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\Ve have tested the implications a11d Jimitatio11s of Program ACRETE, a scheme based 

merely 011 Newtonian physics and accretion with unit sticking efficiency, devised by Dole 
in 1970 tu simulate the origin of the pla11ets, The dependeuce of the results 011 a variet.y 
of radial and vertical density distribution laws, on the ratio of gas Co dust in the solar uebula, 
on the total nebular mass, aud on the orbital eC'centricity, •, of the a!'creting grains are ex
plored, Only for a small subset of conceivable cases are planet,ary systems closely like our 
own generat,ed, :\Iany models have t.endencies toward one of two preferred configurations: 
multiple-star systems, or planetary systems in which Jovian plane!$ either have substantially 
smaller masses t.han in our system or are ab,;ent altogether, Bnt for a wide range of cases 
recognizable planetary systems are generated, ranging from rnnlt,iple-st,ar systems with 
accompanying planet.�, to systems with Jovian planets at, several hundred astronomical units, 
to single 8tarn surrounded only by as!,eroids, :\!any systems exhibit planets like Pluto and 
objects of m;ternidal mass, in addition to usual terrestrial and ,Jovian planets, No terrestrial 

planets were generated more massive than five Earth masses. The number of planets per system 
is for most cases of order 10, and, roughly, inversely proportional to t, All systems generated 
obey a relation of the Titius·-Bode variety for relative planetary spacing, The ease with which 
planetary systems t1re generated using such elementary and incomplete physical a.�snrnptions 
sllpports the idea of abltndant and morphologically diverse planetary systems throllghout 

the Galaxy, 

L l�TROIHJCTION 

The ultimate problem Ill planetary 
::;tudie:s is the origin of tht• :mlar system, 
Despik a serioutl recent attack on the 
problem by many investigator:;, much of 

which ha8 been published in the pages of 

Icarus over the last fpw years, it Sl'ems Hafr 

to say that no gt>1wrally acceptable detailed 

model of the origin of thP solar systPm 
exists. Indeed, the rate of change of models 
of origim;, Pven in the hand,; of <'Xpt•rienced 

individual invPstigators, is a ell'ar indica

tion of tlw u1wPrtai11t�' of the ,;ubjPcL 

('opyrighl. © l\117 1,...,. \1·ad<"mie l'n•::-:->, l1ll'. 
All rig:ht.::-- of rnprod11l'liot1 in any forrn n·s<·n·Pd. 

Furtlwrmon·, almo,;t all of t ht· detailed 
models have concentrated on the important 
Parly ,;tagc,; of ,;olar ,;ystem history, partic
ularly the solar nebula, and not 011 the 
origins:of planet,; per se, For example, the 
significant paper by Goldreich and Ward 
(1973) carries the hi:,;tory of thP ,;olar 
nebula up to the g;em·ration of planctrsimals 
of about t hP siZ(' of Phobos and Deimo,;, 
On t hP observat ional sidP, thP most recent 

work ha,; :<ervPd to cast doubt,; on the 

rdiability of l'lainwd identification,; of 

t•xtrasolar pla1wtary sy,;tcnrn (( latc>wood, 



COMPUTER SIMULATION8 OF ACCRETION 511 

004 005 Q.36 t.08 

0.06 0.82 I 

0.,3 

006? 

5�6 
O.� 3 ':..'2 f!_3 � (\ f05 736 a�aoo�� 

0.08 2.54 02'1 Q95 2.4� 018 

0.1 10 100 
Orbital Distance, a.u. 

FIG. 1 .  Planetary systems generated by Dole ( 1970) using program ACRETE. Solid circles 

represent terrestrial planets, while open circles indicat.e Jovian planets that have accreted gas 
as well as dust .. The radius of each circle is scaled solely by the cube root of the planet's mass, 
given in t.he figures in units of Earth masses. The positions of Jovian planets are given by the 
centers of the circles. Those cases in which planets appear to be abutting or overlapping are, 
of course, only artifacts of the schematic diagram. All planets produced are well-separated, 
as the relative positions of t.heir centers indicate. The fourth system displayed is our own; the 
othern are generated by ACRETE. 

1976), rather than providing a data source 
against which models of origins can be 
tested. In these circumstances any model 
which purports to generate planetary 
systems recognizably similar to our own 
deserves careful scrutiny. 

Any acceptable model for the formation 
of the solar system should be able to account 
at least for its most obvious characteristics: 
the distinction between terrestrial and 
.Jovian planets, the spacing of planetary 
orbits, and the distribution of planetary 
mass with heliocentric distance. Such 
parameters as the rotation periods of the 
planets, the orbital configuration of comets, 
asteroidH, and the particleH in tht> rings of 
Saturn, and the anomalous obliquities of 
UranuH and Venm; are prc:mmably details 
not essential to an understanding of the 
formation procPssp:-;- alt hough it i:-; poHsihle 
that tlwy might provi!k signifirnnt ch1<•s. 

To th!' lwst of our knowledgl', th!' only 

existing model which attempts to generate 
mature planetary systems as opposed to 
other stages in the evolution of solar 
nebulae is that of Dole (1970) . In his 
computer simulation, "accretion nuclei" 
of specified mass are injected in prograde 
orbits in the invariable plane of a primitive 
solar nebula composed of both gas and dust. 
The physics are simply Newtonian mech
anics and perfectly inelastic collisions. 
When accretion nuclei collide with dust 
grains the grains adhere with unit efficiency. 
Growing accretion nuclei beyond a certain 
mass gravitationally accrete gas as well. 
When two accretion nuclei collide tlwy 
stick also and produce a larger planetesimal . 
The process is permittPd to continue until 
all the dust and some of the gas is gathered 
into planets. For some choices of input 
paraml'tPrH thl' resulting planetary con
figurations (Fig. 1) an· n·markahly lik(• 
thosl' of thl' :mlar syst<•m. 
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At first sight it appears quite extra
ordinary that so simple a physical protocol 
can lead to so recognizable a set of planetary 
systems. The program takes no explicit 
account of chemical segregation with hPlio
ccntric distance in the solar nebula, of a 
clearing out by solar radiation pressure and 
the solar wind of the inner solar system 
during the T Tauri stage of the Sun, of 
hydromagnetic effects, turbulent convec
tion, or of planets dynamically unstable 
because of rapid rotation. [f the origin of 
the planets can indeed be understood ·with 
such elementary assumptions and with 
plausible input parameters, tht> model 
deserves much deeper attention. 

Dole was able to produce planetary 
systems of recognizable characteri8tics only 
with a certain choice of input parameter::; 
and assumed structure of the solar nebula. 
The present paper is devoted to a critical 
examinations of these assumptions and an 
exploration of the consequences of varia
tions of parameters and assumed solar 
nebular structure. It does not attempt to 
present a detailed model of solar t:lystem 
formation much beyond the simple dy
namical model employed by Dole. 

For example, the coplanar character of 
the simulated planetary systems i:-1 a direct 
consequence of the fact that the accretion 
nuclei arc injected with zero inclination in 
prograde orbits. The formation and dynam
ical properties of the accretion nuclei are 
not further justified by Dole; wn will dis
cuss them further in the light of more recent 
research. The increased current skepticism 
(Gatewood, 1976) on earlier reductio11t:l of 
perturbations in the proper motion of 
Barnard't:i Star remove:-; the prop,; from 

the reduction by Black and Suffolk (1973) 
according to which the planets of the 
Barnard Star system i.v<mld not have been 
in coplanar orbits. 

II. THE COMPUTER :VlOUEL 

The computer Himulation program, called 
A CRETE, was written by .J. Rice and 
generously provided to us by 8. DolP. W<: 
have varied the program where necessary. 
In this section we de,;cribe th<' essential 
features of ACRETE. 

1. ThP Holar nebula is taken to have the 
shape of an "cxocoJH'," seen edge-on in 
Fig. 2. The shape is assumed to arise from 
an originally ,;pherical cloud of gas and 
dm1t with some nonzt.�ro net angular momen
tum in which dust particle,; with orbits 
highly inclined to the invariable plane are 
<'wntually degraded to orbits of lower 
inclination through inelastic colli:-1ions. J\Iost 
models of thP :-;olar rwbula assume either a 
similar configuration or a cylindrical (disk-
8haped) distribution of matter in which the 
density of gas and dust falls off away from 
the central plane. In it8 original application, 
ACRETE does not take account of the 
vertical den:-;ity distribution. A corrected 
treatment will he discussed in a later 
section. 

2. The mass ratio of gas to dust in the 
nebula is a constant, K = pg/ Pct, where pg 
and Pd are, re,;pectively, tht: radially 
dependm1t densitieH of gas and dust. 
While it may he reasonable to ('Xpect that 
this ratio will be independent of radial 
distance in the central plane of th<' nebula, 
thP ma,;s difference bPtween a dust particle 
and a ga:-1 molPcule will c11,;urc different 

Fw. 2. The cxoeoue. In t.hc original model, t.he <lenHit.y of gns and dust depended only on 

the rndinl <listnnce from the eent.ral st.nl'. 
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scale height8 for their respective vertical 
density distributions. This correction, how
ever, would complicate the computer 
program greatly, and was not taken into 
account either by Dole or by us. Dole used 
the value K = 50, which will be shown 
later to be a reasonable number. 

3. In Dole's study, the density distribu
tion of dust is Pd = A exp ( - ar113) ,  where r 
i8 the distance from the center of mass of 
the cloud in astronomical units (AU), and 
A and .a are adjustable parameters. In 
addition to experimenting with A and a, 
we have varied the functional form itself. 
Dole was able to generate aesthetically 
pleasing, i.e. ,  solar-system-like, planetary 
systems when A = 0.0015 M 0/ AU3 and 
a = 5. The justification for these particular 
choices was one of convenience ; Dole was 
not striving for any generality, since he 
stated that the object of hi8 exercise was 
to generate planetary systems similar to 
our own. W c will examine other choices of 
A and a as well as other choices for the 
functional form Pd· 

4. The dust particles comprising the 
cloud (other than the accretion nuclei) are 
all given the same orbital eccentricity E, an 
input parameter (Dole's value is E = 0.25), 

and arc taken to have randomly distributed 
semimajor axes and inclinations. W c will 
examine the consequences of other choice8 
of c, but for 8implicity will not assume a 
distribution function for various values of 
the orbital eccentricity of dust grains. 

5. The accretion nuclei arc taken to 
have some initial mass m0 which is an 
input parameter of the program. The nuclei 
are injected into progradc orbits of zero 
inclination, with scmimajor axes randomly 
distributed between 0.3 and 50 AU, and 
·with 0ccentricities given by the distribution 
function e = 1 - (1 - Y)0·077, where Y is 
random between 0 and 1. Thi8 form is an 
empirical distribution derived by Dole 
which reproduces the distribution of planet
ary eccentricities in the solar system. The 
small exponent yields small eccentricities 

and, since any nucleus undergoing accretion 
would suffer numerous inelastic collisions 
that would tend to circularize its orbit, it 
was not felt necessary to change the 
exponent even though it is an input 
parameter. Similarly, the bounds of 0.3 and 
50 AU for the semimajor axes are also 
input variables, but changing them changcs 
neither the physics of the problem nor (to 
any substantial degree) the n•sults. Occa
sionally, these limits were moved closPr 
together for convenience when no plarwts 
could be formed at the extremitiPs of the 
cloud. 

G. A nucleus captures all dust particles 
which cross its orbit (8ticking coefficient 
unity), plus those ·whose orbits fall in an 
unstable region related to its gravitational 
cross section. The radial extent of this 
region around the accretion nucleus is 
given by x = rµ114, where r is the distance 
of the nucleus from the center of the rwbula 
and µ is its reduced mass with respect to 
the Sun: µ = m/ (1 + m) , where m is the 
nuclear mass expressed in solar mass<·s. 
The expression for x is an approximation 
of the solution of the restricted three-body 
problem. Birn (1973) finds the exporwnt 
to be t instead of i, hut this was not 
changed in the program, since the effrct 
of the change can be shown to be small. 
Also, it is implicitly assumed that the 
semimajor axes of all orbits precess through 
all directions in the invariable plane via 
accumulated gravitational perturbations. 

7. Nuclei accrete only dust initially, 
until their masses (and hence escape 
velocities) are high enough to permit the 
retention of gas as well. If we assume that 
an accreting planetoid of mass m has 
uniform density, its escape vt>locity v" is 
proportional to m1i3• A gas moh•cule at 
tcmpPrature T has a velocity proportional 
to T1i2, and, if WC assume a tPmperature
distancc dependence of T (r) = T0 (r/ r0)-112 

(where r is the radial distance from the 
central star) , then the gas velocity becomes 
Vg a: r-114• The functional form chosPn for 
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'l' (r) i:-; appropriate for an optically thin 
:-;olar nebula and for ;;onw choiec:-; of 
optically thick nebula<�. For retention of 
gas above some critical mass m,., we dPrnand 
Ve > Vg, or C1m01l3 = C2r-114, 80 that m" 
= Car-314, where C1, C2, and Ca are con

:-;tants of proportionality. In practice, C3 
is ,...., IO-" whcn me is measured in solar 
masses and r is taken to lw th<' perilwlion 
distance of tlw planetoid':-; orbit. An 
alternate form of the temperaturP di:-;tribu
tiou, 7' (r) a: r-1, ha:-; lw<'n :-;ugg<'st<'d by 
Lewi:-; (1974). In this case, me a: r-:i12• 

Once the critical ma:-;s is reached, a 
n ucleuH will accrete some ga:-; along with tlw 
dust. As the mass increases still further, a 
larger fraction of the ga:-; presPnt Jl('ar tlw 
nucl<•us will be captured, so that in th<· 
limit of a very larg<· ma:-;::; th<' 1wt denHity 
of capturPd material will lw p = Kpt1, which 
corn'sponds to tlw capturP of all ga:-; rwar 
the n ucleus. For intermediate masH<'i', tlw 
"effcctiv<' dl'nsity" of accrPkd matte'!' i:-; 
takl'n to !lC' 

m 2'.: m,., 

which obeys thP condition:-; p .. = Pt1 when 
rn = rn" and Pc ---> Kpr1 when m ---> oc . Thi:-; 
function is arbitrary and wa:-; splectl>d by 
Dole primarily for its simplicity and it::; 
correct behavior in the limits. A functional 
form which i:-; more phy:-;ically exact would 
require knowll'dgc of thP structun' of tlw 
accreting plarwt and a detaikd dynamical 
analy:-;i:-; of tlw solar nebula, both of \\·hich 
arc lwyond the 8copc of thi:-; treatment. 
Howcv<'r, tlw Pxpression i:-; probably at 
lea:-;t qualitativPly corrPct and impli<'R that 
tlw greater thP maRH of thP plarwt, thl' 
grPatPr the' ga:;;/ dust ratio of tlw accrPtc'd 
ma HR. 

8. Th<' nucki an' injPctPd ;-:pquPntially, 
with th<' IH'Wl'Rt nucleu::; growing to e·omph'
tion before tlw nPxt iH injPckd. Tlw growth 
of tlw nuclPUR iH calculatPd itPrativdy in 
tlw program, and "complPtion" is defi11ed 
a" a fraetional mas:-; incrPa:->P 011 a givPn 

iteration < 10 "· Ideally, orw would like� to 
have all of tlw nuclei growing simul
taneously ,;iuce, in the pn'sent form of the 
calculation, the final appearancl� of a 
planetary :-;ystem i::; weakly dependent on 
the order in \Yhich the accretion nuclei 
are injPctPd into the nebula. HmYever, 
whik this may change slightly the dPtail8 
of a givPn pla.rwtary :-;ystem, thP overall 
morphology of a set of planetary :-;y:-;tems 
derivPd from ::;imilar initial conditions 
remain::; unchanged. 

Wlwn the radiu:-; of capture of a growing 
pland, intruder:; on that of an alrPady
formed plan<'t, the two coaleHC<' into a rww 
body which continues to grow until complP
tion. Tlw rww :->emimajor axis of the orbit 
of thP compmH'nt plarwt is takPn to be 

wlwre a1 a11d a2 arP the r:;ernimajor axPs 
of tlw two coalc:->cing bodi<'s, and m.1 and m2 
are thPir mas:->Ps. The value' a3 iH thP 
maximum allowPd from the conservation 
of PnPrgy. ThP npw eccentricity ca is 
<·alculatPd from a3 and th!' conservation of 
angular momentum. Clearly, with no 
in formation about the position anglPR of 
the prpcolli:->ion :->emimajor axPs of thP two 
orbit;;, the thrt'P-body probfom admits no 
uniquP solution and so (within thl' confiIH'S 
of the' con:->ervation laws) the choic<' of a3 
and e:1 i::; :-;onwwhat arbitrary. ThP form 
givPn abov<', ho\\'Pver, i::; both physically 
rPalizabk and eonvP11i(']1t. 

9. A nueh'UH which is in,i<'ctPd into a 
rqi;ion which haf' already hPen 8WPpt frpp 
of du:-;t hy l'xi::;ting planets iH a "dud'' 
a11d cannot grnw, since a n ucleus cannot 
initially accurnulatP gas. Thus, thP program 
PndH wlwn all dust lwtwePn 0.3 and 50 AU 
ha:-; i>PPll H\\'C'Jlt up. A typical run of t hP 
program \\'ill Pntail tlw injPction of 100 to 
300 nucl<•i, moHt of whieh arP duds. The 
Himulation H in thi:-; pap<'r \n're' run on thl' 
IBl\I 370/l!i8 at Conwll Uniwr:-;ity. Tlw 
running tinw IH'CPHHary for thP formation 
of a :-;inglc' plan<'tary R.VHtc>rn wa:-; of the 
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order of 3 sec, which (conveniently) is a 
factor ""'1015 faster than the process being 
simulated. The cost was roughly $1 per 
solar system, or 10 cents per planet. 

III. THE ACCRETION PROCESS 

Most models of the solar nebula employ 
a self-gravitating disk or exocone < 1 AU 
thick and many astronomical units in 
radius, with a total mass between 0.1 and 
1.0 M 0, exclusive of the mass of the Sun 
itself. Goldreich and Ward (1973) have 
hypothesized a disk some 1012 cm thick. 
As the nebula cools, the vapor pressures of 
some of the constituents fall below their 
partial pressures, and the condensation of 
small particles ensues. These particles then 
fall towards the central plane of the disk, 
accumulating matter as they fall from 
viscous drag and collisions in the medium. 
For ""'1 AU from the center of the disk, 
this occurs on a time scale ""'10 yr and 
leads to particles \Yith masses of ""'100 g. 
This mass is an upper limit, however, 
being strongly dependent on the number 
of nucleation sites, i.e., the number of 
particles descending upon the central plane. 
ACRETE, in injecting the nuclei sequen
tially, assumes a number of sites ""'100, 
as stated before. Hills (1973) suggests that 
there were 100 major accretion sites before 
mutual collisions led to fragmentation into 
roughly 103 nuclei. The precise number, 
however, is of only marginal importance, 
for the resultant disk of particles in the 
central plane is gravitationally unstable 
and will clump together to form fewer 
prcplanetary accretion nuclei. This clump
ing leads to the formation of planetesimals 
with radii r ""' 5 km and masses m ""' 1018 g 
on a time scale of only a few thousand 
years. These planetesimals are largely in 
prograde orbits of near-zero inclination, 
and account plausibly for the coplanar 
nature of the solar system. 

In another model, Cameron (1973) states 
that turbulence in the solar nebula can 
cause grains to aggregate into bodies of a 

few tens of centimeters in radius which can 
then grow to lunar-sized planetesimals as 
they descend to the central plane. As before, 
the process takes only a few thousand years. 

Once the preplanetary accretion nuclei 
have settled into the central plane of the 
nebula, their masses are much greater than 
the masses of the ambient dust particles, 
so that further growth will be dominated 
by the gravitational capture mechanism. 
Weidenschilling (1974) has performed a 
straightforward analysis of this process and 
concludes that, from accretion nuclei no 
larger than 10-3 of a terrestrial planetary 
mass, the solar system could be formed in 
about 108 yr. 

The mass of the injection nuclei which 
Dole used in ACRETE was m0 = 10-1r. M 0 
""' 1018 g, coincidentally the same size as 
the planetesimals of Goldreich and Ward, 
but a good deal smaller than Cameron's. 
We find that varying the seed mass m0 by 
many orders of magnitude has absolutely 
no effect on the final results, since the 
amount of matter that the particle accretes 
from the nebula on the first iteration is in 
most cases vastly greater than its initial 
mass. Therefore, mo = 10-15 JJ;f 0 was used 
in all subsequent runs. We can postulate a 
model similar to Goldreich and Ward's 
in \Yhich numerous bodies of mass 1018 g 
arc created by local gravitational insta
bilities and which subsequently grow via 
accretion processes such as those built 
into the computer program. Since the 
program is insensitive to the initial mass of 
the accretion nuclei the number of nuclea
tion sites in the solar nebula becomes 
unimportant. Numerous masses of 1018 g in 
Keplerian orbits would eventually coalesce 
into a smaller number of more massive 
nuclei on which the accretion procPRS would 
continue as before. 

Having established some theoretical basis 
for the specific model on which program 
ACRETE is constructed, we proceed to 
alter the individual parameters one at a 
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Fw. :l. Planet.ary Hyst.ems generat.ed by ACRETE for different. values of t.he gas:dust. mass 

ratio in t.he solar nebula. Dole employed the value K = :iO. 

time, to approaeh physically morP rPalistic 

models than tlw model employPd by Doi<'. 

IV. K: THE UAS-TO-lHJST \1A88 RATIO 

In Fig. 3 an' displa.y<>d tlm'P model 

plam'tary syskmH gcncratPd with tlw 

canonical ACRETI� program, but with 

diffrrcnt values of tlw ratio of gm; to duHt. 

As <'XJJPCtPd, decreaHing thP amount of gaH 

in the cloud has no pffpct on those plarwtH 

which nevPr rPach thPir critical mass m,. 
and ht'nce n<'V<'l' accumuiat<' any gas in 

tlw firl't placP. This is appan·nt <'SJl<'Cially 

for th<' caHPH K = 30 and K = 10 in which 

thP nucki \H'r<' injected into th<' l'anw 

orbitH in th<' two cases. (Th<' orbits ar<' 

d<>tcrmi1wd by a random number g<'nPrntor: 

This is frd a sped numbPr \\·hich cauH<'H the 
g<'nPration of a random seri<'H.) For K = 30 

and K = 10, t hP five plarwts which did 11ot. 
aecumulat<' gas (fillPd circl<"s) und<'rwPnt no 

changps in nrnsH, while the gas giantH (opt'n 

circlPs) are considPrahly small<'r in th<' 

lattPr ru11. A11 extensio11 of this r<'sult ('llll 
lw s1'e11 qualitatively in th<' K = 100 run, 

\\·hich has hro very larg<' gas giants. 

What is a rPaRorrnhlP valuP for K"? Taking 

typical vahH'S for HI rPgions (Harn·it, 

1973), we find that th<' numlwr dcrrnity of 

grains is � 10-10 cnr3, and that their radii 
ar<' � 3 X 1()<• cm. The mass density of 

gas in an HI region iH � 2 X 10-22 g em-:i, 

so that if WP aHsurnP unit mass density for 

<'ach grain, \\'<' obtain K = 20. The value 

for a nebula of solar composition is � 100, 

dl'JWnding on th1� dqi;r<'<' of eondensation, 

but s!1icp K in th!' program is takPn to lw 

tlw mass ratio of hydrogen and lwlium to 

all oth<'r substanePR (rather than t hP 

volatilP: rdractor.v ratio), thiH !'an lw 

trPatl'd aH an uppc·r limit. Thus, Dole's 

vallll' of K = 50 is Cl'rtainly an accPptable 

<>Ill', sine<' cvpn valUPH as low a;; K = 10 in 

ACH ETE yield plausible plarwtary "ystl'ms. 
A morp comprehensive model 'nmld 

have includPd t.hc variation of K with r. 
B<'caUHl' the incidPnr·p of condPnsation 

"hculd incn'afiP with declining tPrnpPratun', 
K should dPcreaRe with lwlioccntric dis

tancP. How<'vPr, Wl� lwli1'V<' that a Hlowl.v 

varying K, or a bimodal distribution of ]( 
in which tlw vallll'S diffrr by a faetor of no 
mon· than about 4, will not altl'r our 

rc•;;ults profoundly. W<' RP<' from tlw 

figures that tlw only 1wrc!'ptibk' fl'RUlt of a 

variatim1 of K I>,\· a factor of 5 is a !'hange 
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in the prevalence of gas giants. A distance
dependent K of the sort described would 
probably have as its principal consequence 
a small inward displacement of the region 
of the Jovian planets. 

V. THE CENTRAL DENSITY AND 
THE PARAMETER A 

Since an exponentially decreasing density 
function leads to a total nebular mass which 
is directly proportional to the density at 
r = 0, changing the parameter A in the 
expression Pd = A exp ( -arll) is equivalent 
to scaling the mass of the cloud. More 
fundamental changes in the functional 
form itself will be discussed in a later 
section. This particular form was used by 
Dole because it has the mathematically 
desirable properties of being monotonically 
decreasing with r and of being integrable 
over a spherical or cylindrical volume ; and 
because its use in program ACRETE leads 
to the formation of planetary systems 
resembling the solar system. To this latter 
end, Dole used the values a = 5 and 
f3 = !, which for the moment we adopt. 
He employed the value 0.0015 M 0/ AU3 
for A, or roughly 10-9 g cm-3, which leads 
to a total nebular mass of approximately 
O.Oo M 0 when the opening angle of the 
exocone is taken to be 7r /2 so that the 
"cone" is actually a sphere (see Appendix) .  
(This mass, as the low central density 
indicates, is exclusive of the mass of the 
central star.) 

A mass of 0.06 M 0 is some\vhat low 
compared to that of most models. Urey 
(1974) , for example, derives a mass of 0.6 
M 0, although he refers to two other models 
which call for nebular masses of 0.2 and 
0.05 M 0. ACRETE does not "know" 
that some of the dust in the solar nebula is 
left unaccreted. In the actual formation 
process, it is possible that accretion onto 
planetary bodies from the solar nebula is in 
competition with a T Tauri solar wind 
tending to sweep away material. Workers 
concerned with the early stages of forma-

tion of the solar nebula often quote values 
of mass (exclusive of the mass of the 
central star) of about 1 lJf 0 (e.g., Cameron, 
1976) . But we are concerned with the 
values of solar nebula mass after the 
generation of accretion nuclei ; in the 
interim a substantial loss of nebular 
material may have occurred, associated 
with the T Tauri stage of the central star. 
If we find that only a small range of 
nebular density is consistent with familiar 
solar systems, it follows that such systt>ms 
are correspondingly uncommon. The rela
tive timing of the generation of accretion 
nuclei and the T Tauri stage of the central 
star is an important and as yet unresolved 
factor in understanding the origin of 
planetary systems. 

The results of decreasing the total mass 
of the cloud by one-third (A = 0.001 M 0/ 
AU3) and by two-thirds (A = 0.0005 M 0/ 
AU3) are shown in Fig. 4. In the latter case, 
the density at every point in the nebula is 
so low that only one planet is able to 
accrete enough dust to exceed its critical 
mass and begin to accumulate gas. Only 
two planets have masses greater than one 
Earth mass. For the case A = 0.001 M 0/ 
AU3 the accretion process is somewhat more 
successful, although the resulting gas giants 
are small compared to those in the solar 
system. 

For values of A > 0.0015 M 0/ AU3, 
Dole has presented some results (Fig. 5). 
Even a doubling of the total mass of the 
cloud leads to a near-catastrophic accumu
lation of gas by the large planets. Hydrogen 
thermonuclear reactions occur in the core 
of a star of mass :2; 0.07 M 0, although 
deuterium burning will have set in long 
before that. Hence the planetary system 
generated by A = 0.003 M 0/ AU3 in Fig. 5 
would quite likely be a borderline case of a 
double-star system, while those generated 
by A = 0.006 and A = 0.015 M 0/ AU3 
would definitely be so. This is not neces
arily a drawback to the model : The 
statistical studies of Abt and Levy (1976) 
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sugge;;t that virtually all ;;tarn an' compo
nenfa.; of multiple systems, two-thirds of 
which include stdlar companiom; and on('
third, planetary companion;;. H('!lC(' the 
tendency for our accn·tion model to give 
riH(' to stellar or barely substcllar com
panion;; to the central star mimics a similar 
tendency in nature, and the probability 
of the existence of numcrom; l'xtrasolar 
plan('tary :-;y;;tc1m1 i:-; corre:-;pondingly high. 

Thus for the numerical val um; and 
functional forms cho:-ien, planetary ;;y;;tems 
of roughly familiar aspect are produced for 
nebular masses (exclusive of the central 
star) between about 0.02 and about 0.2 M 0. 
Systems with smaller nebular masses than 
this will tend to  be comprised exclusively of 
terrestrial planet::-: and, eventually, of 
mitProids only. Systems with larger nebular 
mas:·w::> will evolve with the largest :-;econd-
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Fw. fi. The effect. of increasing the central de11sity of the doud from Dole's value of 0.001;, 

M 8/ AU3. In the pathological sy;.;tem (d), the sum of (.he masses of t.he bodies slightly ex<'eeds 
t.he origi11al uui.�s of the nehula. 
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ary components undergoing thermonuclear 
reactions, and therefore will become double
or multiple-star systems. In this case there 
will also be terrestrial and Jovian planets 
produced, some of which will be in orbits 
gravitationally unstable according to the 
restricted three-body problem. But others 
will be in one of the three categories of 
reasonably stable orbits : around the center 
of mass of the system if the two stellar 
components have a small separation ; 
around one or the other of the individual 
stars if the two components have a large 
separation ; and in a figure-8 trajectory 
around both components, though this is 
unstable in the long term. 

It is necessary to note, as Dole points 
out, that the generation of multiple-star 
systems pushes program ACRETE some
what beyond the limits of its intended 
application (which for Dole was the simula
tion of planetary systems similar to our 
own). When planet formation gives way to 
star formation, ACRETE breaks down in 
the sense that the total mass of the compan
ions can exceed the intended mass of the 
original nebula. This effect can be seen in 
Fig. 5d, in which the mass of the com
panions comes to 0.61 JJ1 0, as compared 
with a nebular mass of 0.58 M 0 (derived 
from a central density of 0.015 M 0/ AU3 
and Dole's radial density distribution) . 
We will refer to such a breadkown of 
ACRETE as a pathological multiple-star 
system. It arises from the breakdown of the 
approximation p (r - bP) = p (r + ba) (see 
Section VII) when an accreting body 
becomes very massive. 

VI. THE ORBITAL ECCENTRICITY OF THE 
DUST PARTICLES: • 

In ACRETE, the accretion nuclei are 
assumed to capture all of those dust 
particles whose orbits cross their own. If a 
nucleus is injected with a high orbital 
eccentricity, it will, of course, cross the 
orbits of more dust particles, hence accu
mulate more of them and end up corre-

spondingly more massive. Similarly, if the 
orbital eccentricities of the dust particles 
are high, then a given dust particle is more 
likely to cross the path of some nucleus. 
Thus, more eccentric particle orbits should 
give rise to more massive planets and, as a 
corollary, fewer planets in a given planetary 
system (since fewer nuclei are required to 
sweep up all of the dust). The results of 
varying €, the eccentricity of the dust 
particles in the solar nebula, between 
€ = 0. 1 and € = 0.5 are shown in Figs. 6 
and 7. The results are as expected: A 
typical € = 0.5 run yielded 6 planets, 
three of which are quite large, while an 
€ = 0.1  run yielded 15 relatively small 
bodies. Curiously, for values of € ;S 0.3, 
the effect is nearly linear (Fig. 8) within 
the limits of uncertainty caused by the 
random injection of the nuclei (€ = 0. 1 
planetary systems will generally have 14, 
15, or 16 planets, etc . ) .  The function, of 
course, must level off to N = 1,  since for 
the limiting case € -t 1.0 the dust particles 
will have near-parabolic orbits, all of which 
will cross the orbit of and hence be accreted 
onto the first nucleus injected, leading to a 
double-star system for all reasonable values 
of the nebular mass. 

We have argued in Section II, however, 
that frequent collisions in the early nebula 
would lead to a circularization of the 
orbits of accretion nuclei. This should 
apply to the dust particles as well, so that it 
is interesting that the program works 
"best" (in the sense of generating planetary 
systems similar to the solar system) when 
€ = 0.25, which is a rather high value. 
Values of € more in accord with what we 
would expect in the nebula (say € ;S CU) 
lead to an inefficient accretion process when 
inserted into ACRETE (Figs. 7b and c). 

We have attempted to counteract this 
effect by trying lower values of € and 
increasing the mass of the cloud (by 
increasing the central density) to com
pensate. The results are shown in Fig. 9, 
in which all three systems were generated 
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with thP same random number sequence. 
Figure 9a shows a run of ACHJ�TE with 
Dole':,; parnnwtl'rs: A =0.001.5 1110/AlP 
and f = 0.25. In Fig. 9h, A = 0.003 i1/ 0/ 
AlP and E = 0.1, Ho that tlw 1mtsH of thl' 
d oud iH now :11,. '.:'.'-' 0.12 sin 8""" :ll o. Thi;.; 

condition wac; shm\'ll earlier to give ric;e to 
a ;;ystl'rn of barely subt-1tellar companim1s 
when E = 0.25, as shown in Fig. 5b. Now 
thl' acerdion process ha,; not run away as 
dramatically; the largest gas giant 1t-1 only 
S<'Vl'll times the mas,; of .Jupitl·r. 
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Thl' effect of lowering E ::-:till further by 
another factor of 5, to E = 0.02, and 
increasing A again by only 25% (to 
A = 0.00375 M 0/ AU3) is illm;trated in 
Fig. 9c. The mass of the largest companion 
has increased by 50%, to 0.01M0. Clearly, 
we have pushed A almost to tht• limit; 
decreasing E to 0 and increasing A much 
furtlwr will lead to a binary-star systPm. 

With nebular masse::-: of the order of 

0.1 }'ff 0 an eccentricity of du::-:t orbits of 
roughly 0.15 secnu; to produce recognizable 
planetary sy::-:tems. Both values ::-:cem to 
lw in rea::-:onable conformity with our 
cxpectatiom; for the solar nebula. W <' also 

note that the nwan eccentricity of the 
asteroids is E � 0.15. However, bec:awm tht• 
accretion process as simulated in ACRETE 
produces familiar ::mlar sy;;tcms when 
E = 0.25 for A = 0.0015 ill 0/ AU\ ;;ub
Hcqucnt computer runs will for convt>11iencc 
use that value, as we vary other parameters. 
Finally, we note that the develupnwnt of 
orbital eccentricities is a dynamic proceo;s 
associated with the cumulativt> effects of 
gravitational perturbations as the nebula 
i::-: depleted. Since ACRETE's orbit;; arc 
initially eccentric, this important early 
stage of solar syo;tcm formation it-1 here 
unrcali:-;tically modded. 

VII. MOIHFICATION8 TO THE DEN8ITY 
lHHTRIBUTION 

Tlw mm;:; den::;ity as a function of 
heliocentric distance is a critical attribute 
of any modPl of the solar 1whula. The 
functional form of the density which Dole 
u::;cd in ACRETE it-1 p,1 = A exp( - ar113), 
with A and a aH free parameters. More gen
erally, we may m;e the form (which we will 
call form A) Pd = A exp ( - ar6), and treat (3 
a:; a free parameter a;; well. The ma;;s which 
a nucleuH at radial distance r will accumu
late is roughly proportional to rap. For form 
A, with (3 = t, thi:,; reaches a maximum 
wlwn the r derivative of r3pd vanishei, i.e., 
when r,,, = (9/ a)3• Dole u::;ed the valtH' 
n = 5, which leadt-1 to the largest plam•ts 

near r""' fi.8 Al', i.e., not very far from 
.Jupiter';; orbit. Thus, we can move the pm;i
tion of the largest planets by altering the 
value of a. Large values of a will make the 

exponential drop off faster, so that distant 
planet:; become :,;maller as the maximum of 
r:ip moves inward. 

The assumption of a o;olar nebula with a 
dcnt-1ity maximum at ,,..,_,IO AU i::; supported 
by the frequency histogram of separations 
of doublc-Htar ;;ystenrn (Kuiper, 1951) 
which it-1 also 1waked near IO AU. Thi,; is 
in reasonable accord with the implication 

of program ACRETE that in many cases 
the formation of double ::-:tarn is dut' to the 
condensation of a particularly massive 
.Jovian planet from a solar nebula. If we 
arc to presl'fve the total mass of tht• nebula 
ai'i a is increased we mu;;t increase the value 
of A. If we take an exocom• of angl<' 
(} = 7r/2, i.e., a t-1pherP, then for a dcn;;ity 
distribution with form A and J3 = t, the 
total mass of the cloud i;; (sec Appendix) 
M., = 483 8407rKA/a9 Jlf 0. For K = 50, 
A = 0.0015 M 0/Ara, and a = 5, thi:,; 
becomes M" � O.O(i 111 0. If we keep K = 50 
and \Vish to pre:-;crve M" ""' O.OG M 0, tlwn 
the relation between ,J aud a is A = a9/ 
(1.3 + I09) Jlf 0/ AlP. The results of vary
ing a (and A with a) an· ;;hown in Fig. IO. 
For t-1mall values of a, more planets would 
lw formed at r » 50 AU if the program 
were allowed to inject accretion nuch•i out 
that far. For a = 1, for examplt', .Jovian 
planett-1 would lw fornwd nPar 700 A lJ. 

lt is apparl'nt that, although in prineiplc 

an exponentially decrcat-1ing dt'nsity dis
tribution it-1 rL'a:-;onabi<', the particular form 
Pxp ( -ar113) is quite> arbitrary and only 
serves well for valuPs of a not v1·ry different 
from 5. Thi;; form wat-1 used in th<' firt-1t 
place because of its pleasing tl'11dc11cy to 
produce familiar end result:;. In fact, 
however, it falb off much more rapidly 
than most otlH·r theoretical mod(dt-1, dc-
1·rea::;ing to 1 <;;;, of the cpntral dPnsity at 

only 0.78 AF (jut'lt outt-1ide the orbit of 
Vcnut>). Thit-1 indicatl't-1 that, for ::-:uch a 
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model, planetary formation takes place at 
a very late stage in the condensation of the 
nebula. 

Heppenheimer (1974) has managed to 
find a meeting point between Cameron and 
Pine's models and a density distribution of 
form A by matching the pressure implied 

by such a distribution to the pressure 
obtained by Cameron and Pinc (their Fig. 
2). If we assume that the nebular material 
obeys the ideal gas law, Larson's (1969) 
adiabat gives p a:: p5'3• Hence Heppen
heimer fits the relation p = Po exp[ - (5/3) 
arll] to the pressure curve of Cameron 
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TABLE I 

I h:PENDl·:N('J·: OF I h:NSITY ON If l·:LIO('ENTltll' 

D18T.\N<'Jo: �·oH Tll'o :\1rnn:Ls o�' Frn\M A 

0.1 

1 

2 

10 

20 

;,o 

!l.82 x 10-2 
(i.n x 10-" 

1.84 x 10-:i 

2.10 x 1 0-r. 

l .28 x 10-(i 

1.00 x 10-0 

exp ( -4. 4r0 "J 

7 . ()(i X I 0-2 

1.2:{ x 10-2 
;),!);-) x 10-:1 

(i.74 x 10-1 
2 . 02 x 10-1 

:Lm X 10-5 

and l'ine and finds a = 4.4 and /3 = 0.22. 
Th<' rnaRR of thl' nebula then bcconws 

;lf., = 1.18 X 104 A sin 8,,.," JI 0. 

In the modd of Cameron and Pim', tlw 
nt'bula has roughly the <•xocorn• gpoml'try, 
with a scmithicknpss of approximately 1 AU 
at about 50 AU from the center. Hence 
8,,,.,x"" 0.02, ]pading to M """ 23!U M 0 for 
A givl'n in .�f 0/ A ua. If, to retain eon
sistl'ncy with othl'r modeJ:.i, \\'(' demand 
Mc = 0.1 ill 0, Wt' find A = 4.2 X I0-4 
111 o/ AU:i. 

Bunning A.CRETE with the parameters 
a = 4.4, /3 = 0.22, and A = 4.2 X 10-4 
leads to a pathological multiple-star syst<·m. 
Clearly, this same result will occur if A i:-; 
increased to 0.0015 llf 0 /A t'3, in which CUS(' 
all of thl' paranwtern will be identical to 
those used by Dole except for /3, which 
will lw 0.22 instead of 0. 33. The companion 
star, then, forms m•ar tlw t'dgc of the 
nt'bula; Table I indicatl's that it is tlw 
mon• gradual decrease in tlw f ormer eas1• 
that is causing tlw difficulty. 

Central 
Star 

- --- r 

It is nonetheless striking that a fairly 
small change in the qualitative lwhavior 
of p should lead to such violent changps in 
the results, especially in light of the fact 
that the form cxp�(-4.5r1l·1), which is 
!'Ven more similar to Heppcnheimer'H result, 
giveH rise to a comfortably familiar plarwt
ary system (s<'c Fig. IOd). 

A more complicated aspect of the cntirc 
problem, and om· \Yhich was not taken into 
account at all in the original Vl'rnion of 
ACHETE, is the variation of IH'bular 
dcn;;ity with z, th<' diHtancc pcrp1·11dicular 
to the plan<' of Hymmetry. Sine!' in gc1wral 
tht' protoplanetary orbitH will have sonw 
nonzC'ro inclination to till' central plarn', t lw 
masH accrdcd 011 each orbit \\·ill thcn 
lw determined by thc nl'bular :-;urfaec 
dcn;;ity at appropriate hclioc<·ntric distance. 
ACRETI<�, hmn�v<'f, as;;urnes orbitH with 
zero inclination so that th<' only aecrl'ted 
material iH that within th<' toroid (shown in 
cross S<'ction in Fig. 11) defined by the 
orbital l'C!'entricities of the accretion nuclei 
and du;;t particll'l'l and the gravitational 
cross Hcetion of tlw nucleuH. Th<' volume of 
th<' toroid is approximately V = 27rr(11a + Ii,,) 

(.ru + .r,,), wlwre .r,. and .r1, an· tlw gravita

tional capture distancp,; at aphelion and 

Jll'rihelion (;;cc Section II), and ha and h,, 

include th1· <'ffcets of the dust's orbital 

l'<'C<'lltrieity. If the density do1•s 1101 vary 

out of th<' plane, and if p(r - h,,)�p (r +ha), 

the mass of dust within till' toroid i;; 

Jf.i ""-' 27rr(l1,. + 11,,)(.ra + .r,,)p.i(r), a formu
lation employed hy Dok. 

I 
--, 

a ----

l bp� ba � 
FIG. 11. Cross-sect.ion of the t.ornidal volume swep( 011( by an ace rel.ion nucleus with orbital 

semirnajor axis r. x,. aud x1, are relat.ed t.o (,he gravitational cross-sect.ion of the nucleus. b,, and b., 
are also related t.o this cross-section as well as to the orbital e<'<'entrieities of both the nudeus 

and the dust par(,icles in !.he nebula. 
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From studies of a self-gravitating set of 
mass points, originally due to Ledoux and 
to Chandrasekhar, Urey (1974) argues 
that the vertical variation takes the form 

p (r, z) = p (r) sech2 [z/H (r) ], 

where H (r) is some radially dependent 
characteristic vertical scale height. In this 
case, the mass of the dust within the toroid 
becomes 

Md � 27rr (ba + bp) [fu.ra sech2[zdz/H (r) ] 

+ fu.rp sech2[zdz/H (r) ] J P<l (r, O) , 

= 27rr (ba + bµ)H (r) { tanh [xa/ H (r) ] 

+ tanh [xP/H (r) ] } P<l (r, 0), 

which approaches Dole's form in the limit 
Xa,p/ H (r) � 0. Urey finds (his Table III)  
that H (r) = 0.00267r AU, for r measured 
in astronomical units. For a planet of mass 
m with a circular orbit, we have Xa.p/ H 
= 374 (m/M 0)114, so that tanh (xa/H) 
will differ appreciably from its argument 
(and therefore depart from Dole's limiting 
case) ·whenever m � 10-11 M 0 .  Since this 
is < 10-3 the mass of the Moon, we can 
conclude that, for every case of interest, 
Urey's vertical density distribution will 
lead to results substantially different from 
Dole's vertically uniform model. 

A sech2z vertical decrease in density is 
faster than exponential. Urey's nebula, 
therefore, is much thinner than Dole's 
A characteristic scale height of 0.00267r 
leads to a semithickness of roughly 0. 1 AU 
at r = 50 AU, or about one order of 
magnitude thinner than the nebular model 
of Cameron and Pine. Hills (1973) also 
concludes that the scale height for gas and 
dust in the solar nebula is very small : 
roughly O. lr AU for H2 gas and 10-ar AU 
for dust. For models which arc so concen
trated into the central plane, however, 
radial density distributions as steep as 
Dole's (see Table I) lead to very lmv 

nebular masses. Consider an exoconc of 
radius R and opening angle Ornax in which 
the only density variation is radial, p (r) . 
Then the mass of the cloud is 

Urey's nebula has a vertical density 
distribution as well, and has cylindrical 
geometry which we will characterize by 
some thickness h. Then the mass becomes 

}Jfc, Urey = 27r f R f  h rp (r) 
0 -h 

X scch2 (z/yr)drdz, 

where 'Yr = 0.00267r = H (r) . If we let 
h » 'Yr (true for h � 0.25 AU) we can, to 
good approximation, extend the limits on 
the z integral to ± oo and integrate to gc>t 

SO that ]}f c ,Urey/ M c ,Dole = 'Y /sin Omax· In 
Cameron and Pine's nebula, Ornax � 0.02, 
so that if we \Vere to apply this opening 
angle to Dole's cxoconc, we could get 
Mc,Urey/Mc,Dolc ,..., 0. 1. For a complete 
sphere, the ratio becomes 2 X 10-a. Thm;, 
for identical radial density distributions, 
Urey's model leads to nebular masses much 
smaller than Dole's. 

In principle the masses of the two models 
could be reconciled by either increasing 
the central density in Urey's model or 
inserting a radial density function that is 
less steep than Dole's. W c have simulated 
a sech2 (z/ 'Yr) dependence in the vertical 
direction by modifying the mass contained 
in a toroidal volume in the fashion derived 
earlier. Using a radial density function of 
form A with a = 5, {3 = t (Dole's values) , 
and a central density increased by an 
order of magnitude from Dole's value (to 
0.015 M 0 /  AU3) , A CRETE consistently 
generates pathological multiple-star sys-
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tc ms. N onpathological sysknu.; are gl'n
eratPd \vith any degreP of rPgularity only 
"·lwn the central density bcconws p0  
;S O.OOG M 0/  A1J3. This impliPt-1 that 

,U,. ,JJolP = 0.23 sin Ornax Jl / O •  

ill 1·.rr"Y = () X I0-4 ill o ,  

which are unrealistically low for reasonabk• 
values of e. The failur<' of ACRETE to 
generate recognizable solar systems with 
plausible vertical density distributions mm;t 

be interpreted as evidence either ( I )  for 
a uniform p (z) nebula, or (2) for tlw p,xclu
sion of some pertinent phyHiCR from the 
computer model. It Reems clear that a verti

cal diRtri bution will exist in a rotating pre

planetary nebula and that the accret ion 

nuclei, like the pl anets, will tr:wel in orbits 

with nonzern inclination. The importance' 

of the Rurface denRity (as opposed to the 

vertical and radial volume densities) arises 

from these conditions, but is overlooked in 
the computer program in the• assumpti on of 

perfectly coplanar orbits. 

V I TT.  TIIE ARBITRARY NATERE OF p (I") 

A rigorous dPrivation of tlw radial 
density distribution requirPs a detailed 
knowledge of thl' equation of state at all 
points in t lw cloud, a trmtrnent which is 
wPil beyond the scope· of this paper, and, 
appar<'ntly, many ot.hl'rs. N unwrouR as
sumptimrn, including consideration of tlw 
ambient magnetic field and thP solar wind. 
entPr into the• problem, and tlw final 
n·sults must be strongly model-dqwndent. 

Any formulation of the density function 
in the cloud must at present be, to a certain 
Pxtent, arbitrary, so that it is 1wrhaps tlw 
Rafost course to choose one which is char
acterizPd solely by physically r!'asonabll' 
qunJitative attributPs. This is <'HSPntially 
what lTn·y, Dok, Cam!'ron, and Pi1H' all 
did, and what we shall proCl'C'd to do. 

01H' of thl' moRt obviouR forms to try, 
hecausP of its simplicity and \Yic!P applic
ability, it< a simph· l'XJlOIH'n1 ial. This is 

just another manifestation of form A, with 
(3 = 1 .  SincP form A contains r/J, we Sl'e 
that, hecause 1 > !, p will now fall off more 

quickly than in Dole's form. Various radi al 
scale lengths and central densities WPrc 
tril'd, with the most success in gc•nerating 
planetary systems obtairl('d with scale 
lc·ngths of "-' 0.4 ± 0. 1 AU. Thl' n•sults of 
tlw density functions 

p (r, z) = 0.004c- :i '  sPch2 (z/yr)M 0/Al J 'l 
and 

p (r, z) = 0.002c-2' R l'Ch2 (zhr)M 0/  AU:i 

(for r in astronomical units) arl' shown in 
Figs. 12b and c. The massps of tlw ndmlaP 
in thesP cases are 10-:i ill 0 ,  and arc kl·pt 
dclibcratPly lmv lwcausP of a propensity 
for this form of tlw density distribution to 
gc•nerat<' pathological multiple-star :-;yst!'ms. 
H.Pmoving the vertical dm1sity dl'pendC'ncC' 
P<><�R not hPlp; thl' rl'sultant incn•asc in 
mass concl'ntrated into thP inner rqi;ion of 
tlw nPhula only <'xaggcraks tlw tPndPncy 
towards pathological results. 

An othl'r obvious form to try is a power 
law, p (r) ex r- ", wlwn· n > 0. This form 
has th<' disadvantage of diverging at zero, 
although this is clearly not a problPm 
physically, sincl' we an• only intl'rested in 
tlw rwbula at r ;(: 0. 1 AU. For thl' form to 
lw intPgrahh', we furtlwr require that n be 
grpafrr than 2 in a strictly cylindrical 
npbula and 11 be greater than 3 in a spherical 
one· (although this is not a rigid n·:-;triction 
since thl' ndmla has a finite· dianwtl·r). 
We can deal in anothl'r way with th<' 
divl'rgc·nce at small r with the following 
wl hoc aq1;umcnt : l\ I ost models of tlw 
formation of the solar syskm :-;ugg<'st that 
the young Sun was in a T Tauri stag<· 
during tlw Ppoch of planetary formation. 
Tlw T Tauri solar wind mmld conRidl·rabl.v 
dPplc•t<' tlH' inkrior portion of tlw IH'bula of 
both rdrartory and gasc•ous mat<'rial. 
l•:vidl'IlC<' for the sizl' of a clC'plt'tPd n·gion is 
:-;uggl•stc•cl hy n·c<'nt observation:-; of the 
T Tauri star H l '  Lupi by ( iahm et ai. 
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FIG. 12. The effect of including Urey's sech2z vertical density profile. Figure (a) was gen
erated by the insertion of 0.0015 exp ( - 5r113). Figures (b) and (c) were obtained by using a 
simple exponential radial density profile, with scale length of ! and l AU, respectively. 

( 1975) , who found concentrations of dust, 
presumably driven out by the stellar wind, 
at distances of a few tenths of an astronom
ical unit from the star. We therefore choose 
to modify our power law distribution so that 
it reflects some flattening of the mass 
density function in regions close to the 
star. This we refer to as form B :  p (r) 
= p1 (rn + C)-1, where C is some dimen
sionless constant and r is measured in astro
nomical units. p (r) approaches the simple 
power law rn when r >> C1t n. For a given n, 

we can solve for P1 and C by demanding a 
particular central density Po = P1/C and a 
particular nebular mass, which for Dole's 
exocone is 

X sin Om ax Mo 

i f  p1/C i s  the central value of  Pd (r) and R 
is the radius, in the symmetry plane, of the 
nebula. From the arguments given earlier, 
when one includes the sech2z vertical distri-

bution the mass becomes approximately 

Mc ,Urey = Mc ,Do le'Y/sin Omax, 

where 'Y = 0.00267. M0 is evaluated for 
various values of n in the Appendix. 

Note that for any density distribution of 
form B, the function r3p reaches a maximum 
at rm = (3C/n - 3) 11 n. As stated earlier, 
rm represents the distance at which the 
largest planets in the system will tend to 
form. 

If we choose to simulate Urey's r-3 
density function with the T Tauri modifica
tion, we must decide on R, since, with an 
infinite upper limit, r2 (r3 + C)-1 is not 
integrable. Taking R = 70 AU and, as 
before, K = 50, the mass becomes 

M c ,Dole = 677rpi ln (1 + 70C-11 3) sin Omax Mo · 

Letting Omax = 7r/2, the conditions Afc,Dole 
= 0.06 M 0 and P1 = Po/C = 0.0015 M 0/ 
A U3  yield the approximate solution 

Pd (r) = 5 X 10-5/ (r3 + 0.032) M0/AU3. 

The distribution remains fairly flat out to 
r "' 0.0321' 3  � 0.3 AU. A planetary system 
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FIG. l:�. Planetary systems obtained with radial density dist ributions different from an expo

nential. Figure (a) was derived for the form Pd = p 1 (r' + ci-1, Fig. (b) for p,1 = p 1 (r6 + C)-1, 

where' p1 and (! are const.ant.s. Figure (e) shows the solar system. 

g<·ncratPd by ACRETE with thiH dcnHity 
diHtribution i8  8hovm in Fi11:. 13a. Two of 
the planet8 arc very large, hut an· stil l  
substcllar (the largcst is 1 0  timcH thc mass 
of .Jupiter) .  Note, howevPr, that for n = 3, 
r3p has no maximum at a finite r "' ; in  
modPlH of this type, the largPst planl'ts will 
always lw fornwd at thP outPr Pdg<' of 
the rwbula. 

If wP insPrt the scch2z vertical distribu
tion, a tendency towards pathological 
multiplc•-star systPmH dcvelop8. As before', 
WP can combat this only by lowering the 
total mass of the cloud by a factor that 
inhibits the formation of gas giants. The 
n•Rultant. pla1wtary RystcmK, gPnPratPd 

when ,�/ c ,lTrey '""" l{)-3 JU 0 , rt-semblP the 
system in Fig. lOa. 

ThP choieP of n iK  arbitrary and is opt-n 
to conKidPrahle c-x1wrimcntation. WhPn 
11 = fi, for cxample, the mass intPgral 
y iPlds t hP n•:·mlt 

1 n this eaKP, the integral eonvPrg<'K m; 
R ---> Cf:; Taking IJm ax = 7r/2, AJ,. ,Do lc = 0.()(i 

ill 0 ,  and Po = p,/C = 0.0015 ilf 0 / AlP, aK 
in the n = 3 case, the density lwcomeK 

l'\ow r3p rpachPs a maximum at 

r ,,, = (0.052/3) 1 1 n  '°"" 0.5 AC, 

out to which distance p is flat. Thc rcsult of 
this distribution is shown in Fig. 13b. GaK 
giants can only form close to th<' Sun, 
followed hy tl'rn'strial plands and aster
oids, moving outward. That such a planl't
ary system can form at all iH highly 
questionable ; the inner tern•strial planets 
might not hav<> Ht.able orbits, and both 
th<� T Tauri wind and .JmnK cHcapc would 
make tlw accretion of largc amounts of gas 
hy a planet so closP to th<• Sun unlikl'ly. 

1 ntroducing tlw vertical density function 
l'ausc:-; the same probkm:-; as bdon•. A low 
cloud mass 1wrmits tlw formation of 
tPITestrial plan<'t.s elosP to t lw Sun, but 
otlwrwisc gas giants t urn into Hkllar 
r·c impamc ms. 

Finally, we note that Larson's adiabat 
suggt•sts a pmYPr law. If 7' ( r) a: p2 1 :i  and 
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we use the simple temperature law men
tioned earlier, T (r) ex: r-112, we obtain 
p (r) ex: r-31 4• If T (r) ex: r-1, p (r) ex: r-312. 
Such extremely shallow distributions, how
ever, generate only pathological systems. 

IX. PLANETARY DISTANCES 

The geometric spacing of the planets in 
the solar system is one of its most striking 
properties, represented by a number of 
formal schemes, the most famous of which 
is the Ro-called Titius-Bode "law, " in 
which the semimajor axes of planetary 
orbits in astronomical units are written 
r = 0.4 + 0.3 X 2 n. The value - oo must 
be assigned to n in order to explain Mer
cury ; thereafter, integer values are adopted 
beginning with 0. It is then necessary to 
identify Ceres as a planet. Even so the 
values for n = 7 (Neptune) and n = 8 
(Pluto) are in unsatisfactory agreement 
with the observations. Thus Bode's law can 
be described as a fit to eight numbers by an 
equation with five or six free parameters or 
arbitrary indexing conventions-not a very 
impressive "law. " 

Dermott (1968), however, has proposed 
a simple, quasigeometric form which de
scribes adequately the spacing of satellites 
around some of the major planets and 
meetR with moderate success when applied 
to the solar system as a whole. If Pc is 
taken to be a constant of proportionality 
then the periods of the planets can be 
expressed approximately as p n = 1\jn12, 
where j is a small integer (j = 6 for the 
solar system) and n is a given planet's 

"orbital" integer, generally about the same 
as its serial position outward from the Sun. 
Differences between n and the serial posi
tion arise becasuse Dermott allows that 
two planets can share the same value of n 

and furthermore that all values of n in a 
sequence need not be used. For the solar 
system, both Earth and Venus are in the 
n = 2 orbital, and both Neptune and 
Pluto share the value n = 8. The advantage 
of this "law" over Bode's is that the 
relationship between P n and n can be 
graphed as a straight line semilogarithmic
ally ; in light of the amount of freedom in 
the choice of Pc, j, and the n's, however, 
it is probably no less arbitrary. 

A measure of the adequacy of the 
relation, used in part by Dermott, can be 
made by comparing the n's to the m's in 
the equation Pm = Pcjmt2 : Here, the Pm 
values represent the actual periods of  the 
planets, and m takes on any values (not 
necessarily integer) to ensure that such 
is the case. Taking Dermott's quantity 
f).n = m - n, we define the quantity 
u = [NP-1� (1).n)2]1'2 : the rms derivation 
from the law per planet when NJ> is the 
number of planets in the system. 

In order to compare our simulated 
planetary systems against Dermott 's la>v, 
we reformulate the latter as an = CaJ"' :i, 
using Kepler's third law to utilize the 
orbital semimajor axes an rather than the 
periods (all appropriate constants arc now 
absorbed into Ca) . Values of j, Ca, N1,, 

and u for the solar system and for some of 
the systems generated in this paper arc 

TABLE II 

F1Ts OF REAL AND Mou1•;L SoLAH SYsT�;Ms TO A MoDIFIJW D io:HMOTT RELATION 

System Np C. (AU) j (J' Comments 

Solar system 10 0 . 263 6 0 . 217 Includes Ceres 
Solar system 10 0 . 230 6 . 5  0 . 169 22% improvement in u 
Fig. 6a 6 0 . 185 8 0 . 195 Form A 
Fig. 12a 1 1  0 . 236 4 0 . 174 sech2z vertical distribution 
Fig. 13a 8 0 . 235 7 0 . 134 p (r) a: l/ (r' + C) 
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shown in Table I I. Note that allowing a 
half-integer value of j (G.5) for the solar 
system results in a significant irnprovl'mcnt 
in u over the integral case ; this scrvPs to 
illustrate the somewhat arbitrary nature 
of the procedure. It must also be borne in 
mind that even for randomly distributPd 
values of m and n, the rms vahw of l::i.11 i s  
1 (3112) = 0.289. Since u i s  rwarly half this 
value in even the best cas<', it i f'  apparm1t 
that our model planetary sy,;krns fol lrrw a 
Bode-type law about as wdl as thP ,;olar 
system. 

The agreement of Bode-type laws with 
our model ,;olar sy,;tenrn Pvcn in such 
bizarre cases as, say, Fig. 12a or 13a, is 
of some interest. It cannot ] )('  du<' to 
multiple resonances in the n-body probkrn 
as proposc•d hy l\Iolchanov ( 19!i8) br•causc 
the appropriatl' physics is not containPd 
in the computer simulations. [Ser• abo 
other criticisms and i\lolchanov',; rl'ply : 
Backus (1969), Henon (1969) , l\lolchanov 
(19G9a,b) , GingPrich ( 19fi9) , Dermott 
( 1969). J 

Instead, what clearly seems t o  be happen
ing is a kind of collisional natural selr•ction. 
ThP solar systPm bcginH with gaH, aecrPtion 
nuclPi, and dust grains, and a varil't y  of 
orbital eccentricities and hdiocentric dis
tances. But because of th<' high sticking 
pfficicncy in nucleus-grain and nucleuH 
nucleus collisions, those accreting planets 
with interacting orbits mergr•. In all caH<'S 

the final configuration shows planc•ts nicdy 

s<�parated one from anothPr. Because larg<·r 

quantitic•s of mass arc requirl'd to gt>ncrate 

the .Jovian planets, tlH'y ar<' requin'd to  

sw<'t'p up larger volunw:-; of  du:-;t and 

thcrpfore have larger mutual separations 

than do the terrestrial planl'ts .  Be•c·aus<· 

thPrn wen' thl'n more obj e·c ts  on rnon• 

<'<'CPntric orbits in a tinw before the 

completion of this collisional natural Hl'iec

tion, the rate· of plarwtary e·olliHion v<'ry 

earl.v in the hifltory of the solar syst<>m 

may have ht>cn eonsidPrahk, quite apart 

from the infall or mattt>r in dPhris rings in 
the vicinity of forming planctH. 

X. CUNCLU8ION8 

The original wsults of Dolc'H program 
are so provocative that it is natural to 
question whether the remarkable planetary 
:-;ystcms generated by ACRETE are the 
results of careful tailoring of th(� assuml'd 
radial and vertical dcn:-;ity diHtributions 
in the solar nebula and the accompanying 
frP<' parameters ; or whether they arc 
properties of any rmumnable set of a:-;sump
tionfl about thl' Holar nebula. We have 
confirmed that for a perhaps plausible 
radial density  law (form A) and thP 
arbitrary choices a = 5 and /3 = 0.33 
n•eognizable planetary systPms of solar
syHtl'm type an• gPneratPd for nebular 
masRes bctwe<·n 0.02 and about 0.2 kl 0 
and dust grain orbital eccentriciti<•R not 
extrPnwly high or pxtremely low. However, 
in Section VII we found that an apparl'ntly 
small change from f3 = 0.3:3 to /3 = 0.22 
lead:-; to a striking change in the l'llll 
product. It is, of coursl', possible that a 
eorn•ct n•eonstruction of the undl'rlying 
phyHic:-; of tlw solar nebula will yield valtws 
of {3 rwar 0.33 and density distributions like ·  
form A. But in the abRPncc of Ruch a 
justification we can only conclude eitlwr 
(a) that ACRETE is missing some of the 
esRential physie:-:: of :-;olar sy,;tem cosmogony, 
or (b) that planetary sy:-;tem:-; of our type 
arr· only mw example in a rich array of 
alternative· varieties of planetary system:-;. 
Lik<•wisl', rnon• fundanwntal changes in t lw 
ndmlar morplwlog�', e.g., from an <'Xpo
rwntial to a powl'r law densit.v distribution 

function, ge1wrat<· plaiwtary Hyste•rn:-; Hollw 

of \rhich, although tlwy do not elo:-;l'iy 

n'Hemhh· our own, an' not fundanwntally 

ohjl'etionabk ( Figs. 12 and 13) .  

A bt  and Levy ( 197fi) haVP found that tll<' 
frpquc•JH�Y of secondary masses for binaries 

with ppriods of IPss than a CPntury vari<•H as 

t lw mw-third pmn•r of thl' Hee·ornlary tnaHH. 
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If this function can be extrapolated, it 
implies that about 203 of stars of solar 
mass have a largest companion of mass 
,..., 10-2 M 0 and about 103 of stars of 
solar mass have a largest companion of 
mass ,..., 10-3 M 0 •  In at least a crude way 
this result is consistent with our findings : 
Where the solar nebular mass is between 
about 1 M 0 and 10-1 M 0 binary stars 
form, while for smaller solar nebular masses 
during accretion, Jovian planets form. 
(This is a model-dependent consistency, 
however, because Abt and Levy believe 
that the short-period binaries are fission 
systems from a single protostar.)  

Perhaps the most striking result of this 
exercise is that in all cases planetary 
systems are generated which satisfy a 
Titius-Bode sort of law ; and in all cases 
the number of planets generated is between 
several and about 20, that is, ,..., 10. This 
property may be understood in a very 
qualitative way : An accreting planet can 
be expected to perturb the orbits of dust 
particles in the solar nebula up to a few 
astronomical units distant, depending on 
the planetary mass, and to swPcp up 
material in such a zone. The number of 
such zones of a few astronomical units in 
width in a nebula 50 AU in radius is ,..., 10 ; 
hence the number of planets. The remark
able result on the number of planets then 
is attributable to the size of the solar 
nebula which is given as an input param
eter. However, there is at least a hint in 
our results (see Fig. 13a) that more massive 
and extensive solar nebulae lead to very 
large Jovian planets or very small stars ; 
but that, even in such a case, the number of 
dust lanes swept up is still ,..., 10. The width 
of the lanes, i .e . ,  the spacing of the planets, 
arises in part from the dependence of the 
accreting planets' gravitational capture 
lengths on their orbital radii, x a: r (see 
Section II ) .  In many models a terrestrial 
planet is found beyond the J ovians, as is 
true in our system for Pluto, suggesting 
that the latter need not be an escaped 

satellite of Neptune. In many models, 
objects of asteroidal mass are formed. 

The computer simulations described in 
this paper and in Dole's take no explicit 
account of chemical fractionation, the T 
Tauri stage of early stellar evolution, 
nebular opacity, frozen-in magnetic fields, 
and a number of other factors. The accre
tion process is imagined to be purely 
dynamical, and in that respect is similar to 
the work of Wcidenschilling (1974) . Fur
thermore, for purposes of computational 
convenience even the dynamics is simpli
fied ; as, for example, when all dust grains 
are taken to have the same eccentricity. 
We have found that both major and minor 
changes in the model, of equal apparent 
plausibility as the initial conditions assumed 
by Dole, lead to dramatic changes in the 
resulting planetary systems. Of course, it 
must be borne in mind that with at least 
six free parameters to describe the model 
nebula, we have investigated only a small 
fraction of our parameter space. In fact, 
there exists a multitude of such spaces, 
each defined by distinct, plausible density 
distributions, of which only two, forms A 
and B, were considered in this work. 
Considering these, we have covered a 
relatively minute number of cases indeed. 

N evcrtheless, in all cases, even when 
pathological binary-star systems arc gen
erated, planetary systems arc formed. One 
interesting result is that while terrestrial 
planets can be formed without Jovian 
planets (in very low-mass solar nebulae) 
the converse never occurs. We continue 
to be impressed that so simple and incom
plete a dynamical model generates rec
ognizable if not familiar planetary systems 
with ,..., 10 planets per system and a 
Bode's-law spacing for a wide variety of 
initial conditions. It would be interesting 
to determine whether more complete models 
continue to display such regularities. Thus 
far, the results suggest that planetary 
systems are widely prevalent in the Milky 
Way Galaxy, but that substantial morpho-
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logical diffen•nccH betwl·en cxtraHolar plan
etary HystemH and our own can bP expPctl'd. 

APPENDI X : EVALUATION OF THE 
M ASS OF THE NEB ULA 

The total masH density throughout th<' 
cloud (both gas and dust) is 

p (r) = P<1 (r) + Pv; (r) = p,1 + Kp.i '"'"' Kpu 

since ](:,.._, 50 » 1 .  ThuH, for thP gnnnctry 
of an exoconc of opening angle 0 " " "  and 
radius R, the maHH of the cloud iH 

For a cylindrical geometry \\' ith Un•y ':-; 
sech2z vertical diHtribution thi:-; lwcomPH 
(see SPction VI l )  

If the density distribution takPH form A,  

p11 A exp ( - a rli) , the mass in Pi ther casP 
IS 

Ii 
M A  47rKA �  Ia r2 <'xp ( - ari!)tlr, 

where � = sin O .. , , x  for an l'XocmH', and 
� = 'Y = 0.002G7 for UrPy 's cylinder. Typ
ically, R ,.._, 50 and a ,.._, 5. If {3 = 1, tlw 
centroid of the distribution i:-; at re = � 
<< 50, so that, to excdlent approximation, 
we can extend the uppPr limit on the 
integral to oo .  This approximation i;.; Rtill 
quite good for {3 < 1, Ro t hat WP can make 
the substitution u = r/3 and pl•rform th<' 
scmi-infinitP integral to find 

If  the distribution takcH form B, Pd 
p 1 (r"  + C)-1 ,  thP integral bcc·onwH 

111 u 41T"Kp1� ;· II r2rlr/ (r" + C) 
(I 

The approximation R --> oo j:-; good pro
vided only that the weakl•r condition 
R/C112 » 1 hold:-;, and, Hince R """' 50 and 
C """' 10-2, this iH gcnPrally truP. 

I f  n = 3, M u doeH not eonvPrgl' aH 
R --> oc .  Thl• result of the integration i:-; 

:11 B = (�7r)K�p 1  In ( 1 + RC-1/a) , n = 3. 

Fortunately, thP div<'rgcncc is logarithmic
ally Hlow, Ho that the choice of R iH not 
critical. SincP ACHETE i;.; usually run ;.;o 
a;.; to inj(•ct nuclPi out m; far m: r = 50 A C, 
\\'<' <'alculak Jl / B with R = 70. 
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