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The interstellar diffusion of galactic civilizations is reexamined by potential theory; both
numerical and analytical solutions are derived for the nonlinear partial differential and difference
equations which specify a range of relevant models, drawn from blast wave physics, soil science,
and, especially, population biology. An essential feature of these models is that, for all civiliza-
tions, population growth must be limited by the carrying capacity of the planetary environments.
Dispersal is fundamentally a diffusion process; a directed density-dependent diffusivity describes
interstellar emigration. We concentrate on two models, the first describing zero population growth
(ZPG) and the second which also includes local growth and saturation of a planetary population,
and for which we find an asymptotic travelling wave solution. For both models the colonization
wavefront expands slowly and uniformly, but only the frontier worlds are sources of further
expansion. For nonlinear diffusion with growth and saturation, the colonization wavefront from the
nearest independently arisen galactic civilization can have reached the Earth only if its lifetime
exceeds 2.6 x 108 years. If discretization can be neglected, the critical lifetime is 2.0 x 107 years.
For ZPG the corresponding number is 1.3 x 10'° years. These numerical results depend on our
choices for the specific emigration rate, the distribution of colonizable worlds, and, in the second
model, the population growth rate; but the dependence on these parameters is entrancingly weak.
We conclude that the Earth is uncolonized not because interstellar spacefaring societies are rare,
but because there are too many worlds to be colonized in the plausible lifetime of the colonization
phase of nearby galactic civilizations. This phase is, we contend, eventually outgrown. We also
conclude that, except possibly early in the history of the Galaxy, there are no very old galactic
civilizations with a consistent policy of conquest of inhabited worlds; there is no Galactic Empire.
There may, however, be abundant groups of ~10° to 10° worlds linked by a common colonial
heritage. The radar and television announcement of an emerging technical society on Earth may
induce a rapid response by nearby civilizations, thus newly motivated to reach our system directly
rather than by diffusion.

Alexander wept when he heard from Anaxarchus that there was an infinite number of worlds;
and his friends asking him if any accident had befallen him, he returned this answer: ‘‘Do you not
think it a matter worthy of lamentation that when there is such a vast multitude of them, we have
not yet conquered one?’’ —Plutarch, On the Tranquility of the Mind.

‘““Where are they?’’ is a famous and pos-
sibly even apocryphal question posed by
Enrico Fermi at Los Alamos in the late
1940s. In a galaxy with ~10'! stars; with
planets apparently abundant and the origin
of life seemingly requiring very general
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Sciences, University of California, Los Angeles, Calif.
90024.

cosmic circumstances; with the selective
advantage of intelligence and technology
obvious and with billions of years available
for evolution, should not extraterrestrial
intelligence be readily detectable? This
question is most often phrased in its astro-
physical context (see, e.g., Shklovskii and
Sagan, 1966; Dyson, 1966): should not ex-
traterrestrial civilizations millions or, per-
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haps, even billions of years more advanced
than our own be capable of so altering
cosmic objects and energy sources that a
range of astrophysical phenomena should
exist which cannot be understood apart
from the hypothesis of intelligent origin?
An answer is sometimes offered in the
negative (Shklovskii, 1976); i.e., the appar-
ent absence of astrophysical phenomena of
intelligent origin is taken to demonstrate
that no very advanced civilizations exist—
either because there are as yet undeter-
mined impediments to the evolution of
technical civilizations or because such civi-
lizations inevitably self-destruct early in
their histories. Alternatively, it can be ar-
gued (Sagan, 1974) that there are a wide
range of poorly understood astrophysical
phenomena, some involving extremely high
energies; and that (Sagan, 1973a) the mani-
festations of very advanced civilizations
would be no more apparent to us than the
design and function of human engineering
artifacts are to ants crawling upon their
surfaces. Any astroengineering activity that
is so wasteful of energy as to be observable
with our limited technology might, by its
very nature, be necessarily short-lived. The
fact that we have not yet acquired compel-
ling evidence of such activity since our rise
as a technological society—although there
are certainly major unexplained astrophysi-
cal phenomena—is not evidence for the
absence of extraterrestrial civilizations. It
may rather be that we are not looking in the
right place with the right instruments at the
right time. In any case, the sole productive
approach is the open-minded pursuit of
physical explanations of astrophysical phe-
nomena; only a serious failure of such
explanations might be evidence for extra-
terrestrial intelligence. In our present igno-
rance, the question remains entirely moot.

However, there is another and more
modest side to the issue. Pioneers 10 and 11
and Voyagers 1 and 2 show that even our
infant technical civilization is capable of
interstellar spaceflight, although at veloci-
ties ~107* pc year~!. Accordingly, should
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not civilizations only a little more advanced
than ours be effortlessly plying the spaces
between the stars (Sagan, 1963; Shklovskii
and Sagan, 1966)? And, if so, should we not
on Earth today have some evidence of
interstellar visits? Occasional serious at-
tempts to deal with this question always
conclude that no persuasive evidence of
past visits exists in human legends or arti-
facts (Shklovskii and Sagan, 1966; Sagan,
1979); and the most widely touted claims of
such visits uniformly have another and
more plausible explanation—generally in
the arena of archaeology or hoax (e.g.,
Story, 1976). Likewise, the extraterrestrial
hypothesis of UFOs—the contention that
we are today being visited—also exhibits,
despite a great deal of study, no persuasive
evidence (Sagan and Page, 1972; Klass,
1974). These discussions by no means ex-
clude past or present visits to the Earth;
they merely stress the absence of strong
evidence for such visits.

If the presence of extraterrestrial civiliza-
tions were to imply visits to Earth then the
absence of such visits would imply the
absence of such civilizations. This argu-
ment was put forward by Hart (1975) who
advanced it primarily in the context of
interstellar colonization, not exploration.
He argues that even if there are energetic
difficulties or safety hazards (for example,
the induced cosmic ray flux) to relativistic
interstellar spaceflight, there should be no
serious obstacles to interstellar flight at
~0.1c, in which case the Galaxy would be
traversed in <10 yr. Other possible objec-
tions to large-scale interstellar space-
faring—such as loss of motivation or self-
destruction—Hart argues are unlikely
because they must apply to all galactic
civilizations to explain the absence of ex-
traterrestrials on Earth.

We believe Hart’s analysis is flawed on a
number of counts. On the one hand, there
are universal social impediments to cosmic
imperialism of a sort which should apply to
every galactic civilization. Von Hoerner
(1973) has remarked that even interstellar
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colonization at the speed of light cannot
solve the present human population explo-
sion on the planet Earth. With our present
exponential growth rate of y = 0.02 year™!
and the colonization sphere expanding at
the speed of light, in 500 years the expan-
sion volume will have a radius of 50 pc with
all habitable planets in that volume reach-
ing the Earth’s present population density;
thereafter the population growth rate must
decline. This is, of course, an extreme
example, but it demonstrates that every
society which is to avoid overcrowding and
exhaustion of resources must practice strin-
gent population control and actively main-
tain very small values of y. Since, in the
long run, exponentials defeat power laws
on every planet in the Galaxy—indepen-
dent of local biology, evolutionary history,
and social customs—any analysis of this
problem must consider low values of vy and,
in the limit, zero population growth (ZPG).
A similar point has been made by Cox
(1976) and by Tinsley (1980). One of the
objectives of the present paper is to explore
in some detail the consequences of low
values of vy for interstellar colonization.
Another possible social impediment to
rapid interstellar colonization with some
conceivable claim to universality is immor-
tality (Kevles, 1975). In extrapolating to
advanced technological societies we often
seem willing to imagine daring engineer-
ing developments such as interstellar
spaceflight with velocities v = ¢, but make
only the most modest extrapolations in
biology or psychology. If aging is due, e.g.,
to the accumulation of somatic mutations,
it is conceivable that an advanced society
will have essentially eliminated both dis-
ease and aging, and that the limits to indi-
vidual longevity will then be set by acci-
dents, and by events in geological and
stellar evolution. The motivations which
we consider reasonable may seem very
unnatural to such a society. To what ex-
tent, for example, is our motive for inter-
stellar colonization itself a quest for immor-
tality? Would at least a dedicated galactic
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imperialism be rendered unnecessary if per-
sonal immortality existed? A population of
immortal organisms, each leaving a off-
spring per year, exhibits a growth rate
identical to that of a population of orga-
nisms in which each lives for a single year
and then dies leaving (a + 1) offspring
(Cole, 1954). A society of immortals must
practice more stringent population con-
trol than a society of mortals. In addition,
whatever its other charms, interstellar
spaceflight must pose more serious hazards
than residence on the home planet. To the
extent that such predispositions are inher-
ited, natural selection would tend in such a
world to eliminate those individuals lacking
a deep passion for the longest possible
lifespans, assuming no initial differential
replication. The net result might be a civili-
zation with a profound commitment to
stasis even on rather long cosmic time
scales and a predisposition antithetical to
interstellar colonization.

Colonial blue-green algae are among the
most ancient organisms on Earth, and it
seems likely that colonial and territorial
evolutionary strategies develop early on
many planets. In humans, there is some
evidence that territoriality is controlled in
the R-complex of the brain, first evolved
hundreds of millions of years ago (Mac-
Lean, 1973). More recent evolution of the
neocortex, which comprises some two-
thirds of the total brain mass, has tem-
pered, although by no means eliminated,
the disposition to territoriality. A strong
commitment to territoriality is probably in-
consistent with survival after the advent of
weapons of mass destruction. Civilizations
so old that natural selection has had time to
operate after the invention of advanced
technology, and civilizations so advanced
as to control their own evolution may make
great strides in subduing the ancient territo-
rial drives. Civilizations, say, =10° years
more advanced than ours may have little
interest in interstellar colonization (while
retaining an understandable concern about
younger, and more aggressive civilizations).
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With even modest annual growth rates in
science and technology, it is clear that a
civilization 108 or 10® years in advance of
ours would have technological capabilities
which would for us be indistinguishable
from magic, as pointed out by Arthur C.
Clarke. The possibility exists that such a
civilization might impose a stringent galac-
tic hegemony. The establishment of an un-
breakable Codex Galactica, imposing strict
injunctions against colonization of or con-
tact with already populated planets
(Shklovskii and Sagan, 1966, p. 451), is by
no means excluded. This idea, which has
been called the Zoo Hypothesis by Ball
(1973), is not irrelevant to our concerns
merely because it is by definition unprov-
able; the detection, for example by radio
astronomy, of civilizations on planets of
other stars would make the hypothesis
falsifiable. It is clearly impossible to prog-
nosticate reliably on the social behavior of
a hypothetical advanced civilization, but
these examples are put forth to suggest that
there may be many still less apparent social
impediments to extensive interstellar colo-
nization.

On the other hand, Hart feels that the
effective velocity v of a colonization wave-
front is at least one-third the velocity, v, of
individual spacecraft (see also Jones, 1976;
Cox, 1976). Never in human history has the
ratio of colonization wavefront to individ-
ual velocities been so large. (‘‘Rome was
not built in a day’’—although one can cross
it on foot in a few hours. For Rome, v/v, ~
107%))

In the history of human exploration and
colonization, it is not a single exploratory
society which launches all such ventures,
but colonies of colonies and higher-order
descendents (as Hart himself points out).
For example, it might be argued that the
exploration of the outer solar system and
the first interstellar vehicles built by hu-
mans represent a fifth-order Phoenician ex-
ploratory venture, the Phoenicians having
settled Carthage, the Carthagenians having
settled Iberian seaports, the Iberians hav-
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ing discovered America, and the United
States exploring the solar system with Pio-
neer 10 and 11 and Voyager 1 and 2.
Lebanon and Tunisia and Spain do not
today harbor spacefaring civilizations.
There was a waiting time of centuries to
millenia before the colony acquired
sufficient resources to initiate independent
exploration or colonization, during which
period the parent civilization declined. If
we consider the nth-order colonization of a
new planet, the time for acquiring an
(n + Dth-order independent colonization
capability will be substantially longer.
Jones (1976, 1978) claims to show from a
Monte Carlo calculation that, even allowing
for this colonization waiting time, it is very
difficult to make the colonization wavefront
move more slowly than about 10% of the
starship velocity—implying that a single
expansionist power will colonize the galaxy
in ~107 years if the starship velocities are
0.1c. Colonization for Jones provides an
escape valve for an overpopulated civiliza-
tion. Consequently, his colonization front
progresses rapidly. Below we present pop-
ulation dynamics arguments on the effec-
tive velocity of such interstellar colonial
ventures. We shall show that, for Jones’
calculations, the ratio of the colonization
wave speed to the speed of an individual
starship is roughly the ratio of the interstel-
lar travel time to the sum of the travel time
plus the growth time for a new colony to be
capable of launching its own interstellar
colonial ventures. Moreover, we show that
Jones’ estimate of the time required by an
imperial star system to colonize the Galaxy
assumes population growth rates atypical
of human and animal populations over long
periods of time, but that more accurately
describe anomalous population growth
transients, induced by short-lived social
and technological developments. It is clear
that a comprehensive approach to the prob-
lem must include considerations of the pop-
ulation growth rates; the related waiting
time for the acquisition of an independent
colonial capability on a newly colonized
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planet; the number of colonists that arrive
on a virgin world with each expedition (the
larger this number, the smaller the waiting
time until the next-order colonial venture);
the starship velocities and search strate-
gies; the abundance of untenanted planets
available for colonization; the lifetime of
the colonial civilization and its descen-
dants; and, not unrelated to lifetimes, the
possibility of interaction between two inde-
pendent expanding colonial wavefronts
originating on separate worlds.

We wish to assess the assumption, im-
plicit in previous speculations on this sub-
ject, that the colonization wavefront ad-
vances with an effective velocity
comparable to that of the individual star-
ships. I n our analysis, we adopt some of the
methods conventionally employed in de-
scribing growth processes and dispersal
mechanisms in terrestrial ecosystems.
Their mathematical development provides
a rigorous description of the stochastic
properties of such processes and permits
the use of potential theory. Consequently,
we can trace the time-dependent distribu-
tion of a community without following the
detailed behavior of individual members.

The models we presently describe can be
used to simulate the growth, saturation and
expansion of an interstellar civilization in
the mean. Since the mathematical formula-
tion of the problem is accomplished via
potential theory, our models are completely
specified by a family of nonlinear partial
differential and difference equations. The
properties of these equations can be exam-
ined analytically, as well as numerically,
and the results are directly amenable to
scaling. To make the discussion entirely
clear it will be necessary first to review
some elementary arguments.

In biological applications, these models
have proved to be sufficiently general in
describing all but the most catastrophic
population dynamics phenomena.? More-

2 Implicit to this work and that of Jones, among
others, is the view that population growth and diffu-
sion in the long term is a relatively smooth, predictable
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over, the results they provide in the inter-
stellar context are remarkably insensitive
to the detailed description (within limits) of
the model and the associated input parame-
ters. Consequently, the solutions obtained
below are, we believe, less vulnerable to
charges of terrestrial chauvinism than many
previous studies.

We now review the population dynamics
processes relevant to our discussion, ex-
plore various features of the associated
mathematical models,, and discuss the im-
plications of the model results. The most
significant of these is that the expansion
velocity of the colonization front is several
orders of magnitude smaller than had been
previously anticipated. Thus, the answer to
the question ‘‘Where are they?’’ may well
be that only now are they about to arrive.

1. HOMOGENEOUS PROCESSES

We first consider the population dy-
namics processes that occur in a homoge-
neous environment. [In this instance, we
ignore factors that contribute to immigra-
tion and emigration, for example in hu-
mans. In animal species, biologists describe
such movements as ‘‘dispersal,’” a term
used to describe all factors that lead to the
displacement of an organism from its place
of birth to the location at. which it repro-
duces or dies. See, e.g., Howard (1960).]
The simplest description of growth is that
the time rate of change of a population v is
proportional to the population, or

dv/dt = yv, (@)

progression of events. The course of human history,
particularly since the Industrial Revolution, has been
filled with many temporary upheavals. Our view here
is that these can be considered perturbations in human
affairs, and can be averaged out. For example the
terrible deaths in the European Black Plague of the
14th century caused an almost imperceptible perturba-
tion in the European population growth curve. On the
other hand, one could argue that such upheavals have
been the controlling influence on the evolution of mod-
ern civilization. In that case, the course of history
would be a progression of catastrophic events whose
outcome, almost by definition, is unpredictable.
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where the growth rate, vy, is the difference
between the birth and death rates. Expo-
nential population growth is often associ-
ated with Malthus’ name, although the idea
that populations increase geometrically
seems to have evolved in the Middle Ages,
if not in classical antiquity.3

The human population growth rate
(Coale, 1974) has remained relatively uni-
form, with a numerical value y ~ 5.6 x 10~
year~l, from the dawn of civilization until
the middle of the 18th century. Since that
time, in a period representing only some
0.02% of the time since humans first arose,
our numbers have increased 10-fold with y
now ~2 X 102 year™!. Demographers have
speculated that, for the past two centuries,
we have been undergoing a demographic
transition. It began with a decline in the
death rate precipitated by advances in pub-
lic health and nutrition. Later, the birth rate
declined, primarily because of changes in
the perceived value of having children. In
the interim, the growth rate steeply in-
creased and only now shows signs of stabi-
lizing. Malthus in his Essay on Population,
published in 1798, recognized the funda-
mental incompatability between a geomet-
rical progression in population and the
finite capacity of the environment to sup-
port life. He argued that, in the absence of
‘‘moral restraint,’’ other forms of birth con-
trol then being unknown or considered un-
conscionable, the combined ravages of
war, famine, and pestilence would impose
a limit to growth.

Human history has been characterized
by a strict balance between birth and death
rates as a result of natural selection and

3Leonardo Pisano (Fibonacci) in the year 1202
attempted to reintroduce into Europe the study of
algebra. He posed the problem, complicated by over-
lapping generations, of how rapidly rabbits would
reproduce from an initial pair in the first month and
then a second pair in the second month before becom-
ing infertile. The number of pairs capable of reproduc-
ing in a given month corresponds to the Fibonacci
series 1, 2, 3, 5, 8, 13, . . . . Asymptotically, the
number of fertile rabbits increases by [(5V2 + 1)/2]
each month.
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social forces. We underscore this point
because the application of unrealistic
growth rates would result in a galaxy teem-
ing with colonists in some tens of thousands
of years. Indeed, if we were to place a
hypothetical Adam and Eve on an Earth-
like planet and they and their offspring were
to reproduce at the current (but transitory)
human growth rate of 0.02 year—!, their
planet would burgeon with 4.5 billion hu-
mans (our current population) in only 1087
years. In examining the present human
predicament and generalizing Malthus’
Law, Tinsley (1980) has argued that unless
rather fundamental technological changes
are made (e.g., in energy conservation) the
population growth rate will necessarily ad-
just itself to effect a population decline,
perhaps a catastrophic one.

A conceptually straightforward general-
ization of (1) which is frequently employed
in describing this situation is

dv/dt = yvflv), (2)
where f(v) has the properties
A0)=1;  dfiv)/dv = 0;
f(Vs) =0, (3)

and where v, describes the carrying capac-
ity of the environment, i.e., the maximum
population that it can support. The function
f(v) decreases in a manner that reflects the
diminishing ability of a particular environ-
ment to support population growth. A sim-
ple but representative example of this func-
tion is

fw)

1 - v/y,,

=0’

V< VS’

v =V 4
The corresponding differential equation for
population growth (the Pearl-Verhulst
law),

dv/dt = yv(l — v/vy), 35
has a general solution given by
v(t) = v(O)vser/{lvg — v(0)] + v(0)er}, (6)
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where v(0) is the initial value of »(¢). This
curve has a characterstic S shape and is
referred to as the logistic. This curve shares
the qualitative properties common to virtu-
ally all models of homogeneous processes:
exponential (Malthusian) growth for v < v,
followed asymptotically by saturation at v.

We employ the Pearl-Verhulst law ex-
tensively in what follows to describe homo-
geneous processes. A particularly readable
account of the appropriate mathematical
theory (as well as equations describing
multispecies interaction or ‘‘predator-
prey’’ systems) may be found in Davis
(1962). Coale (1974) provides an interesting
introduction to the history of the human
population.

2. HETEROGENEOUS PROCESSES

Many factors contribute to the rates of
dispersal in animal species. Certain factors
are innate; others are environmental in ori-
gin (Howard, 1960). The simplest of these,
random dispersal, is a mechanism that
evolved, at least in part, to reduce the
incidence of homozygotes. An animal such
as the muskrat, Ondatra zibethica L., will
head off in a randomly selected direction
over some characteristic distance before it
mates, reproduces, and dies. Since inbreed-
ing is in this way avoided, the frequency of
genetic recombination of deleterious reces-
sive mutations is reduced. From a probabi-
listic point of view, each muskrat executes
(in the absence of population growth) a
random walk or Brownian motion. On the
other hand, the behavior of the muskrat
population distribution is nonrandom and is
described by the diffusion equation (in ei-
ther its continuum or discrete forms).

The equivalence of collective Brownian
motion and diffusion is well known (see, for
example, Chandrasekhar, 1943; or Karlin
and Taylor, 1975). Since a firm understand-
ing of these phenomena is essential for our
discussion, and has been incompletely ap-
preciated in some previous discussions of
the problem, we consider a simple and
standard example—the drunkard’s walk.
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We imagine a linear array of lampposts,
each a distance / from the next, that light
the street on which both a bar and a drunk-
ard’s home are situated. The drunkard is
able only to walk the distance between one
post and the next before he collapses. He
then arises a time 7 later and sets out toward
another lamppost. The time interval be-
tween consecutive drunkard -lamppost col-
lisions is then 7. Unfortunately, he has no
sense of direction and it is equally likely
that he will stagger to the left as to the right.
If p,* is the probability that he is at lamp-
post n at time interval A, then the equation
governing his behavior is readily observed
to be

7

(When posed in this manner, the drunk-
ard’s walk is an example of a Markov
process; Eq. (7) is known as the Chapman—
Kolmogorov relation.) Rewriting, we ob-
tain
P+ = pa*) /1 = (%/27)
X [(pher = 2p2* + pien) /P, (8)
Taking the limit as / and 7 go to zero (but in
a manner whereby /2/27 remains fixed) and
noting that, from a first- and second-order
Taylor expansion,
op(x =nl, t =kr)/ot
= lirn(‘) (p’;+l - pnk)/Ts
0%p(x =nl,t = k7)/0x?
= lim (o1 = 20" + pR-0/F )
(where we have explicitly made the transi-
tion from a discrete to a continuous sys-

tem), we find that Eq. (8) becomes the
diffusion equation

0p/dt = D(3%p/dx?),

k+1 — 1.k 1.k
Pr " = 2Pn+1 T 2Pn-1-

(10)

where the diffusion coefficient D satisfies
the relation

D =% (/7). (11

Generally, / and 7 are called the collision
mean free path and the collision time, re-
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spectively. The mathematical limiting
process just described can be performed
rigorously. The essence of this demonstra-
tionis that there exists a precise method for
describing random, stochastic processes
via partial differential equations, a method
known as potential theory. However, the
ability to take the Chapman-Kolmogorov
relation (7) to its limiting form (10) is not a
requirement but rather a convenience
shared by many diffusion problems. In
some problems, collision mean free paths
are macroscopic. To employ partial differ-
ential equations in describing diffusion may
produce anomalous results, a feature dis-
covered by Einstein (1905) in his classic
work on Brownian motion. Potential the-
ory, in its discrete implementation, pro-
vides a simple remedy for quantization of
spatial or temporal intervals. In practice,
potential theory affords a much simpler and
more reliable means of determining the
behavior of a given population (whether it
be composed of muskrats, drunkards, or,
we claim, extraterrestrials) than the associ-
ated random process (which otherwise is
accessible only to Monte Carlo methods).

Before returning to the specific problem
of muskrat dispersal, we explore some
properties of the diffusion equation. As a
generalization of (10), the diffusion equa-
tion can be written

ap(x, t)/dt

=V {D(X, t, p) Vp(x, t)}s (12)

where p(x, t) now describes the population
density. Here, the dimensionality of the
process is increased in order to best repre-
sent the problem at hand (typically, terres-
trial problems are two dimensional). More-
over D, the diffusion coefficient, need not
be constantbut, by this formulation, the con-
servation of the total population f p(x, t)dx
is assured. (In such conservative cases, it is
common practice to employ the terms
‘‘population density’’ and ‘‘probability
density’’ interchangeably, although these
quantities are of course not equal. The ratio
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of the first to the second is fixed, and the
proportionality constant is the total popula-
tion.) By allowing the diffusion coefficient
to vary, we can, for example, represent the
influence posed by geographical or environ-
ment factors. When muskrats face a moun-
tain range, their advance is slowed. In the
present model, it follows that they will
travel over a shorter distance / in a time 7
than would be the case for a flat plain; the
diffusion coefficient declines correspond-
ingly. As a result, the observed migration
does not follow straight lines but describes
an extremum path of least resistance.
(Some sources tend to discount diffusive
terms in population dynamics. They offer,
e.g., the erroneous counterexample that
Minnesota would have been colonized by
Europeans long before California, if the
diffusion equation were employed. How-
ever, they overlook the fact that D should
be decreased to represent the difficulties
faced in overland travel by settlers coming
to Minnesota and increased to describe the
relative ease of ocean travel to California.)
We see later how a population-dependent
diffusion coefficient can be employed to
describe social and territorial influences on
emigration. For the sake of simplicity in our
later discussion of interstellar colonization,
we assume that space is homogeneous over
a suitably large scale so that D will have no
spatial variation. We shall, however, per-
mit the diffusion coefficient to be popula-
tion-density dependent.

Since we will later be concerned with the
problem of assessing the velocity of the
colonization front, it is important to note
that the velocity associated with the diffu-
sion process described by Eq. (10) is not
well defined. For example, if we define
(x?) using the probability density p(x, t) as

un=jiﬁana, (13)
and integrate Eq. (10) by parts twice, we
find

d(x®)/dt = 2D. (14)
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Thus, the quantity (d/dt) (x2)Y%, which
might be considered representative of the
velocity, varies at t~¥2, Einstein (1905), in
his classic microscopic treatment of Brow-
nian motion, showed that this anomaly
arises only when time scales shorter than
the collision time are considered. He dem-
onstrated rigorously that the correct veloc-
ity at small times is //7. Another way of
characterizing the velocity v is to compare
the continuity equation (where j = pv is the
flux),

@p/ot) + V- -j=0, (15)
with (12); i.e., we make the association
(known as Fick’s law) that

j=-DVp (16)

or, alternatively,

v=-Dp~Vp. (17)
Thus, the velocity associated with a diffu-
sion coefficient independent of population
density varies inversely as the density e-
folding length but has no dependence on the
density itself. In both these descriptions,
each measure of velocity possesses certain
undesirable qualities that can be attributed
to the fact that the solution to the diffusion
Eq. (10) is spatially unconfined, because
the Green’s function

Glx, 1) = (4w D1)™2 exp[—x2/4D1) (18)

causes any initial configuration to be propa-
gated and redistributed instantaneously
over all space. We later see how nonlinear
diffusion can overcome this velocity
anomaly.

In practical situations, the diffusion
coefficient is determined using Fick’s law,
i.e., as the quotient of the flux and the
density gradient. In theoretical contexts,
the diffusion coefficient must sometimes be
determined using other considerations. For
example, discretizing (10) and using length
and time scales Ax and A¢, respectively, we
find
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pitt = D(At/Ax?) (pky, + pk_,y)

+ pak[1 — 2DAL/AX?)].  (19)

Thus, the effective probability P of leaving

site n for either siten — 1 orn + 1in a time
At is given by

P = 2DAt/AXE, (20)

Alternatively, the diffusion coefficient in m
dimensions may be determined using the
probability P, viz.,

D = PAx*/2mAt. 1)

Despite our misgivings about the linear
diffusion equation, it has proven remark-
ably successful in describing the dispersal
of, e.g., muskrats. Skellam (1951), citing
earlier work, shows how well this model
depicts the spread of Ondatra zibethica L.
since its introduction in central Europe in
1905. But muskrats are not extraterrestrials
and the model must be adapted to include
social influences on emigration patterns as
well as the effects of population growth and
saturation. (Skellam’s treatment corrects
for population growth, but only a poste-
riori.) The possibility of an advanced civili-
zation which practices zero population
growth must be explored. Moreover, all
this must be done in the context of estimat-
ing the velocity of an expanding population
front.

3. DENSITY-DEPENDENT DIFFUSION

Consider, now, the case of a diffusion
coefficient proportional to some power of
the population density,

D(p) = Dy(p/po)”.

For N > 0, this generalization of the diffu-
sion equation (12) has several conceptual
advantages. From (17), we obtain a velocity
that now has a population-density depen-
dence. From the probability expression (20)
for the drunkard’s walk, the likelihood that
a drunkard will leave for somewhere else
now depends on how many other drunkards
have converged on his lamppost. This is
precisely the feature we desire: the proba-

(22)
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bility of mounting a colonization venture is
a rapidly increasing function of density,
even if emigration cannot relieve the popu-
lation pressure. Moreover, the flux j =
—D(p)Vp is directed away from population
concentrations. Not only does the popula-
tion in this model ‘‘remember’’ where it
has been (since such movements of popula-
tion are always in the direction that most
readily decreases the density), but also it
responds to population pressure in a
strongly nonlinear fashion, not at all remi-
niscent of the conventional drunkard’s
walk. [A more pronounced density depen-
dence would arise by using an exponential
dependence on the density. Crank (1956)
has investigated this problem numerically
in certain restricted cases. The analytic
properties of the solution, however, are not
well-understood. For our purposes, the
power law (22) will suffice in describing a
representative cross-section of density
dependences.]

For the moment, we continue to neglect
the homogeneous processes of growth and
saturation. (We will not, at this time, dis-
cuss the effects of discretization, leaving
that to Section 7 and Appendix I. Discreti-
zation effects do not significantly change
the time scales for a colonizing civilization
which practices zero population growth.)
This is not an unreasonable assump-
tion in describing an advanced civilization.
It seems likely that such a society would
have undergone a long period of zero popu-
lation growth while it developed the tech-
nological capability for interstellar flight.
Otherwise, exponential growth would have
diverted all available resources to the sup-
port of a burgeoning population. ZPG must
be an essential ethic of any society which is
able to colonize other planetary systems.

In the spherically symmetric three-di-
mensional case, the population-dependent
diffusion equation becomes

dp/at = (1/r)(3/dr)
{"ZDO(P/PO)N(BP/B")}- (23)

In this form, the equation describes the
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‘“‘porous medium problem’’ and is fre-
quently encountered in hydrology and soil
science. [In the latter application, one con-
siders the flow of a fluid through a porous
medium. The mass of the fluid is conserved
and it is assumed to obey a polytropic
equation of state. Instead of the Euler force
equation, the fluid is said to obey Darcy’s
law which provides for a velocity propor-
tional to the pressure gradient. Muskat
(1937) provides a definitive treatment of the
problem. Philip (1970) offers an historical
review of the subject.]

A formally identical equation is encoun-
tered in the physics of high-temperature
gases, the ‘‘thermal wave’’ problem:

oT/ot = (1/r? (3/9r)

{r?}aT¥(0T/0r)}. (24)
Here, T is the temperature and the diffusion
coefficient is temperature dependent, as
would be the case in, for example, an
ionized gas. Such a circumstance arises
immediately after a high-yield nuclear ex-
plosion, when temperatures are sufficiently
great that the velocity associated with radi-
ative energy transport far exceeds the
sound velocity. Since diffusion is now
much more efficient at higher temperatures,
it quickly acts to equilibrate the tempera-
ture distribution of the radiatively heated
gas. There is a thin boundary layer separat-
ing the hot gas from the ambient atmo-
sphere that has not yet been heated by the
radiation. In this boundary layer, called the
‘‘thermal wavefront,”” the temperature un-
dergoes a precipitous decline. Conse-
quently, the thermal wavefront is slow to
conduct heat and the net temperature distri-
bution changes slowly.

The overall result of these various effects
is that the temperature distribution pre-
serves a constant shape. Qualitatively, the
temperature is relatively uniform from the
origin to the thermal wavefront, where it
declines rapidly to zero. Quantitatively, the
temperature (expressed in units of the tem-
perature measured at the origin) is a func-
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tion only of the radius (expressed as a
fraction of the thermal wavefront radius).
To illustrate, consider the one-dimensional
analogue of (24),

0T/dt = (9/dx) {aT¥(0T/0x)}.

From this equation, we see that the quan-
tity

(25)

0 = [ T(x, dx (26)

is conserved (Q is proportional to the total
thermal energy). There is only one dimen-

f© = {NEH/2N + 11 — (g/g0)7v,
=0

where

§0 p— [(N + 2)1+N21—N/N7rN/2]l/(N+2)
x [F& + 1/N)/T(1/N)p¥ia+
and I' is the gamma function.
For the case N = 0 [i.e., Eq. (10) taking
D =a],

(30)

f€) = (4m)1i2e—e?/4 (31
The normalization employed provides
|7 forde = 1 (32)

and, for N > 0, the position of the thermal
wavefront, using (27), is just

Xf — ifo((lQN[)ll(N+2). (33)

In Fig. 1, f(¢) is shown for N = 0, 1, and 2.
From Egs. (29) and (31), we see that:

(a) if N = 0, the distribution is
unconfined;

(b) if 0 < N < 1, the distribution has a
finite cutoff, where the temperature gradi-
ent vanishes;

(c) if N = 1, the temperature distribu-
tion has a finite cutoff with a finite, nonvan-
ishing temperature gradient;
and

(d) if N > 1, the temperature distribu-
tion has a finite cutoff with an infinite
temperature gradient.
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sionless combination of the coordinate x
and the time ¢ that can be obtained in terms
of a and Q using (25) and (26):

= x/(aQVt)yw+2, (27)

The quantity (Q?/at)'**» has the dimen-
sions of temperature, and a solution to (25)
which preserves its shape is

T(x, 1) = (Q*/a)"™V*2f(§). (28)

The solution for f(¢) (see Zel’dovich and
Raizer, 1967, for details) is

€l < &,

€l > &, (29)

The particular curves given in Fig. 1
correspond to a Gaussian, a parabola, and
an ellipse, respectively. Apart from a differ-
ing normalization factor, the f(£) profiles for

0 o

Fig. 1. Thermal wave profiles for diffusion
coefficients with a power law density dependence with
exponent N.
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spherical symmetry [Eq. (24)] are un-
changed. This solution to the porous me-
dium or thermal wave problem was ob-
tained independently by Barenblatt (1952)
and by Pattle (1959). A thorough, physi-
cally motivated discussion of this problem
is given in Zel’dovich and Raizer (1967).
Knerr (1977) reviews some of the mathe-
matical questions that arise in the one-
dimensional version of this problem.

As we have already noted, the shape of
the temperature distribution is preserved in
this solution. Such a solution is called
‘‘self-similar.”” [In the Russian literature,
solutions of this type are called ‘‘automo-
delled’’ solutions. Courant and Friedrichs
(1948) were the first to consider such shape-
preserving solutions in application to gas
dynamic shocks; they employed the term
‘‘progressive waves.’’] Generally speaking,
similarity solutions are characterized by an
equation of the type

rp = At (34)
where r; describes the radius of the phe-
nomenon being studied (e.g., a shock front
or a thermal wave), and A and o constants.

There are two types of self-similar solu-
tions. In the first, « is obtained by dimen-
sional analysis and A is selected in order to
satisfy a physical conservation law. The
thermal wave problem is a case in point and
Egs. (30) and (33) display the relevant fea-
tures of the scaling.*

4+ Another example of such so-called Type I self-
similar solutions is that obtained for a strong isotropic
blast wave, as when the thermal wave described
earlier cools sufficiently for gas dynamic energy trans-
port to be more efficient than diffusive dissipation.
This solution was first obtained by Sedov (1959) in an
application to supernovae. He argued that the shocked
gas would lose all memory of its initial conditions due
toconvectionand would approach a solution character-
ized only by the total energy E, of the original blast
and the mass density p, of the unperturbed gas. In that
case, r; = £(Eo/py)V3t?5 describes the radius of the
shock, where ¢; is a dimensionless number of order
unity selected to assure that the blast energy equals
the total internal and kinetic energy of the shocked
gas. It is not without some irony that the methods for
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A second type of self-similar problem is
characterized when « is selected to insure
the existence of a mathematical solution.
Since a is not known from dimensional
considerations, the self-similar solution is
usually obtained by exhaustive numerical
tests. The standard example of such a prob-
lem is the implosion physics studied by
Guderley (1942). In his case, « < 0 and trial
values of a were varied (while numerically
integrating the fluid dynamics equations)
until a value of a was found that satisfied
his boundary conditions. A more pertinent
example of Type II self-similar solutions is
that associated with the semilinear diffusion
equation in one dimension. (This equation
is often used in population dynamics mod-
elling; we examine it in detail shortly.) In
that case, the solution for the density p(x, )
canbe expressed as a travelling wave p(x —
vt), where v is the velocity of the travelling
wave (‘‘uniform propagation regime’’ in the
Russian literature). If we take x = ¥ In y and
t =1 In 7, then the solution can be written as
p(&), where

&=x/7 (35)
and

D = vi/X.
Comparing this with (34), we find that

Xt = & (36)

describes the position of the travelling
wavefront, where ¢; is a constant and ©
plays the same role as a.

Although self-similar solutions are spe-
cial solutions characterized by their depen-
dence on a single dimensionless variable, &,
they appear to describe the ‘‘intermediate-
asymptotic’’ behavior of a much broader
class of initial, boundary, and mixed prob-
lems. In practice (for example, in the case
of a thermal wave), the solution often loses
all memory of the initial and boundary

treating explosive processes, such as thermal or blast
waves, and, in particular, nuclear explosions, are
valuable in studying population dynamics.
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conditions. Then, the solution evolves into
one characterized only by, e.g., conserved
quantities (such as Q) and parameters that
specify the problem (such as a). This prop-
erty ot self-similar equations has been rig-
orously demonstrated only for the linear
diffusion equation (10) and the semilinear
diffusion equation. Numerical and experi-
mental results (where available) display the
convergence of solutions to self-similar
form under a broad array of initial condi-
tions. Thus, self-similarity is not of interest
simply because it facilitates the calcula-
tions, but also because it describes a seem-
ingly genuine asymptotic feature of the
solution (see Barenblatt and Zel’dovich,
1972).

To recapitulate, we observe that a popu-
lation-dependent diffusion coefficient over-
comes many of the problems inherent in the
conventional diffusion equation. From the
self-similar solution, we observe that the
distribution is confined. Moreover, the ve-
locity of advance of the wavefront is no
longer anomalous but can be calculated
directly from Eq. (33), for one dimension,
or (for N > 0) from

re= fl ((IQNt) 1/(3N+2)’

37
where

& = [BN + 2)/(2¥INgNU@EN+D
x {3 + (1/N)/T[1 + (1/N)] I'(3)}Viav+
(38)

in three dimensions (Zel’dovich and Raizer,
1967). The velocity monotonically de-
creases with time, since the central density
decreases causing the diffusion rate to di-
minish accordingly. Although this model
ignores homogeneous processes (and, in
this treatment, discretization effects) it is a
useful description of situations where the
overall population is conserved (ZPG), and
provides useful insight into models that
combine both homogeneous and heteroge-
Nneous processes.

4. DIFFUSION AND GROWTH
As a first step toward simulating the
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combined effects of homogeneous and het-
erogeneous processes in the continuous
case, consider the equation

0p/0t = ap
+ a(1/r* (8/3r) [r*p¥(0p/0r)]. (39)

This is similar to an approach first proposed
by Gurney and Nisbet (1975). A population-
dependent diffusion coefficient, they sug-
gest, can describe one nonrandom cause of
dispersal, the ‘‘directed motion’’ associ-
ated with territorial drives. (They confined
their attention to the case N = 1, although
they did allow for an additive third term
describing random motion; this they called
the biased random motion model.)

Amplifying on this theme, Gurtin and
MacCamy (1977) proposed a method of
solution for the one-dimensional analogue
of (39),

Op/0t = up + (8%/9x*)kpe. (40)
After making the substitutions
p=eip,
7 = [(@ — Du]~* {expll@ — Dut] — 1}
x' = x(ha)~12, N=a-1, 41
we obtain
(8/0r)p = (9/ax") {p"(0p/dx")}. (42)

We have already discussed the solution to
the latter equation [via Egs. (25) through
(30)]. However, because of the scalings
employed in (41), we observe that p(x = 0,
t) must ultimately increase exponentially
with time. To eliminate this anomaly, we
must prevent the population from growing
above the local carrying capacity of the
environment.

5. THE SEMILINEAR DIFFUSION EQUATION

We wish to describe the behavior of an
organism with advantageous genes that un-
dergoes random dispersal while increasing
in population locally according to the
Pearl-Verhulst logistic law. In one dimen-
sion, this can be written
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dp/at = yp(1 — p/ps)

+ (8/0x) {D(3p/0x)}, (43)

where vy is the local growth rate, p, is the
local carrying capacity (or population-den-
sity saturation level) of the environment,
and D is the local diffusion coefficient (as-
sumed here to be population independent).
Further, it is assumed that vy, p,, and D are
constant and do not vary spatially or tem-
porally. Making the transformations
p'=plpss 1 =1,
X' = XDy,

we find Eq. (43) becomes

(44)

0p/0t = p(1 — p) + (8%/9x2)p (45)

(where, for convenience, the primes have
been dropped).

Fisher (1937) and Kolmogoroff et al.
(1937) independently proposed that Eq. (45)
has a right-going travelling wave solution.
[The relationship of the travelling wave to
self-similar solutions was reviewed in the
discussion leading to Eqgs. (35) and (36).]
Assuming, then, that p depends only on (x
— vt) in (43), we first transform the velocity
v into

b = v(Dy)™'2, (46)

where » is a dimensionless quantity, and,
employing (44) and (45), obtain the ordinary
differential equation

—(dp/dx) = p(1 — p) + (d&®/dxPp. (47)
We wish now to find the range of © for
which Eq. (47) possesses a solution. (Recall
that Type I1I similarity solutions are charac-
terized by a dimensionless constant, in this
instance ¥, whose value is chosen in order
to insure the existence of a mathematical
solution.) Since we assumed a right-going
travelling wave, we should expect the den-
sity p to decrease monotonically in the
direction of increasing x. Further, we as-
sume that
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lim p(x) = 0,

X — +o

lim p(x) = 1, (48)

i.e., that the density vanishes in the region
unaffected by the travelling wave, while the
source of the organism (infinitely far off to
the left) is supported at the carrying capac-
ity. Since p is assumed monotonic inx, we
can replace the derivatives in (47) accord-
ing to

d/dx = —q(d/dp), q= —dp/dx (49)

(q is defined so that it is necessarily posi-
tive valued). Then, (47) becomes

vq = p(1 — p) + q(d/dp)q.  (50)

Near p = 0, this equation has the asymp-
totic representation

vq = p + q(dq/dp). (51)

Since we expect that g vanishes when p =
0, consider a solution of the form

q = bp" (52

where b and n are real-valued positive
constants. Substituting into (51), we find
that » = 1 and

b =1+ b2 (53)
Solving for b in terms of v, we obtain
b =[b+ (22 — H1?)/2. (54)

Therefore, in order to guarantee that b be
real valued, the discriminant must be posi-
tive and

b= 2.

(55)

(The case d = —2 corresponds to a left-
going travelling wave.)

Although Fisher and Kolmogoroff et al.
obtained this result, Kolmogoroff er al.
went on to show that the solution to the
partial differential Eq. (45), initialized as a
step function, converges to a right-going
travelling wave with the minimal velocity
= 2. Although a continuous spectrum of
propagation velocities 7 = 2 is in principle
possible, only the solution corresponding to
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the extreme point of the spectrum (7 = 2)
can be an asymptotic solution to the partial
differential Eq. (45). Therefore, the velocity
of the front of advance of the advantageous
genes, in Fisher’s formulation of the prob-
lem, ‘‘converges’’ to 2(Dy)V2.

Although this model from population ge-
netics can be made more general by em-
ploying a broader description of in situ
growth processes than that provided by the
Pearl-Verhulst law, such models are char-
acterized by random dispersal, i.e., a popu-
lation-independent  diffusion coefficient
(see, e.g., the review article by Hadeler,
1977). Characteristically, they have travel-
ling wave solutions which, when normal-
ized in a similar fashion, also give & = 2.
Thus, despite the presence of a linear diffu-
sion term, the associated velocity of ad-
vance is well defined [as contrasted with
the absence of a self-consistent velocity for
the linear diffusion model in the absence of
population growth, Eq. (10)].

There is, however, one feature of this
model (apart from the population-indepen-
dent diffusion coefficient) that is undesir-
able. From Eq. (54), we see thatb = 1 when
? is minimal and, from (49) and (52), we find

p(x)xe™* (56)

when p is small. Therefore, the popula-
tion’s travelling wave front is unconfined.
[This again parallels the result obtained for
the linear diffusion model (10).]

This model has been employed in de-
scribing the interaction of several species.
For example, in a homogeneous environ-
ment, the equations describing a predator,
denoted by p,, and its prey, denoted by p,,
might be written

dp,/dt = —c,p, + C3p,p,,

dp,y/dt = c3py — C4p1py (57)

where ¢,, ¢, ¢; and ¢, are positive con-
stants. In the absence of prey, the number
of predators will decay exponentially. On
the other hand, in the absence of predators,
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the number of prey will grow exponentially.
When both predators and prey are present
in small numbers, the number of predators
will decay less rapidly, while the number of
prey will grow less rapidly. In fact, there
exists an exact solution to this problem that
is stationary, p, = ¢;/c; and p, = ¢;/c,. (In
this case, the number of predators keeps
the number of prey exactly in check, while
there is a sufficient number of prey to
maintain a constant number of predators.)
This formulation of the predator—prey rela-
tionship is generally associated with the
names of Lotka and Volterra (see Davis,
1962, for a simple treatment of the mathe-
matical theory), and is frequently used to
describe a number of well-observed ecosys-
tems. The solution to Eqs. (57) describe
closed orbits around that stationary solu-
tion in the p, — p, plane and are akin to the
solution for a harmonic oscillator in that p,
and p, will oscillate in a pattern strictly
determined by initial conditions. When
Egs. (57) are augmented by linear diffusion
terms D 8%p,/0x% and D 8%p,/dx?, respec-
tively, our equations assume more of the
character of the semilinear diffusion Eq.
(43). An example of the predator-prey rela-
tionship is seen in herbivorous copepods
(zooplankton) that feed on phytoplankton.
In performing a linearized perturbation
analysis for such marine planktonic com-
munities, Steele (1974) noted that all finite-
wavelength perturbations will be damped
and the ecosystem will tend to spatial
homogeneity. Nonlinear effects, however,
could conceivably destabilize the situation
leading to ‘‘patchiness’’ and other develop-
ments beyond the scope of this discussion.
Levin (1976) and McMurtrie (1978) have
reviewed the multi-species population dy-
namics problem.

In the case just described, diffusion acts
to stabilize the system (at least in a linear-
ized representation). In other circum-
stances, diffusion can produce a travelling
wave similar, in certain respects, to that of
the semilinear diffusion Eq. (43). This fea-
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ture was employed by Noble (1974)° in
devising a model for the Bubonic Plague of
1347. His equations are

a1/0t = KIS — ul + DV,
aS /ot = —KIS + DV?ZS,

(58)

where S and I are the densities of the
susceptible and the infected populations, u
is the mortality rate of the disease, and D is
the diffusion coefficient. The coefficient K
describes the rate at which the plague is
transmitted locally. [There is, in fact, a
third ‘‘species’’ implicitly included here,
the density of individuals B who have con-
tracted the disease and either perished or
recovered. The ‘‘mortality’’ rate u de-
scribes the rate at which this third popula-
tion density grows, 0B/0t = uB. The total
population [ (I + S + B) dx then remains
constant.] Equation (58) represents the rate
of change of the number of infectives within
a small area as the rate of transitions (KIS)
from the susceptible population minus the
removal rate (due to mortality, —u/, and
dispersal D V¥). Meanwhile, the rate of
change of the susceptible population within
a small area is a net loss due to the transi-
tion to the infected population (—KIS) and
dispersal (DV2S). Nobel performed a
numerical integration of the one-dimen-
sional analogue of Eqgs. (58). His simulation
quickly evolved into a pair of travelling
waves, one describing the infectives and
the other, the susceptibles. The qualitative
shape of the two population distributions is
depicted in Fig. 2. Thus, we see that semi-
linear diffusion actingina multispecies prob-
lem can produce a set of travelling waves

5 Noble compared his model predictions with the
information available on the Black Death (Langer,
1964). His results appear to match what is known
about the geographic advance of the disease. In com-
menting on the applicability of his model to other
epidemiological problems, he suggested that the
spread of certain mass sociopsychological phenomena
(such as new religions) might be sufficiently similar to
that of plagues to be worth investigating by similar
methods. It is possible that the spread of UFO belief
systems might be described in this way.
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F1G. 2. Wave of advance of the bubonic plague, after
Noble (1974).

just as we observed in the single-species
case.

6. DENSITY-DEPENDENT DIFFUSION WITH
GROWTH AND SATURATION

We have already described the need for a
population dynamic model that combines
local growth and saturation processes with
spatial dispersal mechanisms that are popu-
lation-density dependent (and yet have an
implicit memory of the population’s point
of origin). This model, in one dimension,
may be expressed as

dp/ot = yp(l — p/py)
+ (8/0x)[D(p/ps)¥(0p/0x)}, (59)

where the diffusion constant D is scaled in
order to provide the diffusion coefficient
when p = p,.% From the transformations

¢ Density-dependent diffusion does not make the net
emigration a response to population pressure alone.
Since the flux of the population is given by
—D(p/ps)¥0p/dx, the density gradient plays an all-
important role. Thus, e.g., there is little ner movement
of a population that is approximately uniform in den-
sity, even if the density is nearly saturated.
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(44), we obtain an equation analogous to
(45), namely,

dp/8t = p(1 — p)
+ (8/0x)(p"(dp/dx)]. (60)

We have investigated the properties of
the solution to Eq. (60) for various N by
numerical means. The equation was inte-
grated using a conventional four-point ex-
plicit integration scheme (Richtmeyer and
Morton, 1967). The density distribution,
following Kolmogoroff et al. (1937), was
initialized as a step function,

p(x,t=0) =1, x <0,

=0, x> 0. (61

Since we were also interested in the spheri-
cally symmetric case, we numerically inte-
grated

dp/dt = p(1 — p)
+ (1/r*)(8/0r){r*p"(dp/dr)} (62)

using a stable differencing scheme devel-
oped by Eisen (1967) in applications to the
spherically symmetric diffusion equation.
The initial conditions employed were

p(r, t=0) =1,
=0,

r<rs,

r>ry,  (63)

where r; is some arbitrary radius. As a test
of the integration methods, the case N = 0
was included. In both geometries, for N =
0, I, and 2, the numerical solution evolved
into a travellilng wave. (The asymptotic
correspondence between the one-dimen-
sional and spherically symmetric cases is
not surprising. The only difference between
their respective equations is (2/r)p" dp/0r.
Assuming that the solution tends to the
form p(r — vt), we see that this term makes
a contribution of order 77, which at large
times is negligible.) Since, for N = (), the
numerically evolved travelling wave has a
velocity ©# very near 2, we consider the
asymptotic convergence of the solutions
(for N = 1and 2) to travelling waves to be
significant. Figure 3 illustrates the density
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F1G. 3. Population travelling wavefront for three
model equations, with N as the exponent of the
population density. The Pearl-Verhulst Law applies.
Figure 1 is the ZPG version of Fig. 3.

profile for these three cases. In order to
facilitate a comparison among the wave-
fronts, the density profiles are constructed
so that density is one-half at the origin.

Several other interesting features of the
solution emerge from the computer anal-
ysis. First, the velocity v of the travelling
wave [Eq. (46)] decreases with increasing
N. The values obtained for N = 1 and 2
were approximately 0.70 and 0.45, respec-
tively. (Higher values of N were also inves-
tigated. Fluctuations in ¥ made these cases
difficult to estimate, but the decline of 7
with increasing N was unmistakable.) Sec-
ondly, the density profile near the point of
vanishing density resembled the self-similar
thermal wave profiles for N = 1 and 2
which appear in Fig. 1.

Consider, therefore, the problem of find-
ing a travelling wave solution to (60). Em-
ploying the methods used earlier in our
discussion of the semilinear diffusion equa-
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tion, we write the equation for p(x) as

—dldp/dx) = p(1 = p)
+ (d/dx}{p"(dp/dx)}.
Then, making the same assumptions here

as were employed in obtaining (50), we
have

(64)

bg = p(1 — p) + q(d/dp)p“q). (65)

As before, we obtain an approximate solu-
tion as a power law [Eq. (52)], namely,

q ~ {5PI_N’
1[5+ (@ — 42)p

N >0,

N=20. (66

Near p = 1, the solution is given approxi-
mately by

g=3[@+92-9(1-p

for all N. Integrating (67), we see that the
density exponentially decays to unity as we
move inside the travelling wave. Near the
front of the travelling wave, the density (for
the N = 0 case) decays exponentially.
However, for N nonzero, the solution is of
the form

(67

p(x) = [Nd(x, — x)]V¥, (68)

where x, denotes a cutoff point to the right
of which the density is identically zero.
This behavior is essentially the same as we
observed in the thermal wave problem for
N > 0 [see Eq. (29) and subsequent discus-
sion] and explains the striking similarity
observed in comparing the N = 1 and 2
curves in Figs. 1 and 3 (the thermal and
travelling wavefronts, respectively). What
has occurred is that for N > 0, the growth
and saturation term in Eq. (64) has no
influence on the shape of the density profile
near the cutoff point and a solution reminis-
cent of the self-similar thermal wave prob-
lem emerges. The growth and saturation
terms, however, have a controlling
influence on the determination of .

Upon finding this asymptotic behavior,
we noted that (67) was an exact solution to
65 for N = 1 if we set o = 272, A
straightforward integration then gives

NEWMAN AND SAGAN

p(x) = 1 —exp[27V%x — xo)], x < x
=0, X =x,.
(69)

This profile corresponds, within the numer-
ical limitations posed by the integration
scheme, to the computed solution and the
predicted travelling wave velocity of 2-12
corresponds well with the numerical result
of 0.70. Although we are not at present able
to demonstrate the stability of this solution
(in the sense of Kolmogoroff et al.), the
convergence observed in the numerical so-
lution to the profile given by Eq. (69) is a
relatively convincing demonstration of
some form of asymptotic stability. How-
ever, unlike the case of the Fisher—Kolmo-
goroff problem, we have explicitly obtained
a closed-form expression for the popula-
tion-density profile.” [One of us (Newman,
1980) has expanded upon some of the
methods we have just discussed and found
a class of solutions to some problems that
appear in population genetics and combus-
tion (slow flame propagation).]

Before continuing, we must consider the
possibility that the nonrandom source of
dispersal (directed Brownian motion on a
microscopic scale) cannot be described ad-
equately by a partial differential equation.
In particular, we are concerned with the
case where the wavefront predicted by the
partial differential equation [e.g., that given
by Eq. (69)] is narrower than the mean

"Lax (1969), in presenting the Ninth John von
Neumann Lecture of the Society for Industrial and
Applied Mathematics remarked on how fascinated von
Neumann had become by the possibility that patterns
disclosed by numerical calculations might reveal en-
tirely unsuspected properties of solutions of nonlinear
differential equations. A case in point is the Kortweg—
de Vries Equation, which describes long waves over
water and some wave phenomena in plasma physics.
In his lecture, Lax went on to describe how Kruskal
and Zabusky discovered the existence of certain soli-
tary wave solutions after studying motion pictures of
the computations. In our case, the computed solutions
to Eq. (59) pointed out the existence of an asymptotic
travelling wave solution and, in one instance, led to a
closed-form analytic expression for the profile and its
associated travelling wave velocity.
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separation distance between colonizable
planetary systems, but where the wave
crossing time between such systems is
much longer than the interval between suc-
cessive colonization ventures. [This point
was brought to our attention by Jones
(1980), who noted this feature in a dis-
cretized numerical simulation of our model
in a restricted region of parameter space.
He observed an elevation of almost an
order of magnitude in the wave speed.] This
problem parallels the anomaly studied by
Einstein in his classic microscopic treat-
ment of Brownian motion [cf. our discus-
sion of (13)]. Several functionally equiva-
lent methods are available to us that can
easily remedy this problem; the most fa-
mous is the modelling of the microscopic
Brownian motion by an equation of
Langevin type (the route Einstein fol-
lowed). Alternatively, we can discretize the
density-dependent diffusion equation in-
cluding growth and saturation. This latter
approach has been very successful in appli-
cations to population genetics (Maruyama,
1972, 1977) and is often referred to as the
*‘island model’’ (Nagylaki, 1977). We pur-
sue this approach since it most closely
parallels our own [see, e.g., the derivation
of the diffusion equation from the Chap-
man-Kolmogorov description for the
drunkard’s walk, Eq. (7) ef seq.].

We employ discrete spatial differences in
describing the diffusion term while main-
taining the time derivative in the descrip-
tion of temporal evolution. The effect of
spatial discretization on travelling wave
speed has not attracted significant attention
in mathematical biology. However, travel-
ling waves in discrete systems have been
studied exhaustively in solid state physics.
In particular, one can consider a mon-
atomic lattice to be an ensemble of masses
connected by springs described by some
generally anharmonic potential. The Euler—
Lagrange Equations which describe this
mechanical system have a similar appear-
ance (in certain respects) to the discretized
version of our nonlinear diffusion equation.

in

In what is called the Toda chain, the force
term characteristic of each mass point is an
exponential. Toda (1967) was able to calcu-
late the exact solution to the problem in
terms of the Jacobian elliptic functions;
however, he also showed how one can
obtain, in the linearized limit, a bound on
the velocity of the travelling wave. In Ap-
pendix I, we employ a variation of this
technique to determine the minimum wave
speed for the discretized version of the
semilinear diffusion equation, comparing
this result with that due to Fisher and to
Kolmogoroff er al. discussed in Section 5.

7. SUMMARY OF MATHEMATICAL
APPROACHES

We have reviewed the advantages (and
limitations) of potential theory in describing
population dynamic processes. We have
observed that dispersal is essentially a dif-
fusion process, and that population growth
(if it takes place) is restricted by the carry-
ing capacity of the environment. A density-
dependent diffusion coefficient was shown
to be capable of describing the desirability
of emigration (all other factors being equal).
Essentially, two basic models emerge. One
model describes a condition of zero popula-
tion growth. The properties of its solution
may be obtained from the porous medium
or thermal wave problems. The second
model also includes local growth and satu-
ration. (In Appendix I, we examine the
influence of discretization in this second
model.) A numerical study of its properties
disclosed the existence of an asymptotic
travelling wave solution.

Two features stand out in our population
dynamics modelling. First, the velocity of
the colonization wavefront can be esti-
mated by dimensional analysis using the
physical and other parameters that
influence the evolution of the civilization,
including the growth rate y and the diffu-
sion coefficient D. The latter, in turn, is
related by Eq. (21) to the effective probabil-
ity P that an individual member of a civili-
zation will embark on such a venture, the



312

mean distance Ax between habitable solar
systems, and the effective time span At
between successive colonization ventures
(discussed below). Second, the dimension-
less multiplying coefficients that appear in
the expressions for the velocity (¢ or o for
the ZPG and travelling wave solutions,
respectively) are ~1 for all continuous
models, and the explicit dependence of
velocity on the physical parameters is char-
acterized by power laws with fractional
exponents. This manifests itself in dimen-
sionless velocities that are remarkably and
encouragingly insensitive to the particular
model and parameters employed. (Discreti-
zation effects complicate this feature some-
what, an issue addressed below and in
Appendix I.) In the next section, we see
how both models yield a much lower colo-
nization wave velocity than has previously
been predicted.

Before continuing, however, we must
point out why our models provide results
that contrast so strongly with those of
Jones (1976): He describes the growth and
expansion of a species which exercises
population control by

/ot = (1 —vivg) (y — mwv + I (70)

[cf. Eq. (5)]. Here, v is the population per
planet at a given distance from the home
world, v, the ‘‘optimum population’’ (more
precisely, the carrying capacity), y the
growth rate, m the emigrationrate, and / the
immigration rate and different from the / in
Eq. (58). (Jones’ m is not necessarily com-
parable to our ¥ below, because 7 is inde-
pendent of external factors while ¥ de-
pends on both v and dv/dx.) His numerical
experiment was performed by scattering
unpopulated worlds at random in a test
volume and choosing values of 1n/y and of
vy /vg, Where v, is a limiting population
above which immigration is not permitted
for a given colony, and below which there
is no emigration. The volume density of
worlds, p, is also a parameter. Colonies
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with ongoing emigration send ships alter-
nately to the two nearest open colonies (v <
V).

In Jones’ model, the distribution of colo-
nial civilization assumes an approximately
spherical shape, where the core of the
sphere is nearly saturated. Thus, his colo-
nists arise near the surface of the sphere. In
our model, the flow of colonists goes as
p¥(8p/0r), and is also significant only in a
thin layer at the population wavefront. In
both our model and that of Jones the rate of
total increase, dv/dt, is proportional to the
number of colonists present. The number of
colonists, on the other hand, is proportional
to the surface area of the saturated sphere
containing the expanding interstellar civili-
zation. Since v « rd, where r; is the radius
of the sphere, both models predict a popu-
lation growth rate dv/dr « v?3, This inte-
grates to give v < t3 or r; = t, and both
models yield a spherical colonization wave-
front undergoing uniform expansion.

Since we expect the core of the civiliza-
tion to be saturated, almost all available
resources would by definition be committed
to the continued maintenance of the local
ecosystem and few, if any, resources would
be available for the construction of star-
ships capable of transporting and support-
ing colonists across interstellar space. In-
terstellar spaceflight for a substantial
community of colonists at v ~ ¢ must, for
any civilization, be enormously expensive
in propulsion and shielding. At v < ¢, the
cost remains enormous because the long
transit times require elaborate life-support
systems. Contemporary colonies of ~ 10¢
persons in cislunar space (O’Neill, 1975,
1978) are estimated optimistically to cost
>$10'1. Even with generous allowances for
future technological progress, a larger col-
ony designed to traverse parsecs safely
might be argued to cost substantially more
than the available resources of the planet
Earth (~$10*3 gross planetary product). It
is clear that, for either velocity regime,
colonization ventures to more distant tar-
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gets would be correspondingly more expen-
sive. Except for extremely advanced and
long-lived technical societies, colonization
is possible only to the nearest star systems.
Thus colonization is initiated from the pe-
riphery of an empire for two reasons. First,
the transit distances and times are shorter.
Second, materials are not in such short
supply and the launching of colonization
ventures would not place as unbearable a
strain on the outposts of the empire as on
its central worlds. In both discussions, a
random walk is executed (recall that Jones’
calculations were performed via a Monte
Carlo program) but, unlike the conven-
tional drunkard’s walk, there is a direc-
tional bias—away from the population cen-
ters. We derive below approximate analytic
formulae that closely reproduce the numer-
ical results obtained by Jones (1978, 1980)
in his Monte Carlo program. In Appendix I,
we show how our nonlinear diffusion con-
tinuum model must be modified in order to
accommodate discretization effects, since
collision lengths are ~ parsecs. There, we
observe that our model for multiplicative
nonlinear diffusion becomes indistinguish-
able from Jones’ when the population
growth rate (among other factors) becomes
sufficiently large. Thus, what distinguishes
our results from those of Jones is the choice
of parameters which describe the demo-
graphic behavior of our respective colonial
civilizations. We consider Jones’ model to
be a limiting case of our multiplicative
nonlinear diffusion model in the presence of
discretization effects. We now derive
Jones’ results analytically to first order (cf.
Appendix I for a more exact derivation).
Clearly, for Jones’ model, the ratio of the
effective velocity to the ship velocity is
given by
v/vg = ttravel/(ttravel + lgrowtn)s an
where !, Is the ship’s travel time from
the world supplying the emigrants to the
world absorbing them, a distance Ax away
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(tiraver = Ax/vg). The time #,oym is a mea-
sure of the interval between the landing of
colonists on an untenanted world and the
time when it grows to a population »; and
begins to launch its own colonial ventures.

There are two steps required to estimate
erowtn- First, we must determine how many
colonists a virgin world receives during the
emigration phase. From Eq. (70), the new
world receives (7/2y) (vo — v.) colonists for
m < vy. This follows since, as the colonizing
world grows from population v, to v, a
fraction m/y of its population increase,
namely, v, — v;, emigrates. The factor 3
arises since only one-half of the colonists
go to a given world. [We have ignored here
the possibility that a given colony is receiv-
ing immigrants from more than one planet.
Jones (1980) argues that the average dis-
tance travelled by colonists is close to the
average interstellar separation. Thus the
assumption that colonists are received at a
given time from only one source will not
significantly affect our results.] Accord-
ingly, each new colony has a ‘‘seed popula-
tion”’” ~(n/2y)vo — w.) from which it
develops. Given this seed population, we
must estimate how long it would take for
the colony to grow to population v.. In
detail, this depends on the Riccati Equation
(70) and the source term /. We can, how-
ever, obtain a crude estimate (within a
factor of 2 or 3) of this time scale by the
following argument: The e-folding time for
growth is y~!, [This is a modest underesti-
mate because of the factor (1 — v/v,) in Eq.
(70).] The number of e-folding times in-
volved is just the logarithm of v, divided by
the seed population. (This is also a modest
underestimate since it presupposes that all
colonists arrive at one time, rather than
during some interval.) Therefore

=y~ In {[2yv./vo]/
[m(1 — v /vo)l}.

tgrowth

(72)

Note that for Jones’ preferred value,
(wL/vo) = 4, this is just y~! In(2y/%). Since



314

tiravel = AX/v5, combining Egs. (71) and (72)
yields

NEWMAN AND SAGAN

v/vs =(yAx/{yAx + viIn [(2'YVL/V0)/"7(1 — n/ve)l})

= {yAx/[yAx + v, In2y/m)]}

for vy /v, = %. Since yAx < v, In(2y/n), we
expect that power law fits for v/v, would
go crudely as y'm° The logarithmic term
in (73) would decrease and increase the
powers of y and m, respectively, by the
same amount. The yAx term in the denomi-
nator would reduce the power of y some-
what further. Jones (1980) has found that
v/v, < Y8518 from his Monte Carlo calcu-
lations. Equation (73) predicts very similar
effective velocities, approximately two
times greater for the reasons given.

Now that we have explained Jones’
Monte Carlo results in a mathematical
sense we must understand the difference
between the models on population dy-
namics grounds. In nonlinear multiplicative
diffusion, dimensional analysis provides a
natural distance scale, /, from the associ-
ated rate constants D and v:

[ = (D/y)*.

For example, the width of the travelling
wavefront in the continuum problem is of
this order. By dimensional considerations,
we can associate Jones’ immigration rate n
with D/Ax2, where Ax is the distance be-
tween habitable worlds, so

(74)

D ~ nAx2 75)
Combining (74) and (75), we find
[~ (n/y)* Ax. (76)

In animal populations % > vy since almost all
animals undergo dispersal during their life-
time. (Here, we have used » as generally
representative of immigration or emigration
rates. In detail, however, there are
significant differences between Jones’
definition of immigration rates and our

(73)

own.) Thus, / > Ax and discretization ef-
fects are negligible in describing animal
populations. For human populations on
Earth, on the other hand, it is often the
case, especially in historical times, that Ax
> [. Hence, discretization effects must be
considered in modelling, for example, Eu-
ropean colonization of America. In Fig. 4
(described in detail in Appendix I), we plot
the dimensionless velocity » against Ax/l.
(Consider here the curve labelled ‘‘stan-
dard case.’’) It is our contention, in the
concluding section, that the most probable
choice of rate coefficients will induce dis-
cretization effects that increase coloniza-
tion front speeds at most by an order of
magnitude. The extraordinarily high values
of y and 7 that Jones prefers are character-
istic of expansionist populations and yield
unrealistically high wave speeds. We be-
lieve that the economics of colonization
and other factors will rule out a determined
galactic imperialism, as discussed further
below.

8. RESULTS

We now collect some relevant results of
the preceding sections, apply numerical
values, and address ourselves to the central
question of whether the Earth is likely to
have been visited during geological time by
extraterrestrial civilizations.

The steady state number N’ of extant
civilizations in the Milky Way Galaxy more
advanced than our own can be written,
after Drake, as

N'=/L, (77)

where L is the mean lifetime of galactic
civilizations in years and f is a factor that
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combines the rate of star formation, the
fraction of stars with planetary systems, the
number of ecologically suitable planets per
such system, the probability of the origin of
life on a given otherwise suitable planet,
and thelikelihood of the evolution of intelli-
gence and technical civilization (for exten-
sive discussions, see, for example,
Shklovskii and Sagan, 1966; Sagan, 1973b).
A conventional estimate, which is, how-
ever, no more than a semi-informed guess,
isf~10"tyear ! (op. cit.). However, in the
case of colonization, the probability of the
emergence of intelligent life and technical
civilization on a given world approaches
unity, and the factor increases perhaps to f

~10 year~! (Shklovskii and Sagan, 1966, p.
451).

Assuming stars in the Milky Way Galaxy
to have a mean separation of 1 parsec
(= 3.26 light years), we find the mean dis-
tance between advanced civilizations to be

A= (2.5 x 101/N')s
= (2.5 x 10%/fLy3 pc. (78)

We here assume 250 billion stars in the
Galaxy. Henceforth, distances will be mea-
sured in parsecs and times in years. With a
conventional value (op. cit.) for indepen-
dently arisen civilizations of N’ = 10%, A =
63 pc = 205!/.y. Equation (78) is based on a
spherical distribution of stars in the Galaxy;
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but the inaccuracies for distances larger
than the thickness of the Galaxy (~ 100 pc)
are still small enough that we may neglect
them in this problem.

For our density-dependent diffusion
problem with growth and saturation, we
have found that the velocity v of the coloni-
zation wavefront can be represented by

v = d(Dy)V? (79)
where © is a dimensionless constant (of
order unity unless discretization is impor-
tant); D is a diffusion coefficient that, when
multiplied by the population density gradi-
ent, yields the correct outward flux of pop-
ulation as it nears saturation; and vy is the
population growth rate. For the human
population on the Earth today, y ~ 10™2
year~!. In the centuries prior to 1750, y was
~6 X 107* year™! (Coale, 1974). In the late
Pleistocene, 'y was much smaller still, per-
haps 1077 or 108 year~!. We reemphasize
that human history has been characterized
by a strict balance between birth and death
rates, apart from short-lived periods of
rapid technological change. The Earth is
currently recovering from such a perturba-
tion and the prevailing growth rate of y ~
1072 year™! must be viewed as a transient
anomaly.

We have found [Eq. (21)] from finite
differences in the standard m-dimensional
diffusion equation that the probability of
diffusing to another planet Ax away in time
At is P = 2mD At/Ax2 This is in fact the
probability of the entire population emigrat-
ing to another solar system at a distance Ax
over an effective time A¢. This is in strict
agreement with the behavior of a particle
undergoing Brownian motion. However,
since the diffusion equation describes the
behavior of a distribution of particles, it is
conceptually useful to think of P as the
expectation value of the fraction of the
population that will emigrate to another
world at a distance Ax in a time A¢. In the
sense of an expectation value, then, we
define the specific emigration rate, ¥, by
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V¥ = P/At = 2mD/Ax? (80)
[cf. Eq. (75)]. This quantity describes the
fraction of the population that emigrates
per unit time to the next habitable star
system. Here, At is the time interval be-
tween successive colonial ventures. If the
transit time exceeds this time interval then
we substitute the transit time for Az. Con-
versely, the problem is paced by the time
interval between successive colonizations
for very fast transit times, so that even the
unlikely contingency of faster-than-light
travel (through multiply connected space in
the vicinity of black holes, say) does not
alter this analysis significantly.

It is impossible to make a very reliable
estimate of ¥ for extraterrestrial civiliza-
tions. Very high values shouldbe stupifyingly
expensive. Very low values cannot provide
even short-term relief of population pres-
sure at the periphery of the civilization. In
the third century B.C. the Chin emperor
approved a proposal of Hsu Fu to launch a
colonization mission ‘‘with several thou-
sand young men and maidens to go and
look for the abodes of the immortals hidden
in the Eastern Ocean’’ (Needham, 1971).
The fleet of sailing ships was never heard
from again and the emperor complained
bitterly about the cost. Over the following
centuries a number of further expeditions
to the Pacific Ocean to find an elixir of
immortality were mustered, but none on
the scale of the venture of Hsu Fu (op.
cit.). All these expeditions may have per-
ished; alternatively some may have colo-
nized Japan and have been one source for
the non-Ainu population there today. At
this time the total population of China was
~3 x 107. The next major distant emigra-
tions from East and Northeast Asia were
the Mongol invasions and the exploration
and trade by the Ming navy in the Indian
Ocean in the 15th century. These numbers
give ¥ ~1077 year~!. During the 18th cen-
tury European colonization of North Amer-
ica, ¥ was ~3 x 10~* year™ (Potter, 1965).
Proposals haze been made recently for the
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launching into Earth orbit of self-contained
closed ecological systems with ~10* inhab-
itants (O’Neill, 1975, 1978). This represents
~107¢ of the population of the Earth. A
very difficult undertaking in the next few
centuries would be to launch one such
Space City into interstellar space every
century. This gives ¥ ~1078 year~l. We
adopt 3 x 107* year! = ¥ = 1078 year™!,
with a bias to the smaller value for a young
interstellar civilization.

The existence of abundant extrasolar
planetary systems seems very plausible but
is still undemonstrated. Presumably a civili-
zation wishing to colonize the Earth comes
from an Earth-like world; although, since
schemes have been proposed to terraform
Venus and Mars—that is, to convert them
from rather different environments to ones
which resemble the Earth (Sagan, 1960;
Sagan, 1973c)—xenoforming the Earth into
some rather different environment might
not be beyond the capabilities of an inter-
stellar spacefaring civilization. We note
that such xenoforming will add to the wait-
ing time for a colony to develop an indepen-
dent colonizing capability. Simple theoreti-
cal models of the formation of planetary
systems from solar nebulae suggest that a
wide variety of planetary systems can be
formed, depending on, for example, the
initial mass density distribution function of
the nebula; in some schemes terrestrial
planets appear to be formed abundantly
(Dole, 1964; Isaacman and Sagan, 1975). In
this case the distance between systems with
Earth-like planets is probably =<3 pc. Hart
(1978, 1979) has argued that only an ex-
tremely unlikely set of circumstances has
preserved the Earth’s environment—par-
ticularly abundant liquid water—from the
opposing threats of a runaway greenhouse
effect and a global ice age. These arguments
ignore plausible variations in some climatic
parameters and neglect negative feedback
loops in terrestrial climatology (Schneider
and Thompson, 1980); we consider them
unlikely. But if they are valid they increase
Ax possibly to ~300 pc. Accordingly, we
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will allow Ax? to range from 3 to 10° pc2,
with a preferred value of 10 pc2.

If we adopt the dimensionality index, m
=3,Ax2=10pc?, and ¥ = 1078 year™! we
find a typical value of the diffusion
coefficienttobe D =2 x 1078 pc2year 1= 5
x 102 cm? sec™!, an absolutely enormous
diffusion coefficient by planetary atmo-
spheres standards.

We are now ready to examine the appar-
ent absence of extraterrestrial colonies on
or near the Earth. Let 7,,;, be the minimum
time for the advanced technical civilization
nearest us in space to reach us at a diffusion
wavefront velocity v. Then vt = A. If 1,
> L, there should be no such colonies, as
observed. Consequently, there is a critical
lifetime for a spacefaring interstellar civili-
zation

Lc = rmin = A/U (81)

For the Earth to have been colonized, the
colonial civilization must have a lifetime in
excess of L.

Combining Egs. (78)—(81) we find

L. = 1.95 x 107(f/0.1)"V4(p/2)~3/4
x [(y/1079(¥/1078)(Ax2/10)]~3® years.
(82)

We have accommodated the possible effect
of discretization through the inclusion of
the (9/2)~% term. In order to estimate o, we
can employ the ‘‘standard case’’ curve in
Fig. 4, where 7 is plotted with respect to
Ax/l, which is just (2my/¥)*? [from Eqgs.
(74) and (80)]. For comparison, we combine
Egs. (23), (24), (26), (78), and (80) to obtain
the critical lifetime for a thermal wavefront
with N = 2, and find

L. = 1.3 x 10%(f/0.1)-8/11
X (Ax2/10)71211(¥ /1078)-311 years. (83)

This is the case of strictly observed ZPG.
[Recalling from the discussion following Eq.

(80) that discretization effects are a function
of Ax/l ~ (y/¥)'2, we conclude that they
are insignificant in ZPG problems at late
times because then, crudely speaking y =
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0.] Our free parameters, f, y, Ax? and ¥
have normalized standard values already
discussed, with distance measured in par-
secs and time in years.

We have now obtained the critical lifetime
L. for the cases L, < y™! (zero population
growth) and L. > y™! (nonlinear population
diffusion with growth and saturation). From
Eq. (82), we see that L, increases as vy
decreases. When v is set equal to L. in
(82), we obtain a value for L, of 4.3 x 10°
years when f, ¥, and Ax assume their
normalized standard values, neglecting the
effect of discretization. Although (82) is not
strictly valid in this case, this value for L,
suggests, as we intuitively expect, a smooth
transition between our two models; i.e., as
v decreases, L. increases until it assumes
the ZPG value.

We see that for the colonization wave-
front of the nearest technical civilization to
have reached the Earth, the lifetime of that
civilization must exceed 20 million years
for nonlinear diffusion with growth and
saturation. Such a civilization will have
been intensively occupied in the coloniza-
tion of more than 200,000 planetary sys-
tems before reaching the Earth, some 63 pc
away. Thus, many colonial empires, of vast
extent by terrestrial standards, may still
occupy only an insignificant volume of the
Milky Way Galaxy, and not embrace the
nearest independently arisen technical civi-
lization, whether it has colonial ambitions
or not.

If strict ZPG is observed, L. is of the
order of the age of the universe and it would
be unlikely in the extreme for us to observe
such a population. Variations in f would
almost certainly increase the critical life-
time, while variations in ¥ will have an
almost negligible effect. Therefore, strict
ZPG readily explains our failure to observe
nearby extraterrestrial civilizations and we
will confine our remaining considerations to
cases including population growth and satu-
ration.

Our conclusions for the case of density-
dependent diffusion with population growth
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and saturation seem to be interestingly in-
sensitive to the choice of input parameters.
Reasonable variations in f, to allow for
extensive colonization, change L, by a fac-
tor ~3. We believe that y cannot be much
larger than 10~* year™ to be consistent with
the very powerful population pressures that
any colonial empire must have experienced
earlier in its history than the time of exten-
sive interstellar colonization. (In addition,
one possible means of interstellar trans-
port—the ‘‘generation ship’’ in which a
much later generation of colonists arrives
than that which originally set out—imposes
an extremely strict regime of ZPG on the
settlers.) Ax? might be as large as 10® pc?,
meaning that the colonists must be in the
practice of searching comparatively large
volumes of space before establishing a col-
ony. ¥ conceivably could be > 1078 year—!,
although values as large as those for the
European colonization of North America in
the 18th century seem prohibitive for inter-
stellar spaceflight. But, even adopting Ax?
= 1B pctland ¥ = 3 x 107% year™!, we find
that L, ~10° years. Even with massive
interstellar colonization efforts by a nearby
civilization, involving 10% of the base pop-
ulation every century, the Earth would not
have been visited unless the colonizing
civilization were very long-lived.

The effective velocity of the colonization
wavefront is given by

v = 2.6 % 1078 (5/2)[(y/10™%

x (¥/1078)(Ax%/10)]V2 pc year™, (84)

where we have accommodated the possible
effect of discretization through the inclu-
sion of the (7/2) term. Note from dimen-
sional analysis that this is the only combi-
nation of y, Ax2, and ¥ which will make a
velocity. With nominal values of y, Ax2 and
V¥, & ~ 30, and the colonization wavefront
has an effective velocity ~4 x 10=° pc
year '—slower even than the interstellar
velocities of the Pioneer 10 and 11 and
Voyager 1 and 2 spacecraft.

A velocity of 4 x 1073 pc year™! corre-
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sponds to only 40 km sec™. Thus, differen-
tial galactic rotation and peculiar stellar
velocities can significantly influence a civi-
lization’s long-range colonial strategy. Dif-
ferential rotation would shear a civilization
sphere, conceivably producing a tube ori-
ented along a spiral arm. Peculiar velocities
would further diffuse the interstellar bound-
aries of the civilization, potentially increas-
ing the velocity of the expanding coloniza-
tion front. It is unlikely that the velocity of
expansion would be much greater than typi-
cal stellar peculiar velocities. Significantly,
even the peculiar velocities of stars are two
orders of magnitude less than the colonial
wavefront velocities proposed by Jones
(1976).

Civilizations with lifetimes ~10? to 10°
years, on the other hand, could have colo-
nized the Earth by now even if they origi-
nated some considerably greater distance
from us within the Milky Way Galaxy.
However, for reasons we have already
mentioned—concerning the evolution of
very advanced societies—we believe that
their motivations for colonization may have
altered utterly, and that their science and
technology may be extremely different
from anything we can recognize or even
imagine.

We have found that only technical civili-
zations with lifetimes ~ 10° to 2 x 107 years
or longer could have initiated a colonial
wavefront which has reached the Earth
from the nearest technological star system.
The lifetimes of extraterrestrial technical
civilizations are, of course, highly uncer-
tain, but many have hypothesized that only
a tiny fraction of civilizations survive be-
yond 10°> to 107 years (see, for example,
Shklovskii and Sagan, 1966). In addition,
there is the question of phase relations in
the evolution of technical civilizations. In
the solar neighborhood there are unlikely to
be many stars with habitable planets that
are significantly older than the Sun, and we
certainly expect a substantial waiting
time—perhaps several times 10° years—for
the indigenous evolution of technical soci-
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eties. There are unlikely to be any coloniz-
ing civilizations in the solar neighborhood
> 10¢ years old.

It may be useful to divide technical civili-
zations into two categories: young (<10°
years old) and old (>10¢ years old). Old
civilizations are improbable colonial
powers in the sense we are describing.
Young civilizations may be embarked on
extensive colonial ventures but, compared
to the volume of the Milky Way, these are
of very limited scope. There may be em-
pires of tens or even hundreds of thousands
of worlds. But it is implausible that a true
Galactic Empire exists: there are too many
worlds to conquer.?

The number of habitable planets in the
Galaxy may exceed the number of individ-
uals on the Earth. Might the political evolu-
tion of the Galaxy to some extent parallel
that of the Earth, in which individuals start
out in family groups, and eventually form
tribes, city-states, nations, superpowers,
and, perhaps eventually, a single global
state? In that case the Earth is at the
present time still in the situation of a small
family group—one which even wonders if
there are any other groups at all. The stage
we have been describing in this paper,
when there are tens or hundreds of thou-
sands of colonial worlds for each interstel-
lar civilization, corresponds to a much later
stage in human history, roughly that of the
first city-states. It is only at this point that
groups interact. Thus Star Wars, if there
are any, occur at the level of city-states—
Athens versus Sparta. Actually, the likely
disparity in technological capability of any
two newly interacting colonial powers is so
great that ‘‘wars’’ in our sense cannot hap-

8 The possibly extensive use of automated interstel-
lar probes to scout candidate worlds does not change
these considerations substantially. After finding, say,
> 10° habitable worlds lacking indigenous intelligence,
detailed investigation and subsequent colonization of
the discovered worlds is a more likely response than
an accelerated program of automated exploration of
new worlds.
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pen. The stronger civilization will simply
overwhelm the weaker if a conflict arises.

What is the likelihood of such encoun-
ters ? For a random, uniform distribution of
civilizations the probability p of an interac-
tion would behave as

p = (d/A), (85)

where A is the mean distance between
civilizations [Eq. (78)] and d is the mean
value of the maximum radius of an inter-
stellar empire; i.e.,

d = vL = ®(Dy)"L. (86)
Using (78), (81), (83), and (86) we find
p =< (L/L.)* 87

for L < L. where, for simplicity, we have
ignored the effect of discretization. Thus,
the likelihood of two civilizations interact-
ing is remote unless L ~ L. (This argument
depends of course on a given civilization
growing in a manner that is independent of
its neighbors.)

If the probability of Star Wars goes as L*;
if the canonical lifetime for contact to be
just occurring is 107 years; and if we were to
imagine all civilizations at L = 10° years,
then only 1 in 10* civilizations would be
interacting. Since N' = 10%, ~100 will be
interacting at a given time. If L = 10° years,
then 1in 108 civilizations will be interacting
and, for N’ < 108 civilizations, there are no
Star Wars. Thus, if warfare is an illness
which is outgrown in the first 10° years or
so of the existence of a galactic civilization,
then there are never interstellar conflicts; in
any case, they would be very brief because
of the technological disparities.

At the end of Section 7 we distinguished
between interstellar civilizations expanding
because of high population densities and
high population gradients together, and
those expanding because of high population
densities alone. The latter are societies bent
on conquest. For such an imperialist ga-
lactic civilization [Eqs. (72) and (73) for
v./ve = 3] and for our above choices of vy,
Ax, and 7m (taken here as =V¥), Zgown
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~10% years and v/v; ~3 x 1072 for v, =
0.1c, while v/v, ~3 x 107 for v, = ¢. In
these cases the Galaxy would be colonized
in 3 x 10% to 3 x 107 years, respectively.

An advanced civilization intent on colo-
nization and military conquest of the entire
Galaxy might therefore succeed. But we
have considered exploration and coloniza-
tion as an extension of a civilization’s thirst
for knowledge, or as insurance against self-
destruction, not as a relief valve for over-
population (which it logistically cannot be)
or as an instrument of territorial conquest
and expansion. The apparent absence on
Earth of representatives of advanced galac-
tic civilizations thus argues against the
presence of any such expansionist civiliza-
tions devoted to domination of the Galaxy.
It is curious that the solution to the problem
‘‘Where are they?’’ depends powerfully on
the politics and ethics of advanced soci-
eties. Why are there no dedicated galactic
imperialists, since we anticipate an enor-
mous range of biologically distinct civiliza-
tions to arise on their separate home
worlds? It may be that such behavior is
universally outgrown in the first 105-107
years of the lifetime of a technical civiliza-
tion, e.g., because of the common inven-
tion of the technology of personal immor-
tality, or because of the selective
disadvantage of the drive for territoriality
after the development of weapons of mass
destruction, as discussed earlier. Or it may
be that the first civilizaiton to colonize the
Galaxy, perhaps long before the formation
of the Earth, imposed certain boundary
conditions on the expansion of those inter-
stellar civilizations which subsequently
arose. These two possibilities have differ-
ent, but in both cases encouraging, implica-
tions for the long-term future of the human
species.

The slow propagation speed of the colo-
nization wavefront does not exclude
specific exploratory missions to targets of
particular astrophysical or biological inter-
est. The wavefront of the nearest colonial
civilization may be tens or even only a few
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parsecs from the Earth, and able to visit our
solar system in relatively short times in the
likely case that starship velocities v, = 0. 1¢
exist. They have not visited the Earth be-
cause there is no motivation, no apparent
way for a neighboring civilization to know
of the existence of our just-emerging inter-
stellar civilization. This situation may
change in the relatively near future. Mili-
tary and astronomical radar systems and,
especially, commercial television have
been for the last several decades generating
an unmistakable radio signature, now ~ 10
pc away, of the existence of a new technical
society in the vicinity of the Sun. This may
trigger a radio response in the not too
distant future. Depending on the disposi-
tion of nearby civilizations, their colonies
and their exploratory vessels, and how
carefully they are examining the radio spec-
trum in an eavesdropping mode, the leak-
age radiation from our technology might
also stimulate an exploratory mission from
the nearest galactic civilization within the
next few centuries or less.

APPENDIX I: THE EFFECTS OF
DISCRETIZATION IN NONLINEAR DIFFUSION

In this paper, we have described nonlin-
ear diffusion as the outcome of a random-
walk process. Our discussion focused on
the limiting case that collision mean free
paths and collision times were small com-
pared with ‘‘macroscopic’’ spatial and tem-
poral scales. By the analytic and numerical
study of the resulting partial differential
equations, we were able to deduce the
principal feature of nonlinear diffusion in
the continuous limit: the existence of a
travelling wave which propagates out from
the population center at a velocity deter-
mined by the rate constants associated with
in situ growth and diffusion. Moreover, the
velocity of advance at late times is rela-
tively unaffected by the initial conditions
and by the details of the particular nonlin-
ear diffusion model employed.

The diffusion process, as a representa-
tion of Brownian motion, is not limited to
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the case that mean free paths < than the
spatial scales that otherwise describe the
problem. A natural scale is the mean dis-
tance between habitable star systems.
There is, fortuitously, no natural time
scale that must also be included. Thus, we
must rederive, after Chandrasekhar (1943),
the equations that describe random walk
where spatial discretization may be impor-
tant. To illustrate, consider the semilinear
diffusion equation (43) in one spatial dimen-
sion described earlier»

dp(x, 1)/0t = yp(x, )[1 = p(x, t)/p]
+ (8/ax){Ddp(x, t)/dx}. (I-1)
This equation can be regarded as the con-
tinuum limit of a Markov process such as
that developed in Egs. (7)-(11). The diffu-
sion term in (I-1) was obtained from (9),

0%p(x = nl, t)/ox? =
Ili_l}}) [Pre1(t) — 2pa(t) + pa—a(DV/E, (1-2)

where [ is the collision path length in

pe(t) = p(nl, 1). I-3)
It is natural, in this problem, to associate
with the collision length / the distance Ax
between habitable systems. Thus, in order
not to suppress the effects of discretization,
we write (I-1) in the Kolmogorov-Chap-
man form

dpm(1)/dt = ypu([1 — pu(t)/ps] + (D/
Ax?){pm+1(t) = 2pm (1) + pmss(D)}, (I-4)

where p,(t) denotes the population density
at time ¢ at the mth site (i.e., spatial position
mAx). The site index m is different from the
dimensionality index m in Eqgs. (21) et seq.

Can this discretized semilinear diffusion
model support a right-going travelling
wave? (See Section 5 for a parallel discus-
sion of the continuous case.) In particular,
for which range of values of the travelling
wave velocity v will a solution to Eq. (I-4)
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exist? Assuming a travelling wave solution,

Pm+1(t) = pm(t — Ax/v),

Pm-1(t) = pult + Ax/v). (I-5)

Then, Eq. (I-4) assumes the form

dpm(D)/dt = ypm(D[1 — pm(1)/ps]
+ (D/Ax®){pm(t — Ax/v) ~— 2pp (1)

+ pn(t + Ax/v)}. (I-6)

Any solution must exist in the asymptotic
regime where p,,(t) — 0, i.e., where [1 —
Pm(t)/ps)] can be approximated by unity.
Therefore, we consider the linearized ap-
proximation

dpm(1)/dt = ypm (1)
+ (D/Ax*pm(t — Ax/v) — 2pm(t)

+ pm(t + Ax/v)}, (I-7)

and Fourier analyze; we consider solu-
tions to (I-7) of the form exp[iwt] so that

pm(t + 7) = expliot]on (t).  (I-8)

Then, (I-7) becomes
iw=1vy+ (D/Ax?)
x [exp(iwAx/v) — 2 + exp(—iwAx/v)].
(I1-9)
For the sake of simplicity, we render all

quantities dimensionless by the transforma-
tions

o = wly,
Ax' = Ax(D/y)~'2,
b = v(By)"12 (I-10)

[cf. Egs. (44) and (46)]. Equation (I-9) be-
comes

iw =1+ (Ax)"expliwAx/D)

~ 2 + exp(~iwAx/D)}, (I-11)

(where, for convenience, the primes have
been dropped).

We now wish to find the value(s) of w
which satisfy this equation. Clearly, this is
equivalent to finding the roots of the func-
tion F(w) which we define to be
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F(w) =1 + (Ax)*{exp(iwAx/D)

- 2 + exp(—iwAx/?)} — iw. (I-12)
Anticipating the possibility that o is com-
plex, we write it as {) — iv, where both ()
and » are real. Similarly, since F(w) can be
complex, we write F as f + ig, where both f
and g are real-valued functions. Separating
the real and imaginary terms in (I-12), we
obtain the dispersion relations

f=14+ (Ax)™2 cosh(vAx/D)
x cos(QAx/D) — 2] — v;

g = (Ax)~2 2 sinh(vAx/D)

x sin(QAx/v) — Q. (I-13)
Now, consider the behavior of f and g as
functions of v (i.e., holding () fixed). If w =
) — iv is a solution to the latter dispersion
relations, so is — ) — iv. (Physically, this
corresponds to the fact that a left-going
wave travelling with the same velocity is
also possible.) So, we consider solutions
with Q = 0 without loss of generality.

Since g is an odd function of v and the
sign of dg/dv does not change, g has a
single root in v. If Q = 0, g2 = 0 is
automatically satisfied.) The function f, on
the other hand, is concave with respect to v
since sgn(8%f/av?) = sgn[cos(QAx/D)].
By inspection, f{v) has either two or no
roots. Consider the value of v, say v,, for
which df/dv = 0. If there are two roots, v,
will be situated between them and sgn(f(v,)]
= sgn[cos({)Ax/D)]. (There is a degenerate
case, which establishes a limiting velocity
for o, where the two roots coalesce into v,.
In this degenerate case, there is only one
root and it satisfies f = 0 and af/ov = 0,
simultaneously.) Finally, there are no roots
if sgn(f(ve)] = sgn[cos(QAx/D)].

We must simultaneously adjust ) and v
so that the single root of ¢ and one of the
two roots of f coincide. This solution for 2
and v also depends on the value of © em-
ployed. As 7 is decreased, the two roots of f
will move together and will coalesce at
some critical velocity, say o.. Below that
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velocity 7., no simultaneous solution for
both () and » exists. Thus, 7, is the mini-
mum velocity at which a travelling wave
can propogate in this low density (linear-
ized) regime. [If we were to take the limit
Ax — 0 at this point, we would recover
the result (55) due to Fisher and Kolmo-
goroffer al. that o, = 2.] In order to identify
the critical velocity, we must introduce the
condition under which the two roots of f
coalesce, namely,

df/ov = [2 sinh(vAx/v) cos(QAx/v)/AxD]
-1 =0 (I-149)

Therefore, we can identify () and v as well
as the minimal velocity @, by requiring that
(I-13) and (I-14) simultaneously vanish.

Comparing the latter with the second of
Egs. (I-13), we obtain

tan(QQAx/v) = QAx/v. (I-15)
For convenience, let
y= OAx/v, (I-16)

so that we need the eigenvalues y which
satisfy

tan y = y. I-17)

The first few are 0, 4.49341, 7.72525,
10.90412, . . . and the corresponding val-
ues of cos y, which we need later, are 1,
—0.21723, 0.12837, —0.09133, . . . .

We now solve, for each eigenvalue y, the
first of Eqgs. (I-13) and (I- 14)—provided that
such a solution exists. (There is no guaran-
tee that it will, apart from y = 0, if Ax is
sufficiently different from zero.) For con-
venience, let us define a variable g,

q = exp(vAx/?). (I-18)
From (I-14), we obtain
q — (1/q) = [Axd/cosy]  (I-19)
or
q = % {(Axd/cos y)

+ [(Axd/cos y)? + 4Jvz}. (I-20)

Writing v as (2/Ax)In g, we rewrite the first
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of Eqgs. (I-13) as

0=1+ {[(g + 1/g)cosy — 2]/Ax%}

- (/Ax)n g, (I-21)

where g is given in terms of v and Ax as
well as the eigenmode y by (I-20). This is
now an equation in a single variable,
namely, ¥ (real valued and positive) which
can be obtained numerically. The only is-
sue remaining is the existence and the
uniqueness of solutions to (I-21).
Multiplying it by Ax2 and writing

u = dAx/cos y I1-22)
we obtain
0= Ax2— 2+ cosy {(u?+ 42
— u In{lu + (® + H2]/2}. (1-23)
Further, by writing
s = sinh™(u/2),
= sinh™%(vAx/2 cos y), (I-24)

the dispersion equation (I-23) reduces, after
some algebra, to

2 — Ax?)/cos y

= 2[coshs — s sinh s]. (I-25)

We note that for s > 0 (s < 0 corresponds
to a left-going wave with the same speed),
the right-hand side of (I-25) is strictly de-
creasing and has a maximum value of 2.
Thus, the solution, if it exists, is unique and
depends on the left-hand side of (I-25) via
Ax and the sign of cos y, where y is an
eigenvalue of (I-17). For example, if cos y is
negative, no solution exists if

Ax > [2(1 — cos y)]v2, (1-26)

It is convenient to refer to the y eigen-
values, 0, 4.49341, 7.72525, etc., as modes
0, 1, 2, etc. We can prove that the eigen-
values of (I-17) are such that successive
values of cos y alternate in sign and con-
verge uniformly to zero. Odd-numbered
modes decay (v < 0) while even-numbered
modes grow (v > 0). Thus, odd-numbered
modes are uninteresting since they will
enjoy only a brief existence. Of the even-
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numbered modes, only mode 0 (y = 0) does
not oscillate and it corresponds to the
Fisher and Kolmogoroff et al. travelling
wave in the Ax — 0 limit. Since the even-
numbered modes grow, we must under-
stand the possible role of the oscillatory
modes, 2, 4, . . ., etc. This is especially
important since modes 2, 4, etc. could
propagate much more slowly than the non-
oscillating mode 0. The important feature of
the even-numbered modes, therefore, is the
relationship between their exponential
growth rates. In particular, we can show
that modes 2, 4, etc. grow less rapidly than
mode 0. Thus, mode 0 will dwarf all other
even-numbered modes, as well as the odd-
numbered ones, in the longterm.

In Fig. 4, we plot the dimensionless criti-
cal velocity #, against the dimensionless
discretization distance Ax’ = Ax/l for the
different modes, where [ describes the
“‘natural’’ distance scale (D/y)'? [cf. Eq.
(1I-10)]. (In the absence of discretization,
the wavefront would have an effective
thickness ~(D/y)'?, a feature observed in
Section 5.) Of particular interest is the case
Ax' ~ 245, which is highlighted by an arrow
on the horizontal axis. (This corresponds to
the situation we consider likely, described
in Section 8, where, in three dimensions,
= 108 year™ and y = 107* year~.) In
Fig. 4, we see clearly how o, tends to 2 for
the mode zero (the ‘‘standard case,’’ since
it corresponds directly to the result of
Fisher and of Kolmogoroff et al.). Although
unimportant in the long term, the critical
velocity is plotted for modes 1 through S in
order to elucidate the existence and early
role of oscillation.

These dispersion relation results describe
the velocity below which no wave can
persist at low density in the discretized
Fisher problem (where D = const.). The
dispersion relation results are a necessary
condition for the existence of a wave at low
density, but say nothing about the exis-
tence of a wave at higher densities where
nonlinear saturation effects occur.

In order to resolve this issue, we have
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performed nonlinear simulations to deter-
mine whether the nonlinearities could
cause the wave to travel any faster than the
low-density limit would predict. We also
employed the simulations as a test of the
sensitivity of the wave velocity to the den-
sity dependence that we wish to introduce
into the diffusion coefficient [i.e., D(p) x p"
or D(p) = D(p/p,)"]. (Figure 4 also displays
the nonlinear results obtained in Section 5
for N =0, 1, and 2 in the limit Ax — 0.) For
this, we performed a number of nonlinear
simulations for Ax’ = Ax/! in the range 100
to 1000 for N = 0, 1, and 2.

Figure 5 summarizes the nonlinear
results. Points on the figure are numerical
results (subject to a 5% relative error) for
diffusion with N = 0, 1, 2. The solid line is
mode 0 (‘‘standard case’’) from the pre-
vious figure. Several trends are manifest:
(a) The wave speed is insensitive to our
choice of N. (b) The wave speed decreases
slightly with increasing N. (c¢) The disper-
sion relation for the discretized, linearized
semilinear diffusion equation provides an
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order-of-magnitude velocity estimate for
the nonlinear problem.

Our dispersion relation approach has
yielded remarkably accurate estimates of
wavefront velocities ranging from the dis-
crete to the continuous limit for a variety of
(nonlinear) models. Indeed, the mode 0
results are also a good approximation to the
Monte Carlo computations performed by
Jones. Earlier, in Section 7, we developed a
good approximation to Jones’ results based
on a crude representation of his model. We
conclude this Appendix by demonstrating
that this approximation is equivalent to
solving the dispersion relation in the large-
Ax limit.

By inspection of Eq. (I-23) for Ax large
andy = 0 (mode 0), we see that only the « -
In {{u + (u?® + 4)¥2]/2} term is important.
Thus, we write

Ax? = uln{[u + (* + 49'%]/2}
uln u.

(I-27)

For y = 0, we recall from (I-22) thatu = ©
Ax. Employing this transformation in (I-
27), we obtain the implicit relation

d = [Ax/(In Ax + In 9)] = Ax/2 In Ax.
(1-28)

In order to compare this result with the
crude approximation in Eq. (73), we must
make them dimensionally compatible.
First, we note that fowin > firaver- (AS Was
pointed out earlier, a single pair of orga-
nisms reproducing at the current and pre-
cipitous human rate of y 0.02 year™!
would require >10° years to reach the
present population of the Earth. Mean-
while, the travel time between stars would
be measured in decades.) Thus, (73) can be
approximated (in dimensionless units) as

v = yAx/InQQy/¥), (I-29)

where Ax now describes the distance be-
tween interstellar habitats. (Here, we have
approximated Jones’ immigration rate » by
our ¥, although this is only approximately
correct.) Expressing (I-28) in dimensional
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units, we can show that
v = yAx/InQ2my/¥). (I1-30)

The discrepancy between (I-29) and (I-30),
which is very small, is essentially due to
our development of the dispersion relations
in a one-dimensional geometry (instead of
m = 3 dimensions).

In this Appendix, we have mathemati-
cally developed a link between the conven-
tional continuum limit of a broad array of
nonlinear difiusion processes and their be-
havior in a regime where the random walk
step size is significant. In the limit that the
step size is very large, we showed that the
velocity of expansion could be simply re-
lated to the ratio of travel to growth times.
Moreover, the colonization front velocity
dependence was observed to be remarkably
insensitive to the details of the model.
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