and
D are subsets of Y. Then

. f(ANB) C f(A)N f(B)

- f(AUB) = f(A)U f(B)

. f7enb)y=fC)n f71(D)

. f7CcuD)y =)V fTH(D)

L AC A

(e Rle

Proof (1)Lety € f(A N B). Then there is some x € A N B such that y = f(x).
This means that y € f(A) and y € f(B), and hence y € f(A) N f(B). Therefore,
F(ANB) € f(A)N f(B).

(3) To show that the sets are equal, we show that each set is a subset of the other.
Let x € f_l(C N D), so that f(x) € C N D, which is equivalent to the statement
f(x) € C and f(x) € D. Therefore, x € f~'(C) and x € f~'(D), and we have
f/ienbpyc rieyn D).

Now let x € f~1(C)N f~1(D), which is equivalent to the statement x €
f~C) and x € f~1(D). Then f(x) € C and f(x) € D, so that f(x) € CN D.
Therefore, x € f~'(C N D) and hence f~'(C)N f~1(D) € f~(C N D).

(5) If x € A, then f(x)e f(A), and hence x e f~!'(f(A)). This gives
A C fT(fA)).

The proofs of parts 2, 4, and 6 are left as exercises.

N B W N -

(=)

Example 1(a) provides a counterexample to show that the result in Theorem 3,
part 1, cannot be replaced with equality.

Inverse Functions

An inverse function of a function f, when it exists, is a function that reverses the action
of f. Observe that if g is an inverse function of f and f(a) = b, then g(b) = a. For
example, if f(x) =3x — 1 and g(x) = (x + 1)/3, then f(2) = 5 and g(5) = 2. One
of the most important function-inverse pairs in mathematics and science is f(x) = e*
and g(x) = Inx.

For a function to have an inverse function, the inverse image for each ele-
ment of the range of the function must be well defined. This is often not the case.
For example, the function f: R —> R defined by f(x) = x? cannot be reversed as a
function since the inverse image of the set {4} is the set {—2, 2}. Notice that the inverse
image of a set in the range of a function is always defined, but the function may not
have an inverse function. A function that has an inverse is called invertible. Later
in this section we show that if a function is invertible, then it has a unique inverse.
This will justify the use of the definite article and the symbol f~! when referring to
the inverse of the function f. Functions that have inverses are characterized by the
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property called one-to-one. The function described in Fig. 1 is not one-to-one, since
both x3 and x4 are sent to the same element of Y. This cannot occur for a one-to-one
function.

One-to-One Function Let f: X — Y be a function. Then f is called one-
to-one, or injective, if for all x; and x, with x| # x, then f(x)) # f(x2).

Alternatively, f is one-to-one if whenever f(x;) = f(x;), then x; = x;. For a
function f: R — R, this condition is met if every horizontal line intersects the graph
of f in at most one point. When this happens, f passes the horizontal line test and
is thus invertible. This test is similar to the vertical line test used to determine if
f is a function. The inverse of f is denoted by f~! with f~!: range(f) — X.
Theorem 4 gives a characterization of functions that are invertible. We omit the
proof.

Let X and Y be nonempty sets and f: X —> Y be a function. The function f has
an inverse function if and only if f is one-to-one.

As an illustration, let f: R — R be defined by y = f(x) = 3x + 1. Since the
graph, which is a straight line, satisfies the horizontal line test, the function is one-
to-one and hence has an inverse function. To find the inverse in this case is an easy
matter. We can solve for x in terms of y to obtain

y—1
X ="—
3
The inverse function is then written using the same independent variable, so that
x—1

) = 3

It is also possible to show that a function has an inverse even when it is difficult to
find the inverse.

Show the function f: R — R defined by f(x) = x> + x is invertible.

By Theorem 4, to show that f is invertible, we show that f is one-to-one. Suppose
that x| # x; with x; < x,. We wish to show that f(x;) # f(x;). Since the cubing
function is strictly increasing for all x, we have

X1 < X and X < x3
Therefore,

faD)=xi +x1 <x34+x=f(x2) sothat  f(x1) # f(x2)
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The graph of an invertible function can be used to describe the graph of the
inverse function. To see how, suppose that (a, b) is a point on the graph of y = f(x).
Then b = f(a) and a = f~!(b). Consequently, the point (b, a) is on the graph of
y = f~1(x). Since the point (b, a) is the reflection of (a, b) through the line y = x,
the graphs of f and f~! are also reflections through y = x. The graph of the function
and its inverse in Example 2 are shown in Fig. 4.

Figure 4

When f: X — Y is a function such that the set of images is all of Y, that is,
F(X) =Y, we call the function onto.

Onto Function The function f: X — Y is called onto, or surjective, if
range(f) =Y.

For example, the function of Example 2 is onto since the range of f is all of R.
See Fig. 4. A function is called bijective if it is both one-to-one and onto.

Notice that the function f: R — R with f(x) = x? is not onto since range ( f) =
[0, 00). Of course, every function is a mapping onto its range. So the function
f: R — [0, 00) defined by f(x) = x? is onto. This new version of the original
function is not one-to-one, but by restricting the domain to [0, o), we can define a
version that is one-to-one and onto. That is, the function f: [0, o0) —> [0, c0) defined
by f(x) = x? is a bijection. The function defined in Example 2 is also bijective. Notice
also that a function has an inverse if and only if it is bijective.

Composition of Functions

Functions can be combined in a variety of ways to create new functions. For example,
if f:X; — Y| and g: X; — Y, are real-valued functions of a real variable, then
the standard arithmetic operations on functions are defined by

(f+9x) = f(x)+gkx)
(f—9x) = fx)—gk)
(fe)(x) = f(x)g(x)

f _ SO
(g) =0
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The domains of these functions are given by dom(f + g) =dom(f —g) =
dom(fg) = X; NX; and dom(f/g) = (X1 N Xp)\{x | g(x) = 0}. Another method of
combining functions is through the composition of two functions. In the compo-
sition of two functions f and g, the output of one function is used as the input
to the other. For example, if f(x) = /x and g(x) = x> —x — 2, then f(g(3)) =
f(4) =2 is the composition of f with g evaluated at the number 3 and is denoted
by (fo8)(3).

Composition Let A, B, and C be nonempty setsand f: B —> Candg: A — B
be functions. The composition fog: A — C is defined by

(fo8)(x) = f(g(x))
The domain of the composition is dom(fog) = {x € dom(g) | g(x) € dom(f)}.

A function and its inverse undo each other relative to composition. For example,
let f(x) =2x — 1. Since f is one-to-one, it is invertible with f~'(x) = (x + 1)/2.
Notice that
f)+1 2x—-1+41

-1, _ -1 _
(f7 e N =7 (f(x) 7 5

X

and

(Fof ™M) = £ @) =2 (%) lmxtl-1=x

Suppose that f: X — Y is a bijection. Then

1. (f7'of)(x) = x for all x € X
2. (fof H(x)=xforall x €Y

As mentioned earlier, when an inverse function exists, it is unique. To see this,
let f: X — Y be an invertible function and f~! an inverse function. Suppose that
g: Y — X is another inverse function for f. Let Ix be the identity function on X
and Iy the identity function on Y. That is, Ix(x) = x for all x € X and Iy(y) = y for
all y e Y. If y is in Y, then

g(y) = golv(y) = go(fof ~H(»)

=g(f(fT' ) = (gof)ef(y)
=Ix(fT'oN ="'

Since this holds for all y in Y, then g = f~!. Consequently, when it exists, the inverse
function is unique. This justifies the use of the symbol f~! for the inverse of f, when
it exists.
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THEOREM 6

THEOREM 7

THEOREM 8

Let f: X — Y be a bijection. Then

1. f~1: Y — Xis also a bijection,

2. =7

Let A, B, and C be nonempty sets and f: B —> C and g: A —> B be functions.

If f and g are injections, then fog is an injection.
If f and g are surjections, then fog is a surjection.
If f and g are bijections, then fog is a bijection.

If fog is an injection, then g is an injection.

A

If fog is a surjection, then f is a surjection.

Proof (1) Suppose that x; and x; are in A and (fog)(x;) = (fog)(x2). Then by
the definition of composition, we have

fg(x1)) = f(g(x2))

Since f is an injection, g(x;) = g(x2). But since g is also an injection, we have
x1 = x. Therefore, fog is an injection.

(5) Let c € C. Since fog: A —> C 1is a surjection, there is some a € A such that
(fog)(a) = c. That is, f(g(a)) =c. But g(a) € B, so there is an element of B
with image under f equal to c. Since ¢ was chosen arbitrarily, we know that f is
a surjection.

The proofs of parts 2, 3, and 4 are left as exercises.

Let A, B, and C be nonempty sets and f: B —> C and g: A — B be functions. If
f and g are bijections, then the function fog has an inverse function and ( fog) ™! =
g lof

Proof By Theorem 7, the composition fog: A —> C is a bijection; hence by
Theorem 4, the inverse function (fog)~': C — A exists. Moreover, the function
g 'of~! also maps C to A. For each ¢ € C we will show that (fog)~'(c) =
(g o fH(c). Let ¢ € C. Since f is onto, there is b € B such that f(b) = c, so
that b = f~!(c). Next, since g is onto, there is an a € A such that g(a) = b, which
is equivalent to a = g~!(b). Taking compositions gives (fog)(a) = f(g(a)) = c,
and hence (fog)~!(c) = a. We also have g~ (f~'(c)) = (g~ 'of~")(c) = a. Since
this holds for all ¢ € C, the functions (fog)~' and g~'of~'are identical, that is,
(feog) ' =g tof .
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In

Exercises 1-10, let

X ={1,2,3,4,5,6)
Y ={-2,-1,3,5,9,11, 14}

and define f: X — Y by the set of ordered pairs

9.
10.

In

® N AW =

{(1,-2),(2,3),3,9), 4, =2), (5, 11), (6, =)}
. Explain why f is a function.
. Is f a one-to-one function? Explain.
Is f an onto function? Specify range(f).
Let A ={1,2,4}. Find f(A).
Find f~'({-2)).
Find f~1(f({1}).
Does f have an inverse function? Explain.

Is it possible to define a function with domain X
that is onto Y? Explain.

Define a function g: X — Y that is one-to-one.

Is it possible to define a function g: Y — X that
is onto? Explain.

Exercises 11—14, use the function f: R — R

defined by

11

12

13

14.

fx) =x?

. Let A =(-3,5) and B = [0, 7). Verify that
f(AUB) = f(A)U f(B)

. Let C =[1,00) and D = [3, 5]. Verify that

fiecup)=fieyu o

. Let A =[-2,0] and B = [0, 2]. Verify that

FANB) C f(A)N f(B)
and the sets are not equal.

Define a function g by the rule g(x) = x2, but
with the domain restricted to the interval [0, co).
If A=1[0,5) and B = [2, 7), verify that

g(ANB) =g(A)Ng(B)
What property does g have that f does not?

15.

16.

17.

18.

19.

20.

21.
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A.2 Functions

Define a function f: R — R by f(x) = ax + b,
where a and b are real numbers with a # 0. Find
the inverse function of f.

Define a function f: R — R by f(x) = x° + 2x.
Show that the inverse function of f exists.

Given a function f, define for each positive
integer n

)y = (fefe-of)x)

where the composition is taken n — 1 times. If ¢
is a fixed real number and f(x) = —x + ¢, find
f"(c) for all n.

Define a function f: R — R by

2x if0<x
f(x)_{2—2x if%<x

Sketch the graphs of y = f(x) and y = (fof)(x).
Define a function f: R — R by
f) ="

1
=3
<1

a. Show that f is one-to-one.
b. Is f onto? Justify your answer.

¢. Define a function g with the same rule and
domain as f but that is onto.

d. Find the inverse function for the g defined in
part (c).
Define a function f: R — R by
fy=e™
Show the function is not one-to-one.

Define a function f: N — N by
fn) =2n

®

Show that f is one-to-one.

b. Is f onto? Explain.

c. If E denotes the set of even positive integers
and O the odd positive integers, find f~!(E)
and f~1(0).
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22. Define a function f: Z — Z by
+1
fon = { "

n

Let E denote the set of even integers and O the

Appendix A Preliminaries

c. Let A be the set of all points that lie on the
if nis even line y = x + 1. Find f(A).

if n is odd In Exercises 25-27, f: X — Y is a function, A and B
are subsets of X, and C and D are subsets of Y. Prove
the statements.

set of odd integers. Find f(E) and f(O).

23. Define a function f: Z x Z — Z by
f((m,n)) =2m +n

25. f(AUB) = f(A)U f(B)
26. f~'(CuD)=f(C)U (D)
27. f(flCcycc

a. Let A= {(p,q) | p and g are odd}. Find In Exercises 28—30, f: B — C and g: A — B are
). functions. Prove the statements.
b. Let B = {(p, q) | g is odd}. Find f(B).

[="E <]

. Find £~'({0}).
. Let E denote the set of even integers. Find

28. If f and g are surjections, then fog is a
surjection.

fUE). 29. If f and g are bijections, then fog is a bijection.
e. Let1 O denote the set of odd integers. Find 30. If fog is an injection, then g is an injection.
—(0).
f gho:v tl)lat £ is not one-to-one 31. If f: X — Y is a function and A and B are
' ) ' subsets of X, show that
g. Show that f is onto.

24. Define a function f: R?> — R? by

J(A\SF(B) S f(A\B)

f((x, y)) = (2x, 2x + 3y) 32. If f: X — Y is a function and C and D are

subsets of Y, show that

a. Show that f is one-to-one. 1 1 1
b. Is f onto? Justify your answer. f(C\D) = f7(O\f (D)

A3

Techniques of Proof

Mathematics is built on facts. A few of these, called axioms, are accepted as self-
evident and do not require justification. Every other statement of fact requires proof.
A proof is the process of establishing the validity of a statement. Results in math-
ematics that require proof are called theorems and are made up of two parts. The
first part, called the hypothesis, is a set of assumptions. The second part, called the
conclusion, is the statement that requires proof. It is customary to use the letter P to
denote the hypotheses (or hypothesis if there is only one) and the letter Q to denote
the conclusion. A theorem is symbolized by

P = 0

which we read as “if P, then Q” or “P implies Q” or “P is sufficient for Q.” The
converse of a theorem is symbolized by

QO = P
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read as “Q implies P” or “P is necessary for Q.” For example, let P be the statement
Mary lives in lowa and Q the statement that Mary lives in the United States. Then
certainly P =— Q is a theorem since every resident of lowa is a resident of the
United States. But 0 = P is not a theorem since, for example, if Mary is a
resident of California, then she is a resident of the United States but not a resident of
Iowa. So the statement Q = P is not always true given that Q is true. In terms
of sets, if A is the set of residents of Iowa and B is the set of residents of the United
States, then the statement P is Mary is in A and Q is Mary is in B. Then Mary is in A
implies Mary is in B. It is also clear that if Mary is in B\ A, then Mary is in B does
not imply that Mary is in A.

A statement that is equivalent to the theorem P = Q is the contrapositive
statement ~Q = ~ P, that is, not Q implies not P. In the example above, if Mary is
not a resident of the United States, then Mary is not a resident of lowa. An equivalent
formulation of the statement, in the terminology of sets, is that if Mary ¢ B, then it
implies Mary ¢ A.

There are other statements in mathematics that require proof. Lemmas are pre-
liminary results used to prove theorems, propositions are results not as important as
theorems, and corollaries are special cases of a theorem. A statement that is not yet
proven is called a conjecture. One of the most famous conjectures is the celebrated
Riemann hypothesis. A single counterexample is enough to refute a false conjec-
ture. For example, the statement All lions have green eyes is rendered invalid by the
discovery of a single blue-eyed lion.

In this section we briefly introduce three main types of proof. A fourth type,
called mathematical induction, is discussed in Sec. A.4.

Direct Argument

In a direct argument, a sequence of logical steps links the hypotheses P to the
conclusion Q. Example 1 provides an illustration of this technique.

Prove that if p and ¢ are odd integers, then p + ¢ is an even integer.
To prove this statement with a direct argument, we assume that p and ¢ are odd
integers. Then there are integers m and n such that
p=2m+1 and q=2n+1
Adding p and ¢ gives

p+qg=2m+1+4+2n+1
=2(m+n)—+2
=2(m+n+1)

Since p + ¢ is a multiple of 2, it is an even integer.



426 Appendix A Preliminaries

Solution

Solution

Contrapositive Argument

The contrapositive statement of the statement P — (Q is the statement
~Q = ~P. The notation ~Q denotes the negation of the statement Q. A state-
ment and the contrapositive statement are equivalent, so that if one holds, then the
other also holds. In a contrapositive argument the hypothesis is ~Q, and we proceed
with a direct argument to show that ~P holds.

If p? is an even integer, then p is an even integer.

In a direct argument we assume that p? is even, so that we can write p> = 2k for

some integer k. Then
p=~2k= V2vk

which does not allow us to conclude that p is even.

To use a contrapositive argument, we assume that p is nof an even integer.
That is, we assume that p is an odd integer. Then there is an integer k such that
p = 2k + 1. Squaring both sides of equation p = 2k + 1 gives

p? = 2k +1)?
= 4k% + 4k + 1
=202k +2k) + 1

and hence p? is an odd integer. Therefore, the original statement holds.

Contradiction Argument

In a contradiction argument to show that a statement holds, we assume the contrary
and use this assumption to arrive at some contradiction. For example, to prove that

the set of natural numbers N is infinite, we would assume the set of natural numbers is

finite and argue that this leads to a contradiction. A contrapositive argument is a form

of contradiction where to prove P — Q, we assume that P holds and ~Q holds

and arrive at the conclusion that ~ P holds. Since both P and ~P cannot be true, we

have a contradiction. In certain cases the contradiction may be hard to recognize.

Prove that +/2 is an irrational number.

To use a contradiction argument, we assume that /2 is not irrational. That is, we
assume that there are integers p and ¢ such that

v2="
q
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where p and ¢ have no common factors. We will arrive at a contradiction by
showing that if /2 = p/q, then p and g do have a common factor. Squaring both
sides of the last equation gives
2= p_z so that p? =24°

q
Hence, p? is even. Since p? is an even integer, then by Example 2 so is p. Thus,
there is an integer k such that p = 2k. Substituting 2k for p in the equation 2¢°> = p?
gives

2¢> = p* = 2k)* = 4k*  sothat  ¢* =2k*

Hence, ¢ is also an even integer. Since p and ¢ are both even, they have a common

factor of 2, which contradicts the assumption that p and g are chosen to have no
common factors.

Quantifiers

Often statements in mathematics are quantified using the universal quantifier for
all, denoted by the symbol V, or by the existential quantifier there exists, denoted
by the symbol 3. If P(x) is a statement that depends on the parameter x, then the
symbols

Vx, P(x)

are read for all x, P(x). To prove that the statement is true, we have to verify that the
statement P (x) holds for every choice of x. To prove that the statement is false, we
need to find only one x such that P(x) is false, that is, we need to find a counterex-
ample. To prove that a statement of the form

dx, P(x)

holds requires finding at least one x such that P(x) holds. The statement is false if
the statement

~(3x, P(x))

holds. When we negate a statement involving quantifiers, ~3 becomes V and ~V
becomes 3. So the statement

~(3x, P(x)) is equivalent to Vx,~P(x)
and the statement

~(Vx, P(x)) is equivalent to Ix, ~P(x)
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Exercise Set A.3

1.

10.

11.

12.

13.

14.

15.

16.

Prove that in an isosceles right triangle, the
hypotenuse is +/2 times the length of one of the
equal sides.

Prove that if ABC is an isosceles right triangle
with C the vertex of the right angle and sides
opposite the vertices a, b, and ¢, respectively, then
the area of the triangle is ¢?/4.

Prove that in an equilateral triangle the area of the
triangle is +/3/4 times the square of the length of
a side.

Prove that if s and r are rational numbers with
t # 0, then s/1¢ is a rational number.

Prove that if a, b, and ¢ are integers such that a
divides b and b divides c, then a divides c.

Prove that if m and n are even integers, then
m + n is an even integer.

Prove that if n is an odd integer, then n? is an odd
integer.

Prove that if n is in N, then n? +n + 3 is odd.

Prove that if a and b are consecutive integers,
then (a + b)? is an odd integer.

Prove that if m and n are odd integers, then mn is
an odd integer.

Show that the statement if m and n are two
consecutive integers, then 4 divides m*> + n? is
false.

Let f(x) = (x — 1)? and g(x) = x + 1. Prove
that if x isintheset S={x e R|0 <x <3},
then f(x) < g(x).

Prove that if n is an integer and n? is odd, then n
is odd.

Prove that if 7 is an integer and n* is even, then n
is even.

Prove that if p and ¢ are positive real numbers
such that ./pg # (p + q)/2, then p # q.

Prove that if ¢ is an odd integer, then the equation
n% +n — ¢ = 0 has no integer solution for 7.

17.

18.

19.
20.

21.

22.

23.

Prove that if x is a nonnegative real number such
that x < e, for every real number € > 0, then x = 0.

Prove that if x is a rational number and x + y is
an irrational number, then y is an irrational
number.

Prove that ~/2 is irrational.
Prove that if n in N, then
n n
>
n+1 n—+2

Suppose that x and y are real numbers with
x < 2y. Prove that if 7xy < 3x? 4+ 2y?, then
3x <y.

Define a function f: X — Y and sets A and B in
X that is a counterexample to show the statement

If f(A) C f(B), then A C B
is false.

Define a function f: X — Y and sets C and D in
Y that is a counterexample to show the statement

If f71(C) € (D), then C Cc D

is false.

In Exercises 24-30, f: X — Y is a function, A and B
are subsets of X, and C and D are subsets of Y. Prove
the statements.

24,
25.
26.

27.

28.

29.

If A C B, then f(A) € f(B).
If C € D, then f~1(C) € f~1(D).
If f is an injection, then for all A and B

F(ANB) = f(A)N f(B)
If f is an injection, then for all A and B
J(A\B) = f(A)\f(B)
If f is an injection, then for all A
@A) =4
If f is a surjection, then for all C

f(rleny=c
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Mathematical Induction

Throughout mathematics there are statements that depend on natural numbers and
where the aim is to determine whether the statement is true or false for all natural
numbers. Some simple examples are the following three statements, the third being a
well-known puzzle, called the Tower of Hanoi puzzle.

1. For every natural number n, the sum of the first n natural numbers is given by

nn+1)
2

2. The expression 6n + 1 is a prime number for every natural number 7.

3. Given three pegs, labeled 1, 2, and 3, and a stack of n disks of decreasing
diameters on peg—1, the disks can be moved to peg—3 in 2" — 1 moves. This is
under the restriction that a disk can be placed on top of another disk only when
it has smaller diameter.

14243+ 4n=

When we are considering a statement involving natural numbers to provide
insight, a useful first step is to substitute specific numbers for n and determine whether
the statement is true. If the statement is false, often a counterexample is found quickly,
allowing us to reject the statement. For example, in the second statement above, for
n=1,2, and 3 the expression 6n + 1 has values 7, 13, and 19, respectively, all of
which are prime numbers. However, if n = 4, then 6(4) + 1 = 25, which is not a
prime number, and the statement is not true for all natural numbers n.

In the case of the first statement, the data in Table 1 provide more convincing
evidence that the formula may indeed hold for all natural numbers. Of course, to
establish the fact for all n requires a proof, which we postpone until Example 1.

For the Tower of Hanoi puzzle, when n = 1, the number of steps required is 1,
and when n = 2, it is also easy to see a solution requiring 3 steps. A solution for
n =3 is given by the moves

D3 — P3, D2 — P2, D3 — P2,D1 — P3,D3 — P1,
D2 — P3,D1 — P3

Table 1

1+24+3+:--+n n(n+1)

1 02 -

1+2=3 Qe _ 3
14+243=6 oW _ ¢
1+24+3+4=10 @e) — 19
1+243+4+5=15 (Lz(é)zw
1+2+43+445+6=21 | &P =21
1+24+3+4+5+6+7=28 | P& =28
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THEOREM 9

where D1, D2, and D3 represent the three disks of decreasing diameters and P1, P2,
and P3 represent the three pegs. So for n = 3, we have a solution with 7 =23 — 1
moves. Again, the evidence is leading toward the result being true, but we have not
given a satisfactory proof. Let’s push this example a bit further. How can we use the
result for three disks to argue that this result holds for four disks? The same sequence
of steps we gave for the solution of the three-disk problem can be used to move the
stack from P1 to either P2 or P3. Now, suppose that there are four disks on P1.
Since the bottom disk is the largest, P1 can be used as before to move the top three
disks. So as a first step, move the top three disks to P2, which requires 2° — 1 =7
moves. Next, move the remaining (largest) disk on P1 to P3, which requires 1 move.
Now, using the same procedure as before, move the three-disk stack on P2 over to
P3, requiring another 23 — 1 = 7 moves. The total number of moves is now

203 —D+1=2—241=2*-1=15

This approach contains the essentials of mathematical induction. We start with an
initial case, called the base case, that we can argue holds. The next step, called the
inductive hypothesis, provides a mechanism for advancing from one natural number
to the next. In the Tower of Hanoi example, the base case is the case for n = 1, and
one disk on P1 requires only 1 =2' —1 move to transfer the disk to P3 or P2.
The inductive hypothesis is to assume that the result holds when there are n disks on
P1. We are required to argue the result holds for n 4 1 disks on P1. We did this for
n=3.

Theorem 9 provides a formal statement of the principle of mathematical induction.
The proof of this statement, which we omit, is based on the axiomatic foundations of
the natural numbers. Specifically, the proof uses the well-ordering principle, which
states that every nonempty subset of N has a smallest element.

The Principle of Mathematical Induction
Let P be a statement that depends on the natural number n. Suppose that

1. Pis true forn =1 and
2. When P is true for a natural number #n, then P is true for the successor n + 1

Then the statement P is true for every natural number 7.

The principle of mathematical induction is also referred to as mathematical induc-
tion, or simply induction.

An analogy to describe the process of mathematical induction is an infinite row
of dominoes that are toppled one domino at a time, starting with the first domino. If
the dominoes are set up so that whenever a domino falls its successor will fall (the
inductive hypothesis), then the entire row of dominoes will fall once the first domino
is toppled (base case).
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The principle of mathematical induction is used to prove a statement holds for
all natural numbers, or for all natural numbers beyond a fixed natural number. This
is illustrated in the following examples.

m Prove that for every natural number n,

n 1
Zk=l+2+3+'~+n=@

k=1

Solution To establish the base case when n = 1, notice that

_(H

B

The inductive hypothesis is to assume that the statement is true for some fixed
natural number n. That is, we assume

1

nn—+1)
2
Next, add n + 1 to both sides of the last equation to obtain

14243+ +n=

142434+ +n+@+D=0+2+3+--+n)+@+1)
and we apply the inductive hypothesis to conclude

142434+ +n++D=0+2+3+---+n)+@®m+1)
_n(n+1)
s
_(n+1Dn+2)
2

The last equality agrees with the stated formula for the successor of n, that is, for
n + 1. Therefore, by induction the statement holds for all natural numbers.

+@m+1)

m Prove that for every natural number 7, the number 3" — 1 is divisible by 2.

Solution 1In Table 2 we have verified that for n = 1,2, 3,4, and 5 the number 3" — 1 is
divisible by 2.

In particular, if n = 1, then 3" — 1 =2, which is divisible by 2. Next, we

assume that the statement 3" — [ is divisible by 2 holds. To complete the proof,

we must verify that the number 3"*! — 1 is also divisible by 2. Since 3" — 1 is
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divisible by 2, then there is a natural number ¢ such that

Table 2
n 3" -1 3" —1=2¢q which gives 3" =2q+1
1 2 Next, we rewrite the expression 3"*! — 1 to include 3" in order to use the inductive
5 g hypothesis. This gives ,
3 —1=33"-1
3 26 = 3y - 1) = 1
4 80 =6q +2
5 242 =23qg + 1)

Therefore, the expression 3"+! — 1 is also divisible by 2.

Recall that factorial notation is used to express the product of consecutive natural
numbers. Several examples are

11=1
A=1.2=2
31=1.2.3=6

H=1.2.3.4=24

20! = 2,432,902, 008, 176, 640, 000
For a natural number n, the definition of » factorial is the positive integer
nl=nmn—-1n-2)---3-2-1
We also define 0! = 1.

m Verify that for every natural number n,

n! > 21

Solution For n = 1 the statement is true, since n! = 1! = 1 and 2"~! = 2% = 1. Now assume
that the statement n! > 2"~! holds. Next, we consider

m+1D!'=m+ Dn!

which we need to show is greater than or equal to 2". Applying the inductive
hypothesis to n! gives the inequality

(n+D!'> @n+ 120!
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Since for every natural number n > 1 it is also the case that n + 1 > 2, we have
m+D!'>m+ D2 =220 =0

Consequently, the statement n! > 2"~! is true for every natural number 7.

For any natural number n, find the sum of the odd natural numbers from 1 to
2n — 1.

The first five cases are given in Table 3.

Table 3

n|2n—1| 14+34+---4+2n-1)
1 1 1

2 3 1+3=4

3 5 1+34+5=9

4 7 1+34+5+7=16
5 9 I1+3+5+7+9=25

The data in Table 3 suggest that for each n > 1,

14+3+5+7+--+Qn—1)=n

Starting with the case for n = 1, we see that the left-hand side is 1 and the
expression on the right is 12 = 1. Hence, the statement holds when n = 1. Next,
we assume that 1 +3 4+ 5+ -+ (2n — 1) = n?. For the next case when the index
is n + 1, we consider the sum

14345+ +Qr—D+R20+1D—1]=1434+5+--+Qn— 1)+ Qn+1)

Using the inductive hypothesis, we get
143454+ +Cn—D+20+ D) —11=n*+C2n+1)

2

n

=n2+2n+1
=@m+1)7°

Therefore, by induction the statement holds for all natural numbers.
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Solution

Let Py, P5, ..., P, be n points in a coordinate plane with no three points collinear
(in a line). Verify that the number of line segments joining all pairs of points is
n:—n
2

In Fig. 1 is a picture for the case with five points. The number of line segments
connecting pairs of points is 10 = (5% — 5)/2.

Py

Py

Figure 1

If one additional point is added to the graph in Fig. 1, the result is the graph
shown in Fig. 2. Moreover, adding the one additional point requires adding five
additional line segments, one to connect the new point to each of the five original
points. In general, an additional n line segments are required to move from a graph
with n points to one with n + 1 points.

Py Py

Py

Figure 2

These observations lead to the following proof by induction.

If there is only one point, then the graph contains no line segments. Also since
(12 = 1)/2 = 0, the statement holds for n = 1. Next, assume the number of line
segments needed to join n points in a coordinate plane is (n> — n)/2. If there is one
additional point, that is, n 4 1 points, then n additional line segments are required.
Hence, by the inductive hypothesis, the total number of line segments required for
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n + 1 points is

n?—n n?>—n+2n
> +n=f
n+2n+1—1-—n
B 2
_(+1D)2P—(n+1)
2

Therefore, by induction the statement holds for all natural numbers.

Binomial Coefficients and the Binomial Theorem

In Fig. 3 are the first eight rows of Pascal’s triangle. Notice that each element can
be obtained from the sum of the two elements to the immediate left and right in the

row above.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

Figure 3

In Fig. 4 are the expansions for (a + b)" forn =0, 1,2, 3, ..., 7. The coefficients
of the expansions are exactly the numbers in Pascal’s triangle.

(a+b)° 1

(a+b)! a+b

(a + b)? a? +2ab + b?

(a +b)3 a® +3a’b + 3ab®> + b3

(a + b)* a* + 4a*b + 6a*b* + 4ab’ + b*

(a+b)° a® + 5a*b + 10a°b* + 104’6’ + 5ab* + b’

(a + b)° a® + 6a°b + 15a*b? + 20a°b> + 15a%b* + 6ab’ + b°

(a+b) a’ 4 7a% +21a°b* + 35a*b> + 35a°b* + 214> + Tab® + b’

Figure 4

The numbers in Pascal’s triangle or the coefficients of an expansion of the form
(a 4+ b)" are called the binomial coefficients. Notice that the number 20, in Fig. 3, is
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DEFINITION 1

PROPOSITION 1

located in row 6 (starting with a row 0) and column 3 (starting with a column 0). In
addition, using factorials, we have the formula
6! _1:2.3-4.5-6
316-3)!  (1-2-3)(1-2-3)
_4-5-6
S 1-2:3
=20

Binomial Coefficient Forn > 0and 0 < r < n, the binomial coefficient ( ’: )

is defined by
n n!
< r > T rln—r)!

We observed above that entries in Pascal’s triangle can be obtained from the sum
of the two elements to the immediate left and right in the row above. The next identity
is the equivalent statement about binomial coefficients.

If k and r are natural numbers such that 0 < r < k, then

(F)=0m)+ ()
r r—1 r
Proof First observe that
rl=r(r—1)! and k=r)l=k—-r)tk—r—1)!

Expanding the binomial coefficients using factorials gives

<k—1>+<k—l>_ (k — D! 4 =D
r—1 r =Dk =D =@ =D rlk—1-r)!

1 1
=(k-1D! [(r Dtk —r)! + Pk —r — 1)!]

B k= 1) 1 1
T =Dk —r—1)! (k—r+r>

B (k — 1)! r+k—r)
=Dk —r—1)! [ r(k —r) ]
(k — 1) k
T r—DlWk—r—1)! [r(k—r)}

k!
ritk —r)!

()
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THEOREM 10 Binomial Theorem If g and b are any numbers and n is a nonnegative integer,
then

n o__ n n n n—1 n n—212
(a—l—b)_(O)a—i-(l)a b+(2)a b
++(n )anrbr_i_”'_i_( n )abn1+(n >bn
r n—1 n

Proof The proof is by induction on the exponent n. If n = 1, then (a + b)" =

a + b, and
n 1 n 1 _ 1 1 _
<O>a +(1)b _<O>a+<1)b_a+b

Therefore, the statement holds for the case n = 1. Next assume that the statement

n o__ n n n n—1 n n—1 n n
(a—I—b)—(O)a +(1)a b+ +(n_1>ab +<n>b

holds. For the next case, we consider (a + b)"*! = (a + b)(a + b)" and apply the
inductive hypothesis. This gives

(a+b)""" = (a+b)(a+b)"

=(a+b)|:<8>an+<’il>aﬂlb+_I_(nﬁl )abﬂl+(z)bn:|

+ n anb+ n Cln_lb2+---+ n Clbn+ n bn+l
0 1 n—1 n

Now, combine the terms with the same exponents on a and b to obtain

ot (1) [(3)+ (3w [(5) (o
el (e (1)
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Finally by repeated use of Proposition 1, we have

(a+b)}1+1:(n—gl

)an+l+< )

n—+1

) anfle
) bl’l+1

>anb+<n;rl

n+1 n n+1
+~~~|—< " )ab +<n+1

Therefore, by induction the statement holds for all natural numbers.

Exercise Set A.4

In Exercises 1—-10, use mathematical induction to
show that the summation formula holds for all natural
numbers.

1.

2.

10.
11.

12.

12422432 4 ... 4 p? = notD@ntD)
1342343 4 fpd = k)
1+4+7+ -+ (@3n—2) =020
3411419+ +@n—5) =4n*—n
24548+ +@n—1) = "G00
347+1l4--+@n—1)=n2n+1)
34649+ +3n = 0tD
1-24+2-3+3-4

+o (4 1) = Mot

L3 2k =t 2

SU_k-kl=(n4+D!—1

Find a formula for all natural numbers n for the
sum
2444+6+8+---+2n

Verify your answer, using mathematical induction.

Find a formula for all natural numbers n for the

sum n
Z(4k -3)
k=1

13.

14.

15.

16.

17.

18.

Show that for all natural numbers n > 5, the
inequality 2" > n? holds. First show the inequality
holds for n = 5, and then proceed to the second
step when using mathematical induction.

Show that for all natural numbers n > 3, the
inequality n? > 2n + 1 holds. First show that the
inequality holds for n = 3, and then proceed to the
second step when using mathematical induction.

Show that for all natural numbers 7 the
expression n” + n is divisible by 2.

Show that for all natural numbers 7 the
expression x” — y" is divisible by x — y. Note
that x> — y? is divisible by x — y since
=y =+ ) —y).

Use mathematical induction to show that for a
real number r and all natural numbers n,
" —1
ltr+r?+r+. 4 = S
r—

Let f, denote the nth Fibonacci number.

a. Determine the sum of the first n Fibonacci
numbers for n = 2, 3, 4, and 5. That is,
determine f1 + f2, i+ 2+ f3, i+ o+
fi+ fa,and fi+ o+ f3+ fat fs.

b. Find a formula for the sum of the first n
Fibonacci numbers.

¢. Show that the formula found in part (b) holds
for all natural numbers.



19.

20.

Let A, By, By, ... be sets. Prove that for every
natural number n,

AN(BLUByU---UB,)
—(ANB)U---U(ANB,)

Show that for every natural number n, a 2" x 2"
grid of squares with one square removed can be
covered with copies of the shape

as shown in the figure.

1

A.4 Mathematical Induction

21. Verify that if 0 < r < n, then

(1)=(.%)

22. Verify that

23. Show that

24. Show that

(2

(1)
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Answers to Odd-Numbered Exercises

Chapter 1 x + y = 2
“U3x + 3y = —6
Section 1.1 yo=
1.x; =3,x =8,x3 = —4 41. a. S ={3—2s —t,2+s —2t,s,t) | s,t € R}
3.6 =2—-3x4,00 =1 —xa,x3 = —1 —2x4, x4 € R b. S ={(7—2s —5t,5,—2+s +2t,t) | s,t € R}
5.x=0,y=—§ 43. a. k=3
7.x=1y=0 b. k=-3
9. 5 = { (3*,1)| reR) ¢ h7E
11. x =0,y =1,z=0 Section 1.2
13. S = { (=1 —-56,6t + },1)|t e R} L 2 _3‘ 5}
o -1 1| -3
15. S ={(-t+3,—3.1)|t e R} -
S 4 2 0 14
17. S ={(3—3t,—s — 51 +3,s5,1)|s,t € R} 211 a4 12
19. x = -2a+b,y = -3a+2b |4 1 —1 1
21. x =2a+4+6b—c,y =a+3b,z=-2a—-Th+c¢ s 20 —114
23. Consistent if a = —1 11 4 1|2
25. Consistent if b = —a Mo 4 2 )
27. Consistent for all a,b, and ¢ such thatc —a —b =0 7. 14 —2 -3 - 2
29. Inconsistent if @ = 2 |1 3 3 3|4

31. Inconsistent for a # 6 9. x=—1,p=1z-=0
. - ) T pes T

3\2 . . (3
33,y =(x—3)" —2; vertex: (3,-2) 1. x=-3-2z,y=2+4z,z€eR
35. y =—(x —2)% 4 3; vertex: (2,3) 13. x=-3+2y,z=2,yeR
37. a. (2,3) 15. Inconsistent

17. x =342z =5w,y =24z 2w,z e R,w e R
19. x=143w,y=74+w,z=—-1-2w,weR
21. In reduced row echelon form

b. L)y

23. Not in reduced row echelon form
25. In reduced row echelon form
27. Not in reduced row echelon form

(10

29._01}

(1.0 0
3.0 1 0
L0 0 1
(10 -1
By 0}




41. Inconsistent
43. x| = —% —2x3,xp = —% + %X3,X3 eR
1 1 1
45. X = 1-— X4, X2 = 1-— 7X4,X3 = 1 - 7X4, X4 eR

47. x1 =1+ %xs + %x4,xz =2+ %xa + %x4,x3 eR,

a
b.c—a+b#0
c. Infinitely many solutions.
daea=1,b=0c=1Lx=-2,y=2,z=1
51.a. a+2b—c=0
b.a+2b—c#0
c. Infinitely many solutions
d. a:O,b:O,c:O;x:%,y:%,z:l
Section 1.3

10
1.A+B=[2 6}=B+A
(21
3U+B)+C =] 4}:A+(B+C)
[ -7 =3 9
5.4-B)+C=| 0 5 6
1 -2 10
-7 3 9
2+4B=1] -3 10 6
2 2 1
7 -2 6 2
7.AB__0 _8},3/1_{7 _7}
—9 4
9AB___13 7}
5 -6 4
11.4B=[3 6 —18
|5 -7 6
1 3
13.A(B+C):{12 0}
10 —18
15. 24(B —3C) = { a0 }
7 5
17.24'=B'=| -1 3

-3 =2

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.
41.

43.
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-7 —4
[
AB' = { T }
-1 7
A +BHY=]| 6 8
4 12
0 20 15
(4'C)B = 0 0 0
—18 —22 -15
-5 -1
AB = AC = { : }

1 0 1 b -1 b
Ahastheform{O 1},{0 _1],{ 0 1},

1 1 -1 -1
=lsolo=[ 7 7]
a=b=4

1 0 0
A =10 1 0

0 0 1

If AB = BA, then A°B = AAB = ABA = BAA = BA?.
1

Ifx=| . |, then Ax = 0 implies the first column of
0
0
1
A has all 0 entries. Then let x = . and so on, to
0

show that each column of 4 has all 0 entries.

The only matrix is the 2 x 2 zero matrix.

Since (4A4") = (4")' A" = AA’, the matrix 44" is
symmetric. Similarly, (4’4)" = A"(A") = A'A.

If A" = —A, then the diagonal entries satisfy a; = —a;;
and hence a; = 0 for each i.

Section 1.4

1.

3.

S.

[ -1 2
—1 _
=55
The matrix is not invertible.
3 1 =2
A= -4 -1 3
-5 -1 3
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7.

11.

13.

15.

17.

19.

21.
23.

25.

27.

Answers to Odd-Numbered Exercises

The matrix is not invertible.

1 1
;3 L =2 5
B 0 1 2 -1
AT =10 0o -1 !
o o0 o0 -1
3 0 0 0
-6 3 0 0
—1 _l
A 3 1 -2 -1 0
1 1 1 1
The matrix is not invertible.
0 0 —1 0
1 -1 -2 1
-1 _
A7 = 1 -2 -1 1
0o -1 -1 1
3 8
AB—}—A:{ o 710}:A(B+1)
2 9
AB+B_{6 _3}_(14—1—1)8
. -3 4
2 _
a. Since A = { 4 _3 ] and
I , then 4% —24 451 = 0.
4 -2
1 1 =2 1
-1 _* — “ (7] —
b. 4 _5{2 1}_5(21 A)

c. If 42 =24+ 51 =0, then A% — 24 = —51, so that
Alfer - =24- 142 =1L -24) =
1
~l-sn=1.
If . = —2, then the matrix is not invertible.

a. If \ # 1, then the matrix is invertible.
iy

a1
1

h—

[~

4
i1
ST
|
t-7
ST
T

The matrices
1 0
=l o]

are not invertible, but 4 + B = {

0 0
and B = { 0 1 }
(]) (1) ] is invertible.
(A+B)A'(A—B)= (44" + BA™")4 — B)
= +B4 "4 -B)
=A-B+B-BA'B
=A—BA'B

Similarly, (4 — B)A™ "4+ B)=A4 — BA~'B.

29.

31.
33.

35.

37.

39.

41. a

a. If 4 is invertible and AB = 0, then
A7 (4B) = 4710, so that B = 0.
b. If 4 is not invertible, then Ax = 0 has infinitely
many solutions. Let x,...,X, be solutions of
Ax = 0 and B be the matrix with nth column vector
X,. Then 4B = 0.
(AB) = B'A" = BA = AB
If AB = BA, then B~'AB = A4, so B~'4 = AB~'. Now
(AB~'Y =(B7'Y4' =(B')'4' =B~ '4=4B""
IfA' = A" and B' = B!, then
(AB) = B'A' =B~'47! = (4B)~".
a. ABCYCT'BTlA™ Yy = uB)cCc~ (B4
=ABB 47!
=Ad7 ' =1
b. Case 1, k =2: (414)~" = 454!
Case 2: Suppose that

(Didy - A =47t AT
Then
(Aids - Apdgy) ™ = (i dy - A JAg 1)
= Al [y A
—1 4141 —1
= Ag A4
If 4 is invertible, then the augmented matrix [4|/] can
be row-reduced to [/|A~']. If 4 is upper triangular, then
only terms on or above the main diagonal can be
affected by the reduction process, and hence the inverse
is upper triangular. Similarly, the inverse for an
invertible lower triangle matrix is also lower

triangular.
1o
101

b. From part (a), we have the two linear systems

{ ax; + bx; = 1 and {

cx; + dxz =0
S0

(ad — bc)xs =d (ad — bc)xy = —b
If ad — bc =0, then b =d = 0.

c. From part (b), both » = 0 and d = 0. Notice that if
in addition either ¢ = 0 or ¢ = 0, then the matrix is
not invertible. Also from part(b), we have that
ax; = l,ax; = 0,cx; =0, and cx; = 1. If @ and ¢
are not zero, then these equations are inconsistent
and the matrix is not invertible.

axy + bxy

axy + bxz
cxy + dxy

cx1 + dxs

I
- o

ax; + bxy
cx; + dxy

and

Section 1.5

1.

2 3
A_{—l 2

Jx=[5 Jmn= %]



11.

13.

15.

17.

19.

21.

23.

25.

2 =3 1 X
A=| -1 -1 2 {,x=|y |,and
| 3 -2 =2 z
-1
b=| -1
| 3
[ 4 3 -2 -3 "
A= -3 =3 1 0 |,x=|" ], and
2 -3 4 —4 n
L x4
[ —1
b= 4
| 3
2x — S5y = 3
2x 4+ y = 2
- 2 = 3
2x — 'y - z = 1
3 — y 4+ 2z = -1
2x1 + Sxo — Sx3 4+ 3x4 = 2
3x; + x — 2x3 — 4dxgq = 0
S
X = 4
__3_
.
‘= -3
| -8
L 7_
X L —16
10 9
[ —11
X = 4
| 12
0
1 0
X—g 1
—1
a x_g 3

[ -7
b. x = g |: 3 :|
The general solution is
s:{[ - ] teIR}

with a particular nontrivial solution of x = —4 and
y=1
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2
27.A=|1 2 1
1 2 1

29. From the fact that Au = Av, we have A(u — v) = 0. If
A is invertible, then u — v = 0, that is, u = v, which
contradicts the statement that u # v.

31.a.x:[_i}

Section 1.6

1. The determinant is the product of the terms on the
diagonal and equals 24.

3. The determinant is the product of the terms on the
diagonal and equals —10.

5. Since the determinant is 2, the matrix is invertible.
7. Since the determinant is —6, the matrix is invertible.
9. a—c. det(4) = -5

-4 1 =2
d. det 3 -1 4 |]=5
2 0 1

e. Let B denote the matrix in part (d) and B’ denote
the new matrix. Then det(B’) = —2 det(B) =
—10. Then det(4) = 1 det(B").

f. Let B” denote the new matrix. The row operation
does not change the determinant, so
det(B”) = det(B’) = —10.
g. Since det(4) # 0, the matrix 4 does have an
inverse.
11. Determinant: 13; invertible
13. Determinant: —16; invertible
15. Determinant: 0; not invertible
17. Determinant: 30; invertible
19. Determinant: —90; invertible
21. Determinant: 0; not invertible
23. Determinant: —32; invertible
25. Determinant: 0; not invertible
27. det(34) = 33 det(4) = 270
1 1
det24)  23det(4) _ 80

29. det((24)"!) =
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31.

33.

35.

37.

39.

41.

Answers to Odd-Numbered Exercises

Since the determinant of the matrix is —5x? 4 10x =
—5x(x — 2), the determinant is 0 if and only if x = 0 or
x =2.

= b s
1 -1 =2
ad=| -1 2 3
2 2 =2
b. det(4) =2

¢. Since the coefficient matrix is invertible, the linear
system has a unique solution.

—1 0 -1
a. A= 2 0 2
1 -3 -3
b. det(4) = 0
¢. Since the determinant of the coefficient matrix is 0,

A is not invertible. Therefore, the linear system has
either no solutions or infinitely many solutions.

d. No solutions

a. y2 X y 1
4 -2 -2 1
4 3 21
9 4 -3 1
=—29y? +20x — 25y + 106 =0
b.
a x2 y? x y 1
0 16 0 —4 1
0 16 0 4 1
1 4 1 =2 1
4 9 2 31

=136x2 — 16> —328x +256 =0

43.

45.

47.

49.

51.
53.

b. y
5
e
-5
a x2 xy y? x y 1
1 0 0 -1 0 1
0 0 1 0 1 1
1 0 O I 0 1
4 4 4 2 2 1
9 3 1 31 1

= 124 12x% — 36xy + 422 — 30y = 0
b. y

7 =5 5 7
6 -3 9 2 6 16
X = 7 = ——, y = = ——
5 =5 5 5 =5 5
2 =3 2 =3
3 —4 -9 3
—10 5 25 -7 -10
T 4 T YT S0 s
-7 5 -7 5
1
B
4 =3 -1 4
3 4 25 -8 3 29
X =7/ =—7", y — —_
-1 -3 28 -1 =3 28
-8 4 -8 4
160 10 42
X="703Y = 10307 = 103
Expansion of the determinant of 4 across row one

equals the expansion down column one of 4’, so
det(4) = det(4").



Section 1.7

=
N
I

W
\S}

] = ByE>EA
A
L 0 1 d

11—
A=E'Ey'E;

1

| —2

0
1

1

7. a. 1 =E5E4E3E2E1A

b. 4=EEy ETVEES!
9. a. [=E6-'-E1A

[0 1 0
Ei=|1 0 0
[0 0 1
(10 0
Es=|0 1 0
0 -1 1
(1 0 1
Es=|0 1 0
0 0 1

1
E=| 0
~1
1
Ei=|0
0
0 0
1 -5
0 1

1
E,=10
0
1
Es=1 0
0
1
E¢=1] 0
0

S = O

S = O S = N

[ w)

—_—_—o

—_— o O

Answers to Odd-Numbered Exercises

b. A=E'E;t B!

[ 1 0 1 -2
waswo] D00 2]
1 0 0 1 2

13. A=LU = 2 1 0 0 1
| =3 0 1 1 00
[ 1 00 15 -3
15. A=LU = 1 1 0 0 1 4
1
| -1 —5 1 0 0 3
17. o LU factorization:
1 0 -2
Lz{—z 1} Uz{ 0
.y:UX:|:—2xl+xz]
X2
—1
OSolveLyz{ 5}:y1=—1,y2=3
e Solve Ux=y:x; =2,x, =3
19. e LU factorization:
1 0 0 1 4 -3
L=| -1 1 0 U=|0 1 2
2 0 1 0 0 1
X1 + 4xy — 3x3
o y=Ux= X2 + 2x3
X3
0
e SolveLy=| =3 |:y1=0,0=-3,13=1

1

e Solve Ux =y: x; =23,x, = =5,x3 = 1

21. e LU factorization:

—_ N = —
_—0 = O
S = O O
—_o O O

SO O =
SO =N
S = N W
—_— N =
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23.

29.

31.
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X1 —2x2 4+ 3x3 + x4
X + 2x3 + 2x4

*y=Ux= X3 + X4
X4
5
6
e Solve Ly = 14
-8

n=5Sm=Ly=4y=-2

e Solve Ux=y:x] = —25,xp = —=7,x3 = 6,x4 = —2

A =PLU
01 0 1 0 0 1 =3 2
=11 0 0 25 0 1 -1
0 0 0 0 1 -1 0 0 1
1 0 1 4
Azw:{a 1H0 1]
0, |1 -4 1 0
A vL _{o 1 301
[ -1 -4
- 3001
1 00 2 1 -1
A=LU=|1 1 0 0 1 -1
1 1 1 0 0 3
A—l U—IL—I
M1 1
: "2 0 10 0
=0 1 3 -1 10
_0 0% 0o -1 1
1 =5 0]
2 1
=| -1 35 3
1 1
L 0 —3 3]
Suppose
a 0 d e__ 0 1
b ¢ 0 f] |10

This gives the system of equations ad = 0,ae = 1,

bd = 1,be + ¢f = 0. The first two equations are
satisfied only when @ # 0 and d = 0. But this is
incompatible with the third equation.

If 4 is invertible, there are elementary matrices
Ey,...,E; such that [ = Ej - - - E1A. Similarly, there are
elementary matrices Dy, ..., Dy such that
I=D¢---DiB. Thend=E;"---E['D;---DiB, s0 4
is row equivalent to B.

Section 1.8
1. X1 = 2,){2 = 9,X3 = 3,X4 =9
3. Letxs =3. Thenx; = x5 =3,x; = %xs =1l,x3 =
%X5 = I,X4 = X5 = 3.

5. Let x1,x2,...,x7 be defined as in the figure.
300

X2
800 500

x4 300

X
700 7

Then X1 = 1000 — X4 —X7,X2 = 800 — X6,X3 =
1000 — x4 + x6 — x7,x5 = 300 + x5 — x7
Since the network consists of one-way streets, the

individual flows are nonnegative. As a sample solution

let x4 = 200,x¢ = 300,x7 = 100; then x; = 700,
X2 = 500,x3 = 1000, x5 = 500.

7. x1 = 150 —x4,xp = 50 — x4 — x5,x3 = 50 4+ x4 + x5.

As a sample solution let x4 = x5 = 20; then
x; = 130,x, = 10,x3 = 90
9. X1 = 1.4,x2 = 342,)63 = 1.6,X4 =6.2

0.02 0.04 0.05

11. a. A= | 0.03 0.02 0.04
0.03 03 0.1
b. The internal demand vector is
300 22
A 150 | = | 20 |. The total external demand
200 74

for the three sectors is 300 — 22 = 278,150 — 20 =

130, and 200 — 74 = 126, respectively.
1.02 0.06 0.06

c. [ —A)'~ ] 003 1.04 0.05
0.05 0.35 1.13
d. X=(I-4""D
[ 1.02 0.06 0.06 350
=1 0.03 1.04 0.05 400
| 0.05 035 1.13 600
[ 418.2
= | 4549
| 832.3




13. a. 400
1200 °
1000
800
600 °
400 .
200 °
0 e
w o [=2s} S v 2
ga9 88 3883
3,880,900a + 19706 + ¢ = 80
b. { 3,920,400a + 1980b -+ = 250
3,960,100a + 19906 + ¢ = 690
c. a=2b=—1081 ¢ =5232400
d 1400 o
1200
1000
800
600 Y,
400
200
o
§5 588 88¢

15.

17.

e. The model gives an estimate, in billions of dollars,
for health care costs in 2010 at

27 , 10,631
552010 (2010) + 5,232,400 = 2380

2
0.9 0.08
a'Az{o.l 0.92]
b. A 1,500,000 | | 1,398,000
: 600,000 | 702,000
. A2 1,500,000 | | 1,314,360
: 600,000 | — 785, 640
. | 1,500,000
d. 4 { 600,000}
The transition matrix is
0.9 0.2 0.1
A=1] 01 05 03
0 0.3 0.6

so the numbers of people in each category after
1 month are given by

20,000 23,000
A| 20,000 | = | 15,000
10,000 12,000

19.

21.

447
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after 2 months by

20,000 24,900
A% 20,000 | = | 13,400
10, 000 11,700
and after 1 year by
20,000 30,530
A2 | 20,000 | ~ | 11,120
10,000 8,350
a. [+ L =1
p, {4+ 3h = 8
: 3L, + 5L = 10
L - L + L = 0
C. 45, + 3L = 8
3L, + S5 = 10

Solution: 7} ~ 0.72,1, ~ 1.7,13 ~ 0.98

Denote the average temperatures of the four points by
a,b,c, and d clockwise, starting with the upper left
point. The resulting linear system is

4a — b — d=50
—a+4b —c =55

- b — d=45
—a —c+4d =40

The solution is a ~ 24.4,b ~ 25.6,c ~ 23.1,d ~ 21.9.

Review Exercises Chapter 1

2

|
—_ O =
W — N =

1
0
2

b. det(4) = —8

c. Since the determinant of the coefficient matrix is not
0, the matrix is invertible and the linear system is
consistent and has a unique solution.

d. The only solution is the trivial solution.

e. From part (b), since the determinant is not zero, the

inverse exists.

3 -8 -2 7
1 5 8 6 -9
8 5 0 —2 -1

4 0 0 4
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f.

b.

Answers to Odd-Numbered Exercises

11
1 —17
S| 1

r=AT = 7

4
=0,c=0,b=0;a=0,c=1,b eR;
=l,c=0,beR,a=1,b=0,c=
If

_ a; b _ a by
T a4 Tla d
then the sum of the diagonal entries is

(a1a2 + bic2) — (a1az + bacy)
+ (byc1 + didy) — (bica +di1dy) =0

| a b a b | a® + be 0
¢ —a c —a | 0 a?+bc

= (a® + be)l

. Let M = AB — BA. By part (a), M? = kI for some

k. Then

(4B — BA*C = M*C
= (K)C = C (k)
= CM? = C(4B — BA)

. Since det(4) = 1, then 4 is invertible.
. Six 1s can be added, making 21 the maximum

number of entries that can be 1 and the matrix is
invertible.

LB =(A+AY =4+ A =4 +A=B;

Cl=@A—-AY =A4'—(Ay =4' —4=—C
A=3A+4)+ 1A -4

Chapter Test: Chapter 1

1.

11.
13.
15.
17.
19.
21.

L 20w

T T T IR e RNE B

S

10.
12.
14.
16.
18.
20.
22.

H 4 H 344949493497

23. T 24. T
25. T 26. T
27. F 28. T
29. F 30. T
31. T 32. T
33. F 34. T
35. F 36. T
37. T 38. F
39. T 40. T
41. T 42. F
43. T 4. F
45. T
Chapter 2
Section 2.1
—1 7
1. u+v= 2 | =v+4u
3 -
11
3. u—2v+3w=| -7
. 0
1
5. B3u+v)y—-w=| =7
-8
—17
—14
7. 9
—6
-2
9. (x1 +x2)u = (x1 +x2) 3
X1 +x2
_ —2x1—2xz
- 3x1 + 3x2
L 0
o
| 2%
- 3X|
0
=Xx|u+x2v

X2
—2x;
3XZ



11.
13.

15.

17.

19.

21.

23.

25.

27.

29.

v =2e; +4e; +e3
v =3e, — 2e3

7
2
W= 1
-1
cir + 3¢ = -2
—2c1 — 2¢ = -1
Solution: ¢; = %, = —%
-2 . .. 1
The vector _1 is a combination of 5 and
3
2 |
cp - ¢ = 3
201 — 202 = 1

Solution: The linear system is inconsistent.

1

o[ ][ 2]

3 . .
The vector { } cannot be written as a combination

—4C1 - 563 = -3
4c1 + 3¢ + 3 = =3
3ci — o — 5 = 4
Solution: ¢; = 182—71,02 = —%,03 = 1%
-3
The vector | —3 | is a combination of the three
4
vectors.
- — ¢ + g = -1
¢ — = 0
cK, + ¢ — ¢ = 2
Solution: The linear system is inconsistent
-1
The vector 0 | cannot be written as a
2

combination of the other vectors.
All 2 x 2 vectors. Moreover, ¢; = %a — %b,
) = %a + %b

All vectors of the form { —Z } such that a € R.

All 3 x 3 vectors. Moreover, ¢| = %a — %b + %c,

cz=—%a+§b+%c,63=%a+%b—%c

31.
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a

All vectors of the form b such that
2a — 3b

a,b eR.

Section 2.2

1.

11.

13.

15.

17.

Lo=20-47 [1 0]2],
1 3|11 0 13 |
2 3 3|0 ; no
4 —6|1 0 0 1
Yes
-2 1] =37 1 0]2
3 4( 10 —1]0 1]1
4 2| 10 L0 010
. Yes
2 3 2127 [1 0 0] —4
-2 0 o0[8|— |0 1 0| 2
0 -3 —1|2 ] L0 0 1|4
No
1 -1 0] —1 1 0 0]0
-1 1 1 {— |0 1 1]0
-1 3 2| 5 0 0 0]1
Yes
2 1 —-1] 3 1 0 0
=3 6 —1 |17 |0 1 0f-l
4 -1 2| 17 0 0 1] 2
1 2 3 7 0 0 0] 0

Infinitely many ways

co=1+ %03,02 =1+ %03,03 ceR

Infinitely many ways

1 =3+4+6cs,00 =—2—c4,c3 =2+ 2c4,c4 €R
Yes

1 -2 —1]-=2 1 0 0]-1
2 03 3] 41 L0 1 0|1
11 2] 4 00 1] 3
-1 4 1| 0 00 0] 0
. No
23 | 2 1 0 0/0
2 —1 —1| 1| _ [0 100
-1 2 2|~ 00 1]0
3.2 2| 2 00 0]1



23.

25.
27.

29.

31.
33.
35.

37.
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1 3
w2 ][]

-1 [ -2
(AB)l_S{ 3}—1—2_ 4],

—1 [ -2
(AB)2:2{ 3}+5_ 4]
Not possible.

x3—=2x 4+ 1= 321 +x)+2(—x) + 02 + D+

1ex3—x+1)
a

All vectors | b | such that3a —b +c =0.
c

v=2V] —Vy+4v3

; — 92y, — ...
Since ¢; # 0,v) = oV L,’l’ V.
Let veS). Since c 20, thenv=cjv; +---+ %"(cvk),

soveS, IfveS,, thenv=cv)+--- 4 (ccx)Vk, SO
v € ;. Therefore, S| = 5.

If A5 = cAj, then det(4) = 0. Since the linear system
is assumed to be consistent, it must have infinitely
many solutions.

Section 2.3
. —1 2 .
1. Since 1 3| = 1, the vectors are linearly
independent.
. I =2 .
3. Since | 4 g | = 0, the vectors are linearly
dependent.
-1 2 -1 2
5. Since 2 2| — 0 6 |, the vectors are
1 3 0 o0
linearly independent.
-4 =5 3
7. Since 4 3 =5 | =0, the vectors are linearly
-1 3 5
dependent.
31 3 313
_ - 0 1 0
9. Since b ! — 3 , the
-1 2 0 0 1
2 1 1 0O 0 0

vectors are linearly independent.

11.

13.

15.
17.

21.

23.

25.

27.
29.
31.
33.

35.

37.

Since
3 0 1 3.0 1
31 -1 N 0o 1 =2
2.0 -1 0 0 -3
1 0 =2 0 0 0
the matrices are linearly independent.
Since
1 0 -1 1
-2 -1 1 1
-2 2 -2 -1
-2 2 2 =2
1 0 -1 1
o -1 -1 3
o o0 -6 7
o o o 4
the matrices are linearly independent.
V) = —%Vl
Any set of vectors containing the zero vector is linearly
dependent.
. a. A2 = —2A1
b. A3 =A| + Ay
a#6
1 1 1
a. Since | 1 2 1 | =1, the vectors are linearly
1 3 2
independent.
b. c| = O,Cz = —1,(33 =3
1 2 0
Since | —1 0 3 | = 13, the matrix is invertible so
2 1 2

Ax = b has a unique solution for every vector b.
Linear independent

Linearly dependent

If x =0, then ¢; =0, and if x = %, then ¢, = 0.

Let x = 0, then ¢3 = 0. Now lettingx = 1 and x = —1,
cir=cy=c3=0.

If u and v are linearly dependent, then there are scalars
a and b, not both 0, such that au + bv =20. If a # 0,
then u = —(b/a)v. On the other hand, if there is a
scalar ¢ such that u = cv, then u — cv = 0.

Setting a linear combination of w;, wy, ws to 0, we have
0=ciw; + 2wy + c3w3

=civi+(c1 + 2 +c3)va + (=2 +c3)v3

if and only if ¢; = 0,¢; + ¢, +¢3 =0, and
—c+c3=01ifand only if ¢; = ¢; =¢3 = 0.



39. Consider c¢1v; 4+ ¢V + ¢3v3 = 0, which is true if and
only if ¢3v3 = —c1v] — cavy. If ¢3 # 0, then v3 would
be a linear combination of v; and v; contradicting the
hypothesis that it is not the case. Therefore, c¢3 = 0.
Now since v; and v; are linearly independent
Cl =C = 0.

41. Since A}, Ay, ..., A, are linearly independent, if

AX =x1A1 + - +x,A, =0
thenx; =xy =---=x, =0.

Review Exercises Chapter 2

2 = ad — bc # 0, the column vectors
are linearly independent. If ad — bc = 0, then the
column vectors are linearly dependent.

1. Since

a> 0 1
3. The determinant | 0 a 0 |=a’ —a #0 ifand
1 2 1

only if @ # 1, and a # 0. So the vectors are linearly
independent if and only if a # £1, and a # 0.
5. a. Since the vectors are not scalar multiples of each
other, S is linearly independent.

b. Since
1 1]|a 1 1 a
0 1|b|—= |0 1 b
2 1lec¢ 0 0| 2a+b+c

the linear system is inconsistent for —2a + b+
c#0.1fa =1,b =1,c =3, then the system is

1

inconsistent and v= | 1 | is not a linear
3
combination of the vectors.
a
c. All vectors | b such that —2a +b +c¢c =0
c

d. Linearly independent
e. All vectors in R

I 1 2 1 X
-1t 0 1 2] |
7. a. Let 4 = > 2 0 1 ['X= Z,and
1 1 2 3 w
3
1
b=_2
5

451
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. det(4d) = —8
¢. Yes, since the determinant of 4 is nonzero.
d. Since the determinant of the coefficient matrix is

nonzero, the matrix A4 is invertible, so the linear
system has a unique solution.

.x:%,y:—%,z:%,w:l
1 3 2 by
xt| 2 | +x| =1 | +x3 3 | =| b
1 1 —1 b3
. Since det(4) = 19, the linear system has a unique

solution equal to x = A~ 'b.

. Yes
. Yes, since the determinant of A is nonzero, A~

exists and the linear system has a unique solution.

Chapter Test: Chapter 2

1. T 2. F
3. T 4. T
5. F 6. F
7. F 8. T
9. F 10. F
11. T 12. T
13. F 14. T
15. F 16. T
17. T 18. F
19. T 20. T
21. F 22. F
23. F 24. F
25. T 26. F
27. T 28. F
29. T 30. F
31. T 32. F
33. T
Chapter 3
Section 3.1
1. Since
(i ] [xm] [x—x]
i |@|» | =|nn—»n
L 21 ] | 22 | | z1— 22 |
and (] [xa] [x-x]
2 |@|y | =|»n-n
L 22 | |2z | | 22—2z1 |
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11.

13.

15.
17.

19.

21.

23.
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do not agree for all pairs of vectors, the operation @ is
not commutative, so ¥ is not a vector space.

. The operation @ is not associative, so /' is not a vector

space.

. Since

@+@®{x}=

[x+c+d}
y

does not equal
cof } J+eo[7]
y y
z{x—i—c}_’_{x—l—d}
y y
2x+c+d}

={ .

x .
for all vectors { » }, then V' is not a vector space.

. Since the operation @ is not commutative, } is not a

vector space.

0
vector is not in V, then V' is not a vector space.

The zero vector is given by 0 = { 0 } . Since this

a. Since V' is not closed under vector addition, V' is not
a vector space.

b. Each of the 10 vector space axioms are satisfied
with vector addition and scalar multiplication
defined in this way.

Yes, V' is a vector space.

No, V' is not a vector space. Let A =1 and B = —/.
Then A4 + B is not invertible and hence not in V.

Yes, V' is a vector space.

a. The additive identity is 0 = (1) (1) , and the
additive inverse of 4 is A~
b. If ¢ =0, then ¢4 is not in V.
(1
a. The additive identity is 0 = | 2 |. Let
| 3
l+a
u= 2 —a |. Then the additive inverse is
34 2a
1—a
—u = 2+a
3—2a

25.
27.
29.

31.

b. Each of the 10 vector space axioms is satisfied.

141 140z 1
00| 2—¢t | =| 2-0¢ | =12
3421 34 2(0) 3

Each of the 10 vector space axioms is satisfied.

Each of the 10 vector space axioms is satisfied.

Since (f 4+ g)(0) =f(0) +g(0) =141 =2, then V is
not closed under addition and hence is not a vector
space.

a. The zero vector is given by f(x 4+ 0) = x> and
—f(x+1t)=f(x —1).

b. Each of the 10 vector space axioms is satisfied.

Section 3.2
1. The set S is a subspace of R2.
3. The set S is not a subspace of R?. If u = [ _? ] and
= " thenutv=] ! ¢S
V= 3| utv=|, .
5. The set S is not a subspace of R%. If u = [ _(1) ] and
0
¢ =0, then cv = 0 ¢S.
7. Since
X n X1+ 1
X2 | e | 2 | = | x2+0n
X3 » X3+ cy3
and (x; +cy1) + (x3 +¢y3) = —2(c + 1) =2 if and
only if ¢ = —2, so S is not a subspace of R>.
9. Since
s —2t x —2y
K +c X
t+s y+x
(s + ) = 20 + )
= s+ cx
(t+cy)+(s+cx)
is in S, then S is a subspace.
11. Yes, S is a subspace.
13. No, S is not a subspace.
15. Yes, S is a subspace.
17. Yes, S is a subspace.
19. No, S is not a subspace since x> — x> = 0, which is not

21.

a polynomial of degree 3.

Yes, S is a subspace.



23.
25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

No, S is not a subspace.
Since

I -1 -1 1 1

1 -1 2|=1|=>1]0 1 of 1
0 1 0 \ 1 0 0 3 | -2
the vector v is in the span.
Since 47.
1 0 1| -2 1 0 1] =2
LoLo—1| 1| o1 2|3
0 2 —4/| 6 00 0] 0 49.
-1 1 =3 5 0 0 0 0
the vector v is in the span.
Since
c1(1 +x) 4 er(x? = 2) 4+ 3(3x) = 2x% — 6x — 11
implies ¢ = —7,¢2 = 2,¢3 = %, the polynomial is in
the span.
1.
“ 3
span(S) = b a+c=0 ’
c
5
a
span(S):{{ atb  2a—b } a,beR} -
3 3
span(S) = {ax? + bx +¢| a —c =0} 9
a
_ 11.
a. span(S) = b a,beR
b—2a
3
13.
b. Yes, S is linearly independent.
a. span(S) = R? 15.
b. Yes, S is linearly independent.
a. span(S) = R3 17.
b. No, § is linearly dependent.
¢. span(T) = R3; T is linearly dependent. 19
d. span(H) = R*; H is linearly independent.
a. span(S) =P,
b. No, S is linearly dependent. 21.
¢ 2x243x +5=2(1) — (x —3)+2(x2 + 2x)
d. 7 is linearly independent; span(7) = Ps
a—b Since
-5 —1 0 23.
s — 5t =s 1 |+t =5 25.
25 + 3t 2 3
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-1 0
then S = span 1 {,] —5
2 3

Therefore, S is a subspace.
c. Yes, the vectors are linearly independent.

d S#R3
SinceA(x—}-cy):{é}—}—c{;} {é

only if ¢ = 0, then S is not a subspace.
Let B;,B, € S. Since

} if and

A(By + ¢By) = AB| + ¢4B,
= B4+ C(BzA)
= (B + ¢By)4

then By +¢B; € § and S is a subspace.

Section 3.3

The set S has only two vectors, while dim(R?) = 3.

Since the third vector can be written as the sum of the
first two, the set S is not linearly independent.

. Since the third polynomial is a linear combination of

the first two, the set S is not linearly independent.

. The set S is a linearly independent set of two vectors

in R2.

. The set S is a linearly independent set of three vectors

in R3.

The set S is a linearly independent set of four vectors
in My.,. Since dim (M,x,) = 4, then S is a basis.

The set S is a linearly independent set of three vectors
in R? and so is a basis.

The set S is linearly dependent and is therefore not a
basis for R*.

The set S is a linearly independent set of three vectors
in P, so S is a basis.

A basis for S is B = -1 |, and
dim(S) = 2.
A basis for S is
1 0 0 1 0 0
e={lo o[V o) [o T]}

and dim(S) = 3.

A basis for S is B = {x,x?} and dim(S) = 2.

The set S is already a basis for R> since it is a linearly
independent set of three vectors in R3.
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27.

29.

31.

33.

35.
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A basis for the span of § is given by

(I

span(S) = R>.
A basis for the span of § is given by

(I

span(S) = R

A basis for R containing S is

a(sEH

A basis for R* containing S is

1 3 1 0
-1 1 0 0

B= 1Pl o ]t
4 2 0 0

A basis for R containing S is

N

o —_
1
——

37. B={e; | 1 <i <n}
43. dim(W) =2
Section 3.4
2
1. [V]B = —1 :|
C o7
3.[vlg=| —1
L 3 .
S
5. [vls = 2
L _2 -
—1
2
7. [vlp = 9
L 4 -

==Y

17.

19.

21.

23.

5.

&




d. A
-1 -1 0
5.8 =] 2 2 -1
0 -1 1
. 2 1
b. [2u; — 2w + w3, = []]Bf 3 | = -3
1 4
Section 3.5
1. a. y; =e¥,y, =
e2x e3x
b. W[y1,32](x) = e e>* > 0 for all x.
c. y(x) = Cre¥ + Cre®
3.a. )y = e‘zx,yz =xe ¥
e—2x xe—lv
b. W[yl,yZ](x) = L0072 o2 Dy =
4x

e~ ™ > 0 for all

X.

c. y(x) = Cie ™ + Coxe ™™

5. y(x) = e* 4 2xe*

7. a. y.(x) = Cie¥ + Cre*
b.a=1,b=3,c=4

9. y(x) = 1 cos (8x)

Review Exercises Chapter 3

1. k # 69
3. a. Since S is close

multiplication, S is a subspace of Mj..
b. Yes,leta =3,b = —-2,¢ =0.

1 1
c.B_{{O 1

d. The matrix { (2)

. The set T is a b.

oo

HY -

d under vector addition and scalar
1. .
is not in S.

)

asis since it is a linearly independent

set of three vectors in the three-dimensional vector

space V.

b. The set W is no
independent.

t a basis for V' since it is not linearly

Answers to Odd-Numbered Exercises

7. Since v; can be written as

455

—C —C —C,
VI:(—Z)V2+(—3)V3+-~+( ")v,,
Cl C1 C1

then

V' = span{vy,v3,...,V,}

9. a. The set B = {u, v} is a basis for R? since it is
linearly independent. To see this, consider

au+bv=20

Now take the dot product of both sides with first u,

then v, to show that a = b = 0.

b. If [w]z = { ‘g },then

X Vi
_ y V2 _ XV — WYV
*= uj V1 - uyvy —viup
]
and
uj X
B— ’ u y ‘ N yuyp — Xup
a up V1 - ulvz—vluz'
ray

Chapter Test: Chapter 3

1. F 2. T

3. F 4. F

5. T 6. F

7. F 8. F

9. T 10. T
11. T 12. T
13. T 14. T
15. T 16. F
17. F 18. F
19. T 20. T
21. T 22. T
23. T 24. T
25. T 26. F
27. T 28. T
29. T 30. F
31. T 32. F
33. T 34. F
35. T
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Chapter 4
Section 4.1
1. T is linear.
3. T is not linear.
5. T is linear.
7. Since T(x +y) # T(x) + T(y) for all real numbers x
and y, T is not linear.
9. Since T(cu) # c¢T(u), T is not linear.
11. Since 7(0) # 0, T is not linear.
13. T is linear.
15. Since T(cA) = ¢*T(4) # ¢T(4) for all scalars ¢, T is
not linear.
2 -2
17. a. T(u) = { 3 }, T(v) = [ . }
b. Yes
c. Yes
0 0
19. a. T(u) = { 0 :|,T(V)— [ 1 }
-1 0
b. No. T(u+v) = [ _1 }; T(w)+T(v)= [ 1 }
c. No, by part (b).
1 5
()
23. T(=3 +x —x?) = —1 — 4x + 4x?
3 22
m ([ 5])-[ 7
27. a. No. The polynomial 2x% — 3x 4 2 cannot be written
as a linear combination of x2, —3x, and —x?2 + 3x.
b. Yes. T(3x? —4x) = $x2 + 6x —
-1 0
29.a.A—{ 0 _1}
—1 0
b. T(e;) = 0 and T'(ey) = e Observe
that these are the column vectors of 4.
0
31. T 0 ={g},forallzeR
z
33. a. The zero vector is the only vector in R such that

X
0
"(2])-1¢]
z

&
~

35.

37.

39.

41.

43.

T(ev+w) = [ eTi(v) + Ti(W) }

cTa(v) + To(w)
Ti(v
~[ n |+
=cT(v)+ T(w)
T(kA+C)=(kA+ C)B —B(kA+ C)
= kAB — kBA + CB — BC
=kT(A)1+ T(C)

a. T(f+g) = | [¢f (x) + g(x)] dx

1 1
:/0 cf(x) dx—{—/o g(x) dx

1 1
=c/0f(x)dx+/0 g(x) dx

=cT(f)+T()

b. T(2x2 —x +3)= 2

Since neither v nor w is the zero vector, if either

T(v) =0 or T(w) = 0, then the conclusion holds. Now
assume that 7'(v) and 7'(w) are linearly dependent and
not zero; then there exist scalars @y and b(, not both 0,
such that agT(v) + boT(w) = 0. Since v and w are
linearly independent, then agv + bow # 0 and since T
is linear, then T'(agv + bow) = 0.

Let T(v) = 0 for all v in R3.

Ti(w) }
T (w)

Section 4.2

1.

3.

Since T'(v) = { 8

:|,ViS in N(T).

Since T(v) = { > }, v is not in N (7).

10

5. Since T(p(x)) = 2x, p(x) is not in N (7).
7. Since T(p(x)) = —2x, p(x) is not in N(T).

11.
13.

15.

1

19.

. Since T 2

N

-1

=v, visin R(T).
1

The vector v is not in R(T).

The matrix 4 is in R(T) witha = 1,b =0,c = -2,
d=—1.

The matrix A4 is not in R(T).

{{s]}

-2
1
1



2 1
21. 11,0
L 0 - L 1 -
23. {x,xz}
1] [ 17 2
25. o1, (11| —1
L 2] L0 | 1
SREEE
27. 01, (1
L 0 . L O .
29. {l,x,xz}
[ —6
31. a. No, 5 | isnotin R(T).
Y
-2
b. 1|, 1

-1
¢. Since dim(N (7)) 4+ dim(R(T)) = dim(R3) = 3 and
dim(R(T)) = 2, then dim(N (7)) = 1.
33. a. The polynomial 2x2 — 4x + 6 is not in R(T).
b. {—2x 4+ Lx*+x} = {T(x), T(x?}

o X
35. T y :{ ]
2 y

37. a. The range R(T) is the subspace of P, consisting of
all polynomials of degree n — 1 or less.
b. dimR(T))=n
c. dim(N(T)) =1
39. a. dim(R(7)) =2
b. dim(N(T)) =1

a{lo o}o 1]}

43. a. The range of T is the set of symmetric matrices.

b. The null space of T is the set of skew-symmetric
matrices.

45. If the matrix 4 is invertible, then R(T) = M, «,.

Section 4.3

1. T is one-to-one.
. T is one-to-one.
. T is one-to-one.
. T is onto R%.
. T is onto R.

o 3 Ut W
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11. Is a basis
13. Is a basis
15. Is a basis
17. Is a basis
19. Is a basis

21. a. Since det(4) = det ({ _; _g }) =-3#0,

then T is an isomorphism.

-3 0
_1__1
b. A7 = 3{ 5 1]

X
y
23. a. Since
-2 1
det(4) = det 1 -1 -1
0 1
=—1#0
then T is an isomorphism.
-1 -1 -1
b. 47! = 0 0 1
-1 -2 =2
X
c. A7'T y
z
-1 -1 -1 —2x 4z
= 0 0 1 X—y—z
-1 -2 =2 y
X
=1y
z

25. T is an isomorphism.

27. T is an isomorphism.

29. Since T(cA+ B) = (cA+ B) = cA' + B' = cT(A)
+T'(B), T is linear. Since 7(4) = 0 implies that 4 = 0,
T is one-to-one. If B is a matrix in M, », and A = B,
then T'(A) = T(B') = (B')" = B, so T is onto. Hence,
T is an isomorphism.

31. Since T(kB + C) = A(kB + C)4™! = kABA™ '+
ACA™" = kT(B) + T(C), T is linear. Since T'(B) =
ABA™! = 0 implies that B = 0, T is one-to-one. If C is
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33.

35.

37.
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a matrix in M, and B = A~ CA, then
T(B) =T(A7'CA) = A(4~'CA)A~" = C, so T is onto.
Hence, T is an isomorphism.

=ax*+bx’+cex+d

Lo

Since
X

V= y x,y eR
X +2y

define T: V — R? by

L)) 0

X +2y

Let v be a nonzero vector in R3. Then a line L through
the origin can be given by

L={tv|t e R}

Now, let T: R* — R3 be an isomorphism. Since 7 is
linear, T(tv) = tT(v). Also, by Theorem 8, T'(v) is
nonzero. Hence, the set

L' ={T(v) t € R}

is also a line in R through the origin. The proof for a
plane is similar with the plane being given by

P ={su+1tv|s,t € R}

for two linearly independent vectors u and v in R3.

Section 4.4

0 1
b. T(x2 —=3x +3)=x>—-3x+3
(715

[T(x* = 3x +3)],, =

T(x? —3x +3) =3 — 3x +x?

>

[x2 —3x + 3]z

.IfAz{‘C’ _Z],thenT(A):_z(C)
0 00
a. [Tlh=|0 -2 0
0 0 2
21 0 —2
wr([3 2 ])-18 T
2
21
T =Tz | 1
(5 2])],-me ]



0 0
+6[1 0}
[0 -2
“le6 o0
1 2
13.a.[T]B:{1 _1}
11 22
b.[T]B/_§_11 _1}
;1T -2
B _ _
c[T]B_9_1 5
1 5 2]
B _ _
d.[T]B,—3__1 5 |
' 1[ =2 5]
B _ _
ele=g| 5 1
o1 2 1
B _
£ I7Ie = o
"0 01
15.a. [T =| 1 0
1
L0 5 ]
"0 01
b. [T =] 0 1
1
L3 0]
f o 1
. [TS=]0 0
L3 0]

(7151515, =
f. The function S o T is the identity map; that is,
(S o T)ax + b) = ax + b so S reverses the action
of T.

17. [T]z = { (1) _(1) }

The transformation 7 reflects a vector across the x-axis.

19. [T]p = cI

Answers to Odd-Numbered Exercises

21. [T18 =[1001]

23. a. [27 + Sy = 2T)s + [S]s = [ - }

25. a. [S o Tl = [S1a[Ts = {

—4
b.{B}
2 1
1 4

b.[‘lﬂ

3 3 1
27. 8. [3T+28]3= | 2 —6 —6
3 -3 -1
3
b. —26
-9
4 —4 —4
2. [SeTlh=| 1 -1 -1
—1 1 1
—20
b. =5
5
0 0 0 6 0
0 0 0 0 24
31. [T]p=]0 0 0 O O
0 0 0 0 O
00 0 0 O
—12
—48
[Te@ls=| 0
0
O_
Tp(x))=p"(x)=—12 — 48
0 0 07
/ 1 0 0
B _
3. 18Iy = 0 1 0
0 0 1 |
0 1 0 O
D =10 0 2 0
00 0 3
1 0 0
[DIE[SE =10 2 0 | =[Tls
0 0 3

|
|

459
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a b . . 1 -1 0 3 1
35. If 4 = ¢ d ], then the matrix representation for [T15,V]5, = | 0 0 0 ) | = 0
T is 0 11 —4 -2
0 —c b 0 To show that the results are the same, observe that
—b —d 0 b
(Tls = c ’ 0 d—a —c ! B 0 .
1] 0 [+4+0 1 [+(=2)] 0 | = 0
0 c —-b 0 1 0 1 1
r1 1 0 0 0 01 By 3 —1]
110 00 7-”:[1]82—{_1
00 1 1 00 [T1s. = P1[T]3 P )
37. [T]p = : " e
0000 0 1o =1“1};;H?_1]
0000 0 11 2 - -
L0 0 0 0 O 0 1 | 9 _1 7
B 2 2
Section 4.5 Tl s 3
1 2 2 ]
. 1 2 4 2
[T]Bl[v]glz{—l 3]{—1]:{—7} B 31
2 1 1 7 L P=Un=1
=[5 41237 :
[T1s, =P '[T]s P
To show the results are the same, observe that 3 3 I
1 1 2 | 2 { 1o } { ;1 ]
— — B = - 0 -1 1 _
i 3]-15] b - =
11 20 _| 03
33[T]BI=|:1 1};[T]32=[00] —[% 0]
B 2 1
b 11 3 1 11.P:[[]B;:{ ]
= = 3 2
o[} 1] 3]+ [1]
-1
r 2.0 % _ 1 [T]Bz =P [T]Blp
[ ]Bz[V]Bz 0 0 s —lo _ 2 -1 2 0 2 1
- =3 2 0 3 3 2
To show the results are the same, observe that
-1 =2
1 -1 1 = { }
= 6 6
el ][]

[1 oo] 13.[T]31={_; }]
5.2 [Tl =|0 0 0
oo Peuly=| T Ty
1 -1 0
[T]s, = [ 0 0 ] [T1s, = P~ '[T]s,P
0 1 1

. o onl il [ -[= ]l e

wmmm=!oo 0}[2]:! 01 _[11]
0 0 1 -1 -1 121

[
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0 1 0 _ L
15. [T]s,= | 0 0 2 ¢ [T]Sl_h —2}
0 0 0 _An
0 2 0 5. a. [T]s = 32
[Tz, =] 0 0 1
0 0 0 b. y
If

then [T]g, = P~'[T]p,P.

17. Since A and B are similar, there is an invertible matrix
P such that B = P~'AP. Also since B and C are
similar, there is an invertible matrix Q such that

C = Q7 'BQ. Therefore, C = Q~'P~14PQ = 1 V22 =22
(PQ)~'4(PQ) so that 4 and C are also similar. c [Tl = V22 —2)2
19. For any square matrices 4 and B the trace function
satisfies the property tr(4B) = tr(BA). Now, since 4 V32 —-172 V3/2-1)2
and B are similar matrices, there exists an invertible 7. a. 1/2 \/§/ 2 \/§/ 2+1/2
matrix P such that B = P~'4P. Hence, 0 0 1
tr(B) = tr(P~'4P) = tr(APP™") = tr(4) b.

21. Since 4 and B are similar matrices, there exists an
invertible matrix P such that B = P~14P. Hence,

B" = (P7'APY" =P7'4"P

Thus, A" and B" are similar.

Section 4.6
1. a. (1) _(1)}
I [ V32 172 —1
b | -1 0 e | =172 V372 -1
Lol 0 0 1
10 Mo 1] [0 ]
c._O 3} 9.a._ 0"3—_0_
3 0 M2 17 2]
3a[T]s=[ 1} =
0 —2 L 2 1B _0_
b. 5 Mo 1] :'1'
10 L 2 4B _1_

B4
o
—
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-1 2
5 —4
c_
-2 4
C x
Dl S
Y lle 705 Y 1lg
L _2 4 -
[ —1 27 . '
_ 5 -4 X+ 3y }
a 7 =5 2,1
y
2 4" 7
The original triangle is reflected across the line ) -
Yy =x. X =y
i e _ | xt¥
d 0 1 01_1|0 T x4+ 4
|1 0] 0| | 0 ] 2% — 2y
o 1 ][2]1_1712]
= X
|1 0] 2] | 2] M x4
_ I o This implies that 4 } = Y
0 1 0] |2 LV X—y
1o 2 0] 2y
X x x —X
Review Exercises Chapter 4 3.a.8 [ y } = { —y }T { y } = { y }
1. a. The vectors are not scalar multiples, so S is a basis.
b. [S] 1 0 (T]5 = -1 0
x B=lo -1 Y= o1
X X +y
b. T = -1 0
[y} x—y c.[ToS]B=[ 0 _1}=[S0T]B
2y
The linear operators S o 7 and 7 o S reflect a vector
¢. N(T) = {0} through the origin.

d. Since N(T) = {0}, T is one-to-one. 0 1
5.3.[T]B=|:1 0:|

1 0
1 1
/ 1 0
e. s B _
1 —1 b. [T]B - l: 0 1 :l
2 2
f. No, T is not onto since dim(R(7)) = 2 and b oo
. No, T is not onto su}ce fm( (T)) =2 an 7. a[Tlzr=|0 0 1
a 0 1 0
dim(R*) = 4. Also i is in R(7T') if and only 1 | |
d b. |T 2 ] = 1| =T 2
ifc+b—2a=0. ! B 2 !
1 1771770 0
0 1 0 1 ¢ NT)=4{|0
g- 1 ) 0 s 0 ) 0 0
1 1 L 0 ] 0 d. R(T) — R3



e. [T"]p =

1
0
0

—_—o O

0
1
0

Chapter Test: Chapter 4

1.

11.
13.
15.
17.
19.
21.
23.
25.
27.
29.
31.
33.
35.
37.
39.

L ;W

F

I N R R R I s T T T T R B

Chapter 5

Section 5.1

1.
3.
5.

r=3
r=0
r=1

7.2 2 +50=0

b. A\ =0, 0 =-5

C.V1=|:

n

® A AW

10.
12.
14.
16.
18.
20.
22.
24.
26.
28.
30.
32.
34.
36.
38.
40.

. Since 7> =T +71=0,T —T?> =I. Then
T =THV) =T —T)V) =T —T(v))
=TW)=T*W)=I(v)=vV

4 94 H4HmMT A3 41T TAHAASHASTT™T A T

9.

11.

13.

15.

Answers to Odd-Numbered Exercises

d. -2 2 L1_107_,
3 -3 1|10~
-2 2 2
3 -3 3
a (L—172=0
b. M =1
C. V| = !
. 1 = 0
d. (1 =2 1] _[1
0 1 0| 1|0
a. L+ 1)’L—1)=0
b. vy =—-1, 0 =1
[ 1 1
C. V| = 0 , V2 = 2
0 2
d. -1 0 1 1 -1
01 0 0| = 0
0 2 -1 0 0
-1 0 1 1 1
01 0 2 =12
0 2 -1 2 2
a (L—2)L—12=0
b. M =2, 0 =1
1 -3
cvi=| 0|, vo= 1
0 1
d. 2 1 2 1 2
0 2 -1 0|=1]0
01 0 0 0
2 1 2 -3 -3
0 2 -1 1| = 1
01 0 1 1
a L+ DO=2)A+2)(L—4) =0
b. Mi=—-1,Mm=2=-2, =4

. V] =

1

—_— o oo O oo

> V2 =

(=

(= I = R )

463
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17.

19.

21.

23.

25.

27.

29.

Answers to Odd-Numbered Exercises

d. -1 0 0 0 1 -1
0 2 0 0 0 0
00 -2 0 0| 0
0 0 0 4 0 0

1

0

=—1 0

0

The other cases are similar.
Let 4 = { Z Z ] The characteristic equation is

(a —N)(d — \) — bc = 0, which simplifies to

22 — (a + d)\ + (ad — bc) = 0. Observe that the
coefficient of \ is —(a + d), which is equal to —tr(4).
Also, the constant term ad — bc is equal to det(4).

Suppose 4 is not invertible. Then the homogeneous
equation 4x = 0 has a nontrivial solution xy. Observe
that x is an eigenvector of 4 corresponding to the
eigenvalue h = 0 since Axp = 0 = 0xy. On the other
hand, suppose that A = 0 is an eigenvalue of A. Then
there exists a nonzero vector x( such that Ax) = 0, so 4
is not invertible.

Let 4 be such that 4% = A4, and let ) be an eigenvalue
of 4 with corresponding eigenvector v so that Av = \v.
Then A%v = 2Av, so Av = \2v. The two equations

Av = v and Av =22v

imply that 22v = \v, so that (A2 — X)v = 0. Since
v # 0, then M(A — 1) = 0, so that either A =0 or A = 1.

Let 4 be such that 4” = 0 for some n, and let A be an
eigenvalue of 4 with corresponding eigenvector v, so
that Av = \v. Then 4%>v = hAv = %?v. Continuing in
this way, we see that 4”v = \"v. Since A" = 0, then
N'v = 0. Since v # 0, then . = 0, so that . = 0.

If 4 is invertible, then
det(4B — ) = det(A~'(AB — N)A)
= det(B4 — \)
Since
det(d — M) = (h—ar)h —an)--- (= aw)
the eigenvalues are the diagonal entries.

Let N be an eigenvalue of C with corresponding
eigenvector v. Let C = B~14B. Since Cv = \v, then
B~'4Bv = \v. Then A(Bv) = M(BV). Therefore, Bv is
an eigenvector of 4 corresponding to A.

31.

33.

3s.

wr3]=15

and N = —1 with corresponding eigenvectors { 0 }

}. The eigenvalues are A = 1

and{0

) } , respectively.

If 6 £ 0 or 6 # m, then T can only be described as a
rotation. Hence, T’ { ; } cannot be expressed by scalar

multiplication as this only performs a contraction or a
dilation. When 6 = 0, then 7 is the identity map

3]
y
eigenvector with corresponding eigenvalue equal to 1.

N

0 -1
In this case every vector in R? is an eigenvector with
eigenvalue equal to —1.

X . . .
{ ) } In this case every vector in R? is an

Also, if@:n,thenTB } :{

1 1 9

-2 2 0

a. [Tzg=| -3 3 0
-1 -1 1 ]
I 1 0]

b. [Tlgr=| -1 -1 0
-1 0 1 |

¢. The characteristic polynomial for the matrices in
parts (a) and (b) is given by p(x) = x> — x2. Hence,
the eigenvalues are the same.

Section 5.2

1.

11.

. PP =

0
—1 _
P AP_[ _3]
00
2 0
0 1

coo <9

. Eigenvalues: —2, —1; A4 is diagonalizable since there

are two distinct eigenvalues.

. Eigenvalues: —1 with multiplicity 2; eigenvectors:

o

} ; A is not diagonalizable.

. Eigenvalues: 1,0; 4 is diagonalizable since there are

two distinct eigenvalues.

Eigenvalues: 3, 4, 0; 4 is diagonalizable since there are
three distinct eigenvalues.



13.

15.

17.

19.

21.

23.

25.

27.

Eigenvalues: —1 and 2 with multiplicity 2;
1 -1
eigenvectors: =5 1,1 —1
2 1

diagonalizable since there are only two linearly
independent eigenvectors.

; A is not

Eigenvalues: 1 and 0 with multiplicity 2; eigenvectors:

-1 0 0
1 |, 1 |,]| O [;4is diagonalizable since
1 0 1

there are three linearly independent eigenvectors.
Eigenvalues: —1,2,0 with multiplicity 2;

0 0 0 -1

eigenvectors: | ! ! -1 0.
1yl 2y 0 Ly
0 3 1 0

A is diagonalizable since there are four linearly
independent eigenvectors.

=3 0] .o, 2
p_[ : 1},13 Ap_[o _1}
0 2 0
P=11 11
1 3 2
-1 0 0
Pl4pP = 01 0
0 0 0
2.0 0
P=|11 0
0 0 1
-1 0 07
Pl4pP = 01 0
0 0 1 |
-1 0 -1 17
01 00
P= 00 1 1
1 0 0 0|
1 0 0 0
01 0 0
—1 _
PAP=143"0 0 o
0 0 0 2

By induction. If k = 1, then 4* = 4 = PDP~! =
PD*P~1!. Suppose the result holds for a natural number
k. Then

33.

3s.

37.

Answers to Odd-Numbered Exercises 465
Ak+l — (PDP—I)k+]

= (PDP~ " (PDP™)

= (PD¥P~"\PDPY)

= (PD")P~'P)(DP")

:PDk+1P71
1 0 1 0 0 0
.P=|1 =2 2 ;D=0 1 0 |;
1 1 0 0 0 1
3 -1 =2
Ak =pDFp-'=12 0 =2
2 -1 -1

. Since A4 is diagonalizable, there is an invertible P and

diagonal D such that 4 = PDP~!. Since B is similar to
A, there is an invertible Q such that B = Q~'4Q. Then

D =P '0BO™'P = (0"'P)'B(Q7'P)

If 4 is diagonalizable with an eigenvalue of multiplicity
n, then 4 = POL)P~! = (W )PP~! = 1. On the other
hand, if 4 = N/, then 4 is a diagonal matrix.

01 0

a [Tz, =] 0 0 2
00 0
11 2

b. [T]s,=| -1 —1 0
0 0 0

c. The only eigenvalue of 4 and B is A = 0, of
multiplicity 3.
d. The only eigenvector corresponding to . = 0 is
-1
1 |, so T is not diagonalizable.
0
If B is the standard basis for R3, then
2 2 2
[Tz = | —1 2 1
1 -1 0
The eigenvalues are A = 1, multiplicity 2, and A, =2
0

with corresponding eigenvectors | —1
1

and

1
—1 |, respectively. Since there are only two
1
linearly independent eigenvectors, 7' is not
diagonalizable.
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39. Since 4 and B are matrix representations for the same 0.5 04 0.1
linear operator, they are similar. Let 4 = O~'BQ. The 3.7T=1 04 04 02
matrix 4 is diagonalizable if and only if D = P~'4P 0.1 02 07
for some invertible matrix P and diagonal matrix D.
Th 0 0.36
. 1 |~ 035
_ p—ln-1 _ -1 ~ .
D =P '(Q"'BO)P = (OP)"'B(OP) 0 02
so B is diagonalizable. The proof of the converse is 0 0.33
identical. Tl 1 |~ | 033
0 0.33
Section 5.3 » Y
1. y1(1) = 1(0) +»2(0)]e ™ — »2(0)e 05 0 0
1) = 1 (0)e~ 5.T=1] 05 075 0
n(t) = »2(0)e 0 025 1
1 [0
1) = ~[y1(0) — y2(0)]e*
3. n() 2 10 =2(0)] The steady-state probability vectoris | 0 |, and
1 _ 1
+ > [11(0) + y2(0)]e -
2 hence the disease will not be eradicated.
1 -
y2(t) = =[—y1(0) + y2(0)]e* 033 025 0.17 0.25
2 T AT 025 033 025 0.17
1 - T T 1017 025 033 025
+ ~[y1(0) + y2(0)]e ¥ : . . .
210 +7:00 025 0.7 025 033 |
s, P1(6) = [291(0) + y2(0) + y3(0))e " 1 0.5(0.16)" +0.25
0 0.25
_ _ _ 2t _
»2(t) = [=201(0) = »2(0) — 23(0)]e’ 0 0.25
+2[11(0) + y2(0) + y3(0)]e* 0.25
. 0.25
y3(t) = [=201(0) — »2(0) — y3(0)]e ™ ¢ | 025
+[201(0) + »2(0) + 23(0)]e’ 0.25
7. 9t =e ' (t) = —e ! 9. Eigenvalues of 7: Ny = —q +p + 1,y =1, with

() = — L L —
9. a. yi(1) = — gy + 1502 corresponding eigenvectors { } } and [

q/p }
s
Yy = & — g2

0) = 12, 32(0) = 0 The steady-state probability vector is
1 =12, V) =

g
b. yi(f) = 4 + 8¢~ M0 yy(t) = 8 — 8¢~ %0 R { a/p } —| 7.
) . I+g/p | 1 e
c. lim_ oo yi(t) =4, limyoo () =8
The 12 1b of salt will be evenly distributed in a ratio Review Exercises Chapter 5
of 1:2 between the two tanks. L a { a b } { 1 } B { atb }
Section 5.4 b a 1 a+b
[ 085 0.08 1
l'a'T_{o.ls 0.92] :(“J“b){l}
0.7 0.37
10 ~ — — g —
b. T |:0.3]N|:0.63] b.)x]—a-‘rb,)\.z—a b

(2] co=|yfm=[ 1]

0.65
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1 —1 a+b 0 Chapter Test: Chapter 5
d. P= ,D =
1 0 a-b 1. F 2. F
a N =0n=1 3. F 4. T
b. No conclusion can be drawn from part (a) about the 5 T 6. T
diagonalizability of 4. 7T 8 T
[ 0] —1 9. T 10. T
0 0
c. A= 0: V] = 0 V) = 1 11. F 12. F
1] 0 13. F 14. T
o 15. F 16. T
(1) 17. T 18. T
M=livi=| 19. T 20. F
| 0 ] 21. T 22. T
d. The eigenvectors {vy, vy, v3} are linearly 23. F 24. F
1nc.1epende.nt. . N o 5. T 2. T
e. A is not diagonalizable as it is a 4 x 4 matrix with
only three linearly independent eigenvectors. 27. T 28. T
_a | 0 29. T 30. F
ca detd—n)=| 0 —n 1 3T 2. T
—k 3 =\ 33. T 34. F
=\ —3N+k=0 35. T 36. T
b 37. T 38. T
' 39. T 40. T
k 3
= 2
k - Chapter 6
= _2 5 Section 6.1
1. 5
k=sa 3. —11
c. 2<k<2 5. V26
"l
V2615
.a Letv= : . Then 0 E{z]
| L
11. /22
I3 1 )
A 1 -3
Av = =X 13. — | -2
: : V22 3
I3 1 )
3 1
so \ is an eigenvalue of 4 corresponding to the 15. 1
eigenvector v. V1L | 3

b. Yes, since 4 and 4’ have the same eigenvalues. 17.

o
I
)
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19. viLvy; viLvy; viLlvs; volvs; v3Lvy; v3Lvs

21. Since v3 = —vj, the vectors v; and v3 are in opposite
directions.
2
23. w=
0
y
5
u
I A
- w v *

3
25. w= — { 3 ]

211
mowel |

W= —
611
u
W
v
29. Let u be a vector in span{u;, u, - - -, u,}. Then there
exist scalars ¢, ¢a, - - -, ¢, such that

u=ciu +cu+---+cyu,

31.

33.

35.

37.

Then

v-u =v-(ciu; + coup + -+ -+ c,u,)
=C1v-up + Vel + -+ Cp Vel
=c1(0)+c20)+---+c,(0)=0

Consider the equation
avi+aeova+--+cevy, =0

Since

vis(civi+eava -+ ¢ vy) = v - 0
)

Cc1vievi +cviva+ -+ ¢, vi-v, =0
Since S is an orthogonal set of vectors, this equation
reduces to

2
cilvill* =0

and since ||vy]| # 0, then ¢; = 0. In a similar way we
have ¢; =¢c3 =--- =¢, = 0. Hence, § is linearly
independent.

Since ||u||? = u-u,
a4 vIP + [lu = vI* = @+ v)-(u+v)
+(u—v)(u—v)
=u-u+2u-v+vy
+u-u—2u-v+ vy
= 2[ul|? + 2[|v|?

If the column vectors of 4 form an orthogonal set, then
the row vectors of A" are orthogonal to the column
vectors of 4. Consequently,

Ay =0 ifis)

On the other hand, if i = j, then (4°A); = ||A;]]%.
Thus,

||A]? 0 0
. 0 lIA2l> 0
: 0 RS 0
0 0 A7

Suppose that (4u)-v = u-(4v) for all u and v in R”. By
Exercise 36,
u-(4v) = (4"u)-v

and by hypothesis
u-(4Av) = (Au)-v



for all w and v in R”. Thus,
(4"u)-v = (4u)-v

foralluand vin R". Let u = ¢; and v = ¢;, so
(A")ij = A4;. Hence A" = 4, so A4 is symmetric.
For the converse, suppose that 4 = A’. Then by
Exercise 36,

u-(4v) = (4'u)-v = (4u)-v

Section 6.2

1. Since (u,u) = 0 when u; = 3uy or u; = up, V is not an

13.

15.

17.

19.

21.

23.

inner product space.

. Since (u+ v,w) and (u,v) + (v,w) are not equal for all

u,v, and w, V' is not an inner product space.

. Yes, V' is an inner product space.
. Yes, V' is an inner product space.
. Yes, V' is an inner product space.
11.

T " TU
/ sinx dx = / cosx dx
—T —T

T
=/ cosx sinx dx =0

fx —1)dx =0
Ji (x4 de =0
fol (—2x3 +3x2 — %x + %) dx =0

a || =3+3x —x2|=,/38

b. cosf = — 2105

a [[x—e[|=4/1e2 — 2
b.cosG:A
2¢2-2
a. | 2x2—4 =25
2
b.cos@:—g
/ 2 -5
a. |A—B |= tr{_5 17}_«/19
— 3
b.cosé)—sx/6
8 0 8
a || A—B|= [tr| 0 3 4 | =4/25=5
8 4 14

_ 26
b. cos6 = NN

1. a. proj, u= {

. a. proj,u = [

. a. proj,u =

Answers to Odd-Numbered Exercises

w{[;] v

X
¥y 2x =3y 4z =0

z

29. a. <x2,x3> = folxs dx = %

b. (e*,e™) :foldx =1

e I 1l=y/fydx=1
Ix 1=/ fy x2dx = 3

3
2V3
e 1-x|=%

d. cosf =

fg is an odd function. Then
a
J(x)gx)dx =0

so f and g are orthogonal.

33. {ciuy, coup) = ¢y (ug, coup)

= c1cz (ug, up)
=0

Section 6.3

[NSIIS I 1[0
1

|
v@_m%m=[j][
|

|

v:(u — proj, u) = [ ; ][ B

N[— N|—

b. u — proj,u = {

B— po|—
I
Il
(=)

b. u — proj,u =

Wiy Lnlw

wlhs Lo

Wl oo
I
I
(]

WA WA WA
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31. If f is an even function and g is an odd function, then
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1 ~1 -2 1
. 1 -2 1 1 1 0
b. u — proj,u = 3 21. ¢ —= y = s =
) : Jo| 01 V|-l Vel 2
3 1 0 1
1
! 3 3. {V3r, -3r +2}
v-(u — proj,u) = | —1 31 =0
—1 _4 1
3
25 ! 0 !
_ X BRI
7. a. proj,u = 0 1
—1
27. Let
. 1 v=ciu; +cuy+---+cuy
b. u—proju= | —1 Then
0 | IvIZ=v-v
v-u—projuy=| 0 |[-| =1 | =0 = ci(u-u) + 3 (upeu) + -+ + cp(u,-u,)
1 0 :c|2+c§+«-«+c,2,
9. a. proj, p = %x — 1% = v P+ + [vou,
b. p —proj, p = x* — x+ 12 29. Since
. - oo i
(¢.p = proj, p) Zlakiakj = {1 il T (a'4),
1
9 17
= (3x—1)(x2—1x+ﬁ)dx:0 then A’A = 1.
0 31. Since ||4x|| = v/Ax-Ax and
11. a. proj, p = — x>+ ; AX-AX = X' (4" A%) = x-x
.o _ 152 _ 3
b. p —proj,p = Fx"— 3 then ||4x|1> = x-x = ||x]|? so [|4x]] = [|x][.
< _ oroi > 33. By Exercise 32, Ax-Ay = x-y. Then 4Ax-Ay = 0 if and
4-p —Prolgp only if Xy =0
1
15 3 35. Let
:/( —1)( Z—Z)dxzo
0 W={v| vu;=0foralli =1,2,...,m)}
1. { 1 } 1 { —1 }} If ¢ is a real number and x and y are vectors in ¥, then
-1
V2 V2 x+cy)uw; =xu; +cy-u; =0+¢(0)=0
1 1
1 1 | = R
15. { 7 ) ’ﬁ 1 foralli =1,2,...,n
~1 ~1 Do 3017«
37. vAv_[xy]{1 3]{)}}
17. {\/§(x—1) 3 — 1, 6«/§(x2—x+é)} ~ 32 2w 432
) >@+y) =0
19. ! L 39. X A'Ax = (AX) Ax = (A%)-(4%)
V3 Ve | o — x| = 0
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41. Since Ax = \x, then xX'Ax = A||x||?. Since 4 is positive 21. An orthogonal basis is
definite and x is not the zero vector, then x’4x > 0, so 3 _5
A > 0. B— 0 21
. - -1 7| -3
Section 6.4 | 2 6
1. Wizspan{{ | }}
7 -5
_ . 4 21
1 0 PYOJyy V= 73 -3
3. Wt =span -2 |1 6
. 0 1
_ ; L 1
2 23. a. W~ = span
3 3
5. Wt = span _1
' { i b. proj =3
. V= —
L | p 1174 10 1
Coq -
6 3 . 1 { 3 ]
1 C. U=V —projyv=—
7. Wt = span —2 || ! prolw 109
1 0
1|3 -3
0 1 . . =
o v o] 7]
-1
3
e.
1
9 -3
L 1 -
r 17 _1
2 2
_3 1
11. 2, 2
1 0
L 0 | 1

13, {3Px? — Zx + 1}
_ 25. Notice that the vectors v; and v; are not orthogonal.

1 Using the Gram-Schmidt process orthogonal vectors
15. i with the same span are
1 0
) 3
17. An orthogonal basis is —1 3
2 0
B = 0] -1 a. W' = span -1
0 0 1
C 1 5
projyv=| 2 b. projyv= 1| 5
L0 Sl
[0 ] 1 4
19. projy,v=| 0 c.u=v-—projyv=- | —2
L0 | 31 2
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2
d. Since u is a scalar multiple of | —1 |, then u is

in wt.

27. Letw € WzL, so (w,u) = 0 for all u € ;. Since
Wy C W, then (w,u) = 0 for all u € W,. Hence

we Wi, so wit C wit.

29. a. Let 4 = d e andB =] ¢ b . Then
f g b ¢

am=a([5 ][4 )

—tr ad + bf ae + bg
- bd +cf be+cg

So 4 € W+ if and only if ad + bf + be +cg =0

for all real numbers a, b, and c¢. This implies

A= [ _(e) 8 ] That is, 4 is skew-symmetric.

a b a bxe 0 b=
AR PR ey

Section 6.5

3
l.a. x=| 2
a % {0}
5
2
b. wi=4xX=| 3
5
3
2
W2=b—W1= —%
0

b. y =

653,089 317,689,173

22,007 4. _ 217,007,079

13,148 X 3287

b. y =0.07162857143x — 137.2780952

7. a.

pa(x) =2sinx — sin2x

2

p3(x) = 2sinx — sin2x + 3 sin 3x

. . 2 .
pa(x) =2sinx — sin2x + 3 sin 3x

1 . 4

— —sindx

2

. . 2.
ps(x) =2sinx —sin2x + 3 sin 3x

L indx + 2 sin5
— — Sin — Sin
g ST g ST

2

1
pa(x) = gn — 4 cosx + cos2x

4
2 _4cosx + cos2x — §cos3x

1
p3lx) = ng

1, 4
palx) = gn —4cosx 4+ cos2x — 5 cos 3x

1
— 4
+4cos X



1 4
ps(x) = gnz —4cosx +cos2x — 5 cos 3x

1 4
+ — cos4x — — cos Sx
4 25

Section 6.6
L a=30=-1
3onm=1w=-32%=3

5. N1 = —3 with eigenvector v| = [ _; }; Ay = 2 with

. 2
eigenvector v, = [ )

}. Observe that vi-vo, = 0.

1
7. %1 = 1 with eigenvector vi = | 0 |; hp = —3 with
1
-1
eigenvector v, = 2 |; N3 = 3 with eigenvector
1
-1
v3 = | —1 |[. Observe that v{-v; = v{-v3 =
1
V2V3 = 0.
1
9. V3 = span 0
1
-1 0
V_1 = span ] 1
1 0
dim (V3) +dim(V_;)) =14+2=3
3
1
11. V3 = span 1

—

=14+142=4
13. Yes.
{ V32 1/2 } { V32 =172
—1/2 V3,2 12 V32
15. Yes.
V272 V272 0 V2/2
-v2/2 V2/2 0 V2/2
0 0 1
1 0 0
=10 10
0 0 1
[ =12 12 [ -1
7P=1 e 1/ﬁ}’0_{ 0
R VAV VAV R
19. P = v, l/ﬁ},D_{ N

21.

23.

25.

Answers to Odd-Numbered Exercises

0
V_3 = span _?
L 1 d
[ =1 ] 0
V_1 = span ; s _(1)
L 0 .

dim (V3) + dim (V_3) + dim (V_,)

[ —1/4/3 1/4V/2 =146
P= 1/4/3 0 —2//6
1/v3 1/v2  1/4/6

1.0 0
D=]0 2 0
L0 0 -2

Since 44" = BB' =1, then

(AB)(AB) = AB(B'A")

= ABB"HA' = AIA'

=A44" =1

Similarly, (BA)(BA) = 1.

N O

[\ )

0

1

473

=[]

—v2/2 0
v2/2 0

Since AA" =1, A" is the inverse of 4 so A'4 =1 and

hence A4’ is also orthogonal.
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27. a. Since cos? 0 + sin? 6 = 1, then
cos® —sinb cosh sin | [ 1 O
sin®  cos@ —sin® cos® | T | 0 1
29. If D = P'AP, then
D' = (P'APY =P'A'P
Since D is a diagonal matrix, then D’ = D, so
D = P'AP and hence P'AP = P'A'P. Then
P(P'AP)P' = P(P'A'P)P', 50 A = A'.
31. a. VtV=v12—|—-~~+v3
b. The transpose of both sides of the equation Av = Av
gives v/ A" = \v'. Since 4 is skew-symmetric,
v/(—A) = \v'. Now, right multiplication of both
sides by v gives v/(—A4v) = Av'v, so V/(—hv) =
Av'v. Then 20v'v = 0 so 2h(v + --- +v2) = 0 and
this gives A = 0.
Section 6.7
1. 300”)> +V/10x’ =0
3.2+ ()Y =1

7. a. [x y]{g 12“;]—16=0

b. 10x% — 12xy + 102 — 16 =0
9. a. Tx2463xy + 132 —16 =0
b. 7(x —3)2 + 6/3(x —3)(y —2) + 13(y — 2)*—

16=0
Section 6.8
1.01:\/@,0’2:0
3. 01 =2v3,00 =/5,03 =0
1 1 1 1
SA_[ﬁ ﬁ“8 OHﬁ ﬁ}
e 1 L 0 2 1 1
V2 V2 V2 V2
0 R
a0 ][ V2 0 07 VGG
T 0 0 1 0 0 1 1
V22

9. a. X =2,XZ=0b.X1 =1,X2=1
c. 01/0y = 6,324,555

Review Exercises Chapter 6

11 2 1 0 0
l.a. | 0 0 1 | — [ O 1 O
1 0 0 0 0 1
0 V22 V2/2
b. 1|, 0 , 0
0 -v2/2 V2/2
-2
C. Projyv= 0
-1
X
3.a. If | y | € W, then
z
X a
¥y b | =ax+by+cz=0
z C
a
so | b | isin W,
C
a
b. WL = span b
C

a
That is, W+ is the line in the direction of | b
c

and which is perpendicular (the normal vector) to
the plane ax + by +cz = 0.

a

. __ axy+bxptexs
C ProJy LV =" 522 2 b
Cc

laxy+bxy+cx3|

d. || projy L v = NZEvEI
Note: This gives the distance from the point (x1,x2,x3)
to the plane.

5. a. (I,cosx) = [7 cosxdx =0

. —
(I,sinx) = |7 sinxdx =0
. T .
(cosx,sinx) = f_n cosxsinxdx =0
b. { -, L cosx, L sinx
N VG e
c. projyx? = %nQ —4cosx

d. || proj,x? |= §+/275 + 144n



7.

Using the properties of an inner product and the fact
that the vectors are orthonormal,

v =+vv

= R Vv + e G Va)

= C12++C5

If the basis is orthogonal, then

1V lI= /e Viva) + 4 G (Vava)
10 -1 100
A R B
110 1 0 0 1
1 -1 2 00 0
) 1
1 2 -1
1 —2 0
b. B; = 11 % , 1
_1 1 0
—2
_1 1 -
2 2 L
1 1
2 -3 0
CB=Nl1P| 1|
2 2 2
1 1
L 2 -3 0]
11
2 2 2
1 1
1oL
| 2 2
o= 11 2
2 2 2
1 1
2 T2 0
2 -1 2
R=|l0 1 =2
0 0 V2
e. A=0R

Chapter Test: Chapter 6

1.
3.
5.

T

A AN
= T4

F
F

Answers to Odd-Numbered Exercises

7. T 8. F
9. F 10. F
11. T 12. T
13. T 14. T
15. F 16. T
17. T 18. T
19. F 20. T
21. F 22. T
23. F 24, F
25. F 26. F
27. T 28. T
29. T 30. F
31. T 32. T
33. F 34. F
35. T 36. F
37. T 38. T
39. F 40. T
Appendix A

Section A.1

1.

3.

11.
13.

15.

ANB ={-2,2,9}
AxB={a,b)| acdbeB)

There are 9 x 9 = 81 ordered pairs in 4 x B.

. A\B = {—4,0,1,3,5,7}
. ANB =10,3]
. A\B = (—11,0)

A\C = (—11,-9)
(AUB)\C = (—11,-9)

475
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17. v

L

“““ 1
5

o
=y

19. ¥

‘‘‘‘
\\\\\

21. ANB)NC ={5}=ANBNC)
23. AN(BUC)=1{1,2,5,7}=(ANB)UMANC)
25. A\(BUC) ={3,9,11} = (4\B) N (4\C)

Section A.2

1. Since for each first coordinate there is a unique second
coordinate, 1 is a function.

3. Since there is no x such that f(x) = 14, the function is
not onto. The range of f is the set {—2,—1,3,9,11}.

5. /7 (=2 = (1,4)
7. Since f is not one-to-one, f* does not have an inverse.
9. {(1,-2),(2,—1),(3,3),(4,5),(5,9),(6,11)}
11. f(AUB) =f((—3,7)) =[0,49)
fA)Uf(B)=10,25]1U[0,49] = [0,49]
13. f(4N B) = f({0}) = {0}
FA)NJ(B) =1[0,41N[0,4] = [0,4]
Therefore, /(4 NB) C f(4)Nf(B), but
JANB) #f(A)Nf(B).
15. f7l(x) = =2
17. If n is odd, then f®)(x) = —x + c. If n is even, then
@) =x.
19. a. To show that /" is one-to-one, we have
o211 — o201
S 2 —1=2x—1
<X =X

b. Since the exponential function is always positive,
f is not onto R.

¢. Define g : R — (0,00) by g(x) = e*~ 1.

c g7 ') = 11 + Inx).

21. a. To show that /" is one-to-one, we have 2n; = 2n; if
and only if n; = ny.

(=7

b. Since every image is an even number, the range of f°
is a proper subset of N.

¢ [THUE)=N; f71(0)=9¢
23.a. fA) =2k +1]| keZ)
b. f(B)={2k+1]| ke Z)}
c. /7'{0}) = {(m,n) | n=—2m)}
d. f7YE)={(m,n) | n is even}
e. /~1(0)={(m,n)| nis odd}
f. Since £((1,—2)) = 0 = f((0,0)), then f is not

one-to-one.
g. IfzeZ letm=0and n =z, so that f(m,n) =z.

Section A.3
1. If the side is x, then A2 = x2 +x2 = 2x2, so
h=~/2x.
3. If the side is x, then the height is & = %x, so the area

isA= %x%gx = ‘/Tgxz.

5. If a divides b, there is some k such that ak = b; and if
b divides c, there is some £ such that b¢ = c¢. Then
¢ = bl = (ak)l = (kl)a, so a divides c.

7. If n is odd, there is some k such that n = 2k + 1. Then
n? = 2k + 1)> = 22k> + k) + 1, so n? is odd.

9. If b =a + 1, then (a + b)> = (2a + 1)*> =
2(2a% + 2a) +1, so (a + b)? is odd.
11. Let m =2 and n = 3. Then m? + n? = 13, which is
not divisible by 4.
13. Contrapositive: Suppose 7 is even, so there is some &
such that n = 2k. Then n? = 4k2, so n? is even.

15. Contrapositive: Suppose p = g. Then
VPG =P =p =@ +9)/2

17. Contrapositive: Suppose x > 0. If e = x/2 > 0, then
X > e

19. Contradiction: Suppose V2= p/q such that p and ¢
have no common factors. Then 2¢3 = p3, so p3 is even
and hence p is even. This gives that ¢ is also even,
which contradicts the assumption that p and ¢ have no
common factors.

21. If 7xy < 3x2 4 2y2, then 3x% — 7xy + 2% =
(3x —y)(x —2y) > 0. There are two cases: either both
factors are greater than or equal to 0, or both are less



than or equal to 0. The first case is not possible since
the assumption is that x < 2y. Therefore, 3x < y.

23. Define f:R — R by f(x) = x2. Let C =[—4,4],
D =[0,4]. Then f~1(C) =[-2,2] =/~ (D) but
C ¢D.

25. If x € f~1(C), then f(x) € C. Since C C D, then
f(x) € D. Hence, x € f~1(D).

27. If y € f(4A\B), there is some x such that y = f(x) with
xeAdandx ¢ B. Soy € f(A4)\ f(B), and
J(A\B) C f(A)\ f(B). Now suppose y € f(4)\ f(B). So
there is some x € 4 such that y = f(x). Since f is
one-to-one, this is the only preimage for y, so x € A\B.
Therefore, f(A)\ f(B) C f(4\B).

29. By Theorem 3 of Sec. A.2, f(f~(C))c C.Lety e C.
Since f* is onto, there is some x such that y = f(x). So
x € f7(C), and hence y = f(x) € f(f~1(C)).
Therefore, C C f(f~'(C)).

Section A.4

1. Base case: n = 1 ; 12 = 120

Inductive hypothesis: Assume the summation formula
holds for the natural number #.
Consider

P+22 432+ 0>+ (n+ 1)

_ n(n+1)6(2n+1) 17

1
%(2# L Tn+6)

- %(271 £3)(n +2)

_(n+D(n+2)2n+3)
B 6

3. Basecase:n:l:l:@
Inductive hypothesis: Assume the summation formula
holds for the natural number 7.
Consider

14447+ +Gn—2)+[Bn+1)-2]
3n —1
=¥+(3n+1)
_ 3n2+5n 42
N 2
_ (n+DBn+2)
N 2

Answers to Odd-Numbered Exercises 477

5. Basecase:n:l:Z:%
Inductive hypothesis: Assume the summation formula
holds for the natural number .

Consider
245+84-+Gn—D+[Bn+1)—1]
1
= 5(3nz+7n+4)

_ (n+DGBn+4)

a 2

i+ DB+ D+ 1)
N 2

7. Basecase:n=1:3=¥
Inductive hypothesis: Assume the summation formula
holds for the natural number 7.
Consider

346+9+---+3n+3n+1)
1
= E(3nz+9n+6)

= %(nz—i—fvn +2)
_3(n+D(n+2)
==

9. Basecase: n = 1:21 =22 -2
Inductive hypothesis: Assume the summation formula
holds for the natural number 7.

Consider
n+1 n
sz — sz + 2n+l
k=1 k=1
— 2n+1 —24+ 2n+1
— 2n+2 )

11. From the data in the table

ni|2+44---4+2n
1 2=1(Q2)
2 6 =2(3)
3 12 =3(4)
4 40 = 4(5)
5 30 = 5(6)

we make the conjecture that

24+4+6+---+@2n)=nmn+1)
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13.

15.

17.

Answers to Odd-Numbered Exercises

Base case: n =1:2=1(2)

Inductive hypothesis: Assume the summation formula
holds for the natural number 7.

Consider

24+4+6+---+2n+2n+1)
nn+1)+2(n+1)
=mn+1Dn+2)

Base case: n = 5:32=2% > 25 =52

Inductive hypothesis: Assume 2" > n? holds for the
natural number 7.

Consider 2"*! = 2(2") > 2n?. But since 2n°—
n+1Y2=n>-2n—1=m-17%—-=2>0, for all

n > 5, we have 2" ! > (n 4 1)2.

Base case: n = 1 : 12 4 1 = 2, which is divisible by 2.
Inductive hypothesis: Assume 72 + n is divisible by 2.
Consider (n 4+ 1) 4+ (n + 1) = n®> + n + 2n + 2. By the
inductive hypothesis, n? + n is divisible by 2, so since
both terms on the right are divisible by 2, then

(n + 1)> + (n + 1) is divisible by 2. Alternatively,
observe that n? 4+ n = n(n + 1), which is the product of
consecutive integers and is therefore even.

Basecase:n:l:l:%

Inductive hypothesis: Assume the formula holds for the
natural number 7.
Consider

L+r+ri4 4 en

" —1
= + "
r—1 "
_r"—1+r"(r—l)
- r—1
rn+1_1

r—1

19. Basecase: n =2 : AN(B1UB)=(ANB)U(ANBy),
by Theorem 1 of Sec. A.1
Inductive hypothesis: Assume the formula holds for the
natural number 7.
Consider

ANBIUByU---UB, UB,41)
=AN[BIUBU---UB,)UB, ]
=[ANBIUBU---UB,)]U (AN Byt1)
=ANBH)UMANB)U---UANB,)UMANB,+1)

21. n\ n!
()=

n!

T =) - (n — 1))

-(,2)

23. By the binomial theorem,

2”:(1+1)"=Z<Z)

k=0




Index

A

Abel’s formula, 190
Addition
linear transformations and, 209-210
matrix, 27-29
of real numbers, 28
of vectors, 95-99, 129
Additive identity, 98
Additive inverse, 97, 98, 136
Aerodynamic forces, 199
Algebra, matrix, 26—37. See also
Matrix algebra
Angles, between vectors,
327-330
Arguments
contradiction, 426—427
contrapositive, 426
direct, 425
Associated quadratic form, 386
Associative property, 97, 98
Augmented matrix
for consistent linear systems, 22
explanation of, 15, 16
facts about, 23
as solution to linear systems, 16—17
Axioms, 424

Back substitution, 4

Balance law, 310

Balancing chemical equations, 79

Basis
change of, 177—-181
explanation of, 149
facts about, 171
method for finding, 166—170
ordered, 174—176
orthogonal, 339-340
orthonormal, 342—-352
standard, 159, 162, 163
for vector space, 159—-164

Best-fit line, 322

Bijective functions, 420, 422
Bijective mapping, 226
Bilinear inner product, 333
Binary vectors, 127—-128
Binomial coefficients, 435-436
Binomial theorem, 437-438
Brin, Sergey, 276

C

Cartesian product, of two sets, 411
Cauchy-Schwartz inequality, 326—327,
336, 337
Characteristic equation, 279
Characteristic polynomials, 279
Check matrix, 128
Chemical equation balancing
application, 1, 79
Circle, equation of, 385
Codewords, 127-129
Coefficient matrix, 15
Cofactors, of matrices, 56
Column rank, 221, 222
Column space, 152
Column vectors, 27
Commutative operation, 28
Commutative property, 97, 129
Commute, matrices that, 32, 33
Complement, of sets, 411
Complementary solution, 193
Complex numbers
conjugate of, 377
equality and, 377
imaginary part, 144
real part, 144
set of, 134
Components, of vectors, 27, 95
Composition, of functions,
420-422
Computer graphics applications
explanation of, 255
projection, 265—-268
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Index

Computer graphics applications (continued)
reflection, 260, 261
reversing graphics operations, 261—-262
rotation, 264—265
scaling and shearing, 256—259
translation, 262264
types of, 199
Conclusions, 424
Condition number, 403
Conic sections
eigenvalues and, 388—390
explanation of, 61, 386
simplifying equations that
describe, 385
Conservation of mass law, 1
Contained sets, 410
Continuous signals, 93
Contraction, 257
Contradiction argument, 426—427
Contrapositive argument, 426
Contrapositive statement, 425, 426
Converse, of theorems, 424-425
Convex, set on R? as, 272
Corollaries, 425
Cosine, of angle between vectors,
328, 337
Counter example, 425
Cramer’s rule, 62—64

D

Damping coefficient, 192
Data compression, 401-403
Data sets, least squares approximation
to find trends in, 371-373
Demand vectors, 83
DeMorgan’s laws, 413—-414
Determinants
facts about, 64—65
to find equation of conic sections, 61
linear independence and, 118—119
method to find, 55-56
properties of, 57—62
to solve linear systems, 62—64
of square matrices, 56
of 3 x 3 matrix, 54-55
of triangular matrices, 56—57
of 2 x 2 matrix, 54, 55
Diagonalization
conditions for matrix, 291-292
eigenvalues and, 293

eigenvectors and, 282
examples of, 289-291, 293
explanation of, 287-289, 377
facts about, 297-298
linear operators and, 295-297
orthogonal, 379-382
similar matrices and, 293-294
of symmetric matrices, 377—383
symmetric matrices and, 293
systems of linear differential equations
and, 302-309
of transition matrices, 312—-313
Diagonal matrix, 56. See also
Diagonalization
Differential equations
applications for, 185, 191-193
explanation of, 185
first-order, 186
fundamental sets of solutions
and, 188—193
general solution of, 186
second-order with constant coefficients,
186—188, 191-193
Digraphs, 79—-80
Dilation, 257
Dimension
of column space, 221
explanation of, 164—165
of vector space, 165—166
Direct argument, 425
Directed graphs, 79—-80
Direction field, of systems of differential
equations, 302
Direct sum, 360—-361
Discrete signals, 93
Distance formula, 323
Domain, 415
Dot product
on Euclidean n-space (R"), 323-331, 333
inner product that is not, 335
properties of, 326
of vectors, 29-32, 323
Dynamical systems, 300

Echelon form

definition of, 19

of matrices, 17-21
Economic input-output models, 82—84
Eigenfunctions, 284



Eigenspaces
algebraic multiplicity of, 281
corresponding to eigenvalues,
280-281
dimension of, 281-282
explanation of, 279-280
geometric multiplicity of, 282
Eigenvalues
as complex numbers, 282283
diagonalization and, 287—-298
explanation of, 276
facts about, 284-285
geometric interpretation of, 278-279
of linear operators, 283—-284
Markov chains and
method to find, 310-314
of square triangular matrices, 283
systems of linear differential equations
and, 302-309
transition matrix and, 312, 313
of triangular matrices, 283
for 2x2 matrices, 277278
Eigenvectors
definition of, 276277
diagonalization and, 287-298
explanation of, 276
facts about, 284285
geometric interpretation of,
278-279
of linear operators, 283-284
Markov chains and
method to find, 310-314
orthogonal, 379-380
probability, 313
of real symmetric matrices, 378
systems of linear differential equations
and, 300-309
transition matrix and, 312, 313
for 2x2 matrices, 277-278
Elementary matrix
definition of, 69
explanation of, 69—-71
inverse of, 71-72
Elements, of sets, 409
Empty sets, 410
Equal matrix, 27
Equations, matrix, 48—51
Equivalent linear systems, 4, 5
Equivalent triangular systems, 6—7,
10, 14

Index

Euclidean n-space (R")
definition of, 95
dot product on, 323-331, 333
properties of norm in, 329
vectors in, 94-99, 108, 119,
323-331
Euclidean space
dot product and, 323-331
geometry of, 7
Euclidean vector spaces, 130
Existential quantifiers, 427
Exponential model, 186

F

Factorials, 432
Finite dimensional vector spaces
explanation of, 165
isomorphisms and, 230
linear operators and, 243—-244
linear transformations between,
236, 237
Forward substitution, 68—69
Fourier polynomials, 373—-375
Free variables, 9
Frequency, of wave, 93
Functions
composition of, 420—422
explanation of, 415-418
inverse, 418—-421
one-to-one, 419
onto, 420
relations vs., 415, 416
vector space of real-valued,
133-134
Fundamental frequency,
93-94
Fundamental sets of solutions

superposition principle and, 188—189

theorem of, 190—191
Wronskian and, 189-191

G

Gaussian elimination

explanation of, 4

to solve linear systems, 6—11,

14, 15, 68

Gauss-Jordan elimination, 19
General solution, 3
Goodness of fit, measurement of, 366
Google, 276

481
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Index

Gram-Schmidt process
examples of, 349-352
explanation of, 344, 347-348, 394
geometric interpretation of,

348-349

Graphics operations in R?
reflection, 260, 261
reversing, 261-262
rotation, 264—-265
scaling and shearing, 256—-259
translation, 262264

Graphs
of conic sections, 61
of functions, 416

H

Hamming, Richard, 127
Hamming’s code, 127, 129
Homogeneous coordinates, 262—264
Homogeneous linear systems,
49-51, 113
Horizontal line test, 419
Horizontal scaling, 256, 257
Horizontal shear, 258
Hypothesis
explanation of, 424
inductive, 430

Identity matrix, 39
Images
explanation of, 415, 418
inverse, 416, 418
Imaginary part, complex
numbers, 134
Inconsistent linear systems
explanation of, 2, 10
reduced matrix for, 21-22
Independence, linear. See Linear
independence
Inequality, Cauchy-Schwartz, 326—327
Infinite dimensional vector space, 165
Initial point, vector, 95
Initial probability vectors, 275
Initial-value problems,
186, 192—-193

Injective mapping. See One-to-one mapping

Injective functions, 419
Inner product
examples of, 334-336

explanation of, 333
that is not dot product, 335
Inner product spaces

diagonalization of symmetric matrices

and, 377-383

explanation of, 333-334

facts about, 340

least squares approximation and,
366375

orthogonal complements and, 355—-364

orthogonal sets and, 338—340
orthonormal bases and, 342—352
properties of norm in, 336-337
quadratic forms and, 385-391
singular value decomposition and,
392-403
subspaces of, 355
Input-output matrix, 83
Integers, set of, 409
Internal demand, 83
Intersection, of sets, 410, 411
Inverse functions
explanation of, 418-420
unique nature of, 421
Inverse images, 416, 418
Inverse of elementary matrix, 71-72
Inverse of square matrix
definition of, 40
explanation of, 40—45
facts about, 45
Inverse transformations, 230-231
Invertible functions, 418—-420
Invertible matrix
elementary matrices and, 72
explanation of, 41, 54
inverse of product of, 44—45
square, 60—61
Isomorphisms
definition of, 229
explanation of, 226
inverse and, 230231
linear transformations as,
229-231
one-to-one and onto mappings
and, 226-230
vector space, 232-233

Kepler, Johannes, 61
Kirchhoff’s laws, 88



L
Law of conservation of mass, 1
Leading variables, 10
Least squares approximation
background of, 366—368
to find trends in data sets, 371-373
Fourier polynomials and, 373-375
linear regression and, 371-373
Least squares solutions, 369-371
Lemmas, 425
Length, of vectors, 95
Leontief input-output model, 82
Linear codes, 129
Linear combinations
definition of, 102, 146
of elements of fundamental
set, 94
matrix multiplication and, 107
of vectors, 102—106, 146
Linear dependence
definition of, 111, 157
explanation of, 111, 157
of vectors, 112, 158
Linear equations, in n variables, 3
Linear independence
definition of, 111, 157
determinants and, 118—119
explanation of, 111-112
of vectors, 112—117, 158
Linear operators
diagonalizable, 295-297
eigenvalues and eigenvectors of, 283—-284
explanation of, 202, 237
similarity and, 249-252
Linear regression, 368, 371-373
Linear systems
augmented matrices to solve, 16—17, 22
consistent, 2, 117
converted to equivalent triangular
systems, 67, 10, 14
Cramer’s rule to solve, 62—64
definition of, 3
discussion of, 3—4
elimination method to solve, 4—11,
14, 15
equivalent, 4, 5
explanation of, 2—3
facts about, 11-12
with four variables, 2, 8—9
homogeneous, 49-51, 113

Index 483

ill-conditioned, 403
inconsistent, 2, 10, 21-22
linear independence and, 117—-118
LU factorization to solve, 75-76
matrix form of, 48
nullity of matrices and, 222-223
in terms of geometric structure of
Euclidean space, 363—-364
3x,3,7-8
triangular form of, 4, 6, 10
with two variables, 2—3
vector form of, 106—107
vector form of solution to,
48-50
Linear systems applications
balancing chemical equations, 79
economic input-output models, 82—84
network flow, 79-81
nutrition, 81-82
Linear transformations
computer graphics and, 199,
255-268
definition of, 202, 235
explanation of, 200-202, 235-236
from geometric perspective,
203-204
inverse of, 230
as isomorphisms, 229-231
isomorphisms as, 226—233
matrices and, 202—203, 221-222,
235-245
null space and range and, 214-223
operations with, 209-210
similarity and, 249253
Lower triangular matrix
examples of, 57
explanation of, 56, 73
LU factorization
facts about, 77
of matrices, 69, 72—75, 392
solving linear systems using, 75—76

M
Mapping
bijective, 226
explanation of, 200-201, 415
linear transformations and, 201-202,
205-207, 241-242
one-to-one, 226230
onto, 226, 227
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Index

Markov chains
applications of, 310-314
explanation of, 275-276
Markov process, 310
Mathematical induction
base case, 430
binomial coefficients and binomial
theorem and, 435-438
examples of, 431-435
inductive hypothesis, 430
introduction to, 429—430
principle of, 430-431
Matrices
addition of, 27-29
augmented, 15-17, 22, 23
check, 128
coefficient, 15
condition number of, 403
definition of, 14
determinants of, 54—65
diagonal, 56
discussion of, 14—15
echelon form of, 17-21
elementary, 69—72
finding singular value decomposition
of, 398—402
identity, 39
input-output, 83
inverse of product of invertible, 44—45
inverse of square, 39-45
linear independence of, 114
linear transformations and, 202—-203,
221-222, 235-245
LU factorization of, 69, 72—75
minors and cofactors of, 56
nullity of, 221-223
null space of, 152—153
orthogonal, 381-382
permutation, 76—77
positive definite, 354
positive semidefinite, 354
rank of, 222
scalar multiplication, 27
singular values of, 393-396
stochastic, 275, 311, 314
subspaces and, 362
symmetric, 36
that commute, 32, 33
transition, 177-182, 275, 276,
311-313

transpose of, 35-36
triangular, 15, 56—57, 283
vector spaces of, 130
Matrix addition, 27-29
Matrix algebra
addition and scalar multiplication,
27-29
explanation of, 26-27
facts about, 36—-37
matrix multiplication, 29-35
symmetric matrix, 36
transpose of matrix, 35-36
Matrix equations, 48—51
Matrix form, of linear systems, 48
Matrix multiplication
definition of, 32
explanation of, 29-35, 210
linear combinations and, 107
linear transformations between finite
dimensional vector spaces and,
236-237
properties of, 35
to write linear systems in terms of
matrices and vectors, 48—51
Members, of sets, 409
Minors, of matrices, 56
Multiplication. See Matrix multiplication;
Scalar multiplication,
Multiplicative identity, 39
Multivariate calculus, 322

Natural numbers. See also Mathematical
induction,
set of, 409
statements involving,
429-434
Network flow application,
79-81
Newton, Isaac, 61
Nilpotent, 299
Noninvertible matrix, 41
Normal equation, least squares solution
to, 369-370
Nullity, of matrices, 221-223
Null sets, 410
Null space,
of linear transformations, 214221
of matrices, 152—153, 221
Nutrition application, 8182



o

One-parameter family, of
solutions, 9
One-to-one functions, 419
One-to-one mapping, 226—230
Onto functions, 420
Onto mapping, 226, 227
Ordered basis, 174—176
Ordinary differential equation, 185
Orthogonal basis
construction of, 347-348
of finite dimensional inner product space,
346-347
singular values and, 394
vectors that form, 355
Orthogonal complement
definition of, 357
examples of, 358—360
explanation of, 355-358
facts about, 364
inner product spaces and, 356
linear systems and, 363364
matrices and, 362
projection theorem and, 361-362
subspaces and, 358
Orthogonal diagonalization, 379—382
Orthogonal matrix, 381-382
Orthogonal projection
explanation of, 343-345, 360, 362
Gram-Schmidt process and,
347, 348
Orthogonal sets
explanation of, 338
properties of, 338—340
Orthogonal vectors
explanation of, 328-329, 337
in inner product spaces, 338 (See also
Inner product spaces)
subspaces of inner product spaces and,
355-360
Orthonormal basis
Gram-Schmidt process and,
347-352
for inner product space, 345-347
ordered, 339-340, 342
orthogonal matrices and, 381
orthogonal projections and,
343-345
Orthonormal vectors, 338

Index 485

P
Page, Larry, 276
Page range algorithm (Google),
276
Parabolas, general form of, 11
Parallelogram rule, 96
Parallel projection, 266
Parametric equations, 266
Pascal’s triangle, 435
Past plane, 301-302
Period, of wave, 93
Periodic motion, 93
Periodic signals, 93
Permutation matrix, 76—77
Phase portrait, 302—-304, 306
Photosynthesis application, 1-2
Pitch, 199
Pivot, 18, 19
Pixels, 255
PLU factorization, 76—77
Polynomials
characteristic, 279
of degree n, 132
derivative of constant, 217
Fourier, 373-375
trigonometric, 373-374
use of Gram-Schmidt process on space
of, 350-351
vector space of, 132—133,
163, 334
zero, 132
Positive definite matrix, 354
Positive semidefinite matrix, 354
Predator-prey model, 300
Preimages, 416
Principle of mathematical induction.
See Mathematical induction,
Probability vectors, 311
Production vectors, 83
Product matrix, 3031
Projection
example of, 266—268
explanation of, 265
orthogonal, 343
parallel, 266
Projection theorem, 361-362
Proofs
contradiction argument, 426—427
contrapositive argument, 426
direct argument, 425



486

Index

Proofs (continued)
explanation of, 424—425
quantifiers, 427

Propositions, 425

Q

Quadratic equations
in three variables, 391
in two variables, 385—388
Quadratic forms
applications for, 385
associated, 386
rotation of axes and,
385-390
Quadratic surfaces, 391
Quantifiers, 427

Range
explanation of, 415
of linear transformations,
214-221
Rank of a matrix, 222
Rational numbers, set of, 410
Real numbers
addition of, 28
set of, 410
signals representing, 93
Real part, complex numbers, 134
Real-valued fuctions, 133—-134
Reduced matrix, for inconsistent linear
systems, 21-22
Reduced row echelon form
explanation of, 18, 19, 23
transforming matrices to equivalent,
22-23
Reflection, 260, 261
Relations
explanation of, 415
functions vs., 415, 416
Riemann integral, 334
Roll, 199
Rotation, 264-265
Rotation of axes, 385-390
Row echelon form
explanation of, 17, 19
reduced, 18-21
Row equivalent, 16
elementary matrices and, 72
Row operations, 16, 58

Row rank, of matrices, 222
Row vectors, 27

S
Scalar multiplication
explanation of, 27-29
linear transformations and, 209-210
of vectors, 95-99, 129, 161
Scalar product
of matrices, 27
of vectors, 96
Scalar projection, 343
Scaling, 96, 256—258
Scatterplots, 321
Second-order differential equations, with
constant coefficients, 186—188,
191-193
Sets,
empty, 410
explanation of, 409-410
null, 410
operations on, 410—414
orthogonal, 338—-340
solution, 3
Shearing, 258—-259
Signals, 93
Similar matrix
background of, 249-251
explanation of, 252, 253
Singular value decomposition (SVD)
data compression and,
401-403
explanation of, 392
four fundamental subspaces and, 401
method for, 398—400
theorem of, 396398
Singular values, 392
definition of, 393
of m x n matrix, 393-396
Solutions, to linear systems with
n variables, 3
Solution set, 3
Span, of set of vectors, 146—152
Square matrix
determinant of, 56
inverse of, 39—45
invertibility of, 60
trace of, 142—-143
Standard basis
explanation of, 162, 163



matrix representation relative to, 235-237

polynomials of, 163
Standard position, of vectors, 95

State vectors, Markov chains and, 311-312

Steady-state vectors
explanation of, 276
Markov chain and, 313-314
Stochastic matrix, 275, 311, 314
Subsets, 410, 412
Subspaces
closure criteria for, 144
definition of, 140
examples of, 142—-143
explanation of, 140—142
facts about, 153
four fundamental, 401
of inner product spaces, 355-360,
362
null space and column space of matrix
and, 152—-153
span of set of vectors and, 146—152
trivial, 142
of vector spaces, 140, 145, 146
Substitution
back, 4
forward, 68—69
Superposition principle, 188—189
Surjective functions, 420
Surjective mapping. See Onto mapping,
Symmetric matrix
diagonalization of,
377-383
explanation of, 36
Syndrome vectors , 128
Systems of linear differential equations
diagonalization and, 302—309
explanation of, 300
to model concentration of salt in
interconnected tanks,
307-309
phase plane and, 301-302
uncoupled, 300-301
Systems of linear equations. See
Linear systems

T

Terminal point, vector, 95
Theorems
converse of, 424—425
explanation of, 424
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Tower of Hanoi puzzle,
429-430
Trace, of square matrices,
142143
Trajectories, 301-302
Transformation, 199-200. See also Linear
transformations
Transition matrix
diagonalizing the, 312-313
example of, 275, 276
explanation of, 177—180
inverse of, 181-182
Markov chains and,
311-312
Translation, 262—-264
Transpose, of matrices, 35-36
Triangular form
of linear systems, 4, 6—7, 10
matrices in, 15
Triangular matrix
determinant of, 57, 58
eigenvalues of, 283
explanation of, 56—57
Trigonometric polynomials, 373—-374
Trivial solution, to homogeneous systems,
49, 50
Trivial subspaces, 142

V)

Uncoupled systems, 300—301

Uniform scaling, 257

Union, of sets, 410

Unit vectors, 325

Universal quantifiers, 427

Universal set, 410

Upper triangular matrix
examples of, 57
explanation of, 56, 68, 74

\"

Vector addition, 95-99, 129
Vector form
of linear systems, 106—107
of solution to linear systems, 48—50
Vectors
addition and scalar multiplication of,
95-99
algebraic properties of, 97—98
angle between, 327-330
applications for, 94



Vectors (continued)

binary, 127-128

components of, 27, 95

demand, 83

distance between, 324, 336

dot product of, 29-32, 323

equal, 95

in Euclidean n-space (R"), 94-99, 108,
119, 323-331

explanation of, 27, 94

length of, 95, 323-325, 336

linear combinations of, 102—106, 146

linear independence of, 112—117

orthogonal, 328—-329, 337

orthonormal, 338

probability, 311

production, 83

span of set of, 146—152

standard position of, 95

state, 311-312

steady-state, 276, 313-314

syndrome, 128

unit, 325

zero, 97

Vector space isomorphism, 229, 232-233
Vector spaces,

abstract, 136—137

basis for, 159-164, 166—170, 174—182
of complex numbers, 134—-135
definition of, 129-130

dimension of, 165-166

Euclidean, 130
examples of, 130—135
expanding set of vectors in, 169—170
facts about, 137
finite dimensional, 165, 230, 236, 237
infinite dimensional, 165
isomorphic, 229, 232-233
linear transformations and, 204208,
211, 220
of matrices, 130
or real-valued functions, 133—134
of polynomials, 132—133, 163, 334
subspaces of, 140, 145, 146
Venn diagrams
example of, 411, 412
explanation of, 410—411
Vertical line test, 419
Vertical scaling, 257
Vertical shear, 259

w

Waveform, of signal, 93
Waves, period of, 93
Wronskian, 189—-191

Y

Yaw, 199

z

Zero polynomials, 132
Zero vectors, 97
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