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Preface to the
Fourth Edition

I am extremely gratified by the overwhelming response shown to the first three
editions of my book Probability, Statistics and Random Processes by the students
and teachers throughout Tamil Nadu.

Based on the new Anna University syllabus, as per 2013 regulation, an additional
chapter on “Advanced Queue Models and Queue Networks” has been added for the
benefit of CSE and IT branches.

The topics ‘Test of Hypotheses’ and ‘Design of Experiments’ have been retained
in the revised edition, as they are required for Mechanical Engineering students.
Also, a new chapter on ‘Statistical Quality Control’ has been introduced. Solved
question papers of 2011-2014 have been added. Thus, this revised edition, will cater
to the requirement of all the branches for which this is a core subject.

The salient features of the book are the following:

e Written as per the latest AU syllabus
Lucid writing style supported by step-by-step solutions
Application-based problems for better comprehension of concepts
Solved AU 2011 to 2014 examination question papers
Rich exam-oriented pedagogy includes
¢ Solved Examples: 379
¢ Exercise Problems: 1784
o Figures: 42
o Tables: 35

I hope that the book will be received by both the faculty and students as
enthusiastically as the previous edition of the book and my other books. Critical
evaluation and suggestions for further improvement of the book will be highly
appreciated and acknowledged.

T VEERARAJAN
Publisher’s Note
McGraw Hill Education (India) invites suggestions and comments from you, all of
which can be sent to info.india@mheducation.com (kindly mention the title and
author name in the subject line).

Piracy-related issues may also be reported.






Preface to the
First Edition

This book conforms to the syllabi of the Probability and Queueing Theory paper of
computer science, the Random Processes paper of Electronics and Communication
and the Probability and Statistics paper of Information Technology streams of
engineering at Anna University.

Most engineering students, who are used to a deterministic outlook of Physics and
Engineering problems, find the theory of probability unreliable, vague and difficult.
This is due to inadequate understanding of the basic concepts of probability theory
and the wrong impression that the subject is an advanced branch of Mathematics.

The book is written in such a manner that beginners may develop an interest in
the subject and may find it useful to pursue their studies. Basic concepts and proofs
of theorems are explained in as lucid a manner as possible. Although the theory of
probability is developed rigorously based on measure theory, it is developed in this
book by simple set theory approach.

As engineering students find it easier to generalize specific results and examples
than to specialize general results, considerable attention is devoted to working
of problems. More than 300 problems, including those with applications to
communication theory, are worked out in various chapters. Unless the students
become personally involved in solving exercises, they cannot really develop an
understanding and appreciation of the ideas and a familiarity with the pertinent
techniques. Hence, in addition to a large number of short-answer questions under
Part-A, over 350 problems have been given under Part-B of the Exercises in various
chapters. Answers are provided at the end of every chapter.

Though chapters 7 and 8 are meant for Electrical/Electronics Engineering students,
the other chapters that deal with probability theory, random variables, probability
distributions and statistics will be useful to the students of other disciplines of
engineering as well as those doing MCA and M.Sc courses.

I am sure that the students and the faculty will find this book very useful.

Critical evaluation and suggestions for improvement of the book will be highly
appreciated and gratefully acknowledged.

I am extremely grateful to Dr K V Kuppusamy, Chairman, and Mr K Senthil
Ganesh, Managing Trustee, RVS Educational Trust, Dindigul, for the support
extended to me in this project.



XVi Preface to the First Edition

I wish to express my thanks to Dr K M Karuppannan, Principal, RVS College
of Engineering and Technology, Dindigul, for the appreciative interest shown and
constant encouragement given to me while writing this book.

I am thankful to my publishers, McGraw Hill Education (India), New Delhi, for
their painstaking efforts and cooperation in bringing out this book in a short span of
time.

I would also like to thank Dr. A Rangan, Professor, Department of Mathematics,
IIT Madras, Dr S Leela Devi, Professor and Head, Department of Mathematics,
JJ College of Engineering and Technology, Tiruchirapalli, and Mr Sitharselvan
and Mr Muthuraman of Bannari Amman Institute of Technology for reviewing and
providing valuable suggestions during the developmental stages of the book.

I have great pleasure in dedicating this book to my beloved students, past and
present.

T VEERARAJAN
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Cﬁa/n‘er
Probability Theory

were popular in the seventeenth century. It has since found applications in

many branches of Science and Engineering and this extensive application
makes it an important branch of study. Probability theory, as a matter of fact, is a
study of random or unpredictable experiments and is helpful in investigating the
important features of these random experiments.

Probability theory had its origin in the analysis of certain games of chance that

Random Experiment

An experiment whose outcome or result can be predicted with certainty is called
a deterministic experiment. For example, if the potential difference E between
the two ends of a conductor and the resistance R are known, the current / flowing

E
in the conductor is uniquely determined by Ohm’s law, I = e

Although all possible outcomes of an experiment may be known in advance,
the outcome of a particular performance of the experiment cannot be predicted
owing to a number of unknown causes. Such an experiment is called a random
experiment.

Whenever a fair 6-faced cubic die is rolled, it is known that any of the 6
possible outcomes will occur, but it cannot be predicted what exactly the outcome
will be, when the die is rolled at a point of time.

Although the number of telephone calls received in a board in a 5-minutes
interval is a non-negative integer, we cannot predict exactly the number of calls
received in the next 5-minutes. In such situations, we talk of the chance or the
probability of occurrence of a particular outcome, which is taken as a quantitative
measure of the likelihood of the occurrence of the outcome.

Mathematical or Apriori Definition of Probability

Let S be the sample space (the set of all possible outcomes which are assumed
equally likely) and A be an event (a subset of S consisting of possible outcomes)
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associated with a random experiment. Let n(S) and n(A) be the number of
elements of S and A. Then the probability of event A occurring, denoted as P(A),
is defined by

n(A) Number of cases favourable to A

PA) = =
@ n(S)  Exhaustive number of casesin S

For example, the probability of getting an even number in the die tossing
experiment is 0.5, as S = {1, 2, 3,4, 5,6}, E={2,4, 6}, n(S) =6 and n(E) = 3.

Statistical or Aposteriori Definition of Probability

Let a random experiment be repeated n times and let an event A occur n, times

out of the n trials. The ratio 24 is called the relative frequency of the event A.
n

As n increases, “A shows a tendency to stabilise and to approach a constant
n
value. This value, denoted by P(A), is called the probability of the event A, i.e.,

P(A) = lim 4.
n—e n
For example, if we want to find the probability that a spare part produced by
a machine is defective, we study the record of defective items produced by the
machine over a considerable period of time. If, out of 10,000 items produced,
500 are defective, it is assumed that the probability of a defective item is 0.05.

From both the definitions, it is obvions that 0 < P(A) < 1. If A is an impossible
event, P(A) = 0. Conversely, if P(A) = 0, then A can occur in a very small percentage of times
in the long run. On the other hand, if A is a certain event, P(A) = 1. Conversely, if P(A) =
1, then A may fail to occur in a very small percentage of times in the long run.

Axiomatic Definition of Probability

Let S be the sample space and A be an event associated with a random experiment.
Then the probability of the event A, denoted by P(A), is defined as a real number
satisfying the following axioms.

i 0PA)<1

) P©S=1

(iii) If A and B are mutually exclusive events, P(A U B) = P(A) + P(B)
@iv) IfA, A, .., A, .. are a set of mutually exclusive events, P(A; U A, U
WUA, )= PA)+PA)+...+PA)+ ..

The term mutually exclusive used in the above definition can be explained
as follows. A set of events is said to be mutually exclusive if the occurrence of
any one of them excludes the occurrence of the others. Two events A and B are
mutually exclusive if A occurs and B does not occur and vice versa. In other
words, A and B cannot occur simultaneously, i.e., P(A N B) = 0.
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In the development of the probability theory, all results are derived directly or
indirectly using only the axioms of probability, as can be seen from the following
theorems.

Theorem 1
The probability of the impossible event is zero, i.e., if ¢ is the subset (event)
containing no sample point, P(¢) = 0.

Proof

The certain event S and the impossible event ¢ are mutually exclusive.
Hence P(S L ¢) = P(S) + P(¢) [Axiom (iii)].

But Su @) =S.
P(S) = P(S) + P(¢)
P(¢)=0
Theorem 2
If A isthe complementary event of A, P( A)=1-PA)<1.
Proof

Aand A are mutually exclusive events, such that A U A =S
P(AU A) = P(S)
=1 [Axiom (ii)]
ie, P(A)+P(A)=1[Axiom (iii)]
P(A)=1-"PA)
Since P(A) > 0, it follows that P(A ) < 1.

Theorem 3
If A and B are any 2 events, P(A U B) = P(A) + P(B) - P(A N B) < P(A) + P(B)

Proof

A is the union of the mutually exclusive events A B and AB and B is the union of
the mutually exclusive events A B and AB.

P(A) = P(A B ) + P(AB) [Axiom (iii)]

And P(B) = P(A B) + P(AB) [Axiom (iii)]
@ S
s B

Fig. 1.1



1.4 Probability, Statistics and Random Processes

P(A) + P(B) = [P(AB) + P(AB) + P(A B) + P(AB)]
=PAUB)+ P(ANB)
The result follows. Clearly, P(A) + P(B) — P(A N B) < P(A) + P(B)]

Theorem 4
If BC A, P(B) < P(A).

Proof

Fig. 1.2
Band A B are mutually exclusive events such that BUA B = A.
P(BUAB)=P(A)
ie. P(B)+P(AB)=P(A) [Axiom (iii)]
P(B) < PA)

In probability theory developed using the classical definition of probability, Theorem
3 above is termed as Addition theorem of probability as applied to any 2 events. The theorem
can be extended to any 3 events A, B and C as follows:

P(A U BuU C) =P (at least one of A, B and C occurs)
=P(A) + P(B) + P(C) - P(AN B)
—PBNC)-P(CNA)+PANBNCO)

In the classical approach, probability axiom (iii) is termed as addition theorem
of probability as applied to 2 mutually exclusive events, which is proved in the
following way.

Let the total number of cases (outcomes) be n, of which n, are favourable to
the event A and ny are favourable to the event B.

Therefore the numbers of cases favourable to A or B, i.e. A U B is (n + np),
since the events A and B are disjoint.

n,+n n n
P(AUB) = %=7A+7B=P(A)+P(B)

Conditional Probability

The conditional probability of an event B, assuming that the event A has happened,
is denoted by P(B/A) and defined as
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P(BIA) = w

, provided P(A) #0
For example, when a fair die is tossed, the conditional probability of getting ‘1°,
given that an odd number has been obtained, is equal to 1/3 as explained below:

§={1,2,3,4,5,6};A={1,3,5}; B={1}
nAnB) 1

P(B/A) = n(A) 3

P(ANB) _1/6 _1

As per the definition given above, P(B/A) = = =—.
P(A) 172 3

Rewriting the definition of conditional probability, we get P(A N B) = P(A) x
P(B/A). This is sometimes referred to as product theorem of probability, which
is proved as follows:

Let ny, nyp be the number of cases favourable to the events A and A N B, out
of the total number 7 of cases.
PA~B) =48 '  TAB _ payx P(B/A)

n noony,

The product theorem can be extended to three events A, B and C as follows:
P(AN BN C)=P(A) x P(B/A) x P(C/A and B)

The following properties are easily deduced from the definition of conditional
probability:
1. fAcB,PB/IA)=1,sinceANB =A

P(B
2. IfBcA, P(B/A)=P(B),since AN B =B, and (B) 2 P(B), as P(A) <
_ P(A)
PS) =1
3. If A and B are mutually exclusive events, P(B/A) =0, since PA N B)=0
4. If P(A) > P(B), P(A/B) > P(B/A)

5. IfA, CA,, P(A,/B) < P(A,/B)

Independent Events

A set of events is said to be independent if the occurrence of any one of them
does not depend on the occurrence or non-occurrence of the others.

When two events A and B are independent, it is obvious from the definition
that P(B/A) = P(B). If the events A and B are independent, the product theorem
takes the form P(A N B) = P(A) x P(B). Conversely, If P(A N B) = P(A) x
P(B), the events A and B are said to be independent (pairwise independent). The
product theorem can be extended to any number of independent events: If A, A,,
..., A, are n independent events.

PA, NA,N..NA,)=PA,) x P(A,) x ... x P(A)
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When this condition is satisfied, the events A, A,, ..., A, are also said to
be totally independent. A set of events A, A,, ..., A, is said to be mutually
independent if the events are totally independent when considered in sets of 2,
3, ..., nevents.

In the case of more than two events, the term ‘independence’ is taken as ‘total
independence’ unless specified otherwise.

Theorem 1

If the events A and B are independent, the events A and B (and similarly A and
B) are also independent.

Proof

The events A N B and A N B are mutually exclusive such that (A N B) U
(A NB)=B.

P(A N B) + P(A N B) = P(B) (by addition theorem)
P(A N B) =P(B)—P(ANB)
= P(B) — P(A) P(B) (by product theorem)
=P(B) [1-P(A)]

=P(A) P(B)
Theorem 2
If the events A and B are independent, then so are A and B.
Proof
P(A N B)=P(AUB)=1-P(AUB) (1)

=1-[P(A) + P(B) — P(A n B)] (by addition theorem)
=1-P(A)—P(B)+ P(A) x P(B) (since A and B are independent)
=[1-P@A)]-PB)[1 - PA)]

=P(A)x P(B) (2)

From (1) and (2), if follows that when the events A and B are independent,
P(AUB)=1-P(A) x (B).

[ Worked Example 1(A) ]

Example 1

A fair coin is tossed 4 times. Define the sample space corresponding to this
random experiment. Also give the subsets corresponding to the following events
and find the respective probabilities:
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(a) More heads than tails are obtained.
(b) Tails occur on the even numbered tosses.

S = {HHHH, HHHT, HHTH, HHTT, HTHH, HTHT, HTTH, HTTT,
THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, TTTT}
(a) Let A be the event in which more heads occur than tails.
Then A ={HHHH, HHHT, HHTH, HTHH, THHH}
(b) Let B the event in which tails occur in the second and fourth tosses.
Then B ={HTHT, HTTT, TTHT, TTTT}

Ay 5y nB) 1
n(S) 16 n(S) 4
Example 2

There are 4 letters and 4 addressed envelopes. If the letters are placed in the
envelopes at random, find the probability that (a) none of the letters is in the
correct envelope, and (b) at least 1 letter is in the correct envelope, by explicitly
writing the sample space and the event spaces.
Let the envelopes be denoted by A, B, C and D and the corresponding letters
by a, b, c and d.
S = {(Aa, Bb, Cc, Dd), (Aa, Bb, Cd, Dc), (Aa, Bc, Cb, Dd),
(Aa, Bc, Cd, Db), (Aa, Bd, Cb, Dc), (Aa, Bd, Cc, Db),
(Ab, Ba, Cc, Dd), (Ab, Ba, Cd, Dc), (Ab, B¢, Ca, Dd),
(Ab, Bc, Cd, Da), (Ab, Bd, Ca, Dc), (Ab, Bd, Cc, Da),
(Ac, Ba, Cb, Dd), (Ac, Ba, Cd, Db), (Ac, Bb, Ca, Dd),
(Ac, Bb, Cd, Da), (Ac, Bd, Ca, Db), (Ac, Bd, Cb, Da),
(Ad, Ba, Cb, Dc¢), (Ad, Ba, Cc, Db), (Ad, Bb, Ca, Dc¢),
(Ad, Bb, Cc, Da), (Ad, Bc, Ca, Db), (Ad, Bc, Cb, Da)}
where ‘Aa’ means that the letter ‘a’ is placed in the envelope A.

Let E, denote the event in which none of the letters is in the correct
envelope.

Then E, = {(Ab, Ba, Cd, Dc), (Ab, Bc, Cd, Da), (Ab, Bd, Ca, Dc),
(Ac, Ba, Cd, Db), (Ac, Bd, Ca, Db), (Ac, Bd, Cb, Da),
(Ad, Ba, Cb, Dc), (Ad, Bc, Ca, Db), (Ad, Bc, Cb, Da)}

Let E, denote the event in which at least one of the letters is in the correct
envelope.

We note that E, is the complement of E,. Therefore, E, consists of all elements
of S except those in E|.
nk) 9 3

5
) 22 "5 MPE)=1-PE) =5

P(E1)=



1.8 Probability, Statistics and Random Processes

Example 3

A lot consists of 10 good articles, 4 with minor defects and 2 with major defects.
Two articles are chosen from the lot at random (without replacement). Find the
probability that (a) both are good, (b) both have major defects, (c) at least 1 is
good, (d) at most 1 is good, (e) exactly 1 is good, (f) neither has major defects,
and (g) neither is good.

Although the articles may be drawn one after the other, we can consider that
both articles are drawn simultaneously, as they are drawn without replacement.

(a)

(b)

(c)

(d)

@)

®

(2

No. of ways drawing 2 good articles

P(both are good) = Total no. of ways of drawing 2 articles
¢, 3
16C, 8

P(both have major defects)

No. of ways of drawing 2 articles with major defects

Total no. of ways

26, _ 1
16C, 120

P(at least 1 is good) = P(exactly 1 is good or both are good)
= P(exactly 1 is good and 1 is bad or both are good)

_10¢ x6C, +10C, 7
16C, 8
P(atmost 1 is good) = P(none is good or 1 is good and 1 is bad)

_10C, X6C, +10C, x6C, 5

16C, 8
P(exactly 1 is good) = P(1 is good and 1 is bad)
10C, x6C, 1
T 16C, 2

P(neither has major defects)
= P(both are non-major defective articles)

14C, 91
T 16C, 120
P(neither is good) = P(both are defective)
6C, 1

16C, 8
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Example 4

From 6 positive and 8 negative numbers, 4 numbers are chosen at random
(without replacement) and multiplied. What is the probability that the product
is positive?

If the product is to be positive, all the 4 numbers must be positive or all
the 4 must be negative or 2 of them must be positive and the other 2 must be
negative.

No. of ways of choosing 4 positive numbers = 6C, = 15.

No. of ways of choosing 4 negative numbers = 8C, = 70.

No. of ways of choosing 2 positive and 2 negative numbers

=6C, x 8C, = 420.

Total no. of ways of choosing 4 numbers from all the 14 numbers
=14C, =1001.

P(the product is positive)
_ No. of ways by which the product is positive

Total no. of ways

15+70+420 505
1001 1001

Example 5

A box contains tags marked 1, 2, ..., n. Two tags are chosen at random without
replacement. Find the probability that the numbers on the tags will be consecutive
integers.

If the numbers on the tags are to be consecutive integers, they must be chosen
as a pair from the following pairs.

(1,2);(2,3);3,4); ... (n—1,n)

No. of ways of choosing any one pair from the above (n — 1) pairs =

n-1)Ci=n-1.
Total no. of ways of choosing 2 tags from the n tags = nC,.
-1 2
Required probability = nnn——l) =
2
Example 6

If n biscuits are distributed at random among m children, what is the probability
that a particular child receives r biscuits, where r < n?
The first biscuit can be given to any one of the m children, i.e. in m ways.
Similarly, the second biscuit can be given in m ways.
Therefore, 2 biscuits can be given in m* ways.
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Extending, n biscuits can be distributed in m" ways. The r biscuits received by
the particular child can be chosen from the n biscuits in nC, ways. If this child
has got r biscuits, the remaining (n — r) biscuits can be distributed among the
remaining (m — 1) children in (m — 1)" ™" ways.

.. No. of ways of distributing in the required manner

=nC(m-1)"""

C _1 n—r

Required probability = W

m
Example 7
If P(A) = P(B) = P(AB), show that PAB + AB)=0[AB=A N B).
By addition theorem,

P(A U B)=P(A) + P(B)— P(AB) (1)

From the Venn diagram on page (1.3), it is clear that
AUB=AB + AB+AB

P(A U B) = P(AB) + P(A B) + P(AB) (by probability axiom)  (2)
Using the given condition in (1),

P(A U B) = P(AB) 3)
From (2) and (3), PAB) + P(AB) =0

Example 8

If A, B and C are any 3 events such that P(A) = P(B) = P(C) = 1/4, P(LA N B) =
P(B N C)=0; P(CnA)=1/8. Find the probability that at least 1 of the events
A, B and C occurs.

P(at least one of A, B and C occurs) = P(A U B U C)
PAUBUC)=PA)+PB)+P(C)—PANB)

-PBNC)-P(CNA)+PANBNC) (1)
Since PA N B)=P(BN C) =0, P(A N BN C)=0. Equation (1) becomes
3 1 5
PAUBUC)=—-0-0-—==
( 2 4 8 8
Example 9

Solve Example 5, if the tags are chosen at random with replacement.
If the tag with ‘1’ is chosen in the first draw, the tag with ‘2” must be chosen
in the second draw. Probability for each = 1/n.
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P(‘1’ in the first draw and ‘2’ in the second draw) = 1/n? (Product theorem)
Similarly, P(‘n’ in the first draw and ‘n — 1’ in the second draw = 1/n?.
If the number drawn first is 2°, the number drawn second may be ‘1’ or ‘3’.
Probability of drawing consecutive numbers in this case

12 2
n n n
Similarly, when the first number drawn is ‘3°, ‘4’, ... ‘(n — 1)’ probability of

drawing consecutive numbers will be 2In’.
All the above possibilities are mutually exclusive.

2 _2n-1

2 2
n n

1 1
Required probability = —+—+(n—2) X
nn

Example 10

A box contains 4 bad and 6 good tubes. Two are drawn out from the box at a time.
One of them is tested and found to be good. What is the probability that the other
one is also good?

Let A = one of the tubes drawn is good and B = the other tube is good.

P(A N B) = P(both tubes drawn are good)
6C, 1

10C, 3

Knowing that one tube is good, the conditional probability that the other tube
is also good is required, i.e., P(B/A) is required.

By definition,
P(BIA) = PANB) _ 13 _5
P(A) 6/10 9
Example 11

Two defective tubes get mixed up with 2 good ones. The tubes are tested, one by
one, until both defectives are found. What is the probability that the last defective
tube is obtained on (a) the second test, (b) the third test, and (c) the fourth test?
Let D represent defective and N represent non-defective tube.

(a) P(Second D in the II test) = P(D in the I test and D in the II test)

=P(D1 sz), say
= P(D,) x P(D,) (by independence)
2 1

1_1
473 6
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(b) P(second D in the III test) = P(D; "N, " D; or Ny N D, N Dy)

2 2 1 2 2 1
=X =X—+—X—X—
4 3 2 4 3 2

(c) P(second D in the IV test) = P(D;, " N,AN3;NDy) + PNy "D, NN,
NDy) + PN, "NNyND;NDy)
2 1

2 1 2 2 1
=—X—=X=X]+—=X=X=X1+—X—X—=X1
3 2 4 3

= AN

Example 12

In a shooting test, the probability of hitting the target is 1/2 for A, 2/3 for B and
3/4 for C. If all of them fire at the target, find the probability that (a) none of them
hits the target, and (b) at least one of them hits the target.

Let A = Event of A hitting the target, and so on.

— 1 -1 — 1
P(A)=—,P(B)=—,P(C)=—
(A) 5 (B) 3 ©) 2
P(A N BN 5)=P(Z)xP(E)xP(@)(byindependence)
1 1 1 1
= —X—X—=—
2 3 4 24

P(at least one hits the target)
= 1 — P(none hits the target)

Example 13

A and B alternately throw a pair of dice. A wins if he throws 6 before B throws
7 and B wins if he throws 7 before A throws 6. If A begins, show that his chance
of winning is 30/61.

Throwing 6 with 2 dice = Getting 6 as the sum of the numbers shown on the
upper faces of the 2 dice.

S

P(throwing 6 with 2 dice) = 5

(98]

P(throwing 7 with 2 dice) =

| —
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Let A = Event of A throwing 6.
Let B = Event of B throwing 7.
A plays in the first, third, fifth, ..., trials.
Therefore, A will win, if he throws 6 in the first trial or third trial or in
subsequent (odd) trials.
P(A wins) = P(A or ABAor AB

=P(A)+ P(A BA) + P(

5 (31 5\5 (31 5 5
=—+|—X=|—+|—=X=| X=—+--- upto
36 \36 6)36 \36 6) 36
5136
1-(155/216)

_30
61

ABAor..)
ABA E A) + ... (Addition theorem)

(since the series is an infinite geometric series)

Example 14

Show that 2" — (n + 1) equations are needed to establish the mutual independence
of n events.

n events are mutually independent, if they are totally independent when
considered in sets of 2, 3, ..., n events.

Sets of r events can be chosen from the n events in nC, ways.

To establish total independence of r events, say, A;, A,, ..., A, chosen in any
one of the nC, ways, we need one equation, namely, P(A,, A,, ..., A,) = P(A) x
P(A,) ... x P(A)).

Therefore, to establish total independence of all the nC, sets, each of r events,
we need nC, equations.

Therefore, the number of equations required to establish mutual
independence

= ZnC,
r=2
=nCy+nC,+nCy+..+nC)—(1+n)

=(1+1'=(m+1)
=2"—(n+1)

Example 15

Two fair dice are thrown independently. Three events A, B and C are defined as
follows:

(a) Odd face with the first die

(b) Odd face with the second die
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(¢) Sum of the numbers in the 2 dice is odd. Are the events A, B and C
mutually independent?

3 1 3 1
PA)=—=—;P(B)=—=—
(A) ) (B) )

The outcomes favourable to the event C are (1, 2), (1, 4), (1, 6), (2, 1), (2, 3),

(2, 4), and so on.
1
P(C) = —
(©) >

P(AﬁB)=P(BmC)=P(Amc)=%
P(A N B) = P(A) P(B), and so on

But P(A " BN C) =0, since C cannot happen when A and B occur. Therefore
PANBNC)#PA) x P(B) x P(C).
Therefore, the events are pairwise independent, but not mutually independent.

Example 16

If A, B and C are random subsets (events) in a sample space and if they are
pairwise independent and A is independent of (B U C), prove that A, B and C are
mutually independent.

Given P(AB) = P(A) x P(B) (1)
P(BC) = P(B) x P(C) (2)

P(CA) = P(C) x P(A) )

PIA(B U C)] = P(A) x P(B U C) @)

Consider P[A(B U C)] = P(AB U AC)

= P(AB) + P(AC) — P(AB N AC) (by addition theorem)

= P(A) x P(B) + P(A) x P(C) — P(ABC) [by (1) and (3)] (5)
Therefore, from (4) and (5), we get

P(ABC) = P(A) x P(B) + P(A) x P(C) — P(A) x P(B U C)

= P(A) x [P(B) + P(C) - P(BuL (O)]

= P(A) x P(B N C) (by addition theorem)

= P(A) x P(B) x P(C) [by (2)] (6)

From (1), (2), (3) and (6), the required result follows.

Exercise 1(A)

Part-A  (Short-answer Questions)
1.  What is a random experiment? Give an example.
2. Give the apriori definition of probability with an example.
3. Give the aposteriori definition of probability with an example.
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e

Al

10.

11.

12.

13.

14.

15.

16.
17.

18.
19.

20.

21.
22.
23.
24.
25.
26.

27.
28.
29.
30.
31.

Give the relative frequency definition of probability with an example.
Define the sample space and an event associated with a random
experiment with an example.

Give the axiomatic definition of probability.

State the axioms of probability.

What do you infer from the statements P(A) = 0 and P(A) = 1?

Define mutually exclusive events with an example.

(Example: Getting an odd number and getting an even number when a
6-faced dice is tossed are 2 mutually exclusive events.)

From a bag containing 3 red and 2 black balls, 2 balls are drawn at
random. Find the probability that they are of the same colour.

When 2 cards are drawn from a well-shuffled pack of playing cards,
what is the probability that they are of the same suit?

When A and B are 2 mutually exclusive events such that P(A) = 1/2 and
P(B) =1/3, find P(A U B) and P(A N B).

If P(A) = 0.29, P(B) = 0.43, find P(A N B), if A and B are mutually
exclusive.

When A and B are 2 mutually exclusive events, are the values P(A) = 0.6
and P(A N B) =0.5 consistent? Why?

Prove that the probability of an impossible event is zero (or prove) that
P(¢)=0.

Prove that P( Z) =1-P(A), where A is the complement of A.

State addition theorem as applied to any 2 events. Extend it to any
3 events.

If P(A) =3/4, P(B) = 5/8, prove that P(A N B) > 3/8.

A card is drawn from a well-shuffled pack of playing cards. What is the
probability that it is either a spade or an ace?

The probability that a contractor will get a plumbing contract is 2/3
and the probability that he will get an electric contract is 4/9. If the
probability of getting at least one contract is 4/5, what is the probability
that he will get both?

If P(A) = 0.4, P(B) = 0.7 and P(A " B) = 0.3, find P(A N B).

If P(A) = 0.35, P(B) = 0.75 and P(A U B) = 0.95, find P(A U B).
Prove that P(A U B) < P(A) + P(B). When does the equality hold good?
If B c A, prove that P(B) < P(A).

Give the definitions of joint and conditional probabilities with examples.
Give the definition of conditional probability and deduce the product
theorem of probability.

If A c B, prove that P(B/A) = 1.

If B C A, prove that P(B/A) = P(B).

If A and B are mutually exclusive events, prove that P(B/A) = 0.

If P(A) > P(B), prove that P(A/B) > P(B/A).

If A c B, prove that P(A/C) < P(B/C).
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32.
33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.

47.
Part-B
48.

49.

50.

If P(A) = 1/3, P(B) = 3/4 and P(A U B) = 11/12, find P(A/B) and P(B/A).
When are 2 events said to be independent? Give an example for 2
independent events.

What is the probability of getting atleast 1 head when 2 coins are tossed?
When 2 dice are tossed, what is the probability of getting 4 as the sum of
the face numbers?

If the probability that A solves a problem is 1/2 and that for B is 3/4 and
if they aim at solving a problem independently, what is the probability
that the problem is solved?

If P(A) =0.65, P(B) =0.4 and P(A N B) =0.24, can A and B independent
events?

15% of a firm’s employees are BE degree holders, 25% are MBA degree
holders and 5% have both the degrees. Find the probability of selecting
a BE degree holder, if the selection is confined to MBAs.

In a random experiment, P(A) = 1/12, P(B) = 5/12 and P(B/A) = 1/15,
find P(A L B).

What is the difference between total independence and mutual
independence?

Can 2 events be simultaneously independent and mutually exclusive?
Explain.

If A and B are independent events, prove that A and B are also
independent.

If A and B are independent events, prove that A and B are also
independent.

If P(A) = 0.5, P(B) = 0.3 and P(A N B) = 0.15, find P(A/ B).

If A and B are independent events, prove that A and B are also
independent.

If A and B are independent events, prove that

PAUB)=1-P(A)x P(B).

A and B toss a fair coin alternately with the understanding that the one
who obtains the head first wins. If A starts, what is his chance of winning?

Write the sample space associated with the experiment of tossing 3 coins
at a time and the event of getting heads from the first 2 coins. Also find
the corresponding probability.

Items coming off a production line are marked defective (D) or non-
defective (N). Items are observed and their condition listed. This is
continued until 2 consecutive defectives are produced or 4 items have
been checked, whichever occurs first. Describe a sample space for this
experiment.

An urn contains 2 white and 4 black balls. Two balls are drawn one by
one without replacement. Write the sample space corresponding to this
experiment and the subsets corresponding to the following events.
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51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

(a) The first ball drawn is white.
(b) Both the balls drawn are black.

Also find the probabilities of the above events.
A box contains three 10-Q resistors labelled R, R, and R; and two 50-C2
resistors labelled R, and Rs. Two resistors are drawn from this box
without replacement. List all the outcomes of this random experiment as
pairs of resistors. Also list the outcomes associated with the following
events and hence find the corresponding probabilities.
(a) Both the resistors drawn are 10-Q resistors.
(b) One 10-Q resistor and one 50-Q resistor are drawn.
(¢) One 10-Q resistor is drawn in the first draw and one 50-£2 resistor

is drawn in the second draw.
A box contains 3 white balls and 2 black balls. We remove at random
2 balls in succession. What is the probability that the first removed ball
is white and the second is red?
An urn contains 3 white balls, 4 red balls and 5 black balls. Two balls are
drawn from the urn at random. Find the probability that (i) both of them
are of the same colour and (ii) they are of different colours.
One integer is chosen at random from the numbers 1, 2, 3, ..., 100. What
is the probability that the chosen number is divisible by (i) 6 or 8 and (ii)
6 or 8 or both?
If there are 4 persons A, B, C and D and if A tossed with B, then C tossed
with D and then the winners tossed. This process continues till the prize
is won. What are the probabilities of each of the 4 to win?
Ten chips numbered 1 through 10 are mixed in a bowl. Two chips are
drawn from the bowl] successively and without replacement. What is the
probability that their sum is 10?7
A bag contains 10 tickets numbered 1, 2, ..., 10. Three tickets are drawn
at random and arranged in ascending order of magnitude. What is the
probability that the middle number is 5?
Two fair dice are thrown independently. Four events A, B, C and D are
defined as follows:
A: Even face with the first dice.
B: Even face with the second dice.
C: Sum of the points on the 2 dice is odd.
D: Product of the points on the 2 dice exceeds 20.
Find the probabilities of the 4 events.
A box contains 4 white, 5 red and 6 black balls. Four balls are drawn at
random from the box. Find the probability that among the balls drawn,
there is at least 1 ball of each colour.
Four persons are chosen at random from a group consisting of 4 men, 3
women and 2 children. Find the chance that the selected group contains
at least 1 child.
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61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

A committee of 6 is to be formed from 5 lecturers and 3 professors. If the

members of the committee are chosen at random, what is the probability

that there will be a majority of lecturers in the committee?

Twelve balls are placed at random in 3 boxes. What is the probability

that the first box will contain 3 balls?

If A and B are any 2 events, show that P(A N B) < PA) < PA U B) <

P(A) + P(B).

A and B are 2 events associated with an experiment. If P(A) = 0.4 and

P(A v B)=0.7, find P(B) if (i) A and B are mutually exclusive (ii) A and

B are independent.

If P(A + B) = 5/6, P(AB) = 1/3 and P(B) = 1/2, prove that the events A

and B are independent.

If A c B, P(A) = 1/4 and P(B) = 1/3, find P(A/B) and P(B/A).

m objects are selected from n objects (m < n). What is the probability

that the selection contains a particular object that was present in the n

given objects?

What is the probability that there will be 53 sundays in (i) a leap year,

and (ii) a non-leap year?

If the probability that a communication system has high selectivity is

0.54 and the probability that it will have high fidelity is 0.81 and the

probability that it will have both is 0.18, find the probability that (i) a

system with high fidelity will also have high selectivity, and (ii) a system

with high selectivity will also have high fidelity.

An electronic assembly consists of two subsystems A and B. From previous

testing procedures, the following probabilities are assumed to be known:

P(A fails) = 0.20, P(A and B fail) = 0.15 and P(B fails alone) = 0.15.

Evaluate (i) P(A fails alone), and (ii) P(A fails/B has failed).

A consignment of 15 tubes contains 4 defectives. The tubes are selected

at random, one by one, and examined. Assuming that the tubes tested are

not put back, what is the probability that the ninth one examined is the

last defective?

A card is drawn from a 52-card deck, and without replacing it, a second

card is drawn. The first and second cards are not replaced and a third

card is drawn.

(a) If the first card is a heart, what is the probability of second card
being a heart?

(b) If the first and second cards are hearts, what is the probability that
the third card is the king of clubs?

A pair of dice are rolled once. Let A be the event that the first dice has a

1 on it, B the event that the second dice has a 6 on it and C the event that

the sum is 7. Are A, B and C independent?

A problem is given to 3 students whose chances of solving it are 1/2,

1/3 and 1/4. What is the probability that (i) only one of them solves the

problem and (ii) the problem solved.
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75. A and B alternately cut a pack of cards and the pack is shuffled after each
cut. If A starts and the game is continued until one cuts a diamond, what
is the chance that A wins at his second cut?

76. Players X and Y roll a pair of dice alternately. The player who rolls 11
first wins. If X starts, find his chance of winning.

77. Three persons, A, B and C draw in succession from a bag containing 8
red and 4 white balls until a white ball is drawn. What is the probability
that C draws the white ball?

Theorem of Total Probability

If B,, B,, ..., B, be a set of exhaustive and mutually exclusive events, and A is
another event associated with (or caused by) B, then

PA)= 3 P(B)P(AIB)

e

@

Fig. 1.3
Proof

The inner circle represents the event A. A can occur along with (or due to) By, B,
..., B, that are exhaustive and mutually exclusive.
AB,, AB,, ..., AB, are also mutually exclusive, such that

A =AB], ABQ, ooy ABn
P(A) =P(ZAB)

=X P(AB,) (since AB,, AB,, ..., AB, are mutually exclusive)
(by addition theorem)

= iP(Bi)XP(ABi)

Bayes’ Theorem of Theorem of Probability of Causes

If B, B,, ..., B, be a set of exhaustive and mutually exclusive events associated
with a random experiment and A is another event associated with (or caused by)
B;, then

P(B;)x P(A/IB;) .
L0

P(B/A) = =12,..,n

> P(B,)x P(AIB;)
i=1
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Proof
P(B; U A) = P(B)) x P(AIB,) = P(A) x P(BJA)
P(B,)x P(A/B,)
P(A)
P(B,)x P(AIB,)

P(BJA) =

- ,i=1,2,3,....n
ZP(Bi)XP(A/Bi)

i=1

Worked Example 1(B) ]

Example 1

A bolt is manufactured by 3 machines A, B and C. A turns out twice as many
items as B, and machines B and C produce equal number of items. 2% of bolts
produced by A and B are defective and 4% of bolts produced by C are defective.
All bolts are put into 1 stock pile and 1 is chosen from this pile. What is the
probability that it is defective?
Let A =the event in which the item has been produced by machine A, and so on.
Let D = the event of the item being defective.

1
2 b
P(D/A) = P(an item is defective, given that A has produced it)

1
P(A)= —~,P(B)=P(C)= n

2
=—=P(D/B
100 ( )

4

By theorem of total probability,
P(D) = P(A) x P(D/A) + P(B) x P(DIB) + P(C) x P(DIC)
12 1 2 1 4
= —X—+—X—F+—X——
2 100 4 100 4 100
1
40

Example 2

An urn contains 10 white and 3 black balls. Another urn contains 3 white and
5 black balls. Two balls are drawn at random from the first urn and placed in
the second urn and then 1 ball is taken at random from the latter. What is the
probability that it is a white ball?

The two balls transferred may be both white or both black or 1 white and 1
black.
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Let B, = event of drawing 2 white balls from the first urn, B, = event of
drawing 2 black balls from it and B; = event of drawing 1 white and 1 black ball
from it.

Clearly, B,, B, and B; are exhaustive and mutually exclusive events.

Let A = event of drawing a white ball from the second urn after transfer.
10C, 15 3C 1 10x3 10
P(B)) = =i P(By) =" 2=o i P(By)=— "=,
13C, 26 13C, 26 13C, 26

P(A/B,) = P(drawing a white ball/2 white balls have been transferred)
= P(drawing a white ball/urn II contains 5 white and 5 black balls)
5
10

3 4
Similarly, P(A/B,)=—and P(A/B;)=—.
imilarly. P(A/B,) =~ and P(AIB}) =

By theorem of total probability,
P(A) = P(B)) x P(A/B)) + P(B,) x P(A/B,) + P(B;) x P(A/B;)
5 5 1 3 10 4
= —X—+—X—+—X—
26 10 26 10 26 10
5
130

Example 3

In a coin tossing experiment, if the coin shows head, 1 dice is thrown and the
result is recorded. But if the coin shows tail, 2 dice are thrown and their sum is
recorded. What is the probability that the recorded number will be 27

When a single dice is thrown, P(2)= é .
When 2 dice are thrown, the sum will be 2, only if each dice shows 1.

1 1 1
P(getting 2 as sum with 2 dice) = 5 X 5 = 3% (since independence)
By theorem of total probability,

P(2) = P(H) x PQ2/H) + P(T) x P(2/T)

1 1 1 1
=—X—+—=X—
2°6 2 36
_71
72
Example 4

A bag contains 5 balls and it is not known how many of them are white. Two balls
are drawn at random from the bag and they are noted to be white. What is the
chance that all the balls in the bag are white?
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Since 2 white balls have been drawn out, the bag must have contained 2, 3, 4
or 5 white balls.

Let B, = Event of the bag containing 2 white balls, B, = Events of the bag
containing 3 white balls, B; = Event of the bag containing 4 white balls and B, =
Event of the bag containing 5 white balls.

Let A = Event of drawing 2 white balls.

2 3

pamy =22 -1 pampy-22_3
5C, 10 5C, 10
4C 5C

P(AIBy) = —2 =§,P(A/B4)=—2 =1
5¢, 5 5C,

Since the number of white balls in the bag is not known, B;’s are equally
likely.

1
P(B,) = P(B,) = P(B;) = P(By) = n

By Bayes’ theorem,

1

—x1
P(BA) = P(B,)x P(A/B,) _ 4

1
iP(B)xP(A/B) LRV 1+3+3+1) 2
el 74710 10 5

Example 5

There are 3 true coins and 1 false coin with ‘head’ on both sides. A coin is
chosen at random and tossed 4 times. If ‘head’ occurs all the 4 times, what is the
probability that the false coin has been chosen and used?

. . 3
P(T) = P(the coin is a true coin) = Z

1
P(F) = P(the coin is a false coin) = Z

Let A = Event of getting all heads in 4 tosses

L1111
Th PAIT) = — X~ X—x~=— and P(A/F) = 1.
en (A = XXXy =1 ad PAE)

By Bayes’ theorem,

P(FIA) = P(F)x P(A/F)
"~ P(F)x P(A/F)+ P(T)x P(AIT)
1
I S 1)
T 3 1 19
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Example 6

For a certain binary, communication channel, the probability that a transmitted ‘0’
is received as a ‘0’ is 0.95 and the probability that a transmitted ‘1’ is received as
‘1715 0.90. If the probability that a ‘0’ is transmitted is 0.4, find the probability that
(i) a ‘1’ is received and (ii) a ‘1’ was transmitted given that a ‘1’ was received.

Let A = the event of transmitting ‘1°, A = the event of transmitting ‘0’, B =
the event of receiving ‘1> and, B = the event of receiving ‘0’.

Given:

P(A)=0.4, P(BIA)=09 and P(B/A) =0.95
P(A) = 0.6 and P(BA) = 0.05

By the theorem of total probability

P(B) = P(A) x P(BIA) + P(A) x P(B/ A)
=0.6x0.9+0.4 x0.05
=0.56

By Bayes’ theorem,

P(A)x P(BIA) _ 0.6x0.9 _ 27
P(B) 056 28

P(A/B) =

Exercise 1(B)

Part-A (Short-answer questions)

1.
2.

e

Part-B

State the theorem of total probability.

Bag I contains 2 red and 1 black balls and bag II contains 3 red and 2
black balls. What is the probability that a ball drawn from one of the
bags is red?

State Bayes’ theorem on inverse probability.

Bag I contains 2 white and 3 black balls and bag II contains 4 white and
1 black balls. A ball chosen at random from one of the bags is white.
What is the probability that it has come from bag I?

Five men out of 100 and 25 women out of 1000 are colour-blind. A
colour-blind person is chosen at random. What is the probability that the
person is male? (Assume males and females are in equal numbers).

There are 2 bags one of which contains 5 red and 8 black balls and the
other 7 red and 10 black balls. A ball is drawn from one or the other of
the 2 bags. Find the chance of drawing a red ball.

In a bolt factory, machines A, B and C produce 25, 35 and 40% of the
total output, respectively. Of their outputs, 5, 4 and 2%, respectively, are
defective bolts. If a bolt is chosen at random from the combined output,
what is the probability that it is defective? If a bolt chosen at random is
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10.

11.

12.

13.

14.

found to be defective, what is the probability that it was produced by B
or C?
A box contains 2000 components of which 5% are defective. A second
box contains 500 components of which 40% are defective. Two other
boxes contain 1000 components, each with 10% defective components.
We select at random one of the above boxes and remove from it at
random a single component.
(a) What is the probability that the component is defective?
(b) Finding that the selected component is defective, what is the
probability that it was drawn from box 27
There are 4 candidates for the office of the highway commissioner; the
respective probabilities that they will be selected are 0.3, 0.2, 0.4 and
0.1, and the probabilities for a project’s approval are 0.35, 0.85, 0.45
and 0.15, depending on which of the 4 candidates is selected. What is the
probability of the project getting approved?
In a binary communication system a ‘0’ or ‘1’ is transmitted. Because of
noise in the system, a ‘0’, can be received as a ‘1’ with probability p and
a ‘1’ can be received as a ‘0’ also with probability p. Assuming that the
probability that a ‘0 is transmitted is p, and that a ‘1’ is transmitted is
qo (=1 —p,) find the probability that a ‘1’ was transmitted when a ‘1’ is
received.
A bag contains 7 red and 3 black marbles, and another bag contains 4 red
and 5 black marbles. One marble is transferred from the first bag into the
second bag and then a marble is taken out of the second bag at random.
If this marble happens to be red, find the probability that a black marble
was transferred.
The probability that a student passes a certain exam is 0.9, given that he
studied. The probability that he passes the exam without studying is 0.2.
Assume that the probability that the student studies for an exam is 0.75.
Given that the student passed the exam, what is the probability that he
studied?
Urn I has 2 white and 3 black balls, urn II has 4 white and 1 black balls
and urn III has 3 white and 4 black balls. An urn is selected at random
and a ball drawn at random is found to be white. Find the probability that
urn I was selected.
Suppose that coloured balls are distributed in 3 boxes as follows:

Box 1 Box 2 Box 3

Red 2 4 3
White 3 1 4
Blue 5 3 5

A box is selected at random from which a ball is selected at random and it
is observed to be red. What is the probability that box 3 was selected?
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15. Three urns contain 3 white, 1 red and 1 black balls; 2 white, 3 red and 4
black balls; 1 white, 3 red and 2 black balls respectively. One urn is chosen
atrandom and from it 2 balls are drawn at random. If they are found to be 1
red and 1 black ball, what is the probability that the first urn was chosen?

16. An urn contains 10 red and 3 black balls. Another urn contains 3 red
and 5 black balls. Two balls are transferred from the first urn to the
second urn, without noticing their colour. One ball is now drawn from
the second urn and it is found to be red. What is the probability that 1 red
and 1 black ball were transferred?

17. Box 1 contains 1000 bulbs of which 10% are defective. Box 2 contains
2000 bulbs of which 5% are defective. Two bulbs are drawn (without
replacement) from a randomly selected box. (i) Find the probability that
both bulbs are defective and (ii) assuming that both are defective, find
the probability that they came from box 1.

18. The chance that a doctor A will diagnose a disease x correctly is 60%.
The chance that a patient will die by his treatment after correct diagnosis
is 40% and the chance of death by wrong diagnosis is 70%. A patient of
doctor A, who had disease x, died. What is the chance that his disease
was diagnosed correctly?

19. The chances of A, B and C becoming the general manager of a certain
company are in the ratio 4:2:3. The probabilities that the bonus scheme
will be introduced in the company if A, B and C become general manager
are 0.3,0.7 and 0.8 respectively. If the bonus scheme has been introduced,
what is the probability that A has been appointed as general manager?

Bernoulli’s Trials

Let us consider n independent repetitions (trials) of a random experiment E. If A
is an event associated with E such that P(A) remains the same for the repetitions,
the trials are called Bernoulli’s trials.

Theorem

If the probability of occurrence of an event (probability of success) in a single
trial of a Bernoulli’s experiment is p, then the probability that the event occurs
exactly r times out of n independent trials is equal to nC, ¢" " p", where g =1 —p,
the probability of failure of the event.

Proof

Getting exactly r successes means getting r successes and (n — r) failures
simultaneously.
P(getting r successes and n — r failures) = p'q" =" (since the n trials are
independent) (by product theorem).
The trials, from which the successes are obtained, are not specified. There
are nC, ways of choosing r trials for successes. Once the r trials are chosen for
successes, the remaining (n — r) trials should result in failures.
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These nC, ways are mutually exclusive. In each of these nC, ways, P(getting

exactly r success) =p'q" .
Therefore, by the addition theorem the required probability = nC, x ¢" ™" x p".

De Moivre-Laplace Approximation
A result which is useful when a large number of terms of the form nC, ¢"~" p"is
required to be summed up, is given below without proof.

If the probability of getting exactly r successes out of n Bernoulli’s trials is

denoted by P,(r), then
1

=
o) 7 2
Y P,(r)=Y.nC,q""p" is approximately equal to _[ ydx,
r=n r=n n —l
)
where y = ;e‘()“’w)z’ 2m4which is the density of a normal distribution

\27tnpq
with mean np and variance npq.

As the reader is familiar with normal distribution, it can be easily seen that

i P,(r)= [ p()dr

r=n f

. . n—np=1/2
where ¢(f) is the standard normal density and i =——F7— — and
172 1 "
t, :ﬂ. Now Iqb(t)dt can be computed using the table of areas

\npq 1

under normal curve.

Generalisation of Bernoulli’s Theorem
Multinomial Distribution

If A, A,, ..., A, are exhaustive and mutually exclusive events associated with a
random experiment such that P(A; occurs) = p,, where p; + p,+ ... + p, =1, and
if the experiment is repeated n times, then the probability that A, occurs r, times,
A, occurs r, times, ... A, occurs r; times is given by

n!

— n n Tk
P (r,1,...1.)= 'p, X Dy ... Dy

nlnl..n
wherer| +r,+ ...+ 1, =n.

Proof

The r, trials in which the event A, occurs can be chosen from the # trials in nC,
ways. The remaining (n — r)) trials are left over for the other events.

The r, trials in which the event A, occurs can be chosen from the (n — r,) trials
in(n-r) Cr2 ways.

The r; trials in which the event A5 occurs can be chosen from the (n — r; — r;)
trials in (n — r; — r,) C,, ways, and so on.
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Therefore the number of ways in which the events A,, A,, ..., A, can happen
= nC, x (n - rl)Cr2 xm—-r - ;"Z)Cr3 Xoxm=—r —r.-n_p_C

n!
nlnl.n!
Consider any one of the above ways in which the events A, A,, ..., A; occur.
Since the n trials are independent, ry, r,, ..., Iy, trials are also independent.

P(A, occurs r, times) = p{

P(A, occurs r, times) = P57, and so on.
. P(A, occurs r, times, A, occurs r, times, .., A, occurs r, times) =
P X Py X..X pif
Since the ways in which the events happen are mutually exclusive, the required
probability is given by
n!

— Y n Tk
P.(r,r,..6)= 'pl‘ X pg X.. X pf

!
ninl.n!

Worked Example 1(C) ]

Example 1

A coin is tossed an infinite number of times. If the probability of a head in a
single toss is p, show that the probability that kth head is obtained at the nth
tossing, but not earlier is (n — 1)C}, _ 1pkq”’k, where g =1-p.

k heads should be obtained at the nth tossing, but not earlier.

Therefore (k — 1) heads must be obtained in the first (n — 1) tosses and 1 head
must be obtained at the nth toss.

.. Required probability = P[k — 1 heads in (n — 1) tosses] x P(1 head in 1 toss)
=(n-1)Ce1p g Fxp
=(n-1)C_,p'q"*

Example 2

Each of two persons A and B tosses 3 fair coins. What is the probability that they
obtain the same number of heads?
P(A and B get the same no. of heads)
= P(they get no head each or 1 head each or 2 heads each or 3 heads each)
= P(each gets 0 head) + P(each gets 1 head) + P(each gets 2 heads) +
P(each gets 3 heads) (since the events are mutually exclusive)
= P(A gets O head) x P(B gets O head) + ... (since A and B toss independently)

3] - fa ] e ] )]
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=L(1+9+9+1)=i
64 16

Example 3

A coin with P(head) = p = 1 — g is tossed n times. Show that the probability that
the number of heads obtained is even is 0.5[1 + (g — p)"].
P(even no. of heads are obtained)
= P(0 head or 2 heads or 4 heads or ...)

=nC0q"pO+nCzq”72p2+nC4q"74p4+... (D

Consider 1 = (g +p)"=nCyq"p" +nC,q" ' p' + nCy " *p* + ... )

(q-p)" =nCyq"p’—nCiq"'p' +nCyq" ?p* . 3)
Adding (2) and (3), we get

L+(q-p)"=2[nCyq"p° + nCyq" " p* + nCyq"~*p*+ .1 )

Using (4) in (1), the required probability = 0.5[1 + (g — p)"].

Example 4

If at least 1 child in a family with 2 children is a boy, what is the probability that
both children are boys?

1
p = Probability that a child is a boy = )

1
q= E andn=2
P(at least one boy) = p(exactly 1 boy) + p(exactly 2 boys)

1Y 1Y’

=2C, (—) +2C, [—) (by Bernoulli’s theorem)
2 2

_3

T4

P(both are boys/at least one is a boy)

_ P(both are boys M at least one is a boy)

P(at least one is a boy)

_ P(both are boys)
P(at least oneis a boy)
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Example 5
Find the probability of getting at last 60 heads, when 100 fair coins are tossed.
Since the coins are fair, p=g = % .
n =100

np =50 and \/npg =5

100 1 100
Required probability p = z 100C, (Ej
r=60
10.1 o
= J o(t)dt :I ¢(t)dt (by De Moivre-Laplace approximation)
1.9 1.9

19
=05- J o(t)dt =0.5—-0.4719 (from the Normal Table)
0

=0.0281

Example 6

A fair dice is rolled 5 times. Find the probability that 1 shows twice, 3 shows
twice and 6 shows once.

This problem is a direct application of Bernoulli’s generalisation.

Here n =5, A| = (getting), A; = (getting 3)

Ag=(getting 6), k; =2, ks3=2and ky=1; p, = p3;=pc=1/6

st (1Y (1Y (1Y
Required probability = ——| — | x| —| x| —=| =0.0039
212111\ 6 6 6

(It is to be noted that k, = k, = ks = 0, though p, =p, =ps= —.)

1
-

[ Exercise 1(C) ]

Part-A (Short-answer Questions)

1. State Bernoulli’s theorem on independent trials.

2. A fair coin is tossed 4 times. What is the probability of getting more
heads than tails?

3. When 12 coins are tossed 256 times, how many times may one expect 8
heads and 4 tails?

4. If war breaks out on the average once in 25 years, find the probability
that in 50 years at a stretch, there will be no war.

5. State the generalised form of Bernoulli’s theorem on independent trials.

6. State De Moivre—Laplace theorem.
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Part-B
7.

10.

11.

12.

13.

14.

15.

16.

A binary number (composed only of the digits ‘0’ and ‘1) is made up
of n digits. If the probability of an incorrect digit appearing is p and
that errors in different digits are independent of one another, find the
probability of forming an incorrect number.

Suppose that twice as many items are produced (per day) by machine 1
as by machine 2. However 4% of the items from machine 1 are defective
while machine 2 produces only about 2% defective. Suppose that the
daily output of the 2 machines is combined. A random sample of 10
items is taken from the combined output. What is the probability that
this sample contains 2 defectives?

Binary digits are transmitted over a noisy communication channel in
blocks of 16 binary digits. The probability that a received binary digit
is in error because of channel noise is 0.1. If errors occur in various
digit position within a block independently, find the probability that the
number of errors per block is greater than or equal to 5.

A company is trying to market a digital transmission system (modem)
that has a bit error probability of 10, and the bit errors are independent.
The buyer will test the modem by sending a known message of 10*
digits and checking the received message. If more than 2 errors occur,
the modem will be rejected. Find the probability that the customer will
buy the company’s modem.

A fair coin is tossed 10,000 times. Find the probability that the number
of heads obtained is between 4900 and 5100, using De Moivre-Laplace
approximation.

Over a period of 12 h, 180 calls are made at random. What is the
‘probability’ that in a 4 h interval the number of calls is between 50 and
707 Use De Moivre—Laplace approximation.

Hint: P (a particular call occurs in the 4 h interval) = p = % = %} .
A random experiment can terminate in one of 3 events A, B and C with
probabilities 1/2, 1/4 and 1/4 respectively. The experiment is repeated 6
times. Find the probability that the events A, B and C occur once, twice
and thrice respectively.
A throws 3 fair coins and B throws 4 fair coins. Find the chance that A
will throw more number of heads than would B.
In a large consignment of electric bulbs 10% are defective. A random
sample of 20 bulbs is taken for inspection. Find the probability that
(i) exactly 3 of them are defective, (ii) at most 3 of them are defective,
and (iii) at least 3 of them are defective.
A lot contains 1% defective items. What should be the number of items
in a random sample so that the probability of finding at least 1 defective
in it is at least 0.95?
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17.

In a precision bombing attack there is a 50% chance that any one bomb
will hit the target. Two direct hits are required to destroy the target
completely. How many bombs must be dropped to give a 99% or more
chance of completely destroying the target?

ANSWERS

Exercise 1(A)

10.

11.

12.
13.
14.

18.

19.

20.

21.

22.

23.
25.

P(both balls are of the same colour)
= P(both balls are red or both are black)
= P(both are red) + P(both are black)

_ 3G, N 2C, _ 2
5¢, 5C, 5

Required probability = P(both are spades) + P(both are clubs) + P(both

are hearts) + P(both are diamonds)

13C, 4

52¢, 17

P(A v B)=P(A) + P(B)=5/6; P(A N B) =0, by definition.

When A and B are mutually exclusive, P(A N B)=P(A)=0.29.
P(A)=P(ANB)+P(AN B)=0+PA N B)ie.,0.6=0.5, which is
absurd. Hence the given values are inconsistent.

P(any event) < 1; PAUB)<1; PA)+ P(B)—-PANB)<1

P(AmB)z§+§—1[=§j
48 8
P(SUA) = P(S) + P(A) — P(S N A)

13 4 1 4

5252 52 13
P(AUB)=PA)+ P(B)-PAuUB)
a2t 41
3 9 5 45
P(A N B)=1-PAUB)
=1-[P(A) + P(B) — P(A N B)]
=1-[04+0.7-0.3]=0.2
P(A U B)=1-PANB)
=1-[P(A) + P(B)— P(AuUB)]=0.85
Equality holds good, when A and B are mutually exclusive events.
The probability for the simultaneous occurrence of two events A and B
is called the joint probability of A and B. Probability of getting 2 heads,
when 2 coins are tossed, is an example of joint probability.
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32.

34.

35.

36.

37.

38.

39.

41.

44,

47.

48.

49.

P(A UB)=P(A)+P(B)-PANB):PA~B) =1+, _H_1
3 4 12 6
pap)y=LACB _2 ppgyPACE) 1
P(B) 9 P(A) 2
Required probability = 1 — P(both tails)
1 1 3
=l-—X—==
2 2 4
Required probability = P(1 from I dice and 3 from II dice or 2 from I and

2 from II or 3 from I and 1 from II)
1 1 1.1 1 1 1
=—X—+—X—+—X—=—
6 6 6 6 6 6 12
Required probability = 1 — P(the problem is not solved)
1.1 7
=l-—X—=—
2 4 8

No, since P(A N B) # P(A) x P(B)
P(BENMBA) 0.05 02

P(BEIMBA) = 905,
P(MBA) 025

P(A A B) = P(A) x PBIA) = L x L = L

12715 180

P(Au B)=P(A)+ P(B)- P(ANB)

1 N 5 1 89

S 12 12 180 180
A and B are independent, if P(A N B) = P(A) x P(B). They are mutually
exclusive, if P(A N B) =0.
They are both independent and mutually exclusive if P(A) x P(B) = 0,
i.e., if P(A) =0 or P(B) =0 or P(A) = 0 and P(B) = 0. The third case is
trivial. Hence A and B can be both independent and mutually exclusive,
provided either of the events is an impossible event.
P(A N B)=P(A) x P(B)
.. A and B are independent. Hence, A and B are also independent.
.. P(A/IB) = P(A)=0.5.

1
2 4 _
P:l+l l +l l +...+w=L=g
2 202) T2\2 13
4

1

4
{DD, NDD, DNDD, DNDN, DNND, DNNN, NDND, NDNN, NNDD,
NNDN, NNND, NNNN}
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50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.
64.

66.

67.

68.

69.

70.

71.

L1 2
i) — i) =
(1) 3 (i1) s
.3 .3 o 3
n = (i) — (iii) —
10 5 10
6 . . 3 . .
>s (if the ball is replaced), 10 (if the ball is not replaced).
.19 .. 47
) 56 (ii) 66
L1 ... 6
i) = i) —
(1) s (i1) s

(@)

P(A) = % - P(B)= P(C):P(D) = é

48
91

13

18

9

14

12 Gy x 2°73"2

(i) 0.3 (i) 0.5

o1
(i) F
o1
(i) 3
1) 0.05 (i) 0.50
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12 1
72. (a) = b) —
@ 51 ®) 50

73. Pairwise independent, but not totally independent

74. () 1L Giy 2
24 4

75, 2
64
76. 18
35
77. L
33

Exercise 1(B)

2. P(red ball) = P(red ball from bag I) + P(red ball from bag II)
1 2 1 3 19
=—X—+—X—=—
2 3 2 5 30
P(B))x P(W/B,)
P(B))xP(W/B,)+ P(B,)x P(W/B,)

1 2
X

4. P(B,/W)=

1

473
5

275
1.2 1
—X=+—X
2 5 2

1 1 1
5. P(M)=P(F) = —; P(BIM) = P(BIF) =

.1 ,
By Bayes’ theorem, P(M/B) = 2 20 _2
1 1_1 3
R
2 20 2 40
6. 88
221
69 44
7. (1) — Gy
D500 e
L 13 .. 8
8. (1) 20 (ii) i
9. 047
1—
10, -p)gq,

(I-p)gy + ppy
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11. 12
47
12. 21
29
13. 14
57
4. >
19
15. 3
25
6. =
59
17. (1) 0.0062  (ii) 0.8005
15 2
13
o, >
25

Exercise 1(C)

2. Required probability = P(getting exactly 3 or 4 heads)
4 4
1 1
=4C;| = | +4C,| = | = =l
2 2 16
1?2
3. Required number = 256 x12C; (Ej =31

1 24 1 0 24 50 24 50
4, =—,q=—,n=50; P= — — =|—
P=55 175" SOC"(zsj (25) 25

7. 1-(1-p)'
8. 0.0381

9. 0.017

10. 0.9197
11. 0.9545
12. 0.9876
13. 0.0293
29

128

15. (i) 0.1898 (ii) 0.8655 (iii) 0.3243
16. 299

17. 11






Cﬁapz‘er

Random Variables

in nature. For example, the number of telephone calls received in a board

in 1 h is numerical in nature, while the result of a coin tossing experiment
in which 2 coins are tossed at a time is non-numerical in nature. As it is often
useful to describe the outcome of a random experiment by a number, we will
assign a number to each non-numerical outcome of the experiment. For example,
in the 2 coins tossing experiment we could assign the value O to the outcome
of getting 2 tails, 1 to the outcome of getting 1 head and 1 tail and 2 to the
outcome of getting 2 heads. Thus, in any experimental situation we can assign a
real number x to every element s of the sample space S. That is, the function X(s)
= x that maps the elements of the sample space into real numbers is called the
random variable associated with the concerned experiment. A formal definition
may be given as follows.

The outcomes of random experiments may be numerical or non-numerical

Definition: A random variable (abbreviatively RV) is a function that assigns a real
number X(s) to every element s € S, where S is the sample space corresponding
to a random experiment E.

Although we are expected to perform the random experiment E, we observe the
outcome s € S and then evalnate X(5) [i.e., assign a real number x to X(s)], the number x =
X(s) itself can be though of as the ontcome of the experiment and R, as the sample space of
the experiment. In this sense, we will hereafter talk about a random variable X taking the value
x and P(X = x). Actually, P(X = x) = P{s: X(5) = x}.

Hereafter, R, will be referred to as range space.
Similarly, {X < x} represents the subset {s: X(s) < x} and, hence, an event
associated with the experiment.

Discrete Random Variable

If X is random variable (RV) which can take a finite number or countably infinite
number of values, X is called a discrete RV. When the RV is discrete, the possible
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values of X may be assumed as x;, x,, ..., X,, ... . In the finite case, the list of values
terminates and in the countably infinite case, the list goes upto infinity.
For example, the number shown when a dice is thrown and the number of

alpha particles emitted by a radioactive source are discrete RVs.

Probability Function

If X is a discrete RV which can take the values x|, x,, ..., x,, ... such that P(X =
x;) = p; then p; is called the probability function or probability mass function
or point probability function, provided p; (i = 1, 2, 3, ...) satisfy the following
conditions:

(i) p;=20,foralli, and

i Yp =1

The collection of pairs {x;, p;},i=1,2, 3, ..., is called the probability distribution of
the RV X, which is sometimes displayed in the form of a table as given below:

X=x PX=x)
X1 P1
X2 P2
Xy Py

Continuous Random Variable

If X is an RV which can take all values (i.e. infinite number of values) in an
interval, then X is called a continuous RV.

For example, the length of time during which a vacuum tube installed in a
circuit functions is a continuous RV.

Probability Density Function

If X is a continuous RV such that

P{x—%deXSx+%dx}=f(x)dx

then f(x) is called the probability density function (shortly denoted as pdf) of X,
provided f(x) satisfies following conditions:
(i) fix)=20,forallxe R, and

i) [ fdx=1
Ry
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Moreover, P(a < X < b) or P(a < X < b) is defined as
b
P(a<X<b)= [ f(x)dx.

The curve y = f(x) is called the probability curve of the RV X.

When X is a continuous Rl
PX=a)=Pa<X<a)= [ f()dx=0

This means that it is almost impossible that a continuons RV assumes a specific valne. Fence,

Pla<X<h)=Pa<X<b)=Pla<X<b)=Pa<X<b).

Cumulative Distribution Function (cdf)

If X is an RV, discrete or continuous then P(X < x) is called the cumulative
distribution function of X or distribution function of X and denoted as F(x).
If X is discrete,

W= P
J

. <
x,_x

If X is continuous,

F(x) = P(—o<X<x)= jff(x)dx

—oo

Properties of the cdf F(x)
1. F(x)is a non-decreasing function of x, i.e., if x; < x,, then F(x,) < F(x,).
2. F(—e0)=0and F(e) = 1.
3. If Xisadiscrete RV taking values x|, x,, ..., where x; <x, <x3<...<x;_,;
<x;<..then PX=x;)=F(x)— F(x;_,).

d
4. If X is a continuous R V, then — F(x) = f(x), at all points where F(x)
is differentiable. dx

Although we may talk of probability distribution of a continnous RN/, it cannot
be represented by a table as in the case of a discrete RV, The probability distribution of a
continnous RV is said to be known, if either its pdf or cdf is given.

Special Distributions

The probability mass functions of some discrete RVs and the probability density
functions of some continuous RVs, which are of frequent applications, are as
follows:



2.4 Probability, Statistics and Random Processes

Discrete Distributions

1.

If the discrete RV X can take the values 0, 1, 2, ..., n, such that P(X =

i) =nC; P Li=0,1,...n, where p + g = 1, then X is said to follow

a binomial distribution with parameters n and p, which is denoted a

B(n, p).

If the discrete RV X can take the value O, 1, 2, ..., such that P(X = i) =
—Aqi

e .')' ,1=0,1,2, ..., then X is said to follow a Poisson distribution with

i!

parameter A.

If the discrete RV X can take the values 0, 1, 2, ..., such that P(X =i) = (n

+i-1)Cp" qi, i=0,1,2, ..., where p + g =1, then X is said to follow a

Pascal (or negative binomial) distribution with parameter n.

A Pascal distribution with parameter 1 [i.e., P(X =1i) = pqi, i=0,1,2,..

and p + g = 1] is called a geometric distribution.

Continuous Distributions

10.

If the pdf of a continuous RV X is f(x) =

(a constant), a < x < b,
b—a

then X follows a uniform distribution (or rectangular distribution).

If the pdf of a continuous RV Xis f(x) = g~ (v’ 120°

,—0 < X < oo,
o\N2w

then X is said to follow a normal distribution (or Gaussian distribution)
with parameters (t and o, which will be hereafter denoted as N(u, o).

1 —X _n—
If the pdf of a continuous RV X is f(x) =ﬁe X 1, 0 <x <o and
n

n > 0, then X follows a gamma distribution with parameter n. Gamma
distribution is a particular case of Erlang distribution, the pdf of which

n

. ¢ n—-1_—cx
1sf(x)=ﬁx e, 0<x<o,n>0,c>0.
(n)

An Erlang distribution with n = 1 [i.e., fix) = ce ™, 0 < x < o0, ¢ > 0]
is called an exponential (or negative exponential) distribution with
parameter c.

If the pdf of a continuous RV X'is f(x)= 123"‘2/2“2 ,0<x <o, then X
o

follows a Rayleigh distribution with parameter c.
\/5 2 —x*1202
x“e
o\

then X follows a Maxwell distribution with parameter c.

If the pdf of a continuous RV X is f(x) = ,0<x < oo,
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1
11. If the pdf of a continuous RV X is f(x) = ﬁe"‘_“'/l , =00 < X < oo, A >

0, then X follows a Laplace (or double exponential) distribution with
parameters A and (.

12.  If the pdf of a continuous RV Xis f(x)= ° X
T Xta

oo, then X follows a Cauchy distribution with parameter o.

2,oc>0,—o<><x<

Worked Example 2(A)

Example 1

From a lot containing 25 items, 5 of which are defective, 4 items are chosen
at random. If X is the number of defectives found, obtain the probability
distribution of X, when the items are chosen (i) without replacement, and (ii)
with replacement.

Since only 4 items are chosen, X can take the values 0, 1, 2, 3 and 4.
The lot contains 20 non-defective and 5 defective items.
Case (i): When the items are chosen without replacement, we can assume that all
the 4 items are chosen simultaneously.

P(X = r) = P(choosing exactly r defective items)
= P(choosing r defective and (4 — r) good items)

_5C, x20C,_,
~25C,
Case (ii): When the items are chosen with replacement, we note that the
probability of an item being defective remains the same in each draw.
. 5 1 4
ie., ng—g,q——andn:4
The problem is one of performing 4 Bernoulli’s trials and finding the probability
of exactly r successes.

1 r 4 4—r
PX=r)= —| 1= =0,1,..4
X=r) 4Cr(5) (5) (r )

(r=0,1,...,4)

Example 2

A shipment of 6 television sets contains 2 defective sets. A hotel makes a random
purchase of 3 of the sets. If X is the number of defective sets purchased by the
hotel, find the probability distribution of X.

All the 3 sets are purchased simultaneously. Since there are only 2 defective
sets in the lot, X can take the values O, 1 and 2.
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P(X = r) = P(choosing exactly r defective sets)
= P[choosing r defective and (3 — r) good sets]
_2C. x4C,_,
= T

The required probability distribution is represented in the form of the following
table:

(r=0,1,2)

X=r P,
1/5
1 3/5
2 /5
Total 1
Example 3

A random variable X may assume 4 values with probabilities (1 + 3x)/4, (1 —x/4),
(1 + 2x)/4 and (1 — 4x)/4. Find the condition on x so that these values represent
the probability function of X.
PX=x)=p, =1 +3x)/4;p, =1 -x)/4;
p3=(1+2x)/4; py= (1 —4x)/4

If the given probabilities represent a probability function, each p; = 0 and
z p;,=1.
i

In this problem, p, + p, + p;+ p,= 1, for any x.

Butp,20,ifx>-1/3; p,20,ifx<1; p;20,ifx>2-1/2and p, 2 0, If x < 1/4.

Therefore, the values of x for which a probability function is defined lie in the
range —1/3 <x < 1/4.

Example 4

If the random variable X takes the values 1, 2, 3 and 4 such that 2P(X =1) =3P(X
=2) = P(X = 3) = 5P(X = 4), find the probability distribution and cumulative
distribution function of X.
Let P(X =3)=30K. Since 2P(X=1)=30K, P(X=1) = 15K.
Similarly, P(X =2) = 10K and P(X = 4) = 6K.
Since Zp;=1, 15K + 10K + 30K + 6K = 1.
1

"6l

The probability distribution of X is given in the following table:
X=i 1 2 3 4
, 15 10 30 6
! 61 61 61 61
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The cdf F(x) is defined as F(x) = P(X < x). Accordingly, the cdf for the above
distribution is found out as follows:
Whenx< 1, F(x) =0

When 1 <x<2, F()= P(X= 1) = g
25
When2<x<3,Fx)=PX=1)+PX=2)= ol

When3<x<4, F(x) = P(X= 1)+ P(X=2) + P(X = 3) = %

Whenx>4, F(x)=P(x=1)+ P(x=2) + Px=3) + Px=4) = 1.

Example 5

A random variable X has the following probability distribution.

X -2 -1 0 1 2 3
p(x): 0.1 K 0.2 2K 0.3 3K
(a) Find K. (b) Evaluate P(X < 2) and P(-2 < X < 2). (c¢) Find the cdf of X.
(d) Evaluate the mean of X.
(a) Since ZP(x)=1,6K+0.6 =1
1

K=—
15
.. the probability distribution becomes
x: -2 -1 0 1 2 3
p(x): 1/10 1/15 1/5 2/15 3/10 1/5
(b) PX<2)=PX=-2,-1,00r1)

=PX=-2)+PX=-1)+PX=0)+PX=1)
[since the events (X = -2), (X = -1), etc., are mutually exclusive]
1 1 1 2 1

=4 —+—4+—
10 15 5 15 2
P(2<X<2)=PX=-1,00r1)
=PX=-1)+PX=0+PX=1)
1 1 2 2
=—t—t+—==
15 5 15 5
(¢) F(x) =0. When x < -2

= i,when—23x<—1
10

= é,when—13x<0
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E,When03x<1
30

%,whenle<2

= %,when23x<3

=1,when3<x

(d) The mean of X is defined as E(X) = Z xp(x)
(refer to Chapter 4)

Mean of X = —2><i + —1><i + 0><l
10 15 5

+ 1><i + 2><i + 3><l

15 10 5

1 1 2 3 3 16

5 15 15 5 5 15

Example 6

The probability function of an infinite discrete distribution is given by P(X = j)
=1/ (J=1,2, ..., ). Verify that the total probability is 1 and find the mean and
variance of the distribution. Find also P(X is even), P(X = 5) and P(X is divisible
by 3).

Let P(X =) =p;

i —l+i+i+--- that is a geometric series
j:lpj 2 22 23 ’ ’
1
:%:1
1——
2

The mean of X is defined as E(X) = z jpj (refer to Chapter 4).
j=1

1
Ex)=a+ 2a% +3a® + ... oo, where a = 5

=a(l +2a+3d* + ... )
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=a(l-a)” =—==

The variance of X is defined as V(X) = E(X?) — [EX)]%,

where E(X 2) = z j2 p’ (refer to Chapter 4).
j=1

> . 1
EX%) =Y j’a’, where a= 5

j=1
= Y jG+D—jla’ =Y j(j+Da’ = ja’
Jj=1 Jj=1 =1

=a(1.2+23a+34a% + ...0) —a(l +2a + 3a* + ... )

=ax2(1-a)’-ax(l-a)

2a a

= - =8-2=6
(-ay (1-ay

V(X) = EX)’ - {EX)}? =6 -4 =2

P(Xiseven)=P(X=2orX=4or X=6oretc.)

PX=2)+PX=4)+..+00
(since the events are mutually exclusive)

1y 1y (1Y
=|=| +|=| +|=]| +-+o
2 2 2
1
4 _1
-1 3
4

PX=25)=PX=50orX=6o0rX=7,etc.)
=PX=5+PX=06)+..40c0

95 1
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P(X is divisible by 3) = P(X=3orX=6o0or X =9, etc.)
=PX=3)+PX=6)+..+0c0

RO

1
_ .8 _1
L7
8
Example 7
A random variable X has the following probability distribution.
x: 0 1 2 3 4 5 6 7
px): 0 K 2K 2K 3K K* 2K* IK*+K

Find (a) the value of K, (b) P(1.5 < X <4.5/X > 2), and (c) the smallest value of
A for which P(X < A) > 1/2.

(a) px) =1
10K>+9K =1
ie, (I0OK—DEK+1)=0

1

K= — or-1.
10
The value K = —1 makes some values of p(x) negative, which is mean-
ingless.
% 1
~ 10
The actual distribution is given below:
X: 0 1 2 3 4 5 6 7
1 2 2 3 1 2 17
P(x): 0 — —_—  —

100 10 10 10 100 100 100
(b) P(1.5<X <4.5/X>2) = P(AIB), say

_P(ANB)

~ P(B)
_P[A5<X<45)nN (X >2)]
- P(X >2)

5
_P(X=3)+P(X=4) 10_5
- =73

10

7
> (X=r)
r=3
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©

By trials, PX<0)=0; P(X<1) = %;p(xg 2) = %

P(X<3)= %;P(Xg4)=%

Therefore, the smallest value of A satisfying the condition P(X < A) > 1/2
is 4.

Example 8

If

(a)
(b)
()

(b)

-x*2
p(x) = xe x>0
0 x<0

show that p(x) is a pdf (of a continuous RV X),
find its distribution function P(x).
If p(x) is to be a pdf, p(x) = 0 and

[ prydx=1

Rx

Obviously, p(x)=xe ™2 >0, when x>0

Now fp(x)dx = J-xef"z/zdx = J‘e” dt (putting ¢ = x*/2)
0 0 0
=1
- p(x) is a legitimate pdf of a RV X.
F(x) = P(X<x) =] f(x)dx
0

F(x) =0, whenx <0
X 2 2
and F(x) = jxe_x Zdy=1-¢"" whenx>0.
0

Example 9
If the density function of a continuous RV X is given by
flx) = ax, 0<x<1
=a, 1<x<2
=3a-ax, 2<x<3
=0, elsewhere

(a)
(b)
()

find the value of a, and

find the cdf of X.

If x, x, and x5 are 3 independent observations of X, what is the probability
that exactly one of these 3 is greater than 1.5?



2.12 Probability, Statistics and Random Processes

(a) Since f(x) is a pdf, J‘ f)dx=1
Ry
3
ie., Jf(x)dx -1
0

1 2 3

ie., jaxdx + jadx + I(3a —ax)dx =1
0 1 2

i.e., 2a=1

1
a=—
2
(b) F(x)=P(X<x)=0,whenx<0

X 4
F(x) :fﬁdx:x—,whenOstl
02 4

i X
:jfdﬁjldx:f—lwhenlsxsz

R T R R

fx 11 (3 x 3 x5
:I_dx+J_dx+j(___de:—x_—_—,when2£x£3
TN )T T T
=1,whenx>3

3
© p(X>153) = [ f(x)dx
1.5

21 3(3 xj 1
= | —dx 2 ldx=—
1152 +£ 2 2 2

Choosing an X and observing its value can be considered as a trial and (X > 1.5)
can be considered a success.

p=112,q=1/2
As we choose 3 independent observations of X, n = 3.

By Bernoulli’ s theorem,
P(exactly one value > 1.5)

= p(1 success) =3C, x (p)' x(q) :%

Example 10

A continuous RV X that can assume any value between x = 2 and x = 5 has a
density function given by f(x) = k(1 + x). Find P(X < 4).
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By the property of pdf,
J. f(x)dx =1, X takes values between 2 and 5.
R

X

5
jk(1+x)dx=1
2

e, Z k=1

4
Now p(X <4) = p(2 <X < 4) = jk(”x)dng
2

Example 11

A continuous RV X has a pdf f(x) = kx*¢™; x 1 0. Find k, mean and variance.
By the property of pdf,

o

[redx=1
0
ie., 2k=1
k=t
... 2
Mean of X is defined as

EX) = J‘ xf(x)dx
R,

X

(refer to Chapter 4)
Variance of X is defined as

V(X) = EX*) - {EX)}?,

where E(X)2 = J- x? f(x)dx (refer to Chapter 4)
R

X

EX) = TxSe_x dx
0

N | —

[x (=) =3x% (e )+ 6x(—e ™) = 6(e )

1
2
3
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EX)* = l."x“e*" dx
2%

= %[x“ (—e™)—4x (e ) +12x7 (—e™) = 24x(e™) + 24(=e )]}
=12

V(X) = EX) - {EX)} =3

Example 12

The probability that a person will die in the time interval (¢, #,) is given by

Pt <t<t) = ja(t)dt

h
The function a(¢) is determined from long records and can be assumed to be
3x107°7(100-1)* 0<r<100
a(n) =
0 elsewhere
Determine (a) the probability that a person will die between the ages 60 and 70,
and (b) the probability that he will die between those ages, assuming he lived up
to 60.
70

(a) P(60 <t < 70) = j a(t)dt
60

70

=3%x107° j (100 — 1)*dt
60

= 0.1544

(b) P(60<t<70/t=60) =P(60<1t<70/60<t<100)
_ P(60<1<70)
P60 <1t <100)

70 100
- ja(z)dt/ j a(t)de
60 60
015436

= =0.4863
0.31744

Example 13

A continuous RV has a pdf fix) = 3x2, 0 <x<1.Find a and b such that
(a) P(X<a)=PX>a),and
(b) P(X>b)=0.05.
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(a) PX<a)=PX>a)

jl.3x2 dx = _l[3x2 dx
0 a

ie., A =1-a
i.e., a = l
2
) a=0.7937
(b) P(X > b) =0.05
1
_[ 3% dx = 0.05
b
ie., b =95
b =0.9830

Example 14

The distribution function of a RV X is given by F(x) = 1 — (1 + x)e™, x = 0. Find
the density function, mean and variance of X.
By the property of F(x), the pdf f{x) is given by f{x) = F{x) at points of continuity
of F(x).
The given cdf is continuous for x = 0.
f=(+x)e’-e*=xe*,x20

EX) = sze_x dx=2
0

EX?) = Jx3e_x dx=6
0

V(X) = EX®) - [EX)]* =2

Example 15

The cdf of a continuous RV X is given by
Fx)=0,x<0

=xz,0Sx<l
2
1
=1—i(3—x)2,—3x<3
25 2
=1,x=>3

1
Find the pdf of X and evaluate P(IXI < 1) and P (— <X< 4) using both the pdf
and cdf. 3
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The points x = 0, 1/2 and 3 are points of continuity.
fx)=0,x<0

=2x, OS)C<l
2

1
=i(3—x),—Sx<3
25 2
=0,x=>23
Although the points x = 1/2, 3 are points of discontinuity for f{x), we may assume
1 3
that f| — |=— and f(3) =0.
f ( 2) 5 f3)

PIXI<1)=p-1<x<1)
1 1/2 1 6
= [ feode= [2xdv+ | J=(3=x)dx (using property of pdn
-1 0 1/2

el
25
If we use property of cdf,
1
PUXIS1)=P-1<x<1)=F(1)-F(-1)= 2—2

If we use the property of pdf,
12 36 g
P(13<X<4)= | 2xdx+ | —=GB—x)dx=—
( )= Javars [ LG -nde=
1/3 1/2
If we use the property of cdf,

P(3<X<4)= F(4)—F(%)

8
9

Example 16

If the RV k is uniformly distributed over (0, 5) what is the probability that the
roots of the equation 4x* + dkx + (k+2) =0 are real?
The RV kis U(0, 5).

pdf of k = %,0<k<5
P(Roots of 4x* + 4kx + k + 2 = 0 are real)
= P(Discriminant of the equation = 0)
=P(k*—k-220)=P[(k—2) (k+1)>0]
=Plk=2-landk=>2)or (k<2 and k <-1)]
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=P(k>2ork<-1)=P[(k=2) [since k takes values in (0, 5)]
5

= [ fidk ——(5 2)

[}

| W

Example 17

A point P is taken at random on a line AB of length 2a, all positions of the point
2

a
being equally likely. Find the probability that the product (AP X PB)>— .
2
Let AP =X.
PB=Q2a-X)
Slnce all positions of the point P are equally likely, X(= AP) is uniformly
distributed over (0, 2a).

1
pdfof X=—,0<x<2a
2a

2 2
P{APXPB>%} = P{X(Za—X)>%}

= P(2X* - 4aX + a* < 0)
=PHX—[1—%)5{}{X—(1+%Ja}<0}
[since the factors of (2x —4dax+a )arex—( _ﬁJ andx—[ Tja]

:P{[l_%)m«

(g Tj
= J. f(x)dx:L x =

i 2a 4]

(%) 2

Example 18

If the continuous RV, X represents the time of failure of a system that has been
put into operation at ¢ = 0, find the conditional density function of X, given
that the system has survived up to time ¢. Deduce the same when X follows an
exponential distribution with parameter A.
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The conditional distribution function of X, subject to the given condition, is
given by
<
fxIX>1) = PIX < xand X>1] [since unconditional F(x) = P(X < x)]

P(X>1)

_ P[t<X<x]

Plt < X <o
_F(x)-F()
1—F(1) forx >t

=0forx<t
Therefore, the conditional density function fix/X > t) is given by

fxIX>1) = %F(x/X >1)
f(x)

= . X
1-F()
For the exponential distribution with parameter A,

>t

X
fX) = 2e ™™ x>0,and F(x)= j/’Le‘“ de=1-e™
0

-AX
fxIX>1) = MT =Ae M) = f(x—1)
e

Example 19

If f(?) is the unconditional density of the time of failure of a system and A(¢) is the
hazard rate (or conditional failure rate or conditional density of 7, given T > f)
find f(¢) in terms of h(f). Deduce that T follows a Rayleigh distribution, when
h(t)=1t.

The conditional density of 7, given T > ¢ or the hazard rate, is given by A(f) =
AT >1)

__ S _ F
1-F@t) 1-F@)
t B t F/(t)
!;h(t)dt— { e dt

=[~log{l - F(N}],
=-log {1 - F(¢)} [since F(0) = P(T < 0) = 0 as the system
was put into operation at f = 0]

—jh(t)dt
Fy=1-¢0
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7j.h(t)dt
F(=h(t)x e ©

When A(f) =1t,

1l
~
X
Q
o

f0)

2
= te”"?  which is the pdf of a Raleigh distribution

Example 20

If a continuous RV X follows N(0, 2), find
P{1<X<2}and P{1<X<2/X2>1}

. . . . 1 —x2/8
X follows N(0, 2), the density function of which is f(x)=——=—=¢" '°, —oo
22w

<X < oo,
2

P{1<X<2} = [ f(x)dx

1

1
= f o(1)dt, putting ¢ = X
0.5 2

where ¢(7) is the standard normal density.

1 0.5
= Jodi = [ p(yar
0 0

=0.3413 - 0.1915 (from the normal tables)
=0.1498

<X< >
Pll<x<yx<i)= HdsXs2and X >1)
PX>1)

_ P{I<X<2)
P{1< X < oo}

0.1498

- 05
Jowdr— [ odi
0 0

0.1498

=——=0.4856
0.5-0.1915
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Part-A
1.

AN e

11.

12.

13.
14.
15.

16.

17.
18.

19.

20.

© o 0

Exercise 2(A) ]

(Short-answer Questions)
Define a RV with an example.
Define a discrete RV with an example.
Define a continuous RV and give an example for the same.
Distinguish between a discrete RV and a continuous RV.
Define the probability mass function of a discrete RV.
Write down the probability distribution of the outcome when 2 fair dice
are tossed.
Define the pdf of a continuous RV.
State the properties of the pdf of a continuous RV.
What is the probability curve of a continuous RV? Give an example.
Prove that it is almost impossible that a continuous RV assumes a
specific value. (OR) If X is a continuous RV prove that P(X = a) = 0.
If X represents the total number of heads obtained, when a fair coin is
tossed 5 times, find the probability distribution of X.
If the probability distribution of X is given as:

X: 1 2 3 4
pe 04 0.3 0.2 0.1

1 7
Find Pl—<X<—/X>1
in (2 ! j

Define the cdf of a RV. Explain how to find it for both kinds of RV.
Differentiate between the pdf and cdf of a RV.

State the properties of the cdf of a RV.
. lxl in-1<X<1
Verify whether f(x)=
0, elsewhere

can be the pdf of a continuous RV.
IF fix) = kxz, 0 < x <3, is to be a density function, find the value of k.
If the pdf of a RV X is given by

£l = 1/4 in-2<x<2
Y= 0, elsewhere
Find P{IXI>1}.
. , kxe™ x>0
Find the value of k, if f(x)=
0 elsewhere
is the pdf of a RV X.

If the pdf of a RV X is f(x)=§ in0<x<2, find P(X>1.5/X>1).
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21.

22.

23.
24.

25.

26.
27.

28.
29.
30.
31.
32.
33.
34.
35.

36.
37.

Part-B

38.

39.

40.

41.

42.

The RV X has the following probability distribution:

X: -2 -1 0 1

p: 04 k 0.2 0.3
Find k and the mean value of X.
If X represents the outcome of the toss of a 6 faced dice, find P(X < x) as
a function of x.
If the pdf of a RV X is f{x) = 2x, 0 < x < 1, find the cdf of X.
If the cdf of a RV Xis given by F(x) =1 - e*’lx, when x >0 and = 0, when
x <0, find the pdf of X.
If the cdf of a RV is given by F(x) =0, for x < 0; =x%/16 for 0 <x<4 and
=1, for4 <x, find P(X > 1/X < 3).
Define binomial distribution. What are its mean and variance?
Give the probability law of Poisson distribution and also its mean and
variance.
Define the exponential distribution.
If X follows an exponential distribution with parameter 1, find P(IX1 < 1).
Define Pascal distribution and define geometric distribution as a
particular case of Pascal distribution.
Write down the pdf’s of general normal distribution and standard normal
distribution.
Define Erlang distribution. Deduce Gamma distribution as a particular
case of Erlang distribution.
Deduce the pdf of an exponential distribution as a particular case of that
of Erlang distribution.
Give the pdf of Rayleigh distribution.
Define Maxwell distribution.
Write down the pdf of Laplace distribution.
Define Cauchy distribution.

Find the formula for the probability distribution of the number of heads,
when a fair coin is tossed 4 times.

A coin is known to come up heads 3 times as often as tails. This coin is
tossed 3 times. Write down the probability distribution of the number of
heads that appear and also the cdf. Make a sketch of both.

Consider the experiment of tossing a coin, the 2 events of the space
being occurrence of head of tail. Assign probabilities p and ¢ for head
and tail respectively and define a random variable X by X(%) = 1 and X(¢)
= (. Determine and plot the probability function f(x) and the distribution
function F(x).

Two dice are tossed. If X is the sum of the numbers shown up, find the
probability mass function of X.

Consider the experiment of tossing a fair coin 4 times. Define X =0, if 0
or 1 head appears; X = 1, if 2 heads appear; X = 2, if 3 or 4 heads appear.
Find the probability function, mean and variance of X.
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

A discrete RV X has the following probability distribution.

x: 0 1 2 3 4 5 6 7 8

px): a 3a S5a Ta 9a 1la 13a 15a 17a

Find the value of a, P(X < 3),variance and distribution function of X.
The probability distribution of a RV X is given below:

X 0 1 2 3

px): 0.1 0.3 0.5 0.1
If Y = X* + 2X, find the probability distribution, mean and variance of Y.
The probability mass function of a RV X is defined as
P(X=0)=3C% P(X=1)=4C—-10C*and P(X =2) = 5C — 1, where C >
Oand PX=r)=0,ifr£0, 1, 2.
(i) Find the value of C, (ii) Find P{0 < X < 2/X > 0}, (iii) the distribution

1
function of X, (iv) the largest value of X for which F(x) < 5 and (v) the

1
smallest value of X for which F(x) > 5 .

If the probability mass function of a RV Xis given by P(X =r) = kr’s r=
1, 2, 3, 4, find (i) the value of k (ii) P(1/2 < X 5/2/ X > 1), (iii) the mean
and variance of X, and (iv) the distribution function of X.
Find the values of a for which P(x =)= (1 - a)aj,j =0, 1,2, ..., represents
a probability mass function. Show also that for any 2 positive integers m
and n

P(X>m+n/X>m)=PX2=n).
If a discrete probability distribution is given by P(X = r) =k (1 —a)" " !,
O<ax<l,forr=1,2, .., o, find the value of k and also the mean and
variance of X.
If the probability distribution of a discrete RV X is given by P(X = x) =
ke@(1-¢Y "1, x=1,2, .., o, find the value of k and also the mean and
variance of X.
In a continuous distribution, the probability density is given by fix) =
kx(2 — x), 0 < x < 2. Find k, mean, variance and the distribution function.
The diameter of an electric cable X is a continuous RV with pdf fix) =
kx(1 —x),0<x<1.Find (1) the value of &, (ii) cdf of X, (iii) the value of
a such that P(X < a) =2P(X > a), and (iv) P(X < 1/2 /1 1/3 < X < 2/3).
X is a continuous RV with pdf given by fix) = kx, in 0 < x < 2; =2k, in
2 <x <4, and = 6k — kx, in 4 < x < 6. Find the value of k and F(x).

The continuous RV X has pdf f(x) =%,O <x<2. Two independent

determinations of X are made. What is the probability that both these
determinations will be greater than 1? If 3 independent determinations
had been made, what is the probability that exactly 2 of these are larger
than 1?
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54.

55.

56.

57.

58.

59.

60.

61.

62.

A continuous RVX that can assume values between x = 2 and x = 5 has
a density function given by fix) = 2(1 + x)/27. Find P(3 < X < 4).

A continuous RV has the pdf fix) = kx*, —1 < x < 0. Find the value of k
and also P(X >—1/2/ X < - 1/4).

Suppose that the life length of a certain radio tube (in hours) is a

continuous RV X with pdf f(x)= @ x>100 and =0, elsewhere.
x

(i) What is the probability that a tube will last less than 200 £, if it is
known that the tube is still functioning after 150 / of service?
(ii)) What is the probability that if 3 such tubes are installed in a set,
exactly 1 will have to be replaced after 150 & of service?
(iii)) What is the maximum number of tubes that may be inserted into
a set so that there is a probability of 0.1 that after 150 & of service
all of them are still functioning?

1
If the cdf of a continuous RV X is given by F(x) =Eekx, x <0, and
1
F(x)=1- Ee_kx , x>0, find P(Ixl < 1/k). Prove that the density function

of Xis f(x)= ge*k')" —o0 < X < oo, given that k > 0.

If the distribution function of a continuous RV X is given by F(x) = 0,
when x < 0; =x, when 0 < x <1 and = 1, when 1 < x, find the pdf of X.
Also find P(1/3 < X < 1/2) and P(1/2 < X < 2) using the cdf of X.
A point is chosen on a line of length a at random. What is the probability
that the ratio of the shorter to the longer segment is less than 1/4?
If the RV &k is uniformly distributed over (1, 7) what is the probability
that the roots of the equation X+ 2kx + (2k + 3) = 0 are real?
If f(¢) is the unconditional density of time to failure T of a system and
h(t) is the conditional density of 7, given T > ¢, find h(¢) when (i) f(¥) =
e and (i) f(r) = A% te™™ > 0. Prove also that h(?) is not a density
function.
If the continuous RV X follows N(1000, 20), find

(i) P(X<1024), (ii)) P(X < 1024/X > 961) and

(i) PG31<+/X <32).

Two-Dimensional Random Variables

So far we have considered only the one-dimensional RV, i.e., we have considered
such random experiments, the outcome of which had only one characteristic and
hence, was assigned a single real value. In many situations, we will be interested
in recording two or more characteristics (numerically) of the outcome of a
random experiment. For example, both voltage and current might be of interest
in a certain experiment.
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Definitions: Let S be the sample space associated with a random experiment E.
Let X = X(s) and Y = Y(s) be two functions each assigning a real number to each
outcomes s € S. Then (X, Y) is called a two-dimensional random variable.

If the possible values of (X, Y) are finite or countably infinite, (X, Y) is called
a two-dimensional discrete RV. When (X, Y) is a two-dimensional discrete RV
the possible values of (X, ¥) may be represented as (x;, yj), i=1,2,...m,..;j=
1,2, ..,m, ...

If (X, Y) can assume all values in a specified region R in the xy-plane, (X, Y) is
called a two-dimensional continuous RV.

Probability Function of (X, Y)

If (X, ) is a two-dimensional discrete RV such that P(x = x;, y = y;) = p;;, then p;;
is called the probability mass function or simply the probability function of (X,
Y) provided the following conditions are satisfied.

() p;=20,foralliand;

(i) 3 Y p, =1
J o1
The sets of triples {x;, Vjs pl-j}, i=1,2,..,m,..,j=1,2, .. n,..,is called the
Jjoint probability distribution of (X, Y).
Joint Probability Density Function

If (X, Y) is a two-dimensional continuous RV such that
dx dx dy dy .
P x—;SXSx+7andy—7£YSy+7 = f(x,y)dxdy, then f(x, y) is

called the joint pdf of (X, Y), provided f(x, y) satisfies the following conditions.
(1) fix,y)=0, for all (x, y) € R, where R is the range space.

@) [ffery)dedy=1.
R
Moreover, if D is a subspace of the range space R, P{(X, Y) € D} is defined as
P{(X,Y)e D} = [[ f(x.y)dxdy. In particular
D

db
Pla<X<b,c<Y<d) = [[f(x.y)drdy
Cumulative Distribution Function

If (X, Y) is a two-dimensional RV (discrete or continuous), then F(x, y) = P{X <
x and Y <y} is called the cdf of (X, Y).
In the discrete case,

R =S,
joi
ijyxin
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In the continuous case,

Flx,y) = JV' Tf(x, y)dxdy

—o0 —co

Properties of F(x, y)
(i) F(—o0,y) =0 = F(x, —o0) and F(co, o0) = 1
(i) Pla<X<b,Y<y}=F(b,y)-F(a,y)
(1)) P{X<x,c<Y<d}=F(x,d)-F(x,c)
@(iv) Pla<X<b,c<Y<d}=Fb,d) —F(a,d)—F(b,c)+ F(a,c)
(iv) At points of continuity of f(x, y)
a2
dxdy

=f(x,y)

Marginal Probability Distribution
PX=x)=P{X=x;and Y=y;)or (X=x;and Y =y,) or etc.}
=piytpbpt..= zpij
J

PX=x)= z p; is called the marginal probability function of X. It is defined

J
for X = xy, x,, ... and denoted as P;.. The collection of pairs {x;, p;«},i=1, 2, 3,
... is called the marginal probability distribution of X.
Similarly the collection of pairs {y;, p«;}, j =1, 2, 3, ... is called the marginal

probability distribution of Y, where p.; Z =P¥ =y,).
In the continuous case,

P{x—%deXﬁx+%dx,—oo<Y<oo}

1
x+—dx
e )

[ ] reeydxdy

—oco

—_

x——dx
2

{ _[ f(x, y)dy}dx [since fix, y) may be treated a constant in
(x=1/2dx, x + 1/2 dx)]

—oo

:fX(x) dx’ Say

fx(x)= j f(x, y)dy is called the marginal density of X.

—oo

Similarly, f, (y)= J f(x, y)dx is called the marginal density of Y.

—oo
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| Note | Pa<X<b)=Pa<X<h—oo<Y<oo)

o b
[ ] 7, pdedy

—co g

Al b
J[f f(X’J)@}dXZfo(X)dx

a

—oo

d
Similarty, Pe<Y<d) = [ f()dy

Conditional Probability Distribution

P{sziYZY_,'} Py . .. e
PX=x/Y=y)= =—— is called the conditional probability
P{Y = Yj} P+

Junction of X, given that Y = y,.

The collection of pairs, {xi, Py }i: 1,2,3,..., is called the conditional prob-
D+

ability distribution of X, given Y = y,.

Similarly, the collection of pairs, Vs Pi } j=1,2,3,..., is called the conditional

%
probability distribution of Y, given X; = x;. In the continuous case,
1 1
P{x—adeX<x+5dx/Y=y}

=P x—ldeXSx+ldx/Y—ldySYSy+ldy
2 2 2 2

f(x y)drdy _ {f(x,y)} @
Jy(ndy Fr )

f(x, )

) is called the conditional density of X, given Y, and is denoted by f(x/y).
y

f(x, )

) is called the conditional density of Y, given X, and is denoted
x\y

Similarly,

by f(y/x).
Independent RVs
If (X, Y) is atwo-dimensional discrete RV such that P{X = x/Y =y} = P(X=x)), i.e.,

Py = Pis»1.6., p;i=pp X p+; forall i, j then X and Y are said to be independent RV's.
D+
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Similarly, if (X, ¥) is a two-dimensional continuous RV such that f{x, y) = fy(x) x
Jfy(), then X and Y are said to be independent RVs.

Random Vectors

Sometimes we may have to be concerned with random experiments whose
outcomes will have three or more simultaneous numerical characteristics. To study
the outcomes of such random experiments we require knowledge of n-dimensional
random variables or random vectors. For example, the location of a space
vehicle in a cartesian co-ordinate system is a three-dimensional random vector.

Most of the concepts introduced above for the two-dimensional case can be
extended to the n-dimensional one.
Definitions: A vector X: [X|, X,, ..., X,,] whose components X; are RVs is called
a random vector. (X, X,, ..., X,) can assume all values in some region R, of the
n-dimensional space. R, is called the range space.

The joint distribution function of (X;, X,, ..., X,) is defined as F(x,, x,, ..., x,)
=P[X,<x,X,<x,, ..., X,<x,]

The joint pdf of [X;, X,, ..., X,,] is defined as f(x,, x,, ..., X,,)

_ 0"F(x, x,0x,)
0x, - 0x, -+ OX,
1) flxg, xy, .., x,) 20, for all (xy, x,, ..., X,,)

Q) [[ ] £ 1y x,)drydy, .o dy, =1

R

n

i) PIX), Xy .o X,) € D] = [ [ f(x1 Xy, ) dxydxy . dx, where D is
D

and satisfies the following conditions.

a subset of the range space R,,.
The marginal pdf of any subset of the n RVs X, X,, ..., X, is obtained by
“integrating out” the variables not in the subset. For example, if n = 3, then

fx, (x) = f J f(x;, x5, x3)dx, dx; is the marginal pdf of the one-dimensional

—o0—o00

RV X, and f, ., (x.%)= [ f(x,x,2;)dx; is the marginal joint pdf of the two-

dimensional RV (X, X,). The concept of independent RVs is also extended in a
natural way. The RVs (X, X,, ..., X,,) are said to be independent, if f(x,, x,, ..., x,,)
= f () fi, () fi (35,).
The conditional density functions are defined as in the following examples.
Ifn=3,

Flxx, fy) = L0220 %)

fx3 (x3)

and
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S (X, %0, %5)

F Ixyxy) =
e fx2,x3 (x5,%3)

Worked Example 2(B) ]

Example 1

Three balls are drawn at random without replacement from a box containing 2
white, 3 red and 4 black balls. If X denotes the number of white balls drawn and
Y denotes the number of red balls drawn, find the joint probability distribution
of (X, Y).

As there are only 2 white balls in the box, X can take the values 0, 1 and 2 and
Y can take the values 0, 1, 2 and 3.

P(X =0, Y=0) = P(drawing 3 balls none of which is white or red)
= P(all the 3 balls drawn are black)

1
=4C,19C, =

P(X=0,Y=1)=P(drawing 1 red and 2 black balls)

_ 3G x4C, _ 3
9C, 14
3C, x4C, 1

1
Similarly, P(X =0, Y =2) = = P(X=0,Y=3)= o

9¢, 7

1 2 1
PX=1,Y=0=—PX=LY=1)=—P(X=1,Y=2)=—;
( ) - ( ) - ( ) 1
P(X =1, Y=3) =0 (since only 3 balls are drawn)

1 1
PX=2,Y=0=—;PX=2,Y=1)=—;P(X=2,Y=2)=0;
( ) o1 ( ) >3 ( )
PX=2,Y=3)=0

The joint probability distribution of (X, ¥) may be represented in the form of a
table as given below:

Y
X 0 1 2 3
1 3 1 1
0 —_ —_ J— _
21 14 7 84
1 1 2 |,
7 7 14
2 L L 0 0
21 28
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Sum of all the cell probabilities = 1. |

Example 2

For the bivariate probability distribution of (X, Y) given below, find P(X < 1),
P(Y<3),PX<1,Y<3),PX<1/YL3),P(Y<3/X<1)and PX + Y < 4).

X Yo 2 3 4 5 6

0 0 0 132 | 2/32 | 2/32 | 3/32
1 1716 | 1/16 | 1/8 1/8 1/8 1/8
2 132 | 1732 | 1/64 | 1/64 0 2/64

PX<1) =PX=0)+PX=1)

6 6
= YPX=0Y=j)+YPX=LY=))

j=1 j=1

1 2 2 3 1 r 1 1 1 1
=[04+0+—+—+—+—|+| —+—+—+—+—+—
32 32 32 32 16 16 8 8 8 8

P(Y<3) =P(Y=1)+P(Y=2) + P(Y = 3)

2 2 2
=Y PX=iY=D+Y P(X=iY=2)+Y P(X=i,Y=3)
i=0 i=0 i=0

11 1 3 I 1 1
=(0+—+— |+ 0+—+—2|+|+=+—
16 32 16 32 32 8 64

3 3 11 23
+—+—=

T332 64 64

3 3
P(X<1,Y<3) = Y P(X=0,Y=))+Y PX=LY=))
Jj=1 j=1
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1 1 1 1 9

0+0+— |[+| —+—+—|=—

32 16 16 8 32
P(XSLYS3) 9/32 18
P(Y <£3) T 23/64 23

PX<1/Y<3)

< <
Py<ax<ly = PESLY<I 9732 9

P(X<1l)  7/8 28
4 3 2
PX+Y<4) = YP(X=0,Y=/j)+) PX=1LY=j+> PX=2Y=))
j=1 Jj=1 Jj=1
3.1 1 13

= —4—F+—=—
32 4 16 32

Example 3

The joint probability mass function of (X, Y) is given by p(x, y) = k(2x + 3y), x =
0,1,2;y=1,2, 3. Find all the marginal and conditional probability distributions.
Also find the probability distribution of (X + ).

The joint probability distribution of (X, Y) is given below. The relevant
probabilities have been computed by using the given law.

Y
X
1 2 3
0 3k 6k 9k
1 Sk 8k 11k
2 Tk 10k 13k
32
> Z plx;, y;)=
j=1i=0
i.e., the sum of all the probabilities in the table is equal to 1.
ie,72k=1.
1
k=—

72
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Marginal Probability Distribution of X: {i, p,}

3
X=i Pix = Zpij
j=1
18
0 Po1 T Pox T Po3 = 7_2
24
1 P11+P12+P13=7_2
30
2 Dyt D+ P23 = oy
Total = 1

Marginal Probability Distribution of Y: {j, p*i}

2
y=j Py =20y
i=0

15/27

24/72

33/72
Total = 1

Conditional distribution of X, given Y = 1, is given by {i, P(X = i/Y = 1)} =
(i, P X=0i,Y=1/P(Y=1)} ={i,py/p«1} =0, 1, 2.
The tabular representation is given below:

X=i PirlPx
0 3k/15k = l
~5
1 5k/15k = l
3
2 Tk/15k = l
15
Total = 1
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The other conditional distributions are given below:

C.P.D.of X, given Y =2 C.P.D.of X, given Y =3
X=i PP+ X=i Pis/P+3

. ok 1 . Sk _3

24k 4 33k 11

1 81 | e _1
24k 3 33k 3

10k 5 13k 13

2 —=— 2 —=—

24k 12 33k 33

Total = 1 Total = 1
C.PD.of Y, given X =0 C.PD.of Y, givenX =1
Y=j PojlPo- Y=j PP

1 3k _1 1 kS

18k 6 24k 24

) ok _1 ) 8k _1
18k 3 24k 3

9% 1 11t 11

3 —=— 3 — =

18k 2 24k 24

Total = 1 Total = 1

C.P.D.of Y, given X =2

Y=j Pz/Pz*
| Tk T
30k 30
) 10k _1
30k 3
\ 13k _13
30k 30

Total = 1
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Probability distribution of (X + Y)
X+Y) P
| _3
pOl - 72
> by = At
PptPu= 77
3 + + = %
Po3 T P2t P21 = 77
4 21
+ = —
P13t P2 72
S 1
p23 - 72
Total = 1
Example 4

A machine is used for a particular job in the forenoon and for a different job
in the afternoon. The joint probability distribution of (X, Y), where X and Y
represent the number of times the machine breaks down in the forenoon and in
the afternoon respectively, is given in the following table. Examine if X and Y are
independent RVs.

X and Y are independent, if P x P.; = P;; for all i and j. So, let us find Py X Py;

for all i and j.

Now,

Y
X 0 1 2
0 0.1 0.04 0.06
1 0.2 0.08 0.12
2 0.2 0.08 0.12

Po*XP*]=0.2X0.2:O.04:P01
Pyx Py =0.2% 0.3 =0.06 = Py,

Similarly, we can verify that

Py = 0.1+0.04 +0.06 = 0.2; Py = 0.4; Py = 0.4
Puy=0.5; P.y = 0.2; Py = 0.3

P1s X Pig = Pyg; P1s X Py = P P X Pigy = Pry;
Pai X Pug = Pogs Pyx X Puy = Py Pos X Pay = Py
Hence, the RVs X and Y are independent.
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Example 5

2
The joint pdf of a two-dimensional RV (X, Y) is given by f(x, y) = xy* +x—,
0<x<2,0<y<1. 8

1
Compute P(X < 1), P(Y < 5) ,P(X > 1/Y < 1/2)
1
P(Y<5/X>1) ,PX<Y)and PX + Y <1).

Here, the rectangular defined by 0 <x <2, 0 <y <1 is the range space R. R, R,,
., are event spaces.

12
19
@ PX>1=] j fGrydxedy = [[| xy? +— dxdy——
) 24
(x>1)
y
R4
0 X
Fig. 2.1

2

(b) PX<2)= I[xy2+%]dxdy
R,
(<)
/122 5 X2 1
e

—_

Ry

Fig. 2.2
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2
© PX>1LY<l2)= | [xy2+%]dxdy

R,

1
>1 & y<—
(" yzj

1722 2

2 X 5
= +— |dxdy = —
[l o=

y
Rs
o) X
Fig. 2.3
1
1 P(X>1’Y<2) 5/24 5
(d P(X>1/Y<5) = 1 =
PlY<—
[r<3)
1
Pl X>1Y<—
( 2)_ 5/24 5

© Plr<iixsi]= = =
2 P(x>1) 19/24 19

2

- 2 X

(f) PX<Y)= 1{4 j[xy + 8]dxdy
(x<y)

Ly 2
.0 8 480

<

Fig. 2.4
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2
@ PX+Y<h= | J[xy%%]dxdy

Rs
(x+y<1)

11-y

j | (xy +—dedy—%

x+y=1
Rs

Fig. 2.5

Example 6
If the joint pdf of the RV (X, Y) is given by flx, y)

1
= o3 oxP (=(* +yD)I2 07}, — 00 < x, y < oo, find P(X* + Y> < d).
o

Here, the entire xy-plane is the range space R and the event space D is the

interior of the circle x* + y2 =a.
PX+YV<a)= [[ flxy)dedy

x2+y2Sa2
Transform from Cartesian system to polar system, i.e., putx =rcos 8and y =r
sin 6.

Then dx dy = rdrd®.

The domain of integration becomes r < a.
2w a

J. J 15 120" L4rd@
nG

Then P(X? + Y < d°)

— 2_J‘(_e—r2/20'2 )g de
T

1 R 2052 21562
2—j(1—e‘“ o)df = 1-e /%
T

e
W

Fig. 2.6




Random Variables 2.37

Example 7

A gun is aimed at a certain point (origin of the coordinate system). Because of
the random factors, the actual hit point can be any point (X, Y) in a circle of radius
R about the origin. Assume that the joint density of X and Y is constant in this
circle given by
Jfxy(x, y) =c¢, for O+ y2 <R
=0, otherwise
(a) Compute c, and (b) show that

2
F@ =2 J1-[X) for-R<x<R
TR R

=0, otherwise.
Here, the range space is the interior of the circle x* + y* = R>. By the property of
joint pdf.
” f(x, y)dxdy =1

x* +y2 <R

ie., J'J' cdxdy=1
x2+y2SR
Changing over to polar coordinates, we have
2 R
_[ _[crdr dé=1

00
1

R?

Cc=

=

We have defined earlier that fy(x)= j fCo, p)dy . This definition holds good if

the range space is the entire xy-plane. If the mng;o}pﬂfe is different from the entire xy-plane
() 7s given by j fCoe, 9)dy , for which the limits are fixed as follows: Draw an arbitrary
line parallel to y-axis (since x is to be treated as a constant). The y-coordinates of the ends of
the segment of such a line that lies within the range space are the required limits. These limits
will be either constants or functions of x.

Q
Fig. 2.7

The point A = {x,—VR?> — x*}
and the point B = {x, VR* = x*}
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ez
Now o= | ——dy

TR

2

2 2

pbe L 1—(%) ~R<x<R
T T

W henever we are required to find the marginal and conditional density functions, the
ranges of the concerned variables should also be specified.

Example 8

The joint pdf of the RV (X, Y) is given by f(x, y) = kxye ™ ") x>0, y > 0. Find
the value of k and prove also that X and Y are independent.

Here, the range space is the entire first quadrant of the xy-plane.

By the property of the joint pdf

H kxy e ) dxdy=1

x>0,y>0
ie., kj yefy2 dyJ. xe ™ dx=1
0 0
ie., E =1
4
k =4
7 2 2 2
Now, fx(x) = J4x e’ Xye dy=2xe " ,x>0
0

Similarly,  f,(y) = 2ye™",y>0
Now  fuld) xf(y) = daye ) = f(x, y)
.. the RVs x and y are independent.

@ If flx, y) can be factorised as f;(x) X fo(y) then X and Y will be independent.

Example 9
Given fyy(x, y) =cx (x —y), 0 <x <2, —x <,y <x, and 0 elsewhere, (a) evaluate c,

(b) find fy(x), (c) fxy(¥/x), and (d) fy(y).

y B
t
D)
0 X
PN X=2
N
A
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Here, the range space is the area within the triangle OAB (shown in the figure),
defined by 0<x<2and -x <y <x.
(a) By the property of j pdf,

J.J‘ cx(x—y)dxdy =1

AOAB
2 x
J‘ J cx(x—y)dydx =1
0—x
ie., 8c=1
1
c=—
8

0) 0= [ xe-ndy

—X
3
X,
:T,ln0<x<2

(x—y),—x<y<x

fly) 1
Jx) = LY
© fxO/x) Fo 2

2
@ o= I%x(x—y)dx,in—2£y£0

-y

2
= J.%x(x—y)dx,inOSyS2

1
——X+iy3, in-2<y<0

e ) = ? 4 48
Y 3.
——=+—y°, in0<y<?2
3 4 48”7 Y
Example 10

Train X arrives at a station at random in the time interval (0, T) and stops for ‘a’
min. Train Y arrives independently in the same interval and stops for ‘b’ min.

(a) Find the probability P, that X will arrive before Y.

(b) Find the probability P, that the two trains meet.

(c) Assuming that they meet, find the probability P; that X arrived before Y.

Let the trains X and Y arrive at the station at time instances X and Y
respectively.

Then the lengths of the intervals (0, X) and (0, Y), namely X and Y are
continuous RVs. Each of X and Y is uniformly distributed in (0, 7) (since the

1
times of arrival are equally likely) with pdf T
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Since the 2 trains arrive independently, X and Y are independent RVs.
.. the joint pdf of (X, Y) is given by

A y) = £ X i) = T—lz;os xy<T

The range space is the square defined by 0<x<Tand0<y<T.
@ P =PX<V= [[ f(x,y)dxdy

X<y
(AOBC)
y
G
c B
E
2
+,A+,A/(o
F +
’ X
O b D A
Fig. 2.9

[ dxdy= i x Area of AOBC
AOBC T

Tz
1

)
(b) If train X arrives first, the two trains will meet if Y < X + a.
If train Y arrives first, the two trains will meet if X < Y + b.

.. for the two trains to meet, —a < X - Y <b.

Py=P(a<X-Y<by= [[ flxy)dedy
—as<x—y<b

(ODEBGFO)

= Lz x Area of the figure ODEBGFO
T

Lz x (Area of trapezium ODEB + that of OBGF)
T

%[ f{(T b2 + T2} + ; é{(T—a)ﬁnﬁ}}

}

2 _bZ)}
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(c) P;=P{X<Y-a<X-Y<b}
P[X<Yand—a<X-Y <b]
P(—a<X-Y<b)

% X Area of trapezium OBGF
T

P2
a2T —a)
2(a+b)T —(a*> +b?)

Example 11

Two trains arrive at a station at random between 7 a.m. and 7:30 a.m. One train
stops for 5 min and the other for x min. For what value of x, will be probability

1
that the 2 trains meet be equal to 3 ?

In the notation of the previous problem,

T=30,a=5,b=xand P, =%
%{2(a+b)T—(az +b)) =1
2T 3
ie., L{60(x+5)—(x2+25)}=l
1800 3
ie., X —60x +325=0

Solving, x = 53.98 (or) 6.02
As x =53.98 is meaningless, x = 6 min (nearly).

Example 12

The two-dimensional RV (X, Y) follows a bivariate normal distribution N(0, 0;
0O,, O,; r). Find the marginal density function of X and the conditional density
function of Y, given X.

The notation N(0, 0; o,, Oy; r) refers to a bivariate normal distribution with
mean of X = mean of Y =0, variance of X = O'XZ, variance of Y = Gyz, and the co-
efficient of correlation between X and Y =r.

The joint pdf of such a brivariate normal distribution is given by

1 1 X 2rxy y2
fley)=—————expl - | Ty 2
2n6,0,\1-1 21-r’)\ 07 0.0, o)

—co< X, y< oo
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The marginal density function of X is given by

o) = [ fex dy

—oo

2
7 1 y orx
=Aflexpi-———| - Ix
J P 2077 {o c J

. where A !
exp| — |dy, where A=——F——
20; 2n0,0,N1-1"

— 2 <
= ACXP[Z%JX\/EO-V\II—}FZ '[g_l2dta
(O : e

by putting ;[L - KJ =1,
O-y

2
! exp[zx J\/acy\/l—rz\/;
o

27rcrxo'y\/1 - :

X

2
—X

= ex
o 27 p(Zc)'f,

which is the density function of a normal distribution N(0, ).

J,—oo<x<oo

The conditional density function of Y given X is given by f (l) = fxy)
X i X (x)
1 exp -1 i _ 2rxy N i
f(y) 2n0 .0 N1-71 21-r){ 07 0.0, o
= | = = 3
X -x

——€X
o2 20,

2
y* =2r—xy+ 2y

1 1 c r’c
= expq —
\/ﬂ(gy\h %) 265(1—}’2) o, o
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1 1 ( ro),xj
Vare =) | 2o 1-2f U o

which is the density function of a normal distribution

ro,
N[—yx, 0'\,\/1—;"2)
o, -

[ Exercise 2(B) ]

Part-A  (Short-answer Questions)

1.

Nk W

.0\

10.

11.

12.

13.

14.

15.

Define a two-dimensional RV. Give an example for the outcome of a
random experiment, that is a two-dimensional RV.

Define the joint pmf of a two-dimensional discrete RV.

Define the joint pdf of a two-dimensional continuous RV.

Write down the joint pdf of a bivariate normal distribution.

Define the cdf of a two-dimensional RV and write down the formulas
for, finding the cdf of (X, Y), when (X, Y) is (i) a discrete RV, and (ii) a
continuous RV.

State the properties of the cdf of a two-dimensional RV (X, Y).

Define the marginal probability distributions of X and ¥, when (X, Y) is
a discrete RV.

Define the marginal probability density functions of X and Y, when (X,
Y) is a continuous RV.

Define independence of 2 RVs X and Y, both in the discrete case and in
the continuous case.

Define the conditional probability distributions of X and Y, given Y and
X respectively, when (X, Y) is a discrete RV.

Define the conditional probability density functions of X and Y given Y
and X respectively, when (X, Y) is a continuous RV.

Find the probability distribution of (X + Y) from the bivariate distribution
of (X, Y) given below.

Y
X
1 2
1 0.1 0.2
2 0.3 04

Find the marginal distributions of X and Y from the bivariate distribution
of (X, Y) given in Q.12.

Find the conditional distribution of X, when Y = 1, from the bivariate
distribution of (X, Y) given in Q.12.

Find the value of k, if f(x, y) = k(1 —x) (1 —y),forO<x,y<1,istobe a
joint density function.
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16.

17.
18.
19.

20.
21.

Part-B
22.

23.

M S5 ) shoutd not be mistaken as pdjf, it is nsed instead of p(x; y)).

Iffix,y)=k(l1-x-y),0<x,y< % , s a joint density function, find k.

If the joint pdf of (X, Y) is fix, y) = i, 0<x,y<2,find PX+Y<1).

If the joint pdf of (X, Y) is fix, y) = 6¢ > ">, x>0, y >0, find the marginal
density of X and conditional density of Y given X.

The j pdf of (X, Y) is given by fix, y) = ¢ ", 0 < x, y < oo. Are X and Y
independent? Why?

Define a random vector with an example.

Define the joint density and distribution functions of an n-dimensional
RV. How are they related?

If X denotes the number of aces and Y the number of queens obtained
when 2 cards are drawn at random (without replacement) from a deck of
cards, obtain the joint probability distribution of (X, Y).

The joint probability function of two discrete RVs and X and Y is given
by fix, y) = ¢(2x + y), where x and y can assume all integers such that 0 <
x<2and 0 <y <3, and f{x, y) = 0 otherwise. (i) Find the value of ¢ and
(i) find P(X > 1, Y < 2).

24.

25.

26.

The joint probability distribution of a two-dimensional discrete RV (X, Y)
is given below:

X
Y
0 1 2 3 4 5
0 0 0.01 0.03 0.05 0.07 0.09
1 0.01 0.02 0.04 | 0.05 0.06 0.08
2 0.01 0.03 0.05 0.05 0.05 0.06
3 0.01 0.02 0.04 | 0.06 0.06 0.05

(i) Find P(X > Y) and P{max(X, Y) =3}, and

(i1)  Find the probability distribution of the RV Z = min (X, Y).

The input to a binary communication system, denoted by a RV X, takes

one of two values 0 or 1 with probabilities 3/4 and 1/4 respectively.

Because of errors caused by noise in the system, the output Y differs from

the input occasionally. The behaviour of the communication system is

modeled by the conditional probabilities given below:
PY=1/X=1)=3/4and P(Y=0/X=0)=7/8

Find (i) P(Y = 1), (ii) P(Y = 0), and (iii)) P(X = 1/Y = 1).

The following table represents the joint probability distribution of the

discrete RV (X, Y). Find all the marginal and conditional distributions.
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27.

28.

29.

30.

31.

32.

33.

X
Y
1 2 3
172 1/6 0
2 0 1/9 1/5
1/18 1/4 2/15
. s L X +x,
The joint distribution of X, and X, is given by f(x,,x,)= 1

x;=1,2and 3: x, = 1 and 2. find the marginal distribution of X, and X,.
If the joint pdf of a two-dimensional RV (X, Y) is given by

flx,y) = x2+%;0<x<1,0<y<2

=0, elsewhere
1
find (i) P(X > 5] , (i1) P(Y < X), and (iii) P(Y < %/X < %) .

If the joint pdf of a two-dimensional RV (X, Y) is given by
o, y)=k(6-x-y);0<x<2,2<y<4
=0, elsewhere

find (i) the value of k, (ii) P(X< 1, Y < 3), (iii) P(X + Y < 3), and (iv) P(X< 1/
Y<3).

The joint density function of the RVs X and Y is given by
S, y)=8xy; 0<x<1,0<y<x
=0, elsewhere,

find P Y<1/X<l .
8 2

Given that the joint pdf of (X, Y) is
fe,y)=e;x>0,y>x
= 0, otherwise
Find (i) P(X > 1/Y < 5), and (ii) the marginal distributions of X and Y.
If the joint pdf of a two-dimensional RV (X, Y) is given by
fix,y)=2;0<x<1,0<y<x
=0, otherwise

find the marginal density functions of X and Y.
If the joint pdf of (X, Y) is given by fix, y) =k, 0 <x <y <2, find k and
also the marginal and conditional density functions.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

The joint density function of a RV (X, Y) is fix, y) =8xy,0<x<1,0<y
< x, find the conditional density function f{y/x).

The joint density function of a RV (X, Y) is given by fix, y) = axy, 1 <x
<3,2<y<4, and =0, elsewhere.

Find (i) the value of a, (ii) the marginal densities of X and Y, and (iii) the
conditional densities of X and Y, given Y and X respectively.

Let X, and X, be two RV with joint pdf given by f(x;, x,) = ¢ ") ; x|,
x5 2 0 and = 0, otherwise. Find the marginal densities of X; and X,. Are
they independent? Also find P[X, <1, X, <1]and P(X; + X, < 1).

The joint pdf of the RVs X and Y is given by p(x, y) = xe*** D where 0
<X,y <eo. (i) Find p(x) and p(y), and (ii) Are the RVs independent?

If the joint pdf of the RV (X, Y) is given by f(x, y) = k(x’y + xy°), 0 S x <
2,0<y<?2, find (i) the value of k, (ii) the marginal densities of X and Y,
and (iii) the conditional densities of X and Y.

If the joint pdf of (X, Y) is given by

Flxy)= 9(A+x+y)

=—— — 7 x>0y>0
20+ 0 1+ y)* Y

Find the marginal densities of X and Y. Are they independent?
Trains X and Y arrive at a station at random between 8§ A.M. and 8.20
A.M. Train A stops for 4 min and train B stops for 5 min. Assuming that
the trains arrive independently of each other, find the probability that
(1) X will arrive before Y, (ii) the trains will meet, and (iii) X arrived
before Y, assuming that they met.
If the two-dimensional RV (X, Y) follows a bivariate normal distribution
N, 0; o, 0y} r), find the marginal density function of Y and the
conditional density function of X, given Y.
The two-dimensional RV (X, Y) has the joint density

Jix,y) =8xy,0<x<y<1

=0, otherwise

(i) Find PX<12nY<1/4),
(i) Find the marginal and conditional distributions, and
(iii)) Are X and Y independent? Give reasons for your answer.

ANSWERS

Exercise 2(A)

6.

Assign the values 0, 1, 2 to X, when the outcome consists of 2 tails,
I tail and 1 head and 2 heads respectively. Then the required probability
distribution of X is
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11.

12.

16.

17.

18.

19.

20.

X: 0 1 2
. 1 1 1
P 4 2 4

e—(x—,u)2/20'2 ’

Example: y= — o0 < X < oo, is the equation of the

o~\2r

normal curve, viz., the probability curve of the normal distribution.
X: 0 1 2 3 4 5

. 1 5 10 10 5 1
PP o ;o o om

P{(;<X<;jm(X>1)}
Required probability =
P(X>1)

_ P(X=2or3) _E_S

T P(X=230r4) 06 6
1 1
f(x)zo;j|x|dx=2jxdx=1
-1 0

f(x) can be the pdf of continuous RV.
3
[k dx =19k =1
0
k=t
9
1
P{|X|>1}=1—P{|X|<1}=1—Jldx=l
c 4 2

]kae_xdle;
0

k[x(=e ") =1x(e )]y =1
k=1

)C2 2
P(X>15) [415 7
p(X>1) _( 2J2 12

Required probability =

X
4
1
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21. 2P, =1..k=01EX)=-08-0.1+0+0.3=-0.6
22. The probability distribution of X is
X: 1 2 3 4

@)}

5

1 1 1 1 1 1

Py - - - - - -
6 6 6 6 6 6
Fx)=PX<x)=0,ifx< 1;= é,ifleSZ;

= gif2Sx<3;=§,if3Sx<4;=i,if4£x<5;
6 6 6

=%,if5£x<6 and=1,if6<x

23. Whenx<0, F(x) <0; when 0 <x < 1,F(x):x2, when 1 <x, F(x) = 1.

2. fx)= fl_F — Je~**, when x>0 and = 0 when x < 0.
X

25. PX>1/X<3)
9 1
_ P(1<X<3) FQ3)-F1) 16 16 _38
"~ P(0<X<3) FB)-FQO) E 9
16
26. For the binomial distribution B(n, p), mean = np and variance = npq.
27. Mean = variance = A for the Poisson distribution with parameter A.
29. P(IXI<1)=P(-1<X<1)

J. “dy =S

Part-B
1 4
38. P(X=r)=4C,(5) ,r=0,1,2,3,4

1 9 27 27
39. PX=0)=—,PX=1)=—,PX=2)=—,P(X=3)=—
( ) 64 ( ) 64 ( ) 64 ( ) 64

40. PX=0)=¢q,PX=1)=p;whenx<0, F(x)=0; when0<x <1, F(x) =
g;when1<x, Fx)=g+p=1

-1
41. P(X=r)=p(X=14—r)=%,r=2,3,4,5,6,7

5 6 5 5
42. PX=0)=—P(X=1)=—,P(X=2)=—EX)=LV(X)==
( V=1 PX=D=1F V=1 EX X)=13



Random Variables 2.49

43.

44,

45.

46,

47.
48.

49.
50.

51.

52.

53.

54.

55.

a :%;P(X <3)=é;V(X)=4.4719; F()=0inx<0, F(x)zéin

0<x<l, F(x)=iin 1<x<2, F(x)=2in 2<x<3etc. F(x)=ﬁin
81 81 81

T7<x<8and F(x)=1in 8 < x.
PY=0)=0.1;P(Y=3)=03; P(Y=8)=0.5;, P(Y=15)=0.1; E(Y) =

6.4; V(Y) = 16.24.
12 2
C:%;p:E;F(x)=0,whenx<O;:—,when0£x<1;=—8,
7 37 49 49
when1<x<2and=1,when2<x;x=0;x=1.
1 8
k=—:;P=—; EX)=3.54; V(X) =0.4684; F(x) =0, whenx < 1; =
100 99 X) X) ()

L,whenle<2;= i,when 2<x<3;= ﬁ,when3£x£4
00 100 100

and =1, when 4 <x.
O<ax<l.

1 11
k=a; E(X) = —;V(X)=—(——1)

a al\a
k=L EX)=¢e;VX)=¢ (¢ - 1).

1 1

k:%;E(X)= 1; V(X) = g;F(x)=o, when x < 0; = Z(3x2 —x’), when
0<x<2;=1,when2<x.
(i) k=6;
(i1) F(x) =0, when x < 0; = 3x2—2x3, when0<x<1;=1,when 1<x;
(iii) the root of the equation 6a° — 9a* + 2 = 0 that lies between 0 and 1;

(iv) l .
2
2

1 1
kzg;F(x)=O, when x < 0; = f—6,when03xs2;= Z(x—l),when

1
2<x<4;= —E(20—12x+x2),when4£x<6;: 1, when 6 < x.

i 2 (i) =
1 E 11 64
1
3
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s6. (i 1 .4 i s
()] 1 (i1) 9 (iii)
57. P=l-t: f(x)= ket
e 2
11
58. fix)=1in0<x< 1 and =0, elsewhere; E’E
59. 1
5
60 2
3
At
61. (1) A il
® @) 1+ At
62. (1) 0.8849 (i) 0.8819 (ii1) 0.8593
Exercise 2(B)
4 fe Gy =——
. XY £ -
2n0,0,N1-r
—u ) 2r(x- - —u,)
exp| - 12 (x ,I;tx) B (x—u )y /Jy)+(y M)
2(1-r7) o, 0,0, o,
—oco <X,y < oo
2. X+Y): 2 3 4
p: 01 05 0.4
13. X: 1 2 and Y: 1
Dy 03 07 Py 0.4
14. X: 1 2
Pyy=1: 025 075
11
15, k[[a-x-ydxdy=1;
00

k{(l—xﬁ}] {(1—y>2}' _
-2 -2
0 0

i.e., =1

~ =

=4

)
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1/21/2
16. | [Kk(1-x-y)ydxdy=1
0 0

1

172 2 2
k|| x——=yx| dy=1;
J[ ; yj )

»
/N
2
<

|
NS
N~
(=] N | =

Il

—

1
17. P=|
0

18.  fy(x)= 6fe_zxe_3ydy =22 x>0
0

_ f(x,)’) — —3y.
fY’X(y)_—fX(x) 3¢, y20

19. fy(x)=¢"and fy) =e”
S, y) = fx(0) f(y)

X and Y are independent

22.
X o 1 2
0 0.71 0.13 0.01
1 0.13 0.01 0
2 0.01 0 0
23. c¢= %;P =%

24. 075,021 ([, [ , ) ) 3

P 028 | 0.30 | 0.25 | 0.17

. 9 . 23 ven 2
25. () 3 (ii) o (ii1) 3
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26.

27.

28.

29.
30.

31.

32.
33.

34.
35.

36.

{i, pi} {J, p+;} CPDof X/Y=1 CPDof X/Y=2
X=1i | pp y=j | D x=1i |palp= x=1i |pplpe
5/36 1 1/4 1 1/3 1 0
19/36 2 14/45 2 2/3 2 5/14
3 173 3 | 79/180 3 0 3 9/14
CPDof X/Y=3 CPDofY/X=1 CPDofY/X=2 CPDofY/X=3
X=10| pplpss x=j plj/pl* x=j Pz/Pz* x=j P3j/P3*
10/79 1 3/5 1 6/19 1 0
45/79 2 0 2 4/19 2 3/5
24/79 3 2/5 3 9/19 3 2/5
M.D. of X M.D. of X,
X =i pi* X =j P
521 1 9/21
7/21 2 12/21
9/21
.5 o7 i D
1) . (i) eV (i) E%)
1) 1/8 (1) 3/8 (iii) 5/24 @iv) 3/5
31
256

4
‘ 2 (ii) fr) =™ x>0, fy) =y e, y>0.

& —

S =2xin0<x<1;f(y)=2(1-y)in0<y< 1

k=12 fx(x) =12 2-x),0<x<2; () =(1/2) y,0<y < 2; finly) =

1/y; 0<x<y; f(y/x) =

®

1
x<y<?2.
2—xx Y
fylx) = 2y/x*, 0 <y < x
() a=1/24
(1) fy(x)=x/4,1<x<3;f)(y) =y/6,2<y<4

(i) fixly)=x/4,1<x<3;f(y/x)=y/6,2<y<4
fx,(x) = e, fx, (%)= ¢ X, and X, are independent; (1 — )%
(1-2¢"
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37.

38.

39.

40.

41.

42.

fx) =€, 0<x<eo fily) = (v + D20 <y <oo; X and Y are not
independent.

k=1/16; fifx) = 1/8 (> + 2x), 0 S x < 2; f(y) = 1/8 (> +2y), 0 S y < 2;

o +%) (o +%)
fixly) = x/2m,0<x<2;f(y/x)= y/2m,0<y<2.
2x+3 2x+3
=@3/4 0 and =3/4 0;
1= (1 P x> 0and ) = (/4 75 y>
Not independent.
(1) 1/2 (i) 0.3988 (iii) 0.4514
= 1 — y2 — oo oo
fY(y)_O_y\/gexp( 20_5]’ <y<
flaty) = N(rg" 9, oxvl—rzj
y
(i) 1/256
(i) fy(x) =4x(1 - x) in (0, 1); Hy) =4 ¥ in (0, 1); f(ylx)
2y 2x
= / = —
— J(xly) 2

(ili) X and Y are not independent.
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Functions of Random
Variables

the properties of a signal after it has been subjected to certain processing

operations by the system, such as integration, weighted averaging, etc.
These signal processing operations may be viewed as transformations of a set
of input variables to a set of output variables. If the input is a set of random
variables (RVs), then the output will also be a set of RVs. In this chapter, we
deal with techniques for obtaining the probability law (distribution) for the set of
output RVs when the probability law for the set of input RVs and the nature of
transformation are known.

In the analysis of electrical systems, we will be often interested in finding

Function of One Random Variable

Let X be an RV with the associated sample space S, and a known probability
distribution. Let g be a scalar function that maps each x € S, into y = g (x). The
expression Y = g (X) defines a new RV Y. For a given outcome, X(s) is a number
x and g [X(s)] is another number specified by g (x). This number is the value of
the RV Y, i.e., ¥(s) = y = g(x). The sample space S, of Y is the set

Sy={y=g):x€e Sy}

How to find fy(y), when fx(x) is known

Let us now derive a procedure to find fy(y), the pdf of ¥, when y = g(X), where X
is a continuous RV with pdf fy(x) and g(x) is a strictly monotonic function of x.

Case (i): g(x) is a strictly increasing function of x.
) = P(Y <y), where F(y) is the cdf of Y

= Plg(X) <y]
=P[X<g' (]
=Fy(g™" O]
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Differentiating both sides with respect to y,

FO) =00 ;ﬂ where x= g™ (7) (1)
y
Case (ii): g(x) is a strictly decreasing function of x.
) =PXY<y)
=P[g(X) <y]
=P[X2g" (]
=1-Plx<g' (]
=1-Fylg" O]
£ = & @)
dy
Combining (1) and (2), we get
A =f |
dy
ic. Sl = L2
g’ ()|

M The above formula for fi(y) can be used only when x = g_7 () is single valued.

When x = g*1@) takes finitely many values x|, x,, ... x,, i.e., when the roots of
the equation y = g(x) are x|, x,, ..., X,,, the following extended formula should be
used for finding fy(y):

fx(x1) fx(xz) fx(xn)
= + .
B = 1] el o)

dx
+ fx (%) d—; +oet fy(x,)

FO) = fily) |22 &,
Y = fx(x dy dy
One Function of Two Random Variables

If a RV Zis defined as Z = g(X, Y) where X and Y are RVs, we proceed to find
f#(z) in the following way.

If z is a given number, we can find a region D, in the xy-plane such that all
points in D, satisfy the condition g(x, y) < z.

ie., Z<=lgX,N<z]l=[X,Y) e Dy]

Now FA2) = P(Z<2)=P[(X, V) € Dy = [[ f(x,y) dxdy
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where f(x, y) is the joint pdf of (X, Y). Thus, to find F,(z) it is sufficient to find
the region D, for every Z and to evaluate the above integral. f,(z) is then found
out as usual.

Theorem 1

If two RVs are independent, then the density function of their sum is given by the
convolution of their density functions.

y

2

Proof
Let the joint pdf of (X, Y) be f(x, y)
Let Z=X+Y

FA2)=PX+Y<2
[ reeydxdy

(x+y<2z)

o Z—Yy

| [ ryydedy

—o00 —oo

Differentiating both sides with respect to z (note that the upper limit for the
inner integral is a function of z),

fA2) = Jf(z—y,y)dy (1

Since X, Y are independent RVs,
S0, y) = fx(0) fy(y)
fz=y,y) =fx(z =) ) (2)
Using (2) in (1), we get
fA2) = J. Jfx(@=y) fy (y) dy, which is the convolution of fy(x) and fi(y).

—oo

Corollary

If fy(x) = 0, for x < 0, and fi(y) = 0, for y < 0, then fy(z — y) fy(y) # 0, only when
O<y<z
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£ = [ Fez= £, dy,2>0
0

Theorem 2

If two RVs X and Y are independent, find the pdf of Z= XY in terms of the density
functions of X and Y.

Fig. 3.2

Let the joint pdf of (X, Y) be f(x, y)

fA =[] fx,y) dredy

xy<z

M Xy = g i85 a rectangular hyperbola as shown in the fignre.

0 oo zly

0
A= | [ foeydedy+ [ [ fixy)dedy
0 0

—oo z/y

Differentiating both sides with respect to z,

0 oo
fA) = J—%f(é,y)j dy+f§f(§,yj dy
—oo 0

f [E, y)) dy
y

fx (Ej fy(y)dy (Since X and Y are independent)
y

oo

J

1
y

1l
—

Theorem 3 ¥
If two RVs X and Y are independent, find the pdf of Z = 7 in terms of the

density functions of X and Y.
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Fig. 3.3
Let the joint pdf of (X, Y) be fix, y).
FA) = [[ flx,y)drdy

T<z
3

ie., Fyz)= jl ]:f(x,y)dxdy—FT ] f(x,y)dxdy

—oo Yz 0 —o

Differentiating both sides with respect to z,
0

FAD = [ —yf Gz ndy+ [ iz »dy

—oco

= [|y]fGz v dy

—oco

= J' | y | £ 2 £, (y) dy (since X and Y are independent)

Two Functions of Two Random Variables

Theorem
If (X, Y) is a two-dimensional RV with joint pdf fy,(x, y) and if Z= g(X, Y) and W
= h(X, Y) are two other RVs, then the joint pdf of (Z, W) is given by

a(x,
Tz, w) = |J | Sy (x,y), where J = (. )
d(z, W)
is called the Jacobian of the transformation and is given by
a or
J= Jdz ow
Yy %

dz odw
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@ This theorem holds good, only if the equations 3 = g(x, y) and w = h(x, y) when
50

lved, give unigue values of x and y in terms of 3 and w.

An alternative method to find the pdfofZ =g(X, Y)

Introduce a second RV W= h(X, Y) and obtain the joint pdf of (Z, W), as suggested
in the above theorem. Let it be f,;(z, w). The required pdf of Z is then obtained
as the marginal pdf, i.e., f,(z) is obtained by simply integrating f,,(z, w) with
respect to w.

ie., £ = | Fanzw)dw

‘ Worked Example 3

Example 1

Find the distribution function of the RV Y = g(X), in terms of the distribution
function of X, if it is given that

x—c forx>c
gxy=9 0 f0r|x|£c
xX+c x<-c
Ify<O, Fyy)=P(Y<y)
=PX+c<y)
=PX<y-o¢)
=Fy(y-o

y=9(x)

. /-
/ o c

y=x+c

Fig. 3.4

Ify>0, Fy)=P(X—-c<y)
=Fy(y+c)
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Example 2

The random variable Y is defined by Y = % (X +1X1), where X is another RV.

Determine the density and distribution function of Y in terms of those of X.

y
y=X
y=0
X
(0]
Fig. 3.5
When X>0,Y=X
When X<0,Y=0
Ify<0, Fyy)=P(Y<y)=0 (since there is no X, for which Y <y)
If y >0, Fy(y) =P(Y<Y)
=P(X<y/X=0)
=PO<X<y)/P(X=0)
_ Fx(y)_Fx(O)
1- FX 0)
- wheny <0, fi(y)=0
and
when y 2 0, fi(y) = fx(n)/[1 = Fx(0)]
Example 3

(a) Find the density function of Y = aX + b in terms of the density function
of X.

(b) Let X be a continuous RV with pdf

f = in1<x<5
12

=0, elsewhere

find the probability density function of ¥ =2X — 3.
(a) () Leta>0
Fyy)=PY<y)=PaX+b<y)
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P[XS y—b) (since a > 0)

a

)C( )
a
(i) Leta<O

Fy)=P(Y<y)=PaX+b<y)
=PaX<y-b)

= P[XZ y—b) (since a < 0)
a

=1—Fx(y_b)
a

From (1), fy(y)——fx(y b)

b
From (2), f,(y) = __fx (y )
Combining (3) and (4),
7= L g, (y bj

a

(b) y=2x-3,since Y=2X-3

X = %(y +3), i.e., x is a single valued function of y

H0) =) | —

dx ‘

x 1
_X_
12 2

1
=—(+3),in-1<y<7
48(y ) y

ey

2)

3)

“4)

@ The range of y is obtained from that of x (given in the problem) using the relation
b

etween x and ).

Example 4

If X is a continuous RV with some distribution defined over (0, 1) such that

P(X £0.29) =0.75, determine k so that

P(Y<k)=0.25 where Y=1-X
P(Y<k)=0.25
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ie, PA-X<k) =025
ie, PX=21-k)=025

PX<1-k)=0.75 (D
But it is given that P(X <£0.29) =0.75 (2)
Comparing (1) and (2), k=0.71

Example 5

IfY= X2, where X is a Gaussian random variable with zero mean and variance
0%, find the pdf of the random variable Y.

Fyy)=P(Y<y)=P(X’<y)
=P\ <X<y).ify=0
= Fy(\[y) - Fy (/) (1)

and Fy(y) =0, if y < 0 [since X’ = y has no roots, when y < 0]
Differentiating (1) with respect to y,

£ = %{fx(ﬁ% Fel=gy)) ity =0 @)

=0,ify<0
It is given that X follows N(O o).

2
fix) = €77 _o<x<oo
2r

Using this value is (2), we get

Hy) = Te

p—
|
<
<
)
(e}
()

y>0

Example 6

If the continuous RV X has pdf fy(x) = = (x +1), in—1 <x<2and =0, elsewhere,
find the pdf of ¥ = X°.

The transformation function y = %% is not monotonic in (-1, 2). So we divide
the interval into two parts.
ie., (-1, 1)and (1, 2)

Since (-1, 1) is a symmetric interval, fi(y) is found out by using the formula
(2) of the previous problem.
sowhen—-1<x<1,ie,0<y<]1

1 2 2
H) = m{§(1+\/;)+§(1_\/;)}
2
5
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When 1l <x<2,ie,l<y<4,y= £ is strictly increasing.
dx

Y = fx(x) —‘

dy

2 1
—(x+DHx—
9(x ) 2x

et

Example 7

According to the Maxwell-Boltzmann law of theoretical physics, the pdf of V,
the velocity of a gas molecule is given by

2 —uvz,
Flo) = kv e v>0
0 , elsewhere

where a is a constant depending on its mass and the absolute temperature and k
. . — 1 .
is an appropriate constant. Show that the kinetic energy ¥ = —mV? is a random
variable having Gamma distribution. 2
By the property of pdf,
k_[v2 e do=1
0

k

ie., _—
2a\/;
1.€., k (g) =1
Za\/; 2
i.e —k X l (l) =1
' 2a-a 2|\ 2

k= 43;_/5, since’@=\/;

m

Jtm*l ¢~ dt =1, by putting 7 = av*
0

~
1]

Vv

L |

(%

Il
I+
3 |

2
sincev>0,v= 2 s the only admissible value.
m
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Now, 1Y) =fi(v)

do|
dy

1
—2ay/m——
davla 2y PO fny
o m
4\/5 a\/; ><yl/z o 2avim
m~Jm \m

3/2
_ (2alm) o 321 g~ (2almy

(372
which is a 2-parameter Gamma distribution or Erlang distribution.

, vy>0

Example 8

Given the RV X with density function
fx) = {

2x, O<x<l1

0, elsewhere

find the pdf of ¥ = 8 X°.
Since y = 8x’isa strictly increasing function in (0, 1),

1
, where x = 5 y”3

A = fuo |2
dy

= 3 le—m

| T
=— O<y<8
6)’ y

Example 9

If X is a Gaussian random variable with mean zero and variance o7, find the pdf
of Y =1XI.
F/y)=P(Y<y)=P(XI<y)
=P{-y<X<yj}
= Fy(y) = Fx(-y)
Differentiating both sides with respect to y,
HO) =) +fx(=) y>0 (1)
Now X follows N(0, o)
Jx(x) = ! e—x2/20'27 —coL X< oo ()

o\21
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Using (2) in (1), we get

2 21202
) = e’ ,y>0
w o2m

Example 10

(a) IfXisanormal RV with mean zero and variance o ,find the pdf of Y= e~
(b) If X has an exponential distribution with parameter ¢, find the pdf of ¥ =

log X.
dx| . . . .
(a) 1Y) = fx(x) d_y (since y = ¢" is monotonic function)
1
= — fy(og y)
y
Fi) = 1 -togy-p?nc? >0

oy\2m

which is the pdf of a lognormal distribution.

®)  fr»)= fx(X)

dx
dy

=e 0¥, —o <y <o

Example 11

(a) If X has an exponential distribution with parameter 1, find the pdf of Y =

JX .
(b) If X has a Cauchy’s distribution with parameter ¢, prove that Y = 1/X has
also a Cauchy’s distribution with parameter 1/c.

@  f) = fy () ;ﬂy (since y = +/x is m.i.)

= 2ye_"2, y>0

® /O

fx(x) dx [sine y= 1 is m.d.)
X

2

(since pdf of Cauchy’s distribution = oln 3 J
X t+a
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2
y+—
a2

which is a Cauchy’s distribution with parameter 1/c.

Example 12

(a) If the RV X is uniformly distributed in (—7, 7) find the pdf of ¥ = a sin

(X + o), where a > 0 and « are constants.
2

(b) The horizontal range of a projectile is given by R = Y §in26.1f 9is
8

2
uniformly distributed in (0, 7/2) and v is a constant, find the pdf of R.
8

(a) Iflyl > a, no solution exists for x.

=0
If Iyl < a, there exist only two values for x in (-7, 7).
Let them be x, = sin”! (l) -o; r=12
a
dx, 1
dy /az _y?
dx dx
Now, fy0) = fy (x) = + fy(xy) —2‘
dy d
1 1 1 1
= —X +—X
21 a2 _ y2 21 a2 _ y2

1
(since the pdf of X = 2— asitis U(—m, n)
T

1
f0) = ———1yl<a
n\/az - y2
(b) Ois uniform in (0, 77/2)
». X =280is uniform in (0, 7) with pdf 1/
2
R:U— sin X = a sin X, say [R and a > 0]
8
Therefore, when r < a, there exist only two values for x in (0, 7), given

by x; = sin”! L,i: 1, 2.
a
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[
dr 22
Now fr(r) = fy(x) % + fx (%) %
dr dr
= ; O<r<a

=0,r>a

Example 13

(a) If X is uniformly distributed in (—/2, 7/2) find the pdf of ¥ = tan X.
(b) If X has the Cauchy’s distribution with parameter 1, find the pdf of ¥ =

tan”' X.
(a) Xis U(-m/2, n/2)
1
fxx) = —
T
y =tanx

Therefore, x = tan™! v, which is single valued in (-7/2, 7/2), i.e., for a
given value of y, there exists only one value of tan™! yin (-2, /2).

dx
HO) = fx ()|
dy
1
) 1+ﬂy2 e

which is the pdf of a Cauchy’s distribution.
(b) y=tan"' x is a monotonic increasing function

KO = fx ()

dx
dy

N sec’ y (since x = tan y)
1+ x?)

_l i< <E

7 2 y 3

i.e., Y is uniformly distributed in (—7/2, 7/2).

Example 14

(a) If X has an arbitrary distribution function F\y(x), find g(x) so that the
random variable Y = g(X) may be uniformly distributed in (0, 1).
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(b) If X is uniformly distributed in (0, 1), find g(x), so that the random
variable Y = g(X) may have an arbitrary distribution with cdf Fy(y).

(c) If X is uniformly distributed in (-1, 1), find g(x), so that the random
variable Y = g(X) may have the density function f,(y) = 2e7, y>0.

(a) Yis to be uniform in (0, 1)

HO) =1and Fyy) = [ f,(ndy=y

0

Fylg(x)] = g(x) (1)
Now  Fy(y) =P(Y<y)=Plg(X) <)l
=PIX<g ()]
=PX<x) [since y = g(x) and hence x = g_l(y)]
= Fx(x) (2)
ie, Fylg] =Fyx)
ie., g(x) = Fy(x), from (1)
(b) X is uniform in (0, 1)
Sx(x) =x
By (2), Fyy) = Fx(x)
Fylg)] =x
g = Fy "' (x)

(¢) Xisuniformin (-1, 1)

1 1
Jx(x) = Eand Fy (x) =5(x +1)
) =2€e2,y>0

y
Fy(y) = J.Zefzy, dy=1-¢2

0

1
By (2),1-¢?= E(x +1)
e, 1—e28W = %(x +1)

1 2
glx) = Elog(l_xj

Example 15

If X and Y are independent RVs having density functions,

—2x >
£ = 2e x_oand
0, x<O0
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3¢ yZOﬁl
0, y<O0

L) = { nd
find the density function of their sum U =X + Y.
By corollary under Theorem 1,

Ju(u) = jfx(u—y) frmdy, u>0
0

= J‘2e72(“7” x3 e dy
0
= Ge 2 Je_y dy
0
=6 (1-e¢™),u>0

Example 16

If X and Y are independent RVs and if Y is uniformly distributed in (0, 1), show
that the density of Z= X + Yis given by f(2) = Fy(z) — Fx(z - 1).
By Theorem 1,

= [ @G-y f ) dy

Now fy(y) =1, provided 0 <y < 1

1
A2 = [ fez=y)dy
0

= [ fx(t) dr,by puttingz — y=1

z-1

=Fy(2) - Fx(z-1)

Example 17

If f,(x) = ce ™ U(x) and f,(z) = ¢’z € U(z), find fy(y), if Z= X + Y and X and Y
are independent.

Ul(x) is the unit step function defined as
Ux) =1, #fx20
=0, fx<0

[ =ce ™, x20,and fAz) = c* z¢%, 220
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By Theorem 1,

Z
e = Jc eV £, (y) dy (1)
0
Recalling that
b(z) b(z)
b
i j oz, y)dy = j a—¢dy+d>[z, b(2)] J (Z), where a is a constant, and
z . 07 0z

differentiating (1) with respect to z partially, we get,

Z

C2 e _ C3Z6—L‘z = J—CZ e ey fY (y)dy + ny (@)
0

=—c{c*z ) + cfy(2), by (1)
) =ce“z>0
Hy) =ce?y>0

Example 18

The current I and the resistance R in a circuit are independent continuous RVs
with the following density functions.

S0 =24, 0<i<1
=0 elsewhere
fr(P) =119 0<r<3
=0 elsewhere
Find the pdf of the voltage E in the circuit,
where E = IR.
By Theorem 2,

= | ik (f) £ dy

when Z = XY and X and Y are independent RVs.
Taking x =i, y =r and z = e, we have

fuor= | % f (f) X fo(r) dr

3 2
=j1><25><r—dr
T r 9

f,[ﬁj =22 ro<t<y,
r r r

e, if r2e.
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2
folr) = %,if 0<r<3

Hence, the limits for r are taken as e and 3.

fele) = %,(3—@, 0<e<3

Example 19

X
If X and Y are independent RVs each following N(0, 2) prove that Z = 7 follows
a Cauchy’s distribution.

2
VB _eocx, y<oo

1 -x*/8
)= ——e and f,(y)=—=¢€
X 221 ! 221
By Theorem 3,

@) = [yl fe(52) £, () dy

1

221

_,2
X e 8 dy

s 1 2.2
Iyl —=e "
I

LT _qeyy . . . .
= - J. ye e R dy (since the integrand is an even function)
T
1 1
= — X 2 —oco L 7K 00
T 1+z

which is the pdf of Cauchy’s distribution.

Example 20

If X and Y are independent RVs each following N(0, 2), find the pdf of Z =2X +
3y.
Introduce the auxiliary RV W =Y.

sz=2x+3yandw=y

1
Solving, x = 5 (z—3w) and y=w

wowl
d(z, w) a_y ﬂ 0 1 2

dz  dw
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—(x2+y2)18
e ¥,

. . 1
Since X and Y are independent normal RV fy,(x, y) = P —oo < X,
T

y < oo. The joint pdf of (Z, W) is given by
Tz, w) = Wl fir(x, ¥)

_ lxie—{(z—3w)2+4w2}/32

2 8rm

The pdf of Z is the marginal pdf, obtained by integrating f,/(z, w) with respect
to w over the range of w.

—0 <7, W< oo

o

1
fA2) = Ton J

(13 w2 — 2
e (13w" —6zw+z )/32dw

2 T 3z)
—z7/8x13 a -—=1 /32
Z IE [W 13]

=—0e dw
167
1 —212213)?
= ¢ —oco L 7K 00
@ 13)\2x
which is N(0,2+/13).
Example 21

If X and Y each follow an exponential distribution with parameter 1 and are
independent, find the pdf of U=X-Y.

=€, x>0,andf(y) =e”,y>0
Since X and Y are independent,

fore ) =e " x y>0
Consider the auxiliary RV V = Y along with

U=X-Y.
x=u+vandy=v
ox ox
11
J= du Jdv|_ -1
o |
du dv

The joint pdf of (U, V) is given by
fUV(u7 v) = lJleY(x9 y)

— e—(x +y) e—(u +20)

The range space of (U, V) is found out from the map of the range space of
(X, Y) under the transformations x = u + v and y = 0.
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Fig. 3.6 (a) and (b)

Therefore, the range space of (U, V) is given by v > —u, when u < 0 and
v>0,whenu>0
Now the pdf of U is given by
foy = [ e do, when u <0

—u

and = J‘e_(quzv)d"()/ When u> 0
0
1,
fow) = Ee , when u <0
|
and =Ee , when u >0

Example 22

If the joint pdf of (X, Y) is given by fy(x, y) =x +y; 0 <x, y <1, find the pdf of
U=XY.
Introduce the auxiliary RV V=Y.

x:E and y=v
v
1 u 1
J=|v 0 |=—
o 1| °

The joint pdf of (U, V) is given by
1 1 (u
fuv(%V):—fxy(x,y):— —+0
lvl lol \ v

Range space of (X, Y)isgivenby0<x<land0<y<1
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Fig. 3.7
Range space of (U, V) is given by
0<Z<land 0<v<l

v
i.e. O0<u<vand0<v<l1

The pdf of U is given by

1
fou) = [ fo (u,0) do

t1(u
= j—(—+vjdv
L o\v

=2(1-u),0<u<l

Example 23

If X and Y are independent RVs with fy(x) = ¢ U(x) and f(y) = 3¢ U(y), find
. X

fz(Z), if Z 27 .

Since X and Y are independent, fyy(x, y) = 3¢ ** ¥, x, y >0
Introduce the auxiliary RV W=7Y.

x=zwandy=w

The joint pdf of (Z, W) is given by
fZW(Zs W) = IJleY(x9 y)
=lwlx3e M 2 w20

The range space is obtained as follows:
Since y 20, w = 0. Since x =0, zw = 0.
Asw=>0,z2>0.
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The pdf of z is given by
A= [3we " dw
0

3

= >
(z+3)°

Example 24

If X and Y are independent RVs with pdf’s e™, x>0, and e, y > 0, respectively, find

the density functions of U = XX v and V=X + Y. Are U and V independent?
+

Since X and Y are independent, fyy(x, y) = ¢+,

Solving the equations u = andv=x+y.

xX+Yy
we get x =uv and y = (1 — u).
v u
“lev a-w|”

The joint pdf of (U, V) is given by
folu, v) =1 e+
=lovle”

The range space of (U, V) is obtained as follows:
Since xand y 20, uv >0 and v (1 —u) =2 0.
Therefore, eitheru >0, v>0and 1 —u>0,1e.,0<u<landv=>0

or u<0,v<0and1-u<0,

ie., u <0 and u =1, which is absurd.

Therefore, range space of (U, V) is givenby 0<u<1landv=0.
fou,v)=ve’;0<u<landv>0.

Pdf of U is given by f;(u) = J.Uefv =1, 0<uc<l
0

i.e., U is uniformly distributed in (0, 1).
1

Pdf of Vis given by f,(0) = [ve™ du
0

=ve’v20

Now Jou, ©) = f(u) X fiv)
Therefore, U and V are independent RVs.
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Example 25

If X and Y are independent RVs each normally distributed with mean zero and

variance o7, find the density functions of R = /X2 + Y2 and ¢=tan" (%) )
Since X and Y are independent N(0, o),

Sxrlx, y) =

1 (% +y*)20?
>e

—co < X, y<oo
2w o

r=4x* + y2 and 0 =tan™" (XJ are the transformations from Cartesians to
X

polars.
Therefore, the inverse transformations are given by x = r cos 6 and y = r sin 6.
cos@ —rsinf

— — r
sin@ rcos@
The joint pdf of (R, ¢) is given by
Il e
L0 = ——¢ rz0 0<60<2xn
Jrolr 6) 2o’

@ (~e0 <, y <o) and (r= 0 and 0 < O < 21) both represent the entire xy-plane.

The density function of R is given by

2r
Jr(r) = ij[p(r,e)d@:sze_rz/zoz r>0
o
0

which is a Rayleigh distribution with parameter o. The density function of ¢ is
given by

oo

r —r? 1267
o) = e dr
o=l
1 5 r?
= — | ¢ dt, on putting ¢ =
27:{ P e
1
=—,0<0<2m,
2r

which is a uniform distribution.

[ Exercise 3 ]

Part-A (Short-answer Questions)
1. If X and Y are two RVs where Y = g(X), how are the density functions of
X and Y related?
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AR

®

10.
11.
12.
13.
14.
15.
16.

17.
18.

19.
20.

21.
22.

23.

24.

25.

26.

27.

If the pdf of X is fy(x) = 2x, 0 <x < 1, find the pdf of Y =3X + 1.
If the pdf of X is fy(x) = ¢, x > 0, find the pdf of ¥ =2X + 1.
If the RV X is uniformly distributed in (0, 2), find the pdf of Y = X

1
If the RV X is uniformly distributed in (1, 2) find the pdf of ¥ = X

1
X+1

If X is uniformly distributed in (0, 1), find the pdf of ¥ = 5

If X is uniformly distributed in (1, 2) find the pdf of ¥ = ¢*.

If the pdf of a RV X is fy(x) = 2x, 0 <x < 1, find the pdf of ¥ = e~

If the cdf of a RV X is F(x), show that the RV Y = F(x) follows a uniform
distribution.

A RV X assumes three values —1, 0, 1 with probabilities 1/3, 1/2, 1/6
respectively, find the probability distribution of ¥ =3X + 1.

If X and Y are two RVs such that Y = X2, how are the cdf’s of X and Y
related?

If X and Y are two RVs such that Y = Xz, how are the pdf’s of X and Y
related?

If the RV X is uniformly distributed in (-3, 3), find the pdf of ¥ = X

If the pdf of X is fix) = ¢, x > 0, find the pdf of ¥ = )

If the RVs X and Y are related by Y = IXI, how are the cdf’s of X and Y
related?

If the RVs X and Y are related by Y = |X], how are the pdf’s of X and Y
related?

If the RV X is uniform distributed in (-1, 1), find the pdf of ¥ = IXI.

If the RVs X and Y are related by Y = \/} , how are their pdf’s related?
If X is uniformly distributed in (0, 1), find the pdf of Y = \/} .
If the pdf of a RV X is f(x) = 2x in (0, 1), find the pdf of ¥ =~/X

If X is uniformly distributed in (—% %) find the pdf of ¥ = tan X.

Write down the formula to find the pdf of Z=X + Y, if X and Y are
independent RVs with pdf’s fy(x) and fy(y) respectively.

Write down the formula to find the pdf of Z = XY in terms of the pdf’s of
X, Y if they are independent.

Write down the formula for the pdf of Z = X in terms of the pdf’s of X,
Y if they are independent. Y

If Z=g(X,Y)and W = h(X, Y), how are the joint pdf’s of (X, ¥) and (Z,
W) related?

If Z=2X + 3Y and W =Y, how are the joint pdf’s of (X, Y) and (Z, W)
related?

If U=XY and V =Y, how are the joint pdf’s of (X, ¥) and (U, V)
related?
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28.
29.

30.

Part-B
31.

32.

33.

34.

35.

36.

37.

38.

39.

X
IfU= Y and V =Y, how are the joint pdf’s of (X, ¥) and (U, V) related?

IfU=X+Yand V+ X-Y, how are the joint pdf’s of (X, ¥) and (U, V)
related?
If x =R cos ¢ and y = R sin ¢, how are the joint pdf’s of (X, ¥) and (R, )
related?

The RV X is of the continuous type with distribution function Fy(x). If
g(x) is defined as

(x) = 1 if x>0
SV i x<0

what is the distribution function of ¥ = g(X)?

If g(x) is defined as
-b if x<-b
gx)=<2x if —-b<x<b
b if x=b

find the distribution function of ¥ = g(X) in terms of that of X.
If X follows a normal distribution with mean zero and variance o7, find

the density function of Y = % (X +1X1).

If the density function of a continuous RV X is given by fy(x) =

2 . . .
5 (x+1), for -1 <x <2, and =0, otherwise, find the density function of

1
Y=—(X+IXI).
2( )

If X is a continuous RV with density function fy(x) = e, x>0, find the
density function of ¥ = 2X + 1. Hence or otherwise find P(Y = 5).

If the density function of a continuous RV X is given by fy(x) = 2x, for 0
<x< 1, and =0, elsewhere, find the density and distribution functions of
Y=3X+1.

IfY=aX’ (a>0), where X is a Gaussian RV with zero mean and variance
o7, find the pdf of the RV Y.

(i) If the continuous RV X is uniformly distributed in (-3, 3), find the
density function of ¥ = 2X% - 3.

(i) If the continuous RV X is uniformly distributed in (-2, 2), find the
density function of Y =6 — X2,

(1) A fluctuating electric current / may be considered as a uniformly
distributed RV over the interval (9, 11). If this current flows
thgough a 2-Q resistor, find the density function of the power P =
2I°.
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

(i) If the voltage E across a resistor is a RV uniformly distributed

between 5 and 10 V, find the density function of the power
2

W= E— when r = 1000 Q.
r
(i) If the continuous RV X has density function
fxx) =2 ¢, x>0, find the density function of ¥ = X*.
(i)  If the density function of a continuous RV X is given by fy/(x) = ¢,
x > 0, find the density function of ¥ = 3/(X + 1)2.
If the RV X is uniform of a continuous RV X is given by fy(x) = ¢, x >
0, find the density function of ¥ = X°.
If the RV X is uniform in (-2, 27), find the density function of RV (i) Y
=X and (i) Y = X*.
If the radius R of a sphere is a continuous RV with pdf fx(r) = 6r(1 —r),
0 < r < 1, find the pdf of (i) the surface area S of the sphere and (ii) the
volume V of the sphere.
If the random variable X is uniformly distributed over (-1, 1), find the
density function of ¥ = IXI.
(i) If the resistance R follows a uniform distribution between 900
and 1000 €, find the density of the corresponding conductance
1

G=—.
R

(i) If the RV X is uniformly distributed in (0, 1), find the pdf of ¥ =
1
X+1°
(i) Ifthecontinuous RV Xisuniformly distributed over (1, 3), obtained
the pdf of the RV Y = ¢*.
(i1) If the density function of a random variable X is given by fy(x) =
2x,for 0 < x < 1, and = 0, elsewhere, find the pdf of the RV Y = e
If the RV Xis uniformly distributed over (-1, 1), find the density function

Ny [TX - X
of (1)Y—sm( 3 )and(n)Y—cos( 5 j

If X is an arbitrary RV with continuous distribution function Fy(x) and if
Y = F(X), show that Y is uniformly distributed in (0, 1).

If X and Y are independent RV's with density function fy(x) = a ¢ ** U(x)
and fi(y) = f8 ¢ U(y), find the density function of Z= X + Y.

If X and Y are independent RVs with identical uniform distributions in
the interval (-1, 1) find the density function of Z=X +Y.

If X and Y are independent RVs with density functions fy(x) = ¢ U(x)
and fy(y) = 2¢™> U(y), find the density function of Z =X + Y.

If X and Y are independent RVs with density function fy(x) =1,in 1 <x

<2, and fi(y) = % in 2 <y <4, find the density function of Z = XY.
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53. If X and Y are independent RVs such that fy(x) = iz e_xz/ 207 U(x) and
o

) = B Ry (¥) prove that the density function of Z _é is
given by
2
z
fAz) = ——X% > x U(z)
B 2 A
(Z +ﬁz)

54. If X and Y are independent RV's with identical uniform distributions in (0,
a), find the density function of Z = X — YI. (Hint: First find the cdf of Z)
55. If X and Y are independent RVs with identical uniform distributions in
(0, 1), find (i) the joint density function of (U, V), where U= X+ Yand V
= X — Y, (ii) the density function of U and (iii) the density function of V.
56. Given the joint density function of X and Y as

1
fix, y)=142

xe?, 0<x<2, y>0

0, elsewhere
find the distribution function of (X + Y).

ANSWERS

Exercise 3
x(x)

1. if x = g7' (y) is single valued, then HO) = —fx( )‘— If x

= g_l(y) takes many values x,, x,, ..., x,,, then fi(y) = fy(x)) |—

dx dx
fx(xz)d_yz"' "+fx(xn) dn
dx 2 .

2. [y = @ fx(x)za(y—1)1n1<y<4

1
dx 1 —G-1
3. fY(y):d—ny()c)zge2 ,y>1
4. fly) = %y% %:% 7 0<y<8
1
5. [ =|-—|l=—in—<y<l
y y
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1:%inl<y<l
2y 3

—2x+1)?
2

6. ﬁ@ﬁw

7. ﬁ@:k%b=lme<ww2
e y

. 2 !
8. f(y)= ‘—e ‘2x=—;10gy1n;<y<l

9. Ky = fxl( ) fx(x)=1in0<y<1
Yy : 2 1 4
10. o1
Pr>3 2%
1L f0) = F(y) = Fe(—) ity>0
=0, ify<0
12, fy@)=$[fy(\/;)}+fx(—\/§) ify20
=0 ify<0
1 0 9
13. fily) = 2\/_{6 6} \/;m <y<
14. Since y = x* is m.i. inx>0, f,(y) = |5 x exzz\l/—eﬁiny>0
y

15, fy) = Fx(y) = Fx(-y)
16.  fy(») =fxO) + fx(=y), y >0

17. fy(y) = %+%=1in0<y<1

dx
18, fy(3) = |—| fy () =2y fx &)

dy
19. f,(»)=2yin0<y<]1

20. f(»)=2yx2*=4y’in0<y<]1
dx

o0 fo) = |2 fr =
dy Tl+y

>IN —eo < y<eo

2. fA)= [ fx@=»f0)dy

T1
23 fAa= | i @fy(y)dy

—oo
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24.

25.

26.

27.

28.

29.

30.
31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

A= [ WIf 62 f () dy

xz Xy

folzo w) = 11 fyy (x, y), where J =
Yz Y

1
fZW(Z’ w) = Efxy(x’ y)

1
Jofu, ) = mfxy(x,y)
Jov u, 0) = 10l fyry (x,y)

1
Juu, v) = Efxy(x’y)

Tro(rs 0) =1 fyyl(x, y)
Y =0,ify<-1;=F(0),if-1<y<land=1,if I <y
Y =0,ify<-b;=Fy(y),if -b<y<band=1,ifb<y

) = 2 e_yz/zaz, y 20 and 0, elsewhere

o2m

1
) =—((+1),0<y<2 and =0, elsewhere

4
o) = % e 2, y>1); 1/¢?
2
Yo = 6 (y—1)for1<y<4and=0, elsewhere; F\(y) = (y - 1)2/9
) = L e y>0
o271 ay ,

for-3<y<15

. 1

R N N
1

(ii) fy(y)=ﬁfor2SyS6

12
0 fp)=7 1= for 162 < p <242
p

i = Eforl<w<i
(D) fyw) =y lor gy S W=1s

Q) £ = % e_Z‘/; fory>0

3/2
Gi) f,) = %(EJ P foro<y <3
y
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41, fy) = %y_m " fory>0
42 : _ L -2/3 3 71'3
) Hy = o’ for 8w <y<8

(i) fly) = Si y>'* foro<y<i6n’
T

. 3 s
43. (1) fS(s)=E[1—\/%] for0<s<4rm

3v

1
3 3 4
i) flo)= (H) ~1 forOSvSTn-

44. fAy)=1in(0, 1)
45. () fo(9) =

%for—ﬁg SL
200¢g 1100 900

1 1
y 2
46. (i) fY(y):zlforeSySe3
y

. 2 1
(i) fyy)=——logyfor—<y<I
y e

1
47. () fly)= ——— for-1<y<1
Al = y?
2
(i) fy(y)= —F—= for0<y<1
ﬂ\/l—y2
49. f@)= ﬂo‘_ﬁ —@ =) it pra
=dze if f= o

50. ffo)= i(2+z)if z>0

1
=—Q2-2if z>0
4( )

51, fA2) =2l - ¥ Uz)
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%(Z—Z) when2<z<4
52. f(2)= ;
E(S_Z) when4<z<8

54. fAd)= %(a—z), for0<z<a
a

55. (i) fyu, 0) =

%forOSu+vS2andOSu—vS2
.. u if0su<l
W fU("):{z—u if1<u<2
G fv(v)_{lw if -1<0<0

1-v if0<ov<1
56. IfZ=X+Y,ff2)=0,ifz<0

2
- %(%—e_z—z+l], if0<z<2

= %[(1 —e+(l+e*)e? —e M), if2<z






Cﬁa/n‘er

Statistical Averages

its probability mass function or probability distribution. Similarly,

a continuous RV is completely described by its probability density
function. For many purposes, this description is often considered to consist of
too many details. It is sometimes simpler and more convenient to describe a RV
or to characterise its distribution by a few parameters or summary measures that
are representative of the distribution. These parameters or characteristic numbers
are the various expected values or statistical averages of the RV.

ﬁ discrete random variable (RV) is no doubt completely described by

Definitions: If X is a discrete RV, then the expected value or the mean value of
g(X) is defined as

E{gX)} = 2 g(x)p;,
where p; = P(X = x;) is the probability mass function of X.

If X is a continuous RV with pdf f(x), then
E{g(0)) = | 8(0)f(x)dx

Ry
Two expected values which are most commonly used for characterising a RV
X are its mean [y and variance 0%y, which are defined as follows:

Uy = E(X)
Z X; P;, if X is discrete

_[ xf(x)dx, if X is continuous
RX

Var(X) = 0> = E{(X - 11y)}

= Z(x,- — Uy )y p;, if X is discrete
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J- (x— Uy )zf(x)dx , if X 18 continuous
R

The square root of variance is called the standard deviation. The mean of an RV
is its average value and the variance is a measure of the spread or dispersion of
the values of the RV.

Var(X) = E(X°) - {EX)}’
Var(X) = E{X - 1)’}
= B{X’-2u.X+u’}
=E (XZ) -2u . EX)+ ,uxz (since U~ is a constant)
= E(X%) = 7 [since ji = E(X)]
= B(XY) - {EX)}’
This modified formula for var(X) holds good for both discrete and continuous
RVs.

If X is a discrete RV and a constant, then (i) E(aX) = aE(X), (i) Var(aX)
=4 Var(X).
@)  E@X) = Zaxi pi

J
ﬂzxipi

J
abE(X)
(@) VaraX) = E(@X°)— {E(@X)}’ (by Note 1)
aZE(}()Z — {gE(}()}Z
= d [BX)— {EX)Y)
= aZT/ar(X)
This result holds good for a continuous RV also.
Moments: If X is a discrete or continuous RV, E(X") is called nth order raw
moment of X about the origin and denoted by u’,.
E{(X — uy)"} is called the nth order central moment of X and denoted by p,,.
E{IXI"} and E{IX — u,I"} are called absolute moments of X.
E{X -a)"} and E{IX — al"} are called generalised moments of X.

Expected Values of a Two-Dimensional RV

If (X, Y) is a two-dimensional discrete RV with joint probability mass function
py» then E{g(X, V)} = Zzg(xi’yi)pij .
i

If (X, Y) is a two-dimensional continuous RV with joint pdf f(x, y), then

EgX. N} = [ [ g(xy)f(x,y)dxdy

—o0—o0
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Properties of Expected Values

We give below the proofs of the properties for continuous RVs. Students can
prove the properties for discrete RVs.

=

(1) E{gX)}= J 8(x) fy (x)dx , where fy(x) is the marginal density of X.

—oo

Proof

T T g(x)f(x,y)dxdy

—o0—o0

E{g(X)}

=3

ng{Tﬂmw¢}m

—oo

=3

[ a0)fy () dx

—oo

o

(i) E{h(}= [ h(fy ()dy

where fy(y) is the marginal density of Y.
(Proof is left as an exercise to the student.)

(ili) EX+Y)=EX)+E(Y)
Proof

EX+Y)= [ [ (x+y)f(x,y)dxdy

—o0—o0

= [ [ sreemasay+ | Jyrcenaeay

= EX) + E(Y)
@iv) In general, E(XY) # E(X) x E(Y), but if X and Y are independent RVs,
E(XY)=E(X) x E(Y).

Proof

EXY) = T Txyf(x,y)dxdy

—o00—o00

o oo

= [ [ ot ()dxdy

—o0—o0

(since X and Y are independent)
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=3

[ () drx T ¥y (3)dy

—oo

E(X) x E(Y)

In general, if X and Y are independent,

E{g(X) x h(Y)} = E{g(X)} x E{h(Y)}

Conditional Expected Values

If (X, Y) is a two-dimensional discrete RV with joint probability mass function
p;j» then the conditional expectations of g(X, ¥) are defined as follows:

E{g(X. V)Y =Y} = 2805 y) X P(X =x,/Y =y))

Pij
.

= g(xiyy')
; 7Py

and E{gX, V/X=x;} =Y g(x;.y,)p;/p:
J
If (X, Y) is a two-dimensional continuous RV with joint pdf f(x, y), then

oo

E(g(X, V)/Y} = [ g(x.y)x f(xly)dx and

—oo

oo

E{g(X. V)IX} = [ g(x.y)x f(ylx)dy

—oo

In particular, the conditional means are defined as

oo

Hyx = E(Y/X)= [ yf(y/x)dy and

oo

My = E(XIY)= [ xf (xly)dx

—oo

The conditional variance are defined as

Oy = E{(Y —ty,x)*} = _[(y—,uy,x)zf(y/x)dy and

Ty = E{X = pi)y )’} = [ (x =y, )V Fxly)de

—oo
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Properties
(1) If X and Y are independent RVs, then E(Y/X) = E(Y) and E(X/Y) = E(X).

Proof

EQYX) = [ yf(y/x)dy
_ J'yf(x,y)d

e x(x)

_ Tyfx(x)xfy(y)

dy  (since X and Y are independent)
oo Sx (%)

= J Wy (0 dy=E(Y)

—oo

A similar proof can be given for the other result.
(2) E[E{g(X, Y)/X}] = E{g(X, Y)}
Proof

E{g(X, V)IX} = [ g(x.)f(y/x)dy

—oo

Since E{g(X, Y)/X} is a function of the RV X,

E[E{g(X, V)IX}] = [ E{g(X.¥)/ X} fy(x)dx

—oo

[ [ 8w f(y ) (x)dxdy [from (1)]

—oo—o0

T T g(x, ) f (x,y)dxdy

—o0—o00

= E{g(X, D)}
In particular,
E{E(Y/X)} = E(Y) and similarly
E{E(X/Y)} = E(X)
(3) E{g1(X) x g,(Y)} = Elg,(X) x E{g,(Y)/X}]
Proof
E{g,(X) x g,(Y)} = E[E{g,(X) x g,(Y)/X}] (by Property (2))
= E[g,(X) x E{g,(Y)/X}] (since X is given)
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In particular,
E(XY) = E[X x E(Y/X)] and
EX*Y?) = E[X* x E(Y4X)]

Worked Example 4(A)

Example 1

A lot is known to contain 2 defectives and 8 non-defective items. If these items
are inspected at random, one after another, what is the expected number of items
that must be chosen in order to remove, both the defective ones?

Let the random variable X denote the number of items that must be drawn in
order to remove both defective items.

Clearly, X takes the values 2, 3, 4, ..., 10.

P(X =r) = P(r items are to be drawn to remove both defectives)
= P{the first (r — 1) items drawn should contain 1 defective
and rth item drawn should be defective}
_ 2C, x8C,_, « 1 _ 2x8C,_,
10C, _, 10-(—-1) 10C,_,(A1-r)
(r=2,3,..,10)

The probability distribution of X will then be as follows:
X=r| 2 3 4 5 6 7 8 9 10
D, 1/45 | 2/45 | 3/45 | 4/45 | 5/45 | 6/45 | 7/45 | 8/45 | 9/45

10 22
EX) = X1p, ==
r=2

Example 2

A box contains 2" tickets of which nC, tickets bear the number r(r =0, 1, 2, ...,
n). Two tickets are drawn from the box. Find the expectation of the sum of their
numbers.
Total number of tickets in the box.
ZHCr =nCy+nCy + ... +nC

n
S _(1+1)'=2" as given.
Let the RVs X and Y represent the numbers on the first and second tickets
respectively.
Then EX+Y)=EX)+E®Y)
. ... nCy nC;, nC
X can take the values O, 1, 2, ..., n with probabilities YT o

n

respectively.
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C
E(X) = 1xn2—€‘+2x@+---+nxn “

= —; {(n=DCy+(n-1)C, +---+ (n—l)Cn_l}
_n n—1 n
= 1+1 =_
ey =2
Similarly, E(Y) =

n
2
EX+Y)=n

Example 3

Find the mean and variance of the Pascal’s (negative binomial distribution)

. . . . n+k—1 n k
distribution, given by P(X = k) = . pqg,k=0,1,2,..

> (n+k-1
EX) = Zk( L jp" q~
k=0
=p"[1 xnC,g" +2(n+ DNCyg* +3(n +2) C3q* + ...]
=np"q[l+n+1)Cig+n+2) Cyq* +...]

=np'q[1-gqy "=
pP
hd +k—-1
E<X2>:Zk2(" . jp“q"
k=0

=p" [17nC,g" + 22(n+ NCyg* + 32(n +2) C3q° + ...]
(2X3+3)
|

1x2+2
p" [nq+ X (n+1)nq2 +

i (n+2)(n+1)nq3+--}

+---}+(n+1)q><

1 1 2
npanHm; ) g4 (1t )2(:1+ ) 7

2 2 3
ot |

=np"q [1=q) "V (n+ Dg(l - gy ")
n |1 (nthyg
=np q|: n+l + n+2 j|
p p

+1)g?
:ﬂ+u
p p
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Var(X) = E(X*) - {E(X)}*
2 2

ﬂ_’_n(n+l)q2 _ngq

p P’ P’

ﬂ(sz:g
p p V4

Example 4

If the continuous RV X has Rayleigh density f(x) =ize_x2/ 20 xU(x), find
a
E(X™) and deduce the values of E(X) and var(X).
By definition,

E(Xn) — J‘xn Xize—lezoﬂ dx
0 a
oo x2
= _[(Zazt)"’ 2e7! dt putting —-=1¢
0 20

— 2n/2 anjtn/Ze—t dr
0

— 211/2an (k+1)1fn:2k
— 2'!/205"&:2”/20(” n/2,if niseven

E(X") = 2" ¢ (@) ifn=2k+1

o n2k+1 2k—1 3 1 |1
=2" 0 ——X—— =X =X|| =
2 2727 \2

n1><3><5><---><n\/;

— An/2
27 2(n+1)/2

IX3x5%---xno"s/m /2 if nisodd

EX) = oNm/2;E(X?) =20 var(X) = (2—9 o

Example 5

A line of length a units is divided into two parts. If the first part is of length X,
find E(X), var(X) and E{X(a — X)}.
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Since the positions of the point of division are equally likely, X is uniformly
distributed in (0, a).

1
fo) =—
a

a la
E(m=£xf(x)dx=2£xwzg

a 3
a

EX) = [ fr)de="
) 3
2 2 2

\V/ — 2y 2:61 _a :a
arX) = EQC) -~ (EX)) ===

5 a2 a2 (12

E{X(a-X)) = a E(X)— E(X )_?_7_5

Example 6

If X is a continuous RV, prove that

0o 0
EX) = [[1-Fldy— [ Fode
0 —oo

oo 0 oo
EX) = [ xf(x)de= [ xdF(x)-[xd{l- F(x)}
o —oo 0

[since F{x) = f(x)]

0 )
= [xF(0) - [ Fdx = [x{1- F()}5 + [{1- F(x)}dx
—oo 0

= ]:{I—F(x)}dx— '(l). F(x)dx
0 Zeo

[since F(—=) = 0 and F(e0) = 1]

Example 7

If the random variable X follows N(0, 2) and Y = 3X2, find the mean and variance
of Y.
Since X follows N(0, 2), E(X) =0 and var(X) =4

EX®) = var(X) + (E(X)}* = 4
Now E(Y)=EBX>)=3x4=12
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E(Y’) =E9X")=9x3x2*
2 ! 27’
[since for the normal distribution N(0, 0), E(X 2’) = (rz)r—o"
r!
Var(Y) = E(Y)) - {E(V)}?

=27 x2%_122=288

]

Example 8

If the joint pdf of (X, Y) is given by flx, y) = 24y(1 —x), 0 <y < x <1, find
E(XY).

Fig. 4.1

11
EQXY) = [ [xyf(x,y) dxdy

0y

= 24ny2(1—x)dxdy

Oy
1 2 3
Ly
= 24jy2[———+—]dy
. l6e 23

15

Example 9

If X and Y are two independent RVs with fy(x) = e "U(x) and f,(y) = ¢ *U(y) and
Z=(X-Y)UX-Y), prove that E(Z) = 1/2.

1 ifX>Y

vx-n= {0 if X <Y

S X=Y ifX>Y
o ifX<Y
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E@2) = [ [z dxdy
00
[since X and Y are independent, f(x, ¥) = fy(x) X fy(»)]

TT(x —ye " Mdxdy

0y

o

Je =y (=e™) e T7 dy

St—3 o

1

-2y _
e Vdy=—
Y 2

Example 10

The joint pdf of (X, Y) is given by fix, y) =24 xy; x>0,y >0,x+y <1, and
fix, y) =0, elsewhere, find the conditional mean and variance of Y, given X.

y

1-x
o= [ 24xydy
0

=12x(1-x)>,0<x<1
fly) 2y

Now TR0 = T
1-x
EWX=x)= [ y(ylx)dy
0
1-x 2
2y 2
= d = — 1_

Ao &=300

1-x

EYVl) = | ¥ x f(y/x) dy=%(1 —x)

0

Var(Y*/x) = E(Y*/x) - {E(Y/x)}?



4.12 Probability, Statistics and Random Processes

Lo taoay
= S1-0"=Z-x)

1 2
=—(1-
18( x)

Example 11

If (X, Y) is uniformly distributed over the semicircle bounded by y = V1 - x* and
vy =0, find E(X/Y) and E(Y/X). Also verify the E{E(X/Y)} = E(X) and E{E(Y/X)}
= E(Y).

y
y=J1-x2
1 o] 1 X
Fig. 4.3
Jo,y) =k
[[reey dyde=1
1 1-x2
ie., [ | kdydr=1
-1 0
. 1
ie., 2k [N1-x7 dx=1
0
k=2
T
1—x22
A= [ Sdy==41-x" -1<x<1
0 T
\[l—yz
2 4 2
) = J‘ —dx=—4/1-y",0<y<1
-7
—y1-y
J(x,y) 1 2 2
(xly) = L=y Sx <\ l-y
I KO 2 1-y?
1 2
folx) = ,0<y<A1—x
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jxfx(x)dx —jxl x2 dx=0

-1

E(X)

(since the integrand is odd)

EX/Y)

I
—
&
—~
=
~
<
N

I
o

1
_— dx = (since the integrand is odd)
201-y 7

E{EX/Y)} = E{0} =0 = E(X)

1 1
E(Y) = fyfy(y)dy=ijy\/1—y2 dy=—
0 Ty, 3n

1-x2 1 2 \VI-x 1
EiX)= [ yf(y/x)dy= (y—] = V1=
0

0 1-x
E{%\/l—XZ}
1
J‘%\ll—x2 Sfy(x)dx
-1

E{E(YIX)

2! 4
= =fa-2)dr=—
T, 3

E{E(YIX) = E(Y)

Example 12

If (X, Y) follows a bivariate normal distribution N(0, O; oy, Oy; r), find E(Y/X),
E(Y*/X), E(XY) and E(X°Y?).

1 x* 2rxy y2
(x,y) = — | 5-e
fixy 20,0, / { 20 -7 )(Gi 0.0, o)

2
S S N W U5 2 - 2 B i
216,0,\1-7 20-r)\0, ©0,) 20

exp(—x*/20%)

1
S = o_xm

[refer to the worked Example 12 in Chapter 2 on two-dimensional RVs]

f(xy) 1
Slx) = =
Sx (%) o’y\/l—r2xl2n’
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1 rxo, ?
€X — - -
P 2(-r*)o; y o,

rxo
which is a N( : ,O'y\/l—r2]

o

=

er'y
EX== [ yf(/x)dy=—

—oo y

and  Var(Y/X=x) =0,” (1-717)
Var(Y/X) = E(YY/X) — {E(Y/IX)}*
E(Y’IX)=0, (1-r) +rx’c’ Jo.]

By Property 3 of conditional expected values,
E(XY) = E{XE(Y/IX)}

c o Y

X X

o, o,
= E{r—’Xz} =r—2x0.=r0.0

Again, by the same property
EX*Y?) = E{X* x E(Y)IX)}

}"20'2
Elo;1-r)X* +—=Xx*
O-X

2.2
r o

o, (1-r)EX*)+—>~E(X")
i (o

X

2.2
y
2
x

-
o o (1-r)+ x30%

(1+2r*)ci0;

Exercise 4(A) ]

Part-A  (Short-answer Questions)
1. Define the expected value of g(X), where X is a RV.
Define the mean and variance of a RV.
Prove that Var(X) = E(X?) — E* (X)
If X is a RV, prove that E(X?) > {E(X)}>.
If X is a discrete/continuous RV prove that E(aX + b) = aE(X) + b and
Var(aX) = anar(X).

RAREI e
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10.
11.
12.
13.

14.
15.

16.
17.
18.
19.

20.
21.

22.

23.

24.
25.

26.

27.
28.

29.

30.

If uy and oy are the mean and SD of the RV X, find uy and oy, where

1
Y o, (X — Hy).
Define the raw and central moments of a RV and state the relation
between them.
The probability distribution of a RV X is given by
X: 0 1 2 3
Dy 0.1 0.3 0.4 0.2
find E(Y), where ¥ = X* + X.
Find the mean of the RV X, if its pmf is given by P(x =) = (1 —a)d, j =
0,1,2, ..., 0.
Find the mean of the RV X if its pdf is fix) = 6x(1 —x), 0 <x < 1.
Find the mean and variance of the uniform distributed in (a, b).
Find the mean and variance of a RV X, that is uniformly distributed in
(2, 8).
If X is uniformly distributed in (1, 2) and Y = X°, find the mean of Y.
Obtain the mean of the binomial distribution B(#n; p).
Obtain the mean of the Poisson distribution P(4).

Find the binomial distribution whose mean is 6 and SD is \/E .

If X is a binomial RV with mean 2.4 and variance 1.44, find P(X = 7).
If X is binomially distributed with n = 5 such that P(X = 1) = 2P(X = 2),
find E(X) and Var(X).

If X is binomially distributed with n = 6 such that P(X =2) =9 P(X =4),
find E(X) and Var(X).

X is a Poisson RV such that P(X = 1) = P(X = 2), find E(X) and E(Xz).
Find the mean of the geometric distribution given by P(X = r) = pq" (r =
0,1,2,...). wherep+ g = 1.

On the average, how many times must a dice be thrown until a ‘6’ is
obtained?

Find the mean and variance of the exponential distribution given by f{x)
=A™ x>0.

If the RV X follows N(0, 2), find E(X?).

Define the expected value of g(X, Y), where (X, Y) is a two-dimensional
continuous RV with joint pdf f(x, y).

If (X, Y) is a two-dimensional continuous RV, express E[g(X)] and
E[h(Y)} in terms of the marginal densities of X and Y.

If X and Y are independent RVs prove that E(XY) = E(X) x E(Y).

If X and Y are independent RVs with means 2 and 3 and variances 1 and
2 respectively, find the mean and variance of Z =2X - 5Y.

If (X, Y) is a two-dimensional continuous RV, define E{g(X, Y)/X} and
E{g(X, V)/Y}.

If (X, Y) is a two-dimensional continuous RV, define conditional mean
and conditional variance of X, given Y.
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31.
32.
33.
34.

35.

Part-B

36.

37.

38.

39.

40.
41.

42.

43.
44,

45.

If X and Y are independent RVs, prove that E(Y/X) = E(Y).

If X and Y are independent RVs, prove that E{E(Y/X)} = E(Y).

If X and Y are independent RVs, prove that E(X/Y) = E{X.E(Y/X)}.

If the joint pdf of (X, Y) is given by fix,y) =2 -x—-y,in0<x<y<1,
find E(X) and E(Y).

If the joint pdf of (X, Y) is given by fix, y) =2,in 0 <x <y <1, find
EX).

What is the expectation of the number of failures preceding the first
success in an infinite series of independent trials with constant probability
p of success?

What is the expectation of (a) the sum of the points on n dice? and
(b) the product of the points on n dice?

Three tickets are chosen at random without replacement from 100
tickets, numbered 1, 2, 3, ..., 100. Find the expectation of the sum of the
numbers.

From an urn containing 3 red and 2 black balls, a man is to draw 2 balls
at random without replacement, being promised Rs. 20/- for each red
ball he draws and Rs. 10/- for each black ball. Find his expectation.

If X follows a uniform distribution in (a, b), find E(X) and Var(X).

Find the mean and variance of the geometric distribution given by
PX=r=pq,r=0,1,2, ..;p+qg=1.

Find the mean and variance of the binomial distribution B(n; p).

Find the mean and variance of the Poisson distribution P(4).

If the continuous RV X follows a normal distribution N(0, o), prove
that

) 0 if n is odd
(i) EX")= { }

I1x3%x5---(n—1)c" if niseven

n—1

2 -
=x2%|(n-1)/20" if nisodd
G Eaxm = \z <2 [ezb/207 ifniso

Ix3x5--«(n=-1)o" if n is even

If the continuous RV X has a Maxwell density, given by
2
Sfo) = \/zx—yexl/zo‘2 U(x), prove that
T o
L3 Qk+Da*  ifn=2k

EX") =
\/§x2"k><a2k‘l ifn=2k-1

Hence, find the mean and variance of the distribution.
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46. If X has a Rayleigh density with parameter c¢and Y =a + b X2, prove that
0, =4b" o,

47. (1) IfY=aX+ b, show that oy = acy and
(i) If Y= (X- uyl/oy, find uy and oy.

48. 1If X is a RV for which E(X) = 10 and Var(X) = 25, for what positive
values of @ and b does Y = aX — b have expectation 0 and variance 1?

49. If X is uniformly distributed in (1, 2) and Y = X°, find the mean and
variance of Y.

50. If the continuous RV X has the density function f(x)= 2% ,x20,
andif Y= X2, find the mean and variance Y.
51. If X and Y are independent random variables with density functions

()= %, x>2,and fy(y) = 2y, 0 <y < 1, respectively, and Z = XY,
X

find E(Z).

52. If each of the independent RVs X and Y follows N(0, 0) and Z=1X - Y1,
prove that E(Z) = 20//r_and E(Z)* = 206°.

53. If the joint pdf of (X, Y) is given by fix, y) =2,0<x <y <1, find the
conditional mean and conditional variance of X, given that ¥ = y.

54. 1If the joint pdf of (X, Y) is given by fix, y) = 21x%*, 0 < x < y < 1, find
the conditional mean and variance of X, given that Y =y,0<y < 1.

55. Ifthe joint pdf of (X, Y) is given by f(x, y) = 3xy(x +y), 0 <x, y < 1, verify

17

that E(E(Y/X)) = E(Y) = -

Linear Correlation

In many situations, the outcome of a random experiment will have two measurable
characteristics, viz. will result in two random variables X and Y. Often we will
be interested in finding whether the two different RV’s are related to each other.
If they are related, we will try to determine the nature fo relationship and degree
of relationship (correlation). Assuming that there is some correlation between X
and Y, we will then try to find a formula expressing the relationship and use this
formula to predict the most likely value of one RV corresponding to any given
value of other RV

To examine whether the two RV’s are inter-related, we collect n pairs of
values of X and Y corresponding to n repetitions of the random experiment, Let
them be (x;, y,), (X5, ¥,), ..., (x,, ¥,,). Then we plot the points with co-ordinates (x,
Y1) ---» (x,, ¥,) on a graph paper. The simple figure consisting of the plotted points
is called a scatter diagram. From the scatter diagram, we can form a fairly good,
though vague, idea of the relationship between X and Y. If the points are dense or
closely packed, we may conclude that X and Y are correlated. On the other hand
if the points are widely scattered throughout the graph paper, we may conclude
that X and Y are either not correlated or poorly correlated.
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Further if the points in the scatter diagram appear to lie near a straight line,
we assume that the RV’s have linear correlation. If they cluster round a well
defined curve other than a straight line, the RV’s are assumed to be non-linear. In
this section we will assume linear correlation between the concerned RV’s and
discuss how to measure the degree of linear correlation.

Correlation Coefficient

As the variance E{X — E(X)}2 measures the variations of the RV X from its mean
value E(X), the quantity E{[X — E(X)] [Y — E(Y)]} measures the simultaneous
variation of two RV’s X and Y from their respective means and hence it is called
the covariance of X, Y and denoted as Cov (X, Y).

Cov(X, Y) = E{[X - E(X)] [Y — E(Y)]} is also called the product moment of X
and Y and also denoted as p(X, Y).

Though p(X, Y) is a useful measure of the degree of correlation between X and
Y, it is to be expressed in mixed units of X and Y. To avoid this difficulty and to
express the degree of correlation in absolute units, we divide p(X, ¥) by o, -0, so

0,0,

is a mere number, free from units of X and Y.

(xy) . L . —
l;_—o_y is a measure of intensity of linear relationship between X and Y and
X7y

is called Karl Pearson’s Product Moment Correlation Coefficient or simply
correlation coefficient between X and Y. It is denoted by (X, Y) or ryyor simply r.

E{[X - EX)IIY - EQY)]}

Thus, -
. hr JEIX —ECX)VEY —EQY)Y

)

since o,, the standard deviation of X is the positive square root of the variance
of X.

Now, E[{X-EX)}{Y-ED)}]
= E[XY) - E(Y) - X - E(X) - Y + E(X) - E(Y)]
= E(XY) - E(Y) - E(X) - E(X) - E(Y) + E(X) - E(Y)

[ E(X) and E(Y) are non-random constants]

= E(XY) - E(X) - E(Y) (2)
Also we know that E{X — E(X)}? = E(X®) - {EX)}? (3)
and E{Y-EY)}’ = E(Y") - ()}’ 4)

Using (2), (3) and (4) in (1), we get
EXY)-EX)-EXY)
Xy = \/ N N
{(E(XT)-E"(XOHEXY ") - E“(Y)}
where EZ(X) means {E(X)}z.

)



Statistical Averages 4.19

We will mainly deal with linear correlation of discrete RV’s X and Y. X will
take the values x,, x,, ..., x,, with frequency 1 each and Y will simultaneously take

. 1
the values y;, y,, ..., ¥, with frequency 1 each. Hence, E(X) = —in D E(X%) =
n

1 X, E(XY)= lel. y; etc. Using these values in (5), the working formula
n n

for the computation of ryy is got as
lzxi i — lin lzyi
Fyy = n n n (6)

=

nXxy —2x -y
e - o}z - 2]

Properties of Correlation Coefficient
I. -1<ry<lorlCov(X,Y)<oy- 0y
Let us consider
Ela{X-EX)} + {Y-EW}*=d* 62 +2a Cyy+ 0> (1)
The R.H.S. expression is a quadratic expression in a, that is a real

quantity. It is positive, as it is the expected values of a perfect square.
Hence, by the property of quadratic expressions, the discriminant of the

(7)

or I'yy =

RHS.<0
ie, 4Cz —4030,<0
. 2 2 2
Le., Cxy <0y -0y (2)
C2
. XY
e, — sl
Oy -0y
, 2
ie., ryy <1
ie., ryp <lor—1<ry,<1

From step (2), it is clear that ICy,l < oy - Oy

When 0 < ryy< 1, the correlation between X and Y is said to be positive or direct.
When —1 < rsy < 0, the correlation is said to be negative or inverse.

When —1 < ryy < —0.5 0r 0.5 < ryy < 1, the correlation is assumed to be bigh, otherwise the
correlation is assumed to be poor.
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2. Correlation coefficient is independent of change of origin and scale.

X_
je.ifU=2"¢

and V = YT_b , where h, k>0, then ry, = ryy.
By the transformations, X =a + hU and Y=b + kV
E(X)=a+ hE(U) and E(Y) = b + kE(V)
S X-EX)=h(U-EWU)}and Y- E(Y)=k{V-E(V)}
Then Cyy=E[R{U-EU)} - k{V-EV)}=hk Cyy,
oy = Ell*{U - E(U))*] = i* 6,/
oy = E[K*{V - E\V)}*] =k 6,

- Cov(X,Y) hk Cyy,
XYy — -
\/0')2( .oy \/hz-cfj Koy
CUV
= — =
GU 'GV uv

P If X andY take considerably large values, computation of rs-will become difficult. In
S

wch problems, we may introduce change of origin and scale and compute r using the above property.

3. Two independent RV’s X and Y are uncorrelated, but two uncorrelated
RV’s need not be independent.
When X and Y are independent, E(XY) = E(X) - E(Y).
Cxy=0and hence ryy=0
viz., X and Y are uncorrelated.
The converse is not true, since E(XY) = E(X) - E(Y), when ryy, = 0.
This does not imply that X and Y are independent, as X and Y are
independent only when f(x, y) = fy(x) - fy().

M When E(XY) = 0, X and Y are said to be orthogonal R1”%.

2 2 2
Ox + 0y —O(x_y)

4. Iyy =
204 Oy

Let Z=X-Y.Then E(Z) = EX) — E(Y)
5 Z-E2)=[X-EX)]-[Y-EQY)]
o, = E[Z- EQ2)T - El{X - EX)} - [Y - E!)}T?
=E{X-EX)} +E[{Y-EY)}’ - 2E[{X- EX)}{Y - E(1)}]

=03 +0; —2Cyy
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c _ox+0, -0,
XY —
2
2 2
. Cyy Ox*0y—0(xy,
XYy — -
040y 20,0y,

Similarly, we can prove that
2 2 2
O(x4y) = Ox tOy + 2Cyy

2 2 2
O(x+y) ~Ox — Oy

and hence, Fyy =
Xy 20, oy

Rank Correlation Coefficient

Sometimes the actual numerical values of X and Y may not be available, but the
positions of the actual values arranged in order of merit (ranks) only may be
available. The ranks of X and Y will in general, be different and hence may be
considered as random variables. Let them be denoted by U and V. The correlation
coefficient between U and V is called the rank correlation coefficient between

(the ranks of) X, Y and denoted by pyy.

Let us now derive a formula for pyy or ry,. Since U represents ranks of n

values of X, U takes the values 1, 2, 3, ..., n.
Similarly, V takes the same values 1, 2, 3, ..., n in a different order.

n+1
2
_(n+1D)2n+1)
6

E(U) = E0V)= L1424 -+m)=
n

E(Uz) = E(Vz)zl(l2 +22 +...+n2)
n

0,2 = oy =EU*)-E*(U)
_ (n+D@n+l)  (n+1)

6 4
=D o on 1) =3+ 1))
12
_ n? -1
D)
Let D=U-V  ~ED)=0
and 0, = E(D%)

By Property (4) given above,

2 2 2
oy, +0, —0p
Pxy = ruvzz—,whereD:U—V
Oy Oy
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2_

- ) n? -1
12

6 6E(D?)
=1- o, orl-—
n? -1 b n? -1
2
= 1—% [ E(Dz)zlzdﬂ
n(n” =1) n

P The formmula for the rank correlation coefficient is known as spearman’s formula.
Th

¢ values of 1y and P~y (or 1) will be, in general, different.

[ Worked Example 4(B) ]

Example 1
Compute the coefficient of correlation between X and Y, using the following data:
X 1 3 5 7 8 10
y: 8 12 15 17 18 20
2 2
Xi Yi Xi Yi i Vi
1 8 1 64 8
3 12 9 144 36
5 15 25 225 75
7 17 49 289 119
8 18 64 324 144
10 20 100 400 200
34 90 248 1446 352
Thus,n=6
2x; =34, 2y; =90
Tx” =248, Xy = 1446
Zxy; =582
_ nxxy—2x-xy
Ixy =

JInEy? — (2} (n5y” - (Zy)°)
_ 6x 582 =34 90
J16 X248 — (34)°} {6 x 1446 — (90)*}
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432
= ————=0.9879
\332 %576
Example 2

Compute the coefficients of correlation between X and Y using the following
data:

X: 65 67 66 71 67 70 68 69
Yy: 67 68 68 70 64 67 72 70

We effect change of origin in respect of both X and Y. The new origins are

chosen at or near the average of extreme values. Thus, we take 65+71 =68 as

64 +72

the new origin for X and =68 as the new origin for Y. viz., we put u; =

(x;—68) and v, =y, — 68 and find ry.

X=x; Y=y, u;=x;— 68 v;=y;— 68 uiz viz u; v,
65 67 -3 -1 9 1 3
67 68 -1 0 1 0 0
66 68 2 0 4 0 0
71 70 3 2 9 4 6
67 64 -1 —4 1 16 4
70 67 2 -1 4 1 -2
68 72 0 4 0 16 0
69 70 1 1 1 2

Total -1 29 39 13
oy = nxuv — 2Xu - X0
xy=Tuv =
JInZ? - (Zuy} (n0? — (Z0)*}
Ex13-(-1)x2 106 0.3974

) J8x29-1)(8x39—4) T 231%308

Example 3

Find the coefficient of correlation between X and Y using the following data:

X: 5 10 15 20 25

y: 16 19 23 26 30

As the values of X are in arithmetic progression, we make the change of
origin and scale, by choosing the middle most value 15 as the new origin and the
common difference 5 as the new scale.
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i, weput U= X-15

As the values of Y are not in A.P., we are content with effecting a change of
30+ 16) y-m

origin only, i.e., weput y =y _(

x—15 ) )
X y u= 5 v=y-23 u v uv
5 16 -2 -7 4 49 14
10 19 -1 4 1 16 4
15 23 0 0 0 0 0
20 26 1 3 1 9 3
25 30 2 7 4 49 14
Total 0 -1 10 123 35
DU nXuv — Xu - X0
Xy —"uv—
JinZu — ()} { (n30® - (o))
5%35-0x%(-1)
T 5x10-0)(5x125-1)
175
= —— =0.9907
V50 x 624
Example 4

The following table gives the bivariate frequency distribution of marks in an
intelligence test obtained by 100 students according to their ages:

Age (x) in yrs

Marks (y) 18 19 20 21 Total
10-20 4 2 2 - 8
20-30 5 4 6 4 19
3040 6 8 10 11 35
40-50 4 4 6 8 22
50-60 - 2 4 4 10
60-70 — 2 3 1 6
Total 19 22 31 28 100

Calculate the coefficient of correlation between age and intelligence.

Since the frequencies of various values of x and y are not equal to 1 each the
formula for the computation of ryy is taken with a slight modification as given
below:
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NE fyyuv -2 fyu-X fyv

Ixy=Tyy= ey
JINEf i = f)’} (N2 fy0° - (2 fy0)')
where u = x — 20, = % , fx represents frequencies of X-distribution, f,
represents frequencies of Y-distribution and fy, are the cell frequencies.
Midy/midx | 18 | 19 | 20 | 21 | f, o | fo | f0* | fouy
15 4 2 - 8 -2 | -16 32 20
25 5 4 4 19 -1 -19 19 10
35 6 8 | 10 | 11 35 0 0 0 0
45 4 4 8 22 1 22 22 -4
55 - 2 4 10 2 20 40 4
65 - 2 3 6 3 18 54 -3
fx 19 | 22 | 31 | 28 100 | Total 5 | 167 27
u 2 | -1 0 1 | Total
Sxu -38 |22 0 | 28 -32
fit 76 | 22 | 0 |28 | 126
Xfyyuv 18 | -6 0| 15 27

Xy uV for the first row of the table is computed as follows.

Xyt = frpuy vy ¥ frotavp F fryuz v+ fry 0
=4(=2) (~2) +2(=1) (<2) + 2(0) + 0(1) (~2)
=20

Similarly, other Xfyyuv values are computed. Value of (XXfy,uv) obtained as
the total of the entries of the last column and as that of the last row must tally.
Using the relevant values obtained in the table in (1), we have

100x 27 —(-32) X 5
J1100x 126 — (=32)°} {100 x 167 — 57}

= ¢=0.1897

113624 x 16675

Example 5

Fxy =

Calculate the correlation coefficient for the following ages of husbands (X) and
wives (Y), using only standard deviations of X and Y:

X 23 27 28 28 29 30 31 33 35 36

y: 18 20 22 27 21 29 27 29 28 29
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X y u=x-30 |v=y-24 u? v d=x-y d
23 18 -7 -6 49 36 5 25
27 20 -3 —4 9 16 7 49
28 22 -2 -2 4 6 36
28 27 -2 3 4 1 1
29 21 -1 -3 1 8 64
30 29 0 5 0 25 1 1
31 27 1 3 1 9 4 16
33 29 3 5 9 25 4 16
35 28 5 4 25 16 7 49
36 29 6 5 36 25 7 49

Total 0 10 138 174 50 306

1Y 1
Oy = —Xu’ —| —Zu| =—x138=13.8
n 10
2 2
o2 = Ty (Lso] = Lxiza—[12) — 164
10 10

2 2 2
Ox-v) = o} Ly [ Lsa] = Lisoe—[2) —s6
n n 10 10

oy +0y, -0, 13.8+164-5.6
20,0y 2x+/13.8 x+/16.4

246
"~ 30.0879

=0.8176

Example 6

If the independent random variables X and Y have the variances 36 and 16
respectively, find the correlation coefficient between (X + Y) and (X - Y).

Let U=X+YandV=X-Y
E(U) = E(X) + E(Y); E(V) = E(X) - E(Y)
E(UV) = E(X* - Y) = E(X?) — E(Y?)
E(U?) = E{(X + Y)*} = E(X*) + E(Y?) + 2E(XY)
E(V?) = EX%) + E(Y?) - 2E(XY)
Cyy=EUV) - EU) - E(V)
= E(X%) - E(Y*) - (E(X) - EX(Y)}
= [E(X?) - EX(X)] - [E(Y?) ~E*(Y)]
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Similarly,

Now,

= 03 -0y =36-16=20

o} =EWUY - EXU)
= {E(X*) + E(Y") + 2E(XY)} — (EX(X) + E*(Y) + 2E(X) - E(Y)}
= [E(X®) — EX(X)] + [E(Y?) —EX(Y)] + 2[E(XY) — E(X) - E(Y)]
=36+16+2x%x0
[~ X and Y are independent and hence uncorrelated]

=52
oy =52
Cp 20 5

o, 0, 52 13

Example 7

If X, Y and Z are uncorrelated RV’s with zero means and standard deviations 5, 12
and 9 respectively and if U= X+ Y and V=Y + Z, find the correlation coefficient
between U and V.

Similarly,

EX)=EY)=EZ)=0

Var(X) = EX?) - EX(X) =25 .. EX%) =25
E(Y?) = 144 and E(Z*) = 81

X and Y are uncorrelated.

Now,

and

ryy =0, i.e., EXY) - EX) - E(Y) =0

E(XY) =0. Similarly E(YZ) =0; E(ZX)=0

EWU)=EX+Y)=0and E(V)=0

E(U?) = EQX* + Y +2XY)

=25+144+2x0=169

E(V) = E(Y* + Z* + 2YZ)

=144+ 81 +2x0=225
0, = E(UY) - EX(U) = 169
6, = E(V*) — EX(V) = 225

E(UV)=E{(X+Y) (Y +2)}

= E(XY) + EXZ) + E(YZ) + E(Y?)
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=0+0+0+ 144 = 144

_EWUV)-EW)-E(V) _ 144 48
Oy - Oy 13x15 65

Tuyv

Example 8

If X and Y are two RV’s with variances O'X2 and GY2 respectively, find the value

. o
ofk,if U=X+kYand V = X +—%.Y are uncorrelated.
Oy

U and V are uncorrelated.
Cov (U, V)=0

ie., EWUV)-EU)-EV)=0

ie., E{(X+kY)(X+O-—X~YJ} —E(X+kY)-E(X+G—XYJ —0
oy oy

. o o
ie,  EIXT+k—X¥VP+|k+—X|XY
Oy Oy

Y

—{{E(X) + kE(Y)}{E(X) + z—XE(Y)H -0

ie. EXH+kZXEYY)+ (k +G—X] E(XY)
Oy Oy

Y Y

—{EZ(X) + kZ—XEz(Y) + (k + z—X]E(X) : E(Y)} =0

e {EXY) - E200)+X0% (B (v?) - E2(v))
Oy

+ [k + G—XJ {E(XY)— E(X)-E(Y)} =0

Oy

c c
ie., 0')2(+k—x-6,2,+(k+—ij0V(X,Y)=O

Oy Oy
Dividing throughout by oy,

X, Y
(04 +koy)+(0y +k0Y)~M=0
0,0y

ie. (ox+koy) + (1 +rgy) =0
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Assuming that ry, # -1, we get
oy +koy=0
Ox

k=%
Oy

Example 9

If (X, Y) is a two-dimensional RV uniformly distributed over the triangular region
R bounded by y = 0, x =3 and y = 4/3 x. Find fy(x), fi(y), E(X), Var(X), E(Y).

Var(Y) and pyy.
Y

Fig. 4.4

Since (X, Y) is uniformly distributed, f(x, y) = a constant = k

Now. [[ £y dxdy=1

4 3
e, [ | kdxdy=1

03y/4

4

3y
ie. k[|3-=|dy=1
v i( 4jy
ie., 6k =1
r=1
6

3
1 1
) = j—dx:—(4—y),0<y<4

%v/46 8

3y

4x/3 2

= —dy=—x,0<x<3

fx) £6y S5 0<x

3
2
EX) = jxfx(x)dxzjgxzdxzz
0

4

4

EW) = [y dy=[Sx@-y)dy=>7
0
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3
2 4.9
EXH=|Zxx dx==
X ‘([9 2

2 4)’2 8
E(Y)=| — 4 — dy=—
() £8><( Ndy=2
2 9 1
Var(X) = E(X°) - {E(X))? —5_ ==
8 16 8
\% EY) - {EY))?=2-—=2
ar(Y) = E(Y") - {E(V)}? 3799
4 3 1
EXY) = [ [ —xydxdy
03y/46
= 2 Ja6-y)yay=3
644
3-2x 2
_ EXY)-EQOXEQY) _ °"7%3 1
Pxy = = =
x% szé 2
V2073
Example 10

Find the correlation co-efficient between X and Y, which are jointly normally

distributed with

(x,y) = —
Joey 277:66\/ {2(1—r)
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oo

B 1 < —y2 X
0'},\/% _J;)yexp[zci J _'[o (0 A1 -r) 21

2
[yna
O'y d

dx 1
2(1-r*)o? Y M

exp

(o
The inner integral is the mean of the normal distribution with mean * and

. 2y 2
variance (I1-r")oy.

the inner integral =

Using this value in (1),

E(XY) = [mx ] x

o,

1 T 2 )’2
yexp| ——— |dy
o2 ,‘L ( 265]

= "% E(v?) for N0, 5,)
G,V
ro

= —*xol
)
_ E(XY)-E(X)E(y) _,
Pxy = 5.0,
Xy
Example 11

Ten students got the following percentage of marks in Mathematics and Physical
sciences:
Students: 1 2 3 4 5 6 7 8 9 10
Marks in
Mathematics: 78 36 98 25 75 82 90 62 65 39
Marks in
Phy. Sciences: 84 51 91 60 68 62 86 58 63 47
Calculate the rank correlation coefficient.
Denoting the ranks in Mathematics and in Phy. Sciences by U and V, we have
the following values of U and V:

v 4 9 1 10 5 3 2 7 6 8

V- 3 9 1 7 4 6 2 8 5 10

D1 0 o0 3 1 3 0 -1 1 =

D> 1 0 0 9 1 9 0 1 1 4  Zd*=26
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Pxy=ryy=1-

T 10%99

62d>

6x26

n(n* -1)

Example 12

=0.8424

Ten competitors in a beauty contest were ranked by three judges as follows:

Competitors
Judges 1 2 3 4 5 6 7 8 9 10
A: 6 5 3 10 2 4 9 7 8 1
B: 5 8 4 7 10 2 1 6 9 3
C: 4 9 8 1 2 3 10 5 7 6
Discuss which pair of judges have the nearest approach to common taste of
beauty.
Rank by A | Rank by B | Rankby C | d,= | dy= | d;= | d}? | d,° | df
(U) (V) (W) U-V | V-W |U-W
6 5 4 1 1 2 1 1 4
5 8 9 -3 -1 -4 9 1| 16
3 4 8 -1 -4 -5 1| 16 | 25
10 7 1 3 6 9 9| 36 | 81
2 10 2 -8 8 0 64 | 64 0
4 2 3 2 -1 1 4 1 1
9 1 10 8 -9 -1 64 | 81 1
7 6 5 1 1 2 1 1 4
8 9 7 -1 2 1 1 4 1
1 3 6 -2 -3 -5 91 25
Total: 158 (214 |158
6Zd;
rgy= -2 X8 4404
n(n® —1) 10x99
62d; x214
ryw=1-——2—=1- ¢ =-0.2970
n(n” —1) 10x99
6Zd;
row=1-—2h X8 400

n(n®-1  10x99

Since ry;,is maximum, the judges A and B may be considered to have common
taste of beauty to some extent compared to other pairs of judges.
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Exercise 4(B) ]

Part-A  (Short-answer Questions)

1.
2.
3.

9.

10.
11.
12.
13.
14.

Part-B

15.

16.

17.

18.

What is the scatter diagram? What is its role in correlation analysis?
What do you mean by correlation between two random variables?
What is linear correlation? How will you find that two RV’s are linearly
correlated?

Define covariance of X, Y and coefficient of correlation between X and Y.
Why is ryy preferred for measuring the degree of linear correlation to
Cov (X, Y)?

State the properties of correlation coefficient.

State two different formulas used to compute ryy.

Define rank correlation coefficient and write down the formula for
computing it.

Prove that -1 <ry, < 1.

Prove that O'(zxw) - O'(zx_y) =4Cov (X,Y)

If Cyy is the covariance of X and Y, prove that Cyy = E(XY) — E(X) - E(Y).
If X and Y are independent RV’s prove that ry, = 0. Is the converse true?

If X and Y are uncorrelated, prove that Var(X + Y) = Var(X) + Var(Y).
When are two RVs said to be orthogonal?

Ten students got the following marks in Mathematics and Basic Engi-
neering:

Marks in
Mathematics] 78 36 98 25 75 82 90 62 65 39
Mar.ksm } 84 51 91 60 68 62 86 58 53 47
Basic Engg.

Calculate the coefficient of correlation.

Calculate the correlation coefficient between X and Y from the following
data:

X: 65 66 67 67 68 69 70 72
Yy: 67 68 65 68 72 72 69 71

Find the coefficient of correlation between X and Y using the following
data:

X 55 36 26 34 31 27 30 31 32 38

y: 27 36 39 39 32 35 40 36 44 36
Compute the coefficient of correlation between X and Y from the
following data:

X: 80 45 55 56 58 60 65 68 70 75 &5
Y: 82 56 50 48 60 62 64 65 70 74 90
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19.

20.

21.

22.

23.

24.

25.

Find the coefficient of correlation between X and Y from the following
data:

X: 10 14 18 22 26 30

Y: 18 12 24 6 30 36
Calculate the coefficient of correlation between X and Y, by finding
variance only, from the following data:

X 21 23 30 54 57 58 72 78 87 90

y: 60 71 72 83 110 84 100 92 113 135
Calculate ryy from the following data, where X represents production
(in crore tons) and Y represents exports (in crore tons), using only the
variances.

X: 55 56 58 59 60 60 62

Y: 35 38 38 39 44 43 44
The following table gives the frequency of scores obtained by 65 students
in a general knowledge test according to age groups. Measure the degree
of linear relationship between age and general knowledge:

Test Age in years

scores 19 20 21 22
225 4 4 2 1
275 3 5 4 2
325 2 6 8 5
375 1 4 6 8

Compute the value of ry, between X, the ages of husbands and Y the ages
of wives from the following data:

Y X 115-25 |25-35 |35-45 |45-55 |55-65 |65-75 |Total
15-25 1 1 - - - - 2
25-35 2 12 1 - - - 15
35-45 - 4 10 1 - - 15
45-55 - - 3 6 1 - 10
55-65 - - - 2 4 2 8
65-75 - - - - 1 2 3
Total 3 17 14 9 6 4 53

Find the rank correlation coefficient between the ranks of the variable X
and Y:

X: 10 15 12 17 13 16 24 14 22

Y: 30 42 45 46 33 34 40 35 39
The competitors in a musical contest were ranked by the three judges A,
B, C in the following order:

Rank by A:1 6 5 100 3 2 4 9 7 8
Rank by B:3 5 &8 4 7 100 2 1 6 9
Rank by C:6 4 9 8 1 2 3 10 5 7
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Using rank correlation technique, find which pair of judges have more or
less the same taste in music.

26. If X, Y, Z are uncorrelated RVs having the same variance, find the
correlation coefficient between (X + Y) and (Y + Z).

27. If X and Y are two correlated RVs with zero means, prove that
U=Xcos o+ Ysin ¢and V=Xsin a— Y cos « are also uncorrelated.

28. X and Y are independent RV’s with means 5 and 10 variances 4 and 9
respectively. Obtain the correlation coefficient between U and V, where
U=3X+4Yand V=3X-Y.

29. If X|, X,, X; are three correlated RV’s having variances v,, v,, 03
respectively, obtain the coefficient of correlation between (X; + X,) and
X5 + X3).

30. Show that (i) E{aX + bY} = aE(X) + bE(Y) and (ii) var(aX + bY) = a
var(X) + b’ var(Y) + 2abC(X, Y), where C(X, Y) is the covariance of (X, Y).

31. It two RV’s are uncorrelated, prove that the variance of their sum is
equal to the sum of their variances.

32. If the joint density function of (X, Y) is given by flix,y) =2 -x-y,0<x,
y <1, find E(X), E(Y), var(X), var(Y) and ryy.

33. If the two dimensional RV (X, Y) is uniformly distributed in 0 <x <y <
1, find E(X), E(Y), var(X), var(Y) and ryy.

34. If the two dimensional RV (X, Y) is uniformly distributed over R, where
R is defined by {(x, y)/x* + y* < 1,y > 0}, find ryy.

35. If the joint pdf of (X, Y) is given by filx, y) =x+y,0<x,y <1, find ryy.

36. Let X be a RV with mean value = 3 and variance = 2. Find the second
moment of X about the origin. Another RV Yis defined by ¥ =-6X + 22.
Find the mean value of Y and the correlation of X and Y.

Regression

When the random variables X and Y are linearly correlated, the points plotted
on the scatter diagram, corresponding to n pairs of observed values of X and Y,
will have a tendency to cluster round a straight line. This straight is called the
regression line. The regression line can be taken as the best fitting straight line
for the observed pairs of values of X and Y in the least square sense, with which
the students are familiar.

When two RV’s X and Y are linearly correlated, we may not know which
variable takes independent values. If we treat X as the independent variable and
hence assume that the values of Y depend on those of X, the regression line is
called the regression line of Y on X. If we assume that the values of X depend
on those of the independent variable Y, the regression line of X on Y is obtained.
Thus in situations where the distinction cannot be made between the RVs X and
Y as to which is the independent variable and which is the dependent variable,
there will be two regression lines. However, when the value of Y(X) is to be
predicted corresponding to a specified value of X(Y), we should make use of the
regression line of Y(X) on X(Y).
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Equation of the Regression Line of Y on X

The regression line of Y on X is the best-fitting straight line for the observed
pairs of values (x, y;), (x5, ¥5), ..., (x,,, ¥,), based on the assumption that x is the
independent variable and y is the dependent variable. Hence, let the equation of
the regression line of Y on X be assumed as y = ax + b. (D)

By the principle of least squares, the normal equations which give the values
of a and b.

are Xy, =aXx;+nb 2)
and Txy;=aZx+bIx 3)
Dividing the equation (2) by n, we get
¥ = ax+b )
where X = E(X) and Yy = E(Y) . (1) — (4) gives the required equation as
y—y =a(x—X) (5)
Eliminating b between equations (2) and (3),
nxx,y; — 2x; - 2y,
we get a= 5 >
nXx; —(Zx;)
1 1 1
b))
_ n n n
- 2
l fo _ (1 T, )
n n

o 4o EXY)—EX) E(Y) _ Pyy (6)
EX)-E(X) oy

Using (6) in (5), we get the equation of the regression line of ¥ on X as

v-3 = 2 (7 )
Oy

or y-3 = 2% (3 (8)
Oy

Pxy
=
Xy
{ OxOy

In a similar manner, assuming the equation of the regression line of X and Y as x
= ay + b and using the equations

2x;=aXy;+nband Zx)y,=a Zyl-z + b2y,
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we can get the equation of the regression line of X on Y as

or

— p —
X=X = (=) )
Oy
— ryy O
x—¥ = W0y (10)
Oy
Pxy or YOV i alled the regression coefficient of 'Y on X and denoted by b, or
Ox Ox
P XY r XYO-X . . .
by ==~ or . is called the regression coefficient of X on'Y and denoted by b,
(o Y
or by
Clearly, b b, = rX2 vs Leboy Iy 15 the geometric mean of by and b,.
rxy = E4Jb b,
. . o, oy
The sign of ryy is the same as that of by or by, as b, = Ty —— and by = ryy ——
95 N
have the same sign as vy (' Ox and Oy are positive).
2
b o
Also, 1= —ZY
b, Ox

When there is perfect linear correlation between X and Y, viz., when rxy = £1, the two
regression lines coincide.

The point of intersection of the two regression lines is clearly the point whose co-ordinates
are (X, ).

When there is no linear correlation between X and Y, viz., when rxy = 0, the equations
of the regression lines become y ="y and x = x , which are at right angles.

Standard Error of Estimate of Y

Although we use the regression line of ¥ on X to predict the value of Y
corresponding to a specified value of X we may also use it to estimate the value of
Y corresponding to an observed value of X = x;, say. The value of Y estimated in
this manner need not, in general, be equal to the corresponding observed value of
Y, namely, y,. Hence, the difference between Y and Y} is called the error estimate
of Y. This error will vary from one observed value to the other and a random
variable. The standard deviation of this RV (Y — Yy) is called the standard error
of estimate of Y and denoted by Sy,
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Now, E{Y-Y.}= E[Y - {y+ % (x —E)H

Oy

I'vyyOy _—  _
XY Y(x_x)

=0-y-
X

=0

Oy, = ELY =Y} - E(Y - Yp)

2
= E{Y —{§+M(X —f)H
Ox

2 2
E{(Y 3+ B0 oy ey 2% oy v - )

2
GX Oy

2 2
Iyy O 21y, O
XY2 Y 0.)2( O coy(xLy)
Oy Oy

(ie.) Sy = o+

2 2 2 2
Oy + gy <Oy —2Iyy Oy

[ Cov (X, Y) =ryy Ox Oyl

(A-rZ)olorS, =1-r% o, (1)

Similarly, the standard error estimate of X, denoted by Sy is given by

S¢=(-rk)0%or S, =+/1-r2, Gy )

We may use (1) or (2) to prove that |ryy| < 1.

From (1), Sy = J1-r, o,

Since Sy and Oy are positive, T — r}gy 20
2
rey ST
ie, |y | STor—1<ryw<17]

[ Worked Example 4(C) ]

Example 1

Obtain the equations of the lines of regression from the following data:
X: 1 2 3 4 5 6 7
Y: 9 8§ 10 12 11 13 14
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X Y U=X-4 V=Y-11 U? Vv uv
1 9 3 2 9 4 6
2 8 2 3 4 9 6
3 10 -1 -1 1 1 1
4 12 0 1 0 1 0
5 11 1 0 1 0 0
6 13 2 2 4 4 4
7 14 3 3 9 9 9

Total 0 0 28 28 26

¥ =EX)= 44 3u=4
n

y =EY)= 11+12v=11
n

2
oy = Lse —(lm) —Llog=4
n n 7

2
1 1 1
oy = —x0* —(—Zv) =—x28=4
n n 7

1 1 1 1
Cyy=—2uv—| —2u |-| —2v |[==%x26=3.7
Xy (n ] (n J 7
The regression line of Y on X is
y- ¥ = P -
Oy

ie., y—ll:%(x—él)

ie., 37x-4y+292=0
The regression line of X on Y is

-7 =2y
Oy
™ x—4=37'r7(y—11)

ie., 4x-37y+24.7=0

Example 2

Obtain the equations of the regression lines from the following data, using the
method of least squares. Hence, find the coefficient of correlation between X and
Y. Also estimate the value of (a) Y, when X = 38, and (b) X, when Y = 18.
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X:
Y:

22
20

26 29 30 31 31 34
20 21 29 27 24 27

PutU=X-29and V=Y -27.
Let the equation of the regression line of Y on X be y = Ax + B or equivalently

35
31

v=au+b (D)
The normal equations for finding a and b are
aXu+nb=%Xv 2)
and  aXu’+bZv =2 uv 3)
X y u=x-29 v=y-27 u? v uv
22 20 -7 -7 49 49 49
26 20 -3 -7 9 49 21
29 21 0 -6 0 36 0
30 29 1 2 1 2
31 27 2 4 0
31 24 2 -3 4 -6
34 27 5 0 25 0
35 31 6 4 36 16 24
Total 6 -17 128 163 90
Using the relevant values from the table in (2) and (3), we have
6a +8b=-17 2)
128a + 66 =90 3)’

Solving (2)”and (3)’, we get

a=0.83;b=-2.75

Hence, the regression line of Y on X is
y—27=0.83 (x-29)-2.75

ie.,

y=0.83x +0.18

“4)

Let the equation of the regression line of X on Y be x = Cy + D or equivalently
u=co+d
The normal equations for finding ¢ and d are

and

Using the relevant values from the table in (6) and (7), we have

c2v+nd=2u

cZ0* + dXuv = Suv

-17¢+8d =6

&)

(6)
(7

©)’
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163¢-17d =90 7’
Solving (6)”and (7)’, we get
c=0.81;d=247
Hence, the regression line of X on Yis
x—29=0.81(y—27)+247

ie., x=0.81y+9.60 (8)
Comparing the equation (4) with

oy _
-y =r—(x-Xx)
y-y oy

We get P2 083 ©)
Ox
Comparing the equation (8) with

c _
x—X = r—=(y-Yy)
Oy

We get F2x 0381 (10)
Oy

From (9) and (10), we get r* = 0.83 x 0.81

_VGY roy

r=082 [ b= 2L and b, =
Ox Oy

are both positivej

We use the equation (4) to estimate the value of ¥ when X = 38.
Y=0.83%x38+0.18=31.72

Using the equation (8) to estimate the value of X when Y = 18, we have
X =0.81 x18+9.60=24.18

Example 3

A study of prices of rice at Chennai and Madurai gave the following data:

Chennai Madurai
Mean 19.5 17.75
S.D. 1.75 2.5

Also the coefficient of correlation between the two is 0.8. Estimate the most
likely price of rice (a) at Chennai corresponding to the price of 18 at Madurai,
and (b) at Madurai corresponding to the price of 17 at Chennai.
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Let the prices of rice at Chennai and Madurai be denoted by X and Y
respectively. Then from the data,

X =195, 5 = 17.75, oy = 1.75, 6, = 2.5 and ry, = 0.8.

Regression line of X on Yis

_ ro _
x-X =—%(y-y)
Oy
0.8x1.75
ie., x-195=——"—(y-17.75
73 (v )
. wheny =18,
0.8x1.75

x=19.5+—"x0.25
2.5

=19.64
Regression line of Y on X is

roy

y=y =—(x=-Xx)
Ox
0.8%x2.5
ie., -1775= ——(x-19.5
e Y 175 <19
. whenx =17,
0.8%x2.5

= 1775+ 28X (o5
Y 175 <2

=14.89

Example 4

In a partially destroyed laboratory record of an analysis of correlation data, the
following results only are legible: Variable of X = 1. The regression equations are
3x + 2y =26 and 6x + y = 31. What were (a) the mean values of X and Y? (b) the
standard deviation of Y? and (c) the correlation coefficient between X and Y?
(a) Since the lines of regression intersect at (X ,y ) we have 3x +2y =26
and6x +y =31
Solving these equations, we get x =4 and y =7.
(b)  Which of the two equations is the regression equation of ¥ on X and
which one is the regression equation of X on Y are not known.
Let us tentatively assume that the first equation is the regression line of X
on Y and the second equation is the regression line of Y on X. Based on this
assumption, the first equation can be re-written as
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2 26
xX= ——y+— 1
3713 (1)
and the other as y =—-6x + 31 2)

2
Then byy = -3 and by, = —6
ryy =—2, which is absurd.

Hence, our tentative assumption is wrong.
.. the first equation is the regression line of Y on X and re-written as

3)

3
=—-——x+13
T
The second equation is the regression line of X on Y and re-written as
1 31
X=——VvV+— 4
PRARP “4)

3
Hence, the correct byy = > and the correct byy = s

1
r)%Yz byy -byy ZZ
Pxy = 1 (" both byy and byy are negative)
_3
o; _ by - 2_g9

(c) Now — =

Example 5

Given that x =4y + 5 and y = kx + 4 are regression lines of X on Y and of Y on X

respectively, show that 0 <k < l Ifk= % , find the means of X and Y and ry;.

From the given equations, we note that
byy =kand byy=4

”)?Y = byybyy =4k
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Since 0 < r)%YS I, wetget0<4k<1

0< k<t

4
1, 1
When k:—,r = —_
16X 4

1

rXY=—5

But both byy and by, are positive.

Ixy =

1
When k = 6’ the regression equations become
x=4y+5 (1)
1
and y=—x+4 (2
16

Solving equations (1) and (2), we get
x=28and y=15.75

x =28and y =5.75

Example 6

Find the angle between the two lines of regression. Deduce the condition for the
two lines to be (a) at right angles, and (b) coincident.
The equations of the regression lines

are y-y = r&(x—)?) (D)
Oy

and x- % = r 2 (y-y) @)
o

Y

Slope of line (1) = r& =m,, say
Ox

o
Slope of line (2) = —= m,, say
roy

If B1s the acute angle between the two lines, then

lm, —m, |
tan @= L2
1+mym,



Statistical Averages 4.45

Oy Oy

oL
or
oy +0;

2
_(A=r") oxoy
- 2 2

Irl oy +oy

. . T .
The two regression lines are at angles when 6 = > i.e.,tan @ = oo

1.€., r=0
.. when the linear correlation between X and Y is zero, the two lines of regression

will be at right angles.
The two regression lines are coincident, when 8 =0, i.e., when tan =0

i.e., when r==l1.

.. when the correlation between X and Y is perfect, the two regression lines will
coincide.

Example 7

For two RV’s X and Y with the same mean, the two regression equations are y =
ax + b and x = ¢y + d. Find the common mean, ratio of the standard deviations

and also show that b = 1-a

l-c
If u is the common mean, the point (i, i) liesony=ax+ bandx=cy +d
[ they intersect at (X ,y )]

U=ap+b (M
p=cu+d )
From (1), u= b
l-—a
From (2), u= d
1-c¢
b d
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b _l-a
d 1-c
2
Now, o by _a G_YZJE
oy by ¢ Oy c

Example 8

Find the standard error of estimate of ¥ on X and of X on Y from the following
data:

X: 1 2 3 4 5
Yy: 2 5 9 13 14
2 2
X y X y Xy
1 2 1 4 2
2 5 4 25 10
3 9 9 81 27
4 13 16 169 52
5 14 25 196 70
15 43 55 475 161
nxxy—2x -2y
Fxy =

Jinz® = (20} (nEy? - (29)°)
B 5x161-15x43
JI5%55 - (157} (5 x 475 — (43)*}

= __160 =0.9866

A50x 526
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Part-A

1.
2.

et

oW

SN S

Part-B
11.

12.

2
= l X475 - l x 43
5 5
=21.04
oy = 4.5869
Sy= 1-r2 -0, =+/1—(0.9866)> x 4.5869
=0.7484
Sx= \J1-r2, -0y =+/1-(0.9866)> x1.4142
=0.2307
[ Exercise 4(C) ]

(Short-answer Questions)
What do you mean by regression line? What is its use?
For a given data of n pairs of values of X and Y, why should there be two
regression lines?
Write down the analytic equations of the regression lines?
When will the two regression lines be (i) at right angles, and
(i1) coincident?
Define regression coefficients.
Prove that the correlation coefficient is the geometric mean of the
regression coefficients.
Find the co-ordinates of the point of intersection of the regression lines.
What do you mean by standard error of estimate?
Write down the formulas for the standard errors of estimate of ¥ and X.
In the usual notation prove that

(i)  ryy-SySy= (1—rg)Cyy and

(i) b Sy = b,S;

Find the equations of the regression lines from the following data. Hence,
calculate the coefficient of correlation between X and Y.

X: 62 64 65 69 70 71 72 74
Y: 126 125 139 145 165 152 180 208

Find the equations of the regression lines from the following data. Also
estimate the value of ¥ when X = 71 and the value of X when Y = 70.

X: 65 66 67 67 68 69 70 72
Y: 67 68 65 68 72 72 69 71
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13.

14.

15.

16.

17.

18.

19.

20.

Find the equation of the regression line of Y on X using the method of
least squares from the following data. Find the value of Y corresponding
to X =18.

X: 5 10 15 20 25
Y: 16 19 23 26 30

Obtain the line of regression of X on Y using the method of least squares
from the following data. Find the value of X when Y = 45.

X 47 82 124 158 20.7 249 319 350 39.1 3838
y: 40 80 125 16.0 20.0 250 31.0 36.0 40.0 40.0

Find the most likely price in Mumbai corresponding to the price of
Rs. 70 at Chennai and that in Chennai corresponding to the price of Rs. 75
at Mumbai from the following:

Chennai  Mumbai
Mean 65 67
S.D. 2.5 3.5

Coefficient of correlation between the prices in the two cities is 0.8.

In a partially destroyed laboratory record of an analysis of correlation
data, the following results only are legible.

Variance of X = 9. Regression equations are 8x — 10y + 66 = 0 and 40x
— 18y =214. What were (i) the mean values of X and Y?

(i1) the correlation coefficient between X and Y, and (iii) the standard
deviation of Y?

The equations of two regression lines got in a correlation analysis are
3x + 12y = 19 and 3y + 9x = 46. Obtain (i) the correlation coefficient
between X and Y, (ii) the mean values of X and Y, and (iii) the ratio of
the coefficient of variation of X to that of Y.

The equations of lines of regression are given by x + 2y — 5 =0 and 2x +
3y — 8 =0 and variance of X is 12. Compute the values of x, y, Gy2 and
Ixy-

The regression lines of Y on X and of X on Y are respectively y = a + bx
and x = ¢ + dy. Find the values of X, y, and ryy. Can you find Sy and Sy
from them?

If the lines of regression of Y on X and X on Y are respectively a;x +
by +c¢; =0and a,x + byy + ¢, = 0, prove that a,b, < a,b,. Find also the
coefficient of correlation between X and Y and the ratio of the coefficient
of variability of Y to that of X.

Characteristic Function

Although higher order moments of a RV X may be obtained directly by using the
definition of E(X"), it will be easier in many problems to compute them through
the characteristics function or equivalently through the moment generating
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function of the RV X. While the characteristic function always exists, the moment
generating function need out.

Moment Generating Function (MGF) of a RV X (discrete or continuous) is
defined as E(etX), where ¢ is a real variable and denoted as M(t).

If X is discrete, them M(¢) = Z e p,,

where X takes the values x,, xzr, X3, ..., with probabilities p;, p,, ps, ...
If X is a continuous RV with density function f(x), then
M@ = [ " f(x)dx

—oo

Properties of MGF

(Proofs of the properties are omitted, as the proofs of the corresponding properties
of characteristic function will be given later.)

1. M@= Y 1"EX")|n
n=0
ie., E(X") = u’, is the co-efficient of L in the expansion of M(¢) in
n
series of powers of .

dn
dat"

2. w,=EX"= { M(t)}
=0
3. If the MGF of X is M(?) and if Y = aX + b, then M (¢) = eb’MX(at).

If X and Y are independent RVs and Z = X + Y, then M,(f) = M(?)
M(1).

Characteristic function of a RV X (discrete or continuous) is defined as E(e

and denoted as ¢(w).

If X is a discrete RV that can take the values x;, x,, ..., such that P(X = x,) =
p,» then

¢(w) _ zeiwxrpr

If X is a continuous RV with density function f(x), then

oo

o(@) = [ f(x)dx

—oo

Properties of Characteristic Function

n n

'

1. w’, =EX") = the coefficient of

of ascending powers of iw.

' in the expansion of ¢(®) in series
n:
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Proof
M) = E()
-l ia)X+i2w2X2 . _+i”a)”X”
[t 2 n
. 2 2
io N
=1+ EX)Xx—+E(X")X +--
(X) i (X7) 2
_1+ 'iﬂ.ll_ ,i2w2+...
:u'l Il :u’2 Ig
oo l-nwn
ie., ow) =D u, (1)
n=0 m
Hence, the result.
, 1] d"
2. M, = 7{ p ¢(w)}
i"| do
=0
Proof

Differentiating both sides of (1) with respect to @, n times and then putting
w=0.

(6" ()] =1, i"
1
W= i—,,[¢“” (@)oo

3. If the characteristic function of a RV X is fy(w) and if Y = aX + b, then
(@) = " pylaw)
Proof

¢,(0) = E('”")
— E{eiw(aX+b)}

= b F{ fa@X)
=" dx(am)
4. 1If X and Y are independent RVs, then
Px + {O) = Px(@) X (@)
Proof
Oy (@) = E{™ )

— E{ei(DXX eia)Y}
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= E(eiwx) X E(eti ) [since X and Y are independent]
= ¢x(@) X (@)
5. If the characteristic function of a continuous RV X with density function
fx) is flw), then flx) = i T p(@)e ™ do .
Proof

o) = [ flx)e™ dx

RS can be identified as the Fourier transform of f{x).
Therefore, by Fourier inversion formula

1 T —iwx
for=—— _jw¢(60)€ do

6. If the density function of X is known, the density function of Y = g(X)
can be found from the CF of Y, provided Y = g(X) is one-to-one.

Proof
Let the density function of X be fy(x).

oo

Then ¢g(x)(w) _ j eig(x)w fx(x)dx
Put g(X) =Y and hence g(x) =y
Then 0@ = [ ™ h(y)dy, say

—oo

Therefore, h(y) is the density function of Y.

Cumulant Generating Function (CGF)

If M(?) is the MGF of a RV X, then log, M(z) is called the cumulant generating
function of X and denoted by K(¢).

r

. ro. . . . .
The coefficient of — in the expansion of K(#) in ascending powers of ¢ is
r.

called the rth order cumulant of X and denoted by A,.

. > At
ie., K@) = r
2
dr
Also A= { . K(f)}
dr —0

If ¢(w) is the characteristic function of a RV X, then log,¢(w) is called the second
characteristic function of X and denoted by y(®).
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"o’
|r

the rth order cumulant of X and denoted by A,.

The coefficient of in the expansion of Y(®) in ascending powers of @w1is

Thus, o) =D Ai" o /r!
r=1
Also, A, = l{ d l//(a))}
i |do"
®=0

Joint Characteristic Function

If (X, Y) is a two-dimensional RV, then E(e™*""") is called the joint
characteristic function of (X, Y) and denoted by @yy(®@;, ).
It is easily verified that

(1) ¢XY(0’ O) = 1

(i) E{X"Y'}= ! l:a—q)XY(wla)Z)}

" dw)" 0wy

w;=0,0,=0
(i) Py(®) = Byy(@, 0) and P(®) = PO, @)
(iv) If X and Y are independent

Oxy(@), @) = ¢x(m)) X ¢y(@,) and conversely.

[ Worked Example 4(D) ]

Example 1

If X represents the outcome, when a fair die is tossed, find the MGF of X and
hence find E(X) and Var(X).
The probability distribution of X is given by

1
pi= p(X=i)=g,i=1,2,...,6
L 6 [
M@= Y p =Y e
i i=1
1
= g(e[+62t+e3f+e4f+65t+e6t)

7
EX) = [M'(D],_, =5
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EX?) = [M"0], -,

= %(e’ +4e* +9¢% +16¢" +25¢” +36€%),_, = A
Var(X) = % - % - %

Example 2

, obtain the standard deviation of X.

I a RV X has the MGF M(1)= 5 3

M) =~ =113 4 2194t oo (1

t

3(1_)

E(X) = coeffici tfiin(l)_l
X)_COC cient o Il 3

2

X ) . 2
E(X”) = coefficient of —in (1)==
12 9

Var = E(x) - (ECOF =5

1
O-X=§

Example 3

Find the MGF of the binomial distribution and, hence, find its mean and variance.
Binomial distribution is given by

p,=pX=r)=nCp'q" ",r=0,1,2,...n

M@= 2, e"p,
r=0

i etrncrprqn—r
r=0

zncr(p et)rqn—r

r=0
=(pe+q”
M@ =npe+q" 'xpe

M D =nplpe+q)" 'x+n-1)(pe+q" *pe
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EX)=M10)=np (sincep+g=1)
E(X*) =M"0)=np [1 +(n- p]
Var(X) = EX°) - {EX)}
=np— np2
=npq

Example 4

Find the characteristic function of the Poisson distribution and hence, find the
values of the first four central moments.
Poisson distribution is given by

p,=PX=r)= e llr r=0,1,2,..,00

¢(w) — i eiwre—llr /t

r=0
< -4 ioN\r
=Y et (Ae) r
r=0
_ i _ _ o)
—e A ele =e A(1-¢

90() = et " ine™
02() = ide ™ i+ " ine?)
_ izle—l{eiw " )Leizw}e/lef‘”
¢ (@) =i A
[{ie™ +2ide® }eleiw +{e® + Le® }e’leiwileiw]
= P deter” (e +32e%? + 22
o(w) = i* ﬂye_’l[e’l‘)im ire'®{e® +31e® + 12}
+ e’ (€ +6i1e™® +3i1%e?)
= i* Le e (€ + T + 6% + 13e'?)

B0 = -9V ()=
4

EX?) = iiz¢<2>(0> “ A+ A)

EX) = %¢<3)(0) =A1+31+1%)
l
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E(X*) = %q)“‘) 0)=A1+7A+61% +1%)
1

The central moments are given by
M= E(X - 1"

Example 5

Find the characteristic function of the geometric distribution given by P(X = r) =
g p,r=0,1,2,..,0,p+qg=1.
Hence, find the mean and variance.

¢(w) — i eia)rpqr
r=0

- pZ(qei(U)r — p(l_qel‘w)*l
r=0
(l)(w) - (1 _ ei(l))*Zi ei(o
¢ p(1-gq q
() = i’pgl2(1 - g’ q P+ (1 — g’y > ')

E(X) = %¢<”<0> =%and E(X*) =ii2¢<2>(0> =p%(1+q>

Uy = 4 and oy = %
P P
Example 6

Obtain the characteristic function of the normal distribution. Deduce the first
four central moments.

Let X follows N(u, o)
X-u

Then Z = follows N(0, 1), i.e., the standard normal distribution whose

density functg)n is ¢(z) = Le_zzl 2
\N27 '
17 - 212 iw
Now, A0)= — | e """ dz
A \N27 _‘L
1 —l(z—ia))2+—
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e j J2 dt, on puttlng

e [since jj;e"z dr = ’@ =r ]

q)X(w) =foZ+ u (w)
=™ ¢,(ow) (by Property 3)

w
=t

2

: _2m2
ezuwe o w2
: 2
NO , ¢X(w) — ela)(/J+lU w/2)

1 1
= 1+ —io(u+ic’wl2)+ —ifw*(L+ic’w/2)* +--

1 2

2 3.3
iop i

2 2y, !
|_ I_(cr+,u)+|§
4

Bo* +6p*c? +ut)+ - (1)

=1+ Buo?* + 1)

.4
l

T

W', = E(X) = coefficient of ~—in (1)= u

M

Similarly,  E(X?) = 0% + 11
E(XS) = 3,uo2 + y3 and,
E(X4) =30*+ 6,uzo2 + ,u4
Using the relation p, = E{(X — ,u)k }, we get
iy =0, = &yt =0 and y, = 30"

Example 7

Find the characteristic function of the Erlang distribution given by f(x) =

n

flx)=—— x""! e U(x) and, hence, find its mean and variance.
n—

[am—

¢((D)— l_J' -1 —(/1 tw)xdx

|_(/1—la)) ‘[

“le™"dt, on putting (A — iw)x = 1

l__

:(x j m

A
[since [n=|n—1 whennisa positive integer]
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N W) = l_iﬂj_
ow o) ( ‘
B 1+£iﬂ+n(n+1) ‘o’ .
oA 2 2
EX) = L and E(x?) = 2D
T2 e
Var(X):%

If n =1, Erlang’s distribution becomes the exponential distribution. Hence, the
mean and variance of an exponential distribution with parameter A are 1/A and 1/ 2
respectively.

Example 8

—olxl

Find the characteristic function of the Laplace distribution with pdf f{x) = %e ,

— o0 < x < oo, Hence, find its mean and variance.

¢(w) — % J. e—oclxleiwx dx

—oo

0 oo
o J‘ plortion dx+J‘e—(a—iw)x dx
207 0

of 1 1 o’
=5 —+ N 2
2 lo+io o—iw o +w
as o«

o) 0 o'
Now, N w) = 1+—2 :1——2+_4+...+°°
o

E(X) =0 and E(X?) = Var(X) = %

Example 9

If X, and X, are two independent RVs that follow Poisson distribution with
parameters A, and A,, prove that (X; + X,) also follows a Poisson distribution
with parameter (4, + 1,).

(This property is called the re-productivity property of the Poisson
distribution.)
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io_
Py, (1) = M@

By, (1) = (Pl
Since X, and X, are independent RVs,

iw— . . . . . .
Ox+x, (D) = M+ =D Cyhich is the characteristic function of a Poisson

distribution with parameter (1, + A,). Hence, the result.

Example 10

Show that the distribution for which the characteristic function is ¢ has the

. . 1
density function f{ix) = — X o< x<eo,
T

1+x

By inversion Property 5,

Jx)

1% o
— w)e "’ dw
2n_[fb( )e

oo

— j e (cosxw — i sin x@)dw
21

—oo

15 .
= —f e ®cosxwdm (by properties of odd and even function)
i1
0

1] e .
= — 5 (—cosx® + x sin x@
Tl1l+x
0
1 1
= —X S, < x <o
T 1+x

Example 11

Find the density function f{x) corresponding to the characteristic function defined

as
o(1) = 1-1¢1 forlel<1
o forlt1>1

@ The letter t is used in the place of @.

By inversion Property 5,

1 % —ixt
fo) = Ejm p(e " di
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1 ; —ixt
=— | {l-ltl}e dt
2ﬂ£{ )

1L
= —j(l —t}cosxtdt
T

1
sinxt  cosxt
= {(1—) 3 }
0

X

(1—-cosx)

1
T x°

Example 12

Express the first four cumulants in terms of central moments.
By definition, K(¢) = log{M(?)}

B2

’ 2
My oo HIT g
log<l+y/t+—t"+——1t" +--
Og{ nu] Ig Ié }

wprt ot
+ +...
L”l 2 6 24 ]

2
2 , 3
_t .Us L Hat
+... +...
[“‘ 2 6 24 ]

Comparing like coefficients, we get,
A= ui A= -t =,
dy= M5 =305 1+ 207 = g

Ay = gy — 45 p) =3u5 w1203 i —6pft
= My =314

Example 13

If X and Y are two independent RVs, prove that the cumulant of (X + Y) of any
order is the sum of the cumulants of X and Y of the same order.

By Property 4 of characteristic functions, ¢y, (@) = ¢x(®) X (@), when X
and Y are independent.
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logdy , @) = logdy(w) + logp(w)

Le., Wy + @) = Yy(@) + yy(w)
ic., S x4+t 232 005 S )
e RAXANTE = 20T 7Y,

X +Y) = 2,00 + A1)

Example 14

If the RV X follows N(0, o), find the density function of ¥ = aX?, using the

characteristic function technique.

o |
¢ax2(a)) - J'ezaxzwx

i o\2m

e—x2/262 dx

Put y=ax>in (1)
d d
dx = A
2ax 2 ay

_ 2
X e yl2ac dy

o |
— 2 Ly
A0) !; e 20421 ay

But o) = [ & f,(n)dy

—oo

Comparing (2) and (3), we get

1
= o+/2may

e—y/2a0'2 U(y)

(D

2)

3)

Example 15

Two RVs X and Y have the joint characteristic function @y(@;, @,) =
exp (—26012 - 860%) . Show that X and Y are both zero mean RVs and also that they

are uncorrelated.
By the property of joint CF

_ 1 9 0t-sa
o= ]

@,=0,,=0

@,=0,0,=0

w2 om? .
[e B2 gm200 41601}
0



Statistical Averages 4.61

E(Y)

@,=0,,=0

[e-zwf et 16iw, }
0

0w, 00,

2 2 2
E(XY) — li2|: a (e—zwl -8w; ):|

@;=0,0,=0
0

2 2
=— [efzw‘ e ¥ 16w, ]

awl 0=0,0,=0

207 +803
= {64, " "2},

=0
Cyy = E(XY) — EX) x E(Y) = 0

1=0,0,=0

Therefore, X and Y are uncorrected RVs.

Part-A
1.

2.
3.
4

11.

12.

13.

14.
15.
16.

Exercise 4(D) ]

(Short-answer Questions)
Define the MGF of a RV X. Why is it called so?
State the properties of the MGF of a RV.
Derive the relation between the MGFs of X and Y when Y = aX + b.
If X and Y are independent RVs and Z = X + Y, prove that M,(f) = M(¢)
X My(t).
Define the characteristic function of a RV. How does it differ from the
MGF?
State the properties of the characteristic function of a RV.
State the uniqueness theorem of characteristic functions.
If Y= aX + b, find the relation between the characteristic functions of X
and Y.
If X and Y are 2 independent RVs prove that ¢y, (@) = ¢y X ¢p(®).
If the characteristic function of a continuous RV X is ¢(w), express its
density function f(x) in terms of ¢(w).
Define the cumulant generating function/the second characteristic
function of a RV X and what is its use?
If the 7th moment of a continuous RV X about the origin is 7!, find the
MGEF of X.

If the MGF of aRV X is

find the SD of X.

Find the MGF/CF of a uniform distribution in (a, b).
Find the MGF/CF of the binomial distribution.
Find the MGF/CF of the Poisson distribution.
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17.
18.
19.
20.

21.

Part-B
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

State and prove the reproductive property of the Poisson distribution.
Find the CF/MGF of the geometric distribution.

Find the CF/MGF of the exponential distribution.

If the CF of the standard normal distribution N(0, 1) is e
CF of the general normal distribution N(, 0).

-0 /2

, find the

1
Find the CF of X whose pdf is given by f(x) = Ee""' , —00 < X < oo,

Find the MGF of a RV which is uniformly distributed over (-1, 2) and
hence find its mean and variance.

Find the characteristic function of the binomial distribution and, hence,
find its mean and variance.

Obtain the MGF of the Poisson distribution; deduce the values of the
first four central moments.

Find the characteristic function of the negative binomial distribution
givenby PX=r)=(n+r-1)Cq p",(r=0,1,2,..,),p+g=1,and
hence find its mean and variance.

Find the MGF of the two-parameter exponential distribution whose
density function is given by fix) = Ae ** =9, x > 4. Hence, find its mean
and variance.

—lxl

1
If the density function of a continuous RV X is given by f(x) = Ee ,

— o0 < x < oo, find the MGF of X. Hence, find its mean and variance.

Find the characteristic function of the Cauchy’s distribution given by

fo) = ~x—
T 1+x

(Hint: Use contour integration.)

Find the characteristic function for the following probability density

function:

—oo < x < oo, Comment about the first two moments.

2

A
(X)=—F—5~
Ix T(A* +x%)
If X follows N(iy, oy) and Y follows N(uy, oy), prove, by using
characteristic functions, that (aX + bY) follows a normal distribution

with mean (afly + bity) and variance (a’cy +b°0y) .
Find the density function of the distribution for which the characteristic

2.2
function is given by ¢(r) = ¢ " /*.

If a raw moments of a continuous RV X are given by E(X") = |n, find
the characteristic function of X and also the density function of X.
(Hint: Use contour integration to find pdf.)

Express the first 4 raw moments about the origin in terms of the
cumulants.
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34. Prove that the cumulants of all orders are equal for the Poisson
distribution.

35. If X and Y are two jointly normal RVs whose joint pdf is N(uy, ty; Oy,
Oy; r), find the joint characteristic function of (X, Y).

36. If the random variable X is uniformly distributed over (-/2, m/2), find
the pdf of Y = sin X, using characteristic function technique.

Bounds on Probabilities

If we know the probability distribution of a random variable X (i.e., the pdf
in the continuous case or the pmf in the discrete case), we may compute E(X)
and Var(X). Conversely, if E(X) and Var(X) are known, we cannot construct the
probability distribution of X and hence compute quantities such as P{IX — E(X)|
< k}. Although we cannot evaluate such probabilities from a knowledge of E(X)
and Var(X), several approximation techniques have been developed to yield
upper and/or lower bounds to such probabilities. The most important of such
techniques is Tchebycheff inequality.

Tchebycheff Inequality

2
If X is a RV with E(X) = u and Var(X) = 02, then P{|X—‘U|ZC}SG—2 where
c>0. ¢

Proof
Let X be a continuous RV with pdf f(x).

Then o= T (x — W) f(x)dx

p—c =
> [ -l fode+ [ (- p) f(x)de

U+c

In the first integral, x < g — ¢

(x— ,u)z > ¢?
In the second integral, x =t + ¢
(x— ,u)z >?
pi—c o
&z&{jﬂnw+Jﬂww} (1)
e e
RS of (1) = 1-P{u-c<X<pu+cl

=1 —P{-—c<X-u<c}]
=1 -P{IX-ul<c)]
=c?P{IX-pl>c} (2)
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Using (2) in (1), we get
o’ o’
P{X—plzc}s— or P{IX—-pul<c}z2l-—,¢c>0
c c

Alternative forms: If we put ¢ = ko, where k > 0, then Tchebycheff inequality

takes the form
pIIE=H s 6
k

P{X;“ gy}gl—i

1
72

IN
=

Although we have proved the inequality for the continnous case, it holds good for the
discrete Rl also.

Bienayme’s Inequality

Let us first prove a basic result:
If X is a RV with f{ix) = 0, when x < 0, and with E(x) = i, then for any a > 0,
PXz o) sula.

Proof
p=EX) = [xf(x)dx
0
> Txf(x) dx (since x> 0)
ie., > an(x)dx (since x 2 @)
ie., > ocfa’(XZ Q)
Px>a) <& (1)
o

[In particular, P(X = \/ﬁ )< \/ﬁ .

In (1), replace X by IX — al" and o by ¢", where X is an arbitrary RV and ¢, a,
n are arbitrary numbers.
IX — al" takes only positive values.

P{IX—aI”Zc"}SE“X—n_aln}
C
ie., P({IX—aIZc}SE{lX—n_aln} (2)
C

This inequality is called the Bienayme’s inequality.
If we take n =2 and a = i in (2), we get Tchebycheff’s inequality.
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Schwartz Inequality

If fix) and g(x) are real functions of x, then

b 2 b
[ | f(x)g(x)dxj < [LAGOP dxx [[g(x)] dx

Proof

b
Consider j[f(x) —1g(x)]* dx , where ¢ is real,

b b b
= [ g (x)dv = 2] £(x) g(x) dx + [ £ (x)dx
For every real £, LS > 0.

Therefore, RS which is a quadratic expression in ¢ > 0.
Therefore, discriminant < 0.

b 2 b
ie., Df(X)g(X)dX} <[ 20 dex ¢’ (x) dx

(i) The equality bolds, if fix) = kg(x).
() If f and g are complex;, then

[ 1@ <1 /F ds [1 6P ds

Cauchy-Schwartz Inequality

For any two RVs X and ¥,
{E(XY)* < E(XPE(YY)
Proof
Consider E{(X — tY)z} >0, where ¢ is real.
ie,  EX)-2EXY)+EY) >0
Since the LS is a quadratic expression in ¢, discriminant of LS < 0.
ie., {E(XY)}? SE(X?) x E(Y?)

Worked Example 4(E) ]

Example 1

A RV X has mean y = 12 and variance 0® = 9 and an unknown probability
distribution. Find P(6 < X < 18).
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Since the probability distribution of X is not known, we cannot find the value
of the required probability. We can find only a lower bound for the probability
using Tchebycheff’s inequality.

e
P{IX—uIZc}S—Z,c>O
c

62
i-e~> P{lX—,Ulgc}Zl——z
C

P
Plu—csxspu+ci2l-—
c

Taking 4 = 12 and 6 = 9, we get,

P{12—c<X<12+c}21—22
c

Putting ¢ =6,P{6 < X <18} 21—%

ie., P{6<X<18}2%

Example 2

If the RV X is uniformly distributed over (—/3,4/3) ,compute P {I X—-ulz 370-}

and compare it with the upper bound obtained by Tchebycheff’s inequality.
[Refer to Problem 46 in Exercise 4(A)].

u=0and o* =1
P{IX—/JIZ?’TG} = P{IX1 > 3/2}

=1-P{-32<X<3/2}
3/2

1 1
=1- ——dx]| since pdf =——
12 [ P 2J§J
NE)

=1- 7 =0.134
By Tchebycheff’s inequality,

1
P{IX—yIZkG}Sk—2

P{IX -ulz3/20}<—=0.444,

NN N

which is a poor upper bound.
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Example 3

Can we find a RV X for which P{u—-20<X<u+20}=0.6?
P{u-20c<X<u+20} =P{IX-pu <20}

1
>1- 2—2 by Tchebycheff’s inequality

ire., Plu-20<X<u+20} 20.75
Therefore, there does not exist a RV X satisfying the given condition.

Example 4

1 1
A discrete RV X takes the values —1, 0, 1 with probabilities rE % 3 respectively.

Evaluate P{IX — ul = 20} and compare it with the upper bound given by
Tchebycheft’s inequality.

1 3 1
EX)= -1x—4+0x—+1x—=0
X) 8 4 8

EX?) = 1><1+0><§+1><l=l;var(X)=l
8 4 8 4 4

 PX-ul=z20)=P{IX21}
=P{X=-lorX=1}

1 1 1
8 8 4 M
By Tchebycheff’s inequality,
1 1
P{IX-plz220}<s—=—
2 4 )
The two values coincide.
Example 5

If X denotes the sum of the numbers obtained when 2 dice are thrown, obtain an
upper bound for P{IX — 71 > 4}. Compare with the exact probability.
Let X, X, denote the outcomes of the first and second dice respectively.

E(X)) = E(X,) = %(l+2+---+6)=%

E(X})= E(X3) = %(12+22+...+6z)=%
Var(X,) = Var(X,) = %

EX)=EX,+X,)=7and
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3Bp
12 12 6

35 35
X—===

Var(X) = Var(X, + X,) = 1* x

By Tchebycheff’s inequality,

2
PUX-pizcp<Z
C
35
P{IX-71>24)<—= (D
{ } %
Now, P{IX-71>4}=P{X=2,3,110r12}
1 2 2 1 1
(2

= —F—+—F—=—
36 36 36 36 6

There is much difference between the two values.

Example 6

A fair dice is tossed 720 times. Use Tchebycheff’s inequality to find a lower
bound for the probability of getting 100 to 140 sixes.
Let X be the number of sixes obtained when a fair dice is tossed 720 times.

p = P{getting ‘6’ in a single toss} = é
q= Bl and n =720
6
X follows a binomial distribution with mean np = 120 and variance npg = 100,
i.e.,, 4 =120 and o= 10.
By Tchebycheff’s inequality,
1
P{lX—,u}SkGZl—k—z

1
ie., PUIX=120<10K) 21 -5

1
ie., P{IlZO—lOkSXS120+10k}21—k—2

Taking k =2, we get,
P{100< X <140} 2 %

Therefore, required lower bound for the probability = 0.75.

Example 7

Use Tchebycheft’s inequality to find how many times a fair coin must be tossed
in order that the probability that the ratio of the number of heads to the number
of tosses will lie between 0.45 and 0.55 will be at least 0.95.
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Let X be the number of heads obtained when a fair coin is tossed n times. Then
X follows a binomial distribution.

B(np, \/npq) where p=¢q = 1

2
ifollows B l !
n 2 2\/;
By Tchebycheft’s inequality,
2
P { — l <cp21- o
n 2 c?
. X
i.e., P{05—c<—<05+c}21- 3
n 4nc
Taking ¢ = 0.05, P{OAS < X < 0.55} >1 _100
n n
. X
Given that P{O.45 <—< 0.55} >0.95
n
119 _ .05
n
n =2000
Example 8

A RV X is exponentially distributed with parameter 1. Use Tchebycheff’s
inequality to show that P(—1 < X < 3) > 3/4. Find the actual probability also.

1
For an exponential distribution with parameter A, E(X) = 1 and Var(X) =
1

e
(refer to Worked Example 7 in the previous section of this chapter).
Here, A=1
- pu=lando=1
By Tchebycheff’s inequality,

P{IX—lISZ}Zl—i

Le., P{-1 sxss}z%

Density function of the exponential distribution with A = 1 is given by f(x) = ¢,

x>0.
3

Pl-1<X<3}= e dx
-1
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3
= je“‘ dr=1-¢"=0.9502
0

Example 9

Use Tchebycheff’s inequality to prove that P(X = u) = 1, if Var(X) =0
By Tchebycheff’s inequality

2
c

2
C

PIX—-ulzc}<

e

and P{IX—,uISc}Zl—C—2

Putting o= 0, these inequalities become
P{X-u=c}<0

and P{IX-ul<c} =21 wherec>0

The above results hold good even for arbitrarily chosen small values of ¢. Hence
in the limit when ¢ — 0,

P{IX-ul=0} =1
ie., P{X=u} =1

Example 10

A discrete RV X can assume the values x = 1, 2, 3, ... with probability 2™*. Show
that P{IX — 21 = 2} < 1/2, while the actual probability is 1/8.

E(X) = zzix =2 and Var(X) =2
x=1

(Refer to Worked Example 6 in the first section of Chapter 2)
By Tchebycheff’s inequality,
2
o

Putting =2, o= 2,and c =2, we get
P{IX—2I22}£%
Now, P{IX-2122} =P{X >4}

111
EPTAPTAPT
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Part-A
1.
2.

8.
9.
10.
11.

12.

Part-B
13.

14.

15.

16.

17.

18.

Exercise 4(E) ]

(Short-answer Questions)
State Tchebycheff’s inequality.
A RV X has mean 10 and variance 16. Find a lower bound for P{5 < X
< 15}.
A RV X has mean 10 and variance 16. Find an upper bound for P{IX —
101 > 15}.
If Tchebycheff’s inequality for a RV X with mean 12 is P{6 < X < 18} 2
3
Z, find the SD of X.
3
If Tchebycheff’s inequality for a RV X with SD 3 in P{6 < X <18} 2 g
find the mean of X.

If Tchebycheff’s inequality fora RV Xis P{-2< X <8} 2> i—; , find E(X)

and Var(X).

If E(X) =8 and E(Xz) = 68, find a lower bound for P{5 < X < 11}, using
Tchebycheff’s inequality.

State Beinayme’s inequality. Deduce Tchebycheff’s inequality.

State Schwarz inequality.

State Cauchy—Schwarz inequality.

Use Cauchy—Schwarz inequality to prove that [py,| < 1.

Does aRV X with mean ¢ and SD osatisfying P{u — \/50' SX<su+ \/50'}
= 0.5 exist? Why?

If X is a RV with E(X) = 3 and E(Xz) = 13, find the lower bound for P(—2
< X < 8), using Tchebycheff’s inequality.

If the RV X is uniformly distributed over [ 1+—] compute

1 1 1

N
P{IX — ul = 3/2 o} and compare it with the upper bound obtained by
Tchebycheff’s inequality.
A discrete RV X can take the values —a, 0, a with probabilities 1/8, 3/4,
1/8 respectively. Compute P{IX -20} and compare it with Tchebycheff’s
inequality bound.
Two dice are thrown once. If X is the sum of the numbers showing up,

35
prove that P{IX — 71 >3} < 54 and compare this value with the exact

probability.

A fair dice is tossed 600 times. Use Tchebycheff’s inequality to find a
lower bound for the probability of getting 80 to 120 sixes.

An unbiased coin is tossed 100 times. Show that the probability that the
number of heads will be between 30 to 70 is greater than 0.93.
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19. If X is the number obtained in a throw of a fair dice, show that the
Tcheycheff’s inequality gives P{IX — ul > 2.5} < 0.47, while the actual
probability is zero.

20. Using Tchebycheft’s inequality, find how many times a fair coin must be
tossed in order that the probability that the ratio of the number of heads
of the number of tosses will lie between 0.4 and 0.6 will be at least 0.9.

21. Arandomvariable Xhas pdff(x)=¢™",x>0.use Tchebycheff’sinequality to
show that P{IX— 11> 1} < 1/4and show also that the actual probability ise ™.

22. A random variable X has the pmf P(X = 1) = 1/18, P(X = 2) = 16/18,

P(X =3)=1/18. Show that there is a value of ¢ such that P{IX — ul > c}

0_2

2
cannot be improved.

, so that, in general, the bound given by Tchebycheff’s inequality

Convergence Concepts and Central Limit Theorem

Let us consider the sequence of RVs X|, X,, Xj, ..., X,, ... or random sequence.
The concept of convergence of random sequences is essential in the study of
random signals. A few definitions and criteria that are used for determining the
convergence of random sequences are given below.
1. Convergence everywhere and almost everywhere
If {X,} is a sequence of RVs and X is a RV such that [lim(Xn) = X} ie,X,—>X
n—oo

as n — oo, then the sequence {X,} is said to converge to X everywhere.

If P{X, = X} =1 as n — oo, then the sequence {X,} is said to converge to X
almost everywhere.

2. Convergence in probability or stochastic convergence
If P{IX, — XI > €} — 0 as n — oo, then the sequence {X,,} is said to converge to X
in probability or stochastically.

As a particular case of this kind of convergence we have the following result,
known as Bernoulli’s law of large numbers.

If X represents the number of successes out of n Bernoulli’s trials with
probability of success p (in each trial), then {X/n} converges in probability to p.

X
ie., P{

; -P
3. Convergence in the mean square sense
If E{IX,, - XI2} — 0 as n — oo, then the sequence {X,,} is said to converge to X in
the mean square sense.

>£} —0asn— o

4. Convergence in distribution

If F,(x) and F(x) are the distribution functions of X, and X respectively such that
F,(x) = F(x) as n — oo for every point of continuity of F(x), then the sequence
{X,} is said to converge to X in distribution.
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Closely associated to the concept of convergence in distribution is a remarkable
result known as central limit theorem, which is given below without proof.

Central Limit Theorem (Liapounoff’s Form)

If X, X, ..., X,,, ..., be a sequence of independent RVs with E(X;) = y; and Var(X;)
= 0}2 i=1,2,..,andif S, =X, + X, + ... + X,, then under certain general conditions,

n n
S, follows a normal distribution with mean u = 2 U; and variance o= Z o-i2
as n tends to infinity. =1 i=1

Central Limit Theorem (Lindeberg-Levy’s Form)

If X, X,, ..., X,, ..., be a sequence of independent identically distributed RVs with
E(X;) = tt and Var(X;) = 02, i=1,2,..,andif S, =X, + X, + ... + X,,, then under
certain general conditions, S, follows a normal distribution with mean nu and
variance no” as n tends to infinity.

Corollary

0.2

— 1 — — 1
If X==(X,+X,++X,), then E(X)=pu and Var(X)=—(no’)=—
n n n

o

Jn

X follows N(,u, j asn — oo

‘ Worked Example 4(F)

Example 1

The lifetime of a certain brand of an electric bulb may be considered a RV with
mean 1200 h and standard deviation 250 h. Find the probability, using central
limit theorem, that the average lifetime of 60 bulbs exceeds 1250 h.
Let X, represent the lifetime of the bulb.
E(X;) = 1200 and Var (X,) = 250*
Let X denote the mean lifetime of 60 bulbs.

. = 250
By corollary of Lindeberg—Levy form of CLT X follows N | 1200,——

J60

X —1200 . 1250 —1200
250 250

\J60 V60

P(X>1250) = P
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A
5

= P(z > 1.55), where z is the standard normal variable

=0.0606 (from the table of areas under normal curve)

Example 2

A distribution with unknown mean u has variance equal to 1.5. Use central limit
theorem to find how large a sample should be taken from the distribution in order
that the probability will be at least 0.95 that the sample mean will be within 0.5

of the population mean.
Let n be the size of the sample, a typical member of which is X;.

Given: E(X,) =  and Var(X,) = 1.5

Let X denote the sample mean.

By corollary under CLT, X follows N ( u,

7
Jn
We have to find n such that

P{u—-05< X <u+05} 2095

ie., P{-05< X —u<0.5} =095
ie., P{IX —pul<0.5} =095
ie., 'T/Jl | T >0.95
ie., P{1z1<0.4082/n} >0.95

where z is the standard normal variable.
The least value of n is obtained from

P{l1z1<0.4082/n} =0.95
From the table of areas under normal curve
P{lzZl <1.96} =0.95
Therefore, least n is given by 0,4082\/; =1.96, 1.e., least n = 24.

Therefore, the size of the sample must be at least 24.
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Example 3

If X, X,, ..., X, are Poisson variates with parameter A = 2, use the central limit
theorem to estimate P(120 < §, < 160), where S, = X;, X,, ..., X,, and n = 75.

EX)=A=2and Var(X;)) =A=2
By CLT, S, follows N(nu, o+/n)
ie., S, follows N(150,4/150)
30 _S,-150 _ 10 }

< <
/150 150 V150

= P{-2.45<7<0.85}
where z is the standard normal variable
=0.4927 + 0.2939, (from the normal tables)

=0.7866

P{120<S, <160} = P{

Example 4

Using the central limit theorem, show that, for large n,

x>0

n

n
C 1 —ex C —(cx—n)?

xn le cx e (cx—n) /Zn,
n—1 N27mn

Let X;, X,, ..., X,, be independent RVs each of which is exponentially distributed
with parameter c.

ie., letthe pdf of X, =c e, x>0

The characteristic function of X; is given by
9x, (@) = (1 - iafe)”

(refer to the Note under Worked Example 7 of the characteristic function section).
By Property 4 of CFs, since X, X,, ..., X, are independent RVs,

¢(XI+X2+»~+X”)(CO) = [¢x,- (@)]"
o)
c
= CF of Erlang distribution
(refer to Worked Example 7 of Section 4(B))
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Therefore, when n is finite, (X; + X, + --- + X)) follows the Erlang distribution
whose pdf is given by

x>0 (1)
n—1

When 7 tends to infinity, (X; + X, + --- + X,) follows a normal distribution with

mean nE(X;) = n and variance nVar(X;) = % (Central limit theorem), i.e., when
c c

n— oo, (X; + X, + --- + X, follows a normal distribution whose pdf is given by

el (2]

C

= \/ZCn_n' exp {—(cx — n)2 /2n) 2)

From (1) and (2), the required result follows.

Example 5

Verify central limit theorem for the independent random variables X,, where for

1
each k, P{X, =%1} = 3

EX)=1x12+(-1)x1/2=0
Var (X)) = 1> x 12+ (-1)*x1/2=1
1

N

1
E(Y,)=0and Var(Y,)= —xn=1
n

Consider Y, = (X, + X, +--+X,)

Now ¢Xk (6()) = E{eika }

0 X172+ x L

=COoSs @

¢Y,, (Cl)) = ¢1 (60)
—(Xj+Xp++ X))

n
= {¢Xk , \/;(a))}" (since X;, X,, ..., X, are independent)

= {cos (%H [since @y, , (W) = P d(a®)]



Statistical Averages 4.77

2 n

(0] . .1 . 1

= {1 ———+ terms involving —-and higher powers of —
2n n n

2 n
= (1 - a)—j + term involving 1 and higher powers of !
2n n n

_12

hm(b (a))—e2

which is the characteristic function of N(0, 1).
Y, > NQ, 1),asn — oo
Therefore, CLT holds good for the sequence {X,}.

Example 6

Show that the central limit theorem holds good for the sequence {X,}, if

1
P{X, =ik°‘}=5xk‘2°‘,P{Xk =0}=1-k""% a<

Liapounoff’s form of CLT holds good for a sequence {X,}, if

ZEDX/e _“kﬂ

lim == = O Condition is assumed.

T ( 2
{2 Var(X, )}

k=1

We have to verify whether this condition is satisfied by the given {X,}.

Now W, =EX) = %xk‘“ —%x k™% =

E(X?) = Sx k2@ s k20 ¢ Lg2o e 2
2 2

Var(X) =1
E{IX, — u,* = E{IX,]*}

— k3a Xlk—Za + k3a Xlk—mx
2 2
=k

N E(IX, - P} =1%+2%+ . +n*<nxn® (since each term < n%)

Y Var(X,) =n
k=1
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S E{IX, — '}
. k=l
lim
n—soo 2
ZVar(Xk)
k=1
(1% 42% 4.4 n” . nxn“
= lim 7 < lim 7
n—>o0 n n—oo n‘
1
= lim
n—e  __g
n2

=0 (since < 1/2)

i.e., the necessary condition is satisfied. Therefore, CLT holds good for the
sequence {X,}.

Exercise 4(F)

Part-A  (Short-answer Questions)
1. What is the difference between convergence everywhere and almost
everywhere of a random sequence {X,,}?
Define stochastic convergence of a random sequence {X, }.
State Bernoulli’s law of large numbers.
Define convergence of arandom sequence {x,} in the mean square sense.
Define convergence in distribution of a random sequence {X,,}.
State the Liapounoff’s form of CLT.
State the Lindeberg-Levy’s form of CLT.
What is the importance of CLT?

Sl

® N

-

Part-B

A

A random sample of size 100 is taken from a population whose mean is

60 and variance is 400. Using CLT, with what probability can we assert

that the mean of the sample will not differ from 1 = 60 by more than 47

10. The guaranteed average life of a certain type of electric light bulb is
1000 h with a standard deviation of 125 h. It is decided to sample the
output so as to ensure that 90% of the bulbs do not fall short of the
guaranteed average by more than 2.5%. Use CLT to find the minimum
sample size.

11. If X;,i=1, 2, ..., 50, are independent RVs, each having a Poisson
distribution with parameter A=0.03 and S, =X, + X, + --- + X,,, evaluate
P(S, = 3), using CLT. Compare your answer with the exact value of the
probability.

12. IfV,i=1,2,..,20,are independent noise voltages received in an ‘adder’

and V is the sum of the voltages received, find the probability that the
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total incoming voltage V exceeds 105, using CLT. Assume that each of
the random variables V; is uniformly distributed over (0, 10).

13. 30 electronics devices D, D, ..., Dy, are used in the following manner.
As soon as D fails, D, becomes operative. When D, fails, D; becomes
operative and so on. If the time to failure of D, is an exponentially
distributed random variable with parameter A = 0.1/h and T is the total
time of operation of all the 30 devices, find the probability that 7 exceeds
350 h, using CLT.

14.  Examine if the CLT holds good for the sequence {X,}, if P{X, = i2k} =
27+ pix, =0} =1-27%

15.  Show that the CLT does not hold if the RV’s X; have a Cauchy density.

ANSWERS

Exercise 4(A)
4. Var(X)=E{X-EX)}*20
E(X) - {EX))> 20
EX) 2 {EX))

1
6. BN = ——(EX)~ i1} =0
X

Var(Y) = sz Var(X) =1

Oy
SD=1
7. W=uy—ke, Wy D+kcy iy o D*+ ...+ (=1)" ke, DX, where D = 1/,
8. Y: 0 2 6 12
Dy 0.1 0.3 0.4 0.2

EY)=06+24+24=54

9. EX)= ij(l—a)aj =(-a)(a+2a*+3a*+--)

j=0
a a
:(l—a) =
(1-a)> l-a
1 3 4
10. E()0=6Jx2(1—x)dx=6 *_x |1
0 3 4 2
Tl b+a
11. EX)= dx =
% 'L[b—ax 2

b
BOE) = [ o dv= 207 +ba+ )

a
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2
Var(X) = E(X?) = E*(X) = b ;2")
2
12.  EX)= bta_ 5; Var(X) = b Iza) =3

13. E(Y)= E(X3)—_2[x3 =2
. = -] =

n

n! r n—=r
14. EX) = Zr—p q

=0 rl(n—r)!

- (m-=D! -1 -
=npYy,—————p" q" =mp

o1 (r=Dln—r)!
oo —Aar =3 r—1
A _a A
T ]
16. npngzl;p:%’andnzg
np 6 3 3
o) r 9—r
P(X=”)_9C,(§j X(—) r=0,1,..,9
7. 418 p=04in=6;
np 2.4
Required P =0
18. 5Cp'q*=2x5C,P ¢ q=4p;p=02
E(X) =1 and Var(X) = 0.8
19. 6Cp’q* =9 x6C,P'q* q=3p;p=1/4
E(X)=1.5and Var(X) = %
-2 -Aq2
20 ¢ A_e A =2
1 2
E(X)=2=Var(X)
EXY) =V(X)+ EXX) =6
21. EX)= erqr =pq(l+2q+3qr2 +...)=i
r=0 p

22. If X represents the number of times, the distribution of X is
X: 1 2 3 4

1
2 3 _
Dy p qpr qp qp where p—g
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23.

24.
28.

34.

35.

36.

37.

38.
39.

40.

41.

42.
43.
47.

48.

p 1 6

(1-q° p

EX) = p(1+2q+3¢> +--)=

EX) = jzlxe*“ m:%
0

E(Xz) = Jl e dx = %
0 A

Var(X) = E(X*)-E*(X) = %

E(X) = 0; Var(X) = 4; E(X?) = Var(X) + EX(X) = 4
E(Z)=2EX)-5E(Y)=4-15=—-11
Var(Z) = EQ2X — 5Y)* - {EQ2X — 5Y)}?

= 4E(X*) + 25E(Y?) - 20E(XY)

— {4EX(X) + 25EX(Y) - 20E(X) x E(Y)}

=4x1+25x2-20x0=54

1 I
EX) = jjx(Z—x—y)dxdy=_[(%—X)dy=i
00 0

2 12
5
EY)= —
(09) T
[f2rdeay=]y ay="
EX)= [[2xdxdy=|y*dy==
00 0 3
I-p
P
7 (7Y
H — (ii) (2)
151.5
Rs. 32/-
b+a 1 2
;—(b—
2 12( )
4.2q9
pp
np; npq
A A
(i) 0, 1
a:l,b=2
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15 457

49. —, —
4 112

50.
51.

—
—

['w w]oo
1o

|k<

53.

W N
~<

° —_
w N

S

54.

&
|
<

Exercise 4(B)

12. No

15. 0.7891
16. 0.6030
17. 0.0390
18. 0.8504
19. 0.6

20. 0.8762
21. 09173
22. 0.3875
23. 0091
24. 04

25. Aand C

1
26.

2
28. 0
(%
\/vl +0,)(0, +05)

3p .5 11 1

29.

3. ===
331818 2
34. 0
35, _ L
11
36. 11;4;0

Exercise 4(C)

11. y=6x+114;20x =3y +950;0.9
12.  y=0.665x + 23.78; x = 0.54y + 30.74; 70.995, 68.54
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13. y=0.7x+12.7;253

14. x=0.936y + 1.388; 43.508

15. 72.6; 69.57

16. 13;17;0.6;4

DR B
. 2\/53 s 3’ 15\/§

18. 1;2;4;-0.8.66

19 ¥= a+bc _ cH+ad r—\/_ 7 No
' 1=bd”> " 1-bd’

20 a,b, [ bic, — by a4
' a,b, '\ c;a, —c,a, )\ bb,

Exercise 4(D)

5. M(f) = E(e™), whereas ¢(w) = E(e'™)

7. The characteristic function of a RV uniquely determines its pdf. (or) The
necessary and sufficient condition for two distributions with pdf’s f;(x)
and f,(x) to be identical is that their characteristic functions ¢;(®) and
¢,(w) are identical.

11. Tt generates cumulants.
1
12. M@= ZE(X Yt Il = Zt —
r=0 r=0 1-1¢
-1 2
13. L: 1—i :1+£+t_+...
2—t 2 2 4
1 2 1 1
EX)= —EX)=— Var(X)=—;0,=—
X) > (X%) > (X) 1O
T
14, M(t)= E(e")= [——" dx
,b—a
1 ebl _eat
- b—a t
1 eibw _eiuw
) =
=317
15. Mm_EyCﬂ”’"—@+W)

r=0

Nw) = (g +pe'®"
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o —Aar
16. M) = 2‘e ‘l o = A=)

=0 I
P = e
p
18. CF= .
1_qelw
MGF = ——
1—ge

o —(A-iw)x |7
19. ¢(w)= J'/le’“e"“’xdxzz . _ A-
0 —(A—iw) 0 A—iw

A
M@= —2—
® F—
20. ¢(w) — ei,uwe—aza)Z/Z
21. (o) = % [ e dx

—oo

0 oo
l J’e(1+iw)x dx+je—(l—ia))x dx
2| - 0

1 1 1 1
= — + =
2| 1+iow 1-iw| 1+ 02
Part-B
3
p £ -113
3¢’ 2 4
23. (pe'+q)"; np; npq
24, M =100, 4 432+ 24

n iw\—n, n
25. p"(1-ge”®) ;7";—2

at
2%. Ae ;a/l+1;i
A—t A A2
27. ;2;0;2
1-1¢

28. e"""; Uy = 0; oy does not exist.
29, Mo



Statistical Averages

4.85

3. f) s — e e o x oo
ov2m
1
32. dw)=—;f(x)=e",0<x<00
1-jo
33, W= Apl, = A + AU, = A, +34,4, + 4] and
Uy = Ay + 404 +345 +6,A7 + A
i , 1
35, Gy (0,0 = €T —E(Giwf +2r0,0,0,0, + 0, 07)
36. fy(y) Ll in-isys
. y i —1= =
T ’l—yz
Exercise 4(E)
16
2. Pl0-c<X<10+c}21-—c=>5
C
9
P{5<X<l15}z—
25
1
3. Pllx-pizko)s 3
k=2
4
PUX-10125< 0
25
0.2
4. P{12-c<X<I12+c}21-—5;c=6
Cc
2
1= 3523
36 4
2
5. mu—c<X<u+dz1—9;u—f;=§x:@u=12
c ¢ 4
02
6. Plu—c<X<pu+cizl-—
C

u:—2+8_
2

_o’_ 21

25 25’

3;c=5

o’=4
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7. VarX)=68-64=4
4
P8—c<X<8+c}21-—:c=3
c
. - 5
Required Probability > 3
11.  {E(XY)" <E(X’) E(Y): Replace X by X — 1, and Y by ¥ — 1,
[EX = p)(¥ = p )P
”2 sl ~<Lipy <llp,I<1
E(X - 1,) E(Y - ) '
, . . 1 (2 .
12. By Tchebycheff’s inequality, P{I X —ulI< \/50'} 21 ~3 = 3/ Since
0.5< % such a RV does not exist.
13. 21/25
14.  4/9;0.134
15. 1/4;1/4
16. 1/3
17. 19/24
20. 250
22, c=1
Exercise 4(F)
8. IfX,, X,, ..., X, be a sequence of independent and identically distributed
RVs with E(X,) = g and Var(X,) = o and if X = ! X, + X, +.+ X)),
n
— o
then X follows N (/J,TJ as n — oo, This result is used in theory of
n
sampling.
9. 0.9544
10. 41
11. 0.1112;0.1915
12. 0.352
13. 0.1814
14.  CLT does not hold good
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Some Special Probability
Distributions

Introduction

In Chapter 2, we have just stated the definitions of certain special probability
distributions, both discrete and continuous. While constructing probabilistic
models for observable phenomena, certain probability distributions arise more
frequency than do others. We treat such distributions that play important roles in
many engineering applications as special probability distributions. In this chapter
we shall discuss a number of discrete as well as continuous (random variables)
distributions in considerable detail.

SPECIAL DISCRETE DISTRIBUTIONS

1. Binomial Distribution

Definition: Let A be some event associated with a random experiment E, such
that P(A) = p and P(A)=1- p=gq. Assuming that p remains the same for all
repetitions, if we consider n independent repetitions (or trials) of E and if the
random variable (RV) X denotes the number of times the event A has occurred,
then X is called a binomial random variable with parameters n and p or we say
that X follows a binomial distribution with parameters n and p, or symbolically
B(n, p). Obviously the possible values that X can take, are 0, 1, 2,..., n.

By the theorem under Bernoulli’s trials in Chapter 1, the probability mass
function of a binomial RV is given by

PX=r)=nC.p'¢"";r=0,1,2,....,n wherep+q=1
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1. Binomial distribution is a legitimate probability distribution since
2P(X—r> = ZnC v

r=0
= (q +]>) =1
2. The name ‘binomial distribution’ is given since the probabilities nC g™ p" (r = 0, 1, 2,
., 1) are the successive terms in the expansion of the binomial expression (q + p)".
3. If we assume that n trials constitute a set and if we consider N sets, the frequency function
of the binomial distribution is given by f{r) = Np(r) = N - nC. 4" p’, r=10,1, 2, ...,
n. In other words, the number of sets in which we get excactly r successes (the occurrences of

the event A) = N.nCq" psr=0,1,2, ..., n

Mean and Variance of the Binomial Distribution

We have already found out E(X) and Var(X) for the binomial distribution B(n, p)
using the moment generating function in Example 3 in Worked Example 4(b).
Here, we shall find them directly using the definitions of E(X) and Var (X).

E(X)= Y x,p,

— ir.ncr pr qn—r
r=0

2 r qn—r (1)

=0 r‘(n— r)'

_" (n=D! r=1 _(n-)=(r-1)
L0 Yy s T

np 2(” Yo gD

=np(q+p)"~"
=np 2)

E(Xz) = Zsz p, = zn:rz D,
r 0

a n! r n—r
g(,){r(l”—l)‘H”}mP q

n(n-1)p* i (n-2)C,_, PG +np,
i [by (1) and (2)]

=n(n—1p* (q+p)" > +np
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=n(n - l)p2 + np
Var(X) = EX*) - (E(X))°
=n(n - l)p2 +np — 112p2
=np (1-p)
=npq
Recurrence Formula for the Central Moments of the Binomial

Distribution

By definition, the kth order central moment p, is given by t, = E{X — E(X)}k.
For the binomial distribution B(n, p),

n

= > (r—np) nC,p" q"”" (1)

r=0

Differentiating (1) with respect to p, we get

d z - ron-r
L 3 nC, [=nk(r = np) - p g" "+ (r —np)t
dp r=0
™ q" "+ (- p ¢" T (=D}
= —nkpt,_, + > nC,(r—np) p~' ¢"" " {rg—(n-r)p)
r=0
= —nkp,_, + z nC, (r — np)k pr_] q"_r_l (r—np) (C.p+g=1
r=0
1 z ron-r k+1
= —nky_; +— > nC, p" ¢"”" (r = np)
r=0
1
= —nk e +— U,y
pq
. du
1.e., ‘Ltk+l = pq{d—k + I’lk /J’k—l} (2)
P

Using the recurrence relation (2), we may compute moments of higher order,
provided we know moments of lower order.
Putting k=1 in (2), we get

d
My = PQ[%"‘”NO}
P

=npq (7 po=1and u; =0)
Putting k =2 in (2), we get

d
M3 = Pcl{d—liz +2”.U1}
D
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d
= pq— [np(1 - p]
dp

=npq [1-2p] =npq (q-p)
Putting k = 3 in (2), we get

d
Uy = Pq @M +3n U,

= npg {% (p(=p)(1=2p))+ 3npq}

=npqg[1-6p+ 6p2 + 3npq|
=npq [1 -6 pg + 3npq]
=npq [1 +3 pg (n-2)]

W, @5 the variance, W; is a measure of skewness and Wy is a measnre of knrtosis.
Sometimes the coefficients B, and B, are used to measure skewness and kurtosis respectively,

iy

W/jé‘?’é’,lh =2 and au2 3

2. Poisson Distribution

Definition: If X is a discrete RV that can assume the values O, 1, 2, ..., such that
its probability mass function is given by

A qr
p(x=r):e ')” :r=0,1,2,...;4>0
r.

then X is said to follow a Poisson distribution with parameter A or symbolically
X is said to follow P(A).

Poisson distribution is a legitimate probability distribution, since

oo - oo e—l/lr
Z:)P(X=r) = ZB ;
= ‘f/l el =1

Poisson Distribution as Limiting form of Binomial Distribution
Poisson distribution is a limiting case of binomial distribution under the following
conditions:

(i) n, the number of trials is indefinitely large, i.e., n — oo.

(i) p,the constant probability of success in each trial is very small, i.e.,p — 0.
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e A A . ..
(iii) np(= A) is finite or p=— and g = 1 ——, where A is a positive real
n n
number.

Proof
If X is a binomially distributed RV with parameters n and p, then

P(X: r) :ncrprqnir; r=O, 1, 2, ey 1L

_ n<n—1><n—2r>'-"<”‘r“) o A=y
_ =1 (n-r+1) (i) (1 _&)H (on puttiﬂgl?:&)
r! n n "

TR s e
an [P(X=r)]=%}i_r}rolo{(1_%j(l_%)m(l_r;1ﬂ

np=A finite

lim (1—1) 1lim (1—1] =7L—e*
n—oo n n—soo n r!

{ lim (1 — k) =1, when £ is finite, lim (1 — i) =land lim (1 — &] = e_’l}
n—oo n n—oo n n—oo n

et

ButP(X=r)= ,r=0,1,2, ...

is the probability mass function of the Poisson random variable.
Thus, the limit of the binomial RV (distribution) is the Poisson RV (distribution).

1. The above  result means that we may compute binomial probabilities
approximately by using the corresponding Poisson probabilities, whenever n is
large and p is small.

2. When an event occurs rarely, the number of occurrences of such an event may be assumed
to follow a Poisson distribution. The following are some of the examples, which may be
analysed using Poisson distribution:

(1) the number of alpha particles emitted by a radioactive source in a given time interval
(iz) the number of telephone calls received at a telephone exchange in a given time interval
(ii3) the number of defective articles in a packet of 100

(iv) the number of printing errors at each page of a book

(v) the number of road accidents reported in a city per day.
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Mean and Variance of Poisson Distribution

We have already found out E(X) and Var (X) for the Poisson distribution P(A),
using the characteristic function in Example 4 in Worked Example 4(b). Also,
since the Poisson distribution is the limit of binomial distribution, the mean and
variance of the Poisson distribution may be obtained as the limits of those of
binomial distribution when n — oo,

i.e., if X is the Poisson RV
E(x) = lim (np) =24
np=A7A
=1l =1lim [A(1-p)]=4
and Var(X) = 1’15(1,)1 (npq) lim, [A(l - p)]
np=

Now we shall find £(X) and Var(X) for the Poisson distribution directly using
the definitions.

H@=Z%m
oo —/'L )vr
Z (D
) r—1
=2t A
“(r-1!
=deter =1 )
EX) = % pr
= i{{r(r—l)-kr}e”1£
r=0 r!
oo Ar 2
et }: [by (1) and (2)]

-2
=t A=2+ A

Var(X) = E(X*) - {E(X)}*
R+ A-A=2

Recurrence Formula for the Central Moments of the Poisson

Distribution

By definition, the kth order central moment L1, is given by p, = E{X — EX)..
For the Poisson distribution P(4),

oo _ A‘r
o= 2= Wt et (1

r=0
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Differentiating (1) with respect to A, we get

e 3 L ) e A e AT et ) (= )]
dA = !

=—ky, , + 2‘%6_’1 A= !
r=0""

1

-k +
My 1

Myt

2)

Le., Miv1 =

|
>
A/
£
<
+
x~
=
T
N

Using recurrence relation (2), we may compute moments of higher order,
provided we know moment of lower order.
Putting k=1 in (2), we get

du
=1 _1+
) (d/l ﬂo)
=1( puy=1and y; =0)
Putting k =2 in (2), we get

Hs = l(dﬂ+2ulJ=A

da
Putting k = 3 in (2), we get
du

Uy = /l(d—;t3+ 3,uzj =A3BA+1)

@ The interesting property of the Poisson distribution is the equality of its mean,
va

riance and third-order central moment.

3. Geometric Distribution

Definition: Let the RV X denote the number of trials of a random experiment
required to obtain the first success (occurrence of an event A). Obviously, X can
assume the values 1, 2, 3, ...

Now, X = r, if and only if the first (» — 1) trials result in failure (occurrence of
A ) and the rth trial results in success (occurrence A). Hence,

PX=r=q¢"p:ir=1,2,3,...,

where P(A)=pand P(A)=gq.

If X is a discrete RV that can assume the values 1, 2, 3, ..., = such that its
probability mass function is given by

PX=r)=¢"'p;r=1,2,.,ccwhere p+q=1

then X is said to follow a geometric distribution.
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Geometric distribution is a legitimate probability distribution, since
YP(X=r)=24"p
r=1 r=1

=pl+qg+q +... o
R

Mean and Variance of the Geometric Distribution
EX) = 2%, D,

Il
=
~

—

I
R
N—'

(8]
I

=5
><l\)
1]
M
=
=
~

= pZ{r(r +1)—r} qr_l

r=1
=P{1X2+2X3q+3%x4¢* +... 400} {1429 +3¢° +...

=p2(1—¢)° = (1 - ¢)]
2 1

1
= P(—3——2J=—2(2—P)=—2(1+Q)
p p p

Var(X) = E(X>) - {EX)}*

1 1
= (+q)-—=—%
p2 p2 2

+oo}]

Sometimes the probability mass function of a geometric R1” X is taken as
PX=r=q4pr=0,1,2 ...,00mherep +g=1
It is this definition that was given in chapter I1. If this definition is assumed, then

E(X)= % and Var( X )= % [see excample (5) in Worked Example 4(b)
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4. Hypergeometric Distribution

If X represents the number of defectives found, when #n items are drawn without
replacement from a lot of N items containing k defectives and (N — k) non-
defectives, clearly

kCr (N - k) C(n—r) .
;r=0,1,2,...,min (n, k)
NC

n

PX=r)=

If n > k, then the maximum value of X is k;
If n <k, then the maximum valne of X is n,

i.e., the maximum value of X is min (n, k),

i.e., rcan take the value 0, 1, 2, ..., min (n, k).

Definition: If X is a discrete RV that can assume, non-negative values 0, 1, 2, ...,
such that its probability mass function is given by
kC,-(N —k)C,

P(X=r)= Ne 20 =0,1,2,...,min (1, k)

n

then X is said to follow hypergeometric distribution with the parameters N, k and
n.

(1) In the probability mass function of X, r can be assumed to take the values 0,
1, 2, ..., n, which is true when n < k. But when n > k, r can take the values 0, 1, 2, ... k.
In other words.

PX=r)=0whenr=~k+1,,k+2 .. .1
This value (namely, gero) of the probability is provided by the probability mass function formula
itself, since RC, =0, forr=~k+ 1, £+ 2, ...0
Thus, in the value of P(X = r), min (n, &) can be replaced by n.
(2) Hypergeometric distribution is a legitimate probability distribution, since

” i /éCr (N - ’é) C(ﬂ*l‘)
P(X = -
2 rX=r) = 2N ")

7
—— NC, =1 since
NC,

Z’écr (N - /é) C/z—r = foeﬁifl.eﬂqu X” m (7 + X)’é (7 + X)A’\f—k

r=0 .
= coefficient of 5" in (1 + x)
= NC,

Mean and Variance of the Hypergeometric Distribution
EX)= 2 xp,
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= 2 rkC,-(N -k)C,,_,,/NC,
r=0
= Z(k )Coy(N-K)C,_,,
n r=1
k n—1
= > K'C.(N-1-k)C,_,_,),
Ncnl =0
(on putting k" =k—1and ¥ =r-1)
k
= W (N-1)C,_,, [by step (1) in note (2) given above]
_nk
N
EX?) =E{XX-1) + X}
—Ex(x— 1)) + 2K

= ”—; + 3 rr =D kC,-(N = k) C,,_, INC,

nk  k(k—
vt N NC r%(k 2)Cyy (N =k)C,_,

nk kk-1)'< ,
=—+—=) kK'C.-(N-2-k")C,

N NC, ,20 « ) Coaer,

[on putting X’ =k -2 and ¥ = r - 2]

= ”_"+M.(N -2)C,_,,

N NC,

[by step (1) in note (2) given above]
nk | k(k=1)n(n-1)
N N (N -1
Var(X) = EX*) = {E(X)}?
nk  k(k=1nn-1) n"k’

N N(N-1) N?
nk
=——— [N(N-D+Nk-Dn-1)—(N - Dnk
NZ(N—I)[( )+ Nk —=1)(n—1)—( k]
nk

= mwz — Nn — Nk + nk]

nk(N—-k)(N —n)
N? (N -1)




Some Special Probability Distributions 5.11

k
If we denote the proportion of defective items in the lot as p, ie, p= N and

g =1—=p, then E(X) = np and Var(x) = ﬂpq(g_j)

Binomial DistributionasaLimiting Formofthe Hypergeometric
Distribution

Hypergeometric distribution tends to binomial distribution as N — oo and

Kk _
N

Proof

If X follows a hypergeometric distribution with parameters N, k and n, then
kC.-(N-k)C,_,

P{X=r) = N C ,r=0,1,2,....n
B k(k—l)---(k—r+l).(N—k)(N—k—1)---(N—k—n+r+1)
- r! (n—r)!
n!
X
N(N-=1)---(N—-n+1)
n!
rl(n—r)!

6 G |
I R

(by dividing each factor in the numerator and denominator by N.)

Putting %: p and proceeding to the limit as N — oo, we get

lim P{X =r} =nC,-p'(1-p)"~"
L

N—P

=nC,p"¢""5r=0,1,2,...,n
Thus, the limit of a hypergeometric distribution is a binomial distribution.

We know that the binomial distribution holds good when we draw samples with
replacement (since the probability of getting a defective item has to remain constant), while the
hypergeometric distribution holds good when we draw samples withont replacement. If the lot
size IN is very large, there is not much difference in the proportions of defective items in the
lot whether the item drawn is replaced or not. The previons result is simply a mathematical
statement of 1his fact.
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5. Negative Binomial Distribution

Definition: If X denotes the number of failures preceding the nth success in a
sequence of independent Bernoulli’s trials, then X is said to follow a negative
binomial distribution with parameter n.

If r failures have to occur preceding the nth success, (n + r) trials are required,
as the first (n + r — 1) trials should result in r failures and (n — 1) successes and
(n+ r)th trial should result in a success, where r =0, 1, 2, ...

Hence, P{X = r} = P[getting (n — 1) successes and r failures in (n + r — 1)
trials] X P[getting success in the (n + r)th trial]

=(n+r-1C,_ 1)p"_1 q" %X p, where
p and g have the usual meaning in Bernouilli’s trials

ie., P{X=r}=mn+r-1)C,p"¢ (r=0,1,2,...)

Note JEy¥ negative binomial distribution is a legitimate probability distribution, since

iP(er) :p”Z(ﬂ+r—7)err
r=0

r=0
= ' [1+nC g+ (n+1)Coq’ +(n+2)C, g +++]
:P,{ n ﬂ(n+7)qz+ﬂ(ﬂ+7)(ﬂ+2)q3+”}

T+—q+
7/q 2/ 3!

=p'(1—q)" =1, sincep +q=1

When n =1, the negative binomial distribution reduces to the geometric distribution
whole probability low is given by P{X =r} =4 p(r=0,1,2, ...)]

MGF of the Negative Binomial Distribution
The moment generating function M(#) of the negative binomial distribution is
given by

M(r) = E{e™)

=Y " XP(X=r)
r=0

2(n+r—1)Cr phq e’
r=0

Z(n+r—1)Cr p'(ge)
r=0
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=p"(1-geé)” {.’Z(n+r+l)€r g =10-g)"

r=0
_ []—qetJ_n
p

Let us now use the MGF to find the mean and variance of the negative binomial
distribution

@ We bare already found ont the mean and variance directly in example (3) of section
4A)

2 —-n
rot
1—q(1+1!+2!+---]

P

osles)

2 2 2
=1+ﬂt 1+£+... +n(n+1)q ! 1+£+... R
1-p 2 20 p? 2

M)

E(X) = Coefficient of % in the expansion of M(?).

nq

p

2
E(Xz) = Coefficient of % in the expansion of M(t)

+1)q?
_nqg  n(n 2)61
14 V4

Var(X) = E(X°) - EX(X)
nq n(n+1)q* _n2 q

P P’ P’

P p) p
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Worked Example 5(A) ]

Example 1

Out of 800 families with 4 children each, how many families would be expected

to have (a) 2 boys and 2 girls, (b) at least 1 boy, (c) at most 2 girls, and

(d) children of both sexes. Assume equal probabilities for boys and girls.
Considering each child as a trial, n = 4. Assuming that birth of a boy is a

success, p = % and g = % Let X denote the number of successes (boys).

(a) P(2boysand 2 girls) = P(X =2)
2 4-2
= 4C2 l . l
2 2
4
= 6Xx l =3
2 8

.. No. of families having 2 boys and 2 girls
=N-P(X=2)(where Nis the total no. of families considered)
= 800 x 3
8
= 300.
(b) P(atleast 1 boy)=P(X2>1)
=PX=1)+PX=2)+PX=3)+PX=4)

=1-PX=0)
0 4
=1- 4C0 l . l
2 2
PR .
16 16
.. No. of families having at least 1 boy
= 800 x 15 =750.
16

(c) P(at most 2 girls) = P(exactly O girl, 1 girl or 2 girls)
=PX=4,X=30rX=2)
=1-{PX=0)+PX=1)

ey ]
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_n
16
.. No. of families having at most 2 girls

= 800x£=550
16

(d) P(children of both sexes)
= 1 — P(children of the same sex)
=1 - {P(all are boys) + P(all are girls)}
=1-{PX=4)+P(X=0)}

1 1
1-34C,-| = | +4C,| =
{ ) (2) ’ (2) }
=1- l = Z
8 8
.. No. of families having children of both sexes

= 800 X%z 700.

Example 2

An irregular 6-faced die is such that the probability that it gives 3 even numbers
in 5 throws is twice the probability that it gives 2 even numbers in 5 throws. How
many sets of exactly 5 trials can be expected to give no even number out of 2500
sets?

Let the probability of getting an event number with the unfair die be p.

Let X denote the number of even numbers obtained in 5 trials (throws).

Given: P(X=3)=2xPX=2)
ie., 5C; P =2x 5C, »’q
ie., p=2q9=2(1-p)

2 1
3p=2o0r p=—andg=—
J4 p 3 q 3

Now, P(getting no even number)
=P(X=0)
5
1 1
=5C.-p-,=|2| = _
obd [3) 243
.. Number of sets having no success (even number) out of N sets = N X P(X =0)

.. Required number of sets = 2500 x L
243

= 10, nearly
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Example 3

The probability of a successful rocket launching is p. If launching attempts are
made until 3 successful launching have occurred, what is the probability that
exactly 5 attempts will be necessary? What is the probability that fewer than 5
attempts will be necessary?

If launching attempts are made until 3 consecutive successful launching occur,

what are the probabilities? [See Example (1) in Section 1 (¢)]

(a) Exactly 5 attempts will be required to get 3 successes (successful
launching of rockets), if 2 successes occur in the first 4 attempts and
third success occurs in the fifth attempt.

. P(exactly 5 attempts are required)
= P(2 successes in 4 attempts)
X P(success in the single Sth attempt)
=4C,p’¢" % p
[~ The no. of successes in the 4 independent attempts follow B(4, p)]
=6 p°¢
(b) P{fewer than 5 attempts are required}
= P{exactly 3 or 4 attempts are required }
= [P{2 successes in the first 2 attempts}
X P(success in the 3rd attempt)]
+ [P{2 successes in the first 3 attempts}
x P(success in the 4th attempt)]
= 2C2pzq0 Xp+ S’Czpzq1 Xp
=p’+3p’g=p’ (1439

(c) Five attempts will be required to get 3 consecutive successes, if the first
2 attempts result in failures and the last 3 attempts result in successes.
. Required probability=g - g -p-p - p=p’q*

(d) Three attempts will be required to get 3 consecutive successes, if each
attempt results in a success.

. Probability for this = p°.
Four attempts will be required to get 3 consecutive successes, if the first
attempt results in a failure and the remaining attempts result in a success
each.
. Probability for this = gp°
. P{fewer than 5 attempts are required }

=p’+qp’=p’ (1+9).

Example 4

A communication system consists of n components, each of which will
independently function with probability p. The total system will be able to operate
effectively if at least one-half of its components function. For what values of p
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is a 5-component system more likely to operate effectively than a 3-component
system?

Since the probability p of functioning of every component is a constant and
the n components function independently, the number of components X that
function follow a binomial distribution with parameters n and p.

PX=r=nC.p ¢""5r=0,1,2, ..., n.

P(5-component system functions effectively)
=P(X=3o0r4or))

5
=Y5Cp ¢ (-n=5)
r=3
P(3-component system functions effectively)
=P(X=2o0r3)

3
=Y3C,p ¢ (:n=3)

r=2
5-component system will function more effectively than the 3-component system,

if iSC,. pg 2 i 3C,p'q’ "

r=3 r=2
i.e., 10 p3q2 + 5p4q +p5 > 3p2q + p3
ie., 10p3 1-2p +p2)+5p4 (1 —p)+pSZ3pz(l—p)+p3
ie., 3PP -5p +4p-1)20
ie., 3pp-1)*2p-1)20
ie., (2p-1)20, [since 3p* (p - 1)*20]
1.€e., p= l

2

Example 5

If the probability that a child is a boy is p, where 0 < p < 1, find the expected
number of boys in a family with n children, given that there is at least one boy.
Let X be the number of boys (successes) out of n children (trials)
Then X follows a B(n, p).
Required to find E{X/X > 1}.

E{XIX>1} = 2, r-PX=r/X21)

L P(X=r)

=) r————=

P(X>1)

r=1
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n

Zr'ncr pr qn—r

~ - P(X=0)
1 n
= — >, rnC, p g’
]_q r=0
- _"pr
1-4"

Example 6

Two dice are thrown 120 times. Find the average number of times in which the
number of the first dice exceeds the number on the second dice.

The number on the first dice exceeds that on the second dice, in the following
combinations:
(2, 1);3,1),(3,2);(4,1),(4,2),(4,3); (5, 1), 5, 1), 5, 2), 5, 3), (5,4); (6, 1),
(6, 2), (6, 3), (6,4), (6, 5),
where the numbers in the parentheses represent the numbers in the first and
second dice respectively.

. P(success) = P(number in the first dice exceeds the number in the second dice)
_I5_5
36 12
This probability remains the same in all the throws that are independent.
If X is the number of successes, then X follows a binomial distribution with

5
parameters 7 (=120) and p (: Ej

EX)=np= 120><%=50

Example 7

Fit a binomial distribution for the following data:
X: 0 1 2 3 4 5 6 Total
f 5 18 28 12 7 6 4 80

Fitting a binomial distribution means assuming that the given distribution is
approximately binomial and hence finding the probability mass function and
then finding the theoretical frequencies.

To find the binomial frequency distribution N(g + p)", which fits the given
data, we required N, n and p. We assume N = total frequency = 80 and n = no. of
trials = 6 from the given data.

To find p, we compute the mean of the given frequency distribution and equate
it to np (means of the binomial distribution).
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(9]

X: 0 1 2 3 6 Total
: 5 18 28 12 7 6 4 80
S 0 18 56 36 28 30 24 192

pofX_192_,,
N f 80
ie., np=24orb6p=24

p=04andg=0.6
If the given distribution is nearly binomial, the theoretical frequencies are
given by the successive terms in the expansion of 80(0.6 + 0.4)°. Thus we get,
X: 0 1 2 3 4 5 6
Theoretical f: 373 14.93 24.88 22.12 11.06 2.95 0.33

Converting these values into whole numbers consistent with the condition that
the total frequency is 80, the corresponding binomial frequency distribution is
as follows:

x: 0 1 2 3 4 5 6  Total

f 4 15 25 22 11 3 0 80

Example 8

The number of monthly breakdowns of a computer is a RV having a Poisson
distribution with mean equal to 1.8. Find the probability that this computer will
function for a month

(a) without a breakdown,

(b) with only one breakdown, and

(c) with at least one breakdown.

Let X denote the number of breakdowns of the computer in a month. X follows
a Poisson distribution with mean (parameter) A = 1.8.

P(X=r) = et _etyy
r! r!

(@ PX=0)=¢'*=0.1653

(b) PX=1)=¢"%(1.8)=0.2975

(c) PX=21)=1-PX=0)=0.8347

Example 9

It is known that the probability of an item produced by a certain machine will be
defective is 0.05. If the produced items are sent to the market in packets of 20,
find the number of packets containing at least, exactly and at most 2 defective
items in a consignment of 1000 packets using (a) binomial distribution, and
(b) Poisson approximation to binomial distribution.
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Use of Binomial Distributions

p =probability that an item is defective = 0.05, ¢ = 0.95 and n = No. of independent
items (trials) considered = 20.
Let X denote the number of defectives in the n items considered.

PX=r)=nC,p"q"""
(@) .. P(X=2)=20C,(.05)*(0.95)"
=0.1887
If N is the number of sets (packets), each set (packet) containing 20
trials (items), then the number of sets containing exactly 2 successes
(defectives) is given by
NX=2)=NxP(X=2)
= 1000 x 0.1887 = 189, nearly
(b) P(at least 2 defectives) = P(X = 2)
=1-{P(X=0)+PX=1)}
=1-[20C, (0.05)" (0.95)* + 20 C, (0.05)" (0.95)"]
=1-[0.3585 + 0.3774]
=0.2641
~ NX22)=NxP(X>2)
=1000 x 0.2641 = 264, nearly
(¢) P(at most 2 defectives) = P(X <2)
=PX=0)+P(X=1)+PX=2)

2
= '20C, (0.05) (.95~

=0
=0.3585+0.3774 + 0.1887
=0.9246

L NXL2)=NXP(X<L2)
= 1000 x 0.9246 = 925, nearly

Use of Poisson Distributions
Since p = 0.05 is very small and n = 20 is sufficiently large, binomial distribution
may be approximated by Poisson distribution with parameter A = np = 1.

et B e

PX=r) =

r! r!

-1

(a) PX=2)= %: 0.1839

s N(X =2) =1000 x 0.1839 = 184, nearly
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(b) PX22)=1-{PX=0)+P(X=1)}
=1-{e!'+e'}=02642
. N(X =2) = 1000 x 0.2642 = 264, nearly.
2 2 -1
)  PX<2)= ZP(X=r)=Z€—'
r=0 r=0 T
=0.9197
. N(X £2) =920, nearly.

Example 10

Prove the reproductive property of independent Poisson RVs. Hence, find the
probability of 5 or more telephone calls arriving in a 9-min period in a college
switch-board, if the telephone calls that are received at the rate of 2 every
3 minutes follow a Poisson distribution.

Let X, and X, be independent RVs that follow Poisson distributions with
parameters 4, and A, respectively.

= z": P{X, =r}-P{X, =n—r},
r=0

(since X, and X, are independent)

oA e

=0 r! (n—r)!
(L +4) n !
e n! v oaner
= ' z | 1/11%2
n! Zorin—r)!
e—(ll+/12) n
r n—r
= ' N nC,-2{ -4,
n: r=0

MR+ A,

n!

Thus, the sum of 2 independent Poisson variables with parameters A, and A,
is also a Poisson variable with parameter (4, + 4,).

This property, which can be extended to any finite number of independent
Poisson variables is known as the Reproductive Property of Poisson RVs. [For
an alternative proof, see example (9) in section 4(b)]

Let X,, X,, X; denote the number of telephone calls received in three
consecutive 3-min periods.

Each of X;, X,, X; follows a Poisson distribution with parameter (mean)
A=2.
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- X=X, + X, + X; follow a Poisson distribution with parameter 6.
Clearly, X represents the number of calls received in a 9-min period.

Now,  P(X>5)=1-P(X<4)
4 e—6 '6r

=1-)

r=0 r!

=1-(0.0025 + 0.0149 + 0.0446 + 0.0892 + 0.1339)
=1-0.2851=0.7149

Example 11

If the number X of particles emitted during a 1 h period from a radioactive source
has a Poisson distribution with parameter A = 4 and that the probability that any
emitted particle is recorded is p = 0.9, find the probability distribution of the
number Y of the particles recorded in a 1 h period and hence the probability that
no particle is recorded.

P{Y=n}= z P[X =n+rand n of them are recorded]
r=0

o —A an+r
A
=St w+nc, p'q
o (n+r)!

i et Ap)" (n+r)!

o (m+r)!  nlr!

(Ag)

ei/l'(lp)n ii(/lq)r

n! !
A n
= ﬂe’lq
n!
) Y ) P
n! n! ’ I

Therefore, Y, the number of recorded particles, follows a Poisson distribution
with parameter Ap.

Hence, PY=0)=e™
= Ax09_ 36

=0.0273

Example 12

If X and Y are independent Poisson RV, show that the conditional distribution of
X, given the value of X + Y, is a binomial distribution.

Let X and Y follow Poisson distributions with parameters A; and A,
respectively.
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Now, P{X=r/(X+Y)=n}
_ P X=rand( X+Y)=n} P{X=rY=n-r]
- P{(X+Y)=n)  PIX+Y=n]
_ P{X=r}-P{X=n-r}

P{(X+Y)=n)

(by independence of X and Y)

_ Ay e =Y
e MR (A + A, In!

(by the reproductive property)

B n! ll r . )“2 n—r
A=A+ ) (A A

A
=nC,p q"" ", wherep= ———and g = &

A+ A A+ A,
Hence, the required result.
Example 13
Fit a Poisson distribution for the following distribution:
X: 0 1 2 3 4 5 Total
f 142 156 69 27 5 1 400

Fitting a Poisson distribution for a given distribution means assuming that the
given distribution in approximately Poisson and, hence, finding the probability
mass function and then finding the theoretical frequencies.

To find the probability mass function

€_;L ar

P{X=r}= r=0,1,2,...,
r!

of the approximate Poisson distribution, we require A, which is the mean of the
Poisson distribution.

We find the mean of the given distribution and assume it as A.

X: 0 1 2 3 4 5 Total
f: 142 156 69 27 5 1 400
fx: 0 156 138 81 20 5 400
go XS _400_,
> f 400
The theoretical frequencies are given by
Ne ™\

' where N = 400, obtained from the given distribution.
r!

400 ¢
- r!

,r=0,1,2, ..., 00
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Thus, we get

x: 0 1 2 3 4 5
Theoretical f: 147.15 147.15 73.58 2453 6.13 1.23
The theoretical frequencies for x = 6, 7, 8, ... are vary small and hence

neglected.

Converting the theoretical frequencies into whole numbers consistent with the
condition that the total frequency = 400, we get the following Poisson frequency
distribution which fits the given distribution:

x 0 1 2 3 4 5
Theoretical f: 147 147 74 25 6 1

Example 14

If the probability that an applicant for a driver’s license will pass the road test
on any given trial is 0.8, what is the probability that he will finally pass the test
(a) on the fourth trial, and (b) in fewer than 4 trials?

Let X denote the number of trials required to achieve the first success. Then X
follows a geometric distribution given by

PX=r7) =qr_1p; r=1,2,3,...,0
Here,p=0.8 and ¢ =0.2
(@) P(X=4)=0.8x(0.2)*"
= 0.8 x 0.008 = 0.0064

3
(b) PX<4)= 2 08x(0.2)"

r=1
=0.8[(0.2)° + (0.2)! + (0.2)* + (0.2)*]
= 0.9984.

Example 15

A and B shoot independently until each has hit his own target. The probabilities of

. 3 5 . . .
their hitting the target at each shot are 3 and 1 respectively. Find the probability

that B will require more shots than A.
Let X denote the number of trials required by A to get his first success. Then
X follows a geometric distribution given by

r—1
. 3 (2
P(X=r)=pq, 1=g(§) sr=1,2,...,00
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Let Y denote the number of trials required by B to get his first success. Then Y
follows a geometric distribution given by

r—1
5(2
P(Y=1= D¢ ——'(—j » r=L2,...

r—1 _

7\7

oo
”

P{B requires more trials to get his first success than A requires to get his first

success }

= 2P{X=randY=r+1 or r+2,...,0}

r=1

oo

r=1

[P{X=r}-PlY=r+lorr+2,...

,>}] (by independence)

Example 16

A coin is tossed until the first head occurs. Assuming that the tosses are
independent and the probability of a head occurring is p, find the value of p so
that the probability that an odd number of tosses is required is equal to 0.6.

Can you find a value of p so that the probability is 0.5 that an odd number of

tosses is required?

Let X denote the number of tosses required to get the first head (success).
Then X follows a geometric distribution given by

PX=r)=pq

r=1,2,...,

.. P(X =an odd number) P(X=1or3or5,...)

iP(X=2r—1)= ipq”*2
r=1

r=1

L@ +q*+q° )
q
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2

P 9 1 :
= . =—— (sincep+g=1) (1)
¢ 1-¢ 1+q prd
1 1
Now, — =0.6,if =0.6
ie., 0.6p=02
i c p= l
€., 3
1 .
Now, — = 0.5, if =0.5
1+¢ 2—-p
ie., 1-P -1
2
ie., p=0

though we get p = 0, it is meaningless, because
P(X = an odd number)

- 2pq2r72
r=1

=0,whenp=0

Hence, the value of p cannot be found out.

Example 17

Establish the memoryless property of geometric distribution, that is, if X is a
discrete RV following a geometric distribution, then P{X > m + n/X >m} = P{X
> n}, where m and n are any two positive integers. Prove the converse also, if it
is true.
Since X follows a geometric distribution,
PX=r=pg 'ir=1,2,...,00p+qg=1
o k
P{X>k}= z pqr_lzp(qk+qk+1+qk+2+...+oo):&
r=k+1 1- 4q
=9
P{X>m+nand X >m}
P{X >m}

P{X>m+n}
P{X >m}

Now, P{X>m+n/X>m} =

m+n
T —¢"=P(X>n)

q
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The converse of the above result is also true, i.e., if P{X > m + n/X > m} =
P{X>n}, where m and n are any two positive integers, then X follows a geometric
distribution.

Since X takes the values 1,2, 3, ..., P(X>1)=1.

Let P{X>1} =¢q
Now, P{X=(r+ 1)} =P{X>r}-P{X>(r+1)} (1)
P{X=(r+D} __ PX>0+D)
P{X >r} P{X >r}

=1-PX>+ 1D/X>r}
=1-P(X > 1) (by the data)
P X=r+1)} =(1-q)PX>r) (2)
=(1-q) [P{X>@-D}-P{X=r}]
[from (1), on changing r to (r — 1)]
=(l-@ [P{X>@r-D}-0-q) PX>(r-1)]
[from (2) on changing r to (r — 1)]
=(1-¢q) g P{X>@r-1}
=(1-9) ¢’ P{X>(r-2)}
=(1-g)¢ ' PX>1)
=(1-¢g)
P{X=r} =pq ' wherep=1-gandr=1,2, ...
That is, X follows a geometric distribution.

Example 18

If two independent RVs X and Y have the same geometric distribution, prove
that the conditional distribution of X, given that X + Y = k is a discrete uniform
distribution.

Given: PX=r)=PY=r=p¢ r=1,2, ..
P{X=rand X +Y =k}
P{X+Y =k}
P{X=randY =k —r}
P{X+Y =k}

=7 _I?{X =r) PV =k=r) (by independence)
Y P{X=r}PlY=k-r}

r=1

Now, P{X=rX+Y=k}

pqr—llqu—r—l

k-1 L .
N pq" " pgt T
r=1
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k-2
q I
=T R 1,r—1,2,3,._.,(k_1)

" k-2 -
q
;:1

When P{X = r} = constant, the discrete R1 X is said to follow a discrete uniform
distribution

Thus, the conditional distribution of X, given that X + Y = k, is a discrete
uniform distribution.

Example 19

A taxicab company has 12 Ambassadors and 8 Fiats. If 5 of these taxi cabs are in
the workshop for repairs and an Ambassador is as likely to be in for repairs as a
Fiat, what is the probability that

(a) 3 of them are Ambassadors and 2 are Fiats,

(b) atleast 3 of them are Ambassadors, and

(c) all the 5 are of the same make?

Let X denote the number of Ambassadors in the workshop out of the 5 taxicabs.

We note that N = 20, k = 12, and n = 5 and X follows a hyprgeometric
distribution given by

12C,-8C;_,
PX=r)= ——r=0,1,...,5
20C;
12 C;-8C
(a) P(3 Ambassadors and 2 Fiats) = ——>—2%
20 C

_220x28 385

15,504 969

(b) P(at least 3 Ambassadors) = P(X > 3)
:P(X=3)+P(X=4)+P(X=5)

2 12C,-8C;_

T A 200G,

= {220x28+495x8+792><1}=@
15,504 969

(c) P(all the 5 are of the same make)
= P(all are Ambassadors or all are fiats)
=PX=50rX=0)
=PX=5+PX=0)
_ 12C5-8C, N 12C,-8Cs
© 200G, 20 C;

(792 +56) = 3

15,504
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Example 20

A panel of 7 judges is to decide which of the 2 final contestants A and B will be
declared the winner; a simple majority of the judges will determine the winner.
Assume that 4 of the judges will vote for A and the other 3 will vote for B. If we
randomly select 3 of the judges and seek their verdict, what is the probability that
a majority of them will favour A?

Let X denote the number of judges favouring A. We note that N=7, k=4 and
n =3 and X follows a hypergeometric distribution, given by

4C,-3C,_,
PX=r)= ——— r=0,1,2,3
7C,
P(a majority of 3 chosen judges will favour A) = P(X = 2)
=PX=2)+P(X=3)

1
EHCZGCI +4C;-3C,}

i(6><3+4><1)=2
35 35

Example 21

If a boy is throwing stones at a target, what is the probability that his 10th throw
is his 5th hit, if the probability of hitting the target at any trial is 5 ?

Since the 10th throw should result in the 5th success, viz., hit, the first 9

throws ought to have resulted in 4 successes and 5 failures. Hence, in the usual

1
notation, n=5,r=5,p=5=q.

5 5
1 1
.. Required probability = P(X=5)=(5+5-1) C; (E) (5]

1
= 9C, X 57 =0.123

Example 22

An item is produced in large numbers. The machine is known to produce 2%
defectives. A quality control inspector is examining the items by taking them one
by one at random. What is the probability that at least 4 items are to be examined
in order to get 2 defectives?

Success = defective and failure = non-defective

p=0.02 and ¢ = 0.98

If at least 4 items are to be examined (viz. 4 trials are required) to give 2
defectives (success), 4 or 5 or 6 or ... items are to be examined i.e., the first 3 or
4 or 5 or ... trials must result in 1 success and the next trial in a success.
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". Required probability
=3C, p2 (]2+4Cl p2 q3 +5C, p2 q4+
:p2{3q2+ 4q3 +5q4+ )
=p’[(1-¢g) 7 ~1-24]

=1-p’-2p’q
=1-(0.02)> -2 x(0.02)> x 0.98
=0.9988

Example 23

Find the probability that a person tossing 3 fair coins get either all heads or all
tails for the second time on the fifth trial.
p = P(3 heads or 3 tails in tossing 3 coins)

1 1.1

"8 8 4
3
and = —.
1=

5th trial must result in the 2nd success.
*. the first 4 trials must have resulted in 1 success and 3 failures.
". Required probability = 3C, pl q3 X p

2 3
4 x 1 X 3
4 4
27
256

[ Exercise 5(A) ]

Part-A (Short-answer Questions)

1. The mean and variance of a binomial distribution are 4andi
respectively. Find P(X > 1), if n = 6. 3
2. If the recurrence relation for the central moments of the binomial

d
Hy j , find the value of f3,.
dp

distribution is Y, , | = pq[nr W+

3. In 256 sets of 8 tosses of a coin, in how many sets one may expect heads
and tails in equal numbers?

4. Anexperiment succeeds twice as often as it fails. Find the chance that in
the next 4 trials, there shall be at least one success.

5. Inafamily of 4 children, what is the probability that there will be at least
1 boy and at least 1 girl, assuming equal probability for boys and girls.
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10.

11.
12.
13.
14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

1
If X has the distribution 3(25, gj , find P(X < i — 20) where u and o

are the mean and variance of the distribution.
Show that the largest value of the variance of a binomial distribution is R

Find the mean and SD of the distribution whose moment generating
function is 0.4 ¢’ + 0.6).

When will the sum of 2 binomial variates having distributions B(n,, p;)
and B(n,, p,) be also a binomial variate?

If X follows B[B, %) and Y follows B[S, %) ,find PX+Y2>1).

Write down the pmf of the Poisson distribution which is approximately
equivalent to B(100, 0.02).
If X is a Poisson variate such that 2P(X =0) + P(X=2)=2P(X = 1), find
EX).
If X is a Poisson variate such that E(Xz) =6, find E(X).
If X is a Poisson variate such that P(X = 0) = 0.5, find Var(X).
If X is a Poisson variate with parameter A > 0, prove that
EX?) = AE(X + 1).
If X is a Poisson variate with parameter A, prove that

1
E(Xis even) = 5 1+ e_u)

If the MGF of a discrete RV X is ¢*¢ ™", find P(X = u+0), where u
and o are the mean and SD of X.

If X and Y are independent identical Poisson variates with mean 1, find
PX+Y=2).

Find the mean and variance of the discrete probability distribution given
by P(X=r)=e' (1—-¢"')Y"" r=1,2,3,.., 0.

If X is a geometric variate, taking values 1, 2, 3, ..., e find P(X is odd).
Find the mean and variance of the distribution given by

PX=r= %,rzl,Z,...,oo

For the geometric distribution of X, which represents the number of

Bernoulli’s trials required to get the first success Var(X) = 2E(X). Find

the pmf of the distribution.

Find the MGF of the geometric distribution, given by PX =r)=¢" "' p,

r=1,2,..., 0.

If the MGF of a discrete RV X, taking values 1, 2, ..., oo, is &' (5 — 4e') ",

find the mean and variance of X.

Define hypergeometric distribution and give an example for the situation

where it arises.

Write down the mean and variance of the hypergeometric distribution

given by
PX=r=kC(N-k)C,_,/INC

n’

r=0,1,2, ...
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27.

Part-B
28.

29.

30.

31.

32.

33.

34.

35.

State the conditions under which the hypergeometric distribution tends
to the binomial distribution. Hence, deduce the mean and variance of the
binomial distribution from those of the hypergeometric distribution.

It is known that diskettes produced by a certain company are defective
with a probability 0.01 independently of each other. The company
markets diskettes in packages of 10 and offers a money-back guarantee
that atmost 1 of the 10 diskettes is defective. What proportion of diskettes
are returned? If someone buys 3 diskettes, what is the probability that he
will return exactly one of them?

Assuming that half the population is vegetarian and that 100 investigators
each take 10 individuals to see whether they are vegetarians, how many
would you expect to report that 3 people or less were vegetarians?
Show that, if 2 symmetric binomial distributions of degree n are so
superposed that the rth term of the one coincides with the (r + 1)th term
of the other, the distribution formed by adding superposed terms is a
binomial distribution of degree (n + 1).

[Hint: nC, | + nC,=(n+1)C,]

A factory produces 10 articles daily. It may be assumed that there is
a constant probability p = 0.1 of producing a defective article. Before
these articles are stored, they are inspected and the defective ones are set
aside. Suppose that there is a constant probability = 0.1 that a defective
article is misclassified. If X denotes the number of articles classified as
defective at the end of a production day, find (a) P(X = 3) and P(X > 3).
[Hint: P(a defective article is classified as defective) = P(an article produced
is defective) X P(it is classified as defective) = 0.1 X 0.9 = 0.09]

A fair coin is tossed 4 times. If X denotes the number of heads obtained
and Y denotes the excess of the number of heads over the number of
tails, obtained the probability mass function of Y.

An irregular 6-faced dice is thrown and the expectation that in 10 throws
it will give 5 even numbers is twice the expectation that it will give 4
even numbers. How many times in 10,000 sets of 10 throws would you
expect to give no even number?

If m things are distributed among a men and b women, show that
the probability that the number of things received by men is odd is

1 (b+a)" -(b-a)
2 b+ a)" '

a b
Hint: P(a thing i ived b =p= and g = ——-
[Hint: P(a thing is received by men) = p L mdg=— b]

Atleast one half of an airplane’s engines are required to function in order
for it to operate. If each engine independently functions with probability
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36.

37.

38.

39.

40.

41.

42.

43.

p, for what values of p is a 4-engine plane to be preferred for operation
to a 2-engine plane?

Atleast one half of an airplane’s engines are required to function in order
for it to operate. If each engine functions independently with probability
of failure ¢, for what values of ¢ is a 2-engine plane to be preferred for
operation to a 4-engine plane?

If a fair coin is flipped an even number 2n times, show that the probability

2n
of getting more heads than tails is %[1 -2nC, (%) ],

1
[Hint: P(more heads than tails) = P(less heads than tails = By [1-P(equal

number of heads and tails)]

If a fair coin is tossed at random 5 independent times, find the conditional
probability of 5 heads relative to the hypothesis that there are at least 4
heads.

A factory has 10 machines which may need adjustment from time to
time during the day. Three of these machines are old, each having a

probability of 1—11 needing adjustment during the day and 7 are new,
1
having the corresponding probability of YR Assuming that no machine

needs adjustment twice on the same day, find the probabilities that on a
particular day

(i) just2 old and no new machine need adjustment and

(i1) just 2 machines that need adjustment are of the same type.

1
The probability of a man hitting a target is 1 (i) If he fires 7 times, what

is the probability of his hitting the target at least twice? and (ii) How
many times must he fire so that the probability of his hitting the target at

. 2
least once is greater than 3 ?

A set of 6 similar coins are tossed 640 times with the following results:
Number of heads: 0 1 2 3 4 5 6
Frequency i 64 140 210 132 75 12
Calculate the binomial frequencies on the assumption that the coins are
symmetrical.

Fit a binomial distribution for the following data and hence find the
theoretical frequencies:

X: 0 1 2 3 4

f 5 29 36 25 5

A car hire firm has 2 cars which it hires out day by day. The number of
demands for a car on each day follows a Poisson distribution with mean
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44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

1.5. Calculate the proportion of days on which (i) neither car is used and
(i1) some demand is not fulfilled.

The proofs of a 500-page book contains 500 misprints. Find the probability
that there are at least 4 misprints in a randomly chosen page.

If the average number of claims handled daily by an insurance company
is 5, what proportion of days will have less than 3 claims? What is the
probability that there will be 4 claims in exactly 3 of the next 5 days.
Assume that the number of claims on different days are independent.

In a certain factory producing razor blades, there is a small change 500

for any blade to be defective. The blades are supplied in packets of 10.
Use Poisson distribution to calculate the approximate number of packets
containing (i) no defective blade, (ii) at least 1 defective blade and
(iii) at most 1 defective blade in a consignment of 10,000 packets.
An insurance company has discovered that only about 0.1% of the
population is involved in a certain type f accident each year. If its 10,000
policy holders were randomly selected from the population, what is the
probability that not more than 5 of its clients are involved in such an
accident next year?
In a given city, 4% of all licensed drivers will be involved in at least 1
road accident in any given year. Determine the probability that among
150 licensed drivers randomly chosen in this city

(i) only 5 will be involved in at least 1 accident in any given year, and
(i) at most 3 will be involved in at least 1 accident in any given year.
A radioactive source emits on the average 2.5 particles per second. Find
the probability that 3 or more particles will be emitted in an interval of
4s.
It has been established that the number of defective stereos produced
daily at a certain plant is Poisson distributed with a mean of 4. Over a
2-day span, what is the probability that the number of defective stereos
does not exceed 3?
In an industrial complex, the average number of fatal accidents per month
is one-half. The number of accidents per month is adequately described
by a Poisson distribution. What is the probability that 6 months will pass
without a fatal accident?
If the numbers of telephone calls coming into a telephone exchange
between 9 am and 10 am and between 10 am and 11 am are independent
and follow Poisson distributions with parameters 2 and 6 respectively,
what is the probability that more than 5 calls come between 9 am and
11 am?
Patients arrive randomly and independently at a doctor’s consulting
room from 5 pm at an average rate of one in 5 min. The waiting room
can hold 12 persons. What is the probability that the room will be full,
when the doctor arrives at 6 pm?
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54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

The number of blackflies on a broad bean leaf follows a Poisson
distribution with mean 2. A plant inspector, however, records the number
of flies on a leaf only if at least 1 fly is present. What is the probability
that he records 1 or 2 flies on a randomly chosen leaf? What is the
expected number of flies recorded per leaf?

[Hint: If X is the number of flies on a leaf, we have to find P{X = r/X >
1}, r=1, 2, and add them.]

A radioactive source emits particles at a rate of 10 per minute in
accordance with Poisson law. Each particle emitted has a probability

2
of 3 being recorded. Find the probability that at least 4 particles are

recorded in a 2-min period.

Fit a Poisson distribution for the following distribution and hence find
the expected frequencies.

X: 0 1 2 3 4 5 6

f 314 335 204 86 29 9 3

If the probability that a certain test yields a positive reaction equals 0.4,
what is the probability that fewer than 5 negative reactions occur before
the first positive one?

In a test a light switch is turned on and off until it fails. If the probability
that the switch will fail any time it is turned on or off is 0.001, what is
the probability that the switch will not fail during the first 800 times it is
turned on or off?

An item is inspected at the end of each day to see whether it is still
functioning properly. If it is found to fail at the 10th inspection and not
earlier, what is the maximum value of the probability of its failure on
any day?

If X and Y are 2 independent RVs, each representing the number of failures
preceding the first success in a sequence of Bernoulli’s trials with p as

the probability of success in a single trial, show that P(X =Y) = %
where p + g = 1. K
A throws 2 dices until he gets 6 and B throws independently 2 other dice
until he gets 7. Find the probability that B will require more throws than
A.

If 2 independent RVs X and Y have identical geometric distributions
with parameter p, find the probability mass function of (X + ¥) and hence
the expected value of (X + Y).

As part of an air-pollution survey, an inspector decides to examine the
exhaust of 6 of a company’s 24 trucks. If four of the company’s trucks
emit excessive amounts of pollutants, what is the probability that none
of them will be included in the inspector’s sample?

Among the 120 applicants for a job, only 80 are actually qualified. If 5
of the applicants are randomly selected for an in-depth interview, find
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65.

66.

67.

68.

69.

70.

the probability that only 2 of them will be qualified for the job using
(i) hypergeometric probability, and (ii) binomial approximation to
hypergeometric probability.

If an auditor selects 5 returns from among 15 returns of which 9 contains
illegitimate deductions, what is the probability that a majority of the
selected returns contains illegitimate deductions?

In sampling a lot of 100 items, the sampling plan calls for inspections of
20 pieces. Find the probability of accepting a lot with 5 defectives, if we
allow 1 defective in the sample.

If X and Y are independent binomial random variables having respective
parameters (n, p) and (m, p), prove that the conditional probability mass
function of X, given that X + Y =k, is that of a hypergeometric RV.
[Hint: The joint probability mass function of X and Y is that of a binomial
distribution with parameters (m + n, p).]

A student takes a 5-answer multiple choice test orally. He continues to
answer questions until he gets 5 correct answers. What is the probability
that he gets them on the 12t question, if he guesses at each answer?

A consignment of 15 tubes contains 4 defectives. The tubes are selected
at random, one by one, and examined. Assuming that the tubes tested are
not put back, what is the probability that the ninth one examined is the
last defective?

A machine is known to produce 3% defective items. What is the
probability that at least 5 items are to be examined in order to get 2
defective items?

SPECIAL CONTINUOUS DISTRIBUTIONS

1. Uniform or Rectangular Distribution

Definition: A continuous RV X is said to follow a uniform or rectangular
distribution in any finite interval, if its probability density function is a constant
in that interval.

If X follows a uniform distribution in @ < x < b, then f(x)=

nma<x<

b, as explained below:
When X follows a uniform distribution in (a, b),

fx) =k.

By the basic property of a probability density function,

[ fydx=1

Ry

b
jkdx=1
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1

k = .
b—a

Thus, for a uniform distribution in (a, b),

__1
=5

When X follows a uniform distribution in (a, b), it is symbolically written as:
X follows U(a, b).

Moments of the Uniform Distribution U(a, b)

Raw moments 1, of the uniform distribution U(a, b) about the origin are given by
/= E{X"}, where X follows U(a, b)

b
= J.xr ! dx
. b—-a
br+l _ar+1
Cr+D(b-a) o
E(X) = Mean of U(a, b) = u| = % (b+a) (2)

Central moments g, of the uniform distribution U(a, b) are given by
1 =E[{X - ECO}]

=HW—%@+@H

b{x—;(b+a)}
| dx

b-a

a

1 ¢ 1 1
= " dr, ttingr=x——(b+ dec==(0b-
b—a_'[_ on putting t = x 2( a)and ¢ 2( a)
0 if r is odd
=11 (b-a) . .
. if r is even
r+1 2
1 b— 2n
Thus,u2n1=0andu2n=2n+]( 2“) forn=1,2,3, ... 3)

1
In particular, u, = variance of U(a, b) = E (b- a)2 4)
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1
M3 =0and u, = %(b—ﬁl)4

The absolute central moments v, of the uniform distribution U(a, b) are given by

= E{IX-EX)I'}
:j)‘ x—%(b+a)
. b—a

1 1
——(b+ de=— (-
X 2( a)and ¢ 2( a)

(since the integrand is an even function of )

1 (b-aY
= . 5
r+1 ( 2 j )
Definition: E{IX — E(X)|) is called the mean deviation (MD) about the mean of

the RV X or of the corresponding distribution.
Thus, the MD about the mean of the distribution U(a, b) is given by

1
n=b-a

2. Exponential Distribution

Definition: A continuous RV X is said to follow an exponential distribution or
negative exponential distribution with parameter A > 0, if its probability density
function is given by

—-Ax
) = {l e x>0

0 otherwise

We note that '[ f(x)dx = J/l ¢”* dx =1 and hence f(x) is a legitimate density
function. ° °

Mean and Variance of the Exponential Distribution
Raw moments (1, about the origin of the exponential distribution are given by
u = EX)

]ox’ A dx

T Jy e’ dy, (on putting y = Ax)
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1
=—|@F+1
lr
r!
= (1)
lr
E(X) = Mean of the exponential distribution
1
=u,"= —,[from (1
Hy 1 [ (D]
Putting =2 in (1), we get
, 2
H 7
Var(X) = E&%) - {E(X)}?
2 I 1
ISR
Memoryless Property of the Exponential Distribution
If X is exponentially distributed, then
PX>s+t/X>s) =P(X>1t),forany s, >0
PX>K) = [Le™ d
k
P{X X
Now PX>s+t/X>5) = (X>s+7and X>s)
P{X > s}
_ P {(X>s+1}
T P{X>s)
—A(s+1)
= Dby (1]
=eM=P(X>0.

The converse of this result is also true. That is, if P(X > s+ /X > ) = P(X >
1), then X follows an exponential distribution. See Example (8) in Worked Exanmple 5(b).]

3. Erlang Distribution, or General Gamma
Distribution
Definition: A continuous RV X is said to follow an Erlang distribution or General
Gamma distribution with parameters A > 0 and k > 0, if its probability density
function is given by
lk )Ck - le—lx
fix) = (k)

0, otherwise

, forx=0



5.40 Probability, Statistics and Random Processes

We note that _[f(x)dx = e dx
0

t*~le™ dt, [on putting Ax = 7]

— | >
zl- zl*
St— 38 O—3

o

Hence, f(x) is a legitimate density function.

1. When A = 1, the Erlang distribution is called Gamma distribution
or simple Gamma distribution with parameter k whose density function is flx) =

1
—_—x
@)

2. When k =1, the Erlang distribution reduces to the exponential distribution with parameter
A>0.
3. Sometimes, the Erlang distribution itself is called Gamma distribution.

20 205 k> 0.

Mean and Variance of the Erlang Distribution

The raw moments f,” about the origin of the Erlang distribution are given by
K =EX)

A’_kkarr—l e—/lxdx

(k)
ﬂ‘k . 1 ]O k+r—1
0

I
S =38

—~
Bl
~
>
~
+
<

t e’ dt, (on putting Ax = 7)

—~
==
+
—

~

—~
x-
+
—

~

~
bl
~

Mean = E(X) = —- =%

Var(X) = EX?) — [EX)]?
_ L.M_(i)z
A2 o \a

1 k
?{k(k+1)—k2}=?

> |
~~~
=~
p—

Reproductive Property of the Gamma Distribution

The sum of a finite number of independent Erlang variables is also an Erlang
variable. Thatis, if X|, X,, ..., X, are independent Erlang variables with parameters
(A k), (A, ky), ..., (A, k,), then X| + X, + --- + X, is also an Erlang variable with
parameter (A, k; + k, + ... + k,,).




Some Special Probability Distributions 5.41

Let us first find the moment generating function of the Erlang variable X with
parameters A and k and use it to prove this property. MGF of X is given by

My(1) = E{e"}

00 2’k
X
()

ﬂ«k

-1 - —
k e/lxetxdx

~
|
N

J‘xk—l e—(l—l)x dx
0

Ak . .
== y*~! e dy, (on putting A —t=1y)
IU ()‘ - t) 0
PERY
= (ﬂj [ the integral = @]

=

Now, My ,x, vk, (D=My (OMy (1)--- My (1)(since X}, X, ..., X, are
independent)
[Refer to Property (4) of MGF given in Section 4(b) of Chapter 4.]

AN Y o
=|1-— 1—— el 1=——
(-3 (=5) - -3)
—(ky +ky +---t+ k)
(-4
A

which is the MGF of an Erlang variable with parameters (4, k; + k, + ... + k).
Hence the reproductive property.

Relation Between the Distribution Functions (cdf) of the Erlang
Distribution with A = 1 (or Simple Gamma Distribution) and
Poisson Distribution

If X is a Poisson random variable with mean A,

k —l Ar
then PX<K)= 2

)]

Differentiating both 51des with respect to A, we get

k
d 1 -1 r—1 -1 r
—PX<k)=p —{et AT e A"}
S PXSk) = X

r=07"

—Z k -1 £
Z (r—l)' r!
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A) [/1 /12] {M-l /1’<H
l—— |+ |+ + -—
n 2 k-1 k!

1l
ml
~
|
p—
+
VR
—_

Y
_et A 0)
k!
Integrating both sides of (2) with respect to A from A to oo, we get
K A aqr 7 2 1
3 e ) R AT,
=0 r! A k!
r= P
K 87/1 lr oo 1
ie., 2 . —e yhdy
r=0 r. 2 k!
ie., PX<k)y=P(Y=A),
[where Y is the Erlang variable with parameters 1 and (k + 1)]
or PX<k)=1-P(Y<A

@ The above relationship is valid only when the parameter k is a positive integer.

4, Weibull Distribution

Definition: A continuous RV X is said to follow a Weibull distribution with
parameters o, >0, if the RV Y = axP follows the exponential distribution with
density function f,(y) = ¢,y > 0.

Density Function of the Weibull Distribution
Since Y=o - Xﬁ, we have y = o e

B

By the transformation rule, derived in Chapter 3, we have fy(x) = fy(y) ‘%
where fy(x) and fy(y) are the density functions of X and Y respectively.
) = a ﬁxﬁ -
=aﬁxﬁflefaxﬁ;x>0 [~ y>0]

@ When B = 1, Weibull distribution reduces to the exponential distribution with
P

arameter OL.

Mean and Variance of the Weibull Distribution
The raw moments u,” about the origin of the Weibull distribution are given by
u = EX")

T 1 P
=aﬁjxr+ﬂ leax dx
0

|
O — 3
TN
R =
~—
==
+
|
=| =
NI
=
TN
R |<
~—
=]
o
]
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1
)ﬂ

— afr/ﬁj yr/ﬁ eV dy
0

a'P ££+1)
B
1
,_ B 1
Mean=EX)=u,"= & (E-Hj

Weibull distribution finds frequent applications in Reliability Theory. It is assumed
as the probability distribution of the time to failure (or length of life) of a component in a
system. Other distributions used to describe the failure law are the exponential and normal
distributions. see Example (19) in Worked Example 5 (b).

R |=

on putting y= o or x = (

— VP

5. Normal (or Gaussian) Distribution

Definition: A continuous RV X is said to follow a normal distribution or Gaussian
distribution with parameters ( and o, if its probability density function is given by

fo) = — e
2r
—co< <o >0 (1)
Symbolically, ‘X follows N(u, 6)’. Sometimes it is also given as N(L, 62). We
shall use only the notation N(u, o) as in the earlier chapters.
flx) is a legitimate density function, as

am

J' —(x—-w? 1202 dx

[ fo0dx

Q
ﬁ
3

j e o2 dt, (on putting 7 = HJ
I " dr
1

-l g e

ﬁ\

ﬁ\



5.44 Probability, Statistics and Random Processes

(a) Standard Normal Distribution

The normal distribution N(0, 1) is called the standardised or simply the standard
normal distribution, whose density function is given by

1
9(2)=——e¢ " —eo<z<os

\N2m
This is obtained by putting tt=0 and o= 1 and by changing x and frespectively
X —
into z and ¢. if X has distribution N(u, o) and if Z = H
that Z has distribution N(O, 1).
[See the corollary under the property (6) of normal distribution]

, then we can prove

Z
The importance of N(0, 1) is due to the fact that the values of ¢(z) and f¢(z) dz
0

are tabulated.

(b) Normal Probability Curve
y

Y

The graph of y = f(x), that is given above for ¢ = 0; and 0,, is a well-known
bell-shaped curve and is called the normal probability curve (Fig. 5.1).
The curve is symmetrical about the ordinate at x = y. The ordinate f{x)
decreases rapidly as x increases numerically, the maximum (occurring at x = )
1

o\2n
X-axis is an asymptote to the curve.

The graph is concave downward at x = i and it is concave upward for large
numerical values of x. The points at which the concavity changes are called
the points of inflexion of the curve. They are found by solving the equation
¥’ =0 [i.e., f’(x) = 0]. We can prove that the points of inflexion of the normal
probability curve occur at x = 4 + o, that is, at points which are at a distance of
o on either side of x = . Thus, if o'is relatively large, the curve tends to be flat,
while if ¢ is small, the curve tends to be peaked. Hence, the steepness of the
curve is determined by o. The two curves given in the figure relate to N(u, o;)
and N(U, 0,), where o) > 0,.

N(y, o1)

u
Fig. 5.1

given by The curve extends up to infinity on either side of x = ¢ and the
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(i) Properties of the Normal Distribution N(u, o)
If X follows N(, ©), then E(X) = y1 and Var (X) = ¢°

EX) = [ xf(x)dx

< 252
J‘x e—(x—u) 120 dx

—oo

1% : xX—u
= — ++/2 ot dt on puting 7 = ——=
N me V2anye” ( . ﬁj
= % j " dr+ \/7 j te”
Jr
(since the integrand in the second integral is an odd function of ¢)
EX?) = —1 ]f X2 Xm0 g
0' —oo
1 7 2 , x—Uu
=— | (u+~N2 00" dr, on putting t = —=
2k o

—oo —oo

= Lﬂf [ e dr+242 o | te™ dr+2 6> [7 et dz}
T|_

20° 7 _
= u? +O+—Jte ? ordr, (o 12 e is even)
e
202 % 1 .
= u*+ Ir juz e " du, (on putting u = 1)
T o

Var(X) = E(X?) - {E(X)}*
= &

(i1)) Median and Mode of the Normal Distribution N(u, o)
Definition: If X is a continuous RV with density function f(x), then M is called
the median value of X, provided that
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M o
1
J Foyde= [ fxyde=—
e M 2

For the normal distribution N(u, o), the median M is given by

1 (e 2262 1
e(x ,u)/2odx:_

Q
o

S

[\®]

M
. T —(x—/,t)2/2(72dx " ]o 1 —(x- w3202 1
ie., e e =—

1w ON2T L ON27 2

u
ie., .[ ! e~ /262dx.|.l:l7

v ON2T 2 2

. T 1 —(x- w3202 .
since J e dx =1 and the normal curve is
L O21 .
symmetrical about x =

. u
ie., ff(x) dx=0

M

o M=u
Definition: Mode of a continuous RV X is defined as the value of x for which the
density function f(x) is maximum.

For the normal distribution N(u, o),

Sfix) = L mntne o ico
o+2m
1
log flx) = k = — (x - p)*
2067 H
Differentiating with respect to x,
(x 1
Lo L ew
f(x) o
. , 1
ie., @)= -——x-p fx)
o
=0, whenx=pu

£ = —? (=) f700) + ()

1
[f”(x)]x=/~1 = —? f(,LL) <0

Therefore, f(x) is maximum at x = y. That is,
Mode of the distribution N(u, 0) = U.

@ For the normal distribution, mean, median and mode are equal.
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(iii) Central Moments of the Normal Distribution N(u, o)
Central moments 4, of N(i, o) are given by (., = E(x — )"

1
o+\2r

]f ()C _u)r e—(x—/.t)z/262 dx

I [W2ory e ar

B

2r/20_r'>° o
= _[tre[dt

VT

Case (A): r is an odd integer, that is, r = 2n + 1.

2(n+l)/262n+1 0

Wpyy = T

= 0, (since the integrand is an odd function of #)

2
t2n+l e*t dt

Case (B): ris an even integer, that is, r = 2n

:u2n -

S

2n62n°° »
= Jtz”e’dt

2;1 GZn [ e
= ~2jt2” e dr

§

(- the integrand is an even function of #)

o T on-— .
= J' u 2e"du [on putting u = 1)

2" g 1
Ea

1
[\
=
|9,
=
o
g
N
_
;'/
VR
[\e)
S
B
(98]
N—

From (1), we get,

2}1—162}1—2 1
Mon_2=——F=""" (n—gj 2)
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From (1) and (2), we get

Hon _o52(0-112)
My, s
ie., Loy = (20 = 1)0" 1y, _, 3)

(3) gives a recurrence relation for the even order central moments of the normal
distribution N(u, 0).]

(iv) Mean Deviation about the Mean of the Normal Distribution
N, o)
Definition: The absolute (central) moment of the first order of a RV X is called

the mean deviation about the mean of X.
i.e., MD about the mean = E{lx — E(X)|}
For the normal distribution N(u, ©),

< 1 2, 2
The MD about the mean = '[|x—/i|—e_(x_”) 120% qx
o421

! ﬂ\/zot‘e”z V2 odt

o2
Z o e
\/;G_Ut'e dr

7 =
=2 —G_[le_tzdt,
T —oo

(since the integrand is an even function of )

2 Z£ oo
= \/;G(_e )()

[2 4
=,4,/—0=—-0 imately).
. 5 (approximately)

(v) Quartile Deviation of the Normal Distribution N(u, 0)
Definition: The first quartile O, and the third quartile Q5 of N(u, o) (or of any
continuous random variable ) are defined by the equations

Q] 1 Q3 3
_L f(x) dv =~ and _jm fodr==

—oo

or equivalently,
M 1 Q3 1
[ Fxyde=—and | f(x)dr=—,
o) 4 u 4

[if the curve y = f{x) is symmetrical about x = u]



Some Special Probability Distributions 5.49

Then the quartile deviation (QD) is defined as
1
QD = Py (Q; -0

For the normal distribution N(u, o), Q, is given by
u
1

J

~(x—p?i26% 5 _
e dx=0.25
o o271

0
ie., j L r dz=0.25 (on putting z = ﬂj
© w27 ©
(L-0plo
ie., [ o dz=025,

0

(by symmetry of the normal curve and since Q-H < 0.}
o

From the table of normal areas (areas under standard normal curve), we get
0.674

[ o) dz=0.25,
0

H-O 0.674
o

ie., 0,=u-0.6740
By symmetry, Q;=u+0.674 ¢

1 2
QD= E (Q;—0)=0.6740= E o (approximately)

(vi) Moment Generating Function of N(0, 1) and N(u, o)
The moment generating function of N(0, 1) is given by
M(1) = E(e"”)

oo

_f e” ¢(z) dz, [where ¢(z) is the density function of N(0, 1)]

—oo

< 2
-y
_[ez e® dz

—_ 27
e (z" =212)/2 dz

< 2 2
J e @07 =1712 g,
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PEEND) J. (on putting u = Z—_tj

_T -

2 O (Tf]

The moment generating function of N(u, o) is given by

My(t) = Mgy, (D), (since 7= X - /’LJ

o
=" u(ot), (by the property of MGF)

eyteozzz/z
t +6—2[
2
2 2 2
t o’t| t o't
Now, Myt)=1+—|pu+— |+—| u+—
K0 [“ 2]2'[“ 2]

3 4
3! a 2 4! # 2

t
E(X) = Coefficient of m =U

2
E(X?) = Coefficient of % =% + 12

3
t
E(X%) = Coefficient of 3 =3uc’ + i’ and

4
E(X*) = Coefficient of % =30* +6u* o + u*.

Using the relation u;, = kth order central moment = E{(X — Wy, we get
=0, 1= 0, 113 =0, = 36"
We could have got these values from the formulas u,, . ; =0and u,, =1.3.5
.. 2n—1) 0™, which we have derived already.

Corollary
If X and the distribution N(u, ©) then Y = aX + b has the distribution N(al + b, ac)
2212
MX(t) = QHitot
MY(t) = aX + b(t)
= ethx(at)
2. .22

=ebt apit+a“c°t°/2

plan+b)r+ (@)% 12
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which is the MGF of N(au + b, ao).

) . e X -
In particular, if X has the distribution N(u, o), then Z _ATH has the
o

distribution N(l ot L a) that is, N(O, 1).

o O O

(vii) Additive Property of the Normal Distribution
IfX;(i=1,2,...,n) be nindependent normal RVs with mean y; and variance 0',-2,

n n n
. . . 2 2
then z a. X. 1is also a normal RV with mean E a; 1. and variance E a o;.
1 l 1 1 l l

i=1 i=1 i=1

M, (1) = M,y (). M, (1) ... M, y (1), (by independence)
[2 ai Xl-}
= a2,u2t+a§ cr% t2/2

ay Wi +ai ot 212 a, Wyt +a? 621212

=€ Xe - Xe

POy W)t +2at o 1212

which is the MGF of a normal RV with mean X a4, and variance Za,> 6,°. Hence
the property.

Deductions
1. Puttinga;=a,=1anda;=a,=... =a, =0, we get the following result,
in particular:

If X, is N(u,, 0;) and X, is N(i, 05), then X, + X, is N(1; + Ly, A[O} + G5 ).
Similarly, X, — X, is N(it; — iy, 407 + 03).

1 . .
2. Puttinga,=a,=...=a,= o and assuming that each X; is N(u, o), then

—

n
— 2 X, has a normal distribution
n;_

{ZJ?}

ie., N{u,o/n}.

Thus, if X; (i =1, 2, ..., n) are independent and identically distributed
normal variables with mean u and standard deviation o, then their mean

X is N{u, o/\/n}.

(viii) Normal Distribution as a Limiting Form of the Binomial
Distribution

When # is very large and neither p nor g is very small, the standard normal

distribution can be regarded as the limiting form of the standardised binomial

distribution.

:I»—‘
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When X follows the binomial distribution B(n, p), the standardised binomial

. L X - . . .
variable Z is given by Z = P As X varies from 0 to n with step size 1,
\Vnpq
— 1
Z varies from P02 with step size . When neither p nor ¢
Jnpg  npq Jnpq

is very small and n is very large, Z varies from —eo to oo with infinitesimally
small step size. Hence, in the limit, the distribution of Z may be expected to be a
continuous distribution extending from —ee to eo and having mean 0 and standard
deviation 1. In fact the limiting form of the distribution of Z is standard normal
distribution as seen bellows:

If X follows B(n, p), then the MGF of X is given by My(t) = (g +p ey

X —np
If Z= ———, then
\Nnpq
—npt
M=M=l (g pNy
Jnpa Jnpq
npt NI
log M (1) = — P +n10g{q+pe'/ Py

\vnpq
npt

2 3
nlog| g+ pil+ ! + ! + ! + -
Jnpq  2ynpq  6(npgy”?
npt
= - +
Nnpq

2 3
nlog|1+ Pt + Pt + ad T
Jnpg 2\npg 6(npq)

2
LY LI B S § Y S 2t22+---
Jnpg | \npq| 2Jnpq 6n° p’q

2
1 p*? t t

—. 14 + R 2+... + ..
2 npq| 2yJnpg 6n’p’q

t* |
5 + terms containing — and lower powers of n

Jn
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t2

lim log M, () =—
n—oo 2

t2

ie., log, {lim Mz(t)} =5
n—roo

lim M,()=e""

n—oo
which is the MGF of the standard normal distribution. Hence, the limit of the
standardised binomial distribution, as »n tends to oo, is the standard normal
distribution.

We recall De Moivre—Laplace approximation for the sum of a large number of
terms of the form nCp" q' =" in terms of the integral of standard normal density function,
which was discussed in section 1(c). 1t was stated that

r 32
SouC,p g = [ oz)dx

r= 7, {/
7 7
f}—ﬂp—z r2—np+5
where 3, = ? and 3, = ——=="and §3) is the density function of the
n pq N7 Pq

standard normal distribution.

(c) Importance of Normal Distributions
Normal distributions play a very important role in statistical theory because of
the following reasons:

(i) A large number of RVs, such as binomial and Poisson, occurring in
many applications have a distribution closely resembling the normal
distribution.

(ii)) Many of the distributions of sample statistics, such as sample mean and
sample variance, tend to normality for samples of large size. In particular,
the sampling distributions like Student’s ¢, Snedecor’s F and Chi-square
distributions tend to normality when the size of the sample is large.

(iii) Tests of significance for small samples are based on the assumption that
samples have been drawn from normal populations.

(iv) Even if a variable is not normally distributed, it can sometimes be con-
verted into a normal variable by simple transformation of the variable.

(v) Normal distribution is applied to a large extent in Statistical Quality
Control in industry.
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Worked Example 5(B) ]

Example 1

If a string, 1 m long, is cut into 2 pieces at a random point along its length, what
is the probability that the longer piece is at least twice the length of the shorter?

Cc

B
A M

X
Fig. 5.2
Let C be the point of cut on AB such that AC = X. Since all positions of C are
equally likely, X is uniformly distributed over (0, 1) [*.- AB = 1]
f =1

If X represents the length of the longer piece, then C lies in MB.
P{longer piece length =2 x shorter piece length}

P{X22(1—X)}=P(X2%)

fro-!

3
2/3
If X represents the length of the shorter piece, then C lies in A M.

In this case also, required probability

P{(l—X)ZZX}:P(XS%)
= jldxz

1
Hence, the required probability = 3 [Also see Example (17) in Worked
Example 2(A) and Problem (59) in Exercise 2(A)].

Example 2

Buses arrive at a specified stop at 15 min. intervals starting at 7 am that is,
they arrive at 7, 7:15, 7:30, 7:45, and so on. If a passenger arrives at the stop
at a random time that is uniformly distributed between 7 and 7:30 am, find the
probability that he waits.

(a) less than 5 min for a bus, and

(b) atleast 12 min for a bus.

Let X denote the time in minutes past 7 am, when the passenger arrives at the
stop.



Some Special Probability Distributions 5.55

Then X is uniformly distributed over (0, 30), i.e., f(x)= % 0<x<30

(a) The passenger will have to wait less than 5 min. if he arrives at the stop
between 7:10 and 7:15 or 7:25 and 7:30.
. Required probability P(10<x<15)+ P25 <x<30)

J' 30 30

3

(b) The passenger will have to wait at least 12 min. if he arrives at the stop
between 7:00 and 7:03 or 7:15 and 7:18.
*. Required probability = P(0 < x < 3) + P(15 <x < 18)
3 18
—dx+ | —dx
030 1530

1
5

Example 3

If the roots of the quadratic equation x* — ax + b = 0 are real and b is positive but
otherwise unknown, what are the expected values of the roots of the equation.
Assume that b has a uniform distribution in the permissible range.

The roots of the equation X —ax+b=0are given by

xzé(aiw/az —4b)

Since the roots are real, a*—4b>0

2
ie., 0<b< “7 (o b>0)

2
Therefore, b is a random variable, uniformly distributed in (0, %}

4
Therefore, its density function f(b)=—

efl (m}
Vi b

0

E{the roots}
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r s a*/4
2 _apy2
=% bi(a3 4b)
a
5(‘4)
2 [a® 1 ;
=—|—F—(0-
a2_4+6( a)}
gLl
273
:S_aandg
6 6
Example 4

Two points are taken at random on a given straight line of length 2 units. Prove
. . |
that the probability of the distance between them exceeds 1 unit is 1

[See Example (10) in Worked Example 2(B)]
Let X and Y be the distance of the two points P, Q, taken on the line AB from A.
Each of X and Y follows a uniform distribution in (0, 2).

1
Therefore, the joint density function of (X, Y)= f(x, y) = rE O0<x<2;0<y<?2.

y
G B
C
N
X
//+
3 E
F
1 /\
~ 5 //+
2 N
X
o D A
Fig. 5.3

Now, P{PQ<I1}=P{IX-V<1}
=P{-1<X-Y<1}

[ reuydxdy

—-l<x—-y<lI

1 1
— || drdy=-. Areaof ODEBGFO
4 4

—-l<x—-y<lI

1 .
5 Area of trapezium ODEB, by symmetry
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P{PQO > 1}

Example 5

If X is a RV with a continuous distribution function F(x), prove that ¥ = F(X) has
a uniform distribution in (0, 1). Further,

1
if fo=12

(x-1) 1<x<3
0, otherwise
find the range of Y corresponding to the range 1.1 < X <2.9.

The distribution function of Y is given by

Gy(y) = P(Y<y)
= P{F(X) <)
=P{X<F'(y) [The inverse exists, as F(x) is
non-decreasing and continuous]
=FIF' ()] [ P{X<x}=F)]
=Yy

Therefore, the density function of Y is given by
d
gy(y) = _[Gy()’)] =1
dy

Also the range of Yis 0 <y < 1, since the range of F(x) is (0, 1).
Therefore, Y follows a uniform distribution in (0, 1).

The converse of this problem has been worked in Example (14) of Worked
Excample (3).

1
When fy=13 %D

0 otherwise

1<x<3

3l 1 )
Fo) = [=(x-Ddx==(x-1)
{2 4

Since Y=F(X), Y =i(X —1)?
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- when 1.1 <X <209, i(l'l 1)<y g%(z'g_ 1)?

i.e., the required range of Y is
0.0025 £Y<0.9025

Example 6

The mileage which car owners get with a certain kind of radial tire is a RV having
an exponential distribution with mean 40,000 km. Find the probabilities that one
of these tires will last (a) at least 20,000 km, and (b) at most 30,000 km.

Let X denote the mileage obtained with the tire

1 —x/40,000
X)=— e x>0
o 40,000

=3

@  P(X220000= [ U om0 g,
20,000 40’ 000

_ —x/40,000 70
=[-e 150,000

= ¢ %3 = 0.6065

30,000 1
(b) P(X <30,000) = j -
o 40,000

—x/40,000 730,000
= [—e 0

e—x/40,000

=1- ¢%=0.5270

Example 7

If the time T to failure of a component is exponentially distributed with parameter
A and if n such components are installed, what is the probability that one-half or
more of these components are still functioning at the end of ¢ hours?

The density function of T is given by

fin=A* 120
P(a component functions at the end of or after ¢ hours)

=P(T>1)= J.?L e Mdt=eM
t

If we consider a component functioning at the end or after ¢ hours as a success
in a single trial, we have p = ¢ and g=1- e

Then the number X of successes in n independent trials follows a binomial
distribution with parameters » and p.

PX =r=nC,p'q" ";r=0,1,2,....,n
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If n is even the required probability is given by

n

2 P(er) — i I’lCr e—/lrt (1 _e—/lt)n—r

2 2
If n is odd, the required probability is given by

n

Y P(X=r)= 2 nC, e (1—e My

n+l n+1
=

2 2

Example 8

If a continuous RV X(> 0) possesses memoryless property, that is P(X > x + h) =
P(X > x). P(X > h), then X follows an exponential distribution.

Let G(x)=P(X>x)
.. the given condition means that
G+ h) = Gx) G(h)

G(h) - 1}
h

G(x+h) -G(x) _ G(x){
h

cGO)=PX>0)=1,asx>0]

= G(x){G(h);—G(O)}[-.

Taking limits on both sides as 7 — 0, we have
G'(x) = G(x) - G(0)
=-A-G(X), [on putting A =-G"(0)] (1)
Solving the differential equation (i), we get
log G(x) =—-Ax +log C

ie., Gx)=Ce™ 2)
Using the fact that G(0) =1 1in (2), we get C =1
Thus, G(x)=PX>x)=e ™

Now, the distribution function F(x) of X is given by F(x) = P(X < x)
=1-PX>x)={1-Gx)}
=1-e™
Therefore, the density function f{x) of X is given by
f)=Fx=1e™ x>0
i.e., X follows an exponential distribution with parameter
A=-G'(0)=F(0)>0
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Example 9

The time (in hours) required to repair a machine is exponentially distributed with
parameter A = 1/2.

(a) What is the probability that the repair time exceeds 2 h?

(b) What is the conditional probability that a repair takes at least 10 h given

that its duration exceeds 9 h?

If X represents the time to repair the machine, the density function of X is

given by
X

flx) = Ae M = %ﬁ,po

(a) P(X>2) = jlﬁ,dx
22

X

= (_67)2 =e¢ ' =0.3679

(b) P{X=10/X>9} = P{X > 1}, (by the memoryless property)

[
g

m\x

l\)l»—‘

e’E) =™’ =0.6065

Example 10

The life length X of an electronic component follows an exponential distribution.
There are 2 processes by which the component may be manufactured. The expected
life length of the component is 100 h. if the process I is used to manufacture, while
it is 150 h if the process II is used. The cost of manufacturing a single component
by process I is Rs. 10, while it is Rs. 20 for process II. Moreover if the component
lasts less than the guaranteed life of 200 h, a loss of Rs. 50 is to be borne by the
manufacturer. Which process is advantageous to the manufacturer?
If the process I is used, the density function of X is given by

1
fx) = 00 e 1% x>0.

P(X2200)= | L oo g,
200

— (e—X/IOO);OOO — 8_2
P(X<200)=1—-¢2

Similarly, if the process II is used,
P(X2200) = ¢ and P(X <200) =1 — >
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Let C, and C, be the costs per component corresponding to the processes I
and II respectively.

™ o [10. X=200
en =
7160, X <200

E(C)) = 10 x P(X > 200) + 60 - P(X < 200)
=10e?+60(1-¢?)
=60-50 ¢ =53235
Now - {20, X =200
70, X <200
E(C,) =20 x P(X > 200) + 70 x P(X < 200)
=20 +70(1 -
=70-50 ¢ =56.765

Since E(C,) < E(C,), process I is advantageous to the manufacturer.

Example 11

—b(x —a)

If the density function of a continuous RV X is fix) =c e , a < x, where a,

b, c are constants. Show that b = ¢ = i and a = 4 — o, where u = E(X) and o
= Var (X). °

Since f(x) is a density function, J. f(x)dx=1.

oo

ie., Jc e PO 4y =1
—-b(x—a) <
i.e., C ¢ =1
—b .
c
i.e., —=lorb =c 1
5 (1)

Now, u=EX) = be e P gy
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g+t 2
= b (2)

b £+2_a+£
b b b

1
22—(azbz+2ab+2)

Var(X) = E(X°) - {EX)}*

1 2,2 2 2(1 1
=— (@b +2ab+2)—|a" +—+—
#( )( b b
1 1
ie., &z;;orazg (3)

From (1) and (3), we getb = c = l
o

From (2) and (3), 4 — o=a.

Example 12

In a certain city, the daily consumption of electric power in millions of kilowatt-
hours can be treated as a RV having an Erlang distribution with parameters

1
A= 5 and k = 3. If the power plant of this city has a daily capacity of 12 millions

kilowatt-hours, what is the probability that this power supply will be inadequate
on any given day.

Let X represent the daily consumption of electric power (in millions of
kilowatt-hours). Then the density function of X is given as

8l
2 2

f(x)= @ x“ e, x>0
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P{the power supply is inadequate)

=PX>12)= J F(x)dx [ the daily capacity is only 12]
12

1 -
_32€x/2dx

I

ﬂl

—x/2 —x/2 —x/2
= E X I —-2x T +2 _l
2 4 8 12

i6 e® (288 +96 + 16)

=25¢°=0.0625

Example 13

If a company employs n sales persons, its gross sales in thousands of rupees may
. o . 1
be regarded as a RV having an Erlang distribution with A= > and k =80 \/; .

If the sales cost is Rs. 8000 per salesperson, how many salespersons should the
company employ to maximise the expected profit?
Let X represent the gross sales (in Rupees) by n salespersons.

1
X follows the Erlang distribution with parameters A = E and k = 80,000 \/; .

E(X) = %: 1,60,000 \/n

If y denotes the total expected profit of the company, then
y = total expected sales — total sales cost

= 1,60,000 ~/n —8000 n
dy 80,000
dn \/;
0, when /n =10 or n=100

2
j—f = 2090 o, when n =100,
n n
Therefore, y is maximum, when r = 100.
That is the company should employ 100 salespersons in order to maximise the

total expected profit.

- 8000
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Example 14

Consumer demand for milk in a certain locality, per month, is known to be a
general Gamma (Erlang) RV. If the average demand is a litres and the most likely
demand is b litres (b < a), what is the variance of the demand?

Let X represent the monthly consumer demand of milk.

Average demand is the value of E(X).

Most likely demand is the value of the mode of X or the value of X for which
its density function is maximum.

If f(x) is the density function of X, then

k

Sx) = ka_l
k
A’k [(k—l) xk72 ef/'Lx _lxkfl e*lx]

fl(w:ﬁ
ﬂ«k
= —X

(k)

e x>0

k=2 o2 (k= 1) = Ax}

=0, when x =0, x=u

lk
A "(x) = m
1

<0, whenx= ——

k —
A

[ Ax 2™ + {(k — 1) — Ax} %{x"‘2 e

. . k-1
Therefore, f(x) is maximum, when x = ——.

i.e., most likely demand = % =b (D)

and EX)=—=a (2

Now, Var(X) = 7 =

=a(a- D), [from (1) and (2)]

Example 15

A random sample of size n is taken from a general Gamma (Erlang) distribution
with parameters A and k. Show that the mean X of the sample also follows a
Gamma distribution with parameters nA and nk.
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If X follows Erlang distribution with parameters A and k, then the MGF of X

is given by
-k
1
MX(t) = (1 — E)

If X;, X,, ..., X, are the members of the sample drawn, then each X;

—k
t
follows Erlang distribution with MGF equal to (1 —I) and also they are
independent.

Therefore, by the reproductive property,

—nk
t
MX] + X, ++ X, ()= (1 _I)

Mz(t) = M,
;(X|+X2+-~+X,,)(z)
t
= MX1+X2+--~+Xn ; [ M x(t) = My(ar)]

¢ —nk
5
ni

which is the MGF of an Erlang distribution with parameters nA and nk. Therefore,
X also follows an Erlang distribution with density function

(n)')nk . xnk—l . e—nlx
(nk)

,x>0.

Example 16

If the conditional distribution of Y, given X = x, is an exponential distribution with
parameter x and if the unconditional distribution of X is an Erlang distribution
with parameters A(> 0) and k(> 2), prove that the conditional distribution of X,
given Y =y, is an Erlang distribution with parameters A + y and k + 1.

Given: Fyx=xe™, y>0andx>0
lk
and fr) = — Fl e x>0
(k)
.. . . _fxy)
If f(x, y) denotes the joint density function of (X, Y), then fy,x(y) = )
¢ (x

Ak ,
fr,y) = =—=xk e *% x>0,y>0

@)
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Now,fy(y) = the marginal density function of Y

= [fnyde

k e—(l-%—y)x dx

)
—
»‘ﬁ
N
Se—3

——jt e ' dr [onputting (A +y) x=1]

l_ (A,+ )k+1

1 k A*
Sxy)
Now,
o =T
Lk Xk At yx
=(]<)T,x>0andy>0
(/l+y)k+l

— (l('i]; y);+1 . xk ef().+y)x
+

, x>0

This is the density function of an Erlang distribution with parameters A + y

and k + 1.

Example 17

Each of the 6 tubes of a radio set has a life length (in years) which may be
considered as a RV that follows a Weibull distribution with parameters =25 and
B =2. If the tubes function independently of one another, what is the probability

that no tube will have to be replaced during the first 2 months of service?

If X represents the life length of each tube, then its density function (f{x) is

given by
fy=af P1e™P x>0

ie., f(x) =50x € >0
Now, P(a tube is not to be replaced during the first 2 months)

_ p(bé)
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50x ¢ dx

| —t—3

—e

—

2\ oo
25x )l = 25136
6

.. P(all the 6 tubes are not to be replaced during the first 2 months)

= (6725/ 3 6)6 (by independence)

— 6—25/6

=0.0155

Example 18

If the life X (in years) of a certain type of car has a Weibull distribution with the
parameter 3= 2, find the value of the parameter ¢, given that probability that the
life of the car exceeds 5 years is ¢ % For these values of orand B, find the mean
and variance of X.

The density function of X is given by

fx)=20xe ™ x>0 [ B=2]
Now,  PX>5)= [2axe™ dx
5
= (_‘—’ )5
— e—25a

Given that P(X > 5) = OB
) o250 _ 025

1
o= —
100

For the Weibull distribution with parameters ¢ and 8, E(X) = a VP (% + lj
1
1 \2
Required mean = | — . 3
100 2

mj_% 3)
-G

2
Var(X) = o P
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() [P}
-] (5]
-3

Example 19

If the time T to failure of a component follows a Weibull distribution with
parameters o and B, find the hazard rate or conditional failure rate at time ¢ of
the component.

Refer to Example (19) in Worked Example 2(A).

If f(¢) is the density function of T and A(¢) is the hazard rate at time ¢, then

[
h(o) = 1-F(1)

where F(¢) is the distribution function of 7.
Now, fin=of xtP! e’ 150
F@)=P(T<1)

L
aftP e dr

t
_a }
0

-

1 o t—~

1 —otP
aﬂtﬁ 1€ ot
e—mﬁ

= ofrP !

h(t) =

Example 20

If Y is the smallest item of 3 independent observations X, X,, X; from a Weibull
distribution with parameters o and 3, show that Y also has a Weibull distribution.
What are its parameters?

Each of X, X,, X; follows the Weibull distribution whose density function is
given by

fix) = afxxP! eaxﬁ,x>0
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Now, P(Y>y) = Plmin (X, X,, X3) > Y]
=PX;>y)x P(X,>y) x P(X;5 > ),
(since X, X,, X; are independent)
= (P(X;> )}’ (1)

Now,  P(X;>y) = [ofx’~' e dx

y

—aB N

(_e )y

= )

Using (2) in (1), we have
- X/} 3

P(Y>y) = (€™ ) =™

Therefore, Y also has Weibull distribution with parameters 3¢ and 3.

B

M The result can be extended to n independent observation.

Example 21

There are 400 students in the first-year class of an engineering college. The
probability that any student requires a copy of a particular Mathematics book
from the college library on any day is 0.1. How many copies of the book should
be kept in the library so that the probability may be greater than 0.95 that none
of the students requiring a copy from the library has to come back disappointed?
(Use normal approximation to the binomial distribution).

p = P(a student requires the book) = 0.1 and ¢ = 0.9

n = number of students = 400

If X represents the number of students requiring the book, then X follows a

binomial distribution with mean = np = 40 and SD = \/npg = 6.

As given in the problem, we may assume that X follows the distribution
N(40, 6).

Let m be the required number of books, satisfying the given condition.
ie., P(X <m)>0.95

ie., Pl e X4 m=401 105
6 6

m — 40

ie., P(O <Z< j >0.45

where Z is the standard normal variate.
From the table of areas under normal curve, we find that
P{0<Z<1.65}>045
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m=40 _ s

ie., m=49.9
Therefore, at least 50 copies of the book should be kept in the library.

Example 22

The marks obtained by a number of students in a certain subject are approximately
normally distributed with mean 65 and standard deviation 5. If 3 students are
selected at random from this group, what is the probability that at least 1 of them
would have scored above 757
If X represents the marks obtained by the students. X follows the distribution
N(65, 5).
P(a student scores above 75)

=P(X>75)= P(75_65< X_65<oo)

5
= P(2 < Z < ), (where Z is the standard normal variate)
=05-P0<Z<?2)
=0.5-0.4772, (from the table of areas)
=0.0228
Let p = P(a student scores above 75) = 0.0228 then ¢ = 0.9772 and n = 3.
Since p is the same for all the students, the number Y, of (successes) students
scoring above 75, follows a binomial distribution.
P(at least 1 student scores above 75)
= P(at least 1 success)
=PY=z1)=1-P(Y=0)

=1-nCyx P°q"
=1-3C,(0.9772)°
=1-0.9333
=0.0667

Example 23

If the actual amount of instant coffee which a filling machine puts into ‘6-ounce’
jars is a RV having a normal distribution with SD = 0.05 ounce and if only 3%
of the jars are to contain less than 6 ounces of coffee, what must be the mean fill
of these jars?

Let X be the actual amount of coffee put into the jars.

Then X follows N(u, 0.05)

Given: P(X < 6)=0.03

Plococ X=H O=HL_( 03
0.05 _ 0.05
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e Plococz<O=Hl 003
’ 0.05
P{0<Z<“
0.

—61_ 0.47,
05

From the table of areas, we have
P{0<Z<1.808} =0.47

H=6_ 1 808
0.05

1 =6.094 ounces.

(by symmetry)

Example 24

In an engineering examination, a student is considered to have failed, secured
second class, first class and distinction, according as he scores less than 45%,
between 45% and 60%, between 60% and 75% and above 75% respectively. In
a particular year 10% of the students failed in the examination and 5% of the
students got distinction. Find the percentages of students who have got first class

and second class. (Assume normal distribution of marks).

Let X represent the percentage of marks scored by the students in the

examination.
Let X follow the distribution N(u, o).
Given: P(X <45)=0.10 and P(X > 75)=0.05

ie., P(—oo<X_u 45_”) 0.10 and
(o2
(75 H X= “ j 0.05
(0}
ie., P( ozt “) 0.10 and
P(75_M<Z< ) 0.05
(o2
P(0<Z<“_45j=0.40and
O
P(O<Z<75_u)=0.45
(0}
From the table of areas, we get
K= ogand P2=H 164
(o2 (o}
ie. - 12.28 5= 45

and u+1.640=175

o))
2)
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Solving equations (1) and (2), we get
H=>58.15and 0=10.28
Now, P (a student gets first class)

= P(60 < X < 75)
_ pl60-58.15  75-58.15
10.28 19.28

=P{0.18 <Z< 1.64}
=P{0<Z<1.64} —P{0<Z<0.18}
=0.4495 — 0.0714 = 0.3781

.. Percentage of students getting first class = 38 (approximately)
Now, percentage of students getting second class
= 100 — (sum of the percentages of students who have failed,
got first class and got distinction)
=100 — (10 + 38 + 5), approximately.
=47 (approximately)

Example 25

The percentage X of a particular compound contained in a rocket fuel follows the
distribution N(33, 3), though the specification for X is that is should lie between
30 and 35. The manufacturer will get a net profit (per unit of the fuel) of Rs. 100,
if 30 < X < 35, Rs. 50, if 25 < X £ 30 or 35 £ X < 40 and incur a loss of Rs. 60
per unit of the fuel otherwise. Find the expected profit of the manufacturer. If
he wants to increase his expected profit by 50% by increasing the net profit on
that category of the fuel that meets the specification, what should be the new net
profit per unit of the fuel of this category?

30-33 X -33 35—33}
< <
3 3

P30<X<35) = P{

=P{-1<7Z<0.67}
=P{0<Z<1}+P{0,<Z<0.67}
=0.3413 + 0.2486, (using the table of areas)
=0.5899
P25 <X<30) = p{w<2<w}
3 3
=P(267<Z<-1)
=P(1 <Z<2.67), (bysymmetry)
=P0<Z<267)-PO<Z<1)
=0.4962 - 0.3413
=0.1549

35—33<Z<40;33}

P(35 < X < 40) = p{
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=P{0.67 <Z<233)
=P{0<Z<233} - P{0<Z<0.67)
=0.4901 — 0.2486

=0.2415

s P{(25 <X <30) or {35<X<40)}
= P25 <X <30) + P(35 £ X <40),
(since the 2 ranges are mutually exclusive)
=0.1549 + 0.2415 = 0.3964
P{X<250r X>40}=1-(0.5899 + 0.3964)

=0.0137
Profit/unit Probability
Rs. 100 0.5899
Rs. 50 0.3964
Rs. -60 0.0137

. E(Profit per unit) = Rs (100 x 0.5899 + 50 x 0.3964 — 60 x 0.0137)
= Rs 79, approximately
Let the revised net profit per unit of the first category fuel be k.
The E(Revised profit per unit)
=Rs. (k% 0.5899 + 50 x 0.3964 — 60 x 0.0137)
=Rs. (0.5899 k + 18.998)
E(Revised profit per unit) = Rs. 79 + Rs. 39.5, as per the manufacturer’s wish

~0.5899 k + 18.998 = 118.5
L 1185-18998

0.5899
= 168.68 = Rs. 169 nearly.

Example 26

The marks obtained by the students in Mathematics, Physics and Chemistry in
an examination are normally distributed with the means 52, 50 and 48 and with
standard deviations 10, 8 and 6 respectively. Find the probability that a student
selected at random has secured a total of (a) 180 or above, and (b) 135 or less.

Let X, Y, Z denote the marks obtained by students in Mathematics, Physics
and Chemistry respectively.

Given: X flows N(52, 10), Y follows N(50, 8) and Z follows N(48, 6).

By the additive property of normal distribution, 7 = X + Y + Z flows the

distribution
N{52 +50 + 48, /10> + 8% +62 }

ie., N(150, 14.14)

180-150 T —-150

< <o
14.14 14.14

=P{2.12<Z <}

(a) P(T=180)= P{
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=0.5-P{0<Z<2.12}
=0.5-0.4830 (from the table of areas)
=0.0170
T-150 _135- 150}

14.14 14.14
= P(— < Z < -1.06]
=P{1.06 < Z < o}, (by symmetry)
=05-P{0<Z<1.06}
=0.5-0.3554
=0.1446

(b) P(T<135)= P{

Example 27

The independent RVs X and Y have distributions N(45, 2) and N(44, 1.5)
respectively. What is the probability that randomly chosen values of X and Y
differ by 1.5 or more?
Xis N(45,2) and Y is N(44, 1.5)
.. by the additive property,
U = X — Y follows the distribution N (1, /4 + 2.25)

ie, N(1,2.5)

Now P{X and Y differ by 1.5 or more}
=P{IX-Y1>1.5}
=P{IUI = 1.5}
=1-PIU<L1.S)

=1-P{-15<U<15)

=]_1!){—1.5—1<U—1<1.5—1}

25 25 25
=1-P{-1£Z<0.2}
=1-{PO0<Z<1)+P0<Z<0.2)]
=1-1{0.3413 + 0.0793), (from the table of areas)

=0.5794

Example 28

If X and Y are independent RVs, each following N(0, 3), what is the probability
that the point (X, Y) lies between the lines 3X + 4Y =5 and 3X + 4Y = 10?

X follows N(0, 3) and Y follows N(0, 3).

Therefore, by the additive property of normal distribution,

U=3X+4Yfollows N[3x0+4x0,,/9%x9+16x9]
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ie., N(O, 15)
Now, P{the point (X, Y) lies between the liens 3X + 4Y =5 and 3X + 4Y =10}
=P{5<3X+4Y< 10}

=P{5< U< 10}

5-0 U-0 10-0
=P < <
15 15 15

=P{0.33<Z<0.67},
where Z is the standard normal variable
=P(0<Z<0.67)-P(0<Z<0.33)
=0.2486 — 0.1293, (from the table of areas)
=0.1193.

Example 29

If X and Y are independent RVs following N(8, 2) and N(12, 44/3) respectively,
find the value of A such that

PQX-Y<22) = P(X+2Y> Q)
By the additive property of normal distribution,

U=2X—Yfollows N{2x8—12, \[4x 4 +1x 48)

i.e., N4, 8)
and V =X+ 2Yfollows N{8x2—12,./4 x4 x 48}
i.e., N(32, 14)
Now, PRX-Y<2A)=P(X+2Y2 Q)
ie., P(U<24) =P(V=> Q)
o AU
8 8
- p V-32 > A-32

14 14

ie., P 7<) g AR ,
9 14

where Z is the standard normal variable.
2A-4  (A-32
8 _( 14 j
ie., 28 A—56 =256 -8
26

p—
3
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Example 30

Fit a normal distribution to the following frequency distribution and hence find
the theoretical frequencies:

X: 125, 135, 145, 155, 165, 175, 185, 195, 205 Total

f 1, 1, 14, 22, 25, 19, 13, 3, 2, 100

To fit a normal distribution for the given data, we require the density function
of the normal distribution which involves the mean and SD. Let us now compute
the mean X and SDs of the given distribution and assume them as u and o of the
approximate normal distribution.

_ x—165 5

x foo| = fd fd
125 1 -4 -4 16
135 1 -3 -3 9
145 14 -2 -28 56
155 22 -1 -22 22
165 25 0 0 0
175 19 1 19 19
185 13 2 26 52
195 3 3 9 27
205 2 4 32
Total: 100 - 5 233

10

— c
X =A+— d=165+—— x5=1655
sz 100

, a1 , (1 ’
st=c {NZ fd —(FZfd)}
=107 (2.33 - 0.0025)
=232.75
s=15.26

Therefore, the density function of the approximate normal distribution that
fits the given distribution is

1
)= 15.26 21

To find the theoretical frequency of the class 120 < X < 130, whose mid-value
120 - 165.5 <7< 130 - 165.5} an
15.26 15.26
multiply this probability by the total frequency, Proceeding likewise, we get all
the theoretical frequencies. The computations are shown in the table given in the
next page.

(v 2
e (x—165.5)"/465.5 oo < x < oo

is 125, we first get P(120 < X <130) = P{
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Exercise 5(B) ]

Part-A  (Short-answer Questions)

1.
2.

3.

10.
11.

12.

13.
14.

15.

16.
17.

18.

19.

20.

21.
22.

If X has uniform distribution in (-3, 3), find P(1X- 2| < 2).

If X has uniform distribution in (—a, a), a > 0, find ‘a’ such that P(IXI1< 1)
=P(X > 1. |

If the MGF of a continuous RV X is ;(eSt - e4’), t # 0, what is the

distribution of X? What are its mean and variance?

A continuous RV X has the density function ¢ ¢ x> 0. Find ¢, E(X)
and Var(X).

What do you mean by memoryless property of the exponential distribu-
tion?

If X and Y are independent identically distributed RVs, each with density
function ¢, x > 0, find the density function of (X + ).

Define Erlang distribution and also give its mean and variance.

Write down the MGF of simple Gamma distribution and hence find its
mean and variance.

Give the values of ,and B, coefficients of the Erlang distribution with
parameters (1, k).

Find where the maximum occurs for the Erlang density function.

If X has uniform distribution in (0, 2) and Y has exponential distribution
with parameter 4, find A such that P(X < 1) = P(Y < 1).

If X has uniform distribution in (-1, 3) and Y has exponential distribution
with parameter A, find A such that Var(X) = Var(Y).

Define Weibull distribution and also give its mean and variance.

Find the value of k, mean and variance of the normal distribution whose
density function is k - 27 —eo < x < oo,

If X follows N(30, 5) and Y follows N(15, 10) show that P(26 < X <40)
=P(7<Y<35).

If X follows N(3, 2), find the value of k such that P(IX — 3| > k) = 0.05.
If log,, X follows N(4, 2), find P(1.202 < X < 83180000), given that
log;,(1202) = 3.08 and log,, (8318) = 3.92.

For a certain normal distribution, the first moment about 10 is 40 and the
fourth moment about 50 is 48. What are its mean and SD?

Show that, for a normal distribution, the quartile deviation, the mean de-
viation and the standard deviation are in the ratio 10 : 12 : 15.

If 2 normal universes A and B have the same total frequency, but the SD
of A is k times the SD of B, prove that the maximum frequency of A is

1
; times that of B.

State the reproductive property of normal distribution.
If X and Y are independent RVs having N(1, 2) and N(2, 2) respectively
find the density function of (X + 2Y).
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23.

Part-B
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Why is normal distribution considered an important distribution?

X is uniformly distributed with mean 1 and variance % . If 3 independent

observations of X are made, what is the probability that all of them are
negative?

A point D is chosen on the line AB whose length is 1 and whose mid-
point is C. If the distance X from D to A is a RV having a uniform
distribution in (0, @), what is ‘the probability that AD, BD and AC will
form a triangle?

A passenger arrives at a bus stop at 10 am, knowing that the bus will
arrive at some time uniformly distributed between 10 am and 10.30 am.
What is the probability that he will have to wait longer than 10 min? If at
10.15 am the bus has not yet arrived, what is the probability that he will
have to wait at least 10 additional minutes?

A man and a woman agree to meet at a certain place between 10 am.
and 11 am. They agree that the one arriving first will wait 15 min for
the other to arrive. Assuming that the arrival times are independent and
uniformly distributed, find the probability that they meet.

The RVs a and b are independently and uniformly distributed in the
intervals (0, 6) and (0, 9) respectively. Find the probability that the roots
of the equation x* — ax + b = 0 are real.

If a, b, ¢ are randomly chosen between 0 and 1, find the probability that
the quadratic equation ax® + bx + ¢ = 0 has real roots.

X, Y, Z are independent RVs, each following a uniform distribution in
(0,1). If U = maximum of X, Y, Z and V = minimum of X, Y, Z, find

(i)P(US%), (ii)P(V2§),and (iii)P{US%andvzé}-

If the number of kilometres that a car can run before its battery wears
out is exponentially distributed with an average value of 10,000 km and
if the owner desires to take a 5000 km trip, what is the probability that
he will be able to complete his trip without having to replace the car
battery. Assume that the car has been used for some time. What is the
probability, when the distribution is not exponential?

If X is exponentially distributed, prove that the probability that X exceeds
its expected value is less than 0.5.

The amount of time that a watch will run without having to be reset is
a RV having an exponential distribution with mean 120 days. Find the
probability that such a watch will

(i) have to be set in less than 24 days, and

(i) not have to be reset in at least 180 days.

The daily consumption of milk in excess of 20,000 litres in a town is ap-
proximately exponentially distributed with parameter 1/3000. The town
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35.

36.

37.

38.

39.

40.

41.

42.

43.

has a daily stock of 35,000L. What is the probability that of 2 days se-
lected at random, the stock is insufficient for both days?
[Hint: If Y denotes the daily consumption of milk, then X = ¥-20,000
follows the exponential distribution.]
The length of the shower on a tropical island during rainy season has an
exponential distribution with parameter 2, time being measured in min-
utes. What is the probability that a shower will last more than 3 min? If
a shower has already lasted for 2 min, what is the probability that it will
last for at least one more minute?
If X is exponentially distributed with parameter A, find the value of k
such that

PX>k)/PX<K)=a.
If X is exponentially distributed with parameter A, prove that the RV Y =
eis uniformly distributed in (0, 1).
If X,, X,, X; are independent RVs having exponential distributions with
parameters A;, 4,, 45 respectively, prove that ¥ = minimum (X;, X,,
X;) follows an exponential distribution with parameter (4, + A, + 43).
[Hint: Find the distribution function of ¥ = F(y) = 1 — P{min (X, X,,
X3 >y}l
The daily consumption of milk in a town in excess of 20,000L is approxi-
mately distributed as an Erlang variate with parameters

and k = 2. The town has a daily stock of 30,000L. What is

~ 10,000
the probability that the stock is insufficient on a particular day?
Find the probabilities that the value of a RV will exceed 4, if it has an
Erlang distribution with

(i)/’L:% and k = 2, and (ii) A = % and k£ = 3.

Show that for the Erlang distribution with parameters A, k, (mean-mode)/

SD=—

Jk
[Hint: If/(x) is the Erlang density function, the mode is the value of x for
which f(x) is maximum.]
If X follows the Erlang distribution with parameters A and k, prove that

the expected value of the positive square root of X is (k + ;) / \/I [k.

If X, X,...., X,, are independent RVs, each following the same exponen-
tial distribution with parameter A, prove that X, + X, + ...+ X,, follows an
Erlang distribution with parameters 4 and n.

[Hint: Use moment generating function. Also see Example (7) in Section
4(b).]
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44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

A random sample of size n is taken from a population which is exponen-

tially distributed with parameter A. If X is the sample mean, show that

nA X follows a simple Gamma distribution with parameter n.

[Hint: Use moment generating function. ]

If the service life, in hours, of a semiconductor is a RV having a Weibull

distribution with the parameters o = 0.025 and 8=0.5,

(i) How long can such a semiconductor be expected to last?

(ii) What is the probability that such a semiconductor will still be in
operating condition after 4000 h?

Find the mode of the Weibull distribution with parameters o and § when

o> 1.

If the hazard rate at time ¢ of a system is given by A(f) = Otﬂtﬂ_ ! prove

that the time to failure of the system follows a Weibull distribution with

parameters o and 3.

If the RV X follows an exponential distribution with parameter 2, prove

that ¥ = X° follows a Weibull distribution with parameters 2 and é .

Find the probability of failure-free performance of roller-bearings over
a period of 10" h if the life expectancy of the bearings is defined by
Weibull distribution with parameters oc= 10~ and S = 1.5.

[Hint: P(failure-free performance over a period ) = P(the component
does not fail in (0, )] = P(T =), where T is the life expectancy or time
to failure of the component.]

The time when a country bus passes a certain point is distributed normally
with a mean 9.25 am and a SD of 3 min. What is the least time one could
arrive at this point and still have a probability of 0.99 of catching the bus?
[Hint: If T is the time in minutes past 9 am, then T follows N(25, 3).]
The marks obtained by a number of students in a certain subject are
assumed to be approximately normally distributed with mean 55 and
a SD of 5. If 5 students are taken at random from this set, what is the
probability that 3 of them would have scored marks above 60?7

The life lengths in hours of 2 electronic devices A and B have distributions
N(40, 6) and N(45, 3) respectively. If the electronic device is to be used
for a 45-h period, which device is to be preferred? If it is to be used for
a 48-h period, which device is to be preferred?

The mean and SD of a certain group of 1000 high school grades, that are
normally distributed are 78% and 11% respectively.

(i) Find how many grades were above 90%?

(i1)) What was the highest grade of the lowest 10?

(iii)) What was the semi-interquartile range (Quartile deviation)?

(iv) Within what limits did the middle 900 lie?

The local authorities in a certain city instal 10,000 electric lamps in the
streets of the city. If these lamps have an average life of 1,000 burning
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55.

56.

57.

58.

59.

60.

61.

62.

63.

hours with a standard deviation of 200 h, how many lamps might be
expected to fail (i) in the first 800 burning hours? (ii) between 800 and
1200 burning hours? After how many burning hours would you expect
(ii1) 10% of the lamps to fail? (iv) 10% of the lamps to be still burning?
Assume that the life of lamps is normally distributed.

In a normal population with mean 15 and SD 3.5, it is found that 647
observations exceed 16.25. What s the total number of observations in the
population?

A RV has anormal distribution with SD 10. If the probability that the RV
will take on a value less than 82.5 is 0.8212, what is the probability that it
will take on a value greater than 58.37

In a normal distribution, 7% of the items are under 35 and 89% are under
63. What are the mean and standard deviation of the distribution? What
percentage of items are under 49?

A normal population has coefficient of variation equal to 2% and 8% of
the population lies above 120 cm. What percentage of the population
lies below 115 cm?

The breaking strength X of a certain kind of rope (in kg) has distribution
N(45, 1.8). Each 50 metre coil of rope brings a profit of Rs 1000, provided
X > 43. If X <43, the rope may be used for a different purpose and a
profit of Rs. 400 per coil is realised. Find the expected profit per coil.
The mean and standard deviation of marks in Mathematics are 45 and
10 respectively. The corresponding values for computer science are 50
and 15 respectively. Assuming that the marks in the two subjects are
independent normal variates, find the probability that a student scores a
total of marks lying between 100 and 120 in the 2 subjects.

If log,( X has the distribution N(7, NG ) and log,, Y has the distribution
X
N@3, 1), find P{1.202 < 7 < 8318 x 104}, given that X and Y are

independent.
[Hint: Find P{log(1.202) < (log X —log Y) < log (10* x 8318}]
If X and Y are independent RVs having normal distributions with a com-
mon mean U, but with variances 4 and 48 respectively, such that P(X +
2Y<3)=P(2X - Y > 4), determine L.
Fit a normal distribution to the following distribution and hence find the
theoretical frequencies:
Class : 60-65 65-70 70-75 75-80 80-85
Frequency : 3 21 150 335 326

85-90 90-95 95-100 Total

135 26 4 1000
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Exercise 5(A)

1.

10.

11.

12.

13.

14.
15.

16.

ANSWERS
2 1 0 728
=—,g=—;n=6;P(X21)=1-nC, "=
P=354=330 ( ) nCor d =g
2 2
u3=npq(q—p);ﬁ1=u—§=—(q P)
25 npq

8
1
Reqd. no. =256 x 8C, (Ej =70

21 o 4 80
=Z g=—P(X>21)=1-4 27
P=73.4=7 (X=21 Cop q o1

: 1y 7
Reqd. Probability = ) 4C, (Ej =3

r=1
25
U=50=4PX<u-20=PX<1)= (_J

1 2
V=np(1 -p); d_V="(1—2P)=0,Whenp=—andd—‘2/<0

The MGF of B(n, p) is (g + p €')". The given MGF is that of B(6, 0.4).

Hence, mean=24and SD=1.2
When p, = p,, the sum is also a binomial variate

8
1 2
X+ V) follows B[8, L |.p(x+y>1=1-[2] 2839
3 3) 6561

PX=r)=e22r!

2
2¢t + e_’l%=28_}” Ao (1—2)2=00r),=2

If A is the parameter of the Poisson distribution, Var(X) = E(Xz) - EZ(X).

e, A=6-1°

S A+A-6=0 - A=EX)=2,since >0

If A is the parameter, ¢ * = 0.5 .. Var(X) = A = log 2
EX)=2+A=AA+1)=AEX + 1)

2 4

21 41

P(X is even)=¢* {1 + A + A + .- } =e¢* cosh A= % et +et)

1
=5(1+e‘”)
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17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

28.

4" -1

e ) is the MGF of a Poisson distribution with parameter 4. ..

and o= 2.
P(X=6)=¢" 496!
(X + Y) is a Poisson variate with parameter 2.

L PX+Y=2)=e2221=2
e

The given distribution is a geometric distribution with p = e™

W EX) = L=e —1and Var)=-L =" - 1)
P

p
PX=r)=pg"!
1
S P(X)isodd) =p +pg* +pg' + ... = p2: '
1-¢g~ 1+g¢

u

4

2 1
The given distribution is a geometric distribution with p = 3 and g = 3

LEX) === land Var(X) = iz%

p2

[\

q
p
i=21 .',p:%,‘,P(X:r):zfr;rzl,z’...,oo

=3 oo t
r r— r— e
M=Y ¢ ¢ p=pe Y gey =L
r=1 r=1 1—616

1 4
The given MGF 5 e'/ (1 - getJ is that of a geometric distribution with

1 4
=—andg=—
p=5amea=sy

». E(X) =4 and Var(X) = 20.

nk (N —k)(N —n)
N2(N -1)

Mean = %k and Variance =

Conditions: N — oo and i= p;lim | n L3 = np;
N N

n

1_7
. k k N
lim|n| —||1-—— || —F||=n
[NJ( N) N
N
P(X >1)=.005;0.015
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29.
31.

32.

17
P(X =3)=0.0452; P(X > 3) =0.0099

1
P(Y=Fk) = —.4C Jk=-4,-2,0,2,4
(¥=Fk) 16 [5+2)j

33.&34.§<p<1

35.

38.

39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.

59.

61.

62.

63.
64.
65.

1
—<g<l1
3 q

1

6
0.016; 0.044
@) 0.5551, (ii) 4
10, 60, 150, 200, 150, 60, 10
7,26,37,34,6
@) 0.2231, (ii) 0.1913
0.019
0.1247; 0.0367
(i) 9802, (ii) 198, (iii) 9998
0.067
@) 0.1606, (ii) 0.1512
0.0028
0.0424
0.0498
0.8088
0.1144
0.6244,2.3
0.9577
301, 362, 217, 87, 26, 6, 1
0.92
0.4529
1
10
25
61

PX+Y=k=k-1)p*q¢d k=23, .., 0

0.2880
(1) 0.164, (ii) 0.165
0.7134

SSHIEN]
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66. 0.8121
68. 0.0221
69. 0.0410
70.  0.9922

Exercise 5(B)

1. f(x)=%;P(IX—2I<2)=P(O<X<4)=P(0<X<3)=%

|
2. a>1L;PXl <1)= Jidle;P(lel):l—l La=2
°2a a a

3. Comparing the given MGF with that of uniform distribution, i.e.,

bt at
£ _~¢ | Xfollows U4, 5) EXX) = % and Var(X) = % .
a

b—a

_ 1 . e .
4. cje S dx czg; Exponential  distribution  with  parameter
0

1 1 1
lzg;E(X)ziziVar(X):F:ZS

5. If X is exponentially distributed, then P(X > s + t/X > s) = P(X > 1), for
any s, >0
6. X and Y follows exponential distribution with parameter 1. .. My(t) =

-1
= — L

-2
My, (1) = My(t) My(t) = (1 —%) = MGF of Erlang distribution

(A, 2). Its density function is A*x e

8. M(r)=(1—o—’<=1+kt+@tumm

,x>0

E(X) =k; E(X%) = k(k + 1); Var (X) =k
9. Using M(1) = (1 — )", tty = 2k; u, = 3k* + 6 k

4 6
s Bi= ush = and By = uy 145 :3"';

10. Maximum of f{x) = 3 IxF =1 e™ occurs at x = Aol
l% k

1
. PX<D)= [Lde=dipr<n= jze-“dx l—etd—et =L,
O2 0 2
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12.

14.

15.

16.

17.

18.

19.

20.

21.
22.

24.

1

-2

e == A=log2
> g

G+1)* 4 1
Var(X) = T= 5; Var(Y) :?

. %z%giveslzﬁ/Z

f(x)=k e7108? "2, Mean = 0; variance is given by 20 = ")
0og

1
S 0= ,k = 1 = 1Og2
\/10g4 o+2m b4
PR6<X<40)=P(08<Z<2)and P(7T<Y<35)=P(-08<Z<2).

Hence, equality.
P(X-3l<k)=095 .. P(-k<X-3<k)=0095

ie., P —£<Z<£ =0.95; .'.£=1.96
2 2 2

s k=3.92

Reqd. probability = P{log,,(1.202) < log X < log,,8 3180000} = P{0.08
<log X <7.92}

=P{-1.96<Z< 196} =0.95

E(X-10)=40. .. EXX)=pu=50. E(X-50)*=48

S, =48,ie,30°=48 .. 0=2

2 4
QD:MD:SD = 50’.:56:0'210:12:15

Max. ordinate of A and B are ! and

P T
N

T

Max (fy) = C and Max (fz)=C

_N
o421
Max(f) _op 1

" Max(fy) o, k

See Property (7) of normal distribution.

By additive property, (X + 2Y) follows N(5, 25 ). Its density function
is )= 690
2107 ’

1

64

—co < x < oo
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5. 2
16
26. 2.1
33
27, L
16
28 L
3
29, 1
9

1 8 1
30. (i) . (i) —. (iii) ——
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59. Rs. 920 nearly

60. 0.3074
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62. 2.1

63. 3,31, 148, 322, 319, 144, 30, 3
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Random Processes

n electrical systems, voltage or current waveforms are used as signals for
collecting, transmitting or processing information, as well as for controlling
and providing power to a variety of devices. These signals (voltage or
current waveforms) are functions of time and are of two classes—deterministic
and random. Deterministic signals can be described by the usual mathematical
functions with time ¢ as the independent variable. But a random signal always
has some element of uncertainty associated with it and hence it is not possible
to determine its value exactly at any given point of time. However, we may be
able to describe the random signal in terms of its average properties such as the
average power in the random signal, its spectral distribution and the probability
tat the signal amplitude exceeds a given value. The probabilistic model used for
characterising a random signal is called a random process or stochastic process.
A random variable (RV) is a rule (or function) that assigns a real number to
every outcome of a random experiment, while a random process is a rule (or
function) that assigns a time function to every outcome of a random experiment.
For example, consider the random experiment of tossing a dice at r = 0 and
observing the number on the top face. The sample space of this experiment
consists of the outcomes {1, 2, 3, ..., 6}. For each outcome of the experiment, let
us arbitrary assign a function of time 7 (0 < ¢ < ) in the following manner.

Outcome: 1 2 3 4 5 6
Functionof  x;(t)  x,(f) x50  x4(8)  x5(t)  x(0)
time =4 =-2 =2 =4 =—12 =1t/2

The set of functions {x,(z), x,(?), ..., x¢(?)} represents a random process.

Definition: A random process is a collection (or ensemble) of RVs {X(s, £)} that
are functions of a real variable, namely time ¢ where s € S (sample space) and ¢
€ T (parameter set or index set).

The set of possible values of any individual member of the random process is
called state space. Any individual member itself is called a sample function or a
realisation of the process.
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() If s and t are fixed, {X(5, 1)} is a number.

(i) If tis fixed {X(5 2)} is a RV

(i) 1f s is fixed, {X(5, 1)} is a single time function.

(i) If s and t are variables, {X(5, 1)} is a collection of RV's that are time functions.

Notation: As the dependence of a random process on s is obvious, s will be
omitted hereafter in the notation of a random process. If the parameter set T is
discrete, the random process will be noted by {X(n)} or {X,}.

If the parameter set T is continuous, the process will be denoted by {X(7)}.

Classification of Random Processes

Depending on the continuous or discrete nature of the state space S and parameter
set T, a random process can be classified into four types:

(i) If both T and § are discrete, the random process is called a discrete
random sequence. For example, if X, represents the outcome of the nth
toss of a fair dice, then {X,, n = 1} is a discrete random sequence, since
T={1,2,3,...} and S={1,2,3,4,5, 6}.

(i) If T is discrete and S is continuous, the random process is called a
continuous random sequence.

For example, if X, represents the temperature at the end of the nth hour
of a day, then {X,, 1 <n <24} is a continuous random sequence, since
temperature can take any value in an interval and hence continuous.

(iii)) If T'is continuous and S is discrete, the random process is called a discrete
random process.

For example, if X(#) represents the number of telephone calls received
in the interval (0, #), then X(¢) is a discrete random process, since S = {0,
1,2,3,...}.

(iv) If both T and S are continuous, the random process is called continuous
randomprocess.Forexample, if X(f) represents the maximum temperature
at a place in the interval (0, ) , {X(#)} is a continuous random process.
In the names given above, the word ‘discrete’ or ‘continuous’ is used to
refer to the nature of S and the word ‘sequence’ or ‘process’ is used to
refer to the nature of 7.

Methods of Description of a Random Process

Since a random process is an indexed set of RVs, we can obviously use the joint
probability distribution functions to describe a random process.

For a specific t, X(¢) is a RV as was observed earlier.

F(x, 1) = P{X(f) < x} is called the first-order distribution of the process {X(¢)}

and f(x, 1) = ai F(x, ) is called the first-order density of {X(?)}.
X
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F(xy, x5, 1}, 1) = P{X(t)) < x;; X(t,) < x,} is the joint distribution of the RVs

X(t)) and X(#,) and is called the second-order distribution of the process {X(#)}
2

and f(x, x,, 1y, ) = e
17942

of {X(r)}.

Similarly the nth order distribution {X(#)} is the joint distribution F(x,, x,, ...,
X5 by, by, ..., t,} Of the RVs X(¢)), X(2,), .., X(t,).

The first-order distribution function describes the instantaneous amplitude
distribution of the process and the second-order distribution function tells us
something about the structure of the signal in the time domain and, hence, the
spectral content of the signal. Although the higher-order distributions describe
the process in a more detailed manner, the first and second-order distribution
functions are primarily used to describe the process.

F(x,, x5, t;, t,) is called the second-order density

Special Classes of Random Processes

The important feature of a random process is the relationship among the
members of the family. Usually, the nature of relationship is understood by the
joint distribution function of the member RVs. A random process is said to be
specified only when the parameter set, the state space and the nature of dependence
relationship existing among the members of the family are specified.

Based on the dependence relationship among the members of the process,
random processes are classified broadly into a few special types such as the ones
explained below.

(i) Markov Process
If, for t; < t, < t3< ... < t, < t, P{X() S x/X(t)) = x|, X(t,) = x5, ..., X(,) = x,} =
P{X(#) <x/X(t,) = x,}, then the process {X(#)} is called a Markov process.

In other words, if the future behaviour of a process depends only on the present
state, but not on the past, the process is a Markov process.

A discrete parameter Markov process is called a Markov chain.

(ii) Process with Independent Increments

If, for all choices of ¢, #,, ..., t, such that t, < f, < t; < ... < t,, the random variables
X(t,) — X(1)), X(t3) — X(¢,), ..., X(t,) — X(¢, _ ) are independent, then the process
{X(®)} is said to be a random process with independent increments.

If T={0, 1, 2, ...} is the parameter set for {X,}, then {Z,}, where Z, = X, and
Z,=X,-X,_,,1s arandom sequence with independent increments if the RVs Z,
Z,, Z,, ..., are independent.

Two processes with independent increments play an important role in the
theory of random processes. One is the Poisson process that has a Poisson
distribution for the increments and the other is the Wiener process with a
Gaussian distribution for the increments. We will take up the study of Poisson
and Gaussian processes in Chapter 7.
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(iii) Stationary Processes

If certain probability distribution or averages do not depend on ¢, then the random
process {X(#)} is called stationary. A rigorous definition and detailed study of
stationary processes will be taken up in the following articles.

Average Values of Random Processes

As in the case of RVs random processes can be described in terms of averages
or expected values, mostly derived from the first and second-order distributions
of {X(#)}. Mean of the process {X(7)} is the expected value of a typical member
X(t) of the process.
ie., u) = E{X(@}
Autocorrelation of the process {X(?)}, denoted by R (¢, t,) or R (t,, t,) or R(¢,,
t,), the expected value of the product of any two members X(¢#,) and X(z,) of the
process.
ie., R(t,, t,) = E{X(t)) x X(1,)}
Autocovariance of the process {X(f)}, denoted by C,, (¢, t,) or C, (t;, t,) or C(t,,
t,), is defined as
C(ty, 1) = E[{X(#)) — () } {X(1,) — (1) }]
= R(t), 1) — u(ty) x p(ty)
Correlation coefficient of the process {X(#)}, denoted by p,, (¢, t,) or p (¢}, t,),
is defined as
C(t.t,)
JC(t,1)x C(ty,1,)
where C(t,, t,) is the variance of X(t)).

When we deal with 2 or more random processes, we can use joint distribution
functions or averages to describe the relationship between them.
Cross-correlation of 2 processes {X(¢)} and {Y(¢)} is defined as
Cross-covariance of 2 processes {X(¢)} and {Y(¢)} is defined as

ny (t;, 1)) = ny([p fp) — W (t)) X ,uy(tz)
Cross correlation coefficient of 2 processes {X(#)} and {Y(#)} is defined as
va (tl 4 t2)

JC(t,1)XC (15,15)

p ., 1) =

pxy (tl’ t2) =

Stationarity

A random process is called a strongly stationary process or strict sense stationary
process (abbreviated as SSS process), if all its finite dimensional distributions are
invariant under translation of time parameter.
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That is, if the joint distribution (and hence the joint density) of X(¢,), X(t,), ...,
X(t,) is the same as that of X(¢, + h), X(¢, + h), ..., X(t, + h) for all ¢, t,, ..., t, and
h(>0) and for all n > 1, then the random process {X(#)} is called a SSS process.
If the definition given above holds good for n =1, 2, ..., k only and not for n > k,
then the process is called kth order stationary.

If a random process is a S5 process, as per the definition, its first-order densities
must be invariant under translation of time, i.e., the densities of X(t) and X(t + b) are the
sante, Le., f(x, 1) = f{x, t + h).

This is possible only if f(x, ) is independent of 1.

Therefore, first-order densities (and hence distribution function) of a SSS process are independent
of time.

As a consequence, E{X(2)} is also independent of 1.

ie., E{X(#)} = U = a constant

Also the second-order densities must be invariant nunder translation of time, i.c., the joint pdf
of X(t,), X(t,) is the same as that of X(t, + b), X(t, + b)}.

ie,  flx, xo by ) = flxy, x0 t; t h )

This is possible only if flx;, x5, t,, 1,) Is function of t=t, — ¢,

Therefore, second-order densities (and hence distribution functions) of a S5S process are functions
of T=1t,—1,

As a consequence, R(t,, t,) = E{X(t,) X X(t,)} is also a function of T = t,— t,.

It is pointed out that if E{X(2)} is a constant and R(t,, t,), is a function of (¢, — 1,) the
random process {X (1)} need not be a SSS process.

The definition of strict sense stationarity can be extended as follows.

Two real-valued random processes {X(#)} and {Y(¢)} are said to be jointly
stationary in the strict sense, if the joint distribution of X(¢) and Y(#) are invariant
under translation of time.

The complex random process {Z(f)}, where Z(r) = X(¢) + i¥(¢), is said to be a
SSS process if {X(¢)} and {Y(¢)} are jointly stationary in the strict sense.

Wide-sense stationarity: A random process {X(7)} with finite first- and second-
order moments is called a weakly stationary process or covariance stationary
process or wide-sense stationary process (abbreviated as WSS process) if its
mean is a constant and the autocorrelation depends only on the time difference.
ie.,if E{X(®} =pand

E{X(H} xX(t-1} =R

@ From the definitions given above, it is clear that a SSS process with finite first- and
se

cond-order moments is a WSS process, while a WSS process need not be a S process.

A random process that is not stationary in any sense is called an evolutionary
process.

Two random processes {X(¢)} and {Y(#)} are said to be jointly stationary in
the wide sense, if each process is individually a WSS process and R,(#,, 1,) is a
function of (¢, t,) only.
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Example of a SSS Process

Let X, denote the presence or absence of a pulse at the nth time instant in a digital
communication system or digital data processing system.

If P{X,=1} =pand P{X,=0} =1-p =g, then the random process (sequence)
{X,, n 2 1}, called the Bernoulli’s process, is a SSS process, for, its first-order
distribution is given by

This distribution is the same for any X, i.e., for X,, and

X,=r

1

0

PX, =r)

p

q

X

m+p*

Consider the second-order distribution of the process, i.e., the joint distribution

of X, and X,.
Xr
| 0
1 P pq
0 pq q

This joint distribution is the same for the pair of members X, and X; and for
the pair X, , , and X , , of the process.
Consider the third-order distribution of the process, i.e., the joint distribution
of X,, X, and X, that is given below.
P{X,=0,X,=0,X,=0}=¢’
P{X,=0,X,=0,X,=1} =pg’
P{X,=0,X,=1,X,=0} =pqg’
P{X,=0,X,=1,X,=1} =p%g
P{X,=1,X,=0,X,=0} =pg’
P{X,=1,X,=0,X,= 1} =p’q
P(X,=1,X,=1,X,=0} =p%g
PX,=1,X,=1,X,=1}=p
This joint distribution is the same for the triple of members X,, X, X, and for X, |,
X, 4 p» X; 4 of the process, and so on, i.e., distributions of all orders are invariant
under translation of time.

Iry, = 2 X, = the total number of pulses from time instant 1 through n, then
n=1

the random process {Y,, n 2 1}, called the Binomial process, is not a S8 process, for P{Y,

=3 =nCpqd' " i=0,1,2, ..., n) depends on n, i.c., the distributions of Y, and Y, . »

are not the sane).

Analytical Representation of a Random Process
Deterministic signals are usually expressed in simple analytical forms such as

2
X(1)=¢" and Y(r) = 20 sin 10 ¢. It is sometimes possible to express a random
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process in an analytical form using form using one or more RVs. For example,
consider an FM station that is broadcasting a ‘tone’, X(#) = 100 cos (108 1), to
a large number of receivers distributed randomly in a metropolitan area. The
amplitude and phase of the waveform received by any receiver will depend on the
distance between the transmitter and the receiver. Since there are a large number
of receivers distributed randomly over an area, the distance can be considered as
a continuous RV. Since the amplitude and the phase are functions of distance,
they are also RVs. So we can represent the ensemble (collection) of received
waveforms by a random process {X(#)} of the form
X(1) = A cos (10° 1 + 6)

where A and 8 are RVs representing the amplitude and phase of the received
waveforms.

Such representation of a random process in terms of one or more RVs whose
probability law is known is used in several applications in communication
systems.

Worked Example 6(A) ]

Example 1

Examine whether the Poisson process {X(#)}, given by the probability law
P{X(H)=r} = M r, {r=0, 1,2, ...}, is covariance stationary.
The probability distribution of X(¢) is a Poisson distribution with parameter
A,
E{X(f)} = At # a constant

Therefore, the Poisson process is not covariance stationary.

Example 2

The process {X(7)}, whose probability distribution under certain conditions is
given by
(at)n_l

P{X(t)=n}=—"——,n=12,..
X =n) (14 ar)"*! "

_at
l+at’

Show that it is not stationary.
The probability distribution of X(¢) is

X() =n: 0 1 2 3
' at 1 at (at)2
Pr: 1+at (+at)’ | A+at) | A+ar)
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oo

E{X(} = > np,

n=0
b 2ar )’
C(+a)’ (d+a} (1+a)?
t
= {1+20+30 +--}, where o0 = —
(+at) I+at
1 5 1 5
=—(-a) " =—{+at) =1
(1+ar)* (1+ar)’
(at)nl

E{X(t)} = Enpn 2 :

S5 Avany™t

1 < at "
C (tary? Z;n(ml)(uaz) nz;n(uatj ]

_ 1 [ 2 ~ 1
Ata\(a Y (,__a Y

i 1+at 1+ at
=1+ 2at

Var{X(t)} = 2at
If {X(7)} is a stationary process, E{X(#)} and Var{X(¢)} are constants.
Since Var{X(#)} is a function of #, the given process is not stationary.

When {X(1)} is a stationary process, R{,, t,} = E{X(t,) X(t,)} is function of

E {XZ(I)} is a constant.
E{X(#)} is a constant.
Var{X(1)} is a constant.

Example 3

Show that the random process X(f) = A cos (w,t + 60) is wide-sense stationary, if
A and @, are constants and 0 is a uniformly distributed RV in (0, 27).
Since 6is uniformly distributed in (0, 27)

f46) = 0 <0<2rm
E{X()} = E{A cos (wyt + 0)}
2
= A { icos(wot+9)d9
[since E{g(6)} = [ 2(6)/,(8)d6]
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A .
= E{ sin(27 + wyt) — sin w,t}

=0 = a constant

E{X(1)) X(t,)} = E{A%cos(wy 1, + ) x cos (@ 1, + 6)}
2
= %E{cos[(fl +1,)0, +20]+ cos[w, (t, —t,)]}

2 2r

2
= Tcosa)o(tl -1,)

Az 2
= | == lcos{(t, + 1), +26} + cos{(t, — 1,)e,}1dO
0

ie., R(t), t,) = a function of (¢, — t,)
Therefore, {X(r)} is a WSS process.

Example 4

Given a RV Y with characteristic function
¢(w) = E{e'"}
= E{cos @Y + i sin wY}

and a random process defined by X(r) = cos (A + Y), show that {X(¢)} is stationary
in the wide sense

if a1 =¢2)=0
E{X(t)} =E {cos (At + )}
=cos A&t x E(cos Y) —sin At x cos E(sin Y) (1)
Given ¢(1) =0
ie., E{cos Y+isinY} =0
E(cos Y)=0=E(sin Y) (2)
Using (2) in (1), we get E{X()} =0 3)

E{X(t)) x X(t,)} = E{cos (At; + Y) x cos (A1, + Y)}
= cos At, cos Aty E(cos® Y) + sin At, sin Ar, E(sin’ Y)
—sin A(t; + t,) E(sin Y cos Y)

1 1
= cos At cos A, E (5 + 5 cos 2Yj +sin Az, sin At,

-E (%—%cos 2Yj —%sin At; +1,)E(sin2Y) 4)
Given: ¢(2) =0
i.e., E{cos 2Y +isin2Y} =0
E(cos 2Y) =0 = E(sin 2Y) 5
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Using (5) in (4), we get
R(t,, 1,) = E{X(t)) x X(t,)} = %{cos At, cos At, +sin At sin Az, }

= %cos Mt —t,) (6)

From (3) and (6), it follows that {X(¢)} is a WSS process.

Example 5

In the fair coin experiment, we define the process {X(#)} as follows:
X(¢) = sin nt, if head shows, and

= 2¢, if tail shows.

(a) Find E{X(¢)} and (b) find F(x, t) for t = 0.25
(a) The probability distribution of X(¢) is given by

P{X(t) = sin mt}= %and P{X(t)="2t} =%
. E{X(®)} = %sinnt—i—t

(b) Whent=0.25, P{X(r) = %} = % and P{X(t) = —} =
- F(x, 0.25) is given by
1
F(x,0.25)=0,if x< B

1
<x<—=

2

if

1
2’

[S—y Nl’—‘

I
—

Jif —<x
2

Example 6

If {X(#)} is a wide-sense stationary process with autocorrelation R(7) = Ae‘am,
determine the second-order moment of the RV X(8) — X(5).
Second moment of X(8) — X(5) is given by

E[{X(8) - X(5)}’] = E{X’(8)} + E{X*(5)} — 2E{X(8) X(5)} (1)
Given: R(7) = Ae™™®
ie., R(t;, 1,) = Ae” 7!
E{X’()} =R, =A
E{X’8)} =E{X’(5)} =A 2)

Also, E{X(8) x X(5)} = R(8, 5) = Ae™>* 3)
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Using (2) and (3) in (1), we get
E[{X(8) - X(5)}*] = 2A(1 — %

Example 7

Show that the process X(r) = A cos Az + B sin Af (where A and B are RVs) is wide-
sense stationary, if
(a) EA)=EMB) =0,
(b) E(AY=E®B, and
(¢c) EAB)=0.
E{X(#)} = cos A&t x E(A) + sin At x E(B) €))
If {X(®)} is to be a WSS process. E{X()} must be a constant (i.e.,
independent of 7).
In (1), if E(A) and E(B) are any constants other than zero, E{X(¢)} will
be a function of ¢.

E(A)=EB)=0
R(1), t,) = E{X(t;) x X(1,)}
= E{(A cos At, + B sin At,) (A cos At, + B sin At,)}
= E(A?) cos At, cos At, + E(B?) sin A1, sin A,
+ E(AB) sin At, + 1) 2)
If {X(} is to be a WSS process, R(?,, t,) must be a function of (¢, — 1,).
In(2), E(AB)=0and E(A%>)=EB*) =k
Then  R(t),t,) =kcos At; —1,)

Example 8

If the 2n RVs A, and B, are correlated with zero mean and E(A,z) = E(B,Z) = 6,2,

n
show that the process X(f) = Z (A, cosw,t+ B, sin®,1) is wide-sense stationary.

r=1

What are the mean and autocorrelation of X(7)?

E{X(n} = iE(A,)cosa)rt +E{B,}sinw,t =0

r=1

E{X(t,)x X(t,)} = E{z D

r=1s=1

"I (A cosw,t + B, sinw,t,)
X (A, cosa,t, + B sinw,t,)
Since E{AA,}, E{B,B}, E{A, B,} and E{A, B} are all zero, for r # 5, we have

E{X(t) xX(t))} = Z[E(Arz)cosa),t1 cosw,t, + E(B})sinw,t, sinw,t, |

r=1
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n
= 20'3 cosw,(t, —t,)

r=1

Therefore, {X(r)} is a WSS process.

Example 8

Given a RV Q with density flw) and another RV ¢ uniformly distributed in
(-m, m) and independent of  and X(¢) = a cos (Qtf + ¢), prove that {X(¢)} is a
WSS process.

Recall that E{g(X, Y)} = E[E{g(X, Y)/X}]

E{X(®)} = E{acos (Qt + ¢)}
= aE[E{cos (Qt + ¢)/Q}]
= aE[cos Qt x E(cos ¢) — sin Q¢ x E(sin ¢)]

V3 V3
=akE cothj Lcosq)dq)—sithJ‘ Lsin(/‘) do
s 2 s 2

=0 [since ¢ is uniform in (-7, )]
R(t), t,) = E{X(t)) x X(#;) }
= E{a” cos (Qt, + ¢) cos (Q1, + )}
= a’E[E{cos Qt, cos Qt, cos” ¢ + sin Qt, sin Qr, sin’¢
— (sin Qt, cos Qt, + cos Qt, sin Qt,) sin ¢ cos ¢/Q)}

T
a’E| cosQt, cosQt, J. cos” ¢ dg +sin Q, sin Qz, x

-T

[ sin’¢ dg—sinQ(t, +1,) [ sing cosg dg

-7 -

%azE{ cos 2t cos Qt, +sinQt, sin Qt, }

1
EazE{cos Qt, —t,)

a function of (#; — t,), whatever be the value of flw).
Therefore, {X(7)} is a WSS process.

Example 10

Verify whether the sine wave process {X(¢)}, where X(f) = Y cos wt, where Y is
uniformly distributed in (0, 1) is a SSS process.

P{X(t) <x} = P{Y cos wt < x}
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P{YS a } if coswt >0
B cos wt
X .
P{YZ } if coswt <0
cos t

Fy( o j if cos wr >0

1—FY( = ) if cosr < 0
cos it

1 X
X) = X
T [coswt | Jr ( cos wt )

= a function of ¢

i.e., Fx(t)(x) =

If {X(7)} is to be a SSS process, its first-order density must be independent of 7.
Therefore, {X(¢)} is not a SSS process.

Example 11

If X(¢) = Y cos @t + Z sin wt, where Y and Z are two independent normal RVs
with E(Y)=E(Z) =0, E(Yz) = E(ZZ) = 0 and wis a constant, prove that {X(#)} is
a SSS process of order 2.

Since X(¥) is a linear combination of Y and Z, that are independent, X(¢) follows
a normal distribution with

E{X()} = cos atE(Y) + sin atE(Z) =0
and Var {X()} = cos® @t x E(Y?) + sin® @t x E(Z%)
=0

Since X(t,) and X(t,) are each N(0, o), X(¢#,) and X(#,) are jointly normal with the
joint pdf given by

—(x] = 2rx, X, + x3)
fxy, Xy, t, 1)) = ex ;—o00 < X,X, <00 (1)
P i L 20-r0 h
In (1), r = correlation co-efficient between X(¢,) and X(z,)
) Cy1,)
JVar{X (1)} x Var{X(z,)}

1
= ?E{X(tl) xX(t,)}

1 . .
= ?E[Y coswt, + Zsinwt ) (Y coswt, + Zsinwt, )]
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1 . .
= ) [E(Y?)coswt, coswt, + E(Z*)sinot, sinwt, |
[since E(YZ) =0, as Y and Z are independent]
=cos w(t; — t,)

Now, the joint pdf of X(#;, + h) and X(¢, + h) is given by a similar expression
as in (1), where
r=cos o{(t; + h) - (t, + h)}
=cos at; —t,)
Thus, the joint pdf’s of {X(¢)), X(#,)} and {X(¢, + h), X(t, + h)} are the same.
Therefore, {X(7)} is a SSS process of order 2.

Example 12

Two random processes X(#) and Y(¢) are defined by X(f) = A cos wyt + B sin wyt
and Y(r) = B cos wyt — A sin wyt. Show that X(f) and Y(¢) are jointly wide-sense
stationary, if A and B are uncorrelated RVs with zero means and the same
variances and @), is a constant.

E(A) = E(B) = 0; Var(A) = Var(B)
E(A%) = E(BY
Since A and B are uncorrelated, E(AB) = 0.
Therefore, by Example 7, {X(¢)} and {Y(¢)} are individually WSS processes.
Now, R,(t}, 1)) = E{X(1)) X Y(1,)}
= E{(A cos wyt; + B sin wyt;) (B cos @yt — A sin wyt,)}
= E(B?) sin @y, cos @y, — E(A%) cos @y, sin @y,
= 0 sin (1), 1) [assuming E(A%) = E(B*) = ¢°]
= a function of (¢, — t,)
Therefore, {X(#)} and {Y(?)} are jointly WSS processes.

Example 13

(a) Define Random Walk and prove that the limiting form of random walk is the
Wiener process, and (b) find the covariance function of the Wiener process.

(a) Definition of Random Walk
Suppose we toss a fair coin every 7 seconds and instantly after each toss we move
a distance d to the right if heads show and to the left if tails show. If the process
starts at = 0, our position at time ¢ = nT is a random sequence X(n7) that may be
simply denoted as X(n) also. The process {X(nT)} is called a random walk.
Suppose that r heads and (n — r) tails have occurred in the first n tosses of the
coin. Then the random walk consists of r steps to the right and (n — r) steps to
the left.
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X(nT)=rd—(n—-r)d
= (2r — n)d = md, say

Note that X(nT) is a RV, taking the values md, where m=-n,-n+2, .., n-2,
n.

Now, P{X(nT)=md} = P{getting r heads in n tosses }
= nCr[%j , Where r = m+n’

Now, X(nT) can also be expressed as a sum as given below,
X=X+ X, +..+ X,
where X; represents the distance moved in the ith step.
The RVs X; are independent, taking the values +d with equal probability.

since 2r—n=m

E{X(nT)} = D, E(X;)=0
i=1
and  E(X’(nT)) = iE(X?)

—Z( xd® +— xdzj nd’
2

We know that limiting form of the binomial distribution with mean np and
variance npq as n — o is the normal distribution N(np,+/npq) .
_ 1

ie. nC.pq"" =—
\27npg

2
PIX(nT)=md} —_L_ gm*ion[ Gree = (1)
n 2
2w —
4

e—(r—np)2 /2npq

Wiener Process as Limiting form of Random Walk
In (1), put nT =t¢, md = x and d? = oT and take limits as 7 — 0 and n — .
In the limit, {X(#)} becomes a continuous process.

N m x/d X X )
ow, — = = =
Jn NOT @yt et
Also, L E(X¥n))
4 2
=nd
=nol
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If we use (2) and (3) in (1), when we proceed to limits,
1

\2mot

i.e., the pdf of Wiener process {X(¢)} is

P{x<X(1) <x+dx} = e o< x < o0

e—xz 2ot

1
NG
which is N(0.\ar).

(b) Obviously, the random walk {X(nT)} is a process with independent
increments.
ie., {X(n,I)—X(n,T)} and {X(n,T) — X(0)} are independent.
Since Wiener process {X(?)} is the limiting form of random walk, {X(z,) —
X(t,)} and X(¢,) are independent.
Lett; <1,

Then E[{X(t,) — X(#,)} x X(¢))]
= E[{X(t) - X(1))} x E{X(1))}
=0 [since E{X(?)} = 0]
Le. E(X(1) x X(tp)} = E{X*(t))}
= at, [since Var {X(?)} = o]
ie., R, t,) = ot,.
Similarly, when t, < t, R(t,, t,) = at,.
R(t), t,) = amin (¢, t,)
C(t), 1y) = R(ty, 1p) — p(ty) x p(t,)
= amin (¢, t,) [since u(r) = 0]

Example 14

t
If X(7) with X(0) = 0 and i = 0 is a Wiener process, show that Y(r) = oX (—2)
o

is also a Wiener process. Find its covariance function.
The pdf of Wiener process {X(#)} is given by

f(.x) — 1 e—xz 2ot

2ot

The standard deviation of X(¢) is given by

o= or

1
Therefore, the pdf of the RV {X (%)} = { X(_J} is
o o
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1 e—xz/z

filx) = E

t
To find the pdf of Y(¢) = o X (—2) , let us use the transformation rule.
o

where y = ox

Sro® = fi(x) dx

I
Q|-
=~
VR
Q|<
N——

1 y
=)
_ 1 e ¥ 1200
2roct
which is the pdf of the Wiener process.
The covariance function of the Wiener process was found out in the previous
example.

Example 15

Define semi-random telegraph signal process and random telegraph signal
process and prove also that the former is evolutionary and the latter is wide-
sense stationary.

If N(¢) represents the number of occurrences of a specified event in (0, ¢) and
X = (—l)N @ then {X(%)} is called a semi-random telegraph signal process.

If {X(#)} is a semi-random telegraph signal process, & is a RV which is
independent of X(#) and which assumes the values +1 and —1 with equal probability
and Y(7) = aX(1), then {Y(?)} is called a random telegraph signal process.

It will be proved in Chapter 7 that the distribution of N(z) is Poisson with mean
At, where the probability of exactly one occurrence in a small interval of length
h=2h.

In other words, the process {N(f)} is a Poisson process with the probability law
PIN@) =1} =™ A)T|r;r=0,1,2, ...,

If {X(#)} is the semi-random telegraph signal process, then as per the definition
given above, X(7) can take the values +1 and —1 only.

P{X(r) =1} = P{N(t) is even}.
=P{N(t) =0} + P{N(t) =2} + P{N(t) = 4}

+ ... + oo (since the events are mutually exclusive)

o), A ant
=e {1+ 2 + 4 +o }
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=e¢Mcosh At
P{X(t) = -1} = P{N(?) is odd)
=P(N(H) =1} + PIN() =3} + .. + oo

(since the events are mutually exclusive)

B PYRCU
=e {|_1+ B + +}

= ¢ sinh At
E{X(®} =1x e ™ cosh At + (~1) x ¢ ™ sinh ¢

— e—/lt e—/lt: e—ZM

To find E{X(#,) x X(#,) }, we require the joint probability distribution of {X(z)),
X(1,)}.
Now, P{X(1) =1,X(t) =1}

= P{X(t)) = 1/X(1y) = 1} x P{X(1;) = 1}
= P{an even number of occurrences of the event in (¢, — 1) }
x P{X(t,) =1}
= ¢7*" cosh AT xe ™2 cosh At,; where T =1, — 1,
Similarly, P{X(t)) =-1, X(t,) =-1}
= ¢ cosh At e sinh Ar,

P{X(t}) =1, X(t,) =1} = ¢ **sinh Az e™*2 sinh A1,

and P{X(t)=-1,X(t)=1} = e sinh A1 ¢ *2 cosh At,
Now, X(1,) x X(t,) = 1, if {X(t;) = 1 and X(t,) = 1} or {X(r,) = -1, X(t,) =1}
~P{X(t}) x X(t,) = 1} = ¢ """ cosh At(cosh At, + sinh At,)
=e¢ M cosh At
and P{X(1,) x X(t,) = -1}

= ¢ ") in A(cosh A1, + sinh Az, )

= ¢ * sinh At
R(t}, 1) = E{X(t)) X(t,)}

=1xe*cosh A= 1 x e *sinh At
_ 6—2/11

_ 6—2/1(11 —1)

Although R(t,, t,) is a function of (¢, — t,), E{X(#)} is not a constant.

Therefore, {X(7)} is evolutionary.

Let us now consider the random telegraph signal process {Y(#)}, where Y(¢)
= oX(1).
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1 1
By definition, P{ax=1} = Eand Pla=-1)= Py
s E(@=0and E(@>) =1

Now, E{Y(t) = E(ox) x E{X(¢)}
=0 [since o and X(¢) are independent]
E{(Y(t)) x Y(t,)} = E{o* X(t,) x X(1,)}
=FE{ az) x E{X(t)) x X(t,)} (by independence)
= 1x e 2M0")
ie., R,(t;, 1;) = a function of (¢, - 1,)

Therefore, {Y(f)} is a wide-sense stationary process.

Exercise 6(A) ]

Part-A  (Short-answer Questions)
1.  What is the difference between a RV and a random process?
2. Define a random process and give an example of a random process.
3. Explain the terms ‘state space’ and ‘parameter set’ associated with a
random process.
4. If {X(s, 1)} is arandom process, what is the nature of X(s, f) when (i) s is
fixed and (ii) ¢ is fixed?
5.  What s the difference between a random sequence and random process?
6. What is a discrete random sequence? Give an example.
7.  What is a continuous random sequence? Give an example.
8.  What is a discrete random process? Give an example.
9. What is a continuous random process? Give an example.
10. How is a random process described mathematically?
11. Name 3 classes of RP’s into which RP’s are generally divided.
12.  Name 2 important RP’s with independent increments.
13.  What do you mean by the mean and variance of a random process?
14. Define the autocorrelation of a RP {X(7)}.
15. Define the autocovariance of a RP {X(¢)}.
16. Define the correlation coefficient of a RP {X(7)}.
17. Is the autocorrelation of a RP the same as the correlation coefficient of
the process? Why?
18. Define the cross-correlation of 2 random processes.
19.  When are 2 random processes said to be orthogonal?
20. Define the cross-covariance of 2 random processes.
21. Define the cross-correlation coefficient of 2 random processes.
22. Define a strict-sense stationary process and give an example.
23. Define a kth-order stationary process. When will it becomes a SSS
process?
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24.

25.
26.

27.

28.
29.

30.
31.
32.
33.
34.
35.

36.
37.

Part-B
38.

39.

40.

41.

42.

Prove that the first-order density function of a SSS process {X(¢)} is
independent of ¢.

If {X(r)} is a SSS process, prove that E{X(f)} is a constant.

If {X(} is a SSS process, prove that the joint pdf of X(#,) and X(z,) is a
function of (¢, — t,).

Prove that the autocorrelation of a SSS process {X(#)} is a function of
(t, —tp).

When are {X(7)} and { Y(#)} said to be jointly stationary in the strict sense?
When is a complex random process {Z(f)}, where Z(t) = X(¢) + iY(¢), said
to be a SSS process?

Define wide-sense stationary process. Give an example.

What is the difference between a SSS process and a WSS process?
When is a random process said to be evolutionary? Give an example of
an evolutionary process.

When are the processes {X(7)} and {Y(#)} said to be jointly stationary in
the wide sense?

If {X(#)} is a stationary process in any sense, prove that Var{X(¢)} is a
constant.

Give the one-dimensional density function of Wiener process. What are
its mean and variance?

Define a semi-random telegraph signal process. Is it stationary?

Define a random telegraph signal process. Is it stationary?

If X(#) = P + Qt, where P and Q are independent RVs with E(P) = p,
E(Q) =g, Var(P) = 6,” and Var(Q) = 6,7, find E{X (1)}, R(t,, t,) and C(z,,
t,). Is the process {X(#)} stationary?

If X(¢) = sin (wt + Y), where Y is uniformly distributed in (0, 27), prove
that {X(7)} is a wide-sense stationary process.

If X(¢) = Y cos t + Z sin ¢ for all t where Y and Z are independent binary
RVs, each of which assumes the values —1 and +2 with probabilities 2/3
and 1/3 respectively, prove that {X(r)} is wide-sense stationary.
Calculate the autocorrelation function of the process X(f) = A sin (@t +
@), where A and @, are constants and ¢ is a uniformly distributed RV in
(0, 2m).

Consider the random process V(t) = cos(wt + ), where 0 is a RV with
probability density

L -t<0<rm
PO) =121
0  elsewhere
(i) Show that the first and second moments of V() are independent of

time.
(i) If O=constant, will the ensemble mean of V() be time-independent?



Random Processes 6.21

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

If X(r) = R cos (@t + ¢), where R and ¢ are independent RVs and ¢
1
is uniformly distributed in (-x, ), prove that R(¢, t,) = 5 E(R?) x

cos axt; — t,).
In the fair-coin experiment, we define the process X(z) as follows:

X(¢) = sin mt, if head shows and

X(1) = 2t, if tail shows.
Find (i) E{X(?)} and (ii) F(x, ¢) for t =0.25, 0.5, 1.
A stochastic process is described by X(f) = A sin ¢ + B cos t, where A and
B are independent RVs with zero means and equal standard deviations.
Show that process is stationary of the second order.
[Hint: Without knowing the distributions of A and B, it is not possible
to prove strict sense stationarity of the second order. We can prove that
{X(®} is WSS.]
Consider a random process Z(f) = X, cosmyt — X, sin wyt, where X, and
X, are independent Gaussian RVs with zero mean and variance 62, find
E{z} and E{Z°}.
Suppose that X(?) is a process with mean ((f) = 3 and autocorrelation R(z;,
L)=9+4 ¢ 2"~ Determine the mean, variance and the convariance
of the RVs Z = X(5) and W = X(8).
If the RV A, are uncorrelated with zero mean and E{l A, I} = 67, prove

n
that the process X(#) = ZAi e’®" is wide-sense stationary with zero

i=1
C 2 joz

mean. Show also that for X(¢), R(z) = EO' cel
i=1

[Hint: For a complex-valued random process {X(f)}, the autocorrelation
is defined as R(#, t,) = E{X(t,) X*(tz)}, where X*(tz) is the complex
conjugate of X(t,).]

If U(¥) =X cos t+ Ysintand V(f) = Y cos t + X sin ¢, where X and Y are
independent RV such that E(X) = 0 = E(Y), E(X?) = E(Y?) = 1, show that
{U(®)} and {V(?)} are individually stationary in the wide sense, but they
are not jointly wide-sense stationary.

If X(r) =5 cos (10f + 6) and Y(¢) = 20 sin (10t + 6), where 0 is a RV
uniformly distributed in (0, 27x), prove that the processes {X(#)} and
{Y(¥)} are jointly wide-sense stationary.

If X(r) = A sin(wt + 0) where A and @ are constants and 8is RV, uniformly
distributed over (-, ), find the autocorrelation of {¥(#)}, where Y(¢) =
X(p).

Find the first-order characteristic function of a Wiener process.
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53.

54.

55.

Consider the process W(f) = X(f) cos ot + Y(¢) sin ot, where X(¢) and
Y(#) are 2 real jointly stationary processes. What are the conditions
for W(¢) to be WSS? In case W(¢) is wide-sense stationary, what is its
autocorrelation of X(¢) and Y(r)?

Show that, if the process X(¢) = a cos @t + b sin @t is SSS, where a and
b are independent RVs, then they are normal.

The RVs A and B are independent N(0, ©) and p is the probability that
the process {X(¢)}, where X(r) = A — Bt, crosses the t-axis in the interval
(0, 7). Show that mp = tan"! T.

1 1
[Hint: Z = A/B follows the Cauchy distribution with f(z) = —X "
T 1+z

2
and p =P{0<A/B<T]}.

Autocorrelation Function and its Properties

Definition: If the process {X(¢)} is stationary either in the strict sense or in the
wide sense, then E{X(f)} X(t — 7)} is a function of 7, denoted by R, (7) or R(7)
or R (7). This function R(7) is called the autocorrelation function of the process

{X(n}.

Properties of R(7)

1. R(?) is an even function of 7

Proof

R(7) = E{X(t) x X(t — T}
R(—7) = E{X(t) x X(t + T}
=E{X(t+ 1} x X))}
=R(7)

Therefore, R(7) is an even function of 7.
2. R(7) is maximum at 7=0
i.e.,, IR(DI<R(0)

Proof

The Cauchy—Schwarz inequality is

{EXY)}? < E(X?) x E(Y?)

Put X=X(r) and Y = X(1 — 7)
Then [E{X(?) x X(t — D})? < E{X*()} x E{X*(t - 1)}

ie.,

(R(D)}* <[E{X*(D}]°

[since E{X(#)} and Var {X(r)} are constant for a stationary process]
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ie., (RO} < (RO))?
Taking square-root on both sides
[R(7)l £ R(0) [since R(0)=E {Xz(t)} is positive]

3. If the autocorrelation function R(?) of a real stationary process {X(¢¥)} is
continuous at 7= (0, it is continuous at every other point.

Proof

Consider
E[{X(1) - X(t - D}*]1= EH{XX (D)} + E{X*(t — 7)} = 2E{X(r) x X(t - D)}

=R(0 + R(0) — 2R(7)
=2[R(0) - R(7)] (1)

Since R(7) is continuous at 7= 0, lin?) R(t)=R(0)
T

i.e., lim {R.S.of (1)} =0
70
lim {L.S.of (1)} =0
7—0
lim {X(r—17} =X(@)
70
i.e., X(7) is continuous for all ¢ 2)

Consider R(t+ h) — R(7)

= E[{X(n} x X{t - (7+ W]} - E{X(1) x X(1 — 7)]

= E[X(0) {X(1— 71— h) - X(t - D] 3)
Now, %12% [X{t—1)—h}-X(-7)] =0,by (2)

lim {R.S.of 3)} =0
h—0
lim {L.S.of 3)} =0
h—0

ie., lim {R(t+h)} =R(7)
h—0
ie., R(7) is continuous for all T

4. If R(7) is the autocorrelation function of a stationary process {X(¢)} with
no periodic component, then lim R(7) = /Ji , provided the limit exists.
T—o0
Proof
R(7) = E{X(n} x X(t - 1)}

When tis very large, X(¢) and X(¢ — 7) are two sample functions (members) of the
process {X(f)} observed at a very long interval of time.
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Therefore, X(¢) and X(¢ — 7) tend to become independent [X(¢) and X(z — 7) may
be dependent, when X(7) contains a periodic component, which is not true].

lim{R(7)} = E{X(®)} x E{X(t - 1)}

= ,ux2 [since E{X(?)} is a constant]

ie., W= llim R(7)
T—o0

Cross-Correlation Function and its Properties

Definition: If the processes {X(#)} and {Y(#)} are jointly wide-sense stationary,
then E{X(#) x Y{X(z - 7)} is a function of 7, denoted by R, (7). This function R,,
(7) is called the cross-correlation function of the processes {X(#)} and { Y(¥)}.

We give below the properties of R, (7) without proof. Proofs of these properties
are left as exercises to the reader.

Properties
. R(D=R, (-1

2. IR (DI< JR..(0)x R, (0)

This means that the maximum of ny(r) can occur anywhere, but it
cannot exceed /R . (0) X R, ).

IR, (DI < 1/2 {R,(0) + R,(0)}

If the processes {X(f)} and {Y(#)} are orthogonal, then R, (1) =0

5. If the processes {X(#)} and {¥(¢)} are independent, then R, (7) = 1, X U,

> w

Ergodicity

When we wish to take a measurement of a variable quantity in the laboratory,
we usually obtain multiple measurements of the variable and average them
to reduce measurement errors. If the value of the variable being measured in
constant and errors are due to disturbances (noise) or due to the instability of the
measuring instrument, then averaging is, in fact, a valid and useful technique.
‘Time averaging’ is an extension of this concept, which is used in the estimation
of various statistics of random processes.

We normally use ensemble averages (or statistical averages) such as the mean
and autocorrelation function for characterising random processes. To estimate
ensemble averages, one has to compute a weighted average over all the member
functions of the random process.

For example, the ensemble mean of a discrete random process {X(#)} is

computed by the formula u, = z x;p;. If we have access only to a single sample

1
function of the process, then we use its time-average to estimate the ensemble
averages of the process.
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: 1t :
Definition: If {X(#)} is a random process, then E J X(1) dt is called the time-
-T
average of {X(f)} over (=T, T) and denoted by X .
In general, ensemble averages and time averages are not equal except for a
very special class of random processes called ergodic processes. The concept of
ergodicity deals with the equality of time averages and ensemble averages.

Definition: A random process { X(¢)} is said to be ergodic, if its ensemble averages
are equal to appropriate time averages.

This definition implies that, with probability 1, any ensemble average of
{X(#)} can be determined from a single sample function of {X(¢)}.

Ergodicity is a stronger condition than stationarity and hence all random processes
that are stationary are not ergodic. Moreover, ergodicity is usnally defined with respect to one or
more ensemble averages (such as mean and antocorrelation function) as discussed below and a
process may be ergodic with respect to one ensemble average but not others.

Mean-Ergodic Process

If the random process {X(¢)} has a constant mean E{X(r)} = u and if X, =

T
% J X(t)dt — U, as T — oo, then {X(#)} is said to be mean-ergodic.
-T

Mean-Ergodic Theorem

T
If {X(¢)} is arandom process with constant mean g and if X ;= % f X(t) dt ., then
-T

{X(?)} is mean-ergodic (or ergodic in the mean), provided lim {Var )?T} =0.
T—o

Proof

1T
=— | X dt
X7 2T_-[T ()

.17
E(Xp = [ EX()}dr
-T

=u (1)
By Tchebycheft’s inequality,

Var(X,)
—2T (2)

P{IX, —E(X,;)I<e}>1-
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Taking limits as 7' — oo and using (1) we get

3 lim Var(X,)
. T—>o0

P{Tlgr:o(XT)—y‘ < e} Zl—ﬁ—z

.. when }im Var (}?T) =0, (2) becomes

€
P{ Se}zl

ie., lim(X,) = E{X(r)} with probability 1.
T—oo

;E&(XT) —H

This theorem provides a sufficient condition for the mean-ergodicity of arandom process.

That is, to prove the mean-ergodicity of {X(2)}, it is enough to prove lim Var( X r)=0.
T—o

Correlation Ergodic Process

The stationary process {X(f)} is said to be correlation ergodic (or ergodic in
the correlation), if the process {¥(¢)} is mean-ergodic, where Y(r) = X(t + A)
x X(#). That is, the stationary process {X(f)} is correlation ergodic, if Y r=

T
1L j X(t+A) X(t) dt tends to
o )

E{X(t + )X(1)} = R(A) as T — oo.

Distribution Ergodic Process

If {X(7)} is a stationary process and if { ¥(¢)} is another process such that

{1 if X()<x
Y(t) = )
0 if X(t)>x

then {X(¢)} is said to be distribution-ergodic, if {¥(#)} is mean-ergodic. That is,

T
the stationary process {X(¢#)} is distribution ergodic, if Y = LT J‘ Y()dt —>

E{Y(t)} as T — co. !

We note that
E{Y(®)} =1 xP{X(t) <x}+0xP{X(t) > x}
= Fy(x)
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Thus, the stationary process {X(¢)} is distribution-ergodic,
T

1
i — | Y(t)dt > F. asT — o
if 2T_T (1) x(x)

[ Worked Example 6(B) ]

Example 1

Given that the autocorrelation function for a stationary ergodic process with no
periodic components is

4
1+67°

Find the mean value and variance of the process {X(?)}.
By the property of autocorrelation function,

wul = lim R_(7)
T—>o0

R (1) = 25+

=25
He=3
E{X’()} =R,(0)
=25+4=29
Var{X(0} = E{X’(} - E*{X(1)}
=29-25=4

Example 2

Express the autocorrelation function of the process {X1?)} in terms of the
autocorrelation function of the process {X(#)}.
Consider
R A}, ) = E{X(t)) X'(1,)}

E{X(h){x(l2 +h2_X(t2)H ash—0

_ lim[R“(t"tz +h)—Rm(t1,t2):|
h—0 h

d
=—R_(#,t 1
o, o (1) (D
Similarly,

9
Redlin, ) = 2R (i.13) @)
1
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Using (1) in (2),

2
ot,0t,
If {X(¥)} is a stationary process, we put ¢, —t,= 7. From (1), (2) and (3), we then get

R (1) = —aa—TRxx(T)

R, A7) = aiR .(7) and

Rty 1)) = ——R_(1,.,1,) 3)

82
R, (7)= —R_(7T
v (D) Py o (T)

Example 3

Prove that the random process {X(#)} with constant mean is mean-ergodic,

if  lim j j C(t,,1,) dt, dt, | =

T—
- T T

As per mean-ergodic theorem, the condition for the mean-ergodicity of the
process {X(¢)} is

lim {Var(X,)} =0, where
T—oo

X, = 2— j X(1)dt and E(X;) = E{X(1)}

_ 1 T
Now, X; = — X(t) X(t,)dt, dt
7 4T2HT(1) (1,) dr, dr,
— 1 T
E{X7) = — | [ RG.0)dr, dr,
41 77,

T
T
T
-T
Var(X,) = E{X;} - E*(X;)
T
-T -
-T

1
41?

[ JIRG.1) - E(X(t)} E{X(1,)}] dr, dt,
L]

47?

]’
T
T
[ c.ty)dydr, (1)
-T
Therefore, the condition im {Var(}?T )} =0 is equivalent to the condition
T—
T
lim 4T2 j j C(t,,1,)dt, dt, |=0

Hence, the result.
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Example 4

If )_(T is the time-average of a stationary random process {X(#)} over {-T, T},
21

prove that Var ( )?T) = % I C(1) {1 — %} dt and hence prove that the sufficient
0

condition for the mean-ergodicity of the process {X(7)} is

2T oo
(a) }i_rg%.([C(T)[l—%}drzo and (b) j|C(r)|dr<oo.

—oo

(a) Step (1) of the previous example gives
T T
= 1
Var(Xp) = — [ [ C(.0) dry dt, (1)
AT" = =
We shall convert the double integral (1) into a single definite integral with respect
to the variable 7=t —t, as explained below:
The double integral (1) is evaluated over the area of the square bounded by T
=-T, Tand t, = -T, T as shown in the figure.

5}

//// =T
D ? c
t1 =T
t= T ol —| drj— -
%
’ Q /\'1«/&
//& W x6
XV S <
XN o
P ’/
A B
t2 =_-T R ///
Fig. 6.1

We divide the area of the square ABCD into a number of strips parallel to the
line t; —t, = 0. Let a typical strip be PORS, where PQ is given by ¢, — f, = Tand
RSisgivenby ¢, -1, =7+dT

When PORS is at the initial position D, t, — t, = -2T, i.e., the initial value of
7=-2T.

When PQRS is at the final position B, ¢, — t, = 27, i.e., final value of 7= 2T.

Hence, to cover the given area ABCD, 7 has to vary from —27 to 2T.
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Since dtis very small, C(¢; — t,) = C(7) can be assumed to be a constant in the
strip PORS.

Now, dt, dt, = elemental area in the #,#,-plane
= area of the small strip PORS 2)

t, co-ordinate of P is obtained by solving the equations #, —t, = Tand t, = -T.
Thus, (t)p=7-T.
PB(=BQO)=T—-(t-T)=2T-tif >0
=2T+7if 7<0
When 7> 0
Area of PORS = Area of APBQ — Area of ARSB

1 ) 1 2
—Q2T -7)" ——QT -7t —-dr
2( ) 2( )

(2T - 7) d7, omitting (d7)* (3)
From (2) and (3),
dt, dt, = {2T - 11} dt (4)
Using (4) in (1),
- 1 17|
Var(X,) = EJ C(T){l _E} dr

_ 127
ie., Var( Xy) = — _[ C(’L’){l _ﬂ dt (since the integrand is even)
T 2T

Therefore, sufficient condition for mean-ergodicity of a stationary process {X(¢)}

can also be stated as
i 127
lim | — | C(r){l e =0
Tl T o 2T
(b) The sufficient condition for mean ergodicity of {X(#)} can also given as

R 17
lim | — j C(1t){1-—\dr
T—>°°_T72T 2T

Since 7 varies from -27 to 27T, |1 < 2T.

0 (5)

1_£<1

2— j C(T){l——l}dr<2— J1cm@idr

1
5) will be true, only if lim— | |C(7)ldt =0
(5) y szT_L (1)
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ie., it [1Cmdr s finite

—oo

ie., if j |C(7)1dT < oo

—oo

Therefore, sufficient condition for mean ergodicity of the stationary process

{X(?)} can also be stated as J [C(T)IdT < oo,

—o0

Example 5

The random binary transmission process {X(¢)} is a WSS process with zero mean
. . [Tl . .
and autocorrelation function R(7) = 1— T where T'is a constant. Find the mean

and variance of the time average of {X(¢)} over (0, 7). Is {X(¢)} mean ergodic?
_ 1z
X, = ?.([X(t)dt
E(Xp) = E{X(0} =

T
Var()_(T) = % j {1 — m} C(t)dt [see (5) in the previous problem]
-T

P {5 o

T
EJ.{ _1} d’[:g
Tl T 3

0

ﬂ
ﬂ

Tlim {Var(X,))}

SSH

i.e., the condition for mean-ergodicity of {X(¢)} is not satisfied. Therefore, { X(¥)}
is not mean-ergodic.

Example 6
If {X(r)} is a WSS process with mean y and autocovariance function
1—u forO<ItlI< T,
Cxx(T) = TO
0 forltlz1,

find the variance of the time average of {X(¢)} over (0, 7). Also examine if the
process {X(¢)} is mean-ergodic.
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.1
Var(Xp) = | {1-%} C(r)dr

= ;x j(l—%)(l—ijdr,if0<TST0
To

20_2 2 2
_ x[T_z_T_J_

T 2 21, 31,

T
=0|1-—|,if0<T< g (1)

37,

- 2027
and Var(X,) = —x 1—1) 1-2lde,if T> 17
T 5 T T,

o1 T
=20 1-L 1 ifT> 1 2
T ( AT 0 2)

When T is sufficiently large, (2) holds good.

hmVar(X ) = 11m GTO 1- So =0
T 3T

Therefore, {X(¢)} is mean-ergodic.

Example 7

If X(r) = u + N(r), where N(7) is white noise with C(z,, t,) = ¢(t,) (¢, — t,), where
¢(¢) is a bounded function of 7 and & is the unit impulse function, prove that
{X(#)} is a mean-ergodic process.

Let us consider the time-average of {X(¢)} over (-T, T)

_ 1 T
X, = ﬁ,j X(r)dr

E{ X7}

T
— j E{u+N(@t)}dr
2 -T

=U [since E{N(#)} = 0, as N(t) is white noise]

The unit impulse function 5(1— a) is defined as
7
Oft—a)= qe

0 otherwise, where € = 0

(S €
ffa——<t<a+—
2 2
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o ats
[ o8t -aydr = | o(0)Ldr
—oo < (S
= @(a) [since ¢(¢) can be considered a constant
in the small interval of length €]
_ | LT
Now, Var(X;) = e j .[ C(yt,) dt, dt, [refer to Example (3)]
-T-T
]
=— o(1)) 6(t, —t,) dt, dt,
4177 7%,
T
= — j o(t,) de, (by the note above)

lim {Var(}?T)} =0, since ¢(¢) is bounded
T—o

(Xp) > a8 T — oo

i.e., {X(¢)} is a mean-ergodic process.

Example 8

If the WSS prove {X(7)} is given by X(¢) = 10 cos (100¢ + 8), where 6is uniformly

distributed over (-7, 1), prove that {X(¢)} is correlation ergodic.
R(7) = E[10 cos (1007 + 1007+ 6) x 10 cos (1001 + 9)]
=50 cos (100 7)

T
Consider Z; = 2 .[ X(t+71)X(t)dr
o1

|
by J. 100 cos(100¢ +1007 + 0) cos(100z + 6)drt
-T

25 % 25 &
= j cos (100 7)dt + == j cos(200¢ + 1007 +20)dt
T = Tz

25T
= 50cos(1007) + ?5 j cos(200¢ + 1007 + 20)dt

-T
Now, lim (Z;) =50 cos (100 7)
T —eo
=R(7)

Therefore, {X(7)} is correlation-ergodic.
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Exercise 6(B) ]

Part-A  (Short-answer Questions)

1.

Dok W

10.
11.

12.

13.
14.

15.

16.
17.
18.
19.
20.

21.

22.
23.

Define autocorrelation function (ACF) of a stationary process.

Prove that the ACF R(7) of a real process is an even function of 7.

If R(7) is the ACF of a complex process, prove that R*(‘L') = R(-1).

If R(7) is the ACF of a stationary process, prove that IR(7)l < R(0).

If R(‘L’) is the ACF of a stationary process {X(#)}, prove that hm[R(’L')]
= ux Is it true for any stationary process?

Find the mean of the stationary process {X(#)},whose ACF is given by

25t% +36

6.251% +4

Find the variance of the stationary process {X(#)}, whose ACF is given
257% +36

6.257> +4

Find the variance of the stationary process {X(#)}, whose ACF is given

by R(7) =2 + 4¢7 7.

Find the variance of the stationary process {X(#)}, whose ACF is given

by R(D) = 16+ —
1+67

Define the cross-correlation function and state any 2 of its properties.

Find the cross-correlation function of 2 stationary processes that are

orthogonal.

When are the jointly stationary processes {X(¢)} and { Y(¢)} independent,

prove that ny( 7) = TNt

Define ensemble average and time average of a random process {X(#)}.

What is the difference between ensemble average and time average of a

stochastic process {X(7)}?

When is a random process said to be ergodic? Give an example for an

ergodic process.

Distinguish between stationarity and ergodicity.

What do you mean by mean-ergodicity of a RP?

State mean ergodic theorem.

State the sufficient conditions for the mean ergodicity of a RP{X()}.

State 2 different sufficient conditions for {X(¢)} with constant mean to

be mean-ergodic.

Examine if the process {X(f)}, where X(#) = X, a random variable is

mean-ergodic.

Give an example of a WSS process which is not mean-ergodic.

R(7) =

by R(7) =

>

If X r 1s the time-average of a stationary random process {X(f)} over
(=T, T), express Var( X 7) in terms of the autocovariance function of
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24.
25.

Part-B
26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

{X(#)} and hence state the sufficient condition for the mean-ergodicity
of {X(9)}.

When is a random process said to be correlation ergodic?

When is a random process said to be distribution ergodic?

A stationary process has an autocorrelation function given by R(7) =
25177 +36

6.251% +4

the process.

If the autocorrelation of a process {X(#)} is R(,, t,) and if Y(¢) = X(t + a)
—X(a), where a is a constant, express Ryy(tl, t,) in terms of R’s.

If {X(#)} is a WSS process with autocorrelation function R, (7) and if Y(¢)
= X(t + a) — X(t — a) show that Ryy(‘r) =2R (7)—R (T+2a)-R _(T-2a).
If {X()} and {Y(?)} are independent WSS processes with zero means,
find the autocorrelatin function of {Z(¢)}, when

(1) Z(@®)=a+bX(t)+cY(r)

(i) Z(@t) =aX(@®)Y(2)

If X(¢#) = A, where A is random variable, prove that {X(7)} is not mean-
ergodic.

. Find the mean value, mean-square value and variance of

10 10

If §= [ X(r)dr, show that E(S*)= [ (10-I7 IR, (r)dr. Find also the
0 -10

mean and variance of S, if E{X(1)} = 8 and R_(7) = 64 + 10¢ "

A stationary zero mean random process {X(¢)} has the autocorrelation

function R (7) = 10e°'"". Find the mean and variance of
_ 13
X, =—[X(n)dr.
5 0
If {X(£)} is a WSS process with E{X(1)} =2 and R_(7) =4 + ¢, find

1
the mean and variance of § = JX (t)dr.
0

{X(7)} is the random telegraph signal process with E{X(f)} = 0 and R(7)
= ¢ 2" Find the mean and variance of the time average of {X(¢)} over
(=T, T). Is it mean-ergodic?

The random process {X(¢)} is stationary with E{X(#)} =1 and R(7) =1 +

1

¢ 2" Find the mean and variance of S = IX (t)de .

0
If the autocovariance function of a stationary process {X(#)} is given
by C(7) = Ae_am, prove that {X(r)} is mean-ergodic. Also find Var(X ),
where X is the time average of {X(¢)} over (-T, T).
[Hint: ¢(7) > 0 as T— oo
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37. If the autocorrelation function of a WSS process {X(#)} is R(7), show
that P{IX(¢ + 7) — X(1)| = a} < 2{R(0) — R(7)}/a*.
[Hint: Use Tchebycheff’s inequality.]

38. Show that, if {X(#)} is normal with y, =0 and R (7) = 0 for I > a, then
it is correlation-ergodic.
[Hint: Z() = X(t + VX(); R,(1) = R*(A) + RX(7) + R(A + DR(A - 7).
Since R_(7) > 0as 7— o, C_(7) = 0 as T— oo]

39. If the autocorrelation function of a stationary Gaussian process {X(f)} is
R(7) = 1077, prove that {X(7)} is ergodic both in mean and correlation.

40. Give an example of a WSS process which is not ergodic in mean.

Power Spectral Density Function

The autocorrelation function R(7) tells us something about how rapidly we can
expect the random signal X(#) to change as a function of time. If the autocorrelation
function decays rapidly (slowly), it indicates that the process can be expected to
change rapidly (slowly). Moreover if the autocorrelation function has periodic
components, then the corresponding process also will have periodic components.
Hence, we may conclude that the autocorrelation function contains information
about the expected frequency content of the random process.

For example, if we assume that X(7) is a voltage waveform across a 1 Q
resistance, then the ensemble average value of X*(7) is the average value of power
delivered to the 1 Q resistance by X().

i.e., Average power of X(t) = E {X2(t)}

=R(0)=>0

Now, if R(0) can be expressed as
R0) = j S(fHdf , since R(0) represents power,

S(f) will be expressed in units of power per Hertz. That is, S(f) gives the
distribution of power of {X(¢)} as a function of frequency and hence is called the
power spectral density function or simply spectral density or power spectrum of
the stationary process {X(7)}. We shall now give the mathematical definition of
power spectral density function of a stationary process.

Definition: If {X(7)} is a stationary process (either in the strict sense or wide
sense) with autocorrelation function R(7), then the Fourier transform of R(7) is
called the power spectral density function of {X(#)} and denoted as S, (w) or
S () or S(w).

Thas, SO = [ R de (1)

—oo
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Sometimes @ is replaced by 27f, where fis the frequency variable, in which case
the power spectral density function will be a function of f, denoted by S(f).

Then S = | Rme ™ dr )

Equation (1) or (2) is sometimes called the Wiener Khinchine relation. We shall
mostly follow the definition (1) and denote the power spectral density as a function of @ only.

Given the power spectral density functions S(®), the autocorrelation function
R(7) is given by the Fourier inverse transform of S(®).

: _ Lw it
ie., R(@=— LS(a})e do 3)
(or) R = [ S(He™ df (4)

If {X(¢)} and {Y(r)} are two jointly stationary random processes with cross-
correlation function R, (7), then the Fourier transform of R, (7) is called the
cross-power spectral density of {X(#)} and {Y(¢)} and denoted as S ().

ie., So(@ = [ R (e ™ dt
Properties of Power Spectral Density Function

1. The value of the spectral density function at zero frequency is equal to
the total area under the graph of the autocorrelation function. By putting
w=0in (1) or f=01in (2), we get

S0) = j R(7)d7, which is the given property.

2. The mean square value of a wide-sense stationary process is equal to the
total area under the graph of the spectral density. By putting f=0 in (4),
we get

E{X*(n)} = RO)= J S(f)df, which is the given property.

—oo

3. The spectral density function of a real random process is an even function.

Proof

S(@) = [ R(r)e”™" dz, by definition

—oo

S(-w) = j R(T)'™ dt
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Putting 7= —u,

SCw) = [ R(-uye™™ du

—oo

I R(u)e ™ du [since R(7) is an even function of 7]

=S(w)
Therefore, S(w) is an even function of .
4. The spectral density of a process {X(#)}, real or complex, is a real
function of @ and non-negative.

Proof
R(7) = E{X()X (t - 1)}
R(-7) = E{X(0X (1 + 7)}
R'(-17) = E{X(t + DX (1)}
=R(7)
(or) R' (1) =R(-1) (1)
Now, S = [ Rme ™ dr

—oo

S (w) = TR*(T)ei“’T dr

—oo

]o R(-1)e'®" dt by (1)

—oo

j R(u)e "™ du, by putting u = -7

=S(w)

Hence, S(w) is a real function of @.

M It will be proved that S (@) = 0, in Worked Example 14).

5. The spectral density and the autocorrelation function of a real WSS
process form a Fourier consine transform pair.

Proof

S(w) = T R(t){coswt —isinwt}dt

—oo

=2 J R(t)coswt dt [since R(7) is even]

—oo
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= Fourier cosine transform of [2R(7)]

-
R(®) = — [ S(@)(costw + isintw)do
2w 7

1
= —j S(w)costwdw [since S(w) is even]
T
0

1
= Fourier inverse consine transform of [E S (CO)}

6. Wiener-Khinchine Theorem
If X (w) is the Fourier transform of the truncated random process defined
as

X(@) forltl<T

XA1 =
(0 {0 forlt1>T

where {X(7)} is a real WSS process with power spectral density function
S(w), then

S() = lim [%E{I X, (@) IZ}}
Proof

Given: Xp (@)= [ X (e ™ dr

—oo

T .
= j X(t)e ™ dt
-T

Since {X(¢)} is real
XA o) = X, (0)X; ()

T T

[ X@t)e ™ dry | X(t))e™ dr,
-T -T

T T )

[ | xa)xay)e™@ ™ ar, dr,
-T-T

T T

EX{(@)P = [ [ E{X(1)X(5;)}e "™ dr, dr,

-T-T

T T
= | [ R, —1)}e ™ drydr,  [since {X(n)} is WSS}
-T-T
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T T

= | [ o, —1,)dr, dr,. say (1)

-T-T
The double integral (1) is evaluated over the area of the square ABCD bounded
by t, =-T, T and t, = -T, T as shown in the figure.

b

b=T
D 2 c
t=T
t1 =-T Ol 4.| dTi‘i t
Y,
’ < /\{{&
//& A% x6
LS L
N e
P -
A -
tZ =_-T R ///
Fig. 6.2

We divide the area of the square into a number of strips like PORS, where PQ
is given by t;, —t, = Tand RS is given by ¢, — 1, = T+ dT.

When PQRS is at the initial position D, t; — t, = —27. When it is at the final
position B, t; — t, = 2T. Hence when 7 varies from —27 to 27, the area ABCD is
covered.

Now, dt, dt, = elemental area of the ¢,z,-plane
= area of PQRS (2)
t)p=t—Tand PB(=BQ)=T-(t-T7)=2T-1,if >0
=2T+1,ift<0
When 7> 0,
Area of PORS = APBQ — ARBS
1 2 1 2
==—QT -1y —=QT —7v—-drt
> ( ) 5 ( )
= (2T - 1) dt, omitting (d7)* (3)

From (2) and (3),
dr, dt, = (2T -Id) dt 4)
Using (4) in (1), we get,
2T
E{IX o)} = j o(1)2T—17l)dT

2T
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LE{IX ()} Tgb(r){l—m}dr
o7 T . 2T

T—oo

2T 2T
1 . L
- lim — E(1X; (@) F) = }grllf(r)dr lim — :Z[TIrId)(T)dr

= J ¢(7)dt [assuming that J. ITl¢(T)dT is bounded]

= j R(T)e ™ dt

—o0

[provided f I TIR(T)e ™" d7 is bounded]

—oo

= S(w), by definition of S(w)

@ This theorem provides an alternative method for finding S(@) for a WSS process.

Linear systems with random inputs: Mathematically, a system is a functional
relationship between the input x(¢) and the output y(7). Usually, this relationship
is written as y(f) = f[x(¢)], —o0 < t < oo,

If we assume that x(¢) represents a sample function of a random process {X(¢)},
the system produces an output or response y(f) and the ensemble of the output
functions forms a random process {Y(¢)}. The process {Y(#)} can be considered
as the output of the system or transformation ‘f* with {X(¢)} as the input, the
system is completely specified by the operator °f”.

We recall that X(¢) actually means X(s, f), where s € S (sample space). If the
system operates only on the variable ¢ treating s as a parameter, it is called a
deterministic system. If the system operates on both ¢ and s, it is called stochastic.
We shall consider only deterministic systems in our study.

Definitions: If fa,X(?) = a, X,()] = a,fIX,(®)] = a,f [X,(#)], then fis called a
linear system.

If Y(¢ + h) = f1X(¢ + h)], where Y(¢) = fIX(9)], fis called a time-invariant system
or X(#) and Y(¢) are said to form a time-invariant system.

If the output Y(#,) at a given time ¢ = ¢, depends only on X(¢#;) and not on
any other past or future values of X(#), then the system fis called a memoryless
system.

If the value of the output Y(?) at 7 = ¢, depends only on the past values of the
input X(), t < ¢}, i.e., Y(¢;) = f[X(9); t < t;], then the system is called a causal
system.
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System in the Form of Convolution

Very often in electrical systems, the output Y(¢) is expressed as a convolution
of the input X(¢) with a system weighting function h(t), i.e., the input—output
relationship will be of form

Y(t) = j h(u)X (¢ — u)du (1)

Unit Impulse Response of the System
Refer to the Note in Worked Example 7 of the previous section, in which we have
proved that

[ o8t - a)dr = g(a)

where &(¢ — a) is the unit impulse function at a.
If we take a = 0, we get

oo

[ o) 8(r)dr = 9(0) 2)
Put X(r) = &1 in (1)
Then Y(r) = ]f h(u)6(t — u)du

j h(t —u)o(u)du  (by the property of the convolution)

h(t - 0), by (2)
= h()
Thus, if the input of the system is the unit impulse function, then the output or

response is the system weighting function. Hence, the system weighting function
h(¢) will be hereafter called unit impulse response function.

Properties
1. If a system is such that its input X(¢) and its output Y(¢) are related by a

convolution integral, i.e., if Y(¢) = j h(u)X (t —u)du , then the system is a linear

—oo

time-invariant system.

Proof
Let X(0) = a,X, () + a,X(0)
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Then Y = | hla,X,(t —u)+a,X, (¢ — )] du

= alYl(t) + a2Y2(t)
Therefore, the system is linear. If X(¢) is replaced by X(t + h), then
[ hu) X(t+h—uydu = ¥(t + h)

—oo

Therefore, the system is time-invariant.

)

If h(2) is absolutely integrable, viz., J |};( t )| dt < oo, then the system is said to be

stable in the sense that every bounded input gives a bounded output.

In addition, if i(¢) = 0, when ¢ < 0, the system is said to be causal.

2. If the input to a time-invariant, stable linear system is a WSS process, the
output will also be a WSS process.

Proof

Y(r) = ]." h(u) X(t —u)du

T h(u) E{X(t —u)}du

—oo

E{Y(1)}

U, T h(u)du [since {X(r)} is WSS]

—oo

= a finite constant, independent of ¢

(since the system is stable)
R, (1, 1) = E{Y(1) Y(1p)}

E [ [ hu)h(uy) X(t, =) X (1, = ) duy duy

—o0—00

[ | huh(uy) R (1) =y, 1, — ) duy dusy

—o0—o00

[ | huh(uy) R [ty = 1) — (1, — )1 du, duy
T [since {X()} is WSS]

Since the RS is a function of (¢, — 1), so will be the LS. Therefore, R, (#;, 1,)
will be a function of (¢, — ,). Therefore, {Y(#)} is a WSS process.
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3.If {X(r)} is a WSS process and if

Y(r) = T h(u) X(t —u)du , then

—oo

(1) R,(D =R (D* h(-7) and

(i) R,(D) =R, (D* h(7), where * denotes convolution. Also
(i)  S,(®) =S, (WH* (w) and
(iv) S, =S (WH

Proof

Y1) = ]: X(t—a)hlo)da

—oo

X+ DY) = T Xt+1)X({t—o)h(o)do

—oo

E{(X(t+ DY} = [ E(X(t+1)X(t - o) }h(e)dex

—oo

= T R (t+o)h(a)da [since {X(?)} is WSS]

= [ R, (z-B)h(-P)dB (putting B =—0)
ie., R (1) =R (D)* h(-7) (D
Similarly, R, (7) =R, (D)* h(7) (1a)
Now, Y()Y(-1= [X(t-0)Y(t-1)h(e)da
 EYH)Yr-1)) = T R, (T- o)h(o)do
Assuming that {X(#)} and {Y(¢)} are jointly WSS
ie., R, (1) = R (D)* h(7) 2)
Taking Fourier transforms of (1) and (2), we get

S (@) =S, (0)H* () 3)

where H* (w) is the conjugate of H(w) and Sy (@) = S, (0)H(w) @
M Inserting (1) in (2), R, (T) = R (D)* h(T)*h(~T) )
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Inserting (3) in (4), Syy(a)) = IH(a))I2 S (o) (6)
However, alternative proofs for (5) and (6) are given in the following

properties.

4. If {X(£)} is a WSS process and if

Y() = Df h(u)X(t —u)du, then

—oo

Ry, (D) = R (D*K(D),

where K(®) = h(t)*h(-t) = T h(u)h(t + u)du

—oo

Proof

Y1) = Df Xw)h(t —u)du

—oo

Y Y(t— 1) = T X(w)h(t —u)du T X()(t — T —v)do

—oo —oo

—oo | —oo

= T {T Xw)X@)h(t —u) du:| h(t -7 —v)dv

R(7) = j{j Rxx(u—v)h(t—u)du}h(t—r—v)dv

—oo| —oo

[taking expectations on both sides]

In the inner integral, put u — v = —w, treating v and ¢ as parameters and also
change the order of integration.

oo

R(7) = T Rxx(—w){ [ e —o+wynt-7- v} dw

—oo

In the inner integral, put t — T— v = @, treating w, t and 7 as parameters.

—oo —oo

R,(7) = T Rxx(—w)[ T h(o) h(T +w + oc)da} dw

= [ R (-w)K(x +w)dw [by definition of K(7)]

—oo
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= [ R (B)K(z-B)dp (putting 8 = —w)

=R, (D*K(7)

5. The power spectral densities of the input processes in the system are connected
by the relation S),y(w) = IH(w)I2 S, (w), where H(w) is the Fourier transform of
unit impulse response function /(7).

Proof
By the previous property,
R,\(D) = R (D*K(3),

where K(t) = h(t)*h(—t)

Taking Fourier transform on both sides,

S,(@) = F{K(1)}S (@) ()
Let H(w) = F{h(1)}
= Djo h(t)e ™ dt (2)
H*(w) = T h(t)e™ dt
= T h(-s)e™" ds (putting s = —1)
= F{h(-0)} (3)
Now K(1) = h()*h(~t)
F{K(} = F{h(H)} F{h(-1)} (by convolution theorem)
= H(w)H*(w) [by (2) and (3)]
= Hw)? (4)

Inserting (4) in (1), we get
Syy(@) =1 Ho) S, (@)

Definition: H(w) is called the system function or the power transfer function. It is
the Fourier transform of the unit impulse response function of the system.
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Worked Example 6(C) ]

Example 1

The autocorrelation function of the random telegraph signal process is given by
R(7) = a’¢*™. Determine the power density spectrum of the random telegraph
signal.

S(w) = j R(T)e " dr

a* J e 7" (coswt —isinwr)dT

—oo

oo

2a° J e 7 coswrt dt
0

=3

2a%e "
=|—F 5 (-2ycos 0T + wsinwr
4y +w 0
_ 4y
T4yt +0?
Example 2
The autocorrelation function of the Poisson increment process is given by
A2 forltl>e
R(7) =
A2 +&(1 —m) forltl<e
€ €
Prove that its spectral density is given by
42sin’(w € /2
S(w) = 27A*S(w) +%
€ W
T 2 l I7l -0t T 2 _—iot
S = [ +2[1-—= |l dr+ [ A dr
e € € o

+_[ Al @t dr
€

A J (1 —mj e dr + J Are @ 4t
€

€

—oo

24 (1—£jcoszdT+F{/12}
€ €
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where F(A?) is the Fourier transform of A°.

ﬂ[(l—l) sinwt +1(—cosza)rﬂ +F(AY)
€ €] o e\ o

0

= 22—;L2(1—cosa)e)+F(/12)
€

. 2
_ 4/151:2((06026 12) +FOY) 0

The Fourier inverse transform of S(®) is given by
R(D) = F ' {S())

1= .
=— | S(w)e™ dw
2n_[° (@)

Let us now find R(7) corresponding to S() = 274> & @), where & o) is the unit
impulse function.

ie., R(7) = F {27 8(w)}

2mA? i
o __[05((1))6 do

A? | since T o(1)S(1)dr = ¢(0)

F(A) =21 2> & w) 2
Inserting (2) in (1) the required result is obtained.

Example 3

Find the power spectral density of a WSS process with autocorrelation function

tX‘L’Z

R(1)=¢€

S((D) — J' e—arze—ia)f dT

] o :
= f e dx, putting v/ o (T + ﬂj =x
o 200

—oo

N
- \/ge-wz“‘“ [since_T e dx = [%] =z }

oo



Random Processes 6.49

Example 4

A random process {X(#)} is given by X(f) = A cos pt + B sin pt, where A and B
are independent RV's such that E(A) = E(B) = 0 and E(A?) = E(B®) = ¢°. Find the
power spectral density of the process [refer to Problem 7 in Exercise 6(a)].

The autocorrelation function of the given process can be found as

R(7) = o’ cos pT

S(@ = [ o”cospre ™ dr (1)

—oo

Consider F! {n02[5(a) +p)+ dw-p)l}
= Lﬂ:c)'2 J [8(w+ p)+8(w—p)le™ dw
2r e

2

= %[e"’”’ +e'7) {since]: o(1)S(t —a)dt = d)(a)}

= 0% cos pT

F(0 cos pT) = no° [ + p) + &0 — p)] )
Using (2) in (1), we get,
S(w) = 7’ [ &+ p) + Ho - p)]

Example 5

If Y(1) = X(¢ + a) - X(¢ — a), prove that R, (7) =2 R,(7) - R, (T+ 2a) — R (T - 2a).
Hence, prove that Syy(a)) =4 sin’ a@ S (@)
[refer to Problem 28 in Exercise 6(b)].

R, (1) = 2R (1)-R (T+2a)-R (T-2a)

Taking Fourier transforms on both sides,

Syy(a)) = ZSxx (a)) - J Rxx (T + 2a)e_iw7 dT _ J Rxx (T _ 2a)€_indT

—oo —oo

=28, (@) - [ R, (e ™ du—e [ R (0)e™ dv

—oo —oo

(putting T+ 2a = u in the first integral and 7— 2a = v in the second integral)
ie., Spy(@) =2 8, (@) — {*+ e} S, ()
=2(1 —cos 2aw) S, (W)

=4sin’ aw S, ()
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Example 6

If the process {X(7)} is defined as X(¢) = Y(¢) Z(t), where {Y(r)} and {Z(¢)} are
independent WSS processes, prove that
(@) R (D=R, (DR, (7) and

[ =
b) S (@)= E,Lsyy(a)sa(w - a)da

[refer to Problem 29(ii) in Exercise 6(b) for part (i)].
Sw(@) =F{ R (D)} =F{ R,(7) R(7) } (1)

Consider ~ F' { [, @)s..(0 —a)da}

1 %% .
= [ [5,@S. (0-0)e” dodo

—oo—

Putting o =y and @ — o = z, we get (from calculus)
o, o
o, o,

10
dodw= dydz=‘1 1dydz

F! { T S (@)S_.(0—a) d(x}
| =
= EL

1 iy R i
=3 [ So ey [ 5.6 &z

—oo

[ 8,8 (2) e dydz

= F(S,(0) x 27F ' {S_ (o))
=27R, () R (1)

[ =
FIR, (DR (D} = —— [ 8, (@S (0-a)da )

Using (2) in (1), we get S, () in the required form.

Example 7

If the power spectral density of a WSS process is given by
b
—(a-lol), lwl<a
S(w) = a( )

0, lol>a
find the autocorrelation function of the process.
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The autocorrelation function R(7) is given by
R(D) = F7{S(w)}

1 < )
=— | S(w)e™do
27:7[0 (@)

1 $b .
=— | Z“(a-lohe™ dw
27r_'[a( )

a

= lJ- é(a —w)cos 7w dw

Ty, a
. a
b SINT®W COSTW
= —<(a—w) - 3
Ta T T 0
= 3 (1—-cosar)
rat
2
sina 2
_ab 2
2r T
a—

Example 8

The power spectrum of a WSS process {X(#)} is given by S(®) = -
)
Find its autocorrelation function R(7) and average power.
1 T 1 iTw
RD)=— | ——=-€¢"do (1)
2r °_(1+ o)
The integral in (1) is evaluated by contour integration technique as given
below.
eiaz
Consider J 5 dz, where C is the closed contour consisting of the real
C Z
axis from —R to +R and the upper half of the circle Izl = R.

y
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The only singularity of the integrand lying within C is the double pole z = i.

. 1 d eiaz —l
R d o= | —d—_— - —a
(Residue), _, Ill:dz{(zﬂ')z}]’__ 2 (1+a)e

Using Cauchy’s residue theorem, taking limits as R — oo and using Jorden’s
lemma, we get
Tl T
———dx==(1+a)e”* 2)
J (1+x*y? 2

—oo

Using (2) in (1),
R(7D) = i(l+r)e"

Average power of
{X(7)} = R(0) =0.25.

Example 9

The power spectral density function of a zero mean WSS process {X(7)} is given
by

L, lol<a,

0, elsewhere

S(w) = {

Find R(7) and show also that X(7) and X (t + LJ are uncorrelated.
@y

1% .
R(t)=— | S(w)e™ dw
(7) ML (@)

1‘0()

27

—

1 eim) “o
2w\ it
-y

I .
= —sinw,T
T

E{X[Hl X(r)} - R(l}Lsm
w, w,) nt

Since the mean of the process is zero,

C{X(z‘+l X(t)} = E{X(t+iJX(t)}=0
@, ,

eirw do
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Therefore, X(f) and X (t + lj are uncorrelated.
00

Example 10

!
The short-time moving average of a process {X(¢)} is defined as Y(¢) = % J X(s)ds.
t=T
Prove that X(#) and Y(¢) are related by means of a convolution type integral. Find
the unit impulse response of the system also.

1 t
Y0 = — [ X(x)ds (D)
T t=T
Putting s = # — u and treating t as a parameter, (1) becomes
1 T
Y(6) = —[ X(t - uydu )
Ty
Let us define the unit impulse response of the system as follows:
1
—, for0<¢t<T
ht)=3T

0, otherwise
Then (2) can be expressed as

Y(r) = Df hu)X(t —u) du

—oo

which is a convolution type integral.

Example 11
If the input x(¢) and the output y(f) are connected by the differential equation
dy(¢ .
T%)+ y(t) = x(#), prove that they can be related by means of a convolution

type integral. Assume that x(#) and y(¢) are zero for ¢ < 0.

The given differential equation y’(¢) +l y(t) = lx(z‘) is a linear equation.
Its solution is r r

1
e = J‘?x(u) & du+ e

) 1

ie., y&) = — | x@w) e "' du+c
-

Since ¥(0) =0,

t
y(t) = %'[x(u) e T gy
0
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(or) ¥ = %{x(r e du (1)

Given:
x(1)=0,fort<0
x(t—u)=0,fort<u
.. (1) can be written as

1%
Y0 = —[x(t-uye™" du )
Ty
Now, if we define
L ur
—e ", fort=0
h(t)y=<T

0, otherwise
(2) can be rewritten as

() = T h(1)x(t —u)du

Hence, the result.

Example 12

X(1) is the input voltage to a circuit (system) and Y(¢) is the output voltage. { X(#)}
is a stationary random process with i1, =0 and R (7) = ¢ Find My, S, (@) and
R, (1), if the power transfer function is

R

H(w) =
(@) R+iLw

Y0 = [ he)X(t-a) dot

—oo

]: h()E{X(t —o)}do

0 [since E{X(t— )} =, =0]

E{Y(n)}

So(@ = [ R (e dr

0 -
J eX e dr + J.e_me_’m dt
oo 0

. 0 ) o
e(a—zw)t e—(oc+za))‘r

. + .
o—io | —(a+im) o
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1 1 2o
= =+ =
a—-iwo o+io o +o’
2
Now, S,,(®) = S, (@) = H(o)
200 R?

= X
o’ +0* R*+ 10’

{QaR* | (R* -*a?))} {2aR* /(o> —R* 1 [*))}
+
o+’ R® +[*0?

R 2
20| — 2 2
L 1 200R° /L 1
X + X

R\ ) o + > . (R 2 R\ )
—| —« a —|— —| +o
L L L
1 1
=A——5+u 2 > Say
o +w R e
— (0]
L
A o iTw u ei‘m)
R (7)) = — do+-— dw
yy( ) 2 _J; a2 + COZ 2T _J;(R)Z )
—| +o
L
We can prove that, by contour integration technique,
° eiaz
I - dz = E.e_“”;a>0
S, +b
Using (2) in (1),
E . G g
L —oltl L \r I
R(D=——F—¢ "+

BE)

)

2)

Example 13

1+e

1
Given that Y (7) =2— J X(a)do, where {X(7)} is a WSS process, prove that
€

1—€
)
sin” € ®
Syy(a)) = ?Sﬁ (w) -
€ W
Hence, find the relation between R, (7) and R, (7).

Putting ox =t — u, we get Y(z‘)=L J. X(t—u)du.
2e -
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If we define h(¢) as follows:

L, forltI<e
h(hh=42¢€

0, forltl>e

then Y(r) = j h(u) X(t — u) du

S,y (@) = IH(@) S, (), where
H(w) = F{h(1)}

€

_ J.Le_’m df = sin € @
J.2e 0]
.2
. w
ie., Sy(@=""S23 (o)
(e w)

.2
-1 sm- e
Ry(D=F I{Tsm(w)}
€ W

.2
_1|sin“ ew
€ w
We can prove that
[Tl
1-— iflr1<2
if R(7) = 2€ 1 c
0 ifltl>2¢
)
then S(w) = 26)(% [refer to Problem 35 in Exercise 6(c)]
€ w
1 Il
in’ —|1-—— ifltlL2e
Fl(%] = 26( 26) )
€ W
0 ifltl>2¢€
Using (2) in (1),

L (0 lul
Ry(0 = —— | (1_E) R, (t—u)du

Example 14

Property (4) of power spectral density. Prove that the spectral density of any
WSS process is non-negative, i.e. S(w) = 0.

€ €
If possible, let S(w) < 0 at = w,. That s, let S(w) <0in @, — 2 <<, + EX

where € is very small. Let us assume that the system function of the convolution
type linear system is
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M In this case, the system is called a narrow band filter.

1 a)—E<a)<w +E
Hwo)=1" " 2 L)

0, elsewhere

Now,

S,y (@) = H(o) S, (o)

€ €
S (), o, —5<a)<wo +5

0, elsewhere
E{Y’(0} =R,(0)

1=
E:[OSW (CO) dw

w0+§
1
— S (w)dw
2n JE (@)

Wy ——
0 )

€
—S.. (@
o xx( 0)

[since S, (@) can be considered a constant S,,(®,), as the band is narrow]
Since E{ Yz(t)} 20, S, (w) =0, which is contrary to our initial assumption.
Therefore, S, (w) = 0, everywhere, since w = @, is arbitrary.

Part-A
1.

A

10.

Exercise 6(C)

(Short-answer Questions)
Define the power spectral density (PSD) function of a stationary process.
Express each of ACF and PSD of a stationary process in terms of the other.
Write down the Wiener-Khinchine relations.
Define the cross PSD of the random processes {X(#)} and {Y(¢)}.
State any 2 properties of the PSD function of a stationary process.
What is average power of a WSS process {X(#)} and express it in terms
of the PSDF of the process.
Find the mean-square value (or the average power) of the process { X(?)},

if its ACF is given by R(7) = ¢ * /2.

Prove that the PSDF of a real stationary process is an even function.
Prove that the PSDF of a real or complex stationary process is a real
function of @.

Prove that the PSDF of a real WSS process is twice the Fourier cosine
transform of its ACF.
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11.

12.
13.

14.
15.
16.

17.
18.
19.
20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

Prove that the ACF of a real WSS process is half the Fourier inverse
cosine transform of its PSDF.

Find the PSD function of a stationary process whose ACF is e,
Find the ACF of a stationary process whose PSDF is given by

o’ for lol<1
S(w) =
0, for lwl>1

State Wiener-Khinchine theorem.

What is the use of Wiener-Khinchine theorem?

What do you mean by a system? When is it called (i) a deterministic
system, and (ii) a stochastic system?

Define a system. When is it called a linear system?

Define a system. When is it called a time-invariant system?

Define a system. When is it called a memoryless system?

Define a system. When is it called a causal system?

Define system weighting function.

1 T
Ifasystemisdefinedas Y (¢) = FJ.X (t —u) du , findits weighting function.
0
What is unit impulse response of a system? Why is it called so?

If the input X(f) of the system Y(r) = jh(u)X(t —u)du is the unit
impulse function, prove that Y(¢) = h(?). -

t+c
Express Y(f) = — J. X(ax)da as a convolution type of linear system

t—c

and hence find the unit impulse response of the system.

1=
If a system is defined as Y(t)=? j X(t—u)e™7 du, find its unit

impulse response.

o

Prove that the system Y () = J h(u) X(t —u) du is alinear time-invariant

system.

When is the system Y (¢) = '[ h(u) X(t —u) du said to be stable?

If {X(r)} and {Y(¥)} in the system Y ()= ]? h(u) X(t —u) du are WSS

processes, how are their ACF’s related?
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30.

31.

32.

Part-B
33.

34.

35.

36.

37.

38.

39.

40.

oo

If the input and output of the system Y(¢) = J. h(u) X(t —u) du are WSS
processes, how are their PSDF’s related? )
Define the power transfer function (or system function) of the system
Y0 = [ hu)X(t-u)du.
If the system function of a convolution type of linear system is given by

1

—,for Itl1<¢
h(t) = 4 2¢

0, for [t1>c
Find the relation between PSDF’s of the input and output processes.
Calculate the power spectral density of a stationary random process for
which the autocorrelation is R, (7) = e,
If the autocorrelation function of a WSS process is R(T) = pe "', show
that its spectral density is given by S(w) = 5

w
. U
P
Find the power spectral density of the random binary transmission
process whose autocorrelation function is
7]

1-—, forltI<T
R(7) = T

0, for elsewhere
Find the power spectral density of the random process {X(¢)}, if E{X(?)}
=landR (1) =1+¢ ™"
If {X(#)} is a constant random process with R(7) = m” for all 7, where
m is a constant, show that the spectral density of the process is S(®) =
2mm> & w).
Find the power spectral density of the random process whose
autocorrelation function is R(7) = e cos ®,T .
Find the power spectral density of the random process if its autocorrelation

—olt

function is R(7) = ¢™™" cos fr.

For the process {X(f)}, where X(1)=Y (A, cosp;t+ B;sinp,;t), where
i=1

A, and B, are uncorrelated RVs with mean zero and variance 6%, show

that the autocorrelation function is given by R(7) = Z o ,2 cosp;T . Prove

i=1
also, that the power spectrum for this process is given by
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41.

42.

43.

44,

45.

46.

47.

S(w) = ©Y,0.[8(@-p;)+ 5@+ p,)]
i=1

(Hint: Refer to Worked Example 4 in Section 6(c)).

(i) For the process {X(#)}, where X(¥) = a cos(bt + Y), where Y is
uniformly distributed over (-7, 7) find the autocorrelation function
and the spectral density.

(i) For the process {X(#)}, where X(¢) = a sin (bt + Y), where Y is
uniformly distributed over (0, 27), find the autocorrelation function
and the spectral density.

Find the autocorrelation function of the process {X(¢)}, for which the

power spectral density is given by

2 <
S() = 1+w*, forlwl<1
0, forlol>1

Find the average power of the random process {X(f)}, if its power
spectral density is given by

_ 100* +35
(@ + (0 +9)

(i) using S(w) directly, and
(i) using the autocorrelation function R(7).

S(w)

1=
[Hint: Average power = 2— J- S(w)dw or R(0).]
ﬂ —oo

Find the autocorrelation function of the random process { X(#)} for which
the power spectral density is given by

(i) S() = 276(@) + —-2— and (i) S(0) =
o+

o’ +4

{X(#)} is a stationary random process with spectral density function
S, (w) and {Y(#)} is another independent random process where Y(f) =
A cos (w,t + 6), where O1is a RV uniformly distributed over (-, 7). Find
the spectral density function of {Z(¢)}, where Z(¢) = X(¢) Y(¢).

If {Y(r)} is the moving time average of {X(¢)} over {t—T, t + T}, express
S,,(®) in terms of S..(w). Hence, find the autocorrelation function of
{Y(5)} in terms of that of {X(¢)}.

X(?) is the input voltage to a circuit and Y(¢) is the output voltage. {X(¢)}
is a stationary random process with 1, = 0 and R, (7) = ¢, Find U,

Syy(a)) and Ryy(r), if the system function is given by H(w) = R
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ANSWERS

Exercise 6(A)

4,

10.

11.

12.
13.

17.
19.

22.
23.
32.

35.

36.
37.
38.
39.
40.
41.
42.

44.

45.
46.
47.
49.
50.

(1) When s is fixed, X(s, f) is a time function. (ii) When t is fixed, X(s, 1)

isaRV.

The jpdf’s and the joint distribution functions of the member functions

of the random process are used to describe it. The first- and second-order

distribution functions, namely, F(x, ) = P{X(¢) < x} and F(x, x,; t}, t,)

= P{X(t)) < x;; X(t,) < x,} are primarily used to describe the random

process {X(#)}.

(i) Markov process (ii) Process with independent increments and

(iii) Stationary process.

Poisson process and Wiener process.

If X(#) is a representative member function of the random process {X(?)},

E{X(#)} and Var{X(¢)} are called the mean and variance of the process.

No. Their definitions are entirely different.

Two processes {X(f)} and {Y(#)} are said to be orthogonal, if E{X(#,)

Y(5)) = 0.

Bernoulli’s process.

A k™-order stationary process becomes a SSS process when k —> co.

Poisson process.
1

Txo @)= N2mot
Var{X(®)} = ot.
No
Yes, it is a WSS process.
P+qt;07 + p* + (1 +1,)pg +11,(05 +4¢7 )07 +1,1,03; No.
E{X(®)}=0; R(t}, t,) = 1/2 cos a(t; — 1,)
E{X(©)} =0;R(t;, t,) =2 cos (t; — t,)
R(t,, 1,) = (A%/2) cos a(t, —1,)
E{X(t)} = 0; E{X*(1)} = 1/2; No
E{X(®)}=t+1/2sint;whent=0.25, F(x)=0,if x < i,z 1 if 1 <x< 1
| 27 22 2
and=1,if —<x;whent=0.5,
2
Fx)=0,ifx<land=1,ifx>1; whent=1,
F(x)=0,ifx<0,=1/2,if0<x<2and =1, if x > 2.
E(X()} = 0; R(t), 1) = & cos (1, — 1)
EQ)=0; E)=0
E{Z} = E{w} = 3; Var(z) = Var(w) = 13; cov (z, w) = 2.195.
R,\(t), 1) =sin (#) + 1)
R,(t}, 1)) =50 sin 10 (1, - 1)

P E(X (1) = 0;
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4
5. R(t,ty)= %{2+cos2w(rl —1,)}
52 ¢((l)) — e—ocm)zlz
53. R (D= R, (7) and R (-1)=-R,(1); R, (D =
R (7) cos 0T+ R (7) sin @7 (or) R, (T) cos wT— y(’r) sin Ot

Exercise 6(B)
5. No, it is true only when the stationary process does not contain periodic
components.
25+36/7°
6. wl=lim| —— |=4pu =2
H Hw[azs +4/7° J H

7. E{X*()} =R(0)=9;
Var (X(1)} = E{(X’()} - EX{X()} =
8. E(X(n) = N2 E{X*(1)}=6; Var(X(1)} =4
9. E{X(®)}=4; E{X*(t)} =25; Var{X()} =9
1. Ry(D)=EX®)}Y(-1]=
12. Ry(D) = E[X(0)}Y(r - D] = E[X(1)] E[Y(t - D] = 1,

T
13. E{X(} =Y xp; or [ xf(x)dv: X, =% j X(t) dt

Ry

14. The ensemble average is given by E{X(¥)} = Zx p; or J xf(x)dx; the

X
time average is given by X = 2— j X(t)dt. To compute E{X(1)}, we

should know the probability dlstrlbutlon or density function of X(¢);
To compute X , it is enough we know a single sample function of the
process.

16. Stationary of a random process is the property of the process by which
certain probability distributions or averages do not depend on ¢.
Ergodicity of a random process is the property by which almost every
member of the process exhibits the same statistical behaviour as the
whole process. Ergodicity is a stronger condition than stationarity and
hence all stationary processes are not ergodic.

T
20. (i) Jim (Var(X;) =0 where X; =% [ x(dt
-T

T T

(ii) lim —2 | [ .rdyd, (=0

-T-T
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lim {Var(X,)}#0
T—oo

T
21, No; Xp= —— | X dr = X; Var(X;) = Var(X) # 0;
2T 2,
22. Random binary transmission process.
- 17 171
23. Var(X,)=—| C(t)31——1rdrt;
(Xp=— ! ( ){ ZT}
1% 17
lim | | C(r){l—i}dr =0
T—oe| T o 2T
26. +£2,9,5
27. Ry(t,, 1) =R(t; + a, ty+a) - R(t; + a, t,)
—R(t, t,+a)+ R, 1)
29. () a’+b* R (D) + Ry(D)
(ii) @® R\ (D) - R,(D)
31, 80;5(e +19)
5
32, V10:4e 0 du+de - 14
4
33. 2;20(10 ™' - 9)
1 1 4T
34. ————(1—e ;Yes
2AT  8A’T? ( )
35. L;12(1+¢€?)
—2aT
36, A _U=e™7)
oT 20T
40. Random binary transmission process.
Exercise 6(C)
6. Average power of {X(¢9)} = E {Xz(t)} = R(0);
2 T 1 T
E{X’()) = [ S(Hdf or— [ S(@)do
— oo 27[ —o0
7. E{X*()}=R0)=1
12. S(w)= | e dr=2|e " coswrdr =
_'L '([ 1+ o’
Lj‘a)z cos T do _1(sint + 2cosT  2sint
13. R(7)= e ’ T\ 72 ]
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21.

22.

23.

25.

26.

29.

30.

32.

33.

If the output Y(#) of a system is expressed as the convolution of the input

X(?) and a function h(r), i.e., Y(¢) = J h(u) X(t —u) du , then h(r) is called

—oo

the system weighting function.
1
—, 0<t<T
hH=3T
0, elsewhere

o

If a system is of the form Y(¢) = J h(u) X(t —u) du , then the system

—oo

weighting function A(?) is also called unit impulse response of the system.
It is called so because the response (output) Y(¢) will be A(t), when the
input X(¢) = the unit impulse function §(7).

Put o=t —u. Then

Y(t) = j ZicX(z—u) du

= T h(u) X(t —u) du

1

—.,in [tl<c
h(t) = § 2¢

0, in lItl>c

1 _
—e" fort=0

h(t)y=1T
0, elsewhere
R,\(7) = R (D*h(7),

where R (7) = R (D*h(-7)
(0n)  R,,(7) = Ry(D*h(2y*h(~D)
Sy(@) = IH( oo)l2 S, (w), where H(®) is the Fourier transform of A(f)

c 1 . 1
H(w) = J‘_e—zwl dr = M; S (w)= |H(0))|2 S (@)
2 2c cw ?

-2
sin” co

Syl®) = ———5,,(®)
c‘w

20
o+’
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35.

36.

38.

39.

41.

42.

43.

44,

45.

46.

47.

4sin® (sz)/Ta)z

200

o* + o’

T _ 2 ol N2
f@ (e (@+wg) /4 4 (=) /4a}
o

a
o + (- ) +a2+(w+ﬂ)2
2 2

(i) and (i) < cosbr; ™%
2 2

216(w) +

[8(w—b)+ (0 +b)]

[P ,
—[t7sinT+TcosT —sinT]

T

11 1 1
R(7) = 3673'7' - Zefzm ; Average power = é
(i) 1+

o1
(i1) ge_'“ (cosT+sinlTl)

2

AT{Sm(a)—wc)+Sm(a)+a)c)}

.2
_ sin” @T .
Snl®) = =5 53 Su(@):

1 2T
R (7)) = — 1—M R (t-0o)da
2T 5\ 2T

1

;W,S(Hmﬂ)ﬂ”'
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Special Random
Processes

approximated by a special class of random process, namely Gaussian

random process. A number of processes such as the Wiener process
and the shot-noise process can be approximated, as per central limit theorem, by
a Gaussian process. Moreover the output of a linear system in which the input is
a weighted sum of a large number of independent samples of a random process
tends to approach a Gaussian process. Gaussian processes play an important
role in the theory and analysis of random phenomena, because they are good
approximations to the observations, and multivariate Gaussian distributions are
analytically simple.

One of the most important uses of the Gaussian process is to model and
analyse the effects of thermal noise in electronic circuits used in communication
systems. Individual circuits contain resistors, inductors and capacitors as well
as semiconductor devices. The resistors and semiconductor elements contain
charged particles (free electrons) subjected to random motion due to thermal
energy. The random motion of charged particles causes fluctuations in the current
waveforms or information bearing signals that flow through these components.
These fluctuations are called thermal noise, which are of sufficient strength to
disturb a weak signal and to make the recognition of signals a difficult task.
Models of thermal noise are used to identify and minimise the effects of noise in
signal recognition.

M any random phenomena in physical problems including ‘noise’ are well

Definition of a Gaussian Process

A real-valued random process {X(f)} is called a Gaussian process or normal
process, if the random variables X(z,), X(t,), ..., X(t,) are jointly normal for every
n=1,2, ... and for any set of #;’s.



7.2 Probability, Statistics and Random Processes

The nth order density of a Gaussian process is given by flx, x,, ..., X,;; t}, t,,

t,)

> X |A|,, (g = p) (x; —
j=1

n/2 |A|1/2 [ 2|A| =

where ;= E{X,(;)} and A is the nth order square matrix (/l ), where /l C{X(,),
X(#)} and IAl; = cofactor of A in Al (1)

ean and co-variances (variances).

@ Gaussian process is completely specified by the first- and second-order moments, viz.,
Z

W hen we consider the first-order density of a Gaussian process,
A = (L) = [Cor{(X(ty), X(t,)}]
= [Var {X(n)}] = (07)
Al =0/ and |A|, =1

Soep 1) = exp{—(x,— 1, )° /207 }

7
o,(2r)

OISR  117hen e consider the second-order density of a Gaussian process,

2
_ (2'77 )“72]_ o, 11207 0,
Ay M) \r,0,0, o

2_2 2
0,0, (1—7), wherer;, =ry =7

A

2
A A|72 —r0,0,, A|27 —70,0;, A|22 =0;

62,

1

2 2
—  op|—————— {0l (x, - L
270, 0,41 -7 XZ{ 207 05 (1-r°) 2 (3 d)

Sy x50 1, 1) =

—2r0,0,(x, = ;) (x, = )+ O} (x, _#2)2}

1
ie, flxp Xytyt) = T &P
2W0,0,4/1 =7

{_ ! {(Xi_.ui)z_ZV(XI_.ui)(Xz_.uz)+(X2—,LL2)2}:|
o;

2(1-+7) o, 0, o’

which we have made use of in many problems earlier.
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Properties
1. If a Gaussian process is wide-sense stationary, it is also strict-sense stationary.
Proof
The nth order density of a Gaussian process is given by fix;, X, ..., X,; 1}, p, ..., 1))
1 n n
= exp| - ALy G, = 1) (e = 1)
Qr)"? IAI7? 2IAI§‘1 J.z;l A A

where u; = E(X(t;) and A is the nth order square matrix (/'Ll-j), Lj=1,2,..,n,
where ;= C{X(1,), X(t,)} and |Al; is the cofactor of 4, in IAl.

If the Gaussian process is WSS, then ll-j =C{X(,), X(tj)} = a function of (¢, - 1)
for all i and j.

Therefore, the nth order densities of {X(¢)), X(¢,), ..., X(¢,)} and {X(¢;, + h),
X(t, + h), ..., X(t, + h) are identical.

Therefore, the Gaussian process is a SSS process.

2. If the member functions of a Gaussian process are uncorrelated, then they are
independent.
Proof

Consider n member functions X(t,), X(#,), ..., X(t,) of the Gaussian process
{X(n}.

Since the members are uncorrelated,
C{X(t), X(t)} = A;=0,  fori#j
=0/, fori=j
Therefore, [A] is a diagonal matrix with terms in the principal diagonal equal
to 67,
Al=0,>0,"...0,% IAl;= 00, ... 0";_, 01, .. O,
IAl; =0, for i #j

Hence, the nth order density function of the Gaussian process becomes f(x|,
Xy oy X3 bys byy ooy 1)

= n
Q2n)""* 0,0, -+

S wewrnd I wm-wrndd |
o, N2z o, 21

1 e_(X” —,u,,)Z/ZG,E
o, \2n

= flxy, 1) flxg, 1) - flx,, 1)
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ie., X(t)), X(t,), ..., X(t,) are independent.

3. If the input {X(#)} of a linear system is a Gaussian process, the output will also
be a Gaussian process.

Proof
Let {Y(?)} be the output process.

Then Y(t) = J.X(t—u) h(u) du (or) j h(t — u) X (u) du

= Zn“]{h(t—uj)Au} X(uj),asn—>oo
i=

Consider the n sample functions of the input process {X(#)}. Let them be X(z)),
X)), ..., X(t).
Let the corresponding output sample functions be ¥(¢)), Y(¢,), ..., Y(z,).

n

Y(t) = D, {h(t; —u;) Au} X(u;) in the limit

j=1
ie., Y, = zh,-j X;, say,wherei=1,2,...,n (1)
j=1
vi= Dby xp, i=1,2, .0 (1a)
j=1
N1 by hyooee by )X
. Ya | _ by hy o hy, |l X,
1.€., N : : : : :
yn hnl hn2 hnn 'xn
i.e., Y = HX, say

E(Y)= HEX) (o) ly = Huy

TvOV1s Yas «oes ) = Wy, Xy ooy X fXs Xgs ooy X))
where IJ(x, x,, ..., x,) = (¥}, Vs -+ ynlf1

Now, J(y;, ¥ ... ¥

MWW,
axl axz axn 11 12 1n
_| : . . . by hy o hy, —1HI
Wy Wy | |,
axl ax2 axn nl n2 nn
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)
Since L=l (i, j=12.n)  [from (1)]
axj

fY(yl’yZ’ '”’yn) =

1
— X5 Xgy ooy X,
i X O )
~ 1
|HI2r)"* 1A, Ehe

C2IA, @E oy (% = ) = 1) | (2)

where A, is the square matrix whose elements are the covariance functions of
{X()}, viz.

‘i Cln
C C C
21 22 2n
A, = :
Cn] Cn2 t Cnn

where ¢; = C{X(1), X(1))}.
If we express the RS of (2) in matrix form, then f, (¥, ¥, ..., ¥,,)

1 1 - 1=
= Q)" IHIIA 72 exXp |:_E(X _‘L‘)?)T Axl X _:uxi|
1 1 = B _ 1= 1=
= ony P imia e P {‘E(H Y -H" pp)" A (HTY -H ‘un}
1 1 = o
= o T HIAT exp[—E{H Y =) AL (H 1(Y—uy)}}
= ! X
C Q)" IHIA M P
1 — _
[—5 Y — ) (HDH YA HY(Y - uy)} 3)
Now, let  C'; = C{Y(r), Y(1)}
_C{ i J}

= E[{Y, - E(Y)} {Y; - E(Y))}]

{21@, (X, E(X)Zhﬁ(x - E(X, )] [by (1)]

r=1

z zhzr is Crs

r=1 s=1

Therefore, Ay=H A, H', where A, is the covariance matrix of the { ¥(z)} process.
- -1 — (HT)—l A_x_l H—] (4)
and A, = HP 1A, (5)
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Using (4) and (5) in (3), we get

1 1 = T A-l (7
01 Yo s ¥0) = Wexp[—gw —Hp) Ay (Y —uy)}
which is the nth order density function of a Gaussian process.

Therefore, the output process { Y(#)} is a Gaussian process.

This property can be interpreted as follows:

Since Y ()= z {h(1— %j-)A%} X(%]- ), Y(t) is a linear combination of X(u/) 5.
j=t '
Since each X(uy) follows a normal distribution, Y (2) also follows a normal distribution.

Processes Depending on a Stationary Gaussian
Process

1. Square-Law Detector Process

If {X(#)} is a zero mean stationary Gaussian process and if Y(f) = X*(f), then
{Y(#)} is called a square-law detector process.

E{Y(0)} = E{X(t) = Var{X(D} = R,,(0)
R,(1, 1) = E{Y(t)) Y(1,)}
= E{X*(t)) X’(1y)
= E{X*(1))} E{X*(t)} + 2E,{X(1y) X(1y))
[since when X and Y are joint normal]

E(X*Y?) = E(X?) E(Y?) + 2EX(XY) (refer to Chapter 4)
= RZM ) + 2R2XX( 7) [since X(¢) is stationary]
Since the RS is function of 7, LS is also a function of T=1, —1,.
ie, R, (7) = R (0) + 2R’ ,(7)

Therefore, {Y(¢)} is also a stationary process (at least in the wide-sense).
We note that E{Y(1) = R,,(0) = 3R ,(0)
Var{¥(1)} = 2R* (0) and C, (1) = 2R (1)
Power spectral density of {Y()} is given by

S,(@) = [ {RL(0)+2R}, (D)} ™™ dz
=27k, (0) () + 2F{R (D) R (D)) (1)
[since F' {27mm* &w)} = m?]
Consider F™! {s(w) * s(w)}

_ L j j s(w — o) s(o0) €™ dor dew 2)
2

—o00 —oo
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Putw-oa=fand o=y
ie,o=08+y o=y
Then from calculus,

90w
dodo= 9p Iy dBdy =dpdy 3)
da  da
af dy
Using (3) in (2),
F'{s(0) * s(w)} = L T Ts(ﬁ) s(y) €T P dB dy
2 - 7
1 T i 1 T iT
= 27‘65__Ls(ﬂ)e B dﬁg:[os(y)e 7 dy
= 27R(7)R(7) 4)
Using (4) in (1),

S,,(@) = 27R%, (0) §(o) + L s (@*s. (@
T

Two Important Results

We now consider two important results which will be used in the discussion of

other processes depending on stationary Gaussian process, that will follow.
(i) If X and Y are two normal RVs with zero means, variances ¢,> and o,
and correlation coefficient r, then the probability that they are of the

. I 1 . _ o .
same sign = 5 +—sin™" (r) and the probability that they are of opposite
b4

signs = l - i sin™! (r).
2 r

The joint density function of (X, Y) is

1 1 x? 2rxy y2
ot - o - e 2
2r 0, 0'2\/1—}’2 20-r%) o7 0,0, o)

If we put U :% and V =Y, then by the usual procedure, we can find

that the joint pdf of (U, V) is

exp
210, 0, \/1 —r?

1 u’ 2ru 1],
——— %\ 2 '|‘—2 0 |U| (—°°<I/£,U<°°)
201-r") |0y 0,0, o0,
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The pdf of U is simply the marginal pdf, given by

1 T 1 u 2ru 1],
fyu) = —————|exp ——{—— +—}v vdo
TG, Oyl -1 '([ 20-r*) |of 00, o)

which is a Cauchy’s distribution.
Now, P{X and Y are of the same sign}

P(£>OJ=P(U>O)
Y

_«/1—1*2]7 du
616y o(u r ’ 1-77
— |+
0, 0,

J1-r? ]-° dz u r

- putting z=———

To, 5 12 o, 0
-— 2
o, 7~ + 2

T r
T2 N
1 1 .
= —+4+—sin_ (r

> (r)

Similarly, P{X and Y are of opposite signs}
X

P(7< 0) =PU<0)

1 1 . _

———sin™ (r)

2

(i1) If X and Y are two normal random variables with zero means, variances

. . 2
0’12 and 622 and correlation coefficient r, then E{IXY1} = — 0, 0, (cos &
n

+ o sin @), where sin o = r.
We make use of a theorem, called Price’s theorem, which we state next
without proof:
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If X and Y are two normal RVs as described above, then
n P o(X,Y)
aC" oXx" aY"
is the covariance of X and Y.
If we take g(X, Y) =1XYl and n = 1, then Price’s theorem gives

E[g(X,Y)]=E{ } where C = C(X, Y)

2
9 pxy—pl @Y [dix1di .
aC BXE)Y dX dYy
diX| 1 if X>0
Now, — =
dX -1 if X<0
dlyl 1 if Y>0
and - - .
dy -1 if Y<0

Ay =i Xso
ay Y

-1 it X<o
Y
L vt CixpdXsol o1k plX <o
ax ay Y Y

11 . | R
=|—+—smn r|—|—-——sln r
2 2

[by the previous result (i)]

= zsinf1 (r)
T
= zsinf1 ( ¢ J 2)
b3 0, 0,
Using (2) in (1), we get,
0 2 . C
— E{lIXY|} = —sin
oC 4 0, 0,

Integrating both sides with respect to C, between 0 and C,

2¢. ., ( ¢C
E{IXY1} = E{IXY}c_o+ = [sin” ac 3
Ty o, 0,
When C =0, X and Y are uncorrelated.
E{IXY1} = E{IXI}E{IY1}
T 1 —-x? 126} T 1 21203
= ||x e dx | |y e’ "% dy
,J;,| | o, N2 ,‘U | 0, \2n
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o e
T ! T 2

2
ie, E{IXYI},_y= —0, 0, “4)
T
Using (4) in (3), we get,
2 2 < 1
E{IXY)} == 0, 0, +=| Csin™ - dc
T Vg 0,0, | ’ 0, 0,
0'1 0'2

C
0

2 2 2
— 0, cr2+—csin_1 (r)+—( o} o; _CZ)
T T T

%O’l o, (rsin‘1 r+\/ﬁ)

2 . . .
— 0, 0, (cos a+ o sin (), putting r = sin &
/4

2. Full-Wave Linear Detector Process
If {X(f)} is a zero mean stationary Gaussian process and if Y(r) = IX(¢)l, then
{Y(r)} is called a full-wave linear detector process.

E{Y(n} = E{IX()I}

= |
J1Xl—— e @
o271

i\/zofxe—xz/zoz dx
o\rmy

2 %, X2
— o | e dt,putting ———=1¢
\/; '[ putting 207
\f sz (0)

Ry (1), 1) = E{IX(1;) X(1)l)

2
= \/; o’ (cos o+ asin @) (by the previous result)

where sino=r= M
()
_ EX@). X(1)}

62
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— Rxx(tl — tz)

0_2

[since {X(¢)} is stationary]

2
Therefore, {Y(r)} is wide-sense stationary, with Ryy(T) = —R_(0) (cos a+
o sin o), where T
R, (@)
R,.(0)

sin o =

Now,  E[Y(}= R, 0)=> R, (0) {0+§1},
T

R
ﬂ =land ¢ =
R .(0) 2

since sin o =

E(YX(t)} =R (0) and Var{¥(r)} = (1 - %) R_.(0)

3. Half-wave Linear Detector Process
If {X(¥)} is a zero mean stationary Gaussian process and if

X(r), for X(1)>0
zm:{ 0, for X(1)<0

then {Z(f)} is called a half-wave linear detector process.

Z(t) can be rewritten as Z(t) = % {X()+1X()1}

E{Z()) = % [E(X(1)) + [E1X(1)1}]

- % l:o + \/z R, (O)} (refer to the previous process)
T
- 2n
E{Z(t) Z(t — 1)} = E[E{Z(t) Z(t — ©)/X(t) X(t - ©)}] 0

Now, Z(1) Z(t — D)/X(H) X(t - 1) = % {X() X(t—7)+1X(@) Xt —7)I} (or)=0

The first value is assumed, when X(¢) X(t — 7) > 0, i.e., when X(¢) and X(¢ — 1)
are both positive or both negative.

1 1 1

. P{The first value of assumed} = —+—=—

1
Similarly, P{the second value is assumed} = >

E{Z(t) Zt— 0/ X(1) X(t— 1)} = %{X(t) Xt-)+IXO)Xt-DI] (2)
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Using (2) in (1), we get,
E{Z(t) Z(t - 1) = %[E{X(I)X(t -7+ E{IX(®) X(t —1)1}]

= %[Rm (1) + R, (7)] [where {Y(¢)} is the full-wave
linear detector process]

ie., R (1) = %[RM (T)+ 2 R . (0) (cos o + o sin o0)],
T
: Rxx (T)
where sin ¢ = ———
R, (0)

Therefore, the process {Z(¢)} is wide-sense stationary.

Now E{Z*(t)} = R_(0) % R, (0)

1 1
Var(Zm)} = — Ry (0) = — R, (0)

1 1
(Do

T

4. Hard Limiter Process
If {X(¥)} is a zero mean stationary Gaussian process and if
+1 for X(1)=0
Y(r) =
-1 for X()<O0
the {Y(¢)} is called a hard limiter process or ideal limiter process.
E{Y(1)} =1 xXP{X()=20}-1xP{X() <0}

=0
Now YO Y(t-1) =1,if X(t) X(t— 1) >0
=-LifX() X(t-1<0
ie, P{Y(t)Y(t-1=1} =P{X(t)X(t—7)} >0 (i)
BRI (r.) [by result (i) above]
2 &
= 1 + 1 sin™! {—R’”‘ (1)}
2 & R_(0)
and P{Y() Y(t—1)=—1} =P{X(t) X(t - 1) < 0}
_ L 1R
=3 sin {RXX(O)} [by result (1)]
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. _2 .. R .(T)
i.e., R, (1) = - sin {—RM(O)} (1)

[(1) is called the arcsine law]
Therefore {Y(¢)} is wide-sense stationary.
Also E{Y*()} = 1 and Var{Y()} = 1

Band Pass Process (Signal)

If the power spectrum of a random process {X(#)} is zero outside a certain band
(an interval in the w-axis),

. . Wp . Wp
ie., S (@) #0,inlo- o)l < Tand in |CO+COOIST

: ) : ®
=0,inlo- o) > TBandme+w0I>TB

the {X(¢)} is called a band pass process.

s —— o ——f
} } } } } } }

wp B B [z}

— ___b — — = — a —_

- ay ©o+ — @) —— 0 @ +—

Fig 7.1

If S (@) #0,in ol < wg
=0, 1in ol > wy

the {X(#)} is called a low pass process or ideal low pass process.

| wp 0B |

)] 0 B

Fig. 7.2

If the bandwidth wg of a band pass process is small compared with
the centre frequency @,, the process is called narrow-band process or
quasimonochromatic.

If the power spectrum S, (w) of a bandpass process {X(#)} is an impulse
function, then the process is called monochromatic.

Narrow-Band Gaussian Process

In communication system, information bearing signals are often narrow-band
Gaussian processes. When such signals are viewed on an oscilloscope, they
appear like a sine wave with slowly varying amplitude and phase. Hence, a
narrow-band Gaussian process {X(#)} is often represented as

X(1) = Ry(2) cos [y £ 64(1)] (1)
Rx(1) and Oy(r), which are low pass processes, are called the envelope and phase
of the process {X(#)} respectively. (1) can be rewritten as
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X(1) = [Ry(t) cos Oy(t)] cos wyt F [Ry(1) sin By(1)] sin wyt 2)
Ry() cos Oy(t) is called the inphase component of the process {X(#)} and denoted
as X (1) or I(7). Ry(¢) sin Ox(?) is called the quadrature component of {X(¢)} and
denoted as X (¢) or QO(z).
Both X (#) and X (¢) are low pass processes.

Property

The envelope of a narrow-band Gaussian process follows a Rayleigh distribution
and the phase follows a uniform distribution in (0, 27).
We note that

[y2 2,8 _ ) X0
X, () + X, (t) = Ry(¢) and tan {Xc (t)} =0,

Refer to Worked Example 25 in Chapter 3, in which we have proved the
following result:

If X and Y are two independent N(0, 0) then R = /X >+Y7 followsa Rayleigh

Y
distribution and ¢ = tan™' X follows a uniform distribution in (0, 27).

According to this problem, the required property follows.

Quadrature Representation of a WSS Process

In order to represent a process in the quadrature form, it need not be a narrowband
Gaussian process. Any arbitrary zero mean WSS process { X(¢) } can be represented
in the quadrature form as proved below.
Let {A(#)} and {B(¢)} be any two zero mean, jointly WSS processes, & be a
constant and {¥(#)} be the ‘dual’ process of the given process {X()}, defined below:
Y(?) is so chosen that

X(0) + iY(0) = {A®) + iB(t) } ™™ (1)
or, A(D) + iB(t) = {X(1) + iY()} ™™ ()
Then A(t) = X(t) cos ot + Y(¢) sin ot 3)
and B(t) = Y(t) cos ot — X(¥) sin ot 4)

It is easily verified, using (3) and (4), that E{A(?) A(t — 1)}, E{B(¢) B(t — 7)}
and E{A(f) B(t — 7)} are independent of ¢, i.e., functions of 7.
only if R (D) =R (1) (5)
and R (7) =—R (7 (6)
Since {A(f)} and {B(r)} are jointly WSS, conditions (5) and (6) must be
satisfied by {X(¢)} and its dual {Y(¢)}.
When (5) and (6) are true, from (1) we get,
X(1) = A(¥) cos ot — B(t) sin ot (7)
Y(r) = A(r) sin ot — B(¥) cos ot (8)
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Thus, if we can get a suitable Y(f) and ¢, satisfying (5) and (6), X(¢) can be
expressed in form (7), which is the quadrature form.
Consider the linear time-invariant system

Z(t) = T X(o) h(t—o)do ©))

—oo

where A(f) = L (10)
Tt

o —l(Dt

We note that F{h(t)} = — .[

V4 t

[ o .
_ _{j Coswtdt—ij sma)tdt
e R 4
1
=—(0-in)
T
(using well-known results in contour integration if @ > 0)
=—,ifw>0
and Flh(n] =i, if <0
, iif <0
ie., H(w) =
—i,if 0w>0
Using (10) in (9), we get

X(o
20 = - J' ( )
which is called the Hilbert transform of X(7) and denoted as X (1.
X(t) = X(1)* L
Tt
Therefore, Property 3 of the linear time-invariant system,

S (@) = H¥(@) S, ()

=i (w), ifw<0
T +iS (@), ifo>0 (h
and S)?X (w) = H(w) S, (w)
{isu (w), ifw<0
=3 ) (12)
=i, (w), ifw>0
From (11) and (12), S, ¢ (@) = =Sy, (®) (13)

Also, Six (@) = IH()* S, ()
ie., S (@) =8, () (14)
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From (13) and (14), it follows that
R ;(T) = =Ry, (1) (15)
and RX)? (1) = R (D) (16)
Thus, conditions (5) and (6) are satisfied by Y(¢) = X().

Therefore, we can use X() inthe place of Y(¥) for the quadrature representation
of X(1).

Now, let X(¢) + iX(1) = {I(t) +iQ(1)} ™ a7

Then, replacing A(?), B(?), ¢, by I(t), Q(¢) and @, respectively in (7), we get
X(1) = I(t) cos myt — Q(¢) sin @yt, which is the required quadrature representation
of {X(1)}.

1. 1(t) and Q(t) are called the inphase and quadrature components of {X(1)}.

2. The quadrature representation of {X(2)} is not unique.

3. The quadrature representation is useful, only when {X(2)} is a sero mean WSS bandpass
process.

Noise in Communication Systems

Input signal - Transmitted Received - Output
Transmitter - Channel > Receiver -
Signal Signal Signal

Distortion
and noise

Fig. 7.3

In communication systems, the message to be transmitted to a far-off location
is first converted into an electrical waveform called input signal, before being
sent into the transmitter. The transmitter processes and modifies the input signal
for efficient transmission. The transmitter output is then sent through the channel
which is just a medium such as wire, coaxial cable or optical fibre. The channel
output or the received signal is then reprocessed by the receiver which sends out
the output signal. The output signal is converted to its original form, namely the
message.

When the message is communicated in this manner, the signal is not only
distorted by the channel but also contaminated along the path by undesirable
signals that are generally referred to by the term noise. The noise can come from
many external and internal sources and take many forms.

External noise includes interfering signals from nearby sources, man-made
noise generated by faulty contact switches for the electrical equipment, by ignition
radiation, fluorescent lights, natural noise from lighting and extraterrestrial
radiation, etc. Internal noise results from thermal motion of electrons in
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conductors, random emission and diffusion or recombination of charged carriers
in electronic devices. By careful engineering techniques, the effects of many
unwanted signals can be eliminated or minimised. But there always remain
certain inescapable random signals that set a limit to system performance, i.e.,
on the efficiency of communication.

One of the main reasons for introducing probability theory in the study of
‘Signal Analysis’ is the random nature of noise. Because of this randomness, it is
usual to describe noise as a random process and hence in terms of a probabilitic
model. Such a model describes the noise amplitude or any other parameter by
means of a probability density function f{x) [x represents voltage]. For many
important types of noise, the density function can be determined theoretically
and for others it has been estimated empirically.

Certain properties of noise, such as mean value, mean square value and the
root-mean square value can be found by using the probability density function.

However the probability density function does not describe a noise waveform
sufficiently so as to determine its effect on the performance of a communication
system. To achieve this, it is necessary to know how the noise change with
time. This information is provided by a mean-square voltage spectrum, called
the power spectrum or spectral density, that represents the distribution of signal
power as a function of frequency.

Thermal Noise

Thermal noise is the noise because of the random motion of free electrons in
conducting media such as a resistor. Thermal noise generated in resistors and
semiconductors is assumed to be a zero mean, stationary Gaussian random
process { N(f)} with a power spectral density that is flat over a very wide range of
frequencies, i.e., the graph of Sy,(®) is a straight line parallel to the @-axis. Since
Syn(w) contains all frequencies in equal amount, the noise is also called white
Gaussian noise or simply white noise in analogy to white light which consists of
all colours.

It is customary to denote the constant spectral density of white noise by

&[Or ﬂ),
2 2
NO

i.e., Syn(@) = 7

The autocorrelation function of the white noise is given by

Ry(7) = %5(1) since

oo

N, .
[ 22 50z = No
19 2
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The average power of the white noise { N(f)} is given by

7 TN
Ryw©) = | Syy(@)do=| —2do—
NN 7'[0 NN ( ) 7_[0 )

Therefore, the spectral density of {N(¢)} is not physically realisable. However,
since the bandwidths of real processes are always finite and since

@p
'[ Sy (@) dw =N, 0, <o
—0,
for any finite bandwidth, the spectral density Sy,(w) can be used over finite
bandwidths.

Definition: Noise having a nonzero and constant spectral density over a finite
frequency band and zero elsewhere is called band-limited white noise.
i.e., if {N(¢r)} is a band-limited white noise then
Ny
—, lolfw
Syn(@) =1 2 0

0, elsewhere

We give below a few properties of the band-limited white noise which can be
easily verified by the reader.

1. E(NX0) = %

2 R0 = Ny [ sinwgt
2 WyT

k . . .
3. N({@and N [t + _717] are independent, where & is a nonzero integer.
Wp

Filters

Filtering is commonly used in electrical systems to reject undesirable signals and
noise and to select the desired signal. A simple example of filtering occurs when
we ‘tune’ in a particular radio to ‘select’ one of many signals.

Filtering actually means selecting carefully the transfer function H(w) in a
stable, linear, time-invariant system, so as to modify the spectral components of
the input signal. The system function H(®) or the linear system itself is referred
to as filter, when it does the filtering.

The commonly used filters are narrow-band filters, i.e., band pass and low
pass filters.

If the system function H(w) is defined as

H(w) #0.for oy — €2 < w< wy+ &2
=0, otherwise

then the filter is called a band pass filter.
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If H(w) #0, for-e2 < w< €2
=0, otherwise

then the filter is called a low pass filter.

The equation Sy(0) = IH(co)I2 S.(@) shows that the spectral properties of a
signal can be modified by passing it through a linear time-invariant system with
the appropriate transfer function. By carefully choosing H(®w), we can remove or
filter out certain spectral components in the input. For example, let the input X(7)
= S(¢) + N(1), where S(¥) is the signal of interest and N(¢) is an unwanted noise
process. If the spectral densities of {S(f)} and {N(¢)} are non-overlapping in the
frequency domain, the noise N(#) can be removed by passing X(7) through a filter
H(w) that has a response of 1 for the range of frequencies of occupied by the
signal and a response of 0 for the range of frequencies occupied by the noise. But
in most practical situations there is spectral overlap and the design of optimum
filters to separate signal and noise is somewhat difficult. The discussion of this
problem and the various optimum filters in common use such as matched filter
and Wiener filter may be found in textbooks on Random Signal Analysis. It is
beyond the scope of this book.

Worked Example 7(A)

Example 1

If {X(¢)} is a Gaussian process with u(f) = 10 and C(z,, t,) = 16e™" ™' find the
probability that (i) X (10) < 8 and (ii) IX(10) — X(6)| < 4.

Since {X(#)} is a Gaussian process, any member of the process is a normal
RV.

Therefore, X(10) is a normal RV with mean p(10) = 10 and variance C(10,
10) = 16.

P{X(10) <8} = P{M < —0.5}

=P{Z<-0.5} (where Z is the standard normal RV)

=05-P{0<Z<0.5}

=0.5-0.1915 (from normal tables)

=0.3085
X(10) — X(6) is also a normal RV with mean y(10) — u(6) =10-10=0.
Var{X(10) - X(6)} = Var{X(10)} + Var{X(6)} — 2 Covar{X(10), X(6)}

= C(10, 10) + C(6, 6) —2C(10, 6)

=16+16-2x 16¢™

=31.4139

Now,P{|X(10>—x<6>|S4}=p{'X<10>—X<6>|< 4 }

5.6048 5.6048
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= P{IZ1<0.7137}
=2x0.2611
=0.5222

Example 2

The process {X(#)} is normal with 1, = 0 and R (7) = 4¢72"" Find a memoryless
system g(x) such that the first order density fy(y) of the resulting output Y(f) =
g[X(®)] is uniform in the interval (6, 9).

Since {X(#)} is a normal process, a sample function X(¢) follows a normal
distribution with mean 0 and variance given by R (0) = 4.

fx) = | B o< x<
NG ’
Now, Y(¥) is to be uniform in (6, 9)
1
fy(y) = 5,6<y<9

Therefore, the distribution function of Y is given by

y
Fyy) = [ fy(ndy
0

- %@ _6) (1)
Now, Fy(y) = P{Y(?) <y}

= P{glX(] < y}

=P{X(h<g"' (1}

= P{X(t) £x} [since y = g(x)]

= Fx(x)

But, from (1), Fy{g(0)} = %{g(x) _6)

1
E{g(X) —6} = Fy(x)
8(x) =6+ 3Fy(x)

_ 71 -x%/8
= 6+3_J;2 = dx
Example 3

Let Z and 0 be independent RVs such that Z has a density function

0, in z<0
flz) =

72 .
2% in z>0

and O1is uniformly distributed in (0, 277). Show that {X,; — oo <t <o} is a Gaussian
process; if X, = Z cos (2t + 6).
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Let us first find the density function of
1
W = cos(2nt + 6), where f(0) = E

Since w = cos(2nt + 6), 6= cos™! (w) —2mt.

There are only two values of 0 in (0, 27) for a given value of w. Let them be
0, and 6,.

By the transformation rule (refer Chapter 3)

do do
fW(W) = f9(01)_1 +f9(92)_2
dw dw
= 2><L>< - !
2r 1-w?
= ,|W|<1

1
a1 —w?
Let us now find the first-order density of X = ZW, where X, has been taken as X.
Introduce the auxiliary variable Y = W, so that we may find the joint pdf of
X, 1)

x=zwandy=w

z=£andw=y

1.€.,
Sxvx, y) =Wl f7y (2, w)
% % 1 X
where J= dx dy :} _y_zzi
9w owl |y
ox dy

.. fx(x) is the marginal density function of X.

1
ie.,
-1

1
fi = | [y @ ) dy, where =§ andw=y

(by independence of Z and W)

01
= j—ﬁe_lez"z ;dy 50

Syly m1—y? y

17 x 22 1

—j——ze_x ¥ ———dy, wherex<0andy<0 (1)
R 1-y°

11 X 27242 1

—j—ze_x J —zdy, where x >0and y >0 (2)

oy 1-y
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Changing y to —y’, we note that the integral in (1) becomes

1
lj%e‘xz/ 2y ;dy’, which is the same as integral (2).
T 0 y 1- yrZ
1 21
fx0) = ;Jize_lezyz —2d)’7 o< x <o 3)

oY 1-y
2
Put —-=1 in (3), treating x as a parameter,
2

Then M=t ] —ear @)

X272 V2t —x°
2

X . .
Put 7 — EY =u in (4), treating x as a parameter.

Then fx(x) = *X /2 *1/2 —u du

sl

_ 1 e—xz/z (l)
2 2

1 2
-x°/2
= ——¢ X! ,oo < x < oo

N

Thus, each member of the process {X,} follows a normal distribution with
mean zero and variance 1.

Therefore, a,X, +a,X, +---+a,X, also follows a normal distribution, for
any setof a, a,, ..., a,.
Therefore, {X, ,X, ....X, } are jointly normal for any n
[see the Problem 2 given in Exercise 8 (A)].

Therefore, the process {X,} is Gaussian.

Example 4

It is given that R (7) = ¢ for a certain stationary Gaussian random process
{X(»}. Find the joint pdf of the RVs X(¢), X(¢ + 1), X(r + 2).
Let us denote the given RVs by X(¢), X(1,), X(3).
The joint pdf of {X(z,), X(z,), X(t;)} is given by
F(xp Xy, X3, 1y, 1y, t3) =
! exp

3 3
2041 EEIAIU (6 = ) 0 = 1)

where 1; = E{X(t,)} and A is the third order square matrix (/l ), where lij =
C{X(), X(t)} and |Al; = cofactor of /ll] in Al
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E(X(} = limR (1)=lime ™ =0
Ay = C{X(@) X(1)} = R(1;— 1))
A =R, 1) =Rt t)=R0)=1
A =Rt t+1)=R(1)=¢"etc.

e e
2
N L and|A|=(1—i2]
e e e
B
e” e
1 1 1
lAlll = 1__2 |A|12=__+_3 |A|13=0 etc.
e e e

Therefore, the required joint pdf is given by

Slxy, xp, x3) =

re., flx;, x, x3) =

Example 5

If {Y(¢)} is the square-law detector process and if Z(¢) = Y(¢) — E{Y(¢) }, show that

1=
the spectral density of {Z(¢)} is given by S_(@) = — _[ S, (0)S, (w-a)do,
ﬂ —oo

where S, () is the input spectral density.
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M Z(1) is called the fluctuation of the square law detector.

E{Z(1) Z(t - D} = E[{(Y(n) - E[Y(D]} {Y(t - 7) - E[Y(1 - D}]
=E{Y() Y1 -1} - E{Y(D} E{Y(r- 1)}

ie., R (1) =R (1) - E{Y(D)} E{Y(t - 1)}
= R2.(0)+ 2R (1) — R2,(0) [see ‘square law detector process’]
= 2R’ (1)

Taking Fourier transforms,

S () = % J. S (S (w-o)da

Example 6

If {X(#)} is a band pass process, prove that its inphase and quadrature components
are low pass processes (refer to the book-work on quadrature representation of a
WSS process).

If we take the input of a system as X(7) and the impulse response function

h(t) = 6(t)+ ii
it

Then the output of the system is given by

oo

2t = j x(a){S(t—oc)ﬂ'

—oo

! }da
m(t—o)

jX(r—a)a(a)dmijmda
s ﬂiml—a

X +iX(1),
[by the property of &(f) and by the definition of Hilbert transform]
2
S_(w) =1 Hw)" S, (@)
where H(w) = F{h(?)}

= F[5(t)]+iF[ ! }

at
_J1+iG),  ife<0
- 1+i(-i), ifw>0

0, fw<0
T2, ifw>0
=2U(w),

where U(w) is the unit step function.
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S (o) =4S, (0)U(w) (1)

Also, Z( Z (1 — 1) = {X(O) +iX(D} Xt —17)—iX(t —T)}
= XXt 1)+ XXt -T)+i{ XXt -7)- XOX(t —1))}

R.(D) = R (T)+ Ry (D) +i{R;, (1) — R (T)}

= 2{R, (1) + iRy, (T)}, (2)
by steps (15) and (16) of the book-work
S (@)= 2{S (0)+iS;, (w)} (3)

From step (17) of the book-work
1) +iQ(1) = {X(1)+iX(£)} e
I(t) = X(t)cos wyt + X(¢)sin Wyt 4)
O(1) = X(1) coswyt — X(t)sin ot (5)
From (4) and (5),
R (1) = R_(T)cos@,T+ R_ (7)sinw,T
Ry[(1) =—R,  (T)sin®w,T + R, (T)cos®,T

RH(T) + lRQI(T) = [Rxx (T) + lRXx (T)]e*l'wo‘[

1 .
= —R_(1)e'™"
2 Z@( )e
Ry (1) = %Rz{Rzz(r)e‘f“’o’}

S0 = %Rl {S (w+aw,)}

=S (0+ ay) (6)
Changing 7into —7in (2),
R (-7) = 2{R, (-7) + iR, (-7)}
= 2{R (1) — iR (1)} (7
From (2) and (7,)

1
R (7) = Z{Rzz (D) +R_(-7)}

S.(@) = %{Szz (@)+5..(~)) ®)
Using (8) in (6),
S0 = %{SZZ (0+awy)+S_, (—0+a,)

=S (0+ @y Uw+ ay) + S, (-0 + ap)
Ul-a+ ) [by (1)] €))
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SXX((o)
K f ®
—wg—wg -y —wy+ W 0 Wy — WB o o + B
(54
Fig. 7.4

Therefore, when {X(¢)} is a band pass process, both {I(¥)} and {Q(?)} are low
pass processes as given in the above figures.

Example 7

Obtain the autocorrelation for an ideal low pass stochastic process.

Let the spectral density function of the low pass process {X(#)} be S, (w), in
lol < wpg.

Let the complex form of Fourier series of S, (®) in (—wy, wp) be

Su(@) = X, ¢, (1)
where c, is given by
1 F oot
6= 5= | Su@e™ " do @)
B —w,

Taking the inverse Fourier transform of (1),
_ 17 innw’ /oy itw’ ’
R (D)= ELZ c,e 5™ dw

nmw

1 Op 1 ] —_— i[w—ﬂ'jw’
= zg | - [ Sy(@)e ™™ dwe' ™ / do’
-og B —wy

[since {X(#)} is low pass]

1 ¥ nw ’[ﬂj“’
= J R |-—— e\ o do’
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|
3
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e
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Let us assume that the values of X(¢¥) at r=nT,n=..-3,-2,-1,0, 1,2, 3, ...

are given, using which we can construct X(t), where T= —.
]

R.(7) = i Rxx(nT)w

n=—co

Wy (T —nT)

Thus, when {X(#)} is a low pass process, its autocorrelation is found out by
summation.

Example 8

If {X(#)} is a band limited process such that S, (@) = 0, when |wl > o, prove that
2[R,(0) - R (D] < & T R _(0).

1 % .
Ru(® = [ $.(@)e™ do

1=
— _[ S, (@)costw dw [since S, () is even]
2r

(o

L '[ S (@) (1 —cos tw)dw [since {X(7)} is band limited]

Rxx(o) - Rxx(T)

2 o "
o
= L[ 5. (@)x2sin® (Ejdw (1)
2z =, 2
From trigonometry, Isin 6l <
sin” 0 < 62
2.2
2sin?| 22| < 22 @)
2 2
Inserting (2) in (1),

0’

2

dw

1 o
R —-R <—
WO -R(D)<— jasxx(co)
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(0

212 o
< | 8. (@do
ar -,

2.2 o
o°T

S (w)dow
47r;[0”()

<

o1’

2

ie., <

R..(0)

Example 9

Consider a white Gaussian noise of zero mean and power spectral density Ny/2
1

1+i27fRC

Find the autocorrelation function of the output random process.

The simple RC circuit for which the transfer function is given is a linear time-
invariant system.

The power spectral densities of the input {X(#)} and the output {¥(#)} of a
linear system are connected by

Sy(@) = IH(@)P S, ()
In the problem, the transfer function is expressed in terms of the frequency f.
Therefore, the above relation is

Sy = HEP S

__ LN
© 1+4n’f?R2C* 2

applied to a low pass RC filter whose transfer function is H(f) =

(since the input is a white noise)

R, (D)= Ny ]: —eisz
yy 2 1+4ﬂ:2f2R2C2

—oo

df

NO e ei(an)fdf

= 1
SEZRZCZM( ) j2+f2 (1)

2wRC

oo eimx dx
Compare the integral in (1) with _[ 5

Ja +x

contour integration technique [refer to the Worked Example 12 in Section 6(c)

‘power spectral density’].
o eimxdx _ T e

—e
_ma2 +x* a @

, which can be evaluated by
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Using (2) in (1),
N
R (’L') = —Oﬂ' X Zche—DﬂTl/ZnRC
T snPRC?
_ N oITIRC
4RC

The mean square value of {Y(¢)} is given by

2 _ _ NO
E(P()) = Ry, (0)= -2

Example 10

If Y(£) = A cos (wyt + 6) + N(f), where A is a constant, 8is a random variable with
a uniform distribution in (-, ) and {N(¢)} is a band-limited Gaussian white
noise with a power spectral density
Su(@) = %, forlw—w, < wg
0, elsewhere
find the power spectral density of {Y(f)}. Assume that N(f) and 6 are
independent.

Y(t) Y(t,) = {A cos (wy t; + 8) + N(t))} {A cos (@pt, + 6) + N(t,)}
=A% cos (wy t; + 6) cos (myt, + 6) + N(t,) N(1,)
+ A cos (@, t; + 0) N(t,) + A cos (wyt, + 0) N(t))
Ryy(t,, ty) = A’E {cos (@ t, + 6) cos (@yty + 0) + Ryp(t;, 1)
+ AE {cos (w, t, + 0)} E{N(t,)}
+ AE {cos (wy t, + 0)} E{N(¢;)}  (by independence)
2
ie., Ry (1) = %cos @W,T + Ry (T) [since {N(¢)} is stationary]

A* T .
Sy = - [ cos wyre ™ dr+ Sy (@)

A2
= ”2 {8(@—0y) + 5@+ wy)+ Syy (®)

where Sy,(w) is given in the problem.

Exercise 7(A)

Part-A (Short-answer Questions)
1. Define a Gaussian process.
2. When is a random process said to be normal?
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® N

10.
11.
12.
13.
14.
15.
16.

17.
18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.
31.

What is the output of (i) a dc meter and (ii) a true rms meter when it
measures a voltage V(r) which is a Gaussian ergodic random process
with a mean of zero and variance of 4 V?
Give the nth order density of Gaussian process (or) the n™ order normal
density function.
What is the importance of Gaussian process in signal analysis?
State the properties of a Gaussian process.
If a Gaussian process is WSS, prove that it is also SSS.
If the member functions of a Gaussian process are uncorrelated, prove
that they are independent.
Name a few random processes that are defined in terms of stationary
Gaussian process.
Define square law detector process.
Define full-wave linear detector process.
Define half-wave linear detector process.
Define hard limiter process.
Define a band pass process or band pass signal.
Define a low pass process or an ideal low pass process.
Define a narrow band process (or) when is a random process said to be
quasimonochromatic?
When is a random process called monochromatic?
Give the representation of a narrow band Gaussian process { X(#)} that is
frequently used in signal analysis.
What is the justification for the representation of a narrow band Gaussian
process {X(¢)} in the form

X(tH) =R () cos {wy £ 0.(1)}
Define the envelope and phase of a narrow-band Gaussian process.
What are the distributions followed by the envelope and phase of a
narrow-band Gaussian process?
Define the inphase and quadrature components of a narrow-band
Gaussian process.
What is the nature of the inphase and quadrature components of a band
pass process.
What do you mean by the quadrature representation of a WSS process?
Whatkind of random processes can be represented in the quadrature form?
For what kind of random processes is the quadrature representation
useful in communication theory?
What do you mean by ‘noise’ in signal transmission?
How are external and internal noises caused?
What is thermal noise? By what type of random process is it
represented?
If {N(#)} is a thermal noise, what is the nature of the graph of Syy(@)?
Why is thermal noise called white noise?
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32.

33.
34.

35.

36.
37.
38.
39.
40.
41.
42.

Part-B
43,

44,

45.

46.

47.

48.

If the input to a linear time-invariant system is white noise {N(7)}, what
is PSDF of the output?

If the PSD of white noise is % , find its ACF.

Find the average power (or) the mean square value of the white noise
{N(}.

Why is the spectral density of the white noise {N(#)} not physically
reliable? How is this difficulty overcome?

Define band-limited white noise.

Sate a few properties of band-limited white noise.

Find the ACF of the band-limited white noise.

Find the average power of the band-limited white noise.

What is meant by a filter in electrical systems.

Explain band pass and low pass filters.

How is filtering done in electrical systems?

Suppose that {X(#)} is a normal process with n(¢) = 3 and C(¢,, t,) =
402000

(i) Find the probability that X(5) <2, and
(i) Find the probability that IX(8) — X(5)I < 1.
Prove that the RVs X, X,, ..., X, are jointly normal, if the sum a,X, +
a,X, + ... + a,X, is anormal RV for any set of constants a;, a,, ..., a
[Hint: From the given condition
Z=wX, + X, + ...+ ®X,is anormal RV
E(Z) =0and E(Z)* = 0, if E(X;) =0

02 = ¢

ne

Let ZXk, where the X,’s are a set of independent RVs each normally

distrikbllted with mean y and variance 0. Show that (Y ;n=1,2,...}is
a normal (Gaussian) process.
Given a normal process {X(¢)} with y, =0 and R (i) = 4e_2m, we form the
RVsZ=X@t+1), W=X(t-1).

(i) Find E(ZW) and E{(Z + W)’} and

(i) Find fAz), P{Z < 1} and fy(z, w).
Show that, if the RVs X, Y, Z are jointly normal and independent in pairs,
then they are independent.

[Hint: Prove that fy,,(x, y, 2) = fx(x) f(y) f2).]
A voltage V(f), which is Gaussian ergodic random process with a mean
of zero and a variance of 4 V, is measured (i) by a dc meter, (ii) a true
rms meter, and (iii) a meter which first squares V(¢) and then read its dc
component. Find the output of each meter and justify your answer.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

[Hint: If {X(?)} is an ergodic process such as a voltage waveform, u, can
be measured by using a dc voltmeter and o, can be measured by using a
true rms (ac coupled) voltmeter.]

{X(#)} is a Gaussian random process with mean g1 (f) and autocorrelation
function R (t,, t,). Find E{X(2,)/X(t))}, t; < t,.

If Z(f) = X cos myt + Y sin ayt, where X and Y are independent Gaussian
RVs with zero mean and unit variance and @, is a constant,

(i) Show that {Z(¢)} is a Gaussian random process.

(i1)  Find the joint pdf of Z(¢,) and Z(t,).

(iii) Is the process WSS?

(iv) Is the process SSS?

(v)  Find E{Z(t,)/Z(t))}, t,> ;.

If {X(¥)} is a Gaussian process with ¢, = 0 and R (7) = 0 for |1 > q,
prove that it is correlation-ergodic.

If {X(?)} is a zero mean low pass process with a bandwidth of wy, prove
that

E{X(1+ D} - X(1)}* < 0y 7 E{X*(1)}

[Hint: Refer to Worked Example 8.]

If E{X(?)} is a band limited low pass process with bandwidth wg, prove

that R(7) =2 R(0) cos T, for | 71< T
2w,

For a narrow band process

X(H) = X () cos wyT + X(t) sin @,T , where {X(¢)} and {X ()} are
stationary, uncorrelated, lowpass processes with

g(w), lol<wy

chxC ((D) = stxs ((O) = {

0, lol>w,

show that S (@) = %{g(w -w,)+g(w+w,)}

Determine the autocorrelation of white noise.

(See the property of white noise)

Show that the narrow band noise {N(#)} can be represented as n(t) = n(t)
cos @, T—n(t) sin @.7T, where n_(f) and n(f) are inphase and quadrature
phase components of n(f) and w, is the centre frequency of the band.
[Hint: This is the same as the book-work on ‘quadrature representation’
of a WSS process. X(#), I() and 6(r) are in the book-work must be
replaced by n(?), n(f) and n(f) respectively].

(i) If {N(?)} is a band limited white noise such that

N
Syv(@) = TO,for lol < cwp

=0, elsewhere
find the autocorrelation of {N(7)}.
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(i) If {N(r)} is a band limited white noise centered at a carrier
frequency @, such that

N,

= (, elsewhere

Find the autocorrelation of {N(7)}.

58. A source of noise is a Gaussian with a mean of 0.4 V and a standard
deviation of 0.15 V. For what percentage of time would you expect the
measured noise voltage to exceed 0.7 V?

[Hint: Noise is a normal RV with the given parameters. ]

59. If {N(»} is a band-pass white noise and {N.(¥)} and {N/(#)} are its
quadrature components, prove that rms values of {N(?)}, {N.(?)} and
{N,(?)} are equal.

60. If X(r) = A cos wyt + B sin @t find the Hilbert transform of X(z).

61. If the input to a linear time-invariant system is a zero mean, white
Gaussian process {N(#)} and {Y(¢)} is the output, prove that
i) E{Y®0}=0,

(i) Ryp1) = %5(;) *h(7)* h(~7), and

N
(iii) Syp(@) = 70 |H(w) .
1
62. The impulse response of a low pass filter is ae ' U(f); where o = RC
If a zero mean, white Gaussian process {N(#)} is input into this filter,
find the mean square value and autocorrelation function of the output.

Poisson Process

There are many practical situations where the random times of occurrences of
some specific events are of primary interest. For example, we may want to study
the times at which components fail in a large system or the times at which jobs
enter the queue in a computer system or the times of arrival of phone calls at an
exchange or the times of emission of electrons from the cathode of a vacuum tube.
In these examples, our main interest may not be the event itself but the sequence
of random time instants at which the events occur. An ensemble of discrete sets of
points from the time domain called a point process is used to model and analyse
phenomena such as the ones mentioned above. An independent increments points
process, i.e., a point process with the property that the number of occurrences in
any finite collection of nonoverlapping time intervals are independent RVs, leads
to a Poisson process.

Definition: If X(7) represents the number of occurrences of a certain event in
(0, 7), then the discrete random process {X(#)} is called the Poisson process,
provided the following postulates are satisfied:
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(1) P[1 occurrence in (7, t + Af)] = AAr + 0(AY)
(i1) P[0 occurrence in (¢, t + Af)] = 1 — AAr + O(Ar)
(iii)) P[2 or more occurrences in (¢, t + Af)] = 0(Ar)
(iv) X(?) is independent of the number of occurrences of the event in
any interval prior and after the interval (0, ¢).
(v) The probability that the event occurs a specified number of times
in (¢,, ¢, + 1) depends only on ¢, but not on .

Probability Law for the Poisson Process {X(t)}

Let A be the number of occurrences of the event in unit time.
Let P,(t) = P{X(t) = n}
P.(t+ At) = P{X(t + At) = n}
=P{(n—1)callsin (0, ¢) and 1 call in (¢, t + Ar)}
+ P{n calls in (0, #) and no call in (¢,  + A7)}
=P,_, () AAt + P,(1) (1 — AAr) (by the postulates)

P(t+ A1) —P,(1) =MP,_,()-P,0)}

At
Taking the limits as At — 0
d
RaC =MP,_ (- P,®) (1)
Let the solution of the equation (1) be
At)"
P =5 p @

Differentiating (2) with respect to ¢,

P(0) = A {nt"" @) +1" f7(1)} (3)
n
Using (2) and (3) in (1),
A" (A)"
n pr = _l
n 1" (1) n f(@
ie., JAOERYY ()
: Aty = ke ™ )

From (2),  f(0) = Py(0) = P{X(0) = 0}
= P{no event occurs in (0, 0)}
=1 &)
Using (5) in (4), we get k = 1 and hence,
fiy=e™ 6)



Special Random Processes 7.35

Using (6) in (2),
e—lt( },l‘)n
|n
Thus the probability distribution of X(#) is the Poisson distribution with
parameter Af.

P(f) = P{X() =n} = ,n=0,1,2,..., 00

We have assumed that the rate of occurrence of the event A is a constant, but it can
be function of t also. When A is a constant, the process is called a homogeneous Poisson
process. Unless specified otherwise, the Poisson process will be assumed homogeneous.

Second-Order Probability Function of a
Homogeneous Poisson Process

= P[X(1)) = n|] P[X(1y) = n,/X(t,) = ], 1,> 1

= P[X(¢#,) = n;] P [the event occurs (n,— n,) times in the
interval of length (¢, - 7,)]

_ e—ltl (ltl )"1 e—/l(tz—tl){l(tz _ tl}nz—nl

if n, 2n,
| -
—At n -
A ()
» = hy
= [y =,
0, otherwise

Proceeding similarly, we can get the third-order probability function as
PIX(t)) = ny, X(1,) = ny, X(t3) = n3}

e—)Lt3 A llnl (tz _ t] )nz—n| (l3 _ tz )n3—n2

b
= |ﬂ”2_”1 3~

0, otherwise

Mean and Autocorrelation of the Poisson Process

The probability law of the Poisson process {X(#)} is the same as that of a Poisson
distribution with parameter Az.
E{X(t)} = Var{X(0)} = At
E{X*(0)} = &t + 27 (1)
Rxx(tl’ t2) = E{X(tl) X(tz)}
= E[X(1)) {X(1p) — X(1,) + X(#))}]
= E[X(1y) {X(1y) - X(1)}] + E{X*(1,))
= EIX(1)] E[X(ty) - X(1))] + E{X*(1,)}.
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Since {X(¢)} is a process of independent increments,

= A1, [A(ty— )] + Aty + A2t if 1, 21 [by (1)]
= A1t + Aty if 1, 2 1

or R (1, 1) = A’t,ty+ A min (1, 1,)

Colty 1) = Ry (1, 1) - E{X(1))} E{X(1))

= 1,0+ At - ity
= A1, ift, 21

or =min (¢}, t,)

C.(.t,)
JVar{X(t,)} Var{X(z,)}

rxx(tl’ t2) =

ifr, 21,

oAy
JAL AL, t
M Poisson process is not a stationary process.

Properties of Poisson Process

1. The Poisson process is a Markov process.

Proof
Consider  P[X(t3) = n3/X(t,) = n,, X(t)) = ny]
P[X(tl) = n17X(t2) = nz,X(t3) = l’l3]
P[X(t)=n,X(,)=n,]
e MTRIAI T (g g YT

ny —n,

[refer to the second- and third-order probability
functions of the Poisson process]

= P[X(t;) = nsy/X(t,) = n,]
This means that the conditional probability distribution of X(#;) given all the
past values X(¢,) = n,, X(t,) = n, depends only on the most recent value X(#,) = n,.
That is, the Poisson process possesses the Markov property. Hence, the result.

2. Additive property: Sum of two independent Poisson processes is a Poisson
process.

Proof

We have already derived in Chapter 4 the characteristic function of a Poisson
distribution with parameter A as e M=),
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Therefore, the characteristic functions of X,(¢) and X,(¢) are given by
—Myt(1-€®) _ L ht(1=€?)
Oy (@) = e ! and ¢, , (w)=e 2
Since X,(¢) and X,(¢) are independent,
¢X, (1)+Xz(t)(a)) = ¢X,(z)(w)¢xz(r) (C())
— o ithi=e?)

which is characteristic function of Poisson distribution with parameter (4, + 4,)t.
Therefore, {X,(f) + X,(#)} is a Poisson process.

Alternative proof
Let X(@®) = X,() + X,().

P{X(t)=n} = i‘P{Xl t)=r}P{X,(t)=n—r}

r=0
n €7Alt (A«lt)r 6—121 (lzl‘)n -r

= n—r

—(A+ 11 - r n-r
=e (A+24) E;nc’(ﬂlt) (2’2t)

= e MR + A |

Therefore, X,(¢) + X,(¢) is a Poisson process with parameter (1, + 1,)t.

M The additive property holds good for any number of independent Poisson processes.

3. Difference of two independent Poisson processes is not a Poisson process.

Proof
Let X(®) = X,(0) — Xx(1)
E{X(1)} = E{X,(0} - E{X,(0)}
= (A = AWt
E{X’(t)} = E{X,* (0} + E{X," ()} - 2 E{X,(0} E{X,(1)}

(by independence)
= WP+ A0+ + A,0) = 2(A1) (A1)
= (A + M)+ (4 - L7
£ (A = W)t + (A, — A)*F
Recall that £ {Xz(t)} for a Poisson process {X(¢)} with parameter A is given by
E{X*())} = At + AP
Therefore, {X,(f) — X,(#)} is not a Poisson process.
4. The interarrival time of a Poisson process, i.e., the interval between two

successive occurrences of a Poisson process with parameter A has an exponential
distribution with mean 1/A.
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Proof
Let two consecutive occurrences of the event be E; and E, | ;.
Let E; take place at time instant #; and T be the 1nterval between the occurrences
of E; and E; , |. Tis a continuous RV.
P(T>1) =P{E,, did notoccurin (t;, t;+ 1)}
= P{No event occurs in an interval of length #}
= P{X() =0}
— e—lt
Therefore, the cdf of T is given by
FO=P{T<t}=1-¢*
Therefore, the pdf of T is given by
fin=Ae™@=0)

which is an exponential distribution with mean 1/A.

5. If the number of occurrences of an event E is an interval of length # is a Poisson
process {X(f)} with parameter A and if each occurrence of F has a constant
probability p of being recorded and the recordings are independent of each other,
then the number N(f) of recorded occurrences in ¢ is also a Poisson process with
parameter Ap.

Proof
P{N()=n} = zP {E occurs (n + r) times in ¢ and n of them are
r=0  recorded}
7). At)n+r

————(m+r)C,p'q.q=1-p

- ?l+7

[n+r

[n+r |_|_
“(/1 '~ (Agt)
14 25 q

n r

I
i

eih (ﬂ’pt)n Aqt

Er—
|n

B ef/lpr (lpt)n

I
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Worked Example 7(B) ]

Example 1

Suppose that customers arrive at a bank according to a Poisson process with a
mean rate of 3 per minute; find the probability that during a time interval of 2 min
(a) exactly 4 customers arrive, and (b) more than 4 customers arrive.

Mean of the Poisson process = A

Mean arrival rate = mean number of arrivals per minute (unit time) = A

Given 1 =3

I
P{X(t) =k} = —Ik
—6 4
@ PX@)=41=-% 0133

(b) P{X(2)>4}=1-[P{X(2)=0} + P{X(2)=1} + P{X(2) =2}
+ P{X(2) =3} + P{X(2) =4}]

4
=1-Y 6"k
k=0

=0.715

Example 2

A machine goes out of order, whenever a component fails. The failure of this part
follows a Poisson process with a mean rate of 1 per week. Find the probability
that 2 weeks have elapsed since last failure. If there are 5 spare parts of this
component in an inventory and that the next supply is not due in 10 weeks, find
the probability that the machine will not be out of order in the next 10 weeks.
(a) Here, the unit time is 1 week.
Mean failure rate = mean number of failures in a week = A = 1.
P{no failures in the 2 weeks since last failure}
= P{X(2) =0}

21 0
QN 235

0
(b) There are only 5 spare parts and the machine should not go out of order
in the next 10 weeks.

P{for this event} = P{X(10) <5}
2 ¢ 10"
- k=0 lﬁ

=0.068
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Example 3

If {N,(r)} and {N,(r)} are 2 independent Poisson processes with parameters 4,
and A, respectively, show that

P[N,(1) = kI{N,(1) + Ny(t) = n}] = nC; p* ¢" ~*, where
A and g = A )
A+A, A+A,
Required conditional probability
PN, (1) =k} {N,(t) + N, (1) =n}]
P{N,(t)+ N,(t)=n}
_ PUN @ =k {N, (1) =n—k}]
P{N,(t)+ N, (t) = n}
e—/llt ()ul[)k y e—ﬂxzt (;th)n—k
[k |n—k
e—(ll-%—ﬂg)t{()‘l +A,2)l‘}n
n

p:

(by independence and additive property)

ln AT
kln=k {4 +A))

k n—k
=nC A 4
A+ ) (A4 +4,

- nckpk qn*k

Example 4

If customers arrive at a counter in accordance with a Poisson process with a mean
rate of 2 per minute, find the probability that the interval between 2 consecutive
arrivals is (a) more than 1 min, (b) between 1 min and 2 min, and (c) 4 min or
less.

Refer of Property 4 of Poisson processes.

The interval T between 2 consecutive arrivals follows an exponential
distribution with parameter A = 2.

(@ P(T>1)= jze*” dt=e? =0.135
1
2
(b) P(1<T<2)= fZe’z'dtze’z—e4 =0.117
1

4
() P(T<4)= j 2 dt=1-e*=0.999
0
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Example 5

A radioactive source emits particles at a rate of 5 per minute in accordance with
Poisson process, each particle emitted has a probability 0.6 of being recorded.
Find the probability that 10 particles are recorded in a 4-min period.

Refer to Property 5 of Poisson processes. The number of recorded particles
N(z) follows a Poisson process with parameter Ap.

Here, A=5and p=0.6

L e@n
PING =k} = ==
-12 12 10
P(N@4) =10} = %
= 0.104
Example 6

The number of accidents in a city follows a Poisson process with a mean of 2 per
day and the number X; of people involved in the ith accident has the distribution

(independent) P{X,; =k} = 2—k(k >1). Find the mean and variance of the number

of people involved in accidents per week.

The mean and variance of the distribution P{X; = k} = 2%, k=1,2,3, ...,

can be obtained as 2 and 2.

Let the number of accidents on any day be assumed as n.

The numbers of people involved in these accidents be X, X,, ..., X,

X, X, ..., X, are independent and identically distributed RVs with mean 2
and variance 2.

Therefore, by central limit theorem, (X; + X, + ... + X)) follows a normal
distribution with mean 2n and variance 2n, i.e., the total number of people
involved in all the accidents on a day with n accidents = 2n.

If N denotes the number of people involved in accidents on any day, then

P{N =2n} = P{X(¢t) = n} [where X(¢) is the number of accidents]
e (2t)"
|n
= 2ne ' (2t)"

X

=2E{X(D)} = 4t
Var{N} = E{N*} — EA(N)

(by data)

E{N}
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n2e 2
(Zt) 1612

-2
=4 E{Xz(t) } - 167
=4[Var(X(1)} + EX{X()}] - 16/
=4[2t + 4°] — 1677 = 8¢

Therefore, mean and variance of the number of people involved in accidents
per week are 28 and 56 respectively.

Example 7

If T, is the RV denoting the time of occurrence of the nth event in a Poisson
process with parameter A, show that the distribution function F,(7) of T, is given
by
n—1 ()«t)k 9y
- ) ——e
Fn=y 5 |k
0, if <0

, ifr=20

Deduce the density function f,(¢) of T,
F (i) = P{T,<1)
=1-P{T,>1}

When T, > ¢, i.e., the time of occurrence of the nth event > ¢, (n — 1) or less
events must have occurred in (0, ?).

F()=1-P(X(®)<n—-1}

A
=1- Z( 2 7l,whent20

Differentiating both sides with respect to ¢ and noting that F,(f) = f,(r)

f@ = —’i{—l—(ﬁ) e +7L—(1t)_; e"”}

PP~ (C50) (W'l}
2{ kT

S 8 e e e (|
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Example 8

If {X(#)} is a Poisson process, prove that
s r s n-r
P{X(s)=r/X(t) =n} = nC, (?) (1 —?) where s <t

P{X(s) = rIX(t) =n} = PUX(s)=r} N {X(®) =n}]

P{X(1)=n}
_ PX(s)=rnX(—-s)=n-r}
P{X(t)=n}
_ P{X(s)=r}P{X(t—-s)=n—-r}
P{X(t) =n}

(by independence)

(e (As) |ri{e M At =) Y |n=r

e M ()" /|n

B m sr(t_s)nfr
- lrln—r t"

eolCy
t t

[ Exercise 7(B)

Part-A (Short-answer Questions)

1. What is a point process? Given an example.
Define a Poisson process.
What are the postulates of a Poisson process?
State the probability law of a Poisson process.

kW

% =

When is a Poisson process said to be homogeneous?
If {X(r)} is a homogeneous Poisson process, find

Find the autocorrelation R, (t,, t,) of the Poisson process {X(#)}.
State and prove the additive property of a Poisson process.

9. Prove that the difference of 2 independent Poisson process is not a

Poisson process.

10. Prove that the interarrival time of a Poisson process follows an

exponential distribution.

11. If the customers arrive at a bank according to a Poisson process with
mean rate of 2 per minute, find the probability that, during an 1-min

interval, no customer arrives.
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Part-B
12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the first-order characteristic function of a Poisson process.
If particles are emitted form a radioactive source at the rate of 20 per
hour, find the probability that exactly 5 particles are emitted during a
15-min period.
On the average, a submarine on patrol sights 6 enemy ships per hour.
Assuming that the number of ships sighted in a given length of time is a
Poisson variate, find the probability of sighting
(i) 6 ships in the next half-an—hour,
(i) 4 ships in the next 2 h,
(iii) at least 1 ship in the next 15 min, and
(iv) atleast 2 ships in the next 20 min.
Patients arrive randomly and independently at a doctor’s consulting
room from 8 a.m. at an average rate of one in 5 min. The waiting room
can hold 12 persons. What is the probability that the room will be full
when the doctor arrives at 9 a.m.?
Messages arrive at a telegraph office in accordance with the laws of a
Poisson process with a mean rate of 3 messages per hour.

(i) What is the probability that no message will have arrived during

the morning hours, i.e., between 8 a.m. and 12 noon?
(ii)) What is the distribution of the time at which the first afternoon
message arrives?

Assume that a circuit has an IC whose time to failure is an exponentially
distributed RV with expected lifetime of 3 months. If there are 10 spare
IC’s and time from failure to replacement is zero, what is the probability
that the circuit can be kept operational for at least 1 year?
Assume that an office switchboard has 5 telephone lines and that
starting at 8 am on Monday, the time that a call arrives on each line is
an exponential RV with parameter A. Also assume that the calls arrive
independently on the lines. Show that the time of arrival of the first call
(irrespective of which line it arrives on) is exponential with parameter 5A.
A radioactive source emits particles at arate of 6 per minute in accordance
with Poisson process. Each particle emitted has a probability of 1/3 of
being recorded. Find the probability that at least 5 particles are recorded
in a 5-min period.
Suppose that customers arrive at a counter independently from 2 different
sources. Arrivals occur in accordance with a Poisson process with mean
rate of 6 per hour from the first source and 4 per hour from the second
source. Find the mean interval between any 2 successive arrivals.
Assume that a device fails when a cumulative effect of k shocks occur. If
the shocks occur according to a Poisson process with parameter A, find
the density function for the life 7 of the device.
[Hint: Refer of Worked Example 7]
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22. In the case of a Poisson process, show that the conditional probability
that events have occurred at 7, 7,, ..., T,, given that n events have

occurred in (0, #), is given by tL’Z .

23. Passengers arrive at a terminal for boarding the next bus. The times of
their arrival are Poisson with an average arrival rate of 1 per minute. The
times of departure of each bus are Poisson with an average departure
rate of 2 per hour. Assume that the capacity of the bus is large. Find the
average number of passengers in (i) each bus, and (ii) the first bus that
leaves after 9 a.m.

24. Passengers arrive at a terminal after 9 a.m. The times of their arrival
are Poisson with mean density A = 1 per minute. The time interval from
9 am to the departure of the next bus is a RV T. Find the mean number
of passengers in this bus (i) if 7 has an exponential density with mean
30 min, and (ii) if T is uniform between 0 and 60 min.

Markov Process

Another interesting model of a random process is the one in which the value
of the random process depends only upon the most recent previous value and
is independent of all values in the more distant past. Such a model is called a
Markov model and is often described by saying that a Markov process is one in
which the future value is independent of the past values, given the present value.
Models in which the future depends only upon the present are common among
electrical engineering models.

Consider the experiment of tossing a fair coin a number of times. The possible
outcomes at each trial are two—‘head’ with probability 1/2 and ‘tail’ with
probability 1/2. If we denote the outcome of the nth toss, which is a RV, by X,
and the outcomes ‘head’ and ‘tail’ by 1 and O respectively, then

P{Xn: 1} - %andP{Xn :0}:%,}’1:1, 2,

Thus we have a sequence of independent RVs X, X,, ..., since the trials are
independent and hence the outcome of the nth trial does not depend in any way
on the previous trials.

Consider now the RV that represents the total number of heads in the first n
trials and is given by S, = X, + ... + X,. The possible values of S, are 0, 1, 2, ...,
nIf S, =k(k=0,1, ..., n), then the RV §, , ,(=S, + X,,, ;) can assume only 2
possible values, namely k + 1 [if the (n + 1)th trial results in a head] and & [if the
(n + 1)th trial results in a tail].

1
Thus, PIS, .y =k+18,=K)= -

P{S,

n

L =k, =k) =

N | —
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These probabilities are not at all affected by the values of the RVs S|, S,, ...,
S, _ - Also the conditional probability of S, , ; give S, depends on the value of
S, and not on the manner in which the value of S, was reached. This is a simple
example of a Markov chain. Random processes {X(7)} (with Markov property)
which take discrete values, whether ¢ is discrete or continuous, are called Markov
chains. Poisson process, discussed earlier, is a continuous time Markov chain. In
this section, we will discuss discrete time Markov chains.

Definition of a Markov Chain
If, fOI‘ all n, P{XH =an/Xn_1 =d X _2:an_2, ceey XO =(10} :P{X}’l = an/Xn_l

n—1 “n
=a, _,}, then the process {X,},n=0, 1, ..., is called a Markov chain.
(a;, ay, ..., a,, ...) are called the states of the Markov chain. The conditional
probability P{X, = a/X, | = a;} is called the one-step transition probability

from state a; to state a; at the n'™ step (trial) and is denoted by p,-j(n -1, n).

If the one-step transition probability does not depend on the step, i.e., p;(n —1,
n) =pm-1,m) the Markov chain is called a homogeneous Markov chain or
the chain is said to have stationary transition probabilities. The use of the word
‘stationary’ does not imply a stationary random sequence.

When the Markov chain is homogeneous, the one-step transition probability
is denoted by p;;. The matrix P = {p,} is called (one-step) transition probability
matrix, shortly, tpm.

The tpm of a Markov chain is a stochastic matrix, since p; = 0 and Z by =1

J
Jor all i, i.e., the sum of all the elements of any row of the thm is 1. This is obvious because the
transition from state a; to any one of the states (including a; ifself) is a certain event.

The conditional probability that the process is in state g, at step n, given that
it was in state g; at step 0, i.e., P{X, = a/X,, = a;} is called the n-step transition
probability and denoted by p,(n).

Let us consider an example in which we explain how the tpm is formed
for a Markov chain. Assume that a man is at an integral point of the x-axis
between the origin and the point x = 3. He takes a unit step either to the right
with probability 0.7 or to the left with probability 0.3, unless he is at the
origin when he takes a step to the right to reach x = 1 or he is at the point x =
3, when he takes a step to the left to reach x = 2. The chain is called ‘Random
walk with reflecting barriers’.
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The tpm is given below:
States of X,
0 1 2 3

0 0 1 0 0
Statesof X, ,=1/03 0 07 0
21 0 03 0 07
300 0 1 0

Doz = the element in the 2nd row, 3rd columm of this tpm = 0.7. This means that,
if the process is at state 2 at step (n — 1), the probability that it moves to state 3 at step n =
0.7, where n is any positive integer.

Definition: If the probability that the process is in state ;is p; (i=1, 2, ..., k) at
any arbitrary step, then the row vector p = (p,, p,, ..., py) is called the probability
distribution of the process at that time. In particular, p(o) ={p 1(0), pz(o), ey pk(o)}
is the initial probability distribution.

[Remark: The transition probability matrix together with the initial probability
distribution completely specifies a Markov chain {X,}. In the example given
above, let us assume that the initial probability distribution of the chain is

1111
O _ |12 - = 2
b (4’4’4’4)

ie., P{X,=i}=1/4,i=0,1,2,3
Then we have, for the example given above,
P{X,=2/X,=1}=0.7; P{X,=1/X, =2} =0.3,
P{X,=1,X,=2/X,=1}
=P{X,=1/X, =2} x P{X,=2/X,=1}
=03x0.7=0.21 (D
P{X,=1,X,=2X,=1}
=P{X,=1} xP{X,=1,X,=2/X,=1}
=1/4%x0.21 =0.0525 [by (1)] 2)
P{X;=3,X,=1,X,=2,X,=1}
=P(X,=1,X,=2,X,=1)}
x P{X;=3/X,=1,X,=2,X,=1}
=0.0525 P{X; =3/X, =1} (Markov property) [by (2)]
=0.0525x0=0

Chapman-Kolmogorov Theorem

If P is the tpm of a homogeneous Markov chain, then the n-step tpm P™is equal
to P".

ie., [Pij(n)] = [Pl]]n
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Proof

pij(z) = P{X, = j/X,= i}, since the chain is homogeneous.

The state j can be reached from the state i in 2 steps through some intermediate
state k.

Now, pi? =P{X,=jlXy=i} = P{X,=j, X, =k IX,=i}
=P{X, =j/X, =k, X,=i} P{X, = kiX,=i}
_, (D)
=Pi Pik
=PikPij

Since the transition from state i to state j in 2 steps can take place through any
one of the intermediate states, k can assume the values 1, 2, 3, .... The transitions
through various intermediate states are mutually exclusive.

2
Hence, pij( )= Zpik Py
k

i.e., the ij-th element of 2 step tpm =
the ij-th element of the product of the 2 one-step tpm’s

ie., P =p?
Now, piY = P{X;=jlX,=1i}
=Y P{X, = jIX, =k} P{X, = kIX, = i}
k

_ 2)

= Zij pi(k
k

=0 p,
k

Similarly, — p;" =Y p, pf?
k

ie., PY=p*P=pPP =P
Proceeding further in a similar way, we get
P =p

For example, consider the problem of Random walk with reflecting barriers,
discussed above, for which the tpm is

o 1 0 O
P 03 0 07 O
0 03 0 07
0 0 1 O
03 0 07 O
P 0 051 0 049
009 0 091 O
0 03 0 07
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From this matrix, we see that pll(z) = 0.51. This is so, because
P =PioPor+ P P11+ P12 Par+ P13 P
=(0.3) (1) + (0) (0) + (0.7) (0.3) + (0) (0) =0.51
Definition: A stochastic matrix P is said to be a regular matrix, if all the entries
of P" (for some positive integer m) are positive. A homogeneous Markov chain
is said to be regular if its tpm is regular.
We state below two theorems without proof:

1. Ifp={p,} is the state probability distribution of the process at an arbitrary
time, then that after one step is pP, where P is the tpm of the chain and
that after n steps in pP".

2. If a homogeneous Markov chain is regular, then every sequence of
state probability distributions approaches a unique fixed probability
distribution called the stationary (state) distribution or steady-state
distribution of the Markov chain.

That is, lim { p"} =, where the state probability distribution at step 7,

P = (p"”,py”,...p{") and the stationary distribution 7 = (7, 70,, ...,

Tr,) are Tow vectors.

3. Moreover, if P is the tpm of the regular chain, then 7P = 7n(7 is a row
vector). Using this property of , it can be found out, as in the worked
examples given below:

Classification of States of a Markov Chain

If pl:]-(") > 0 for some n and for all i and j, then every state can be reached from
every other state. When this condition is satisfied, the Markov chain is said to be
irreducible. The tpm of an irreducible chain is an irreducible matrix. Otherwise,
the chain is used is said to be nonirreducible or reducible.

State i of a Markov chain is called a return state, if pij(") > ( for some n > 1.

The period d; of a return state i is defined as the greatest common divisor of all
m such that p™ > 0, i.e., d; = GCD {m: p,{™ > 0}. State i is said to be periodic
with period d; if d; > 1 and aperiodic if d; = 1.

Obviously state i is aperiodic if p; # 0. The probability that the chain returns
to state i, having starte from state i, for the first time at the nth step (or after
n transitions) is denoted by f," and called the first return time probability or
the recurrence time probability. {n, ii(”)}, n=1,2,3, ...,1s the distribution of
recurrence times of the state i.

IfF;= Zfif") =1, the return to state i is certain.

n=1

;= Y,nf" is called the mean recurrence time of the state i.

n=1
A state i is said to be persistent or recurrent if the return to state i is certain,
i.e., if F;;= 1. The state i is said to be transient if the return to state 7 is uncertain,
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i.e., if F;; < 1. The state i is said to be nonnull persistent if its mean recurrence
time y;; is finite and null persistent, if y; = oo.

A non-null persistent and aperiodic state is called ergodic.

We give below two theorems, without proof, which will be helpful to classify
the states of a Markov chain.

1. If a Markov chain is irreducible, all its states are of the same type. They
are all transient, all null persistent or all nonnull persistent. All its states
are either aperiodic or periodic with the same period.

2. If a Markov chain finite irreducible, all its states are nonnull persistent.

Birth and Death Process

Another random process that has wide applications in several fields of natural
phenomena such as spread of epidemics, queueing problems, telephone exchange,
traffic maintenance and population growth is the birth and death process.
Definition: If X(7) represents the number of individuals present at time ¢ in a
population [or the size of the population at time ¢] in which two types of events
occur—one representing birth which contributes to its increase and the other
representing death which contributes to its decrease, then the discrete random
process {X(#)} is called the birth and death process, provided the two events,
viz., birth and death are governed by the following postulates:
If X(¥) = n(n > 0),
(1) P[1 birthin (¢,  + Af)] = A,,(t) Ar + 0(Ar)
(ii)) P[0 birthin (¢, r + AD] = 1 — 4,(r) At + O(Ar)
(ii1)  P[2 or more births in (z, t + Af)] = O(Ar)
(iv) Births occurring in (¢, ¢ + Af) are independent of time since last birth.
(v) P[ldeathin (z, t + At)] = w,(t) At + O(A?)
(vi) P[Odeathin (t, t + Af)] = 1 — () At + O(A?)
(vii)  P[2 or more deaths in (7,  + Ar)] = O(A?)
(viii) Deaths occurring in (¢, t + At) are independent of time since last death.
(ix) The birth and death occur independently of each other at any time.

Probability Distribution of X(t)

Let P,(t) = P{X(¢) = n} = probability that the size of the population is n at time
t. Then P, (t + At) = P{X(t + At) = n} = probability that the size of the population
is n at time (¢ + Af). Now the event X(¢ + Af) = n can happen in any one of the
following four mutually exclusive ways:
(i) X(?) = n and no birth or death in (¢,  + A?)

(i) X(f)=n-1 and 1 birth and no death in (¢,  + A7)

(iii)) X(#) =n + 1 and no birth and 1 death in (¢,  + A?)

(iv) X(t) =n and 1 birth and 1 death in (¢, ¢ + Ar)

P (t + Af) = P(i) + P(ii) + P(iii) + P(iv)
=P, () (1= A, A (1 = i, A + P, (1)-A,_, At
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(I=p, (AD+P,, (D=2, AL, | At + w, (DA, At - 1, At, omitting higher
powers of At.

ie., Pt+A)=P,(0) -, +u)P(DAt+A, P, ((D)-At
+1,, - P, (). At, omitting terms containing (Af)°.

CP(t+A)-P(1) _

At - n—l'Pn—l(t)_()‘n-'_:un)Pn(t)+:un+1Pn+1(t)"' (1)
Taking limits on both sides of (1) as At — 0, we get
P/n(t) = /,{’nfl Pn—l(t)_(/ln'i':un) Pn(t) +)un+] Pn+1(t) (2)

The difference-differential equation (2) holds good forn > 1. Itis not valid when
n =0, as no death is possible in (¢, r + Af) and X(f) = n — 1 = -1 is meaningless.

Py(t + Af) = Py(t) (1 — Ay Ar) + Py(2) (1 — A, Ar) u, At
R(+AD-P (1) _

ie., N — Ay Py(®) + 1y Py(2) 3)
Proceeding to limits as Ar — 0, we get
Py(t) == 29 Po(D) + Wy Py(1) “4)

On solving equations (2) and (4), we get P,(¢) [n = 0] which gives P{X(t) =n},
the probability distribution of X(¥).

The equations (2) and (4) characterize the generalised birth and death process, which
assume that the collective birth and death rates in (t, t + At) are A, and W, respectively) which
depend on the size n of the population at time 1.
If we further make the simplifying assumptions that the birth rate in (t, t + A#) is A for each
individnal in the population and the death rate in (1, t + A2) is WL for each individual, then A,
=nA and U, = nll.
In this case, equations (2) and (4) become

P/#)= (1~ 1) AP, ()~ nA+ W P,§) + (s + U P, . (1) 5)
and D)= uP,(1) )
Egquations (5) and (6) are said to characterize the simple birth and death process or Linear
Growth Process.

Value of P, (t) for the Simple Birth and Death Process

We define the probability generating function G(z, 1) = Y, P,(t)z".

n=0

For the simple birth and death process, P,(¢) is given by
P(=(n-1) AP, &) —n(A+w) PO+ n+ Hu”P, (0 (1)

Multiplying both sides of (1) by 7" and summing over all values of n, we have

S Pz = li(n —DP,_ ()" —(A+ 1) inl’n(t)z" + ui(n +DP, ()7

n=0
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= A7) nP,(1)Z" = (A+ W)z Y nP, ()" + p Y nP, ()"

n=0 n=0 n=0
) oG , 0G G oG
— = A — (At Wz—+u—
he P e P
) oG = .
) YT
since % ggn > (1) 2
i.e., a—G = (ﬂ,Z—,U)(Z—l)a—G (2)
ot oz

This equation (2) is a Lagrange’s linear equation. The corresponding subsidiary
simultaneous equations are
dar dz _dG

— = 3)
-1 (Az-w(iz-1) O
From the first two ratios, we have
dt 1 d.
— = < Adz , by partial fractions
-1 A-pul\z-1 Az—pu
.. one solution of (3) is
z—1
lo =(Uu-ANt-logc
g ( Ao Nj (TR gcy
-1 1 _
ie., < = —e * W or Az p = e 4)
Az—u ¢ z-1
The second solution (4) is obviously G = ¢, 5)

.. the general solution of (2) is

G(z,t) = f{(%) e“‘“’} (6)

where fis an arbitrary function.

Now, G(z, 0)= Y. P,(0)Z"

n=0

=z,since P,(0)=P{X(0)=n}=1,forn=1and=0,foralln#1
Using this in (6), we have

Az—u
f ( -1 ) =z (7)
When z is replaced by ¢(z), let the argument of freduce to z.
AP(z) — K-z
Th _— = A =
en o)1 z #(2) P
U—z

But by (7), f2) = 1—z
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Using (8) in (6), the required solution is

Putting

and

Now,

Now,

u_(ﬂ’z_#)e(#—l)t
z—1

A _(AZ _ uuje(u—/l)t

z—1

G(z, 1) =

_ M(z— D™ —(Az—p)
T AMz=De"M —(Az— )

pfl— e} —{A— ez
(u—2e*™" = Az{l - e* "y

pi—e)
- ;Le(lf/t)t

ML= ey
- le(}r#)t

a)+{1-a(t)- B}z
1-B()z

= [a(n) +{1-a() - BN}z {1- Bz}
= [a®)+{1-a@®) -}z i{ﬁ(t)}"z”

oft) =
A

= —a(t) =
B(t) i

, we get

Gz, 0 =

P, (1) = coefficient of 7" in the expansion of G(z, )
= a() (B} + {1 - a) - B} {BO)}" !
= [or) B(o) + 1 - at) - B {BD)}"
={1-a®} {1- O} {0} inz1

Pyn)=1-3 P,

n=1

= 1-{l-a}1- BN} Y ABOY!

n=1

=1-{l-a®} {1- B} {1- 1)}
= o(1)

Gz =

Had we assumed that X(0) = m, instead of X(0) = 1, we wonld have got

a(t)+{1-o(t)-B(t)z |”
1=B(t)z
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Mean and Variance of the Population Size in a
Linear Birth and Death Process

The probability distribution of the size X(¢) of the population in the linear birth
and death process is given by
(. P(0}in=0,1,2, ...,

EIX0) = YnP,0)

=(l-a)d- ﬁ)i nf"" , where o= o(r) and B = B(r)
=(1-0)(1-P) {1+2B+3F+ ...}

-«
=125

U= e — i+ e
T T YT

(A-w)t

(A=)t
_ (u—Aye"™ — A

u—2A

When A < W (vig., birth rate is smaller than death rate), E{X(#)} — 0 as t —

oo

When A > W (viz., birth rate is greater than the death rate), E{X(t)} — oo as t — oo. Of
conrse, when 2 = [, E{X(®#)} = 1 = X(0)]

Now, E{X(f)} = inzﬂ(t)

n=0

= (l—a)(l—ﬁ){i{n(n+1)—n}ﬁ"l}

=(1-0)(1=-P)[{1.2+23B+348+...} - {1+2B+3F+...}]

2 1
= (1-a)(1- -
(1-a)( ﬁ{a—ﬂf a—ﬁf}

_(-o(1+P)
(1-By
Var {X(1)} = E{X’(0} - E*{X (1}
_(-o(+p) (-oy
-8’ -8y
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_(-o)@+p
(1-By

_ [l+/~‘je<x—u>t{e<l—u>r )
A-p

Pure Birth Process

If X(¢) represents the size of a population at time ¢, in which only births can
take place, then the discrete random process {X(#)} is called pure birth process,
provided the births are governed by the postulates (i), (ii), (iii) and (iv) of the
birth and death process.

The difference-differential equations representing a pure birth process are

Pr:(l)=2’1171P1171(t)_ﬂ’npn(t) (1)

and Py (1) = Ay Py (1) (2)
which are obtained from the corresponding equations representing birth and
death process by putting u, = 0, forn = 1.

If we assume that A, = nA, where A is the birth-rate for all individuals at time
t, the pure birth process is called Yule-Furry process or simple birth process.

In this case, equation (2) becomes P, (f) = 0 and so P(f) = constant = 0.

Solution of equation (1) is obtained by putting ¢ = 0 in the solution of linear
birth and death process.

viz., P(t) = eM—eMyln>1.

ﬁ‘lsa for the simple birth process {X(¢)}, E{X(?)} = ¢™ and Var {X()}
=eM{eM - 1).

Queueing Processes

When the generalised birth and death process is in steady-state, viz., when P,(f)
and Py(f) are independent of time, P’ (f) and P(f) become zero. Hence, the
difference-differential equations that characterise the generalised birth and death
process reduce to the difference equations.

)“n—lpn—l_(ﬂ’n+un)Pl1+un+lPn+1 =0 (1)
These equations (1) and (2) characterise the Poisson queueing systems, which
are discussed in detail in the chapter on “Queueing Theory”. In the single server
queueing models, A, = A and u,, = 1.
In the multiserver (‘s’ servers) queueing models,
nu, if0<n< s}

A =Aand u, =
" anc ty {su, ifn>s
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Renewal Process

Renewal process is a generalisation of Poisson process. In Poisson process,
the time interval between two consecutive occurrences of the event follows an
exponential distribution, whereas in renewal process, the inter-arrival times are
independent identically distributed continuous Random Variables.

Definition

If N(¢) represents the number of occurrences of a certain event (the number
of renewals of a certain component in a machine) in (0, #), then the discrete
random process {N(?); t = 0} is called a renewal counting process or simply
renewal process, provided the inter-arrival times X, X,, Xj, ... are non-negative,
independent and identically distributed random variables (i - i - d - r - v’ 5) with
a common distribution function F(x).

If X is assumed to represent the life-time of the components being replaced and the
Jirst component is installed at time t = 0, then it is replaced instantaneonsly at time t = X, (viz.,
the first renewal has taken place at t = X,). The replaced component is again replaced at time
t=X,+Xpandsoon If S, =X, + X, +... + X then S, represents the time at which
the nth replacement is made. IN(2) is the largest value of n for which S, < 1.]

Probability Distribution of the Number of
Renewals, N(t) and E{N(t)}

The distribution of N(¥) is related to that of S, = X; + X, + ...+ X, because N(f) <
n, if and only if S, > ¢, as seen from the figure given below.

P{N(t)<n} =P{S,>1t}
=1-P{S,<t}
=1-F,2)
where F, (1) is the distribution function of §,, such that Fjy(¥) = 1
P{N(t) zn} =F ()
Now, P{N(@®) =n}=P{N({t)=n}—-P{N@®)=2n+1}

=F()-F,, .
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E(N®} = S, (1), where P, () = P(N() = n}

n=0
= S ulF0-F,, ()

= {Fy(t) = Fy(D)} + 2{F(t) = F5(D)} + 3{F3(t) = F4(t)} + ... o
= Fy(t) + Fy(t) + F3(1) + ... o0

= ZF(t) or ZP{S <t}

n=1

M) = E{N(1)} is called the renewal function of the process {IN(2)}
M(2) = m(t) is called the renewal density of the process {N(?)}

m(t) = 2 “(t)or Zf” (t), where f(t) is the density function of S,

n=1

Renewal Equation

The integral equation satisfied by the renewal function M(¢), called the renewal

equation is given by M(1) = F(t)+ [ M(t—x) f (x)dx .

Proof:
M(t) = E{N(t)} (1)

= TE{N(t)/Xl =x} f(x)dx
0

where f(x) is the common pdf of X, (r=1, 2, 3, ...)

If x > ¢ and X, = x, no renewal occurs in (0, ), so that E{N(H)}/X; =x} =0
2)

If 0 < x <tand X, = x, one renewal has occurred at time x and the expected
number of renewals in the remaining time interval of length # — x is E{N(¢ — x)}.

E{NOYX,=x} =1+ E{N(I-x)}
=1+ M(r—x) &)
Using (2) and (3), we have

M) = [{(1+M(t—x)} f(x)dx
0

= jf(x)dx+ jM(r—x)f(x)dx
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= F(t)+ [ M(1 - x) f(x)dx
0

Poisson Process as a Renewal Process

In the Poisson process, the inter-arrival times X;, X,, Xj, ... follow identical
exponential distributions with pdf Ae™ A ,x20,1>0

Sn:X1+X2 "'+Xl’l

n_n-1_-Ax
follows the Erlang distribution with pdf W x>0
n—1)!
F,(1) = P{S, <1}
f/ln n—1 71\'
_ (1)
'([ (n—-1)!
ln n-1_-2Ax
= I—J.de (- the integrand is a pdf)
. (n=1)!
n_—At °
= 1—%_'.@-%0"16“ dy, on putting x =y + ¢
n—1)!
ln —At on-1
=1-0 _1)"[201 DCy"~'"ie ™ dy
ln At n—1 A
=1-c _1),2(11 1)Czjy Tie ™ dy

AMe 'S (=Dt (n—1-i)!
(n DI'&il(n—1-i) A"

P{N(t) =n}=F, () - F,, ()
— |: _ —/ltz(lt)i| |: . _Mz;‘(lt):|

(At)”/n!, which is the probability law of a Poisson process.

E{N(t)} = i P{S, <
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— /flJ' —Ax (ﬂ'x)n ! dx
ol (n !
t
= /’LJ.e_“ M dx = At
i.e., renewal function of the Poisson process = Az.
Renewal density of the Poisson process = A4
Corollary If the inter-arrival times X,, X,, Xj, ... follow identical Erlang

k
distributions with pdf %xk_le_’lx;x >0, then S, will also follow an Erlang

nk
distribution with pdf A KM x>0
(nk)

(by the reproductive property of Erlang distribution). Proceeding as in the
previous case, we can get

(nk—=1) ;
W Fo=1-ey A

iz !
(n+])k 1
Gi) P(NO=n}=e™ 3 (’llf) n=0,1,2,.
i=nk .

For example,

2 k—i
ay G }
21 (k—i)!

P{N(H) =0} = e’lx{l-k%—k

and (iii) E{N(@)} = A

[ Worked Example 7(C) ]

Example 1

The transition probability matrix of a Markov chain {X,},n =1, 2, 3, ..., having
3 states 1, 2 and 3 is

0.1 05 04
P=]06 02 02
03 04 03

and the initial distribution is p® = (0.7, 0.2, 0.1).
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Find (a) P{X,=3},and (b) P{X;=2,X,=3, X, =3, X,=2}.
0.1 05 04)(01 05 04

pP-_p2_-10.6 02 0206 02 02
03 04 03103 04 03

043 031 0.26
=024 042 0.34
0.36 0.35 0.29

3
(a) P{X,=3} = Y P{X, =3/X, =i} x P{X, =i}
i=1
= pYP(X, =)+ pJP(X, =2)+ pi3 P(X, =3)
=026x0.7+0.34x0.2+0.29 x 0.1
=0.182 + 0.068 + 0.029

=0.279
(b) P{X,=3/X,=2} =p,; =02 (1)
P{X,=3,X,=2} =P{X, =3/X,=2} x P{X, =2}
=0.2x 0.2 =0.04 [by (1)] 2)

P{X,=3,X,=3,X,=2} =P{X,=3/X,=3,X,=2} x P{X, =3, X, =2}
=P{X,=3/X,=3} xP{X,=3,X,=2}
(by Markov property)
=0.3 x0.04 [by (2)]
=0.012 3)
P{X;=2,X,=3,X,=3,X,=2}
=P{X;=2/X,=3,X,=3,X,=2}
x P{X,=3,X,=3,X,=2}
=P{X;=2/X,=3} xP{X,=3,X,=3,X,=2}
(by Markov property)
=0.4 x 0.012 [by (3)]
=0.0048

Example 2

A fair dice is tossed repeatedly. If X, denotes the maximum of the numbers
occurring in the first n tosses, find the transition probability matrix P of the
Markov chain {X, }.

Find also P* and P(X, = 6)

State space: {1, 2, 3,4, 5, 6}
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The tpm is formed using the following analysis.
Let X, = the maximum of the numbers occurring in the first n trials = 3, say

Then X, ,, =3, if the (n + 1)th trial results in 1, 2, or 3
=4, if the (n + 1)th trial results in 4
=5, if the (n + 1)th trial results in 5
= 6, if the (n + 1)th trial results in 6

1
PX, 01 =3/X,=3) = —+ 3

1 1
— 4 —=
6 6 6
1
P{Xn+1=i/Xn=3}:g,wheni:4,5,6

Therefore, the transition probability matrix of the chain is

/6 1/6 1/6 1/6 1/6 1/6

0 2/6 1/6 1/6 1/6 1/6

p= 0 0 3/6 16 1/6 1/6

0 O 0 4/6 1/6 1/6

0 O 0 0 5/6 1/6

0 0 0 0 0 1
1 35 9 11
0 4 5 9 11
P 1 009 7 9 11
36/|0 0 0 16 9 11
00 0 0 25 11
000 O 0 36

Initial state probability distribution is p(o) = (llllllj since all the
666666

values 1, 2, ..., 6 are equally likely.

6
P{X,=6} = > P{X, =6/X, =i} x P{X, =i}
i=1

1 6
_ls oo
6i=21p16

= l><i><(11+11+11+11+11+36)
6 36

_ o
~ 216
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Example 3

A man either drives a car or catches a train to go to office each day. He never
goes 2 days in a row by train but if he drives one day, then the next day he is
just as likely to drive again as he is to travel by train. Now suppose that on the
first day of the week, the man tossed a fair die and drove to work if and only if
a 6 appeared. Find (a) the probability that he takes a train on the third day, and
(b) the probability that he drives to work in the long run.

The travel pattern is a Markov chain, with state space = (train, car)

The tpm of the chain is

T C

P:T 0 1
c\1/2 1/2

The initial state probability distribution is p(l) = (—,—) )

since  P(travelling by car) = P(getting 6 in the toss of the die)

| w»n =

and P(travelling by train) =

510 1 1 11
p?=p"P=| 2o ===
6 6/)\1/2 1/2 12 12

1 11 111
PV = pPP=| = =
12 12 \1/2 172 24724

P(the man travels by train on the third day) =

Let & = (m;, m,) be the limiting form of the state probability distribution or
stationary state distribution of the Markov chain.
By the property of , nP = 1

. 1

.., , =, T

e (7.7 2)[1/2 1/2] (m. )

ie., —n, =T 1
, 1 (D
1

and Ttomy =T (2)

Equations (1) and (2) are one and the same.
Therefore, consider (1) or (2) with 7, + 7, = 1, since & is a probability
distribution.
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1 2
Solving, 7, = gand T, = 3

2

P{the man travels by car in the long run} = 3

Example 4

Consider a communication system which transmits the 2 digits 0 and 1 through
several stages. Let X, (n = 1) be the digit leaving the nth stage of the system and
X, be the digit entering the first stage (or leaving the Oth stage). At each stage
there is a constant probability ¢ that the digit which enters will be transmitted
unchanged (i.e., the digit will remain unchanged when it leaves) and the
probability p otherwise (i.e., the digit changes when it leaves), where p + g =
1. Write down the tpm P of the homogeneous two-state Markov chain {X, }.
Find P, P” and the conditional probability that the digit entering the first stage
is 0, given that the digit leaving the mth stage is 0. Assume that the initial state
probability distribution is p = (a, 1 - a).
State of X, ,,
01

_ Ofqg p
State space = (0, 1); P = State of X, )

P q
Now P’ = 7 p](q Pj
’ P a)\p q

_(P*+d 2pq
2pg PG
1 1
5[(q+p)2 +(g—p)°] 5[(q+p)2 —(g-p)°]

1 1
~lg+p) —(g-p)] 5[(q+p)2 +(g-p)°]

2
1 1 1 1
—t =t ==
12 2 2 _
= ,whereg—p=r
1 1, 1 2
2 2 2
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The values of P> and P* make us guess that

M1, 1 1,
—+—=r ——=r
o122 2 2
Pr=tr 1,11,
——= —+—=r
2 2 2 2
It is correct as can be proved by induction as follows:
1 1, 1 1,
—+—r" ———=r
prr1_ (4 p) 2 2 2 2
2 2 2 2
Lydpmy P Pom 4 _4m P Pom
-2 2 2 2 2 2 2 2
£+£rm+1_1rm E_Brm+2+1rm
2 2 2 2 2 2 2 2
l+lrm+1 1 lrm+1
_|2 2 2
l_lrm+1 + rm+1
2 2
l+lrm ———=r"
P" = ? ? , where m is a positive integer > 1
— =" =+ ="
2 2
L
7= imP")=| 2 2| sinceln<1
A
2 2

Now, P{X, =0,X,=0}=P{X, =0/X,=0} x P{X,=0}
= apfy’
and  P{X,=0,X,=1}=bp{y’ whereb=1-a
p(X, =0} x P{X, =0/X, =0}
piX, =0} x pi + p{X, =1} x By

(by Bayes’ theorem)
1 1,
ay—+—r
EREW

1 1, 1 1,
ay—=+—=r"r+by-——r
bl

Now, P{X,=0/X,=0}=
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a(l+r™)

=—— ° _whereb=1-a
1+ (a—=b)yr"

Example 5

A gambler has Rs. 2/-. He bets Re. 1 at a time and wins Re. 1 with probability
1/2. He stops playing if he loses Rs. 2 or wins Rs. 4 (a) What is the tpm of the
related Markov chain? (b) What is the probability that he has lost his money at
the end of 5 plays? (c) What is the probability that the game lasts more than 7
plays?

Let X,, represent the amount with the player at the end of the n" round of the play.

State space of {X,} =(0, 1, 2, 3,4, 5, 6), as the game ends, if the player loses
all the money (X, = 0) or wins Rs. 4, i.e., has Rs. 6 (X,, = 6). The tpm of the
Markov chain is

0 1 2 3 4 5 6

0f 1 0 0 0 0 0 o0

1 % 0 % 0 0 0 0

1 1
, 200 ¥ 0 oo 0 o0
- 1 1
330 0 Yoo oo o
1 1

a0 0 0 Yoo oo

1 1
sio 0o 0 o ¥ oo

6\ 0 0 O 0 0 0 1

This is called a random walk with absorbing barriers at O and 6, since the chain
cannot come ont of the states O and 6, once it has entered them.

The initial probability distribution of {X,} is p(0) = (0, 0, 1, 0, 0, 0, 0), as the
player has got Rs. 2/- to start with.
PV =pOP=(0,1/2,0,1/2,0,0,0)
p® =pP=(1/4,0,1/2,0, 1/4,0, 0)
PP =p@P=(1/4,1/4,0,3/8,0, 1/8, 0)
P =p¥P=(3/8,0,5/16,0, 1/4, 0, 1/16)
P =pPP=(3/8,5/32,0,9/32,0, 1/8, 1/16)
P{the man has lost his money at the end of 5 plays}
= P{X5 = 0} = the entry corresponding to state O in p®
=3/8
29 7 13 1)

A .’ (6): (S)P: _’O’_’O’_’O’_
g po=p 64’ 32 ea’ 8
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E) )

NH_ ©p_ |22 L 22 2
pr=pp (64’64’ 128 128’8
P{the game lasts more than 7 rounds} = P{the system is neither in state O nor
in 6 at the end of the seventh round}
=P{X,=1,2,3,40r5}
7 27 13 27
= +0+—=—
64 128 128 64

29 7 27 13 1)

Example 6

There are 2 white marbles in urn A and 3 red marbles in urn B. At each step of
the process, a marble is selected from each urn and the 2 marbles selected are
interchanged. Let the state a; of the system be the number of red marbles in A
after i changes. What is the probability that there are 2 red marbles in A after 3
steps? In the long run, what is the probability that there are 2 red marbles in urn
A?

State space of the chain {X,} = (0, 1, 2), since the number of balls in the urn
A is always 2.

Let the tpm of the chain {X, } be

0 1 2
0(Po Po1 Po
P=1\po Py Pn
2\ Pn Pn
Poo = 0 (since the state cannot remain at O after interchange of marbles)
Do2 = Pag = 0 (since the number of red marbles in urn cannot increase or
decrease by 2 in one interchange)

To start with, A contains 0 red marble. After an interchange. A will contain
1 red marble (and 1 white marble) certainly.

por =1
Let X, =1, i.e., A contains 1 red marble (and 1 white marble) and B contains
1 white and 2 red marbles.
Then X,,, ; =0, if A contains 0 red marble (and 2 white marbles) and B contains
3 red marbles, i.e., if 1 red marble is chosen from A and 1 white marble is chosen
from B and interchanged.

1
6

b)|>—t

1
P{X,,,=0X,=1}= pm:Ex

n+

1 2
Similarly, we can find = —X—=—
Y P=57373
Since P is a stochastic matrix,

PotPu+tpp=1
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1
P11=5

- 2 1
Similarly, p,, = 3 and py =1 —=(pyg+py)) = 3

0 1 0
P=|1/6 12 1/3
0 2/3 1/3

Now, p(O) = (1, 0, 0), as there is no red marble in A in the beginning.

PV =pPP=(0,1,0)

111
p?=pl p= (_ 2 _)

623

1 235
S _ Dp_ | =22 2
po=p P_(12’26’18)

P{there are 2 red marbles in A after 3 steps}

5
=P{X;=2}=p =—
{(X3=2}=p; 18

Let the stationary probability distribution of the chain be 7 = (7, 7}, 7,).

By the property of 7, 7P = wand my+ 7w, + 1, =1

0 1 0
ie., Ty, 70,7, | 116 1/2 1/3 | = (my, 7y, )
0 2/3 1/3
i.e., ln'l =T,
6

1 1
3”1 +§7r2 =T,
and T+ M+ =1
Solving, Ty = i, m, :i’ 7, zi
10 10 10

P{there are 2 red marbles in A in the long run} = 0.3

Example 7
Find the nature of the states of the Markov chain with the tpm
0 1 2
00 1 O
P=
{172 0 12
20 1 O
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12 0 172
P=|0 1 0|[;p’=P
12 0 172

pt=p

and so on. In general, P* =P P '=p

We note that pSg >0, pf} >0, pi3 >0

1 2 1
Pl(o) >0, pl(l) >0, Pl(z) >0

2 1 2
Pgo) >0, pél) >0, sz) >0

Therefore, the Markov chain is irreducible.
Also p¥ = pi(i4) =p!®...>0, for all i, all the states of the chain are periodic,

ii ii
with period 2.
Since the chain is finite and irreducible, all its states are nonnull persistent. All

states are not ergodic.

Example 8

Three boys A, B and C are throwing a ball to each other. A always throws the ball
to B and B always throws the ball to C, but C is just as likely to throw the ball
to B as to A. Show that the process is Markovian. Find the transition matrix and
classify the states.
The transition probability matrix of the process {X,} is given below:
State of X,
A B C
A(O 1 O
Stateof X, | B| 0 0 1|=P,say

c\12 12 0

States of X, depend only on states of X, _,, but not on states of X,, _,, X, _s, ...,
or earlier states. Therefore, {X,} is a Markov chain.

0 0 1 172 172 0
Now PP=[1/2 12 0 [;PP=| 0 1/2 12
0 172 12 174 174 1/2

pﬁ) >0, pg) >0, pg) >0, p&? >0, pg? > 0 and all other plfjl) >0.
Therefore, the chain is irreducible.
0 172 12 1/4 1/4 12 1/4 172 1/4
Pr=|14 14 12 ;P =|1/4 12 1/4|;P°=|1/4 3/8 12
1/4 172 1/4 1/8 3/8 1/2 1/8 3/8 3/8

and so on.
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We note that p\>, p, p; p'® etc. are > 0 for i = 2, 3, and GCD of 2, 3, 5,
6,..=1.

Therefore, the states 2 and 3 (i.e., B and C) are periodic with period 1, i.e.,
aperiodic.

We note that PS),Pl(?)vpf?) etc. are >0 and GCD of 3, 5,6, ...=1

Therefore, the state 1 (i.e., state A) is periodic with period 1, i.e., aperiodic.
Since the chain is finite and irreducible, all its states and nonnull persistent.
Moreover all the states are ergodic.

Exercise 7(C) ]

Part-A  (Short-answer Questions)
1. Define a Markov process.

Define a Markov chain and give an example of a Markov chain.
Prove that the Poisson process is a Markov process.
When is a Markov chain called homogeneous?
When is a homogeneous Markov chain said to be regular?
Define transition probability matrix of a Markov chain.
What is a stochastic matrix? When is it said to be regular?
Prove that the tpm of a Markov chain is a stochastic matrix.

9. Define n-step transition probability in a Markov chain.
10. State the Chapman-Kolmogorov theorem.
11.  What do you mean by probability distribution of a Markov chain?
12.  When is a Markov chain completely specified?
13.  What is meant by steady-state distribution of a Markov chain?
14.  Write down the relation satisfied by the steady-state distribution and the

tpm of a regular Markov chain.

® NN R WD

0 1
find the steady-state

15. If the tpm of a Markov chain is (1/2 172

distribution of the chain.
16.  When is a Markov chain said to be irreducible or ergodic?

0 1 0
17. Provethatthematrix | O O 1| isthe tpm of an irreducible Markov
172 172 0

chain.
18.  What do you mean by an absorbing Markov chain. Give an example.
19. If the initial state probability distribution of a Markov chain is p© =

0 1
é, 1 and the tpm of the chain is , find the probability
6 6 12 172

distribution of the chain after 2 steps.
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Part-B
20.

21.

22.

23.

24,

25.

The tpm of a Markov chain with three states 0, 1, 2 is
34 174 0
P=\14 112 1/4
0 3/4 1/4

and the initial state distribution of the chainis P{X,=i}=—,i=0,1,2.

1

3’
Find (i) P{X, =2}, and (ii)) P{X;=1, X, =2, X, =1, X, =2}.
A man is at an integral point on the x-axis between the origin and the

1
point 3. He takes a unit step to the right with probability 3 or to the left

with probability 2/3, unless he is at the origin, where he takes a step to
the right to reach the point 1 or is at the point 3, where he takes a step to
the left to reach point 2. What is the probability that (i) he is at the point
1 after 3 walks? and (ii) he is at the point 1 in the long run?

Suppose that the probability of a dry day (state 0) following a rainy day

(state 1) is % and that the probability of a rainy day following a dry day

is % Given that May 1 is a dry day, find the probability that (i) May 3

is also a dry day, and (ii) May 5 is also a dry day.
A gambler has Rs. 3/-. At each play of the game, he loses Re. 1 with

1
probability % but wins Rs. 2/- with probability 1 He stops playing

if he has lost his initial amount of Rs. 3/- or he has won at least Rs. 3/-.
Write down the tpm of the associated Markov chain. Find the probability
that there are at least 4 rounds to the game.

A communication source can generate 1 of 3 possible messages 1, 2
and 3. Assume that the generation can be described by a homogeneous
Markov chain with the following transition probability matrix

Current message Next message
1 2 3
1 0.5 0.3 0.2
2 0.4 0.2 0.4
3 0.3 0.3 0.4
and the initial state probability distribution p = (0.3, 0.3, 0.4). Find

3
e

Assume that the weather in a certain locality can be modeled as the
homogeneous Markov chain whose transition probability matrix is given
below.
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26.

27.

28.

29.

30.

31.

32.

Today’s weather Tomorrow’s weather
Fair Cloudy Rainy
Fair 0.8 0.15 0.05
Cloudy 0.5 0.3 0.2
Rainy 0.6 0.3 0.1

If the initial state distribution is given by p® = (0.7, 0.2, 0.1), find p'®
and lim p™ .

n—yoo
A fair coin is tossed until 3 heads occur in a row. Let X,, be the sequence
of heads ending at the nth trial. What is the probability that there are at
least 8 tosses of the coin?
There are 2 white marbles in urn A and 4 red marbles in urn B. At each
step of the process, a marble is selected from each urn and the 2 marbles
selected are interchanged. The state of the related Markov chain is the
number of red balls in A after the interchange. What is the probability
that there are 2 red balls in urn A (i) after 3 steps, and (ii) in the long
run?
A student’s study habits are as follows: If he studies one night, he is 70%
sure not to study the next night. On the other hand, if he does not study
one night, he is 60% sure not to study the next nights as well. In the long
run, how often does he study?
A salesman’s territory consists of 3 cities A, B and C. He never sells in
the same city on successive days. If he sells in city A, then the next day
he sells in B. however, if he sells either in B or C, then the next day he
is twice as likely to sell in city A as in the other city. How often does he
sell in each of the cities in the steady state?
A housewife buys 3 kinds of cereals, A, B and C. She never buys the
same cereal in successive weeks. If she buys cereal A, the next week she
buys cereal B. However, if she buys B or C, the next week she is 3 times
as likely to buy A as the other cereal. In the long run, how often she buy
each of the three cereals?
Two boys B, B, and two girls G, G, are throwing a ball from one to
another. Each boy throws the ball to the other boy with probability 1/2
and to each girl with probability 1/4. On the other hand, each girl throws
the ball to each boy with probability 1/2 and never to the other girl. In
the long run, how often does each receive the ball?
A gambler’s luck follows a pattern. If he wins a game, the probability
of his winning the next game is 0.6. However if he loses a game, the
probability of his losing the next game is 0.7. There is an even chance
that the gambler wins the first game. What is the probability that he wins
(i) the second game, (ii) the third game, and (iii) in the long run?
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33.

34.

The three-state Markov chain is given by the tpm

0 2/3 1/3
P=112 0 112
172 172 0

Prove that the chain is irreducible and all the states are aperiodic and
non-null persistent. Find also the steady-state distribution of the chain.
A man tosses a fair coin until 3 heads occur in a row. Let X, = k, if at
the n' trial, the last tail occurred at the (n — k)th trial; i.e., X, denotes the
longest string of heads ending at the nth trial. Show that the process is
Markovian. Find the transition matrix and classify the states.

ANSWERS

Exercise 7(A)

3.

18.
19.

21.

23.

24.

25.

26.

30.
31.

DC meter measures the mean of the input process;

.. output of the dc meter =0V

True rms metre measure the SD of the input process.

. output of the true rms meter =2 V

Gaussian process is used to model and analyse the effects of thermal
noise in electronic circuits used in communication system.

Square law detector process, Full-wave linear detector process, Half-
wave linear detector process and Hard limiter process.

X(6) = Ry(#) cos {ay £ 6,(1))

In communication systems, information bearing signals are often
narrow-band Gaussian processes. When such signals are viewed on an
oscilloscope, they appear like a sine wave with slowly varying amplitude
and phase. Hence, the representation.

R (1) (envelope) follows a Rayleigh distribution and 6,(¢) (phase) follows
a uniform distribution in (0, 27).

They are low pass processes.

A zero mean WSS process {X(7)} can be represented in the form X(7)
= [(t) cos wyt — Q(f) sin w,t. This kind of representation is called the
quadrature representation.

WSS processes with zero mean can be represented in the quadrature
form.

The quadrature representation is useful in communication theory, only
when {X(?)} is a zero mean, WSS, band pass process.

The graph of Syy(w) is a straight line parallel to the w-axis.

Syv(w) is a constant for all values of w, i.e., Syy(w) contains all
frequencies in equal amount. White noise is called so in analogy to white
light which consists of all colours.
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32.

33.

34.

35.

38.

39.

42.

43.
46.

48.

49.

50.

N,
Syp(w) = 70 | H(w) >, where {Y(r)} is the output process and H(w) is
the power transfer function.

N TN, A N
F 0 5 — 0 —iwt — 0
{ > (r)} | Sro@e ar=—2

—oo

4N, N
Ry(D = F 17():705(’5)

E{N*(1)} = Ryp(0) = T Syy (@) do = of % dw — oo

—oo

Since J Syy (@)dw — oo, itis not physically realisable. If the frequency

—eo @p
band is taken to be finite, say (—wj, @), then J. Syn (@) dw =Ny wg<oo.
-,
Thus, the spectral density becomes realisable. ’
Y i<
Syw(@) =1 2~ —F
0, elsewhere
1 N, N, “t N, sint®
Ry =— | —Le™do=—2 J costwde =~ TP
2r o, 2 2r 2 T
B
Nyw in T Nyo
E{N*(t)} = Ryy(0) = ~228 Jim | 2050 | 0%
2w -0\ Tw, 2r

Filtering in a stable, linear, time-invariant system is done by selecting
carefully the power transfer function H(®) so that certain undesired
spectral components of the input signal are removed or filtered out.

(1) 0.309; (i1) 0.4

1 2
de8(1+e™)—=e""" —o0 < 7<0;0.6915;
2\21
! exp{— ! = (z2—26_4zw+a)2)}—°o<z,a)<oo

8m1— e 8(1-e™®)
0, 2, 4 volts

R 2
Mml ), where 7= lf; — 1,

R (0)—u;
(i) Z(¢) is a Gaussian RV for all  and hence {Z(#)} is a Gaussian process.

1 1 2 2
(i) Az, zp) = exp{— 7 —2rzz, +Zz}
S PN 2(1-r%)

where r = cos a(t; — t,)
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55.

57.

58.
60.

62.

(iii) Yes (iv) Yes (V) R_(7)-z(t)) where T=lt; — 1,
Ny
— (1
5 ()
@ Nywg [ sinw,T (ii) Nywg [ sinw,T cos T
2n 05T 2r WDyT

2.3% of the time

X(1) = A sin @yt — B cos oyt

N, ON, 4
—e

b

4 4

, 7120

Exercise 7(B)

1.

An ensemble of discrete sets of points from the time domain is called
point process, e.g. the times at which components fail in a large system;
the times at which phone calls arrive at an exchange.

—At k
11. P{X(®) =k} = M,wherel=2; P{X(1) =0} =¢?
12. e (1-€7
13. 0.1755
14. (1) 0.0504 (i1) 0.0054 (ii1) 0.7769 (iv) 0.5941
15. 0.1144
16. (e ()1-e>"12 1>12
17. 0.9972
19. 0.9707
20. 6 minutes
FLEPLS
21. H=———t>0
fly = S
23. (1) 30 (i) 60
24. (1)30 (i) 30
Exercise 7(C)

7. A square matrix, in which the sum of all the elements of each row is 1,
is called a stochastic matrix. A stochastic matrix P is said to be regular
if all the entries of P™ (for some positive integer m) are positive.

12. A Markov chain is completely specified when the initial probability
distribution and the tpm are given.
14. If n=(m, m,, ..., m,) is the steady-state distribution of the chain whose

tpm is the nth order square matrix P, then 7P = 7.
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15.

18.

19.

20.

21.

22.

23.
24.

25.
26.
27.
28.

0 1
If (m,, m,) is the steady-state distribution of the chain, (7, 7,). | 1 1
2 2

1 1 :
= (nl,nz);5n2 =, and 7, +E7r2 =r,,ie,2m =m. Alsom; + 1, =1

A state i of a Markov chain is said to be an absorbing state if p;; = 1, i.e.,
if it is impossible to leave it.
A Markov chain is said to be absorbing if it has at least one absorbing

state.
1 2 3 4

(1 0O 0 O
Example: 2| /2 0 /2 0

31 0 172 0 12

40 0 O 1

1/6; 3/64
o 1 0 O

23 0 13 0

P=10 23 0 13
0 0 1 0

22 3

1) 7 (ii) 2

5T

O 17 75

27

64

(04083, ¢ 2727, « 3190)

(o 7245, ¢ 1920, ¢ 0835) [114 20 13)
[ ) [ ] [ ] N s T s T _—
31/128 157 157 157

3/8; 2/5
4/11 of the nights
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0O 1 0
29. P=1{2/3 0 1/3|; (40%, 45%, 15%)
2/3 1/3 0
0 1 15 16 4
30 P=|3/4 0 4= —, —
3573535
3/4 1/4 0
5. [(L1L1
" (3’37676
3. 2 873
207200 7
33, (2108
27’277 27
Xn+1
0O 1 2 3
0(1/2 172 0 0
2. 11172 0 1/2 0

20172 0 0 12
30 0 0 1

The chain is not irreducible. State 3 is absorbing and other states are
aperiodic.
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Queueing Theory

here are many situations in daily life when a queue is formed. For example,

machines waiting to be repaired, patients waiting in a Doctor’s room, cars

waiting at a traffic signal and passengers waiting to buy tickets in counters
form queues. Queue is formed if the service required by the customer (machine,
patient, car, etc.) is not immediately available, that is, if the current demand for a
particular service exceeds the capacity to provide the service.

Queues may be decreased in size or prevented from forming by providing
additional service facilities which results in a drop in the profit. On the other
hand, excessively long queues may result in lost sales and lost customers. Hence
the problem of interest is how to achieve a balance between the cost associated
with long waiting (queues) and the cost associated with the prevention of waiting
in order to maximise the profits. As queueing theory provides an answer to this
problem, it has become a topic of interest. Before we consider the solutions
of queueing problems, we shall consider the general framework of a queueing
system.

Although there are many types of queueing systems, all of them can be
classified and described according to the following characteristics:

1. The Input (or Arrival) Pattern

The input describes the manner in which the customers arrive and join the
queueing system. It is not possible to observe and control the actual moment
of arrival of a customer for service. Hence the number of arrivals in one time
period or the interval between successive arrivals is not treated as a constant, but
a random variable. So the mode of arrival of customers is expressed by means
of the probability distribution of the number of arrivals per unit of time or of the
inter-arrival time.

We shall mostly deal with only those queueing systems in which the number
of arrivals per unit of time has a poisson distribution with mean A. In this case,
the time between consecutive arrivals has an exponential distribution with
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1 . . . .
mean 1 [Refer to Property 4 of the poisson process discussed in the previous

Chapter 7].

Further the input process should specify the number of queues that are
permitted to form, the maximum queue length and the maximum number of
customers requiring service, viz., the nature of the source (finite or infinite) from
which the customers emanate.

2. The Service Mechanism (or Pattern)

The mode of service is represented by means of the probability distribution of
the number of customers serviced per unit of time or of the inter-service time.
We shall mostly deal with only those queueing systems in which the number of
customers serviced per unit of time has a Poisson distribution with mean u or
equivalently the inter-service time (viz. the time to complete the service for a

g . 1
customer) has an exponential distribution with mean — .
u

Further the service process should specify the number of servers and the
arrangement of servers (in parallel, in series, etc.), as the behaviour of the
queueing system depends on them also. The following figures represent the
framework of queueing systems in which only one queue is permitted to form:

Input

Queue Service

Fig. 8.1 Single server queueing system

Input

— Output

Queue

Service

Fig. 8.2 Multiple servers (in parallel) queueing system

Input
gl — Output

Queue Service Queue Service Queue Service

Fig. 8.3 Multiple servers (in series) queueing system
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3. The Queue Discipline

The queue discipline specifies the manner in which the customers form the queue
or equivalently the manner in which they are selected for service, when a queue
has been formed. The most common discipline is the FCFS (First Come First
Served) or FIFO (First In First Out) as per which the customers are served in the
strict order of their arrival. If the last arrival in the system is served first, we have
the LCF'S or LIFO (last in First Out) discipline. If the service is given in random
order, we have the STRO discipline. In the queueing systems which we deal with, we
shall assume that service is provided on the FCFS (First Come First Served) basis.

Symbolic Representation of a Queueing Model

Usually a queueing model is specified and represented symbolically in the form
(a/b/c):(dle), where a denotes the type of distribution of the number of arrivals
per unit time, b the type of distribution of the service time, ¢ the number of
servers, d the capacity of the system, viz., the maximum queue size and e the
queue discipline.

Accordingly, the first four models which we will deal with will be denoted
by the symbols (M/M/1):(eo/FIFO), (M/M/s): (eo/FIFO), (M/M/1): (k/FIFO) and
(MIMls): (kKIFIFO).

In the above symbols, the letter ‘M’ stands for Markov’ indicating that the
number of arrivals in time ¢ and the number of completed services in time ¢
follow Poisson process which is a continuous time Markov chain.

Difference Equations Related to Poisson Queue
Systems

If the characteristics of a queueing system (such as the input and output
parameters) are independent of time or equivalently if the behaviour of the
system is independent of time, the system is said to be in steady-state. Otherwise
it is said to be in transient-state.

Let P,(¢) be the probability that there are n customers in the system at time
t (n > 0). Let us first derive the differential equation satisfied by P,(f) and then
deduce the difference equation satisfied by P, (probability of n customers at any
time) in the steady-state.

Let A, be the average arrival rate when there are n customers in the system
(both waiting in the queue and being served) and let u, be the average service
rate when there are n customers in the system.

re independent of the number of customers in the system.

@ The system being in steady-state does not mean that the arrival rate and service rate
a

Now, P, (t + At) is the probability of n customers at time ¢ + At.
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The presence of n customers in the system at time ¢ + Af can happen in any one
of the following four mutually exclusive ways:
(i) Presence of n customers at ¢t and no arrival or departure during Af time.
(i) Presence of (n— 1) customers at # and one arrival and no departure during
At time.
(iii) Presence of (n + 1) customers at ¢ and no arrival and one departure during
At time.
(iv) Presence of n customers at ¢ and one arrival and one departure during At
time (since more than one arrival/departure during At is ruled out).
P(t+ADN=P,1) (1 -4, A0 (1 —pu, Ay + P, _(t) A, At (1- 1, Ar)
+ P, (0O =4, AD W, At + P, (1)- A, At- 1, At
[since P(an arrival occurs during At time) = A At, etc.]
ie., P,(t+ A =P,(t)— (A, + 1, P()At+ A, | P, () At
+1,,, P, (), Ar,onomitting terms containing (Ar)* which s
negligibly small.

P At)—P
nCHAD =R B -yt i) PO+ iy Py (D)

At
Taking limits on both sides of (1) as At — 0, we have
Pn’(t) = //1’11— IPn—l(t) - (/ln + nun) Pn(t) + nun +1 Pn + l(t) (2)

Equation (2) does not hold good for n = 0, as P, _(f) does not exist. Hence
we derive the differential equation satisfied by P(f) independently. Proceeding
as before,

Pyt + A = Py(t) (1 — Ay A + Py(0) (1 — A, Ar) i, At
[by the possibilities (i) and (iii) given above and
as no departure is possible when n = 0]
FPy(t+At)— Fy(1) _

A = AoPo(0) + 1, P () 3)
Taking limits on both sides of (3) as Az — 0, we have
Py (1) == Ay Py(t) + 1y Py(t) 4)

Now, in the steady-state, P,(f) and Py(¢) are independent of time and hence
P,’(r) and P,/(f) become zero. Hence, the differential equations (2) and (4) reduce
to the difference equations

ﬂ'—1P11—1_(;1’n+un)P11+un+1Pn+1=O (5)

n

Values of Py and P, for Poisson Queue Systems

From equation (6) derived above, we have
A
P =-2Pp (7)
H
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Putting n =1 in (5) and using (7), we have
Py = (A + W) Py — APy

A Ay A
=M + 1) == Py— Ay Py= =L P,
Hy Hy
Ao A
p,=—2"1p (8)
Hy Hy
Successively putting n =2, 3, ... in (5) and proceeding similarly, we can get
Py = hhhy P,, etc
3= 0> Ctc.
My W
e )“0)“1/12"'/1"—1
Finally, P=————"— Pyforn=12, .. 9
My o Hy oo [,

Since the number of customers in the system can be 0 or 1 or 2 or 3, etc.,

which events are mutually exclusive and exhaustive, we have 2 P =1

n=0
oo AA A B
i.e., Py+ 2 (%]P():l

1+ ii [2021."An—1j
n=1 \ Mty Hy
Equations (9) and (10) will be used to derive the important characteristics of
the four queueing models.

(10)

Characteristics of Infinite Capacity, Single Server
Poisson Queue Model | [M/M/1): (</FIFO) model],
when A, =Aand y,=u (A< p)

1. Average number L, of customers in the system: Let N denote the number
of customers in the queueing system (i.e., those in the queue and the one

who is being served).
N is a discrete random variable, which can take the values 0, 1, 2, ..., o

l n
such that PIN=n) =P, = (Z] Py, from equation (9) of the previous

discussion.
From equation (10), we have
1
PO = = = 1 — &
u

20 20
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(3]
u u
Now, L,=EN)= Y,n xP,
n=0

L0226

-2
= A (1 - &j (1 - i) , by binomial summation
u

u u
A
A
=t - (1)
AousA
u
2. Average number L, of customers in the queue or Average length of the

queue:

If N is the number of customers in the system, then the number of
customers in the queue is (N — 1)

L,=EN-1)= Z(n—l)Pn

n=1

[zt

n=1

Bty
)
Dl

SALYA @)
TR
u

3. Average number L, of customers in non-empty queues

L, =E{(N-1)/(N-1)>0}, since the queue is non-empty
_ EN-1D) X .
P(N-1>0) p(u-24) i”
n=2
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_ X 1
s AT 03
_ X : 1 . :
I M
U 1 __H 3)

4. Probability that the number of customers in the system exceeds k

PN>K= Y p =3 [i)n(l_i)

n=k+1 n=k+1\ H n

k+1 - n—(k+1)
2.3 ()
M) wzks1 \H
k+1 n
M (A
J1=2 z
1)z 6
K+l -1 k+1
TG
u u u

5. Probability density function of the waiting time in the system
Let W, be the continuous random variable that represents the waiting
time of a customer in the system, viz, the time between arrival and
completion of service.
Let its pdf be flw) and let f{iw/n) be the density function of W, subject to
the condition that there are n customers in the queueing system when the
customer arrives,

|
= ®ml>» = >

Then fiw)= 3 fOwin) P, 5)

n=0
Now, filw/n) = pdf of sum of (n + 1) service times (one part-service time
of the customer being served + n complete service times)

= pdf of sum of (n + 1) independent random variables, each
of which is exponentially distributed with parameter i

n+l

= B vy s 0 which s the pdf of Erlang distribution.

n!
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6.

8.

-1

[ the mgf of the exponential distribution () is (1 - L] and hence
u

the mgf of the sum of (n + 1) independent exponential (1) variables is

-n+1
(1 _r ] , which is the mgf of Erlang distribution with parameters {
u

and (n + 1)] (refer to Erlang distribution in Chapter 5).

o ‘un+l e ). n )‘
OEDY " e”W(z] (1—Zj,by(5)

n=0

—uw ZARS 1 n
:‘ue” (I—E]z ; (AW)

n=0
A —Uw Aw . .
=ul1—— 1| ™" ™, by exponential summation
u

= (1 —A) e “=2 (6), which is the pdf of an exponential
distribution with parameter (1 — A).
Average waiting time of a customer in the system:
W, follows an exponential distribution with parameter (1 — A).

1
EW)=—— 7
Wy=—=; )
(-~ the mean of an exponential distribution is the reciprocal of its
parameter).

Probability that the waiting time of a customer in the system exceeds t

PW,>1) = Tf(w)dw

= _[ (U—2) e =Py
t

=[- 6_(‘u - A-)W] °°l — e—(ll -t (8)

Probability density. function of the 'waiting time W, in the. queue:

W, represents the time between arrival and reach of service point.

Let the pdf of W, be g(w) and let g(w/n) be the density function of W,

subject to the condition that there are n customers in the system or there

are (n — 1) customers in the queue apart from one customer receiving

service. Now g(w/n) = pdf of sum of n service times [one residual service

time + (n — 1) full service times]

n

— H ef,uw Wn—l
(n-1!

cw>0
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_ S ‘un —uw _ n—1 i ’ _i
R AR T (uj [1 uj

2o

VY

o (n=1D!

A

Z U— A) M o Aw

T u

A

A =2y e P50 ©)

T u
A

and gw)=1- =, whenw=0
u
1. Wq is a continuous random variable in w > 0 and it takes the value 0 with a
non-3ero probability. 2. W, does not follow an exponential distribution.

9. Average waiting time of a customer in the queue

E(W,) = % W=2 [we® P dw
0

m [x(—e™) —e]y

p(p—A)
10. Average waiting time of a customer in the queue, if he has to wait
EW,)
PW, >0)
EW,)
1-PW,=0)
EW,)

1 — P (no customer in the queue)

E(W,/W >0) =
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_ EW)
1-P,
_ A K (._.poz _Ej
pp =2y A A
1
=7 (11)
Relations among E(N;), E(N,), E(W) and E(W )
i) EN,)= % = AE(W,) [ E(N) =L,
2
(i) EWN,)= = AE(W,) [+ EN) =L,

p(p = A)

(i)  E(W)=EW,) + 1
u

(iv) E(Ny) =EN,) + %

1. If any one of the quantities E(N,), E(N ), E(W) and E(W) is known, the
other three can be found ont using the relations given above.
2. The above relations, called Little’s formulas hold good for the models with infinite capacity,
but with a slight modification for the models with finite capacity.

Characteristics of Infinite Capacity, Multiple
Server Poisson Queue Model Il [M/M/s): («/FIFO)
model], When 1, = A for all n(1 < su)

1. Values of Pyand P,
For the Poisson queue system, P, is given by

/10/112*2"')%71
P=———"" xPy,n>l, (D
My o Hy - I,
-1
> (AgA - A
where  Py= |1+ (u] (2)
n=1 \ ity - Hy,

If there is a single server, u, = i for all n. But there are s servers working
independently of each other.

If there be less than s customers, i.e., if n < s, only # of the s servers will
be busy and the others idle and hence the mean service rate will be nL.
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If n > s, all the s servers will be busy and hence the mean service rate =

SU.
nu, if0<n<s
hence, u,= ] 3)
sy, ifnzs
Using (3) in (1) and (2), we have
— An

=i(ij Py, if 0<n<s 4)
n!\ u

Py, if 0<n<s

n

ln
= P,
ftu2u---(s=Du}{su-su---(n—s+1) times}
A" '
(s_l)!ﬂs'—](su)n—er]
_ ! (ij Py, if n>s (&)

sts" 5\

and

n

5

Now, P, is givenby D P, =1

_5_1 n o n
ie. y LAY oy L [A) =1
n=0 n! H n=s S!Snis u
_S*I n § oo n
n=0 n! H s! n=s us
. S (A s (A) ],
1.€., ! n u 5! s l_i 0=

< [ERCI l
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or Py= ! (6)

S

us

2. Average number of customers in the queue or average queue length

L,=EWN,) =EN-s)= i (n—s)P,

= ZXP)C+S
x=0
- 1 2 s+ x
= Zxx —|-F
x=0 S!sx u

(7)

S A )
s-s! 270
)

s

3. Average number of customers in the system
By Little’s formula (iv),

A
EN)=E(N —
(N =EW)+

(l]ﬁ'l
),

0 WA 8)

s-s! | A 2 u
us

Result (8) can also be directly derived by using the definition E(N,) =

i nP,
n=0
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4. Average time a customer has to spend in the system
By Little’s formula (i),

1
E(Ws) = I E(Ns)

_"'_'._—'Po 9)

5. Average time a customer has to spend in the queue
By Little’s formula (ii),

1
E(W,) = — E(N,)

By (10)

6. Probability that an arrival has to wait

Required probability = Probability that there are s or more customers in
the system

ie., P(W,>0) = P(N>s)

2ne 2 (i) s

sn—x /,L

1 l s oo A’ n—s
= __ | _ P —
5! (u] 2 (usJ

=7 (1)
s!(l—)“}
us

7. Probability that an arrival enters the service without waiting
Required probability

n=s St

= 1- P(an arrival has to wait)
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ki
S K (12)

s! (1 - AJ
s
8. Mean waiting time in the queue for those who actually wait.

EW,)
P(W, >0)

Y y)
L \u P Hs
0 s

E(W/W, > 0)

[using (10) and 11)]

_— (13)
/JS(I—l) us—A2
Us

9. Probability that there will be someone waiting
Required probability = P(N = s + 1)

= i P = iPn —P(N=y)

n=s+1 n=s

RERE
H _\H [using (10) and (5)]

(14)

1- -2
us
10. Average number of customers (in non-empty queues), who have to
actually wait.

L,=EN/N,>1)
E(N,)IP(N 2 5)

s+1
o) T w
s-s! A 2 VRS
us u
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)
_ \HS (15)

-

us

Characteristics of Finite Capacity, Single-Server
Poisson Queue Model Il [(M/M/1): (k/FIFO) Model]

1. Values of Pyand P,
For the Poisson queue system, P, = P(N = n) in the steady-state is given by the
difference equations
;{’n—l Pn—l_(;{’n+“11)Pn+un+l Pn+1 ZO;n>0
and— Ay Py + t,P,=0;n=0
This model represents the situation in which the system can accommodate
only a finite number k of arrivals. If a customer arrives and the queue is full, the
customer leaves without joining the queue.
Therefore, for this model,
u,=un=1273, ..

A,forn=0,1,2,---(k=1)
O,for n=k,k+1,--
Using these values in the difference equations given above, we have

and A =

n

HPy = AP, (D

UP, ,  =(A+wP,—AP,_ |, forl<n<k-1 ()

and UP,=AP,_,,forn=k (3) (" P, has no meaning)
From (1), P, = % P,

u
2
P, = (i) P, and so on

In general, P,= (ij Py truefor0<n<k-1 3)
u

k-1 k
ulu u
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k
Now, Ypr =1

. k(Y
i.e., POZ (_J =1
u

i.e., PO —_— - 1,

N R A 4)

—_ ,if A=u,since lim =
k+1 H A (Aj"“ k+1
u 1-|—

A
2’ n 1_7
1
u A

— ,if A= 7
k+1 ! H 7

2. Average number of customers in the system
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A) A
(l_j' k+1
_ M) dfl-x
| (Ajk“ dx[ 1-x ]
U

_(-x)x {(1—x){—(k+1)xk}+(1—xk+1)}

l_xk+1. (1—)6)2

1=+ 1) 2t + kb
(1-x)1=x"*h
x (1= —(k+1) (1 - x) X!
(1-x)1—=x"*h

x  (k+Dx*!

l-x  1—xf*!
k+1
(k+1)(/l)
-2 L ifAzu @®)
)
u
k n k .
and E(N) = z k+1:5’ ifA=u 9)
n=0

3. Average number of customers in the queue.

k
EN)=EN-1)= X (n-1P,

n=1
k k
= Y nP,-> P,
n=0 n=1
= E(N) - (1 - Py) (10)
As per Little’s formula (iv),
A
BNy = EN) = =
which is true when the average arrival rate is A throughout. Now, we see that, in
A . .
step (8), 1 — P, #—, because the average arrival rate is A as long as there is a
u

vacancy in the queue and it is zero when the system is full.
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Hence, we define the overall effective arrival rate, denoted by A’ or A g, by using
step (8) and Little’s formula as
u

Thus, step (8) can be rewritten as

’

A
E(N,) = E(N) - e (12)

which is the modified Little’s formula for this model.

4. Average waiting times in the system and in the queue:
By the modified Little’s formulas,

1
E(W,) = v E(N) (13)
1
and E(W,) =~ E(N,) (14)
where A’ is the effective arrival rate, given by step (9).

Characteristics of Finite Queue, Multiple Server
Poisson Queue Model 1V [(M/M/s): (k/FIFO)
Model]

1. Values of Pyand P,
For the Poisson queue system, P, is given by

/10 /11"‘/111—1
P=——— Py,nzl, (D)
Hy fy - W,
-1
kK (2 Ao A
where Py= 41+ [Mj (2)
n=1 nul ”2”’:““11

For this (M/M/s): (k/FIFO) model,
P A, for n=0,1,2,---, k-1
"0, for n=kk+1,--

_nu, for n=0,1,2,---,s—1
o= sy, for n=ss+1,--

Using these values of A, and , in (2) and noting that 1 < s < k, we get
2 s—1 s
P, = PR ;Lz+---+ 2 _t+ A 1
p 2'u (s=u’~ (s=D'’ " -us

ls#—l )‘,k
+ - + .t :
(s =Dl ™" (us)® (s—1)zuf—1~(us)k-i+l}
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5= 1 A n )“S y) JZ ! k—s
= —| =1 + I+—+|—| +-+|—
aoo nl stu’ us \us us
s—1 1 /’L n 1 /’L Sk /’L n—s
=2 7\ ol DI (3)
n=0 " \H s! L) p=s \HS
L[& By, for n<s
n! U
Pn= n 4)
17 (&] Py, for s<n<k
sls" 7% U
0, for n>k
2. Average queue length or average number of customers in the queue
k
E(N) =EN-s)= ), (n-s)P,
_ R i AY s _
= | = (n—ys) E s [using (4)]
oy
_ M NS
s! x=0 (/J.Sj

Bl El» E®l» El»

Fop, X
Z x p~ ' where P= =
S' x=0 ,US
s PO k—s d )
S! x=0 dp (p )
g Popi l_pkﬁv+l
s! dp l—p
S.POP _(I_P)(k—S+l)pk‘s+(1_pk—s+1)
S! (1_p)2
s.POP —(k—S)(l—p)pk—s_(1_p)pk—s+l_pk_s+l
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b (Ajsg —(k=9)1A-p)p** +1-p**(U-p+p)
u) s (1-py’

= P, (1] — P -p k-9 (1-p) P,
u) sia-p)

A 5)
where =— 5
p s
3. Average number of customers in the system

k s—1 k
EN)= X, nP,= Y nP,+ X,nP,
n=0 n=0

n=s

5= k k
- zjnPn +Y (n-s)P,+ 2,5P,
n=s n=s

n=0
s—1 k s—1
= Y nP, +EN,)+s {2””—2%}
n=0 n=0 n=0
s—1 k
= E(Nq) +5— Z (s —n)P, [ z P = 1] (6)
n=0 n=0

s—1
. A .
Obviously, {s - 2 (s—n) Pn} #—, so that step (6) represents Little’s formula.
n=0 ‘U
In order to make (6) to assume the form of Little’s formula, we define the
overall effective arrival rate I’ or A as follows:

Z.’ s—1
- =5- ( - )Pn
I N ,E) s—n
s—1
ie., A=u [S— Y (s—n) Pn:l (7)
n=0

With this definition of A’, step (6) becomes

’

A
E(N) = E(N,) + 7 8)
which is the modified Little’s formula for this model.

4. Average waiting time in the system and in the queue:
By the modified Little’s formulas,

1
EW) = -7 EWN) 9)



Queueing Theory 8.21

and E(W,) = % E(N,) (10)

where A7 is the effective arrival rate, given by step (7).

More Poisson Queue Models

In the topic ‘Birth and Death process’ discussed in pages 7.50 and 7.51 of the
Chapter 7 on “Special Random Processes”, we have derived that

P (t) n— n—l(t) - ()“n + uun)Pn(t) + uun+1Pn+1(t) (2)

and Py(t) =2y Py(t) + 1, Py(0) 4)

where P, (1) = P{X(¢) = n} and X(¢) represents the number of individuals present
at time ¢ in a population.

In the discussion of the topic “Difference equation related to Poisson Queue

Systems” given in pages 8.3-8.5, we have noted that in the steady-state, P,(f)

and P(r) are independent of time and hence P’,(f) and P’,(f) become zero. Also
the differential equations (2) and (4) reduce to the difference equations

Ao Py = (A + 1,)P, + Py =0 (5)
and Ao Py + 4Py =0 (6)
Solving (5) and (6), we have derived the values of P and P, as given below:

lz(/l/l A J (10

n=1 lullu2 tun
AgMAy -+ A
and ”=M~P0,forn=l,2, 3,etC. (9)
Myt iy - 1,

Particular Cases

(i) Queues with impatient customers

In this case, A, = , forn 2 0 and u, = u, for n = 1 viz., the arrival rate

n+1
decreases with increases in queue length, while the service rate y, is independent

of n and remains the same as . This situation arises due to baulking and reneging
of the customers. The word “baulking” means refusing to go forward, viz. to join
the queue. The word “reneging” means going back on one’s determination to join
the queue. In this case, the queue itself is called the queue with discouragement.

Using A, = A N and u, = pin steps (10) and (9), we get

2 3

Po"=1+2—;L S P S Y A
= 121 3!

and so Py= e, where p= —.
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and pnzi.i.i...ipo:(ip”)e_”,fornZO
L.y 2u 3u  nu n!

Since P, = P(X = n), X, the number of customers in the system at any time

. o . A
follows a poison distribution with parameter p =—.

For this model, E(N) = E(X) = p. By Little’s formulas,
1
E(Ny = ENg=p =0, E(W,)=—E(Ny)=0

7 1
d EW,) =EW,)+ —=—
an ) Q) L ou

(ii) Self-service Mode
In this case, 4, = A, for n 2 0 and y, = nu, for n > 1. viz., the arrival rate 4,(=A)
is independent of n, while the service rate (1, (= nit) increases with increases of n.
viz., if there are n customers in the system, n servers will be available for serving
for n =1, 2, 3, ... .. Thus, each arrival will enter the service facility without
waiting and act as a server himself/herself. Hence, the queue model is called
self-service model.

As the number of servers is unlimited, since each customer is also the server,
the queue itself is called Queue with infinite number of channels and is denoted
as (M/M/): («=/FIFO).

1
For this model also, Py = ¢ and P, = - p"eP, forn=0 where p = A . Moreover
n! u

1
E(Ny) =0, E(W) = 0, as no quene will be formed and E(Ng) = p and E(W )= Z .

Worked Example 8 ]

Example 1

Arrivals at a telephone booth are considered to be Poisson with an average
time of 12 min. between one arrival and the next. The length of a phone call is
assumed to be distributed exponentially with mean 4 min.
(a) Find the average number of persons waiting in the system.
(b) What is the probability that a person arriving at the booth will have to
wait in the queue?
(c) Whatis the probability that it will take him more than 10 min. altogether
to wait for the phone and complete his call?
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(d) Estimate the fraction of the day when the phone will be in use.

(e) The telephone department will install a second booth, when convinced
that an arrival has to wait on the average for at least 3 min. for phone.
By how much the flow of arrivals should increase in order to justify a
second booth?

(f) What is the average length of the queue that forms from time to time?

. . . 1 .
Mean inter-arrival time = I = 12 min.
. 1 )
Therefore, mean arrival rate = A = 1— per minute.

.. 1 .
Mean service time = — =4 min.

u

. 1 .
Therefore, mean service rate = f = — per minute.
4

A
(a) EWNN)= m, (by formula (1) of model I)

1
12
11

4 12
1-P(W=0)
1 — P (no customer in the system)

= (0.5 customer

(b) P(W>0)

1- (1 - &j (by the formula for P, of model I)
u

A_112 1
u 1/4 3
(©) P(W>10)=e# 2> by formula (8) of model I]
1 1
_ e_(Z_E)XIO
_s
e 3 =0.1889
(d) P(the phone will be idle) = P(N =0) = P,
A2

=]1-— ==

u 3
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2 1
P (the phone will be inuse) =1 — E = 5

or the fraction of the day when the phone will be in use = % .
(e) The second phone will be installed, if E(W,)>3.

ie., > 3 [by formula (10) of model I]

g 2

i —=
g —2)
M
1(1

—| =2
4(4 RJ
where Ay is the required arrival rate.

. . 3(1
ie., if Ag> 2 (Z_ /IR)

ie., if >3,

3
ie., if 1,>—
R~ 08

1
Hence, the arrival rate should increase by — — — = — per minute, to
28 12 42

justify a second phone.

) E(Nq/the queue is always available)
= E(N,/N,>0)
E(N/N>1)
E(N,) _ E(N,)
P(N>1) 1-P -P
A2 1
T 2
Hu 1- (1 + j P,
u
A2 1

-

A our o 1/4

T u(u-A) 22 w-A U4A-112

[by formula (2) of model 1]

= 1.5 persons.
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Example 2

Customers arrive at a one-man barber shop according to a Poisson process with
a mean interarrival time of 12 min. Customers spend an average of 10 min in the
barber’s chair.

(a)
(b)
(©
(d)
(e
()
€3]
(h)

(b)

What is the expected number of customers in the barber shop and in the
queue?

Calculate the percentage of time an arrival can walk straight into the
barber’s chair without having to wait.

How much time can a customer expect to spend in the barber’s shop?
Management will provide another chair and hire another barber, when a
customer’s waiting time in the shop exceeds 1.25 h. How much must the
average rate of arrivals increase to warrant a second barber?

What is the average time customers spend in the queue?

What is the probability that the waiting time in the system is greater than
30 min?

Calculate the percentage of customers who have to wait prior to getting
into the barber’s chair.

What is the probability that more than 3 customers are in the system?

1. 12 A= L per minute
A 12
! 10 inut
— = s, [l = — per minute
7 u 10 p
A 1/12
E(N;)= ——— = ——————— =5 customers [by formula (1) of model I]
u—-A  1/10-1/12
/'LZ
E(N,) = ——— [by formula (2) of model I]
H(p = A)
1
144

= ——————— =4.17 customers
1(1L_1
1010 12

P(a customer straight goes to the barber’s chair)

= P(No customer in the system)
1
_py=1- b2 1
u 16
10
Therefore, percentage of time an arrival need not wait = 16.7.
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(c) EW)= ;/l [by formula (7) of model I]
‘Ll —

1 .
= ﬁ =60minor1lh

10 12

(d EW)>75,if >75

7

. . 1

ie., ifA.>u— —
H 75

Pe,  fA> -
10 75

ie., if A, > 13
150

Hence, to warrant a second barber, the average arrival rate must increase

E—i = L er minute
Y150 12 300 °F '

(e) E(Wq) = L , [by formula (10) of model I]
p(p—2)
1

_ 12
Ao r
10010 12

() P(W> 1) =e“ P [by formula (8) of model I]

=50 min

1 1
.:mw>3m=e(m1J

=¢ %% =0.6065
(g) P(acustomer has to wait) = P(W > 0)
=1-PW=0)
=1-PIN=0)=1-P,
A 112 5
u 110 6
.. Percentage of customers who have to wait

= % x 100 = 83.33
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(122 (2] 2]

[since P, = (i] (1 — ij , for n > 0, for model I]
u u

(2] o

Example 3

At what average rate must a clerk in a supermarket work in order to ensure a
probability of 0.90 that the customer will not wait longer than 12 min? It is
assumed that there is only one counter at which customers arrive in a Poisson
fashion at an average rate of 15 per hour and that the length of the service by the
clerk has an exponential distribution.

A = 15/hour; u = yg/hour

q

P(W S%) =0.90

i, P(Wq > %) =0.10
ie., [ gwydw =0.10
02
ie., '[ A (U=2) e =Py =0.10 [by formula (9) of model I]
02
[_ A e‘(“‘l)w} Y
H 02
Hg
ie., (15 — ) X 0.2 = log (0.1) - log 15 + log 1z
ie., 0.2 up +log tp =3 +log 150 =8 (1)

Solving (1), we get L, = 24 approximately.

That is, the clerk must serve at the rate of 24 customer per hour.
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Example 4

If people arrive to purchase cinema tickets at the average rate of 6 per minute,
it takes an average of 7.5 seconds to purchase a ticket. If a person arrives 2 min
before the picture starts and if it takes exactly 1.5 min to reach the correct seat
after purchasing the ticket,

(a)
(b)

©

()

(b)

©

Can he expect to be seated for the start of the picture?

What is the probability that he will be seated for the start of the
picture?

How early must he arrive in order to be 99% sure of being seated for the
start of the picture?

A = 6/minute; i = 8/minute
1
EW) = m [by formula (7) of model I]

1 .
= ——=— min
8-6 2
.. E(total time required to purchase the ticket and to reach the seat)

1

=—+ ll =2 min

2 2

Hence, he can just be seated for the start of the picture.

P(total time < 2 min)

Aret) oo

=1-¢* (1 - %) X% [by formula (8) of model I]
=1-¢'=0.63
P(W<1)=0.99
ie., P(W>1)=0.01
ie., =P =1
ie., -2t =1log (0.1)=-2.3
: t=1.15 min

i.e., P(ticket purchasing time < 1.15) = 0.99

- P[total time to get the ticket and to go to the seat < (1.15 + 1.5)] =
0.99

Therefore, the person must arrive at least 2.65 min early so as to be 99%
sure of seeing the start of the picture.
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Example 5

A duplicating machine maintained for office use is operated by an office assistant
who earns Rs. 5 per hour. The time to complete each job varies according to
an exponential distribution with mean 6 min. Assume a Poisson input with an
average arrival rate of 5 jobs per hour. If an 8-h day is used as a base, determine

(a) the percentage idle time of the machine,

(b) the average time a job is in the system, and

(c) the average earning per day of the assistant.

A= 5/hour; pu= % = 10/hour
(a) P(the machineisidle) = P(N=0)=P,
=1- % (by the formula for P, in model I)
5 1

10 2
.. Percentage of idle time of the machine = 50

=1

(b) EW)= ;ﬂ, [by formula (7) of model I]
# —_

1 1
= —— = — hor 12 min
10-5 5
(c) E(earning per day)
= E(number of jobs done/day) X earning per job
= E(number of jobs done/day) X E (time in hour/job) x
earning/hour

:(8><5)><é><5=Rs.40.

Example 6

The mean rate of arrival of planes at an airport during the peak period is 20 per
hour, but the actual number of arrivals in any hour follows a Poisson distribution.
The airport can land 60 planes per hour on an average in good weather or 30
planes per hour in bad weather, but the actual number landed in any hour follows
a Poisson distribution with respective averages. When there is congestion, the
planes are forced to fly over the field in the stack awaiting the landing of other
planes that arrived earlier.

(a) How many planes would be flying over the field in the stack on an

average in good weather and in bad weathers?
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(b) How long a plane would be in the stack and in the process of landing in
good and bad weathers?

(c) How much stack and landing time to allow so that priority to land out of
order will have to be requested only 1 in 20 times.

A =20 per hour
B {60 per hour in good weather

30 per hour in bad weather

Landing time is service time; the planes flying over the field in the stack are assumed
1o form the quene.

2
(a) E(N,) = Average number of planes flying over the field = ﬁ [by
formula (2) of model I]
2
20 , in good weather
60(60 — 20)
= 2
L s in bad weather
30(30 - 20)
1 .
g, in good weather
= 4 .
g, in bad weather

(b) E(W) = Average time for flying in the stack and for landing

1
r [by formula (7) of model I]

1
0 h  or 1.5 min in good weather

% h  or 6 min in bad weather

(c) Let tz be the maximum stack and landing time to be allowed, beyond
which priority out of order is to be requested.

1
Then P(W > t,) = —
( ) 20

2
-
ie., e #2005 [by formula (8) of model I]
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e {6_4OZR =0.05, for good weather

e %% =(.05, for bad weather

e tr =0.075 h or 4.5 min for good weather
’ =0.299 h or 18 min for bad weather

Example 7

There are three typists in an office. Each typist can type an average of 6 letters
per hour. If letters arrive for being typed at the rate of 15 letters per hour,
(a) What fraction of the time all the typists will be busy?
(b) What is the average number of letters waiting to be typed?
(c) What is the average time a letter has to spend for waiting and for being
typed?
(d) What is the probability that a letter will take longer than 20 min waiting
to be typed and being typed?

A = 15/hour; p = 6/hour; s = 3.
Hence, this is a problem in multiple server [(M/M/s): (eo/ FIFO)] model,

i.e., model II.
(a) P(all the typists are busy) = P(N = 3)

3
)
= \H) [by formula (11) of model II]
3!(1—1)
3u
__ 5 W
6><(1—2'5)
3
Now, P,= !
il )
s

[by formula (6) of model II]

1-=
6

{1+ 2:5 +%>< (2~5)2} + 6><(15J x(25)
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- 00440 @)
22.25

Using (2) in (1), we have P(N = 3) = 0.7016.
Hence, the fraction of the time all the typists will be busy = 0.7016.

s+1
)
u

b) EN)=——~HEL [by formula (7) of model II]

s.s! 2
-5
s

L @s)

:3><6 . 25
3

(c) EW)= % E(N) [by Little’s formula (i)]

> % 0.0449 = 3.5078

1 E(N )+ i ’ [by Little’s formula (iv)]
A 7 u

% {3.5078 + 2.5} =0.4005 h

or = 24 min, nearly

B o,

u

I

(This formula has not been derived; it may be assumed.)

(d PW>p=et 1+

: P[W>l] = e’“% gy @5 1- T 0% 0.0449

2.5
6 (1 - 3] (=0.5)

_ o {1 , 07016 (1 - e)}
(-0.5)

=0.4616
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Example 8

Given an average arrival rate of 20 per hour, is it better for a customer to get
service at a single channel with mean service rate of 22 customers per hour or at
one of two channels in parallel with mean service rate of 11 customers per hour
for each of the two channels. Assume both queues to be of Poisson type.

For the single-channel service,

A =20/hour and u = 22/hour.
1
EW) = m [by formula (7) of model I]
Ly
2

For the two-channel service,
A = 20/hour and p = 11/hour.

[by formula (9) of model II]

ol
= i+ ! X 1 X P,

11 11x2x2 (1 20)2

22
= 0.0909 +9.0909 x P, (1)

s—1 n s
Now, PO_1 = 2 i(&) + ;[&j
a0 1P\ M alo A \H
! s
[by formula (6) of model II]

=21
P, =0.0476 2)
Using (2) in (1), we have
E(W)=0.5236h
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As the average waiting time in single channel service is less than that in two
channel service, the customer has to prefer the former.

Example 9

A telephone company is planning to install telephone booths in a new airport.
It has established the policy that a person should not have to wait more than
10% of the times he tries to use a phone. The demand for use is estimated
to be Poisson with an average of 30 per hour. The average phone call has an
exponential distribution with a mean time of 5 min. How many phone booths
should be installed?

A = 30/hour and g = 12/hour

o . . LA
In order that infinite queue may not build up, the traffic intensity — < 1, for
multiserver model. Hs

1.€., s> —

U

30
ie., >— (=25
ie s 12( )

Therefore, the telephone company must install at least 3 booths.
Now, we have to find the number s of telephone booths such that
P(W>0) <£0.10 or equivalently

P(N>5)<0.10
i.e., we have to find s such that

)
AM) <00 [by formula (11) model I1]

s![l—lj
s

This inequation is not easily solvable. Hence, we proceed by trials and find
out the least value of s that satisfies this inequation.
Let s =3:

(2.5)° P,

whero o= {21(1]}((”)

% T
s

[by formula (6) of model II]

Then PW>0)= =15.625 P,
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(2.5)°
6 X Ll - 235)
=(22.25)"" = 0.0449

P(W>0)=15.625x0.0449 =0.7022 £ 0.10

. 1
ie., P, = {1+2.5+5><(2.5)2} +

Lets =4:
2.5 P
Then P(W>0) = (5)—2?5 =4.3403 P,
24 (1 -~ )
4
4
2.5
where Po= {1425+ L1x (2.5 + 1y (2.5° b+ CE)
2 6 ( 2.5)
24|1-==
4
=0.0737

P(W>0)=4.3403 x 0.0737 =0.3199 £ 0.10

Similarly, when s =5, P(W > 0) = 0.1304 <0.10.
When s =6, P(W>0)=0.047 < 0.10.
Hencem the number of booths to be installed = 6.

Example 10

A bank has two tellers working on savings accounts. The first teller handles
withdrawals only. The second teller handles deposits only. It has been found that
the service time distributions for both deposits and withdrawals are exponential
with a mean service time of 3 min per customer. Depositors are found to arrive
in a Poisson fashion throughout the day with mean arrival rate of 16 per hour.
Withdrawers also arrive in a Poisson fashion with a mean arrival rate of 14 per
hour. What would be the effect on the average waiting time for the customers
if each teller could handle both withdrawals and deposits. What would be the
effect, if this could only be accomplished by increasing the service time to 3.5

min?

When there is a separate channel for the depositors, A, = 16/hour, ¢t = 20/hour

M
p( = 2y)

:L :l h or 12 min
20 (20 -16) 5

E(Wq for depositors) =

[by formula (10) of model I]
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When there is a separate channel for the withdrawers, A, = 14/hour, u = 20/
hour.

A
uu = A4,)
= L = l h or 7 min
20(20-14) 60
If both tellers do both services,

s =2, u=20/our, A=A, + A, = 30/hour

L E( W, for withdrawers)

1
. E(W, for any customer) = ———

[by formula (10) of model II]
2
1 o 1 o (1.5)

- — P 1
207 2%x2 7 (1-0.75)° > %o W
=045 x P,
r -1
s—1 n s
Now p= |15 L.(i) +;(&J
n=0 n! u '( l] H
sl1-
I us

[by formula (6) of, model II]

[ as? |
=[1+15+———
2x0.25

)

Q= T

Using (2) in (1),
1
E(Wq for any customer) = 0.45 X 7 h or 3.86 min

Hence, if both tellers do both types of service, the customers get benefited as
their waiting time is considerably reduced.
Now, if both tellers do both types of service but with increased service time,

60 120
=2, 1=30, u= — = — per hour.
S H=35 7 77 perhon
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E(Wq of any customer)
2

_ 7 « 1 y (1.75)

120 2x2 ( 7

> X P,=2.86 Py, where

8

-1

_ sy | _ L
Py=|1+1.75+ 1 s
2X§

2.86
. E(W, of any customer) = 15 h or 11.44 min

If this arrangement is adopted, withdrawers stand to lose as their waiting time
is increased considerably and depositors get slightly benefited.

Example 11

A supermarket has two girls attending to sales at the counters. If the service time
for each customer is exponential with mean 4 min and if people arrive in Poisson
fashion at the rate of 10 per hour,

(a)
(b)
©

(a)

what is the probability that a customer has to wait for service?
what is the expected percentage of idle time for each girl?

if the customer has to wait in the queue, what is the expected length of

his waiting time?
1 . 1 .
s=2,A= s per minute, = 1 per minute
P(a customer has to wait for service)

ror 5 12} (Uj

Us

)]

[by formula (6) of model II]

2)

A
P, = ; Py, [by formula (4) of model II]
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2 1 1
= —X—=— 3
3 2 3 =
Using (2) and (3) in (1), we have
I 1 1
PNz22)=1-——-—=—
2 3 6
. . . A 1
(b) Fraction of time when the girls are busy = — = 3
us
. . . . 2
.. Fraction of time when the girls are idle = 3
2
.. Expected percentage of idle time for each girl = 3 x 100= 67
(©) E(Wq/WS >0)= ;ﬂ. [by formula (13) of model II]
us =
1 3 mi
= =3 min
4 6

Example 12

A petrol pump station has 4 pumps. The service times follow the exponential
distribution with a mean of 6 min and cars arrive for service in a Poisson process
at the rate of 30 cars per hour.

(a) What is the probability that an arrival would have to wait in line?

(b) Find the average waiting time, average time spent in the system and the

average number of cars in the system.
(c) For what percentage of time would a pump be idle on an average?
s =4, A =30/hour, u = 10/hour
(a) P(an arrival has to wait) = P(W > 0)

1)
= “—A [by formula (11) of model II]
| ——
{13
4
-3 xR _j35xp, (1)

s LAY ﬁ
{ i (u)} s,(l_xj

-1

~
S
|

us
[by formula (6) of model II]
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(b)

(©

-1

4

24 x (1 - 3)
4
=0.0377 (2)
Using (2) in (1), P(W > 0) = 0.5090

)

= 1+3+l><9+l><27 +
2 6

1
E(Wq) = — 5% Py [by formula (10) of model II]
u osxs! A
1= =
( s
1 3¢
= X x 0.0377 =0.0509 h
10x 4 x24 3\
4
or 3.05 min
1
E(W)=— +EW,) [by formulas (9) and (10) of model II]
u

=6+ 3.05=9.05 min

X > X Py+ i [by formula (8) of model II]
sXs! u
1 -
us
1 3
= X % 0.0377 + 3
4x24 3
4
=4.53 cars
The fraction of time when the pumps are busy = traffic intensity = 3
3 Hs
4

1
.. The fraction of time when the pumps are idle = 7

Therefore, required percentage = 25%

Example 13

In a single server queueing system with Poisson input and exponential service
times, if the mean arrival rate is 3 calling units per hour, the expected service time
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is 0.25 h and the maximum possible number of calling units in the system is 2,
find P,(n = 0), average number of calling units in the system and in the queue and
average waiting time in the system and in the queue.

The situation in this problem is one of finite capacity, single server
Poisson queue models.

A=3,u=4and k=2

A
AsA# U, Py = % [by formula (4) of model III]

g
u
-3

-4 . 16 _ 434
(3] 37

1 —| =
4

Since A # U, P, = [by formula (6) of model III]

|

—
= >
N
=

—_
PN |
;/»‘:\

7

T

=(0.4324) (0.75)"

enftf

E(N) = T [by formula (8) of model IV]
)
1_ _
u
3
3x 3
S O Y
4-3 : 3\ 37 37
3

E(Nq) = E(N) — (1 - Py) [by formula (10) of model III]

= (.8 calling unit

=30 (12180 C 2 024 calling unit
37 37) 7 37

EW) = % E(N) [by formula (13) of model III]

where AN=ul-"Py), [by formula (11) of model III]
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16) 84
4l1-=|=—
%)%

EW) = ﬂxﬂ = i h or 21.4 min
84 37 14
1
EW,) = m E(N,) [by formula (14) of model IIT]
37 9
= — X —
84 37
3 .
= — hor 6.4 min
28
Example 14

The local one-person barber shop can accommodate a maximum of 5 people at a
time (4 waiting and 1 getting hair-cut). Customers arrive according to a Poisson
distribution with mean 5 per hour. The barber cuts hair at an average rate of 4 per
hour (Exponential service time).

(a) What percentage of time is the barber idle?

(b) What fraction of the potential customers are turned away?

(c) What is the expected number of customers waiting for a hair-cut?

(d) How much time can a customer expect to spend in the barber shop?

A=5u=4,k=5
(a) P(the barber is idle) = P(N = 0)

A
=P,= % [by formula (4) of model III]
u
-3
= —4_ 00888

.. Percentage of time when the barber is idle = 9.
(b) P(acustomer is turned away) = P(N > 5)

A

5
= (i) . e [by formula (6) of model III]
o

L B /,L)k+l
u
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5

1-=
-y
. 5
“1-G)

4

2218 g1

11529

Therefore, 0.2711 X potential customers are turned away.
(¢) EWN,)=EN)-(-Py

) (k+1)(ijk+l

= —(1=Py),

‘u_l 1_(l]k+l
u

[by formulas (6) and (10) of model III]

—(1-0.0888)

15625

- 409 _ =
= {1529 5.9112 = 2.2 customers

4096

(d EW)= % E(N) [by formula (13) of model III]

— X E
ui—p) FV

= 31317 =0.8592 h
3.6448

or 51.5 min

Example 15

At a railway station, only one train is handled at a time. The railway yard is
sufficient only for 2 trains to wait, while the other is given signal to leave the
station. Trains arrive at the station at an average rate of 6 per hour and the railway
station can handle them on an average of 6 per hour. Assuming Poisson arrivals
and exponential service distribution, find the probabilities for the numbers of
trains in the system. Also find the average waiting time of a new train coming
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into the yard. If the handling rate is doubled, how will the above results get modi-
fied?
(a) A=6perhour,u=6perhour,k=2+1=3

. 1
Since A=, P, = 1
= i [by formula (5) of model III]
P, = ; = l forn=1,2,3 [by formula (7) of model III]
k+1 4
ENN) = g [by formula (9) of model III]
= 1.5 trains

1
E(W) = — E(N) [by formula (13) of model III]

A{/
15
- ud-FRy)
= 1.5 :lhorZOmin
6X— 3
4
(b) A=6;u=12,k=3
I
Since A # u, Py = % [by formula (4) of model III]
()
u
_1
2

_—
S [by formula (6) of model III]
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k+1
Jy (k+1) (j
EN) = - H [by formula (8) of model IIT]

‘u—/l k+1
U
4
4X(;) 4 1
=]l-———"2_ =]1- — = — =0.73 train
15

2

EW) = % E(N) [by formula (13) of model III]
— ; XE(N)
#(1 - P())
11
-5 2 h or 7.9 min

12 1—ﬁ 84
15

Example 16

Patients arrive at a clinic according to Poisson distribution at a rate of 30 patients
per hour. The waiting room does not accommodate more than 14 patients.
Examination time per patient is exponential with mean rate of 20 per hour.

(a) Find the effective arrival rate at the clinic.

(b) What is the probability that an arriving patient will not wait?

(c) What is the expected waiting time until a patient is discharged from the

clinic?
(a) A =30perhour, u=20perhour,k=14+1=15
-
Since A # u, Py= —'ukH [by formula (4) of model I1I]
u
=
= —== =0.00076

-0

Effective arrival rate A" = u (1 — P,y [by formula (11) of model III]
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=20 x (1 —0.00076)
= 19.98 per hour

(b) P(a patient will not wait)

() EW)=

EW) =

= P, = 0.00076
k+1
A
k+1)| —
o o)
/J—), (ﬂ,)k+l
1-| —
u
16
16><(3)
2

=-3- ﬁ = 13 patients nearly
)
2
EW) = 13 =0.65 h or 39 min
A 19.98

Example 17

A 2-person barber shop has 5 chairs to accommodate waiting customers. Potential
customers, who arrive when all 5 chairs are full, leave without entering barber
shop. Customers arrive at the average rate of 4 per hour and spend an average of
12 min in the barber’s chair. Compute P, P| P, E(Nq) and E(W).

The situation in this problem is one of finite capacity, multiserver Poisson
queue models.

(@) Py=

A =4 perhour, u=5perhour,s=2,k=2+5=7
- -1
S*l n N k n—s
ANEN SR PAE S
n=0 n! lu S! lu n=s IJ.S
[by formula (3) of model IV]

LEERIEH )
R RORBRGEG|

7 -1
9,8 11-0D 1 =04287
5 25| 1-04
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(b) P,= i' [ij Py, forn<s [by formula (4) of model IV]
n!' \u

4
P, = (5) % 0.4287 = 0.3430

1 n
(¢) P,= = (ij - Py, fors<n<k [by formula (4) of model IV]
sl.s u
7
1 4
P7 = WX (g) x 0.4287
X
=0.0014

(d) E(Nq>:Po( ] — L k-9 (1 p) P,
si(1-p)?

where p= i [by formula (5) of model IV]
s
. (04 5 5
=(0.4287). (0.8)> ———— [1 - (0.4)° =5 x 0.6 X (0.4)’]
( )- ( )2><(0.6)2 0.4) 0.4)
=0.15 customer
s—1
(e) EN) = E(Nq) +5— 2 (s—n)P, [by formula (6) of model IV]

n=0

1
=0.1462+2— Y (2—-n)P,

n=0
=2.1462 - (2 X Py+ 1 X P))

=2.1462 — (2 x 0.4287 + 1 x 0.3430)

= 0.95 customer

E(W)= % . E(N) [by formula (9) of model IV]

s—1
where A’ = ,u{s - z (s —n) Pn] [by formula (7) of model IV]

n=0
=4[2-(2x0.4287 + 1 x0.3430)]

3.1984

‘EW)—%—02957h 17.7 mi
S EW) = 31084 = O or 17.7 min
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Example 18

At a port there ar 6 unloading berths and 4 unloading crews. When all the berths
are full, arriving ships are diverted to an overflow facility 20 kms down the river.
Tankers arrive according to a Poisson process with a mean of 1 every 2 h. It takes
for an unloading crew, on the average, 10 h to unload a tanker, the unloading time
following an exponential distribution. Find

(a)
(b)
©

(a)

how many tankers are at the port on the average?
how long does a tanker spend at the port on the average?
what is the average arrival rate at the overflow facility?

1 1
A= — perhour, y= — perhour,s=4,k=6
> p u 10 p s

S (T 06T T

[by formula (3) of model IV]

0 1 N T
“f1eseixe e duse e Lastd[2) (2] (2
2 6 24 4 4 4
=0.0072

A ’ P k—s f—s
EN)=P,| —| ———[1- — (k- 1- ,
,) o(uj GG o)

A
where p= ,u_ [by formula (5) of model IV]
s

B A 1.25 ) )
= 0.0072 X 5* x ————— [1-(1.25)" =2 x (~.25)(1.25)*]
24 % (.25)

= (0.8203 tanker
s—1
E(N) = E(Nq) +5— z (s—n)P, [by formula (6) of model IV]
n=0
=4.8203 — {4 x0.0072 + 3 x0.0360 + 2 x 0.09 + 0.15}
= 4.3535 tankers
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(b)y EW)= % E(N) [by formula (9) of model 1V]

s—1
where A'= ,u{s - z (s —n) Pn] [by formula (7) of model IV]
n=0

1

= [4 —0.4668] = 0.3533
10

4.3535
EW) = =1232h
W) 0.3533
(c) When N = 6, i.e., when the number of tankers in the port is 6, overflow
occurs.

P(N=06) = ! (%] Py, for n = k [by formula (4) of model IV]

sls" ™

1
24 x 42

=0.2930
Average arrival rate at the overflow facility = (Average arrival rate at the port) X
(Probability that overflow occurs)

= % % 0.2930 = 0.586 per hour

x 5% % 0.0072

Example 19

A car servicing station has 2 bays where service can be offered simultaneously.
Because of space limitation, only 4 cars are accepted for servicing. The arrival
pattern is Poisson with 12 cars per day. The service time in both the bays is
exponentially distributed with p = 8 cars per day per bay. Find the average
number of cars in the service station, the average number of cars waiting for
service and the average time a car spends in the system.

A =12 per day, u=8 perday,s=2,k=4

-1
s—1 1 ), n 1 ), sk ), n—s
Py= |z — £ -
@ [20 n!(u] i [MJZ(MJ ]

[by formula (3) of model IV]
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15 1 -
= [1 + T X (L3 {1+ (.75) + (.75)2}}

=0.1960

EN,) = Py (ij — L - t-s - p) P,
) sa-p)y

where p= 3 [by formula (5) of model IV]
us
0-75
3 X
2% (0.25)
[1-(0.75)* =2 % 0.25 % (0.75)*]

i.e, E(N,) = 0.1960 x (1.5)* x

=0.4134 car
(b) E(N) = Average number of cars in the service station

s—1
= E(N,)) +s- Y, (s—n) P, [by formula (6) of model IV]
n=0

1
=04134+2— X, (2—-n)P,
n=0
= 24134 - 2Py + P))
= 2.4134 — (2 x 0.1960 + 1.5 x 0.1960)

= 1.73 cars
(c) EW)= % E(N) [by formula (9) of model IV]
s—1
where A'=u|s— z (s—n)P, [by formula (7) of model IV]
n=0
=8[2—- (2P, + P))]
=10.512
1.73
E(W) = =0.1646d
M= Tos12 w
Example 20

A group of engineers has 2 terminals available to aid in their calculations. The
average computing job requires 20 min of terminal time and each engineer
requires some computation about once every half an hour. Assume that these are
distributed according to an exponential distribution. If there are 6 engineers in
the group, find
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(a) the expected number of engineers waiting to use one of the terminals
and in the computing centre, and
(b) the total time lost per day.

A =2 perhour, =3 perhour,s=2,k=6

— -1
(A AV & (AT

@ P=|Y —|Z| +—| = -

oo Z‘on![uj+s![uJ z(usj }

[by formula (3) of model IV]
= -1
2 1 (2V]. 1 (1Y (1) (1)
= 1+=+=Xx| = | {1+=+|=| +|=]| +|=
3 2 3 3 3 3 3

Y
E(N,) = Py x (—J XLZ [1-p"=(k=s)(1-p) p*l,

u) " sia-p
A
where p = — [by formula (5) of model IV]
us
(1)
2 = 4 4
ie,E(N,)=0.5003 x Z X N3 1—(l —4><E>< 1
B 3 (2)2 3 3 3
2X|—
3
=0.0796

s—1

E(N)=EN,) +5— 2 (s—n)P, [by formula (6) of model IV]
n=0

1
=0.0796 +2- Y (2-n)P,
n=0

=2.0796 — (2P, + P))

=2.0796 — (2 % 0.5003 + % X 0.5003)

=0.75
(b) E(Wq) = % E(N q) [by formula (10) of model IV]
s—1
where A'=u|s— z (s—n)P, [by formula (7) of model IV]
n=0

1
:3[2—2(2—n)Pn]

n=0
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=3 |:2 - (2 % 0.5003 + % X 0.5003)}

=1.9976

Every time an engineer approaches the computer centre, he has to lose
0.0398 h by way of waiting.

If the day consists of 8 working hours, he has to approach the centre 16
times.

. Time lost in waiting in a day per engineer

=16 x0.0398 =0.6368 h

.. Total time lost in waiting in a day by all the 6 engineers = 6 X 0.6368 =
3.82h.

Example 21

A shipping company has a single unloading berth with ships arriving in a Poisson
fashion at an average rate of 3 per day. The unloading time distribution for a ship

. . . L 1
is found to be exponential with average unloading time of — day. The company

has a large labour supply without regular working hours and to avoid waiting of
ships for getting unloaded, the company will use as many unloading labourers
as there are arriving ships for getting unloaded. Under these conditions, (a) what
will be the average number of unloading labourers working at any time? (b) what
is the probability that more than 4 labourers will be needed?

Mean arrival rate = A = 3 ships/day

Mean unloading (service) time = % day

.. Mean service rate = it = 2 ships/day
Given that A, is a constant (=A) and u, increases with n i.e., u, = n p.
.~. this is a problem under case (ii) of the birth and death process/self-service

model with p=2 =3
u 2
(a) .. E(Ng) =The average number of workers unloading at any time

=p =% = 1.5 workers

(b) P (more than 4 labourers will be needed)
=P(Ng=25)orP(X=25)orP,=5
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2 3 4
_ 1_{1+g+(1.5) U }615
o2 3 4

=0.019

Example 22

In a general Poisson queue system, find the steady-state probability P, and the
average number of customers in the system, given that

y A, forn=0,1,2,.., (k-1
"0, forn=kk+1,..
and U, =nuforn=1,2, ..
Pyl = 1+i(/lo/11)“2"‘)m—1j
n=1 #1#2#3 ”':un

|
—
+
|

L) &y
n:ln! u n:On! u

“ee k k n
szm p _i[i) +2i‘[&j

iy k!

and E(Ny) = Y kP,
k=0

Example 23

In a general Poisson queue system, find the steady-state probability P, and the
average number of customers in the system, given that

(k—=r)A, forr=0,1,2,..,(k-=1)
0, forr=k,k+1,...

A =

r

and y, =ru, forr=1

PO—I — 1+i(;{’02’1/’{’2“.)’r1]

r=t\ iMoo 1,
_ 1+ﬁ+kl(k—l)/1+ k/l(k-l)/'L(k-Z)/'L+mk/'L-(k—l)l---1/l
u 2lu 3lu k'u

k -k
(Hi] ...Poz[H&]
M U
r —k
p ok Pozk(k—l)...(k—r+l)(ij '[H&j
My el r! % M
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Part-A
1.
2.

10.

11.

[r=0, 1,2, .., k] which is the probability law of a

binomial distribution, with p=———and g =
A+u A+u
kA
EN) = EX)=kp=——
A+u
Exercise 8 ]

(Short-answer Questions)
What are the characteristics of a queueing system?
What do the letters in the symbolic representation (a/b/c): (d/e) of a
queueing model represent?
What do you mean by transient state and steady-state queueing
systems?
Write down the difference equations that give the probability that there
are n customers (n = 0) in a Poisson queueing system in steady-state.
Write down the formulas for P and P, in a Poisson queue system in the
steady-state.
Give the formulas for the average number of customers (i) in the system,
(i1) in the queue, and (iii) in the non-empty queues for the (M/M/1):
(eo/FIFO) model.
Obtain the variance of queue length for the (M/M/1): (eo/ FIFO) model.
In the usual notation of a (M/M/1): (e«/FIFO) queue system, find P(N > 2),
if A =12 per hour and u = 30 per hour.
In the usual notation of a (M/M/1): (e</FIFO) queue system if A = 12 per
hour and pt = 24 per hour, find the average number of customers in the
system and in the queue.
Give the formulas for the waiting time of a customer in the queue and in
the system for the (M/M/1): (eo/ FIFO) model.
If a customer has to wait in a (M/M/1): (e/FIFO) queue system, what is
his average waiting time in the queue, if A =8 per hour and y = 12 per
hour?
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24.
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27.

28.

29.

What is the probability that a customer has to wait more than 15 min to
get his service completed in a (M/M/1): («o/FIFO) queue system, if A =
6 per hour and ¢ = 10 per hour?

Write down the probability density function of the waiting time of a
customer in the (M/M/1): (eo/FIFO) queue system.

Write down the Little’s formulas that hold good for all the Poisson queue
models.

Write down the Little’s formulas that hold good for the infinite capacity
Poisson queue models.

What is the probability that there are no customers in the (M/M/s): (eo/
FIFO) queueing system?

Write down the formula for P, in terms of P, for the (M/M/s): (eo/ FIFO
queueing system.

Give the formulas for the average number of customers in the system
and in the queue for the (M/M/s): (eo/ FIFO) queueing model.

If there are 2 servers in an infinite capacity Poisson queue system with
A =10 per hour and p = 15 per hour, what is the percentage of idle time
for each server?

2
In a 3-server infinite capacity Poisson queue model if A /sy = 3’ find
PO-
In a 3-server infinite capacity Poisson queue model if A /sy = 2/3 and
Py =1/9 find the average number of customers in the queue and in the
system.

2
If sy = 3 in a (M/M/s): (eo/FIFO) queue system find the average

number of customers in the non-empty queue.

What is the probability that an arrival to an infinite-capacity 3-server
Poisson queue system with A/su = 2/3 and P, = 1/9 will have to wait?
What is the probability that an arrival to an infinite-capacity 3-server
Poisson queue system with A/su = 2/3 and P, = 1/9 enters the service
without waiting?

Give the formulas for the average waiting time of a customer in the
system and in the queue for the (M/M/s):(e</FIFO) queueing model.
What is the average waiting time of a customer in the 3-server infinite-
capacity Poisson queue if he happens to wait, given that A = 6 per hour
and u = 4 per hour.

Give the probability that there is no customer in an (M/M/1):(k/FIFO)
queueing system.

Write down the probability that there are n customers in an (M/M/1):
(k/FIFO) queueing system.

If A =4 per hour and i = 12 per hour in an (M/M/1):(4/FIFO) queueing
system, find the probability that there is no customer in the system. If 1
= 1, what is the value of this probability?
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41.

42.

Write the formulas for the average number of customers in the (M/M/1):
(k/FIFO) queueing system and also in the queue.

Define effective arrival rate with respect to an (M/M/1):(k/FIFO)
queueing model.

How are N, and N, related in an (M/M/1):(k/FIFO) queueing model?
Write down the Little’s formulas for the average waiting time in the
system and in the queue for an (M/M/1):(k/FIFO) queueing model.

If A = 3 per hour, i = 4 per hour and maximum capacity k = 7 in a
(MIM/1):(k/FIFO) system, find the average number of customers in the
system.

Write the formula for the probability that there is no customer in an
(M/M/s):(k/FIFO) queue system.

Write the formula for the probability that there are n customers in an
(M/M/s):(k/FIFO) queueing system.

Write down the formula for the average queue length in an (M/M/s):(k/
FIFO) queueing model.

Define effective arrival rate with respect to an (M/M/s):(k/FIFO)
queueing model.

How are N and N, related in an (M/M/s):(k/FIFO) queueing model?
Write down Little’s formulas for the average waiting time in the system
and in the queue for an (M/M/s):(k/FIFO) queueing model.

Arrivals at a telephone booth are considered to be Poisson with an

average time of 10 min between one arrival and the next. The length of a

phone call is assumed to be distributed exponentially with mean 3 min.

(i) Find the average number of persons waiting in the system.

(i1)) What s the probability that a person arriving at the booth will have
to wait in the queue?

(iii) What is the probability that it will take him more than 10 min
altogether to wait for phone and complete his call?

(iv) Estimate the fraction of the day when the phone will be in use.

(v) The telephone department will install a second booth when
convinced that an arrival has to wait on the average for at least 3
min for phone. By how much the flow of arrivals should increase
in order to justify a second booth?

Customers arrive at a one man barber shop according to a Poisson

process with a mean interarrival time of 20 min. Customers spend an

average of 15 min in the barber’s chair.

(i) What is the expected number of customers in the barber shop? in
the queue?

(i) What is the probability that a customer will not have to wait for a
hair cut?

(iii) How much can a customer expect to spend in the barber shop?
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43.

44.

45.

46.

47.

48.

(iv) Management will put another chair and hire another barber when
a customer’s average waiting time in the shop exceeds 1.25 h.
How much must the average rate of arrivals increase to warrant a
second barber?

(v) What is average time customers spend in the queue?

(vi) What is the probability that the waiting time in the system is
greater than 30 min?

(vii) What is the probability that there are more than 3 customers in the
system?

If customers arrive for service according to a Poisson distribution at the

average rate of 5 per day, how fast must they be serviced on the average

(assume exponential service time) in order to keep the average number

of customers in the system less than 4?

Patients arrive at an hospital for emergency service at the rate of one

every hour. Currently only one emergency can be handled at a time.

Patients spend an average of 20 min for receiving emergency service.

How much the average service time need to be decreased to keep the

average time to wait and receive the service less than 25 min?

A departmental secretary receives an average of 8 jobs per hour. Many

are short jobs, while others are quite long. Assume, however, that the time

to perform a job has an exponential distribution with a mean of 6 min.

(i) What is the average elapsed time from the time the secretary
receives a job until it is completed?

(ii) Calculate E(N), E(W,), P(W > 2h), P(N > 5) and the fraction of
time the secretary is busy.

A service station expects a customer every 4 min on the average. Service

takes, on the average, 3 min. Assume Poisson input and exponential

service.

(i) What is the average number of customers waiting for service?

(ii) How long can a customer expect to wait for service?

(iii) What is the probability that a customer will spend less than 15 min
waiting for and getting service?

(iv) What is the probability that a customer will spend longer than 10
min waiting for and getting service?

A dress shop has 3 sales persons. Assume that arrivals follow Poisson

pattern with an average of 10 min between arrivals. Also assume that

any salesperson can provide the desired service for any customer. If the
time to provide service for a customer is exponentially distributed with

a mean of 20 min per customer, calculate E(N), E(N, ) EW), E(Wq) and

P,forn=0,1 and 2.

If the mean arrival rate is 24 per hour, find from the customer’s point

of view of the time spent in the system, whether 3 channels in parallel

with a mean service rate of 10 per hour is better or worse than a single
channel with mean service rate of 30 per hour.
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Four counters are being run on the frontier of a country to check the
passports and necessary papers of the tourists. The tourists choose a
counter at random. If the arrivals at the frontier is Poisson at the rate

S . . A .
of A and the service time is exponential with parameter 2 what is the

steady-state average queue at each counter?

An insurance company has 3 claim registers in its branch office. People
with claims against the company are found to arrive in a Poisson fashion
at an average rate of 20/8-h day. The amount of time that an adjuster
spends with a claimant is found to have exponential distribution with
mean service time 40 min. Claimants are processed in the order of their

appearance.
(i) How many hours a week can an adjuster expect to spend with
claimants?

(i) How much time, on the average, does a claimant spend in the
branch office?

A telephone exchange has 2 long-distance operators. The telephone com-

pany finds that during the peak load, long distance calls arrive in a Poisson

fashion at an average rate of 15 per hour. The length of service on these

calls is approximately exponentially distributed with mean length 5 min.

(a) What is the probability that a subscriber will have to wait for his
long distance call during the peak hours of the day?

(b) If the subscribers will wait and are serviced in turn, what is the
expected waiting time?

A petrol pump station has 4 pumps. The service times follow the

exponential distribution with a mean of 6 min and cars arrive for service

in a Poisson process at the rate of 30 cars per hour.

(i) What is the probability that an arrival would have to wait in line?

(i) Find the average waiting time in the queue, average time spent in
the system and the average number of cars in the system.

(iii) For what percentage of time would a pump be idle on an aver-
age?

A one-person barber shop has 6 chairs to accommodate people waiting

for a hair cut. Assume that customers who arrive when all the 6 chairs

are full leave without entering the barber shop. Customers arrive at the

average rate of 3 per hour and spend an average of 15 min in the barber’s

chair.

(i) What is the probability that a customer can get directly into the
barber’s chair upon arrival?

(il) What is the expected number of customers waiting for a hair cut?

(iii) How much time can a customer expect to spend in the barber shop?

(iv) What fraction of potential customers are turned away?

Assume that the goods trains are coming in a yard at the rate of 30 trains

per day and suppose that the inter-arrival times follow an exponential
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distribution. The service time for each train is assumed to be exponential
with an average of 36 min. If the yard can admit 9 trains at a time,
calculate the probability that the yard is empty and the average queue
length.

A car park contains 5 cars. The arrival of cars is Poisson at a mean rate
of 10 per hour. The length of time each car spends in the car park has
negative exponential distribution with mean of 2 min. How many cars
are in the car park on an average and what is the probability of a newly
arriving customer finding the car park full and leaving to park his car
elsewhere.

A stenographer is attached to 5 officers for whom she performs
stenographic work. She gets calls from the officers at the rate of 4 per
hour and takes on the average 10 min to attend to each call. If arrival rate
is Poisson and service time is exponential find (i) the average waiting
time for an arriving call (ii) the average number of waiting calls, and (iii)
the average time an arriving call spends in the system.

A 2-person barber shop has 5 chairs to accommodate waiting customers.
Potential customers, who arrive when all the 5 chairs are full, leave
without entering the barber shop. Customers arrive at the average rate
of 3.7634 per hour and spend an average of 15 min in the barber’s chair.
Compute P, P, P, E(Nq) and E(W).

A barber shop has 2 barbers and 3 chairs for waiting customers. Assume
that customers arrive in Poisson fashion at a rate of 5 per hour and that
each barber services customers according to exponential distribution with
mean of 15 min. Further, if a customer arrives and there are no empty
chairs in the shop, he will leave. Find the steady-state probabilities. What
is the probability that the shop is empty? What is the expected number of
customers in the shop?

An automobile inspection station has 3 inspection stalls. Assume that
cars wait in such a way that when a stall becomes vacant, the car at the
head of the line pulls up to it. The station can accommodate at most 4 cars
waiting (7 in the station) at one time. The arrival pattern is Poisson with
a mean of 1 car every minute during the peak hours. The service time
is exponential with mean 6 min. Find the average number of customers
in the system during peak hours, the average waiting time and the aver-
age number of cars per hour that cannot enter the house because of full
capacity.

A mechanic repairs 4 machines. The mean time between service
requirements is 5 h for each machine and forms an exponential
distribution. The mean repair time is 1 h and also follows the same
distribution pattern. Machine downtime costs Rs. 25 per hour and the
mechanic costs Rs. 55 per day.

(i) Find the expected number of machines under service and in waiting.
(ii) Determine the expected downtime cost per 8-h day?
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(iii)) Would it be economical to engage 2 mechanics, each repairing
only 2 machines?

For the general queue system, find the steady-state probability, when A,

= A, forn>0and u, = n'u, forn > 1.

For the general queue system, find the steady-state probability and the

average number of customers in the system, when

A, forn=0,1,2,..,(k-1)
0, forn=>k

and u, =y, forn = 1.

Research students visit a computer centre to solve their problems (one
problem each) in a Poisson fashion at an average rate of 5 per day. The
time to solve a problem by a student has an exponential distribution

A =

n

. . 1 . .
with a mean time of 3 day. Assuming that the centre can provide any

number of computers to the students and that the average solving time is
inversely proportional to the number of students working on the problem,
find the average time spent by a student in the centre.

In a big departmental store, self-service pattern is allowed. Customers
enter the store in a Poisson fashion at an average rate of 15 per hour.
The time taken by a customer to select his/her requirements follows an
exponential distribution with a mean time of 10 minutes. Assuming that
billing and payment take negligible time, find the average number of
customers in the store and the probability that there are no customers in
the store.

There are two sections—cosmetics and provisions—in a big departmental
store, where self-service of customers is permitted. Customers enter
the cosmetics section and provisions section in Poisson fashion at an
average rate of 15 per hour and 20 per hour respectively. The time taken
by a customer to select his/her requirements follows an exponential
distribution with a mean time of 6 minutes in the cosmetics section
and 12 minutes in the provisions section. Assuming that billing and
payment take negligible time in both sections, find the average number
of customers in the stores and the probability that there are less than 5
customers in both the sections put together.

ANSWERS

Exercise 8

11.

21.

5 min 12. 0.3679 19. 50% 20.

4

22. 2 23. 24.

>

26
9

O | o0
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81 1

26. 10 min 29, —, — 34, 2.11
121 5
41. (1) 043 (i) 0.3 (iii) 0.097 (iv) 0.3
(v) 0.16 person per minute
42. (1) 3;225 (i) 0.25 (i) 1h (iv) 3.2 per hour
W) %h (vi) 0.61 (vi) 0.32

43. 3.84 h/service
44. 17.65 min per patient
45. (1) 30min (i) 4;24 min; 0.0183; 0.2621; 0.8

46. (1) 2.25 (i1) 9 min (1) 0.7135 (iv) 0.8465
47. 2.1739;0.1739; 21.739 min; 1.739 min; P, = 0.1304, P, = 0.2608;
P,=0.2602
48. Single channel is better
49. 4
23

50. 22.2 h; 49 min

51. (i) 0.48 (i) 3.2 min

52. (1) 0.3826  (ii) 3.05 min; 9.054 min; 4.53 cars; (iii) 24.98%
53. (1) 0.2778  (ii) 1.3878 (iii) 43.8 min (iv) 3.7%

54. 0.28;1.55

55.  0.49,0.0027

56. (i) 12.45 min (i) 0.79 customer (iii) 22.42 min
57. 0.36133; 0.33996; 0.00368; 0.2457; 19 min

58. P,=(0.56) (0.625)", for2<n <5; P, =0.35; P,=0.28; 2.956

59. 6.06 cars; 12.3 min; 30.4 cars

60. (1)1 (i) Total cost = Rs. 255
(i1i) Total cost with 2 machines = Rs. 270; Use of 2 machines is not
economical.
(Ajn (l]n
6l. P, ='u—~PO, where P! = Z'u—
(n* a0 (n)*

k+1

6. P = [1_—”);)",03 n < k, where p =2

1-p I
E(Ng) =[1 - (1 +kp" +k p** /(1 - p)(1 = p*1)
63. 8 hours
64. 2.5,

4
65. 5.5;2%(5.5)’ T

ol

r=|
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Advanced Queue Models
and Queue Networks

Finite Source Model

So far in all the queue models we have discussed, we assumed that the number
of customers who require service is very large. In other words, the customers
requiring service emanate from an infinite population (source). However, there
are situations, where maximum limit is imposed on the incoming customers. In
other words, the flow of customers is from a finite source.

A practical situation corresponding to this model is that of machine servicing
where the calling population is that of machines and the arrival corresponds to
the broken-down machine. The repairmen/mechanics are of course the servers.
Symbolically, this machine-servicing model is represented as (M/M/1): (k/k/
FIFO) or (M/M/s): (k/k/FIFO), depending on the number of repairmen.

Characteristics of Machine-Service Model

(M/M/s): (k/k/FIFO)

For the general Poisson queue systems, the steady-state probabilities P, and P,

are given by
Py = 1+i(—l°)“1""1"—1j (1)

o\ Mty 1y,
AAd A
and p, =1 _"nlp, forn>1 (2)
:ulnu2“.:un

For the machine-service model, we assume that there are k machines, one or
more of which are likely to break down and, hence, become customers for the
queue system in which there are ‘s’ repairmen or servers.

{(k—n)/l, forO<n<k

Thus, A=
0, forn>k

n

3)
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d ny, forO0<n<s 4
an Ha = su, fors<n<k )
Using these value in (1) and (2), we get

Py = 2 kC _A (5)
n=0 n=s H
ka Py, forO<n<s
and P, = n! (6)
kC, p"-Py, fors<n<k
sn 5
k
ENg = 2. (n=s)P, (7)
n=s+1
ll
E(Ng) = E(Ny)+— (8)
u
k-1
where A= E(,) =Y (k=n)AP, = A{k — E(Ny)} )
n=0
1
E(Wy) = TE(NQ) (10)
1
E(Wy) = 7E(NS) (11

If there is only one repairman (server), viz., s = 1, the results (5) to (11) become

7
= 2k o)

n=0
P, =kCp"Py0<n<t 6)"
EMNy) = é—(”%)(f—l’o) )
EMNy = 4 ‘%(7—1’0) ()

A

=l =Py or ;(7—1’0) )
EVy = 5E(N,) (10

and EW,) = %E(Nv) 11y
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Non-Markovian Queueing Model [(M/G/1):
(</GD) Model]

So far we have discussed Markovian queue models in which the inter-arrival
and inter-service times were assumed to follow exponential distributions with
parameters A and g. When the arrivals and departures do not follow Poisson
distributions, the discussion of the queueing models is tedious. However we can
derive the characteristics of a particular non-Markovian model (M/G/1) : (e</GD),
where M indicates that the number of arrivals in time ¢ follows a Poisson process,
G indicates that the service time follows a general (arbitrary) distribution and GD
indicates general queue discipline (viz., any kind of queue discipline).

The average number L of customers in the M/G/1 queueing system is given by
a formula, known as Pollaczek—Khinchine formula, which is derived below:

Pollaczek-Khinchine Formula

Let N and N’ be the numbers of customers in the system at times ¢ and 7 + 7, when
two consecutive customers have just left the system after getting service.

Thus, T is the random service time, which is a continuous random variable.
Let f(t), E(T), Var (T) be the pdf, mean and variance of 7. Also let M be the

number of customers arriving in the system during the service time 7.
H N M, ifN=0
enee T N-1+M, ifN>0

where M is a discrete random variable, taking the values 0, 1,2, ....

Equivalently, N’'=N-1+M+9 (D
1, ifN=0
where o= )
0, if N>0
E(N") = E(N) - 1 + E(M) + E(6) (2)

When the system has reached the steady-state, the probability of the number
of customers in the system will be a constant.

Hence, E(N) = E(N') and E(N*) = E(N%) (3)
Using this in (2), we get E(9) = 1 — E(M) 4)
Squaring both sides of (1), we have

N =N +M-1*+8+2NM ~1) + 2(M - 1)8+ 2NS 5)

Now, &=68 (- &=0o0rl,accordingas =0or 1)
0x1, ifN=0

and No= )
Nx0, if N>0

=0
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Using these values in (5), we have
N?’=N+M* +2NM-1)+(2M-1) §-2M + 1
ie., IN(I-M)=N-N*+M*+ M - 1)6-2M + 1
2E {N(1 - M)} = E(N*) — E(N®) + E(M?) + E{(2M - 1)8} — 2E(M) + 1
ie., 2E(N) {1 - EIM)} = E(M?) + {2E(M) — 1} E(8) - 2E(M) + 1
[by independence and by (3)}
_ EM*)+{2E(M) -1} {1- E(M)} - 2E(M) +1
21— EM))

E(N) » by (4)

_ EWM*)-2EM)+EWM)
B 2{1-EM))

(6)

Since the number M of arrivals in time 7 follows a Poisson process with
parameter A, say, then E(M) = AT and Var (M) = A T or E(M?) = (AT)* + AT

Now, E(M) = E {EMIT)}

= E(AT) = AE(T) (7)
E(M?) = E{E(M*IT)} = E{* T*> + AT}
= A* (Var (T) + EXT)} + AE(T) ()

Using (6) and (7) in (5), we have
A2V(T)+ A*E*(T)+ AE(T) = 2A2E*(T) + AE(T)
2{1—- AE(T)}
A{V(T)+ EX(T)}
2{1- AE(T)}

L = EN)=

= AE(T)+

1. The other characteristics 1, = E(N, ), E(W,) and E(W) of this model can be
obtained by using Little’s formulas.
2. AE(T) must be less than 1, otherwise L, becomes negative, which is meaningless.
3. Inthis M/ G/ 1 model, if G =M, viz., the service time T follows an exponential distribution
with parameter I, then

2

u

L‘.r = i + /J Iu = /l A
H 7(7 - }“j #=
u
which has already been derived for M/ M/ 1 model.

1 1
E(T)= —and V(T)=—
(1) i (T)
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Particular Cases

1. (M/D/1):(-~/FIFO) Model
This is a particular case of the (M/G/1): («o/GD) Model, where D means that the

1
service time T is not random, but it is fixed. In this case, E(7) is assumed as —
and V(T) = 0. H

Using these values in the Pollaczek—Khinchine formula for E(Ng), we get

A2 {0 + 1} ,
Hy p

2{1_1} 2(1-p)
i

E(NS):i-i-

A
where p = ; or AE(T)

2. (M/E,/1):(~/FIFO) Model
Here, E, means that the service time 7 follows an Erlang’s distribution with k&
exponential phases, each with parameter L.

Hence, E(T) = L3 and V(T) = iz
u u

Using these values in the Pollaczek—Khinchine formula for E(Ng), we get

2
L V]

=

2
N k(k+1)p

 where p=2
20 —kp) where p

[ Worked Example 9(A) ]

Example 1

A machine shop has 4 machines in working condition initially and one mechanic
is attached to the shop. The mean time between service requirements is 5 hours
and forms an exponential distribution. The mean service time is 1 hour and follows
an exponential distribution. Machine downtime costs Rs. 55/- per day. Determine
(a) the probability that the service facility will be idle, (b) the average number of
machines waiting to be repaired and being repaired, and (c) the expected down-
time cost per day.
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This is a problem in the machine-service model (M/M/1):(k/k/FIFO).
1
Here, k = the number of machines in the calling population = 4; A= 3 per
A
hour; ¢t =1 per hour; p = E =02
(@) Py '=4C,p°+4C, p' +4C,2! p* +4C;3! pP +4C,4! pt
=1+4x02+6x2x0.04+4%x6x0.008 +24 x0.0016, since s=1
=2.5104
. Py = P (the service facility is idle) = (2.5104)71 =0.3983
1
(b) E(Ng)=k—-—(1-PF) =4-5x(1-0.3983)=0.9915
P

(© A=uld- Po) =1x(1-0.3983)=0.6017

09915

E(W)—— ( S)— 5 = 1.6478 hours

E(Downtime cost) = 55+ % 25, assuming that the machine shop works

for 8 hours a day = 55 + 121.37 = Rs. 176.37

Example 2

In the machine shop of a small-scale industry, machines break down with a mean
rate of 2 per hour. The maintenance shop of the industry has 2 mechanics who
can attend to the breakdown machines individually. The service rate of each of
the mechanics is 1.5 machines per hour. Initially there are 5 working machines in
the workshop. Find P, E(Ny), E(Ns), E(W,)) and E(Wy).

This is a problem in the machine-service model (M/M/s):(k/k/FIFO), when s
=2and k=5

Zka +2kc L

n=s

A2
where p=—=—=—
u 15 3
2! ) 3!
=14+5C,-p+5C, - ——-p~ +5C; -
1P 275150 p 3 2'21/3
4! 4 5! 5
—_— -—— p° =140.0122
+5C, 12 p +5C; X p 0.0
P, =0.0072
k 5 5
E(Ny)= Y, (n—s)Pn:Z(n—z)Pn=2(n—2)scn-ﬁ-Po
n=s+1 n=3 n=3

= 1.604 machines
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k-1

=S k-mi P,

n=0
=2[5xPy+4xP +3xP,+2xPy+1xP,]
= 2[5 +26.6667 + 53.3333 + 35.5556 + 47.4074] x 0.0072

= 2.937/hour
E(Ng) = E(N,, )+;L— =1.604 + 2.937 = 3.562 machines
u
1 1.604
EW,) = —E(N,)=—— =0.546 hour
Wo) = 77 EWNo) =07
1 3.562
EW)=—E(N,)=—— =1.213 hour
Wo) = 27 EWN=75 557
Example 3

The town police department has 5 patrol cars. A patrol car breaks down and
requires service once in every 30 days. The police department has 2 repair
workers, each of whom takes an average of 3 days to repair a car. Break times
and service times are exponential. (a) Determine the average number of patrol
cars in good condition, (b) Find the average downtime for a patrol car that needs
service, and (c) Find the fraction of time a service mean is idle.

This is a problem in the machine-service model (M/M/s):(k/k/FIFO), where s
=2and k=5.

1:% per day and qul per day

A
Zsc p” +25€n ——p", where p=—=0.1
e S ) K

_{1+5x0.1+10><(0.1) }+

10x—2 0.1)° +5x 24 X (0.D)* +1x —— 120 x(0.1)°
2X2 2x4 2x8
=1.6166
Py =0.6186
k
E(Ny) = Y (n-s)P, = z (n X
n=s+1 n=s+1
3! 3
1x10x X (0.1)" +2Xx5x%
- 2x2 . % 0.6186
— x(0.D)* +3x1x x(0.1)°
P (0.1) Y (0.1)

=0.0112
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4
=Y G-mAp,

n=0
A= %[SP0 +4P, +3P, +2P, + P, ]

_ 06186
30

=[5+2+0.3+0.0075+ 0.003] =0.1507

E(N) = E(N,)+ 2 = 00112+ 0'150)7 — 0.4633:
u

E(Ng) =5-0.4633
=4.5367

04633 =3.0743 days
1507

E(Wg) = — E(N S)—

Example 4

In a college canteen, it was observed that there is only one waiter who takes
exactly 4 minutes to serve a cup of coffee once the order has been placed with
him. If students arrive in the canteen at an average rate of 10 per hour, how much
time one is expected to spend waiting for his turn to place the order.

This is a problem in (M/D/1):(e/FIFO) model, where D indicates that the
service 7 is a constant.

Here, E(T) = 4 minutes and A = 10 per hour or l per minute. By the
Pollackzek—Khinchine formula,

AHV(T)+ E*(T))
2{1- AE(T)}

E(Ng) = AE(T)+

i{0 +16}
———— since V(T) =0, as T is a constant
2{1 4}

|

|
X
N
+

1 4
By Little’s formula, E(Wy) = IE(NS) =6X 3 =8 minutes

1 ) 1
E(Wy) = E(WS)—Z= 8—4{smce u :ﬁ}

= 4 minutes
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Example 5

A one-man barber shop takes exactly 25 minutes to complete one haircut. If
customers arrive at the barber shop in a Poisson fashion at an average rate of one
every 40 minutes, how long on the average does a customer spend in the shop?
Also, find the average time a customer must wait for service.

The service time T is a constant = 25 min viz., T follows a distribution with

E(T)=25and V(T) =0. Also A = %

.. by the Pollaczek—Khinchine formula,
AV (T)+E*(T)}
2{l-AE(T)}

E(N,) = AE(T) +

1 2
s 27 10+257)

= + =
40 2{1—1x25}
40
_ §+ 25/64 _ 55
8 2x(3/8) 48

By Little’s formula,

EW) = % E(N;)=40x % = 45.8 minutes

E(W,) =E(W,) - L E(W,) — E(T) = 20.8 min.
u

i.e., a customer has to spend 45.8 minutes in the shop and has to wait for service
for 20.8 minutes on the average.

Example 6

3
For an (M/E,/1):(e</FIFO) model with A = % per hour and u = Py per hour, find

the average waiting time of a customer. Also find the average time he spends in
the system.
The service time T follows on Erlang distribution with k = 2 exponential
phases
kK 4
Hence, E(T)=—=— hours and V(T)= * = 8
po3 uoo
By the Pollackzek—Khinchine and Little’s formulas,

E(W,) = Average waiting time of a customer

- (QJL
2k ) p(u-2)
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3 6/5 3.6.2_10
= ————<—=—X—X—X—=2 hours
4 3[3_6] 475 3 3

2 2 5
E(W) = Average time spent in the system

= EW,)+ i = (2 + z) hours = 2 hours, 40 minutes
u 3

Example 7

A patient who goes to a single-doctor clinic for a general check-up has to go
through 4 phases. The doctor takes on the average 4 minutes for each phase of
the check-up and the time taken for each phase is exponentially distributed. If the
arrivals of the patients at the clinic are approximately Poisson at the average rate
of 3 per hour, what is the average time spent by a patient (a) in the examination?
(b) waiting in the clinic?

Let X, X,, X3, X, denote the times required for the 4 phases of the check-up.

Each X, is exponential with a mean of 4 min or with parameter % .
Since the X,’s independent, (X, + X, + X; + X,,) follows an Erlang’s distribution
1
with parameters ‘A’ = Z and ‘k’ = 4 [Refer to Problem (43) in Exercise 5(B)]

The mean and variance of Erlang’s distribution with parameters ‘A’ and ‘k’

k k
are — and —-.
A A2
Thus, if T represents the service time for a patient,
Em=X -2 16
(D= A U4
k 4
and Vil = — = —— =
o A* 116

. Average time for examination of each patient = 16 min. If A represents the
arrival rate in the clinic, then by P — K formula,

22 {V(T) + E*(T))
2{1- 2, E(T)}

EN,) = A, E(T) +

1 L {64 + 256} 1
- —xl6+200 ( A, =3/hour or 2—0/min)

2{1—1X16}
20
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W |

Il
(U REN
+

14
5

)
X
W | =

By Little’s formula,
1 14 .
EW,) = A—E(NS) =20 x r = 56 minutes

1 1

and E(W,) = E(W,) - — =56 - =56 — 16 = 40 min.
M 1/E(T)

i.e., a patient has to wait 40 minutes for check-up in the clinic.

Example 8

A car-wash facility operates with only one bay. Cars arrive according to a Poisson
distribution with a mean of 4 cars per hour and may wait in the facility’s parking
lot if the bay is busy. The parking lot is large enough to accommodate any number
of cars. Find the average number of cars waiting in the parking lot, if the time for

washing and cleaning a car follows
(a) uniform distribution between 8 and 12 minutes,
(b) anormal distribution with mean 12 minutes and S.D. 3 minutes, and

(c) a discrete distribution with values equal to 4, 8 and 15 minutes and

corresponding probabilities 0.2, 0.6 and 0.2.
1
(a) A =4/hour or 5 per minute.
E(T) = mean of the uniform distribution in (8, 12)

= % (8 + 12) = 10 minutes

N N
W(T) = n (12-3)" = 3
By P-K formula,
_ A V(D) + E*(T)}
EN) = AED + 2{1— A-E(T)}

| 1{4+100}
~x10+ 283 )
20— Lo
15
2 152

= —+—— =1.342 cars.
3 225
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(b)

©
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By Little’s formula,
1
A 15

E(N,) = ENNy) — — =1.342 -
u T
o)

A= %;E(T): 12 min. and V(T) = 9

= 0.675 car

b1
”_E(T)_lz

By P-K formula,

: L 94144
EN) = — x 12+ 225

= 4 + 153 =2.5 cars
5 90
By Little’s formula,
_(1/15)

EN,) = EV) -~ =25
(1/12)

2 l—ix12
15

= 1.7 cars

on

T ET)

The service time T follows the discrete distribution given below:

T: 4 8 15
p(M: 02 06 02

E(=XT-p(T)=0.8+4.8 + 3 = 8.6 minutes
E(T)=3T" - p(T)=32+384+45=86.6
V(T) = E(T%) - EX(T) = 86.6 — (8.6)* = 12.64

By P-K formula,

5 {12-64 + 73-96}

1
EWN,) = % % 8.6+ 22

86-6 15

2{1—1><8~6}
15

=0573+ —x—— =0.573 + 0.451 = 1.024 cars

225 12-8
By Little’s formula,
1/5)

E(N,) = E(N,) - A 024
u (1/8-6

|
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Exercise 9(A) ]

Part-A  (Short-answer Questions)

1.

2.

i

Part-B
7.

10.

Explain the symbolic representation (M/M/s):(k/k/FIFO) of the machine-
service model.

Write down the formulas for P, and P, for the (M/M/s):(k/k/FIFO)
model.

How do the relations between (i) E(N) and E(W,)), and (ii) E(N) and
E(Ws) get modified from the usual Little’s formulas in the case of (M/M/
5):(k/k/FIFO) model.

Write down the formulas for E(N,) and E(Ny) for the (M/M/1):(kik/
FIFO) model.

Write down the general Pollaczek—Khinchine formula for E(Ny).

Write down the simplified formulas for E(N) for the (M/D/1):(e/FIFO)
and (M/E;/1):(e=/FIFO) models.

In the machine shop of a medium-scale industry, machines break down
with a mean rate of 2.5 per hour. The maintenance shop of the industry
has only one mechanic who can attend to the broken-down machines.
The service rate of the mechanic is 1.5 machines per hour. Initially, there
are 6 working machines in the machine shop. Compute P, E(Ny), E(N5),
E(W,) and E(Wy).

A mechanic services 4 machines. For each machine, the mean time
between service requirements is 10 hours and is assumed to form an
exponential distribution. The repair time tends to follow the same
distribution and has a mean time of 2 hours. When a machine is down for
repair, the time last has a value of Rs. 20 per hour. The mechanic costs
Rs. 50 day. Find (i) the expected number of machines in operation and
(i) the expected cost of downtime per day. (iii) Would it be desirable to
engage two mechanics, each to service only two machines?

There are 5 machines in a workshop, each of which suffers breakdown
at an average rate of 2 per hour. There are 2 servicemen and only one
man can work on a machine at a time. If » machines are out of order
when n > 2, then (n — 2) of them wait until a serviceman is free. Once
a serviceman starts work on a machine, the time to complete the repair
has an exponential distribution with a mean of 5 minutes. Find the
distribution of the number of machines out of action at a given time.
Find also the average time an out of action machine has to spend waiting
for the repairs to start.

2 repairmen are attending to 5 machines in a workshop. Each machine
breaks down according to exponential distribution with a mean of 3
per hour. The repair time per machine is exponential with a mean of
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11.

12.

13.

14.

15.

15 minutes. (i) Find the probability that the two repairmen are idle,
(i1) that one repairman is idle, and (iii) the expected number of idle
machine not being serviced.

The 5 machines in a machine shop break down periodically and the
company has 2 repairmen to service the machines when breakdown
occurs. When a machine is fixed, the time until the next breakdown
is exponentially distributed with a mean of 30 hours. The repair time
of each repairman is exponentially distributed with a man of 3 hours.
Find the average number of machines in operation at any given time, the
expected down-time of a machine that require repair and the expected
percent of idle time of each repairman.

In a car-manufacturing plant, a loading crane takes exactly 10 minutes to
load a car into a wagon and again come back to position to load another
car. If the arrival of cars is a Poisson stream at an average of 1 every 20
minutes, calculate the average waiting time of a car.

A barber runs his own saloon. It takes him exactly 25 minutes to complete
one hair cut. Customers arrive in a Poisson fashion at an average rate of
one every 35 minutes. (i) For what per cent of time would the barber be
idle? (ii) What is the average time a customer spent in the shop?
Repairing a certain type of faulty machine consists of 5 basic steps
that must be performed sequentially. The time taken to perform each
of the 5 steps is exponentially distributed with a mean of 5 minutes
and independent of the other steps. If the machines become faulty in a
Poisson fashion at an average rate of 2 per hour and if there is only one
repairman, what is the average idle time for each faulty machine?

In a certain bank, the customers arrive according to an exponential
distribution with a mean of 4 per hour. From observations on the teller’s
performance, the mean service time is estimated to be 10 minutes, with a
variance of 25. It is felt that the Erlang would be a reasonable assumption
for the distribution of the teller’s service times. Also it is assumed that
there is no limit on the number of customers. Bank officials wish to
know, on the average, how long a customer must wait until he gets the
service and how many customers are waiting for service.

1 1
[Hint: Find the value of k, using yt=—ando? =—=25]
10 ku

QUEUE NETWORKS

Introduction

Queue network can be regarded as a group of ‘k’ inter-connected nodes, where
each node represents a service facility of some kind with s; servers at node i.

(s;=21)
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Series Queues

A series queue model or a tandem queue model is, in general, one in which
(i) customers may arrive from outside the system at any node and may leave
the system from any node, (ii) customers may enter the system at some node,
traverse from node to node in the system and leave the system from some node,
not necessarily following the same order of nodes, and (iii) customers may return
to the nodes previously visited, skip some nodes and even choose to remain in
the system for ever.
In the following sections, we shall discuss a few kinds of series queues.

Series Queues with Blocking

This is a sequential queue model consisting of two service points S, and S,, at
each of which there is only one server and where no queue is allowed to form at
either point.

M It is a misnomer by which we called the model as a series quene model!

An entering customer will first go to S, after he gets the service completed at
S, he will go to §, if it is empty or will wait in S, until S, becomes empty [viz.,
the system is blocked for a new customer.] This means that a potential customer
will enter the system only when S is empty, itrespective of whether S, is empty
or not, since the model is a sequential model, viz., all the customers require
service at S; and then at S,.

Let us now proceed to find the steady-state probabilities P(m, n) that there
is m customer (m =0 or 1) in S; and n customer (n = 0 or 1) in S,. Any state of
the model will be denoted by (m, n). The possible states of the system are given
below with their interpretation:

State | Interpretation

(0, 0) | No customer in either service point

(1,0) | Only one customer in S,

(0, 1) | Only one customers in S,

(1, 1) | One customer each in S, and S,

(b, 1) | One customer each in S, and S, but the customer in §; having finished
his work at §; is waiting for S, to become free, while the customer in §,
is being served.

We assume that potential customers arrive in accordance with a Poisson
process with parameter A and the service times at S; and S, follow exponential
distributions with parameters y; and , respectively. To get the values of P(m,
n), we shall first write down the steady-state balance equations using a state
transition diagram, as given below, which consists of a small circle for each state
and directed lines labeled by the rates at which the process goes from one state
to another.
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@ H
H2

Fig. 9.1 State Transition Diagram

The arrow from state (0, 0) to state (1, 0) is labeled A. This means that when the
system (consisting of S, and S,) is empty, it goes to state (1, 0) through an arrival which enters
the system at a rate A. Similar explanation holds good for the arrow from (0, 1) to (1, 1). The
transition from (1, 0) to (0, 1) takes place, when the customer finishes bis job at S at the rate |,
Similar explanation holds good for the arrow from (1, 1) to (b, 1). When in state (b, 1), the process
will go to state (0, 1), when the customer at S, completes his service, that occurs at the rate L.
Similar explanations hold good for the transitions from (1, 1) to (1, 0) and from (0, 1) to (0, 0).

Now, the balance equation corresponding to any state (m, n) is obtained by
equating the rate at which the process leaves that state and the rate at which the
process enters that state. The rate at which the process leaves the state (m, n) =
P (m, n) x sum of the labels of the arrows that leave the state (m, n). The rate at
which the process enters the state (m, n) = sum of the labels of the arrows that
enter (m, n) multiplied by the relevant probabilities of the states from which they
emanate. Accordingly, we get the following balance equations for the 5 states of
the system:

State Balance equation

0, 0) AP(0,0)=u, P (0, 1) €Y
(1,0) WPA,0=AP 0,0+, P(1,1) 2)
©, 1 A+u) PO, )=, P(1,0)+ u, P (b, 1) 3)
LD |+ PA,1)=AP(©O,1) 4)
b, 1) (PO H=wPA,1) (5)

Since the process has to be in any one of the 5 mutually exclusive and
exhaustive states, we have

PO,0O)+P1,0+PO,DH+P(1,1DH+P(h,1)=1 (6)

Solving the above six equations, we can get the five steady-state probabilities.

Two-Stage (Service Point) Series Queues
(Two-Stage Tandem Queues)
Let us consider a two (service) stage queuing system in which customers arrive

from outside at a Poisson rate A to S,. After being served at S|, they then join
the queue in front of S,. After receiving service at S,, they leave the system.
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It is assumed that there is infinite waiting (queueing space) at each service point.
Each server serves one customer at a time and the service times at S; and S,
follow exponential distributions with parameters (i, and U, respectively.

S1 S2
— ® @
Fig. 9.2
To find the steady-state joint probability P(m, n) of m customers in S; and
n customers in S,, where m = 0 and n = 0, we shall write down the balance
equations using the state transition diagrams given below. By taking (m, n) as the
central state, we have shown only the arrows entering into and leaving from it.

The state transition diagram [Fig. 9.4] for the central state (0, 0) is extracted from
Fig. 9.3 by retaining only those states for which m 2 0 and n 2 0 and the connecting arrows.
Similarly the state transition diagrams [Fig. 9.5 and Fig. 9.6] for the central states (m, 0) and
(n, 0) are obtained.

Fig. 9.3 Fig. 9.4
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The balance equations for this model are obtained as given below:

AP(0,0) =u, P(0,1) (D)
A+ ) P (m,0) = AP (m—1,0)+ i, P (m, 1) [m > 0] )
A+w)PO,n) =y, P(L,n-1)+, PO, n+1)[n>0] 3)
A+ +1,) Pm,n) =APm-1,n)+u, Pm+1,n-1)
+ 1, P(m,n+1) 4)
Also 2> Pmn)=1 (5)

m n

We shall not attempt to solve the above balance equations directly, but shall
guess the solution by using Burke’s theorem which is stated below without proof:

For an M/M/s queueing system, the output (departure) process is also Poisson
with the same rate A as the input (arrival) process in the steady-state, where
s=1.

This means that that the arrival process to S,, which is the same as the departure
process from S|, is also Poisson with parameter A. Thus, the queuing systems at
both S, and S, are M/M/1 models (if we assume that there is only one server at
S, and at S,).

From the discussion on the characteristics of M/M/1 model

P(m customers at S; system) = (ij (1 _iJ and

H H
P(n customers at S, system) = (i] (1 — i]
Uy Hy

Since the number of customers at S; and S, are independent random variables,
the joint probability of m customers at S; and n customers at S, is given by

P(m,n):(i] o(l—i] (i] -(l—ij ,form>0andn=>0 (6)
My Hy ) ,

1 is easily verified that (6) satisfies the balance equations (1) to (5). For example,
on using (6) in (4),

A A
Rl )= (E](ﬂ
A
Al = N +/~l7— N +'u2_ N
H H, Ly i, L, H,
(5 a )R G Tt
S ANAE | FRLA | iy B AT B (AL
1 Hy )\ 1y u, w, M G,
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T ) senen
e[ (22T (-2

= (A + 1y + pp) Pm, n)
=1.S.of 4)]

The average number of customers in the system is given by

L= 22(m+n) P(m,n)
AV (0 2) & (A A
-2+ n| 2| [1-2
“1] ( ,ulJ Z:) (ﬂzj( UZJ
-2 -2
[1_1].1.[1_1] +(1_£].i.(1_ij
) 1y Ly Hy, ) Uy H,

The average waiting time of a customer in the system is given by

1
M

3

|

1
E(Wy) = 2 L, , by Little’s formula.

1 1
= +

) m—A =2

=EW)+ EW,)

OS] /. 45 the arvival rate A in a 2-state tandem guene model increases, the node with

A
the larger valne of p; = — will introduce instability. Hence, the node with the larger valne of

p; is called the bottleneck of the system.
2. The discussion given above holds good, even when there are many servers at each stage,

provided the service time of each server at stage i(i = 1, 2) is exponential with mean — .

H;

In this case, it is to be noted that the queueing system at each stage is an M/M/s model
and hence the relevant results corresponding to this model should be used.

Open Jackson Networks

A network of k service facilities or nodes is called an open Jackson network, if it
satisfies the following characteristics:
1. Arrivals, from outside, to the node i follow a Poisson process with mean
rate r; and join the queue at i and wait for his turn for service.
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2. Service times at the channels at node i are independent and each is
exponentially distributed with parameter u,.

3. Once a customer gets the service completed at node i, he joins the queue
at node j with probability P; (whatever be the number of customers
waiting at j for service), where i = 1,2, .., kand j=0, 1, 2, ..., k. P
represents the probability that a customer leaves the system from node i
after getting the service at .

Derivations and the methods of solving the balance equations for this model are
beyond the scope of the book. However we just give below Jackson’s solution for the balance
equations of this model.

If we denote the total arrival rate of customers to server j [viz., the sum of
the arrival rate r; (Note: It is not /”Lj) to j coming from outside and the rates of
departure 4; from the servers i] by 4, then

k
;Lj=rj+2),iej;j=1,2,...,k (1)
i=1

P is the probability that a departure from server i joins the queue at server
J and hence A, P;; is the rate of arrival to server j from among those coming out
from server i.

Equations (1) are called Traffic equations or Flow balance equations.

Jackson has proved that the steady-state solutions of these traffic equations
with single server at each node is

(A=p)-py’A=py) .. pF A= py) )

m

P(ny, ny,..., ny) = Py

A
where p;= —-, provided p; < 1 for all .
H;

Since P(ny, g,y i) = [p" (1= p1IP3> (1= )] . [P (1= py)]

viz., the joint probability is equal to the product of the marginal probabilities, we
can interpret that the network acts as if the queue at each node i is an independent
M/M/1 queue with rates A; and ;.

1. Even though (2) may be misinterpreted as the arrival process at node i is Poisson
in this network model, it need not be so, as the customer may visit a server more than once
(known as feedback situation).

Thus, whether the arrival processes at various nodes are Poisson or not, step (2) alone holds good
and hence the network behaves as if its nodes were independent M/ M/ 1 quene models.

k
1
2. Y E{N, }, but E(W, )=~

=1
>

i=1

E(N;)

3. Jackson’s open-network concept can be exctended when the nodes are multi server nodes. In
this case the network bebaves as if each node is an independent M/ M/ s model.
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Closed Jackson Networks

A queueing network of k nodes is called a closed Jackson network, if new
customers never enter into and the existing customers never depart from the
system, viz., if r; = 0 and P;, = O for all i. In other words, it is equivalent to a
finite source queueing system of N customers who traverse continuously inside
the network where the service time of server i is exponentially distributed with
rate u;i=1,2, .., k

When a customer completes service at S;, he then joins the queue at S}, j =1, 2,

k
..., k with probability Pij where it is assumed that Z Pl.j =1foralli=1,2,.., k.
j=1
We note that the matrix P = [P,] is similar to one-step transition probability
matrix of a Markov chain, that is stochastic and irreducible.
The flow balance equations of this model become
k
A= ;/11. Pij=12,k [ r;=0]... (1)
The matrix [P;] is called the routing probability matrix in this context. Jackson
has proved that the steady-state solution of equation (1) is

P(ny, ny, ..., ) = Cy P py> ..o, where

A

Cy'= Y Py py?...p", where p; = —-

ny+ny++n =N /“lj

N customers must be allocated among k nodes, such that n, + n, +... + n, = N.

N+£k£-1
This allocation can be done in (N ] ways.

If there are s, servers at node i, the solution is given by

n n n;
_ Py P’ P
P(ny, ny,...,n) = Cy . ..y ,
a,(ny) a,(ny) a,(n,)
}11 7'!2 ﬂk
where Cy'= P1 PPk ,
n A ny 4o =N a,(my) ay(ny)  a,(ny)
|ﬁ if n, <s,
where a; (ny) =

n—s; .
s; 1|ﬂ’ if n; 2,

Mean-Value Analysis (MVA)

This is another method which does not require evaluating Cy, to find P(n,, n,,...,
ny), that is cumbersome and time consuming, for large values of N and k. It is
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based on a concept called the Arrival Theorem which we simply state below
without proof:

The queue length observed by an arrival at node i is the same as the general
queue length in a closed network with one less customer.

Using this, we can find the average waiting time at a node i in terms of the
mean service time in the node and the average number of customers in the system
as observed by an arrival at that node.

For the M/M/1 model, we know that L = E(N,) = and W = E(W)) =

-
1 . 1+L . .
T From these, it follows that W = T (1) . Assuming that all the nodes in
‘Lt —
the closed network have a single server, (1) takes the form
1+ L,(N-1)
W) = —— (),
WJ(N) = mean waiting time at node i for the closed network containing N
customers
U; = mean service rate for the single server at node i

LN — 1) = mean number of customers at node i in a closed network containing

(N — 1) customers.

Formunla for W(IN) in (2) does not hold good for a multiple server closed network.
It is modified later.

Assuming that Little’s formula E(N,) = A E(W,) holds good for all the nodes
of the closed network, we have L(N) = A; W, (N) (3), where 4, is the throughput
(arrival) rate for node i in an N-customer closed network.

Equations (2) and (3) give us a method for recursively by calculating L(N)
and W(N) for any given N starting with an empty network for which L,(0) = 0

1
and W,(0) = — . The method is explained below in the form of an algorithm

(MVA algorithm for a k-node, single server-per-node network).

k
(1) Solve the modified traffic equations V= z vib; (j=1,2, ... k) obtained

i=1
k 2
from /’tj = Z;),i PU G=1,2,...,k), where v, = 7: so that v;= 1, for some .
(2) [Initialise, L(0) =0,fori=1,2, .., k.
(3) Forr=1toN, calculate

1+L(r-1)

(@ W(r)=——""fori=1,2,...k
M;

(b) A(r)= ———— where v, = |

v, Wi(r)

i
i=1
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© A =v, A, fori=1,2,.. . ki#l
d) L ()= W fori=1,2, ..,k
MVA algorithm for finding L(N) and W,(N) in a k-node, multiple-server
(s; servers at node i) closed network with routing matrix P = {P;;}

@ Before we give the algorithm, we denote the marginal probability that there are m
custo

mers at node i in an IN-customer, multiple server, closed network by P; (m, N).

A (N
Also P;(m, N) = LB(m—l,N—l),foriSmSN—l s
o (m);
o;(m) m, form<s,
where o(m)= ———=
o;(m=1) |s;, formzs;

k
1. Solve the modified traffic equations V= 2 v; Pij G=1,2,..,k), where
m=0
v, =1, for some [. [These equations hold good, even for a multiple server
closed network]
2. [Initialise L(0) =0; P,0,0)=1; P(m,0) =0, (m #0)
3. Forr=1toN, calculate

i m=0

5;=2
@ W)= L[1+Li(r—1)+ Y G, —l—m)Pi(m,r—l)],fori= 1,
2, ..., k.

k
(b) A(r)= I/Z v, W.(r), where v, = 1
i=1

© A =v A, fori=1,2,.. . ki#l
d) Lr)=Ar) W), fori=1,2, ..k
)‘[(r)

P.(m,r)=
(e) Pi(m,r) P

P(m-1r-1),form=1,2,..,ri=12,..,k

Even if we are interested only in the values of W, and L, we still require the
marginal probabilities P; (m, r— 1), form =0, 1, 2, ..., (s,— 2).

[ Worked Example 9(B) ]

Example 1

There are two salesmen in a ration shop, one in charge of billing and receiving
payment and the other in charge of weighing and delivering the items. Due to
limited availability of space, only one customer is allowed to enter the shop, that
too when the billing clerk is free. The customer who has finished his billing job
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has to wait there until the delivery section becomes free. If customers arrive in
accordance with a Poisson process at rate 1 and the service times of two clerks
are independent and have exponential rates of 3 and 2, find
(a) the proportion of customers who enter the ration shop,
(b) the average number of customers in the shop, and
(c) the average amount of time that an entering customer spends in the
shop.
The system in this problem is a sequential queue model with blocking; 1 =1,
Uy=3and y, =2
The balance equations for this model with the given value of A, u,, u, are
P0,0)=2P0,1),..(1); 3P(1,0)=P0,0)+2P(1,1) ..(2);
3P0,1)=3P(1,0)+2P(b,1)...(3); 5P(1,1)=P(0,1) .(4);

2 P(b, 1)=3P(1, 1), ...(5) and P(0,0)+ P(1, 0) + P(0, 1)
+P(1, )+ P, 1)=1..(6)

From (1), PO. 1) = 3 P00 )

Using (7) in (4), Py = --PO.0) (8)

Using (8)in (). P(b. 1) = = P(0,0) ©)
S 11 2

Using (8)in (2),  P(1,0) = (TEJ P(0,0) or gP(0,0) (10)

Using (7), (8) (9) and (10) in (6), we get

1+2+l+i+i P(0,0) =1
5 2 10 20

. 43 20
i.e., —P(0,0) =1or P0,0)=—
20 0.0 0.0 43
10 8 2 3
PO, 1)=—,P1,0)=—,PQ,)=—,P(b,1)=—
()43()43()43()43
(a) Proportion of customers entering the shop
30

= P(0,0)+ P(0,1)= B

(b) Average number of customers in the shop
=1x{P(1,0)+ PO, D} +2{P(1, 1)+ P(b, 1)}
18 5 28

= IX—4+2X—=—
43 43 43
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(c) Average amount of time that an entering customer spends in the shop is

given by
1
EW,) = T E(N,), where A, = average rate of entering the shop
a =A-{P(0,0)+ P, 1)}
28 14 30
= _—or— =1x—
30 15 43

Example 2

If, in Example (1), customers reach the ration shop (not enter) according to
Poisson process at the rate of 5 per hour and both the salesmen take 6 minutes
each to serve a customer on the average and the service times follow exponential
distribution, find the average number of customers in the shop and the average
time spent by a customer who has entered the shop.
Here, A = 5/hour and y, = w, = 10/hour
The balance equations are
5P0,0)=10P©0,1)..(1); 10PA,0=5P0O,00+10P1,1) ..2)
15 P(0,1) =10 -P(1,0) + 10 P(b, 1) ... (3); 20 P(1,1)=5P(0, 1) ..(4)
10 -P(b, 1) =10 -P(1, 1)...(5); P(0,0) + P(1,0) + P(0, 1)
+P(,1)+ P, 1)=1...(6)
Solving the above questions, we get

PO, 1) = %P(O, 0); P(1L1)= %P(O, 0)=P(b,1); P(1,0)= g

P(0,0)and %P(O, 0)=1

8 4 5 1
P(0,0)= —, P(0,1)=—, P(1,0)=—, P(1,1) = P(b,1) = —
0,0 = 75, PO.D =15, P, 0) =77, PA. D= Pb, 1) =0

Average number of customers in the shop

5 4 1 1 13
=IX| —+— [+2X| —+— |=—
(19 19) (19 19] 19

Average time spent by the customers inside the shop

E
_ 19 13 .
=27  —_" houror 13 minutes
8 4 60
S| —=+—
19 19

Example 3

In an ophthalmic clinic, there are two sections-one section for assessing the
power approximately and the other for final assessment and prescription of
glasses. Patients arrive at the clinic in a Poisson fashion at the rate of 3 per



9.26 Probability, Statistics and Random Processes

hour. The assistant in the first section takes nearly 15 minutes per patient for
approximate assessment of power and the doctor in the second section takes
nearly 6 minutes per patient for final prescription. If the service times in the
two sections are approximately exponential, find the probability that there are
3 patients in the first section and 2 patients in the second section. Find also the
average number of patients in the clinic and the average waiting time of a patient
in the clinic. Assume that enough space is available for the patients to wait in
front of both sections.

The situation in this problem is comparable with 2-stage Tandem queue with
single server at each state.

A = 3/hour; u; = 4/hour and u, = 10/hour

(a) P(m, n) = P(m customers in the first section and n customers in the

second section)

() [ e ()
M Hy My H,
PG, 2) = (2)3(1_2).(1)2(1_1):ﬂ
’ 4 4) (10 10) 2,56,000

(b) Average number of patients in the clinic

1 1
= +
O P
33 53
4-3 10-3 7

(c) Average waiting time of a patient in the clinic

1 1
= +

=AW =2
1 1 1

= ——+——=1— hour
4-3 10-3 7

Example 4

A repair facility shared by a large number of machines has 2 sequential stations
with respective service rates of 2 per hour and 3 per hour. The cumulative failure
rate of all the machines is 1 per hour. Assuming that the system behaviour may
be approximated by the 2-stage tandem queue, find
(a) the average repair time including the waiting time
(b) theprobability that both the service stations are idle, and (c) the bottleneck
of the repair facility.
Here, A=1;u;=2andu,=3
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(a) The average number of machines in service at both the stations
A A
=—+
M—=A  py,—A
1 1 1

= —F—=]1—
2-1 3-1 2
The average repair time including the waiting time

1 1
=—+

mh—A =2
1 1
=—+—-= 1l hours
2-1 3-1
(b) P(both the service stations are idle)

=P(0, 0)

(¢) Since i>i the service station 1 is the bottleneck of the repair
o Hy
facility.

Example 5

In a busy medical shop located in the heart of a city, there are 3 salesmen who
receive the customers, supply the drugs and prepare the bills. On finishing the job
with any one of the salesmen, the customer goes to the payment counter, manned
by the owner himself and leaves the shop after paying the bill. If customers enter
the medical shop in a Poisson fashion at the rate of 30 per hour, each salesman
takes on the average 5 minutes to serve a customer in an exponential fashion
and the owner takes on the average 1 minute per customer to check the bill
and receive the payment in an exponential fashion, find the average number of
customers in the shop and the average time each customer spends in the shop.
If the owner wishes that no customer should stay in the shop for more than 8
minutes and the number of customers in the shop should not exceed 5 and at the
same time he wishes to take on the average 1.5 minutes per customer for his job,
find if these can be accomplished by appointing one more salesman of the same
calibre as others.

Case (i) For the multiple server queueing system in the supply section, A = 30/
hour, u; =12/hour and s = 3
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t— (D

Lo (Y 1 AN
where Py = ™ ‘u— + —l ‘u—
r=0 1 Iﬁ(l_ ] 1

Hys
2850
"2 T
r=0 LI
3| 1-=
a(1-¢)
_.5,25,125 8 o
8 8 4
Using (2) in (1),
)
E(NS)=L- 2 xi+§=6.01
33 (1Y 89
6
1 6.01 . .
EW) = z E(N,)= =0 X 60 minutes or 12.02 minutes.

For the payment section, A = 30/hour; i, = 60/hour and the system is a single
server system.

BNV = A 30 _1
ST -4 60-30
and EW) = %E(NS) = % hour or 2 minutes

.. Number of customer in the shop = 7.01 and total waiting time in the shop for
each customer = 14.02 minutes
Case (ii): For the supply section, A =30, i, =12 and s =4

5 4
-1 il é r+ i
Por= 2l 2 5
r H 1-=

8

25 125 625 1954 ﬂ

=1+§+—+—+—— or
2 8 48 144 144 72
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é5
1 2 72 5

=— X——+==3.03
B 4-14 (3)2 977 2
8

1
EW) = 30 % 3.03 hour or 6.06 minutes

For the payment section, A = 30, i, =40
_ 30 _3
w—A 40-30

E(N,) =

EW) = % x 3 hour or 6 minutes.

.. Number of customers in the shop = 6.03 and the total waiting time in the shop
for each customer = 12.06 minutes. Though there is some advantage due to the
appointment of one more customer, the owner’s wish could not be accomplished
fully.

Example 6

In the railway reservation section of a city junction, there is enough space for
the customers to assemble, form a queue and fill up the reservation forms. There
are 5 reservation counters in front of which also there is enough space for the
customers to wait. Customers arrive at the reservation section at the rate of 50/
hour according to Poisson process, take 1 minute each on the average to fill up
the forms and then move to the reservation counter section. Each reservation
clerk takes 5 minutes on the average to complete the business of a customer in
an exponential manner. (a) Find the probability that a customer has to wait to
get the service in the reservation counter section, (b) find the total waiting time
for a customer in the entire reservation section, and (c) find the total number of
customers in the entire section. Assume that only those who have the filled up
reservation forms will be allowed into the counter section.

The queueing system in the form-filling portion is only a M/M/1 model, since
each customer is served by himself or herself (viz., one server)

For this system, A = 50/hour and i = 60/hour.

A 50

EN) u—-A1 60-50 ’
1 .
EW) = m—m hour or 6 min

The queuing system in the reservation counter section in an M/M/s model
with A = 50/hour, ¢ = 12/hour and s = 5 [Since the output of the M/M/1 system
is the same as the input of that system, by Burke’s theorem and the output of this
system (namely, 50/hour) becomes the input of the M/M/s system.]



9.30 Probability, Statistics and Random Processes

(a) P(acustomer has to wait in the counter section)

é 5
25 1 (25)2 1(25}3 1(25)4 6
=ldt—4=|— | +=|— | +—|— | +——

6 2.6 6\ 6 240 6 20
=164.0490
P, =0.0061
5
265) % 0.0061
.. Required probability = S R 0.3824 .

|§ =
6
(b) Average number of customers in the counter section is given by

1 (M) A
EN)= —————PFP +—
M= a— sy

(25]6

A8 00061+2 = 6.0819
55 S ? 6
6

.. Average waiting time of a customer in the counter section is E(W,) =

%E(Ns) =0.1216 hour or 7.298 minutes

. Total waiting time of a customer in the entire reservation room

=6+ 7.298 = 13.298 minutes.
(c) Total number of customers in the entire reservation room = 5 + 6.0819

=11.0819.
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Example 7

In a book shop, there are two sections, one for textbooks and the other for note-
books. Customers from outside arrive at the textbook section at a Poisson rate of
4 per hour and at the notebook section at a Poisson rate of 3 per hour. The service
rates of the T.B. section and N.B. section are respectively 8 and 10 per hour. A
customer upon completion of service at T.B. section is equally likely to go to the
N.B. section or to leave the book shop, whereas a customer upon completion of

1
service at N.B. section will go to the T.B. section with probability 3 and will

leave the book shop otherwise. Find the joint steady-state probability that there
are 4 customers in the T.B. section and 2 customers in the N.B. section. Find
also the average number of customers in the book shop and the average waiting
time of a customer in the shop. Assume that there is only one salesman in each
section.

The system given in this problem is a Jackson’s open queueing system.

Let A, and A, be the total (resultant) arrival rates of S, (T.B. section) and
S,(N.B. section).

Jackson’s flow balance equations for this open model are A; = r; + 2),,- F;,
i=1

j=1,2, .k
2
Thus 11:44‘2171)“:44‘2«1})“4‘2«2})21
i=1
. 1 )
ie., A = 4+§lz (Since P,;=0) (1)
2
A= 3+zlipiz =3+ P+ A4, Py
i=1
. 1 .
ie., Ay = 3+§),1 (Since P,, =0) (2)

Solving (1) and (2), we get A, =6 and A, =6
P(n, customers in §; and n, customers in S,)

= rom={ 2] (1) (2] -2

My AL H,
4 2

o 81 5

4 2
(3] .L(3 2:0'0114
4) 41\5) 5
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E(Ny) = [E(N)]s, +[E(N)]s,

A A, 6 6

= + = + =45
w-A -4 8-6 10-6

E(Ws): %E(Ns),where/l: r1+r2=4+3=7

EW) = 2 % hour or 38.6 minutes.

27

Example 8

In a network of 3 service stations 1, 2, 3, customers arrive at 1, 2, 3, from outside,
in accordance with Poisson process having rates 5, 10, 15 respectively. The
service times at the 3 stations are exponential with respective rates 10, 50, 100.
A customer completing service at station 1 is equally likely to (a) go to station 2,
(b) go to station 3, or (c) leave the system. A customer departing from service at
station 2 always goes to station 3. A departure from service at station 3 is equally
likely to go to station 2 or leave the system.

(i) What is the average number of customers in the system, consisting of all

the three stations?

(i) What is the average time a customer spends in the system?

The system given is a Jackson’s open queue system.

Let 4, 4,, A5, be the resultant arrival rates at S,, S, and S5 respectively.

Jackson’s flow balance equations are

3
),jzrj+21[pij,j=1,2,3 (1)
i=1

1
WenotethatPu:g,PB: P23:]9P32:

1 1
3 P
Putting j =1 in (1), we get
A =5+ A Py + A Py + A3 Py,
ie., A =5 (2)
(since P, =P, =P, =0)
Putting j =2 in (1), we get

Ly =13+ A Piy+ Ay Py + 25 Py

ie., Ay = 10+%/11 +%ﬂ® (since Py, =0)

35 1
ie., =—+=-1 3
ie A 3tk 3)

by using (2)
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Putting j = 3 in (1), we get
Ay=r3+ A4 Piz+ A, Pys + A3 Py

ie., Ay=15 +%/11 + 2, (since P3;=0)

50
ie., Ay = ?+ Ay 4)
by using (2)
. 170
Solving (3) and (4), we get 4, =40 and A, = ES

Ao A A

(i) EWN)=
T R e PR [/
_ 5 4 40 N 170/3
10-5 50-40 100_@
=1+4+mor6i
130 13
E(N
(i) EW)= (ls),wherel=r1+r2+r3=3()
o8 4
T 13x30 195

Example 9

Customers arrive at a service centre consisting of 2 the service points S; and S,
at a Poisson rate of 35/hour and form a queue at the entrance. On studying the
situation at the centre, they decide to go to either S, or S,. The decision making
takes on the average 30 seconds in an exponential fashion. Nearly 55% of the
customers go to S, that consists of 3 parallel servers and the rest go to S,, that
consist of 7 parallel servers. The service times at S, are exponential with a mean
of 6 minutes and those at S, with a mean of 20 minutes. About 2% of customers,
on finishing service at S, go to S, and about 1% of customers, on finishing service
at S, go to S,. Find the average queue sizes in front of each node and the total
average time a customer spends in the service centre.

The system given is a Jackons’s open queue system with 3 nodes. At the first
node, we have a single server queue and at the second and third nodes, we have
multiple server queues.

Let A,, 4,, A, be the resultant arrival rates at the 3 nodes. r; =35, r,=0, r; =
0 are the arrival rates at the 3 nodes from outside.

Jackson’s flow balance equations are given by

(]

3
)7.=rj+z;L<P<;j:1,2,3 (1)
i=1
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Noting that P, = 0.55, P;3 = 0.45, P,; =0.02 and P, = 0.01 and using them
in (1), we get

A, =35 )
A, =055 A, +0.01 Ay, ie., A, —0.01 A, = 19.25 3)
As =045 2, +0.02 A,, i.e., 0.02 A, — A; =-15.75 (4)

Solving (3) and (4), we get 4, = 19.4114 and A; = 16.1382

Also u; =120, 4, =10 and A; =3

At node 1, we have a single server system

A 35%x35
My —A)  120x85

At node 2, have a 3-server queue system.

=0.1201

]

21 (A
For this system, Py = Y, _(_ZJ s\
r=0 II luz @(1—29)

(Lq) 1

3u,
3
= 119411+ 4 x (1 9411y + — 2D
2 6% (1-0.6470)
= 8.2782
Py =0.1208

/l sy +1
Ay
1 (.Uz j P

s2.|2(1_ A, jz 0

HyS;
_ 1 aoan’
3x6  (0.3530)°
At node 3, we have a 7 server queue system.

6 r 7
For this system, P, = Y i(ﬁ] " (43 //43;)t
r=0 [ :u3 3 ]
s.| 1——
|_3( S35

=1+5.3794 + % X (5.3794)* + % x (5.3794)°

% 0.1208 = 0.7646

1 1
+—x(5.3794)* + — x (5.3794)°
24 120

(5.3794)’

+Lx (5.3794)° +
720 |1X0.2315
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=1+45.3794 + 14.4690 + 25.9448 + 34.8919
+37.5395 + 33.6566 + 111.7263

=2640.6075
P, =0.0038
()‘3]‘?3+1
1 Hu
Now, (L) = A ~- P,
S35

1 (5.3794)8
= X 5
7x|7  (1-0.7685)
= 1.4094

% 0.0038

A A
(L), = (L), +—or——=0.4118
1 ot My M= A
2’2
(Ly), = (L), +u_: 0.7646 +1.9411=2.7057
2

(Lys = (L,); + /J& =1.4094 +5.3794 = 6.7888
3

Total waiting time for a customer in the system is given by

(L), + (L), +(Ly),

EW) =
(W) ntn

= 0.2830 hour or 17 minutes nearly

Example 10

There are 2 clerks in a bank, one processing housing loan applications and
the other processing agricultural loan applications. While processing, they get
1
doubts according to an exponential distribution each with a mean of 3 To get
I . e 3
clarifications, a clerk goes to the Deputy manager with probability 2 and to the

senior manager with probability % . After completing the job with D.M. a clerk

goes to S.M. with probability % and returns to his seat otherwise. Completing the

job with S.M., a clerk always returns to his seat. If the D.M. clarifies the doubts
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and advises a clerk according to an exponential distribution with parameter 1 and
the S.M. with parameter 3, find

(a) the steady-state probabilities P(n,, n,, n;) for all possible values of n,

Ty, Ny

(b) the probability that both the managers are idle

(c) the probability that at least one manager is idle.

The situation in this problem is a Jackson’s closed network.

We assume that the processing point by the clerks is node 1 and the service
points by D.M. and S.M. are node 2 and node 3 respectively.

1 1
—,Py==
4 3
P(n,, n,, n;) means the probability that there are n; clerks in their seats, n,
customers in D.M.’s room and n; customers in S.M.’s room.
There are 6 possible combinations for the values of n,, n,, n;, namely (2, 0, 0),

0,2,0),(0,0,2),(1,1,0), (1,0, 1) and (0, 1, 1), since n; + n, + ny = 2.

Now A= =2,,=1, 3=3,and Py, = %?PISZ

3
The flow balance equations lj = z A; P;,(j=1,2,3) can be put in the matrix
form as i=1

0 P, B
i Ao 43) = (A Ags Ag) | By O Py M
Py Py 0
. A, . A
Putting p, = — and noting that p, = 2 n (1), we get (Apy, P, Ly, P3 L)
H;
0o 2 1L
4 4
2 1
= (Ap,, , - 0 =
(Apys okt s P313) 3 3
1 0 0
. 2
Le., 3P +3p; =2p, (2)
3
5P =P 3)
1 1
SPi+3P =3ps )

Equations (2), (3) and (4) are homogeneous linear equations in p;, p, and p;.
to get one solution we put p, = 1 and solve the equations.
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We then get
2 2
=—,p,=land p, =—
Pi 3 %) p; 9

Since there are 2 clerks (customers) at node 1, the system there is a 2-server
queueing model.

pl n
P(ny, ny, nz) = ’pz P33 >
al(n])
where N=n+n,+n3=2
pill
Now, Cy'= Y Tpipy,since
m+ny+ny=2 |_
|i when n; < s,

a (” )
1 1 S
Snl ! W hen nl 2 S]

for all possible combinatlons of n, n,, ny such that n;, ny, ny =2

Thus, CN‘1=’|)_1 Py ps+ ’IJ_I py-ps+ ‘I)_l P p3

P pi pr
Llpz ps + Llpz P + I_lpz P;

2 4 2 4 2 187
—+1+

A2y 2 18T 03086
9 81 3 27 9

Cy = = 0.4332
2.3086

Now,  P(2,0,0)= 0.4332x

2
(2/23) =0.0962; P(0,2,0)=0.4332

P(0,0,2)=0.0214; P(1, 1, 0) = 0.2888; P(1, 0, 1) = 0.0642;
PO, 1, 1) =0.0962
P(both the managers are idle) = P(2, 0, 0) = 0.0962
P(at least one manager is idle) = P(1, 1, 0) + P(1, 0, 1) + P(2, 0, 0)
=0.2888 + 0.0642 + 0.0962
=0.4492

Example 11

Assuming that there is only one clerk (i.e., N = 1) in the loan section in the
previous example, compute the probabilities that he is in nodes 1, 2, and 3. Verify
that these are the same as the average lengths of the queues at the nodes. Check
the correctness of these values by comparing with the values obtained by using
mean-value Aanalysis.
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Let P4(1) = probability that the single clerk is in node 1.

When N =1 = n; + n, + n;, we have single server queue systems at all the
nodes 1, 2, 3.

P(ny, ny, n3) = Cy, - pi* py> py° » where Cy=C,

2\" (2)"
3 9
C, is found out more easily as follows:

2 2
P(1,0,0) = C, -E;P(O,I,O)z C,; P(0,0,1) = C, 9

Since the presence of the lonely clerk in the nodes is mutually exclusive and
exhaustive,

P(1,0,0)+ P0,1,0)+ P0,0,1)=1

. 2 2 9

ie., §+1+§ C =1 Clzﬁ

~P(1)=P(1,0 O)—i'P(l)—P(OlO)—i'

S 1 = s, U, = 17, 2 s Ly 17’
P;(1)=P(0,0 1)—3
S

Now, L,(1) = Average length of the queueing system at node 1

1
= ZI’P (r clerk in node 1)

r=0
= 0x i+i +1x£=£
17717 17 17
2

Similarly,  L(1) = 0x| 2+ 2 |+ 1x2=2
1717 17 17
and LD=ox| L+ 2] rix22
1717 17 17

Thus, P()=L1),forr=1,2,3.

Now, let us use the MVA algorithm and compute L,(1)
The flow balance equations of Example (10) are

Ais 2oy A3) = (A, 4,0 45) (1)

— Wi o
S O h~|w
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A
Putting v; = ,Lt_l and taking v;=v, = 1 in (1), we have
2

0 32 1
4 4
2 1
1, =(,Lv;))|— 0 —
(V1 V3) (1 3) 3 3
1 0 O
i —g+v 2)
1.€., V= 3 3
3
1=—v 3
7 (3)
1 1
and V= —V, +— 4
3=t (4)
. 4 2
Solving (2), (3) and (4), we get v1=§,v2=1, v3=§

Assuming L(0) = L,(0) = L;(0) = 0 and taking r =1, from step 3 (a) of M.V.A.
algorithm, we have
1

1 1
Wil =—=—=W,1H=—-=1;
: oA 2 ’ M
1 1
Wil)= —=—
Ky 3
For r =1, from step 3 (b) of M.V.A.A.,
1 1 9
B3 1_i><1+1><1+2><l_ﬁ
;Vtwf() 372 373
For r =1, from step 3 (c) of M.V.A.A,,
4 9 12
A,(D) = )= —X—=—
(1) =vA4x(1) 3171

2 9 6
(D) =v3A5(1) = gxﬁ=ﬁ

From r =1, from step 3 (d) of M.V.A.A,,
12 1 6

L= 24,0 W(l)=—x—=—
(D= 4,1)- W (1) 17><2 17

9
L) = HM)-Wy)=Txl=—
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L3(1) - 2‘3(1) W3(1)_EX§:

1

2

17

These values of L,(1) agree with the corresponding values obtained otherwise.

Example 12

Use M.V.A. algorithms for (a) single server, (b) multiple servers to compute
L(2), L,(2) and L;(2), where L(N) denotes the average length of the queueing
system at node i, assuming that there are N = 2 clerks in the system of Example

(10).
Case (i): For r = 2, from step 3(a) of M.V.A.A.,
1+ 6 1+ 0
1+L (1 17 23 1+L,(1 17 26
W@ = a0 17 By 0 LA 1726,
I 2 34 U, 1 17
1+ 2
1+ L1 17 19
W)= RO 17 1P
Uy 3 51
For r =2, from step 3(b) of M.V.A.A.,
2 153
4B 6,210 s
3 24 17 3 27
For r = 2, from step 3(c) of M.V.A.A.,
4 153 204
MQ2)=vA, (2
()= Vl()3205 205
153 102
A2) = viA, (2
{2 = @)= X 05 = 205
For r = 2, from step 3(d) of M.V.A.A,,
204 23 138
L(2)=A42)-W(2)= —=0.6732
12 =42 W2)= 205 34 205
153 26 234
L,(2)= 4,2)-W,2)=—— =——=1.1415
22 = AR @)= T = 208
102 19 38
Ly2)= ,(2)-W,2)=— =——=0.1853
()= AR =505 = 205

It can be verified that L;(2) + L,(2) + L5(2) =2.

Case (ii): When r = 1 = N, step 3 (a) of the multiple server M.V.A. algorithm
reduces to the step 3 (a) of the single server M.V.A. algorithm
Also steps 3(b), 3(c) and 3(d) hold good for r =1

.. proceeding as in Example 11, we get

6 9 2
L()=—,L,()= 7andL(l)——7

17°
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Step 3(e) of the algorithm gives

Ad 1217 6
P1(1,1)=L~Pl(0,0)=—=—
o, (- 1x2 17
A, (D) 9/17 9
P(l.1)= —22—P(0,0)=——=—
o1 1) o, (1)- 1, 2 00= =1
1 6/17 2
oa,()-py  1x3 17
9 2 11
N Py(0,1)=P(0,1,0)+ P(0,0, 1) = —+-—=—
ow 100, 1) = P( ) + P( ) TARTERRT
2 6 8
P,0,1)=P0,0,1) +P(1,0,0) = —+—=—
50, 1) = P( )+ P( ) TRETIRET;
P+(0,1)=P(0, 1,0 P100—2+£—£
3(’)_ (’ s )+ (’ 7)—17 17_17

We now proceed to the second iteration with r = 2. Step 3(a) gives

1
W(2) = — {1+ L)+ 2 ~1) BO,D)
2u

= 1 1+£+E =l=0.5
4 17 17) 2
[Why W,(2) values got by the two algorithms differ?]

1 9 26
- —{1+L,(1)+0}=1+—=—=1.5294
W,(2) .Uz{ ,(1)+ 0} 71

W5(2) = i{l +L3(1)+0}:1(1 + 2 )ZBZ 0.3725
; u 3 51

X 17

Step 3(b) gives
2
(2)=
& W (2) +v,W,(2) +v;W,(2)
=7 2 5 =0.8182
3 X 0.5+1x1.5294 + 3 x0.3725

Step 3(c) gives

2(2) = v A(2) = %x 0.8182 = 1.0909

M(2) =v; ,(2) = %x 0.8182 =0.5455
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Step 3(d) gives

L,(2) = 1,(2)- W, (2) = 1.0909 x 0.5 = 0.5455
Ly(2) = 1,(2)- W, (2) = 0.8182 x 1.5294 = 1.2513
Ly(2) = A5(2)- W5 (2) = 0.5455 x 0.3725 = 0.2032

3
We note that ZL,. 2) =2

i=1

Exercise 9(B) ]

Part-A  (Short-answer Questions)

1.

2.
3.
4

SANN

11.
12.
13.

14.
15.
16.
17.

18.
19.

20.

What is meant by queue network?

What are the features of a general tandem queue?

What do you mean by series queue with blocking?

Draw the state transition diagram of a two-stage sequential queue model
with blocking for the stage 2.

Write down the balance equations for the model given in (4) above.
Define a two stage series queue.

Draw the state transition diagrams for a 2-stage series queue by taking
(n;, n,) as the central state, when n; =0 and n, = 0.

Write down the balance equations for a 2-stages series queue model.
Stage Burke’s theorem used in queueing theory.

Write the formula for the steady-state joint probability for m and n
customers in the nodes S; and S, respectively for a 2-stage series queue
model.

Define an open Jackson network.

Write down the flow balance equations for an open Jackson network.
Write down the formula for P(n, n, ..., n,) for a single server Jackson’s
open network.

Define a closed Jackson network.

Write down the flow balance equations for a closed Jackson network.
Write down the formula for the steady-state probability P(n,, n, ..., 1)
for a single server Jackson’s closed network.

Write down the formula for the steady-state probability P(n, n, ..., 1)
for multiple server Jackson’s closed network.

State ‘Arrival theorem’ used in the study of Jackson’s network.

Write down the M.V.A. algorithm used to find the characteristics of a
k-node, single server per node, Jackson’s closed network.

Write down the M.V.A. algorithm used to study a k-node multiple server
Jackson’s closed network.
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Part-B

21. For a 2-stage (service point) sequential queue model with blockage,
compute the average number of customers in the system and the average
time that a customer has to spend in the system, if A =1, g, = 2 and
My = 1.

22. For a 2-stage (service point) sequential queue model with blockage,
compute L, and W, if A=1, y; = 1 and p, = 2.

23. If, in a 2-stage (service point) sequential queue model with blocking, the
arrivals follow Poisson process with parameter A and the service times
are equal with the same parameter p, find the steady-state probability
P(0, 0) in terms of A and L.

24. There are 2 chairs in a barber shop, each of which is managed by a barber.
B1 is a specialist in hair-cutting and B2 is a specialist in shaving and
washing. B1 and B2 do their jobs according to exponential distributions
with parameters 1 and 3 respectively. Customers who require both hair-
cutting and shaving enter the shop only if B1 is free. If a customer has
finished his job with B1 goes to B2, if he is free; otherwise he waits in
B1 chair until B2 becomes free. Find the average number of customers
in the shop and the average amount that an entering customer has to
spend in the shop.

25. For a walk-in interview conducted by a company, candidates arrive
at the interview hall at a Poisson rate of 6/hour. In the interview hall,
verification of certificates is done by a clerk and the personal interview
is conducted by an officer in different rooms. Both of them do their
jobs in an exponential manner, each taking 6 minutes on the average. If
no queue is allowed to form in front of the rooms and a candidate has
to wait in the clerk’s room when the officer is busy, find the average
number of candidates present in the interview hall and the average time
spent by a candidate in the hall.

26. On the first day of admission of freshers in an engineering college,
freshers, after surrendering the original certificates, join the queue in
front of the Principal’s chamber for getting actual admission at the
rate of 18 per hour in a Poisson manner. After getting the nod from the
Principal, they join the queue in front of the cash collection counter to
make payment of fees. If the Principal and the cashier do their service
in an exponential fashion taking 2.5 and 3 minutes respectively, find
the average number of freshers inside the college office and the average
time spent by a fresher inside the office. Find also the probability that
there are 3 students in front of the Principal’s chamber and 4 students in
front of the cash counter.

27. 1In a big factory, there are a large number of operating machines and
two sequential repair shops, which do the service of the damaged
machines exponentially with respective rates of 1/hour and 2/hour.
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28.

29.

30.

31.

If the cumulative failure rate of all the machines in the factory is 0.5/
hour, find (i) the probability that both repair shops are idle, (ii) the
average number of machines in the service section of the factory, and
(iii) the average repair time of a machine.

In a festival season cracker shop, there are 4 salesman and 1 manage.
Customers arrive at the cracker shop according to Poisson process at the
rate of 15/hour. On entry, the customer stands in the queue, goes to any of
the salesmen and gets his requirements and also the bill. After finishing
the job with the salesman the customer goes to the manager’s counter
and joins the queue there. The manager checks the bill and receives the
payment. If the service time of each salesman is exponentially distributed
with a mean 6 minutes and the same for the manager is 3 minutes, find
the average number of customers in the cracker shop and the average
waiting time for a customer in it.

During peak hours, customers arrive at a super market according to a
Poisson process at a mean rate of 40/hour. In the self-service shopping

section it takes % hour for a customer to fill his shopping cart, the filling

times being approximately exponentially distributed. Further the check-

out times are also approximately exponentially distributed with a mean

of 4 minutes, regardless of the particular check-out counter chosen by a

customer. Assume that any number of customers (with their carts) can be

accommodated both in the shopping section and the check-out lounge.

(i) What is the minimum number of check-out counters required for
operation during peak periods?

(i) If it is decided to add one more than the minimum number of
counters required for operation what is the average waiting time in
the check-out lounge?

(iii) How many customers will be in (a) the lounge and (b) the entire
super market on the average?

In the outpatient section of a private nursing home, there are 3 doctors
and 2 salesmen in the attached medical shop. Patients arrive at the
nursing home according to Poisson process with a mean of 30 per hour
and join the queue in front of the O.P. section. After getting diagnosed
and getting the prescription of medicines by any one of the doctors, the
patients go out and join the queue in front of the medical shop. After
purchasing the medicines, the patients leave the nursing home. If the
service time of each doctor is exponential with a mean of 3 minutes,
and that of a salesman is exponential with a mean of 3 minutes find the
average number of out patients in the nursing home and the average time
spent by a patient in the nursing home.

There are 2 counters in a snack stall, one dealing with sweets and

savouries and the other with cakes and biscuits. Customers arrive at the

stall according to a Poisson process with a mean rate of 20/hour. 60% of
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32.

33.

34.

the arrivals go to the sweets counter and the rest to the bakery counter.
After finishing the purchase in the sweets counter, 20% go to the bakery
section and the rest leave the stall. 10% of those who have completed their
purchase in the bakery then go to the sweets section and the rest leave
the stall. It takes on the average 4 minutes for a customer to complete his
purchase in the sweets section and 5 minutes in the bakery section, the
service times being exponential. (i) how many, on the average, are in the
snack stall? (i) What is the average waiting time at each counter? (iii) If
a customer wants both sweet items and bakery items, how long, on the
average, does he spend in the stall?

In a departmental store, there are 2 sections, namely grocery section and
perishable (vegetables and fruits) section. Customers from outside arrive
at the G-section according to a Poisson process at a mean rate of 10/
hour and they reach the P-section at a mean rate of 2/hour. The service
times at both the sections are exponentially distributed with parameters
15 and 12 respectively. On fishing the job in the G-section, a customer
is equally likely to go to the P-section or to leave the store, whereas a
customer on finishing his job in the P-section will go to the G-section
with probability 0.25 and leave the store otherwise. Assuming that there
is only one salesman in each section, find the probability that there are
3 customers in the G-section and 2 customers in the P-section. Find also
the average number of customers in the store and the average waiting
time of a customer in the store.

In a textile shop, there are 3 sections, namely, Gents’ (GS), Ladies’ (LS)
and Kids’ (KS) sections, in each of which there is only one salesman.
Customers, from outside arrive at the 3 sections in a Poisson manner
at the rates of 3, 5 and 6 per hour respectively. The service rates in
the 3 sections are exponential with rates 40, 60 and 50 respectively. A
customer completing purchase in G.S. will go to L.S. with probability
0.5 and to the K.S. with probability 0.3; otherwise leaves the shop. A
customer completing purchase in this L.S. is equally likely to go to the
G.S. and to the K.S. A customer completing purchase in the K.S. will
go to the G.S. with probability 0.2 and to the L.S. with probability 0.6;
otherwise he leaves the shop. Find the average number of customers in
the entire textile shop. Find also the average time that a customer has to
spend in the shop.

In a factory there are 2 machines which are expected to be operational
at all times and 2 service men, one of whom will rectify ordinary
defects and the other will do the service in respect of serious defects.
The machines break down according to an exponential distribution
with parameter 2. When a machine breaks down, it has a probability
0.8 of being serviced for ordinary defect and a probability 0.2 of being
serviced for serious defect. After service for ordinary defect, a machine
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will require service for serious defect with probability 0.4 and return
to operation otherwise. After service for serious defect, the machine
will always become operational. Treating the operational status of the
machines as node 1, find the probability that (i) both the servicemen are
idle, and (ii) at least one machine is operational. Assume that the service
times of the repairmen are exponentially distributed with parameters 3
and 4 respectively.

35. In problem (34), if there is only one machine in operation, find the
average lengths of the machines in the 3 nodes of the system (i) directly,
and (ii) using M.V.A. algorithm.

36. In problem (34), assuming that there are 2 machines in operation, find
the average number of machines in the 3 nodes of the system, using
single server M.V.A. algorithm.

37. Solve problem (36), using multiple server M.V.A. algorithm.

ANSWERS

Exercise 9(A)

7. Py = 0.00003556; E(N,) = 4.4; E(Ng) = 5.4; E(Wy) = 2.9335 hours;
E(W) = 3.6 hours.
8. (a) 3; (b) Rs. 160 per day; (c) Engaging only one mechanic is desirable.

] n
SCn(j -Fy, when 0<n<2

6
b 648

01993 1Y
5Cn-2~n!(12j Py, when2<n<5

33 .
E(W,)=— minutes
W)=

10. (a) 0.04305; (b) 0.16144; (c) 0.911
11.  4.53 machines; 3.11 hours and 78%
12. 5 minutes

13.  (a) 29%; (b) 30 minutes

14. 100 minutes

15. 12.5 minutes; 0.832 customer

Exercise 9(B)
11
2 2
37 18

23. P(0,0) =213 /BA* +4 u A+2 %)
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24.

25.
26.

27.

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

41 41

""" 3

L =0.5883, W= 10 min
L=12, W=40 min, P =0.0069
3

5

[SSHIEN

8
'3

bl

L¢=4.54, Wy=18.18 min

3, 1.136 min, 0.7573, 3.424

8.9, 17.8 min

14.3885, (Wy); = 30.947 min, (W), = 43.2339 min, 43.1505 min
0.0152, 6, 30 min

10, 42.8 min

0.2815, 0.7263

(i) 0.5587, 0.2961, 0.1452; (ii) 0.5576, 0.2974, 0.1450

1.2229, 0.5433, 0.2338

1.0048, 0.6958, 0.2294.
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Tests of Hypotheses

Introduction

Every statistical investigation aims at collecting information about some
aggregate or collection of individuals or of their attributes, rather than the
individuals themselves. In statistical language, such a collection is called a
population or universe. For example, we have the population of products turned
out by a machine, of lives of electric bulbs manufactured by a company etc. A
population is finite or infinite, according as the number of elements is finite or
infinite. In most situations, the population may be considered infinitely large. A
finite subset of a population is called a sample and the process of selection of
such samples is called sampling. The basic objective of the theory of sampling is
to draw inference about the population using the information of the sample.

Parameters and Statistics

Generally, in statistical investigations, our ultimate interest will lie in one or
more characteristics possessed by the members of the population. If there is only
one characteristic of importance, it can be assumed to be a variable x. If x; be the
value of x for the ith member of the sample, then (x,, x,, ..., x,) are referred to as
sample observations. Our primary interest will be to know the values of different
statistical measures such as mean and variance of the population distribution
of x. Statistical measures, calculated on the basis of population values of x are
called parameters. Corresponding measures computed on the basis of sample
observations are called statistics.

Sampling Distribution

If a number of samples, each of size n, (i.e. each containing n elements) are drawn
from the same population and if for each sample the value of some statistic, say,
mean is calculated, a set of values of the statistic will be obtained.
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The valnes of the statistic will normally vary from one sample to another, as the
values of the population members included in different samples, though drawn from the same
population, may be different. These differences in the values of a statistic are said to be due to
sampling fluctnations.

If the number of samples is large, the values of the statistic may be classified
in the form of a frequency table. The probability distribution of the statistic that
would be obtained if the number of samples, each of same size were infinitely
large is called the sampling distribution of the statistic. If we adopt random
sampling technique that is the most popular and frequently used method of
sampling [the discussion of which is beyond the scope of this book], the nature
of the sampling distribution of a statistic can be obtained theoretically, using
the theory of probability, provided the nature of the population distribution is
known.

Like any other distribution, a sampling distribution will have its mean, standard
deviation and moments of higher order. The standard deviation of the sampling
distribution of a statistic is of particular importance in tests of hypotheses and is
called the standard error of the statistic.

Estimation and Testing of Hypotheses

In sampling theory, we are primarily concerned with two types of problems
which are given below:

(i) Some characteristic or feature of the population in which we are interested
may be completely unknown to us and we may like to make a guess
about this characteristic entirely on the basis of a random sample drawn
from the population. This type of problem is known as the problem of
estimation.

(i) Some information regarding the characteristic or feature of the
population may be available to us and we may like to know whether the
information is tenable (or can be accepted) in the light of the random
sample drawn from the population and if it can be accepted, with what
degree of confidence it can be accepted. This type of problem is known
as the problem of festing of hypotheses.

Tests of Hypotheses and Tests of Significance

When we attempt to make decisions about the population on the basis of sample
information, we have to make assumptions or guesses about the nature of the
population involved or about the value of some parameter of the population. Such
assumptions, which may or may not be true, are called statistical hypotheses.
Very often, we set up a hypothesis which assumes that there is no significant
difference between the sample statistic and the corresponding population
parameter or between two sample statistics. Such a hypothesis of no difference is
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called a null hypothesis and is denoted by H,,. A hypothesis that is different from
(or complementary to) the null hypothesis is called an alternative hypothesis and
is denoted by H,. A procedure for deciding whether to accept or to reject a null
hypothesis (and hence to reject or to accept the alternative hypothesis respec-
tively) is called the test of hypothesis.

If 6, is a parameter of the population and @ is the corresponding sample
statistic, usually there will be some difference between 6, and 6 since 0 is based
on sample observations and is different for different samples. Such a difference
which is caused due to sampling fluctuations is called insignificant difference. The
difference that arises due to the reason that either the sampling procedure is not
purely random or that the sample has not been drawn from the given population is
known as significant difference. This procedure of testing whether the difference
between 6, and 0 is significant or not is called the test of significance.

Critical Region and Level of Significance

If we are prepared to reject a null hypothesis when it is true or if we are prepared
to accept that the difference between a sample statistic and the corresponding
parameter is significant, when the sample statistic lies in a certain region or
interval, then that region is called the critical region or region of rejection. The
region complementary to the critical region is called the region of acceptance.

In the case of large samples, the sampling distributions of many statistics tend
to become normal distributions. If ‘¢’ is a statistic in large samples, then ¢ follows
a normal distribution with mean E (f), which is the corresponding population
parameter, and S.D. equal to S.E. (¢). Hence, Z = % is a standard normal
variate, i.e., Z (called the test statistic) follows a normal distribution with mean
zero and S.D _unity.

It is known from the study of normal distribution, that the area under the
standard normal curve between t = —1.96 and ¢ = +1.96 is 0.95. Equivalently
the area under the general normal curve of ‘t’ between [E () — 1.96 S.E. ()] and
[E (1) + 1.96 S.E. (7)] is 0.95. In other words, 95 per cent of the values of r will
lie between [E (f) F 1.96 S.E. (¢)] or only 5 per cent of values of 7 will lie outside
this interval.

Acceptance region

J E() N

E(t) - 1.96 SE(t) E(f) + 1.96 SE(t)
Fig. 10.1
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If we are prepared to accept that the difference between ¢ and E (¢) is significant
when ¢ lies in either of the regions [— oo, E (f) — 1.96 S.E. (f)] and [E (¢) + 1.96 S.E.
(), =] then these two regions constitute the critical region of ‘#’.

The probability ‘o that a random value of the statistic lies in the critical region
is called the level of significance and is usually expressed as a percentage.

From the study of normal distributions, it is known that

P{E@®)-196SE () <t<E({@®)+196S.E. (1)} =0.95
. 1—E(1)
i.e. P{ SE()
ie. P{l1Z1 >196}=0.05 or 5%

Thus, when ¢ lies in either of the two regions constituting the critical region
given above, the level of significance is 5 per cent.

< 1.96} =0.95

The level of significance can also be defined as the maximum probability with which
we are prepared to reject iy when it is true. In other words, the total area of the region of
rejection expressed as a percentage is called the level of significance.

(The specification of critical region and the choice of level of significance will
depend upon the nature of the problem and is a matter of judgement for those
who carry out the investigation. Usually, the levels of significance are taken as
5%, 2% or 1%.)

Errors in Hypotheses Testing

The level of significance is fixed by the investigator and as such it may be fixed
at a higher level by his wrong judgement. Due to this, the region of rejection
becomes larger and the probability of rejecting a null hypothesis, when it is true,
becomes greater. The error committed in rejecting H,, when it is really true,
is called Type I error. This is similar to a good product being rejected by the
consumer and hence Type I error is also known as producer’s risk. The error
committed in accepting H, when it is false, is called Type II error. As this error
is similar to that of accepting a product of inferior quality, it is also known as
consumer’s risk.

The probabilities of committing Type I and II errors are denoted by o and 8
respectively. It is to be noted that the probability o of committing Type I error is
the level of significance.

One-Tailed and Two-Tailed Tests

If 6, is a population parameter and 0 is the corresponding sample statistic and if
we set up the null hypothesis H, : 6= 6,, then the alternative hypothesis which is
complementary to H;, can be any one of the following:

(i) H:0%6, 1e.0>6, or 0<6,

(i) H,:0>6,
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(iii)) H,:0<6,

H, given in (i) is called a two tailed alternative hypothesis, whereas H; given
in (ii) is called a right-tailed alternative hypothesis and H, given in (iii) is called
a left-tailed alternative hypothesis.

When H,, is tested while H| is a one-tailed alternative (right or left), the test of
hypothesis is called a one-tailed test.

When H,) is tested while H, is two-tailed alternative, the test of hypothesis is
called a two-tailed test.

The application of one-tailed or two-tailed test depends upon the nature of
the alternative hypothesis. The choice of the appropriate alternative hypothesis
depends on the situation and the nature of the problem concerned.

Critical Values or Significant Values

The value of the test statistic z for which the critical region and acceptance region
are separated is called the critical value or the significant value of z and denoted
by z,, when o is the level of significance. It is clear that the value of z,, depends
not only on ¢ but also on the nature of alternative hypothesis.

wh C—E®
en LTS EM)

P (Iz1 < 1.96) =95 per cent and P (Izl > 1.96) = 5 per cent .

Thus, z =+ 1.96 separate the critical region and the acceptance region at 5%
level of significance for a two-tailed test. That is the critical values of z in this
case are £ 1.96.

In general, the critical value z,, for the level of significance ¢ is a given by the
equation P(Izl > z,) = o for a two-tailed test, by the equation P(z > z,,) = « for the
right-tailed test and by the equation

P(z <-z,) = afor the left-tailed test. These equations are solved by using the
normal tables.

If 2, is the critical value of % corresponding fo the level of significance O in the
right-tailed test, then P(z > z,) = O

By symmetry of the standard normal distribution followed by z,
P(z<-z)=0
P(zl>zy) =P {(z>z,) +(2<-2,)}
=P{z>z,)+P(2<-24
=2a
That is, z, is the critical value of z corresponding to the LOS (level of
significance) 2.
Thus, the critical value of z for a single tailed test (right or left) at LOS ‘¢ is
the same as that for a two-tailed test of LOS 2¢/].
The critical values for some standard LOS’s are given in the following table
both for two-tailed and one-tailed tests.

, we have seen that
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Table 10.1
LOS 1% (.01) 2% (.02) 5% (.05) 10% (.1)
Nature of test
Two-tailed Iz, =2.58 lz,l =2.33 Izl =1.96 Iz, = 1.645
Right-tailed Zq=2.33 2o =2.055 Zo=1.645 Zq=128
Left-tailed 2q=—233 | z,=—2.055 | z,=—-1.645 | z,=—-1.28

Procedure for Testing of Hypothesis

1. Null hypothesis H, is defined.
Alternative hypothesis H, is also defined after a careful study of the
problem and also the nature of the test (whether one-tailed or two tailed)

is decided.
3. LOS ‘o is fixed or taken from the problem if specified and z,, is noted.
-E
4. The test-statistic z = ! (t) is computed.
S-E-(2)

5. Comparison is made between Izl and z,,. If Izl < z,, H,, is accepted or H,
is rejected, i.e., it is concluded that the difference between ¢ and E(?) is
not significant at % L.O.S.
On the other hand, if Iz > z,,, Hj is rejected or H| is accepted, i.e. it is concluded
that the difference between ¢ and E (¢) is significant at a% L.O.S.

Interval Estimation of Population Parameters

It was pointed out that the objective of the theory of sampling is to estimate
population parameters with the help of the corresponding sample statistics.
Estimation of a parameter by single value is referred to as point estimation,
the study of which is beyond the scope of this book. However, an alternative
procedure is to give an interval within which the parameter may be supposed to
lie. This is called interval estimation. The interval within which the parameter is
expected to lie is called the confidence interval for that parameter. The end points
of the confidence interval are called confidence limits or fiducial limits.
We have already seen that
P{lzZ1 <£1.96} =0.95
i.e. P {

t—E()
S-E-(t)
ie. P{t—196SE. 1)) <E(®)<t+196S.E. (1)} =0.95
This means that we can assert, with 95% confidence, that the parameter E (¢)
will lie between ¢ — 1.96 S.E. (r) and ¢ + 1.96 S.E. (¢). Thus, {r — 1.96 S.E. (1),
t+ 1.96 S.E. (¢) are the 95% confidence limits for E (7).
Similarly, {¢# —2.58 S.E. (¢), t + 2.58 S.E. (¥)} is the 99% confidence interval
for E (1).

< 1.96} =0.95
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Tests of Significance for Large Samples

It is generally agreed that, if the size of the sample exceeds 30, it should be
regarded as a large sample. The tests of significance used for large samples are
different from the ones used for small samples for the reason that the following
assumptions made for large samples do not hold for small samples:
1. The sampling distribution of a statistic is approximately normal, irre-
spective of whether the distribution of the population is normal or not.
2. Sample statistics are sufficiently close to the corresponding population
parameters and hence may be used to calculate the standard error of the
sampling distribution.

Test 1 Test of significance of the difference between sample proportion and
population proportion.

Let X be the number of successes in n independent Bernoulli trials in which the
probability of success for each trial is a constant = P (say). Then it is known that X
follows a binomial distribution with mean E(X) = nP and variance V (X) = nPQ.

When n is large, X follows N (nP, \/nPQ ), i.e. a normal distribution with
mean nP and S.D. \\n PQ ,whereQ=1-P

— followsN { nb [nPQ }

n n n2

X . . . . .
Now, — is the proportion of successes in the sample consisting of  trials,
n

that is denoted by p. Thus, the sample proportion p follows N (P, QJ
p-P "
PQ
n
If Izl < z,, the difference between the sample proportion p and the population
proportion P is not significant at % L.O.S.

Therefore, test statistic z =

1. If P is not /éﬂoym, we assume that p is nearly equal to P and hence S.E. (p) is

taken as f Thus 3 = \/7

P
2. 95 per cent confidence limits for P are then given by | ]9|

P4q
[p_f.%,/ﬂ, p+7.961/ﬂ} ,
n n

Test 2 Test of significance of the difference between two sample proportions.

Let p, and p, be the proportions of successes in two large samples of size n,
and n, respectively drawn from the same population or from two population with
the same proportion P.

< 1.96, i.c. they are
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P P
Then, p, follows N [P, /—QJ and p, follows N [P, —Q] )
I’ll n2

Therefore, p; — p,, which is a linear combination of two normal variables, also
follows a normal distribution.

Now E(p -p)=E@)-E@,)=P-P=0
Vpi—-p) =Vp)+Vp)

it
ng n

(- the two samples are independent)

If P is not known, an unbiased estimate of P based on both samples, given by
A n,.p t+tn,p
p_ 171272 , is used in the place of P.

n,+n,

As before, if Izl < z,, the difference between the two sample proportions p, and
P, 1s not significant at ¢ per cent L.O.S.

A sample statistic O is said to be an unbiased estimate of the parameter 6,, if
E(0) = 6,. In the present case,

+ 1
{#} = (i E(py) + 1y E(p)}
n,+n, nytn,

(n,P + n,P) = P

n,+n,

. . .| mprtn, py
an unbiased estimate of Pis | — 2" 2 | |
n,+n,

Test 3 Test of significance of the difference between sample mean and
population mean.

Let X, X,, ..., X,, be the sample observations in a sample of size n, drawn from
a population that is N (U, o).

Then each X; follows N (u, 0).
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It is known that if X; (i = 1, 2, ..., n) are independent normal variates with
mean (; and variance 6%, then I c; x; is a normal variate with mean u = X c; y;
and variance 0® = X cl-2 O'iz.

1
Now, putting ¢;=—, ;=M and 0; = 0, we get
n

1

1 = 1 1 1
exi=—2x=X,2c; ;= —U+ —U+...+ — U (nterms) = U
n n n n
2 2 1 2 1 2 1 2
and X¢f0f=—F0"+—0 +..+— 0" (nterms)
n n n
_o’
n

Thus, if X; are n independent normal variates with the same mean y and same

_ o
variance 0'2, then their mean X follows a N [,Lt, Tj . Even if the population,
n

from which the sample is drawn, is non-normal, it is known (from central limit
theorem) that the above result holds good, provided r is large.

X-u
0/\/; '

As usual, if Izl < z,, the difference between the sample mean X and the
population mean U is not significant at oc% L.O.S.

the test statistic z =

1. If © is not known, the sample S.D. s” can be used in its place, as s is nearly
equal to O when n is large.
- | ju-X| .
2.95%  confidence  limits  for W are gven by ——— < 196, ie

o/In

= (0} = (e}
[X —1.96 ﬁ} X +1.96 ﬁ] , if O is known. If O is not known, then the 95%

confidence interval is [}? _ 1.96 s — 196 ;].

TN

Test4 Test of significance of the difference between the means of two samples.

Let X, and X, be the means of two large samples of sizes 7, and n, drawn from
two populations (normal or non-normal) with the same mean g and variances o,
and 0'22 respectively.

_ o, _ o,
Then X, followsaN | 4,—— | and X, followsa N | ,—— | either exactly
n n

or approximately.
X, — X, also follows a normal distribution.
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E(X,- X)=E(X)-E(X)=p-p=0.
VX, = X)) =V(X)+V(Xy)
(*+ X, and X, are independent, as the samples are independent)

Thus, (X, — X,) follows a N

the test statistic 7 = ————= (1)
2 2
o, 0O,
I’ll I’lz

If Izl < 7, the difference between ( X, — X,) and O or the difference between
X, and X, is not significant at & per cent L.O.S.

If the samples are drawn from the same population, i.e., if G, = O, = O then

1
= 2
R 2)
o |—+—
ny Ny

2. 1f 6, and ©, are not known and G, # O, O, and O, can be approximated by the sample
S.D.’s 0, and O, Heme, in xmb a situation,

\/7 (B) [from (1)]

3.1If o, and 02 are eqm/ and not known, then O, = O, = O is approximated by

ﬂ7J‘, +u, 2 Lo
oco=""_"2"2 . Hence, in such a situation,

n,+n,
2
Jrom (2)

n x, +tn,s 2 7 7

7+7

n,+n, ", n,
}_< —

z.e. 7 —— “)

Jr1 52
ny, My

4. The difference in the denominators of the values of 3 given in (3) and (4) may be noted.
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Test 5 Test of significance of the difference between sample S.D. and
population S.D.
Let ‘s’ be the S.D. of a large sample of size n drawn from a normal population

o
with S.D. o. Then it is known that s follows a N [G > F] approximately.
n

§s—0

the test statistic z =
ol\2n

As before, the significance of the difference between s and o is tested.

Test 6 Test of significance of the difference between S.D.s of two large
samples.

Let s, and s, be the S.D.’s of two large samples of sizes n; and n, drawn from
a normal population with S.D. o.

o

(o}
s, followsa N | O0,———= | and s, follows a N | O, —/——
: [2n, ? NE2

f 1 1
(s; —s,) follows aN{O, (o} 2_n]+%}
2
-
ny

s

s -
the test statistic z = 1—
o [—+——

2n, 2

As usual, the significance of the difference between s, and s, is tested.

2 2
n,5; *n,s,

If O is not known, it is approximated by , when ny and n,
ny, o,
are large. In this situation,
_ $1792
T 2 2
nyS; tny,8, 7 7
— 7.'_
n,+n, 2n,  2n,
. 1752
ie. =
% 2 2
1 92
+7
2n, 2n,
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Worked Example 10(A) ]

Example 1

Experience has shown that 20 per cent of a manufactured product is of top quality.
In one day’s production of 400 articles, only 50 are of top quality. Show that
either the production of the day chosen was not a representative sample or the
hypothesis of 20 per cent was wrong. Based on the particular day’s production,
find also the 95 per cent confidence limits for the percentage of top quality pro-
duct.

Hy:P = é , 1.e., 20 per cent of the products manufactured is of top quality.

1
H :P=—_.
! 5
p = proportion of top quality products in the sample
_ 0 _1
400 8

From the alternative hypothesis H,, we note that two-tailed test is to be used.
Let us assume that LOS (level of significance)

=5%. .. z,=196

1 1
z= p_F_ 8 5 , since the size of the sample = 400.
\/PQ \/1 4 1
n 5 5 400
= i><50— 3.75
T 40 T
Now, Izl =3.75>1.96.

The difference between p and P is significant at 5 per cent level.
Also, Hy is rejected. Hence H is wrong or the production of the particular day
chosen is not a representative sample.
95 per cent confidence limits for P are given by
M <1.96
Pq
n

We have taken 29 in the denominator, because P is assumed to be unknown,
n

Jfor which we are trying to find the confidence limits and P is nearly equal to p.
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ie. p- 2L x196<P< p+ [PL x1.96
n

n

i.e. 0.125 - l><Z><L x196<P<0.125 + lxle x 1.96
8 8 400 8 8 400

ie. 0.093<P<0.157

.. 95 per cent confidence limits for the percentage of top quality product are 9.3
and 15.7.

Example 2

The fatality rate of typhoid patients is believed to be 17.26 per cent. In a certain
year 640 patients suffering from typhoid were treated in a metropolitan hospital
and only 63 patients died. Can you consider the hospital efficient?

H,:p=P,i.e. the hospital is not efficient. H, : p < P.

One-tailed (left-tailed) test is to be used

Let us assume that LOS =1%. .. z,=-2.33

p—P

| PO
n
P =0.1726 and hence Q =0.8274.

0.0984 - 0.1726
\/ 01726 x 0.8274

63
, where p = 10 - 0.0984 and

640
Izl > Iz,

.. the difference between p and P is significant, i.e., H; is rejected and H, is
accepted.
i.e. the hospital is efficient in bringing down the fatality rate of typhoid patients.

Example 3

A salesman in a departmental store claims that at most 60 percent of the shoppers
entering the store leaves without making a purchase. A random sample of 50
shoppers showed that 35 of them left without making a purchase. Are these sample
results consistent with the claim of the salesman? Use a level of significance of
0.05.
Let P and p denote the population and sample proportions of shoppers not
making a purchase.
Hy:p=P
H, :p>P,sincep=0.7 and P=0.6
One-tailed (right-tailed) test is to be used.
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LOS=5% .. z,=1.645
p—P 07-06

\/PQ_\/O.6><O.4
n 50

lzl <z,

=1.443

Z:

.~. the difference between p and P is not significant at 5 percent level.
i.e. H, is accepted and H, is rejected.
i.e. the sample results are consistent with the claim of the salesman.

Example 4

Show that for a random sample of size 100, drawn with replacement, the standard
error of sample proportion cannot exceed 0.05.
The items of the sample are drawn one after another with replacement.
". the proportion (probability) of success in the population, i.e. P remains a
constant.

We know that the sample proportion p follows a N [ P, Po ]
n
P 1
i.e. standard error of p = ro =E\/ PO (- n=100) (1)
n
Now = \/5)2 >0
ie. P+Q-2PQ >0

ie. 1-2JPQ 20 or «/PQS% )

Using (2) in (1), we get,

1
S.E.of p< 20" i.e. S.E. of p cannot exceed 0.05.

Example 5

A cubical die is thrown 9000 times and a throw of three or four is observed 3240
times. Show that the die cannot be regarded as an unbiased one and find the
extreme limits between which the probability of a throw of three or four lies.

H, : the die is unbiased, i.e. P = % (= the probability of getting 3 or 4)

1
H :P#—
3

Two-tailed test is to be used.
Let LOS=5% ..z,=196
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Though we may test the significance of the difference between the sample and
population proportions, we shall test the significance of the difference between
the number X of successes in the sample and that in the population.

When n is large, X followsa N (nP, / n P Q) [Refer to Test 1].

3240 - (9000 X ])

= XZnP ~537
VnPQ \/9000><1><2
373
lzl >z,

... The difference between X and nP is significant. i.e., H,, is rejected.

i.e., the die cannot be regarded as unbiased.

If X follows a N (i, o), then the reader can easily verify that P (U — 30 <X
<u+30)=.9974.

The limits i + 30 are considered as the extreme (confidence) limits within
which X lies.

Accordingly, the extreme limits for P are given by

|P-p|
— < [Refer to Example (1)]
/ rq
n
4 <p
000

3
\ 7 n
Pe. 036_3036%064 (e, 5 [036x0.64
? 9000

ie., 0.345 < P<0.375.

Example 6

In a large city A, 20 per cent of a random sample of 900 school boys had a slight
physical defect. In another large city B, 18.5 percent of a random sample of
1600 school boys had the same defect. Is the difference between the proportions
significant?
=02, p,=0.185 7n;=900 and n,=1600
Hy:py=py
Hy:p #p;
Two-tailed test is to be used.
LetL.O.S.be 5% .. z,=1.96

7= pl_p2 (1)
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A

Since P, the population proportion, is not given, we estimate it as P =
nmpytn,p,  180+296

= =0.1904.
ny+n, 900 + 1600
Using in (1), we have
i = 0.2-0.185 0.9
0.1904 x 0.8096 x L + L
900 1600

lzl <z, Therefore, the difference between p; and p, is not significant at 5
per cent level.

Example 7

Before an increase in excise duty on tea, 800 people out of a sample of 1000
were consumers of tea. After the increase in duty, 800 people were consumers of
tea in a sample of 1200 persons. Find whether there is significant decrease in the
consumption of tea after the increase in duty.

Let p, and p, be the proportions of the consumers before and after the increase
in duty respectively.

800 4 800 2
Then = ——=— and =——=—.
Pr="T000 "5 P27 1200 73
Hy:py=py
Hy:p1>py
One-tailed (right-tailed) test is to be used. Let LOS be 1%. ... z,=2.33.
Py~ P> nyp;+n,p,
= , where p= —————
. 11 n,+n,
JR— + JE—
o P _ 800+800 _
2200 '
~ 08— 0.67
1 1
0.7273 x 02727 X | ——+ ——
1000 1200
_03x4/1000x1200
J07273% 02727 %2200
Now, Izl >z,

.. the difference between p; and p, is significant at 1% level.

i.e., Hyis rejected and H, is accepted.

i.e., there is significant decrease in the consumption of tea after the increase
in duty.
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Example 8

15.5 per cent of a random sample of 1600 undergraduates were smokers,
whereas 20% of a random sample of 900 postgraduates were smokers in a
state. Can we conclude that less number of undergraduates are smokers than the

postgraduates?
p;=0.155 and p,=0.2; n;=1600 and n,=900

Hy:py=p,
Hy:p <p,
One-tailed (left-tailed) test is to be used. Let LOS be 5%. ... z,=— 1.645.
- n +n
=P herep TP 4gy0
1 1 n,+n,
PO|—+—
n, n,
: 0.155-0.2 B —0.045 x 1200
11 0.1712x0.8288 x 2500
0.1712x0.8288 x| ——+——
1600 900
=-2.87
Now, Izl > Iz,

... the difference between p, and p, is significant.
i.e. H is rejected and H, is accepted.
i.e. The habit of smoking is less among the undergraduates than among the

postgraduates.

Example 9

A sample of 100 students is taken from a large population. The mean height of
the students in this sample is 160 cm. Can it be reasonably regarded that, in the
population, the mean height is 165 cm, and the S.D. is 10 cm?

x =160, n=100, pu=165 and o=10.
H,: X = u(ie. the difference between x and i is not significant)
H :x # L
Two-tailed test is to be used.
LetLOSbe 1% .. z,=2.58
x—p 160-165

= = :_5
ST oidn 1074100

Now, Izl >z,
.. the difference between X and u is significant at 1% level.

i.e. Hyis rejected.
i.e. it is not statistically correct to assume that (= 165.
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Example 10

The mean breaking strength of the cables supplied by a manufacturer is 1800 with
a S.D. of 100. By a new technique in the manufacturing process, it is claimed
that the breaking strength of the cable has increased. In order to test this claim,
a sample of 50 cables is tested and it is found that the mean breaking strength is
1850. Can we support the claim at 1 per cent level of significance?

x =1850, n=50, pu=1800 and o =100

Hy:x =u
H:x>u
One-tailed (right-tailed) test is to be used.
LOS=1% .. z,=2.33
_ x—pu 1850 -1800

7= = =3.54
c/fn  100/+/50

Now, Izl >z,

... the difference between X and i is significant at 1 per cent level.

i.e. H,is rejected and H, is accepted.

i.e. based on the sample data, we may support the claim of increase in
breaking strength.

Example 11

The mean value of a random sample of 60 items was found to be 145 with a S.D.
of 40. Find the 95% confidence limits for the population mean. What size of the
sample is required to estimate the population mean within five of its actual value
with 95% or more confidence, using the sample mean?
95% confidence limits for i are given by
M <1.96
ol\n

Since the population S.D. o too is not given, we can approximate it by the

sample S.D.s. therefore 95% confidence limits for i are given by | a \_/j | <1.96

s/ n
. _ S _ S
ie., X -196 ——= su <x +1.96 ——.
Jn n
. 1.96 X 40
i, 145 196X40 s, 120XHD

Jeo

ie., 134.9 <p <155.1
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We have to find the value of n such that
P{x -55u<Xx+5} =2-95
ie., P{-5<u-x<5}=2-95
ie., P{lu—x1<5} 2-95 or
P{lx —u<5} 2-95

- 95

et
p{|z|s5f}

We know that P {Izl £1.96} =- 95

\Y

-95, where zis the standard normal variate (1)

o

.. the least value of n = n; that will satisfy (1) is given by

ie., Jn. :1'956s (+ o=s)

_ (1.96 X 40)2
1Le., Ll
ie., n, = 245.86

... the least size of the sample = 246.

Example 12

A normal population has a mean of 0.1 and S.D. of 2.1. Find the probability that
the mean of a sample of size 900 drawn from this population will be negative.

Since x follows a N ( u, —J _X—H

Jn )" e

Now, P(x <0)=P{x -0.1<-0.1}

o . .
is the standard normal variate.

_pl X0l -0l
2.1)/4/900  (2.1)/,/900

=P {z<- 143}

=P {z> 143},

by symmetry of the standard normal distribution.
=05-P{0<z<1.43}

=0.5 - 0.4236 (from the normal tables)
=0.0764.
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Example 13

In arandom sample of size 500, the mean is found to be 20. In another independent
sample of size 400, the mean is 15. Could the samples have been drawn from the
same population with S.D. 4?

X, =20, n;=500; x,=15 n,=400; o=4
Hy: x| = X,, i.e. the samples have been drawn from the same population.

Two-tailed test is to be used.
LetLOSbe 1% .. z,=2.58

z= —1 (Refer to Note 1 under Test 4)
ny  n,
_ 20 -15 _186
500 400

Now, Izl >z,
.. the difference between X, and X, is significant at 1% level.
i.e. His rejected
i.e. the samples could not have been drawn from the same population.

Example 14

A simple sample of heights of 6400 Englishmen has a mean of 170 cm and a
S.D. of 6.4 cm, while a simple sample of heights of 1600 Americans has a mean
of 172 cm and a S.D. of 6.3 cm. Do the data indicate that Americans are, on the
average, taller than Englishmen?

n; =6400, x, =170 and s,=64
Hy:py=py, or x;= X,
i.e., the samples have been drawn from two different populations with the same
mean.
H :Xx, <x, or U <u,.
Left-tailed test is to be used.
Let LOS be 1%. SoZeg=—233

X=X, X~ X,
Z: =

2 2 2 2
oy O, Sy 8
n n, ng ny

[ 0, =5, and 0, = s5,. Refer to Note 2 under Test 4]
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_ 170 =172 1130
(6.4)? . 6.3)?
6400 1600

Now, lzl > Iz,

.. the difference between X, and X, (or i; and U,) is significant at 1% level.
i.e. H, is rejected and H, is accepted.
i.e. Americans are, on the average, taller than Englishmen.

Example 15

Test the significance of the difference between the means of the samples, drawn
from two normal populations with the same S.D. from the following data:

Table 10.2
Size Mean S.D.
Sample 1 100 61 4
Sample 2 200 63

Hy: xy=x, or fy=H
H :x/ #Xx, or U #lU,

Two-tailed test is to be used.
LetLOSbe 5% .. z,=1.96

X=X,
= 2 2

St %

n, n

[Refer to Note 3 under Test 4; The populations have the same S.D.]

=ﬂ -_3.02

7+7
200 10

S

Now, Izl >z,

.. the difference between X, and X, (or i, and U,) is significant at 5% level.
i.e. H,is rejected and H, is accepted.
i.e. The two normal populations, from which the samples are drawn, may not
have the same mean, though they may have the same S.D.

Example 16

The average marks scored by 32 boys is 72 with a S.D. of 8, while that for 36
girls is 70 with a S.D. of 6. Test at 1% level of significance whether the boys
perform better than girls.
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Hy: X=X, (or ;=)
H :x >X,
Right-tailed test is to be used.
LOS=1% ..z,=2.33

X=X
= 2 2
Sy 5
7.,_7
ny ny

(The two populations are assumed to have S.D.’s 0; = s, and 0, = s,)

:ﬂ =1.15

8> 6’
S 42
32 36
lzl <z,
" the difference between x,; and X, (4, and W,) is not significant at 1%
level.
i.e., Hyis accepted and H, is rejected.
i.e., statistically, we cannot conclude that boys perform better than girls.

Example 17

The heights of men in a city are normally distributed with a mean of 171 cm
and S.D. of 7 cm, while the corresponding values for women in the same city are
165 cm and 6 cm respectively. If a man and a woman are chosen at random from
this city, find the probability that the woman is taller than the man.

Let X, and X, denote the mean heights of men and women respectively.

Then x, follows a N (171, 7) and X, follows a N (165, 6)

. X, — X, also a follows a normal distribution.

E(Xx—x)=E(x)-E(Xx,)=171-165=6

V(X,— X)) =V(x)+V(x,) =49 + 36 = 85 [Refer to Test 4]
S.D.of (x; — x;)= /85 =9.22.
X; — x, follows a N (6, 9.22)

_p[G-%)-6_ =6
9.22 9.22

=P {z<-0.65}, where z is the standard normal variate.

=P {z>0.65}, by symmetry.
=05-P(0<z<0.65)
=0.5-0.2422 = 0.2578.
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Example 18

Two populations have the same mean, but the S.D. of one is twice that of the other.
Show that in samples, each of size 500, drawn under simple random conditions,
the difference of the means will, in all probability, not exceed 0.3 o, where o is
the smaller S.D.

Let X, and X, be the means of the samples of size 500 each. Let their S.D.’s
be o and 20 respectively.

x, follows a N [ U, L] and

500

20
x, follows a N (,U, f]
500
X; — X, also follows a normal distribution
V(X - x)=V(x)+V(xy)

o’ 40’ o

= — 4 =
500 500 100

2

(0]
SD. of (¥, %)= 2
(F1- %)= 15

Thus, (X, - x,) followsa N (0, %) .

P{Ix, - %,1<03 o}

_p |IGi=%)-0] 030
o /10 o/10

= P {lzI £ 3}, where 7 is the standard normal variate
=0.9974 = 1.

| X, — X,l will not exceed 0.3 o almost certainly.

Example 19

A manufacturer of electric bulbs, according to a certain process, finds the S.D.
of the life of lamps to be 100 hours. He wants to change the process, if the new
process results in a smaller variation in the life of lamps. In adopting a new
process, a sample of 150 bulbs gave an S.D. of 95 hours. Is the manufacturer
justified in changing the process?

0=100, n=150 and s=95
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Hy:s=0
H :s<o
Left-tailed test is to be used.
Let LOS be 5%. .. z,=—1.645
_s—o _ 95-100
"~ o/J2n 100/4/300

=-0.866

Now, lzl <z,

.. the difference between s and o is not significant at 5% level.
i.e. H, is accepted and H, is rejected.
i.e. The manufacturer is not justified in changing the process.

Example 20

The S.D. of a random sample of 1000 is found to be 2.6 and the S.D. of another
random sample of 500 is 2.7. Assuming the samples to be independent, find
whether the two samples could have come from populations with the same S.D.

n; =1000, s,=2.6; n,=500, s,=2.7
Hy:s,=5, (oro =0,

H :s #s,

Two-tailed test is to be used.
Let LOS be 5%. .. z,=1.96

DY) . .
7 = —— =, SInce O'1S not known.
st
2n, 2n,
_ 26-27 008
(2.6)? N (2.7)?
1000 2000

Now, lzl <z,
.. the difference between s, and s, (and hence between ¢, and 0,) is not significant
at 5% level,

i.e., H,is accepted.

i.e., the two samples could have come from populations with the same S.D.

Exercise 10(A) ]

Part-A  (Short-answer Questions)
1. What is the difference between population and sample?
2. Distinguish between parameter and statistic.
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® NN kW

11.
12.
13.
14.
15.
16.
17.
18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

Part-B
29.

What do you mean by sampling distribution?

What is meant by standard error?

What do you mean by estimation?

What is meant by hypothesis testing?

Define null hypothesis and alternative hypothesis.

What is meant by test of significance?

What do you mean by critical region and acceptance region?

Define level of significance.

Give the general form of a test statistic.

Define type I and type II errors.

Define producer’s risk and consumer’s risk.

What is the relation between type I error and level of significance?
Define one-tailed and two-tailed tests.

Define critical value of a test statistic.

What is the relation between the critical value and level of significance?
What is the relation between the critical values for a single tailed test and
a two-tailed test?

Write down the 1% and 5% critical values for right-tailed and two-tailed
tests.

What do you mean by interval estimation and confidence limits?

Write down the general form of 95% confidence limits of a population
parameter in terms of the corresponding sample statistic.

What is the standard error of the sample proportion, when the population
proportion is (i) known, and (ii) not known?

What is the standard error of the difference between two sample
proportions when the population proportion is (i) known, and (ii) not
known?

What do you mean by unbiased estimate? Give an example.

Write down the form of the 98% confidence interval for the population
mean in terms of (i) population S.D., and (ii) Sample S.D.

What is the standard error of the difference between the means of two
large samples drawn from different populations with (i) known S.D.’s,
and (ii) unknown S.D.’s?

What is the standard error of the difference between the means of two
large samples drawn from the same population with (i) known S.D., and
(i1) unknown S.D.?

What is the standard error of the difference between the S.D.’s of two
large samples drawn from the same population with (i) known S.D., and
(i1) unknown S.D.?

Out of 200 individuals, 40 per cent show a certain trait and the number
expected on a certain theory is 50 per cent. Find whether the number
observed differs significantly from expectation.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

A coin is thrown 400 times and is found to result in ‘Head’ 245 times.
Test whether the coin is a fair one.

A manufacturer of light bulbs claims that on the average 2 per cent of
the bulbs manufactured by his firm are defective. A random sample of
400 bulbs contained 13 defective bulbs. On the basis of the this sample,
can you support the manufacturer’s claim at 5% level of significance?
100 people were affected by cholera and out of them only 90 survived.
Would you reject the hypothesis that the survival rate, if affected by
cholera, is 85 per cent in favour of the hypothesis that it is more at 5 per
cent level of significance?

A random sample of 400 mangoes was taken from a big consignment
and 40 were found to be bad. Prove that the percentage of bad mangoes
in the consignment will, in all probability, lie between 5.5 and 14.5.

A random sample of 64 articles produced by a machine contained
14 defectives. Is it reasonable to assume that only 10 per cent of the
articles produced by the machine are defective? If not, find the 99 per
cent confidence limits for the percentage of defective articles produced
by the machine.

Certain crosses of the pea gave 5321 yellow and 1804 green seeds. The
expectation is 25 per cent of green seeds based on a certain theory. Is
this divergence significant or due to sampling fluctuations?

During a countrywide investigation, the incidence of T.B. was found to
be 1 per cent . In a college with 400 students, 5 are reported to be affected
whereas in another with 1200 students, 10 are found to be affected. Does
this indicate any significant difference?

A random sample of 600 men chosen from a certain city contained 400
smokers. In another sample of 900 men chosen from another city, there
were 450 smokers. Do the data indicate that (i) the cities are significantly
different with respect to smoking habit among men? (ii) the first city
contains more smokers than the second?

A sample of 300 spare parts produced by a machine contained 48
defectives. Another sample of 100 spare parts produced by another
machine contained 24 defectives. Can you conclude that the first machine
is better than the second?

Intwo large populations, there are 30 per cent and 25 per cent respectively
of fair haired people. Is this difference likely to be hidden in samples of
sizes 1200 and 900 respectively drawn from the two populations?

Hint: H,: P, - P, =0, or P, =P, and
P~ P2
P P
0 PO

n, n,

H :P#P,and z=
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40.

41.

42.

43.

44,

45.

46.

47.

A machine produces 16 defective bolts in a batch of 500 bolts. After the
machine is overhauled, it produces three defective bolts in a batch of 100
bolts. Has the machine improved?

There were 956 births in a year in town A, of which 52.5 per cent were
males, while in towns A and B combined together this proportion in a
total of 1406 births was 0.496. Is there any significant difference in the
proportion of male births in the two towns?

A cigarette-manufacturing company claims that its brand A cigarettes
outsells its brand B by 8 per cent. It is found that 42 out of a sample
of 200 smokers prefer brand A and 18 out of another sample of 100
smokers prefer brand B. Test at 5 per cent L..O.S. whether the 8 per cent
difference is a valid claim.

Hint: H,: P, - P, =.08; H,: P, — P, #.08 and

—p)—(P - P n,p +n
Z=(p1 pz) (1 2)’ where P = 1P1 2P

pQ(1+1

nom

nl+n2

A sample of 900 items is found to have a mean of 3.47 cm. Can it be
reasonably regarded as a simple sample from a population with mean
3.23 cm and S.D. 2.31 cm?

A sample of 400 observations has mean 95 and S.D. 12. Could it be
a random sample from a population with mean 98? What should be
the maximum value of the population mean so that the sample can be
regarded as one drawn from it almost certainly?

A manufacturer claims that, the mean breaking strength of safety belts
for air passengers produced in his factory is 1275 kgs. A sample of 100
belts was tested and the mean breaking strength and S.D. were found to
be 1258 kg and 90 kg respectively. Test the manufacturer’s claim at 5
per cent level of significance.

An L.Q. test was given to a large group of boys in the age group of 18
to 20 years, who scored an average of 62.5 marks. The same test was
given to a fresh group of 100 boys of the same age group. They scored
an average of 64.5 marks with a S.D. 12.5 marks. Can we conclude that
the fresh group of boys have better 1.Q.?

The guaranteed average life of a certain brand of electric bulb is 1000
hours with a S.D. of 125 hours. It is decided to sample the output so as
to ensure that 90 per cent of the bulbs do not fall short of the guaranteed
average by more than 2.5 per cent. What should be the minimum sample
size?
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48.

49.

50.

51.

52.

53.

54.

A random sample of 100 students gave a mean weight of 58 kg with a
S.D. of 4 kg. Find the 95 per cent and 99 per cent confidence limits of
the mean of the population.

The means of two simple samples of 1000 and 2000 items are 170 cm and
169 cm. Can the samples be regarded as drawn from the same population
with S.D. 10, at 5 per cent level of significance?

The mean and S.D. of sample sizes of 400 are 250 and 40 respectively.
Those of another sample of size 400 are 220 and 55. Test at 1% level of
significance whether the means of the two populations from which the
samples have been drawn are equal.

Intelligence tests were given to two groups of boys and girls of the same
age group chosen from the same college and the following results were
got:

Table 10.3
Size Mean S.D.
Boys 100 73 10
Girls 60 75 8

Examine if the difference between the means is significant.

A sample of 100 bulbs of brand A gave a mean lifetime of 1200 hours
with a S.D. of 70 hours, while another sample of 120 bulbs of brand B
gave a mean lifetime of 1150 hours with a S.D. of 85 hours. Can we
conclude that brand A bulbs are superior to brand B bulbs?

In a college, 60 junior students are found to have a mean height of 171.5
cm and 50 senior students are found to have a mean height of 173.8 cm.
Can we conclude, based on this data, that the juniors are shorter than
seniors at (i) 5% level of significance, and (ii) 1% level of significance,
assuming that the S.D. of students of that college is 6.2 cm?

Two samples drawn from two different populations gave the following
results:

Table 10.4
Size Mean S.D.
Sample I 400 124 14
Sample 11 250 120 12

Find the 95% confidence limits for the difference of the population
means.

2 2 2 2
!Hint:(xl S =196, | L2 < o < - F,) +1.96 /SI+S2]
o o
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55.

56.

57.

58.

59.

60.

Two samples drawn from two different populations gave the following
results:

Table 10.5
Size Mean S.D.
Sample I 100 582 24
Sample II 100 540 28

Test the hypothesis, at 5% level of significance, that the difference of the
means of the populations is 35.

Hint:z=—(x1 — )35
S, 52

Two populations have their means equal, but the S.D. of one is twice the
other. Show that, in the samples of size 2000 drawn one from each, the
difference of the means will in all probability, not exceed 0.15 &, where
¢ is the smaller S.D.

In a certain random sample of 72 items, the S.D. is found to be 8. Is it
reasonable to suppose that it has been drawn from a population with
S.D.7?

In a random sample of 200 items, drawn from a population with S.D.
0.8, the sample S.D. is 0.7. Can we conclude that the sample S.D. is less
than the population S.D. at 1% level of significance?

The S.D. of a random sample of 900 members is 4.6 and that of another
independent sample of 1600 members is 4.8. Examine if the two samples
could have been drawn from a population with S.D. 4.0?

Examine whether the two samples for which the data are given in Table
10.6 could have been drawn from populations with the same S.D.:

Table 10.6
Size S.D.
Sample I 100 5
Sample 11 200 7
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Tests of Significance for Small Samples

The tests of significance discussed in the previous section hold good only for
large samples, i.e., only when the size of the sample n = 30. When the sample
is small, i.e., n < 30, the sampling distributions of many statistics are not
normal, even though the parent populations may be normal. Moreover, the
assumption of near equality of population parameters and the corresponding
sample statistics will not be justified for small samples. Consequently, we
have to develop entirely different tests of significance that are applicable to
small samples.

Student’s t-Distribution

A random variable T is said to follow student’s f-distribution or simply
t-distribution, if its probability density function is given by

1 2 —(v+1)/2
f(t)=—v " -(1+t7j ,—o00< < oo,

vis called the number of degrees of freedom of the #-distribution.

@ t-distribution was defined by the mathematician W.S.D. Gosset whose pen name is
Student.

Properties of t-Distribution
1. The probability curve of the #-distribution is similar to the standard normal
curve and is symmetric about ¢ = 0, bell-shaped and asymptotic to the
t-axis as shown in Fig. 10.2.
2. For sufficiently large value of n, the s-distribution tends to the standard
normal distribution.
3. The mean of the #-distribution is zero.

4. The variance of the #-distribution is ,if n>2 and is greater than 1,

v —
but it tends to 1 as v — oo,

Uses of t-Distribution
The #-distribution is used to test the significance of the difference between
1. The mean of a small sample and the mean of the population.
2. The means of two small samples and
3. The coefficient of correlation in the small sample and that in the
population, assumed zero.
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Standard normal
distribution

t-distribution
with v=15

t-distribution
withv=5

Fig. 10.2

Note on Degree of Freedom

The number of degrees of freedom, usually denoted by the Greek alphabet v,
can be interpreted as the number of useful bits of information generated by a
sample of given size for estimating a population parameter. Suppose we wish
to find the mean of a sample with observations x,, x,, ..., x,. We have to use all
the ‘n’ values taken by the variable with full freedom (i.e., without putting any
constraint or restriction on them) for computing x. Hence, X is said to have n
degrees of freedom.

Suppose we wish to further compute the S.D. ‘s’ of this sample using the

1 _ _ _
formula s = —Z(xi - )c)2 . Though we use the n values x; — X, x, — X, ...,
n

x, — x for this computation, they do not have ‘n’ degrees of freedom, as they
depend on x which has been already calculated and fixed. Since there is one
restriction regarding the value of X, ‘s’ is said to have (n — 1) degrees of
freedom.

If we compute another statistic of the sample based on X and s, then that
statistic will be assumed to have (n — 2) degrees of freedom, and so on.

Thus, the number of independent variates used to compute the test statistic
is known as the number of degrees of freedom of that statistic. In general, the
number of degrees of freedom is given by v = n — k, where n is the number of
observations in the sample and k is the number of constraints imposed on them
or k is the number of values that have been found out and specified by prior
calculations.

Critical Values of t and the t-Table

The critical value of ¢ at level of significance o and degrees of freedom Vv is given
by P {lf1>1, ()} = afor two-tailed test, as in the case of normal distribution and
large samples and by P {t> ¢, ()} = o for the right-tailed test also, as in the case
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of normal distribution. The critical value of ¢ for a single (right or left) tailed test
at LOS ‘o corresponding to v degrees of freedom is the same as that for a two-
tailed test at LOS ‘2 corresponding to the same degrees of freedom.

Critical values #, (o) of the t-distribution for two-tailed tests corresponding
to a few important levels of significance and a range of values of v have been
published by Prof. R.A. Fisher in the form of a table, called the #-table, which is
given in the Appendix.

Test | Test of significance of the difference between sample mean and
population mean.
If X is the mean of a sample of size n, drawn from a population N (U, o), we

T follows a N (0, 1).
o/+n

have seen that z=

If o, the S.D. of the population is not known, we have to estimate it using the

sample S.D.‘s’. From the theory of estimation, it is known that s is an
n—
unbiased estimate of o with (n — 1) degrees of freedom. When n is large, " =1
n—
. . x—U
and, hence, s was taken as a satisfactory estimate of o and hence z = ; was
S n

assumed to follow a N (0, 1). But when 7 is small, we cannot use s as an estimate
of o, since

X-H u

x—u _ _ X —
o/ n SJ n 1 sifn-1

n—1 \/;

XK does not follow a normal distribution, but follows a

Now, ———
s/yn—1

t-distribution with number of degrees of freedom v=n — 1. Hence, AR is
siyn—1

denoted by # and is taken as the test-statistic.
Sometimes ¢ = R is also taken as t = -
s/n-1 sifn’
|

n—1,7

where §? = (x, — %)* and is called students ‘7.
1

- u

x
s/\n—1

We shall use only ¢ = , where s is the sample S.D.
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We get the value of ¢ () for the L.O.S. ovand v =n — 1 from the #-table.
If the calculated value of ¢ satisfies Ifl < ¢ (), the null hypothesis H,, is
accepted at L.O.S.c’ otherwise, H,, is rejected at L.O.S.“¢.

Note B confidence interval of m is given by
K- . x-p
——————=|<Vt,,s, Since P <t =095
x/\/ﬁ 0.05 A= 0.05

5 S

le. byx—t)ys ——=——= Sm < X+ 1,5 X — ==, where 1, 5 is the 5 per cent
=1 =1

eritical value of t for n (= n— 1) degrees of freedom for a two-tailed test.

7\

Test 2 Test of significance of the difference between means of two small
samples drawn from the same normal population.

In Test (4) for large samples, the test statistic used to test the significance of the
difference between the means of two samples from the same normal population
was taken as

X=Xy
Z:—
1 1
o |—+—
n,n,

If ois not known, we may assume that o =

, which follows a N(0, 1) (1)

2 2
nysy +I’l252

, when n, and n,
n,+n,

are large, where s, and s, are the sample S.D.’s. This assumption no longer holds
good when n, and n, are small.
In fact, it is known from the theory of estimation, that an estimate of o is

2 2
nysy +l’l2S2

with (n, + n, — 2) degrees of freedom, when n, and n, are small.
n+n, —

Using this value of ¢in (1), the test statistic becomes

X=X

9’

2 2
ny sy +n,s; 1 1
e — 7+7
n,+n,—2 n, n,

which does not follow a N (0, 1), but follows a tdistribution with
v =(n, + n, — 2) degrees of freedom. Hence, the t-test is applied in this case.
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1.1f n; = n, = n and if the samples are independent i.e., the observations in the
two samples are not at all related, then the test statistic is given by
Xy =X,
t= ——= with V=2n-2 2)
x,z + J‘j

n—1
2.If n; = n, = n and if the pairs of values of x, and x, are associated in some way (or
correlated), the formula (2) for t in Note (1) should not be used. In this case, we shall assume
that Hy : d (=% —7) = 0 and test the significance of the difference between d and 0, using

1 -
d=X-y;and s=SD.of ds=— (d,—d).
7=y

Snedecor’s F-Distribution

A random variable F is said to follow snedecor’s F-distribution or simply
F-distribution, if its probability density function is given by

LR}

v, /2
_ vy F?
f#) = Vv, vV, . v F (i+va)r2”’ F>0.
Plas [1+1]
V)

(The mathematical variable corresponding to the random variable F is also taken as
F) v, and v, used in f (F ) are the degrees of freedom associated with the F-distribution.

Properties of the F-Distribution
1. The probability curve of the F-distribution is roughly sketched in Fig.
10.3.

fiF)

Acceptance

region Region of rejection

FVw-Vz(a)
Fig. 10.3
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2. The square of the r-variate with n degrees of freedom follows a
F-distribution with 1 and n degrees of freedom.

Va
vV, =2

3. The mean of the F-distribution is (v, >2).

2v3 (v, +v, —2)
v, (v, —=2)* (v, —4)

4. The variance of the F-distribution is (v, >4).

Use of F-Distribution

F-distribution is used to test the equality of the variance of the populations from

which two small samples have been drawn.

F-test of significance of the difference between population variances and F-table.
To test the significance of the difference between population variances, we

shall first find their estimates, 6 and G5 based on the sample variances s and
n, sy

s22 and then test their equality. It is known that 6'12 = 11 with the number of
n, —

2
n,s,

degree of freedom v, =n, — 1 and G, = with the number of degrees of

n, —
freedom v, =n, — 1.
A2
0,
63

freedom. If 6 = G, then F = 1. Hence, our aim is to find how far any observed

Itis also known that F' =

follows a F-distribution with v, and v, degrees of

value of F' can differ from unity due to fluctuations of sampling.

Snedecor has prepared tables that give, for different values of v, and v,, the 5
per cent and 1 per cent critical values of F. An extract from these tables is given
in the Appendix. If F denotes the observed (calculated) value and Fvl’v2 (o)
denotes the critical (tabulated) value of F at LOS ¢, then P {F > F‘,l,v2 (o)} =0

WS Frest is not a two-tailed test and is always a right-tailed test, since I cannot be
negative. Thus, if F > er;\’z (©), then the difference between F and 1, i.e., the difference

between & 72 and & 5 is significant at LOS ‘0. In other words, the samples may not be

regarded as drawn from the same population or from populations with the same variance. If F

< L, , (@), the difference is not significant at .OS' o

1. We shonld ahvays make F > 1. This is done by taking the larger of the two estimates of
c’aso ,2 and by assuming that the corresponding degree of freedom as v,.

2. To test if two small samples have been drawn from the same normal population, it is not
enongh to test if their means differ significantly or not, because in this test we assumed that
the two samples came from the same population or from populations with equal variance.
So, before applying the t-test for the significance of the difference of two sample means, we
should satisfy onrselves about the equality of the population variances by F-test.
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Worked Example 10(B) ]

Example 1

Tests made on the breaking strength of 10 pieces of a metal wire gave the
results: 578, 572, 570, 568, 572, 570, 570, 572, 596 and 584 kg. Test if the mean
breaking strength of the wire can be assumed as 577 kg.

Let us first compute sample mean x and sample S.D.‘s’ and then test if X
differs significantly from the population mean p = 577.

We take the assumed mean A = 68+ 596 =582
di=x,—A 2
x;=d;+A
F=LYx, = 1yd +a
n Y on
= % X (— 68) + 582 = 575.2 (see Table 10.7 given below)
Table 10.7
X; di=x;—A dl-2
578 -4 16
572 -10 100
570 -12 144
568 - 14 196
572 -10 100
570 ~12 144
570 -12 144
572 -10 100
596 14 196
584 2 4
Total - 68 1144

§° = lZd?—(lZd.jz
n ! n !

1 1 :
=— X1144- | —x—-68| =68.16
10 10

s =8.26
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u _5752-577

Now, s/w/ 826/\9

and v=n-1=
Hy:x =U and H13 X £ U
Let LOS be 5%. Two-tailed test is to be used.
From the t-table, for v =9, t54, = 2.26. Since I#l < t54,, the difference between
x and u is not significant or H,, is accepted. ... the mean breaking strength of the
wire can be assumed as 577 kg at 5% LOS

Example 2

A machinist is expected to make engine parts with axle diameter of 1.75 cm.
A random sample of 10 parts shows a mean diameter 1.85 cm. with a S.D. of
0.1 cm. On the basis of this sample, would you say that the work of the machinist
is inferior?
x =185 s=0.1, n=10 and pu=1.75.
Hy:x=u; H:x#U
Two-tailed test is to be used. Let L.O.S. be 5%

j=_X-# _ 010 and v=n—1=9.

sifn—1 01/J9
From the #-table, for v=9, 1,)5=2.26 and ty, =3.25.

. H, is rejected and H, is accepted at 5% level, but H, is accepted and H, is
rejected at 1% level. That s, at 5% LOS, the work of the machinist can be assumed
to be inferior, but at 1% LOS, the work cannot be assumed to be inferior.

Example 3

A certain injection administered to each of 12 patients resulted in the following
increases of blood pressure:
5,2,8,-1,3,0,6,-2,1,5,0, 4.
Can it be concluded that the injection will be, in general, accompanied by an
increase in B.P.?

1 31

The mean of the sample is given by X = — Zx T 2.58
n

The S.D. ‘s’ of the sample is given by

s2=12x2 ( Zx) =_><185 (2.58)* = 8.76
n

5 =2.96
where u = 0, i.e. the injection will not result in increase in B.P.
Hi:Xx>u
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Right-tailed test is to be used. Let L.O.S. be 5%. Now, t5,, for one-tailed test
for (v=11) = t,, for two-tailed test for (v=11) = 1.80 (from ¢-table)
x-u _ 2:58-0 _5
siyn—1 296/ 11
We see that 1l > tpq (V=11)

.. Hyis rejected and H, is accepted.
i.e. we may conclude that the injection is accompanied by an increase in B.P.

Now t=

Example 4

The mean lifetime of a sample of 25 bulbs is found as 1550 hours with an S.D. of
120 hours. The company manufacturing the bulbs claims that the average life of
their bulbs is 1600 hours. Is the claim acceptable at 5% level of significance?
x =1550, s=120, n=25 and u=1600.
Hy:x=p and H,;: X <pu.
Left-tailed test is to be used. LOS = 5%
. X—-u ~50~24 B
s/\yn—-1 120
154, for one-tailed test for (v=24) = t,,,, for two-tailed test for (v=24) = 1.71.
We see that lf] > It}
. Hyis rejected and H, is accepted at 5% LOS,
i.e., the claim of the company cannot be accepted at 5% LOS

Now, —204and v=24

Example 5

The heights of ten males of a given locality are found to be 175, 168, 155,
170, 152, 170, 175, 160, 160 and 165 cms. Based on this sample, find the 95%
confidence limits for the height of males in that locality.

We shall first find the mean X and S.D. ‘s’ of the sample, by taking the
assumed mean A = 165 (Table 10.8).

X =A+d

=165+i x0=165.
10

' = lde —(%Zdl.jz

n
1

= — X578=57.8
10

s=7.6
From the ¢-table,
ts% (V: 9) = 226
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The 95% confidence limits for u are

-2.26 ——, x+2:26 ——
/ / n—
ie. 165 226X7-6 es, 2:26X7:6
Jo J9
ie. (159.3, 170.7)
i.e. the heights of males in the locality are likely to lie within 159.3 cm and 170.7 cm.
Table 10.8
X; di=x;—A dl-2
175 10 100
168 3 9
155 -10 100
170 5 25
152 -13 169
170 5 25
175 10 100
160 -5 25
160 -5 25
165 0 0
Total 0 578
Example 6

Two independent samples of sizes 8 and 7 contained the following values:
Sample I : 19, 17, 15, 21, 16, 18, 16, 14
Sample IT: 15, 14, 15, 19, 15, 18, 16

Is the difference between the sample means significant?

Table 10.9
Sample 1 Sample I1
x; dy=x,-18 d? X dy=x,-16 dy’
19 1 1 15 -1 1
17 -1 1 14 -2 4
15 -3 9 15 -1 1
21 3 9 19 3 9
16 -2 4 15 -1 1
18 0 0 18 2 4
16 -2 4 16 0 0
14 -4 16
Total -8 44 Total 0 20
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Forsamplel, x,=18+d, =18+ —

5, =2.12.

- 1
For sample I, X,=16+ d, =16+ 72@ = 16.

2
1 1
53 = n—Zd% —[n—zdz]
2 2

- (3x0)
—%x20—-|=x0| =2.857
7 7
s, =1.69
Hy: X=X, and H;: X;# X,
Two-tailed test is to be used. Let LOS be 5 %
X, =X, 17-16

ns?+ny st s \/(8x4-5+7x2-857)(1+1j
n+n,=2 |{n n, 13 8 17

=0.93
Also,v=n;+n,-2=13.
From the #-table, 55, (Vv=13)=2.16

Since Ifl < tsq,, H is accepted and H, is rejected.
i.e. the two sample means do not differ significantly at 5% LOS

Example 7

Table 10.10 gives the biological values of protein from cow’s milk and buffalo’s
milk at a certain level. Examine if the average values of protein in the two samples
significantly differ.

Table 10.10

Cow’s milk (x,): 1.82 2.02 1.88 1.61 1.81 1.54
Buffalo’s milk (x,): 2.00 1.83 1.86 2.03 2.19 1.88
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n==6
1
X, = — x10.68=1.78
6
1 1
si = g X % - (X))* = 5 ¥ 19.167 —(1.78)* = 0.0261
1
%y = = X 1179 =1.965
1 1
53 = e P, - (%) = s 23.2599 — (1.965)* = 0.0154
As the two samples are independent, the test statistic is given by
X, - X
t= 1 2
5T+ 83
n—1
with v =2n — 2 [Refer to Note (2) under Test (2)]
o 17821965 _ 20185 | 3and v 10,
\/0~0261 +0-0154  +/-0083
5

Hy: X=X, and H,: x| # X,.
Two-tailed test is to be used. Let LOS be 5%
From t-table, 54, (v =10) =2.23.
Since Il <t5q, (v=10), H,is accepted.

i.e., the difference between the mean protein values of the two varieties of
milk is not significant at 5% level.

Example 8

Samples of two types of electric bulbs were tested for length of life and the
following data were obtained.

Size Mean S.D.
Sample I 8 1234 hours 36 hours
Sample II 7 1036 hours 40 hours

Is the difference in the means sufficient to warrant that type I bulbs are superior
to type II bulbs?

X, =1234, s,=36, n; =8; x,=1036, s5,=40, n,=7
Hy: x1=Xx; H{:x>%X,
Right-tailed test is to be used. Let LOS be 5%.
~ X=X, 198 198

msimsi )11 \/(21568)(1+1j 21-0807
nit+n, =2 |\n n, 13 8 7
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=9.39
v=n;+n,-2=13
tsq, (v =13) for one-tailed test = #,,¢, (v = 13) for two tailed test = 1.77 (from
t-table)
Now, t > t;yq, (v=13)
. Hyis rejected and H, is accepted.
i.e. Type I bulbs may be regarded superior to type Il bulbs at 5% LOS.

Example 9

The mean height and the S.D. height of eight randomly chosen soliders are
166.9 cm. and 8.29 cm. respectively. The corresponding values of six randomly
chosen sailors are 170.3 cm and 8.50 cm. respectively. Based on this data, can we
conclude that soldicers are, in general, shorter than sailors?
x;=1669, s, =829, n =8 x,=170.3, s5,=8.50,n,=06.
Left-tailed test is to be used. Let LOS be 5%.

X, - X, ~3-4

nost+nysi (11 983-29 (1 1
n,+n, =2 n7+n7 12 8 6
1 7 L

=-0.695

tsq, (v =12) for one-tailed test = £, (v = 12) for two tailed test = 1.78 (from
t-table)

Now, Ifl < t;yq, (Vv=12)
.. Hyis accepted and H, is rejected.

i.e. based on the given data, we cannot conclude that soldicers are in general,
shorter than sailors.

Example 10

The following data relate to the marks obtained by 11 students in two tests, one
held at the beginning of a year and the other at the end of the year after intensive
coaching. Do the data indicate that the students have benefited by coaching?
Test1: 19, 23, 16, 24, 17, 18, 20, 18, 21, 19, 20
Test2: 17, 24, 20, 24, 20, 22, 20, 20, 18, 22, 19
The given data relate to the marks obtained in two tests by the same set of
students. Hence, the marks in the two tests can be regarded as correlated and so
the t-test for paired values should be used.

Let d=x—x,,

where x,, x, denote the marks in the two tests.
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Thus, the valuesof dare 2,-1-4,0,-3,-4,0,-2,3, -3, 1.

Sd=—11 and Xd*=69
d=Lyso L oo
n 11
s2=s§:l S (dV = - x69- (- 17 =527
n 11
s =2.296

Hy: d =0, i.e. the students have not benefited by coaching; H, : d < 0
(i.e. X; < Xy).
One-tailed test is to be used. Let LOS be 5%

d -1
sl fn-12:296/4/10

154, (v =10) for one-tailed test = #,44, (Vv = 10) for two-tailed test = 1.81 (from
t-table).
Now, il <t4q (v=10)
.. Hyis accepted and H, is rejected.
i.e. there is no significant difference between the two sets of marks.
i.e. the students have not benefitted by coaching.

t =-138 and v=10

Example 11

A sample of size 13 gave an estimated population variance of 3.0, while another
sample of size 15 gave an estimate of 2.5. Could both samples be from populations
with the same variance?

n =13, ©
n,=15, 65 =25 and v,=14.

A 2 A 2 . . .
H,: 0 = 0;,i.e. The two samples have been drawn from populations with
the same variance.

H,: 6 # 65 . LetL.O.S. be 5%
6! _30
62 25
Fsq (v =12, v, =14)=2.53, from the F-table.

F < Fsq,. . Hyis accepted

F=

i.e. the two samples could have come from two normal populations with the
same variance.
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Example 12

Two samples of sizes nine and eight gave the sums of squares of deviations from
their respective means equal to 160 and 91 respectively. Can they be regarded as
drawn from the same normal population?
n =9, Xx;—x) =160, ie. n s>=160
n,=8, X(y—y) =91, ienys,” =91
2 2

~ ns 1 A n,s
62 = q60=20. 62="2%2 _ 19113
n,—1 8 n,—1 7
Since 6;{>65,v,=n,—-1=8 and v,=n,—1=7

A2 A2 A2

Let the LOS be 5%.

~2
2
F= A;——0=1.54
o) 13

Fsq (v, =8, v, =7) =3.73, from the F-table.
Since F < F'sq, Hy is accepted.

i.e. the two samples could have come from two normal populations with the
same variance.

We cannot say that the samples have come from the same population, as we
are unable to test if the means of the samples differ significantly or not.

Example 13

Two independent samples of eight and seven items respectively had the following
values of the variable.
Sample 1 : 9, 11, 13, 11, 15, 9, 12, 14
Sample 2: 10, 12, 10, 14, 9, 8, 10
Do the two estimates of population variance differ significantly at 5% level
of significance?
For the first sample, 2x; =94 and szl =1138

2
1 1
RETRATIN
1 1

1 1 :
= S x1138—|=x94 | =4.19
8 (8 j

For the second sample, Xx, = 73 and Zx22 =785

2
1 1

522: n_2x§ —[H—szj
2 2



Tests of Hypotheses 10.45

1 1 2
= —x785—| =x73| =339
7 7

. n . n
6f = ——5?=479and 62 =—— 52 =3.96

n, —1 n,—1

Since 6'12>5'§,v1=7 and v,=6

Hy: 6{ =65 and H :6]#6)
2
o 4.79
= —5=——=121

o, 396

Fsq (v =7, v, =6) =4.21, from the F-table. Since F < Fsq,, H, is accepted.
ie. 812 and 6; do not differ significantly at 5% level of significance.

Example 14
Two random samples gave the following data:
Size Mean Variance
Sample I 8 9.6 1.2
Sample II 11 16.5 2.5

Can we conclude that the two samples have been drawn from the same normal
population?

Refer to Note (2) under F-test. To conclude that the two samples have been
drawn from the same population, we have to check first that the variances of the
populations do not differ significantly and then check that the sample means (and
hence the population means) do not differ significantly.

A . A 11x2.
6l = 8x1-2 =137; 6;= X235 5795
10
)
o, 275 .
F=—5=——=2.007 with degrees of freedom 10 and 7.
o; 137
From the F-table, Fs,, (10,7) =3.64
If Hy: 6; =6; and H,:6;#6;,

H, is accepted, since F < F5q,
i.e. the variances of the populations from which samples are drawn may be
regarded as equal.

. X, =X, B —-6-9
nysttnysy (101 9:6+27-5 1.1
n,+n,—2 n7+n7 17 8 11
171, 1 2

%9 1005

0-6864
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and v=n+n,-2=17.
tsq, (Vv=17) = 2.11, from the #-table.
If Hy: X=X, and H,: X, # X,, Hyis rejected, since | > t5q,.

i.e. the means of two samples (and so the populations) differ significantly.
.. the two samples could not have been drawn from the same normal population.

Example 15

The nicotine contents in two random samples of tobacco are given below.

Sample I : 21 24 25 26 27
Sample II : 22 27 28 30 31 36.
Can you say that the two samples came from the same population?

X, =Mean of sample I = 123 =24.6
5

174
X, = Mean of sample [l = — =29.0
6

512 = Variance of sample I = % 2(x; - 24.6)* =4.24
1
5%, = Variance of sample II = 5 T(x;,—29.0)* = 18.0

2 5 2 6
G} =Z><4.24=5.30and v=4, G§=§x18.0=21.60 and v=>5

L A2 a2, L A2, A2
Hy:0; =05, H:0{#0,

F= ?—g = 21-60 =4.07
o; 530
Fsq,(5,4) =6.26.
Since F < Fsq, Hy is accepted.
.. the variances of the two populations can be regarded as equal.
3 X, —X, B —4.4
{nlsf +n2s§J(1+1j \/(21-2+108~0)(1+1)
n +n,=2 |\ n n, 9 5.6
M,
2:2943
and v=9.
From t-table, Fsq, (Vv =9) =2.26.
If Hy: X=X, and H,: X, # X,, His accepted

since Il < Fsq,.
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That is, the means of two samples (and hence the populations) do not differ
significantly. Therefore, the two samples could have been drawn from the same
normal population.

Exercise 10(B) ]

Part-A  (Short-answer Questions)

1.

RAREE el

10.

11.

12.
13.
14.
15.

Part-B
16.

17.

Write down the probability density of student’s s-distribution.

State the important properties of the 7-distribution.

Give any two uses of ¢-distribution.

What do you mean by degrees of freedom?

How will you get the critical value of ¢ for a single-tailed test at level of
significance a?

What is the test statistic used to test the significance of the difference
between small sample mean and population mean?

Give the 95% confidence interval of the population mean in terms of the
mean and S.D. of a small sample.

What is the test statistic used to test the significance of the difference
between the means of two small samples?

Give an estimate of the population variance in terms of variances of two
small samples. What is the associated number of degrees of freedom?
What is the test statistic used to test the significance of the difference
between the means of two small samples of the same size? What is the
associated number of degree of freedom?

What is the test statistic used to test the significance of the difference
between the means of two small samples of the same size, when the
sample items are correlated?

Write down the probability density function of the F-distribution.

State the important properties of the F-distribution.

What is the use of F-distribution?

Why is the F-distribution associated with two numbers of degrees of
freedom?

A random sample of ten boys had the following 1.Q.’s: 70, 120, 110,
101, 88, 83, 95, 98, 107, 100. Does the data support the assumption of a
population mean I.Q. of 100? Find a reasonable range in which most of
the mean 1.Q. values of samples of ten boys lie.

A random sample of 16 values from a normal population showed a mean
of 103.75 cm. and the sum of the squares of deviations from this mean
is equal to 843.75 square cms. Show that the assumption of a mean of
108.75 cm for the population is not reasonable. Obtain 95% and 99%
fiducial limits for the same.
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18.

19.

20.

21.

22.

23.

24.

25.

The mean weekly sales of soap bars in departmental stores is 145 bars
per store. After an advertising campaign, the mean weekly sales in 17
stores for a typical week increased to 155 and showed a S.D. of 16. Was
the advertising campaign successful?

The annual rainfall at a certain place is normally distributed with mean
30. If the rainfalls during the past eight years are 31.1, 30.7, 24.3, 28.1,
27.9, 32.2, 25.4 and 29.1, can we conclude that average rainfall during
the past eight years is less than the normal rainfall

A machine is expected to produce nails of 7 cm length. A random sample
of 10 nails were found to measure : 7.2, 7.3, 7.1, 6.9, 6.8, 6.5, 6.9, 6.8,
7.1 and 7.2 cm. On the basis of this sample, what can be said about the
reliability of the machine?

A random sample of eight envelopes is taken from the letterbox of a post
office and their weights in grams are found to be: 12.2, 11.9, 12.5, 12.3,
11.6, 11.7, 12.2 and 12.4. Find the 95% and 99% confidence limits for
the mean weight of the envelopes in the letter box.

The average production of 16 workers in a factory was 107 with a S.D.
of 9, while 12 workers in another comparable factory had an average
production of 111 with a S.D. of 10. Can we say that the production rate
of workers in the latter factory is more than that in the former factory?
Two different types of drugs A and B were tried on certain patients for
increasing weight. 5 persons were given drug A and 7 persons were
given drug B. The increase in weight (in kg.) is given below

DrugA: 36 55 59 41 14

DrugB: 45 36 55 68 27 36 50

Do the two drugs differ significantly with regard to their effect in
increasing weight?

Samples of 12 foremen in one division and 10 foremen in another
division of a factory were selected at random and the following data
were obtained (Table 10.11).

Table 10.11

Division I | Division Il

Sample size 12 10
Average monthly salary of foremen (Rs.) 5250 4900
S.D. of salary (Rs.) 152 165

Can you conclude that foremen in Division I get more salary than
foremen in Division II?

Two independent groups of 10 children were tested to find how many
digits they could repeat from memory after hearing them. The results are
as follows.
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Group A: 8 6 5 7 6 8 7 4 5 6

GroupB: 10 6 7 8 6 9 7 6 7 7

Is the difference between mean scores of the two groups significant?
26. Table 10.12 gives the marks obtained by 12 students in two tests, one held

before coaching and the other after coaching. Does the data indicate that

the coaching was effective in improving the performance of students?

Table 10.12

TestI: |55, |60, |65, |75, |49, |25, |18, |30, |35, |54, |61, |72
Test II: |63, |70, |70, |81, |54, (29, |21, |38, |32, |50, |70, |80

27. In one sample of 8 items, the sum of the squares of deviations of the
sample values from the sample mean was 84.4 and in another sample of
10 observations it was 102.6. Test whether this difference is significant
at 5% level.

28. Two random samples drawn from two normal populations gave the
following observations.
Sample I: 20, 16, 26, 27, 23, 22, 18, 24, 25, 19
Sample IT: 17, 23, 32, 25, 22, 24, 28, 18, 31, 33, 20, 27
Test whether the two populations have the same variance.

29. Two random samples gave the following results. (Table 10.13)

Table 10.13
Sample No. Size Mean Variance
I 16 440 40
II 25 460 42
Test whether the samples have been drawn from the same normal
population.
30. Two random samples gave the following results. (Table 10.14)
Table 10.14
Sample Size | Sum of the | Sum of the squares
No. values of values
I 10 150 2340
I 12 168 2460
Test whether the samples have been drawn from the same normal
population.

Chi-Square Distribution

If X, X,, ...., X,, are normally distributed independent random variables, then it
is known that (X21 + X22 +..4+ X2n) follows a probability distribution, called chi-
square (y’-distribution) distribution with n degrees of freedom.
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The probability density function of the xz—distribution is given by

_ .2

(P = 1 (R e

V2 v
2

0< )(2 < oo, where V is the number of degrees of freedom.

Properties of y?-Distribution

1.

3.
4.

A rough sketch of the probability curve of the y*-distribution for v =3
and v =6 is given in Fig. 10.4.

f(x?)

Fig. 10.4

As v becomes smaller and smaller, the curve is skewed more and
more to the right. As v increases, the curve becomes more and more
symmetrical.

The mean and variance of the )(z—distribution are v and 2v respectively.
As n tends to oo, the ;(Z—distribution becomes a normal distribution.

Uses of y*-Distribution

1.

Zz—distribution is used to test the goodness of fit. i.e., it is used to judge
whether a given sample may be reasonably regarded as a simple sample
from a certain hypothetical population.

It is used to test the independence of attributes. i.e., if a population is
known to have two attributes (or traits), then xz—distribution is used to
test whether the two attributes are associated or independent, based on a
sample drawn from the population.

}(Z-Test of Goodness of Fit

On the basis of the hypothesis assumed about the population, we find the
expected frequencies E,(i=1, 2, ..., n), corresponding to the observed frequencies
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O(i=1, 2, .., n) such that zE 20 It is known that )(2 z ©, - E)

follows approximately a Zz—distrlbutlon with degrees of freedom equal to the
number of independent frequencies. In order to test the goodness of fit, we have
to determine how far the differences between O, and E; can be attributed to
fluctuations of sampling and when we can assert that the differences are large
enough to conclude that the sample is not a simple sample from the hypothetical
population. In other words, we have to determine how large a value of ){2 we
can get so as to assume that the sample is a simple sample from the hypothetical
population.

The critical value of y* for v degrees of freedom at ¢ level of significance,
denoted by sz () is given by

P> ()] =a

Critical values of the xz—distribution corresponding to a few important levels
of significance and a range of values of v are available in the form of a table
called )(Z-table, which is given in the Appendix.

If the calculated x> < sz (), we will accept the null hypothesis H, which
assumes that the given sample is one drawn from the hypothetical population,
i.e. we will conclude that the difference between the observed and expected
frequencies is not significant at o % LOS If )(2 > xzv (), we will reject Hy and
conclude that the difference is significant.

Conditions for the Validity of y?-Test

1. The number of observations N in the sample must be reasonably large,
say = 50.

2. Individual frequencies must not be too small, i.e. O; = 10. In case O, < 10,
it is combined with the neighbouring frequencies, so that the combined
frequency is = 10.

3 The number of classes n must be neither too small nor too large i.e., 4 <
n < 16.

x2-Test of Independence of Attributes

If the population is known to have two major attributes A and B, then A can be
divided into m categories A, A,, ..., A,, and B can be divided into n categories
B,, B,, ..., B,. Accordingly the members of the population and hence those of
the sample can be divided into mn classes. In this case, the sample data may be
presented in the form of a matrix containing m rows and n columns and hence
mn cells and showing the observed frequencies Oy, in the various cells, where
i=1,2,...,mandj=1,2,..n Oij means the number of observed frequencies
possessing the attributes A; and B;. The matrix or tabular form of the sample data,
called an (m X n) contingency table is given below:
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Table 10.15
A\B B, B, - B; - B, Row Total
A Oy Op - 0y - 0y, O+
A2 021 022 - 02[ - 02n 02*
Ai 011 Oi2 - 01/ B Oin Oi*
Am Oml 0m2 Omi B B Omn Om*
Column Total 0*1 0*2 - 0*] - O*n N

Now, based on the null hypothesis H,, i.e., the assumption that the two
attributes A and B are independent, we compute the expected frequencies E; for

0,0,
various cells, using the following formula E;; = N L. i=1,2,...m; and
j=1L2,...n
(Total of observed frequencies in the i th Trow) X
Qe Eo= (total of observed frequencies in the j ™ column)

v Total of all cell frequecies

Then we compute y°= Z 2 { 5 —Eiy) }
i=17J= ij
The number of degrees of freedom for this ¥* computed from the (m x n)
contingency tableis v=m—-1) (n—1).
If ;{2 < sz (o), Hy is accepted at @ % LOS, i.e., the attributes A and B are
independent.
If % > ;{2‘, (o), Hy is rejected at o« % LOS, i.e., A and B are not independent.

Worked Example 10(C) ]

Example 1

The following table shows the distribution of digits in the numbers chosen at
random from a telephone directory:

Table 10.16

Digit: 0 1 2 3 4 5 6 7 8 |9 |Total
Frequency: [1026, |1107, [997, |966, [1075, [933, |1107, [972, |964, |853|10,000
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Test whether the digits may be taken to occur equally frequently in the
directory.

H, : The digits occur equally frequently, i.e., they follow a uniform
distribution.

Based on H,;, we compute the expected frequencies.

The total number of digits = 10,000.

If the digits occur uniformly, then each digit will occur

10,000

10
0, :1026, 1107, ....., 853

E; : 1000, 1000, ....., 1000

= 1000 times

(0, - E)’

2=y OE

L {(26)* + (107)% + (= 3)% + (= 34)> + (75)*
1000, (= 67)% + (107)* + (= 28)% + (= 36) + (= 147)%}
=58.542

Since XE; was taken equal to XO; (i.e., an information from the sample),
v=n—1=10-1=9. From the y*—table,

s (1=9)=16919
Since x* > ){25%, H, is rejected, i.e., the digits do not occur uniformly in the
directory.

Example 2

Table 10.17 gives the number of air-craft accidents that occurred during the
various days of a week. Test whether the accidents are uniformly distributed over
the week.

Table 10.17
Day: Mon Tues Wed Thu Fri Sat
No. of accidents: 15 19 13 12 16 15

H, : Accidents occur uniformly over the week.
Total number of accidents = 90

. 90
Based on H,;, the expected number of accidents on any day = 3 =15.

O; : 15 19 13 12 16 15

1

E, : 15 15 15 15 15 15

1
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= Z(O E)’ 1(O+16+4+9+1+O):2.

Since inZZOi’ v=6— 1=5
From the jy*-table, y*s,, (v=5) = 11.07.
Since ¥* < x’sq, Hy is accepted.

i.e. accidents may be regarded to occur uniformly over the week.

Example 3
Table 10.18 shows defective articles produced by four machines:
Table 10.18
Machine: A B C D
Production time: 1 hour 1 hour 2 hours 3 hours
No. of detectives: 12 30 63 98

Do the figures indicate a significant difference in the performance of the
machines?

H, : Production rates of the machines are the same.

Total number of detectives = 203.

Based on H,,, the expected numbers of defectives produced by the machines
are

E: Lx203  Lxo0s,  Zx203 2203
7 7 7 7
ie. E: 29, 29, 58, 87
0,: 12, 30, 63, 98

- E, o1k st ol
. z(0 L VA S S | PP

29 29 58 87

Since YE=Y0,v=4-1=3
From the y’-table, x5, (V= 3) = 7.815

Since % > XZS%, H, is rejected.
i.e., there is significant difference in the performance of machines.

Example 4

The following data represents the monthly sales (in Rs) of a certain retail stores
in a leap year. Examine if there is any seasonality in the sales.
6100, 5600, 6350, 6050, 6250, 6200, 6300, 6250, 5800, 6000, 6150 and 6150.
H, : There is no seasonability in the sales, i.e. the daily sales are uniform
throughout the year or the daily sales follow a uniform distribution.

Based on H,,, we compute the expected frequencies.
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The total sales in the year = Rs. 73,200.
If the daily sales are uniform, then the sales on each day
_ 73,200
366
0;: 6100, 5600, 6350, 6050, 6250, 6200, 6300, 6250, 5800, 6000, 6150, 6150.
Assuming that the months are taken in the usual calendar order, namely,

January, February etc. the expected monthly sales are
E; : 6200, 5800, 6200, 6000, 6200, 6000, 6200, 6200, 6000, 6200, 6000, 6200

O, -E,
Then ;(2 Z( i

_ _ 2 _ &2

_( 100)* N (=200) - (=50)

6200 5800 6200

Since ZE,. was found as 20,. from the sample, v=n-1=12-1=11.
From the jy*-table, y*s;, (v=11) = 19.675.

Since )(2 > )(25%, H, is rejected, i.e., the daily sales are not uniform throughout
the year.

=Rs 200

=38.913

Example 5

Theory predicts that the proportion of beans in four groups A, B, C, D should be
9:3:3:1. In an experiment among 1600 beans, the numbers in the four groups
were 882, 313, 287 and 118. Does the experiment support the theory?

H, : The experiment supports the theory, i.e., the numbers of beans in the four
groups are in the ratio 9 : 3: 3 : 1

Based on H, the expected numbers of beans in the four groups are as follows:

E;: 2 % 1600, 3 % 1600, 3 % 1600, L x 1600
16 16 16 16

re. E;: 900, 300, 300, 100

1

0,: 882, 313, 287, 118
7= z(0 E) _18* 137 13* 18°
900 300 300 100
Since in_in’ v—4— 1=3
From the jy-table, y*s,, (v =3) = 7.82

Since y* < x’sq.» Hy is accepted.
i.e., the experimental data support the theory.

=4.73

Example 6

A survey of 320 families with five children each revealed the following
distribution:
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Table 10.19
No. of boys: 0 1 2 3 4 5
No. of girls: 5 4 3 2 1 0
No. of families: 12 40 88 110 56 14

Is this result consistent with the hypothesis that male and female births are
equally probable?

H, : Male and female births are equally probable, i.e., P (male birth) = p =
1/2 and P (female birth) = g = 1/2.

Based on H, the probability that a family of 5 children has r male children

5
1
=5C, (5) (by binomial law)

1
.. Expected number of families having » male children =320 x 5 C, x bEl

=10x5C,.
Thus E; : 10 50 100 100 50 10
and O;: 12 40 88 110 56 14

T OB 0 0 e e
10 50 100 100 50 10
=7.16
We have used the sample data to get ZE,- only. The values of p and ¢ have not
been found by using the sample data.
- v=n—1=6-1=5 and y’g (v=5)=11.07
Since X < Xsq» Hy is accepted.
i.e. male and female births are equally probable.

Example 7

Twelve dice were thrown 4096 times and a throw of six was considered a success.
The observed frequencies were as given below.

No. of successes: 0 1 2 3 4 5 6 7 and over

Frequency: 447 1145 1180 796 380 115 25 8
Test whether the dice were unbiased.

1 5

H, : All the dice were unbiased, i.e., P (getting 6) =p = S Soq= s

Based on H,,, the probability of getting exactly ‘7’ successes = 12 C, p" ¢ 12-r
(r=0,1,2,..,12)

Expected number of times in which ‘#’ successes are obtained

_amexizc [ (3]
- "6 6
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12—-r
=4096 x 12 C, X —>— o (r=0,1,2,..,12)

i.e. E, =N (0 success) =N (r=0) =459.39

=N((r=1)=1102.54

E,=N((r=2)=1212.80

E; =N (r=3)=2808.53

E,=N(r=4)=363.84

Es=N(@r=5)=11643

E¢=N(r=6)=27.17

E,=N(r=7)=5.30

Converting E;’s into whole numbers subject to the condition that ZEl- = 4096,
we get
E;: 459, 1103, 1213, 809, 364, 116, 27, 5

0;: 447, 1145, 1180, 796, 380, 115, 25, g,

1
Since E and O corresponding to the last class, i.e., 5 and 8 are less than 10, we

combine the last two classes and consider as a single class.
(0,—E)* 12* 42 337 137 16> 1 I?
Po= =+ + et —F—+—
E, T 459 1103 1213 809 364 116 32
=3.76

v =n— 1, since only ZE,. has been found using the sample data.

=7 — 1 [n must be taken as the number of classes after combination
of end classes, if any]
=6
and y’sq, (V= 6) = 12.59, from the y*—table. Since y* < ¥’s,,, H,, is accepted, i.e.
the dice were unbiased.

Example 8

Fit a binomial distribution for the following data and also test the goodness of
fit.

X: 0 1 2 3 4 5 6 Total
f: 5 18 28 12 7 6 4 80
To find the binomial distribution N (¢ + p)", which fits the given data, we
require p.

We know that the mean of the binomial distribution is np, from which we
can find p. Now the mean of the given distribution is found out and is equated
to np.

X: 0 1 2 3 4 5 6 Total
f: 5 18 28 12 7 6 4 80
Sfx: 0 18 56 36 28 30 24 192
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_ D fx 192
X = =— =
£ 80
ie. np =24 or 6p=24,since the maximum value taken by x is n.

p =04 andhence ¢=0.6

*. the expected frequencies are given by the successive terms in the expansion

of 80 (0.6 + 0.4)".
Thus, E;: 3.73, 1493, 2488, 22.12, 11.06, 2.95, 0.33
Converting the E;’s into whole number such that ZE,. = ZOZ. =80, we get
E;: 4 15 25 22 11 3 0
Let us now proceed to test the goodness of binomial fit.
0;: 5 18 28 12 7 6 4

1
The first class is combined with the second and the last two classes are

combined with the last but second class in order to make the expected frequency
in each class greater than or equal to 10. Thus, after regrouping, we have,
E;: 19 25 22 14
23 28 12 17

0;:
=Y, ©, iE) ‘1‘; +%+% % =6.39
We have used the given sample to find
ZEl- (= 201‘ ) and p through its mean.
Hence, v=n-k
=4-2=2
Xse (V=2) =5.99, from the y*-table.

Since > > ;(25%, H,, which assumes that the given distribution is
approximately a binomial distribution, is rejected, i.e., the binomial fit for the
given distribution is not satisfactory.

Example 9

Fit a Poisson distribution for the following distribution and also test the goodness
of fit.

X 0 1 2 3 4 5 Total
f: 142 156 69 27 5 1 400
To find the Poisson distribution whose probability law is
A ar
PXx=n=2% '}‘ ,r=0,1,2, ..,
r!

we require A, which is the mean of the Poisson distribution.
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We find the mean of the given distribution and assume it as A.

X 0 1 2 3 4 5 Total
f: 142 156 69 27 5 1 400
fr: 0 156 138 81 20 5 400
f = fo = ﬂ = 1 = A
> f 400

The expected frequencies are given by
N-eT* 2" 400xe™
or

r! r!

,r=0,1,2, ...

Thus,
E;: 147.15, 147.15, 73.58, 24.53, 6.13, 1.23
The values of E; are very small for i = 6, 7, ... and hence neglected.

Converting the values of E;’s into whole numbers such that in = 400, we
get

E;: 147, 147, 74, 25, 6, 1
Let us now proceed to test the goodness of Poisson fit.
0;: 142, 156, 69, 217, 5,1

l
The last three classes are combined into one, so that the expected frequency in

that class may be > 10. Thus, after regrouping, we have

0, 142 156 69 33
E;: 147 147 74 32
(0, -E)* 52 92 52 12
=y — ="+ "—+—4+—
r=X E, 147 147 74 32
=1.09

We have used the sample data to find in and A. Hence,
n=n-k=4-2=2
From the y*-table, y*sq, (V=2) = 5.99.

Since ¥ < x’sq» Hy, Which assumes that the given distribution is nearly Poisson,
is accepted,
i.e., the Poisson fit for the given distribution is satisfactory.

Example 10

Test the normality of the following distribution by using Zz—test of goodness of
fit
x: 125, 135, 145, 155, 165, 175, 185, 195, 205 Total
f: 1, 1, 14, 22, 25, 19, 13, 3, 2 100
Let us first fit a normal distribution to the given data and then test the goodness
of fit.
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To fit a normal distribution and hence find the expected frequencies, we
require the density function of the normal distribution which involves the mean
and S.D. Let us now compute the mean X and S.D. ‘s’ of the sample distribution
and assume them as (¢ and o.

Table 10.20
x—165

X f d= 0 fd fd
125 1 —4 —4 16
135 1 -3 -3 9
145 14 -2 -28 56
155 22 -1 -22 22
165 25 0 0 0
175 19 1 19 19
185 13 2 26 52
195 3 3 9 27
205 2 4 32
Total 100 - 5 233

c 10
F=A+=Y fd=165+— x5=1655
* v/ 100

2
relyzie- (]
=107 (2.33 - 0.0025) = 232.75

s=15.26

.. the density function of the normal distribution which fits the given distribution

. 1
b= 152627

To find the expected frequency corresponding to a given x, we find y = f (x)
and multiply y by the class-width and then by the total frequency N.

—(x—165-5)2/4655

e x-

- Ho_ —
]_O'\/% I we put . =g then y =

! { 7 e_zz/ 2} = M, where ¢ (3) is density function of the standard normal
(@

ANET

distribution. Values of [ (3) are got from the normal table given in the Appendix.
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Table 10.21
. _x—165-5 6(2) c-¢(z) _109(2) | Expected frequency
15-26 (o 15-26 =N ¢(z)/o
125 -2.65 .0119 .0078 0.78
135 -2.00 .0540 .0354 3.54
145 -1.34 .1626 .1066 10.66
155 -0.69 3144 .2060 20.60
165 -0.03 .3988 2613 26.13
175 0.62 3292 2157 21.57
185 1.28 1758 1152 11.52
195 1.93 .0620 .0406 4.06
205 2.59 .0139 .0091 091

Converting the expected frequencies as whole numbers such that ZE,. =100,
we get
E;: 1, 3, 11, 21, 26, 22, 11, 4,1
Let us now proceed to test the goodness of normal fit.
Combining the end classes so as to make the individual frequencies greater
than 10,
E;: 15, 21, 26, 22, 16

0;: 16, 22, 25, 19, 18

O, - E) ? 12 12 32 22
=y ———=—+—+—
15 21 26 n 16
=0.82

We have used the sample data to find ZE,-, M and o. Hence v=n -k =
5-3=2.

From the y*-table, y’sq, (v=2) = 5.99.

Since x> < s> Hy, which assumes that the given distribution is nearly
normal, is accepted.

i.e. the normal fit for the given distribution is satisfactory.

Example 11
The following data are collected on two characters (Table 10.22).
Table 10.22
Smokers Non-smokers
Literates : 83 57
literates : 45 68

Based onthis, can you say thatthere is norelation between smoking and literacy ?
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H, : Literacy and smoking habit are independent.

Table 10.23
Smokers Non-smokers Total
Literates 83 57 140
lliterates 45 68 113
Total 128 125 253
Table 10.24
0 E E (rounded) (O-E)%E
128 x 14
g3 | 128X140 565 71 122/71 = 2.03
253
125 x 14
57 125x140 _ 66 17 69 122/69 = 2.09
253
128 x113
45 | 222X00 5747 57 122/57 = 2.53
253
125%113
68 | 2210 5583 56 122/56 = 2.57
253
=922

v=m-1)(n-1)

=2-12-1=1.

From the y’-table, )(25% (v=1)=3.84

Since % > Xzs%’ H, is rejected.
i.e. there is some association between literacy and smoking.

Example 12

b
Prove that the value of )(2 for the 2 X 2 contingency table ? 7 is given by
c
Y= N(ad —be)” here N=a+b+c+d
T a+b)ctd) @ty brd) T ATITera

Hence, compute ){2 for the 2 X 2 contingency table given in Example 11.
The value of E corresponding to the cell in which O = a is given by
£ (a+b)(a+c)
(a+b+c+d)
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... the value of )(2 corresponding to this cell is given by

. {a_(a+b)(a+c)}2; (a+b)(a+c)

a+b+c+d | (a+b+c+d)

_{a(a+b+c+d)—(a+b)(a+c)y
- N(a+b)(a+c)
(ad —bc)?
" N(a+b)(a+c)
Similarly, the value of )(2 are found out for the other three cells.
)(2 for the table

_ (ad—bc)* 1 . 1 . 1 . 1
B N (a+b)(a+c) (a+b)(b+d) (a+c)(c+d) (b+d)(c+d)
(ad —bc)?

- N(a+b)(c+d)(a+c)(b+d) {b+d)(c+d)+(a+c)(c+d)
+a+b)b+d)+(@+b) (a+c)

 (@d=bo)*[¥a® +2%ab]  (@d-be) (@a+b+c+dy
T N@+b)(c+d)(a+c)(b+d)  N(a+b)(c+d)(a+c)(b+d)
: N (ad — bc)?

T (a+b)(c+d)(a+c)(b+d)

Using (1) for the contingency table in Example 11,

7= 253 (83 x 68 —45% 57)° 048
T 140x113x128x125

(D

we get

Example 13

Two batches each of 12 animals are taken for test of inoculation. One batch was
inoculated and the other batch was not inoculated. The numbers of dead and
surviving animals are given in Table 10.25 in both cases. Can the inoculation be
reg;zrded as effective against the disease? Make Yate’s correction for continuity
of ¥

Table 10.25
Dead Survived Total
Inoculated 2 10 12
Not inoculated 8 4 12
Total 10 14 24

Note on Yate’s correction for continuity of )(2
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The xz—table was prepared using the theoretical )(Z—distribution which is
continuous, whereas the approximate values of ¥ that we are using are discrete.
To rectify this defect, Yates has shown that, when

23 fo-e -5}

E.

l

is used, the y*-approximation is improved. Yate’s correction is used only when
v =1 and, hence, for a 2 X 2 contingency table. It is used only when some cell
frequency is small, i.e., less than 5.

In the present problem, two cell frequencies are less than 5 each. Hence, we
apply Yate’s correction (Table 10.26).

Table 10.26
0 E lO_El—05 | {I0—FElI—0.5}%E
12x1
2 x10 _ 25 6.25/5 = 1.25
24
12% 14
10 X1t _g 25 6.25/7=0.89
24
12 %1
8 x10 _ 25 6.25/5 = 1.25
24
12% 14
4 1% _g 25 6.25/7 = 0.89
24
v=2-1H2-1=1 =428

From the jy*-table, y*s, (v=1)=3.84

If H, : Inoculation and effect on the diseases are independent, then H, is
rejected as )(2 > )(25% i.e. Inoculation can be regarded as effective against the
disease.

M Even if Yate’s correction is not made, we would have arrived at the same conclusion.

Example 14

A total number of 3759 individuals were interviewed in a public opinion survey
on a political proposal. Of them, 1872 were men and the rest women. 2257
individuals were in favour of the proposal and 917 were opposed to it. 243 men
were undecided and 442 women were opposed to the proposal. Do you justify or
contradict the hypothesis that there is no association between sex and attitude?

A careful analysis of the problem results in the following contingency
(Table 10.27).
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Table 10.27
Favoured Opposed | Undecided Total
Men 1154 475 243 1872
Women 1103 442 342 1887
Total 2257 917 585 3759

H, : Sex and attitude are independent, i.e., there is no association between sex
and attitude.

Table 10.28
0 E (rounded E) (O—-E)J/E
1154 1872 X 2257 _ 1194 302/1124 = 0.80
3759
1872
475 1872007 454 182/457 =0.71
3759
243 1722385 _ po1 4821291 =7.92
3759
1887 x 2257
1103 T~ 1133 302/1133 =0.79
3759
1887 x 917
442 208TXTUT 460 182/460 = 0.70
3759
1887
342 1887585 _ 594 482/294 =7.84
3759
v=@B-1)2-1)=2 =186

From the y’-table, y*sq, (V=2) = 5.99

Since % > xzs%, H, is rejected.

That is, sex and attitude are not independent i.e. there is some association
between sex and attitude.

Example 15

The following table gives for a sample of married women, the level of education
and the marriage adjustment score:

Table 10.29
g Marriage adjustment
"§ Very low low high very high Total
2 [ College 24 97 62 58 241
S | High school 22 28 30 41 121
E’ Middle school 32 10 11 20 73
— | Total 78 135 103 119 435
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Can you conclude from the above data that the higher the level of education,
the greater is the degree of adjustment in marriage?

H, : There is no relation between the level of education and adjustment in

marriage.

v=(@4-1)(3-1)=6
Ao (V=6)=12.59

Table 10.30
0 E (rounded) (O-E)*/E
24 43 19%/43 = 8.40
97 75 22%/75 = 6.45
62 57 5%/57 = 0.44
58 66 8%/66 = 0.97
22 22 0%/22 = 0.00
28 37 9%/37=2.19
30 29 1229 = 0.03
41 33 8%/33 =1.94
32 13 19413 =27.77
10 23 13%23 =7.35
11 17 6%/17 =2.12
20 20 0720 = 0.00
s (V=6)=12.59 ¥ =57.66

Since x* > x’sq,. H,, is rejected.

That is, the level of education and adjustment in marriage are associated.
Thus, we may conclude that the higher the level of education, the greater is the

degree of adjustment in marriage.

Exercise 10(C)

Part-A  (Short-answer Questions)
Define Chi-square distribution.

1.

D e A

Write down the probability density function of the xz—distribution.

State the important properties of )(Z—distribution.
Give two uses of ){2 -distribution.
What is y*-test of goodness of fit?

State the conditions under which y*-test of goodness of fit is valid.

What is y*-test of independence of attributes?
What is contingency table?

Write down the value of y* for a 2 x 2 contingency table with cell

frequencies a, b, ¢ and d.
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10.

Part-B
11.

12.

13.

14.

15.

16.

17.

18.

What is Yate’s correction for continuity of )(2 ?

In 250 digits from the lottery numbers, the frequencies of the digits were
as follows:

Digit: 0 1 2 3 4 5 6 7 8 9
Frequency: 23 25 20 23 23 22 29 25 33 27
Test the hypothesis that the digits were randomly drawn.

The following table gives the number of fatal road accidents that
occurred during the seven days of the week. Find whether the accidents
are uniformly distributed over the week.

Day : Sun Mon Tues Wed Thu  Fri Sat

Number: 8 14 16 12 11 14 9

In 120 throws of a single dice, the following distribution of faces are
obtained:

Face : 1 2 3 4 5 6

Frequency : 30 25 18 10 22 15

Do these results support the equal probability hypothesis?

The number of demands for a particular spare part in a shop was found
to vary from day to day. In a sample study, the following information
was obtained:

Day : Mon Tues Wed Thu Fri Sat
No. of demands : 124 125 110 120 126 115
Test the hypothesis that the number of parts demanded does not depend
on the day of the week.

According to genetic theory, children having one parent of blood type M
and the other of blood type N will always be one of the three types-M,
MN and N and the average proportions of these types will be 1 :2 : 1.
Out of 300 children, having one M parent and one N parent, 30 per cent
were found to be of type M, 45 per cent of type MN and the remaining of
type N. Test the genetic theory by y -test.

5 coins are tossed 256 times. The number of heads observed is given
below. Examine if the coins are true.

No.of heads: O 1 2 3 4 5
Frequency : 5 35 75 84 45 12

5 dice were thrown 243 times and the numbers of times 1 or 2 was
thrown (x) are given below:

X: 0 1 2 3 4 5
Frequency : 30 75 76 47 13 2

Examine if the dice were unbiased.

Fit a binomial distribution for the following data and also test the
goodness of fit.

X 0 1 2 3 4

f: 5 29 36 25 5
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19.

20.

21.

22.

23.

24.

25.

26.

27.

Fit a binomial distribution for the following data and also test the
goodness of fit
x>0 1 2 3 4 5 6 7 8 9
f: 3 8 11 15 16 14 12 11 9 1
Fit a Poisson distribution for the following distribution and also test the
goodness of fit.
x: 0 1 2 3 4 5 6 7
f: 314 335 204 8 29 9 3 0
Fit a Poisson distribution for the following distribution and also test the
goodness of fit.
x: 0 1 2 3 4
f: 123 59 14 3 1
The figures given below are (i) the observed frequencies of a distribution,
and (ii) the expected frequencies of the normal distribution having the
same mean, S.D. and total frequency as in (i).
(1) 1, 12, 66, 220, 495, 792, 924, 792, 495, 220, 66, 12, 1
(i) 2, 15, 66, 210, 484, 799, 943, 799, 484, 210, 66, 15, 2
Do you think that the normal distribution provides a good fit to the
data?
Fit a normal distribution to the following data and find also the goodness
of fit.
x: 4 6 8 10 12 14 16 18 20 22 24
f: 1 7 15 22 35 43 38 20 13 5 1
In an epidemic of certain disease, 92 children contacted the disease. Of
these 41 received no treatment and of these 10 showed after effects. Of
the remainder who did receive the treatment, 17 showed after effects.
Test the hypothesis that the treatment was not effective.
Out of 1660 candidates who appeared for a competitive examination,
422 were successful. Out of these, 256 had attended a coaching class
and 150 of them came out successful. Examine whether coaching was
effective as regards the success in the examination.
In a pre-poll survey, out of 1000 rural voters, 620 favoured A and the rest
B. Out of 1000 urban voters, 450 favoured B and the rest A. Examine if
the nature of the area is related to voting preference.
The following information was obtained in a sample of 40 small general
shops:

Table 10.31

Shops in urban areas | Shops in rural areas

Owned by men 17 18
Owned by women 3 12

Can it be said that there are more women owners in rural areas than in
urban areas? Use Yate’s correction for continuity.
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28.

29.

30.

A certain drug is claimed to be effective in curing cold. In an experiment
on 500 persons with cold, half of them were given the drug and half of
them were given the sugar pills. The patients’ reaction to the treatment
are recorded in the following table.

Table 10.32

Helped Harmed No effect

Drug 150 30 70
Sugar pills 130 40 80

On the basis of this data, can it be concluded that the drug and sugar pills
differ significantly in curing cold?

A survey of radio listeners’ preference for two types of music under
various age groups gave the following information.

Table 10.33

Age group
19-25 26-35 Above 36
Carnatic music : 80 60 90
Film music : 210 325 44
Indifferent : 16 45 132

Type of music

Is preference for type of music influenced by age?

The table given below shows the results of a survey in which 250
respondents were classified according to levels of education and attitude
towards students’ agitation in a certain town. Test whether the two
criteria of classification are independent.

Table 10.34
Attitude
Education

Against Neutral For
Middle school: 40 25 5
High school: 40 20 5
College: 30 15 30
Postgraduate: 15 15 10

ANSWERS

Exercise 10(A)

29.
31.

7 =12.83 ; significant 30. z=4.5; the coin is not fair
z=1.79 ; claim cannot be supported.
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32. No, since z (= 1.40) < z,, ( = 1.645).

34. No; (16.7,27.0)

35. difference due to sampling fluctuations

36. z=0.725; not significant

37. z=6.49; Yes; Yes.

38.  Yes, since z (= 1.80) > zj5 (= 1.645)

39. z=2.56; the difference cannot be hidden

40. z(=.104) < 745 (= 1.645) ; the machine has improved

41. z(=3.17)>z,5 (= 1.96) ; difference significant.

42. 1zl =1.02 ; the claim is valid

43. z=3.12;No

44. No, since z=5;96.8

45. Claim cannot be true as z = 1.89 and z5¢, = 1.645

46. Yes, since z (= 1.6) < z5¢, (= 1.645)

47. 41

48. (57.2,58.8) and (57.0, 59.0)

49. No, since z =2.58

50. No, since z = 8.82

51. No, since z=1.32

52. Yes, since z (=4.78) > z,4, (= 2.33)

53.  Yes, at 5% level, since Izl (= 1.937) > z54, (= 1.645) and No, at 1% level,
since Izl (= 1.937) <lz,) (=2.33)

54. (1.98,6.02)

55. Hy:u;— M, =35 accepted, as z=1.90

57. Yes,asz=1.71

58. Yes, as Izl (=2.5) > z;4, (=2.33)

59. Yes,asz=1.70

60. No, asz=3.61.

Exercise 10(B)

16. 11=0.62; Yes; 83.66 <u<110.74

17. 11 =2.67;(99.76, 107.74) and (98.22, 109.29)
18. t=2.5; the campaign was successful

19. I0=1.44;14=190; X isnotless than u.
20. I = 0.26; machine is reliable

21. (11.82,12.38); (11.69, 12.51)

22. t=-1.067; No

23. 161=0.424; No

24. t=4.33; Yes

25. Il =1.85 ; Not significant

26. t=4.0; coaching was effective

27. F=1.057 ; Not significant

28. The populations have the same variance



Tests of Hypotheses 10.71

29.

30.

No, though the difference between variances is not significant, the
difference between the mean is significant.

Yes, as the differences between the means and between the variance are
not significant.

Exercise 10(C)

11.
12.
13.
14.
15.
16.
17.
18.

19.
20.
21.
22.
23.

24.
25.
26.
27.

28.
29.
30.

){2 =5.2; v=9; digits randomly drawn.

;(2 =4.17 ; v=6; accidents occur uniformly.

1* =129 ; v="5; equal probability hypothesis is refuted.

1> =1.68; v=>5;the demand does not depend on the day of the week
){2 4.5 ; v="2; genetic theory may be correct

;(2 3.54 ; v=13; coins are true.

)(2 =2.76 ; v=4; dice are unbiased

E;:7,26,37,24,6 ;)(2 =0.06; v=1; binomial fit is good. (E;: 1, 5, 11,
18,21, 19,13,8,3,1)

)(2 =11.30 ; v=4; binomial fit is not satisfactory;

E;:301, 362, 217, 87, 26, 6, 1; ;(2 =5.40; v=4; Poisson fit is good.
E; :121,61,15,3,0 ;)(2 =0.99 ; v=1; Poisson fit is good.

¥ =3.84 ; v=_8; Normal fit is good.
E;:2,5,13,25,37,42,36,23,12,4, 1, ;)(2 =1.68 ; v=4; Normal fit is
good.

)(2 =0.85; v=1; No association between treatment and after-effect.
;(2 =176.12 ; v=1; coaching was effective.

10.09 ; v=1; some relation between area and voting preference
248 ; v=1; No, as there is no relation between area and sex of
ownership

)(2 =3.52; v=2; do not differ significantly

x> =373.40 ; v=4; preference for type of music influenced by age.

){2 =35.42 ; v=6; the two criteria are not independent.

P
P =
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Design of Experiments

series of measurement of some feature of an object) for a scientific

investigation, according to certain specified sampling procedures.
Statistics provides not only the principles and the basis for the proper planning
of the experiments but also the methods for proper interpretation of the results
of the experiment.

In the beginning, the study of the design of experiments was associated only
with agricultural experimentation. The need to save time and money has led to
a study of ways to obtain maximum information with the minimum cost and
labour. Such motivations resulted in the subsequent acceptance and wide use of
the design of experiments and the related analysis of variance techniques in all
fields of scientific experimentation. In this chapter we consider some aspects of
experimental design briefly and analysis of data from such experiments using
analysis of variance techniques.

B y ‘experiment’, we mean collection of data (which usually consist of a

Aim of the Design of Experiments

A statistical experiment in any field is performed to verify a particular hypothesis.
For example, an agricultural experiment may be performed to verify the claim
that a particular manure has got the effect of increasing the yield of paddy. Here
the quantity of the manure used and the amount of yield are the two variables
involved directly. They are called experimental variables. Apart from these two,
there are other variables such as the fertility of the soil, the quality of the seed used
and the amount of rainfall, which also affect the yield of paddy. Such variables
are called extraneous variables. The main aim of the design of experiments is to
control the extraneous variables and hence to minimise the experimental error so
that the results of the experiments could be attributed only to the experimental
variables.
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Basic Principles of Experimental Design

In order to achieve the objective mentioned above, the following three principles
are adopted while designing the experiments— (1) randomisation, (2) replication,
and (3) local control.

1. Randomisation

As it is not possible to eliminate completely the contribution of extraneous
variables to the value of the response variable (the amount of yield of paddy),
we try to control it by randomisation. The group of experimental units (plots
of the same size) in which the manure is used is called the experimental group
and the other group of plots in which the manure is not used and which will
provide a basis for comparison is called the control group. If any information
regarding the extraneous variables and the nature and magnitude of their effect
on the response variable in question is not available, we resort to randomisation.
That is, we select the plots for the experimental and control groups in a random
manner, which provides the most effective way of eliminating any unknown bias
in the experiment.

2. Replication

In a comparative experiment, in which the effects of different manures on the
yield are studied, each manure is used in more than one plot. In other words,
we resort to replication which means repetition. It is essential to carry out more
than one test on each manure in order to estimate the amount of the experimental
error and hence to get some idea of the precision of the estimates of the manure
effects.

3. Local Control

To provide adequate control of extraneous variables, another essential principle
used in the experimental design is the local control. This includes techniques
such as grouping, blocking and balancing of the experimental units used in the
experimental design. By grouping, we mean combining sets of homogeneous
plots into groups, so that different manures may be used in different groups. The
number of plots in different groups need not necessarily be the same. By blocking,
we mean assigning the same number of plots in different blocks. The plots in the
same block may be assumed to be relatively homogeneous. We use as many
manures as the number of plots in a block in a random manner. By balancing, we
mean adjusting the procedures of grouping, blocking and assigning the manures
in such a manner that a balanced configuration is obtained.

SOME BASIC DESIGNS OF EXPERIMENT
1. Completely Randomised Design (CRD)

Let us suppose that we wish to compare ‘h’ treatments (use of ‘h’ different
manures) and there are n plots available for the experiment.
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Let the ith treatment be replicated (repeated) n; times, so that n; + n, + ...
+ n,=n.

The plots to which the different treatments are to be given are found by the
following randomisation principle. The plots are numbered from 1 to n serially.
n identical cards are taken, numbered from 1 to n and shuffled thoroughly. The
numbers on the first n; cards drawn randomly give the numbers of the plots to
which the first treatment is to be given. The numbers on the next n, cards drawn
at random give the numbers of the plots to which the second treatment is to be
given and so on. This design is called a completely randomised design, which is
used when the plots are homogeneous or the pattern of heterogeneity of the plots
is unknown.

Analysis of Variance (ANOVA)

The analysis of variance is a widely used technique developed by R.A. Fisher. It
enables us to divide the total variation (represented by variance) in a group into
parts which are ascribable to different factors and a residual random variation
which could not be accounted for by any of these factors. The variation due to
any specific factor is compared with the residual variation for significance by
applying the F-test, with which the reader is familiar. The details of the procedure
will be explained in the sequel.

Analysis of Variance for One Factor of Classification

Let a sample of N values of a given random variable X (representing the yield of
paddy) be subdivided into ‘A’ classes according to some factor of classification
(different manures).

We wish to test the null hypothesis that the factor of classification has no
effect on the variable, viz., there is no difference between various classes, viz.,
the classes are homogeneous. Let x;; be the value of the jth member of the i class,
which contains n; members. Let the general mean of all the N values be X and
the mean of #n; values in the i"™ class be X;.

Now, D, D(x;=%)" = 3 z{(xij_)_fi)ﬂxi—f)}z
i i
= 2 Z(Xij_fi)z"'z Z(x,-—)_c)2
i i

+23 ¥ (x;— %) (x;—X)
i

=% X0y -%+Y Y-
i j=1

£23 (5 -%) Y, — %)
i =1
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=3 Y —X) + Ym(x =)
i Jj i

n;

J

2 (x; — X;) = sum of the deviations of n; values of the x; in the i™ class from
j=l their mean = X; =0

i.e., 0 =0, + Q,, say, where

0, = Zni (X, —X)* = sum of the squared deviations of class means from the
i

general mean (variation between classes)

0, = z Z(xl.j —fi)z = sum of the squared deviations of variates from the
i

corresponding class means (variation within classes) and Q = total variation.

Since Q, = Q — Q,, viz., the variation Q, within classes is got after removing
the variation Q, between classes from the total variation Q, Q, is the residual

variation.
If 5% is the variance of a sample of size n drawn from a population with

2
. . o ns .
variance 62, then it is known from the theory of estimation that ( ] is an
unbiased estimate of 6~ n-1

. . . ) . . 1 & _
Since the items in the i class with variance —Z(Xl-j —xl.)2 may be
n; =1

. . . . . 2
considered as a sample of size n; drawn from a population with variance -,

n 1 n[

] —\2 2

E ! .—E(xlj—xi) =0
n—1 n o

ie., E|¥(x;-%) | =(m-1)0
J

T h
E|Y D %) | = > —1o?
i j i=1

ie., EQ,) =(N-h) > or E {NQ_zh} =0
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is an unbiased estimate of o> with (N — h) degrees of freedom.

. . . . 1 -2
Now, if we consider the entire group of N items with variance — z z (x; —X)
i

as a sample of size N drawn from the same population,

N dssi el
E{N_IN;;% X)}—G

ie., E (Lj = o’
N -1
0

is an unbiased estimate of o> with (N —1) degrees of freedom.

i.e.,

Now, Q1 =0~ Q2
EQ)=EQ)-E(Q,)
=(N-1)o?=(N-h)o?

=(h—1)0'20rE( Q ]=0'2
h—1

9 is also an unbiased estimate of 6 with (h — 1) degrees of freedom.

ie.,

If we assume that the sampled population is normal, then the estimates

o and % are independent and, hence, the ratio w follows a
h—1 N-h 0,/ (N—-h)
/(N —-h
F-distribution with (k — 1, N — h) degrees of freedom or the ratio %
| _

follows a F-distribution with (N — &, h — 1) degrees of freedom. Choosing the
ratio which is greater than one, we employ the F-test.

If the calculated value of F < Fsq, the null hypothesis is accepted, viz.,
different treatments do not contribute significantly different yields.

These results are displayed in the form of a table, called the ANOVA table,
as given below:
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Table 11.1 ANOVA table for one factor of classification

Source of Sum of Degree of Mean square | Variance ratio
variation squares freedom (M.S.) (F)
(S.V.) (S.S.) (d.f)
Between 0, /(h-1)
classes & h=1 Q/th=1 Q, /(N —h)
(OR)
Within classes 0 N-h O,/(N—-h) w
2 ? O /(h—-1
Total 0 N-1 - -

For calenlating Q, Oy, O, the following computational formulas may be used:

{ PP }
i N{ﬁzz&f (AN
Y Y- ,w/yereT P

Similarly, for the ith class,
S5 =y
: (x;=%;) = ng —;,wbere]}=2xy.
J -
J

n; E

- 17
= X30x, -5 =33 -3
[ A i i

Hence, oO,=0-0,
7 T’
T~ N

i i

2. Randomised Block Design (RBD)

Let us consider an agricultural experiment using which we wish to test the effect
of ‘k’ fertilizing treatments on the yield of a crop. We assume that we know some
information about the soil fertility of the plots. Then we divide the plots into ‘&’
blocks, according to the soil fertility, each block containing ‘.’ plots. Thus, the
plots in each block will be of homogeneous fertility as far as possible.
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Within each block, the ‘k’ treatments are given to the ‘4’ plots in a perfectly
random manner, such that each treatment occurs only once in any block. But
the same ‘k’ treatments are repeated from block to block. This design is called
Randomised Block Design.

Analysis of Variance for Two Factors of Classification

Let the N variate values {x;} (representing the yield of paddy) be classified
according to two factors. Let there be ‘4’ rows (blocks) representing one factor
of classification (soil fertility) and ‘6’ columns representing the other factor
(treatment), so that N = hk.

We wish to test the null hypothesis that the rows and columns are homogeneous
viz., there is no difference in the yields of paddy between the various rows and
between the various columns.

Let x;; be the variate value in the i"™ row and jth column.

Let X be the general mean of all the N values, X;. be the mean of the k values

in the /™ row and X, ; be the mean of the & values in the jth column.

Now,  x;—% = (X; — X — X, + %)+ (X — X) + (X = X)

LYY =T = Y Oy = X = Xy X+ Y, Y (% — %)’
+ 33 oy =D H2Y Y (4~ T — Koy +T) (T — )
23N (6 — T — Xy +0) (T — T)

Now, the fourth member in the R.H.S. of (1)

k
=23 (X = X) X (x; = X Xy +X)
i j=1
=2 @ ~D) (kX —k X —kX+k¥)

=0
Similarly, the last two members in the R.H.S. of (1) also become zero each.

Also, XX (F =X =k ¥ (F. -% =0, say
L) i
Y, %) = h Y, ) =0, say
i J

Let Q=3Y3(x; %) and

Using all these in (1), we get
Q= 0+ 0, + Q;, where
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QO = total variation.
0, = sum of the squares due to the variations in the rows,
0, = that in the columns and
Q5 = that due to the residual variations.

Proceeding as in one factor of classification, we can prove that 2 O

h=1k-1
# and Qo are unbiased estimates of the population variance o’
(h—1D(k-1) hk —1

with degrees of freedom 4 — 1, k— 1, (h — 1) (k— 1) and (hk — 1) respectively. If
the sampled population is assumed normal, all these estimates are independent.

. G /h=1) follows a F-distribution with {h — 1, (h — 1) (k — 1)}
O,/ (h-1)(k-1)

Q, /(k=1)

Oy /(h—-1)(k-1)
(h—1) (k- 1)} degrees of freedom. Then the F-tests are applied as usual and the
significance of difference between rows and between columns is analysed.

degrees of freedom and follows a F-distribution with {k — 1,

Table 11.2 The ANOVA table for two factors of classifications

S.V. S.S. df. M.S. F
- 1
Between O,/ (h-1)
h-1 /(h-1
rows o, 2/ ) 1O /(h=1) (k1) |
- |
Between 0,/ (k-1)
k-1 [ (k—1
columns 2 %/ (k=1) | O3/ (h=1)(k—1) |
Residual 0, (h=1)(k=1) | Qx/(h - 1)(k-1) -
Total 0 hk—1 - -

The following working formulas that can be easily derived may be nsed to compute
0,0y, 0, and O3;

1. 0= Zz ,w/yereT ZZX

2. 0= —z ——,u//aereT ZXZ/

1 T? <
3. 0,= ZZT/'Z N where T;= Z;Xy

4 0;=0-0,-0,
1 may be verified that Y, T; = ZT/- =T.
J

i
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3. Latin Square Design (LSD)

We consider an agricultural experiment, in which n? plots are taken and arranged
in the form of an n x n square, such that the plots in each row will be homogeneous
as far as possible with respect to one factor of classification, say, soil fertility and
plots in each column will be homogeneous as far as possible with respect to
another factor of classification, say, seed quality.

Then n treatments are given to these plots such that each treatment occurs
only once in each row and only once in each column. The various possible
arrangements obtained in this manner are known as Latin squares of order n.
This design of experiment is called the Latin Square Design.

Analysis of Variance for Three Factors of Classifications

Let the N (= n) variate values {x;}, representing the yield of paddy, be classified
according to three factors. Let the rows, columns and letters stand for the three
factors, say soil fertility, seed quality and treatment respectively.

We wish to test the null hypothesis that the rows, columns and letters are
homogeneous, viz., there is no difference in the yield of paddy between the rows
(due to soil fertility), between the columns (due to seed quality) and between the
letters (due to the treatments).

Let x; be the variate value corresponding to the i™ row, /™ column and "
latter.

1 _ 1 _ 1 —
Let x = n_zzzxfj’ X = ZZx,-j, Xaj = ;le’ and X, be the mean of the
j i
values of x;; corresponding to the K™ treatment.

Now,  x;— X = (B =)+ (%) —X)+ X — %) +(x; — X — % — X, +2%)

o XXy =D = n T~ 0 Y (Ey — T
i j

— —\2 — = = —\2
+n Z(xk -X)" + ZZ()CZ-]- — X~ X — X + 2X)
k i
(- all the product terms vanish as in two factor classification)

0 0, O o, and 0
n-1'n=-1"n=1"(m-1){n-2) n? -1

As before, we can prove that

are unbiased estimates of the population variance 6* with degrees of freedom
n-1,n-1,n-1,(n-1) (n-2)and (n® — 1) respectively.

If the sampled population is assumed normal, all these estimates are
independent.
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0,/(n—-1) 0,/(n—-1) and Q;/(n-1)
O, /(n—1(n - 2)’ O,/(n=1(n-2) O, /(n-1D(n-2)
follows a F-distribution with {(n — 1), (n — 1) (n —2)} degrees of freedom.

Then the F-tests are applied as usual and the significance of differences
between rows, columns and treatments is analysed.

*. each of

Table 11.3 The ANOVA table for three factors of classification

S.V. S.S. df M.S. F
M +1
Between rows 0, n—1 0,/ (n-1)=M, [‘]
M4
Between 0 1 0,/ (n-1)=M %il
columns 2 n 2/ =M, M,
Between 0 1 0./ (n-1)=M %il
letters 3 " 3/ - M,
Residual 0, m-1D)m-2) | Q4/(n-1)(n-2)=M, -
Total 0 n’ -1 - -

The ﬁ/lowz'ng wor/éz'ng formulas may be used to compute the Q:

1. 0= ZZX - ,u//yereT ZZX

2

2. 0, = —zTZ Z,W/yereT ZX

2

3. 0,= 2T2 Z,W/?ereT ZX

4. 0;= Z T —5» where Ty is the sum of all x;;, receiving the £" treatment.
5. 0,=0-0, —Qz -0
Ao T= 2T, =3 T,=31T,
J &

i
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Comparison of RBD and LSD

1. The number of replications of each treatment is equal to the number of
treatments in LSD, whereas there is no such restrictions on treatments
and replication in RBD.

2. LSD can be performed on a square field, while RBD can be performed
either on a square field or a rectangular field.

3. LSD is known to be suitable for the case when the number of treatments
is between 5 and 12, whereas RBD can be used for any number of
treatments.

4. The main advantage of LSD is that it controls the effect of two extraneous
variables, whereas RBD controls the effect of only one extraneous
variable. Hence the experimental error is reduced to a larger extent in
LSD than in RBD.

Note on Simplification of Computational Work

The variance of a set of values is independent of the origin and so a shift of
origin does not affect the variance calculations. Hence, in analysis of variance
problems, we can subtract a convenient number from the original values and
work out the problems with the new values obtained. Also, since we are con-
cerned with the variance ratios, change of scale also may be introduced without
affecting the values of F.

Worked Example 11 ]

Example 1

A completely randomised design experiment with 10 plots and 3 treatments gave
the following results:

Plot No. : 1 2 3 4 5 6 7 8 9 10
Treatment : A B C A C C A B A B
Yield : 5 4 3 7 5 1 3 4 1 7

Analyse the results for treatment effects.
Rearranging the data according to the treatments, we have the following
table:

Treatment Yield from plots (x;;) T, Tl.2 n I
n;

A 5 7 3 1 16 256 4 64

B 4 4 - 15 225 3 75

C 3 5 1 - 9 81 3 27

Total T=40 - N=10 166
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SN x =(25+49+9+ 1)+ (16+16+49) + (9 +25+ 1)

=84+81+35—200

40°
- _zoo- = =200-160 =40
0=332 o

2 2

T. T
= ;——zl —1 =
0, Zn,- = 166-160=6
0,=0-0,=40-6=34
ANOVA table

S.V. S.S. df. M.S. F,
4.86
Between classes (treatments) 0,=6 h—-1=2 3.0 W
Within classes 0,=34 N-h=7 4.86 =1.62
Total 0=40 N-1=9 — —

From the F-table, Fsq, (v, =7, v, =2)=19.35
We note that Fy < Fq,

Let Hy: The treatments do not differ significantly.
.. the null hypothesis is accepted.

i.e., the treatments are not significantly different.

Example 2

The following table shows the lives in hours of four brands of electric lamps:
Brand

1610, 1610, 1650, 1680, 1700, 1720, 1800

1580, 1640, 1640, 1700, 1750

1460, 1550, 1600, 1620, 1640, 1660, 1740, 1820

1510, 1520, 1530, 1570, 1600, 1680
Perform an analysis of variance and test the homogeneity of the mean lives of
the four brands of lamps.
We subtract 1640 (= the average of the extreme values) from the given values and
work out with the new values of x;;

oaQw»

2
Brand Lives of lamps (x;) Ti | n Z

A -30| -30 10 40 60 80| 160| —| 290 | 7 12014

B -60 0 0 60| 110 - —-| = 110| 5| 2420

C |-180| —90| —40| -20 0 20| 100|180 —30| 8 113

D |-130|-120|-110| -70| —40 40 —-| —1]-430| 6 |30817

Total - 60 |26 |45364
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> x5 = (900 + 900 + 100 + 1600 + 3600 + 6400 + 25600)
+ (3600 + 0 + 0 + 3600 + 12100)
+ (32400 + 8100 + 1600 + 400 + 0 + 400 + 10000 + 32400)
+ (16900 + 14400 + 12100 + 4900 + 1600 + 1600)

= 39100 + 19300 + 85300 + 51500 = 195200
2

T
0= XX~ =195200 138 = 195,062

7> T?
Q= Y~ - =45364-138=45226
n

n

0,=0-0,=195062-45226 = 1,49,836

ANOVA table

S.V. S.S. df. M.S. F,
15,075
Between brands 0,=45,226 h-1=3 15,075 —
6,811
Within brands 0, =1,49,836 N-h=22 6,811 =2.21
Total 0 =1,95,062 N-1=25 - -

From the F-tables, Fs,, (v, =3, v, =22)=3.06

Hence, the null hypothesis H,, namely, the means of the lives of the four
brands are homogeneous, is accepted viz., the lives of the four brands of lamps
do not differ significantly.

We conld have used a change of scale also. vig., we conld have made the change
old x; —1640

New x; =
: 10

and simplified the numerical work still further

Example 3

A car rental agency, which uses 5 different brands of tyres in the process of
deciding the brand of tyre to purchase as standard equipment for its fleet, finds
that each of 5 tyres of each brand last the following number of kilometres (in
thousands):
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Tyre brands
A B C D E
36 46 35 45 41
37 39 42 36 39
42 35 37 39 37
38 37 43 35 35
47 43 38 32 38

Test the hypothesis that the five tyre brands have almost the same average
life.
We shift the origin to 40 and work out with the new values of x;;.

T 17 S
yre ) , , Zi x2
brand i g g n, jzz‘; Y
A -4 -3 2 -2 7 0 5 0 82
B 6 -1 -5 -3 3 0 5 0 80
C -5 2 -3 3 -2 -5 5 5 51
D 5 -4 -1 -5 -8 -13 5 33.8 | 131
E 1 -1 -3 -5 -2 - 10 5 20 40
Total -28 25 58.8 | 384

T= ZT =28 X, D% =2[;x§J =384

2
0= 2———384 (5? =352.64

T? T2
0= > ———— =588-31.36=27.44
n N

i

0,=0-0,=352.64-27.44 =325.20

ANOVA table

S.V. S.S. df. M.S. F,
16.26
Between tyre brands 0,=27.44 h-1=4 6.86 6.86
Within tyre brands 0,=325.20 N-h=20 16.26 =237
Total 0=352.64 N-1=24 - -

From the F-tables, F5q, (v, =20, v,=4)=5.80
Fy<Fsq,
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Hence, ‘H,, : the five tyre brands have almost the same average life is accepted
viz., the five tyre brands do not differ significantly in their lives.

Example 4

In order to determine whether there is significant difference in the durability of
3 makes of computers, samples of size 5 are selected from each make and the
frequency of repair during the first year of purchase is observed. The results are
as follows:

Makes
A B C
5 8 7
6 10 3
8 11 5
9 12 4
7 4 1
In view of the above data, what conclusion can you draw?
U
Make X T, n; — — i
n; J
A 5 6 8 9 7 35 5 | 245 | 255
B 8 10 11 12 4 45 5 | 405 | 445
C 7 3 5 4 1 20 5 80 100
Total 100 15 | 730 | 800

T= YT = 100;22x; =800;N =Y n =15

1007
0=>>x ———800— 5 = 13333
T2 T2
2——— =730 - 666.67 = 63.33
n, N
0,=0-0,=70
ANOVA table
S.V. S.S. df. M.S. F,
Between 31.67
makes 0, =63.33 h—1=2 31.67 %3
Within makes 0,=170 N-h=12 5.83 543
Total | ©=13333 | N-1=14 — —
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From the F-tables, Fs,, (v, =2, v, =12) =3.88

computers.

Fy>Fsq

Hence, the null hypothesis (H,: the 3 makes of computers do not differ in the
durability) is rejected.
viz., there is significant difference in the durability of the 3 makes of

Example 5

Three varieties of a crop are tested in a randomised block design with four
replications, the layout being as given below: The yields are given in kilograms.

Analyse for significance.

C48 A5l B52 A49
A47 B49 C52 C51
B49 C53 A49 B50

Rewriting the data such that the rows represent the blocks and the columns
represent the varieties of the crop (as assumed in the discussion of analysis of
variance for two factors of classification), we have the following table:

Crops
Blocks A B C
1 47 49 48
2 51 49 53
3 49 52 52
4 49 50 51
We shift the origin to 50 and work out with the new values of x;;.
Crops
2
Blocks A B c %/ k zxu
J
1 -3 -1 -2 -6 36/3=12 14
2 1 -1 3 3 9/3=3| 11
3 -1 2 2 3 9/3=3 9
4 -1 0 1 0 0/3=0 2
T2
T; -4 0 4 T=0 Zf =18| 36
16 0 16 T
T>/h —=4 —=0 | —=4 di
/ 4 4 4 2 h 8
5
— i 12 6 18 36
l
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2
0=>Yx —— —36-L _36

12
1 5 T2
=—>T =18-0=18
Ql kzt N
Qz:‘Z 2__— 8§-0=8
ngg—Ql—QZ:36—18—8=10

ANOVA table

SV S.S. df M.S. F,
Between rows 6
(blocks) 0,=18 h=1=3 6 1.67 =36
Between columns 4
=8 k—-1=2 4 —=24

(crops) Q: 1.67
Residual 0;=10 | (h-D(k-1)=6| 167 -

Total 0 =36 hk—1=11 - -

From F-tables, Fsq, (v; =3, v, =6) =476 and Fsq (v, =2, v, =6) =5.14
Considering the difference between rows, we see that Fy (= 3.6) < Fs5¢, (= 4.76)

Hence, the difference between the rows is not significant. (H, is accepted)
viz., the blocks do not differ significantly with respect to the yield.

Considering the difference between columns, we see that Fy (= 2.4) < Fsq, (=
5.14)

Hence, the difference between the columns is not significant. (H,, is accepted)
viz., the varieties of crop do not differ significantly with respect to the yield.

Example 6

Five breeds of cattle B, B,, B3, B,, Bs were fed on four different rations R,
R,, R;, R,. Gains in weight in kg. over a given period were recorded and given
below:

B, B, B, B, B;
R, 1.9 2.2 2.6 1.8 2.1
R, 2.5 1.9 2.3 2.6 2.2
R, 1.7 1.9 2.2 2.0 2.1
R, 2.1 1.8 2.5 2.3 2.4
Is there a significant difference between (a) breeds, and (b) rations?
We effect the change of origin and scale using y; = xl”/—IO = 10(x; — 2) and

work out with y;; values.
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2 2
By | By, | By By | Bs T % Zy,]
R |-1| 2]6]| -2/ 1 6 7.2 46
R, 5|-113 2 15 45.0 75
Ry |-3|-1] 2 1 -1 0.2 15
R, 1|-2]5 4 11 24.2 55
T2
T, 2 (-2 116 7| 8 T=31 27-766 191
k| 1| 1|64 122516 | 2T/ /h=945
2
Zy,-j 36 | 10 | 74 49 | 22 191
1
2 31’
Q=Y Yy ——= = 142.95
20
QI:—ZTZ———766 48.05 = 28.55
Q2=—2T2——_9425 48.05 = 46.20

0;=0-0,-0,=142.95 - (28.55 + 46.20) = 68.20

ANOVA table

S.V. S.S. df. M.S. F,
Between rows 0, =28.55 h-1=3 9.52 | 9.52/5.68 = 1.68
(rations)
Between Cols. 0,=46.20 K-1=4 11.55|11.55/5.68 =2.03
(breeds)
Residual 0;=6820 |(h-1)(k-1)=12] 5.68 -

Total 0 =142.95 hk—-1=19 - -

From the F-tables, Fsq, (v =3, v, =12) =349 and F5q (v, =4, v, =12) =
3.26

With respect to the rows, Fy(= 1.68) < F5q, (= 3.49)

With respect to the columns, F, (= 2.03) < Fsq, (= 3.26)

Hence, the difference between the rations and that between the breeds are not
significant.
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Example 7

The following data represent the number of units of production per day turned
out by 5 different workers using 4 different types of machines:

Machine Type

A B C D

1 44 38 47 36

2 46 40 52 43

Workers: 3 34 36 44 32
4 43 38 46 33

5 38 42 49 39

(a) Test whether the five men differ with respect to mean productivity.

(b) Test whether the mean productivity is the same for the four different
machine types.
We subtract 40 from the given values and work out with new values of x;;.

Machine Type 2
Worker T, Tzi/k inj
A B c | p
1 41 -2 71 -4 5 6.25 85
2 6 o] 12 3 21 110.25 189
3 -6| -4 4] -8 ~14 49.00 132
4 3] -2 6| -7 0 0 98
5 -2 2 9| -1 8 16.00 90
T2
T, 50 -6| 38| -17 T=20 |Y L 1315 594
k

. 2
T2jih 5| 722888 | 57.8 | ). T; /h=358.8
2 2

N | 101 | 28| 326 139 594

1

400
x> ——_594—— =574
2 2
ZT__T_ ~181.5-20=161.5
T} 72

T
Q,= 27—7 =358.8-20=338.8

0;=0-0,-0,=574—-(161.5 +338.8) =73.7
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ANOVA table

S.V. S.S. df M.S. F,
40.375
Between rows |, _ 161 5 h—1=4 40375 =657
(workers) 6.142
112.933
Between Cols. | ) _ 3388 k-1=3 112933 | ——2=18.39
(machines) 6.142
Residual 0,=737 |(h-D)(k-1)=12| 6.142 -
Total Q=574 hk—1=19 - -
From the F-tables, Fsq (vi=4,v,=12)=3.26
and Fsq, vy =3,v,=12)=3.49
With respect to the rows, Fy(=6.57) > F5q, (= 3.26)

With respect to the columns, F( = 18.39) > Fs,, (= 3.49)
Hence, the 5 workers differ significantly and the 4 machine types also differ
significantly with respect to mean productivity.

Example 8

Four doctors each test four treatments for a certain disease and observe the
number of days each patient takes to recover. The results are as follows (recovery
time in days)

Docitor Treatment
1 2 3 4
A 10 14 19 20
B 11 15 17 21
C 9 12 16 19
D 8 13 17 20

Discuss the difference between (a) doctors, and (b) treatments.
We subtracted 15 from the given values and work out with the new values of x;;.

Treatment 2 2
Doctor T, I inj
) 2 3 4 k J
A -5| -1 41 5 3 2.25 67
B 41 0 2 6 4 4.00 56
C -6| -3 1 4 -4 4.00 62
D -71-2 2 5 -2 1.00 82
T2

T; -22| -6 9| 20 T=1 Zf:u.zs 267

2 2 _
TP/h | 121 92025100 | X, T} /h=250.25

2

in,- 126 | 14| 25102 267
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1

0=2>x; ———267—E = 266.94
P T’

0,= 2?—7 =11.25-0.0625=11.19

) 72
QZ_ZT—W—ZSOZS 0.0625 —250.19

0;=0-0,-0,=266.94-261.38 =5.56

ANOVA table

S.V. S.S. df. M.S. F,
Between rows 373
(doctors) 0,=11.19 h-1=3 3.73 0.62 =6.02
Between cols. 83.40
= - = —_— = 13452

(treatments) 0,=250.19 k-1=3 83.40 0.62
Residual 0,=5.56 h-D&k-1)=9 0.62 -

Total 0 = 266.94 hk—-1=15 - -

From the F-tables, F, (v; =3,v,=9) =3.86

Since F, > F5q, with respect to rows and columns, the difference between the
doctors is significant and that between the treatments is highly significant.

Example 9

The following data resulted from an experiment to compare three burners B, B,
and B;. A Latin square design was used as the tests were made on 3 engines and
were spread over 3 days.

Engine 1 Engine 2 Engine 3
Day 1 B,-16 B,-17 B;-20
Day 2 B,-16 B;-21 B, -15
Day 3 B;-15 B,-12 B,-13

Test the hypothesis that there is no difference between the burners.
We subtract 16 from the given values and work out with new values of x;;.
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17 2
E, E, Ey T; - 2 i
n J
D, 0B, | 1By | 4(By) 5 8.33 17
D, 0B, | 5B, | -1(B) 4 5.33 26
D, ~1(By) | —4(B)) | -3(B,) -8 21.33 26
T, -1 2 0 T=1 DT In=35 |69
/n | 033 | 133 | 0 | Y T7/n=166
2
inj 1 42 26 69
Rearranging the data values according to the burners, we have
Burner X T, Tzk/n
B, 0 -1 -4 -5 8.33
B, 1 0 -3 -2 1.33
B, 4 5 -1 8 21.33
3
Total T=1 K 31
27,
, T
Q: szij—7269——=6889
0, = lZTZ —T—2—35—— =134.89
"o ! N
0=ty T 6oL o is6
n N
0, = lZTZ —T—2—31—l =30.89
T FON 9 '

0,=0-0,-0,-0;=155
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ANOVA table

S.V. S.S. df M.S. F,
17.445
Betweenrows | 1, _ 34.89 n-1=2 |17.445| —2=2251
(days) 0.775
Between Cols. 0.780
= — = —_— = ] 01
(engines) 0,=1.56 n-1=2 | 0780 |
15.445
Between letters |, _ 30 g9 n-1=2 |15445| =22 =19.93
(burners) 0.775
Residual 0,=155 | (n-1)(n-2)=2 | 0.775 -
Total | Q = 68.89 n”-1=8 - -

From the F-tables, Fsq, (v, =2, v, =2)=19.00

Since Fy(=19.93) > F5,, (= 19.00) for the burners, there is significant difference
between the burners.

Incidentally, since F, > Fsq, for the rows, the difference between the days is
significant and since F, < F'sq, for the columns, the difference between the engine
is not significant.

Example 10

Analyse the variance in the following Latin square of yields (in kgs) of paddy
where A, B, C, D denote the different methods of cultivation:

D122 Al21 C123 B122
B124 C123 Al122 D125
A120 B119 D120 C121
C122 D123 B121 Al122

Examine whether the different methods of cultivation have given significantly
different yields.
We subtract 120 from the given values and work out with the new values of

Xij-
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i 2
, o 2 3 4 T, %,/ n Z Yij
i j
1 D2 Al C3 B2 8 16 18
2 B4 C3 A2 D5 14 49 54
3 A0 B-1 DO C1 0 0 2
4 C2 D3 Bl A2 8 16 18
2
T, 8 6 6 10 T=30 |)T7/n=81| 92
2
/n | 16 | 9 9 | 25 | XT/m=59
Z 2
. Xij 24 20 14 34 92
Rearranging the data according to the letters, we have
Letter X T, Tkz/n
A 1 2 0 2 5 6.25
B 2 4 -1 1 6 9.00
C 3 3 1 2 9 20.25
D 2 5 0 3 10 25.00
Total 30 60.50

T? 302

2

= c__ _=09p_—__ =3575
Q zlel N 16

T2

1
0= —T2-" =81-5625=2475
TR

T

| 2
0,=tv72_ T _59_5625-275
2 nz N

T2

1
0= =-VT7?_2_ =60.50-56.25=4.25
3 n 2 k N

0,=0-0,-0,—03=3575-(24.75 + 2.75 + 4.25)

=4.0




Design of Experiments 11.25

ANOVA table

S.V. S.S. df. M.S. F,
Between rows 0,=2475 n-1=3 8.25
Between columns 0,=2.75 n-1=3 0.92
1.42
Between letters 0;=4.25 n-1=3 1.42 —=12.12
0.67
Residual 0,=4.0 n-1)(n-2)=6| 0.67 -
Total 0=35.75 n-1=15 - -

From the F-tables, Fs,, (v, =3, v, =6) =4.76.
Since Fy(= 2.12) < F5q, (= 4.76) with respect to the letters, the difference
between the methods of cultivation is not significant.

Part-A

12.
13.

14.
15.

16.

17.
18.

Exercise 11

(Short-answer Questions)
What do you mean by the term ‘experiment’ in Design of experiments?
What motivated the adoption of design of experiments technique in
scientific problems?
What is the aim of the design of experiments?
Distinguish between experimental and extraneous variables.
Name the basic principles of experimental design.
What do you mean by experimental group and control group?
What are the techniques frequently used in the local control of extraneous
variables?
Name three basic designs of experiment.
What do you mean by analysis of variance.
Explain completely randomised design briefly.
Write down the format of the ANOVA table for one factor of
classification.
Explain randomised block design briefly.
Write down the format of the ANOVA table for two factors of
classification.
Explain Latin square design briefly.
Is a 2 x 2 Latin square design possible? Why?
[Hint: No, as the degree of freedom for the residual variation is zero]
Write down the format of ANOVA table for three factors of
classification.
Compare RBD and LSD.
What is the main advantage of LSD over RBD?
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19.

20.
Part B

21.

22.

23.

24.

What is the total number of all possible Latin squares of order 3?
What is the total number of all possible Latin squares of order 4?

The following tables gives the yields of wheat from 16 plots, all of
approximately equal fertility, when 4 varieties of wheat were cultivated
in a completely randomised fashion. Test the hypothesis that the varieties
are not significantly different.

Plot No. : 1 2 3 4 5 6 7 8 9 10
Variety : A B D C B C A D B D
Yield : 32 34 29 31 33 34 34 26 36 30

PlotNo.: 11 12 13 14 15 16

Variety : A C B A B C

Yield : 33 35 37 35 35 32

A random sample is selected from each of 3 makes of ropes and their
breaking strength (in certain units) are measured with the following
results:

I : 70, 72,75, 80, 83

I : 60, 65, 57, 84, 87,73

I : 100, 110, 108, 112, 113, 120, 107

Test whether the breaking strength of the ropes differ significantly.

The weights in gm of a number of copper wires, each of length 1 metre,
were obtained. These are shown classified according to the dye from
which they come:

D, : 130, 132, 136, 135 132, 137

D, : 128, 135 133, 134

D, : 132, 129, 131, 128, 133, 130

D, : 131, 129, 133, 131, 132

: 130, 132, 130, 1.33

Test the hypothesis that there is no difference between the mean weights
of wires coming from different dyes.

It is suspected that four machines used in a canning operation fills cans
to different levels on the average. Random samples of cans produced
by each machine were taken and the fill (in ounces) was measured. The
results are tabulated below:

Machine
A B C D
10.20 10.22 10.17 10.15
10.18 10.27 10.22 10.27
10.36 10.26 10.34 10.28
10.21 10.25 10.27 10.40
10.25 - - 10.30

Do the machines appear to be filling the cans at different average
levels?
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25.

26.

27.

28.

29.

Different numbers of leaves were taken from each of 6 trees and their
lengths measured. The following are the lengths in millimetres:

Tree Lengths

1 82 87 86 90 81 84

2 85 84 91 92 88

3 92 90 84 86 88 93 89 90

4 80 86 87 81 82 82

5 87 86 88 90 85 86 87

6 90 86 84 85 85 86 87 84 87

Can all these leaves be regarded as having come from the same species
of trees?

There are 3 typists working in an office. The times (in minutes) they
spend for tea-break in addition to the allowed lunch tea break are
observed and noted below:

A : 25 18 30 32 35 37 19
B : 24 22 26 28 30 32 28 26
c : 28 20 27 19 29 35 30 23 27 32

Can the difference in average times that the 3 typists spend for tea break
be attributed to chance variation?

Four machines A, B, C, D are used to produce a certain kind of cotton
fabric. 4 Samples with each unit of size 100 square metres are selected
from the outputs of the machines at random and the number of flaws in
each 100 square metres are counted, with the following results:

A B C D
8 6 14 20
9 8 12 22
11 10 18 25
12 4 9 23

Do you think that there is a significant difference in the performance of
the four machines?

The following table shows the yield (in certain units) of lima beans on 20
plots of land subject to 4 different treatments, 5 plots per treatment. Set
up an analysis of variance table to test the significance of the differences
between the yields due to different treatments.

T, : 263 300 542 257 524

T, : 185 21.1 293 172 124

T; : 369 218 240 185 102

T, : 398 287 212 394 290

To test the significance of the variation of the retail prices of a certain
commodity in the 4 principal cities Mumbai, Kolkata, Delhi and
Chennai, 7 shops were chosen at random in each city and the prices (in
Rs.) observed were as follows:
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30.

31.

32.

33.

Mumbai : 100, 97, 91, 87, 87, 81, 79
Kolkata : 102, 100, 98, 97, 94, 86, 80
Delhi 106, 102, 98, 86, 86, 84, 84
Chennai : 97, 95, 94, 92, 90, 86, 82

Do the data indicate that the prices in the 4 cities are significantly
different?

Steel wire was made by 4 manufacturers A, B, C and D. In order to
compare their products, 10 samples were randomly drawn from a batch
of wires made by each manufacturer and the strength of each piece of
wire was measured. The (coded) values are given below:

A : 55,50, 80, 60, 70, 75, 40, 45, 80, 70

B : 70, 80, 85, 105, 65, 100, 90, 95, 100, 70

C : 170,60, 65,75, 90, 40, 95, 70, 65, 75

D : 90, 115, 80, 70, 95, 100, 105, 90, 100, 60

Carry out an analysis of variance and give your conclusions.

A randomised block experiment was laid out (with 4 blocks, each block
containing 4 plots) to test 4 varieties of manure A, B, C, D and the yields
per acre are given as below. Test for the significance of the difference
among the 4 varieties of manure.

BlockI  A155 B152 C157 D156
Block II B152 C150 D156 Al54
Block IIT  C156 D153 Alel B162
Block IV D153 Al54 B156 C155

The following table gives the gains in weights of 4 different types of
pigs fed on 3 different rations over a period. Test whether

(i) the difference in the rations significant

(i1) the 4 types of pigs differ significantly in gaining weight

Types of pig
Ration 1 I I 1A%
A 13.8 15.7 16.0 20.2
B 8.7 11.8 9.0 12.9
C 12.0 16.5 13.3 12.5

Four experiments determine the moisture content of samples of a powder,
each observer taking a sample from each of six consignments. The
assessments are given below:

Consignment
Observer 7 5 3 4 5 p;
1 10 9 10 11 11
2 12 11 9 11 10 10
3 11 10 10 12 11 10
4 12 13 11 14 12 10

Perform an analysis of variance on these data and discuss whether there is
any significant difference between consignments or between observers.
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34.

35.

36.

37.

In order to compare three burners B, B, and B5, one observation is made
on each burner on each of four successive days. The data are tabulated
below:

B, B, B
Day 1 21 23 24
Day 2 18 17 23
Day 3 18 21 20
Day 4 17 20 22

Perform an analysis of variance on these data and find whether the differ-
ence between (i) the days, and (ii) the burners significant at 5% LOS.

A company appoints 4 salesmen A, B, C and D and observes their sales
in 3 seasons summer, winter and monsoon. The figures (in lakhs of Rs)
are given in the following table:

Salesmen
Season A B C D
Summer 36 36 21 35
Winter 28 29 31 32
Monsoon 26 28 29 29

Carry out an analysis of variance.
The following data represent the numbers of units of production per day
turned out by 4 different workers using 5 different types of machines:

Machine type
Worker A B C D E
1 4 5 3 7 6
2 6 8 6 5 4
3 7 6 7 8 8
4 3 5 4 8 2

On the basis of this information, can it be concluded that (i) the mean
productivity is the same for different machines (ii) the workers do not
differ with regard to productivity?

The number of automobiles arriving at 4 toll gates were recorded for a 2
hours time period (10 am to 12 noon) for each of six working days. The
data are as follows:

Day Gate | Gate 2 Gate 3 Gate 4
Mon 200 228 212 301
Tues 208 230 215 305
Wed 225 240 228 288
Thur 223 242 224 212
Fri 228 210 235 215
Sat 220 208 245 200
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38.

39.

40.

41.

42.

Determine whether the rate of arrival (i) is the same at each toll gate,
and (ii) differs significantly during the six days or not.

The following table gives the number of refrigerators sold by 4 salesmen
in 3 months:

Salesman
Months
1 11 111 v
May 50 40 48 39
June 46 48 50 45
July 39 44 40 39

Determine whether (i) there is any difference in average sales made by the
four salesmen, and (ii) the sales differ with respect to different months.
Four different drugs have been developed for a certain disease. These
drugs are used in 3 different hospitals and the results, given below, show
the number of cases of recovery from the disease per 100 people who
have taken the drugs:

D, D, D, D,
H, 19 8 23 8
H, 10 9 12 6
H, 11 13 13 10

What conclusions can you draw based on an analysis of variance ?
The following table gives the additional hours of sleep due to 3 soporofic
drugs A, B, C tried on one patient each from 4 different age groups.
Examine whether age has got any significant effect on the gain in sleep.
Also examine whether the 3 drugs are similar in their effects or not

Drug Age group
3040 40-50 50-60 60-70
A 2.0 1.2 1.0 0.3
B 1.1 0.8 0.0 -0.1
C 1.5 1.3 0.9 0.1

The following table gives the results of experiments on 4 varieties
of a crop in 5 blocks of plots. Prepare the ANOVA table to test the
significance of the difference between the yields of the 4 varieties:

Variety B, B, B, B, Bs
A 32 34 33 35 37
B 34 33 36 37 35
C 31 34 35 32 36
D 29 26 30 28 29

In the table given below are the yields of 6 varieties of a crop in a 4
replicate RBD experiment. Analyse the data:
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43.

44,

45.

46.

47.

Replicates Varieties
1 2 3 4 5 6
1 18.5 15.7 16.2 14.1 13.0 13.6
2 11.7 14.25 12.9 14.4 14.9 12.5
3 154 14.6 15.5 20.3 18.4 21.5
4 16.5 18.6 12.7 15.7 16.5 18.0
Analyse the variance in the following Latin square:
A8 C18 B9
C9 B18 Al6
B11 Al0 C20
Analyse the variance in the following Latin square:
20 17 25 34
B C D A
23 21 15 24
A D C B
24 26 21 19
D A B C
26 23 27 22
C B A D

A varietal trial was conducted on wheat with 4 varieties A, B, C, D in a
Latin square design. The plan of the experiment and the per plot yield

are given below.
C25
Al9
B19
D17

B23
D19
Al4
C20

A20
C21
D17
B21

D20
B18
C20
AlS

Analyse the data and interpret the result.

The following is the Latin square layout of a design when 4 varieties
of seeds are tested. Set up the analysis of variance table and state your
conclusions.

A105 B95 C125 DI115
Cl115 D125 A105 BI105
D115 €95 BI105 Al15
B95 A135 D95 Cl115

The table given below shows the yield of a certain crop in kg per plot.
The letters A, B, C, D refer to 4 different manurial treatments. Carry out
an analysis of variance.

A260
B280
D320
C372

B300
A300
C345
D395

C335
D300
B340
A290

D371
C410
A254
B328
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48. The following results were obtained in a textile experiment to compare
the effects of sizing treatments A, B, C, D on the number of warps
breaking per hour. Is the difference between the treatments significant?

Loom
1 2 3 4
1 A B C
54 31 70 45
B A D C
~ 2
3 59 23 100 22
~
& 3 C D B A
40 41 74 33
4 D C A B
83 29 100 28

49.  An agricultural experiment on the Latin square plan gave the following
results for the yield of wheat per acre, letters corresponding to
varieties.

Al6  Bl10 Cl1 D9 E9

E10 9 Al4 Bl12 DIl

B15 D8 E8 C10  Al18

D12 E6 B13 A13 Cl12

C13 All D10 E7 B14
Discuss the variation of yield with each of the factors corresponding to
the rows and columns.

50. The following is a Latine square design of five treatments:

Al3 B9 C21 D7 E6
D9 E8 Al5 B7 Cl6
B11 C17 D8 E10 Al7
E8 Al5 B7 Cci0 D7
C11 D9 E8 All  BI15
Analyse the data and interpret the results.
ANSWERS
Exercise 11

19. 12 20. 576

21. Q,=46.08, 0,=73.67, F;=2.50, Fsq, = 3.49;
Difference between varieties not significant.

22. O, =58384, 0,=1126, F,=38.89, Fsq, = 3.68; Breaking strengths of
ropes differ significantly.

23. 0,=35.98, 0, =99.38, F,=1.81, Fs5q = 2.87; Mean weights of wires

do not differ significantly.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

0,=44.44, 0, =696, F\, =2.98, F5,, = 3.35; No, the machines appear to
fill at same level.

0, =151.95, 0, =255, Fy = 4.17, F5q = 2.50; Leaves have not come
from the same species.

0, =252, 0, =29.27, Fy = 11.62, F5y = 19.45; Difference may be
attributed to chance variation.

0, =540.65, O, = 85.75, F, = 25.21, F5q = 3.49; Performances of the
machines differ significantly.

0, =34845.93, 0, = 10032.78, F, = 3.47, F5q = 3.24; Treatments give
significantly different yields.

0, =94.97, Q, = 1446.03, F, = 1.9, F5, = 8.64; Prices do not differ
significantly.

0, =5151, 0, = 8348, F,=7.41, F5, = 8.60; Strengths of wire do not
differ significantly.

Q,=42775, Q, =6.75, 03 = 96.25, F, = 4.75, Fsq = 8.82; Difference
between manures is not significant.

0,=3393.59, 0, =878.44, O, = 344.36,

F,(rows) =9.85 and F5,, = 5.14,

F, (columns) = 2.55 and Fs,, = 4.76;

Difference between rations significant. Difference between pigs is not
significant.

0,=13.13,0,=9.71, 0; = 13.12,

F,(rows) =5.03 and Fs, = 3.29,

F, (columns) = 2.23 and F5¢, = 5.05;

Difference between observers is significant, Difference between
consignments is not significant.

0,=22.00, Q,=28.17, 0, = 14.50,

F, (rows) =3.03 and Fy,, = 4.76,

F, (columns) = 5.83 and Fs,, = 5.14%;

Difference between days is not significant; Difference between burners
is significant.

0,=32,0,=42, 0, =136,

F, (rows) =1.42 and F5q, = 19.33,

F, (columns) = 1.62, and F5,, = 8.94;

Differences between seasons and between salesmen are not significant.
0,=22.0,0,=12.8, 0;=30.0;

F, (rows) =2.93 and Fsq, = 3.49;

F, (columns) = 1.28 and F5¢, = 3.26;

Differences between the workers and between machine types are not
significant.

0,=2279.83, 0, = 1470.05, Q5 = 820.12,

F, (rows) = 1.80 and Fy,, = 4.64,

F, (columns) = 1.79 and F5q, = 3.29;

Differences between the days and between the gates are not significant.
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

0,=1095, 0,=42.0, 0; =64.5,

F, (rows) =5.09 and Fsq, = 5.14,

F, (columns) = 1.30 and Fsq, = 4.76;

Differences between the months and between salesmen are not
significant.

0,=55.17, 0, =113.0, 0; = 89.5,

F, (rows) = 1.85 and F5q, =5.14;

F, (columns) =2.52 and F5,, = 4.76;

Differences between the hospitals and between the drugs are not
significant.

0,=98.17, 0, =341.58, 0; =25.17,

F, (rows) = 11.69 and F5,, = 5.14,

F, (columns) = 27.11 and F5q, = 4.76;

Age has significant effect on the gain in sleep; Drugs differ significantly
in their effect.

0,=134.0,0,=21.7, 0; =29.5,

F, (row) = 18.16 and Fy, = 3.49,

Fy(columns) =2.21 and Fsq = 3.26;

Difference between the yields of 4 varieties is significant.

0,=56.76, 0, =12.58, 0; = 80.18,

F, (rows) =3.30 and F5,, = 3.34,

F, (columns) = 2.27 and F5¢, = 4.65;

Difference between the varieties is significant.

0,=11.56,0,=68.23, 0;=29.56, 0, = 68.21,

F, (rows) =5.90, F(cols.) = 1, F, (letters) = 2.31,

Fsq, (for all) = 19.0;

The differences between rows, between columns and between letters are
not significant.

0,=34.19, 0, =22.69, Q; = 141.19, Q, = 96.87, F,, (rows) = 1.42 and
Fsq, = 8.94; F;, (columns) = 2.14 and F5q, = 8.94; F(letters) = 2.91 and
Fsq, = 4.76; Differences between rows, between columns and between
letters are not significant.

0,=465,0,=175,0,=485,0,=105,

F, (rows) = 8.86, I, (columns) = 1.43, F, (letters) = 9.24, Fs,, = 4.76.
Difference between varieties is significant.
0,=2,0,=4,05=22,0, =60, F,(rows) = 15, F, (columns) = 7.5,
F, (letters) = 1.36, F'5q, = 8.94; Difference between rows is significant, but
differences between columns and between letters are not significant.
0,=2540.5, 0, =2853.75, Q5 = 18690, Q, =7515.75, F(rows) = 1.48,
and Fs5q, = 8.94; Fy (columns) = 1.32 and F'sq, = 8.94; F|, (letters) = 4.97
and Fsq, = 4.76; Differences between rows and between columns are not
significant, but difference between treatments is significant.
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48.

49.

50.

Q,=376, 0, =28184, Q;=1547.5, 0, =284.5

F, (rows) = 2.64, F, (columns) = 57.53, F,, (letters) = 10.88; F5q, (for
all) = 4.76; Difference between periods is not significant; Differences
between looms and between treatments are significant.

0, = 2.16, Q, = 66.56, Q5 = 122.56, Q, = 5.28, F, (rows) = 1.2,
F, (columns) = 37.8, F,, (letters) = 69.6, F5q, (for all) = 3.26; Difference
between rows is not significant, but differences between columns and
between varieties are significant.

0, =126, 0, =34, Q3 = 2244, Q, = 103.6, F,, (rows) = 1.33 and
Fsq, =591, Fy(columns) = 1.02 and Fy,, = 5.91, F, (etters) = 6.50 and
Fsq, = 3.26; Differences between rows and between columns are not
significant, but difference between treatments is significant.
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Statistical Quality
Control

Introduction

In these days of tough business competition, it has become essential to maintain
the quality of the goods manufactured and market them at reasonable price. If
the consumers feel satisfied with regard to the quality, price, etc. of the product
manufactured by a certain company, it will result in goodwill for the product and
in increase in sales. If not and if proper attention is not given to the complaints
of the consumers regarding quality, the manufacturer cannot push through
his product in the market and ultimately he has to quit the market. Hence it is
important to maintain and improve the quality of the manufactured products for
the manufacturer to remain and flourish in his business.

Quality does not mean the highest standard of the manufactured product,
but conforming to the prescribed standard of the product so as to satisfy the
consumers, even if it may be below the highest absolute standard.

Though the quality standard might have been specified, it is not possible to
avoid some variation in the quality of the product. For example, a machine is
set and hence expected to produce per day 10,000 bolts, each of length 2 cm. It
is very unlikely that all the bolts are of length 2 cm exactly. Some of them may
be slightly less than 2 cm and some slightly more than 2 c¢m in length. Such
variation in quality of the product can be divided into two kinds, namely, chance
variation and assignable variation.

Chance variation is the variation in the quality of the product which occurs
due to many minor, but random causes, such as slight changes in temperature,
pressure and metal hardness. Assignable variation is the variation that occurs
due to non-random causes like poor quality of input raw material, mechanical
faults, handling of machines by inexperienced operators, etc. Though no method
is available by which the chance variation can be controlled or eliminated,
assignable variation can be eliminated, if detected early during the production
process.
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Statistical Quality Control (SQC) is a statistical method for finding whether
the variation in the quality of the product is due to random causes or assignable
causes. SQC does not involve inspecting each and every item produced for quality
standards, but involves inspection of samples of items produced and application
of tests of significance.

Statistical Quality Control methods are applied to two distinct phases of
manufacturing operation. Process control and Acceptance sampling or product
control.

Process Control means control of the quality of the goods while they are in
the process of production. To achieve process control, repeated random samples
are taken from the population of items, as and when they are being produced, the
sample results are subjected to statistical analysis by means of simple graphical
device, known as control charts and the faults in the production process are
rectified then and there.

Control Chart is a graphical device mainly used for the study and control of
the manufacturing process. It is simple to construct and easy to interpret. The
manufacturer can find out, at a glance, whether or not the process is under control
so that the proportion of defective items is not excessive. Control chart is also
called shewhart chart.

There are two types of control charts, namely,

1. Control charts of variables (Mean and range charts).
2. Control charts of attributes (p-chart and c-chart).

Variables are the quality characteristics of a product that are measurable e.g.,
diameter of a hole bored by a drilling machine. For the construction of control
charts of a variable, a record of the actual measurements of that variable for the
sampled items must be known.

Attributes are the quality characteristics of a product that are not amenable for
measurement, but are identified by their presence or absence, e.g. the presence
(and hence the number) of defective items in a sample.

Control Charts of Variables

Normally, a production process is expected to turn out quality products or to be
under control. So the production process is allowed to operate and to produce
items. To ensure that the process continues to be in a state of control, a sample of
the produced items is drawn periodically and tested for their quality. If the quality
of the sampled items is satisfactory in the statistical sense, the production process
is allowed to continue. Otherwise, corrective measures are taken to restore the
quality of the items.

Instead of inspecting each item in a sample for its quality, it will be
advantageous and prudent to arrive at a conclusion regarding the quality of the
items on the basis of the sample mean. Hence, the control chart for the sample
mean is constructed and used for taking decisions regarding the quality of the
items. The sample mean alone may not reflect the quality variations of the items,
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but the range of the sampled values is known to be a simple measure of the quality
variations. Hence the control chart for the sample range is also constructed and
used for taking decisions regarding the quality of the items.

Control Limits for the Sample Mean X and Sample Range R

Let X be the random variable that represents the measurable quality characteristic
of the population of the items produced. We assume that X follows a normal
distribution with mean p and standard deviation o.

Then X, the mean of a sample of size n, is also a random variable that is

(9
normally distributed with mean ¢ and S.D. T
n

We know, from the property of normal distribution that

3 _
P{/J ——GS X<u+ —} = 0.9973. This means that 99.73% of the sample

means (viz., almost all the sample mean values) will be within u — 30 and

n
3o T - oL
U + —=. The variation in the sample mean values within these limits is due to

N

random causes. If an observed value of X lies outside u + it indicates the

3o
Jn’
. 30 .
presence of some assignable cause. t + — are called the control limits for the
n

sample mean X; 1 — 3o is called the Lower Control Limit (LCL) and u + £
Jn Jn

is called the Upper Control Limit (UCL).
Similarly R, the sample range follows a normal distribution with mean R

and S.D. 0. Since P { R =3 0, <R< R + 303} = 0.9973, the lower and upper
= - 1
control limits for the sample range R are RF3 Ok, where R = NZRi’ where

N is the number of samples each of size n.
Now, u and o are not known and computation of oy involves some numerical

= ] «— —
work. Hence, they are estimated approximately by using 4 = X = NZX .

2

30
Jn
where A,, D; and D, are control chart constants, whose values depend on the
sample size n and which are readily available in the table of control chart constants
(Table 12.1), given at the end of the chapter. Using these approximations, the
control limits are obtained as follows:

LCLfor X = X ~A,R and UCL for X = X +A,R

=A,R, 0, (in LCL) = % (1-D3) R and o (in UCL) = % (D,-1) R,

LCL for R = Dy R and UCL for R = D,R
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Procedure to Draw the X -chart and R-chart
1. The sample values in each of the N samples each of size n will be given.
Let X,, X,, ..., X, be the means of the N samples and R, R,, ..., Ry be
the ranges of the N samples. By range of a sample, we mean the maximum
sample value minus the minimum sample value in that sample.

= 1 = 1
2. We then compute fzﬁ()_ﬁ +X, +..+xy) and R = N Ry +R+ ...

+ Ry).
3. The values of A,, D5, D, for the given sample size n are taken from the
table of control chart constants.

4. Then the values of the control limits X + A,R (for the mean chart) and
the control limits Dy R and D, R (for the range chart) are computed.

5. On the ordinary graph sheet, the sample numbers are represented on the
x-axis and the sample means on the y-axis (for the mean chart) and the
sample ranges on the y-axis (for the range chart).

6. Fordrawing the mean chart, we draw the three lines y = X , V= X - AZE

andy= X — Azk which represent respectively the central line, the LCL.
line and UCL line. Also we plot the points whose coordinates are (1, X ),

2, X,), ..., (N, X,)and join adjacent points by line segments. The graph
thus obtained is the X-chart.

7. For drawing the range chart, we draw the three liney= R,y =D; R and

y=D, R which represent respectively the central line, the LCL line and
UCL line. Also we plot the points whose co-ordinates are (1, R)), (2, R,),
..., (N, Ry) and join adjacent points by line segments. The graph thus
obtained is the R-chart.

Comments on State of Control of the Process

If the plotted points fall within the LCL and UCL lines, there is nothing to worry,
as in such a case the variation between the samples is attributed to chance causes
and the process is under control.

But when one or more plotted points lie outside the control lines, it is to be
considered as a danger signal, indicating that the variations between samples are
caused by assignable causes and the process is out of control and that necessary
corrective action should be taken at once.

Sometimes even though the plotted points may lie between the control lines,
a sizeable number of successive points may show a tendency to lie on definite
curves going towards the LCL or UCL lines or may lie on the same side of
the central line. Such a pattern of sample points should also be considered as a
danger signal, warranting a change in the production process.
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Control Chart for Sample Standard Deviation or s-chart
Since the standard deviation is an ideal measure of dispersion, a combination of
control charts for the sample mean X and the sample S.D. s is more appropriate

than the combination of X and R charts for controlling process average and
process variability. We know that s, the S.D. of a sample of size n, is a random

variable that is normally distributed with mean o and S.D. % , where o'is the
n

S.D. of the population from which the sample is drawn.
Sl Sl } =0.9973
2n

<s<o+

\2n \2n

.. the lower and upper control limits for s are o—

Hence, P {0' —

and6+3—6.

30
2n J2n

_ 1
Since o is not known, it is estimated approximately by § :N (s; + 5, +

.-+ + §y), where s, is the S.D. of the ith sample and N is the number of samples

considered. Hence, LCL fors = (1 - 3 J s=B;s and UCLfors= (1 + 30 J
s=B,%. V2n Van

The values of B; and B, can be read for various values of sample size n from
the table of control chart constants.

The procedure for drawing the s-chart is similar to that for x-chart and
R -chart.

If x values and s values only are given, then CL for x = x, LCL for x =

= —l — = _1
X - A J =5 and UCL for X =X + A, |5, when n < 25.
n n

@ The difficulty of computation of s makes the use of s-chart almost impractical in most
7

ndustrial sitnations. R-chart is preferred to s-chart becanse of its computational ease.

Control Charts for Attributes

To control the quality of certain products whose attributes are available, the
following control charts are used:
(i) p-chart for proportion of defectives
(i) np-chart for number of defectives
(iii)  c-chart for the number of defects in a unit
Of the above, p-chart is used when all the samples drawn from the produced
items are of the same size or of different size; np-chart is used only when all the
samples are of the same size n; c-chart is used only when each sample consists
of only one item.
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np-chart
If the proportion of defectives (successes) in the population of items produced
is p and the number of defectives in a sample of size n (viz., n trials) is X, then

X follows a binomial distribution with mean np and S.D. /npg . When n is
sufficiently large and when neither p nor ¢ is very small, X follows a normal

distribution with mean np and S.D. +/npq.

Hence, P{np — 3\/npq <X <np+ 3./npq} =0.9973.
.. the control limits for X, the number of defectives, are np F 3+/npq.
As the population proportion of defectives p will not be known, it is

. . _ 1 . _ 1
estimated approximately as p = N (p; +p, + -+ + py) orequivalently np = N

(np, + np, --- + npy), where all the samples are of the same size n, the number of
samples is N and the number of defectives in the ith sample is np,.

Hence, the control limits for the number of sample defectives are
np £ 3./np(1 — p) , where each sample is of size n. Here, the target value or the
central (line) value of np is np. To draw the np-chart, the sample number is
represented on the x-axis and the number of defectives is represented on the
y-axis.

The lines y = np, y = np —3/np(1-p) and y = np + 3y/np(1 — p) , which
represent respectively the central line, LCL line and UCL line are drawn. We
plot the points (1, np,), (2, np,), ..., (N, npy) on the graph sheet and adjacent
points are joined by line segments. The state of control of the process is decided
as before.

p-chart
Under the same assumptions as those of np-chart, since X follows a normal

distribution with mean np and S.D. /npg , the proportion of defectives, viz; —
n

follows a normal distribution with mean p and S.D. rq

n
Hence, P {,;—3 P4 X o3 /ﬁ} =0.9973.
n n n

.. the control limits for 5 , the proportion of defectives, are p+3 Pq .
n n

. . . . _ 1
As in the previous case, p is estimated as p = ﬁ (P, +py + -+ + py), where

the proportion of defectives in the ith sample is p;.
Hence, the control limits for the fraction or proportion of sample defective are

5 o3 (20D "
n
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The formula (1) holds good when all the samples are of the same size n.
If the size of the sample differs from sample to sample, then the formula for

o —— /_ 1-p . .
the control limits will be p +3 u where n is the average sample size

n

given by n = N (n; + ny + -+ + ny), where n; is the size of the ith sample. This

holds good, when n; values do not differ very much from 7. This method is
applied if 0.75 7 <n,; < 1.25 n for all i.
To draw the p-chart, the sample number is represented on the x-axis and the
proportion of defectives is represented on the y-axis. The lines
_ (- p) p(1-p)

y=p,y= ]_)—3 —|:0ry=[_7—3 f‘|
n n

and y=p+3 Ml:ory=13+3 M:‘

n n
which represent respectively the central line, LCL line and UCL line are drawn.
We plot the points (1, p;), (2, py), ..., (N, py) on the graph paper and adjacent
points are joined by line segments. The state of control of the process is decided
as before.

@ np-chart and p-chart are used when p = 0.05 or np = 4.

c-chart

When it is required to control (minimise) the number of defects per unit, c-chart
is used. ‘c’ represents the number of defects in a unit. For construction of c-chart,
a record of the number of defects in each of the N articles inspected should be
known. Since the probability of occurrence of a defect in a unit is very small,
the number X of defects in a unit follows a Poisson distribution with parameter
A, viz., with mean A and S.D. ﬁ . In the limit, X follows a normal distribution

with mean A and S.D. V4 .
Hence, P{A-3 A <X<A+3J1}=0.9973
.. the control limits for X, the number of defects in a unit are A + Sﬁ .
As the value of A will not be known, it is estimated approximately by ¢,

_ 1 . . . :
where ¢ = N (cy+ ¢, + -+ +cy), where c; is the number of defects in the ith unit.

Hence, the control limits for the number of defects ¢ in a unit are ¢ + 3\/5 .

To draw the c-chart, the item number is represented on the x-axis and the
number of defects in a unit is represented on the y-axis. The lines y = ¢, y =
c - 3\/5 andy= ¢+ 3\/5 , which represent respectively the central line, LCL
line and UCL line are drawn. We plot the points (1, ¢;), (2, ¢5), ..., (N, cy) on
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the graph sheet and the adjacent points are joined by line segments. The state of
control of the process is decided as before.

c-chart is used when ¢ 24 or when < is small compared with the maximum nunber
of defects given in the data.

Specification Limits and Tolerance Limits

Though it is desirable to specify a single target value as the acceptable quality
standard of a manufactured product, it is not possible to avoid some variation
from the target value due to chance and assignable causes. Hence, the quality of
the product is taken as acceptable, if the measurement of the quality characteristic
lies within an interval that encloses the target value. The end values of such an
interval are called specification limits. For example, when the target length of a
bolt is 2.5 cm, the specification limits may be assumed as 2.4 cm and 2.6 cm,
viz., 2.5 £0.1 cm.

Tolerance Limits of a quality characteristic are defined as those values
between which nearly all the manufactured items will lie.

If the measurable quality characteristics X is assumed to be normally
distributed with mean y and S.D. o, then the tolerance limits are usually taken as
1t 30, since only 0.27% of all the items produced can be expected to fall outside
these limits.

As p and o will not be known, we get the tolerance limits approximately using
the control charts for X and R as explained below: N samples, each of size n, are
taken from the population of items produced. Let X;,X,,...,Xy be the means of
these samples and R, R,, ..., Ry be the ranges of these samples. The X -chart
and R-chart are constructed using these values. If the variations of the sample
mean and range values are due to chance causes only, viz., if the process is under

control with respect to both X and R, then the tolerance limits are computed as

>

+ 3d£, since the estimates of the mean and S.D. of the population are given
2

.= ~ R .
by 4 = X and 6 = —, where d, is a control chart constant to be read from the
2
table of control chart constants.
If the process is not under control with respect to X or R or both, then the
samples whose means or ranges go out of control are removed and a new set

of X and R values are computed using the remaining samples. Using these
values, a new set of control limits are computed and the control of the process is
checked. This procedure is repeated until the process comes under control. After
ascertaining that the process is under control with respect to both the sample

- . = 3R =
mean and range, the tolerance limits are computed as =X+ —, where X
_ 2
and R are computed using the samples that remain under control ultimately.
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If these tolerance limits are within the specification limits, then the process is
assumed to operate at an acceptable level. If they do not fall within the specification
limits, the process is bound to produce some defective (unacceptable) items, even
though the process may be under control.

Worked Example 12 ]

Example 1

Given below are the values of sample mean X and sample range R for 10
samples, each of size 5. Draw the appropriate mean and range charts and comment
on the state of control of the process.

Sample No. : 1 2 3 4 5 6 7 8 9 110
Mean 2| 43 149 | 37 | 44 | 45 | 37 | 51 | 46 | 43 | 47
Range : 5 6 5 7 7 4 8 6 4 6
X=1%x
N i
= % 43+49+37+ ---+47)
=442
E—iZR
N i

L S+6+5+--4+6)
10
=5.38

From the table of control chart constants, for sample size n = 5, we have
A, =0577,D;=0and D, =2.115
Control limit for X = chart:

CL (central line) = X =44.2

>

LCL= X —A,R =44.2-0.577 x 5.8 = 40.85

>

UCL= X +A,R =442 +0.577 X 5.8 = 47.55

Control Limit for R-chart
CL=R =5.8;LCL=D;R =0; UCL=D,R =2.115x5.8=1227

The mean chart and range chart relevant to this problem are given in Fig. 12.1
(a) and (b):
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y X-Chart

IS
(o]
I

777777777777777777777777777777777777777777777777 y = 47.55 (UCL)

IS
]
I

Sample mean (X)

IS
(§)]
I

=442 (CL)
V y

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, y = 40.85 (LCL)

N
w
I

IS
=
I

w
©
I

37—

Sample number (i)

(a)

y R-Chart

19k y =12.27 (UCL)

°r /\
6 - / \ 2 y=58(CL)

Y4 NV

Sample range (R)

1 2 3 4 5 6 7 8 9 10
Sample number (i)
(b)
Fig. 12.1

State of Control
All the sample points in the range chart lie within the control lines. Hence, as far
as the variability of the sample values is concerned, the process is under control.
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But in the mean chart, two points lie above the upper control line and two points
lie below the lower control line. Hence, as far as the average of the sample values
is concerned, the process is not under control. On the whole, we conclude that
the process is out of control.

Even though we could have arrived at this conclusion regarding the state of control
withont drawing the control charts, it is necessary to draw the control charts, as it is a part of the
solution to the given problem.

Example 2

A machine fills boxes with dry cereal. 15 samples of 4 boxes are drawn randomly.
The weights of the sampled boxes are shown as follows. Draw the control charts
for the sample mean and sample range and determine whether the process is in
a state of control.

Sample Number 1 2 3 4 5 6 7 8
Weights of boxes | 10.0 | 10.3 | 11.5 | 11.0 | 11.3 | 10.7 | 11.3 | 123
X) 102 ] 109 | 107 | 11.1 | 11.6 | 11.4 | 114 | 12.1

11.3 | 10.7 | 11.4 | 10.7 | 11.9 | 10.7 | 11.1 | 12.7
124 | 11.7 | 124 | 114 | 12.1 | 11.0 | 10.3 | 10.7

9 10 11 12 13 14 15
11.0 | 11.3 | 125 | 11.9 | 12.1 | 11.9 | 10.6
13.1 | 12.1 | 119 | 12.1 | 11.1 | 12.1 | 119
13.1 | 10.7 | 11.8 | 11.6 | 12.1 | 13.1 | 11.7
124 | 11.5 | 11.3 | 114 | 11.7 | 12.0 | 12.1

As the X-chart and R-chart are to be drawn, we first compute the means and
ranges of the given samples.

Sample 1 2 3 4 5 6 7 8 9 10

X 439 | 43.6| 46.0| 442 | 469 | 438 | 44.1 | 47.8 | 49.6 | 45.6
; 11.0| 109 | 11.5| 11.1| 11.7| 11.0| 11.0| 12.0| 124 | 114
; 24| 14| 17| 07| 08| 07| 11| 20| 21| 14

11 12 13 14 15

4751| 47.0| 47.0 | 49.1| 46.3

11.9| 11.8 | 11.8 | 123 | 11.6
12| 07| 10| 12| 15
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Now,

>

=

1 —
NZ l

1
FzRi

% (11.0+109+11.5+ - + 11.6)

1734 _ 1156

15
1
E 24+14+17+---+1.5)

9 =1.33

15
From the table of control chart constants, for the sample size n = 4, we have
A;,=0.729,D;=0and D, =2.282

Control Limits for X-chart

CL= X =11.56; LCL = X —A,R =11.56-0.729 x 1.33

X
10.59

4

UCL= X +4,R =11.56+0.729 x 1.33 = 12.53
Control Limits for R-chart

CL= R =133;LCL=D;R =0and UCL=D,R =2.282x 1.33

=3.04
y X-Chart

25+  y=1253(UCL)
<120
§ 2 >
ST f=\1.56 (CL) \/
a
E 110 F
wn

105 y=1059 (LCL)

0 | | | | | | | | | | | | |

1 1
1 2 3 4 5 6 7 8 9 10 13 14 15
Sample number (i)

(a)

1 12
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y R-Chart
3.0 F

T 25l y=3.04 (UCL)

Y

2 20

o

é oL 133 (CL) -

B 10 e \\/'//
0.5 y=0(LCL)

0 | | | | | | | | | | | |

State of Control

\ \ \
3 4 5 6 7 8 9 10 12 13 14 15

Sample number (i)
(b)
Fig. 12.2

1

Since all the sample points lie within upper and lower control lines both in the
X-chart and in the R-chart, the process is under control.

Example 3

The values of sample mean X and sample standard deviation s for 15 samples,
each of size 4, drawn from a production process are given below. Draw the
appropriate control charts for the process average and process variability.

Comment on the state of control.

Sample No. 1 2 3 4 5 6 7 8 9 10
Mean 150 10.0] 125 | 13.0] 12.5| 13.0| 13.5] 115 | 13.5] 13.0
S.D. 31| 24| 36| 23| 52| 54| 62| 43| 34| 41
| 12| 13| 14|15
145 9.5 [12.0 [ 105 | 11.5
39 [51 |47 |33 |33
X=1vx =L xi1855=1236
N 15
s = iZS. =L x603=4.02
N<=T IS

From the table of control chart constants, for sample size n = 4, we have

A

1.880, B; =0 and B, = 2.266
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Control Limits for X-chart
CL= X =1236

X =

n

LCL= X - A, 5 =1236- 1.880

n-—1

UCL = X+A f 1s—1236+1880
n-—

i
s

x4.02 =3.63

x4.02=21.09

Control Limits for s-chart
CL= 5 =4.02;LCL=B;s =0;
UCL =B, s =2.266x4.02=9.11
The mean chart and S.D. chart relevant to this problem are given in Fig. 12.3.

State of Control

Even before drawing the control charts, we observe that the given sample mean
values lie between 3.63 and 21.09 and that the given S.D. values fall within O and
9.11. Hence, the process is under control with respect to average and variability.

y X-Chart

221 y=21.09 (UCL)

3
20
19+
18|
17+
16 -
15+
14
13+
12 F
1"
10+
9L

Sample mean (X)

\ ,/‘\/‘/\ /\/\ y=12.36 (CL)

V

- y =363 (LCL)

oW Mo O N ®
T

| 1
8 9 10 11 12 13 14 15

Sample number (i)

(a)
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Sample S.D. (s)
BN (4] (o))
\ \
5'
(‘<>
1
»
o
N
(e
I

A I [ [ [ s A v
3 4 5 6 7 8 9 10 11 12 13 14 15

Sample number (i)

(b)
Fig. 12.3

Example 4

The following data give the coded measurements of 10 samples each of size 5,
drawn from a production process at intervals of 1 hour. Calculate the sample
means and S.D.’s and draw the control charts for X and s.

Sample Number | 1 2 3 4 5 6 7 8 9 10
Coded 9 | 10 | 10 8 71 12 91 15| 10 | 16
measurements 15 | 11 | 13 | 13 9 | 15 9 | 15 113 | 14
X) 14 | 13 8 | 11 | 10 7 9 | 10 | 14 | 12
9 6 | 12 | 10 4 | 16 | 13 | 13 7 | 14

13 | 10 7| 13 5 10 S| 17 ] 11 | 14

We first compute mean and S.D. for each sample.

Sample Number 1 2 3 4 5 6 7 8 9 10
z X 60 | 50 | 50 | 55 | 35 | 60 | 45 | 70 | 55 | 70
X 12 | 10 | 10 | 11 7 12 | 9 14 | 11 | 14
Z(X -X)? 32 | 26 | 26 | 18 | 26 | 54 | 32 | 28 | 30 | 8
s 251231231923 |33 |25|24|24]|13




12.16 Probability, Statistics and Random Processes

>
I
|

X,
NZ 1
110

:i x(12+10+10+ ---+14)= — =11
10 10

“l
I

1
_Zsi
N
= 1 X25+423+---+13)= 232 =2.32
10 10

From the table of control chart constants, for sample size n = 5, we have
A, =1.596; B;=0and B, =2.089

Control Limits for X-chart [Fig. 12.4 (a)]

CL= X =11;
LCL= X -A,- |——5
n—1

5

= 11-1.596 \/; x2.32=6.86
= n _
UCL= X +A4,- 5
n—1

=11+ 1.596 \/g x232=15.14

Control Limits for s-chart [Fig. 12.4 (b)]
CL=75 =232
LCL=B;5 =0
UCL =B,s5 =2.089 x2.32=4.85
(s-chart is given on page 12.17)

State of Control

The given sample mean (X ) values lie between 6.86 and 15.14 and the given
S.D. (s) values between O and 4.85. Hence the process is under control with
respect to average and variability.

Had we computed LCL and UCL far}_{ chart using ( X F AZE ), the process
wonld be out of control with respect to the mean.
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12.17

Sample mean (X)

Sample S.D. (s)

y =15.14 (UCL)

15

14 -

y=11(CL)
,,,,,,,,,,,,,,,,,, y =686 (LCL)
6L
5 =
0 | | | | | | | | | |
1 2 3 4 5 6 7 8 9 10
Sample number (i)
(a)
s-Chart
5 - y=4.85(UCL)
4 =
3 =
~_ y=2.32(CL)

y=0(LCL)

0 1 1 1 1 1 1 1 1 1 1

1 2 3 4 5 6 7 8 9 10
Sample number (i)

(b)
Fig. 12.4
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Example 5

In a factory producing spark plugs, the number of defectives found in the
inspection of 15 lots of 100 each is given below: Draw the control chart for the
number of defectives and comment on the state of control.

Samplenumber i) : |1 |2 [3|4|5(6|7|8|9|10|11|12]|13|14|15

Number of defective : | 5 [10(12|{ 8 |6 |4 |6 |3 |4 |5|4|7]19|3 |4
(np)

Yonp =5+10+12+ - +3+4=90

_ 1 90
p = — nn=— =6
R2KAT

_ 1 1
and p=—x6=—x6 =0.06 (. each sample contains 100 items)
n
For the np-chart (Fig. 12.5)
CL = l’l}_'] = 6

LCL=np-3np(l-p) =6-3 4J6x0.94 =-1.12
Since LCL cannot be negative, LCL =0

UCL = np +3np(1—p) =6+3/6x0.94 =13.12

y=13.12 (UCL)
48 fmmmmm e L

12 -
1+

10

No. of defectives (np)
(o]
T

L
6 ./ y=6(CL)
57
4,
3,
y=o(en
0 Il

123456789101112131415

Sample number (i)

Fig. 12.5
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Since all the sample points lie between the upper and lower control lines, the
process is under control.

Example 6

15 samples of 200 items each were drawn from the output of a process. The
number of defective items in the samples are given below. Prepare a control chart
for the fraction defective and comment on the state of control.

SampleNo. : [ 1|2 |34 |5]|6[7|8|9|[10[11|12|13|14]15
(@)

No. of | 1211510 8 [{19(15]17|11|13|20|10| 8 | 9 |5 | 8
defective (np)

Snp=12+15+10+---+5+8=180
180

I’lﬁ = —2 2
P = 12 (- each sample contains 200 items)
200 ' P
=0.06
For the p-chart
CL=p =0.06
LeL = p—3,JPUZP) _gg6_3 [200X09% 4
n 200
_ . [pa=p
ucL=p+3 2472 oy
n

The fraction defectives (values of p) for the given samples are

0.06, 0.075, 0.05, 0.04, 0.095, 0.075, 0.085, 0.055, 0.065, 0.1, 0.05, 0.04,
0.045, 0.025, 0.04 (1) p-chart is given on page 12.20.

Since all the sample points lie between the LCL and UCL lines, the process
is under control.

Example 7

10 samples each of size 50 were inspected and the number of defectives in the
inspection were: 2, 1, 1,2, 3,5, 5, 1, 2, 3. Draw the appropriate control chart for
defectives.

Since the number of defectives in 10 samples, each of size 50, are given, we
may construct either number of defectives (np) chart or proportion of defectives
(p) chart. We shall construct both and compare the charts.

Snp=2+1+1+--+2+3=25
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y p-Chart
y=0.11 (UCL)
0.11
0.10 -
0.09 -
2 008 |
(0]
>
5 007 /\
Q =0.06 (CL
8 0.06 4 (CL)
g VvV
F 005
o
- 004
0.03 -
0.02 -
=0.01 (LCL
0.01 Y ( )
o 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10 MM 12 13 14 15
Sample number (i)
Fig. 12.6
_ 1 25
N 10
_ 1 _ 1
and P =—Xnp=—x25=0.05
n 50

For the np-chart [Fig. 12.7 (a)]
CL=np =225;
LCL=np-3ynp(1—-p) =2.5-3 vy2.5x095 =-2.12
Since LCL cannot be negative, we take LCL = 0.

UCL= np+3ynp(l1-p) =2.5+3 /2.5%0.95 =7.12

For the p-chart [Fig. 12.7 (b)]
CL=p =0.05;

_ a=p 0.05%0.95
LCL = p—%/% :0.05-3,/7 —0.042

As LCL cannot be negative, we take LCL = 0.

UCL=D +3 ,/M =0.05+3 ,/% =0.142
n
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y np-Chart
y=7.12 (UCL)
7 =
6
g
8 5[
=
©
(9]
8 ar
G
2 5k
/;/=2.5 (CL)
2 —
1=
y=0(LCL)
0 | | | | | | | | | 1
1 2 3 4 5 6 7 8 9 10 X

Sample number (i)
Fig. 12.7 (a)

y p-Chart
y=0.142 (UCL)

o

N

S
I

o

N

N
\

o

S

o
I

o

o

o
I

o

o

>
I

A' =0.05 (CL)

Proportion of defectives (p)

o

o

=
I

0.02 —

0 I I I I I I I I I
1 2 3 4 5 6 7 8 9 10 X

Sample number (i)

Fig. 12.7 (b)

The proportion of defecties (p) for the given samples are 0.04, 0.02, 0.02,
0.04, 0.06, 0.10, 0.10, 0.02, 0.04, 0.06.
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Since all the sample points lie within the LCL and UCL lines in both np and
p-charts, the process is under control. If we use suitable scales, we may see that
the np-chart and p-chart are identical.

Example 8

Construct a control chart for defectives for the following data:

Sample No. )1 2 3 4 5 6 7 8 9 10
No. inspected 190 (65 |85 |70 |80 |80 [70 |95 |90 |75
No. of defectives : |9 7 3 2 9 5 3 9 6 7

We note that the size of the sample varies from sample to sample. Hence, we
cannot construct the np-chart. We can construct p-chart, provided 0.757n < n; <
1.25n ,forall i

H n IZn ! (90 + 65 90 + 75)
= — i =— X +65+---+90+
ere, n N i =70
1
= 1o ¥ 800=80

Hence, 0.75 n =60and 1.25 n =100

The values of n; be between 60 and 100. Hence, p-chart, given in Fig. 12.8,
can be drawn by the method given below.

If the condition (0.75 n < n; < 1.25 ) is not satisfied, other available methods
may be used. They are beyond the scope of this book.

— Total no. of defectives
Now, P = ; :
Total no. of items inspected
= ﬂ =0.075
800
Hence, for the p-chart to be constructed,
CL= P =0.075
_ (1=7 0.075x0.925
LeL=p -3 |PA=P) _ 753 [P0 X022
n 80
=-0.013

Since LCL cannot be negative, it is taken as 0.

UCL =7 +3 /P(l: p) 0075 43 0.075820.925
7

=0.163
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p-Chart
y=0.163 (UCL)

0.16 —

0.15 —

0.14 —

0.12 —

0.1 —

0.10 —

0.09 —

0.08 —

0.07 —

Proportion of defectives (p)

0.06 —

0.05 —

0.04 —

0.03 —

0.02 —

0.01 —

Sample number (i)

Fig. 12.8

The values of p; for the various samples are 0.100, 0.108, 0.035, 0.029, 0.113,
0.063, 0.043, 0.095, 0.067, 0.093.
Since all the sample points lie within the control lines, the process is under

control.

Example 9

15 tape-recorders were examined for quality control test. The number of defects
in each tape-recorder is recorded below. Draw the appropriate control chart and
comment on the state of control.

Unit no. (i)

1(2(3(4|5]|6[|7(8[9]|10[|11]12{13|14]|15

No.ofdefects(c¢) : |2 |4 |3 |1 |1 |2|5|3|6|7|3|1|4]|2]1
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Since the number of defects per sample containing only one item is given, we
can draw the c-chart (Fig. 12.9).

1 1
c=—>¢=—0Q2+4+3+--+2+1
NZ’ 15( )

=£=3
15

M Even thongh ¢ < 4, we draw the c-chart, as it is the only possible chart.

CL=¢ =3;LCL=7¢ -3¢ =3-33 -2.20
Since LCL cannot be negative, we take LCL =0

UCL = ¢ +3Ve = 3+3J¢ =820

y c-Chart
y=28.2 (UCL)

Number of defects (c)
()]
\

y 3(CL)

?/ \_/ \/\

y=0(LCL)

O 1 1 1 1 1 1 1 1 1 1 1 X
1 2 3 4 5 6 7 8 910 1 12 13 14 15

Sample number (i)

Fig. 12.9

Since all the sample points lie within the LCL and UCL lines, the process is
under control.

Example 10

A plant produces paper for newsprint and rolls of paper are inspected for defects.
The results of inspection of 20 rolls of papers are given below: Draw the c-chart
and comment on the state of control.
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Roll No. (i): 1 2 3 4 5 6 7 8 9 10
No. of defects (¢): | 19 | 10 8 12 | 15 | 22 7 13 | 18 | 13
@) 11|12 | 13 | 14| 15|16 | 17 | 18 | 19 | 20
(o) 16 | 14 8 7 6 4 5 6 8 9

For the c-chart (Fig. 12.10),

<

NN
= N
I

1 !
c=—S¢ = x20=11
€= yxh =

CL=¢ =11;LCL=¢-3Jc =11-3+11 =1.05

UCL=c+3Je =11+3 /11 =20.95

¢ -Chart

y =20.95 (UCL)

4 A A a4 A A A AN
= N W A~ 00O N 0 © O
T T 1T T T T T

y=11(CL)

N
o
I

Number of defects (c)

N W A N ©
I

N
I

o

y=1.05 (LCL)
| | | | | | | | | | |

1

AN N N N B
2 3 4 5 6 7 8

9

10 11 12 13 14 15 16 17 18 19 20 X

Sample number (i)

Fig. 12.10
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Since one point falls outside the control lines, the process is out of control.

Example 11

The specifications for a certain quality characteristic area 15.0 = 6.0 (in coded
values). 15 samples of 4 readings each gave the following values for X and R.

Sample No. (i): 1 2 3 4 5 6 7
X:| 16.1 15.2 14.2 13.9 15.4 15.7 15.2
R: 3.0 2.1 5.6 2.4 4.1 2.7 2.3

i 8 9 10 11 12 13 14 15
X:| 150 16.5 14.9 15.3 17.8 15.9 14.6 15.2
R:| 38 5.0 2.9 13.8 14.2 4.8 5.0 22

Compute the control limits for X and R-charts using the above data for all
the samples. Hence, examine if the process is in control. If not, remove the

doubtful samples and recompute the values of X and R . After testing the state
of control, estimate the tolerance limits and find if the process will meet the re-
quired specifications.

Let us consider all the 15 samples given.

= 1= 1
X=—>X=—(161+152+---+152
N2 15( )

= L x230.9=15.39
15

iZR =L Gos2ls 22
N 15

x|
Il

= L X 73.9=4.93
15

For the X-chart

CL= X =1539:
LCL= X —A,R =15.39-0.729 x 4.93 = 11.80
UCL= X +A,R = 1539 +0.729 x 4.93 = 18.98

For the R-chart
CL=R =493;LCL=D;R =0

UCL=D,R =2.282%x4.93=11.25
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The process is under control with respect to the average ( X -chart), but it is
not under control with respect to variability (R-chart), since R}, (R value for the
sample No. 11) = 13.8 and R, = 14.2 exceed UCL = 11.25.

Hence, the process is not under control. So we remove the samples numbered
11 and 12 from the given data.

Let us now recompute X and R based on the remaining 13 samples.

1
5 (16.1+152+---+149+159+14.6 +15.2)

= L x197.8 =15.22
13

% BO+21+---+29+48+5.0+2.2)

= L x45.9=3.53
13

Let us now recompute the revised control limits for X and R charts.

>l
[

x|
I

For the X-chart,

CL= X =15.22;
LCL= X —A,R =1522-0.729 x 3.53
= 12,65
UCL= X +A,R =1522+0.729 x 3.53 = 17.79

For the R-chart
CL= R =3.53;LCL=D;R =0;
UCL=D,R =2.282x3.53=8.06

We see that the process is under control with respect to the 13 samples
considered.

Now we can compute the tolerance limits using the revised values of X and
R.

The tolerance limits are given by
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(The value of d, is read from the table of control chart constants for n = 4)
=1522F%5.14
Thus, the required tolerance limits are (10.08, 20.36)

Since these tolerance limits lie within the specification limits (9.0, 2.10), the
process meets the required specifications.

Example 12

The specifications for a certain quality characteristic are (60 + 24) in coded values.
The table given below gives the measurements obtained in 10 samples. Find the
tolerance limits for the process and test if the process meets the specifications.

Sample No. (i) 1 2 3 4 5 6 7 8 9 10
Measurements (X) | 75 | 48 | 57 | 61 | 55 | 49 | 74 | 67 | 66 | 62
66 | 79 | 55 | 71 | 68 | 98 | 63 | 70 | 65 | 68
50 | 53 | S3 | 66 | 58 | 65 | 62 | 68 | 58 | 66
62 | 61 | 61 | 69 | 62 | 64 | 57 | 56 | 52 | 68
52 |49 | 72 | 77 | 75| 66 | 62 | 61 | 58 | 73
70 | 56 | 63 | 53 | 63 | 64 | 64 | 66 | 50 | 68

The values of X and R computed for all the samples are tabulated below:

i: 1 2 3 4 5 6 7 8 9 10
>X;: | 375 | 346 | 361 | 397 | 381 | 406 | 382 | 388 | 349 | 405

X;. 62.5 | 57.7 | 60.2 | 66.2 | 63.5 | 67.7 | 63.7 | 64.7 | 58.2 | 67.5

Rt | 25 | 31 | 19 | 24 | 20 | 49 | 17 | 14 | 16 | 11
= ley |
Now, X =—YX =— x631.9=63.19
N 10
—_ 1
R=—>R =— x226=22.6
N 10

For the X-chart
CL= X =63.19:

>

LCL= X —A,R =63.19-0.483 x 22.6 = 52.27

>

UCL= X +A,R =63.19+0.483x22.6=74.11
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For the R-chart
CL= R =22.6; LCL=D,R =0;
UCL = D4E =2.004 x 22.6 =45.29
We note that
LCL (=52.27) < }?l. <UCL (=74.11),

but R, (sample 6) > 45.29.
Hence, the process is not under control.
Now, we remove sample No. 6 from the data and recompute the values of X

and R based on the remaining 9 samples.

= — x177=19.67

X = é X(62.5+ 577+ - +63.5+63.7 + - +67.5)
1
=3 X 564.2 = 62.69
R = é X(254+31 4 +20+ 17+ --- 11)
1
9

Let us now recompute the revised control limits for X - and R-charts.

For the X-chart
CL= X =62.69:
LCL= X —A,R =62.69 —0.483 x 19.67 = 53.19

UCL= X +A,R =62.69+0.483 x 19.67 = 72.19

For the R-chart
CL= R =19.67,LCL=D;R =0;
UCL=D,R =2.004x 19.67
=39.42
Now, 53.19 < X, <72.19 and 0 < R; < 39.42, for all i (# 6)

Hence, the process is under control.

The tolerance limits are given by
X::R
d,
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—6269_M o d, =2.534, fi =6
=62.69 F > 534 (" dy=2.534, for n = 6)

=62.69 F23.29

i.e., the tolerance limits are (39.40, 85.98)

The specification limits are (36, 84).

Since the upper tolerance limit exceeds the upper specification limit, the
process does not meet the specifications.

Exercise 12 ]

Part-A  (Short-answer Questions)

1.
2.
3.

b

10.

11.
12.

13.

14.
15.
16.
17.
18.

19.

20.

What is meant by ‘quality’ in the term Statistical Quality Control?
What do you mean by Statistical Quality Control?

What is the difference between chance variation and assignable
variation?

What do you understand by process control?

What is control chart? Name the types of control charts.

Distinguish between variables and attributes in connection with the
quality characteristics of a product.

Name any two control charts, for each, of variables and attributes.

Find the lower and upper control limits for X -chart and R-chart, when

each sample is of size 4 and X =10.80 and R = 0.46.

When do you say that a process is out of control?

Find the lower and upper control limits for X -chart and s-chart, if n = 5
X =15and 5 =2.5.

Under what situations p-chart is drawn instead of np-chart?

When rn is constant, will the p-chart and np-chart lead to the same
conclusions regarding the process of control?

Find the lower and upper control limits for p-chart and np-chart, when
n=100and p =0.085.

Distinguish between p-chart and c-chart.

Find the lower and upper control limits for the c-chart, when ¢ = 6.
What do you mean by specification limits in a manufacturing process?
What is meant by tolerance limits?

Distinguish between control limits and tolerance limits.

When the process is under control and if n = 5, X = 1.1126 and
R =0.0054, find the tolerance limits.

How will you decide whether a process is operating at an acceptable
level?
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Part-B
21.

22.

23.

24.

The following data give the average life in hours and range in hours of
12 samples each of 5 lamps. Construct the control charts for X and R
and comment on the state of control.

X: |120 (127 |152 [157 (160 |134 (137 |123 [140 |144 [120 |127
R: |30 |44 |60 |34 (38 |35 (45 |62 |39 (50 |35 |41

Draw the mean chart and range chart using the following data relating to
15 samples each of size 5 and comment on the state of control.

X: 65.0 |(64.6 |641 [685 |684 |679 |650 |64.6
X: 64.1 [632 |629 |624 |67.0 |66.6 |66.1

R: 9.8 9.8 8.4 39 7.6 8.7 0.1 9.7
R: 7.7 7.5 1.2 9.8 6.4 0.6 6.3

A food company puts mango juice in cans, each of which is advertised
to contain 10 ounces of the juice. The weights of the juice drained from
cans immediately after filling 20 samples each of 4 cans are taken by
random sampling method (at an interval of 30 minutes) and given in the
following table in units of 0.01 ounce in excess of 10 ounces. To control
the excess weights of mango juice drained while filling, draw the X -chart
and R-chart and comment on the nature of control.

Sample No. 1 2 3 4 5 6 7 8 9 | 10
15|10 8 [ 12|18 |20 | 15|13 | 9 | 6
1218 15|17 (1316|1923 | 8 | 10

Weights drained
13| 8 (17|11 | 15]| 14|23 |14 |18 | 24
20114 (10|12 4 |20 17 |16 | 5 |20
Sample No. 11|12 (13|14 |15|16| 17|18 |19 20
S|13 |6 1215|1813 |10 5 | 6
12115118 9 [ 15| 17|16 20| 15| 14
Weights drained

20| 18 |12 | 15| 6 8 5 8 | 10 | 12
1511810181615 4 [ 10| 12| 14

The table below gives the (coded) measurements obtained in 20 samples.
Construct control charts based on mean and range and comment on the
state of control:
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SampleNo. | 1 | 2| 3| 4| 5| 6| 7] 8| 910111213

0
Values of X 0

Sample No. |14 |15 |16 |17 |18 |19 |20

O(-1{1}2]2]0]3
O(2(-1]1]0]| 2|3
Valuesof X (-1 | 1| 2 (-1 ] 1] 1]|-1
0Ol1]0]0|0]-1]1
1{2(2(0]1]1]2

25.  The following data give the coded values of the crushing strengths of
concrete blocks obtained from 20 samples each of size. 5. Draw the X
and R-charts and comment on the state of control.

Sample No. | 1 2 3 4 5 6 7 8 9 |10

Valuesof X | 11.1| 9.6| 9.7|10.1|12.4|10.1|{11.0|11.2|10.6| 8.3
9.4(10.8|10.0| 84(10.0|10.2|11.5/10.0|10.4|10.2
11.2{10.1|10.0| 10.2|10.7|10.2| 11.8]| 10.9| 10.5| 9.8
10.4(10.8| 9.8| 94|10.1|11.2(11.0|11.2{10.5| 9.5
10.1|11.0/104|11.0| 11.3]|10.1|11.3|11.0|{ 10.9| 9.8

Sample No. | 11 |12 |13 |14 |15 |16 |17 |18 |19 |20

Values of X | 10.6| 10.8| 10.7 | 11.3| 11.4|10.1|10.7 | 11.9| 10.8| 12.4
99(10.2{10.7|11.4|11.2|10.1|12.8|11.9| 12.1| 11.1
10.7110.5(10.8{104|11.4| 9.7|11.2|11.6|11.8|10.8
10.2| 84| 8.6|10.6|10.1| 9.8(11.2|12.4| 9.4|11.0
114 99|114|11.1|11.6]105|11.3|11.4|11.6|11.9

26. The following data gives the measurements of 10 samples each of size
5, in a production process taken at intervals of 2 hours. Draw the control
charts for the mean and range and comment on the state of control.
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27.

28.

29.

30.

Sample No. 1 2 3 4 5 6 7 8 9 | 10

47 | 52 | 48 | 49 | 50 | 55 | 50 | 54 | 49 | 53
49 | 55 | 53 | 49 | 53 | 55| 51 | 54| 55| 50
50 | 47 | 51 | 49 | 48 | 50 | 53 | 52 | 54 | 54
44 | 56 | 50 | 53 | 52 | 53 | 46 | 54 | 49 | 47
45 | 50 | 53 | 45 | 47 | 57 | 50 | 56 | 53 | 51

Measurements

X

The following table gives the sample means and S.D.’s for 15 samples,
each size 4, in the production of a certain component. Draw the X and
s-charts and comment on the state of control.

Sample No. (i): 1 2 3 4 5 6 7 8 9
X - 1.7511.32{1.18 | 0.48 | 2.30 | 1.25 | 1.52 | 1.78 | 1.90
s 0.36 (0.53|0.14|0.18 | 0.55[0.74 | 0.38 | 0.45 | 0.87

Sample No. (i): | 10 | 11 12 | 13 | 14 | 15
X : 1.7212.40|3.20 | 2.52 | 2.05 | 1.68
s 0.8310.76 {0.99 | 0.65|0.22 | 0.14

The following data give the mean and S.D. values of 10 samples, each
of size 5 drawn from a production process taken at intervals of one
hour. Construct the mean and S.D. charts and comment on the state of
control.

Sample No.: | 1 2 3 4 5 6 7 8 9 10
X : 54 | 51 | 54 | 49 | 52 | 47 | 51 | 50 | 50 | 52
s 33 (24|38 |33 |34(46(|19 (252529

The mean and S.D. values of 15 samples each of size 5 are given in the
following table. Draw the mean and S.D. charts and comment on the
state of control.

Sample No. (i): 1 2 3 4 5 6 7 8 9
X - 11.0| 124 8.6 | 122] 9.2 [10.6|10.0| 9.4 | 10.6
s 3.63(3.14|2.87(3.49|1.47|3.01|2.45|3.98|2.15

Sample No. ({): | 10 | 11 | 12 | 13 | 14 | 15
X - 114148106 |11.6 | 9.0 | 12.8
s: 2.15(2.14|3.01|3.14|1.67|2.56

Draw the mean and S.D. charts using the data values for the first 10
samples given in Exercise 24 and comment on the state of control.
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31.

32.

33.

34.

35.

36.

15 samples of 4 machined items were taken periodically from
production and inside diameter of whole in each item was measured.
The measurements (coded) are given in the following table. Draw the
X and s-charts and comment on the state of control:

SampleNo.(i):| 1 [2 |3 |4 |56 |78 |9|10|11|12]13|14|15

IS{11| 8 15| 6 |13|16|12(15|18|11|14|11|12| 5

Measurements | 14161114 7|7 [10] 9 |11]16]131121 9 | 6 |10

X) 13/6|9|5/(10[11]7 [16]10|14]|10]15]12] 4 | 6

IS{I5{9 (15| 7|11 7 |[10{10| 7| 8 |12]14] 9 |10

Fifteen samples each of size 50 were inspected and the number of
defectives in the inspection were

2,3,4,2,3,0,1,2,2,3,5,5,1,2,3

Draw the control chart for the number of defectives and comment on the
state of control.

In a manufacturing company where spark-plugs are produced, the
number rejected by inspection of 20 lots of 100 plugs each is given
below: Construct the np-chart and comment on the state of control.

Lot No. (i): 1 2 (3|45 6|7|8]|9]10
No. rejected (np): | 10 | 6 | 5 | 10 | 8 S |12 8 | 4|3

Lot No. (i): 11|12 (13|14 | 15|16 |17 | 18| 19 | 20
No. rejected (np): | 6 5 2 8 7 6 3 3 5 4

Using the following data, construct the np-chart and comment on the
state of control. Assume that 200 items are inspected each day.

Day (i): 112(3(4(5[6|7|8|9|10|11(12(13[14]15

No. of defective (np): |6 |6 |6 [5[0|0|6(14]4 (0| 1|8[2|4|7

On inspection of 20 lots each of 50 items, the following numbers of
defectives were found: Construct the control chart for the fraction
defectives and comment on the state of control.
1,4,3,4,4,3,2,4,2,3,5,1,2,4,2,4,8,3,2,2

In an integrated circuit production line, 15 samples of 100 units are
checked for electrical specifications on alternate days of a month and the
number of defectives found are tabulated below: Draw the p-chart and
comment on the nature of control.

24, 62, 26, 38, 33, 44, 45, 34, 30, 52, 44, 52, 36, 34 and 38.
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37.

38.

39.

40.

41.

42.

43.

On inspection of 10 samples, each of size 400, the numbers of defective
articles were

19,4,9,12,9, 15, 26, 14, 15, 17.

Draw the np-chart and p-chart and comment on the state of control.
Draw the appropriate control chart for the following data and comment
on the state of control:

Day: 1 (2 |3 |4 |5 |6 |7 (8 |9 |10
No. inspected: 150 (184 |181 |196 180 (174 |210 {210 (195 |210
No. of defectives: |25 [10 |3 14 |6 15 (43 |28 |39 |25

Ten samples of varying size are taken from a production line and the
number of defectives is found in each sample. The results are given
below. Draw the appropriate control chart and comment on the state of
control.

Sample No. 1 2 3 4 5 6 7 8 9 |10
No. inspected: 155|160 | 156 | 156|164 | 160 | 161 | 173 | 148 | 167
No. of defectives:| 8 8 8 7 8 6 5 10| 7 9

Twenty half-litre milk bottles are selected at random from a process and
the numbers of air bubbles (defects) observed from the bottles are given
in the following table. Draw the appropriate control chart and comment
on the nature of control.

Bottle
no. (i):
No. of
defects [4 |57 1313|5612 (4(8 [3 (514 |3 |4 |5 |7 |3 |6 |13
(c):

213141|5161|7 (819 |10{11|12]|13|14|15|16|17|18|19|20

The following data relate to the number of defects in each of 15 units
drawn randomly from a production process. Draw the control chart for
the number of defects and comment on the state of control.

6,4,9, 10, 11, 12, 20, 10, 9, 10, 15, 10, 20, 15, 10.

Construct a c-chart for the number of defects from the following data
which represent the number of imperfections in 20 pieces of cloth
of equal length in a certain production of a mill. Is the process under
control?

No. of imperfections: 3, 3, 4, 10, 10, 3, 3,3, 6,5,6,10,4,7,4,7,4, 8, 4
and 7.

The specifications for the length of a certain product are (30 = 10) mm.

15 samples each of size 5 gave the following values for X and R in mm.
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44.

45.

Compute the tolerance limits of the production process and also find if
the process will meet the specifications:

Sample |1 \3 g |5 e |7 18 [o |10 |11 12 [13 |14 |15
no. (i) :

X: 25 (30 |23 |38 [15 |28 |38 |18 |25 |40 (29 |39 |37 (29 |36

R: 20 (10 20 |21 |11 |22 |22 |11 |20 |19 [14 |9 |16 |18 |34

The specification limits for a quality characteristic are 1.100 and 1.120
(in certain units). 15 samples of 5 measurements each gave the following
values for X and R (Range values are multiplied by 10*). Compute the
tolerance limits of the process and check if the process will meet the
specifications:

Sample no. (i): 1 2 3 4 5 6 7 8

X: 1.115|1.116 | 1.114 | 1.112 | 1.114 | 1.112 | 1.114 | 1.112

R: 18 17 8 6 7 5 5 7

Sample no. (i): 9 10 11 12 13 14 15

X: L1131 111 1.113 | 1.114 | 1.111 | 1.113 | 1.111

R: 3 4 6 4 3 5 7

The following data give the measurements of 10 samples, each of size
5, drawn from a process at regular intervals. Find the tolerance limits
for the process and test if the specifications (50 £ 10) are met by the
process.

Sample no. 1 2 13415 6 | 7 8 9 |10

49 | 50 | 50 | 48 | 47 | 52 | 49 | 55 | 53 | 54

55|51 |53 (53|49 55|49 55|50 54

Measurement (X)| 54 | 53 | 48 | 51 | 50 | 47 | 49 | 50 | 54 | 52

49 | 46 | 52 | 50 | 44 | 56 | 53 | 53 | 47 | 54

53 |50 | 47 | 53 |45 |50 | 45 | 57 | 51 | 56
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Guide for using appropriate control chart constants

Quality Central .
Controlled Line LCL size (n) UCL Sample Remarks
— Any value | When i, o
X (Mean) H p-Ac p+ao of n are given
. _ _ When y,
X X X — AR X + AR n<10 s are not
known,
When y,
s are not
— = = n—1|= n—1 n<25
_ k , but
X X X=4 n X+4 w | (nconstant) | =Y
X 5, are
known
_ - 35 = 35 n>25
X X X——7= X+—= | (nvarying -Do-
\/; \/; slightly)
When o'is
<
R (Range) d,o Do D,o n<10 given
R R DiR D,R n<io | Whenois
not known
n n n Any value | When ois
oc| B, |—o0 | B,,[—o0C
o(S.D.) © n—1 ! -1 Al n—1 of n given
When o'is
_ n<25 not known,
s s Bys Bys (n constant) | but s is
known
_ 35 _ 35 n>25
s 5 - s+ (n varying -Do-
V2n N2n | ightly)
ANSWERS
Exercise 12

8. For X -chart, LCL = 10.46, UCL = 11.14;
For R-chart, LCL =0, UCL = 1.05.

10.

For s-chart, LCL =0, UCL = 5.22.

13.

For X -chart, LCL = 11.43, UCL = 18.57;

For p-chart, LCL = 0.0013, UCL = 0.1687;

For np-chart, LCL = 0.134, UCL = 16.867.
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19.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.
34.
35.
36.
37.

38.
39.
40.
41.
42.
43.
44.
45.

1.1056, 1.1196

For X -chart, LCL = 112.08, UCL = 161.42;

For R-chart, LCL =0, UCL =90.42

Process under control.

For X -chart, LCL = 61.61, UCL = 69.11;

For R-chart, LCL =0, UCL = 13.75.

Process under control.

LCL for X =5.46, UCL for X =20.84;

LCL for R =0, UCL for R = 24.84; under control
LCL for X =1.488, UCL for X =2.148;

LCL for R =0, UCL for R = 6.662; under control
LCL for X =9.74, UCL for X =11.58;

LCL for R =0, UCL for R = 3.35; out of control
LCL for X =47.25, UCL for X = 54.75;

LCL for R = 0, UCL for R = 13.75; out of control
LCL for X =0.67, UCL for X =2.93;

LCL for s = 0, UCL for s = 1.18; out of control
LCL for X =45.5, UCL for X =56.5;

LCL for s = 0, UCL for s = 6.39; under control
LCL for X =6.09, UCL for X —15.81;

LCL for s = 0, UCL for s = 5.69; under control
LCL for X =—1.55, UCL for X =2.07;

LCL for s =0, UCL for s = 2.12; under control
LCL for X =5.62, UCL for X =16.18;

LCL for s =0, UCL for s = 5.51; under control
LCL =0, UCL = 7.18; under control

LCL =0, UCL = 13.12; under control

LCL =0, UCL = 10.96; out of control

LCL =0, UCL = 0.166; under control

LCL =0.2481, UCL = 0.5413; out of control
LCL for np = 2.97, UCL for np = 25.03;

LCL for p = 0.028, UCL for p = 0.063; out of control.
LCL =0.042, UCL = 0.178; out of control.

LCL =0, UCL = 0.0979; under control.

LCL =0, UCL = 11.708; out of control.

LCL =1.27, UCL = 21.13; under control.

LCL =0, UCL = 12.62; under control.
(7.77,56.39); does not meet the specifications.
(1.1056, 1.1196); meets the specifications.
(42.98, 59.90); meets the specifications.






Appendix

Statistical Tables

(Normal Table, t-table, xz -table and F-table)

z Ordinate | Area = j; z Ordinate | Area = .[;
0.00 0.3989 0.0000 1.55 0.1200 0.4394
0.05 0.3984 0.0199 1.60 0.1109 0.4452
0.10 0.3970 0.0398 1.65 0.1023 0.4505
0.15 0.3945 0.0596 1.70 0.941 0.4554
0.20 0.3910 0.0793 1.75 0.0863 0.4099
0.25 0.3867 0.0987 1.80 0.0790 0.4641
0.30 0.3814 0.1179 1.85 0.0721 0.4678
0.35 0.3752 0.1368 1.90 0.0656 0.4719
0.40 0.3683 0.1554 1.95 0.0596 0.4744
0.45 0.3605 0.1736 2.00 0.0540 0.4773
0.50 0.3521 0.1910 2.05 0.0488 0.4798
0.55 0.3429 0.2088 2.10 0.0440 0.4821
0.60 0.3332 0.2258 2.15 0.0396 0.4842
0.65 0.3230 0.2422 2.20 0.0355 0.4861
0.70 0.3123 0.2080 2.25 0.0317 0.4878
0.75 0.3011 0.2734 2.30 0.0283 0.4893
0.80 0.2897 0.2882 2.35 0.0252 0.4906
0.85 0.2780 0.3023 2.40 0.0224 0.4918
0.90 0.2661 0.3159 2.45 0.0224 0.4929
0.95 0.2541 0.3289 2.50 0.0198 0.4938
1.00 0.2420 0.3413 2.55 0.0175 0.4946
1.05 0.2299 0.3531 2.60 0.0155 0.4953
1.10 0.2179 0.3643 2.65 0.0136 0.4960
1.15 0.2059 0.3749 2.70 0.0119 0.4965
1.20 0.1942 0.3849 2.75 0.0104 0.4970

(Contd.)
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z Ordinate | Area = j; z Ordinate | Area = .[;
1.25 0.1827 0.3944 2.80 0.0091 0.4974
1.30 0.1714 0.4032 2.85 0.0079 0.4978
1.35 0.1604 0.4115 2.90 0.0060 0.4981
1.40 0.1497 0.4192 2.95 0.0051 0.4984
1.45 0.1394 0.4265 3.00 0.0044 0.4987
1.50 0.1295 0.4332 3.05 0.0038 0.4989

t-Table
Probability

" 0.9 0.1 0.05 0.02 0.01

1 0.158 6.314 12.706 31.821 63.657

2 0.142 2.920 4.303 6.965 9.925

3 0.137 2.353 3.182 4.541 5.841

4 0.134 2.132 2.776 3.747 4.604

5 0.132 2.015 2.571 3.365 4.032

6 0.131 1.943 2.447 3.143 3.707

7 0.130 1.895 2.365 2.998 3.496

8 0.130 1.860 2.306 2.896 3.355

9 0.129 1.833 2.262 2.821 3.250
10 0.129 1.812 2.228 2.764 3.169
11 0.129 1.796 2.201 2.718 3.106
12 0.128 1.782 2.179 2.681 3.055
13 0.128 1.771 2.160 2.650 3.012
14 0.128 1.761 2.145 2.624 2977
15 0.128 1.753 2.131 2.602 2.947
16 0.128 1.746 2.120 2.583 2.921
17 0.128 1.740 2.110 2.567 2.898
18 0.127 1.734 2.101 2.552 2.878
19 0.127 1.729 2.093 2.539 2.861
20 0.127 1.725 2.086 2.528 2.845
21 0.127 1.721 2.080 2.518 2.831
22 0.127 1.717 2.074 2.508 2.819
23 0.127 1.714 2.069 2.500 2.807
24 0.127 1.711 2.064 2.492 2.797
25 0.127 1.708 2.060 2.485 2.787
30 0.127 1.697 2.042 2.457 2.750
40 0.126 1.684 2.021 2423 2.704
60 0.126 1.671 2.000 2.390 2.660

120 0.126 1.658 1.980 2.358 2.617
oo 0.126 1.645 1.960 2.326 2.576




Statistical Tables A.3

2*-Table
n Probability
0.99 0.95 0.10 0.05 0.02 0.01
1 0.000157 | 0.00393 | 2.706 3.841 5412 6.635
2 0.0201 0.103 4.605 5.991 7.824 9.210
3 0.115 0.352 6.251 7.815 9.837 11.345
4 0.297 0.711 7.779 9.488 11.668 13.277
5 0.554 1.145 9.236 11.070 13.388 15.086
6 0.872 1.635 10.645 12.592 15.033 16.812
7 1.238 2.167 12.017 14.067 16.622 18.475
8 1.646 2.733 13.362 15.507 18.168 20.090
9 2.088 3.325 14.684 16.919 19.670 21.666
10 2.558 3.940 15.987 18.307 21.161 23.209
11 3.053 4.575 17.275 19.675 22.618 24.725
12 3.571 5.226 18.549 21.026 24.054 26.217
13 4.107 5.982 19.812 22.362 25.472 27.688
14 4.660 6.571 21.064 23.685 26.873 29.141
15 5.229 7.261 22.307 24.996 28.259 30.578
16 5.812 7.962 23.542 26.296 29.633 32.000
17 6.408 8.672 24.768 27.587 30.995 33.409
18 7.015 9.390 25.989 28.869 32.346 34.805
19 7.633 10.117 27.204 30.114 33.687 36.191
20 8.260 10.851 28.412 31.410 35.020 37.566
21 8.897 11.581 29.615 32.671 36.343 38.932
22 9.542 12.338 30.813 33.924 37.659 40.289
23 10.196 13.091 32.007 35.172 38.968 41.638
24 10.856 13.848 33.196 36.415 40.270 42.980
25 11.524 14.611 34.382 37.652 41.566 44314
26 12.198 15.379 35.563 38.885 42.856 45.642
27 12.879 16.151 36.741 40.113 44.140 46.963
28 13.565 16.928 37.916 41.337 45.419 48.278
29 14.256 17.708 39.087 42.557 46.693 49.588
30 14.953 18.493 40.256 43.773 47.962 50.892

For larger values of n, the expression \/2y* —./2n—1 may be used as a
normal variate with unit variance.



A.4 Probability, Statistics and Random Processes

Table of F (Variance ratio)—I Per Cent Points

4]
2T 2 3 T4 5 J6 s 12 |24 [
1 (4052 [4999 | 5403 5625 | 5764 | 5859 [ 5981 | 6106 | 6234 | 6366
2 98.49[99.01 |99.17 | 99.25 | 99.30 | 99.33 | 99.36 | 99.42 | 99.46 | 99.50
3 |34.12|30.81 | 29.46 | 28.71 | 28.24 | 27.91 | 27.49 | 27.05 | 26.60 | 26.12
4 121201800 |16.69|15.98|15.52| 15.21 | 14.80 | 14.37 | 13.93 | 13.46
5 16261327 |12.06 | 11.39| 10.97 | 10.67 | 10.27 | 9.89 | 9.47 |9.02
6 | 137411092978 [9.15 [8.75 |847 |8.10 |7.72 |7.31 |6.88
7 11225(955 845 |7.85 |7.46 |7.19 |6.84 |6.47 |6.07 |5.65
8 | 1126|865 |7.59 [7.01 |6.63 |637 |6.03 |567 |5.28 |486
9 110.56(8.02 [699 |642 |6.06 |580 |547 |5.11 |473 |431
10 |10.04|7.56 |655 [599 |5.64 |539 |506 |471 433 |3.91
11 965 [720 [622 |5.67 |532 |507 474 440 |4.02 |3.60
12 1933 693 595 [5.41 |506 |482 |450 |4.16 |3.78 |3.36
13 [9.07 [670 | 574 |520 |486 |462 [430 [3.96 [3.59 |3.16
14 1886 |651 [556 |5.03 |4.69 |446 |4.14 [3.80 |3.43 |3.00
15 /868 |6.36 |542 [4.89 |456 |432 |4.00 |3.67 [3.29 |2.87
16 853 623 [529 (477 |444 420 [3.89 [355 [3.18 |2.75
17 1840 |6.11 |5.18 [4.67 |434 |4.10 379 [3.45 |3.08 |2.65
18 828 601 500 |4.58 |425 |401 [3.71 [337 [3.00 |2.57
19 |8.18 593 [5.01 450 |4.17 |3.94 |3.63 [330 |2.92 |2.49
20 |8.10 |5.85 |494 443 410 |3.87 |3.56 |3.23 |2.86 [2.42
21 |8.02 |5.78 |487 |437 |4.04 381 [351 |3.17 |2.80 |236
22 (794 |572 |482 431 [3.99 376 [345 |3.12 |2.75 |231
23 |7.88 |5.66 |476 426 394 371 |341 |3.07 |270 [226
24 782 |561 |472 |422 (390 |3.67 [336 |3.03 |2.66 |221
25 |7.77 |557 |468 418 386 |3.63 [3.32 |2.99 |2.62 |2.17
2 |7.72 553 |464 |4.14 382 [359 [329 |2.96 |2.58 |2.13
27 |7.68 |5.49 |460 [4.11 [379 |3.56 |3.26 |2.93 |255 [2.10
28 |7.64 |545 |457 [407 376 |3.53 |3.23 |2.90 |252 [2.06
29 |7.60 |5.42 |454 |4.04 |373 350 [3.20 |2.87 |2.49 |2.03
30 |7.56 |539 |451 [4.02 [370 347 [3.17 |2.84 |247 |201
40 |7.31 |5.18 [431 |3.83 |3.51 [329 [299 |2.66 |2.29 |1.81
60 |7.08 |498 |4.13 [3.65 [334 [3.12 |2.82 |250 |2.12 |1.60
120 |6.85 |479 [3.95 |348 |3.17 |2.96 |2.66 |234 |1.95 |1.38
o 664 |4.60 |378 |3.32 |3.02 [2.80 [251 [2.18 [1.79 |1.00




Statistical Tables A.5

Table of F—5 Per Cent Points

4]

2 [ 2 3 2] 5T 6] 8| 12]24] o
1 [161.4]199.5]215.7]224.6 | 230.2 [ 234.0 [ 238.9 | 243.9 | 249.0 | 253.4
2 |18.51(19.00[19.16 | 19.25 | 19.30 | 19.33 | 19.37 | 19.41 | 19.45 | 19.50
3 (10.13]955 [9.28 |9.12 |9.01 |894 |8.84 |8.74 |8.64 [8.53
4 1771 694 659 639 |626 |6.16 |6.04 |591 |577 |5.63
5 [6.61 [579 [541 |5.19 |505 |495 |4.82 |4.68 |453 [436
6 1599 |5.14 |476 453 |439 |428 [4.15 [4.00 |3.84 |3.67
7 1559 |474 435 412 |3.97 |3.87 |373 |3.57 |3.41 [3.23
8 532 |446 407 384 |3.69 |3.58 |3.44 [328 [3.12 |2.93
9 |5.12 426 |3.86 [3.63 |348 |337 |3.23 [3.07 |2.90 |2.71
10 (496 410 |3.71 |3.48 |333 [322 [3.07 |291 |2.74 |254
11 484 [398 [3.59 |336 [3.20 [3.09 [2.95 |2.79 |261 |2.40
12 475 |3.88 349 326 [3.11 [3.00 |2.85 |2.69 |2.50 |2.30
13 467 380 |3.41 |3.18 [3.02 [292 277 |2.60 |242 |221
14 |460 |374 334 [3.11 296 |2.85 |270 |2.53 235 [2.13
15 (454 [3.68 (329 |3.06 [290 [279 |2.64 |248 |229 |2.07
16 (449 [3.63 324 |3.01 |285 [274 259 |242 |224 |201
17 |445 |3.59 {320 [296 [2.81 [270 |2.55 |2.38 |2.19 |1.96
18 441 355 [3.16 |2.93 277 |2:66 |2.51 |234 |215 [1.92
19 1438 [3.52 [3.13 [290 [2.74 |2.63 |248 |2.31 |2.11 |1.88
20 |435 |3.49 [3.10 [2.87 |271 |2.60 |245 [228 [2.08 |1.84
21 432 347 [3.07 |2.84 |2.68 |2.57 |242 [225 [205 |1.81
22 430 |3.44 [3.05 [2.82 |2.66 |255 240 [223 |2.03 |1.78
23 428 |3.42 [3.03 [280 |2.64 |2.53 |238 [220 [2.00 |1.76
24 426 [3.40 [3.10 |2.78 |2.62 |2.51 |236 [2.18 [1.98 |1.73
25 |424 [338 (299 [276 |2.60 |249 [234 [2.16 |1.96 |1.71
2 |422 337 [298 |274 |2.59 |247 232 [2.15 [1.95 |1.69
27 |421 |335 [296 [273 |2.57 |246 [230 [2.13 |1.93 |1.67
28 420 |334 [295 [271 |2.56 |244 [229 [2.12 [1.91 |1.65
29 |4.18 [333 [293 270 |2.54 |2.43 228 |2.10 [1.90 |1.64
30 |4.17 [332 (292 [2.69 253 |242 [227 [200 |1.89 |1.62
40 |4.08 323 [2.84 [261 |245 |234 |2.18 200 [1.79 |1.51
60 |4.00 |3.15 [276 |2.52 |2.37 |225 [2.10 [1.92 |1.70 |1.39
120 |3.92 |3.07 |2.68 [245 229 |2.17 |2.02 [1.83 |1.61 [1.25
o 384 (299 |260 237 [221 [2.09 [194 |1.75 |1.52 |1.00







Solved Question Papers

BE/BTech Degree Examination, April/May 2011
Fourth Semester
Electronics and Communication Engineering
MA2261—Probability and Random Process
(Common to Bio-Medical Engineering)
(Regulation 2008)

Time: Three hours Maximum: 100 marks

Answer ALL Questions
Part-A (10 x 2 = 20 marks)

The CDF of a continuous random variable is given by

F(x)= 0 x<0 . Find the PDF and mean of X.
l—e™, 0<x<eo

Establish the memoryless property of the exponential density function.

Let X and Y be continuous random variables with joint probability density

x(x—y)
8

function f,, (x,y) =

Find fy,x(y/x).

Find the acute angle between the two lines of regression, assuming the two
lines of regression.

Prove that a first-order stationary process has a constant mean.

State the postulates of a Poisson process.

The autocorrelation function of a stationary random process is

R(D) =16+

,0<x<2,—x<y<xandfy(x,y) =0elsewhere.

. Find the mean and variance of the process.

1+1672

Prove that for a WSS process {X(?)}, Ryx(?, t + 7) is an even function of 7.
Find the system transfer function, if a linear time invariant system has an
impulse function

1
—; I7l<e
H()=1<2c¢
0; ltl>c

10. Define white noise.



Q1.2 Probability, Statistics and Random Processes

Part-B (5 x 16 = 80 marks)

11. (a) The probability density function of a random variable X is given by

oY)
2)
3)
“4)

(b)
(i)

12. (a) (1)

(i)

(b) @

(i)

13. (a) ()

(i)

X, O<x<l1

X)) =k(2-x), 1<x<2
0, otherwise
Find the value of ‘k’. @)
Find P(0.2 <x< 1.2) 3)
What is P[0.5 <x < 1.5/x > 1] 4)
Find the distribution function of f(x). &)
Or
Derive the mgf of a Poisson distribution and, hence, or otherwise
deduce its mean and variance.
The marks obtained by a number of students in a certain subject
are assumed to be normally distributed with a mean of 65 and a
standard deviation of 5. If 3 students are selected at random from
this set, what is the probability that exactly 2 of them will have
marks over 707
If X and Y are independent Poisson random variables with respective
parameters A, and A,, calculate the conditional distribution of X,
given that X + Y = n.
The regression equation of X on Yis 3Y — 5X + 108 = 0. The mean
value of Y is 44 and the variance of X is 9/16" of the variance of Y.
Find the mean value of X and the correlation coefficient.
Or
If X and Y are independent random variables with density function

1, 1<x<2 Y o 2<y<4

KX = { and fy(y)=16 , find the

0, otherwise 0, otherwise

density function of Z = XY.

The lifetime of a particular variety of electric bulb may be
considered as a random variable with a mean of 1200 hours and a
standard deviation of 250 hours. Using the central limit theorem,
find the probability that the average life of 60 bulbs exceeds 1250
hours.

A random process X() defined by X(f) = A cos t + Bsint, —co <t <
oo, where A and B are independent random variables each of which
takes a value of —2 with a probability of 1/3 and a value of 1 with a
probability of 2/3. Show that X(7) is wide-sense stationary.

A random process has sample functions of the form
X(f) = A cos (@t + 0), where w is constant, A is a random variable
with mean zero and variance one and 6 is a random variable that is
uniformly distributed between 0 and 2z. Assume that the random
variables A and 6 are independent. Is X(f) a mean-ergodic process?
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(b) (©)

(ii)

14. (a) (i)

(i)

(b) @

(i)

15. (a) ()

(ii)

(b) @

Or
If {X(»} is a Gaussian process with u(f) = 10 and C(¢}, t,) =
16¢7""7"" find the probability that

(1) X(10) <8

(2) 1X(10) - X(6)I < 4

Prove that the interval between two successive occurrences of a
Poisson process with parameter A has an exponential distribution

with mean l
The power spectral density function of a zero mean WSS process

o L, lol<w,
X(?) is given by S(w) = . Find R(7) and show that

0, otherwise

X(H)and X (t + wlj are uncorrelated.
o
The autocorrelation of a WSS process is given by R(7) = oM
determine the power spectral density of the process.
Or
State and prove the Weiner—Khintchine theorem.
The cross-power spectrum of a real random processes {X(7)}

a+bjw, forlwl<l1

d {Y@} is gi by S(@) = '
and {Y(} is given by S, (o) {0, elsewhere

Find the cross correlation function.

Consider a system with transfer function . An input signal

1+ jo

with autocorrelation function md&(7) + m” is fed as input to the
system. Find the mean and mean-square value of the output.

A stationary random process X(f) having the autocorrelation
function Ry, (7) = AX(7) is applied to a linear system at time ¢ = 0
where f(7) represents the impulse function. The linear system has
the impulse response of A(f) = et u(t) where u(f) represents the
unit step function. Find Ry,(7). Also find the mean and variance of
Y(z).

Or

A linear system is described by the impulse response
—t
h(t) = ——eRCy(t) . Assume an input process whose autocorrelation
RC

function is B&(7). Find the mean and autocorrelation functions of
the output process.



Q1.4 Probability, Statistics and Random Processes

(i1) If {N(?)} is a bandlimited white noise centred at a carrier frequency
0
—, forlo—-—w,|<w
@, such that Sy,(w) = o 0 B,
0, elsewhere
Find the autocorrelation of {N(7)}.

Solutions
Part-A
I F= {0, inx<O0
l-e™?, in0<x<oo
0, inx<0

S ) =Flx) =
0 ) %e‘”s, m0<x<oo

o 1 o5 IS * 1
E(X)=jxf(x)dx=— X—————| ==%x25=5
0 51 -1/5 1725 0 5

2. Standard property, the derivation is available in the book.
This is a worked example in the book. ‘c’ given in the book must be taken
as 1 .
8
This is a worked example in the book.
This property is proved in the note under ‘stationarity’.
Postulates of a Poisson process are available in the book.

e

N ok

Ryx(D) = 16+ T
My =lm[Ry (DI=16 - pty=4
E[X*(1)] = Ryy(0) = 25
- VIX(0) = E{X*(0)) - E*{X(1)} =25-16=9

8. Ry(D=E(X0)X(t+ D)} - Ryx{~7} = E{X(1)- X(t - D)} = Ryy(7)

. Ryx(7) is an even function of 7.

9. H(@)=FHW)= [ Ho)e ™ di= jz—lce—fwf i

—oo —c

sincw

1§ 1. .
= —'[cos wtdt = —[sm a)t]; =
cy cw

10. Definition of “White Noise’ is available in the book.

cw
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Part-B

11. (a) (1)
(2)
3)

“4)

1 2
| Fydx =1 viz. [ xdx+k [(2— x)dx=1
1

Ry 0

2! 272
e, [ 2] wk|2x=2| =1
2 2
0 1

Le., l+k(2—§)=1 k=1
2 2

1 1,2 1 1,2
PO2<x<12)= [ f(x)yde+ [ fx)dx= [ xdx+ [ (2-x)dx
0.2 1

0.2 1
5 1 2 1.2
= [x) +(2x—x] - Lacoo+La36-3)
2 2 2 2
0.2 1
1
= —x1.32=0.66
2

P05 <x<15x>1}= POI<x<1IN&x2D)

P(x>1)
< < 1.5 2
=M=J'(2—x)dx+.[(2—x)dx
PI<X<2) 1 1
2\ 2V 1875-15 0375
=l s|ax- ] =2 222 975
2 ) 2 ) 2-15 05

Distribution function of X [not f{x) as given in the question]
Fx)=P(X<x)=0,whenx<0
X X 2
- Jf(x)dxzjxdxz%,whenOSxS 1
0 0

= jxdx +j£(2—x)dx
0 1

2 \* 2
Lolonc X ] cor® 4 whenl<x<2
2 2 2

1 2 X

= jxdx+j(2—x)dx+jo.dx,whenxzz
0 1 2

=1, whenx>2



Q1.6 Probability, Statistics and Random Processes

11. (b) ()

(ii)

12. @ ()
(i)

My(1)= Y " et A r=e* Y. (Ae'Y lr= et
r=0 r=0
o H=e)

e

}'[[ lz ]
M) =e ' B

A 1 A% ¢ :
_1+E[t+E+~-J+ B (1+E+~-] (1)

E(X) = coefficient of é in(H=21
/2
E(X?) = coefficient of E in(1)=24+ 1%

V(X) = EX*) - EX(X) = A
Let X represent the marks obtained by the students in the subject.
Then X follows a N(65, 5)

P(a student scores over 70) = P(X >70)= P{X —65 > 70- 65}

5 5
=Piz>1)=P(1<z<0)=05-P0<z<1)
=0.5-0.3413 =0.1587

Let p = P(a student scores above 70) = 0.1587 and ¢ = 0.8413;

n=3

Since p is the same for all the students, the number Y of (successes)

students scoring more than 70, follows a binomial distribution.

P(exactly 2 students score more than 70) = P(2 success)

=“nCp'q" =™ =3C, x (0.1587)* x (0.8413)" = 0.0636

This is a worked example in the book.
1
Regression line of X on Yis 3y — 5x + 108 =0, i.e., x = %y +%
)

Standard formula for the regression line of X on Y is
X=X =by(y-Yy)
ie, x=byyy+(X —byy y) 2)

. 3 _ 3 108
Comparing (1) and (2); byy = g and X —g X 44 = ?

¢ B0 12,108
5 5

byy _Ox _9 16 16316

b op 16 PTG
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3 16 16 4
2
F=byy, byy=—X—=— " Iy=—
XTI 5715 25 s
12. (b) (i) Z=XY. Let the auxiliary RV be W=Y
Z 1 _z
x=—andy=w; J=|w wil==—
w w
0 1

1
-.  The joint pdf of (Z, W) is given by f,y(z, w) = ﬁ Sxy (X, )
w

Y

1 w1
_ .—=—, since x,y)=1x=, as X
6 6 fx( y) 6

. y 1
ie., Z,W)=—-=0r —
Jow (2 w) 2 6%%
and Y are independent.
Range space of (X, Y)isgivenby 1 <x<2and2<y<4

. Range space of (Z, W)is givenby w<z<2wand2<w <4

w
N4, 4
K ﬂ ) o

2.2/ !

4

W
4,2)

o V4

Fig. 1

The pdf of Z is given by

4
jgdm if2<z<4

2
fZ(Z): 4 1
[—aw, if4<z<8
z/2

Lo, if2<c<a

ie., fA2) = ]
6(8—1) if4<z7<8

(i) This is a worked example in the book.



Q1.8 Probability, Statistics and Random Processes

13. (a) (i) E{X(t)} =cos t-E(A) + sin t-E(B), where the probability distribution
of A or B is given below:

. E(A)=EB)= —§+§:0

4 2
and E(A%) = E(B?) = 3t3° 2

AorB -2

E{X(5)} =0 and | P(A)or P(B) E(AB) = E(A)-E(B) =

Wi =

1
3

0, since A and B are independent.
E{X*(1)} = cos*t-E(A?) + sin® - E(B*) + 2 sin t cos 1 E(AB) = 2

ViX(nH} =2
Since E{X(¢)} and V{X(¢)} are constants {X(¢)} is a WSS process.

. _ 1 T 1 T
(i) Let Xp=— jT X(t)dtzﬁ_J; Acos(wt +6)dt

T
E(X;)= % | E4)- E{cos(ar +6)}dr = 0., since E(4) =0
T r
R(t, 1) = E{X(t) x (ty)} = E{A2 cos (wt; + B)-cos (wt, + 0)}
= E(A? )E{%{cosw(z‘1 +1,)+20} +cosw(t, — tz)}:l

1% 1
= -[2_ cosa(t, +1,)+20} +cosa(t, —t,)dO »
0 since E(A%) = 1

1
= —cosw(t, —t
> (t, = 1,)

_ 1 T T
X2 = e [ | xepx@y)anar,
-T-T
oI el
E{X;)=—= | | RG.1,)dnt, = cos@(t, —t,)dt, dt,
41% 7% 4T% 7%
T 1
|:sma)(1,‘1 t, ):' 0 dh
"t Joo
j
= {sinw(T —t,)+sint, }dt,
40T? °,

=0 .~ Var{X;}=0 . lim Var{X,}=0

T—oo
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‘. by Mean-Ergodic theorem, {X(¢)} is a mean-ergodic process.
13. (b) (i) This is a worked example in the book.
(i1) This is a standard property, the proof of which is available in the
book.
14. (a) (i) This is a worked example in the book.
(i) This is a worked example in the book.
14. (b) (i) Statement and proof of Weiner—Khinchine theorem is available in
the book.

1 3 : 1§ ,
i =— | S,y (w) ™do=— +ibw) ™ dw
(il) Ryy(7) . :[o (@) e - :[l(a ibw) e

1 M1 1
= — jacosrw dw—jbw sin T dw}
1o 0
1 (sin‘m))l { [—cosfa)) sin‘ra)}1
=—la —-biw +—
| T ) T ),
1] sint { CcoST sin’L’H
=—la —-by— +—
T L T T T
[a . b b . }
= —| —sin7T +—cosT ——sinT®
T\t T T
15. (a) (i) RXX(T):mS(T)+m2; s Sy (@) = J‘mﬁ(f)ef"“"df+F(m2)

—oco

=m + 27mm* o)

Syl @) = S, (@) | H(@) F=[m+2mm*§(w)]-

1+’
o Rylm) = F ' (Syw)
L ——¢™do+m’ - 8(w)e™dw
2r 1+ w 1+ w

—oo iaz
m m _ e _
=—7te7+m2~1=5e’+m2 l J. ——dz=Te “}

77 +1

—co

E*{Y()} = im[Ry, (7)] = m” ; S E{Y)}=m

E(Y2(1)} =R,y (0)= % +m?
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(i) Syx(@)=F(Ryy ()} = [ AS(T)e " "dr = A

—oo

oo oo

H(w)=F{h(t)}= J‘ U e ™ dr = Ie—(b+iw)zdt

—o° 0
e—(b+iw)t * 1
T ~rio)|, brio

Syp®) = Syy ().1 H(w) =

o + b’
- 1% .
Ryy(D) = F'{Syy (@)= —— j ¢*da
21 -
_ize#ﬂ':i -bt
2n b 2b

Wy = lim Ry, (1)=0
T—o0

A
E(Y*(0) =Ry (0)=—

L VIY()) = E(Y2 ()} - E*{Y (1)} = 2%

15. (b) () Syd(®) = F{Ry()} = [ BS(r)e ™ dT=B

H(w) = F{h(t)} = J’ée—zmc U(t)e—iwzdtz%Je—r/kce—iwr dt
—oo 0

o

1 .
| e—(ﬁﬂwjz .
" RC (1 +a)) " 1+iRCw
RC 0

Sy(@) = Syx() 1 H(w)l* = TR

B B o eim)
_ 1 _
Ry(D)=F { > }— A RC? J dw
- ®

1+ R’C*w*
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B T ke _ B _ke
= . e =—e€
2nR*C? (1/RC) 2RC

uy = 31_{130 [Ryy (D]=0 . py, =0

(il) Ryy(D) = F ' {Syp(®)}

1= Wy +wp
=— [ Sw@e™do="2" [ *do
2r = 00y
. n+0
iTw 0B
_ Ny|e _ N, {e,if(womB)_eir(wo—wB)}
| it oo 4wit
0~ WYB
N eirwo eirwB _e—iTwB
_ Ny
2rnt 2i
Ny

= —2 ™0 sin T,
2nt



BE/BTech Degree Examination, April/May 2011
Fourth Semester
Computer Science and Engineering
MA2262—Probability and Queueing Theory
(Common to BTech Information Technology)
(Regulation 2008)

Time: Three hours Maximum: 100 marks

Answer ALL Questions
Part-A (10 x 2 = 20 marks)
The cumulative distribution function of the random variable X is given by

0, x<0

1 1
Fy(x) = x+5, OSxSE.ComputeP[X>1/4].

1, x>—
2

Let the random variable X denote the sum obtained in rolling a pair of fair
dice. Determine the probability mass function of X.

Given the two regression lines 3X + 12Y = 19, 3Y + 9X = 46, find the
coefficient of correlation between X and Y.

State the Central Limit theorem.

Define:

(a) Continuous-time random process

(b) Discrete state random process

Find the transition probability matrix of the process represented by the state
transition diagram.

Arrival rate of telephone calls at a telephone booth is according to Poisson
distribution with an average time of 9 minutes between two consecutive
arrivals. The length of a telephone call is assumed to be exponentially
distributed with a mean of 3 minutes. Determine the probability that a
person arriving at the booth will have to wait.

Trains arrive at the yard every 15 minutes and the service time is 33 minutes.
If the line capacity of the yard is limited to 4 trains, find the probability that
the yard is empty.
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9. Given that the service time is Erlang with parameters m and y. Show that the
m(l+m)p*
2(1—mp)

Pollaczek—Khintchine formula reduces to L, = mp +

10. Give any two examples for series queueing situations.

Part-B (5 x 16 = 80 marks)

11. (a) (i) Find the moment-generating function of the binomial random
variable with parameters m and p and, hence, find its means and
variance. (10)

(i) Define Weibull distribution and write its mean and variance.  (6)

Or
(b) (i) Derive mean and variance of a geometric distribution. Also establish
the forgetfulness property of the geometric distribution.

(i) Suppose that telephones calls arriving at a particular switchboard
follow a Poisson process with an average of 5 calls coming per
minute. What is the probability that up to a minute will elapse until
2 calls have come in to the switchboard?

(1+3y")
12. (a) Given the joint density function fix, y) = * 4 0<x<2,0<y<l
0, elsewhere

Find the marginal densities g(x), #(y) and the conditional density f{x/y)
and evaluate P l <x< l/Y = l .
4 2 3

Or
(b) i) Determine whether the random variables X and Y are
independent, given their joint probability density function as

2+ 0<x<1,0<y<2

S, y) =

0, otherwise
(i) IfXandYareindependentrandom variables having density functions
—2x > -3y >
fix) = 2¢, x=20 and f(y) = 3, y=20 , respectively, find
0, x<0 0, y<0

the density functions of z=X—Y.

13. (a) (i) Show that random process {X(¥)} = A cost+ B sin ¢, —o < t < oo
is a wide sense stationary process where A and B are independent
random variables, each of which has a value of —2 with a probability

of % and a value of 1 with a probability of % .

(i1) Derive probability distribution of Poisson process and, hence, find
its autocorrelation function.
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(b) @

(i)
14. (@) (1)

(i)

Or
Find the limiting-state probabilities associated with the following
04 05 0.1

transition probability matrix | 0.3 0.3 04 |.
03 02 05

Show that the difference of two independent Poisson processes is

not a Poisson process.

Customers arrive at a one window drive-in bank according to

Poisson distribution with a mean of 10 per hour. Service time per

customer is exponential with a mean of 5 minutes. The space in front

of the window, including that for the serviced car can accommodate

a maximum of three cars. Other cars can wait outside this space.

(1) What is the probability that an arriving customer can drive
directly to the space in front of the window?

(2) What is the probability that an arriving customer will have to
wait outside the indicated space?

(3) How long is an arriving customer expected to wait before being

served? (10)
Show that for the (M/M/1): (FCFS/eo/c0), the distribution of waiting
time in the system is w(t) = (U — Ve “~ P >0 (6)

Or

(b) Find the steady-state solution for the multiserver M/M/C model and
hence find Ly, Wy, W, and L by using Little formula.
15. (a) Derive the expected steady-state size for the single server queues with

Poisson input and General service. (16)
Or
(b) Write short notes on
(i) Series queues (8)
(i) Open and closed queue networks (8)
Solutions

Part-A

1. P(X>l=P(l<x<mj=F(m)—F[1j=1—(l+lj=l
4 4 4 4 2) 4

2. Xtakes the values 2, 3, 4, ...12.

P(X=2)=P(1 from D, and 1 from D,) =

2
P(X =3)=P{1 from D, and 2 from D, or 2 from D, and 1 from D,) = 36

11
6 6 36

6

and so on.
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X: 2 3 4 5 5 7 8 9 | 10 | 11 | 12

1 2 3 4 5 6 5 4 3 2 1

PO 1 36 136 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

is the required pmf of X.

3. Rewriting 3x + 12y =19,y = —%x + % is the regression line of Y on X.

o 3 46 . L
Rewriting 3y + 9x =46, x= ——y+ ) is the regression line of X on Y.

9 1
by = _Eandbxy =_§;V§Y =Dbyy -byy =E=E

o Fyy = —m (—sign is taken, since byy and by, = are both —ve)

4. Statement of CLT is available in the book.
5. Definitions is available in the book.
6. The question is incomplete, as the state transition diagram is not given.
7. — =9 min .'./”L:l/min;lzfﬂmin .'.,uzl/min
A 9 u 3

1

PW>0)=1-P(W=0)=1-P,= 1_(1_1j=%=
u) 1

3

8. A= L/min;,uzi/min;k=4
15 33

uo 5 _
P, = — = -=0.0237
[,1] (11)
-1 = 1-|—
u 5

2{V(T) + EXT
9. P.H.formulais L= AE(T)+ VI +E"(T)}

2(1 - AE(T)}

m

T follows Er(m, 1) . E(T) = "~ and V(T) = -
u

u

2
L=y /12{”12+mz}/2{1—1~m
u TR m

2
= mp+m(1+—m)p,wherei=p.
2(1-mp) u
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10. (i) A ration shop in which one queue is to be formed in the billing section
and the other in the ration issuing section.
(i1) A medical shop in which one queue is formed to receiving drugs and the
other in the billing and payment counter.
Part-B
11. (a) (i) Standard Book-work (available in the book).
(i1)) Definition, mean and variance of Weibull distribution (available in
the book)
11. (b) (i) Standard book-work and property (available in the book).
(i1) A= 5/min;
Mt e’.5 25 /-5

] S PIX)=2)= Y >

P{X(t) =k} =
1 1

12 @) g0) = [ fOuy)dy=[7 (1437 )dy
0 0

X 3 X
=—O+y)y=—:0<x<2
4(y Yo >

2 2 2
h(y) = jf(x,y)dx = _[[ij dex
0 0

2 22 2
_ 1+3y" | x~ :1+3y 0<y<l
4 2 o 2

2 2
f(x,y):x(1+3y)+(1+3y):£;0<x<2_
h(y) 4 2 2

Sfixly) =

rl3ex<s)/ l}f{(iq%%r;}
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11
4 16 _3
4-0 64

1 1 d 1 d
Note: y=— is meant as ———ySyS—+—y
3 3 2 3 2

2 2 22
- - e a2 2y @] 2022y
12. () () g(x)—z[f(x,y)dy—_([(x + 3de [x v j 20t 2

y=0
0<x<1
' i 2 xy 2T 1y
h(y) = {f(x,y)dx=£(x +?)dx=(?+T]X:O=§+Z,
0<y<2

flx,y) #gx)- h(y) .. Xand Y are not independent.
(i) fyylx, ¥) = 6~ x, y20 (* X and Y are independent)

LetV=X-Yand V=Y sx=u+vandy=v
xu xV

s = =1
yl,{ yv

Jovu, v) = Ul f(x, y) = G (X3 = g (2u+5Y)

I 6
fow) = J 6e~ 2y = geS” ,whenu <0

¢ 6
fow) = J‘6e_(2”+5”dv = ge_zu ,whenu>0
0

13. (a) E{X(b)} = cos t-E(A) + sin t-E(B), where the probability distribution of
A or
A: -2 1
(i) Bis 1 2
A): — —
P(A) 3 3

. E(A)=E(B) = —§+%=Oand E(A2)=E(BZ)=§+§=2

E(AB)=E(A)-E(B)=0; E{X()} =0
E{X*()} = cos*t-E(A®) + sin’t- E(B?) + 2 sin ¢ cos t E(A)-E(B)
(* A and B are independent).
= 2(0052t + sinzt) =2
. Var{X(n} =2
Since E{X(f)} and Var{X(#)} are constants, { X(¢)} is a WSS process.
(i) Standard Book-work (available in the book)
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13. (b) (i) Let = (m, m,, m;) be the limiting state probability distribution of
the Markov chain.
04 05 0.1

Then nP = m, i.e., (7, Ty, m3) | 0.3 03 04| =(m, my, m3)
03 02 05

viz., 61, + 3m, + 313 =0, 57, = Tmy + 213, =0, m, + 4w, — 53, =0

1

(i1) Standard property (proof available in the book)

1 1
14. (a) i) A=10hour; —=5min. RTES glmin or 12/hour; k=3
u
(1) P(an arriving car gets service immediately on arrival) =
1- & 1— é
Py= —H—=—6_—03219

0 (ljk+l (SJ
1-|— 1-]1=
u 6
(2) P(an arriving car has to wait outside the indicated space)
A 3| 1-— A
Py= [—j — K 1-05787x0.3219=0.1863
-G
]_ _
u
1 ,
(3) E(Wp) = TE(NQ)’ where A"= u(1 — Py) = 12 x (1 — 0.1863)

=9.7644
k+1
y (k+ 1)(1]
E(Ny) = - ‘uk+1
u—A . (lj
u

4
5
4x| =

10 (6) _5_4><0.48225

“12-10 B
B

5\ 0.51775
6

=1.2743
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(ii)

14.

15.

15.

A
E(Ny) = E(Ny) ~ = 1:2743-0:8333=04110

s E(Wp) = M hour or M X 60 min = 2.5255 min
9.7644 9.7644

A standard characteristic of (M/M/1): (e</FCFS) model; derivation available

in the book.

(b) Steady-state solution for the (M/M/C): (eo/FIFO) model and the
derivations of the formulas for L, [E(Ny)], Wy, W and Lg [E(Ny)] are
standard results (available in the book).

(a) What is required is the formula for E(Ng) in a (M/G/1) model. This is the
same as the derivation of Pollaczek—Khinchine formula (available in the
book).

(b) (i) and (ii) Answers are to be lifted from the relevant pages in the book.
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(Regulation 2008)

Time: Three hours Maximum: 100 marks

e

i

10.

Statistical Tables may be permitted.
Answer ALL Questions

Part-A (10 x 2 = 20 marks)

Check whether the following is a probability density function or not:
Ae™™ x<0,A>0
0, elsewhere
If a random variable has the moment-generating function given by
My (t) = ZL , determine the variance of X.
-t
The regression equations of X on Y and Y on X are respectively 5x —y =22
and 64x — 45y = 24. Find the means of X and Y.
State the Central Limit theorem.
Define wide sense stationary process.
If the initial state probability distribution of a Markov chain is

6 6

find the probability distribution of the chain after 2 steps.

State Little’s formula for a (M/M/1): (GD/N/e) queueing model.

Define steady-state and transient state in Queueing theory.

When will an M/G/1 queueing model become a classic M/M/1 queueing
model?

State Pollaczek—Khinchine formula for the average number of customers in
an M/G/1 queueing model.

0 1
51
V= (— —j and the transition probability matrix of the chainis | | 1 |,
2 2
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11. (a) ()

(i)

(b) @

(i)

12. (a) (1)

(ii)

(b) @

(i)

Part-B (5 x 16 = 80 Marks)
A random variable X has the following probability function:

X 0 1 2 3 4 5 6 7
Px) O k 2k 2% 3k K 2% TK+k

(1) Find the value of k.
(2) Evaluate p(X < 6), P(X = 6)

B If p(X<o)> %, find the minimum value of c.

Find the moment-generating function of an exponential random
variable and, hence, find its mean and variance.
Or
X is a Poisson variate such that
pX=2)=9p(X=4)+90 p(X =6). Find
(1) Mean and E(X?)
2) p(X22).
In a certain city, the daily consumption of electric power in millions
of kilowatt-hours can be treated as a random variable having

1
Gamma distribution with parameters A = ) and v = 3. If the power

plant of this city has a daily capacity of 12 million kilowatt-hours,
what is the probability that this power supply will be inadequate on
any given day?

Let X and Y be two random variables having the joint probability
function f{x, y) = k(x + 2y) where x and y can assume only the integer
values 0, 1 and 2. Find the marginal and conditional distributions.
Two random variables X and Y have the joint probability density
function

c(4—x—-y), 0<x<2,0<y<2
S, y) = . Find cov(X, )
0, elsewhere
Or

Two dimensional random variables (X, Y) have the joint probability
density function fix, y) = 8xy, 0 <x<y< 1
=0, elsewhere

. 1 1
(1) Find P(X< 5 Ny < 4)
(2) Find the marginal and conditional distributions.
(3) Are X and Y independent?
Suppose that in a certain circuit, 20 resistors are connected in
series. The mean and variance of each resistor are 5 and 0.20
respectively. Using the central limit theorem, find the probability
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13. (a) ()

(i)

(b) @

(i)

14. a) (i)

(i)

that the total resistance of the circuit will exceed 98 ohms assuming
independence.

The process {X(#)} whose probability distribution under certain
condition is given by

__(an"™! _
_W’ n—l, 2, 3,
PIX(¢) = n] a . Show that {X(#)} is not
at
= N = O
1+at

stationary.

A salesman territory consists of three cities, A, B and C. He never
sells in the same city on successive days. If he sells in city-A, then
the next day he sells in city-B. However, if he sells in either city-B
or city-C, the next day he is twice as likely to sell in city-A as in
the other city. In the long run, how often does he sell in each of the
cities?

Or
The transition probability matrix of a Markov chain {X(¥)}, n =1,
0.1 05 04
2, 3, ..., having three states 1,2 and 3is P= 0.6 0.2 0.2| and
03 04 03

the initial distribution is p® = (0.7 0.2 0.1).
Find (1) p[X,=3]

2) plX3=2,X,=3,X,=3,X,=2].
Suppose that customers arrive at a bank according to a Poisson
process with mean rate of 3 per minute. Find the probability that
during a time interval of two minutes,
(1) exactly 4 customers arrive
(2) greater than 4 customers arrive
(3) fewer than 4 customers arrive.
A T.V. repairman finds that the time spent on his job has an
exponential distribution with a mean of 30 minutes. The repair
sets in the order in which they came in and if the arrival of sets is
approximately Poisson with an average rate of 10 per 8 hour day.
(1) What is the repairman’s expected idle time each day?
(2) How many jobs are ahead of average set just brought?
A supermarket has 2 girls running up sales at the counters. If the
service time for each customer is exponential with mean 4 minutes
and if people arrive in Poisson fashion at the rate of 10 per hour,
find the following:
(1) What is the probability of having to wait for service?
(2) What is the expected percentage of idle time for each girl?
(3) What is the expected length of a customer’s waiting time?
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(b) @

(i)

15. (a) (@)

(ii)

(b) @

(i)

Or
Trains arrive at the yard every 15 minutes and the service time is
33 minutes. If the line capacity of the yard is limited to 5 trains,
find the probability that the yard is empty and the average number
of trains in the system, given that the inter-arrival time and service
time are following exponential distribution.
There are three typists in an office. Each typist can type an average
of 6 letters per hour. If letters arrive for being typed at the rate of 15
letters per hour, what fraction of times will all the typists be busy?
What is the average number of letters waiting to be typed?
An automatic car-wash facility operates with only one bay. Car
arrive according to a Poisson distribution with a mean of 4 cars
per hour and may wait in the facility’s parking lot if the bay is
busy. The parking lot is large enough to accommodate any number
of cars. If the service time for all cars is constant and equal to 10
minutes, determine
(1) mean number of customers in the system, L
(2) mean number of customers in the queue, L,
(3) mean waiting time of a customer in the system, W,
(4) mean waiting time of a customer in the queue, W,
An average of 120 students arrive each hour (inter-arrival times
are exponential) at the controller office to get their hall tickets. To
complete the process, a candidate must pass through three counters.
Each counter consists of a single server, service times at each
counter are exponential with the following mean times: counter 1,
20 seconds; counter 2, 15 seconds and counter 3, 12 seconds. On
the average, how many students will be present in the controller’s
office?

Or
Derive the P-K formula for (M/G/1):(GD/eo/>0) queueing model

and hence deduce that with the constant service time the P-K
2

A
reducesto L= p+ P where [ = and p=—.
2(1-p) ET) u
For an open queueing network with three nodes 1, 2 and 3, let
customers arrive from outside the system to node j according to
a Poisson input process with parameters r; and let P; denote the

proportion of customers departing from facility i to facility j. Given

0 06 03
(rj, 15 1) = (1, 4, 3)and P; = 0.1 0 0.3}, determine the
04 04 O

average rate lj to the node j forj =1, 2, 3.
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Solutions
Part-A
1. fix)=Ae™ >0, forall x >0, since A> 0
0 e—lx *
and _[f(x) dx=| A J =1 - flx) is a genuine pdf.
0 _)‘ 0
2
2. Myt = #ZH%JF%JF...M
2(1 —t)
2
E(X) = coefficient of r_1 E(X?) = coefficient of i _1
) b2 2 2
11 1
Vi =EX2 —E2 = ———=—
(X) = E(X7) X S

3. (X, Y)is the point of intersection of the two regression lines.
5X — Y =220r225X —45Y =990...(1); 64X —45Y =24...(2)
Solving of (1) and (2); X =6 and Y =8.

4. Statement of CLT available in the book.

5. Definition of WSS available in the book.

0 1

a_ . _ (31 (111
. #="=(33) 1 1|-(50)
2 2
@) _ (). _ 1 11 01 _ 11 13
S vy LR Y e
2 2
7. Statements of Little’s formulas are available in the book.
Definitions are available in the book.
9. In the (M/M/1) model, the number of customers serviced follows a Poisson
process or the service time follows an exponential distribution, whereas is the

(M/G/1) model, the service time follows an arbitrary (general) distribution.
10. Pollaczek—Khinchine formula for L or E[N] is available in the book.

*®

Part-B
11. (a) (i) This is a worked example in the book.
Part (2) of the problem is not given in the book, which is given
below:
2Q)P(X<6)=P(X=0orlor..or5)
8 1 81 81 19

=8k+k=—+—=——and P(X26)=1-—=——
10 100 100 100 100
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(i1) Pdf of the exponential RV X is f(x) = e ™ x>0, 1>0

o —-(A-nx |7
My(1r) = J.e'x/'Le*’b‘dx = /1{ ¢ } = A
0 —(A-1) o A—t

rY! t P

1
E(X) = coefficient of —in (I) = —

It p

2

t 2
E(X?) = coefficient of — in (1) = —
o) Zin0=2

. 2 1 1
VO =EX)-EX)="5""7=77
e—l' r
11. (b) (i) LetXfollowaP(d) .. PX=r)= B ;A>0
r

Given: P(X=2)=9P(X =4) + 90 P(X = 6)
e A2 9¢7*A 90e*A°
- = +

[2 4 l6

Since 2 #0, Y +3A2-4=0;ie., -1 (A*+4) =0

Since A> # -4, we get A>=1;Since A>0,1=1

M) EX)=A=1V(X)=A=1;ie, EX)-EX)=1 .~ EX*)=2

Q) PX22)=1-P(X<2)=1-{PX=0)+PX=1))}

=l-fe*+ Aty =1-2¢"
2

-1-=
e

sie., 360 12 =270 A* +90 A°

(i) This is a worked example in the book.

12. (a) (i)
X
01712
X

0 0 |2k |4k 2 2 .
> Y by =liie,27k=1
! k 3k | Sk y;j=0x;=0
2 |2k |4k |6k |
k= —
27



Solved Question Papers May/June 2012 Q2.7

Marginal distribution of X Marginal distribution of Y
X| P Y| P
0| 6/27 0| 3/27
1| 9/27 1| 9/27
2 | 12/27 2 | 15/27
CPD of X/Y=0 CPDof X/Y=1
X | P(X/Y)=0 X | P(X/Y)=1
0 0 0 2
1 9
3 1 h
2 9
2| 2k/3k=— 4
3 2 -
9
CPD of X/Y=2 CPDof Y/IX=0
X | P(X/Y)=2 Y| PY/X=0)
4
o = 0 g
5 ! 5
1 = 6
6 2| 2
) o 6
15
CPDof Y/IX=1 CPDof Y/IX=2
Y | PY/IX=1) Y | PY(X =2)}
0 1 0 2
9 12
1 E 1 i
9 12
2 2 2 i
9 12

Q) [[ feoy)dedy =1; ie., ﬁm—x—y)dxdy:l
0

Ryy 0

2 2 2 2
ie., c-_[(4x—%—yx} dy =1;1e., c'[(6—2y)dy=1
0

0 0
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1
ie., c(6y—y), = 1;ie., 8C=1 . C= 3

17 X ? 12 8
= —f| 23w -y ==y = | dy=— ]| 8y-=-2)" |dy =
8!( yx =y y 2) y ] (y 3 y y 3
0 0
.+ Cov (X, 1) = B — BB = 2 - 22 = -1

12. () @)

1
P(X Ly 1) i s 1
(D > 4 H xydxdy !y y 756

1
(2) fx(x) = J-Sxydy = 4x(y2)i =4x—-4x:0<x<1

y
Hy) = ijydx=4y(x2)g =4y’:0<y<l
0

(3) fxx) f) #flx, y) ~. X and Y are not independent.

(i) E(X;) =5 and V(X;) =0.20
By the central limit theorem, S,, = X; + X, + ... + X, follows

N(n, on)
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13. (@) ()
(i)

13. (b) ()
(i)

14. (a) ()

i.e., S, follows N(100, 2)

Sy —100 S 98 —100
2
=P(Z>-1)=P0<Z<1)+0.5=0.8413

This is a worked example in the book.

The one-step tpm of the corresponding Markov chain is
A B C

. P(S5,>98) = P{

Al0O 1 O
2 1 . . .
B 3 0 3| If (m;, m, m;) is the stationary state probability
2 1
cl— = O
3 3
0 1 0
T 2 1
distribution, then (7, 7,, 73) 3 0 3 =(my, T, T3)
2 1
- =0
3 3
i.e., 377:1 — 271:2 _27l-/3 = O
7'[:2 = 37(73
Solving these equations, we get
ﬂ=&=&=kand7rl +7m,+my =1
-8 -9 3
3

. 2 9
e, m=—,m,=—and 7; = —
5 20 20

1.e., the salesman sells in the cities A, B, C, 40%, 45% and 15% of
the days respectively.

This is a worked example in the book.

This is a worked example in the book. Solution for part (3) is not
available in the book, which is given below:
B)P{X(2)<4}=1-P{X(2)24}=1-(0.133 +0.715) =0.152

— =30min; ... U= %/min or2/hour; A= ? or %/hour

(1) P(the repairman is idle) = P(no customer in the system)
P N
u 8§ 8
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. . 3
-. Expected idle time each 8 hour day = 3 X 8 =3 hours

(2) E(No. of customers in the system) = E(N G)=——7= %

(i) This is a worked example in the book.

1 1
14. (b) (1) l =15minor A= —/min or4/hour; — =33 minor = —/min
A 15 33

2
or —O/hour
11

1
k=5 Pp=—H __17CD 518
1‘(/1) 1-22)
u
k+1
A (kﬂ)(/l) 132 6x113-380
X .
E(Ny) = - o) 132, 0x13 380
u-2 (A) 131 112-380
-2
u

(i) This is a worked example in the book.
15. (a) (i) A=4/hour or %/min E(T)=10and V(T) =0

AH{V(T)+ E*(T))
2{1-AE(T)}

(1) By P.K. formula, E(Ny) =Lg= A-E(T) +

1
——(0+100
225( ) _4

2 1—i><10 3
15

e, L= x10+

1
A 4 15 2
T A
10
1 4 .
(3) E(Wy) = IE(NS)Z 15><§= 20 min

(4) E(Wp) = E(Wy) - ﬁ =20-10= 10 min

.. 1 1 1
iil) A= 120/hour or — /second; , = — /second; i, = — /second;
(ii) 3 My 20 25 15

1
= — /second
s I
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15. (b) ()

(i)

A A A
+ +
W=A H=A p3=A

E(Ns) =

R N SR S
BE T B T

20 30 15 30 12 30
_ L{@+@+ﬂ}= 60+30+20 11
30110 15 18 30 3
Derivation of P.K. formula is available in the book.
A {V(T)+ E*(T))
2{1- AE(T)

P.K formulaisaL¢= AE(T)+
V(1)=0

JE(T) = 1 and
u

2 2
_A,m P

u 2(1_/1) 2(1-p)
u

Jackson’s flow balance equations are /1 =r+ z A (j =1,2,3)

ie., 2,_1+0122+04,18 (1)
When j =2,

Ay =4+ MPiy+ LPy + A3Ps)

ie, A, =4+0.6A+04 P, )
When j =3,

A3 =3+ P53+ Py + 4P

i.e., 13:3+0.3/11 +034, 3)

Solving (1), (2) and 3); 4, =5, 4, =10, 4; = %
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9.

Use of Statistical Tables is permitted.
Answer ALL Questions.
Part-A (10 x 2 = 20 marks)

A random variable X has cdf

0; x<l1
Fy(x)=<1/2(x-1); 1<x<3
1; x2=3

Find the pdf of X and the expected value of X.
Find the moment-generating function of a binomial distribution.
The joint pmf of two random variables X and Y is given by

kxy, x=1,2,3; y=12,3
PX,Y(X’)’)={

0, otherwise
Determine the value of the constant k.
2
The joint pdf of a random variable (X, Y) is fxy(x, y) = xy2 + % 0<x<2,

0<y<1.Find P{X<Y}.

Define wide sense stationary process.

Show that a binomial process is Markov.

A random process X(¢) is defined by X(¥) = K cos wt, t = 0, where @ is a
constant and K is uniformly distributed over (0, 2). Find the autocorrelation
function of X(7).

Define cross correlation function of X(#) and Y(z). When do you say that they
are independent?

Define a linear time invariant system.

10. State the convolution form of the output of a linear time invariant system.
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11. (a) ()

(i)

(b) (©)

(ii)
12. (a) (i)

(i)

(b) (©)

(i)

(D
2)
3)
13. (a) (1)

(ii)

(b) @

Part-B (5 x 16 = 80 marks)
A random variable X has pdf

kx*e™; x>0
(x) = ’
I {0; otherwise

Find the ™ moment of X about the origin. Hence, find the mean and

variance. (8)

A random variable X is uniformly distributed over (0, 10). Find

(1) PX<3),P(X>7)and P2 < X<5)

() PX=T7) ®)
Or

An office has four phone lines. Each is busy about 10% of the time.

Assume that the phone lines act independently.

(1) What is the probability that all four phones are busy?

(2) What is the probability that at least two of them are busy? (6)

Describe gamma distribution. Obtain its moment generating
function. Hence, compute its mean and variance. (10)
Two independent random variables X and Y are defined by

£ 4ax; O0<x<l1 d £, 4by; O0<x<l1

X) = an =
X 0; otherwise rt 0; otherwise
Show that U = X + Y and V = X — Y are uncorrelated. ®)
State and prove the central limit theorem for the case of iid random
variables. (8)
Or

The equations of two regression lines are 3x + 12y = 19 and
3y + 9x =46. Find X,y and the correlation coefficient between X
and Y. (8)
Give the joint pdf of X and Y

CX(x—y); O0<x<2,—x<y<ux
Jx /X y) = { ' .

0; otherwise
Evaluate C.
Find the marginal pdf of X.
Find the conditional density of Y1X. (8)
Define a semirandom telegraph signal process and prove that it is
evolutionary. (10)
Mention any three properties each of autocorrelation and of cross
correlation functions of a wide sense stationary process. (6)

Or
A random process X(¢) is defined by
X(f)=Acost+Bsint,—cc<t<oo
where A and B are independent random variables, each of which
has a value of -2 with a probability of 1/3 and a value of 1 with
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14. (a) (1)

(b ®

15. @ ()

() ®

(i)

(ii)

(i)

(i)

(i)

a probability of 2/3. Show that X(¢) is a wide sense stationary

process. (8)
Define a Poisson process. Show that the sum of two Poisson
processes is a Poisson process. (8)

Define spectral density of a stationary random process X(f). Prove
that for a real random process X(¢), the power spectral density is an
even function. (8)
Two random processes X(#) and Y(¢) are defined as follows:
X(t) = A cos (wr + 0) and Y(¢r) = B sin(wt + 6) where A, B and @
are constants; 0 is a uniform random variable over (0, 27). Find the
cross correlation function of X(f) and Y(z). (8)
Or
State and prove the Wiener—Khintchine theorem. (8)
If the cross power spectral density of X(7) and Y() is
ibw

a+—; —o<w<o,o>0
Syr(@) = o

0; otherwise

where a and b are constants. Find the cross correlation function.

8)
A random process X(¢) is the input to a linear system whose impulse
function is A(f) = 2¢™; t = 0. The autocorrelation function of the

_nltl . .
process is Ryy(7) = € *"_ Find the power spectral density of the
output process Y(¥). (8)
A wide sense stationary noise process N(f) has an autocorrelation

function Ry(7) = Pe™" where P is a constant. Find its power
spectrum.
Or

If the input to a time invariant stable, linear system is a wide sense
stationary process, prove that the output will also be a wide sense
stationary process. (8)
Let X(¢) be a wide sense stationary process which is the input to
a linear time invariant system with unit impulse A(f) and output
Y(#). Then prove that Sy(w) = IH(a))I2 Syx(®) where H(®) is the the
Fourier transform of A(r). (8)

Solutions

Part-A

d
L fo)=—F()=

0, inx<l

3 273
L inl<x<3;E(X)=[Zde=|>~| =2.
2 12 4
0, inx>3
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2. PX=r=p,=nCp'q"";r=0,1,.,n
My(t)= Y e -nC,p'q"" =3 ,nC,(pe') ¢"" = (q+ pe')"
r=0 r=0
S w1123 L
k | 2k | 3k Zpry =1;ie.,36k=1
2 |2k |4k | 6k e
3 |3k |6k | 9k k=L
36
4. This is a part of a worked example in the book.
5. Definition of WSS process—available in the book.
6. When P(X, =1) =p and P(X, = 0) = g, where p + g = 1, then {X,,} is a
Bernoulli’s process.
IfS, = me then {S,; n =1} is a Binomial process.
n=1
Now, P(S,.;=k+1/S,=k}=pand P(S,,, =k/S,=k)=q
{S,} is a Markov process.
, 2-07 1 b+a
7. KisU(QO,?2 - Var(K) = =—;E(K)= =1
0,2) (K) D 3 (K) >
4
Var(K) = E(K)” - E(K); ECK") = &
4
R(t, t,) = E{X(t))-X(t,)} = E{K2 COS (Ut,-COS Wiy} = gcos 1, cos i,
8. Ry/(7)=E{X(®)-Y(t-1}
{X(»} and {Y(r)} are independent, if Ryy(7) = Uy Uy
9. Definition is available in the book.
10. Y(n= I h(u)X(t — n) du, where X(f) and Y(¢) are the input and output process
and A(7) is the system weighting function.
Part-B
1L (@) () [k?e ™ dr=1;ie. k[lx*(—e )= 2x(e ™) +2(-e )5 =1
0

ie., 2k=1 s k=172

I =ljxr*2e"‘ dx=_71 {2+ (r+2) X+ (r+2) r+ DX+

2
0 L r+2) (P 1) 2.1, "= %Iiz
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(i)

11. (b) ()

(i)

,_ 1 ,_ 1
EX) = ﬂ1=§|§=3§ E(X2)=‘LL2:EH=12

V(X)= EX*) - EX(X)=12-9=3.

1
Xis U(0, 10) o f) = —
10
3
(1)P(X<3)=P(O<X<3)=J.idxzi
010 10
10
1 3
PX>T)=P(1<X<10)= [—dv==
> 10 10
PQ<X<5) Sldx 3
<5) = |—dx=—
@< )10 T 10

(2) Since X is a continuous RV, P(X=7) =0

X = Number of busy phones; p=0.1,g=09,n=4

(1) P(X = 4) = 4C,-(0.1)*(0.9)° = 0.0001

(2) P(X=2,30r4)=1-{PX=0)+PX=1))}
=1 - {4Cy(0.1)"(0.9)* + 4C,-(0.1)"-(0.9)°}
=1-(0.6561 + 0.2916) = 0.0523

If X is a continuous RV with fix) = x""'¢™*/|(n) ; x = 0, then X is
said to follow Gamma distribution with parameter n > 0

o 1
M(1) = J.e”‘x"*lefx /mdx = J.x"*le*a*’)xdx

0 mo

‘ -
—
8

E(x) = coefficient of é in(l)=n
2
E(Xz) = coefficient of E in(l)=nn+1)

. Var(X) = EX®) - EXX)=n
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12. (a) (1)

Fig. |

Foyx, y) =16 abxy; 0<x,y<1

11
EWU) = E(X+Y)= [ [(x+y)16 abxydxdy
00

'l[[xs 2 !
16 ab —y+—y2] dy
ol 3 2 0

1 2 2 1
= 16abj[l+y—]dy=16ab(y—+y—j =—ab
1372 6 , 3

11
E(V)=EX-Y)= [[(x=y)16abxydxdy
00
1 3 2
X X 2
= 16ab[| —y -2

2 3\
= 16ab| 2--2-| =0
6 6

1

1 2
y )y
dy=16ab|| =——|d
0 ' ‘([).(3 2] '

0
11

EUY) = E(X* -Y?)= [ [( - y*)16abxydx dy
00

-l[[x“y X2 :
= 16ab ———y3J dy
o4 27 )

1

1 3 2 4
= 16abj(l—y—]dy:16ab[Y__Y_] 0
4 2 8 8 )

CWU,V)=EWUV)-EWU)EV)=0; .. ryy=0;
. U and V are uncorrelated.
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(i)

12. () ()

(ii)
13. () ()
(ii)
13. (b) (i)

(i)
14. (a) (i)
(ii)

Statement of Lindeberg-Levy’s form of CLT—available in the
book. Proof is beyond the scope of the syllabus and the book.

(X,Y) is the point of intersection of the two regression lines.

3x+12y =19 1)

9x +3y =46 (2)
- = 1

Solving (1) and (2), we get X =5and Y = g

Rewriting the regression equations, we have y = —%x + % (D)
andx=—ly+ﬁ @
3 9

1 1
" byx= ——and by, = ——
X 1 e 3

1 1 1

rXY2 = byy -byy :E o Ixy :Eor _m
(— sign is taken, since both byy and byy are —ve).
This is a worked example in the book.
This is a worked example in the book.
Properties of ACF and CCF are available in the book.
E{X(t)} =cos t E(A) + sin -E(B), where the probability distribution
of A or B is given below:
Aor B 2|1

P(A) or P(B)

SSER )

1
3

. E(A) = E(B)=—§+%=O and

4 2
EA)=EBY= —+==2
(A =EB) =+

E(AB) = E(A)-E(B) =0, since A and B are independent.

~ E{X(H}=0
E{X*()} = cos® +-E(A%) + sin’ +-E(B?) + 2 sin t cos -E(AB) = 2

V{X(H)} =2

Since E{X(¢)} and V{X(#)} are constants, {X(¢)} is a WSS process.
Definition and property of Poisson process are available in the
book.
Definition and property of spectral density are available in the book.

1 .
) =— in0<0<2nm
Jo(0) Py
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E{X(t)}-Y(t,)} = E{A cos (ot, + 6)-B sin (0t, + 6)}

2r
AB- L [ cos(wr, +0)-sin(wr, +6)do
2z

AB°f . .
P [ Isin{ot, +1,)+ 26} —sin{o(, —1,)}1d0
0

2
= ﬂ[_%cos{w(tl + tz) + 20} - Sin{w(ll - IZ)}G}

4 0

AB .
———smaw(f —t
> (t —15)
AB .
i.e., Ryy(t), 1) = Ryy(t; — 1) = —TSIII ot —t,)

AB
“ Ryy(D) = —TSin T

14. (b) (i) Wiener—Khinchine theorem—statement and proof are available in
the book.

i — 1 _Lw 2 it®
(ii) Ryy(D) = F {Sxy(w)}_zﬂ_£(a+zawje dw
1

K ibw ..
=— || a+—|(cosTw +isSinTW)dw
a
a

a

1 (sinra))u b ( cos’L'a)J sintw |
=—la -—j0| - +—
T T ), a T ™,

1| sinat cosat b sinart
=—|a +b -———
T T a T

16 b .
= —J(acosm)——a)smrwjda)
n-O

T h(t)e ™ dt =]° Qe et

—o0 0

oo * 2
2 =
—(1+iw) 0 1+iw

Sex(@ = FiRy (1)) = [ e dz

—oo

15. (a) (i) H(w)=F{h()}
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0 o
J le e T g 4 ‘[6727 LT gr
0

—oco

. 0 . oo
e(2—zw)r e—(2+zw)r

. + .
2-iow | 2+im) o

1 1 4
= + =
2—-i0 2+i0 4+ w®
4 4 16

Sy @) = |H(@)P Sy (w) =

1+0° 4+0° (@ +1)0* +4)

0 oo
JeSre—zw‘r dr +j€_3T€_le dr
oo 0

(i) Synm(@) =F{Ry(D} =

|
v

; 0 , S
_p e(3—zm)r . e—(3+m))r
3—iw . —3+iw) 0

(1 1 6P
+ _
3—iow 3+iw

=P

0> 49
15. (b) (i) A standard property; proof is available in the book.
(i1) A standard result, the derivation is available in the book.
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AEE e

11.

Answer ALL Questions.
Part-A (10 x 2 = 20 marks)

If X and Y are two independent random variables with variances 2 and 3,
find the variance of 3X + 4Y.

State memoryless property of exponential distribution.

If the joint pdf of (X, Y) is given by fix, y) =2,in 0 <x <y <1, find E(X).
State the Central Limit theorem.

Define wide sense stationary process.

0 1
If the transition probability matrix (tpm) of a Markov chainis | 1 1 |, find
2 2

the steady-state distribution of the chain.

What are the characteristics of a queueing system?

What is the probability that a customer has to wait more than 15 minutes to
get his service completed in a M/M/1 queueing system, if A = 6 per hour and
U =10 per hour?

State Polaczek—Khinchine formula.

Define closed network of a queueing system.

Part-B (5 x 16 = 80 marks)
(a) ) A continuous random variable has the pdf f{x) = kx4, -1<x<0.

Find the value of k and also P{X > (—;)/X < (—1)} . (8)

(i) Find the moment-generating function of uniform distribution.
Hence, find its mean and variance. (8)
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b ©

(i)

12. (a) ()

(ii)

(b ®

(ii)

13. (a) ()

(i)

b ©

(i)
(iii)

Or
Find the moment-generating function and /" moment for the
distribution whose pdf is fix) = Ke™, 0 < x < oo, Hence, find the
mean and variance. (8)
In a large consignment of electric bulbs, 10 percent are defective.
A random sample of 20 is taken for inspection. Find the probability
that (1) all are good bulbs (2) at most there are 3 defective bulbs,
and (3) exactly there are 3 defective bulbs. ®)
The joint probability density function of a two-dimensional random

variable (X, Y) is fix, y) = %(6—x—y),0<x<2,2<y<4. Find

(HPX<1INY<3)2)PX+Y<3)(3)PX<1/Y<3). (8)

If X and Y each follow an exponential distribution with parameter /

and the independent, find the pdf of U=X-7Y. ()
Or

The marks obtained by 10 students in Mathematics and Statistics
are given below. Find the correlation coefficient between the two
subjects.

Marks in mathematics |75 {30 |60 [80 |53 |35 [15 |40 |38 |48
Marks in statistics 85 |45 [54 |91 |58 |63 |35 (43 |45 |44

A distribution with unknown mean p has variance equal to 1.5.
Use the central limit theorem to find how large a sample should be
taken from the distribution in order that the probability will be at
least 0.95 that the sample mean will be within 0.5 of the population
mean. (8)
Show that the process X(f) = A cos At + B sin Ar is wide sense
stationary, if E(A) = E(B) = 0, E(A%) = E(B*) and E(AB) = 0, where
A and B are random variables.

A gambler has Rs. 2. He bets Re. 1 at a time and wins Re. 1 with
probability of 1/2. He stops playing if he loses Rs. 2 or wins Rs. 4.
(1) What is the tpm of the related Markov chain? (2) What is the
probability that he has lost his money at the end of 5 plays?  (8)

Or
Find the nature of the states of the Markov chain with the tpm
010
1 1
P=|— 0 — (®)
2 2
01 0

Prove that the differences of two independent Poisson processes is
not a Poisson process. “4)
Prove that the Poisson process is a Markov process. 4)
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14. (a) (i) Derive (1) L,, average number of customers in the system (2) L,
average number of customers in the queue for the queueing model
(M/M/1): (N/FIFO). 3

(i) There are three typists in an office. Each typist can type an average
of 6 letters per hour. If letters arrive for being typed at the rate of 15
letters per hour, what fraction of time will all the typists be busy?
What is the average number of letters waiting to be typed? (Assume
Poisson arrivals and exponential service times) )

Or
(b) Customers arrive at a one-man barber shop according to a Poisson
process with a mean inter-arrival time of 20 minutes. Customers
spend an average of 15 minutes in the barber chair. The service time is
exponentially distributed. If an hour is used as a unit of time, then
(i) What is the probability that a customer need not wait for a hair
cut?
(i1)) What is the expected number of a customer in the barber shop and
in the queue?

(iii) How much time can a customer expect to spend in the barber
shop?

(iv) Find the average time that a customer spends in the queue.

(v) Estimate the fraction of the day that the customer will be idle.

(vi) What is the probability that there will be 6 or more customers?

(vii) Estimate the percentage of customers who have to wait prior to
getting into the barber’s chair. (16)

15. (a) An automatic car-wash facility operates with only one bay. Cars arrive

according to a Poisson process at the rate of 4 cars per hour and may

wait in the facility’s parking lot if the bay is busy. The service time for
all cars is constant and equal to 10 minutes. Determine L, Lq, W, and

W, (16)

(b) Consider a system of two servers where customers from outside the
system arrive at server 1 at a Poisson rate of 4 and at server 2 at a Poisson
rate of 5. The service rates for servers 1 and 2 are 8 and 10 respectively.

A customer upon completion of service at server 1 is likely to go to

server 2 or leave the system; whereas a departure from server 2 will go

25 percent of the time to server 1 and will depart the system otherwise.

Determine the limiting probabilities L, and W._. (16)

Solutions

Part-A
1. LetZ=3X+4Y .. Z-EZ) =3{X-EX)}+4{Y-EY)}
. V(Z) = E{Z- E(Z)}* =9E{X - E(X)}* + 16E{Y - E(Y)}*
+24[E{X ~ EX)} {Y -E(1)}7]
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=9x2+16x3+24x%x0 ("~ X and Y are independent)
=66
Statement available in the book.

7

N

y

Fig. |

1y 1
EX) = J.J-Zxdxdy = Jyzdy =%
00 0

4. Statement of CLT available in the book.

5. Definition of WSS available in the book.
6. Let the steady-state distribution be (7, 7,).
0 1 ! !
Then (7, m) = l l (my,7,); viz.,En2 =m and T, +57172 =,
2 2
or 7, =1 )

T 1 2

Also, T, +5 =1(2); solving (1) and (2); 7, = gand =3
. coe (102
-, the required distribution is 33

7. Answer for this question is available in the book.
8. A =6/hour and y = 10/hour

P(Ws>1)= [ (u—A)e# ™" dw=e P!
t

1

—(10-6)—
P(WS > l) =e i1
4 e

9. Statement of P.K. formula is available in the book.
10. Definition of closed network of a queueing system is available in the book.

Part-B

0 5 0
11 (@) G) [ hke*dx =1,i.e.,k[x?] =lie,—=1 = k=5
-1

-1
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1
(YA L5y 4
=)y (7))

1 1 1 1
=l -—t+t— || —+1|=—
( 1024 32] ( 1024 ) 33

(ii) Let X follow U(a, b) . f(x)sz
—a
b bt at
1 1 (7 —e")
M) = = ¢ €
K0 'a[b—ae * b—a t
{1+E+b2t2+b3t3+--}
1 L 2 3
brat - 1+a—t+—azt2 +—a3t3+---
n 2 3
2 2
=1+(b+a)t+b +b6a+a g (1)
E(X) = coefficient of —in (1= 24
_ i :
2 2 2
E() = coefficient of —in (1= 2_FPa+a”
2 3

VX) = EX*) - EX(X)
_(p*+ba+a® ) [b*+2ba+a’|_b° —2ba+d’
3 4 12

_ (b-ay
12

11. (b) () '[f(x)dx =1;1ie., kTe‘dezl sLk=1ie,fx)=e"x20
Ry 0

oo -(1-Hx |7 1
My(t) = J.e_xetxdx = { ¢ } =
0 —(1-1) 0 1—1t¢
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MO =1+t++ .. +1+.. (1)

. u,”= coefficient of Lin H=|r
|r

EX)=p/ = LEX)=w,'=2 .. VX)=EX)-EX) =1
(i) p = P(abulb is defective) = 0.1 and ¢ = 0.9; n =20
(i) P(all the bulbs are good) = P(no defective bulb)
= P(X = 0) = 20C, p*-¢**° = (0.9)%°
(i1) P(at most 3 bulbs are defective) = P(X =0, 1, 2, 3)

— 220C pr 20—-r

r=0

=[(0.9)%° + 20 x (0.1) x (0.9)" + 190 x (0.1)* x (0.9)'8
+ 1140 x (0.1)* x (0.9)'7]
(iii) P(exactly 3 bulbs are defective)
= P(X =3) =20C; x (0.1)* x (0.9)".

12. (a) (1)
y
y=4
x=04C x=2
N s
A
y=2
x+y=3
X
o
Fig. 2

(1) PX<1NnY<3)=PO0<X<land2<Y<3)

31
H%(6 x— y)dxdy——f(——y)dy
20

33v

2) PX+Y<3)= _U f(x, y)dxdy——J J‘ (6—x—y)dxdy

AABC
3

I 1 , 1
= [Boy)O—y)dy=—|27y—6y* +=y* | =
16{( Y(O-y)dy 16( y—6y 3yj
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P(X<1nY<3) 3 131
3) PX<1/Y<3)= ==+ ||=(6-x-y)dxd
3 K ) PQ2<Y<3) 8 '[;[8( X~ y)dxdy

_i;}l(lo—z Ydy=3+(10y -3 =>
5713 Mdy=3+10y=y"); =

(i) This is a worked example in the book.
12. (b) (i) x = Marks in Mathematics; y = Marks in Statistics
Yx = 471; Ty = 563; x* = 26,132; Ty* = 34, 815; Zxy = 29, 591

nxxy — Xx -2y
JnEx - (207} {nZy? — (59)°)
~ 295910 - 265173
- \/(261320 —221841) (348150 —316969)

= L =(0.876

/39479 x 31181

(i1) This is a worked example in the book.
13. (a) (1) This is a worked example in the book.

(i1) This is a worked example in the book.
13. (b) (i) This is a worked example in the book.

(ii) This is a standard property, proof is available in the book.

(iii) This is a standard property, proof is available in the book.
14. (a) (i) Derivation is available for this model in the book.

(i) This is a worked example in the book.

Ixy =

14. (b) l:20 ),zi/min;l=15 ,uzi/min
A 20 u 15

(1) P(the customers need not wait for a haircut)
= P(No customer in the system)

1 1
=P0=1—£=1——><15=—
M 20 4

1
.. . A 20
(ii) E(Number of customersin the shop) = E(Ng) = 1 =7 = 3

U= - _ =

15 20

E(Number of customers in the queue) =
1
5 L
ENp = — =400 __j)s

Cuu=A (11
15\15 20
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1 1

(iii) E(waiting time in the shop) = E(W;) = 1 =7 = 60 min
H—= -
15 20
(iv) E(waiting time in the queue) =
1
EWp=—2 20 __4smin
pu=-A - (11
1515 20

(v) The fraction of the day when the barber (it is not customer as given

in the problem) will be idle = F, :i

(vi) P(Ng26)=1—{Py+ P+ P,+ P;+ P, + Ps}

(@ e 2o (2 o (2]
g e e

u
(vii) Fraction of customers who have to wait in the queue
E(N
_EWNg) 2255
E(Ny) 3

% of customers who have to wait in the queue = 75.
15. (a) We shall assume that the parking lot is large enough to accommodate
any number of cars.

1
A = 4/hour or E/min s E(T)=10and V(T) =0

AH{V(T)+ E*(T)}
2{1 - AE(T)}

(1) ByP.K.formula, Lg=EWNg) = A-E(T)+

L{O+100}

:ix10+225—=%

2111 x10
V6]

2
(2) Ly=EWNy) = E(Ng)— =3

= >

3) EWy) = %E(NS) =20 min
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@) EWo)= > E(Ng)=10min

1
15. (b) r;=4,r,=5P;;=0,P,= B [Note: It is to be assumed that a customer

upon completion of service at S, is equally likely to go to S, or leave the
system. The word ‘equally’ is missing in the question.]
1

Jackson’s flow balance equation for this open network is

2
; 1 1

Ay=ri+Y AP(j=12); /11=4+Z/12and2.2=5+5/11

i=1
Solving these equations, A, =6 and A, = 8

A 6 8

Ly= E(Ng) = ——+——=—= + =7
s = ENy) w-A w-A 8-6 10-8

1 1 7
EW,) = —E(Ng)= E(Ng)=—
(Wy) 1 (Ns) P (Ns) 9



BE/BTech Degree Examination, May/June 2014
Fourth Semester
Electronics and Communication Engineering
MA2261/MA45/MA1253/10177 PR 401/080380009—Probability and
Random Processes
(Common to Biomedical Engineering)
(Regulation 2008/2010)

Time: Three hours Maximum: 100 marks

W

®© N

11.

Use of Statistical Tables is permitted.
Answer ALL Questions.

Part-A (10 x 2 = 20 marks)

X and Y are independent random variables, with variances of 2 and 3. Find
the variance of 3X + 4Y.
A continuous random variable X has a probability density function (pdf)

{3)(2; 0<x<l
fx) = .. Find & such that P(X > k) = 0.5.
0; otherwise

State the Central Limit theorem for iid random variables.

State the basic properties of joint distribution of (X, ¥) when X and Y are
random variables.

State the properties of an ergodic process.

Explain any two applications of a binomial process.

Define cross-correlation function and state any two of its properties.

Find the variance of the stationary ergodic process {X(f)} whose
autocorrelation function is given by Ryy(7) =25+ 4/(1 + 612).

Define a system. When is it called a linear system?

Define band-limited white noise.

Part-B (5 x 16 = 80 marks)

(a) (i) Definethe moment-generating function (MGF) of arandom variable.
Derive the MGF, mean, variance and the first four moments of a
Gamma distribution. (8)

(i) Describe binomial B (n, p) distribution and obtain the moment-
generating function. Hence, compute (1) the first four moments,
and (2) the recursion relation for the central moments. (8)
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Or
(b) (i) A random variable X has the following probability distribution:

X: 0 1 2 3 4 5 6 7
P(x): 0 K 2K 2K 3K K 2K’ TK*+K
Find

(1) the value of K

(2) P(1.5<X <4.5/X>?2), and

(3) the smallest value of n for which P(X <n) > 1/2. ®)
(i) Find the MGF of a random variable X having the pdf

x .
foo =g *70

0; otherwise

Also deduce the first four moments about the origin. ®)
12. (a) If the joint pdf of a two-dimensional random variable (X, Y) is given by

2, Xy
x+—, 0<x<L;0<y<?2
S, y) = 3

0, otherwise
Find

. 1
(1) P(X>Ej,

(i) P(Y <X),

(iii) P[X+ Y >1], and

(iv) The conditional density functions. (16)

Or
(b) (1) The joint pdf of the random variable (X, Y) is

f, ) =3x+y)0<x<1,0<y<1,x+y<1,find Cov (X, ). (8)

(i) Marks obtained by 10 students in Mathematics (x) and statistics (y)
are given below:

x: 60 34 40 50 45 40 22 43 42 64
y. 75 32 33 40 45 33 12 30 34 51

Find the two regression lines. Also find y when x = 55. (8)
13. (a) (i) A process {X(f)} has a probability distribution under a certain
n—1
Lﬁl’ =1,2
condition given by P{X(1) = n} = | 1 +a0)
at
, n=0
1+ at

Find the mean and variance of the process. Is the process first-order
stationary?
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(i)

(b) @
(i)

14. (a) (1)
(i)

If the WSS process {X(r)} is given by X(¢) = 10 cos (1007 + 6),
where 0 is uniformly distributed over (-, 7), prove that {X(?)} is
correlation ergodic.
Or

If the process {X(#); t = 0} is a Poisson process with parameter A,
obtain P{X(r) = n}. Is the process first-order stationary? (10)
Prove that a random telegraph signal process Y(¢) = aX(¢) is a Wide
Sense Stationary Process where ¢ is a random variable which
is independent of X(¢) and assumes values —1 and +1 with equal

probability and Ryy(t,, t,) = € 172", (6)

Find the mean and autocorrelation of the Poisson process. (8)

Prove that the random processes X(¢) and Y(r) defined by

X(f) =A cos ot + B sin @t and Y(r) = B cos ot — AB sin @ are jointly

wide sense stationary. (8)
Or

(b) State and prove the Weiner—Khintchine Theorem. (16)

15. (a) (1)
(i)

(b) @

(i)

Show that if the input {X(#)} is a WSS process for a linear system

then output {¥(#)} is a WSS process. Also find Ryy(7). (8)

If {X(r)} is the input voltage to a circuit and {Y(¢)} is the output

voltage, {X(#)} is a stationary random process with uy, = 0 and

R (1) = ¢ ™" Find the mean Uy and power spectrum Syy(w) of the

output if the power transfer function is given by H(w) = RLiLW -
(®)

Or

If Y(r) = A cos (wt + 0) — N(t), where A is a constant, 0 is a random

variable with a uniform distribution in (-7, ) and {N(¢)} is a

bandlimited Gaussian white noise with power spectral density

N,
L, forlw, -0, < 0y

0, elsewhere
Find the power spectral density Y(z). Assume that {N()} and 0 are
independent. (10)
A system has an impulse response h(f) = e‘ﬂ’U(t), find the power
spectral density of the ouput Y(¢) corresponding to the input X(?).

(6)

Solutions

Part-A

. Z=3X+4Y; EZ) =3EX) + 4E(Y);
s Z—E@Z)=3{X-EX)} +4{Y - E(V)}



Q4.4 Probability, Statistics and Random Processes

> w

8.
9.

Var(Z) = E{Z- E(Z)}* =9 Var(X) + 16 Var(Y) + 24 E{X - E(X)} {Y - E(Y)}
=9%x2+16x3+24x0 (- XandY are independent)
=66

1
PX >k = [3x°dy=05[x"]; =05 ie, 1 -k = 0.5 or k¥ = 0.5 and

k=0.794.

Statement of CLT for iid RV’s is available in the book.

Properties of F(x, y) is available in the book.

Definitions of ergodic process, mean ergodic, correlation ergodic and
distribution ergodic processes will form the answer for this question.

As binomial process is a Markov process, viz., a discrete time Markov chain,
we can consider (1) random walk with reflecting barriers, and (2) random
walk with absorbing barriers as applications of binomial process.
Definition and properties of cross-correlation function Ry(7) are available
in the book.

This is a worked example in the book.

Definitions of a system and a linear system are available in the book.

10. Definition is available in the book.

Part-B

11. (a) (i) Definition of MGF of a random variable is available in the book.

n—1

1 —x
Gamma distribution is defined by f,(x) = U X e " ;x20,n>0.
n

n 1, —(1 t)x dx

1 17 y .
= — y dy,onputting (1-1)x=y
(m) A=-0"%
— 1 t’"
=10 I-0
My(r) = H_n nn+1) , n(n+1)(n+2)t3

El‘+ Ig + |§
+n(n+1)(n+2)(n+3)t4+
4
u' = EQX) =n; w5 = EX?) = n(n + 1); Var(X) = u% - u* = n;
Us=nn+1)(n+2);uy=nn+1)(n+2)(n+3)
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(ii) Binomial distribution is defined by p, = P(X=r) =nCp'q" ™"

M(t)= Y., e"nC.p'q" ZnC (pe') q""
r=0 r=0
n(r:O‘l.Z.,,.Il)
= (pe' +9)

Derivation of the first four moments.
M, (f) = 1+i+i+i+i+ + ”
e N TRV RATRATEA b

r P ’
1+ pt| 1+ =+ —+—+--
2 6 24

2

n(n—1) t 1

1+ t1++ + Pl —+—
u”( 2 J 2 " [ 2 6)

2 3
+M 3’% 1+ +t_+t_
|§ 2 6 24
=D =2)(n-3) 44[1+t+i+ A J4+...
H 2 6 24

(1) p; = coefficient of é = np;

2
% = coefficient of tE =np +nn— 1)p2;

3
U’ = coefficient of ZE =np+3n(n- 1)p2 +nn-1)(n-2) p3

4
Uy = coefficient of — =np +Tn (n - l)p2 +4dn(n-1)(n-2)
4 i am-1) (-2 (n-3)
(2) Recurrence formula for the central moments is given in the
book.
11. (b) (i) This is a worked example in the book.

(ii) f(x):i 2 x>0

My (1) = j " f(x)dx _%

O‘—.g
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1 1
[er] o]
—| x — = — = —
4 1 1 2 4 2
B (—t] ——t
2 0 2
My(t) = 1+ 220 + 320> + 420 + 520" + ... o0 1)
t
U = coefficient of E in(1)=4; u’%=24; u’5=192; u’, = 1920.
12. (a) ()
@)
Fig. 1
| 2L g 2( 3 52 !
Pl X>—|= X +—|dxdy=||—+y—| dy
(o)L ile 3]s
2
2
[etpdird]
o\24 8 247 16) 6
(ii)
y
(1.1
Lt
3
X
(0]

Fig. 2
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Q4.7

(iii)

Fig. 3

1 2 1 22
PX+Yz1)= J J. (x2+%dedx=J-[x2y+xy?j dx
0 1=

X 0 1-x

1
- {{sz +%x—x2(1 —x)—%(l —x)z}dx

2
(iv) fix) = J(xz +’;—y)dy= 222 +%x;0< x<l1
0

L+

f(x,y): 3 ;0<y<?2
fx () 2x2+—x,

S fox) =

1
2, XY Iy
= +=|dx==+=;0<y<2

0 3
2, Xy
fay YTy
= = ;0 1
Jxp(®) 70 l N 0 <x<

3.6
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12. (b) ()

(i)

13. (a) (i)
(ii)

x+y=1

Fig. 4

11-y 1-y

1
EX) = _([ .([ 3x(x+ y)dxdy =_([(x3 +%yx2]0 dy

1 1 3
= -y i —v)? = _E y_ :E
—ﬂ(l W+ y=y) }dy {(1 2y+2]dy .

By symmetry, E(Y) = %

11-y 1 I-y
EXY) = J J 3xy(x+y)dxdy=j(yx3+%y2x2) dy
00 0 0

h 3.3, 2 0 3, )’4 1
= -y +=y*(1- dy=||y—=y"+— |dy=—
ﬂy( y) 2y( y)} 'y { Y=Y D=

1 9 13

Cov(X, Y) = E(XY) — E(X)-E(Y) 0 64 320
Tx = 440; Ty = 385; 3x” = 20,674; Ty = 17,253; Zxy = 18,499
Let y = ax + b be the regression line of Y on X.
The normal equations are 440a + 10b = 385 and 20,674a + 440 b =
18,499.
Solving these equations, a = 1.186 and b = —13.684

- regression line of Y on X is y = 1.186x — 13.684

[y], =55 =51.546

Let x = ¢y + d be the regression line of X on Y.
The normal equations are 385 ¢ + 10 d =440 and 17253 ¢ + 385 d
= 18499.
Solving these equations, ¢ = 0.520 and d = 23.990

.. regression line of X on Yis x = 0.520 y + 23.990.
This is a worked example in the book.
Since E{X(#)} = 1, a constant, {X(¢)} is first order stationary.
This is a worked example in the book.
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13.

14.

14.

15.

15.

(b) (1) This is a standard book-work available in the book.
Since E{X(t)} = At, a function of ¢, {X(f)} is not first order
stationary.
(ii) This is a worked example in the book.
(a) (1) This is a book-work, available in the book.
(ii) This is a worked example in the book.
(b) Statement and proof of Weiner—Khinchine theorem available in the
book.
(a) (i) A standard property, derivation of which is available in the book.
To find Ry(7) without the definition of {X(#)} is not possible.
(i) This is a worked example in the book.
(b) (i) This is a worked example in the book.

i) H@) = Flh) = [ hnye ™ di=] e e as
- 0

~ e—(ﬂ+iw)t < 1
=B +in) . C B+io

Syy = H(@)I* Syy(w) =

1
mSXX (w) , where Syy(w) and Syy(@)

are the power spectral densities of {X(#)} and {Y(?)}.
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