
TURBINES

COMPRESSORS AND FANS

FOURTH EDITION



TURBINES

COMPRESSORS AND FANS

FOURTH EDITION

S M YAHYA

Former Professor and Head
Mechanical Engineering Department

Indian Institute of Technology Delhi

Tata McGraw Hill Education Private Limited
NEW DELHI

McGraw-Hill Offices

New Delhi  New York  St Louis  San Francisco  Auckland Bogotá Caracas

Kuala Lumpur Lisbon London Madrid Mexico City Milan Montreal

 San Juan Santiago  Singapore  Sydney  Tokyo  Toronto



Published by Tata McGraw Hill Education Private Limited,

7 West Patel Nagar, New Delhi 110 008.

Copyright © 201 , 2005, 2002, 1983, by Tata McGraw Hill Education Private Limited.

No part of this publication may be reproduced or distributed in any form or by any means,

electronic, mechanical, photocopying, recording, or otherwise or stored in a database or

retrieval system without the prior written permission of the publishers. The program listings

(if any) may be entered, stored and executed in a computer system, but they may not be

reproduced for publication.

This edition can be exported from India only by the publishers,

Tata McGraw Hill Education Private Limited.

ISBN (13): 978-0-07-070702-3

ISBN (10): 0-07-070702-2

Vice President and Managing Director—Asia-Pacific Region: Ajay Shukla

Executive Publisher—Professional: R Chandra Sekhar

Assistant Sponsoring Editor—Science, Technology and Computing: Simanta Borah

Manager—Production: Sohan Gaur

Manager—Sales and Marketing: S Girish

Deputy Marketing Manager—Science, Technology and Computing: Rekha Dhyani

General Manager—Production: Rajender P Ghansela

Assistant General Manager—Production: B L Dogra

Information contained in this work has been obtained by Tata McGraw Hill, from sources

believed to be reliable. However, neither Tata McGraw Hill nor its authors guarantee the

accuracy or completeness of any information published herein, and neither Tata McGraw

Hill nor its authors shall be responsible for any errors, omissions, or damages arising out

of use of this information. This work is published with the understanding that Tata

McGraw Hill and its authors are supplying information but are not attempting to render

engineering or other professional services. If such services are required, the assistance of

an appropriate professional should be sought.

Typeset at Tej Composers, WZ-391, Madipur Village, New Delhi 110063, and printed at

Rashtriya rinters, M-135, Panchsheel Garden, Naveen Shahdara, Delhi 110 032.

Cover Printer: Rashtriya Printers

Cover Designer: Kapil Gupta

RQZYCDRZDDCLR

1

P



Chapter 17

Foreword

It is gratifying to note that the initial chapters of the book lay emphasis on

unified treatment and dimensional analysis, although its title projects

specific types of turbomachinery. Such treatment generally facilitates

horizontal transfer of knowledge and experience. Another significant

aspect is the use of SI units throughout the book. This should mark the

beginning of incorporation of SI units in all technical books.

After covering the essential aero-thermodynamic principles of turbo-

machinery, the author deals separately with a chapter on cascades which

have formed the basis for optimum selection of aerodynamic geometry of

blades. This is a very welcome feature of the book. A subject of topical

interest dealing with “High Temperature Turbines” has been covered in one

full chapter.

Although classical turbomachines continue to play a major role in the

energy sector, a class of machines called wind turbines are gaining

importance due to the renewable nature of wind energy. It is but

appropriate that the book closes with a chapter on wind energy and

turbines giving it a measure of completeness commensurate with the

title.

The value of the book is enhanced by numerous illustrations and equal

emphasis on various topics covered. Principal technical data of modern

aviation gas turbines such as that required in supersonic aircraft Concorde

and RB-199, specifications of the turbine and compressor blade profiles

and some wind turbines form other distinguishing features of the work.

This book will be a valuable addition to existing books in turbomachinery

which are primarily directed towards the course work of students.

Moreover, the book introduces the reader to current research areas in

turbomachinery. The author’s extensive experience in teaching and

research has been truly reflected in this book. A detailed topic-wise

bibliography containing over 800 references will be a valuable source of



information for the researchers. This book would be equally helpful to

practising engineers in the field of turbomachinery.

PRAMOD A PARANJPE

Head, Propulsion Division

National Aeronautical Laboratory

Bangalore, India

vi Foreword



Chapter 17

Preface to the
Fourth Edition

The book has been serving the needs of students, engineers and

researchers for more than 27 years. In view of the large size of the book,

a major revamp has been avoided in the new edition.

As per readers’ suggestions, the following additions have been made:

1. Turbomachinery laboratory.

2. Materials for turbomachinery.

3. Specifications of some large wind turbines.

4. Additional references of recent publications.

Some very old engines, turbomachines and their components are not in

use now; however, their specifications and design parameters have been

retained in the book for their educational value.

A few errors detected in the previous edition have been corrected.

S M YAHYA
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Preface to the
First Edition

Recent emphasis on energy problems has generated renewed interest in

turbines, compressors and fans. Steam and gas turbines develop the bulk

of power required for land and air applications. Similarly, fans, blowers and

compressors are some of the major power-absorbing machines in industry.

The wind turbine or windmill has reappeared on the power-generation

scene. Therefore, at this time a book wholly in SI units dealing with this

class of machines is badly needed by students, teachers and practising

engineers.

The basic principle of working of these machines is the same—the

energy level of a continuously flowing fluid is changed by the action of a

rotating element, the rotor. The theoretical treatment of such machines

requires the knowledge of both fluid dynamics and thermodynamics:

therefore, some fundamental problems in thermodynamics and fluid

dynamics common to these machines have been covered in separate

chapters in the beginning. They provide the important link between the

engineering sciences and an important class of machines (turbomachines)

used in a variety of industrial, power generation and aircraft propulsion

fields.

The overall performance and importance of a given machine is better

appreciated when its role in relation to other components in the plant is

understood. Therefore, chapters on gas and steam turbine plants which

employ these machines have also been included and placed in the earlier

part of the book.

A short chapter on dimensional analysis prepares the reader to proceed

to the analysis of particular types of machines. In this the various quantities

that affect the design and performance of turbomachines are identified and

discussed. A brief discussion on various dimensionless parameters is also

given.

Chapters 1 to 6 deal with the various kinds of turbines, compressors and

fans in a general way. The later chapters deal with the aero-thermodynamic

aspects of particular kinds of thermal turbomachines in greater depth.

Therefore, theoretical details and physical explanation of individual



machines are given in separate chapters on turbines, compressors and fans

which constitute the main body of this volume. Velocity triangles and

enthalpy-entropy diagrams have been frequently used in these chapters to

explain the various kinematic and thermodynamic aspects of these

machines.

Chapter 7 on cascades acquaints the reader with the geometries of

blades and blade rows in different types of turbomachine stages. This also

focuses attention on the practical aspects of turbomachines. Various types

of wind tunnels employed for cascade testing are described here.

Chapter 8 deals with the conventional axial-flow turbine stages. Some

unconventional turbines used in aerospace applications like partial

admission and cooled turbines are also covered in Chapters 8 and 9

respectively.

The treatment of axial compressor stages in Chapter 10 is on the same

lines as discussed in the earlier chapters for axial turbine stages.

Both centrifugal compressors and radial turbines form a separate group

of turbomachines employing a different technology. These machines have

been discussed in Chapters 11 and 12. Here the tangential direction is taken

as the reference direction in velocity triangles for the stages. This is in

marked contrast to the treatment for axial stages where the axial direction

has been taken as the reference direction.

Fans and blowers on account of their low pressures (expressed in

millimetres of water gauge instead of bar) are also a separate class of

turbomachines. Therefore, instead of combining them with the

compressor stages they are separately discussed in Chapters 13 and 14.

Chapter 15 deals briefly with the salient features of wind turbines. Some

general aspects of wind energy have also been included here.

Only SI units have been used in this book. Generally bar and millibar

have been used as units for pressure; their relationship to N/m2, kN/m2 and

MN/m2 is given in an appendix.

Useful references for further reading are given in the Select Bibliography

at the end of the book.

The material covered in this volume will be useful in the study of

subjects on steam and gas turbines, aircraft propulsion, thermal power

plants, thermal turbomachines, fluid machinery and energy studies.

Therefore, besides students and teachers, design engineers in the areas of

power plants, aerospace, supercharged IC engines, industrial fans,

blowers and compressors should also find this book useful.

S M YAHYA

x Preface to the First Edition
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Chapter 1

Introduction

Turbines and compressors are now being used in electric power

generation, aircraft propulsion and a wide variety of medium and

heavy industries. Small and heavy-duty fans and blowers cover a wide

range of industrial applications. Axial fans (propellers) are used for

propelling small low-speed aircrafts, while large jet airliners employ axial-

ducted fans in their comparatively new turbo-fan concept.

Though the steam turbine was perfected much earlier than the gas

turbine engine, the last four decades have seen almost parallel develop-

ments in aeroengines and steam turbine power plants. As a result today

on the one hand we have the jumbo jets and their high thrust engines in

the aeronautical field, while on the other there are giant steam turbine

plants operating in the “superthermal power stations”. These

developments suggest that the 2000 MW steam turbine plants will be

operating in many countries in the 21st century; along with this the

“super jumbo jet” airliners will also be flying between the major cities of

the world.

•Ø  1.1 Turbomachines

Turbines, compressors and fans are all members of the same family of

machines called turbomachines. A turbomachine1,2,5,11 is a power or head

generating machine which employs the dynamic action of a rotating

element, the rotor; the action of the rotor changes the energy level of the

continuously flowing fluid through the turbomachine. Before discussing

other aspects of turbomachines, they are compared here with the positive

displacement machines. This will help in understanding the special features

of turbines, compressors and fans.

Positive displacement machines (both engines and compressors as

shown in Figs. 1.1 to 1.4), especially of the reciprocating type are inher-

ently low speed machines on account of mechanical and volumetric

efficiency considerations. In contrast to this the majority of turbo-

machines run at comparatively higher speeds without any mechanical

problems. The volumetric efficiency of turbomachines is close to

hundred per cent.



2 Turbines, Compressors and Fans

If a reciprocating engine is stopped, the working gas trapped inside the

cylinder stays there in the same state in which it was at the time of

stoppage of the engine piston. This is possible if the cylinder is perfectly

insulated from the surroundings and there is no leakage.

Now consider the state of the gas in a turbine whose motion is stopped.

The gas will experience changes in its state dictated by the surroundings.

This is an important feature which distinguishes turbomachines from

positive displacement machines.

On account of much lower speeds, a reciprocating compressor can

theoretically be made to work isothermally. Cylinder jacket cooling and

intercooling with multi-stage compression help in achieving isothermal

compression. On the other hand, the high speed turbocompressor is an

adiabatic machine; the same is true for other turbomachines.

Inlet valve

Water jacket

Exit valve

Piston

Drive

Fig. 1.1 Reciprocating compressor

H.P. gas L.P. gas

Output shaft

Rotor blades

Fig. 1.2 Drag turbine (positive displacement machine)
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A reciprocating or positive displacement machine, due to its low speed

and limited displacement can only handle smaller flow rates of fluids

through it. While on account of much higher rotor and fluid velocities the

flow rates in turbomachines are much larger compared to positive

displacement machines.

Figure 1.3 shows a rotary positive displacement compressor (two-lobe

Roots blower). Two symmetrical lobes rotate in opposite directions in a

casing composed of two semi-circular ends separated by a parallel

section. The lobe profiles are designed to give conjugate motion of the two

rotors/lobes. The two lobes do not drive one another like toothed wheels.

A small clearance between the lobe surfaces provides a contactless

conjugate motion. Therefore, the rotors are driven by the timing gears

located outside the casing.

CD

Delivery

Clearance

Trapped
volume

Suction

Flow 1
2

D

Crest

+

CL
Root

Lobe profile

+D 2R

Casing

Fig. 1.3 Two-lobe compressor/Roots blower

Rotation of the lobes provides the suction, compression and discharge

processes at both the ends of the casing. Note that the compression

process is not a continuous adiabatic process.

Such a positive displacement machine is a cross between the reci-

procating machine and a turbo compressor. Therefore, it combines the

advantages of both the reciprocating device and a turbomachine.

Another positive rotary displacement device (rotary piston engine) is

shown in Fig. 1.4. This is the well known Wankel engine which

combines the advantages of the reciprocating internal combustion

engine and the gas turbine. In this device a rotor resembling an equilateral
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triangle rotates inside an epitrochoidal casing; the geometry of the

triangular rotor is such that its apexes are always in contact with the

inner surface of the casing during rotation. The volume of the fluid (air-

fuel mixture or the products of combustion) between a face of the rotor

and the casing varies during one revolution of the rotor and the processes

of suction, compression, expansion and exhaust are executed as in the

conventional reciprocating engine.

•Ø  1.2 Turbines

The power generating turbomachines decrease the head or energy level of

the working fluids passing through them. These machines are called

turbines, e.g. steam, gas, hydro, wind and solar turbines. They are coupled

to power absorbing machines, such as electric generators, pumps,

compressors, etc.

•Ø  1.3 Pumps and Compressors

The head or pressure producing machines increase the energy level

(pressure or head) of the fluids passing through them. These machines

are known as pumps, compressors (or turbocompressors), fans, blowers

and propellers. They are driven by prime movers such as turbines and

Spark plug

Cooling water
passage

Casing

Rotor

Exhaust Inlet

Fig. 1.4 Rotary piston Wankel engine
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electric motors for supplying the power required to increase the energy

level of the fluid.

•Ø  1.4 Fans and Blowers

A fan continuously moves a mass of air, gas or vapour at the desired

velocity by the action of its rotor. For achieving this objective there is a

slight increase in the gas pressure across the fan rotor. However, the main

aim of a fan is to move a gas without an appreciable increase in its

pressure. The total pressure developed by fans is of the order of a few

millimetres of water gauge (W.G.).

A blower which is also sometimes referred to as a fan develops an

appreciable rise in pressure of the gas flowing through it. This pressure

rise is required to overcome pressure losses of the gas during its flow

through various passages. In some applications such as power plant

boilers and mine ventilation system the pressures developed by the

blowers are more than 1600 mm W.G.. Some low-pressure turbo-

compressors are also called blowers or turboblowers.

In contrast to fans and blowers, the pressures developed by the

compressors are from moderate to high. Therefore, the pressure rise

through the compressors is expressed in terms of pressure ratio.

•Ø  1.5 Compressible Flow Machines

The pressure, temperature and density changes occurring in fluids passing

through steam and gas turbines, and compressors are appreciable. A finite

change in the temperature of the working fluid is a typical characteristic

of this class of machines which distinguishes them from other turbo-

machines. This class of machines with predominantly compressible flows

are referred to as compressible flow or thermal turbomachines.
14 

They are

characterized by higher temperatures and peripheral speeds of the rotor.

Axial
clearance

Outlet

Inlet

Nozzle blade
row

Rotor blade
row

Stage

Fig. 1.5 An axial turbine stage
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Therefore, their design and operation are influenced by compressible

flows, high temperature and speed problems.

•Ø  1.6 Incompressible Flow Machines

Hydraulic pumps and turbines are examples of turbomachines working

with a liquid. The fluid or water is incompressible giving a constant

volume flow rate for a given mass flow rate in steady operation. Water

and air are considered here as typical working fluids in turbomachines

handling liquids and gases. The density of water is about 800 times that

of atmospheric air. Therefore, the force required to accelerate a given

quantity of water is much larger compared to that required for air. This

factor largely accounts for much lower fluid and rotor velocities in hydro-

turbomachines.

Turbomachines dealing with gases over a small pressure difference also

behave as incompressible flow machines. This is because of negligible

changes in the temperature and density of the fluid across the machine.

Fans, low pressure blowers, airscrews and windmills are examples of such

machines.

Thus a majority of incompressible flow machines work near ambient

conditions and are comparatively low speed and low temperature

machines. This makes their running and maintenance much easier

compared to thermal turbomachines.

•Ø  1.7 Turbine, Compressor and

Fan Stages

A stage of a turbomachine generally consists of a ring of moving blades

along with a ring of fixed blades.

A turbine stage as shown in Fig. 1.5 is made up of a ring of fixed

nozzle blades followed by the rotor blade ring. However a nozzleless

stage with only the rotor is also possible and is often employed in an inward

flow radial turbine.

A compressor or a blower stage consists of a rotor followed by a

diffuser blade ring. The first stage of a multi-stage compressor or a single

stage compressor may also consist of a ring of inlet guide vanes (IGV)

upstream of the rotor as shown in Fig. 1.6.

The principal element in a turbomachine stage is the rotor which

performs the basic function of transfer of energy. Therefore, a single rotor

on its own may also form a stage in a turbine, compressor or fan.

Unenclosed fans are examples of such stages.

In radial machines a scroll or volute casing also forms a part of the

stage.
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•Ø  1.8 Extended Turbomachines

Most of the turbomachines are enclosed in casings which guide a finite

flow through them. This category includes steam and gas turbines,

compressors and ducted fans. In contrast to these enclosed machines, air-

craft propellers and windmills are open and interact with an “infinite sea”

of air. These machines are called extended turbomachines. Figures 1.7

and 1.8 show these machines and their applications. The air screw accele-

rates the atmospheric air rearward, thus moving the aircraft forward.

Aircraft

Slip stream

Infinite
sea of

air

Propeller
or

air screw

Fig. 1.7 An aircraft propeller (extended turbomachine)

The windmill or the wind turbine transfers the wind energy to the

aerogenerator. This prime mover has also been used to drive pumps and

other devices.

•Ø  1.9 Axial Stages

In an axial flow turbomachine or its stage (Fig. 1.9) the radial component

of the fluid velocity is negligible. The change in radius between the entry

Stator blades
(diffuser)

Rotor blades

Inlet guide
vanes (IGV)

Stage

Fig. 1.6 An axial compressor stage
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and exit of the stage is small. The through flow in such machines mainly

occurs in the axial direction, hence the term “axial stage”.

An axial machine can be easily connected with other components. For

example in a gas turbine plant this configuration offers mechanically and

aerodynamically a convenient connection between the compressor, com-

bustion chamber and turbine.

For the same reason, axial stages are widely employed in multi-stage

turbomachines. Such a stage is ideally suited for high flow rates.

Power output

Gear box

Wind

Wind

Tail vane

Aerogenerator

Propeller

Tower

Fig. 1.8 A windmill (extended turbomachine)

h

dh

d
dt

Fig. 1.9 An axial turbomachine
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The area of cross-section available to the flow in an axial stage is

Ax = 
p

4
 (d 2

t – d 2
h ) = pdh (1.1)

Suitable values of the hub and tip diameters can be chosen to provide the

required area. For aircraft propulsion, the axial flow configuration of

compressors and turbines has a special advantage of low frontal area,

resulting in a lower aircraft drag.

The turning of the fluid in axial stages is not too severe and the length

of the blade passages is short. This leads to lower aerodynamic losses and

higher stage efficiencies.

On account of the individual blade root fixtures, the rotor of an axial

stage has limited mechanical strength. This restricts the maximum

permissible peripheral speed of the rotor.

•Ø  1.10 Radial Stages

In the radial stage of a turbomachine the through flow of the fluid occurs

mainly in the radial direction, i.e. perpendicular to the axis of rotation.

Therefore, the change of radius between the entry and exit of the stage is

finite. This causes a finite change in the energy level of the fluid due to

the centrifugal energy.

A radial turbomachine may be inward-flow type or outward-flow type.

Since the purpose of compressors, blowers, fans and pumps is to increase

the energy level of the fluid, they are of the outward-flow radial type as

shown in Fig. 1.10. Radial gas turbines are mostly of the inward flow type

as shown in Fig. 1.11; the fluid transfers its centrifugal energy to the rotor

in flowing from a larger to a smaller radius. The Ljungstrom steam turbine

(Fig. 1.12) is a double rotation outward flow radial turbine. The outward-

flow configuration is chosen here to accommodate the large volume flow

rate of the rapidly expanding steam.

Referring to Fig. 1.10, the areas of cross-section at various stations in

a centrifugal compressor stage are given by

Ai = 
p

4
 (d 2

t – d 2
h ) = pdh (1.2)

A1 = pd1b1 (1.3)

A2 = pd2b2 (1.4)

For given impeller and shaft diameters and change of radius from entry

to exit the area at the entry to the stage is restricted by Eq. (1.2). At this

station a compressible fluid has the largest volume requiring a

correspondingly large area. Conversely, the same is true for an inward

flow gas turbine (Fig. 1.11). On account of this, radial flow stages do not
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offer the best geometrical configuration for high flow rates. In radial flow

stages the flow invariably turns through 90° traversing a much longer

blade passage compared to that in the axial types. This leads to

comparatively higher losses and lower efficiencies. In a multi-stage radial

machine the flow is required to change its direction drastically several

times in long interconnecting flow passages. This is obviously an

d1 d2

Impeller
blades

Diffuser

Volute

dt

b1

b2

dh

2

1

Fig. 1.10 A centrifugal compressor stage

Scroll casing
Gas flow H.P. gas

Nozzle
blades

Rotor
blades

Fig. 1.11 An inward-flow radial turbine stage



Introduction 11

Exhaust casing

Cantilever
blades

Rotor disc 1

Steam inlet

Rotor disc 2

Fig. 1.12 An outward-flow radial turbine (Ljungstrom turbine)

undesirable feature both mechanically and aerodynamically. Therefore, a

majority of radial machines are single-stage machines; very few multi-

stage radial machines employ more than three stages.

Since the power developed is proportional to the mass flow rate, and the

number of stages that can be employed is much smaller compared to axial

machines, radial flow machines are not suited for large power requirements.

Radial stages employ ‘one piece’ rotors in which the blades are an

integral part of the main body. This makes a radial rotor mechanically

stronger than an axial type in which the blades are separately fixed.

Therefore, radial machines can employ higher peripheral speeds.

On account of higher peripheral speeds and additional change in the

energy level of the fluid caused due to centrifugal energy, much higher

values of the pressure ratio per stage are obtained in the radial stage

compared to the axial type.

Radial flow compressors and turbines for large power and thrust

requirements have a larger overall diameter of the aeroengine, leading to

an unacceptably large frontal area. Therefore, radial machines are

unsuitable for the propulsion of large aircrafts.

•ØØØØØ  1.11 Mixed Flow Stages

For certain requirements, the flow in a turbine, pump or blower stage

is partly radial and partly axial. Such a stage is known as a mixed
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flow stage; it combines the advantages of both the axial and radial

types.

The flow at the exit of a mixed flow machine (Fig. 1.13) has finite

components in both radial and axial directions. In this type of a pump the

head generated due to centrifugal energy is a considerable proportion of

the total head generated in the stage.

(a) Mixed flow pump or blower (b) Mixed flow turbine

Fig. 1.13 Mixed flow machines

The mixed flow configuration has been widely used in hydraulic pumps

and turbines. This type has also been found advantageous in some blowers

but it has yet to make its appearance in compressible flow turbo-machines,

viz. steam and gas turbines and compressors.

•Ø  1.12 Impulse Stages

Machines in which there is no change of static or pressure head of the fluid

in the rotor are known as impulse machines. The rotor blades only

cause energy transfer without any energy transformation. The energy

transformation from pressure or static head to kinetic energy or vice versa

takes place only in fixed blades. For example, the transfer of kinetic

energy of a high velocity fluid to the rotor in an impulse turbine occurs

only due to the impulsive action of the fluid on the rotor. An impulse

turbine stage is shown in Fig. 1.14. Since the rotor blade passages in an

impulse turbine do not cause any acceleration of the fluid, the chances of

its separation due to boundary layer growth on the blade surfaces are

greater. On account of this, the rotor blade passages of the impulse

machine suffer greater losses giving lower stage efficiencies.

Some examples of impulse machines are the paddle wheel, Pelton

wheel and Curtis steam turbine.
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•Ø  1.13 Reaction Stages

The degree of reaction of a turbomachine stage is defined as the ratio of

the static or pressure head change occurring in the rotor to the total

change across the stage.

Turbomachines or their stages in which changes in static or pressure

head occur both in the rotor and stator blade passages are known as

reaction machines or stages. Here the energy transformation occurs both

in fixed as well as moving blades. The rotor experiences both energy

transfer and transformation. Therefore, reaction turbines are expected to

be more efficient on account of the continuously accelerating flow and

lower losses.

Some examples of reaction machines are Hero’s turbine, the lawn

sprinkler and Parson’s steam turbine. Pressure and velocity changes

through a reaction turbine stage are shown in Fig. 1.15.

Energy transfer

Energy transformation

Nozzle Rotor

Velocity

Pressure

Fig. 1.14 An impulse turbine stage
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A 50% or half degree reaction machine has some special characteri-

stics. Axial flow turbines and compressors with 50% reaction have

symmetrical blades in their rotors and stators as shown in Figs. 1.16 and

1.17. It may be noted that the velocity triangles at the entry and exit of a

50% stage are also symmetrical.

•Ø  1.14 Variable Reaction Stages

In large axial machines the blade lengths are considerable and there are

large changes in the peripheral speeds from the hub to the tip of the rotor.

The flow parameters in such stages or machines experience appreciable

variation along the blade height (spanwise direction). Under these

conditions it is not possible to maintain a given degree of reation constant

throughout the blade height. For example, if the rotor blade section at the

blade root is purely impulse, other sections at higher radii will have a

progressively increasing degree of reaction. Thus in a long blade of an axial

Energy transfer

Energy transformation

Nozzle Rotor

Velocity

Pressure

Fig. 1.15 A reaction turbine stage
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flow turbine, compressor or fan stage, the degree of reaction is variable

from hub to tip; this leads to the employment of twisted blades.

•Ø  1.15 Multi-stage Machines

It will be seen later that for a given rotor speed only a limited change in

the energy level of the fluid can occur in a turbomachine stage. This

holds equally for turbines, compressors, pumps and blowers. Therefore,

in applications where a large change in the energy level is required, more

stages are employed.

u u3       2=

w c3 2=

c w3 2=

u u2       3=

u2

w2

c2

a2

b2

b a3 2=

a b a3 2 1= =

Rotor

Stator

a1

Fig. 1.16 A 50% reaction turbine stage
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Multi-stage machines may employ only impulse or reaction stages or a

combination of these. Impulse machines may utilize a large pressure drop

in several pressure stages or a high kinetic energy in a number of velocity

stages; a combination of pressure and velocity stages in impulse machines

is also employed. In certain compressor applications it is profitable to use

axial and radial stages in the same machine. Different stages may be

mounted on one or more shafts.

In large steam turbines the difference of steam pressure between the

boiler and the condensor is very large. If this was to be utilized in a single

stage, a rotor of an impracticably large diameter at a very high speed

would have to be used. This would create, besides manufacturing

difficulties, serious strength and bearing problems.

a a b3 1 2=      =

a b2 1=

b a2 1=

b1 a1

u u2       1=

u1

c1
w1

c w2 1=
w c2 1=

Stator

Rotor

Fig. 1.17 A 50% reaction compressor stage
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Gas turbine plants, on account of the comparatively lower values of the

pressure ratio employed, have a smaller number of stages.

A multi-stage arrangement is also employed for high pressure com-

pressors and blowers. The flow in the stages of these machines is

decelerating and demands a gentle compression over a small pressure rise.

This becomes necessary to prevent high losses associated with boundary

layer separation in an adverse pressure gradient. Thus a high pressure

producing turbomachine has a much larger number of stages compared to

an equivalent power producing machine.

•ØØØØØ  1.16 Stage Velocity Triangles

The flow geometry at the entry and exit of a turbomachine stage is

described by the velocity triangles at these stations. A minimum number

of data on velocity vectors and their directions are required to draw a

complete set of velocity triangles.

All types of turbomachines have a finite cross-section at the entry and

exit. Therefore, the magnitudes of velocity vectors and their directions

vary over these sections. Because of this, an infinite number of velocity

triangles wovcs required to fully describe the flow. This is obviously not

possible. On the other hand, a single pair of velocity triangles will only

represent one-dimensional flow through the stage.

In view of this, mean values of velocity vectors and their directions are

defined for blade rows of given geometries and flow conditions. These

values make it possible to draw the mean velocity triangles for the stage.

The velocity triangles for a turbomachine contain, besides the perip-

heral velocity (u) of the rotor blades both the absolute (c) and relative (w)

fluid velocity vectors. These velocities are related by the following well

known vector equation:

Absolute velocity vector = peripheral velocity vector + relative

velocity vector

c = u + w (1.5)

This simple relation is frequently used and is very useful in drawing

the velocity triangles for turbomachines. For instance, velocity triangles

of Figs. 1.16 and 1.17 have been drawn using this relation. The angles are

from the axial direction (the reference direction). For axial machines, u1

= u2 = u3 = constant.

•ØØØØØ  1.17 Design Conditions

Like other machines, turbomachines are also designed for some prescri-

bed running conditions at which they should have high or maximum
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efficiency. The design conditions, among other things, fix the geometry of

the flow; at the design point operation of a turbomachine there is some

correspondence between the blade angles and the mean fluid angles. The

ratio of the peripheral velocity of the rotor to some fluid velocity is also

fixed by design conditions.

Aerodynamic or aerothermodynamic design conditions should fully take

into account the strength considerations, ease in manufacture, material and

economic aspects.

•Ø  1.18 Off-design Conditions

Off-design running conditions of a turbomachine may arise due to

changes in the rotational speed, flow rate, load or boundary conditions.

Along with high performance at the design point, it is desirable that a

turbomachine does not suffer from very poor performance at off-design

conditions. Poor performance results from changed velocity triangles of

the stage or stages; the flow deviates from the optimum conditions giving

lower efficiency.

Some off-design conditions may be prohibitive on account of break-

down of the stable flow conditions as in compressors, fans and blowers.

In such machines the surge line determines the range of stable operation.

•Ø  1.19 Applications

Some important applications for turbines, compressors and fans are

briefly described here. Numerous other general and special applications

can be found in the vast amount of literature available on these machines.

1.19.1 Power Generation

Applications of turbomachines in the power industry are well-known. The

bulk of thermal and hydropower is generated by the base load steam and

hydro turbines.

Electric power is also generated by some big and small gas turbine

power plants. Peak load power stations are now using ‘retired’ aeroeng-

ines for their gas turbine plants. Low cooling water requirements and the

ability to start in a short time make them superior to steam turbines in

some situations.

Combined gas and steam turbine power plants are also now employed

for bulk power generation (base load) on account of their higher overall

efficiencies.

Wind energy in high velocity wind regions of the world is being

utilized in various ways through windmills or wind turbines. Such
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turbines are a great asset in isolated areas which are far away from other

sources of energy.

Large fans and blowers are used for developing the draught required in

the boilers of steam power plants. The cooling of turbo-generators is also

achieved by employing circulating fans.

1.19.2 Aircraft Propulsion

Though the gas turbine engine has been used for automobiles, marine

propulsion and railway traction, its major thrust has been in the field of

aircraft propulsion. While high rotational speeds at the gas turbine output

shaft lead to difficult mechanical problems in a large number of

applications, it is not a serious drawback in turbo-jet engines; here the gas

turbine is only used to provide the jet-thrust. The smaller and low speed

aircrafts employ the shaft power for driving the airscrews or propellers

through reduction gears.

1.19.3 Industrial

Small steam turbine drives are ideal for many industrial applications on

account of their considerable simplicity and ease in achieving variable

speed. Large pumps, blowers and compressors can be coupled direct to

the driving turbine shafts.

High pressure multi-stage centrifugal pumps and compressors are

widely used in petro-chemical industries.

Industrial furnaces employ fans and blowers of various sizes for

producing the required draught.

1.19.4 Miscellaneous

Small gas turbines are ideally suited for many auxiliary drives. They are

used to drive turbo-pumps and generators in underwater vehicles,

aircrafts, rockets and missiles. Some micro-turbines running on the

astronauts waste heat have been developed for spacecrafts. Such turbines

have diameters of the order of 15 mm and speeds in the range of 100-400

thousand rpm.

The drills used by dental and orthopaedic surgeons are driven by tiny

air-turbines. The low temperature expanded air is used for cooling the

drilled area. High speed small radial turbines are also frequently used in

cryogenic engineering.

Small fans are used for cooling electrical and optical equipments.

Often, the presence of these fans is discovered when a piece of equipment

stops functioning properly due to lack of adequate cooling.
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Notation for Chapter 1

A Area of cross-section

b Blade width

c Absolute velocity of the fluid

d Rotor diameter

h Blade height

u Peripheral or tangential velocity of rotor blades

w Relative velocity of the fluid

W.G. Water gauge

Greek Symbols

a direction of the absolute velocity vector

b Direction of the relative velocity vector

Subscripts

1 Entry to the turbine nozzles or compressor rotor

2 Exit of the turbine nozzles or compressor rotor

3 Exit of the turbine rotor or compressor stator

h Hub

t Tip

x Axial

•Ø QUESTIONS

1.1 Define a turbomachine. What are the main differences between

incompressible and compressible flow machines?

1.2 Describe two industrial applications for each of the following

machines: gas turbines, gas compressors and low pressure fans.

Explain their roles in the overall systems with the aid of sketches.

1.3 Sketch a typical impulse gas turbine stage. Show the velocity trian-

gles at the entry and exit of the rotor for design conditions. Draw

the off-design velocity triangles when the turbine overspeeds.

1.4 Show the arrangement of blades in an axial compressor with two

stages. Show graphically the variation of static pressure and

absolute velocity through the machine. Why is this type of

compressor more suitable for a turbo-jet engine?

1.5 Describe with the aid of illustrative sketches the working of a

centrifugal compressor stage. State three advantages of such a

machine over an axial type.

1.6 Sketch a drag pump and a turbine. Are these turbomachines? Give

reasons.
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1.7 What is an extended turbomachine? Give three examples and

sketches of such machines. What are the salient features which

differentiate these machines from the enclosed type?

1.8 Explain briefly why hydro-turbomachines are low-speed machines

compared to steam and gas turbines. Why is the power developed

per stage much greater for hydro-turbines relative to steam and gas

turbines?

1.9 What is a mixed flow turbomachine? Sketch such stages for a

turbine and blower; show the directions of absolute fluid velocities

at the entry and exit.

1.10 What are the advantages of double rotation turbomachines? Show

the arrangements employed for double rotation axial turbines and

compressors.

1.11 State three features of turbomachines which distinguish them from

other machines. Which of the following machines are turbo-

machines: windmill, Wankel engine, hydraulic dynamometer, gear

pump, turbocharger, dragpump and lobe compressor?

1.12 Draw a sketch of a two-stage axial flow compressor showing the

rotor and stator blade rows. Show the variation of pressure and

velocity of the gas through the stages.

1.13 Why radial gas turbines and compressors are not suitable for large

power applications?

1.14 Explain briefly why reciprocating compressors and engines are

unsuitable for high flow rates and power.

1.15 Describe the working of a Wankel engine.
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Thermodynamics

Thermodynamic and aerodynamic analyses of turbines, compressors,

fans and blowers require the relations between force, mass and

velocity. The following laws are frequently used in dealing with problems

of design and operation of these machines.

1. First law of thermodynamics—energy equation in its various

forms.

2. Second law of thermodynamics—entropy and loss relations.

3. Law of conservation of mass—continuity relations.

4. Newton’s second law of motion—momentum equation.

•Ø  2.1 Basic Definitions and Laws

Some important definitions used in the analysis of compressible flow

turbomachines are stated here before discussing the various aero-

thermodynamic aspects of these machines. Others can be found in

standard textbooks19 – 28 on thermodynamics.

2.1.1 System

An arbitrary collection of matter having a fixed identity is known as a

system. All things outside the system are referred to as surroundings. An

imaginary surface which separates the system from its surroundings is

known as the boundary.

2.1.2 Closed System

A closed system has a fixed quantity of matter (fluid or gas). There is no

inflow or outflow of matter to and from a closed system; however, a

closed system can interact with its surroundings through work and heat

transfers. The boundaries of a closed system containing the fixed mass of

matter can change. Expanding gas in an internal combustion engine is one

such example.
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2.1.3 Open System (Control Volume)

A system is open when there is a continuous flow of matter through it.

Such a system is also referred to as a control volume. It has a fixed space

but does not contain a fixed mass of matter; instead there is a continuous

flow of mass through it. The identity of the matter occupying the control

volume varies with time.

The surface which surrounds a control volume is referred to as the

control surface.

2.1.4 State

The state of a system is its condition which is defined by its properties.

2.1.5 Process

A process is a change or a series of changes in the state of the system.

2.1.6 Cycle

When the initial and final states of a system experiencing a series of

processes are identical, it is said to execute a cycle.

2.1.7 Pressure

Pressure at a point surrounded by an infinitesimal area D A is the force per

unit area. This is given by

p = lim
D D

D

DA Ac

F

AÆ

F
HG

I
KJ

(2.1)

(Here subscript c refers to the continuum.)

The unit of pressure in SI units is

Pascal = N/m2

2.1.8 Density

The density of a medium is the mass of the matter (gas) per unit volume.

This is given by

r = lim
D D

D

DV Vc

m

VÆ

F
HG

I
KJ

(2.2)

Density is expressed in kg/m3.
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2.1.9 Temperature

When two systems in contact with each other are in thermal equilibrium,

the property common to both the systems having the same value is called

temperature. Thus temperature is a measure of the thermal potential of

a system.

2.1.10 Energy

Energy is the capacity of doing work. The state of a system can be

changed by adding or extracting energy.

Heat and work are also different forms of energy in transit. They are

not contained in any system.

Heat is the form of energy which transfers between two systems by

virtue of the temperature difference between them. Heat transfer to or

from a system changes its state.

Work is done by a system on its surroundings when they are moved

through a distance by the action of a force. This is exerted by the system

on the surroundings in the direction of displacement of the surroundings.

The magnitude of mechanical work is given by

Work = force ¥ distance in the direction of force

Both heat and work are path functions and depend on the type of pro-

cess. Therefore, they are not properties of a system. Energy, heat and work

are all expressed in joules (J), kilojoules (kJ) or newton metres (N m).

2.1.11 First Law of Thermodynamics

The first law of thermodynamics states that when a system executes a

cyclic process, the algebraic sum of the work transfers is proportional to

the algebraic sum of the heat transfers.

z dW μ z dQ

z dW = J z dQ

When heat and work terms are expressed in the same units, the above

relation is written as

z dQ – z dW = 0 (2.3)

It can be shown that the quantity (dQ – dW) is independent of the

path of the process; hence it represents a change in the property of the

system. This property is referred to as “energy”, denoted here by the

symbol E. Thus

dE = dQ – dW (2.4)
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Equation (2.4) for the two states of a system can be written as

E2 – E1 = Q – W

Q = W + (E2 – E1) (2.5)

Heat transfer = work + change in energy

2.1.12 Specific Heats of Gases

The specific heat of a gas is the heat carrying capacity in a process. It is

the amount of heat that is required to raise the temperature of a unit mass

of the gas by one degree.

Two different types of specific heats are used in the analysis of

compressible flow machines: specific heats at constant volume and

constant pressure.

The specific heat at constant volume (cv) is the amount of heat

required to raise the temperature of a unit mass of the gas by one degree

at constant volume. It is given by

cv = 
∂

∂

q

T
v

F
HG

I
KJ

 = 
∂

∂

u

T
v

F
HG

I
KJ

(2.6)

The specific heat at constant pressure (cp) is the amount of heat

required to raise the temperature of a unit mass of the gas by one degree

at constant pressure. It is given by

cp = 
∂

∂

q

T
p

F
HG

I
KJ

 = 
∂

∂

h

T
p

F
HG

I
KJ

(2.7)

The specific heats of real gases vary with temperature.

cp, cv = f (T) (2.8)

The ratio (g) of the two specific heats defined above is an important

parameter in compressible flow problems of turbomachines.

g = 
c

c

p

v

(2.9)

Values of g for some commonly used gases and vapours in engineering

applications are:

1.4 (air), 1.264 – 1.4 (superheated steam), 1.67 (helium) 1.13 – 1.30

(Freon – 21) and 1.33 (products of combustion).

2.1.13 Internal Energy

The internal energy of a gas is the energy stored in it by virtue of its

molecular motion. If it is assumed that the internal energy of a perfect gas
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is zero at the absolute zero temperature, its value at a temperature T is

given by

u = cvT (2.10)

2.1.14 Enthalpy

The heat supplied to or rejected by a system at constant pressure is the

change of enthalpy during the process. The value of enthalpy at a given

state is given by

h = u + pv = u + 
p

r
(2.11a)

and for a perfect gas

h = cpT (2.11b)

2.1.15 Ideal Gas

An ideal gas obeys Boyle’s and Charle’s law, i.e.

(pv)T = const. (Boyle’s law) (2.12)

v

T p

F
H

I
K = const. (Charle’s law) (2.13)

Thus an ideal gas obeys the simple equation of state

pv = RT (2.14)

or p = rRT (2.15)

The two specific heats and the gas constant for an ideal gas are related

by the following equation:

cp – cv = R (2.16)

Putting Eq. (2.9) in Eq. (2.16), we get

cv = 
1

1g -
R (2.17)

cp = 
g

g - 1
R (2.18)

2.1.16 Perfect Gas

A perfect gas or a calorically ideal gas is an ideal gas whose specific heats

remain constant at all temperatures.

d

dT
(cv) = 0 (2.19)

cv = constant with temperature
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d

d T
(cp) = 0 (2.20)

cp = constant with temperature

The analyses of compressible flow machines given in this book assume

perfect gas relations.

2.1.17 Semi-perfect Gas

A semi-perfect gas is an ideal gas whose specific heats vary with

temperature.

cv = f (T ) (2.21a)

u2 – u1 = c dTv
1

2

z (2.21b)

cp = f (T ) (2.22a)

h2 – h1 = c dTp
1

2

z (2.22b)

2.1.18 Real Gas

The real gas behaviour deviates from that of an ideal gas. It does not obey

the equation of state [Eqs. (2.14), (2.15), etc.]. Different equations of state

are used for real gases. Some of them are the equations of Van der Waals,

Berthelot and Beattie-Bridgeman.

2.1.19 Second Law of Thermodynamics

The second law of thermodynamics has been enunciated in a number of

ways. Some of them are as follows:

(a) Clausius statement: Heat cannot, on its own, flow from a body at

lower temperature to a body at higher temperature.

(b) Kelvin-Planck’s statement: It is impossible to construct a heat

engine which performs a complete cycle and delivers work

exchanging heat from a single source.

The following relations are derived from the second law of the-

rmodynamics:

Definition of entropy

S2 – S1 = 
dQ

T
R

1

2

z (2.23)

Clausius inequality

dQ

Tz £ 0 (2.24)
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In any irreversible process

S2 – S1 > 
dQ

T
1

2

z (2.25)

In an irreversible adiabatic process

S2 – S1 > 0 (2.26)

In any reversible cycle

dQ

T
Rz = 0 (2.27)

In an isentropic or reversible adiabatic process

S2 – S1 = 0 (2.28)

2.1.20 Reversible Process

A process is reversible if the system and its surroundings can be restored

to their initial states by reversing the process. A reversible process in a

flow machine is possible only in the absence of fluid friction and heat

transfer with finite temperature difference. Since these conditions are

impossible to achieve in actual processes, all real flows in turbines,

compressors, fans and blowers are irreversible. The reversible process is

used only as an “ideal reference process” for comparison with its

equivalent actual process.

2.1.21 Irreversible Process

A process that does not satisfy the above conditions of a reversible

process is an irreversible process.

2.1.22 Adiabatic Process

When there is no heat transfer between the system and the surroundings

during a process, it is known as an adiabatic process.

All the turbomachines discussed in this book are assumed to

experience only adiabatic processes.

2.1.23 Isentropic Process

An adiabatic process in which there is no change in entropy is known as

a reversible adiabatic or isentropic process. This is governed by the

following relations:

pvg = const. (2.29)
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T

T
1

2

= 
p

p
1

2

1

F
HG

I
KJ

-g

g

 = 
v

v
2

1

1
F
HG

I
KJ

-g

 = 
r

r

g

1

2

1
F
HG

I
KJ

-

(2.30)

Tds = dh – vdp = dh – 
1

r
dp = 0 (2.31)

2.1.24 Non-flow Process

A process occurring in a closed system is a non-flow process. One such

example is shown in Fig. 2.1. It represents the expansion of a fixed mass

of gas inside the cylinder of a reciprocating engine.

The work done in an infinitesimal non-flow process is given by

dwnfp = p dv (2.32a)

p

P
re

s
s
u

re

1

2

Volume

pv
g

= constant

Fig. 2.1 Expansion work in a closed system (non-flow process)

The work done between the two states 1 and 2 is

wnfp = 

1

2

z p dv (2.32b)

For an adiabatic process, assuming perfect gas relations

wnfp = 
1

1g -
 ( p1v1 – p2v2) (2.33a)

or wnfp = cv (T1 – T2) (2.33b)

or wnfp = u1 – u2 (2.33c)

dv

p dv
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2.1.25 Flow Process

A process occurring in an open system or through a control volume is a

flow process. Flows occurring in all turbomachines are flow processes.

Figure 2.2 represents such a process. The infinitesimal work done in a

reversible process is given by

dwfp = – v dp (2.34a)
P

re
s
s
u

re

–vdp

v

pv
g
= constant

dp

2

Volume

Fig. 2.2 Expansion work in an open system (flow process)

For a finite process

wfp = – 

1

2

z v dp (2.34b)

For an adiabatic process in a perfect gas,

wfp = 
g

g - 1
(p1v1 – p2v2) (2.35a)

or wfp = cp (T1 – T2) (2.35b)

or wfp = h1 – h2 (2.35c)

2.1.26 Availability

The part of heat energy that is available for conversion into work is called

‘available energy’. In a heat engine cycle available part of the energy

(heat) supplied is the maximum possible value of the work output; the
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actual work is always less than this value. The availability (A) depends on

the states of both the system and the surroundings (environment); this is

given by

A = (H – H0) – T0 (S – S0) (2.36a)

For unit mass of the working fluid (gas, steam, etc)

a = (h – h0) – T0 (s – s0) (2.36b)

Here, properties with subscript ‘o’ such as H0, T0, S0 refer to the

surroundings.

In a steady flow process the maximum value of the obtainable work is

given by

Wmax = Wrev = A1 – A2 (2.37)

The minimum value of the energy (heat) rejected is the unavailable

energy. It is given by

B = T0 (S2 – S1) (2.38a)

b = T0 (s2 – s1) (2.38b)

Maximum work obtainable between two equilibrium states is equal to

the change in the Gibbs function; this is defined as

G = H – TS = U + pV – TS (2.39)

Wmax = G1 – G2 = (H1 – H2) – T0 (S2 – S1) (2.40)

Application of eqn. (2.36b) for the two states in a steady flow process gives

a1 = (h1 – h0) – T0 (s1 – s0)

a2 = (h2 – h0) – T0 (s2 – s0)

wmax = wrev = a1 – a2

= (h1 – T0s1) – (h2 – T0s2)

= (h1 – h2) – T0 (s2 – s1) (2.41)

•Ø  2.2 Energy Equation

The energy equation [Eq. (2.5)] derived from the first law of thermody-

namics in Sec. 2.1.11 is

Q = W + (E2 – E1)

For applications in turbomachines, the energy terms will include

internal energy, gravitational potential energy and kinetic energy. Other

forms of energy which can be included but are not relevant here are strain

energy, magnetic energy, etc.

E = U + m (gZ) + 
1

2
mc2 (2.42)
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dE = dU + m(g dZ) + m d
1

2
2

c
F
H

I
K (2.43)

The change in the energy in a finite process between two states is

given by

E2 – E1 = (U2 – U1) + m g (Z2 – Z1) + 
1

2
m(c

2
2 – c1

2
) (2.44)

Substituting Eq. (2.44) in Eq. (2.5) a general form of the energy

equation is obtained

Q = W + (U2 – U1) + m g(Z2 – Z1) + 
1

2
m(c 2

2 – c1
2 ) (2.45)

Dividing throughout by m,

q = w + (u2 – u1) + g(Z2 – Z1) + 
1

2
(c 2

2 – c1
2 ) (2.46)

2.2.1 Steady-flow Energy Equation

For steady flow processes through turbomachines, the work term in

Eqs. (2.45) and (2.46) contains shaft work and flow work. Thus,

W = Ws + (p2V2 – p1V1) (2.47)

Substituting Eq. (2.47) in Eq. (2.45) and rearranging, we get

Q = Ws + (U2 + p2V2) – (U1 + p1V1) + mg(Z2 – Z1) + 
1

2
m(c

2
2 – c1

2
)

Writing enthalpy H for the quantity U + pV.

H1 + m g Z1 + 
1

2
mc1

2 + Q = H2 + mg Z2 + 
1

2
mc2

2 + Ws (2.48)

In terms of specific quantities,

h1 + g Z1 + 
1

2
 c1

2  + q = h2 + g Z2 + 
1

2
 c 2

2 + ws (2.49)

Equation (2.48) or (2.49) is the steady flow energy equation for a

control volume or an open system. This will now be rewritten for

processes in various turbomachines and their components.

2.2.2 Hydro-turbomachines

In hydro-turbomachines

r = 
1

v
 = const.

u1 ª u2

q ª 0
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Therefore, from Eq. (2.49), shaft work is given by

ws = g (Z1 – Z2) + 
1

2
(c1

2
 – c

2
2) + (p1 – p2)v (2.50)

In a stationary component, such as guide blades or draught tubes, shaft

work is absent. Therefore, Eq. (2.50) gives

c 2
2 – c1

2 = 2g (Z1 – Z2) + (p1 – p2)v (2.51)

2.2.3 Compressible Flow Machines

Most of the compressible flow turbomachines, such as turbines, comp-

ressors and blowers are adiabatic machines, i.e. q ª 0. In these machines

the change in potential energy (Z1 – Z2)g is negligible as compared to

changes in enthalpy (h1 – h2) and kinetic energy(c1
2 /2 – c2

2/2).

Therefore, Eq. (2.49) yields

h1 + 
1

2
 c1

2
= h2 + 

1

2
 c

2
2 + ws (2.52)

The shaft work is given by

ws = h c1 1
21

2
+F

H
I
K  – h c2 2

21

2
+F

H
I
K

If the entry and exit velocities are small or the difference between them

is negligible, then shaft work is given by the difference between the static

enthalpies at the two states

ws = h1 – h2 (2.53)

2.2.4 Energy Transformation

As pointed out earlier, energy transfer (shaft work input or output) in a

turbomachine stage is possible only in the rotor, whereas energy trans-

formation can occur both in moving and fixed blades. A special application

of the energy equation is in the stationary components of turbines,

compressors and blowers. These components are nozzle blade rings,

diffusers and volute casings. The shaft work is absent in these compo-

nents and the flow is almost adiabatic (q ª 0). Therefore, Eq. (2.52) gives

h1 + 
1

2
 c1

2
= h2 + 

1

2
 c

2
2 = const. (2.54)

2.2.5 Stagnation Enthalpy

In an adiabatic energy transformation process if the initial state is

represented by h, T, c, etc. and the final gas velocity is zero, the resulting
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value of the enthalpy (h2 = h0) has a special significance. Under these

conditions, Eq. (2.54) yields

h0 = h + 
1

2
 c2 (2.55)

Since the gas is stagnant or stationary in the final state, the quantity (h0)

in Eq. (2.55) is known as the stagnation enthalpy. This can now be defined

as the enthalpy of a gas or vapour when it is adiabatically decele-rated to

zero velocity. It may be observed that the definition of stagnation enthalpy

in Eq. (2.55) is only another form of the energy equation.

2.2.6 Stagnation Temperature

For a perfect gas, a stagnation temperature is defined through stagnation

enthalpy. From Eq. (2.55),

cpT0 = cpT + 
1

2
 c 2

T0 = T + 
c

cp

2

2
(2.56)

T0 is known as the stagnation temperature, T is the static temperature

and c2/2cp is the velocity temperature (Tc)

Tc = 
c

cp

2

2
(2.57)

T0 = T + Tc (2.58)

Equation (2.56) can be used to obtain an important relation for comp-

ressible flow machines

T

T
0 = 1 + 

c

c Tp

2

2

Using Eq. (2.18),

T

T
0 = 1 + 

c

RT

2

2

1

g

g -

The velocity of sound in a gas at a local temperature T is given by

a = g R T (2.59)

The Mach number of the flow is defined as the ratio of the local

velocity of the gas and the local velocity of sound

M = 
c

a
 = 

c

R Tg
(2.60)
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Therefore,

T

T
0 = 1 + 

g -F
HG

I
KJ
F
HG

I
KJ

1

2

2

2

c

a

T

T
0 = 1 + 

g -F
HG

I
KJ

1

2
M2 (2.61)

2.2.7 Stagnation Velocity of Sound

Stagnation values of various flow parameters are used as reference values

in the analysis of compressible flow machines. Therefore, an expression

for the stagnation velocity of sound is derived here.

By definition,

a0 = g RT0 (2.62)

Substituting for R,

a0 = ( )g - 1 0c Tp (2.63)

Since cp T0 = h0

a0 = ( )g - 1 0h (2.64)

2.2.8 Stagnation Pressure

The pressure of a gas or fluid which is obtained by decelerating it in a

reversible adiabatic (isentropic) process to zero velocity is known as the

stagnation pressure.

The ratio of the stagnation and static pressures can be obtained from

Eq. (2.61)

p

p
0 = 

T

T
0

1F
HG

I
KJ

-

g

g

(2.65a)

p

p
0 = 1

1

2

2
1

+
-F

HG
I
KJ

-g
g

g

M (2.65b)

When the pressure changes are small, the process can be assumed to

be incompressible (r ª constant). Then the stagnation pressure can be

determined from the Bernoulli equation

p0 = p + 
1

2
 rc2 (2.66)

This has been further discussed in Sec. 6.5.
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2.2.9 Stagnation Density

The density of a stationary gas or vapour is the stagnation density. For a

perfect gas its value at known values of stagnation temperature and

pressure is given by

r0 = 
p

RT
0

0

(2.67)

For an isentropic process from Eq. (2.30),

r

r
0 = 

T

T
0

1
1F

HG
I
KJ

-g

r

r
0 = 1

1

2
2

1
1

+
-F

HG
I
KJ

-g g

M (2.68)

2.2.10 Stagnation State

The concept of a reference state of the gas in compressible flow ma-

chines is very useful. The stagnation state of a gas is often used as a

reference state. A state defined by the stagnation temperature and pressure

is the “stagnation state” of the gas. This state is obtained by decelerating

a gas isentropically to zero velocity.

It should be observed that it is necessary here to qualify the

deceleration process as an isentropic process. This was not necessary in

defining stagnation enthalpy and temperature.

•Ø  2.3 ADIABATIC FLOW THROUGH

NOZZLES

A majority of steam and gas turbine stages have nozzle blade rings. The

rotor blade passages of reaction turbines also behave as nozzle blade

passages. The thermodynamic analysis107 is the same for different types of

nozzles irrespective of their geometrical configurations.

Figure 2.3 shows the isentropic (reversible adiabatic) and adiabatic

processes through a nozzle between states 1 and 2. For a perfect gas, the

temperature variations are identical with enthalpy variations. Therefore,

the ordinate represents either temperature or enthalpy.

The entry conditions are represented by the pressure p1, temperature

T1, enthalpy h1, velocity c1, etc. The stagnation values of various

parameters can be determined by the various relations discussed earlier.

Therefore, the stagnation point O1 can be fixed. Thus the quantities p01,

T01 and h01 are also known.
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The final state point after isentropic expansion to pressure p2 is 2s. The

gas velocity that would be obtained in this process would be c2s. This is

the ideal gas velocity and is given by

c2
2s = 2(h01 – h2s) (2.69a)

For perfect gases,

c2
2s = 2 cp (T01 – T2s) (2.69b)

The actual process occurring in the nozzle is the irreversible adiabatic

process (1-2) leading to an increase in entropy (Ds). Thus the actual state

point at the end of the process is 2 with pressure p2, temperature T2 and

enthalpy h2.

Since shaft work is absent here, stagnation enthalpy remains constant

(h01 = h02) as shown in Fig. 2.3. This enables the determination of actual

velocity c2 at the end of the expansion.

c 2
2 = 2(h02 – h2) (2.70a)

or c2
2 = 2cp(T02 – T2) (2.70b)

The actual velocity c2 is obviously lesser than the isentropic velocity c2s.

It is also observed that the irreversible adiabatic flow experiences an

Actual (adiabatic)

Ideal (isentropic)
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1
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h h01       02=

p02
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Fig. 2.3 Expansion processes in a nozzle

1
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increase in entropy D s and a decrease in the stagnation pressure Dp0 = p01

– p02. This is a manifestation of the irreversibility due to losses.

2.3.1 Nozzle Efficiency for Large

Pressure Ratio

The function of a nozzle is to transform the energy of the expanding gas

into kinetic energy. Therefore, the nozzle efficiency should be a measure

of the efficiency of this transformation. The following definition serves

this purpose:

hN = 
actual change in the kinetic energy

ideal change in the kinetic energy

For the energy transformation, the following relation can be written

from Fig. 2.3.

h01 = h02 = h1 + 
1

2
 c1

2  = h2s + 
1

2
 c 2

2s = h2 + 
1

2
 c 2

2 (2.71)

This gives

Actual change in the kinetic energy = 
1

2
(c2

2  – c 2
1 ) = h1 – h2

Ideal change in the kinetic energy  = 
1

2
(c2s

2  – c 2
1) = h1 – h2s

Therefore,

hN = 
c2

2 -

-

c

c cs

1
2

2
2

1
2

 = 
h h

h h s

1 2

1 2

-

-
(2.72)

2.3.2 Nozzle Velocity Coefficient

In a large number of applications the gas or steam enters the nozzles from

a large space. Therefore, the enthalpy at the beginning of the expansion

process is considered as h01 instead of h1 and the efficiency is defined in

a slightly different way by the following relation:

h ¢N = 
K.E. of the actual jet at exit

K.E. of the ideal jet at exit
 = 

h01 -

-

h

h h s

2

01 2

(2.73)

Substituting Eq. (2.71) into Eq. (2.73),

h ¢N = 
c

c s

2

2

2
F
HG

I
KJ

 = C
2
N (2.74)

Equation (2.74) gives a simple relation between the nozzle velocity

coefficient 9 and the nozzle efficiency286.



Thermodynamics 39

If the kinetic energy term at the entry, being negligibly small, is ignored,

Eq. (2.72) reduces to Eq. (2.74).

2.3.3 Nozzle Efficiency for Small

Pressure Ratio

Equation (2.72) can be rewritten in the following form:

hN = 
( ) ( )h h h h

h h
s s

s

1 2 2 2

1 2

- - -

-

hN = 1 – 
h h

h h
s

s

2 2

1 2

-

-
(2.75)

In this equation, (h2 – h2s) is the enthalpy loss due to irreversible flow. For

isentropic flow, Eq. (2.31) gives

dh

h

h s

1

2

z = 
dp

p

p

r
1

2

z

If the change in pressure is small, the flow can be considered as

incompressible (r ª constant). Therefore,

h1 – h2s = 
1

r
 (p1 – p2) (2.76)

Now h2 – h2s = (h1 – h2s) – (h1 – h2)

Substituting for (h1 – h2s) and (h1 – h2), we get

h2 – h2s = 
1

r
 (p1 – p2) – 

1

2
(c2

2 – c1
2 )

h2 – h2s = 
1 1

2

1

21 1
2

2 2
2

r
r rp c p c+F

H
I
K - +F

H
I
K

R
S
T

U
V
W

Using Eq. (2.66), we get

h2 – h2s = 
1

r
 (p01 – p02) (2.77)

Substituting Eqs. (2.76) and (2.77) in Eq. (2.75)

hN = 1 – 
p p

p p
01 02

1 2

-

-
(2.78)

Here D p0 = p01 – p02 is the stagnation pressure loss across the nozzle due

to irreversible flow through a pressure drop of

D p = p1 – p2
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2.3.4 Efficiency of a Two-dimensional

Nozzle

Expressions for nozzle efficiency in the earlier sections have been written

for uniform properties over the entry and exit sections of the nozzle. But

this one-dimensional flow pattern is far from the actual flow pattern

occurring at these sections. The inlet and exit areas are large and the

properties vary considerably over these sections. Therefore, the following

method286 is adopted to define nozzle efficiency:

Figure 2.4 shows the cross-section of an elemental jet in the two-

dimensional flow field at the exit of a nozzle.

Nozzle
exit plane

area A

r, c

Infinitesimal
jet area

dA

Flow

Fig. 2.4 Two-dimensional nozzle

The mass flow-rate through this jet of cross-section dA is

d &m = r c dA

For the entire exit section,

&m = r c d A

A2

z (2.79)

The force exerted by the elemental jet on a surface perpendicular to its

axis is equal to the momentum lost in this direction.

dF = c d &m  = r c2 dA

For the entire exit section the total force is

F = r c d A

A

2

2

z (2.80)



Thermodynamics 41

A truly one-dimensional jet with the same flow-rate and force has a

uniform velocity cav . Its magnitude, by employing Eqs. (2.79) and (2.80)

is given by

cav = 
F

m&
 = 

r

r

c d A

c d A

A

A

2

2

2

z

z
(2.81)

The isentropic velocity at the exit remains the same (c2s) as before. There-

fore, the nozzle velocity coefficient for the two-dimensional nozzle is

C ≤N = 

r

r

c d A

c c d A

A

s

A

2

2

2

2

z

z
(2.82)

The kinetic energy of the actual elemental jet is

1

2
 d &m  c2 = 

1

2
 r c3 dA

This, on integration over the entire exit section, gives:

Actual kinetic energy of the jet at exit

= 
1

2
3

2

r c d A

A

z (2.83)

The kinetic energy of the ideal jet at the exit is

1

2
 &m c 2s

2 = 
1

2
 c 2s

2  r c d A

A2

z (2.84)

Substituting Eqs. (2.83) and (2.84) into Eq. (2.73) we get

h≤N = 

r

r

c d A

c c d A

A

s

A

3

2

2
2

2

z

z
(2.85)

Here it should be noted that

h≤N π C ≤N
2

If the flow is assumed to be one-dimensional, Eqs. (2.82) and (2.85)

reduce to Eq. (2.74).

•Ø  2.4 Adiabatic Flow Through Diffusers

Diffusers bring about the transformation of kinetic energy of gases into a

static pressure rise. Such a transformation process occurs in the fixed

blade rings downstream of a compressor rotor.
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Figure 2.5 shows the reversible and irreversible adiabatic processes in

a diffuser. The entry conditions are represented by p1, h1, T1, c1, etc.; the

stagnation point O1 can be determined from these values. Therefore, the

values of the stagnation enthalpy (h01) and pressure (p01) are also

known.
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2 c2
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2
=

2s
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p2

Fig. 2.5 Compression processes in a diffuser

The pressure obtained at the end of a reversible adiabatic (isentropic)

diffusion process is p2s. There is no change in entropy and loss of

stagnation pressure.

D s = 0

p01 = p02s

The stagnation enthalpy remains constant.

h01 = h02s

h1 + 
1

2
 c1

2 = h2s + 
1

2
 c2

2s (2.86)

c2s is the velocity at the end of the isentropic diffusion.

The actual process is irreversible adiabatic. This must be accompanied

by a stagnation pressure loss and an increase in entropy. The final state in
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such a process is represented by point 2. This is fixed by assuming the

same change in kinetic energy, i.e.

1

2
 (c

2
1 – c

2
2s ) = 

1

2
(c

2
1 – c

2
2 )

c2 = c2s

The irreversible diffusion on account of losses must give a lower static

pressure at the end of the process. This is seen in Fig. 2.5. The stagnation

enthalpy remains constant,

h01 = h02 = h02s

h2 = h2s

D p0 = p01 – p02

2.4.1 Diffuser Efficiency for Small

Pressure Rise

For small rise in static pressure, the flow in the diffuser can be considered

incompressible (r ª constant).

For incompressible isentropic process 1 – 2s,

p01 = p02s

p1 + 
1

2
 r c

2
1 = p2s + 

1

2
 r c

2
2s

Therefore, the pressure rise is given by

(Dp)s = p2s – p1 = 
1

2
 r (c2

1 – c2
2s) (2.87)

For the actual state point 2,

p02 = p2 + 
1

2
 r c2

2 (2.88)

Therefore, the pressure rise in the actual process is given by

(Dp)a = p2 – p1

or (Dp)a = p c02 2
21

2
-F

H
I
Kr  – p c01 1

21

2
-F

H
I
Kr

or (Dp)a = 
1

2
 r (c1

2 – c2
2) – (p01 – p02) (2.89)

But
1

2
 r (c1

2 – c2
2) = 

1

2
 r (c1

2 – c2
2s )

Therefore, Eqs. (2.87) and (2.89) give

(D p)a = (Dp)s – Dp0 (2.90)
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The diffuser efficiency is defined by

hD = 
static pressure rise in the actual process

static pressure rise in the isentropic process

hD = 
(D

D

p

p
a

s

)

( )
 = 

p p

p ps

2 1

2 1

-

-
(2.91)

Substituting from Eq. (2.90), Eq. (2.91) becomes

hD = 1 – 
D

D

p

p s

0

( )
(2.92)

From Eq. (2.86), we get

(Dh)s = h2s – h1 = 
1

2
 (c1

2 – c2
2s)

However, for an isentropic process

(Dh)s = 
( )D p s

r

Therefore,

hD = 1 – 
D

D

p

h s

0

r ( )
(2.93)

Equations (2.87) and (2.91) give

hD = 
2 2 1

1
2

2
2

( )

( )

p p

c c

-

-r
(2.94)

The quantities that can be measured are Dp0 and (Dp)a. Therefore, an exp-

ression for diffuser efficiency in terms of these quantities is more useful.

Rewriting Eq. (2.91) with the help of Eq. (2.90)

hD = 
( )

( )

D

D D

p

p p
a

a + 0

hD = 
1

1 0+ D Dp p a/( )

hD = 
1

1 01 02 2 1+ - -( )/( )p p p p
(2.95)

2.4.2 Pressure Recovery Coefficient for Small

Pressure Rise

A diffuser converts kinetic energy of the gas into static pressure thro-

ugh an area change in its passage. The pressure rise in a reversible
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diffuser for a given velocity at entry is an explicit function of its area

ratio

Ar = 
A

A
2

1

(2.96)

Continuity for incompressible flow gives

r A1 c1 = r A2 c2s

D s = 0

c

c
1

2

= 
c

c s

1

2

 = Ar (2.97)

Equation (2.87) gives

p2s – p1 = 
1

2
 r c1

2 1 2
2

1
2

-
F

HG
I

KJ
c

c

s

The pressure recovery coefficient is defined by

Cps = 
p p

c

s2 1

1
21

2

-

r
 = 1 – 

c

c

s2
2

1
2

(2.98)

Introducing the area ratio from Eq. (2.97), the ideal or isentropic

pressure recovery coefficient is

Cps = 1 – 
1

2
Ar

(2.99)

The actual pressure recovery will be lower than this ideal value

Cpa = 
p p

c

2 1

1
21

2

-

r
(2.100)

Cpa = 
( )p p p

c

s2 1 0

1
21

2

- - D

r

= Cps – 
D p

c

0

1
21

2
r

(2.101)

Equations (2.91) and (2.100) yield

Cpa = 
η

ρ

D sp p

c

( )2 1

1
21

2

−

or Cpa = hD ¥ Cps
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hD = 
C

C

pa

ps

(2.102)

Thus diffuser efficiency can also be defined as the ratio of the actual

and ideal coefficients of pressure recovery.

2.4.3 Diffuser Efficiency for Large

Pressure Rise

For a large pressure rise through a diffuser, the density change is apprecia-

ble and the flow is compressible.

Therefore,

c2s π c2

However, their values are still governed by the energy equation [Eq.

(2.86)],

Figure 2.6 shows the ideal and actual diffusion processes to the same

final pressure (p2). The ideal or isentropic process gives the same pressure
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Fig. 2.6 Compression processes in a diffuser
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rise (p2 – p1) for a smaller change in kinetic energy (c2
1/2 – c2

2s/2). In the

actual process the corresponding change in the kinetic energy is (c2
1/2 –

c2
2/2). Therefore, the diffuser efficiency is defined by

h ¢D = 
change of kinetic energy in the ideal process

change of kinetic energy in the actual process

h¢D = 
c c

c c

s1
2

2
2

1
2

2
2

-

-
(2.103)

Rewriting the energy equation [Eq. (2.86)] for the processes shown  in

Fig. 2.6, we have

h1 + 
1

2
 c1

2 = h2s + 
1

2
 c2

2s = h2 + 
1

2
 c2

2

1

2
 (c 1

2 – c s2
2 ) = h s2  – h1

1

2
 (c1

2 – c2
2) = h2 – h1

Substituting these values in Eq. (2.103),

h¢D = 
h h

h h
s2 1

2 1

-

-
(2.104)

For incompressible flow, this expression can be reduced to the express-

ions derived in Eqs. (2.91) to (2.95). For instance, Eq. (2.94) is derived

here from Eq. (2.104).

For incompressible and isentropic process 1 – 2s,

dh

s

1

2

z = 
1

1

2

r
dp

s

z

h2s – h1 = 
1

r
 (p2 – p1)

Therefore, from Eq. (2.104),

h¢D = 
2 2 1

1
2

2
2

( )

( )

p p

c c

-

-r

which is Eq. (2.94).

•Ø  2.5 Work and Efficiencies in Turbine

Stages

Work and efficiency expressions 11 are developed here for expansion in the

turbine stages. Energy equation in its various forms and the concepts
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discussed for nozzles will be employed here also. However, an important

difference on account of the presence of shaft work must be remembered.

Figure 2.7 shows some properties of a gas (or vapour) at the entry and

exit of a turbine or turbine stage. On account of the expanding flow, the

low pressure side of the turbine casing is shown larger than the high

pressure side (Fig. 2.7); the converse is true for compressors.

q ª 0

Turbine

1

2 p p2 02,

p p1 01,

h c T01 01= p

h c T02 02= p

wa

Fig. 2.7 Expansion in a turbine

The flow processes in both turbines and compressors (as in nozzles and

diffusers) considered here are assumed adiabatic (q ª 0). This is true in

practice because of proper heat insulation of the casings.

Figure 2.8 depicts the reversible and irreversible adiabatic processes in

the enthalpy-entropy coordinates. The entry conditions are represented by

the parameters p1, h1, T1, c1, etc. The stagnation values p01, h01 and T01 are

also known.

The state of the gas at the exit in an isentropic process is represented

by point 2s; various parameters at this point are p2, h2s, T2s, c2s, etc. On

account of generation of shaft work (ws), there is a drop in stagnation

enthalpy (or temperature). However, the entropy remains constant on

account of the isentropic process.

The actual expansion (irreversible adiabatic) through the turbine to the

same exit pressure is represented by the line 1–2. Various parameters at

this state are p2, h2, T2, c2, etc. On account of irreversibility, there is an

increase in entropy. The final stagnation pressure (p02s or p02) cannot be

compared with its initial value (p01) because of work transfer.

The actual work at the turbine shaft can be determined from the

difference in actual stagnation enthalpies at the entry and exit. This is

shown in Fig. 2.8.

wa = h01 – h02 (2.105a)
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For perfect gases,

wa = cp (T01 – T02) (2.105b)

The actual power can be determined by multiplying the above quantity with

the mass flow rate.

2.5.1 Total-to-total Efficiency

The efficiency of a turbine is defined as the ratio of the actual work to the

ideal work for the same pressure ratio (pr = p1/p2). While the actual shaft

work is something real that can be measured, the ideal work is

hypothetical and depends on the manner it is defined. The ideal work (ws)

as shown in Fig. 2.8 is the work that would be obtained during the

isentropic expansion of the gas from the stagnation state O1 to state O2s.

T
e

m
p

e
ra

tu
re

 o
r 

e
n

th
a

lp
y

Adiabatic

waws

p1

p01

O1

h1

Tc1

T h, 0101

1

Isentropic

,02

Tc s2

Tc2

T h,02 02

h2
p2

p02O2

p02s

O2s

T h,2 2s s 2s

2

Entropy

Fig. 2.8 Ideal and actual expansion processes in a turbine stage
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Here the kinetic energy of the gas (c2
2s /2) is not considered as wasted

because it is contained in the term h02s (h2s +c2
2s/2).

ws = h01 – h02s = cp (T01 – T02s) (2.106)

This is true for:

(a) An aircraft gas turbine which exhausts into the main propulsion

nozzle; here the kinetic energy (c s2
2

/2) is a part of the energy

supplied at the entry of the propulsion nozzle.

(b) A preceding stage exhausting into the following stage in a

multistage turbine.

The efficiency defined on the basis of this ideal work is known as the

total-to-total efficiency.

htt = 
actual shaft work

ideal shaft work between total conditions at entry and exit

htt = 
w

w
a

s

Equations (2.105) and (2.106) give

htt = 
h h

h h s

01 02

01 02

-

-

= 
T T

T T s

01 02

01 02

-

-
(2.107)

The stagnation pressure lines for p02s and p02 are different. However,

the distance between them is small. The stagnation pressure ratio is

pr0 = 
p

p s

01

02

 ª 
p

p
01

02

(2.108)

T01 – T02s = T01 1
1

01 02

-
R
S
T

U
V
WT T s/

T01 – T02s = T01 1 0

1

-
R
S
T

U
V
W

-
-

( )pr

g

g

This expression when substituted in Eq. (2.107) gives

htt = 
T T

T pr

01 02

01 01

1

-

-
R
S
T

U
V
W

-
-

( )
g

g

(2.109)
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For a given entry stagnation temperature, pressure ratio and efficiency

the output power at the shaft is

W a = &m  cp (T01 – T02)

W a = &m  htt cp T01 1 0

1

-
R
S
T

U
V
W

-

( )pr

g

g (2.110)

2.5.2 Total-to-static Efficiency

Some turbine stages exhaust into the atmosphere or in a closed space like

the condensor; here the kinetic energy (c2
2s /2) of the outgoing jet is lost

because it is not used after the turbine. In such a case the ideal work is the

isentropic work done between the states O1 and 2s.

w¢s = h01 – h s2  = cp (T01 – T s2 ) (2.111)

The value of the actual shaft work is same as before because it does not

depend on the manner of defining turbine efficiency. Therefore, total to

static efficiency is given by

hts = 
h h

h h s

01 02

01 2

-

-
 = 

T T

T T s

01 02

01 2

-

-
(2.112)

If p¢r = p01/p2 (2.113)

T01 – T s2 = T01 1

1

- ¢
R
S
T

U
V
W

-
-

( )p r

g

g

hts = 
T T

T p r

01 02

01 1

1

-

- ¢
R
S
T

U
V
W

-
-

( )
g

g

(2.114)

Comparing the expressions for the total-to-total and total-to-static

efficiencies for the same boundary conditions it can be inferred that

htt > hts

2.5.3 Finite Stage Efficiency

A stage with a finite pressure drop is a finite stage. The efficiency and

work relations derived in Secs. 2.5.1 and 2.5.2 apply to a finite turbine

stage.

In a multi-stage turbine along with the overall efficiency (hT), the effici-

encies (hs1, hs2, .) of the individual stages are important. On account of

a large pressure drop and the associated thermodynamic effect, the overall

efficiency is not a true index of the aerodynamic or hydraulic performance
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of the machine. The same is true of a single stage with a finite pressure drop.

Different stages with the same pressure ratio located in different regions

in the h – s plane will give different values of the work output.

Equation (2.34a) for a steady flow process is

dw = – v dp

This shows that for the same pressure drop, more work will be done

with higher values of v; this is true in the L.P. (low pressure) stages of

large multi-stage steam turbines.

Another aspect of interest here is that the stage work is proportional to

the initial temperature of the gas [see Eq. (2.110)].

2.5.4 Effect of Reheat

The thermodynamic effect on the turbine efficiency can be best under-

stood by considering a number of stages between two states 1 and 2 as

shown in Fig. 2.9. The total expansion is divided into four stages of the

same efficiency (hst) and pressure ratio.

p

px

1 = 
p

p
x

y

 = 
p

p

y

z

 = 
p

p
z

2

(2.115)

The overall efficiency of expansion is hT.

Therefore, the actual work during the expansion from 1 to 2 is

wa = hT ws (2.116)

The values of ideal or isentropic work in the stages are Dws1, Dws2,

Dws3 and Dws4. Therefore, the total value of the actual work in these

stages is

wa = S Dwa = S hst Dws = hst S Dw

wa = hst (Dws1 + Dws2 + Dws3 + Dws4) (2.117)

Equations (2.116) and (2.117) give

hT ws = hst S Dws

hT = hst 
SDw

w
s

s

(2.118)

The slope of the constant pressure lines on the h – s plane is given by

∂

∂

h

s
p

F
HG

I
KJ

= T (2.119)

Equation (2.119) shows that the constant pressure lines must diverge

towards the right. Therefore, referring to Fig. 2.9,

SDw

w
s

s

 > 1 (2.120)
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This makes the overall efficiency of the turbine greater than the

individual stage efficiency. Substituting Eq. (2.120) in Eq. (2.118), we get

hT > hst (2.121)

The quantity SDws /ws is known as the reheat factor and is always greater

than unity.

The effect depicted by Eq. (2.121) is due to a thermodynamic effect

called “reheat”. This does not imply any heat transfer to the stages from

outside. It is merely the reappearance of stage losses as increased enthalpy

during the constant pressure heating (or reheating) processes AX, BY,

CZ and D2.

2.5.5 Infinitesimal Stage Efficiency

To see the true aerodynamic performance of a stage, the concept of a

small or infinitesimal stage is employed. This is an imaginary stage with

an infinitesimal pressure drop and is therefore independent of the reheat

effect. A finite stage can be divided into an infinite number of small

stages of the same efficiencies.
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Fig. 2.9 Effect of reheating on expansion in turbine stage
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An expression for the infinitesimal stage efficiency (hp) for a perfect gas

is derived here.

Figure 2.10 shows a small stage between pressures p and (p – dp). This

is one of the infinite number of stages between states 1 and 2 of a finite

stage or a multi-stage machine.

2s

2

p2

p p-d

p

p1

T2

T1

dTs
dT

1

T
e

m
p

e
ra

tu
re

Irreversible

Reversible

Entropy

Fig. 2.10 Infinitesimal and finite expansion processes

The pressure and temperature at the entry of the small stage are p and

T respectively. The isentropic and actual temperature drops are dTs and dT

respectively. Therefore, the efficiency of such a stage is

hp = 
actual temperature drop

isentropic temperature drop

hp = 
dT

dTs

(2.122)

For infinitesimal isentropic expansion,

T dT

T
s-

= 
p dp

p

-F
HG

I
KJ

-g

g

1

I – 
dT

T
s = 1

1

-
F
HG

I
KJ

-

dp

p

g

g
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Expanding the binomial expression on the right-hand side and ignoring

terms beyond the second,

1 – 
dT

T
s = 1 – 

g

g

- 1 dp

p

dT

T
s = 

g

g

- 1 dp

p

Substituting from Eq. (2.122) for dTs,

dT

T
= 

g

g

- 1
 hp 

dp

p
(2.123)

This is the differential equation valid along the actual expansion process

1-2. This on integration yields

ln T + ln const. = ln p

g

g
h

- 1
p

p

T

p
g

g
h

- 1

= const. (2.124)

This relation defines the actual expansion line in a finite stage or a multi-

stage machine between two given states 1 and 2 (Fig. 2.10).

Here the value of the infinitesimal or small stage efficiency (hp) is

constant. However, to be able to use Eq. (2.124) for a given expansion

between finite states, the value of (hp) must first be determined.

Integrating Eq. (2.123) between the given states 1 and 2,

dT

T
T

T
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2
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p
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(2.125)

T

T
2

1

= 
p

p

p

2

1

1

F
HG

I
KJ

-g

g
h

(2.126)
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The irreversible adiabiatic (actual) expansion process can be consi-

dered as equivalent to a polytropic process (hence the term polytropic

efficiency) with index n. Thus Eq. (2.126) can be written as

T

T
2

1

= 
p

p

p

2

1

1

F
HG

I
KJ

-g

g
h

 = 
p

p

n

n
2

1

1

F
HG

I
KJ

-

Equating the indices,

g

g

- 1
 hp = 

n

n

- 1

hp = 
n

n

- 1
 

g

g - 1
(2.127)

The index of expansion in the actual process is given by

n = 
g

g g h- -( )1 p

(2.128)

When hp = 1, n = g. The actual expansion line coincides with the

isentropic expansion and Eqs. (2.123), (2.124) and (2.126) are valid for an

isentropic process.

The efficiency of a finite stage can now be expressed in terms of the

small stage efficiency. Taking static values of temperature and pressure

and assuming perfect gas,

hst = 
T T

T T s

1 2

1 2
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-
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(2.129a)

hst = f (pr , hp) (2.129b)

Equation (2.129a) is also applicable to a multi-stage turbine. In that case

hst and pr are replaced by the overall efficiency and overall pressure ratio

of the machine.
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Equation (2.129a) is useful because it can predict efficiencies of various

finite expansion processes with different values of the pressure ratio and

small stage efficiency.

Figure 2.11 shows qualitatively the variation of the stage efficiency with

the pressure ratio for various values of the small stage efficiency. The

curves in the vicinity of pr = 1 are shown dotted. This is because it is not

possible to have a stage with pr = 1. However, in a region close to pr = 1,

the stage efficiency has the minimum value of hst = hp. On account of the

reheat effect, the stage efficiency is always greater than the small stage

efficiency. The difference between the two efficiencies goes on increasing

with the pressure ratio due to the cumulative effect of reheating.
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Prefect gas, = 1.4g

Fig. 2.11 Variation of stage efficiencies with pressure ratio at

hp = constant

In a given design hp is the bottom line of the turbine performance.

2.5.6 Multi-stage Turbines

Thermodynamic analysis of multi-stage steam and gas turbines becomes

different on account of a number of factors:

(a) While perfect gas laws can be applied in the case of gas turbine

stages, they cannot be applied for all the steam turbine stages.
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(b) Multi-stage steam turbines have much larger number of stages

compared to those in gas turbines. In large steam turbines of 200

MW and above, the number of stages may be more than thirty.

Therefore, the distribution of work in various stages is based on

considerations of the overall length of the machine. It will be

shown later that for a given overall pressure drop, impulse stages

give the shortest length of the machine.

(c) On account of a large change in the specific volume of steam from

the entry to the exit, the mean diameters of the L.P. stages are

much larger than those of H.P (high pressure) stages. Since the

stage work and enthalpy drop are proportional to the square of the

peripheral speed of the rotor, the pressure drop in the L.P. stages

will be much higher as compared to similar stages in the H.P.

region.

Here some aspects of multi-stage turbines operating on a perfect gas

are discussed.

2.5.7 Multi-stage Machine with Constant

Stage Pressure Ratio

Let there be k stages with a constant stage pressure ratio

pr = 
p

p
1

2

 = 
p

p
2

3

 = º = 
p

p
i

i + 1

 = º = 
p

p
k

k + 1

(2.130)

If the polytropic efficiency is hp = constant, the efficiency of various

stages is given by Eq. (2.129a) and remains constant.

The overall pressure ratio of the entire machine is given by

(pr)T = (pr)
k
 = 

p

pk

1

1+

(2.131)

Therefore, the overall efficiency of the machine is

hT = 
1

1

1

1

-

-

-

-

( )

( )

p

p

r

k

r

k

p
g

g

g

g

h

(2.132)

Figure 2.12 shows the expansion of a gas in various stages of a k-stage

turbine. The pressure ratio of the ith stage is pi /pi + 1 and that of the kth

stage pk /pk + 1.

The stage work is proportional to the gas temperature at its entry.

Therefore, it goes on decreasing in the subsequent stages.

For the first stage,

DT1 = T1 – T2
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DT1 = T1 1
1

-R
S
T

U
V
W

-

pr
p

g

g h  = C T1 (2.133)

C = 1 – pr
p

1 - g

g h  = const. (2.134)

In the second stage,

DT2 = T2 – T3

DT2 = C T2

But T2 = T1 – DT1 = (1 – C) T1

Therefore,

DT2 = C (1 – C) T1 (2.135)

Similarly

DT3 = C (1 – C)2 T1 (2.136)

DTi = C (1 – C)i–1 T1 (2.137)

DTk = C (1 – C)k–1 T1 (2.138)
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Fig. 2.12 Expansion processes in the stages of a multi-stage

turbine
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Thus the total actual temperature drop in the turbine is

(DT )T = DT1 + DT2 + º + DTk

= C
i

k

= 1

Â (1 – C )
i–1

 T1 (2.139)

(DT )T = [1 – (1 – C )k ] T1 (2.140)

Substituting for C from Eq. (2.134), Eq. (2.140) becomes

(DT )T = 1
1

-L
NM

O
QP

-

pr
k

g

g
h

 T1 (2.141)

This relation can be obtained directly by applying Eq. (2.126) for the

actual expansion line between points 1 and k + 1.

2.5.8 Multi-stage Machine with Constant

Stage Work

If the actual work in each stage is the same, the total temperature drop

(DT )T is equally divided  in k stages. The stage temperature drop is given by

(DT )st = 
1

k
 (DT )T = 

1
1

1

k
pr T

p-L
NM

O
QP

-

( )
g

g
h

T1 (2.142)

This condition gives the values of the pressure ratios of various stages.

For the ith stage

(DT )st = (DT )i = Ti – Ti+1 = Ti 1
1

1
-

L

N

M
M

O

Q

P
P-

-

pri
p

g

g
h

DT

T
i

F
HG

I
KJ

= 1 – pri

p
1 - g

g
h

pri = 1
1

1

-
F
HG

I
KJ

-DT

T
i

i

p

g

g h

(2.143)

Since all the other quantities except Ti are constant in the above

equation, each subsequent stage will have a higher pressure ratio.

•Ø  2.6 Work and Efficiencies in

Compressor Stages

Expressions for work and various efficiencies are developed here for

compressor stages. Concepts developed earlier for diffusers are also

employed here, remembering the presence of shaft work.
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Figure 2.13 shows a steady flow process through a turbo-compressor.

The actual work supplied to the compressor from the prime mover is

wa. Due to energy transfer from the rotor or rotors to the gas (or

vapour) its properties change from p1, p01, h1, etc. to p2, p02, h2, etc.

As mentioned before, the compression process is assumed to be

adiabatic.

h c T01 01= p

h c T02 02= p

p p1 01,

p p2 02,

Compressor

Fig. 2.13 Compression in a compressor

Figure 2.14 represents the reversible and irreversible adiabatic comp-

ression processes on the temperature-entropy coordinates. The initial state

of the gas is represented by p1, T1, h1, etc., the velocity of the gas is c1.

Therefore, the stagnation point O1 is known.

The state of the gas at the exit with the isentropic work transfer (ws) is

represented by point 2s. Various parameters at this point are p2, T2s, h2s

and c2s; the stagnation point corresponding to this process is O2s. The

entropy remains constant.

The actual compression (adiabatic) is along the process 1-2. Various

parameters at the final state 2 are p2, T2, h2, and c2; the stagnation point

O2, is also known. On account of irreversibility entropy increases during

the process.

The actual work (wa) supplied during adiabatic compression is given

by the energy equation between the stagnation states O1 and O2. Its value

as shown in Fig. 2.14 is given by

wa = h02 – h01 (2.144a)

For perfect gases,

wa = cp (T02 – T01) (2.144b)

The actual power required is &m  wa.

ws
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2.6.1 Total-to-total Efficiency

As explained in Sec. 2.5.1 for turbines, the actual shaft work (wa) in a

compressor is also a real quantity that can be measured. Its magnitude

does not depend on its definition. In contrast to this the ideal work which

is used to compare the actual work depends on the manner in which it is

defined. If it is defined along the isentropic compression process between

the stagnation states O1 and O2s, its value is given by

ws = h02s – h01 (2.145a)

For perfect gases,

ws = cp (T02s – T01) (2.145b)

T h,1 1

T h,01 01
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e
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Fig. 2.14 Ideal and actual compression processes in a

compressor stage
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The efficiency defined on the basis of this ideal work is the total-to-total

efficiency.

htt = 
ideal work between the stagnation states

actual work

htt = 
h h

h h
s02 01

02 01

-

-
 = 

T T

T T
s02 01

02 01

-

-
(2.146)

The stagnation pressure ratio is

pr0 = 
p

p
s02

01

 ª 
p

p
02

01

(2.147)

T02s – T01 = T01 ( pr0

g

g

- 1

 – 1)

Therefore,

htt = 
T p

T T
r01 0

02 01

1

1( )
g

g

-

-

-
(2.148)

This efficiency is used in compressor stages where the gas velocities at

the entry and exit are significant and the velocity temperatures Tc1 and Tc2s

cannot be ignored.

The shaft power required at the compressor coupling is

Wa = &m  cp (T02 – T01)

Wa = &m  cp 

T

tt

01

h
 ( pr 0

g

g

- 1

 – 1) (2.149)

This should be further divided by the mechanical efficiency to obtain the

power of the prime  mover.

2.6.2 Static-to-static Efficiency

If the gas velocities at entry and exit of a stage are almost equal, or their

magnitudes are negligible, the actual and ideal works are

h02 – h01 = h2 – h1 = cp (T2 – T1)

h02s – h01 = h2s – h1 = cp (T2s – T1)

An efficiency based on the above values is known as the static-to-static

efficiency hss.

hss = 
h h

h h
s2 1

2 1

-

-
 = 

T T

T T
s2 1

2 1

-

-
(2.150)

T2s – T1 = T1 (pr

g

g

- 1

 – 1)
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where pr = p2/p1 = static pressure ratio

hss = 
T p

T T
r1

2 1

1

1( )
g

g

-

-

-
(2.151)

This expression is also applicable to a multi-stage compressor. For

many applications the two efficiencies for compressors have almost

identical values.

2.6.3 Finite Stage Efficiency

A compressor stage with a finite pressure rise is known as a finite stage.

Efficiency and work relations derived in Secs. 2.6.1 and 2.6.2 are applica-

ble to such a stage.

The stage work is a function of the initial temperature (T01 or T1) and

the pressure ratio. For the same pressure ratio, the stage requires a higher

value of work with higher entry temperature.

Thus compressor stages in the higher temperature region suffer on

account of this fact.

Equation (2.34a), viz. dw = – v dp, also suggests that the compression

work for the same pressure rise is large at larger values of the specific

volume of the gas.

The above-mentioned factors have a cumulative effective on the effici-

ency of a multi-stage compressor. This is explained in the following sections.

2.6.4 Effect of Preheat

To study the thermodynamic effect of multi-stage compression, a four-

stage compressor is considered in Fig. 2.15. The total compression

between pressures p1 and p2 is divided into four stages of the same

pressure ratio and efficiency.

p

p
x

1

 = 
p

p

y

x

 = 
p

p
z

y

 = 
p

pz

2

The total isentropic work from state 1 to 2s is ws. The isentropic

works in the stages are Dws1, Dws2, Dws3 and Dws4 as shown in Fig. 2.15.

If the overall efficiency of the compressor is hc, the total actual

work is

wa = 
1

h c

ws

This is also given by the sum of actual works in the stages.

wa = Â Dwa = 
1

h st
Â Dws = 

1

h st

 Â Dws
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where ÂDws = Dws1
 + Dws2

 + Dws3
 + Dws4

Equating the two values of the actual total work,

hc = 
w

w
s

sSD
 hst (2.152)

As explained before, with the aid of Eq. (2.119)

w

w
s

sSD
< 1 (2.153)

This condition in Eq. (2.152) makes the value of the overall efficiency

of the compressor smaller than the stage efficiency.

hc < hst (2.154)

This is due to the thermodynamic effect called “pre-heating”; the gas is

not intentionally heated (pre-heated) at the end of each compression stage.

The pre-reheat in small constant pressure processes AX, BY, CZ and D2

is only an internal phenomenon and the compression process still remains

adiabatic.
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Fig. 2.15 Effect of preheating on compression in compressor

stages
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This is a result of the reappearance of the effect of losses of the

previous stage in the subsequent stage.

2.6.5 Infinitesimal Stage Efficiency

A finite compressor stage can be looked upon as made up of an infinite

number of small stages (infinitesimal stages). Each of these infinitely

small stages have an efficiency hp called the small stage or the

infinitesimal stage efficiency.

Equation (2.154) can be applied in this case also. Here the stage effici-

ency hst is the overall efficiency of compression between the states 1 and

2, and hp is the individual stage efficiency. Therefore, on the basis of

discussion in the previous section, the following relation can be written:

hst < hp

The small stage efficiency, on account of the infinitesimally small

pressure rise in it, is independent of the thermodynamic effect. Therefore

it is, as stated before, a true measure of the aerodynamic performance of

the compressor.

An expression for this efficiency is derived here for a perfect gas.

Figure 2.16 shows a small stage between pressures p and p + dp. The

changes in enthalpy or temperature between the initial and final states for

isentropic and actual processes are

(Dh)s = cp (DT)s

(Dh) = cp (DT)

The efficiency (hp) of the small or infinitesimal stage is given by

hp = 
( )dh

dh
s  = 

dT

dT
s (2.155)

The final expression for hp can be obtained by adopting the procedure

of Sec. 2.5.5. However, for illustration, a different method is adopted

here. This can also be used for an expansion process.

For an infinitesimal isentropic process,

dhs = 
dp

r

From equation of state for a perfect gas,

dhs = RT 
dp

p
(2.156)

In the actual infinitesimal process,

dh = cp dT = 
g

g - 1
RdT (2.157)
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Putting Eqs. (2.156) and (2.157) in Eq. (2.155) we get

hp = 
g

g

- 1
 

T

dT
 

dp

p

dT

T
= 

1

h p

g

g

- 1
 

dp

p
(2.158)

Equation (2.158) is applicable for the actual compression process along

1–2. On integration it gives

ln p p

1 1

h

g

g

-

= ln T + ln const.

p

T

p

1 1

h

g

g

-

= const. (2.159)
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Fig. 2.16 Infinitesimal and finite compression processes
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This relation holds for an actual compression process in a finite stage

or multi-stage machine. It may be noted that hp remains constant during

the compression process under consideration. Its value for the given

boundary conditions is now determined.

Applying Eq. (2.159) for states 1 and 2 (Fig. 2.16),
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(2.160)

Taking logs on both sides and rearranging,
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(2.161)

Assuming the irreversible adiabatic compression (1-2) as equivalent to

a polytropic process (hence the term polytropic efficiency) with index n,

Eq. (2.160) can be written as
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Equating the indices
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-

-

1

1

n

n
(2.162)

n = 
g h

g h
p

p1 1- -( )
(2.163)

The efficiency of a finite compressor stage can be related to the small

stage efficiency.

The actual temperature rise in the stage is

T2 – T1 = T1

T

T
2

1

1-
F
HG

I
KJ

 = T1 pr p

1 1

1h

g

g

-

-F
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Therefore, from Eq. (2.150) the stage efficiency is given by

hst = 
p
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r p
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1 1

1

1

(2.164)
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For a multi-stage compressor, hst is replaced by the overall efficiency

hc of the compressor and pr by the overall pressure ratio prc.

hc = 
p

p

rc

rc p

g

g

h

g

g

-

-

-

-

1

1 1

1

1

(2.165)

Equations (2.164) and (2.165) can be plotted in terms of the pressure ratio

for various values of hp. Figure 2.17 shows such plots. In the vicinity of

the pressure ratio prª1, the stage efficiency is almost equal to the

polytropic efficiency; at higher values it decreases with the pressure ratio.
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Fig. 2.17 Variation of overall efficiencies with pressure ratio at

hp = constant

For a given compressor hp sets the upper limit of performance.

2.6.6 Multi-stage Compressors

Work and efficiency expressions for a multi-stage compressor assuming

perfect gas are discussed here.

Constant stage pressure ratio

Let there be k stages. Figure 2.18 shows various stages from pressure

p1 to pk+1. The reversible and irreversible compression processes are
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along 1 – (k + 1)s and 1 – (k + 1) respectively. For the same pressure

ratio in all stages

pr = 
p
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p
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3
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 = 
p

p
4
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 = º 
p

p

i

i

+ 1
 = º = 
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k
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+ 1
(2.166)
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Fig. 2.18 Compression processes in the stages of a multi-stage

compressor

The overall pressure ratio of the machine is

prc = 
p

p

k + 1

1

 = pk
r (2.167)

Since both pr and hp are constants, the efficiency of all stages is same

and is given by Eq. (2.164).

The overall efficiency is given by Eq. (2.165)
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The stage work (temperature rise) depends on the entry temperature of

each stage. Since this increases progressively, the stage work also does the

same.

For the first stage,

DT1 = T2 – T1 = T1( pr

1 1

h

g

gp

-

 – 1) = CT1 (2.168a)

where C = pr

1 1

h

g

gp

-

 – 1 = const.

DT2 = T3 – T2 = CT2 = C(T1 + CT1)

DT2 = C (1 + C)T1 (2.168b)

Similarly,

DT3 = C (1 + C)2 T1 (2.169)

DTi = C (1 + C)i – 1 T1 (2.170)

DTk = C (1 + C)k – 1 T1 (2.171)

Therefore, the total temperature rise in the compressor is

(DT )c = DT1 + DT2 + . . . + DTk

(DT )c = 
i

k

= 1

Â C (1 + C)i–1 T1

(DT )c = {(1 + C)
k
 – 1}T1 (2.172)

Substituting for C

(DT )c = pr

k
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I
K

1

1 T (2.173)

This is the value of the overall actual temperature rise in the machine.

Constant stage work

In a multi-stage machine the assumption of equal stage temperature rise

(work) is often made.

The total temperature rise in the machine for given values of the

overall pressure ratio (prc) and hp is known for k stages. Therefore, the

temperature rise per stage is

(DT )st = 
1

k
 (DT )c = 
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k
prc p

1 1
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K T1

(2.174)

The pressure ratio and hence the stage efficiency of various stages can

now be found. For instance, in the ith stage

(DT )st = (DT )i = Ti+1 – Ti = Ti pri p

1 1
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1 + 
( )DT

T
i

i

= pri

1 1

h

g

gp

-

The quantity on the left-hand side in this relation is known; hp is also

known. Therefore, the pressure  ratio of the ith stage can be calculated.

pri = 1
1

+
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QP
-( )DT

T
i

i

p
g

g
h

(2.175)

On account of the continuous increase in the gas temperature (Ti), the

pressure ratio of the stages goes on decreasing from the L.P. end to the

H.P. end.

Notation for Chapter 2

a Velocity of sound, availability

A Area of cross-section, availability

c Gas velocity

cv Specific heat at constant volume

cp Specific heat at constant pressure

C A constant

Cp Pressure recovery coefficient

CN Nozzle velocity coefficient

E = m e Energy

F Force

g = 9.81 m/s2 Acceleration due to gravity

H = m h Enthalpy

k Number of stages in a multi-stage machine

m Mass

&m Mass or mass-flow rate

M Mach number

n Index of polytropic process

p Pressure

P Power

Q = m q Heat transfer

R Gas constant

S = m s Entropy

T Absolute temperature

U = m u Internal energy

V = m v Volume

W = m w Work

Z Datum head
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Greek symbols

g = 
c

c

p

p

Specific heat ratio

h Efficiency

r Density

Subscripts

a Actual or adiabatic

A Integration over area A

av Average

c Compressor

o Stagnation value

1 Initial

2 Final

D Diffuser

fp Flow process

nfp Non-flow process

i ith stage

N Nozzle

p Polytropic

r Ratio

s Isentropic or ideal

ss Static-to-static

st Stage

T Turbine

ts Total-to-static

tt Total-to-total

•Ø  Solved Examples

2.1 A nozzle expands air from p1 = 8.0 bar, T1 = 540 K to a pressure

of 5.8 bar with an efficiency of 95%. The air is then passed

through a diffuser of area ratio 4.0. The total pressure loss across

the diffuser is 367 mm Hg.

Determine the efficiency of the diffuser and the velocities of air at

its entry and exit. What is the static pressure at the diffuser exit?

Solution:

Nozzle

The velocity at the entry is assumed to be negligible.

pr = 8/5.8 = 1.379
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T1/T2s = 1.3790.286 = 1.096

T2s = 540/1.096 = 492.7 K

T1 – T2 =  0.95(540 – 492.7) = 44.935

T2 = 540 – 44.935 = 495.065 K

c2 = 2 1005 44 935¥ ¥ .  = 300.53 m/s (Ans.)

r2 = p2/RT2

r2 = 5.8 ¥ 105/287 ¥ 495.065 = 4.08 kg/m3

Diffuser

Entry and exit are designated as 2 and 3

c3A3 = c2A2

c3 = 
A

A
2

3

 c2 = 
300 53

4

◊
 = 75.13 m/s (Ans.)

Assuming the flow to be almost incompressible,

hD = 1 – 
D p

c c

0

2
2

3
21

2
r ( )-

hD = 1 – 
2 367 13 6 9 81

4 08 300 53 7513
2 2

¥ ¥ ¥

-

. .

. ( . . )
 = 0.715

hD = 71.5% (Answer)

p3 – p2 = hD 
1

2
 r (c2

2 – c3
2)

p3 – p2 = 0.715 ¥ 0.5 ¥ 4.08 (300.532 – 75.132)

p3 – p2 = 1.231 ¥ 105 N/m2

p3 = 5.8 + 1.231 = 7.031 bar (Ans.)

2.2 (a) A low pressure air compressor develops a pressure of 1500

mm W.G.. If the initial and final states of air are p1 = 1.02 bar,

T1 = 300 K and T2 = 315 K, determine the compressor and the

infinitesimal stage efficiencies.

(b) Another compressor changes the state of air from p1 = 1.02

bar, T1 = 300 K to p2 = 2.5 bar with an efficiency of 75 %.

Determine the infinitesimal efficiency of this compressor.

Explain the large deviation in the efficiency of this compressor

from that of the L.P. compressor in (a).

Solution:

(a) Dp = 1500 mm W.G. = 1500 kgf/m
2

Dp = 1500 ¥ 9.81 ¥ 10–5 = 0.147 bar
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p2 = 1.02 + 0.147 = 1.167 bar

p2/p1 = 1.167/1.02 = 1.144

T

T
s2

1

= 1.1440.286 = 1.039

T2s = 1.039 ¥ 300 = 311.7 K

hc = 
T T

T T
s2 1

2 1

-

-
 = 

3117 300

315 300

. -

-
 = 

117

15

.

hc = 78.0% (Ans.)

hp = 
g

g

- 1 2 1

1

ln

ln 2

[ / ]

[ / ]

p p

T T

T

T
2

1

= 
315

300
 = 1.05

hp = 0.286 
ln

ln1.05

1144.
 = 0.788

hp = 78.8% (Ans.)

On account of the low pressure rise in this compressor, the two

efficiencies are close to each other, i.e.

hc ª hp

(b) p2/p1 = 2.5/1.02 = 2.451

T

T
s2

1

= 2.4510.286 = 1.292

T2s = 1.292 ¥ 300 = 387.6 K

T T

T T
s2 1

2 1

-

-
= hc

387 6 300

2 1

. -

-T T
= 0.75

T2 – T1 = 116.8

T2 = 300 + 116.8 = 416.8 K

T2/T1 = 416.8/300 = 1.389

hp = 0.286 
ln

ln 1.389

2 451.
 = 0.78

hp = 78.0% (Ans.)

In this case, because of the higher pressure rise in the compressor,

its efficiency is appreciably lower than the infinitesimal stage

efficiency. This is on account of preheating.



76 Turbines, Compressors and Fans

2.3 An air compressor has eight stages of equal pressure ratio 1.35. The

flow rate through the compressor and its overall efficiency are 50

kg/s and 82 per cent, respectively. If the conditions of air at entry

are 1.0 bar and t1 = 40°C, determine

(a) the state of air at the compressor exit,

(b) polytropic or small stage efficiency,

(c) efficiency of each stage and

(d) power required to drive the compressor assuming overall

efficiency of the drive as 90%.

Solution:

g = 1.4

cp = 1.005 kJ/kg K

g

g

- 1
= 0.286

T1 = 273 + 40 = 313 K

Overall pressure ratio prc = 1.358 = 11.03

Actual temperature rise through the compressor is

DTc = 
1

hc

 = {T(k + 1) s – T1} = 
313

0 82.
(11.03

0.286
 – 1) = 376.75 K

(a) Exit pressure and temperature are

pk + 1 = 11.03 ¥ 1 = 11.03 bar (Ans.)

Tk + 1 = 313 + 376.75 = 689.75 K (Ans.)

(b) Polytropic efficiency is given by

hp = 0.286 ln 11.03/ln 
689 75

313

.F
H

I
K  = 0.871

hp = 87.1%

(c) Since the pressure ratio in each stage is the same, their

efficiencies are also the same.

hst = 
p

p

r

r p

g

g

h

g

g

-

-

-

-

1

1 1

1

1

1 1

h

g

gp

-
= 

0 286

0871

.

.
 = 0.328

hst = 
135 1

135 1

0 286

0 328

.

.

.

.

-

-
 = 

0 0896

01035

.

.

hst = 86.5% (Ans.)
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(d) Power P = 
1

0 9.
&mcp DTc

= 
50 1005 376 75

0 9 1000

¥ ¥

¥

. .

.

P = 21.03 MW (Ans.)

2.4 If all stages in the compressor of example 2.3 have the same

temperature rise, determine the pressure ratio and efficiency of

each stage. Comment on the results.

Solution:

Since the actual temperature rise in each stage is the same, the

pressure ratio and hence the stage efficiency of the stages will be

different.

The temperature rise in the ith stage is

DTi = 376.75/8 = 47.09 K

This remains constant but the temperature Ti at the entry of each

stage varies.

hp 
g

g - 1
= 0.871 ¥ 

14

14 1

.

. -
 = 3.048

Further calculations for the eight stages can be more conveniently

done in a table.

Stage no. Ti 1 + 
DTi

Ti
pr = 1

1

+
F
HG

I
KJ

-DT

T
i

i

ph
g

g

hst = 
p

p

r

r

0 286

0 328

1

1

◊

◊

-

-

1 313 1.15 1.53 0.862

2 360.09 1.13 1.45 0.864

3 407.18 1.116 1.395 0.865

4 454.27 1.103 1.351 0.866

5 501.36 1.094 1.315 0.867

6 548.45 1.086 1.285 0.8672

7 595.54 1.079 1.261 0.8676

8 642.63 1.0733 1.239 0.868

It is observed from the above table that, on account of the

progressively increasing values of the temperatures at the stage

entries, the pressure ratios decrease and the stage efficiencies

increase. The stage with the minimum pressure ratio (i = 8) has an

efficiency nearest to the small-stage efficiency (hp = 0.871).

2.5 The output of a three-stage gas turbine is 30 MW at the shaft

coupling at an entry temperature of 1500 K. The overall pressure
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ratio across the turbine is 11.0 and efficiency 88%. If the pressure

ratio of each stage is the same, determine:

(a) pressure ratio of each stage,

(b) polytropic efficiency,

(c) the mass flow rate, and

(d) the efficiency and power of each stage.

The properties of the working medium are the same as of air

(g = 1.4, cp = 1.005 kJ/kgK). Assume an efficiency of 91% to

take into account shaft losses due to disc and bearing friction.

Solution:

(a) pri = 111/3 = 2.22 (Ans.)

(b) T1 – T2 = hT (T1 – T2s) = hT T1 (1 – prT
–0.286)

DT = T1 – T2 = 0.88 ¥ 1500 (1 – 11
–0.286

) = 655 K

T2 = 1500 – 655 = 845 K

T1/T2 = 1500/845 = 1.775

hp = 
g

g - 1
 ln 

T

T

p

p
1

2

1

2

F
HG

I
KJ

F
HG

I
KJ

ln

hp = 3.5 ln 1.775/ ln11

hp = 0.837 (Ans.)

(c) P = 30/0.91 = 32.96 MW

P = &mcpDT

&m  ¥ 1.005 ¥ 655 = 32960

&m = 50.07 kg/s (Ans.)

(d) The efficiency of all stages is the same as the pressure ratio is

the same.

hst = 
1

1

1

1

-

-

-

-

p

p

r

r

p
g

g

g

g

h

hp 
g

g

- 1
= 0.837 ¥ 0.286 = 0.2394

hst = 
1 2 22

1 2 22

0 2394

0 286

-

-

- ◊

- ◊

.

.
 = 0.1738/0.20395

hst = 0.852 (Ans.)
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The actual temperature drop in each stage is

DTi = Ti (1 – pr

1 - g

g
h p

)

DTi = Ti (1 – 2.22–0.2394)

DTi = 0.1738 Ti

Therefore, the actual temperature drops in the stages are

DT1 = 0.1738 ¥ 1500 = 260.7 K

DT2 = (1500 – 260.7) ¥ 0.1738 = 215.39 K

DT3 = (1239.3 – 215.39) ¥ 0.1738 = 178 K

The values of the power developed in each stage are

P1 = 50.07 ¥ 1.005 ¥ .2607 = 13.1185 MW

P2 = 50.07 ¥ 1.005 ¥ 0.21539 = 10.8385 MW

P3 = 50.07 ¥ 1.005 ¥ 0.178 = 8.957 MW (Ans.)

Total 32.920 MW

2.6 A gas turbine has the following data:

Inlet pressure and temperature, p1 = 5 bar, T1 = 500 K,

Exit pressure = 1.2 bar,

Overall turbine efficiency, hT = 0.90,

Mass flow rate of the gas &m = 20 kg/s.

(a) Determine the polytropic efficiency of expansion and the

power developed. Take cp = 1.005 kJ/kg K, g = 1.4.

(b) If an exhaust diffuser (area ratio = 2.5 and effeciency hD =

0.70) is placed at the exit of the turbine calculate the static

pressure rise (mm W.G.) across the diffuser and the increase in

power output of the turbine. Take the velocity of gas at turbine

exit as 75 m/s.

Solution:

Without diffuser

(a)
T

T s

1

2

= 
p

p
1

2

1
F
HG

I
KJ

-( ) /g g

 = 
5

12

1 3 5

.

/ .
F
H

I
K  = 1.503

T2s = T1/1.503 = 500/1.503 = 332.67 K

T1 – T2s = 500 – 332.67 = 167.33 K

T1 – T2 = hT (T1 – T2s) = 0.9 ¥ 167.33 = 150.6 K

T2 = 500 – 150.6 = 349.4 K

T1/T2 = 500/349.4 = 1.431
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hp = 
ln

ln

( / )

( / )

T T

T T s

1 2

1 2

 = 
ln

ln

1431

1503

.

.
 = 

0 3583

0 4074

.

.
 = 0.880 (Ans.)

Power output P = &mcp (T1 – T2)

P = 20 ¥ 1.005 ¥ 150.6 = 3027.06 kW (Ans.)

(b) With exhaust diffuser (see Fig. 2.19 and 2.20)

c3 = 
A

A
2

3

 ¥ c2 = 
75

2 5.
 = 30 m/s

r ~-  p2/RT2 = 
12 10

287 349 4

5.

.

¥

¥
 = 1.196 kg/m3

hT = 0.9

hD = 0.7
T2 2¢ ¢, p

p3 = 1.2 bar

p1 = 5.0 bar

T1 = 500 K

c3 = 30 m/s3

2

1

Exducer

Turbine

Power
output

Fig. 2.19 An axial gas turbine with exhaust-diffuser (exducer)

Quantities with prime (¢) refer to parameters in the presence of the

diffuser.

hD = 
p p

c c

3 2

1
2 2

2
3
2

- ¢

-( ) (( )r

p3 – p¢2 = 
1

2
 r (c2

2 – c3
2 ) hD

= 0.5 ¥ 1.196 (752 – 302) ¥ 0.7 ¥ 10–5 = 0.01979 bar

Static pressure rise across the diffuser = 0.01979 bar (say 0.0198)

= 201.7 mm W.G. (Ans.)

p¢2 = p3 – 0.0198 = 1.2 – 0.0198 = 1.1802 bar

p1/p¢2 = 5.0/1.1802 = 4.2365

T1/T ¢2s = (4.2365)1/3.5 = 1.5106, T ¢2s = 331 K
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T1 – T ¢2s = 169 K

T1 – T ¢2 = 169 ¥ 0.9 = 152.1 K

(assuming the same turbine efficiency)

P ¢ = 20 ¥ 1.005 ¥ 152.1 = 3057.21 kW

Increase in the power output by employing the exhaust diffuser,

P ¢ – P = 3057.21 – 3027.06 = 30.15 kW (Ans.)

This increase is due to the reduction in the kinetic energy in the

exhaust from 
1

2
 c2

2 to 
1

2
 c3

2. Diffuser efficiency allows for the loss

occurring in the diffuser.

It should be noted that for higher gas velocities at the turbine

exhaust this gain in power output would be quite significant.

•Ø  Questions and Problems

2.1 (a) Show diagrammatically on p-v coordinates the infinitesimal

work for flow and non-flow processes.

2¢s

p¢2

2¢

3

s

h

p p3 2=

1

p1

1
2

1
2

c 3
2

c¢2
2

Fig. 2.20 Flow of gas through a turbine and the exhaust diffuser
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(b) With the aid of these diagrams show that for these processes

between two finite states:

wfp = – v

1

2

z  dp = 
g

g - 1
 (p1v1 – p2v2) = h1 – h2

wn f p = pdv

1

2

z  = 
1

1g -
 (p1v1 – p2v2) = u1 – u2

State the assumptions.

2.2 (a) Write down the general energy equation for a system with heat

and work transfers and changes in the internal energy, kinetic

energy and datum head.

(b) With the aid of this equation, show that for an adiabatic turbo-

machine the work transfer equals the change in stagnation

enthalpy.

2.3 Show reversible and irreversible flow processes in the nozzle ring

of a turbine stage on enthalpy-entropy coordinates and prove that:

(a) hN = 1 – 
enthalpy loss

ideal enthalpy drop

(b) h¢N = 1 – 
stagnation pressure loss

static pressure drop

State the assumptions used.

2.4 Air at 2.05 bar and 417 K is expanded through a row of nozzle

blades to a pressure of 1.925 bar. The stagnation pressure loss

across the nozzle is measured as 10 mm Hg. Determine the

efficiency of this nozzle and the velocity of air at the exit. Take cp

= 1005 J/kg K and g = 1.4. State the assumptions used.

Ans. hN = 89.3%; c2 = 115.25 m/s; the flow is assumed

incompressible for determining efficiency.

2.5 A gas turbine nozzle has a pressure ratio of 1.8. The initial pressure

and temperature are 3.5 bar and 1050 K. The gas velocity at exit

is 548 m/s. Determine the efficiency of the nozzle and the exit

Mach number. Take R = 287 J/kg K, g = 1.4.

Ans. hN = 92%, M2 = 0.911

2.6 Show reversible and irreversible processes in the diffuser blade

ring of a turbo-compressor on enthalpy-entropy coordinates and

prove that:

(a) hD = 
static pressure rise

change in dynamic pressure
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(b) hD = 1

1

+
F
HG

I
KJ

-
stagnation pressure loss

static pressure rise

(c) Actual pressure recovery coefficient

= hD 1
1

-
R
S
T

U
V
W(area ratio)

2.7 An air stream (r = 1.25 kg/m3) is decelerated from 100 m/s to

75 m/s in a diffuser giving a pressure rise of 250 mm W.G.

Calculate the diffuser efficiency.

Ans. hD = 89.7%.

2.8 Define total-to-total and total-to-static efficiencies for steam and

gas turbine stages. Give two situations in each case where these

efficiencies are used. Give reasons.

2.9 (a) What is infinitesimal stage efficiency in the expansion through

a turbine? How is it determined?

(b) Show that the index n of polytropic expansion in a turbine of

infinitesimal stage efficiency hp is

n = 
g

g g h- -( )1 p

2.10 Prove the following relations for finite turbine stages:

(a) hst = 
1

1

1

1

-

-

-

-

p

p

r

r

p
g

g

g

g

h

 (single stage)

(b) hT = 
1

1

1

1

-

-

-

-

p

p

r
k

r
k

p
g

g

g

g

h

 (k Stages)

2.11 How is the efficiency hp of an infinitesimal compression stage

defined? Prove that:

(a) p

1 1

h

g

gp

-

= const. ¥ T

(b) hc = 
p

p

r
k

r

k

p

g

g

h

g

g

-

-

-

-

1

1

1

1

2.12 Explain the reheat and preheat phenomena in turbines and comp-

ressors respectively. What are their effects on the work and

efficiencies in these machines?
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2.13 Explain the difference between the flow processes in one-

dimensional and three-dimensional nozzles. How is the efficiency

of a three-dimensional nozzle defined?

2.14 Repeat Ex. 2.5 for equal power in all the stages. Determine the

pressure ratio and efficiency of each stage.

Ans.

First stage pr = 1.929; hst = 0.849

Second stage pr = 2.182; hst = 0.850

Third stage pr = 2.611; hst = 0.855

2.15 A diffuser at the exit of a gas turbine has an area ratio of 2.0. If the

static pressure at the diffuser exit is 1.013 bar and the velocity of

gas 30 m/s, calculate the static pressure of the gas at the turbine

exit. Take diffuser efficiency equal to 77% and density of gas as

1.25 kg/m3 (constant). State the assumptions used.

Draw the actual and ideal diffusion processes on the h–s diagram.

(Ans. pexit = 1.0 bar)

2.16 In example 2.6, if the gas velocity at turbine entry is 25 m/s,

determine

(a) Total to total and total to static efficiencies when the turbine is

exhausting at p2 = 1.2 bar.

(b) Total to total and total to static efficiencies if the turbine is

fitted with an exhaust diffuser.

(c) Total to static efficiency of the ‘turbine diffuser’ system

considered as a single composite unit

Ans. (a) htt = 89.85% hts = 88.35%

(b) htt = 89.85%, hts = 87.43%

(c) hts = 89.3%
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Gas Turbine Plants

A gas turbine plant (Fig. 3.1) consists of a turbo-compressor,

combustion chamber (or heat exchanger) and turbine. The plant is

started by rotating the compressor-turbine assmebly by a starting motor or

any other device. When the compressor develops enough pressure to

support combustion of the fuel in the combustion chamber, the hot gases

can themselves drive the gas turbine, and the plant becomes self-

sustaining. The turbine should develop enough power to be able to drive

the compressor and load (if any). The output of the plant is the difference

between the turbine work and the compressor work. The actual output at

the generator terminals will be much less than this.

A majority of aircraft gas turbine plants use kerosene or gasoline

whereas other plants can use natural gas, bunker oil and blast furnace gas.

Coal or gasified coal can also be used in electric power generating gas

turbine plants.

If the gas turbine plant is used as an aircraft engine, the net output at

the turbine shaft is used to drive a propeller in a turbo-prop engine,

whereas in a turbo-jet engine the turbine output equals the power required

to drive the compressor. The output of such a plant is the energy in the

exhaust gases which is used for jet propulsion.

The shaft power of a gas turbine plant can also be used for driving

electric generators, draft fans, compressors and other industrial devices.

As will be discussed later, the combustion chamber in a large number

of industrial applications is replaced by a heat exchanger.

Gas turbine plants29-51 can be compared with steam turbine plants; the

chief distinguishing features of the gas turbine plants are their high inlet

gas temperatures (Tmax > 1500 K) and lower pressures. The exhaust gas

pressures of the gas turbine plants are nowhere near the considerably low

pressures (ª 22.5 mbar) employed in the condensing steam plants. This

explains why it is not necessary to employ large low pressure cylinders

and multiple exhaust even in large terrestrial gas turbine plants. On the

other hand, when compared with the reciprocating internal combustion

engine, the gas turbine has the advantage of very high flow rate, light

weight and mechanical simplicity.
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Component efficiencies and inlet gas temperatures were critical for the

successful development of the gas turbine plant. Therefore, in the earlier

stages of its development major attempts were made to improve turbine

and compressor efficiencies and develop high temperature materials. At

present, the component efficiencies are in excess of 85% and the turbine

blade cooling has enabled the employment of gas temperatures as high as

1600 K at the inlet.

•Ø  3.1 Open and Closed Circuit Plants

In the simple open circuit gas turbine plants (Fig. 3.1) atmospheric air is

continuously compressed in the compressor and delivered to the

combustion chamber at a high pressure. The hot gases from the

combustion chamber pass out to the atmosphere after expanding through

the turbine. In this arrangement since the working fluid is not restored (at

station 1 in Fig. 3.1) to its initial state, technically speaking such a plant

does not execute a cycle.

Air
1

2 3
4

Exhaust
gases

Generator

Combustion
chamber

C T

Compressor Turbine

Fig. 3.1 A simple open circuit gas turbine plant

A cycle can only be executed in the closed circuit gas turbine plant

shown in Fig. 3.2. Here the same working fluid (air or any other gas)

circulates through its various components. Heat cannot be supplied to the

working fluid by internal combustion; instead, it is supplied externally by

employing a heat exchanger which replaces the combustion chamber of

the open circuit plant.

A pre-cooler is included between the turbine exit and the compressor

entry. This decreases the specific volume of the air or gas entering the

compressor. The lower value of the specific volume reduces the compres-

sor work (Ú v dp) and its size.

The closed circuit gas turbine plant with its separate external com-

bustion system and precooler looks like a condensing steam plant. The main

differences in the two plants will be explained further in later sections.

Some advantages of the closed circuit gas turbine plant are given below.
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1. Since the working fluid does not leave the plant, fluids with better

thermodynamic properties other than air can be employed to derive

some aero-thermodynamic advantages. For example, the velocity

of sound is higher in helium which permits higher peripheral

speeds of the rotor. It is inert and has a higher specific heat and

thermal conductivity, resulting in a smaller heat exchanger.

2. By employing high density working fluids, the plant size for a given

power can be reduced. In large plants this is a great advantage in

terms of mechanical design. A higher density also provides a

higher heat transfer rate.

3. The air in a conventional open circuit plant brings its own impurit-

ies which cause additional problems of blade erosion and filtration.

In a closed circuit plant blade erosion due to solid particles in the

air as well as in the products of combustion is absent.

4. This arrangement provides better control of the plant.

The chief disadvantage of this plant is that heat is supplied externally

to the working fluid. This requires additional equipment besides being

less efficient.

•Ø  3.2 Gas Turbine Power Cycles

Gas turbine plants can either work on a constant pressure cycle (Joule or

Brayton cycle) or a constant volume cycle (Atkinson cycle). For the

purpose of theoretical analysis of the cycle, it is assumed to be executed

2

1 4

3

Load

Heat
exchanger

C T

Compressor

Air

Air

Turbine

Precooler

Fig. 3.2 A simple closed circuit gas turbine plant
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in a closed circuit gas turbine plant, though in practice Brayton cycle is

widely employed in the open circuit plant shown in Fig. 3.1.

3.2.1 Ideal Joule (Air) Cycle

In the ideal air Joule cycle the compression (1–2) and expansion (3–4)

processes occurring in the compressor and turbine respectively are

assumed to be isentropic. Heat addition (2–3) in the heat exchanger

(combustion chamber) and rejection (4–1) occur at constant pressures.

Therefore, it is also known as a constant pressure cycle. These processes,

strictly speaking, occur only in the plant shown in Fig. 3.2. In Fig. 3.1 the

gases at the exit of the turbine are lost into the atmosphere; therefore, the

process 4–1 does not occur within the plant. Further assumptions for the

ideal Joule cycle are as follows:

1. Pressure losses in the heat exchangers and the connecting passages

are absent.

2. The working fluid is a perfect gas.

3. The effectiveness of the heat exchangers is 100%.

The ideal Joule cycle in the p–v and T–s planes is shown in Figs. 3.3

and 3.4 respectively. Here the suffix s is used to distinguish between

isentropic (s = constant) and adiabatic processes on the T–s diagrams in

Fig. 3.4; this has been dropped in later stages. The heat is supplied during

the process 2s–3 and rejected in 4s–1.

Combustion

Compression

P
re

s
s
u

re

Heat rejection

Volume v

p

Expansion

2 3

41

Fig. 3.3 Ideal Joule cycle in the p–v plane
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Combustion

Compression

T
e

m
p

e
ra

tu
re

Exhaust
(Heat rejection)

Entropy s

T

Expansion

1

2s
4s

3

Qr

Qs

Fig. 3.4 Ideal Joule cycle in the T–s plane

The thermal efficiency of the air-standard or Joule cycle is given by

hJoule = 
plant output

heat supplied
 = 

w

Q
P

s

Plant output is given by

wP = Qs – Qr (3.1a)

Therefore,

hJoule = 1 – 
Q

Q
r

s

Referring to Fig. 3.4,

Qs = cp (T3 – T2s)

Qr = cp (T4s – T1)

Q wP = cp (T3 – T2s) – cp (T4s – T1) (3.1b)

hJoule = 1 – 
T T

T T
s

s

4 1

3 2

-
-

(3.2)

The temperature ratios in the isentropic processes are given by

t = 
T

T
s2

1

 = 
T

T s

3

4

 = 
p

p
2

1

1

F
HG

I
KJ

-g
g

 = 
p

p
3

4

1

F
HG

I
KJ

-g
g

= ( )r

g

g

- 1

(3.3)
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Equations (3.2) and (3.3) together yield

hJoule = 1 – 
T T

t T T
s

s

4 1

4 1

-
-( )

i.e. hJoule = 1 – 
1

t
 = 1 – 

1
1

r
g

g

- (3.4)

Equation (3.4) shows that the efficiency of the ideal Joule cycle increases

with the pressure ratio (r) and is independent of temperature.

3.2.2 Actual Cycle

In the actual constant pressure cycle the work in the compressor and

turbine is adiabatic instead of isentropic as shown in Fig. 3.5. Therefore,

the compressor and turbine efficiencies are

hC = 
T T

T T
s2 1

2 1

-
-

(3.5)

hT = 
T T

T T s

3 4

2 4

-
-

(3.6)

1

2s
4s

4

2

3

T
e

m
p

e
ra

tu
re

Entropy

T

s

Fig. 3.5 Actual cycle without pressure losses

In the absence of pressure losses the pressure and ideal temperature

ratios for the compressor and turbine are the same as before, i.e. Eq. (3.3)
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is still applicable. The actual values of the turbine and compressor work

are given by

wT = cp (T3 – T4) = cp (T3 – T4s) hT = cp hT T3 1 4

3

-
F
HG

I
KJ

T

T
s

Let the ratio of the maximum and minimum temperatures in the cycle be

b = 
T

T
3

1

(3.7)

wT = bcphT T1 1
1-F

H
I
Kt

(3.8)

wc = cp (T2 – T1) = 
cp

ch
 (T2s – T1)

wc = 
cp

ch
 T1 (t – 1) (3.9)

The output of the plant is given by

wP = wT – wC = bcp hT T1 1
1-F

H
I
Kt

 – 
cp

ch
T1 (t – 1)

wP = 
1

h c

 cp T1 b h hc T
t

t1
1

1-F
H

I
K - -RST

UVW
( )

Let a = b hC hT (3.10)

wP = 
1

hc

 cp T1 1
1-F

H
I
Kt

 (a – t) (3.11)

For given values of a and hc, Eq. (3.11) can be optimized. Thus for

maximum output

 ∂

∂t
(wP) = 

1

hc

 cp T1 

∂
∂

a
a

t t
t- - +F

H
I
K1

 = 0

topt = a  = bh hc T (3.12)

Putting Eq. (3.12) in Eq. (3.11), we get the value of the maximum plant

output

wPmax = 
1

hc

 cp T1 a - 1
2

e j (3.13)

hc (T2 – T1) = T2s – T1

T2 = 1
1

1 1+ -
RST

UVWhc

t T( ) (3.14)
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The heat supplied is given by

Qs = cp (T3 – T2)

Qs = 
1

hc

 cp T1 {(b – 1) hc – (t – 1)} (3.15)

Comparing equations (3.11) and (3.15), we get the thermal efficiency

of the actual plant.

hth = 

1
1

1 1

-F
H

I
K -

- - -
t

t

tc

( )

( ) ( )

a

b h
(3.16)

The thermal efficiency at the maximum plant output, by using Eq.

(3.12) is given by

h¢th = 
a

b h a

-

- - -

1

1 1

2

e j
e j( ) c

(3.17)

In a real gas turbine plant (Fig. 3.6) the pressures during the processes

2–3 and 4–1 do not remain constant on account of the inherent pressure

losses in both air and gas circuits. Therefore, the pressure and temperature

ratios in the compressor and turbine are no longer the same. The two-fold

reduction in the turbine pressure ratio reduces the plant output and

Pressure
losses

3

4

2

1

T
e

m
p

e
ra

tu
re

Entropy

T

s

Fig. 3.6 Actual cycle with pressure losses
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thermal efficiency. Besides this, the effectiveness of the heat exchangers

is always less than unity.

3.2.3 Atkinson Cycle

Figure 3.7 shows the p–v diagram of a constant volume cycle known as

the Atkinson cycle. The compression and expansion processes are

isentropic in this cycle also. Heat addition takes place at constant volume

and rejection at constant pressure. The practical difficulties in achieving

constant volume heat addition and intermit-tent flow through the plant

have been some of the chief hurdles in its development. For some

industrial applications, this cycle has been profitably used in a combined

steam and gas turbine plant.

2

3

Combustion

Compression

P
re

s
s
u

re

Expansion

Heat rejection

Volume v

p

41

Fig. 3.7 Constant volume Atkinson cycle

Most of the modern gas turbine plants employ a number of variations

of the constant pressure cycle (Joule/Brayton cycle). Therefore, further

discussion in this book is restricted to only this cycle.

•Ø  3.3 Improvements in the Constant

Pressure Cycle

In this section methods of obtaining a higher plant output and thermal

efficiency are discussed. A high plant efficiency can be obtained by

employing high gas temperatures at the inlet. This is related to the

development of blade materials that can withstand high temperatures.
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Other methods for obtaining higher efficiencies are aimed at increasing the

mean temperature of heat reception and decreasing the mean temperature

of heat rejection.

3.3.1 Cycle with Exhaust Gas Heat

Exchanger

The mean temperature of heat reception can be increased and at the same

time mean temperature of heat rejection decreased by employing an

exhaust gas heat exchanger as shown in Fig. 3.8. The air after

compression is heated from temperature T2 to T5 in an exhaust gas heat

exchanger. The change in temperature of the hot gas across the heat

exchanger is from T4 to T6. For reversible transfer of heat, a contra-flow

type of heat exchanger is employed. When the effectiveness of the heat

exchanger is unity,

T2 = T6

T5 = T4 (3.18)

Compressor Turbine Load

Exhaust
heat exchanger

46

5

Combustion
chamber Gas

4
3

Air

2
1

Fig. 3.8 Gas turbine plant with exhaust gas heat exchanger

Figures 3.9 and 3.10 show the ideal constant pressure cycle with heat

exchange in the p–v and T–s planes.

Since the air has already been heated to a higher temperature T5 in the

heat exchanger less heat is now required to be added in the combustion

chamber for the same value of maximum temperature T3.

Referring to Fig. 3.10 and using Eqs. (3.18), heats supplied to and

rejected by the plant are

Qs = cp (T3 – T5) = cp (T3 – T4)

Qr = cp (T6 – T1) = cp (T2 – T1)
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In an ideal closed circuit cycle, the specific heat is the same in the above

two equations and remains constant. However, in a real open circuit cycle,

they are different.

The thermal efficiency is given by

hth = 1 – 
Q

Q
r

s

 = 1 – 
T T

T T
2 1

3 4

-
-

Combustion
chamberHeat

exchanger

2 3
5

1 4
6

Heat exchanger
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P
re

s
s
u
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p

Fig. 3.9 Cycle with exhaust gas heat exchanger in the p–v plane
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Fig. 3.10 Cycle with exhaust gas heat exchanger in the T–s plane
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Using Eqs. (3.3) and (3.7), we get

hth = 1 – 
tT T

tT T
1 1

4 4

-
-

 = 1 – 
T

T
1

4

hth = 1 – 
T T

T T
3 4

3 1

/

/

hth = 1 – 
t

b
 = 1 – 

( )r

g

g

b

- 1

(3.19)

Equation (3.19) shows that the efficiency of this cycle is dependent on the

temperature ratio b besides the pressure ratio. For a given pressure ratio

it increases with the temperature ratio b; and for a given value of b it

decreases with the increase in pressure ratio.

The output of the plant is unaffected by exhaust gas heat exchange; this

is shown in the following:

wP = Qs – Qr = cp (T3 – T4) – cp (T2 – T1)

wP = cp (T3 – T2) – cp (T4 – T1)

This expression is identical with Eq. (3.1b)

Effectiveness of the heat exchanger

Conditions given in Eq. (3.18) cannot be met in a real heat exchanger. The

actual condition is depicted by the relations:

T4 > T5

T6 > T2

This fact is taken into account by the effectiveness or the thermal ratio of

the heat exchanger which is defined by

e = 
T T

T T
5 2

4 2

-
-

(3.20)

3.3.2 Cycle with Reheat

Another method of increasing the mean temperature of heat reception is

to reheat the gas after it has expanded in a part of the gas turbine. By

doing so the mean temperature of heat rejection is also increased,

resulting in a decrease in the thermal efficiency of the plant. However, the

specific output of the plant increases due to reheat.

Figure 3.11 shows a reheat gas turbine plant; the corresponding T–s

diagram is shown in Fig. 3.12. The air compressor develops the required

pressure and temperature ratios r and t during the isentropic process

1–2. Heat is supplied during the constant pressure process 2–3 after which
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Fig. 3.11 Reheat cycle gas turbine plant
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Fig. 3.12 Reheat cycle in the T–s plane

isentropic expansion (3–4) of the gas occurs in the high pressure turbine.

The gas is heated (4–5) to its initial temperature (T3 = T5) in a reheater

before its final expansion (5–6) in the low pressure turbine. The pressure

and temperature ratios in the two turbines are:

r1 = 
p

p
3

4

(3.21)

t1 = 
T

T
3

4

 = 
p

p
3

4

1

F
HG

I
KJ

-g

g
 = r1

1g

g

-
(3.22)

r2 = 
p

p
5

6

(3.23)

t2 = 
T

T
5

6

 = 
p

p
5

6

1

F
HG

I
KJ

−γ

γ

 = r2

1g

g

-
(3.24)
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For the compressor

r = 
p

p
2

1

(3.25)

t = 
T

T
2

1

 = 
p

p
2

1

1

F
HG

I
KJ

-g

g
 = r

g

g

- 1

(3.26)

Since p3 = p2, p4 = p5 and p6 = p1

p

p
2

1

= 
p

p

p

p
3

4

5

6

Therefore, r = r1 r2 (3.27)

t = t1 t2 (3.28)

The total heat supplied to the plant is

Qs = cp (T3 – T2) + cp (T5 – T4)

and the heat rejected is

Qr = cp (T6 – T1)

Therefore, the output of the plant is

wP = Qs – Qr

wP = cp (T3 – T2) + cp (T5 – T4) – cp (T6 – T1)

On rearrangement,

wp = cp (T3 – T4) + cp (T5 – T6) – cp (T2 – T1) (3.29)

This can also be obtained directly as

Plant output = work in turbines – compressor work

Since T3 = T5, Eq. (3.29) is rewritten as

wP = cp (2T3 – T4 – T6 – T2 + T1 )

wP = 2 13

1

4

3

3

1

6

5

3

1

2

1

T

T

T

T

T

T

T

T

T

T

T

T
- - - +

F
HG

I
KJ  cpT1

Using Eqs. (3.7), (3.22), (3.24) and (3.26), we get

wP = 2 1
1 2

b
b b

- - - +
F
HG

I
KJt t

t  cpT1

Using Eq. (3.28),

wP = 2 1
1

1b
b

b- - - +
F
HG

I
KJt

t

t
t  cpT1 (3.30)

With a given overall temperature ratio (t) in the plant, the temperature

ratio in only one turbine need be fixed; the other is automatically fixed by
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the Eq. (3.28). The same applies to the pressure ratios [Eq. (3.27)]. Taking

t1 as a variable, its optimum value can be found from Eq. (3.30).

d

dt1
wP = cpT1 

d

dt1
 2 1

1

1b
b

b- - - +
F
HG

I
KJt

t

t
t  = 0

t1 = t

This relation in Eq. (3.28) gives

t1 = t2 = t (3.31)

The corresponding relation in terms of the pressure ratios is

r1 = r2 = r (3.32)

The heat supplied is

Qs = cpT1

T

T

T

T

T

T

T

T
3

1

2

1

5

1

4

1

- + -
F
HG

I
KJ

This on simplification gives

Qs = cpT1 2
1

b
b

- -
F
HG

I
KJt

t
(3.33)

Equations (3.30) and (3.33) yield

hth = 
w

Q
P

s

 = 
2 1

2
1 1

1

b b b

b b

- - - +
- -

/ /

/

t t t t

t t
(3.34)

For maximum plant output, using Eq. (3.31), the efficiency expression

reduces to

h¢th = 

2
2

1

2

b
b

b
b

- - +

- -

t
t

t
t

(3.35)

3.3.3 Cycle with Reheat and Exhaust

Heat Exchanger

It has been observed in the previous section that an increase in the

specific output of the gas turbine plant is achieved by reheating at the cost

of thermal efficiency. This defect can be avoided by employing exhaust

heat exchange with reheat; this would give a higher specific output and

thermal efficiency.

Figure 3.13 shows such a plant. The air before entering the combustion

chamber receives heat from the outgoing exhaust gases in the heat

exchanger. This requires less heat to be added in the combustion chamber.

The gases after expansion in the H.P. turbine are again heated to their
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initial temperature (T3 = T5) before entering the L.P. turbine. The corres-

ponding temperature-entropy diagram is shown in Fig. 3.14. Conditions

stated for reheat and exhaust heat exchange cycles in Secs. 3.3.1 and 3.3.2

are also applicable here.

Therefore, T3 = T5

T8 = T4 = T6 (3.36)

T2 = T7
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Fig. 3.14 Reheat cycle with exhaust exchanger in the T–s plane

Heat is supplied during the processes 8–3 and 4–5, and rejected during

7–1. Therefore,

Qs = cp (T3 – T8) + cp (T5 – T4)

C H.P. L.P. Load

Combustion
chamber

Reheater

4 6
3 5
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2
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8

Exhaust
heat exchanger

Exhaust gases

Fig. 3.13 Reheat cycle plant with exhaust heat exchanger

7
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From Eq. (3.36)

Qs = 2cp (T3 – T4) (3.37)

Qr = cp (T7 – T1) = cp (T2 – T1)

Therefore, the plant output

wP = Qs – Qr

wP = 2cp (T3 – T4) – cp (T2 – T1) (3.38)

Equations (3.37) and (3.38) give

hth = 
w

Q
P

s

 = 1 – 
T T

T T

2 1

3 42

-
-b g

hth = 1 – 
T T T

T T T
1 2 1

3 4 3

1

2 1

[( / ) ]

( / )

-
-

Using Eqs. (3.7), (3.22) and (3.26)

hth = 1 – 
t

t

-

-
F
HG

I
KJ

1

2 1
1

1

b

(3.39)

For maximum plant output conditions considered in section 3.3.2, Eq.

(3.39) reduces to

hth = 1 – 
( )t t+ 1

2b
(3.40)

It may also be noted that expressions for plant output in Eqs. (3.30) and

(3.38) are identical.

3.3.4 Cycle with Intercooling, Reheat and

Exhaust Heat Exchange

The cooling of air between two stages of compression is known as

intercooling. This reduces the work of compression and increases the

specific output of the plant with a decrease in the thermal efficiency. The

loss in efficiency due to intercooling can be remedied by employing

exhaust heat exchange as in the reheat cycle.

In view of the above, it may be concluded that the best method of

increasing the specific output of the plant is to employ intercooling and

reheating along with exhaust heat exchange. However, this increases the

bulk of the plant considerably with only a marginal gain due to

intercooling. Therefore, the designers of practical gas turbine plants have

little incentive to use intercooling. In contrast to this, the gains due to

reheat and exhaust heat exchange are far more attractive.
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Figure 3.15 shows a gas turbine plant employing intercooling, reheating

and exhaust heat exchange. The air after compression in the low pressure

compressor (1–2) is cooled to its initial temperature in the intercooler (2–

3) before further compression in the high pressure compressor (3–4). This

reduces the work in the H.P. compressor. After this the processes

occurring in the rest of the plant are the same as described in the previous

section.

L.P. H.P. H.P. L.P. Load

Exhaust heat
exchanger

10

5

Combustion
chamber

ReheaterIntercooler

6 9

8732

4

1

Fig. 3.15 Gas turbine plant with intercooling, reheating and

exhaust heat exchange

Figure 3.16 shows a hypothetical cycle (Ericsson cycle) whose

efficiency equals the efficiency of the Carnot cycle. The gas turbine plant

working on this cycle employs a large number of infinitesimal

compression stages with progressive intercooling; the expansion also

takes place in a large number of infinitesimal stages with progressive

reheating. There is perfect exhaust heat exchange, i.e. heat rejected during

the constant pressure process 3–4 is fully absorbed in the constant

pressure process 1–2. Thus heat reception and rejection in the cycle occur

only during the constant temperature processes 2–3 (T2 = constant) and 4–

1 (T1 = constant) respectively. Therefore, the efficiency of such a cycle is

hCarnot = 
T T

T
2 1

2

-
(3.41)

Such an arrangement is only of academic interest and is not possible in

practice.

•Ø  3.4 Aircraft Gas Turbine Plants

Early aircrafts were flown by piston engine driven propellers. They were

slow, cumbersome and had low power/weight ratio and capacity of
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handling gas. The late 1930s saw the successful flights of aircraft with gas

turbine power plants. With the advent of this new engine, the thinking in

aircraft propulsion was revolutionized. It led to higher speeds and

altitudes, higher thrust/weight ratio, lower specific fuel consumption and

increased reliability.

In aircraft gas turbines, the useful output of the power plant may or may

not be in the form of shaft power. The gas turbine plant works entirely as

a gas generator in the turbojet and turbofan engines, whereas it supplies

the required shaft power to the propeller in the turboprop engine.

The gas turbine power plant39 employed for aircraft propulsion works

on the constant pressure open circuit cycle (Figs. 3.3 to 3.6) discussed in

the earlier sections. An aircraft gas turbine power plant employing such

a cycle is shown in Fig. 3.17. Air enters the engine at the diffuser inlet; part

of the compression occurs in the diffuser and the remaining in the

compressor. High pressure air from the compressor enters the combustion

chamber (or chambers) as primary, secondary and tertiary air. The hot

gases from the combustion chamber enter the turbine stage (or stages)

which drives the compressor and propeller (if any). The hot gases leave

the engine through a propelling nozzle. A part of the expansion of gases

also occurs in this nozzle.

T2 = constant

T = constant1

2 3
Heat

reception

Exhaust
heat exchanger

Heat rejection

1 4

T
e

m
p

e
ra

tu
re

T

Entropy s

Fig. 3.16 Constant pressure cycle with a large number of inter-
coolers and reheaters (Ericsson cycle)
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It is obvious that the heat rejection process cannot occur within the

aircraft engine; therefore, the plant has to be an open circuit type. On

account of weight considerations, intercooling, reheat and exhaust heat

exchange cannot be employed. Reheat is only employed between the

turbine and the propelling nozzle for obtaining thrust augmentation. This

will be discussed later.

Only air breathing propulsive devices will be discussed in this section.

All such engines including the piston engine require air for their working.

An aircraft is propelled by the reaction of a jet of air or gas or both. These

devices are:

1. Piston engine driven propeller,

2. Gas turbine driven propeller (turboprop engine),

3. Turbojet engine,

4. Turbofan engine, and

5. Ram jet.

The choice of a particular type of propulsive device (or engine)

depends on the type of aircraft, its range, rate of climb, cruising speed and

altitude. Piston engines have very limited applications in modern aircraft

propulsion and are therefore not discussed here.

Before describing the various types of propulsive devices, a short

discussion of the thrust, propulsive efficiency, specific fuel consumption

etc. is given below.

3.4.1 Thrust, Specific Fuel Consumption and

Propulsive Efficiency

Thrust

Figure 3.18 shows a general propulsive device moving at the speed (u)

of the aircraft. The thrust (F) can be produced by accelerating either a

pj
pa

Aj

cju

Aircraft speed, u

Turboprop,
turbojet

or
turbofan

propulsive
device

Fig. 3.18 A general propulsive device
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small mass of air to a high velocity or a large mass of air to a comparatively

low velocity. The change of velocity across the device (Fig. 3.18) is from

u to cj. Therefore, the steady-flow thrust due to change of momentum is

&m  (cj – u)

The thrust due to pressure difference on the upstream and downstream

faces of the device is

(pj – pa) Aj

Therefore, the total thrust on the device is

F ¢ = &m  (cj – u) + (pj – pa) Aj

For complete expansion pj = pa, the thrust for this condition is given by

F = &m  (cj – u) = &m  u
c

u

j -
F
HG

I
KJ

1 (3.42)

For steady-flight conditions this thrust must equal the drag force on the

aircraft. It may be noted that the jet velocity cj is always greater than the

flight speed and the thrust is zero if the flight speed equals the jet speed

(u = cj). An increase in thrust can be obtained either by increasing the jet

velocity or the mass-flow rate ( &m) through the device. An increase in

mass-flow rate requires a large-size engine with a larger frontal area which

is associated with a large drag force.

The rate of work done by the thrust is given by:

Propulsive thrust power = thrust ¥ flight speed

Propulsive thrust power = &m u (cj – u) = &mu2
c

u

j -
F
HG

I
KJ

1 (3.43)

Specific fuel consumption

The specific fuel consumption based on the thrust is defined as the mass

of fuel required to produce a thrust of one Newton for one hour. Since it

is based on thrust it is known as thrust specific fuel consumption denoted

by TSFC.

TSFC = 
&m

F

f
 (in kg/hN) (3.44)

This is an index of the overall efficiency of airbreathing propulsive

devices. For turboporp engines it is based on the shaft power of the

engine; it is then expressed as brake specific fuel consumption (BSFC).

Propulsive efficiency

The energy supplied to the engine in the fuel is &mf Qf kJ/h.
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Energy output of the engine is the sum of the useful work done by the

thrust and the kinetic energy in the outgoing gases. This is given by

&mu (cj – u) + 
1

2
&m(cj – u)

2
 = 

1

2
&m(c

2
j – u

2
)

Therefore, the thermal efficiency of the engine is given by

hth = 
useful kinetic energy available for propulsion

energy supplied to the engine

hth = 
1

2
&m(c 2

j – u2)/ &mf Qf (3.45)

The propulsive efficiency is defined by

hp = 
useful work done by the thrust

kinetic energy available for propulsion

hp = 
& ( )

& ( )/

mu c u

m c u

j

j

-

-2 2 2
(3.46)

hp = 
2u

c uj +
 = 

2

1+ ( / )c uj

(3.47)

This is also known as Froude’s efficiency. The propulsive efficiency

decreases and the thrust increases as the ratio cj /u increases. At cj = u, the

propulsive efficiency is unity but the thrust is zero.

Figure 3.19 gives a comparison of the efficiencies of three propulsive

devices.

Overall efficiency

The overall efficiency of the propulsion device is defined by

ho = 
useful work done by the thrust

energy supplied to the engine

ho = 
Fu

m Qf f&
 = 

& ( )

&

mu c u

m Q

j

f f

-
(3.48)

Equations (3.45), (3.46) and (3.48) yield

ho = hth hp (3.49)

Equations (3.44) and (3.48) give

ho = 
u

TSFC Qf

1
(3.50)
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Fig. 3.19 Efficiency of various propulsive devices

Specific thrust

This is the thrust per unit flow rate of air through the device.

Fsp = 
F

m&
(3.51)

This gives an idea of the relative engine size.

Substitution of Eq. (3.51) in (3.44) gives

TSFC = 
&

&

m

mF

f

sp

 = 
f

Fsp

(3.52)

3.4.2 Turboprop Engine

In the turboprop system the gas turbine power plant shown in Fig. 3.17

drives a propeller at a relatively low rotational speed through a reduction

gear. The turbine extracts a large proportion of the energy from the hot

gases in developing the required power for driving the propeller.

Therefore, the remaining energy in the exhaust gases is comparatively

low. Thus the thrust due to the expanding gases in the propelling nozzle

is only a small percentage (ª 10%) of the total thrust.
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The large diameter propeller handles very large quantities of air with a

small velocity differential. The mass of air passing through the engine is

only a small fraction of the air handled by the propeller. Thus the

turboprop engine can be regarded as a sort of by-pass engine with a very

high by-pass ratio.

This engine provides high thrust and low TSFC at low flight speeds. In

lower speed ranges, it is ideal because of its high efficiency, take-off

thrust and the variable blade pitch operation.

However, the tips of the large propeller reach sonic velocity at mode-

rate flight speeds leading to a fall in the propulsive efficiency (Fig. 3.19).

Therefore, propeller engines are used only for flight Mach numbers below

0.5. An aircraft with turboprop engines must have longer landing gears.

Some details of turboprop engines are given in Sec. A.1 of Appendix

A.

3.4.3 Turbojet Engine

The turbojet engine (Fig. 3.17) has already been explained briefly. It

differs from the turboprop engine in that the turbine power is wholly

consumed in driving the compressor; there is no shaft output power. The

aircraft is wholly propelled by the jet thrust. Therefore, there is a

substantial increase in the velocity of the gases as they expand in the

propelling nozzle. The temperature-entropy diagram for such an engine is

shown in Fig. 3.20. In this all the processes are assumed ideal. On account

of the higher flight speeds, the compression (i–1) in the diffuser is

substantial. Further pressure rise occurs in the compressor which may be

purely axial or a combination of axial and centrifugal stages. Heat

addition in the combustion chamber is represented by the constant

pressure process (2–3). The expansion of the high temperature and

pressure gases in the turbine stage or stages is represented by the process

3–4. further expansion in the propelling nozzle is represented by 4–5. The

process 5–i does not take place inside the engine.

Figure 3.20 is also valid for a turboprop engine. However, on account

of lower flight speeds and small jet thrust, the pressure changes during

processes i–1 and 4–5 are comparatively small.

Since the gases at the exit of the turbine have a large amount of

oxygen, more fuel can be burnt in this region for thrust augmentation.

This is achieved by installing after-burners (reheater) in the jet pipe

between the turbine exhaust and the propelling nozzle. A T–s diagram for

such a scheme is shown in Fig. 3.21. Expansions in the turbine and the

propelling nozzle are represented by 3–4 and 5–6 respectively. The reheat

at constant pressure takes place during the process 4–5. Many military

aircrafts employ reheat turbojet engines for their operations.
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A turbojet engine has a relatively high specific fuel consumption at

low flight Mach numbers and altitudes and requires a longer take-off roll.

However, it has a low weight/thrust ratio and small frontal area.

The specifications of a typical jet engine are given in Sec. A.2 of

Appendix A.
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Fig. 3.20 T–s diagram of a turbojet engine
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Fig. 3.21 T–s diagram of a turbojet engine with reheat
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3.4.4 Turbofan Engine

In a turbofan engine
41

 a large L.P. fan is driven by one of the turbine stages;

unlike the turboprop, here the fan propeller is ducted. Only a part ( &mh) of

the air from the fan is passed on to the conventional turbojet engine plant,

the remaining ( &mc) is bypassed to the fan nozzle. The air at a slightly high

pressure expands through this nozzle generating a thrust by virtue of a high

flow rate with a small velocity differential.

Figure 3.22 shows the principal components of a turbofan engine. The

two L.P. turbine stages drive the fan while the H.P. turbine stage drives the

compressor. The air passing through the compressor, after heat addition in

the combustion chamber provides all the power to drive the three-stage

turbine. The hot gases leaving the last turbine stage then expand in the

propelling nozzle (main nozzle) and develop thrust at a high velocity and

relatively low flow rate.

Compressor

Combustion
chamber

mh

H.P. turbine

Fan Fan jet

mh

mc

L.P. turbines

.
.

.

Fig. 3.22 Principal components of a turbofan engine

The total amount of air entering the fan is

&m = &mc + &mh (3.53)

The ratio of the mass-flow rates in the cold (fan jet) and hot air jets is

termed as the bypass ratio.

B = 
&

&

m

m
c

h

(3.54)

Equations (3.53) and (3.54) together give

&mh = 
&m

B1+
(3.55)

&mc = 
&mB

B1+
(3.56)
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Assuming expansion of both the cold and hot jets to the atmospheric

pressure, the application of the momentum equation gives the total

thrust as

F = &mc cjc + &mh cjh – &m u

F = 
&m

B1+
(B cjc + &mh cjh) – &m u (3.57)

Modern bypass or turbofan engines use a bypass ratio up to a value of

8 or more. Since a large part of the total thrust is obtained by the cold jet

at a low velocity, the propulsive efficiency of a turbofan engine is high

(Fig. 3.19) at subsonic flight Mach numbers. This is accompanied by a

considerable decrease (ª 20%) in the noise level compared to an

equivalent turbojet engine.

Figure 3.23 shows a variation of the turbofan engine. Here the fan

blades are an extension of the L.P. turbine rotor blades and the H.P.

turbine drives the air compressor.

Compressor H.P. turbine L.P. turbine

mh

mcmc

mh

cjh

cjc

Aft fan
..

.

.

Fig. 3.23 Turbofan engine with aft fan

The specific weight and TSFC for turbofan engines are between those

for the turboprop and turbojet engines; it requires a shorter take-off roll.

The principal data for a turbofan engine are given in Sec. A.3 of

Appendix A.

3.4.5 Ramjet Engine

This device does not consist of a gas turbine power plant. It is included

here only for a comparison with propulsive devices employing gas

turbines. The compression of air takes place due to the “ram effect” at

high flight Mach numbers. Therefore, the compressor and hence the

driving turbine are not required. High gas temperatures can therefore be

employed in the absence of the restrictions imposed by the turbine blade
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material. The performance of this device is comparable with that of the

turbojet engine at supersonic speeds.

Since the turbine and compressor are absent, the ramjet engine cannot

be started while it is at rest. It needs a launching device.

3.4.6 Turbo-rocket Engine

As the name indicates, the turbo-rocket engine (Fig. 3.24) is a cross

between the rocket motor and the turbojet engine. The turbine is driven by

the gases supplied from the rocket combustion chamber which is

independent of the atmospheric air. A reheater downstream of turbine

replaces the combustion chamber of the conventional turbojet system.

Such engines can be used to assist large aircrafts in taking off and

climbing without high wing loading. Rocket-propelled aircrafts can also

be used to take men and material to space stations.

Air

Air

Compressor
Rocket

combustion
chamber Rocket-driven turbine

Reheater

Jet pipe

Fig. 3.24 Turbo-rocket engine

The French Mirage III aircraft (a) takes off on a turbojet, (b) employs

a rocket motor for the high rate of climb, (c) cruises on a turbojet,

(d) travels at a high supersonic speed for intercepting the target, and

(e) returns on a turbojet.

3.4.7 Nuclear Aircraft Engine

Figure 3.25 shows a nuclear-powered hot air turbojet engine. The

combustion chamber of the conventional turbojet engine is replaced here

by a heat exchanger. A suitable coolant transfers the required amount of

heat from the reactor to the air in the heat exchanger. The air compressor

is driven by a hot air turbine which works here in a less hostile environ-

ment compared to gas turbines.

Section 4.7 of the steam turbine plants gives more details of the nuclear

reactor.
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•ØØØØØ  3.5 Gas Turbines for Surface Vehicles

The problems and design features of gas turbines employed by surface

vehicles are considerably different from those of aircraft gas turbines.

Automobiles

Attempts were made by a number of automobile manufacturing companies

in various countries to perfect gas turbine engines for cars. An exhaust

heat exchanger was used to improve the fuel economy. However, inspite

of a high degree of technological success, the gas turbine car engine at

present cannot commercially compete with the well-established piston

engine. Some degree of success was achieved in the field of heavy

vehicles with engines of over 200 kW. Many designs employed the

combination of an axial turbine and a low pressure centrifugal compressor

along with a rotary heat exchanger.

The gas turbine automobile engine is mechanically sound and pollutes

the atmosphere at a lesser rate. However, it suffers from its inherent high

speed, and poor part-load performance.

Railway locomotives

Long distance passenger trains have employed gas turbine locomotives in

many countries. Gas turbine locomotives (with electrical transmission) can

be introduced in sectors where electric traction is uneconomical.

Exhaust superchargers

Small gas turbines are also used in automobiles in another way. All large

truck and railway diesel locomotive engines are supercharged. They

Hot air
Air

Compressor Heat
exchanger

Turbine
Jet pipe

Water

Turbo
pump

Secondary
shield

Main
shield

Reactor
core

Fig. 3.25 Nuclear aircraft engine
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employ exhaust gas driven turbines (axial or inward flow radial) to drive

the centrifugal air compressors (super chargers).

Hovercrafts

Commercial and naval31,33 services are now employing an ever increasing

number of air cushion crafts. They have certain advantages over marine

vehicles. Gas turbine provides all the power for lift and propulsion in such

crafts. In a typical 100 t U.S. design, the air cushion is generated and

maintained by eight lift fans. Three marine gas turbines provide propuls-

ion through the propellers located astern.

The world’s first commercial hovertrain developed in France employs

air screw propulsion and has a speed of 300 km/h. The train has two sets

of six air cushions.

Hydrofoils

Hydrofoils employ the lift on an aerofoil to lift the craft above the water

surface. This enables them to move at comparatively higher speeds (120

km/h). The application of gas turbines for powering hydrofoils is on a

relatively small scale.

•Ø  3.6 Gas Turbines for Electric Power

Generation

Gas turbines are used for electric power generation in a number of ways.

Some of its main advantages are ability to start quickly, lower cooling

water requirement, and high temperature and low pressure of the working

medium.

Aeroengines

The life of a terrestrial gas turbine between ovrhauls is 20,000-30,000 hrs.

compared to 3000-7000 hrs. for aeroengines. Full advantage of the high

level of design of aeroengines is taken in designing gas turbine power

plants for electric power generation.

Turboprop engines with some modifications of the combustion

chamber and bearings can be used to drive electric generators through

reduction gears. A number of derated turbojet engines (gas generators)

can supply the working gas to a separate power turbine. A large plant uses

eight jet engines feeding four power turbines giving a total output of 120-

140 MW. Another 100 MW single-stage gas turbine plant employs ten jet

engines around the periphery of a single turbine rotor for supplying gas

to its various sectors of nozzles.

Aeroengines in power stations can be brought to full-load operation

from cold in a few minutes. This makes them ideal for peak load

operation.
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Topping plant

The temperature of the exhaust gases in a gas turbine is high. Therefore,

the use of gas turbine plants in electric power stations without any heat

recuperating apparatus makes them uneconomical. Some arrangements

employed to recover the exhaust heat in power stations and industrial

processes are discussed here and again in Sec. 4.6.

Figure 3.26 shows a gas turbine 29,30,35 as a topping plant. The gas

turbine forms the high temperature loop whereas the steam plant forms

the low temperature loop. The connecting link between the two loops (or

cycles) is the steam boiler working on the exhaust heat of the gas turbine.

The outgoing exhaust gases also heat the feed water of the steam cycle.

The gas turbine, as shown here, works wholly as a gas generator for the

steam plant, whereas the steam turbine drives the generator. In another

arrangement the gas turbine can also drive a generator, thus contributing

to the total output of the combined gas-steam plant.

Feed pump

Steam
condenser

Generator

Steam
turbine

Feed
water

Heat
exchanger

Gas
Steam

Steam
boiler

Gas
turbine Air compressor

AirAir

Fuel

Combution chamber

Fig. 3.26 A topping gas turbine plant (combined gas-steam plant)

Combined cycle plants are discussed in greater details in Chapter 5.

Total energy plant
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Satisfying the demands of heating, cooling and electrical energy from a

single source is the total energy concept. The type of fuel used in a total

energy system may be liquid or gaseous and is chosen on economic

considerations, availability, cost and transportation.

Figure 3.27 shows a gas turbine plant in the total energy system. The

steam boiler utilizes the energy in the high temperature turbine exhaust

gases. Steam can be used directly for space heating. For cooling purposes,

steam is utilized in producing chilled water in an absorption chiller. The

overall efficiency of the total energy plant is between 60 and 75%.

Generator Building
Gas turbine

plant
Absorption

chiller

B
o
i
l
e
r

Steam

Exhaust
Chilled water

for cooling

Condensate

Hot water or steam
for space heating

Fuel

Fig. 3.27 Gas turbine plant in the total energy system

Nuclear plant

Figure 3.28 shows a closed circuit nuclear gas turbine 32,38,43 plant. Helium

gas is used both as a coolant in the reactor and the working fluid in the

closed circuit gas turbine plant. Helium after compression is first heated in

the heat exchanger and then in the reactor. The high pressure and

temperature (p ª 25-50 bar, T = 1000-1200 K) gas drives the helium

turbine. The turbine drives both the compressor and the load (electric

Compressor Reactor Turbine

Load

Heat exchanger

Fig. 3.28 A closed circuit nuclear gas turbine plant
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generator). The details of the nuclear reactor are briefly described in

Sec. 4.7.

•Ø  3.7 Gas Turbines in Petro-chemical

Industries

Gas turbines have special applications in a variety of industries. Some

advantages of the gas turbines in these applications are:

1. A variety of fuels can be used in gas turbine plants. Some process

gases (which are otherwise lost) can also be used.

2. The energy in its exhaust gases can be used in various processes.

3. They can be used conveniently for industrial utilities, such as

compressed air, hot gases, steam, hot water, mechanical and

electrical power.

4. It is easy to install, cheap, compact and competitive (cost-wise); it

has ability to combine with other equipment.

5. Ease in speed regulation in industrial drives.

Figure 3.29 shows a gas turbine supplying preheated combustion air to

boilers. The cooling of air after the blower reduces the compressor size

and its work.

CC

CC

Blower
Air

Stack

Preheated
combustion air

to boilers

C T Elec.   gen.

Cooler
(evaporator)

Fig. 3.29 Gas turbine supplying preheated combustion air for

steam boilers

Figure 3.30 shows a gasifier supplying hot gases for an industrial

process. Additional fuel is burnt in combustion chamber placed after the

turbine depending on the heat requirement in the process. The hot gases,
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after the process, can be further used in steam boilers. The starting turbine

runs on compressed air.

 

Process

CC

CC

Compressed
air

C T

to steam
boilers

Gasifier

Starting
turbine

Fig. 3.30 Gasifier supplying hot gases for an industrial process

Figure 3.31 shows the application of the gas turbine and compressors

in the manufacture of nitric acid. The gas turbine works on the waste heat

of the process—it drives the axial and centrifugal stages of the

compressor. Oxygen is removed from the high pressure air before

injecting steam. A steam turbine is employed for starting the plant.

C C

IC

Process

GT

Air

Starting
steam
turbine to waste

heat boiler

Steam

Fig. 3.31 Pressurized process used in the manufacture of nitric

acid

•Ø  3.8 Gas Turbines in Cryogenics

Enginneering and scientific aspects of considerably low temperature

(–157°C) form the subject matter of cryogenics. Low temperatures can be

obtained by:
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1. Isenthalpic Joule-Thomson expansion, and

2. Isentropic expansion.

Isentropic expansion was first obtained by reciprocating expanders

which had problems at very low temperatures. Rotating machines on

account of high speeds (up to 6 ¥ 10
5
 rpm) are most suitable for this

purpose. High speed turbo-expanders employing 8-16 mm diameter

inward flow radial turbines give very low temperatures. Helium and

hydrogen turbo-expanders do not have problems of high Mach number

because of the high speed of sound.

Figure 3.32 shows the La-Fleur helium gas turbine cryogenic

refrigeration system. Various processes occurring in this plant are shown

in the T-s plane in Fig. 3.33.
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Fuel

Regenerator R2

Fig. 3.32 The La-Fleur helium gas turbine refrigeration system

Helium is first compressed (AB) to a high pressure in a common

compressor. At the exit of the compressor, helium is divided between the

power and the refrigeration cycles.

In the closed circuit power cycle helium is passed through a

regenerator (BC) before heating it by burning fuel. The heater or

combustion chamber (CD) raises its temperature for doing work in the

turbine (DE). The turbine power is used to drive the compressor. The

exhaust from the turbine is sent back to the compressor inlet through the

hot side (EF) of the regenerator and a precooler. Thus the output of the

closed circuit helium gas turbine plant is the high pressure helium
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available for the refrigeration cycle. This is first cooled in the after cooler

(BM) and the regenerator (MP) before expanding it in the high-speed

inward flow radial cryogenic turbine (PQ). The expansion of helium in

the turbine reduces it to a very low temperature. The power output of the

cryogenic turbine can also be utilized in driving the helium compressor.

Low temperature helium after having been used for low temperature

refrigeration (QN) goes back to the compressor through the cold side of

the regenerator.

•Ø  3.9 Miscellaneous Applications of

Gas Turbines

Only some major applications of gas turbines have been described in this

chapter. The aim of this is to highlight the significance of the gas turbine

as a single element in the given total system.

By virtue of the extreme simplicity and light-weight design, small gas

turbines (some of them working on hot air) have found wide applications

in many fields from surgery to aerospace. Small air turbines are used to

operate the drills used by orthopaedic and dental surgeons. The low

temperature air after expansion in these turbines is used for cooling the

drilled region. Small gas turbines working on high energy fluids at low

flow rates are employed in the auxiliary power units in underwater

and aerospace vehicles. Gas turbine drives for turbo-pumps are used in

rockets and missiles.
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Fig. 3.33 T–s diagram of the La-Fleur refrigeration system
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Other applications of gas turbines are in steel making, oil and gas

pumping, marine propulsion and helicopter rotor drives.

Notation for Chapter 3

A Area of cross-section

AC Air cooler

B Bypass ratio

c Fluid velocity

C Compressor

CC Combustion chamber

cp, cv Specific heats

F Thrust

f Fuel-air ratio

GT Gas turbine

IC Intercooler

&m Mass-flow rate

p Pressure

Q Heat transferred or calorific value of the fuel

R Regenerator

r Pressure ratio

t Temperature ratio

T Temperature or turbine

TSFC Thrust specific fuel consumption

u Flight speed

v Specific volume

w Work

Greek Symbols

a = bhChT

b Ratio of maximum and minimum temperatures

g cp/cv

e Heat exchanger effectiveness

h Efficiency

Subscripts

a Ambient

c Cold

c Compressor

f Fuel

h Hot
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j Jet

p Propulsive

p Plant

r Rejected

s Isentropic, supplied

sp Specific

th Thermal

t Turbine

o Overall

1 First stage or compressor entry

2 Second stage or compressor exit

3 Turbine entry

4 Turbine exit

•Ø  Solved Examples

3.1 In a constant pressure cycle gas turbine plant the minimum and

maximum temperatures are 50°C and 950°C respectively. If the

compressor and turbine efficiencies are 0.82 and 0.87, determine

for maximum power output:

(a) the pressure ratio of the turbine and compressor,

(b) the maximum power output per unit flow rate and

(c) the thermal efficiency of the plant.

Assume for both compressor and turbine g = 1.4 and cp = 1.005 kJ/

kg K.

Solution:

T1 = 273 + 50 = 323 K

T3 = 273 + 950 = 1223 K

b = T3/T1 = 1223/323 = 3.786

a = bhChT = 3.786 ¥ 0.82 ¥ 0.87 = 2.70

For maximum power output, the temperature ratios in the turbine

and compressor are

topt = a  = 2 70.  = 1.644

(a) In the absence of pressure losses the pressure ratio for both the

turbine and compressor is

r = ( )topt

g

g - 1  = (1.644)3.5 = 5.697 (Ans.)
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(b) wpmax
= 

1

hc

 cpT1( a  –1)2

wpmax
= 1.005 ¥ 323 (0.644)2/0.82

wpmax
= 164.18 kW/(kg/s) (Ans.)

(c) The thermal efficiency of the plant for maximum power output

is

h¢th = 
( )

( ) ( )

a

b h a

-

- - -

1

1 1

2

c

h¢th = 
0 644

3786 1 082 0 644

2.

( . ) . .- -
 = 0.252

h¢th = 25.2% (Ans.)

3.2 A gas turbine plant with an exhaust heat exchanger has the

following data:

Turbine and compressor pressure ratio 10.0

Minimum cycle temperature 300 K

Maximum cycle temperature 1500 K

Flow rate through turbine and compressor 10 kg/s

Thermal ratio of the heat exchanger 0.8

Turbine efficiency 85%

Compressor efficiency 82%

The mass flow of the fuel can be ignored. The properties of air and

gas are about the same.

cp = 1.005 kJ/kg K, g = 1.4

Determine:

(a) Power developed,

(b) Thermal efficiency of the plant and

(c) Efficiencies of the ideal Joules cycle with heat exchange and

Carnot’s cycle. Recalculate (a) and (b) when the thermal ratio

of the heat exchanger is uniy.

Solution:

Refer to Fig. 3.10.

T2 – T1 = 
1

h c

(T2s – T1) = 
T

c

1

η
r

g

g

-

-
F

H
G

I

K
J

1

1

T2 = 300 + 
300

0 82.
(10

0.286
 – 1) = 640.6 K
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T3 = 1500 K

T3 – T4 = hT (T3 – T4s) = hTT3 (1 – r–0.286)

T4 = 1500 – 0.85 ¥ 1500 (1 – 10–0.286)

T4 = 885 K

T T

T T
5 2

4 2

-
-

= 0.8

T5 – 640.6 = 0.8 (885 – 640.6) = 195.52

T5 = 836.12 K

For the same flow rate and properties of the gases on the cold and

hot sides of the heat exchanger,

T5 – T2 = T4 – T6

836.12 – 640.6 = 885 – T6

T6 = 689.48 K

Qs = cp (T3 – T5)

Qs = 1.005 (1500 – 836.12) = 667.2 kJ/kg

Qr = cp (T6 – T1)

Qr = 1.005 (689.48 – 300) = 391.43 kJ/kg

(a) Power developed

&m wP = &m (Qs – Qr)

&m wP = 10 (667.2 – 391.43)

&m wP = 2757.7 kW (Ans.)

(b) Thermal efficiency of the plant

hth = 1 – Qr/Qs

hth = 1 – 391.43/667.2

hth = 41.33% (Ans.)

(c) The efficiency of the ideal Joule’s cycle with perfect heat

exchange is

hJoule = 1 – 
1

1

b

g

gr

-

hJoule = 1 – 
1

5
10 0 286( )

◊

hJoule = 61.36% (Ans.)

Carnot’s efficiency between temperatures 1500 K and 300 K is

hCarnot = 1 – 
300

1500
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hCarnot = 80% (Ans.)

When the thermal ratio of the heat exchanger is unity.

T2 = T6 = 640.6 K

T5 = T4 = 885 K

Qs = cp (T3 – T5)

Qs = 1.005 (1500 – 885) = 618 kJ/kg

Qr = cp (T6 – T1)

Qr = 1.005 (640.6 – 300) = 342.3 kJ/kg

Power developed is

&m (Qs – Qr) = 10 (618 – 342.3)

Power = 2757 kW (Ans.)

This is the same as before, proving that power is not affected by

the presence or performance of an exhaust heat exchanger. It is

only the thermal efficiency that is affected.

hth = 1 – 342.3/618

hth = 44.6% (Ans.)

3.3 Solve Problem 3.6 for an ideal reheat cycle with optimum reheat

pressure.

Solution:

b = 5, r = 25

t = r

g

g

- 1

 = 25 0.286 = 2.51

t = 2 51.  = 1.584

For maximum work output

t1 = t2 = t  = 1.584

&mwpmax
= 2

2
1b

b
- - +

F
HG

I
KJt

t  mcp T1 = 1000

&m ¥ 1.005 ¥ 300 10
10

1584
2 51 1- - +F

H
I
K.

.  = 1000

&m = 1.532 kg/s (Ans.)

The thermal efficiency is given by

hth = 
2 2 1

2

b b

b b

- - +

- -

/

/

t t

t t
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hth = 
2 5 10 1584 2 51 1

2 5 2 51 5 1584

¥ - - +
¥ - -

/ . .

. / .

hth = 49.9% (Ans.)

3.4 Solve Problem 3.6 for an ideal reheat cycle with optimum reheat

pressure and perfect exhaust heat exchange.

Solution:

The power output is unaffected by exhaust heat exchange—it only

improves the thermal efficiency of the plant. For maximum plant

output, it is given by

hth = 1 – 
( )t t+ 1

2b

hth = 1 – 
( . ) .1584 1 1584

2 5

+
¥

hth = 59.07% (Ans.)

The flow rate through the plant is the same as in Ex. 3.3.

&m = 1.532 kg/s

3.5 A gas turbine power plant has an output of 100 MW at the

generator terminals. Its data is given below:

Air compressor inlet pressure and temperature p1 = 1.013 bar,

T1 = 310 K

Compressor pressure ratio = 8.0, Efficiency hc = 0.85,

Turbine inlet temperature = 1350 K, Efficiency ht = 0.90,

Turbine inlet pressure = 0.98 ¥ compressor exit pressure

Turbine exit pressure = 1.02 bar.

Calorific value of the fuel, Qf = 40 MJ/kg

Combustion efficiency, hB = 0.98,

Mechanical efficiency, hm = 0.97,

Generator efficiency, hG = 0.98

Take g = 1.33, R = 0.287 kJ/kg K for the gas.

Determine:

(a) Gas flow rate,

(b) Fuel-air ratio,

(c) Air flow rate,

(d) Thermal efficiency of the power plant,

(e) Overall efficiency and

(f) Ideal Joule cycle efficiency.
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Solution:

See figure 3.5

For air 
g

g

- 1
 = 

14 1

14

.

.

-
 = 

1

35.
 = 0.2857

Air Compressor

T

T
s2

1

= pr
0.2857 = 8.2857 = 1.811

T2 – T1 = 
T T

Tc

s1 2

1

1
h

-
F
HG

I
KJ  = 

310

085.
 (1.811 – 1) = 295.776K

T2 = 310 + 295.776 = 605.776 K

wc = cpa (T2 – T1)

wc = 1.005 ¥ 295.255 = 297.255 kJ/kg

Gas turbine

g

g

- 1
= 

133 1

133

.

.

-
 = 

1

4 03.
 = 0.248

cpg = 1.157 kJ/kg K

T

T s

3

4

= 
p

p
3

4

1F
HG

I
KJ

-( ) /g g

p3 = 0.98p2 = 0.98 ¥ 8 ¥ 1.013 = 7.9419 bar

p

p
3

4

= 
7 9419

102

.

.
 = 7.786

T

T s

3

4

= 7.786 0.248 = 1.663

T3 – T4 = ht T3 1
1

3 4

-
F
HG

I
KJT T s/

T3 – T4 = 0.9 ¥ 1350 1
1

1663
-F

H
I
K.

 = 484.393K

T4 = 1350 – 484.393 = 865.607 K

wt = cpg (T3 – T4) = 1.157 ¥ 484.393 = 560.443 kJ/kg

wP = wt – wc = 560.443 – 297.255 = 263.187 kJ/kg

wg = hm ¥ hG ¥ wP

wg = 0.97 ¥ 0.98 ¥ 263.187 = 250.186 kJ/kg

&mg ¥ wg = 100 MW
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(a) &mg = 
100 1000

250 186

¥
◊

 = 399.703 kg/s Ans.

Energy balance of the combustion chamber gives

( &mf Qf) hB = &mg cpg T3 – &ma.cpa.T2

&mg = &ma + &mf = 1 +
F
HG

I
KJ

&

&

m

m

f

a

 &ma = (1 + f ) &ma

f.Qf hB = (1 + f ) cpg. T3 – cpa. T2

40 ¥ 10
3
 ¥ 0.98 ¥ f = (1 + f ) ¥ 1.157 ¥ 1350 – 1.005 ¥ 605.776

(b) f = 
&

&

m

m

f

a

 = 0.0253 = 
1

39 486.

(c) &ma = 
&m

f

g

1 +
 = 

399 703

10253

.

.
 = 389.84 kg/s

&mf = &mg – &ma = 399.703 – 387.84

&mf = 9.863 kg /s

(d) Thermal efficiency of the plant is given by

hth = 
Plant output

Energy in the fuel
 = 

&

&

m w

m Q

g p

f f

¥

= 
399 703 263187

9 863 40000

. .

.

×

×
 ¥ 100 = 26.66 per cent Ans.

(e) Overall efficiency is given by

ho = hm ¥ hG ¥ hth

ho = 0.97 ¥ 0.98 ¥ 26.66 Ans.

ho = 25.285 per cent

(f) Ideal Joule cycle efficiency

hj = 1 – 
1

1
pr

( ) /g g-
 = 1 – 

1

80 2857.

hj = 0.4478 (44.78%)

•Ø  Questions and Problems

3.1 Describe with the aid of a plant layout and p–v and T–s diagrams,

the working of simple closed circuit, ideal and actual constant

pressure gas turbine cycles.
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Mention the variables on which the efficiencies and outputs of these

cycles depend.

3.2 What are the various methods employed for improving the

efficiency and output of a constant pressure gas turbine plant?

3.3 Explain briefly why a constant volume cycle gas turbine plant is

not as widely employed as a constant pressure type. What are its

major drawbacks?

3.4 What are the advantages of a closed circuit gas turbine plant over

an open circuit type? Give three practical examples where closed

circuit gas turbine plants are used.

3.5 In a simple constant pressure gas turbine cycle with maximum to

minimum temperature ratio b and turbine and compressor

efficiencies of h t and hc respectively, prove that

(a)
Maximum specific work output

c Tp 1

 = 
1

1 2

h
bh h

c
c T( )-

(b) The thermal efficiency at maximum output is

bh h

b h bh h

c T

c c T

-

- - -

1

1 1

2

e j
e j( )

(c) Determine the values in (a) and (b) for temperature ratios of 2,

3, 4, and 5 and plot them against temperature ratio.

Take hC = 75% and hT = 80% for all values of temperat-

ure ratio.

Ans. (wP)/(cp T1) = 0.012, 0.156, 0.402 and 0.715.

hth = 1.37%, 10.1%, 17.7% and 23.6%.

3.6 A small gas turbine plant has an output of 1 MW at a maximum-

to-minimum temperature ratio of 5.0 and a pressure ratio of 25.0.

The overall turbine and compressor efficiencies are 85% and 82%

respectively. The compressor draws air at 300 K; the properties of

the gas may be assumed to be the same as that of air. Determine:

(a) the mass flow through the turbine,

(b) the thermal efficiency of the plant, and

(c) the efficiencies of the reversible Joule cycle and the Carnot’s

cycle between the same temperatures.

Ans. &m = 4.634 kg/s, hth = 33.2%,

hJ = 60.2%, hCarnot = 80.0%.
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3.7 What is the pressure ratio for maximum output of the plant in

Problem 3.6 Determine the corresponding values of:

(a) mass-flow rate through the turbine,

(b) thermal efficiency of the plant and

(c) the efficiencies of the reversible Joule cycle and Carnot’s

cycle between the same temperatures.

Ans. r = 8.889, &m  = 3.618 kg/s, hJ = 46.4%

hCarnot = 80%, hth = 31.1%

3.8 What is thermal ratio of an exhaust exchanger in a gas turbine

plant? What is its effect on the power output and thermal

efficiency of the plant?

3.9 (a) Draw an illustrative sketch of a turbojet gas turbine engine,

indicating its principal parts.

(b) Show various processes occurring in the engine on a T-s

diagram. How would it change for a reheat cycle?

3.10 Describe with the aid of illustrative sketches the working of the

following aeroengines:

(a) Turbofan engine,

(b) Turbo-rocket engine and

(c) a nuclear aircraft engine.

3.11 Explain briefly how a gas turbine power plant is combined with a

conventional steam plant. What are the advantages of such a

scheme?

3.12 What are the main features of a gas turbine aircraft engine which

differentiate it from a gas turbine plant for electric power gene-

ration?

How are the specific thrust and power output of aircraft engines

improved?

3.13 How is the propulsive efficiency of an aircraft propulsion device

defined?

Compare graphically the propulsive efficiencies of turboprop,

turbojet, turbofan and rocket engines at various Mach numbers.

3.14 (a) Define specific thrust, thrust specific fuel consumption (TSFC)

and bypass ratio in aeroengines.

(b) Prove that:

Overall efficiency (ho) of a propulsion device = thermal

efficiency ¥ propulsive efficiency

ho = 
aircraft speed

calorific value TSFC¥
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TSFC = 
fuel-air ratio

specific thrust

3.15 If an exhaust heat exchanger (thermal ratio = 0.75) is employed in

the gas turbine plant of Ex.3.5 calculate:

(a) Air-fuel ratio,

(b) Air-flow rate,

(c) Fuel flow rate, and

(d) the thermal efficiency of the plant.

Ans. (a) 49.693 (b) 391.819 kg/s

(c) 7.884 kg/s (d) 33.35 per cent.

3.16 The stagnation pressure ratio across a gas turbine stage is 2.0 and

the initial and final stagnation temperatures of the gas are 600°C

and 500°C respectively. The absolute velocity of the gas both at

entry and exit is 120 m/s. Determine

(a) the total to total efficiency,

(b) the total to static efficiency,

(c) work done per kg of the gas, and

(d) mass flow rate of the gas to develop 10 MW.

Ans: (a) 72.5% (b) 69.5%

(c) 115.8 kJ (d) 86.6 kg/s



Chapter 4

Steam Turbine Plants

The steam turbine is one of the most important power generating

turbomachines. It is the principal prime mover in the field of electric

power generation. The role of the steam turbine as one of the components

in the steam power plant is briefly discussed in this chapter. Some aspects

of the steam turbine cycle employed in such plants are also included.

The aerodynamic aspects of individual turbine stages are covered in

Chapters 8 and 9.

Figure 4.1 shows the layout of a steam turbine plant. The first

component of this plant is the steam boiler which raises steam at the

required pressure and temperature for the turbine. The boiler receives feed

water at an elevated temperature through various regenerative and heat

recuperating apparatuses (not shown in Fig. 4.1). In a majority of power

plants steam is superheated; in large plants it is reheated once or twice

after expanding through some turbine stages.

Steam turbine
3

Throttle
valve

Flue
gases

Boiler and
super
heater Condenser

Fuel + air

2

Feed pump

Cooling
water

Alternator

1

Fig. 4.1 Layout of a steam turbine plant

The air, fuel and flue gas circuit in the boiler plant consists of the

burners, furnace, forced draft fan (F.D. fan), flue gas passages, induced

draft fan (I.D. fan) and chimney.
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Superheated steam enters the steam turbine through the governor

valve. The steam turbine is invariably a multi-stage machine having one

or more cylinders depending on the plant size.

The steam after expanding through the turbine condenses in the

condenser at a low pressure (pc ª 35 to 70 mbar). The condensate along

with the bled steam (Fig. 4.6) is pumped back to the boiler.

•Ø  4.1 Types of Steam Turbines

Various types of steam turbines can be classified in the following manner:

A. On the basis of flow direction

A.1 Axial

A.2 Radial

A.3 Tangential

B. On the basis of expansion process

B.1 Impulse

B.2 Reaction

B.3 Combined impulse and reaction

C. On the basis of number of stages

C.1 Single stage

C.2 Multi-stage

Velocity compounded impulse (Curtis stages)

Pressure compounded impulse (Rateau stages)

Pressure-velocity compounded impulse (Curtis-Rateau stages)

Pressure compounded reaction (Parson’s)

D. On the basis of steam entry configuration

D.1 Full admission

D.2 Partial admission

(Single or multi-arc admission)

E. On the basis of number of flows

E.1 Single flow

E.2 Double flow

E.3 Divided flow

E.4 Tandem or cross compounded

F. On the basis of relative motion of the rotor

F.1 Single rotation

F.2 Double rotation
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G. On the basis of rotational speed

G.1 N = 3000 rpm, f = 50 Hz

G.2 N = 3600 rpm, f = 60 Hz

G.3 N = 1500 rpm

G.4 Geared units

H. On the basis of applications

H.1 Electric power generation

H.2 Industrial

H.3 Marine

I. On the basis of steam conditions

I.1 High pressure non-condensing

I.2 High pressure condensing

I.3 Back pressure

I.4 Regenerative

I.5 Reheating

I.6 Extraction

I.7 Mixed pressure

I.8 Exhaust turbine

•Ø  4.2 Steam Power Cycle

Various processes occurring in a steam turbine plant are represented by

the Rankine cycle. The cycle with ideal processes is known as the ideal

Rankine cycle, whereas the cycle with irreversibilities is the actual

Rankine cycle.

4.2.1 Ideal Rankine cycle

Figure 4.2 shows an ideal Rankine cycle in the p–v plane. The reversible

adiabatic pumping of feed water from the condenser to the boiler

pressure is represented by the process 1–2. The work done in the

process is

wP = – v d p

1

2

z  = – dh

1

2

z (4.1)

Water can be assumed to remain almost incompressible during the

pumping process i.e. v = vw = constant. Therefore,

wP = – (p2 – p1) vw = –(h2 – h1) (4.2a)
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The negative sign here only indicates that the work to the feed pump is

supplied from out side: Therefore, it is a subtractive term. In view of this

Eq. (4.2a) can also be written as

wP = h2 – h1 (4.2b)

Heating of the feed water up to its saturation temperature, its

evaporation and superheating at constant pressure are all represented by

the process 2–3. The heat supplied during this process is Qs.

The reversible adiabatic (isentropic) expansion of steam through the

turbine is represented by the process 3–4. The work done by the steam in

the turbine is

wT = – v d p

3

4

z  = dh

4

3

z (4.3)

wT = 
g

g - 1
 (p3 v3 – p4 v4) = h3 – h4 (4.4)

The condensation of steam at constant pressure is represented by the

process 4–1. The heat rejected during this process is Qr.

The corresponding temperature-entropy (T–s) and enthalpy-entropy

(h–s) diagrams of the ideal Rankine cycle are shown in Figs. 4.3 and 4.4

respectively.

Referring to Fig. 4.4, the net work output of the plant is obtained from

the following relations:

Qs + wP = Qr + wT

pvg = constant

vw

vs

2 3

41

Volume

P
re

s
s
u
re

v

p

Fig. 4.2 p–v diagram of a Rankine cycle
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wplant = wT – wP = Qs – Qr (4.5)

T3

T4

3

Boiler
Turbine

4
Condenser

Entropy s

Feed pump

1

2

T
e
m

p
e

ra
tu

re

T

Fig. 4.3 T–s diagram of a Rankine cycle

wT

Qr

Qs

wP

3

s = constant

p = constant

p
= co

nsta
nt

x = 1

4

s = constant

2

1

Entropy

E
n
th

a
lp

y

h

Fig. 4.4 h–s diagram of the ideal Rankine cycle
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Putting Eqs. (4.2b) and (4.4) in Eq. (4.5), we get

wplant = (h3 – h4) – (h2 – h1) (4.6)

Heat supplied is

Qs = h3 – h2

Therefore, the efficiency of the ideal Rankine cycle is given by

hRankine = 
w

Qs

plant

hRankine = 
( ) ( )

( )

h h h h

h h
3 4 2 1

3 2

- - -

-

hRankine = 
( ) ( )

( ) ( )

h h h h

h h h h
3 4 2 1

3 1 2 1

- - -

- - -
(4.7)

For lower pressure plants, the feed pump work (h2 – h1) is negligible

compared to other quantities in Eq. (4.7). Therefore, Eq. (4.7) is

sometimes written as

hRankine = 
h h

h h
3 4

3 1

-

-
(4.8)

Rankine efficiency is the ideal thermal efficiency of the steam plant.

This is never achieved and is only used as a reference value.

4.2.2 The Actual Plant Cycle

The actual plant cycle deviates from the Rankine cycle on account of

pressure drops in the steam passages and irreversibilities in various

components. Figure 4.5 shows the irreversible processes in the feed

pump (1–2¢) and the turbine (3–4¢).

In view of the above the actual thermal efficiency of the plant is given by

hth = 
actual plant output

heat supplied

hth = 
( ) ( )h h h h

h h
3 4 2 1

3 2

- ¢ - ¢ -

- ¢

hth = 
( ) ( )

( ) ( )

h h h h

h h h h
3 4 2 1

3 1 2 1

- ¢ - ¢ -

- - ¢ -
(4.9)

The aim of the power plant designer or engineer is to obtain the value

of the actual thermal efficiency close to the ideal Rankine efficiency. The

efficiency ratio or the relative efficiency is an index which indicates the

extent to which the above target is achieved.

hrel = hth/hRankine
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Neglecting the quantity (h¢2 – h1), Eq. (4.9) can be rewritten as

hth = 
h h

h h
3 4

3 1

- ¢

-
(4.10)

Equations (4.8) and (4.10) yield

hrel ª h ¢th /hRankine

h rel ª 
h h

h h
3 4

3 4

- ¢

-
 = hT (4.11)

Equation (4.11) shows that the relative efficiency of a steam plant is

almost equal or close to the turbine efficiency hT.

•Ø  4.3 Improvements in Plant Efficiency

The maximum and minimum temperatures of steam in the cycles

(Figures 4.3, 4.4 and 4.5) discussed in the previous sections are T3 and T4

respectively. Therefore, the limiting value of the Carnot’s efficiency is

hCarnot = 1 – 
T

T
4

3

(4.12)

Therefore, the two obvious methods of improving the thermal

efficiency of the plant are: (i) to increase the initial temperature T3 of the

steam and (ii) to decrease the final temperature of steam through a

reduction in the exhaust or condenser pressure.

1

2
2¢

4¢
4

3

Entropy

E
n
th

a
lp

y

s

h

Fig. 4.5 h–s diagram of an actual Rankine cycle
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A greater insight into the improvement of the thermal efficiency of the

plant can be obtained by considering the Carnot’s efficiency based on the

mean temperatures of heat reception (Ts) and rejection (Tr). Thus

h ¢Carnot = 1 – 
T

T
r

s

(4.13)

Various methods for improving the thermal efficiency of the plant are

briefly described below in view of the “target values” given by Eqs.

(4.12) and (4.13).

4.3.1 Increase in the Initial Steam

Pressure

Increase in the initial steam pressure gives a higher saturation temperature

of steam below the critical value. This also increases the mean tempe-

rature of the heat reception giving a higher thermal efficiency. However,

this is an indirect method of obtaining a higher steam temperature. As will

be seen in later sections, the mean temperature of heat reception can also

be raised by other methods without increasing the steam pressure.

The gains in thermal efficiency obtained by a large increase in the

initial steam pressure in the higher ranges are of the order of 1% or less.

This fact along with the disadvantage of steam becoming wet

comparatively early suggests only marginal gains by increasing the steam

pressure. The wet steam in the larger part of the turbine would give lower

turbine stage efficiencies. This can even offset the small gain due to the

higher temperature resulting from the higher steam pressure.

Along with thermodynamic considerations, the economic and

mechanical design aspects of employing high steam pressures should not be

ignored.

4.3.2 Increase in the Initial Steam

Temperature

As explained before, it is obvious that higher thermal efficiencies can be

obtained by employing higher initial temperatures of steam. This method

provides appreciable gains in the thermal efficiency in contrast to other

methods.

The employment of higher steam temperatures makes special techno-

logical demands on the steam boiler. The highest temperature employed

in a steam plant can be taken as 566 °C. The employment of still higher

temperatures will require the use of prohibitively expensive materials.

Using a higher initial temperature is useful in another way. The steam

remains comparatively dry over a larger number of turbine stages; there-
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fore, the efficiencies of these stages are higher. This gives a further boost

to the overall thermal efficiency of the plant and decreases erosion of

blades.

4.3.3 Increase in the Condenser Vacuum

The temperature T4 at which heat is rejected can be decreased by reducing

the condenser pressure or increasing its vacuum.

The condenser vacuum (or the pressure and temperature of steam

inside the condenser) shows strong dependence on the inlet temperature

of the cooling water. This in turn depends on the ambient temperature and

the method of cooling the circulating water. In cold climates the ambient

temperatures are lower which conveniently provide a low inlet

temperature of the cooling water. This has resulted into comparatively

lower condenser pressures (pc ª 22.5 mbar at a cooling water inlet

temperature of 8°C) in power plants operating in cold climates.

In contrast to this, power plants in the hot climates of the world show

generally higher condenser pressures (pc ª 75 – 100 mbar). This marked

difference in the condenser pressures is reflected in the thermal

efficiencies of the plants. Sometimes, the improvement in the efficiency

may be as high as 4.5% on account of the aforementioned difference

in the condenser vacuum. It is also observed that the circulating water

temperature rises during the humid rainy season which decreases the

condenser vacuum with a consequent decrease in the thermal

efficiency.

The degree of cooling in the condenser and hence its vacuum is

strongly dependent on the rise in the cooling water temperature which is

about 10°C. A further increase in the cooling of steam can be obtained by

increasing the rate of circulating water and the size of the condenser.

However, these parameters are tied down to the important economic

aspects of the steam power plants.

Besides these factors the performance of steam ejectors affects the

condenser pressure significantly.

4.3.4 Regenerative Feed Heating

The heating of feed water on its way to the steam boiler by the steam

extracted at various points in the turbine is known as regenerative feed

heating60,80. This increases the temperature of the feed water entering the

boiler. The mean temperature of the heat reception is thus increased,

giving a higher thermal efficiency of the plant. The gain in the thermal

efficiency of some plants with a suitable number of feed heaters is about

10%. On account of this handsome gain, regenerative feed heating has
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universally become an essential feature of all large steam power plants.

Some other incidental advanages of feed heating are given below.

(a) Water particles escape with the bled steam through extraction

belts. This reduces the moisture content in the steam thus

decreasing turbine blade erosion.

(b) Owing to a reduction in the wetness of steam, the turbine stages

give higher efficiencies.

(c) Steam extraction for feed heating reduces the flow rate significantly

in the L.P. stages, thus allowing the blades to be shorter. This is a

great advantage in large units where designing long turbine blades

is very critical.

(d) Feed heating by bled steam decreases the quantity of steam

reaching the condenser. This in turn reduces the size of the

condenser and the cooling water requirements.

Thermal efficiency

Figure 4.6 shows three feed-water heaters I–1, I and I+1. These and other

heaters (from 1 to n) receive sufficient bled steam from the turbine so as

to heat the feed water to the saturation temperature corresponding to the

extraction pressure. The bled steam fully condenses at its saturation

temperature.

For the ith heater, the energy balance gives

Heat released by the bled steam = heat gained by the feed water

Mi (Hi – hi) = mi – 1 (hi – hi – 1)

Mi = 
h h

H h

i i

i i

-

-

- 1
 mi – 1

The mass balance for this heater gives

mi = mi – 1 + Mi

m

m
i

i - 1

= 1 + 
M

m
i

i - 1

 = 1 + 
h h

H h

i i

i i

-

-

- 1

i.e.

ai = 
m

m
i

i - 1

 = 
H h

H h

i i

i i

-

-

- 1
(4.14)

or mi = a i . mi – 1 (4.15)

Similarly, for the (i + 1)th heater,

Mi + 1 =  
h h

H h

i i

i i

+

+ +

-

-

1

1 1

 mi
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mi + 1 = mi + Mi+1

m

m

i

i

+ 1
= 1 + 

M

m

i

i

+ 1
 = 1 + 

h h

H h

i i

i i

+

+ +

-

-

1

1 1

i.e.

ai + 1 = 1 + 
m

m

i

i

+ 1
 = 

H h

H h

i i

i i

+

+ +

-

-

1

1 1

(4.16)

mi + 1 = ai + 1 mi (4.17)

Putting Eq. (4.15) into (4.17), we get

mi + 1 = ai + 1 ◊ ai ◊ mi – 1 (4.18)

Similarly for other heaters

mi+2 = ai+2. ai+1. ai. mi–1 (4.19)

The first heater receives one kg of water at the lowest temperature

(enthalpy = hc) from the condenser, whereas the last heater (nth) delivers

mn = mB kg of water to the boiler at an elevated temperature (enthalpy = hn).

The mass of water reaching the boiler for one kg of steam condensed is

given by

mB = mn = an . . . ai + 2 ◊ ai + 1 ◊ ai . . . a1

mB = a i

i

i n

=

=

1

’ (4.20)

The values of various alphas are known through properties of steam as

in Eqs. (4.14) and (4.16).

Heat rejected in the condenser is

Qr = Hc – hc

Heat supplied in the boiler

Qs = mB (H0 – hn)

Therefore, the thermal efficiency is given by

hth = 1 – 
Q

Q
r

s

hth = 1 – 
H h

m H h
c c

B n

-

-( )0

(4.21)

Number of feed-water heaters

The number and positions of extraction points for feed heating in a given

plant depend on the number of cylinders and the mechanical convenience.

The pipe work for a large number of heaters is too complicated and leads

to considerable pressure losses. Sometimes a desired arrangement of
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heaters is not mechanically feasible on account of the existing mechanical

configuration in the given machine.

It is found that for maximum efficiency in a non-reheat cycle, the

enthalpy rise is approximately the same in all the heaters and the

economizer. However, the cycle efficiency does not seem to be sensitive

to the distribution of the total enthalpy rise in the heaters.

In a reheat cycle the enthalpy rise in the heaters downstream of the

reheat point should be greater than that in the heaters upstream of this

point. This is on account of the greater heat of superheat available for the

downstream heaters.

Thus if there are n heaters, the enthalpy rise in each heater is given by

(Dh)i = 
h h

n
n c-

(4.22)

The temperature rise per heater is

(D t)i = 
t t

n
n c-

(4.23)

The maximum number of heaters employed in large plants is nine with

a final feed-water temperature of about 285°C.

4.3.5 Reheating

Reheating is the process in which steam at the end of expansion in one

cylinder (Fig. 4.7) is taken out to the boiler or reheater for resuperheating

it. This reheated steam does more work in the next cylinder and also

increases the thermal efficiency of the plant. However, the increase (or

decrease) in thermal efficiency, as will be shown later, depends on the

reheat pressure.

Figure 4.7 shows two reheaters, one between the H.P. and the I.P., and

another between the I.P. and the L.P. cylinders. This arrangement can be

used in a very large plant. On account of the mechanical complications due

to intricate piping and pressure losses, more than two reheaters are not used.

H.P. I.P. L.P.

Reheater Reheater

qR1 qR2

Fig. 4.7 Reheating of steam between H.P. and I.P. and L.P. cylinders
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Reheating, besides increasing the mean temperature of heat reception,

also increases the individual turbine stage efficiencies and decreases the

erosion of turbine blades on account of the decrease in wetness.

Reheating is done at constant pressure (Fig. 4.8), but in actual practice

steam undergoes a drop in pressure across the reheaters.

p
=

co
nst

ant

qR1

qR2

Entropy

E
n

th
a

lp
y

s

h

Fig. 4.8 Reheat process on h–s diagram

Figure 4.9 shows the Rankine cycle with single reheat without any feed-

water heating. The reheat process is represented by the constant pressure

line 7–5. The expansion processes before (3–7) and after (5–6) the reheat

are assumed to be isentropic.

The effect of reheat is represented by the addition of the portion

(4–7–5–6) to the original simple Rankine cycle shown in Fig. 4.3.

Thermal efficiency of the reheat cycle

For the non-reheat cycle 1–2–3–4,

Heat supplied, Qs = qN = h3 – h2

Heat rejected, Qr = H4 – h1

The thermal efficiency of the ideal non-reheat cycle is

hN = 1 – 
Q

Q
r

s

 = 1 – 
H h

qN

4 1-

H4 – h1 = (1 – hN) qN (4.24)
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For the added cycle 4–7–5–6 (due to reheat),

Heat supplied, Q ¢s = H5 – H7 = qR

Heat rejected, Q ¢r = H6 – H4

Therefore, the efficiency hR of this added cycle is given by

hR = 1 – 
¢

¢

Q

Q
r

s

 = 1 – 
H H

qR

6 4-

H6 – H4 = (1 – hR) qR (4.25)

For the overall plant cycle 1–2–3–7–5–6–1

Heat supplied, Q≤s = qN + qR

Heat rejected, Q≤r = H6 – h1

Therefore, the thermal efficiency of the plant

hth = 1 – 
Q

Q
r

s¢¢
 = 1 – 

H h

q qN R

6 1-

+

H6 – h1 = (1 – hth) (qN + qR) (4.26)

Adding Eqs. (4.24) and (4.25) and equating with Eq. (4.26),

(1 – hR) qR + (1 – hN) qN = (1 – hth) (qN + qR)

After rearrangement,

hth/hN = 
q q

q q
N R R N

N R

+

+

( / )h h

3 5

7

641

2

Entropy s

T
e

m
p

e
ra

tu
re

T

Fig. 4.9  Rankine cycle with single reheat
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h

h
th

N

 – 1 = 
q q q q

q q
N R R N N R

N R

+ - -

+

( / )h h

This, on further simplification and rearrangement, gives

h

h
th

N

 – 1 = 
h hR N

N Rq q

/

/

-

+

1

1
(4.27)

This expression shows that the thermal efficiency of the plant will

increase due to reheating only when

hR > hN

This will depend on the reheat pressures. At very low pressures

hR < hN the thermal efficiency would decrease with reheating. Thus there

is an optimum value of the reheat pressure:

(a) (0.2 – 0.25) ¥ initial pressure for the first reheat.

(b) (0.2 – 0.25) ¥ first reheat pressure for the second reheat.

•Ø  4.4 Heat Rate

Heat rate is defined as the number of heat units required to develop unit

power output for an hour; the output is taken as one kilowatt hour. This,

like the thermal efficiency, is a measure of the performance of the power

plant in converting heat to useful output. Therefore, it is directly related

to the thermal efficiency. The heat rate decreases with an increase in

thermal efficiency. Therefore, all attmepts to increase the thermal

efficiency discussed in Sec. 4.3 decrease the heat rate.

All turbine manufacturers and suppliers are required to indicate the

heat rates of their machines or plants. Therefore, it is important to know

the various meanings of the term.

(i) Turbine heat rate

The turbine heat rate is the number of heat units required to develop unit

power output at the turbine coupling for an hour.

The unit output is one kilowatt hour or 3600 kJ. The thermal efficiency is

hth1 = 
turbine shaft work

& ( )m h h3 2-
(4.28)

Here various units used are:

(a) Turbine shaft work is in kW

(b) Steam flow rate is in kg/s,

(c) (h3 – h2) is in kJ/kg
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Therefore, the turbine heat rate is

(HR)T = 
3600

1hth

 kJ/kWh (4.29)

The turbine heat rate is quoted by turbine suppliers as they are only

concerned with the performance of the turbine unit.

(ii) Turbo-generator heat rate

Here the useful power output is considered at the generator terminals

for the heat rate and thermal efficiency.

hth2 = 
energy at the generator teminals

& ( )m h h3 2-
(4.30)

The turbo-generator heat rate is given by

(HR)TG = 
3600

2h th

(4.31)

Since hth2 < hth1, the turbo-generator heat rate is higher than the turbine

heat rate.

(iii) Turbine plant heat rate

Here the useful power output and thermal efficiency of the plant are

defined by Eqs. (4.5) and (4.7) respectively. Thus, the plant heat rate is

given by

(HR)plant = 
3600

hth

(4.32)

This is higher than the turbine heat rate.

A convenient figure to remember for heat rates is the heat rate of 9000

kJ/kWh corresponding to a thermal efficiency of 40%.

(iv) Station heat rate

The station heat rate takes into account the overall performance of the

power station and is related to the overall efficiency (h0) or the coal to

kilowatt efficiency.

h0 = 
energy at the generator terminals

&m Qf f

(4.33)

where &mf = rate of fuel used in kg/s

Qf = calorific value of the fuel in kJ/kg

The station heat rate is given by

(HR)Station = 
3600

0h
(4.34)
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The heat rates vary in a wide range with the steam conditions at the

entry and exit, feed-water heating and reheat arrangements and the size of

the units. Generally, a larger unit must give a lower heat rate.

The station or the overall heat rate gives a quick idea of the fuel

consumption rate and the storage capacity required. Similarly the plant

heat rate decides the capacity and number of boilers.

Heat rates and efficiencies for Thermal power plants are given in

Appendix G.

•Ø  4.5 Industrial Steam Turbines

Steam turbines which supply process steam for some industrial processes,

besides generating electric power are known as industrial turbines or

turbogenerators. Such turbines are used in petrochemical, sugar and paper

industries. Optimum results are obtained when all or a large percentage of the

total steam flow required for power generation is used as process steam.

Sometimes, the major role of a steam plant is to supply process steam

and electric power is only a by-product or vice versa. Unlike power plant

turbines, the low output industrial turbines can be made smaller in size by

increasing the rotational speeds (N = 5000–13000 rpm). In doing so they

may require reduction gear boxes for certian applications.

Figure 4.10 shows an industrial turbo-generator in which only a part of

the steam at a higher pressure is used for the industrial process. This is

extracted from somewhere in the high pressure region of the turbine

depending on the process. The generator is driven through a reduction

gear at the required speed for the desired frequency and number of poles.

Steam turbine

Generator

Gear boxSteam

Process steam
Condenser

Fig. 4.10 Industrial turbo-generator

Besides supplying process steam, some turbines are required as prime

movers to drive some auxiliaries in power plants and various other

industries. For example, in large power plants the draft fans and feed

pumps can be driven by direct coupled steam turbines instead of electric

motors. Similarly, turbo-compressors in various industrial applications
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can be conveniently run at the desired speeds by steam turbines. Such

drives do not suffer the usual conversion losses (from mechanical to

electrical and again from electrical to mechanical) and are ideal for

variable speed requirements. This is much simpler compared to an

equivalent variable speed drive using an electric motor.

•Ø  4.6 Combined Steam and Gas Turbine

Plants

In Chapter 3 on gas turbine plants and in the material covered in this

chapter it is observed that, while gas turbines have the advantage of high

inlet temperatures, condensing steam turbines have the unique advantage

of a low exit temperature. On the other hand, the gas turbine plant effici-

ency suffers on account of the higher exhaust temperature and the steam

turbine on account of the lower value of the maximum inlet temperature.

The combined steam and gas turbine plant53, 54, 58, 59 combines the

advantages of both gas and steam turbines without seriously suffering

from their disadvantages. The combined cycle concept, in its simplest

form, uses the gas turbine exhaust in raising steam which can be usefully

utilized either for space heating (or cooling) or for power generation in a

steam turbine.

Figure 4.11 shows a scheme of heat recovery from the gas turbine

exhaust. The hot gases from the gas turbine plant supply the heat required

to raise steam in the waste heat recovery boiler. A circulating pump is

Separator

Load

Valve

Recirculating
pump

Water
drum

Feed
pump

Gas exit

Gas turbine
exhaust

Fig. 4.11 A simple cycle for gas turbine exhaust recovery
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used to increase the evaporation rate in the boiler. The moisture in the

steam is separated by passing it through a separator on its way to the load.

Figure 4.12 shows the previous arrangement with an economizer. This

reduces the temperature of the exhaust gases further by heating the feed

water. The efficiency of this arrangement will therefore be higher.

Separator

Load

Valve

Recirculating
pump

Water
drum

Feed
pump

Gas exit

Economiser

Steam
boiler

Gas turbine
exhaust

Fig. 4.12 Exhaust heat recovery with economizer

Figure 4.13 shows a further improvement over the previous two

arrangements by utilizing the gas turbine exhaust in the superheater.

Depending on the load requirement, additional fuel can be burnt in the

superheater for achieving a higher degree of superheat.

Figure 4.14 shows the detailed layout of a combined cycle power plant.

The main feature of this plant is the exhaust heat recovery boiler. The gas

turbine exhaust provides the oxygen for combustion in the boiler. A part

of the F.D. fan air is supplied to the boiler furnance and the rest to the air

compressor. The steam plant consists of the conventional equipment. The

power output available at the shafts of the steam and gas turbines are in

the ratio of 80 : 20 to 60 : 40. This arrangement can give thermal

efficiencies between 45 and 50 per cent.

Figure 4.15 depicts a combined plant with a supercharged boiler. The

boiler combustion in this plant takes place at a much higher pressure

compared to a conventional boiler. This also acts as a combustion

chamber for the gas turbine plant. The gas turbine exhaust is used for feed

heating in the economizer. The heating surface in this boiler is smaller

than that of the conventional type. This advantage is obtained on account
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of the much higher heat transfer rate resulting from the higher pressure and

temperature in the supercharged boiler furnace.

Some advantages of the combined cycle plants over the convent-ional

steam plants are:

1. Higher thermal efficiency

2. Lower specific investment cost

3. Lower cooling water requirements

4. Possibility of using cheaper fuel.

Combined cycle plants offer a better and more practical method of

using coal for a gas turbine plant. In such plants coal is first gasified and

then the gases are burnt in the combustion chamber of the gas turbine

plant. The high pressure air and steam required for coal gasification are

drawn from the compressor and steam boiler respectively.

More details of the combined cycle plants are given in Chapter 5.

•Ø  4.7 Nuclear Steam Power Plants

The gas turbine power plant employing the nuclear fission energy was

described in Sec. 3.6. On account of the worldwide energy crisis, large

scale power generation by nuclear steam power plants seems imperative.

Separator

Load

Valve

Water
drum

Feed
pump

Gas exit

Economiser

Gas

Steam
boiler

Super
heater

Gas turbine
exhaust

Fig. 4.13 Exhaust heat recovery with economizer and superheater
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Major efforts have been made since the 1960s to develop various types of

nuclear power plants.52, 55, 57, 67, 69

This section deals with only those nuclear power plants in which the

heat energy liberated in the power reactor is used to raise steam for

conventional steam power plants. Though the capital cost of nuclear

plants is much higher, their overall efficiencies (h ª 42%) are now

comparable with the large conventional power plants.

Figure 4.16 shows a steam turbine power plant receiving its steam from

a heat exchanger which in turn receives heat from the reactor. The

principal components of the nuclear reactor are as follows:

(i) The core and the fuel elements

The nuclear fuel material must be suitable for a self-sustaining neutron

chain reaction. Some nuclear fuels are U235, U233 and plutonium 239.

The solid fuel is fabricated into various small shapes, such as plates,

pins, pellets, etc; they are assembled to form fuel elements. These

elements are arranged in fixed geometrical patterns to form the reactor

core. A uniform rate of heat release is obtained by suitably designing the

reactor core. The coolant is prevented from direct contact with the fuel

material by means of coatings on the fuel element.

(ii) Moderator

This is a material which slows down fast neutrons quickly without

absorbing them. This process is desirable because slow-moving neutrons

are more effective in triggering fission than fast neutrons. The moderator

material is well-distributed in the reactor core or mixed with the fuel.

Graphite is one of the materials used as a moderator.

(iii) Reflector

A reflector is a material which has good neutron-scattering properties

coupled with a low absorbing power. Therefore, when the reactor core is

surrounded by this material, it reflects the neutrons back into the active

core. This reduces the neutron leakage. As a result, less fuel is required

to produce sufficient neutrons to sustain a chain reaction. Generally, a

good moderator material is also a good reflector.

(iv) Coolant

Coolant is a substance (liquid or gas) which transfers the heat produced

in the reactor core (Fig. 4.16) to another fluid in a heat exchanger. By

virtue of continuous flow through the reactor, the coolant keeps the core

temperature within the prescribed limits and prevents overheating. Some

coolants are heavy water, soft water, liquid sodium, carbon dioxide and

helium.
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The power required by the coolant circulating pump or compressor (in

the case of the gas-cooled reactor) is considerable and affects the overall

efficiency significantly.

(v) Control system

The control mechanism in a nuclear reactor consists of the sensing

elements and automatic devices which control the position of the control

rods.

The sensing element measures the density of the neutron flux in the

reactor and actuates the control rods to absorb excess neutrons. For a

uniform rate of power generation, the rate of fission must be maintained

constant. Boron and cadmium rods are used for controlling fission.

A control system, besides regulating the power output is also required

to shut down the reactor in the event of an emergency. Therefore, there

are two sets of control rods—one for routine power regulation and the

other for emergency shut down.

(vi) Radiation shield

A radiation shield as shown in Fig. 4.16 surrounds the reactor to protect

the personnel from radiations emitted during the fission process.

The boiling water reactor (BWR) employs the condensate of the steam

plant directly as the coolant, moderator as well as the working fluid in the

steam turbine. Since the pressure in the reactor is about the same as the

steam pressure at the turbine inlet, this reactor is lighter than the

pressurized water reactor (PWR).

The sodium-graphite reactor (SGR) has two coolant loops as shown in

Fig. 4.17 Liquid sodium is used as the coolant in the primary circuit while

liquid sodium-potassium in the secondary circuit. The system employs

two heat exchangers as shown in Fig. 4.17.

SGR

Nuclear
reactor

Coolant
pump

First
heat

exchanger

Circulating
pump

Second
heat

exchanger

Feed pump

Condenser

GeneratorTurbine

Steam circuit

NaKNa

Secondary
circuit

Primary
circuit

Fig. 4.17 Steam turbine plant with sodium graphite reactor (SGR)
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Many other types of nuclear reactors and the concerned details which

are beyond the scope of this book can be found in books on nuclear

power.

Notation for Chapter 4

h Enthalpy, enthalpy of feed water in a feed-heating cycle

Dh Increase in enthalpy of feed water

H Enthalpy of steam

&m Mass flow rate of steam, mass of feed water

M Mass of steam extracted for feed heating

n number of feed-water heaters

p Pressure of steam

q Quantities of the heat as defined in the text

s Entropy

t Temperature

Dt Increase in feed-water temperature

T Absolute temperature

v Specific volume

w Specific work

HR Heat rate

Greek Symbols

a Ratio of the masses of the feed water leaving and entering

a feed-water heater

g Ratio of specific heats

h Efficiency

Subscripts

o Turbine entry (Fig. 4.6)

1 Feed pump entry

2 Feed pump exit

3 Turbine entry

4 Turbine exit

B Boiler

c Condenser

i ith feed-water heater

n nth feed-water heater

N Non-reheat cycle

o Overall

P Feed pump
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r Heat rejection

R Reheater, reheat cycle

s Heat reception

T Turbine

TG Turbine-generator

w Water

•Ø  Solved Examples

4.1 A steam power plant has the following data:

steam pressure at turbine inlet 25 bar

condenser pressure 65 mbar

turbine efficiency 78%

boiler efficiency 82%

calorific value of the fuel 26.3 MJ/kg

Assume the steam at the entry as dry.

Determine:

(a) exact and approximate Rankine efficiencies,

(b) thermal and relative efficiencies,

(c) overall efficiency,

(d) turbine and overall heat rates,

(e) steam consumption per kWh and

( f ) fuel consumption per kWh.

Solution:

Refer to Figs. 4.1 and 4.5

Since the efficiency of the feed pump is not given, it is assumed

100%.

Therefore, the feed pump work is

h2 – h1 = (p2 – p1)vw = (25 – 0.065) ¥ 
0 001 10

1000

5. ¥

h2 – h1 = 2.49 kJ/kg

From steam tables at pc = p1 = 0.065 bar,

h1 = 160.6 kJ/kg

Therefore,

h2 = 160.6 + 2.49 = 163.09 kJ/kg

(a) By plotting the state points 3, 4 and 4¢ on the h–s chart,

h3 = 2800 kJ/kg

h4 = 1930 kJ/kg
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h3 – h4 = 870 kJ/kg

h3 – h¢4 = 0.78 ¥ 870 = 678.6 kJ/kg

The exact Rankine efficiency is

hRankine = 
( ) ( )

( ) ( )

h h h h

h h h h
3 4 2 1

3 1 2 1

- - -

- - -

hRankine = 
870 2 49

2800 160 6 2 49

-

- -

.

( . ) .
 ¥ 100

hRankine = 32.89% (Ans.)

Since the feed pump work is small, it can be ignored. Therefore,

an approximate value of the Rankine efficiency is obtained by

hRankine = 
h h

h h
3 4

3 1

-

-

h ¢Rankine = 
870 100

2800 160 6

¥

- .
 = 32.96% (Ans.)

(b) The thermal efficiency of the plant is

h¢th = 
h h

h h
3 4

3 1

- ¢

-
 = 

678 6 100

2639 4

.

.

¥
 = 25.71% (Ans.)

hRelative = h¢th/h¢Rankine

hRelative = 
2571

32 96

.

.
 ¥ 100 = 78.0% (Ans.)

It is observed that the values of the turbine and relative efficiencies

are identical.

(c) Overall efficiency is ho = h¢th hB

ho = 25.71 ¥ 0.82 = 21.08% (Ans.)

(d) Turbine heat rate is

(HR)T = 3600/h¢th

(HR)T = 
3600

0 2571.
 = 14002.3 kJ/kWh (Ans.)

Overall heat rate is

(HR) = 
3600

ho

 = 
3600

0 2108.
 = 17077.8 kJ/kWh (Ans.)

(e) The steam rate ( &m) in kg per kWh is given by

&m(h3 – h¢4) = 3600

&m = 
3600

678 6.
 = 5.305 kg/kWh (Ans.)
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(f ) The fuel consumption per kWh is given by

( &mf Qf) ho = 3600

&mf = 3600/0.2108 ¥ 26.3 ¥ 1000

&mf = 0.649 kg/kWh (Ans.)

4.2 Steam expands from 160 bar, 500°C to 60 mbar in a steam turbine

plant. Compare the plant efficiencies, heat rates and dryness

fractions of the exhaust steam for reheat pressures of 70 bar, 50

bar and 25 bar. Assume isentropic expansion. Ignore the feed

pump work.

Solution:

The expansion and reheat processes for the non-reheat and the

three reheat cycles have been drawn in Fig. 4.18. Figure 4.9 may

also be referred to.

5

5

5

3

7

7

7

6

6

6

4 x = 0.74

x = 0.80

x = 0.825

x = 0.87

2826

2981

3065

3295

1947

2094

2144

2249
pc = 0.06 bar

t = 500°C

255070p = 160 bar

p
=

25
ba

rp
=

50
ba

rp
=

70
ba

r

3412

3433

3475

Entropy

E
n

th
a

lp
y

(k
J
/k

g
)

Fig. 4.18 Reheating at different pressures (Ex. 4.2)
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Non-reheat cycle

The expansion line for the non-reheat cycle is 3–4. The enthalpies

at these points are given on the h–s diagram.

The enthalpy of water at the condenser pressure from the steam

tables is

hc = 147 kJ/kg

The heat supplied is

qN = H3 – hc = 3295 – 147 = 3148 kJ

hN = 
H H

H hc

3 4

3

-

-
 = 

3295 1947

3148

-
 = 0.428

Reheat cycles

Reheating and the subsequent expansion are represented by proces-

ses 7–5 and 5–6 respectively for the three reheat pressures given.

The enthalpies of steam at points 7, 5 and 6 are given in each case.

For p = 70 bar:

qR = H5 – H7 = 3412 – 3065 = 347 kJ

H6 – H4 = 2094 – 1947 = 147 kJ

hR = 1 – 
H H

qR

6 4-

hR = 1 – 
147

347
 = 0.576

hth = 
q q

q q
N R R N

N R

+

+

( / )h h
 hN

hth = 
3148 347 0576 0 428

3148 347

+

+

( . / . )
 ¥ 0.428

hth = 0.442 or 44.2%

HR = 3600/hth

HR = 3600/0.442 = 8145 kJ/kWh (Ans.)

Similarly, these calculations can be done for other reheat pressures.

The results of these calculations are given in the following table:

Reheat qR H6 – H4 hR hth Heat Final

pressure rate dryness fraction

Non-reheat 0.428 8411.2 0.74

70 347 147 0.576 0.442 8145 0.80

50 452 197 0.564 0.445 8090 0.825

25 649 302 0.534 0.446 8072 0.87
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4.3 A steam turbine plant employing regenerative feed heating cycle

has the following data:

Steam conditions at inlet p = 82.75 bar, t = 510°C

Condenser pressure = 42 mbar

Bleed points are at pressures 22.75, 10.65, 4.35, 1.25 and 0.60 bar.

The efficiencies of expansions between various pressures are 85%,

85%, 80%, 79%, 70% and 70%, respectively.

Construct the condition line for this turbine and determine:

(a) the final state of steam after expansion,

(b) mass of steam raised in the boiler per kg of steam condensed

in the condenser,

(c) improvement in the thermal efficiency and heat rates due to

feed heating, and

(d) decrease of steam flow to the condenser per kWh due to feed

heating.

Solution:

Refer to Figs. 4.6 and 4.19.

The actual state point after each expansion is obtained by the

given pressure and the stage efficiency.

Actual enthalpy drop = isentropic enthalpy drop ¥ efficiency.

Thus state points 1, 2, 3, 4, 5 and C are obtained. The

temperature (or  dryness fraction) of steam and enthalpies of steam

and water at each point are indicated on Fig. 4.19.

Referring to Figs. 4.6 and 4.19, it may be noted that heater

number one corresponds to point 5 on the condition line, heater

number two to point 4, and so on.

(a) The final state at point C is

x = 0.875 (Ans.)

(b) The enthalpies of steam and water at various heaters are given

in the following table:

Heater Hi – hi – 1 Hi – hi ai = 

Hi hi

Hi hi

- -

-

1

1 2510 – 121.4 = 2388.6 2510 – 360 = 2150 1.111

2 2590 – 360 = 2230 2590 – 444 = 2146 1.039

3 2730 – 444 = 2286 2730 – 612 = 2118 1.0793

4 2950 – 612 = 2338 2950 – 772 = 2178 1.0735

5 3080 – 772 = 2308 3080 – 931 = 2149 1.074
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i = 1

i = 2

i = 3

i = 4

i = 5

Hc = 2250

H = 2510
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h = 360

h = 444

h = 612

h = 772

h = 931

p0 = 82.75

p1 = 22.75
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C

5

4

3

2

1

0
t = 510°C

t = 325°C

t = 252°C

t = 162°C

x = 0.96
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Fig. 4.19 Condition line in a regenerative feed-heating plant

(Ex. 4.3)

The mass of steam raised per kg of steam reaching the condenser

is given by

mB = a i

i = 1

i = 5

’

mB = 1.111 ¥ 1.039 ¥ 1.0793 ¥ 1.0735 ¥ 1.074

= 1.436 kg (Ans.)

(c) The thermal efficiency with feed heating is given by

hth = 1 – 
H h

m H h
c c

B c n

-

-( )
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hth = 1 – 
2250 1214

1436 3420 931

-

-

.

. ( )
 = 0.404

hth = 40.4%

The heat rate for the turbine is

HRT = 
3600

0 404.
 = 8910.9 kJ/kWh

The thermal efficiency of the Rankine cycle and the heat rate

without feed heating are

hR = 
H H

H h
o c

o c

-

-
 = 

3420 2250

3420 1214

-

- .
 = 0.355

hR = 35.5%

The heat rate is

HR ¢T = 
3600

0 355.
 = 10140.8 kJ/kWh

Therefore, the improvements are

Dhth = 
40 4 355

355

. .

.

-
 ¥ 100

= 12.67% (Ans.)

DHRT = 
10140 8 8910 9

10140 8

. .

.

-
 ¥ 100

= 12.13% (decrease) (Ans.)

(d) Heat supplied, Qs = mB (Ho – hn)

Qs = 1.436 (3420 – 931) = 3574.2 kJ

Heat rejected, Qr = Hc – hc

Qr = 2250 – 121.4 = 2128.6 kJ

Therefore, the turbine work

wT = Qs – Qr =  3574.2 – 2128.6

= 1445.6 kJ

Therefore, the turbine work per kg of steam supplied from the

boiler is

14456

1436

.

.
= 1006.685 kJ/kg

The steam flow rate per kWh is given by

&m  (1006.685) = 3600

&m = 3.576 kg/kWh
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The steam condensed is

3576

1436

.

.
= 2.490 kg/kWh

Without feed heating, these quantities are

wT = 3420 – 2250 = 1170 kJ/kg

&m  ¥ 1170 = 3600

&m = 
3600

1170
 = 3.077 kg/kWh

This is the value of the steam supplied from the boiler and condens-

ed. Thus the decrease in the steam reaching the condenser is

3 077 2 490

3077

. .

.

-
 ¥ 100 = 19% (Ans.)

This will lead to a corresponding reduction in the cooling water

flow rate and the size of the condenser.

•Ø  Questions and Problems

4.1 How are steam turbines classified? Give a list of the types of steam

turbines used in various applications.

4.2 How does an industrial steam turbine differ form a power plant

turbine? State five points highlighting the difference.

4.3 (a) Draw a neat and illustrative schematic diagram of a steam

turbine plant showing one reheat and five bleed points for feed

heating.

(b) Show the various processes occurring in the plant on p–v, T–

s and h–s coordinates.

(c) Prove that the relative efficiency of the plant is approximately

equal to the turbine efficiency.

4.4 Show the locations of the F.D. and I.D. fans in a steam power

plant. How do the aerothermodynamic and mechanical problems

of these fans differ?

4.5 Sketch the layout of a steam turbine plant with a nuclear reactor.

Describe its principal elements. What are its advantages over the

conventional plant?

4.6 Explain briefly four methods which can be employed for

improving the thermal efficiency of a steam turbine power plant.

4.7 Describe briefly various methods employed to recover the heat of

exhaust gases from a gas turbine plant in a steam cycle.
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4.8 (a) Prove that the thermal efficiency of a feed-heating steam power

plant is given by

1 – 
steam condensed per kg of steam raised

enthalpy rise in the boiler /latent heat at condenser pressure

(b) How many feed-water heaters can be employed in a large

plant? How is their number determined?

4.9 Prove that in a regenerative feed heating cycle employing n heaters

the mass of steam raised in the boiler per kg. of steam condensed is

(

= 1

= H h

H h

i i

i ii

i n -

-

-
’

1)

( )

4.10 (a) Show a reheat cycle on the T–s and h–s diagrams.

(b) How is the reheat pressure chosen? What is its effect on the

thermal efficiency of the plant?

(c) Why is the employment of more than one reheaters not

popular?

4.11 Explain what is meant by the heat rates of the turbine, turbo-

generator set and power station. What is the order of these values

for large modern steam power stations?

4.12 Why is double-flow employed in large steam turbines? Show the

layout of a three-cylinder (HP, IP and LP), single shaft steam

turbine with double flow in LP cylinder.



Chapter 5

Combined Cycle Plants

On account of the ever-increasing demand of electric power, several

new technologies have been developed during the last two decades.

The thrust is mainly in the direction of increasing the efficiency of

generation and the capacity of individual units and the entire power plants.

New possibilities have been examined for large base load power plants,

and more suitable and reliable peak load plants.

In some countries gas turbine power plants are preferred on account of

the abundantly available fuel oil and natural gas. Recently large combined

cycle power plants have also become popular.

The gas turbine power plant has been a late comer in the field of

electric power generation. Its main disadvantages are lower thermal

efficiency and capacity compared to the ‘main players’ in this field

namely the hydro and steam turbine power plants. Attempts to improve

the efficiency and output power of the gas turbine power plants by

employing regeneration, intercooling and reheating result in significant

pressure losses on account of longer gas flow passages; this also

increases the capital and maintenance costs.

In a combined steam and gas turbine (STAG) power plant the huge loss

of energy in the gas turbine exhaust is significantly reduced by utilizing

its heat in a ‘bottoming cycle’; here the high temperature exhaust gas

transfers a large proportion of its heat to raise steam for the steam turbine

power plant. Several different ways have been adopted to achieve this.

The energy in the gas turbine exhaust is used during feed water heating

in the economizer, and evaporation and superheating in the evaporator

and superheater respectively. The ultimate aim is to obtain higher overall

thermal efficiencies, which are much higher than the values obtained in

the high efficiency large steam power plants.

The combined cycle plant combines the thermodynamic advantages of

both the high temperature gas turbines and the lower temperature steam

turbine power plants.

Generally a large proportion of the total power of the combined cycle

plant is generated by the steam turbine. Several combined cycle plants

employ two or more gas turbines for a single steam turbine.
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•Ø  5.1 The Basic Combined Cycle

As stated before in Chapters 3 and 4, the principal process in a combined

gas and steam turbine cycle is the recovery of heat energy in the gas

turbine exhaust by the feed water and steam in the steam turbine plant.

Figure 5.1 shows the two power plant cycles, namely the Joule/Brayton

cycle (gas turbine cycle) and the Rankine cycle (steam turbine cycle). The

gas turbine power plant cycle (1–2–3–4–1) is the ‘topping cycle; it

consists of heat and work transfer processes occuring in the high

temperature region. This is followed by such processes in the lower

temperature region. The low temperature region has the ‘bottoming

cycle’—the Rankine steam cycle (a–b–c–d–e–f–a). A waste heat recovery

boiler (WHRB) transfers heat energy from the high temperature gas

turbine exhaust gases to water and steam used in the bottoming cycle.

f

a

b

b¢

c

d

e

Rankine cycle

Brayton cycle

1

2

3

4

s

T

Fig. 5.1 Topping and bottoming cycles

The gas turbine exhaust gases reject heat during the constant pressure

process 4–1. Part of this heat is absorbed by the feed water, and the wet

and superheated steam during the processes a–b, b–c and c–d respectively.

Figure 5.2 shows the arrangement employed in the combined gas and

steam turbine cycle power plant.

The gas turbine plant consists of the air compressor, combustion chamber,

gas turbine and the electric generator (alternator) G.1. The corresponding
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processes of compression (1–2), combustion (2–3) and expansion (3–4) are

also shown in figure 5.1. It is observed in figure 5.2 that the gas turbine

plant does not complete a closed cycle as depicted in figure 5.1.

The exhaust from the gas turbine passes through a heat exchanger

widely known as the ‘waste heat recovery boiler’ (WHRB);  for brevity

it is also referred to as HRB. It is here that the heat energy from the gas

turbine exhaust gases is transferred to the steam turbine plant; the lower

temperature steam power plant consists of the WHRB, steam turbine,

condenser and the electric generator G.2. The conventional feed water

heaters of the turbine plant, though used are not shown in fig. 5.2. The

feed pump (F.P) supplies the feed water to the economizer section (a–b)

of the WHRB. After reaching the saturation temperature it absorbs the

latent heat in the evaporator (b–c); the dry steam is heated to the designed

temperature in the superheater (c–d) before entering the turbine.

Various stations in the gas circuit corresponding to the super-heater,

evaporator and economizer sections are shown as points 4, 5, 6 and 7

respectively (refer to Fig. 5.2 and 5.10).

The exhaust flue gases leave the WHRB through the stack after

supplying heat to the steam turbine power plant.

The section at which the difference in the temperatures of hot and cold

fluids is minimum is known as the ‘pinch point’ (PP); it is given by

(Tb¢ – Tb) as shown in Fig. 5.1. It is observed that this is the difference in

the temperature (Tb¢) of the gas turbine exhaust and the maximum

temperature (Tb) (saturation temperature) of the feed water; the value of

the feed water temperature (Tb) obviously depends on its pressure. This in

turn, depends on the operating pressure in the steam cycle which can be

fixed by the pinch point.

Figure 5.3 shows some temperature–enthalpy curves (a, b, c) for the

steam turbine plant corresponding to temperature profile for the gas

turbine exhaust gases. The position of the pinch-point depends on the

location of the T–h curve for water and steam. The magnitude of the

temperature difference (T ¢b – Tb) differs in the different curves; therefore,

the corresponding operating steam pressures will also be different. The

relative sizes and the temperatures of the economizer, evaporator and the

superheater will also differ for the curves a, b and c.

•ØØØØØ  5.2 Steam Generators

Gas turbine power plant is thermodynamically coupled to the steam

turbine plant through the waste heat recovery boiler. It receives high

temperature exhaust gases from the gas turbine plant for generating steam

(at the desired pressure and temperature) for driving the steam turbine.

The WHRB (Fig. 5.2) is a vertical structure consisting of banks of water/
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steam tubes in three sections comprising of the economizer, evaporator

and the superheater respectively.

5.2.1 Unfired Boiler (WHRB)

The heat recovery boiler shown in Fig. 5.2 is an unfired boiler. There is

no combustion of fuel in this boiler. Therefore, it does not have the fuel

handling plant of the conventional steam power plant boilers. It is simply

a heat exchanger. This aspect of the combined cycle plants significantly

decreases the capital cost. Absence of combustion also frees the boiler

operation from the problems of combustion control.

Gas turbine exhaust enters the boiler at the bottom in the super-heater

section (4–5) and subsequently in the evaporator and economizer sections

as it flows out from the stack.

In the water-steam circuit feed water enters the economizer at (a) and

leaves at (b) after attaining saturation temperature. Then it flows through

the evaporator (b–c) and the superheater (c–d).

Feed water heaters of the conventional steam power plant, pumps,

water and steam drums have not been shown in Fig. 5.2 for simplicity.

When the temperature of exhaust gases entering the HRB is compara-

tively higher, the temperature of the gases leaving the stack may be uneco-

nomically high. Therefore, it is desirable that more heat is recovered from

the outgoing gases in the boiler. One of the methods adopted to achieve

this is the employment of dual pressure boiler as shown in Fig. 5.4.

Here also the arrangement is same as shown in Fig. 5.2. However, on

Evaporation

Exhaust gases

Super heating

a

b
c

Feed water
heating

h

T

Fig. 5.3 Heat transfer from hot gases to water and steam
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account of the dual pressure, the boiler employs two separate water/steam

drums. The low-pressure drum is connected to the L.P. economizer (EC.1)

and the evaporator (EV.1) which are located in the lower temperature

region of the heat recovery boiler. The low-pressure steam is supplied to

the turbine in its L.P. stages as shown in the figure. A superheater can also

be provided in the low-pressure circuit, if required.

A part of the feed water from the L.P. drum is pumped to the H.P.

economizer (E.C.2) by a booster pump. This economizer heats up the

water to its saturation temperature corresponding to the pressure of the

high pressure steam circuit.

The saturated water enters the H.P. water/steam drum from where it

flows through the H.P. evaporator (EV.2) and the superheater (SH). The

H.P. economizer, evaporator and superheater are located in the higher

temperature region of the boiler. The high pressure superheated steam is

supplied to the turbine entry as shown.

The temperature-enthalpy curves of gas and steam for the L.P. and H.P.

sections are shown in Fig. 5.5.

Low pressure
steam

High pressure
steam

h
Change of enthalpy

T

Gas turbine
exhaust gases

Steam

Fig. 5.5 Heat exchange in a dual-pressure waste heat recovery

boiler
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5.2.2 Supplementary Firing

The capacity of the unfired waste heat recovery boiler depends on the

temperature and flow rate of the gas turbine exhaust; the pinch point

determines the operating pressure of the steam turbine plant.

A large proportion of the combined cycle plant output is obtained from

the steam turbine at comparatively higher efficiency. Some combined

cycle power plants are often required to meet increased demands of power.

Supplementary firing of fuel is often employed to obtain increased output

of the steam power plant. More air is required for burning additional

quantity of fuel during supplementary firing. This is invariably obtained by

employing higher values of the air-fuel ratio in the combustion chamber of

the gas turbine power plant. Thus the exhaust gases have ample air (oxygen)

to support combustion of additional quantity of fuel in the WHRB.

Combustion of additional fuel takes place in the gas turbine exhaust gases

before they enter the unfired section of the boiler as shown in Fig. 5.6.

EC

EV

SH

G.2

G.1

SFB

FP

ST

GTAC

To stack

Steam

CC

Fuel

Exhaust
gas

W

H

R

B

Fig. 5.6 Combined cycle plant with supplementary firing

Supplementary firing is also useful in another way. If the gas turbine

plant has to operate at a reduced load, supplementary firing of the

required quantity of fuel can compensate for the reduced heat input to
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the waste heat recovery boiler thus maintaining its full load operation

without any disturbance.

5.2.3 Supercharged Boiler

The combustion of fuel in a super-charged boiler (Fig. 5.7) takes place at

a pressure which is significantly higher than the atmospheric pressure. This

is done in order to achieve the expansion of the boiler flue gases (working

fluid) through the gas turbine for producing work. A part of the gas

turbine work is utilized to drive the air compressor which is employed to

supply high pressure air to the supercharged boiler. The supercharged

boiler replaces the combustion chamber of the conventional gas turbine

plant. However, this boiler is much bigger in size on account of the pres-

ence of the conventional boiler components such as water tubes, steam

tubes, etc. Besides this, the energy input in this boiler is much larger on

account of comparatively large quantities of fuel which is burned here.

Strictly speaking the arrangement shown in Fig. 5.7 is not a ‘true’

combined cycle plant because here steam is not generated from the heat

derived from the gas turbine exhaust.

G.2

G.1

FP

ST

GTAC

Air

HP Gas

Feed water

HP air

Steam

Supercharged
boiler

Fuel

Fig. 5.7 Combined cycle plant with supercharged steam boiler
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5.2.4 Coal Gasification

One of the alternatives in combined cycle plants is considered is the use

of coal as a fuel for the gas turbine plant. Here the working fluid for the

gas turbine is produced from coal in a gasifier. Figure 5.8 illustrates the

arrangement.

Coal gasification requires high pressure air and steam along with coal.

In a combined cycle plant, both air and steam are available at the required

pressure for the gasification process in the gasifier. It is not intended here

to give the details of the gasifier. The figure only illustrates its integration

in the combined cycle. The gas turbine plant, besides generating shaft

power, supplies compressed air to the gasifier and hot gases to the

WHRB. In a large plant, a separate gas turbine plant can be employed for

supplying compressed air to the gasifier; the power producing gas turbine

plants can employ a separate h.p. air compressor which may work in

series with the gasifier compressor. Other arrangements for heat

recuperation can also be employed in large plants.

Gasifiers are commercially available in various sizes. However, the

range of flow rates available falls short of the usually high values required

in modern gas turbine power plants.

Another aspect of gasifier application for combined cycle plants is its

high capital cost. This is in sharp contrast to the role of the waste heat

recovery boiler in the conventional plants.

•Ø  5.3 Thermal Efficiencies and Power

Output

Methods to determine the thermal efficiencies of different cycle arrange-

ments in gas turbine and steam turbine plants have been dealt with

separately in Chapters 3 and 4. In this section the two power plants are

considered together for the calculation of the overall thermal efficiency

and the power output. It can be seen in the layout of the combined cycle

plants (as shown in Figs. 5.2, 5.4) that the two plants are thermody-

namically coupled through the waste heat recovery boiler.

5.3.1 Approximate Thermal Efficiency

It is often very useful to be able to quickly calculate the overall efficiency

of the combined cycle with some approximations. This is helpful in

assessing the ‘worth’ of a given arrangement involving the location of the

T–h curve for the steam cycle with respect to the given gas temperatures.

Therefore, it is assumed that the gas turbine plant receives energy only in

the combustion chamber and rejects it to the WHRB. Similarly the steam
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turbine plant is assumed to receive energy only from the gas turbine

exhaust rejecting energy only in the condenser. Thus the combined cycle

receives energy only at one point, namely the combustion chamber and

rejects energy in the condenser. The total work produced is the sum of the

values of shaft work done in the gas and steam turbine plants.

In view of the above model, the energy and mass flows through the

combined cycle plant are shown in Fig. 5.9. Here the heat rejected by the

gas turbine plant equals the heat received (Qst) by the steam plant.

Thermal efficiency of the gas turbine plant is given by

hgt = 
heat supplied heat rejected

heat supplied

-
 = 

shaft work

heat supplied

hgt = 
Q Q

Q

gt st

gt

-
 = 1 – 

Q

Q
st

gt

 = 1 – 
q

q
st

gt

(5.1a)

hgt = wgt /qgt ..... (5.1b)

Heat supplied to the steam plant

qst = (1 – hgt)qgt .... (5.2)

Thermal efficiency of the steam turbine plant is given by

hst = 
shaft work

heat supplied

hst = 
w

q
st

st

 = 
w

q
st

gt gt( )1 - h
.... (5.3)

Therefore, for the steam turbine, shaft work per kg of the exhaust gases

is given by

wst = hst ◊ (1 – hgt)qgt
 ....... (5.4)

Thermal efficiency of the combined cycle plant is given by

hgst = 
w w

q

gt st

gt

+
... (5.5)

hgst = 
w

q

w

w

gt

gt

st

gt

1 +
F

HG
I

KJ
 = hgt 1 +

F

HG
I

KJ
w

w
st

gt

... (5.6)

Equations (5.1b) and (5.4) give

w

w
st

gt

= 
h h

h

st gt

gt

( )1 -
(5.7)
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Equations (5.6) and (5.7) yield

hgst = hgt + hst (1 – hgt) ....(5.8a)

hgst = hgt + hst – hst ◊ hgt .....(5.8b)

hgst = hst + hgt (1 – hst) ....(5.8c)

hgst = 1 – (1 – hgt) (1 – hst) .....(5.8d)

The actual processes of energy flow in the combined cycle plant deviate

from those considered here. Therefore, this method over-estimates the

performance of the combined cycle plant.

5.3.2 Power Output

Power developed in the gas turbine plant is given by

Pgt = &mgt wgt (5.9)

&mgt = &ma + &mf

&mgt = 1
1

+
F
HG

I
KJf

&ma (5.10)

Air-fuel ratio

f = 
&

&

m

m
a

f

(5.11)

The heat supplied to the combined cycle plant is

Qgt = &mf  ◊ Qf (5.12)

qgt = 
&

&

m

m

f

gt

 Qf

qgt = 
1

1( )+ f
Qf (5.13)

Power developed in the steam turbine plant is

Pst = &mgt  ◊ wst (5.14)

5.3.3 Relative Flow Rates

Flow rates of gas turbine exhaust gases and steam, among other things,

depend on the power outputs and the chosen temperatures in the two

circuits of hot and cold streams. Temperature differences between

these two streams in the different sections (Fig. 5.2) of the WHRB are

shown in Fig. 5.10, following equations can be written for the energy

transfer:
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Economiser:

&mgt  ◊ cpg (t6 – t7) = &mst (h6¢ – h7¢) (5.15)

Evaporator:

&mgt ◊ cpg (t5 – t6) = &mst ◊ hfg = &mst ◊ (h5¢ – h6¢) (5.16)

Superheater:

&mgt ◊ cpg (t4 – t5) = &mst (h4¢ – h5¢) (5.17)

Evaporator and superheater

&mgt ◊ cpg (t4 – t6) = &mst (h4¢ – h6¢) (5.18)

&

&

m

m
st

gt

= 
c t t

h h

pg ( )4 6

4 6

-

-¢ ¢

= mass of steam generated per kg of exhaust gases (5.19)

For a chosen value of the operating steam pressure (ps), h6¢, h5¢ and

t6¢ (= t5¢) are known.

h6¢, h5¢ t6¢ = f (ps) (5.20)

For a given value of the pinch point

t6 = t6¢ + PP (5.21)

Other temperatures which can be chosen are:

Steam turbine inlet temperature, t4¢,

7

7¢

6¢ 5¢

4¢

EC

EV

SH

4

5

6

h

T

Fig. 5.10 Temperatures and enthalpies in the gas and steam

circuits
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Exhaust gas temperature in the stack, t7,

Exhaust gas temperature t4 at the gas turbine exit is generally known.

•Ø  5.4 Fuels for Combined Cycle Plants

Gas turbines now run on a variety of fuels–solid, liquid and gaseous.

Gasifiers are commercially available to gasify coal for burning in gas

turbine combustion chambers. However, inadequate rate of production of

the producer gas in these gasifiers may be the main hurdle, and limitation.

Coal can also be used in a supercharged boiler with fluidized-bed

combustion. In such a case, high temperature and pressure flue gases from

the boiler expand through the gas turbine, producing work.

Heavy fuel oils and distillates are widely used in gas turbine power

plants as well as in the supplementary fired boilers for the steam turbine

power plant.

Natural gas is widely used for operating a large number of big and

small gas turbines as well as combined cycle power plants. Gases

available in some industrial processes such as steel making can also be

profitably used in gas turbines.

Closed cycle gas turbine plants use helium as the working fluid and

nuclear reactors as the heat sources.

•Ø  5.5 Variable Load Operation

Large steam turbine power plants are already established as base load

plants. They give high performance under steady operation. Because of

this, it is profitable to use combined cycle power plants also for base load

operation. Therefore, it is desirable that the complementary gas turbine

plant runs at a constant output.

If such a plant is required to operate at part-load, it is often convenient

to decrease the output of the gas turbine/turbines feeding the heat

recovery boiler and compensate the diminished heat energy in the exhaust

gases by supplementary firing. In some situations one of the gas turbines

(in case two or more are used) can be finally stopped if the decrease in

load so demands. This allows the steam turbine and the remaining gas

turbines to operate at full or near full load conditions.

In case of increased demand the output of the combined cycle plant can

be increased in several ways. The steam turbine output is increased by

supplementary firing. The outputs of both the gas and steam turbines can

be increased by burning more fuel in the combustion chamber of the gas

turbine plant.
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•Ø  5.6 Advantages and Disadvantages

Since the combined cycle plants offer a new technology in the field of

electric power generation, it is useful if their relative position with respect

to other power plants is understood.

Some of the main advantages and disadvantages are briefly described

here.

5.6.1 Advantages

1. It combines the thermodynamic advantages of the high temperat-

ure gas turbine and the lower temperature steam turbine plant.

2. Superheated steam is supplied to the steam turbine without the

detailed and intricate plant and machinery of the conventional

steam boiler.

3. Ash and coal handling is absent.

4. It offers considerably higher efficiency and lower heat rate over a

wide range of load.

5. Gas turbine part of the total plant is much easier to install.

Therefore, its power is available much earlier.

6. It is easier to start (from cold) a combined cycle plant in a short time.

7. Comparatively less quantity of cooling water is required.

8. It has lower capital cost compared to the steam plant.

9. It has much lower heat rejection.

10. It is suitable for both base load and peak load.

11. Pollution from combined cycle plants is much less compared to the

conventional steam or gas turbine power plants.

5.6.2 Disadvantages

1. Combined cycle plants are more complex; they require more skilled

and better trained personnel in modern technologies.

2. It requires expensive fuel oil and gas.

3. Its capital cost per MW is higher than gas turbine.

4. It is less flexible in terms of fuels which can be used.

Notation for Chapter 5

AC Air Compressor

BP Booster Pump

CC Combustion chamber

cp Specific heat at constant pressure
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EC Economizer

EV Evaporator

FP Feed pump

f = &ma / &mf Air-fuel ratio

G Generator/alternator

GT Gas turbine

h Specific enthalpy

hfg Latent heat of steam

HP High pressure

HR Heat rate

LP Low pressure

&m Mass flow rate

p Pressure

P Power

PP Pinch point

Q Heat transferred, Calorific value

q Heat supplied or rejected per kg of the working fluid

s Entropy

SFB Supplementary fired boiler

SH Superheater

ST Steam turbine

T Absolute temperature

t Temperature

w Specific work

WHRB Waste heat recovery boiler

x Dyness fraction of steam

h Efficiency

Subscripts

1, 2, 3, 4 stations shown in Fig. 5.1

4, 5, 6, 7 stations shown in Figs. 5.2 and 5.10

a Air

c compressor

g Gas, dry steam

gt Gas turbine

gst combined gas and steam turbine plant

s steam, saturation state

t turbine.

Superscript

¢Steam circuit



Combined Cycle Plants 187

•Ø  Solved Examples

5.1 A 100 MW gas turbine plant (hth = 26.66%) supplies 400 kg/s of

exhaust gas at 592.60°C to the heat recovery boiler of a bottoming

steam power plant.

Steam is generated at a pressure of 90 bar with a pinch point of

20°C. Condenser pressure = 0.10 bar. If the gas temperature in the

stack is 176°C determine

(a) capacity of the boiler in kg of steam per hour,

(b) temperature of steam at the turbine entry,

(c) steam turbine plant output and thermal efficiency and

(d) the thermal efficiency of the combined cycle plant.

Take cpg = 1.157 kJ/kg for the exhaust gases and dryness fraction

of steam at the turbine exit x = 0.90.

Solution:

Refer to Fig. 5.10.

(a) Heat given by the gases during process 6–7 is equal to the sensible

heat received by the feed water in the economizer during process

7¢–6¢. Therefore,

&mgt cpg (t6 – t7) = &mst (h6¢ – h7¢)

&

&

m

m
st

gt

= 
c t t

h h

pg ( )6 7

6 7

-

-¢ ¢

From steam tables at p = 90 bar,

t6¢ = t5¢ = 303.3°C = saturation temperature

h5¢ – h6¢ = hfg = 1380.8 kJ/kg

h5¢ = 2744.6 kJ/kg

h6¢ = 1363.8 kJ/kg

t6 = t6¢
 + PP

t6 = 303.3 + 20 = 323.3°C

At condenser pressure p = 0.10 bar, h7¢ = 191.8 kJ/kg

&

&

m

m
st

gt

= 
1157 323 3 176

13638 1918

. ( . )

. .

-

-
 = 0.1454

Therefore, boiler capacity is

&mst = 0.1454 ¥ &mgt

= 0.1454 ¥ 400 = 58.16 kg/s

&mst = 209.376 tonnes/hr. (Ans.)
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(b) Energy balance for the evaporator during the process 6¢–5¢ (5–6)

provides

&mgt ◊ cpg (t5 – t6) = &mst (h5¢ – h6¢)

t5 – t6 = 0.1454 ¥ 1380.8/1.157 = 173.25

t5 = 323.3 + 173.25 = 496.55°C

Similarly energy balance for the superheater (5¢ – 4¢) gives

h4¢ – h5¢ = 
&

&

m

m

gt

st

 cpg (t4 – t5)

= 
1157

0 1454

.

.
 (592.6 – 496.55)

= 762.1

h4¢ = h5¢ + 762.1 = 2744.6 + 762.1 = 3506.7 kJ/kg

Steam temperature t4¢ at the turbine entry corresponding to h4¢ =

3506.7 kJ/kg (at p = 90 bar) is

t4¢ = 540°C (Ans.)

(c) See Fig. 5.11

The actual and ideal expansion through the steam turbine is shown

in fig. 5.11. Values of enthalpy at different points are shown.

h = 2150
x = 0.90

p = 0.1 bar

p = 90 bar

h = 2350

t = 540°C4¢
h4¢

= 3506.7

s

h

Fig. 5.11 Expansion of steam through the steam turbine (Ex. 5.1)
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Specific work in the steam turbine plant is

wst = actual enthalpy drop

wst = 3506.7 – 2350 = 1156.7 kJ/kg of steam

wst = 0.1454 ¥ 1156.7 = 168.184 kJ/kg of gas

Power output of the steam turbine plant is

Pst = &mst ◊ wst

= 58.16 ¥ 
1156 7

1000

.
 = 67.27 MW (Ans.)

Heat supplied to the steam turbine plant is

qst = h4¢ – h7¢

= 3506.7 – 191.8 = 3314.9 kJ/kg

hst = 
w

q
st

st

 = 
1156 7

3314 9

.

.
 ¥ 100 = 34.89% (Ans.)

(d) Heat supplied to the combined cycle plant is

qgt = 
wgt

gth

&mgt ◊ wgt = Pgt

wgt = Pgt/ &mgt

= 100 ¥ 1000/400

= 250 kJ/kg

qgt = 
250

2666.
 = 937.73 kJ/kg

Therefore, thermal efficiency of the combined cycle plant is

hgst = 
w w

q

gt st

gt

+

= 
250 168184

937 73

+ .

.
 = 0.44595

hgst = 44.595% (Ans.)

5.2 A combined gas and steam plant develops 10 MW at the gas

turbine shaft with an efficiency of 20 per cent. A steam turbine

power plant (hst = 32%) is operated through the WHRB which

receives the turbine exhaust. Calculate:

(a) the output of the steam turbine plant,

(b) thermal efficiency of the combined cycle plant, and

(c) the overall heat rate.
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Solution:

Since all the required data about the gas and steam turbines is not

given calculations are based on approximations.

(a)

Qgt = 
Pgt

gth
 = 

10 1000

0 20

¥

.
 = 50.000 kJ/s

Qst = (1 – hgt)Qgt = (1 – 0.2) ¥ 50,000 = 40,000 kJ/s

Pst = hst ◊ Qst

= 0.32 ¥ 40,000 = 12,800 kJ/s(12.8 MW) (Ans.)

(b) Thermal efficiency of the combined cycle plant is given by

hgst = hgt + hst – hgt  ◊ hst

hgst = 0.2 + 0.32 – 0.2 ¥ 0.32 = 0.456

hgst = 45.6% (Ans.)

hgst = 
10 12 8

50

+ .
 ¥ 100 = 45.6% (verified)

(c) The heat rate of the combined cycle plant is given by

HR = 
3600

hgst

 = 
3600

456.

7894.74 kJ/kWh (Ans.)

•Ø  Question and Problems

5.1 Describe with the aid of an illustrative sketch a combined gas and

steam turbine power plant working with a coal gasifier. What are

the various heat recuperative methods employed to improve the

thermal efficiency? What are the main disadvantages of this plant?

5.2 What is an unfired boiler? What are its limitations and advantages?

5.3 Draw a neat sketch of a dual pressure heat recovery boiler for the

steam power plant in a combined cycle plant. Describe its

working.

Draw the T–h curves for the hot gases and steam in the H.P. and

L.P. circuits. Indicate the pinch points.

5.4 Write down ten advantages and five disadvantages of combined gas

and steam turbine power plants.

5.5 How does a combined cycle power plant compare with gas and

steam turbine plants in the following areas:

(a) Capital cost,
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(b) Part-load performance,

(c) Cooling water requirements, and

(d) Environmental pollution?

Explain briefly.

5.6 Describe briefly with the aid of illustrative sketches the following

in a combined cycle plant:

(a) Supplementary firing.

(b) Waste heat recovery boiler,

(c) Pinch-point,

(d) Supercharged boiler

5.7 Which fuels are generally used in combined cycle power plants?

5.8 Prove that the overall efficiency and heat rate of combined gas and

steam cycle plants are given by

(a) ho = hgt + hst – hgt  ◊ hst

(b) Ro = 
R R

R R

gt st

gt st

¥

+ - 3600

Here R denotes heat rate.

State the assumption used.

5.9 (a) Prove that the distribution of specific work (kJ/kg of gas) in

the gas and steam turbine plants is approximately given by

w

w

gt

st

 = 
h

h h

gt

st gt( )1 -
 = work ratio

(b) Determine the values of the overall efficiency of the combined

cycle, heat rate and work ratio for hgt = 26.66%, hst = 34.85%

(Ans.) hgst = 52.25%, HR = 6890 kJ/kWh, 
w

w

gt

st

 = 1.043

5.10 Gas turbine exhaust of Ex. 5.1 is employed in a waste heat recovery

boiler to raise steam at p = 66 bar and t = 540°C. The steam expands

to a condenser pressure of 0.1 bar and dryness fraction 0.90.

Taking a pinch-point of 20°C determine.

(a) The steam boiler capacity,

(b) Temperature of the gases in the stack,

(c) Steam turbine efficiency,

(d) Steam turbine plant output and efficiency, and

(e) Efficiency of the combined cycle plant.
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(Ans.) (a) 212 tonnes/h (b) 167.60°C

(c) 88.72% (d) 69.52 MW, 35.35%

(e) 45.2%

5.11 A combined cycle plant has the following data:

Gas turbine power output = 70 MW

Gas turbine exhaust gas temperature = 510°C

Steam turbine inlet pressure = 83 bar

Steam temperature at turbine inlet = 427°C

Condenser pressure = 100 mm Hg

Steam turbine efficiency = 88%

Pinch point = 15°C

Gas turbine plant thermal efficiency = 34.8%

Gas flow rate = 263.61 kg/s

Determine

(a) Mass of steam generated per kg of exhaust gases,

(b) Temperature of the flue gases in the stack,

(c) Steam turbine plant output

(d) Steam turbine plant thermal efficiency,

(e) Total output and thermal efficiency of the combined cycle

plant,

(Ans.) (a) 0.09505 kg (b) 207°C

(c) 28.223 MW (d) 35.15%

(e) 98.223 MW, hth = 49.1%

5.12 In the combined cycle plant of Ex. 5.2 heat is supplied to the gas

turbine at a temperature of 1350 K. Determine the flow rates of

gases and the steam in the two components of the plant. Take cpg

= 1.157 kJ/kg K for the gases.

(Ans.) &mgt = 32.0 kg/s &mst = 32.0 kg/s
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Fluid Dynamics

s
n this chapter we shall begin with some basic definitions used in fluid

dynamics.

As stated in Chapter 2, the analysis of flow in turbomachines requires

the application of Newton�s second law of motion along with the equations

of continuity and energy. Various forms of the energy equation were

derived in Chapter 2; it will be further discussed in this chapter.

The application of Newton�s second law of motion provides the equat-

ions of motion which are also known as Euler�s momentum equations.

These and the continuity equation have been used in the subsequent

chapters. Various forms of these equations 83, 84, 94 have been summarized

below.

�Ø  6.1 Basic Definitions

6.1.1 Fluid

A fluid is a substance which continuously deforms when shearing forces

are applied. Liquids, gases and vapours are all fluids. A non-viscous or

inviscid fluid is referred to as an ideal fluid.

6.1.2 Fluid Velocity

The instantaneous velocity of the fluid particle passing through a point is

known as the fluid velocity at that point.

6.1.3 Streamline

A curve in a flow field which is always tangent to the direction of flow

is referred to as a streamline. These are shown in Fig. 6.1.

6.1.4 Stream Tube

A stream tube (Fig. 6.1) is an infinitesimal portion of the flow field. It is

a collection of a number of streamlines forming an imaginary tube. There

is no flow through the walls of a stream tube. The properties of the flow
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are constant across the section of a stream tube. Therefore, the flow in a

stream tube is one-dimensional.

6.1.5 Incompressible Flow

If the relative change in the density of a fluid in a process is negligible,

it is referred to as an incompressible process. In such a flow (or

process) the fluid velocity is much smaller than the local velocity of

sound in it.

The flow of gases and vapours at Mach numbers less than 0.30 can be

assumed to be incompressible without much sacrifice in accuracy.

6.1.6 Compressible Flow

In compressible flows the relative changes in the fluid density are

considerable and cannot be neglected. The fluid velocities in such flows

are appreciable compared to the local velocity of sound. If the Mach

number in a flow is higher than 0.3, it is considered to be compressible.

6.1.7 Steady Flow

A flow is known to be steady if its properties do not change with time.

The shape of the stream tube does not change in steady flow. For such a

flow

∂

∂

c

t
 = 

∂

∂

p

t
 = 

∂

∂

T

t
 = 

∂ r

∂ t
 = 

∂

∂

m

t
 = º = 0 (6.1)

6.1.8 Unsteady Flow

If one or more parameters (c, p, T, r, m, etc.) in a flow change with time,

it is known as unsteady flow.

Streamtube

S  t          r   e                        a m            lines

Fig. 6.1 One-dimensional flow through a stream tube
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6.1.9 Viscosity

Viscosity is the property which resists the shearing motion of two adjacent

layers of the fluid.

A fluid is known as a Newtonian fluid if the relation between the shear

stress and the angular deformation in it is linear. The shear stress is given

by

t μ 
dc

dy

t = m 
dc

dy
(6.2)

The constant of proportionality m is known as the coefficient of viscosity

or dynamic viscosity.

The kinematic viscosity v is the ratio of the dynamic viscosity and the

density of the fluid.

n = 
m

r
(6.3)

All real flows experience fluid viscosity. Therefore, their behaviour is

influenced by the viscous forces.

6.1.10 Inviscid Flow

If the viscosity of the fluid is assumed to be absent, the flow is referred

to as inviscid flow. Such a flow glides freely over its boundaries without

experiencing viscous forces.

6.1.11 Reynolds Number

The Reynolds number is the ratio of forces due to inertia and viscosity.

Inertia force = rAc
2

Viscous force = mcl

Therefore, the Reynolds number is given by

Re = 
r

m

Ac

cl

2

where

l = a characteristic length

A = l2

m

r
= v
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Therefore,

Re = 
r

m

cl
 = 

cl

n
(6.4)

The value of the Reynolds number in a flow gives an idea about its

nature. For example, at higher Reynolds numbers the magnitude of

viscous forces is small compared to the inertia forces.

6.1.12 Mach Number

The Mach number is an index of the ratio of inertia and elastic forces.

This is defined by

M2 = 
inertia force

elastic force
 = 

rAc

KA

2

However, K = ra2

Therefore, M = 
c

a
(6.5)

This relation gives another important definition of the Mach number as

the ratio of the fluid velocity to the local velocity of sound.

Thermodynamic relations derived in Secs. 2.2.6 to 2.2.9 demonstrate its

application.

6.1.13 Laminar Flow

In laminar flow the fluid flows over a body in orderly parallel layers with

no components of fluctuations in the three directions (x, y and z

directions). In such a flow the surface friction force predominates and

keeps the flow parallel to the surface. Other layers of flow slide on top of

the other. The  values of the Reynolds number in such flows are

comparatively lower.

6.1.14 Turbulent Flow

At higher values of the Reynolds number, the inertia force becomes

predominant and the fluid particles are no longer constrained to move in

parallel layers. Such a flow experiences small fluctuation components c¢x,

c¢y and c¢z in the three reference directions. These fluctuations cause

continuous mixing of various layers of the flow leading to flow

equalization in the major part of the flow field.

On account of different flow patterns in laminar and turbulent flow, the

velocity profiles (shown in Fig. 6.2) in these are different. The nature of

flow in blade passages can be identified to a great extent by the velocity

profiles and the values of the Reynolds number.
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6.1.15 Degree of Turbulence

The presence of small-scale fluctuations (c¢x, c¢y and c¢z ) of velocity

superimposed on the main flow is called turbulence. The degree of

turbulence is defined by

Degree of turbulence = 
1 1

3
2 2 2

c
c c cx y z( )¢ + ¢ + ¢ (6.6)

6.1.16 Boundary Layer

Figure 6.3 shows the velocity profile at section A in a flow passage. The

velocity of the fluid on the passage wall is zero. It develops fully to the

free stream velocity c• over a short distance d from the wall. This layer

of flow of thickness d from the wall is known as the boundary layer. This

exists only in a viscous flow. The boundary layer is absent in inviscid

flow. The effect of viscosity is pre-dominant in this region, causing high

energy losses. The boundary layer thickness decreases with an increase in

the Reynolds number on account of the lower viscous forces compared to

the inertia forces.

c•

c

c O=

c•

Flow
passage

d

Boundary layer

A
Passage wall

Velocity
profile

Free
stream

Fig. 6.3 Boundary layer and free stream regions in a flow passage

Flow passage Laminar

Turbulent

One-dimensional

Fig. 6.2 Velocity profiles in laminar, turbulent and one-dimensional

flows
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6.1.17 Friction Factor

Friction factor or the coefficient of skin friction is a measure of the

frictional resistance offered to the flow. This is defined by

f = 
t

r

w

1

2
2c

(6.7)

where f is the Fanning’s coefficient of skin friction. It may be noted that

Darcy’s friction factor is four times the Fanning’s coefficient.

6.1.18 Boundary Layer Separation

The boundary layer is the slow-moving or “tired” layer of the flow near

a solid surface. When the flow occurs in the direction of static pressure

rise (adverse pressure gradient), the boundary layer becomes thicker and

reverses if this static pressure gradient (or the pressure hill) is too high.

The leaving of the boundary layer from the surface and its reversal is

known as “separation”. This leads to chaotic flow, large drag and high

energy losses.

In an accelerating flow, on account of the continuously decreasing

static pressure, the thickening of the boundary layer is prevented; in fact,

the higher inertia forces make it thinner. The available pressure drop helps

in “washing down any localized thickening of the boundary layer or its

separation”.

The separation of boundary layer and the point of separation depend on

the geometry and roughness of the surface, nature of the flow (turbulent

or laminar) and Reynolds number. The laminer boundary layer gets

separated earlier than the turbulent.

In order to achieve high lift and performance, it is necessary to prevent

or delay the separation of the boundary layer. Two of the methods to

achieve this are (i) sucking away the decelerated layer, and (ii) energizing

it by injecting high energy fluid parallel to the surface. Separation can

also be delayed by achieving transition of the laminar flow into the

turbulent earlier.

•Ø  6.2 Equations of Motion—Cartesian

Coordinate System

Figure 6.4 shows a rectilinear cascade of an axial turbomachine in

Cartesian coordinates. The axes of reference are X, Y and Z. The origin is

located at the trailing edge of the blade at its root. The Z-axis is along the

blade height, Y-axis along the blade pitch and X-axis along the axial
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direction. These directions are also referred to as span-wise, pitch-wise

and stream-wise directions. If it is convenient, the origin can be shifted to

the leading edge also.

Leading
edgeFlow

Trailing
edge

Tip

Hub

z

y

x

Fig. 6.4 Cartesian coordinate system

A point in the flow field through the blades is specified by its coor-

dinates x, y and z. Various fluid dynamic parameters at this point are:

coordinates x y z

velocities cx cy cz

vorticities x h z
body forces X Y Z

6.2.1 Continuity Equation

This simply states the law of conservation of mass mathematically. In three

dimensions it is given by

∂
∂ x

 (rcx ) + 
∂

∂ y
 (rcy) + 

∂
∂ z

 (rcz) + 
∂r

∂ t
 = 0 (6.8)

Its modified forms for the following conditions are given below:

(a) Steady flow

There is no change in any flow parameter with time in steady flow, i.e.

∂
∂ t

F
HG

I
KJ

 = 0
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Therefore, for steady, three-dimensional and compressible flow,

∂
∂ x

 (rcx) + 
∂

∂ y
 (rcy) + 

∂
∂ z

 (rcz) = 0 (6.9)

(b) Incompressible flow

The change in the fluid density is negligible in incompressible flow, i.e., r
ª constant. Therefore,

∂

∂

c

x
x  + 

∂

∂

c

y

y
 + 

∂

∂

c

z
z  = 0 (6.10)

(c) Two-dimensional flow

The flow in an infinitesimally thin slice of the flow field in the cascade

shown in Fig. 6.4 will be two-dimensional; the variations in the third

direction (Z-direction) are absent. Therefore for steady, two-dimensional

incompressible flow,

∂

∂

c

x
x  + 

∂

∂

c

y

y
 = 0 (6.11)

(d) One-dimensional steady flow

For one-dimensional steady flow,

∂
∂ t

F
HG

I
KJ

 = 0, 
∂

∂ y

F
HG

I
KJ

 = 0 and 
∂
∂ z

F
HG

I
KJ

 = 0;

Therefore,

∂
∂ x

 (rcx ) = 0

rAcx = const. (6.12)

A is the cross-sectional area prependicular to the velocity cx.

Equation (6.12) is applicable for flow through a stream tube.

6.2.2 Momentum Equations

The momentum equation in a given direction is a mathematical statement

of Newton’s second law of motion. If only viscous, body and pressure

forces are considered, the following equations are obtained:

cx 
∂

∂

c

x
x  + cy 

∂

∂

c

y
x  + cz 

∂

∂

c

z
x  + 

∂

∂

c

t
x  – X + 

1

r

∂

∂

p

x

= 
m

r

∂

∂

∂

∂

∂

∂

2

2

2

2

2

2

c

x

c

y

c

z

x x x+ +
F

HG
I

KJ
(6.13)
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cx 
∂

∂

c

x

y
 + cy 

∂

∂

c

y

y
 + cz 

∂

∂

c

z

y
 + 

∂

∂

c

t

y
 – Y + 

1

r

∂

∂

p

y

= 
m

r

∂

∂

∂

∂

∂

∂

2

2

2

2

2

2

c

x

c

y

c

z

y y y
+ +

F

H
G

I

K
J (6.14)

cx 
∂

∂

c

x
z  + cy 

∂

∂

c

y
z  + cz  

∂

∂

c

z
z  + 

∂

∂

c

t
z  – Z + 

1

r

∂

∂

p

z

= 
m

r

∂

∂

∂

∂

∂

∂

2

2

2

2

2

2

c

x

c

y

c

z

z z z+ +
F

HG
I

KJ
(6.15)

These are the well known Navier-Stokes equations for three-

dimensional, unsteady and viscous flow.

(a) Three-dimensional inviscid flow

The above equations for non-viscous or inviscid flow reduce to the

following form:

cx 
∂

∂

c

x
x  + cy 

∂

∂

c

y
x  + cz 

∂

∂

c

z
x  + 

∂

∂

c

t
x = X – 

1

r

∂

∂

p

x
(6.16)

cx 
∂

∂

c

x

y
 + cy 

∂

∂

c

y

y
 + cz 

∂

∂

c

z

y
 + 

∂

∂

c

t

y
= Y – 

1

r

∂

∂

p

y
(6.17)

cx 
∂

∂

c

x
z  + cy 

∂

∂

c

y
z  + cz 

∂

∂

c

z
z  + 

∂

∂

c

t
z = Z – 

1

r

∂

∂

p

z
(6.18)

These are the three Euler’s momentum equations.

(b) Three-dimensional, inviscid and steady flow without body forces

cx 
∂

∂

c

x
x  + cy 

∂

∂

c

y
x  + cz 

∂

∂

c

z
x = – 

1

r

∂

∂

p

x
(6.19)

cx 
∂

∂

c

x

y
 + cy 

∂

∂

c

y

y
 + cz 

∂

∂

c

z

y
= – 

1

r

∂

∂

p

y
(6.20)

cx 
∂

∂

c

x
z  + cy 

∂

∂

c

y
z  + cz 

∂

∂

c

z
z = – 

1

r

∂

∂

p

z
(6.21)

6.2.3 Vorticity Components

Circulation is the line integral of velocity around a closed contour.

Vorticity is the circulation per unit area. The three vorticity components in

the Cartesian coordinates are

x = 
∂

∂

c

y
z  – 

∂

∂

c

z

y
 (stream-wise vorticity) (6.22)
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h = 
∂

∂

c

z
x  – 

∂

∂

c

x
z  (pitch-wise vorticity) (6.23)

z = 
∂

∂

c

x

y
 – 

∂

∂

c

y
x  (span-wise vorticity) (6.24)

6.2.4 The Potential Function Equation

The velocity potential function f is a point function whose derivative in a

given direction gives the velocity component in that direction. This

function exists for an irrotational flow (x = h = z = 0). The velocity

components in terms of the potential function are

cx = 
∂f

∂ x
(6.25)

cy = 
∂f

∂ y
(6.26)

cz = 
∂f

∂ z
(6.27)

The differential equation for three-dimensional steady flow in terms of

the potential function is

1
1
2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa x

∂f

∂
 
∂ f

∂

2

2
x

 + 1
1
2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa y

∂f

∂
 
∂ f

∂

2

2
y

 + 1
1
2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa z

∂f

∂
 
∂ f

∂

2

2
z

 =

2
2a

 
∂f

∂

∂f

∂

∂ f

∂ ∂

∂f

∂

∂f

∂

∂ f

∂ ∂

∂f

∂

∂f

∂

∂ f

∂ ∂x y x y y z y z z x z x

2 2 2

- -
L

N
M

O

Q
P (6.28)

In incompressible flows the fluid velocity components are small

compared to the velocity of sound. Therefore, Eq. (6.28) reduces to the

Laplace’s equation

∂ f

∂

2

2
x

 + 
∂ f

∂

2

2
y

 + 
∂ f

∂

2

2
z

= 0 (6.29)

For two-dimensional flow,

∂ f

∂

2

2
x

 + 
∂ f

∂

2

2
y

= 0 (6.30)

6.2.5 The Stream Function Equation

If the continuity equation for two-dimensional steady flow is satisfied, a

point function called the stream function (y) is defined by

cx = 
r

r

∂y

∂
0

y
(6.31)
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cy = – 
r

r

∂y

∂
0

x
(6.32)

y = constant lines are identical with streamlines

An equation of motion can be obtained in terms of the stream function

for two-dimensional, steady and irrotational flow.

1
1
2

0

2 2

-
F
HG

I
KJ

F
HG

I
KJ

L

N
M
M

O

Q
P
Pa y

r

r

∂y

∂
 
∂ y

∂

2

2
x

 + 1
1
2

0

2 2

-
F
HG

I
KJ

F
HG

I
KJ

L

N
M
M

O

Q
P
Pa x

r

r

∂y

∂
 
∂ y

∂

2

2
y

+ 
2
2

0

2

a

r

r

F
HG

I
KJ

 
∂y

∂ x
 
∂y

∂ y
 

∂ y

∂ ∂

2

x y
 = 0 (6.33)

For incompressible flow, putting a ª • in Eq. (6.33),

∂ y

∂

2

2
x

 + 
∂ y

∂

2

2
y

 = 0 (6.34)

Equations (6.30) and (6.34) are useful in representing two-dimensional

plane flows in turbomachine flow passages. f = constant and y = constant

lines are normal to each other. Velocity and pressure distributions in a

flow field can be easily derived from these equations.

•Ø  6.3 Equations of Motion—Cylindrical

Coordinate System

Figure 6.5 shows an annular cascade of blades in the cylindrical coor-

dinate system120. The axes of reference are r (radial or spanwise

direction), q (peripheral, circumferential or tangential direction) and x

(axial direction). The origin can be fixed according to convenience at the

centre, hub or midheight of the cascade.

Hub

Flow

Tip

r

x

q

Fig. 6.5 Cylindrical coordinate system
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A point in such a cascade is specified by the coordinates r, q and x.

Other parameters at this point are:

coordinates r q x

velocities cr cq cx

vorticities x h z
Body forces R Q X

6.3.1 Continuity Equation

The equation of continuity for three-dimensional, unsteady and comp-

ressible flow is

∂
∂ r

 (rrcr) + 
1

r

∂
∂q

 (rrcq) + 
∂

∂ x
 (rrcx) + 

∂
∂ t

 (rr) = 0 (6.35)

(a) Steady flow

∂
∂ r

 (rrcr) + 
1

r

∂
∂q

 (rrcq) + 
∂

∂ x
 (rrcx) = 0 (6.36)

(b) Steady and incompressible flow

∂
∂ r

 (rcr) + 
1

r

∂
∂q

 (rcq) + 
∂

∂ x
 (rcx) = 0 (6.37)

∂

∂

c

r
r  + 

c

r
r  + 

1

r

c∂

∂q
q  + 

∂

∂

c

x
x = 0 (6.38)

(c) Axisymmetric, incompressible and steady flow

In an axisymmetric flow, variations in the peripheral direction (q) are

absent.

∂
∂q

F
HG

I
KJ

= 0

This condition in Eq. (6.38) yields

∂

∂

c

r
r  + 

c

r
r  + 

∂

∂

c

x
x = 0 (6.39)

6.3.2 Momentum Equations

The momentum equations for three-dimensional, unsteady and viscous

flow in cylindrical coordinates are

cr 
∂

∂

c

r
r  + 

c

r
q  

∂

∂q

cr  + cx 
∂

∂

c

x
r  – 

c

r
q
2

 + 
∂

∂

c

t
r  – R + 

1

r

∂

∂

p

r
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= 
m

r

∂

∂

∂

∂

∂

∂q

∂

∂q

∂

∂
q

2

2 2 2

2

2 2

2

2

1 1 2c

r r

c

r

c

r r

c

r

c c

x

r r r r r+ - + - +
F

HG
I

KJ
(6.40)

cr 
∂

∂
qc

r
 + 

c

r
q  

∂

∂q
qc

 + cx 
∂

∂
qc

x
 + 

c c

r

rq  + 
∂

∂
qc

t
 – Q + 

1

r

∂

∂qr

p

= 
m

r

∂

∂

∂

∂

∂

∂q

∂

∂q

∂

∂
q q q q q

2

2 2 2

2

2 2

2

2

1 1 2c

r r

c

r

c

r r

c

r

c c

x

r+ - + + +
F

HG
I

KJ
(6.41)

cr 
∂

∂

c

r
x  + 

c

r
q  

∂

∂q

cx  + cx 
∂

∂

c

x
x  + 

∂

∂

c

t
x  – X + 

1

r

∂

∂

p

x

= 
m

r

∂

∂

∂

∂

∂

∂q

∂

∂

2

2 2

2

2

2

2

1 1c

r r

c

r r

c c

x

x x x x+ + +
F

HG
I

KJ
(6.42)

These are the Navier-Stoke’s equations.

(a) For inviscid flow, they reduce to the following Euler’s momentum

equations:

cr 
∂

∂

c

r
r  + 

c

r
q  

∂

∂q

cr  + cx 
∂

∂

c

x
r  + 

∂

∂

c

t
r  – 

c

r
q
2

= R – 
1

r

∂

∂

p

r
(6.43)

cr 
∂

∂
qc

r
 + 

c

r
q  

∂

∂q
qc

 + cx 
∂

∂
qc

x
 + 

∂

∂
qc

t
 + 

c c

r

r q = Q – 
1

r

∂

∂qr

p
(6.44)

cr 
∂

∂

c

r
x  + 

c

r
q  

∂

∂q

cx  + cx 

∂

∂

c

x
x  + 

∂

∂

c

t
x = X – 

1

r

∂

∂

p

x
(6.45)

(b) For three-dimensional, inviscid and steady flow in the absence of

body forces, Eqs. (6.40) to (6.42) reduce to

cr 
∂

∂

c

r
r  + 

c

r
q  

∂

∂q

cr  + cx 
∂

∂

c

x
r  – 

c

r
q
2

= – 
1

r

∂

∂

p

r
(6.46)

cr 
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∂
qc

r
 + 

c

r
q  

∂

∂
qc

x
 + cx 

∂

∂
qc

x
 + 

c c

r

r q = – 
1

r

∂

∂qr

p
(6.47)
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q  
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∂
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c

x
x = – 

1

r

∂

∂

p

x
(6.48)

(c) For three-dimensional, inviscid, steady and axisymmetric flow in

the absence of body forces, Eqs. (6.40) to (6.42) reduce to

cr 
∂

∂

c

r
r  + cx 

∂

∂

c

x
r  – 

c

r
q
2

= – 
1

r

∂

∂

p

r
(6.49)

cr 
∂

∂
qc

r
 + cx 

∂

∂
qc

x
 + 

c c

r

r q = 0 (6.50)
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cr 
∂

∂

c

r
x  + cx 

∂

∂

c

x
x = – 

1

r

∂

∂

p

x
(6.51)

6.3.3 Vorticity Components

x = 
1

r

cx∂

∂q
 – 

∂

∂
qc

x
(6.52)

h = 
∂

∂

c

x
r  – 

∂

∂

c

r
x (6.53)

z = 
∂

∂
qc

r
 – 

1

r

cr∂

∂q
 + 

c

r
q (6.54)

For axisymmetric flow, Eqs. (6.52) and (6.54) reduce to

x = – 
∂

∂
qc

x
(6.55)

z = 
∂

∂
qc

r
 + 

c

r
q (6.56)

Equation (6.53) remains unaltered.

6.3.4 Potential Function Equation

The three velocity components in terms of the potential function (f) in

cylindrical coordinates are

cr = 
∂f

∂ r
(6.57)

cq = 
1

r
 
∂f

∂q
(6.58)

cx = 
∂f

∂ x
(6.59)

The flow is irrotational, i.e. x = h = z = 0. The resulting momentum

equation with these conditions is

1
1
2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa r

∂f

∂
 
∂ f

∂

2

2
r

+ 1
1
2 2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa r

∂f

∂q
 

1
2r

 
∂ f

∂q

2

2

+ 1
1
2

2

-
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa x

∂f

∂
 
∂ f

∂

2

2
x

+ 1
1
2 2

2

+
F
HG

I
KJ

L

N
M
M

O

Q
P
Pa r

∂f

∂q
 
1

r
 
∂f

∂ r

= 
2
2 2a r

 
∂f

∂

∂f

∂q

∂ f

∂ ∂q

∂f

∂q

∂f

∂

∂ f

∂q∂

∂f

∂

∂f

∂

∂ f

∂ ∂r r x x

r

x r x r

2 2 2 2

+ +
L

N
M

O

Q
P (6.60)
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For incompressible flow (a ª •),

∂ f

∂

2

2
r

 + 
1
2r

 
∂ f

∂q

2

2
 + 

∂ f

∂

2

2
x

 + 
1

r
 
∂f

∂ r
= 0 (6.61)

For incompressible and axisymmetric flow,

∂ f

∂

2

2
r

 + 
∂ f

∂

2

2
x

 + 
1

r
 
∂f

∂ r
= 0 (6.62)

6.3.5 Stream Function Equation

The momentum equation in terms of the stream function is obtained for

axisymmetric, inviscid, steady and irrotational flow. The two velocity

components in terms of the stream function are

cr = 
r

r
0  

1

r
 
∂y

∂ x
(6.63)

cx = – 
r

r
0  

1

r
 
∂y

∂ r
(6.64)

The stream function equation is
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∂ ∂

2

r x
 = 0 (6.65)

For incompressible flow, this equation reduces to

∂ y

∂

2

2
r

 + 
∂ y

∂

2

2
x

 – 
1

r
 
∂y

∂ r
 = 0 (6.66)

•Ø  6.4 Equations of Motion—Natural

Coordinate System

The natural system of coordinates uses the tangent to a streamline at a

given point as one of the axes (s-direction) of reference. The other

directions are perpendicular to the s-direction. This system of coordinates

is specially useful in dealing with flows in the meridional plane of radial

machines as shown in Fig. 6.6.

The momentum equations for inviscid and steady meridional flow in

the absence of body forces are

c
∂

∂

c

s
 + 

1

r
 
∂

∂

p

s
= 0 (6.67)
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c

R

2

 + 
1

r
 
∂

∂

p

n
= 0 (6.68)

Origin

Stream
line

Meridional
plane

s

n

Fig. 6.6 Natural coordinate system (flow in the meridional plane of

a centrifugal machine)

•Ø  6.5 Further Notes on Energy Equation

The energy equation for steady adiabatic flow was derived and discussed

in Sec. 2.2. In this section various other useful forms are briefly

discussed.

For a perfect gas, static and stagnation enthalpies are expressed as

h = cpT = 
g

g r- 1

p
 = 

a2

1g -
(6.69)

h0 = cpT0 = 
g

g r- 1
0

0

p
 = 

a0
2

1g -
(6.70)

In an imaginary process gas at a given state may be assumed to expand

to the absolute zero temperature (T = 0). In such a process the entire

stagnation enthalpy is transformed into the kinetic energy of the gas. This

is obviously the maximum possible value of the kinetic energy and is

given by

h0 = 
1

2
 c2

max (6.71)

The gas velocity at sonic conditions (M = 1) and the corresponding

kinetic energy can be related to the stagnation enthalpy by the relation

h0 = 
1

2
 
g

g

+

-

1

1
a*2 (6.72)
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Equations (6.69) to (6.72) along with Eq. (2.55) are related by the

following expressions:

h0 = 
a0

2

1g -
= 

a
2

1g -
 + 

1

2
c2 = 

1

2
 
g

g

+

-

1

1
a*2 = 

1

2
 c2

max (6.73)

g

g r- 1
0

0

p
= 

g

g r- 1

p
 + 

1

2
c2 (6.74)

For isentropic flow,

p

r
= 

p0

0r
 

p

p0

1

F
HG

I
KJ

-g
g

(6.75)

Substituting Eq. (6.75) in Eq. (6.74) gives the Bernoulli equation for

isentropic compressible flow

g

g r- 1
0

0

p
= 

g

g r- 1
0

0

p
 

p

p0

1

F
HG

I
KJ

-g
g

 + 
1

2
 c2 (6.76)

The Bernoulli equation for incompressible flow is simply a restatement

of the isentropic energy equation with constant density (r = constant).

The differential form of Eq. (2.55) is

dh + c dc = 0 (6.77)

For isentropic flow

dp

r
 + c dc = 0 (6.78)

The integral form of the above energy equation with r = constant is the

familiar Bernoulli equation, viz.

p + 
1

2
 rc

2
= p0 (2.66)

Thus for isentropic incompressible flow

p p

c

0

21

2

-

r
= 1

For compressible isentropic flow, this is given by

p p

c

0

21

2

-

r
 = 1 + 

M2

4
 + 

2

24

- g
 M4 + ... (6.79)

For g = 1.4 the value given by Eq. (6.79) is considerably higher than unity

for M > 0.3. This may therefore be taken as the limit of incompressible

flow.
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•Ø  6.6 Isentropic Flow through Blade

Passages

For many applications, the one-dimensional isentropic flow analysis
95,104,107

gives considerable insight into a problem. For example, in this section the

assumption of such a flow indicates the manner in which various flow

parameters vary in turbomachine blade passages.

The continuity equation gives

rAc = const.

By logarithmic differentiation, this gives

dc = – c 
d d A

A

r

r
+

F
HG

I
KJ

Substituting this in Eq. (6.78), we get

d A

A
= 

d

c

r

r 2
 1 2-
F
HG

I
KJ

d

dp
c

r

For isentropic process 
dp

dr
 = a2, therefore,

d A

A
= 

d p

cr 2
(1 – M

2
) (6.80)

6.6.1 Accelerating Flow

Accelerating flow in blade passages is obtained by a drop in pressure, i.e.

dp is negative. Therefore, Eq. (6.80) for accelerating passages gives the

following three results:

For M < 1, dA is negative; therefore the passage must be convergent.

For M = 1, dA = 0; therefore the variation in area is absent. This occurs

at the throat of a passage.

For M > 1, dA is positive; therefore the passage must be divergent.

6.6.2 Decelerating Flow

In a decelerating flow the velocity of gas decreases with an increase in

pressure, i.e. dp is positive in Eq. (6.80). This gives the following

information for the variation of area:

For M < 1, dA is positive; therefore the passage must be divergent.

At the throat of the passage, M = 1 and dA = 0.

For M > 1, dA is negative; therefore the passage must be conver-

gent.
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6.6.3 Maximum Mass-flow Parameter

The assumption of isentropic flow gives a quick estimate of the maximum

possible flow rate through a passage with given stagnation conditions (p0, T0).

The maximum flow rate occurs at the critical pressure ratio. At this

condition

p = p*, c = c* = a*, M = 1

p

p

*

0

= 
2

1

1

g

g
g

+
F
HG

I
KJ

-

(6.81)

The maximum mass flow rate is given by

&
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A p
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-(

(6.82)

For a given gas, g and R remain constant. Therefore,

&

*

maxm T

A p

0

0

= 
g

R
 

2

1

1

2 1)

g

g
g

+
F
HG

I
KJ

+
-(

For air, taking g = 1.4 and R = 287 J/kg K, the value of the maximum

mass flow parameter is obtained.

&

*

maxm T

A p

0

0

= 0.0404 (6.83)

where &mmax is in kg/s, A* in m2, p0 in pascals = N/m2 and T0 in K.

•Ø  6.7 High-speed Flows

Many turbines and compressors experience flows at high Mach numbers.

The high Mach number flow gives rise to some special problems which

are characteristic of only high speed flows. Most of these problems arise

due to the acceleration or deceleration (to subsonic Mach numbers) of super-

sonic flows in blade passages; expansion and compression waves are

generated which affect the nature of flow and losses in these machines.

As stated before, when the Mach number reaches unity, the flow

chokes and the maximum mass flow rate is governed by Eq. (6.82).

It is well known that, in practice, a supersonic flow decelerates to

subsonic through a shock wave. This may be either normal or inclined to

the direction of flow. In actual practice both the types of waves exist in

supersonic machines.

The shock wave is an irreversiblility and leads to stagnation pressure

loss and increase in entropy.
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Some important relations for these waves are summarized below.

6.7.1 Normal Shock Waves

The shock phenomenon in actual blade passages is very complicated. A

normal shock wave (s = 90°) in a turbine blade passage is shown in

Fig. 6.7. The normal shock relations included in this section are for

one-dimensional steady flow with constant area. The upstream (low

pressure) and downstream (high pressure) sides of the shock are

designated by subscripts x and y respectively.

Normal shock
wave

s = 90°

Mx>1

My<1

Blade passage

Fig. 6.7 Normal shock wave in a turbine blade passage

The velocities and critical Mach numbers are given by the following

relations:

cx cy = a*
2

(6.84)

M*x M*y = 1 (6.85)

The downstream Mach number is

M2
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2

1
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The pressure, temperature and density ratios are
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The Rankine-Hugoniot equation relates the density ratio across the

shock to pressure ratio.

p
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(6.90)

The stagnation pressure ratio and increase in entropy across the shock

are measures of the irreversibility and losses and are given by
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(6.92)

6.7.2 Oblique Shock Waves

As stated before, the wave angle (s) of an oblique shock is less than 90°.

The wave angle of a normal shock is 90°. Oblique shock waves may be

strong or weak. The stronger shocks have wave angles nearer to 90°

whereas weaker shocks have small wave angles. Oblique shocks at the

leading edges of a sharp wedge and an aerofoil blade are shown in Fig. 6.8.

In some flows, oblique shocks take the form of curved and conical waves.

Oblique shock
wave

M1>1

M1>1

Wedge

d

s

Aerofoil

Detached shock wave

Fig. 6.8 Oblique shock waves

The wave drag on the blades, in the presence of strong shocks, is high.

Therefore, the leading edges of blades in the supersonic machines must be

carefully designed to keep the wave drag to a minimum.
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The wave angle is a function of the wedge angle and the free stream

Mach number.

s = f (d, M1)

tan d = 
M

M

1
2

1
2

2 2

2 2
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( cos )

s s

g s

-

+ +
(6.93)

Other parameters in the non-dimensional forms are expressed as

functions of the wave angle and the free stream Mach number.
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Unlike normal shocks, the flow downstream of an oblique shock need

not be always subsonic—only the normal component of the velocity

vector downstream of the oblique shock need be subsonic. The down-

stream Mach number is given by

M2
2 = 

2 1

2 1

1
2 2

1
2 2 2

+ -

- - -

( ) sin
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g s

g s g s d
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(6.99)

6.7.3 Expansion Waves

Expansion waves are generated when an initially sonic (M = 1) or

supersonic (M > 1) flow is expanded by turning the passage walls away

from the flow. It was shown in Sec. 6.6.1 that, for a supersonic flow, a

divergent passage is required to accelerate it.

In such a flow the Prandtl-Meyer angle w (M) gives the angle by which

a wall must be deflected away from the flow to accelerate it to a given

Mach number M. This is given by

w (M) = 
g

g

+

-

1

1
 tan– 1 

g

g

+

-
-

1

1
12( )M  – tan– 1 M 2 1- (6.100)
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The deflection (d) of the wall required to increase the Mach number

from M1 to M2 is

d = w (M2) – w (M1) (6.101)

On account of the flattening nature of the expansion waves, they cannot

coalesce into an expansion shock wave.

•Ø  6.8 Aerofoil Blades

An aerofoil blade112, 117 is a streamlined body having a thick, rounded

leading edge and a thin (sometimes sharp) trailing edge. Its maximum

thickness occurs somewhere near the midpoint of the chord. The back-

bone line lying midway between the upper and lower surfaces is known

as the camber line.

When such a blade is suitably shaped and properly oriented in the flow,

the force acting on it, normal to the direction of flow, is considerably larger

than the force resisting its motion.

Aerofoil shapes are used for aircraft wing sections and the blades of

various turbomachines.

6.8.1 Nature of Flow

When a flat plate is moved through a fluid, it experiences a resistance to

its motion on account of the fluid friction on its surface. If the flow

direction is parallel to its length, the force normal to the plate will be zero.

However, when the plate is inclined (at an angle i) to its direction of

motion, it will experience a resultant force R. This force has a component

(D) parallel to the flow and another component (L) perpendicular to it.

These forces acting on such a plate are known as lift and drag forces and

are shown in Fig. 6.9.

–

+ + + + +

– – – –
Free stream

L R

D

Flat plate

90°

Fig. 6.9 Lift force on an inclined flat plate

The lift force arises on account of the negative and positive pressures

prevailing on the upper and lower surfaces respectively. The figure depicts
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only constant average values of pressures. In actual practice the pressures

on the two sides will vary from the leading to the trailing edge.

When the angle (i) of attack or incidence is zero, the lift will be zero,

as stated before. The lift is found to increase with incidence up to an

optimum value (Fig. 6.10). Along with lift, the drag also increases.

Beyond the optimum value of incidence the drag force increases very

rapidly followed by a decrease in the lift force. This is obviously

undesirable. The maximum drag occurs when the plate is normal (i = 90°)

to the flow direction; the lift is zero for this position.

–0.3

–0.2

–0.1

0

C
C

o
r

D
L

0.4

0.5

0.6

0.7

–4 –2 0
Incidence

2 4 6 8 10

CL

CD

Fig. 6.10 Variation of lift and drag coefficients with incidence

In practical applications for aircraft wings and turbomachine blades, the

flat plate (if used) will have to be of finite thickness. In order to achi-eve

a high lift-drag ratio the leading edge is rounded and the blade section is

tapered towards the thin trailing edge. To obtain further increase in the

value of L/D, the blade is slightly curved, thus giving a curved camber line.

It may be seen here that such a blade approaches a cambered aerofoil shape.

Figure 6.11 shows (a) an uncambered aerofoil blade with zero incid-

ence, (b) an uncambered blade with incidence angle i and (c) a cambered

blade with incidence. Static pressure distribution around a cambered

aerofoil blade is shown in Fig. 6.12. The centrifugal force on the fluid

particles on the upper (convex) side tries to move them away from the

surface. This reduces the static pressure on this side below the free-stream
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pressure. On account of this “suction effect”, the convex surface of the

blade is known as the suction side. In contrast to this the centrifugal force

on the lower (concave) side presses the fluid harder on the blade surface,

thus increasing the static pressure above that of the free stream.

Therefore, this side of the blade is known as the pressure side. On account

of this phenomenon, the flow on the suction side begins accelerating

along the blade chord accompanied by a deceleration on the pressure side.

However, the common boundary conditions at the trailing edge require

the flows on the two sides to equalize. Therefore, the accelerated flow on

the suction side experiences deceleration of the flow as it approaches the

Chord = l

(a) Uncambered aerofoil with zero incidence

(b) Uncambered aerofoil with incidence

(c) Cambered aerofoil with incidence

i o=

i

i

Leading edge
Trailing edge

Chord line

Chord line

Camber

Camber line

Fig. 6.11 Flow around aerofoil blades

– –

–

+ + +

Suction side

Pressure side

Fig. 6.12 Pressure distribution around a cambered aerofoil blade
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trailing edge. The already decelerated flow on the pressure side starts

accelerating at some point along the chord. However, inspite of these

processes, the flows coming from the two sides of the blade surface may

fail to equalize.

The resultant upward force on the blade (Fig. 6.9) is the result of the

cumulative effect of the positive static pressure on the pressure side and

the negative pressure on the suction side.

Now the total upward force acting on the aerofoil is equal to the

projected area times the pressure difference on the two sides. On an

aircraft wing there is a large area available for the production of lift force.

Therefore, only a small pressure difference over its aerofoil wing section

will provide the required lift. This requires only a slight deflection of the

approaching flow over the aircraft wings which is achieved by only

slightly cambered sections.

In contrast to this, the projected areas of turbomachine blades are much

smaller. Therefore, a considerable difference of static pressure between the

pressure and suction sides is required to provide the necessary lift or the

tangential force. This can only be achieved by providing highly cambered

blade sections—the blade camber in compressor blades is between those

of the aircraft wings and the turbine blades.

The lift force is exerted by the fluid on the aircraft wings and the tur-

bine rotor blades, whereas in power absorbing machines like compressors,

fans and blowers, this lift force (exerted by their rotor blades on the fluid)

is supplied by the torque input.

6.8.2 Coefficients of Lift and Drag

The resultant force due to the flow around an aerofoil blade acts at its

centre of pressure. It has two components—lift force, normal to the flow

direction (or blade chord) and the drag force parallel to the flow. These

forces depend only on the density and velocity of the fluid and the blade

chord.

L, D = f (r, c, l)

The projected area per unit length of the blade is

A = l ¥ 1

The lift and drag coefficients based on this area relate the dynamic

pressure 
1

2
rc2 to the lift and drag forces.

L = CL

1

2
rAc2

D = CD

1

2
rAc2
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Conventionally, these coefficients are expressed as

CL = 
L

l c
1

2
2r

(6.102)

CD = 
D

l c
1

2
2r

(6.103)

6.8.3 Transformation of a Circle into an

Uncambered Aerofoil

Aerofoil blade shapes of various turbomachines for prescribed conditions

can now be obtained by a number of mathematical methods. In this

section an uncambered blade profile is obtained from a circle by

employing conformal transformation.

Figure 6.13 (a) shows the Z-plane in which the origin (O) of the

coordinates (r, f) is shifted away by a distance eb from the centre C of a

circle. In this plane a point P is described by r and f. The function z is

given by

z = x + iy = re
if

(6.104)

The circle in the Z-plane is transformed into the z-plane by

Zhukovsky’s transformation function

z = z + b2/z (6.105)

z is given by

z = x + ih (6.106)

Referring to Fig. 6.13 (a), the radius of the circle a is given by

a = b + eb = (1 + e) b (6.107)

The triangle OPC of Fig. 6.13 (a) is shown enlarged in Fig. 6.13 (c).

The angle d is small for small values of eb. From Fig. 6.13 (c),

OP = r = a cos d + eb cos f

For small values of d, cos d ª 1, Therefore,

r = a + eb cos f (6.108)

Substituting from Eq. (6.107) into Eq. (6.108),

r = b + eb + eb cos f

r

b
= 1 + e + e cos f (6.109)

b

r
= {1 + e (1 + cos f)}–1
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For small values of e considering only the first two terms in the expansion

of the above binomial

b

r
= 1 � e � e cos (6.110)

Substituting for z from Eq. (6.105) into Eq. (6.106),

= rei  + 
b

r

2

 e�i

= r (cos  + i sin ) + 
b

r

2

 (cos  � i sin )

Fig. 6.13 Transformation of a circle into an uncambered aerofoil
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Writing real and imaginary parts separately, and rearranging,

z = b
r

b

b

r
+F

H
I
K  cos f + ib 

r

b

b

r
-F

H
I
K  sin f (6.111)

Equations (6.109) and (6.110) give

r

b
 + 

b

r
= 2 (6.112)

r

b
 – 

b

r
= 2e (1 + cos f) (6.113)

Putting Eqs. (6.112) and (6.113) into Eq. (6.111) we get

z = 2b cos f + i 2eb (1 + cos f) sin f (6.114)

Comparing the real and imaginary parts in Eqs. (6.106) and (6.114),

x = 2b cos f (6.115)

h = 2 eb (1 + cos f) sin f (6.116)

Equations (6.115) and (6.116) give the coordinates of the aerofoil in the

z-plane. The quantities e and b are known for a given aerofoil—angle

f varies from 0 to p for the upper half and 0 to – p for the lower half.

Thus for the upper half,

at f = 0, x = 2b, h = 0

f = 
p
2

, x = 0, h = 2 eb (6.117)

f = p, x = – 2b, h = 0

and for the lower half,

at f = 0, x = 2b, h = 0

f = – 
p
2

, x = 0, h = – 2 eb (6.118)

f = – p, x = – 2b, h = 0

The chord of the blade is 4b as shown in Fig. 6.13(b). The values of

the coordinates in Eqs. (6.117) and (6.118) show that the upper and lower

curves (profiles) of the aerofoil are symmetrical.

Maximum thickness-chord ratio

From Eq. (6.116),

d

d

h

f
= 2 eb (cos f + cos

2
 f – sin

2
 f)

d

d

h

f
= 2 eb (2 cos2 f + cos f – 1)
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For maximum thickness,

tmax = 2hmax

d

d

h

f
= 2 eb (2 cos2 f + cos f – 1) = 0

2 cos2 f + cos f – 1 = 0

(cos f + 1) (2 cos f – 1) = 0 (6.119)

This equation gives the value of f for maximum thickness,

(a) Taking the first root of this equation,

cos f = – 1

f = – p

This is inadmissible.

(b) The second root of the equation is

cos f = 1/2

f = p/3

This value is admissible. Substituting this in Eq. (6.115),

t = tmax = b (6.120)

Equation (6.116) gives

tmax = 2hmax = 2eb 1
3

+F
H

I
Kcos

p
 sin 

p
3

tmax = 3 3 eb

The maximum thickness-chord ratio is

t

l
max = 

t

b
max

4
 = 

3

4
 3e

t

l
max = 1.3 e (6.121)

Equation (6.121) gives the value of e for the desired value of tmax/l. The

maximum thickness to chord ratio is decided after taking into account the

losses and the strength of the blade.

6.8.4 Transformation of a Circle into a

Cambered Aerofoil

For obtaining a cambered aerofoil, the centre C of the circle is shifted

both horizontally and vertically by distances eb and f respectively as

shown in Fig. 6.14 (a and c). The functions z, z and the Zhukovsky’s

transformation function are still given by Eqs. (6.104), (6.106) and (6.105)

respectively.
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From the enlarged diagram in the Z-plane [Fig. 6.14(c)],

OP = r = a cos d + f sin f + eb cos f (6.122)

For small values of d, cos d ª 1. Therefore,

a cos d = (b + eb) cos d = b + eb (6.123)

f sin f = (a sin a) sin f = (b + eb) sin a sin f

d

f

f ¢

eb
x

P

iy

ih

x
Q C

a
r

o

(a) Z-plane (b) -planez

(c)

tmax

Camber
line

b
2b2b

l b= 4

hmax

h1
h2

h

ebO
Q

R

C

f a=    sin a

a f
f

d

eb
co

s
f

f s
in

f

a
co

s
d

r

P

Fig. 6.14 Transformation of a circle into a cambered aerofoil
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However, both e and a are small. Therefore,

sin a ª a

eb sin a ª 0

f sin f = b a sin f (6.124)

Putting Eqs. (6.123) and (6.124) into Eq. (6.122), we get

r = b + eb + b a sin f + eb cos f

r

b
= 1 + e + a sin f + e cos f (6.125)

For small values of e,

b

r
= 1 – e – a sin f – e cos f (6.126)

Equations (6.125) and (6.126) give

r

b
 + 

b

r
= 2 (6.127)

r

b
 – 

b

r
= 2 (e + a sin f + e cos f) (6.128)

Equation (6.111) is applicable in this case also. Therefore, substituting

from Eqs. (6.127) and (6.128) in Eq. (6.111), we have

z = 2b cos f + i 2b (e + a sin f + e cos f) sin f (6.129)

Comparing the real and imaginary parts in Eqs. ( 6.106) and (6.129),

z = 2b cos f (6.130)

h = 2 eb (1 + cos f) sin f + 2a b sin2 f (6.131)

These equations describe the profile of a cambered aerofoil shown in

Fig. 6.14(b). It is observed that Eqs. (6.115) and (6.130) are identical and

Eq. (6.131) reduces to Eq. (6.116) for a = 0.

For the upper curve,

at f = 0, x = 2b, h1 = 0

f = 
p
2

, x = 0, h1 = 2 (e + a)b (6.132)

f = p, x = – 2b, h1 = 0

For the lower curve,

at f = 0, x = 2b, h2 = 0

f = – 
p
2

, x = 0, h2 = 2 (a – e) b (6.133)

f = – p, x = – 2b, h2 = 0

Equations (6.132) and (6.133) show that the aerofoil is cambered wth a

chord l = 4b.
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Camber line

The camber line in the symmetrical and uncambered aerofoil coincided

with the chord line (Fig. 6.13(b)). In the case of the cambered aerofoil

(Fig. 6.14(b)) the camber line is displaced upwards from the chord line.

Its coordinates are

x = x

h = 
1

2
 (h1 + h2)

For the upper curve, angle f is positive. Therefore,

h1 = 2 eb (1 + cos f) sin f + 2a b sin
2
 f

For the lower curve angle f is negative. Therefore,

h2 = – 2eb (1 + cos f) sin f + 2a b sin2 f

Therefore,

h = 2 a b sin2 f (6.134)

The camber is zero for a = 0 and it is maximum for f = p/2.

hmax = 2a b (6.135)

The maximum camber-to-chord ratio is

hmax

4b
= 

h

l

F
H

I
K

max

 = 
1

2
 a (6.136)

It occurs at x = 0.

Maximum-thickness-chord ratio

The profile thickness is given by

t = h1 – h2

t = 4 eb (1 + cos f) sin f (6.137)

For maximum thickness (tmax),

dt

df
 = 4eb {(1 + cos f) cos f – sin

2
 f} = 0

i.e., cos f + cos2 f – 1 + cos2 f = 0

2 cos2 f + cos f – 1 = 0

This is identical with Eq. (6.119),

At t = tmax, f = p/3

Equation (6.137) gives

tmax = 4 eb 1
3

+F
H

I
Kcos

p
 sin 

p
3

tmax = 3 3 eb
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The maximum-thickness chord ratio is

t

l
max = 

3

4
3e

t

l
max = 1.3 e

This is identical with Eq. (6.121).

Substitution of f = p/3 in Eq. (6.130) gives the position of the maximum

thickness section.

xtmax
= 2b cos 

p
3

 = b

This result is also identical with that obtained in Eq. (6.120) for the

uncambered aerofoil.

6.8.5 Velocity Distribution

With the known velocity distribution over the circular cylinder, the

corresponding velocity distribution over the transformed aerofoil can be

determined.

We have from Eq. (6.105)

z = z + b2/z

d

dz

z
= 1 – 

b

z

2

2
 = 1 – 

b

r

2

2
 e– 2if = 1 – 

b

r

2

2
 (cos 2f – i sin 2f)

d

dz

z
= 1 2

2

2
-

F
HG

I
KJ

b

r
cos f  + i 

b

r

2

2
2sin f

F
HG

I
KJ

d

dz

z
= 1 2 2

2

2

2 2

2

2 1 2

-
F
HG

I
KJ

+
F
HG

I
KJ

R
S
|

T|

U
V
|

W|
b

r

b

r
cos sin

/

f f

d

dz

z
= 1 2 2

2

2

4

4

1 2

- +
F
HG

R
S
T

U
V
W

b

r

b

r
cos

/

f (6.138)

A f – y plane is defined by

w = f + iy

This is related to the function z through

dw

dz
= cx – i cy = velocity potential

c2
z = c2

x + c2
y = 

dw

dz

2

(6.139)
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Similarly the functions w and z are related through

dw

dz
= cx – i ch

c
2
z = c

2
x + c

2
h = 

dw

dz

2

(6.140)

Equations (6.139) and (6.140) give the velocity distribution (cz) over the

aerofoil in terms of the known velocity distribution (cz) over the cylinder

c

cz

z
= 

dw

d

dw

dzz
 = 

1

d

dz

z

cz = c
d

dzz

z
(6.141)

Putting Eq. (6.138) in Eq. (6.141) yields

cz = 
c

b

r

b

r

z

1 2 2
2

2

4

4

1 2

- +
R
S
T

U
V
W

cos

/

f

(6.142)

More information about the above relations and detailed treatment of

conformal transformation can be found in books on aerodynamics and

applied mathematics.

•Ø  6.9 Energy Transfer in Turbomachines

It was pointed out in Secs. 1.12 and 1.13 that, while energy transfor-

mation can occur in both stators and rotors of turbomachines, energy

transfer can occur only in its moving or rotating elements, i.e. the rotors.

An expression for estimating the amount of energy transfer6, 11, 15, 18

taking place in a turbomachine is derived below. It will be later related to

the thermodynamic parameters and the boundary conditions in a machine.

Figure 6.15 shows flow through the rotor of a general turbomachine;

it is shown surrounded by a control surface for writing the equation of

moment of momentum. The figure also shows one of the rotor-blades

along with the velocity triangles at entry (1) and exit (2). All the velocity

vectors shown are in the same plane and are assumed to remain constant

over the entire entry and exit sections.

The angular speed of the rotor is w radians per second.

w = 
2

60

pN
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The peripheral velocities of the blades at the entry and exit correspond-

ing to diameters d1 and d2 are

u1 = p N d1/60 m/s

u2 = p N d2/60 m/s

The directions of the relative velocity vectors are assumed to

correspond to the rotor blade angles. The absolute velocity vectors are

those which will be observed by an observer at rest, whereas the relative

velocity vectors are the ones which will be observed by an observer

positioned on the rotor.

The three velocity vectors c, w and u at a section (or station) are related

by the simple vector equation

c = u + w

The absolute velocity c at both the entry at exit has a tangential

component cq and a radial component cr.

The torque on the rotor (exerted by the rotor or by the fluid) is obtained

by employing Newton’s second law of motion for the change of moment

of momentum.

cq1
u1

c1 w1

1 Entry

Rotor

Control
volume

Control
surface

Exit

2w2

c
2

c r2
c e

2

u 2
cr1

r1

r2

Fig. 6.15 Energy transfer during flow through a turbomachine rotor

(control volume)
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In general, the algebraic sum of torques is equal to the rate of change

of the moment of momentum: this is expressed mathematically by the

following equation:

S F ¥ r = 
∂

∂ t CVz r (c ¥ r)dV + 
csz r (cdA) c ¥ r (6.143a)

For steady flow

∂

∂ t CVz r (c ¥ r) dV = 0

Therefore,

S F ¥ r = 
csz r (cdA) c ¥ r (6.143b)

Applying this equation for steady flow through the rotor (within the

control surface) shown in Fig. 6.15, we get

t = S Fq r = 
exitz (r cndA) r cq – 

inz  (r cndA) r cq (6.143c)

For writing the expression for torque only tangential components of

velocity and force are considered.

The value of the infinitesimal flow rate through the control surface is

given by

d &m = r cndA (6.144)

Therefore, Eq. 6.143c gives

t = 
exitz r cq d &m  – 

inz r cq d &m (6.145a)

Replacing subscripts ‘in’ and ‘exit’ by 1 and 2 respectively equation

(6.145a) for one-dimensional flow gives

t = r2cq 2 &m2 – r1cq1
&m 1

However, &m1 = &m2 = &m  = constant for steady flow.

Therefore, tc = &m (r2cq2 – r1cq1) (6.145b)

The torque (tc) is exerted by the rotor blades on the fluid causing the

change in the ‘moment of momentum’ between the entry and exit of the

rotor. This happens in pumps, compressors, fans and propellers which are

driven by prime movers such as electric motors, I.C. engines or turbines.

The torque or work supplied by the prime mover increases the quantity

r1cq1 to r2cq2. Therefore, in pressure or head producing machines,

r2cq2 > r1cq1

An equal and opposite torque (– t) is exerted by the fluid on the rotor

blades (Newton’s third law of motion). Therefore, for turbines the value

of the torque is given by

t
T

= – &m  (r2cq2 – r1cq1)
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t
T

= &m  (r1cq1 – r2cq2) (6.146)

Here the work or energy transfer by the fluid to the rotor decreases the

quantity r1cq1 to r2cq2. Therefore, for turbines

r1cq1 > r2cq2

The rate of work done is given by

Work = torque ¥ angular velocity of the rotor

For compressors,

Wc = tC w = &m  (w r2cq 2 – wr1cq 1)

Wc = &m  (u2cq2 – u1cq1) (6.147a)

The specific work is

wc = u2cq 2 – u1cq 1 (6.147b)

Similarly, for turbines

WT = tT w = &m  (u1cq1 – u2cq2) (6.148a)

wT = u1cq1 – u2cq2 (6.148b)

Equations (6.147) and (6.148) are also known as Euler’s pump and

turbine equations respectively. The differential forms of Eqs. (6.147b) and

(6.148b) are

dwc = d (ucq) (6.149)

dwT = – d (ucq) (6.150)

These relations state mathematically an important fact, viz. if a

turbomachine has to act as a head or pressure producing machine, its flow

passages should be designed to obtain an increase in the quantity ucq,

whereas if it is to act as a power producing machine, there must be a

decrease in the quantity ucq between its entry and exit.

6.9.1 Forces on the Rotor Blades

The resultant force acting on a rotor blade has three components—tang-

ential, axial and radial.

The tangential thrust is developed due to a change in the momentum of

the fluid in the peripheral direction. This is the driving force on the rotor.

Efforts are made in the design to obtain maximum tangential thrust for

given flow conditions.

The axial thrust arises due to change of static pressure and momentum

in the axial direction. This does not contribute to the motion of the rotor

and has to be taken by thrust bearings. Therefore, efforts must be made

to minimize it.
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The radial thrust is due to changes in static pressure and momentum of

the fluid in the radial direction. This also does not contribute to the motion

of the rotor and must be minimized. This thrust appears as the load on the

rotor shaft bearings.

6.9.2 Components of the Energy Transfer

For a better understanding of the energy transfer process in a turbo-

machine, Eq. (6.148b) is written here in a different form. Velocity

triangles shown in Fig. 6.15 will be used for this purpose.

From the velocity triangles at the entry,

c2
r1 = c2

1 – cq
2
1 = w2

1 – (u1 – cq1)
2

This, on rearrangement, gives

u1cq1 = 
1

2
(c2

1 + u2
1 – w2

1) (6.151)

Similarly, from the velocity triangles at the exit,

u2cq 2 = 
1

2
 (c2

2 + u2
2 – w2

2) (6.152)

Substituting from Eqs. (6.151) and (6.152) in (6.148b), and rewriting the

right-hand side as three pairs of terms,

wT = 
1

2
 (c2

1 – c2
2) + 

1

2
 (u2

1 – u2
2) + 

1

2
 (w2

2 – w2
1) (6.153a)

In the differential form,

dwT = – d (ucq) = – d
1

2

2
cF

H
I
K  – d

1

2

2
uF

H
I
K  + d

1

2

2
wF

H
I
K (6.153b)

Equations (6.153) show that the total energy transfer wT or dwT in

turbines is made up of three components. Taking Eq. (6.153b), the total

decrease in the quantity ucq through the machine is seen to be made up of

a decrease in the quantities c2 and u2 and an increase in the quantity w2.

The quantity 
1

2
 (c2

1 – c2
2) or its differential value - F

H
I
K -L

NM
O
QP

d c cdc
1

2

2 =

is the change in the kinetic energy of the fluid through the machine in the

absolute frame of coordinates. This brings about a change in the dynamic

head of the fluid through the machine.

The quantity 
1

2
(u

2
1 – u

2
2) is the change in the centrifugal energy of the

fluid in the machine. This arises simply due to the change in the radius of

rotation of the fluid. This term causes a change in the static head of the

fluid through the rotor.
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The quantity 
1

2
(w2

2 – w2
1) is the change in the kinetic energy of the fluid

in the relative frame of coordinates. This also causes a change in the static

head of the fluid across the rotor.

Energy transfer processes in a compressor can also be explained on the

aforementioned lines.

6.9.3 Euler’s Work

The work done by the fluid during an isentropic flow through a turbine

stage with perfect guidance by its blades is the maximum work that can

be expected in the stage. In such a case the deflection of the fluid

through the rotor provides ideal values of the tangential velocity

components cq1 and cq 2.

The value of the work given by wT = u1cq1 – u2cq 2 is the ideal work

with perfect guidance by the blades. This is known as Euler’s work and

corresponds to the following pressure and enthalpy drops:

Euler’s enthalpy drop, DhE = wET = u1cq1 – u2cq 2 (6.154)

Euler’s pressure drop, (Dp)ET = p1 – p2E (6.155)

These quantities are shown in Fig. 6.16.

6.9.4 Isentropic Work

The deflection of the fluid in an actual turbine stage with isentropic flow

of fluid is not the same as dictated by its blades. This is due to the

imperfect guidance given by the blades to the fluid. The inability of the

blade passages to provide sufficient constraint on the flow leads to lesser

pressure drop and work in the stage. This will happen regardless of the

fact whether the flow is reversible or irreversible. Thus in a reversible

adiabatic flow with imperfect deflection, the stage work (wsT) is less than

the Euler’s work (wET). The isentropic pressure drop is

(Dp)sT = p1 – p2s = p1 – p2a (6.156)

6.9.5 Actual Work

An actual stage with irreversible adiabatic flow produces lesser work for

the same pressure drop than the isentropic work (wsT) on account of

losses. This work is known as the adiabatic or actual work (waT) and is

lesser than the Euler’s work on account of both imperfect guidance and

irreversibility of the flow. Its value can also be calculated from Eq.

(6.148b) provided that the actual values of the tangential velocity

components are taken. Thus

waT = u1c¢q1 – u2c¢q2 (6.157)
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where c¢q1 and c¢q2 represent the actual values of the tangential velocity

components.

The values of the enthalpy drop corresponding to the three kinds of

turbine stage works are shown in Fig. 6.16. The final states at the end of

the expansion in the three cases are represented by 2E, 2s, and 2a.

wET

wsT
waT

p1

1

p p p2 2 2s a= =

p2E

2E

2s

2a

Entropy

T
e

m
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e
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o
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e
n

th
a

lp
y

Fig. 6.16 Euler, isentropic and adiabatic works in a turbine

Eular’s work (wEC), isentropic work (wsC) and actual work (waC) in

a compressor are shown in Fig. 6.17. The Euler and the actual pressure

rises are

Euler’s pressure rise, (Dp)Ec = p2E – p1 (6.158)

Actual pressure, rise, (Dp)sc = (Dp)ac = p2 – p1 (6.159)

It is seen here that, on account of the inability to fully enforce its

gemoetry on the flow, the compressor stage develops a lesser pressure rise

than the Euler’s pressure rise during an isentropic compression process.

Also, for the same pressure rise, the work required in an irreversible

compression is greater than that in the reversible compression on account

of losses.

Notation for Chapter 6

a Radius of the circle, velocity of sound

A Area
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b Fraction of radius a

c Fluid velocity

CL Lift coefficient

CD Drag coefficient

d diameter

D Drag force

e A factor defined in Eq. (6.107)

f Friction factor or displacement

F Force

h Enthalpy

K Bulk modulus of elasticity

l Blade chord

L Lift force

m Mass, mass flow-rate

M Mach number

n Normal

N Rotational speed

p Pressure

wsc

wEC wac

Isentropic

2E

2a

2s

p2E

p      p p2 2s= = 2a
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1
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Fig. 6.17 Euler, isentropic and adiabatic works in a compressor
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r Radius

R Gas constant, radius of curvature, resultant force

Re Reynolds number

s Entropy

Ds Change in entropy

t Time, thickness

T Temperature in Kelvin scale

u Peripheral speed

w Specific work, relative velocity

x, y, z Cartesian coordinates

X, Y, Z Body forces in Cartesian coordinates

r, q, x Cylindrical coordinates

R, Q, X Body forces in cylindrical coordinates

Greek Symbols

a Angle shown in Fig. 6.14 (a), (b)

g Ratio of specific heats

d Boundary layer thickness, half wedge angle, angle shown in

Figs. 6.13 (c) and 6.14 (a)

x, h, z Vorticities

x, h Coordinates in the z-plance

m Dynamic viscosity

n Kinematic viscosity

r Fluid density

t Shear stress, torque

s Wave angle

f Potential function, angle shown in Figure 6.13(a)

y Stream function

w Angular velocity

Subscripts

o Stagnation

1 Initial, entry

2 Final, exit

• Free stream

a Actual

c Compressor

cv Control volume

cs Control surface

D Drag
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E Euler’s

L Lift

max Maximum

n Normal to the area dA

r Radial

s Isentropic

T Turbine

w Wall

x Axial, upstream of normal shock

y Downstream of normal shock

z Z-plane

q Tangential direction

Superscript

* Sonic value

•Ø Solved Examples

6.1 An inward flow radial turbine has the following data:

Power 150 kW

speed 32000 rpm

outer diameter of the impeller 20 cm

inner diameter of the impeller 8 cm

absolute velocity of gas at entry 387 m/s

absolute velocity of gas at exit 193 m/s (radial)

The gas enters the impeller radially.

Construct the velocity triangles at the entry and exit of the impeller

and determine:

(a) the mass-flow rate and

(b) the percentage energy transfer due to the change of radius

Solution:

u1 = p d1N/60 = p ¥ 0.20 ¥ 32000/60

u1 = 335.1 m/s

u2 = (d2/d1) u1 = 
8 3351

20

¥ .
 = 134.04 m/s

As per the given data, the velocity triangles at the entry and exit

are right-angled triangles (Fig. 6.18).

The work done in the stage is

waT = 
1

2
(c2

1 – c2
2) + 

1

2
(w2

2 – w2
1) + 

1

2
(u2

1 – u2
2)
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In the velocity triangles w1 = c2. Therefore, the above expression

reduces to

waT = u2
1

The same result is obtained from

waT = u1cq1 – u2cq2

However,

cq 2 = 0, cq 1 =  u1.

Therefore,

waT = u2
1 = 

3351

1000

2.
 = 112.292 kJ/kg

Power = &mwaT = 150 kW

&m = 150/112.292 = 1.335 kg/s (Ans.)

The energy transfer due to the change of radius is

1

2
 (u

2
1 – u

2
2) = 0.5 (335.1

2
 – 134.04

2
)/1000 = 47.16 kJ/kg

Therefore, the percentage of this part of the total energy transfer is

4716

112 292

.

.
 ¥ 100 = 42.0 (Ans.)

6.2 A radial-tipped blade impeller of a centrifugal blower has the

following data:

speed 3000 rpm

outer diameter 40 cm

inner diameter 25 cm

impeller width at entry 8 cm

stage efficiency 70%

c1 = 387 m/s

c =2 1w

cq2 = 0

u = q1
1

cw1

u2

w2

Fig. 6.18 Flow through a radial turbine (Ex. 6.1)



238 Turbines, Compressors and Fans

The absolute velocity component at the impeller entry is radial and

has a magnitude of 22.67 m/s. If the radial velocity remains

constant through the impeller, determine the pressure developed

and the power required. Assume a constant density of air of 1.25

kg/m
3
.

Solution:

u2 = p d2N/60 = p ¥ 0.4 ¥ 3000/60 = 62.83 m/s

u1 = 25 ¥ 62.83/40 = 39.27 m/s

The velocity triangles are shown in Fig. 6.19. The actual work done

is

wac = u2cq2 – u1cq1

c2

u2 2= qc

w =2 1c

c = 22.67 m/s1

w1

u1

cq1 = 0

Fig. 6.19  Flow through a centrifugal blower (Ex. 6.2)

However,

cq2 = u2 and cq1 = 0.

Therefore,

wac = u2
2 = (62.83)2 = 3947.61 J/kg

The ideal enthalpy change is

Dhs = hst wac

Dhs = 0.7 ¥ 3947.61 = 2763.33 J/kg

For isentropic flow,

Dp = rDhs = 1.25 ¥ 2763.33 = 3454.16 N/m
2

Dp = 3454.16/9.81 = 352.1 kgf/m2

Dp = 352.1 mm W.G. (Ans.)
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Area of the impeller normal to the radial component at the entry is

A1 = p d1b1 = p ¥ 0.25 ¥ 0.08 = 0.0628 m2

The mass-flow rate is

&m = rc1A1 = 1.25 ¥ 22.67 ¥ 0.0628 = 1.78 kg/s

The power required is

P = &mwac

P = 1.78 ¥ 3.947 = 7.02 kW (Ans.)

6.3 The rotor of an axial flow fan has a mean diameter of 30 cm. It

runs at 1470 rpm. Its velocity triangles at entry and exit are

described by the following data:

Peripheral velocity components of the absolute velocities at entry

and exit are

cy1 = 
1

3
u, cy2 = 

2

3
u

(a) Draw the inlet and exit velocity triangles for the rotor and

prove that the work is given by

wc = 
1

3
u2

(b) Calculate the pressure rise (mm W.G.) taking a constant

density of air, r = 1.25 kg/m3. Notation used has its usual

meaning.

Solution:

(a) The velocity triangles are shown in Fig. 6.20

From Euler’s compressor equation (6.147b)

wc = u (cy2 – cy1)

wc = u
2

3

1

3
u u-F

H
I
K

wc = 
1

3
u2

(b) Since no other data about air angles and efficiency is given,

the following formula is used for the pressure rise:

D p

r
= Dh = wc = 

1

3
u2

u = 
p d N

60
 = p ¥ 0.3 ¥ 

1470

60
 = 23.091 m/s

Dp = 
1

3
 ru2
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= 
1

3
 ¥ 1.25 ¥ 23.0912 = 222.164 N/m2

= 222.164/9.81 = 22.647 kgf/m2

Therefore, the pressure rise across the fan is

Dp = 22.647 mm W.G. (Ans.)

•Ø Questions and Problems

6.1 Define streamlines and a stream tube. Sketch the streamlines in the

flow passage of an equiangular impulse turbine blade. Map the

flow from the upstream to the far downstream of such a blade

channel.

6.2 Define incompressible, compressible, steady, unsteady, inviscid,

viscous, laminar and turbulent flows. Give examples of each of

these flows in turbomachines.

6.3 What is a boundary layer? How does it grow on the blade profile

of a turbomachine? How and where is it more likely to separate on

the blade surface? Illustrate with the help of sketches.

6.4 Show the streamlines in the meridional plane of a radial turbo-

machine. Where would you expect separation in this flow field?

6.5 Sketch a Cartesian coordinate system for a blade row of an axial

flow turbomachine.

c uy2 = 2 /3

c uy1 = /3

u

u

w2

c1

c2

w1

cx

cx

Fan rotor

Fig. 6.20 Velocity triangles at the entry and exit of a fan rotor (Ex.

6.3)
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Write down continuity and momentum equations for such a system

for both viscous and non-viscous flows.

6.6 Derive for incompressible, three-dimensional and irrotational flow

∂ f

∂

2

2
x

 + 
∂ f

∂

2

2
y

 + 
∂ f

∂

2

2
z

 = 0

6.7 Sketch a cylindrical coordinate system for a blade row of an axial

flow turbine. Prove that:

(a)
∂

∂

c

r
r  + 

c

r
r  + 

1

r
 
∂

∂q
qc

 + 
∂

∂

c

x
x  = 0

(b)
∂

∂

c

r
r  + 

c

r
r  + 

∂

∂

c

x
x  = 0

(c) cr 
∂

∂

c

r
r  + cx 

∂

∂

c

x
r  – 

c

r
q
2

 = – 
1

r
 
∂

∂

p

r

cr 
∂

∂
qc

r
 + cx 

∂

∂
qc

x
 + 

c c

r

r q  = 0

cr 
∂

∂

c

r
x  + cx 

∂

∂

c

x
x  = – 

1

r
 
∂

∂

p

x

(d) z = 
∂

∂
qc

r
 + 

c

r
q

6.8 From the general equations of motion in cylindrical coordinates,

prove that for incompressible, steady and axisymmetric flow

∂ f

∂

2

2
r

 + 
∂ f

∂

2

2
r

 + 
1

r
 
∂f

∂ r
= 0

∂ y

∂

2

2
r

 + 
∂ y

∂

2

2
x

 – 
1

r
 
∂y

∂ r
= 0

State any other assumptions made in the derivation of the above

equations.

6.9 How is the maximum mass-flow rate through a turbomachine

governed? Write down the well-known maximum mass-flow

parameter.

6.10 Show normal and oblique shock waves in turbomachine blade

passages. How are they generated? What are the advantages and

disadvantages of shocks in turbomachines?

6.11 Describe the flow pattern from the leading to the trailing edge of

a cambered aerofoil blade in a turbomachine. How is the lift



242 Turbines, Compressors and Fans

generated on the blade? Depict the positive and negative pressure

distribution on the blade surfaces.

6.12 (a) Transform a circle into uncambered and cambered aerofoil

sections applying Zhukovsky’s transformation function

z = z + b
2
/z

(b) Show that:

(i) Aerofoil chord = 4b

(ii)
Maximum thickness

Chord
 = 1.3 ¥ eccentricity

(iii) Position of the maximum thickness section is 
1

4
 ¥ chord

from the leading edge.

6.13 Derive Euler’s turbine and compressor equations. Hence, show

that for axial machines, Euler’s work is given by

m u dcq

m &m  (u1cq1 – u2cq2)

m
1

2
 [(c2

1 – c2
2) + (w2

2 – w2
1)]

6.14 Show velocity triangles at the entry and exit of a general inward

flow turbomachine.

Identify turbines and compressors from the following data for

various machines:

(a) u1 = u2 = 50 m/s, cy1 = 4 m/s, cy2 = 5 m/s

(b) cy1 = cy2 = 12 m/s, u1 = 102 m/s, u2 = 118 m/s

(c) h02 – h01 = – 4 kJ/kg

(d) p02 – p01 = 37.5 mm W.G.

6.15 Show Euler’s, isentropic and actual values of work in turbines and

compressors on h–s coordinates. Show the corresponding exit

pressures in each case.

6.16 Determine Euler’s, isentropic and actual values of work from the

following data

(a) Inward-flow radial turbine

speed 24000 rpm

outer diameter of the rotor 30 cm

inner diameter of the rotor 15 cm

rotor blade angle at entry 70°

rotor blade angle at exit 25°

actual air angle at entry 75°
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actual air angle at exit 35°

(from tangential direction)

radial velocity at entry and exit 100 m/s

stage efficiency 91%

(Ans.) wET = 160.8 kJ/kg

wST = 157.55 kJ/kg

waT = 143.62 kJ/kg

(b) Axial fan

Peripheral speed 148 m/s

axial velocity component at entry and exit 35 m/s

rotor blade angle at entry 45°

rotor blade angle at exit 10°

actual air angle at entry 50°

actual air angle at exit 15°

(from axial direction)

stage efficiency 82%

(Ans.) wEC = 4.29 kJ/kg

wsC = 3.92 kJ/kg

waC = 4.785 kJ/kg

(c) Axial turbine

peripheral speed 250 m/s

gas speed at nozzle exit 500 m/s

nozzle blade exit angle 70°

rotor blade exit angle 70°

actual air angle at nozzle exit 68°

actual air angle at rotor exit 62°

stage efficiency 87%

(Ans.) wET = 172.4 kJ/kg

wsT = 162.60 kJ/kg

waT = 141.46 kJ/kg

6.17 If the turbine rotor in Ex. 6.1 is used for compressing air

(cp = 1.005 kJ/kg K, entry temperature = 300 K) what is the value

of the pressure ratio obtainable with 100% efficiency? Calculate

(a) the rotor blade angle at entry, and

(b) the Mach number of the flow based on the relative velocity of

air at entry.

(Ans) pr = 3.025, b1 = 55.23° (from the tangential direction),

M = 0.677.



Chapter 7

Dimensional Analysis
and Performance Parameters

Dimensional analysis6,87 of problems in turbomachines identifies the

variables involved and groups them into non-dimensional quantities

much lesser in number than the variables themselves. In a design problem

or performance test, these non-dimensional quantities (or dimensionless

parameters or numbers as they are sometimes called) are varied instead of

the large number of parameters forming these groups. While the great

convenience and economy in test runs provided by employing this technique

is obvious, the design procedure uses these non-dimensional numbers to

obtain maximum efficiency.

Some non-dimensional numbers give an idea of the type of machine

and its range of operation.

The presentation of the performance of a machine is also considerably

simplified by adopting non-dimensional numbers.

In this section a number of dimensionless parameters are separately

developed for incompressible and compressible flow machines. Later, the

preformance characteristics of only compressible flow machines

(turbines, compressors, fans and blowers) are discussed employing some

of these parameters. Incompressible flow machines are at places mentioned

only for comparison.

•Ø  7.1 Units and Dimensions

It is well known that the primary quantities are mass (M ), length (L),

time (T ) and temperature (q). Other quantities are derived from them.

In the S.I. system of units (System International d’units), the following

units and dimensions (Table 7.1) are used for some basic variables

considered in this book.

•Ø  7.2 Buckingham’s ppppp-theorem

The p-theorem states that, in a given problem, if the number of variables

is n, the greatest number of non-dimensional groups or dimensionless

numbers (also known as p-terms) is given by

p = n – k (7.1)
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where k £ m

and m = number of primary dimensions.

Here, it will be assumed that k = m; this is true in a majority of situations.

Let there be three dependent variables (y1, y2 and y3) and five

independent variables (x1, x2, x3, x4 and x5).

y1, y2, y3 = f (x1, x2, x3, x4, x5) (7.2)

If three primary dimensions M, L and T are involved, then the theorem

[Eq. (7.1)] gives

p = n – m

p = (3 + 5) – 3 = 5

Thus the number of dimensionless groups or p-terms is five. This can

be expressed functionally by the following relation:

p1, p2 = f (p3, p4, p5) (7.3)

Table 7.1 Units and dimensions in S.I. units

Quantities Units Dimensions

Mass kg M

Length m L

Time s T

Temperature °C or K Q

Area m2 L2

Volume m3 L3

Volume-flow rate m3/s L3/T

Mass-flow rate kg/s M/T

Velocity m/s L/T

Acceleration m/s2 L/T2

Force (Newton, N) kg m/s2 ML/T2

Pressure (Pascal, Pa) N/m2 ∫ kg/ms2 M/LT2

Torque Nm ∫ kg m2/s2 ML2/T2

Heat, work, enthalpy and energy

(Joules, J) J ∫ Nm ∫ kg m2/s2 ML2/T2

Power (Watts) J/s ∫ N m/s = kg m2/s2 ML2/T3

Dynamic viscosity N s/m2 ∫ kg/ms M/LT

Density kg/m3 M/L3

Kinematic viscosity m2/s L2/T

Bulk modulus of elasticity kg/m s2 M/LT2

Rotational speed revolution/s 1/T

radians/s
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More dimensionless groups can be formed by a combination of the

p-terms [as in Eq. (7.3)] already determined by the p-theorem.

The selection of p-terms on the two sides in Eq. (7.3) depends on the

behaviour of a given machine. The terms on the right must be the control

variables whose variation at will automatically “vary” terms on the left-

hand side. Some control variables in turbomachine application are given

below:

Table 7.2 Control variables in turbomachines

Control variables Turbomachines

Mass-flow rate Pumps, fans, blowers and compressors

Load or power output Hydro, steam, gas and wind turbines

Speed Pumps, fans, blowers, compressors and propellers

•Ø  7.3 Principle of Similarity

The performance of an actual machine (prototype) can be predicted with

the aid of simple and inexpensive tests on models. Physical conditions of

a prototype can be simulated in a model by keeping the values of some

dimensionless parameters (p-terms) the same in both. The following types

of similarities must be satisfied.

7.3.1 Geometric Similarity

Some of the geometric variables in a turbomachine are:

blade chord (l),

blade pitch (s),

blade height (h),

rotor diameter (D), and

blade thickness (t).

For geometric similarity, the ratios of the linear dimensions and the

shape of the bodies in the model and prototype are the same; the values

of the individual dimensions are immaterial.

7.3.2 Kinematic Similarity

Some kinematic variables in turbomachines are:

blade velocity, (u = p DN/60),

flow velocity, (cx or cr),

isentropic gas velocity (cs), and

rotational speed (w, N).
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Kinematic similarity requires that the ratios of velocities are the same in

the model and prototype regardless of the individual values. This gives

similar velocity triangles in both the model and prototype.

7.3.3 Dynamic Similarity

The dynamic variables affecting the performance of turbomachines are:

gas density (r),

dynamic viscosity (m),

bulk modulus (K),

pressure difference (Dp),

forces (L, D, Fy, Fx) and

power (P).

In dynamic similarity, the ratios of the various forces should be the same

regardless of the individual values.

Various non-dimensional numbers composed of the geometric, kine-

matic and dynamic variables in turbomachines are discussed in Secs. 7.4

and 7.5.

•Ø  7.4 Incompressible Flow Machines

The dependent variables in incompressible flow trubomachines are

usually the head (gH), power (P) and efficiently (h). These are functions

of the following variables:

rotor speed (N),

rotor diameter (D)

characteristic lengths (s, l, h, etc.) or length ratios 
s

l

h

l
, , etc.

F
H

I
K

discharge (Q),

fluid density (r) and

fluid viscosity (m).

Thus we have

gH, P, h = f N D
s

l

h

l
Q, , , , , ,r mF

H
I
K (7.4)

The presence of non-dimensional variables in Eq. (7.4) is not taken

into account for applying the p-theorem because they are already

dimensionless numbers. Thus, ignoring h, 
s

l
 and 

h

l
, there are seven

variables (n = 7) and three dimensions (m = 3). Therefore, Eq. (7.1) gives
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the number of dimensionless groups as four (p = 4). The already

diminsionless variables in Eq. (7.4) remain intact in the functional equation

for the dimensionless numbers. Therefore,

p1, p2, h = f p p3 4, , ,
s

l

h

l

F
H

I
K (7.5)

Employing the conventional procedure (see Appendix F) for finding the

dimensionless numbers, the following p-terms are obtained:

p1 = 
gH

ND( )2
(7.6)

p2 = 
Q

ND3
(7.7)

p3 = 
P

N Dr 3 5
(7.8)

p4 = 
r

m

ND2

(7.9)

The units of various quantities in these equations are given in Table 7.1.

7.4.1 Head Coefficient

The parameter p1 = 
gH

ND( )2
 is known as the head coefficient. For incomp-

ressible flow, r ª constant. Therefore,

gH = 
D p

r
(7.10)

Now ND μ u.

Therefore,
gH

ND( )2
μ 

gH

u2
 = 

Dp

ur 2
(7.11)

Different names are given to the quantities in Eq. (7.11). The loading

coefficient is defined by

y = 
gH

u2
(7.12)

The pressure coefficient is given by

y¢ = 
D p

ur 2
(7.13)
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The two expressions in Eqs. (7.12) and (7.13) have the same value for

incompressible flow machines. In some literature, the pressure

coefficient is defined by

y ¢¢ = 
D p

u1
2

2r
(7.14)

The above relations show that the coefficients y, y¢ and y¢¢ are

proportional to the head coefficient given by Eq. (7.6).

7.4.2 Capacity Coefficient

The parameter p2 = 
Q

ND3
 is referred to as the capacity coefficient. The

discharge is given by the continuity equation

Q = cx A

The cross-sectional area A is made up of two linear dimensions which

are proportional to the diameter D. Thus,

A μ D2

Q μ cxD
2 (7.15)

ND
3

= (ND) D
2

However, ND μ u, therefore,

ND3 μ uD2 (7.16)

Equations (7.15) and (7.16) give

p2 μ 
c D

uD

x
2

2
 μ 

c

u
x

The quantity 
c

u
x  is known as the flow coefficient

f = 
c

u
x (7.17)

It may be noted here that the capacity coefficient is proportional (and

not equal) to the flow coefficient.

7.4.3 Power Coefficient

The parameter p3 = 
P

N Dr 3 5
 is known as the power coefficient. This can

also be obtained by the product of the head and capacity coefficients

given in Eqs. (7.6) and (7.7) respectively

p3 = p1p2
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p3 = 
gH

ND

Q

ND( )2 3

Power = head ¥ mass flow rate

P = rQ (gH) (7.18)

Therefore, p3 = 
P

N Dr 3 5

which is Eq. (7.8)

7.4.4 Reynolds Number

The parameter p4 = 
r

m

ND2

 is proportional to the ratio of inertia and

viscous forces. This is shown in the following derivation:

p4 = 
r

m

ND2

 = 
r

m

( )ND D

D

2

Now ND μ u μ c

D2 μ A

D μ l

Therefore, p4 μ 
r

m

Au

l
 μ 

r

m

Ac

l
 μ 

r

m

Ac

cl

2

(7.19)

Now rAc2 = inertia force

mcl = viscous force

Therefore, p4 μ 
intertia force

viscous force

This ratio is the well-known fluid dynamic parameter—the Reynolds

number (Re) which has already been defined in Sec. 6.1.11.

Re = 
r

m

Ac

cl

2

 = 
cl

m r/
 = 

cl

n
(7.20)

Here the Reynolds number is based on the fluid velocity (c) and the

characteristic length parameter (l ). However, this need not be always in

this form. These parameters can be replaced by other velocities and

characteristic length parameters. For example, retaining u and D in the

original expression

p4 = 
( )

/

ND D

m r
 μ 

uD

n
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Re = 
uD

n
(7.21)

Equation (7.21) gives the value of a Reynolds number based on the

peripheral speed and diameter of the rotor.

7.4.5 Specific Speed

As mentioned before, more dimensionless numbers can be obtained from

the combination of the p-term already determined. Thus, another very

useful dimensionless number (p5 ) is formed by the following combination

of p1 and p2.

p1 = p1
2
/2/ p 3

1
/4

Substituting from Eqs. (7.6) and (7.7)

p5 = 
( / )

( / )

/

/

Q ND

gH N D

3 1 2

2 2 3 4

p5 = 
NQ

gH

1 2

3 4

/

/( )
(7.22)

Here the linear dimension D has been eliminated. It is important because

this suggests that Eq. (7.22) can be applied to geometrically similar

machines of all sizes. This dimensionless parameter is known as the

specific speed or shape parameter (Ns). Since g is constant, it is

sometimes dropped; but by doing so the dimension-less nature of the

p-term is not retained.

NsP = 
NQ

H

1 2

3 4

/

/
(7.23)

(Here suffix P denotes pumps, fans and compressors).

The value of the specific speed at the maximum efficiency point is a

useful guide in designing and selecting turbomachines for given

conditions. Thus the use of the specific speed places various types of

turbomachines in different brackets of distinct ranges. This is a very

useful guide in selecting the type (axial, radial and mixed) of pumps,

turbines, compressors, fans and blowers because each type has almost a

well-defined range on the specific speed scale.

Another expression for the specific speed can be obtained by

combining p1 and p3 as shown below.

p6 = p 1
3
/2 / p 5

1
/4

p6 = 
( / )

( / )

/

/

P N D

gH N D

r 3 5 1 2

2 2 5 4
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p6 = 
1

1 2 5 4 5 4r / / /
g

P

H
 N (7.24)

An expression for the power specific speed is obtained by dropping the

factor 
1

1 2 5 4r / /
g

NsT = 
P

H5 4/
 N (7.25)

(Here suffix T denotes turbines.)

Here again it must be remembered that while the expression in Eq.

(7.24) is dimensionless, it is not so in Eq. (7.25).

The expressions in Eq. (7.22) or (7.23) are used for pumps, fans,

blowers and compressors, whereas Eqs. (7.24) and (7.25) are employed

for turbines.

In S.I. units Eqs. (7.22) and (7.24) are used for calculating the value of

the specific speed. The following units are used for various quantities:

N in rps or radians per second

Q in m
3
/s

g in m/s2

H in metres

P in watts

r in kg/m3

•Ø  7.5 Compressible Flow Machines

Dimensional analysis for compressible flow machines 287, 411A differs from

the incompressible flow machines on account of the following factors:

1. On account of the continuously changing volume-flow rate, for a

given mass-flow rate, the variable Q is replaced by the mass-flow

rate ( &m). This remains constant in steady flow.

2. The head term gH is replaced by the pressure change term (Dp0) or

the pressure ratio pr = p01/p02. The change of specific enthalpy can

also replace (gH ). This is obviously the right thing to do for

blowers, compressors and turbines handling compressible fluids. It

is much easier to indicate the pressure difference (often in mm

W.G.) developed across a blower, or a pressure ratio developed by

a compressor or compresor stage.

3. The ratio (g ) of specific heats also becomes one of the independent

parameters.
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4. In compressible flows, elasticity of the gas is an important

parameter. This is taken into account by the temperature (T01) or

the velocity of sound at the entry, i.e.

a01 = g R T01 (7.26)

5. Since the values of the gas density and temperature vary in

compressible flow machines, their values at the entry are taken.

In view of the above, the functional relationship [such as Eq. 7.4)]

for compressible flow machines is

p

p
01

02

, P, h = f N D
s

l

h

l
m a, , , , & , , , ,r m g01 01

F
H

I
K (7.27)

In this equation, five quantities, p01/p02, h, 
s

l
, 

h

l
 and g, are already

dimensionless. Therefore, ignoring them, there are seven variables (n = 7)

and three dimensions (m = 3). Thus, according to the p-theorem, there

must be four more dimensionless groups or p-terms. By employing a

dimensional analysis, the following groups are obtained:

p

p
01

02

, 
P

N Dr01
3 5

, h = f 
r

m r
g01

2

01
3

01

ND m

N D

s

l

h

l

ND

a
,

&

, , , ,
F

HG
I

KJ
(7.28)

Various dimensionless quantities in this equation are now separately

discussed in the following sections.

7.5.1 Pressure Ratio

Let p1 = p01/p02 (7.29)

This dimensionless parameter is widely used for both turbines and

compressors. If the dynamic pressures are negligible at the entry and exit,

this p-term is taken as the ratio of static pressures.

In an isentropic process, the change in enthalpy (Dh0s) or temperature

(DT0s) is related to the pressure ratio.

T

T
s02

01

= 
p

p
02

01

1

F
HG

I
KJ

-g

g

 = (pr0)
-

-g

g

1

 = f (pr 0)

For compressors the pressure ratio p02/p01 (or p2/p1) is greater than one.

Therefore, temperature rise in a compressor is given by

T02s – T01 = T01 
p

p
02

01

1

1
F
HG

I
KJ

-

R
S
|

T|

U
V
|

W|

-g

g

DT

T
s0

01

= f (pr0) (7.30)
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For a perfect gas,

cp 
DT

c T

s

p

0

01

= 
Dh

RT

s0

011

g
g -

 = (g – 1) 
Dh

a

s0

01
2

Dh

a

s0

01
2

= f (pr0) (7.31)

This is also expressed as

Dh

N D

s0

2 2
= f (pr0) (7.32)

7.5.2 Dimensionless Speed Parameter

Let

p2 = 
ND

a01

(7.33)

Since the quantity ND is proportional to the peripheral speed (u) of the

rotor blades, Eq. (7.33) defines a rotor blade Mach number based on the

velocity of sound at the entry.

p2 μ 
u

a01

Mb01 = 
u

a01

(7.34)

Putting Eq. (7.26) into Eq. (7.33), we get

p2 = 
D

R

N

Tg 01

(7.35)

For the same machine and gas, the factor D/ g R  is constant and can

therefore be dropped. Thus the conventional form of the so-called

dimensionless speed parameter is obtained

p2 μ 
N

T01

(7.36)

7.5.3 Dimensionless Mass-flow Parameter

Let

p3 = 
&m

NDr01
3

(7.37)
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p2 is the capacity or flow coefficient. It is expressed here in a more

convenient and conventional form. For a perfect gas,

r01 = p01/RT01

p3 = 
&

( )

mRT

D ND

01

01
2r

 = 
&m RT

D

RT

ND

01

01
2

01

r

From Eq. (7.26)

RT01 = a01/ g

Therefore,

p3 = 
&m RT

p D

a

ND

01

01
2

01 1F

H
G

I

K
J
F
HG

I
KJ
F

H
G

I

K
J

g
(7.38)

However, 
ND

a01

 = p2 and g are already dimensionless groups in Eq.

(7.28). Therefore yet another p-term is obtained by their combination with

p3 in Eq. (7.38). This is

p4 = 
R

D

m T

p2

01

01

&

(7.39)

Dropping R /D2 for the same machine and gas, the new dimen-

sionless mass flow parameter is obtained in the following form:

p4 μ 
&m T

p

01

01

(7.40)

Dimensionless mass-flow parameter in compressible flow machines

also defines a “flow Mach number” (Mx0 ). In Eq. (7.39)

&m μ r01 cx D
2

p01 = r01 RT01

Therefore,

p4 μ 
R

D

c D T

RT

x

2

01
2

01

01 01

r

r

p4 μ 
c

RT

x

g 01

 μ 
c

a
x

01

(7.41)

The axial flow Mach number is given by

Mx0 = 
c

a
x

01

(7.42)
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The ratio of quantities in Eqs. (7.34) and (7.42) gives the flow

coefficient defined earlier.

f = 
M

M
x

b

0

0

 = 
c

u
x

7.5.4 Power Coefficient

Let

p5 = 
P

N Dr01
3 5

(7.43)

P = &m  cp DT0 = &m Dw (7.44)

Substituting from Eq. (7.37) for &m,

P = p3r01 ND3 (cpDT0) = p3r01 ND3 (Dw) (7.45)

Equations (7.43) and (7.45) together give

p5 = p3 
c T

N D

p D 0

2 2
 = p3 

Dw

N D2 2
(7.46)

The power coefficient can now be defined in a slightly different way

by combining the two p-terms in Eq. (7.46).

p6 = p5/p3

p6 = 
c T

N D

p D 0

2 2
 = 

Dw

N D2 2
(7.47)

This is proportional to the loading coefficient [see Eq. (7.12)]

y = 
Dw

u2

7.5.5 Reynolds Number

The other dimensionless parameter is the Reynolds number.

r

m
01

2
ND

= 
r

m
01( )ND D

 μ 
r

m
01ul

The values of the Reynolds number in hydro turbines are much higher

than the critical values. Therefore, their performance is almost independent

of this parameter. This is also true in the case of a majority of large

compressible flow turbines.

Reynolds number is an important parameter for small pumps, compres-

sors, fans and blowers. Their performance improves with an increase in

Reynolds number.
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Other dimensionless groups in Eq. (7.28) are the pitch-chord ratio

(s/l), aspect ratio (h/l) and the specific heat ratio (g) being already

dimensionless, they have remained unaltered from Eq. (7.27) to Eq. (7.28),

such as the pressure ratio (p01/p02) and efficiency (h)

•Ø  7.6 Performance of Turbines

The performance characteristic of turbines can be presented in a number

of ways. Here only some of the dimensionless parameters considered

earlier for compressible flow turbomachines are discussed.

Variation of the loading coefficient (y) with the flow coefficient (f) in

impulse turbine stage is shown in Fig. 7.1. This is given by

Dw

u2
= 

c T

u

p D 0

2
 = f

c

u

xF
HG

I
KJ

y = f (f)

0
0

0.5

1.0

0.5 1.0

b = constant

f = c ux/

y
=

  
  
  
/

D
w

u
2

b increasing

Fig. 7.1 Variation of loading coefficient with flow coefficient for an

impulse turbine stage

Equiangular blades (b = b2 = b3) and ideal flow have been assumed in

these plots. It may be seen that, for a given flow coefficient, the stage

loading increases with an increase in the blade angles from the axial

direction.

It can be shown that the efficiency of a turbine stage is dependent on

the blade to isentropic gas speed ratio (u/cs).

hT = f
u

cs

F
HG

I
KJ

(7.48)
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This is shown in Fig. 7.2 for an impulse and a 50% reaction stage. The

latter stage gives maximum efficiency at a higher speed ratio.

0.5
0

0.6

0.7

0.8

0.9

h

0.5 1.0
u c/ s

Impulse

50 % reaction

Fig. 7.2 Variation of turbine efficiency with blade to isentropic gas

speed ratio

Assuming perfect gas, the performance of gas turbines is described by

p

p
01

02

= f
&

,
m T

p

N

T

01

01 01

F

H
G

I

K
J (7.49)

This is depicted in Fig. 7.3 for various values of the speed parameter

(N/ T01 ). The choking line shows that the turbine chokes when the flow

Mach numbers become unity.

•Ø  7.7 Performance of Compressors

The characteristic of a hydraulic pump expressed as a head versus

capacity coefficient curve is shown in Fig. 7.4. The same characteristic

for a compressible flow device (compressor) is described by the following

relation:

p

p
02

01

= f
&

,
m T

p

N

T

01

01 01

F

H
G

I

K
J (7.50)

This is shown in Fig. 7.5. The machine will experience a surge on the

positive slope slide of the characteristic curves. Therefore, a limiting line

(the surge line) is drawn through points where the slope changes from

negative to positive.
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=

01

constant
N

T

Choking
line

m  T p/ 0101

.

p01

p02

Fig. 7.3 Performance of a turbine

Q ND/ 3

gH

N2 D2

Fig. 7.4 Characteristic of a pump
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The stage loading or pressure coefficient for a 50% reaction stage of

an axial compressor is shown in Fig. 7.6. This is the ideal curve without

stage losses. The actual characteristic curve can be obtained from this by

accounting for losses.

0
0

0.5

D
D

w
u

p
u

/
=

/r
2

2

1.0

0.5 1.0

50 % reaction stage

a b= = constant21

f = cx/u

Fig. 7.6 Variation of pressure coefficient with flow coefficient for an

axial flow compresor stage

Figure 7.7 compares the efficiencies and specific speed ranges of the

various types of compressors. It may be seen that the rotary type positive

displacement compressor has the lowest efficiency and specific speed

Surge
line

m  T p01 01/
.

p02

p01

N

T01

= constant

Fig. 7.5 Performance of a compressor
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ranges. This is clear from the definition of the specific speed for pumps

or compressors given in Eq. (7.22) or (7.23). Since this type of compres-

sor develops comparatively higher pressure (Dp or H ) and handles

smaller flow rates (Q), it must have lower values of the specific speed.

0
0.5

0.6

0.7

0.8

0.9

h

2 4 6 8
Specific speed

10 12 14 16

Rotary

Centrifugal

Axial

Fig. 7.7 Variation of efficiency of compressors with specific speed

(types and ranges)

The axial flow stages handle very high flow rates at comparatively

 much lower pressures (heads). Therefore, this gives higher values of the

specific speed to the axial machines. These machines have the highest

efficiencies.

The centrifugal stages have efficiency and specific speed ranges

between the positive displacement rotary type and the axial type.

•Ø  7.8 Performance of Fans and Blowers

Like compressors, axial flow fans and blowers have higher efficiencies and

operate at a higher specific speed range. This is on account of the

comparatively smaller pressure rise (head developed) over the stage and

higher flow rates. The centrifugal fan stages handle comparatively low

flow rates and develop much higher pressures. This gives them lower

specific speed and efficiency ranges.

The performance characteristics of high pressure blowers are presented

and interpreted in a manner similar to compressors. However, low

pressure fans and blowers are incompressible flow machines and do not

show dependence on parameters related to the compressible flow effects.

The characteristic of a typical axial flow fan in terms of a f – y plot is

shown in Fig. 7.8.

There are three types of stages in centrifugal fans: they have rotor blade

outlet angles in the forward, radial and backward directions. The
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performance of these types varies considerably from each other as shown

in Fig. 7.9. This point is further explained in Chapter 15. A forward-swept

blade impeller has the highest loading coefficient and the backward-swept

type the lowest.

0
0

1.0

y

f

2.0

0.5 1.0

Backward

Radial

Forward

Fig. 7.9 Centrifugal fan characteristics

•Ø  7.9 Performance of Cascades

A cascade, lattice or grid is formed by arranging blades of a given

geometry in a rectilinear, cylindrical or any other desired pattern. The

geometry of the cascade represents the geometry of the blade in an actual

turbomachine stage. Thus a cascade is a geometrically similar model of a

prototype, i.e. the turbomachine blade ring.

0

0.5

y

f

1.0

0.1 0.2 0.3 0.4 0.5 0.6

Fig. 7.8 Axial fan characteristic



Dimensional Analysis and Performance Parameters 263

The flow behaviour of the actual blade row can be simulated in

cascade tests by keeping the Reynolds number and Mach number same in

both.

Various dependent and independent parameters in a cascade test are

given in the following functional relation:

h, CD, CL, x, Y = f (Re, M, 
s

l
, 

h

l
, i, blade profile and geometry, entry

boundary layer and degree of turbulence) (7.51)

where

CD = 
D

Ac
1

2
2r

CL = 
L

Ac
1

2
2r

x = 
Dh

c
1

2
2

Y = 
D p

c

o

1

2
2r

A great advantage of cascade tests is that inexpensive and convenient

tests can be performed to predict very closely the performance of a given

blade ring without actually “building it in metal”. For example, low-speed

cold air tests on wooden cascades are widely used as a tool for

performance prediction of turbine and compressor blade rows.

The performance of cascades is further discussed in Chapter 8.

Notation for Chapter 7

a Velocity of sound

A Area, area of cross-section

c Fluid or gas velocity

cp Specific heat at constant pressure

C Coefficients

D Rotor diameter or drag, hydraulic mean diameter

F Force

g Acceleration due to gravity

h Blade height, enthalpy
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H Head

k Defined in Eq. (7.1)

K Bulk modulus

l Blade chord, length parameter

L Dimension of length, lift

m Mass-flow rate, number of primary dimensions

M Dimension of mass, Mach number

n Number of variables

N Rotational speed

p Pressure

Dp Pressure difference

Dp0 Stagnation pressure loss or difference

pr Pressure ratio

P Power

Q Volume flow rate

R Gas constant

Re Reynolds number

s Blade pitch

t Blade thickness

T Temperature

DT Temperature difference

u Peripheral speed of the rotor blades

Dw Specific work

x Independent variables

y Dependent variables

Y Loss coefficient based on stagnation pressure loss

Greek Symbols

b Blade angles

q Dimension of temperature

h Efficiency

m Dynamic viscosity

x Loss coefficient based on enthalpy loss

p p-terms or their numbers

f = 
c

u
x Flow coefficient

y Loading or pressure coefficient

r Density

g = cp/cv Ratio of specific heats

n Kinematic viscosity
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w Rotational speed in radians

W Specific speed corresponding to w in rad/s

Subscripts

1 At entry

o Stagnation values

b Blade

D Drag

L lift

P Pump

r radial

s Isentropic or specific speed

T Turbine

x Axial direction

y Tangential, peripheral or circumferential direction

•Ø Solved Examples

7.1 Explain what is meant by the specific speed of a turbomachine.

Derive expressions for the specific speed based on power and flow

rate respectively. Calculate the specific speeds in the following

cases:

(a) A 2000 kW gas turbine running at 16000 rpm for which the

entry and exit conditions of the gas are:

T1 = 1000 K, p1 = 50 bar and p2 = 25 bar.

Take cp = 1.15 kJ/kg K, g = 1.3.

(b) A centrifugal compressor which develops a pressure ratio of

2.0 while running at 24000 rpm and discharging 1.5 kg/s of

air.

(c) An axial compressor stage developing a pressure ratio of 1.4

and discharging 15 kg/s of air while running at 6000 rpm.

The entry conditions for both the centrifugal and axial compressor

are:

p1 = 1 bar and T1 = 300 K

Solution:

(a) w = 2p N/60 = 
2 16000

60

p ¥
 = 1675.5 rad/s

R = 
g

g

- 1
cp = 

13 1

13

.

.

-
 ¥ 1.15 = 0.265 kJ/kg K
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r1 = 
p

RT
1

1

r1 = 50 ¥ 10
5
/265 ¥ 1000 = 18.86 kg/m

3

Dhos ª cp (T1 – T2s) = cpT1 1 2

1

1

-
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

-

p

p

g

g

Dhos = 1150 ¥ 1000 (1 – 0.50.23) = 1.69 ¥ 105 J/kg

W = w 
P

r
 (gH)–5/4

Here gH ∫ Dhos. Therefore,

W = 1675.5 
2000 1000

18 86

¥

.
 (169000) –5/4

W = 0.159 (Ans.)

(b) For air g = 1.4, R = 287 J/kg K, cp = 1.005 kJ/kg K

r1 = p1 / RT1 = 1 ¥ 105 / 287 ¥ 300 = 1.16 kg/m3

The flow rate at the entry is

Q = &m /r1 = 1.5/1.16 = 1.293 m3/s

w = 2p N/60 = 2p ¥ 24000/60 = 2513.2 rad/s

Dhos ª cp (T2 – T1) = cpT1 
p

p
2

1

1

1
F
HG

I
KJ

-

R
S
|

T|

U
V
|

W|

-g

g

Dhos ª 1005 ¥ 300 (20.286 – 1) = 66028.5 J/kg

W = 
ωQ

gH

1 2

3 4

/

/( )

W = 2513.2 1293. /(66028.5)0.75

W = 0.693 (Ans.)

(c) Q = 15/1.16 = 12.93 m
3
/s

w = 2p ¥ 6000/60 = 628.3 rad/s

Dhos = 1005 ¥ 300 (1.40.286 – 1) = 30451 J/kg

W = 628.3 12 93. /(30451)0.75

W = 0.980 (Ans.)

7.2 A fan delivers 2m3/s (at 10 mm W.G.) of air while running at 1470

rpm. Determine the discharge of a geometrically similar blower
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which runs at 360 rpm developing the same head. What is the

specific speed of these fans?

Solution:

For the first fan

w1 = 2p N1 = 2p ¥ 1470/60 = 153.94 rad/s

Taking density of air as 1.25 kg/m3, the air head is

H = 
1000

125.
 ¥ 

1

100
 = 8 m

W = w Q /(gH)0.75

W = 153.94 2 / (9.81 ¥ 8)0.75

W = 8.26 (Ans.)

For the same specific speed of two geometrically similar fans,

N Q

gH

1 1
1 2

0 75

/

( ) ◊
= 

N Q

gH

2 2
1 2

0 75

/

( ) ◊

Q2 = 
N

N
1

2

2
F
HG

I
KJ

 Q1 = 
1470

360

2
F
H

I
K  ¥ 2

Q2 = 33.35 m
3
/s (Ans.)

7.3 A small compressor has the following data:

Air flow rate = 1.5778 kg/s

Pressure ratio = 1.6

Rotational speed = 54,000 rpm

Efficiency = 85%

State of air at entry : p01 = 1.008 bar, T01 = 300 K

cp = 1.009 kJ/kg K

(a) Calculate the power required to drive this compressor.

(b) A geometrically similar compressor of three times this size is

constructed. Determine for this compressor (i) speed (ii) mass

flow rate (iii) pressure ratio and (iv) the power required.

Assume same entry conditions and efficiency for the two

compressors.

Solution:

Assume kinematic and dynamic similarities between the two

machines. Let subscripts 1 and 2 represent the small and large

compressors respectively.
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(a) Actual enthalpy rise through the compressor

Dh01 = cp (T02 – T01)

= cp 
T

c

01

h

p

p
02

01

1

1
F
HG

I
KJ

-
R
S
|

T|

U
V
|

W|

-( ) /g g

= 1.009 ¥ 
300

085.
 (1.60.286 – 1) = 51.20 kJ/kg

Power = &m1 Dh01

= 1.5778 ¥ 51.20

= 80.78 kW (Ans.)

(b) p2 = 
N D

R T

2 2

2 2 01g
 = 

N D

R T

1 1

1 1 01g

For the same working fluid g1 = g2, R1 = R2

Therefore, N2 D2 = N1 D1

N2 = 
D

D
1

2

 ¥ N1

Now D2 = 3D1

Therefore, N2 = 
1

3
 N1 = 

1

3
 ¥ 54,000 = 18,000 rpm (Ans.)

p4 = 
&m R T

p D

2 2 01

01 2
2

 = 
&m R T

p D

1 1 01

01 1
2

for the same entry conditions in the two machines,

For the same working fluid, R2 = R1

Therefore, &m2 = 
D

D
2

1

2
F
HG

I
KJ

&m1

&m2 = 3
2
 ¥ 1.5778 = 14.20 kg/s (Ans.)

We also have for the two compressors

Dh

N D

02

2 2
2

( )
= 

Dh

N D

01

1 1
2

( )

Dh02 = 
N

N

D

D
2

1

2

1

2

 ¥
F
HG

I
KJ

 ¥ Dh01

= 
18 000

54 000
3

2
,

,
¥

F
H

I
K  ¥ Dh01

Dh02 = Dh01
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For the same efficiency hc = 0.85

Dh0s2 = Dh0s1 = f ( pr0 )

Therefore, the pressure ratio of the large compressor is also 1.6.

p5 = 
P

N D

2

01 2
3

2
5r

 = 
P

N D

1

01 1
3

1
5r

P2 = 
N

N
2

1

3
F
HG

I
KJ

 ¥ 
D

D
2

1

5
F
HG

I
KJ

 ¥ P1

= 
1

3

3
F
H

I
K  ¥ 35 ¥ 80.78

= 9 ¥ 80.78 = 727.02 kW (Ans.)

It can also be calculated from —

P2 = &m2 ¥ Dh02 = &m2 ¥ Dh01

= 14.2 ¥ 51.20

= 727.04 kW (verified)

7.4 A single stage gas turbine is to be designed with the following

specifications:

Working gas : g = 1.33, R = 284.1 J/kg K

Power output = 1.0 MW

Speed = 3000 rpm

Inlet stagnation pressure and temperature

p01 = 2.5 bar, T01 = 1000 K

Exit pressure p02 = 1.0 bar

Efficiency = 87%

(a) Determine the mass flow rate of the gas through this turbine.

(b) A model of this turbine is to be tested in the laboratory with

the following parameters:

Size : One – fifth of the prototype

Working fluid : Air, g = 1.4, R = 287 J/kg K

Inlet conditions : p01 = 2 bar, T01 = 500 K,

Enthalpy drop = 
1

2
 ¥ enthalpy drop in the prototype

Determine for this model (i) speed (ii) mass flow rate (iii) power

developed and (iv) the pressure ratio required.
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Solution:

(a) For the gas 
g

g - 1
 = 4.0303 = 

1

0 2481.
, cp = 1.145 kJ/kg K

P1 = &m1 cp h (T01 – T02)

= &m1 cp T01 h 1
1

0

1

-
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

-

pr

( ) /g g

1000 = &m1 ¥ 1.145 ¥ 1000 (1 – 2.5
– .2481

) = 202.5 &m 1

&m1 = 4.938 kg/s Ans.

(i) Let subscripts 1 and 2 refer to the prototype and the model.

p1 = 
( )Dh

N D

0 1

1
2

1
2

 = 
( )Dh

N D

0 2

2
2

2
2

N2 = 
( )

( )

D

D

h

h
0 2

0 1

 ¥ 
D

D
1

2

 ¥ N1

N2 = 
1

2
 ¥ 5 ¥ 3000 = 10,606.6 rpm (Ans.)

(ii) p4 = 
R

D

m T

p

1

1
2

1 01

01

&

 = 
R

D

m T

p

2

2
2

2 01

02

&

&m2 = 
D

D
2

1

2
F
HG

I
KJ

 ¥ 
R

R
1

2

1 2
F
HG

I
KJ

/

 ¥ 
T

T
01

02

1 2
F
HG

I
KJ

/

 ¥ 
p

p
02

01

 ¥ &m1

= 
1

5

2
F
H

I
K  ¥ 

2841

287

1 2
.

/
F
H

I
K  ¥ 

1000

500

1 2
F
H

I
K

/

 ¥ 
2

2 5.
 ¥ 4.938

&m2 = 0.2223 kg/s (Ans.)

(iii) (Dh0)1 = 202.5 kJ/kg

(Dh0)2 = 1

2

F
H

I
K

 (202.5) = 101.25 kJ/kg

P2 = &m2 (Dh0)2

P2 = 0.2223 ¥ 101.25 = 22.5 kW

This can also be calculated from

p5 = 
P

N D

1

01 1
3

1
5r

F

HG
I

KJ
 = 

P

N D

2

02 2
3

2
5r

F

HG
I

KJ
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(iv) For the model, 
g

g

-F
HG

I
KJ

1
 = 

14 1

14

.

.

-F
HG

I
KJ

 = 0.2857,

cp = 1.0045 kJ/kgK

(Dh0)2 = cp (T02 – T01) = h cp T01 1
1

0
2857

-
F

HG
I

KJpr
.

Substituting the values we get

1.0045 ¥ 500 ¥ 0.87 (1 – pro 
–0.2857) = 101.25

pro = 2.516 (Ans.)

7.5 Develop the following equation for the performance of a turbo-

compressor:

p

p
02

01

= f
&

,
m T

p

N

T

01

01 01

F

H
G

I

K
J

Symbols used have their usual meanings.

Solution:

Let the exit pressure of the compressor be expressed by the

following equation:

p02 = f (p01, &m, r01, N, D) (1)

p02 = (constant) (p01
a ¥ &mb ¥ r01

c ¥ N d ¥ De ) (2)

Substitution of the dimensions on the two sides gives

ML–1T – 2 = (constant) ¥ (ML – 1T – 2)a ¥ (MT –1)b ¥ (ML –3)c

¥ (T –1)d ¥ Le (3)

Equating the indices of M, L and T on the two sides we get

1 = a + b + c

– 1 = – a – 3c + e

– 2 = – 2a – b – d

Above equations yield

c = 1 – a – b (4)

d = 2 – 2a – b (5)

e = 2 – 2a – 3b (6)

Substitution for the indices c, d and e in Eq.2 yields

p02 = (constant) p01
a ¥ &mb ¥ r01

1–a–b ¥ N 2–2a–b ¥ D2–2a–3b
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p02 = (constant) p01
a ¥ &m

b ¥ 
r

r r

01

01 01
a b

 ¥ 
N

N N
a b

2

2
 ¥ 

D

D D
a b

2

2 3

p02 = (constant) ¥ 
p

N D

a

01

01
2 2r

F

HG
I

KJ
 ¥ 

&m

ND

b

r01
3

F

HG
I

KJ
 ¥ r01 N

2 D2

Dividing by p01 on both sides and simplifying

p

p
02

01

= constant ¥ 
p

N D

a

01

01
2 2

1

r

F

HG
I

KJ

-

 ¥ 
&m

ND

b

r01
3

F

HG
I

KJ

Therefore,

p

p
02

01

= f
p

N D

m

ND

01

01
2 2

01
3r r

,
&

F

HG
I

KJ
(7)

Now r01 = 
p

RT
01

01

Therefore,
p

N D

01

01
2 2r

= 
RT

N D

01

2 2
 = 

R

D

T

N2

01

2
F

H
G

I

K
J (8)

For the same machine and gas 
R

D
2

 = constant

Therefore,
p

N D

01

01
2 2r

= constant ¥ 
T

N

01

2
F

H
G

I

K
J

Or
p

N D

01

01
2 2r

= 
constant

( / )N T01
2

This yields

p

N D

01

01
2 2r

= f
N

T01

F

H
G

I

K
J (9)

Similar procedure is adopted for the second term (in Eq. 7) also. Let

p3 = 
&m

NDr01
3

 = 
RT m

p ND

01

01
3

&

 = 
&m R T

p D

01

01
3

 ¥ 
T

N

01
(10)

p3 = 
R

D
3

F
HG

I
KJ

 ¥ 
1

01

01

01N T

m T

p/

&
F

H
G

I

K
J (11)
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For the same machine and gas 
R

D
3

 = constant

Therefore, p3 = constant ¥ 
1

01N T/
 ¥ 

&m T

p

01

01

&m

NDr01
3

= f
N

T

m T

p
01

01

01

,
&

F

H
G

I

K
J (12)

Substituting from equation (9) and (12) in Eq. 7 we get

p

p
02

01

= f
N

T

m T

p
01

01

01

,
&

F

H
G

I

K
J (13)

Note that the term N/ T01  need not be repeated in equation 13

while substituting from equations 9 and 12.

•Ø Questions and Problems

7.1 What is Buckingham’s p-theorem?

How many new dimensionless numbers can be formed from the

variables occurring in the following relation for a turbine blade

row:

CD, CL, y = f (N, D, M, r1, n)

7.2 What are geometric, kinematic and dynamic similarities? State two

governing parameters for each kind of similarity.

7.3 Determine the specific speeds of the following machines:

(a) A centrifugal air compressor

p1 = 1 bar, t1 = 45°C, p2 = 1.35 bar, N = 29000 rpm,

&m = 1.00 kg/s

(b) Steam turbine stage

p1 = 98 bar, t1 = 450°C, p2 = 50 bar

N = 3000 rpm, &m = 300 t/h

(c) Windmill

P = 1.0 kW, N = 96 rpm, Dp = 2 mm W.G., r = 1.25 kg/m3

(Ans.) (a) 1.32 (b) 0.056 (c) 9.1

7.4 What are the different variables involved in determining the

performance of axial and centrifugal fans? Develop the dimension-
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less parameters that are used to describe the performace of this

class of turbomachines. Show graphically typical performance

curves for these machines.

7.5 Show that the performance of gas turbines and compressors can be

represented by the following dimensionless quantities:

p

p
01

02

, h = f
&

, , Re,
m T

p

N

T
M

01

01 01

F

H
G

I

K
J

Further show that:

Flow coefficient μ 
&m T

p

01

01

Blade Mach number μ 
N

T01

7.6 Write down the expression for the dimensionless power coefficient

of a turbine stage. Prove that it is proportional to the loading

coefficient.

7.7 Show graphically the variation of the following dimensionless

parameters:

(a) steam turbine: stage efficiency with blade to steam speed ratio,

(b) air compressor: pressure ratio with mass-flow rate,

(c) rotodynamic hydraulic pump; head with flow rate,

(d) axial flow compressor: efficiency with specific speed, and

(e) backward swept centrifugal blower: pressure coefficient with

flow coefficient.

7.8 A turboblower develops 750 mm W.G. at a speed of 1480 rpm and

a flow rate of 38 m3/s. It is desired to build a small model which

develops the same head at a higher speed (2940 rpm) and low

discharge. Determine the specific speed and the flow rate through

the model.

(Ans.) W = 1.42, Q = 9.63 m3/s

7.9 An inward flow radial turbine develops 238.44 kW with a flow

rate of 2.0 kg/s. The density of the working fluid at entry is 2.0 kg/m
3
.

Rotational speed of the turbine is 30,000 rpm and efficiency 80%.

Determine its dimensionless specific speed. (Ans.) W = 0.413.

7.10 A fan has the following data:

Speed, N = 1440 rpm

Pressure rise, Dp = 5 cm W.G.
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Flow rate of air, Q = 1.5 m
3
/s

Efficiency, h = 78 per cent

Inlet pressure, p1 = 1.0 bar

Inlet temperature, T1 = 290 K.

(a) Calculate the power required to drive this fan.

(b) If this fan is taken to a high altitude place where the state of

air at fan inlet is p = 0.898 bar, T = 282 K

What is the fan speed, power and volume flow rate for the

same pressure rise?

(Ans.) (a) 0.9433 kW (b) N = 1498.5 rpm,

P = 0.9815 kW, Q = 1.5609 m3/s



Chapter 8

Flow Through Cascades

A row of blades representing the blade ring of an actual turbomachine

is called cascade, grid, lattice or a mesh of blades. In a straight or

“rectilinear cascade” the blades are arranged in a straight line. The blades

can also be arranged in an annulus, thus representing an actual blade row.

This arrangement is known as an “annular cascade” and is closer to the

real-life situation. The aforementioned arrangements are employed for the

cascades of axial-flow turbomachines.

When the flow through the ring of blades is in the radial direction

(inward or outward), the arrangement is known as a radial cascade.

Before studying a particular turbine, compressor or fan stage, it will be

useful to study the behaviour of flow through the blade rows of such

machines. As far as such study is concerned, it is immaterial whether the

flow occurs over a row of stationary blades (absolute flow) or moving

blades (relative flow). The quantities that matter are flow parameters and

the geometry of blade rows. Models of flows in actual machines can be

constructed in stationary rows of blades (cascades) by maintaining the

geometric, kinematic and dynamic similarities as far as possible.

This chapter acquaints the reader with the geometry of the individual

blades and blade rows of different types of turbomachines. The main

forces, viz., lift and drag, tangential and axial, that act on the blades are

discussed. Some methods of studying the flow and loss mechanism and

their measurement are also given.

The treatment also highlights the differences between the flows in axial

and radial machines on the one hand and accelerating and decelerating

flow in turbines and compressors on the other.

•Ø  8.1 Two-dimensional Flow

The flow properties in a one-dimensional flow model are assumed uniform

all over the entry and exit planes of the cascade. Variations in flow

parameters occur only in the streamwise direction between the entry and

exit planes. For such a flow only a single velocity triangle at the entry or

exit represents the flow at that section. It will be observed in later sections

that the assumption of one-dimensional flow in a cascade is an over
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simplification of the actual flow problem. However, it is frequently

employed for obtaining quick and approximate solutions of tedious

problems.

The velocity (c2) and angle (direction a2) profiles at the exit of a cascade

with one-dimensional flow are shown in Fig. 8.1 They are constant in the

tangential or pitch-wise direction.

c2

c2

a2

a2

Exit velocity profile

Pitchwise direction

Exit angle profile

s

g
Stagger
angle

l

Pitchwise

Streamwise

Fig. 8.1 One-dimensional flow through a cascade

The boundary layer growth on the suction and pressure sides of the

blades in a real flow leads to the formation of low energy regions in the

exit flow field. These are distinct separate lanes of chaotic flow with

considerably low fluid velocities and the presence of vortices. These lanes

are referred to as “blade wakes”. The fluid velocity rises from the wake

regions to a maximum in the free stream.

The exit flow angle is affected by the spacing or pitch-chord ratio

and the nature of the flow. The wake flow and boundary layer

separation (especially on the suction side) also considerably affect the

exit angle.

The above mentioned flow phenomena distort the one-dimensional

model to a flow in which there are pitchwise variations also besides the

streamwise variations. Such a model is called “two-dimensional” flow

model. Figure 8.1 and 8.2 depicts the velocity and angle profiles in the
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two-dimensional flow at the exit of a cascade. In two-dimensional flow

these profiles remain constant at all blade heights. The difference between

Figs. 8.1 and 8.2 may be noted.

Suction
side Pressure

side

Boundary
layer

Wakes

Pitchwise direction

a2

c2

Fig. 8.2 Two-dimensional flow through a cascade

The flow in the blade passages of an actual turbomachine is three-

dimensional. This is due to the rotation and growth of the boundary layers

on the blade surfaces and the hub and casing of the annulus. However, to

reduce a rather complex problem to a simpler one the flow is often

assumed to be two-dimensional in which the variations along the blade

height are ignored. In other words, such a flow is reduced to two-

dimensional plane flow in which the variations in various flow parameters

occur only in the streamwise and pitchwise directions.

The flow in the blade rows of axial machines with large hub-tip ratio

can be approximated to the two-dimensional flow in a rectilinear cascade.

Such a facility is not adequate to provide enough information on the

behaviour of flow through blade row of a low hub-tip ratio.

•Ø  8.2 Cascade of Blades

A cascade is constructed by assemblying a number of blades of a given

shape and size at the required pitch(s) and stagger angle (g). The

assembly is then fixed on the test section of a wind tunnel (Fig. 8.3). Air
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at slight pressure and near ambient temperature is blown over the cascade

of blades to simulate the flow over an actual blade row in a turbomachine.

Information through cascade tests207, 232, 237 is useful in pre-dicting the

performance of blade rows in an actual machine. These tests can also be

employed in determining the optimum design of a blade row for

prescribed conditions.

Both the wind tunnel248 and the cascade can be constructed in wood.

The cost of such equipment and test thereof is much lower than an actual

turbomachine stage (in metal) and its testing. In a blower type of a

cascade tunnel (Fig. 8.3) air is discharged into the laboratory without

causing any problems to the personnel and equipment.

Blades for a cascade can be manufactured from wood, epoxy resin,

glass wool, araldite or aluminium. To reduce the quantity of material and

weight blades can be made hollow; this also facilitates the provision of

static pressure tubes around their profiles. They can also be made by

suitably bending brass, copper or perspex sheets.

If the blades are manufactured from wood, it should be of good quality

(preferably teak or deodar) and perfectly seasoned. Sufficient time should

be allowed for setting during their manu-facture. This allows the blades

to dry up and settle to their final shape and size, and minimizes any

deformation after the final finish. Wooden blades should be given a hard

coating of resin or some other material to make it durable.

Cast aluminium or araldite blades have a good surface finish and do

not require any polishing.

Seven or more blades of equal lengths are arranged at the required

pitch and stagger and then screwed between the top and bottom planks

(ceiling and floor of the cascade). The length AB of the exit of the test

section (Fig. 8.3) must be an exact multiple of the blade pitch(s). The

inclination of the test section side walls at AB is such that the flow enters

the cascade at zero incidence.

•Ø  8.3 Cascade Tunnel

A wind tunnel is required to blow a jet of air (of uniform properties across

the test section) over the cascade of blades. Various types of tunnels can

be used for cascade testing depending on the type and range of

information required. Figure 8.3 shows a blower type of a cascade tunnel.

Its principal parts are the blower, diffuser, settling chamber, contraction

cone and test section.

The blower can be either of the axial or centrifugal type. In the axial

type (Fig. 8.3) the driving motor can either be kept in the entry duct or

outside it. In a large blower the electric motor is more conveniently kept



280 Turbines, Compressors and Fans

F
ig

. 
8

.3
A

 c
a
s
c
a
d
e
 t

u
n
n
e
l

x
y

A
C

a
s
c
a

d
e

 o
f

b
la

d
e

s

P
it
o

t 
tu

b
e

T
e

s
t 

s
e

c
ti
o

n
B

p
0
1

p
0
1

C
o

n
tr

a
c
ti
o

n
c
o

n
e

S
e

tt
lin

g
c
h

a
m

b
e

r
H

o
n

e
y
 c

o
m

b
c
h

a
m

b
e

r
S

e
tt

lin
g

c
h

a
m

b
e

r

B
lo

w
e

r
E

n
tr

y
d

u
c
t

C
o

n
ic

a
l

d
if
fu

s
e

r



Flow Through Cascades 281

on the floor. It drives the blower through step-up pulleys and belts. This

avoids heating up of the entering air and does not restrict the passage of

air through the entry duct.

The air from the blower is supplied to the settling chamber through a

short diffuser. It is more economical and practical to allow an expansion

of the flow from the diffuser exit to the large settling chamber than to

provide a long diffuser of a large area ratio.

On account of the large cross-sectional area (about 16 times that of the

test section) of the settling chamber, the flow velocity is reduced to a

small value. This and the presence of wire gauzes and honeycombs

straighten the flow before it is expanded in the contraction cone.

For a rectilinear cascade, the exit of the contraction cone is rectangular

or square. Both pairs of contraction walls may either converge simultan-

eously or the contraction may be achieved in two stages, i.e. by converg-

ing the two pairs of walls separately in two stages. This arrangement gives

a large overall length. The profiles of the converging walls must be care-

fully designed to avoid separation and thickening of the boundary layers.

The working or test section receives a uniform stream of air from the

contraction. The exit of the test section is oblique, i.e. its top and bottom

walls are unequal to receive the cascade of blades in an inclined position.

To obtain a truly two-dimensional flow, a cascade of a large number of

long blades is required. This is turn requires a large test section and high

flow rates. These conditions are difficult to meet on account of space

limitations and economic factors.

In spite of best efforts in designing a perfect contraction,217, 244 the

contraction always pours boundary layers into the test section on its four

walls. Figure 8.4 shows the growth of boundary layers on the two side

walls of the test section and blade passage. On account of this, the

passage through the test section is further contracted leading to increased

acceleration of the flow. The boundary layer on the top wall of the test

section leads to stalling of flow on the topmost blade at A (Fig. 8.3). To

eliminate the presence of boundary layers in the test section and blade

passages it can be sucked away through porous walls specially provided

for this purpose.

The disturbance in the flow in the central region of the cascade

communicated due to the flow distortions at the ends A and B (Fig. 8.3)

is minimized by employing a certain minimum number of blades in the

cascade. It is found that a cascade of seven blades of aspect ratio (h/l)

three is a good compromise.

Figure 8.5 shows a turbine blade cascade (AB) and the test section of

a blower tunnel. Various quantities, such as the velocity and direction of

flow are measured before and after the central region of the cascade as

shown. The central blade is instrumented.
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Flow Flow

Blade
lengh

Boundary
layer

Boundary
layer

Cascade

Side
walls

Test
section
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Fig. 8.4 Development of boundary layer in the test section and

blade passage

dy
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cx2

cy2

c2

a2

a1

cy1
cx1

c1Flow

A

B

Cascade

Central blade
channels

Instrumented
blade

Test section

Fig. 8.5 A cascade of turbine blades

8.3.1 Measurement of Static Pressure

Distribution

Figure 8.6 shows as instrumented blade. Hypodermic tubes are provided

at various sections along the suction and pressure sides of the blade

surface. They are closed at one end and run along the whole length of the

blade. The tubes are buried inside the slots cut into the blade surface with
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their static holes flush with the local surface. The open ends of these tubes

project out through one of the side walls of the test section. Local static

pressures on the blade surface are transmitted to the manometer or any

other sensitive measuring device through the open ends of the static

pressure hypodermic tubes.

A typical static pressure distribution curve for a turbine blade is shown

in Fig. 8.7. Local velocities on the suction and pressure sides of the blade

can be deduced from this curve. Such information is useful in determining

the lift on the blade and the separation point. The optimum geometry and

the flow can also be obtained through such tests.

8.3.2 Upstream Traversing

Through it is expected that the flow parameters are uniform in the test

section upstream of the cascade, it is preferable to check the variations of

these quantities at the mid-section of the blades over at least one blade

pitch (s) in the central region.

The stagnation pressure (p01; p1) measured through wall tappings

(Fig. 8.3) in the settling chamber is a good reference. The losses from the

settling chamber to the test section in the free stream are negligible.

Therefore, the stagnation pressure measured by a pitot tube in the test

section is almost equal to p01. The measurement of static pressure,

temperature, velocity and direction is also necessary. This can easily be

done by traversing a yaw meter provided with a pitot tube along the

cascade (y-direction) as shown in Fig. 8.8. In a majority of cases the static

pressure can be measured through a wall tapping in the test section. There

is no appreciable change of temperature of the air across the cascade and

can therefore be measured at any convenient point.

8.3.3 Downstream Traversing

The side walls of the test section or cascade can be extended by two or

three chords to accommodate the direction and pressure measuring

l

x Pressure
side

L.E. T.E.

Suction side

Static pressure
tubes

Fig. 8.6 An instrumented blade
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instruments downstream of the cascade (Fig. 8.8). The instruments should

not be traversed too close to the cascade exit. The slot (in the side wall)

for traversing them is so located that their heads are one chord away from

the cascade exit. Various parameters are measured at least along one or

two blade pitchs as shown.

For low-speed tests (M < 0.30) on a blower tunnel the flow can be

assumed incompressible. Therefore, the velocity of air can be obtained

from the following relations:

r = p1/RT1 (8.1)

c1 = 2 01 1( )/p p- r (8.2)

c2 = 2 02 2( )/p p- r (8.3)

Direction along the cascade is referred to as tangential (y-direction)

and normal to it as axial (x-direction), as shown. The velocity triangles at

the entry and exit of the cascade show the axial and tangential

components of velocities. These are

c c

c c

x

y

1 1 1

1 1 1

=

=

cos

sin

a

a

U
V
W

(8.4)

c c

c c

x

y

2 2 2

2 2 2

=

=

cos

sin

a

a

U
V
W

(8.5)

8.3.4 Cascade Performance

The purpose of blade rows in turbomachines is to deflect the flow through

desired angles. For a given entry angle, the deflection depends on the air

or gas angle at the exit. This is not the same as the blade exit angle and

varies along the pitch. The deflection of a real flow in a cascade occurs

irreversibly, i.e. with a loss in stagnation pressure and increase in entropy.

Thus the performance of a blade row (cascade) can be obtained by me-

asuring the exit air angle (a2) and stagnation pressure loss (Dp0) across it.

On account of the two-dimensional239 nature of flow in the cascade,

both a2 and p02 vary in the tengential direction. Therefore, it is necessary

that these values for the whole cascade are integrated into single values.

This can be done by mass averaging as follows:

It is assumed that traversing is done at a number of points over one

blade pitch length in the tangential direction. Each point repre-sents an

elemental distance dy along the cascade. The mass flow rate through this

elemental distance dy of unit length is

d &m = rcxdy (8.6)
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Mass-flow rate over one blade pitch

&m = rcx

s

0

z dy (8.7)

Tangential momentum of the outgoing jet

My = c dmy

s

&

0

z
Substituting from Eq. (8.6),

My = rcx

s

0

z cy dy (8.8)

Axial momentum is given by

Mx = cx

s

0

z d &m

Mx = r
0

s

z c2
x dy (8.9)

The mean value of the exit air angle of the cascade is obtained from Eqs.

(8.8) and (8.9).

tan a 2 = 
M

M

y

x

tan a 2 = 

r

r

0

0

2

s

x y

s

x

c c dy

c dy

z

z
(8.10)

The integrated value of the stagnation pressure loss is

D p0 = 

( ) &

&

p p dm

dm

s

s

01 02

0

0

-z

z
(8.11a)

Substituting from Eq. (8.6),

D p0  = 

( )p p c dy

c dy

x

s

x

s

01 02

0

0

-z

z

r

r

(8.11b)
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The upstream stagnation pressure is generally constant along the cascade.

Therefore,

D p0  = p01 –

p c dy

c dy

x

s

x

s

02

0

0

r

r

z

z
(8.12)

In one-dimensional flow through the cascade Eqs. (8.10) and (8.12)

reduce to

tan a2 = 
c

c

y

x

(8.13)

Dp0 = p01 – p02 (8.14)

The values of the stagnation pressure loss in Eq. (8.12) or (8.14) are

used to determine the pressure loss coefficient defined in Sec. 7.9.

Y = 
D p

p p
0

02 2-
 = 

D p

c

0

2
21

2
r

8.3.5 Cascade Variables

Some dependent and independent parameters for a cascade have been

identified in Eq. (7.51) of Sec. 7.9. These are:

h, CD, CL, x, Y = f (Re, M, s/l, h/l, blade profile and geometry, entry

boundary layer, degree of turbulence)

The variation of all these parameters over a wide range in a finite test

programme is obviously impossible. In developing the design of a blade row

some parameters are fixed by the given conditions and a couple of others

can be identified whose effects are marginal. Therefore, the variables

involved can be reduced to a more practical and manageable number.

Though theoretical correlations are available for determining the

optimum values of the cascade parameters, they are not yet as reliable as

the information from the cascade tests. This is why cascade testing

equipment and facilities have become almost an inseparable sector of all

big companines which design and manufacture various types of turbines,

compressors and fans.

Methods of varying the parameters shown on the right hand side of the

Eq. (7.51) are briefly described here.

Reynolds number

The Reynolds number 
cl

m r/
F
HG

I
KJ

 can be varied either by varying the air

velocity (c) or changing the length parameter (l) or by varying viscosity
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(m) or density (r). Among these, the variation of velocity is most

convenient.

This is achieved by one of the following methods:

(a) by changing the speed of the blower;

(b) by throttling the flow at the blower entry; or

(c) by discharging part of the flow into the atmosphere.

If the flow is throttled at the blower entry, care should be exercised that

the blower does not operate too near its unstable range of operation.

It is best to operate the blower at constant delivery conditions.

Therfore, bypassing part of the blower delivery into the atmosphere is the

simplest method. The bypass air should be let out well before the test

section, preferably near the exit of the blower.

Mach number

In a conventional open circuit blower tunnel, the change in the Reynolds

number (by a change in air velocity) is accompanied by a change in the

Mach number (M = c/a). Independent variation of the Reynolds number

and Mach number can be obtained in variable density tunnels which are

not so simple as the blower tunnel.

Pitch-chord ratio

For a fixed blade chord and length of the test section, the pitch-chord ratio

(s/l) can be changed by dismantling the cascade and rearranging the

blades with a different pitch. For certain values of the pitch, this can

disturb the matching between the end blades and the test section top and

bottom walls. Continuous variation of the blade pitch without dismantling

the cascade would require a very complicated mechanism.

Aspect ratio

The aspect ratio (h/l) of a cascade can be changed either by changing the

blade height (length) or its chord. For a fixed geometry, the chord length

(l) cannot be changed. Therefore, a variation in the aspect ratio is only

achieved by varying the blade height. However, this, for a given test

section, cannot be changed without changing or modifying the contract-

ion cone and the test section. This method is very time-consuming and

expensive. Therefore, a new method to vary the aspect ratio without

major changes has been developed by the author.

Here the side walls of the cascade are extended as shown in Fig. 8.8.

Besides these fixed walls, a pair of movable walls (thin planks of wood

of the same length and breadth) are also provided which can slide along

the length of the cascade as shown in Fig. 8.9. The measurements are still

done at the mid-section of the blade. Thus the effective blade length (h)

which governs the performance of the cascade can be varied by symmetri-

cally moving the sliding walls towards or away from the mid-section. The
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upstream edges of the sliding walls must be sharp-edged to minimize the

disturbance in the flow.

Various measuring probes pass through holes cut into the sliding walls.

Blade geometry and profile

Differnet sets of blades are required to study the effect of various blade

profiles on the performance. A given set of blades can be tested for

various stagger angles (g ) which can be changed without dismantling the

cascade. Effects of leading and trailing edge shapes can be studied only by

small modifications on the same set of blades.

Boundary layer and turbulence

The effect of both the boundary layer and the degree of turbulence at the

cascade entry on its performance is significant.

The thickness of the boundary layer can be varied in a number of ways.

It can be changed by regulating the suction through porous walls or by

varying the length of the test section.

The nature (laminar or turbulent) of the boundary layer is largely

governed by the Reynolds number of the flow.

For the same value of the Reynolds number, the separation point on a

given blade shows dependence on the degree of turbulence. Higher

degrees of turbulence delay the separation. The effect of turbulence on the

cascade flow can be studied by introducing turbulence grids (of wire, iron

rods or wooden sticks) into the test section. The degree of turbulence can

be varied by varying the size of the mesh or the rods, or the distance of

the grid from the cascade.

Incidence

All blade rows in turbomachines have to work at some degree of incidence.

The design point in a majority of machines does not correspond to zero
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incidence. Besides this, the off-design performances of machines are also

important because they are sometimes required to operate away from the

design point also. Some methods to vary the incidence are given in the

following:

(a) The incidence at the blades can be varied by turning them through

the desired angle without dismantling the cascade. This is done by

pivoting each blade between pins in the side walls and connecting

them to a “turning mechanism” outside the cascade on one of the

side walls. The mechanism can be locked for a particular position

of the cascade.

(b) The degree of incidence can also be changed by introducing (or

removing) a pair of wedge-shaped pieces between the side walls

of the test section and the cascade. This arrangement is shown in

Fig. 8.10.

Flow

Wedge

Original position

Changed position

Cascade

B

B¢

Fig. 8.10 Variation in incidence by wedges

(c) The test section can be extended by providing adjustable top and

bottom walls as shown in Fig. 8.11. The cascade is then placed at

Flow

Adjustable
wall

Adjustable
wall

Cascade

Fig. 8.11 Variation in incidence by adjustable walls
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the ends of these walls. In this arrangement the incidence can be

varied simply by changing the positions of the sliding walls.

The quality of flow at the cascade entry suffers by adopting this

arrangement.

(d) An arrangement of continuously changing the incidence without

much disturbance in the flow in shown in Fig. 8.12. The cascade

is mounted on a movable box as shown. The upstream edges of the

side walls of the box are arc-shaped and rest on the corresponding

walls of the test section. The box is mounted on a pivot located

above the test section.

Flow

Pivot

Adjustable
guide walls

A

Movable box
Test section

B

B

Cascade

Fig. 8.12 Continuous variation of incidence

When the cascade AB is moved to the  new position AB¢ the end blades

do not match with the top and bottom walls of the test section. A pair of

adjustable guide walls is provided to guide the flow in the new position of

the cascade.

•Ø  8.4 Axial Turbine Cascade219

The development of the aerofoil-shaped turbomachine blade from simple

inclined and curved plates has been discussed in detail in Sec. 6.8. A

study of the nature of flow and strength considerations showed that a

cambered aerofoil blade of finite thickness meets the requirements in a

row of turbomachine blades.

Simple examples of transformation of circles into aerofoils have also

been given. Velocity and pressure distributions and the lift and drag forces

on such blades have also been briefly discussed.

8.4.1 Nomenclature

The same method is employed to specify the blade sections of axial

turbines and compressors. A blade section of infinitesimal thickness is a

¢
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curved line known as “camber line” (Fig. 8.13). This forms the backbone

line of a blade of finite thickness. Its shape is specified by x-y coordinates

which are conventionally presented in the non-dimensional form x/l and

y/l as shown in the figure. Thus they are applicable to a blade section of

any chord length (l). Maximum camber (y/l)max and its position (a/l) are

important properties.

0

0.1

0.5 x l/

y l/

1.0

a

x

y

Maximum
camber

Camber line

Fig. 8.13 Camber line profile

The shapes or profiles of the upper (suction) and lower (pressure)

surfaces of the blades are specified by the thickness distribution along the

chord or the camber line. This may be symmetrical or unsymmetrical

giving a symmetrical or an unsymmetrical profile. Figure 8.14 shows the

base profile of a symmetrical blade. This may be used for an actual curved

blade in a cascade.

0
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–0.1

0

0.1

0.5 1.0

Chord ( ) or length of the camber linel

a¢

x t/2
L.E. T.E.tmax

Fig. 8.14 Thickness distribution of an aerofoil (base profile)

The maximum thickness (tmax) of the profile and its distance (a¢) from

the leading edge, and the shapes of the leading and trailing edges (L.E.

and T.E.) are important parameters which govern the flow pattern and

losses.
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Appendix B gives the specifications of some turbine blade sections.

Blades of a given shape are arranged in a different manner in the cascades

of turbines and compressors. The difference in the geometries is due to

the accelerating and decelerating flows in turbine and compressor

cascades respectively.

Figure 8.15(a) shows the camber line of a blade in such a way that the

chord line coincides with the axial direction. Thus the tangents drawn on

the camber line at leading (entry) and trailing (exit) edges form the

camber angles c1 and c2 at the entry and exit. These are also the blade

angles from the axial direction which is taken as a reference direction.

q

c2

a ¢2 a ¢2

a ¢1

a2

a ¢1

g

g

c1

c2

c1

a1

Chord
line

Chord
line

Camber
line

L.E.

T.E.

(a) Camber agles (b) Blade agles (c) Air agles

Fig. 8.15  Camber angles, blade angles and air angles

The camber angle (q) for a given blade is the sum of the camber angles

at the entry and exit.

q = c1 + c2 (8.15)

The setting of blades in a turbine cascade is invariably at a stagger

angle (g ) i.e. the chord lines of the blades are tilted towards the blade

curvature as shown in Fig. (8.15(b)). This changes the blade angles to

a ¢1 = c1 – g (8.16)

a ¢2 = c2 + g (8.17)

Equations (8.15), (8.16) and (8.17) give

q = c1 + c2 = a ¢1 + a ¢2 (8.18)
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Figure 8.15(c) depicts the actual angles that the directions of flow make

at the entry and exit of the blade. These are known as fluid, gas or air

angles and are invariably different from the blade angles a ¢1 and a ¢2.

The air angle at the entry of a cascade differs from its angle a ¢1 on

account of the nature of flow passed on to it by the upstream blade row

and the off-design operating conditions. This difference between the air

angle and the blade angle is known as angle of incidence i.

i = a1 – a ¢1 (8.19)

The incidence can be positive as well as negative. Flow at a large

positive incidence will lead to stalling on the suction side of the blade;

this is also referred to as positive stall. Conversely, a large negative

incidence is associated with negative stall, i.e. separation of flow on the

pressure side of the blade.

In Sec. 8.1 it was pointed out that the actual flow in a cascade is two-

dimensional. The air angles at the exit varies along the pitch on account

of unequal guidance provided by the blades to the flow and the presence

of wakes. Thus the exit air angle at a given point or its mean value differs

from the blade angle a ¢2 at the exit. The difference is referred to as

deviation,

d = a ¢2 – a2 (8.20)

Deviation in turbine cascade is relatively small. Generally, it is positive

[as expressed in Eq. (8.20)] and therefore decreases the energy transfer in

a moving row of blades.

Various angles defined here for a turbine cascade are shown in Fig. 8.16.

As stated before, the purpose of blade rows in turbomachines is to

deflect the flow. This is measured by the deflection angle defined as the

sum of the air angles at the entry and exit.

e = a1 + a2 (8.21)

Putting Eqs. (8.19) and (8.20) into Eq. (8.21), we get

e = (a ¢1 + i) + (a ¢2 – d)

e = (a ¢1 + a ¢2) + (i – d ) (8.22)

From Eq. (8.18)

e = q + i – d (8.23)

8.4.2 Velocity Triangles

The velocity triangles for one-dimensional flow (far upstream and down-

stream) at the entry and exit of a blade in a cascade are shown in Fig. 8.17.

The velocity vectors c1 and c2 at the entry and exit are at air angles a1 and

a2 respectively.
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Fig. 8.16 Stagger, incidence and deviation angles
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A mean velocity triangle for the flow through the cascade is defined by

the following quantities:

cxm = 
1

2
(cx1 + cx2) (8.24)

cym = 
1

2
(cy2 – cy1) (8.25)

tan am = cym / cxm (8.26a)

For constant axial velocity,

tan am = 
1

2
(tan a2 – tan a1) (8.26b)

8.4.3 Blade Forces

By definitions the drag force is parallel to the direction of the mean

velocity cm and the lift normal to it as shown in Fig. 8.17. The resultant of

lift and drag is the force Fr . This has another set of components Fx and Fy

in the axial and tangential directions respectively. The aim of a turbine

designer is to obtain the maximum value of the tangential force on the cas-

cade with a minimum value of the axial thrust (Fx) and pressure loss Dp0.

It may be noted that, in a turbine, the forces as shown in Fig. 8.17, are

exerted by the fluid on the blade. The blade in turn exerts the same

magnitude of forces in the opposite directions.

The entire cascade can be divided by the control surfaces surrounding

each blade as shown in Fig. 8.17. Analysis of forces exerted on a blade

can then be done by considering the flow through the control surface

containing this blade.

Various relations can be written for the unit height of the blade. For

simplicity, the axial velocity component and density of air are assumed to

be constant across the control surface.

The continuity equation for the control surface gives

&m = r1cx1 (s ¥ 1) = r2cx2 (s ¥ 1)

But r1 ª r2 ª r

cx1 = cx2 = cxm

Therefore, &m = rscxm (8.27)

Tangential force

The tangential force on the blade is equal to the rate of change of mo-

mentum in the tangential direction.

Fy = &m {cy2 – (– cy1)}

Fy = rscxm (cy1 + cy2) (8.28a)
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From velocity triangles

Fy = rsc2
xm (tan a1 + tan a2) (8.28b)

Using exit and mean velocity triangles, the following relations are obtained:

Fy = 
1

2
2rlcxm

F
H

I
K  2 

s

l

F
H

I
K  (tan a1 + tan a2) (8.29)

This can be expressed in the form of dimensionless tangential force

coefficients.

CFy = 
F

lc

y

xm
1

2
2r

 = 2 
s

l

F
H

I
K  (tan a1 + tan a2) (8.30)

Fy = 
1

2 2
2rlc

F
H

I
K  2 

s

l

F
H

I
K  cos2 a2 (tan a1 + tan a2) (8.31)

C¢Fy = 
F

lc

y

1

2 2
2r

 = 2 
s

l

F
H

I
K  cos2 a2 (tan a1 + tan a2) (8.32)

Axial force

Generally, there is a static pressure drop across a turbine cascade.

Therefore, the axial thrust is due to both the pressure difference and

change of momentum in the axial direction.

Fx = (p1 – p2) s ¥ 1 + r (s ¥ 1) cxm (cx1 – cx2)

For incompressible flow,

p1 = p01 – 
1

2
 r c2

1

p2 = p02 – 
1

2
 r c2

2

p1 – p2 = 
1

2
 r (c

2
2 – c

2
1) + (p01 – p02)

Substituting this in the expression for Fx, and assuming cx1 = cx2,

Fx = 
1

2
 rs (c2

2 – c2
1) + s Dp0

From the velocity triangles at the entry and exit

c2
2 – c2

1 = c2
x2 + c2

y2 – c2
x1 – c2

y1 = c2
y2 – c2

y1

Fx = 
1

2
 rs (c2

y2 – c2
y1) + s Dp0

Fx = 
1

2
 rs c2

xm (tan2a2 – tan2a1) + s Dp0 (8.33a)
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Fx = rsc2
xm 

1

2
 (tan a2 – tan a1) (tan a2 + tan a1) + s Dp0

But 
1

2
 (tan a2 – tan a1) = tan am, therefore,

Fx = 
1

2
 rs c2

xm tan am (tan a2 + tan a1) + s Dp0 (8.33b)

Equation (8.33a) can also be written as

Fx = 
1

2 2
2rlc

s

l

F
H

I
K
F
H

I
K  cos2a2 (tan2a2 – tan2a1) + s Dp0 (8.33c)

In the dimensionless form

CFx = 
F

lc

x

1

2 2
2r

 = 
s

l
 cos2a2 (tan2a2 – tan2a1) + 

s p

lc

D 0

2
21

2
r

The pressure loss coefficient for the cascade is defined as

Y = 
D p

c

0

2
21

2
r

(see Sec. 7.9)

Therefore, the axial thrust coefficient is

CFx = 
s

l
 cos2a2 (tan2a2 – tan2a1) + 

s

l
Y (8.34)

Lift force

The magnitude of lift can be obtained from the expressions for the forces

in the tangential and axial directions. By resolving forces in the direction

of lift (Fig. 8.17),

L = Fy cos am + Fx sin am

Substituting from Eqs. (8.28a) and (8.33b),

L = rsc2
xm (tan a1 + tan a2) cos am + rs c2

xm tan am

¥ (tan a1 + tan a2) sin am + s Dp0 sin am

L = rsc
2
xm (tan

 a1 + tan
 a2) cos

sin

cos
a

a

am
m

m

+
F

HG
I

KJ
2

 + s Dp0 sin am

L = rsc2
xm (tan a1 + tan a2) sec am + s Dp0 sin am (8.35a)

L = rsc2
m cos am (tan a1 + tan a2) + s Dp0 sin am (8.35b)

Equation (8.35a) can also be written as

L = rscxm sec am (cx1 tan a1 + cx2 tan a2) + s Dp0 sin am

L = rscm (cy1 + cy2) + s Dp0 sin am (8.35c)



Flow Through Cascades PWW

The lift force can be expressed in the form of the dimensionless lift

coefficient (see Sec. 6.8.2).

From Eq. (8.35b),

L = 
1

2
2

lcm
%
'

(
0  2

s

l

%
'

(
0  cos m (tan2

I
 + tan2

P
) + s Dp

H
 sin m

CL = 
L

lcm
1

2
2

 = 
s

l

%
'

(
0  cos m (tan 

I
 + tan 

P
) + 

s

l

p

cm

' 0

21

2

 sin m

(8.36)

Drag force

The drag force is obtained by resolving the axial and tangential forces in

its direction,

D = Fx cos m � Fy sin m

substituting from Eqs. (8.33b) and (8.28a),

D = scPxm tan m (tan 
I
 + tan 

P
) cos m + s Dp

H
 cos am

� scPxm (tan 
I
 + tan 

P
) sin m

After cancelling the terms,

D = s Dp
H
 cos m (8.37)

The dimensionless drag coefficient is defined by

CD = 
D

lcm
1

2
2

 = 
s

l

p

cm

%
'

(
0

' 0

21

2

cos am (8.38)

Now cm cos m = c
P
 cos 

P
. Therefore,

9p

cm

0

21

2

= 
9p

c

0

2

21

2

 
cos

cos

2

2
2

m

9p

cm

0

21

2

= Y 
cos

cos

2

2
2

m (8.39)

Substitution of Eq. (8.39) in Eq. (8.38) gives

CD = 
s

l
%
'

(
0  Y 

cos

cos

3

2

2

m (8.40)

Putting Eq. (8.39) into Eq. (8.36), we get

CL = 2 
s

l
%
'

(
0  cos m (tan 

I
 + tan 

P
) + 

s

l
 Y 

cos

cos

2

2
2

m  sin m
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Substitution from Eq. (8.40) yields

CL = 2 
s

l
F
H

I
K  cos am (tan a1 + tan a2) + CD tan am (8.41)

For reversible flow through the cascade

Dp0 = 0, CD = 0. Therefore, Eqs. (8.36) and (8.41) reduce to

CL = 2 
s

l
F
H

I
K  cos am (tan a1 + tan a2) (8.42)

Equation (8.35c) for reversible flow gives

L = rcm (cy1s + cy2s) (8.43)

The circulation around the blade contained in the control surface

(shown in Fig. 8.17) is the line integral of the velocity around the closed

circuit. This is given by

G = cy1s + cy2s (8.44)

The line integrals along the two curved branches of the circuit cancel

each other.

Equations (8.43) and (8.44) give a well-known relation between the lift

and the circulation

L = rcm G (8.45)

For a cascade of infinite pitch, the blade behaves as an isolated blade

and Eq. (8.45) becomes Kutta-Joukowski’s relation.

8.4.4 Zweifel’s Criterion

Zweifel defines a tangential force coefficient [as in Eq. (8.32)] on the basis

of a maximum hypothetical value.

It is assumed that a maximum tangential force on the blade is exerted

in a reversible flow (Dp0 = 0) when the pressure and suction surfaces of

the blade experience uniform static pressures of p01 and p2 respectively.

These conditions give (see Fig. 8.17)

Fy max
= (p01 – p2) b

For reversible flow,

p01 – p2 = p02 – p2 = 
1

2
 rc2

2; therefore,

Fymax
= 

1

2
 rbc2

2 (8.46)

Equations (8.28a) and (8.46) yield

CZ = 
F

F

y

ymax

 = 2 
s

b

c

c

xmF
H

I
K

2

2
2

 (tan a1 + tan a2)
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For constant axial velocity

c2
xm /c2

2 = c2
x2/c2

2 = cos2a2

Therefore,

CZ = 2 
s

b

F
H

I
K  cos2 a2 (tan a1 + tan a2) (8.47)

For small blade chords, the values of the axial and actual chords are

almost the same (b ª l). For this condition Eqs. (8.32) and (8.47) are

identical.

CZ ª CFy

On the basis of cascade tests, Zweifel recommends that the coefficient

in Eq. (8.47) be approximately 0.80. This criterion has been used to obtain

the optimum pitch-chord ratio in turbine blade rows.

8.4.5 Losses

Principal aerodynamic losses occurring in most of the turbomachines arise

due to the growth of the boundary layer and its separation on the blade and

passage surfaces. Others occur due to wasteful circulatory flows and the

formation of shock waves. Non-uniform velocity profiles at the exit of the

cascade lead to another type of loss referred to as the mixing or

equalization loss.

Aerodynamic losses occurring in a turbine blade cascade 212, 273, 286 can

be grouped in the following categories:

(a) Profile loss

As the term indicates, this loss is associated with the growth of the

boundary layer on the blade profile. Separation of the boundary layer

occurs when the adverse pressure gradient on the surface or surfaces

becomes too steep; this increases the profile losses. The pattern of the

boundary layer growth and its separation depend on the geometries of the

blade and the flow. Positive and negative stall losses occur on account of

increased positive or negative incidences respectively.

Generally, the suction surface of a blade is more prone to boundary

layer separation. The separation point depends, besides the blade profile, on

factors like the degree of turbulence, Reynolds number and the incidence.

If the flow is initially supersonic or becomes supersonic on the blade

surface, additional losses occur due to the formation of shock waves

resulting from the local deceleration of supersonic flow to subsonic.

(b) Annulus loss

The majority of blade rows in turbomachines are housed in casings. The

axial turbine stage has a pair of fixed and moving blade rows.
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In stationary blade rows, a loss of energy occurs due to the growth of

the boundary layer on the end walls. This also occurs in the rotating row

of blades but the flow on the end walls, in this case, is subjected to effects

associated with the rotation of the cascade. The boundary layer on the

floor (hub) of the blade passages is subjected to centrifugal force, whereas

that on the ceiling (outer casing) is scrapped by the moving blades.

(c) Secondary loss

This loss occurs in the regions of flow near the end walls owing to the

presence of unwanted circulatory or cross flows. Such secondary flows
208, 212 develop on account of turning of the flow through the blade

channel in the presence of annulus wall boundary layers. Figure 8.18

depicts the pressure gradients across a blade channel and the secondary

and trailing vortices. Static pressure gradients from the suction to the

pressure side in the regions away from the hub and tip are represented by

the curve AB. In the vicinity of the hub and tip or the end walls, the

pressure gradient curve CD is not so steep on account of much lower
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Fig. 8.18 Secondary flow in a cascade of blades
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velocities due to the wall boundary layers. Thus the static pressures at the

four corners of the section of flow under consideration are

pB > pD > pC > pA

These pressure differentials across the flow near the end walls give

rise to circulatory flows which are superimposed on the main flow

through the blade passage. As a result of this, secondary vortices in the

streamwise direction are generated in the blade passages. These vortices,

besides wasteful expenditure of fluid’s energy, transport (DC) low

energy fluid from the pressure to the suction side of the blade passage,

thus increasing the possibility of an early separation of the boundary

layer on the suction side. The secondary flows also distort the direction

of flow in the channel. The flow nearer the hub and tip is over-deflected

while that slightly away from the end walls is under-deflected as shown

in Fig. 8.18.

The secondary vortices in the adjacent blade channels induce vortices

in the wake regions (as shown in Fig. 8.18). These trailing vortices lead

to additional losses.

It is worth observing here that the secondary flows in the cascade also

affect the profile and annulus losses.

The magnitude of the loss 228, 234 due to secondary flow depends on

the fraction of the passage height that is affected by this flow. Blade

passages of very low height (aspect ratio) or high hub-tip ratio are likely

to be fully occupied by secondary vortices as shown in Fig. 8.19(a), and

experience higher secondary losses. In contrast to this longer blades

(Fig. 8.19 (b)) have a large proportion of the flow free of secondary flows

and therefore experience comparatively lower secondary losses.

Hub

(a) High hub-tip ratio (b) Low hub-tip ratio

Hub

Tip

Tip

Fig. 8.19 Secondary vortices in short and long blades
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If the total losses in a blade passage are measured along its height, they

appear as peaks near the hub and tip on account of secondary losses. The

flow in the central region which is outside the influence of secondary

flows (particularly in longer blades) can be assumed to suffer only

profile loss. Figure 8.20 illustrates this pattern of losses along the blade

height.

Blade height

Profile loss

Secondary
loss

Hub Tip

2
20

2

1
clpY ρΔ=

Fig. 8.20 Variation of losses along the blade height

(d) Tip clearance loss

This loss arises due to the clearance between a moving blade and the

casing. In a turbine rotor blade ring the suction sides lead and the pressure

sides trail. On account of the static pressure difference, the flow leaks

from the pressure side towards the suction side as shown in Fig. 8.21.

However, due to the scrapping up of the casing boundary layer by the

blade tips, the scrapped up flow opposes the aforementioned tip

leakage.

Scraped
flow

Motion of blades
(scraping)

Tip leakage

Suction side

Pressure
side

Fig. 8.21 Flow through tip clearance in a turbine cascade

The tip clearance and secondary flows are closely related to each other

and it is often convenient to estimate them together.
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8.4.6 Estimation of Losses

The estimation of aerodynamic losses occurring in a turbine cascade
219

is largely empirical or semi-empirical. A number of investigators have given

correlations based on cascade tests. Some of these are described below.

Hawthorne’s correlation 228

The profile loss is assumed as a function of the gas deflection (e) only

xp = 0.025 1
90

2

+ F
H

I
K

L

N
M
M

O

Q
P
P

e
(8.48)

The total loss is related to the profile loss and the aspect ratio (h/b) is

based on the axial chord.

x = 1
320

+
L

NM
O

QP
.

/h b
xp (8.49)

At h/b = 3.20, the total loss is twice the profile loss which is the same

as the secondary loss.

x h/b = 3.2 = 2xp = 2xs (8.50)

For other values of the aspect ratio, the secondary loss is given by

xs = x – xp

From Eq. (8.49),

xs = 
3 20.

/h b
xp

Substituting from Eq. (8.48),

xs = 
3 20.

/h b
 ¥ 0.025 1

90

2

+ F
H

I
K

L

N
M
M

O

Q
P
P

e

xs = 
0 08

1
90

2
.

/h b
+ F
H

I
K

L

N
M
M

O

Q
P
P

e
(8.51)

For cascades of very large values of aspect ratio (h/b ª •), the second-

ary loss is negligible.

Ainley’s correlation 262, 263, 264

In this correlation the profile loss at zero incidence is related to the air

angles at the entry and exit, and the thickness-chord ratio.

Yp (i = 0) = Y Y Y
t

l
p p p( ) ( ) ( )

/

{ }a a a a

a aa

a1 0
1

2

2

1 2 1 0

1 2

5= = =+
F
HG

I
KJ

-
L

N
M
M

O

Q
P
P
F
H

I
K (7.52)
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This relation is applicable for both impulse and reaction blades of t/l =

0.15 to 0.25. The loss at any other incidence is then related to the

incidence ratio i/is, where is is the stalling incidence. This is defined as the

degree of incidence which makes the profile loss twice its value at zero

incidence.

Yp/Yp(i = 0) = f (i/is) (8.53)

Figures 8.22 (a) and (b) show plots of the profile loss (at i = 0) against

the pitch-chord ratio for nozzle and impulse blade cascades. The loss

increases with the gas deflection and becomes high at low values of the

pitch-chord ratio.
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Fig. 8.22(a, b) Profile loss coefficients for turbine blades, Re = 2

¥ 105, M < 0.6, t/l = 0.2, i = 0 (From Ainley  and

Mathienson,263 by courtesy of H.M.S.O., crown

copyright reserved)
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Figure 8.23 shows the variation of the profile loss with incidence for

impulse and reaction blades. As expected, the loss is lower in reaction

blades compared to the impulse type. This is due to the accelerating

flow in the reaction type where the boundary layers are thinner and are

less likely to separate. The losses increase rapidly in both types at

higher values of positive incidence. The secondary loss is given by,

Ys = l 
C

s l
L

m
/

cos

cos

F
HG

I
KJ

2 2
2

3

a

a
(8.54)

l = 
( / )

/

A A

d dh t
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Fig. 8.23 Variation of profile loss with incidence, Re = 1.5 ¥ 105,

exit Mach number = 0.5, base profile T–6 (From

Ainely262 by courtesy of the Instn. of Mech. Engrs.,

London)

where A1 and A2 are the cross-sectional areas normal to the flows at the

entry and exit respectively.

The loss due to the tip clearance is given by

Yc = B 
h

h

C

s l
c L

m

F
HG

I
KJ
F
HG

I
KJ/

cos

cos

2 2
2

3

a

a
(8.55)

where B = 0.25 for shroud clearance and

= 0.50 for radial clearance

Figure 8.24 shows the variation of various aerodynamic losses with

incidence in a turbine cascade.
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Soderberg’s correlation

The basis of this correlation 286, 287 is a nominal loss coefficient x* at a

Reynolds number of 10
5
 and an aspect ratio of 3.0. This is valid for a cas-

cade of blades in which the pitch-chord ratio is governed by the Zweifel’s

relation [Eq. (8.47)].

The nominal loss coefficient for a given maximum thickness-chord

ratio is expressed as a function of the gas deflection.

x* = f (e) (8.56)

Figure 8.25 shows the variation of the nominal loss coefficient with

deflection for three values of the thickness-chord ratio.

The loss coefficient at a Reynolds number of 105 and an aspect ratio

other than 3.0 is given by

x¢ = (1 + x*) 0 975
0 075

.
.

/
+

F
HG

I
KJh b

 – 1 (8.57)

This is further modified for values of the Reynolds number other

than 105

x≤ = 
105 1 4

Re

/
F
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I
KJ

x ¢ (8.58)
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Fig. 8.24 Aerodynamic losses in a turbine blade cascade (From

Ainely262 by courtesy of the Instn. of Mech. Engrs.,
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The Reynolds number in Eq. (8.58) is based on the hydraulic mean

diameter and fluid velocity at the exit of the blade passage.

dh = 
2 2

2

hs

h s

cos

cos

a

a+
(8.59)

 Re = 
c dh2

m r/
(8.60)

Equations (8.57) and (8.58) give

x¢¢ = ( *) .
.

/ Re

/

1 0 975
0 075

1
105 1 4

+ +
F
HG

I
KJ
−

R
S
T

U
V
W

F
HG

I
KJ

ξ
h b

(8.61)

This is Soderberg’s correlation.

•Ø  8.5 Axial Compressor Cascades

A row of compressor blades deflects the incoming flow in such a manner

that its static pressure increases across it. The flow therefore decelerates

from a smaller to a larger cross-sectional area of a blade passage.

Since the flow occurs against a pressure hill (adverse pressure

gradient), it is more likely to separate, particularly at higher rates of

pressure rise. Therefore, the flow is handled more carefully in a

compressor cascade. Static pressure rise in such a cascade is kept much

smaller than the pressure drop in a turbine cascade.
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Fig. 8.25 Soderberg’s nominal loss coefficient, Re = 105, h/b =

3.0 (From Horlock286 by courtesy of the Pergamon

Press)
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Figure 8.26 shows a cascade of compressor blades resting on the oblique

exit of the test section of a blower type wind tunnel. The static pressure

distribution is obtained from the static pressure holes around the central

blade. The velocities around the blade surface are obtained from the static pre-

ssure distribution. A typical velocity distribution curve is shown in Fig. 8.27.
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Fig. 8.26 A cascade of compressor blades
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Fig. 8.27 Velocity distribution around a compressor blade
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The central blade is instrumented (Fig. 8.6). The method of specifying

the geometry of the individual blades and testing them is the same as

described in Sec. 8.3. However, a different convention is employed here

to describe the geometry of the cascade.

8.5.1 Nomenclature

There are three pairs of angles in a compressor cascade—the camber

angles, blade angles and air angles. These have been explained in Sec.

8.4.1 for a turbine cascade.

Figure 8.28(a) shows a compressor blade with its chord line in the axial

direction. The tangents to its camber line make angles (camber angles) c1

and c2 with the axial direction. When the blade is set at a stagger angle

g (Fig. 8.28(b)), the tangents at the entry and exit make angles of a ¢1 and

a ¢2 with the reference axial direction. These are the blade angles.

c2

c2

c1

a ¢2 a ¢2
a2

a ¢1 a1

a ¢1

g

gc1

q

Camber line

Chord line

(a) Camber angles (b) Blade angles (c) Air angles

Axial
direction

Fig. 8.28 Camber, blade and air angles

In contrast to the turbine cascade, the camber angle for the compressor

cascade is defined by the following relations:

q = c1 + c2 = a ¢1 – a ¢2 (8.62)

From Fig. 8.28(b),

a ¢1 = c1 + g (8.63)

a ¢2 = – (c2 – g) (8.64)
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The air angles (a1, a2) are different from the blade angles (a¢1, a ¢2)
which depend on the nature of flow and the cascade characteristic.

Fig. 8.28 (c) shows these angles.

The difference between the air and the blade angles at the entry is

known as the angle of incidence.

i = a1 – a ¢1 (8.65)

This angle can be positive or negative.

The departure of the outgoing jet from the exit blade angle can be quite

large; this deviation is such that the overall deflection of the fluid through

the cascade is reduced giving a lesser static pressure rise through the

cascade. The deviation angle (d) for a compressor cascade is defined as

the difference between the air angle and the blade angle at exit.

d = a2 – a ¢2 (8.66)

The difference between Eqs. (8.20) and (8.66) is due to the different

convention used to define the stagger angle and the exit angles in

compressor cascades; fluid deflection through the blades is defined as

e = a1 – a2 (8.67)

This is again different from Eq. (8.21) for turbine cascade.

Putting Eqs. (8.65) and (8.66) into Eq. (8.67) we get

e = (a ¢1 + i) – (a ¢2 + d)

e = (a ¢1 – a ¢2) + (i – d) (8.68)

From Eq. (8.62),

e = q + i – d (8.69)

Figure 8.29 shows the various angles defined in this section for a

compressor cascade. Comparison of this figure with Fig. 8.16 further

explains the difference between the aforementioned angles for turbine and

compressor cascades.

Appendix C gives the specifications of some compressor blade sections.

8.5.2 Velocity Triangles

Figure 8.30 shows two blades in a compressor cascade. They are enclosed

in the control surfaces as shown. The velocity triangles for one-dimensional

flow at the entry and exit of the control surface are shown in the figure.

Velocity vectors c1 and c2 at the entry and exit are at air angles a1 and

a2 respectively. The components in axial and tangential directions are

also shown. The blade heights at the entry and exit are such that the axial

component of velocity remains constant.

cx1 = cx2 = cxm
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a ¢1

a ¢1

a ¢2

g

a1

–i

+i

L.E.

T.E.

a2

d

Fig. 8.29 Stagger, incidence and deviation angle

Fig. 8.30 Inlet, outlet and mean velocity triangles, and blade forces

(compressor cascade)
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The mean velocity triangle for flow through the blade passage is defined

by the following quantities:

cxm = 
1

2
 (cx1 + cx2) (8.70)

cym = 
1

2
 (cy1 + cy2) (8.71)

tan am = 
c

c

ym

xm

(8.72)

tan am = 
1

2cxm

 (cy1 + cy2)

For constant axial velocity,

tan am = 
1

2

1

1

2

2

c

c

c

c

y

x

y

x

+
F

HG
I

KJ

tan am = 
1

2
(tan a1 + tan a2) (8.73)

Note the difference between Eqs. (8.71) and (8.25)

8.5.3 Blade Forces

Various forces exerted by a blade (of unit height) on the flow are shown

in Fig. 8.30. The magnitudes and directions of these forces exerted by the

fluid on the blade are exactly equal and opposite in direction to the forces

exerted by the blade as shown in the figure.

The forces are related to the change of momentum which in turn

depends on the flow rate through the control surface and the change of

velocity and its direction.

The flow rate through the control surface of unit height for

incompressible and steady flow is

&m = r1 cx1 (s ¥ 1) = r2 cx2 (s ¥ 1)

&m = rscx1 = r s cx2 = r s cxm (8.74)

Tangential force

In a compressor cascade it is desired that the tangential force is minimum

for a given rise in the static pressure. This force multiplied be the

peripheral speed of the rotor blades gives the work done by the blades on

the fluid.

The tangential force exerted by the fluid on one blade is

Fy = &m  (cy1 – cy2)

Fy = rscxm (cy1 – cy2) (8.75)
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From velocity triangles,

Fy = rsc2
xm (tan a1 – tan a2) (8.76)

This can also be expressed in the dimensionless form as in Eqs. (8.30) or

(8.32).

Fy = 
1

2
2rl cxm

F
H

I
K  2 

s

l

F
H

I
K  (tan a1 – tan a2) (8.77)

Therefore, the dimensionless tangential force coefficient based on the

constant axial velocity cxm is

CFy = 
F

lc

y

xm
1

2
2r

 = 2 
s

l

F
H

I
K  (tan a1 – tan a2) (8.78)

Axial force

The axial force exerted by the fluid on the blade is due to both the static

pressure rise and the change of momentum in the axial direction

Fx = (p2 – p1) s ¥ 1 + r (s ¥ 1) cxm (cx2 – cx1)

For constant axial velocity, the axial thrust in the upstream direction is

entirely due to the pressure difference.

Fx = (p2 – p1) s (8.79)

Now p2 – p1 = 
1

2
 r (c2

1 – c2
2) – Dp0

Therefore,

Fx = 
1

2
 r s (c2

1 – c2
2) – s Dp0

From the velocity triangles for constant axial velocity,

c
2
1 – c

2
2 = c

2
y1 – c

2
y2; therefore,

Fx = 
1

2
 r s (c2

y1 – c2
y2) – s Dp0

Fx = 
1

2
 rsc

2
xm (tan

2
 a1 – tan

2
 a2) – s Dp0 (8.80)

Fx = rsc2
xm 

1

2
 (tan a1 + tan a2) (tan a1 – tan a2) – s Dp0

Substituting from Eq. (8.73),

Fx = rsc2
xm tan am (tan a1 – tan a2) – s Dp0 (8.81)

Equation (8.80) can also be written as

Fx = 
1

2
2rlc

s

lxm
F
H

I
K
F
H

I
K  (tan2 a1 – tan2 a2) – s Dp0
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The dimensionless axial force coefficient is therefore,

CFx = 
F

lc

x

xm
1

2
2r

 = 
s

l
 (tan

2 a1 – tan
2 a2) – 

s

l

p

cxm

F
H

I
K

D 0

21

2
r

(8.82)

Now,

cxm = cx1 = c1 cos a1

D p

cxm

0

21

2
r

= 
D p

c

0

1
2

2
1

1

2

1

r acos
 = 

D p

cm
m

0

2
21

2

1

r acos
(8.83)

The pressure loss coefficient based on the inlet velocity is defined

as

Y = 
D p

c

0

1
21

2
r

Therefore,

D p

cxm

0

21

2
r

= 
Y

cos2
1a

(8.84)

Putting Eq. (8.84) into Eq. (8.82) yields

CFx = 
s

l
 (tan2 a1 – tan2 a2) – 

s

l

YF
H

I
K cos

2
1a

(8.85)

Lift force

By definition, the lift force on the blade is normal to the direction of the

mean velocity (cm) of flow through the blade passage.

By resolving tangential and axial forces in the direction of lift,

L = Fy cos am + Fx sin am (Figure 8.30)

Substituting from Eqs. (8.76) and (8.71), we have

L = rsc2
xm (tan a1 – tan a2) cos am + rsc2

xm ¥

(tan a1 – tan a2) tan am sin am – s Dp0 sin am

L = rsc2
xm (tan a1 – tan a2) cos

sin

cos
a

a

am
m

m

+
F

HG
I

KJ
2

 – s Dp0 sin am

L = rsc
2
xm (tan a1 – tan a2) sec am – s Dp0 sin am (8.86)

L = rsc2
m (tan a1 – tan a2) cos am – s Dp0 sin am (8.87)

Equation (8.86) can also be written as

L = rscm (cy1 – cy2) – s Dp0 sin am (8.88)
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The dimensionless lift coefficient is developed from Eq. (8.87)

L = 
1

2
2rlcm

F
H

I
K  2 

s

l

F
H

I
K  (tan a1 – tan a2) cos am – s Dp0 sin am

CL = 
L

lcm
1

2
2ρ

 = 2 
s

l

F
H

I
K  (tan a1 – tan a2) cos am – 

s

l

p

cm

F
H

I
K

D 0

21

2
r

 sinam

(8.89)

Drag force

The drag force is parallel to the direction of mean flow. By resolving forces

in this direction,

D = Fy sin am – Fx cos am

Substituting for the values of Fy and Fx,

D = rsc2
xm (tan a1 – tan a2) sin am

– rsc2
xm (tan a1 – tan a2) tan am cos am + s Dp0 cos am

After cancelling the common terms,

D = s Dp0 cos am (8.90)

The dimensionless drag coefficient is given by

CD = 
D

lcm
1

2
2r

 = 
s

l

p

cm

F
H

I
K

D 0

21

2
r

 cos am (8.91)

Substituting Eq. (8.83) in Eq. (8.91) gives

CD = 
s

l

p

c

mF
H

I
K

D 0

1
2

3

2
1

1

2
r

a

a

cos

cos

CD = 
s

l

F
H

I
K  Y 

cos

cos

3

2
1

a

a
m (8.92)

Putting Eq. (8.91) into Eq. (8.89), we get

CL = 2 
s

l

F
H

I
K  (tan a1 – tan a2) cos am – CD tan am (8.93)

For reversible flow through the cascade Dp0 = 0, CD = 0. Therefore,

Eqs. (8.89) and (8.93) reduce to

CL = 2 
s

l

F
H

I
K  (tan a1 – tan a2) cos am (8.94)

Equation (8.88) for reversible flow gives

L = rscm (cy1 – cy2)
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As explained for the turbine blade cascade,

s (cy1 – cy2) = G (8.95)

Therefore, the expression for lift is again (see Eqs. (8.44) and (8.45))

reduced to the Kutta-Joukowski’s relation for an isolated aerofoil.

L = r cm G

8.5.4 Static Pressure Rise

The main function of a compressor cascade is to raise the static pressure

of the fluid across it. This should be achieved with minimum stagnation

pressure loss or drag.

Thus the compressor cascade behaves like an adiabatic diffuser. The

thermodynamics of flow through a diffuser has been discussed in detail

in Sec. 2.4. Figure 2.5 depicts the ideal and actual flow processes in

a diffuser.

The static pressure rise for isentropic flow is given by Eq. (2.87). This is

Dps = p2s – p1 = 
1

2
 r (c

2
1 – c

2
2s)

Dps = 
1

2
 rc2

1 1 2
2

1
2

-
F

HG
I

KJ
c

c

s

For incompressible flow, from Eq. (8.74),

cx1 = cx2

c1 cos a1 = c2s cos a2

c

c
s2

1

= 
cos

cos

a

a
1

2

Therefore,

Dps = 
1

2
 rc2

1 1
2

1

2
2

-
F

HG
I

KJ
cos

cos

a

a
(8.96)

The pressure rise through the cascade can be expressed as a dimension-

less quantity known as the pressure or pressure recovery coefficient. Thus

the ideal pressure recovery coefficient for the cascade is given by

Cps = 
D p

c

s

1

2 1
2r

 = 1 – 
cos

cos

2
1

2
2

a

a
(8.97)

For an actual flow (with the stagnation pressure loss Dp0) the static

pressure rise is given by

Dpa = p2 – p1 = Dps – Dp0 (see Eq. (2.90))



Flow Through Cascades 319

Substituting from Eq. (8.96),

Dpa =  
1

2
 rc2

1 1
2

1

2
2

-
F

HG
I

KJ
cos

cos

a

a
 – Dp0

Therefore, the actual pressure recovery coefficient is given by

Cpa = 
D p

c

a

1

2 1
2r

 = 1
2

1

2
2

-
F

HG
I

KJ
cos

cos

a

a
 – 

D p

c

0

1
21

2
r

(8.98)

Cpa = Cps – Y (8.99)

The pressure recovery coefficient of a cascade is its pressure raising

capacity and should not be confused with the cascade efficiency.

8.5.5 Cascade Efficiency

The efficiency of the compressor cascade is defined as the efficiency of

a diffuser (see Sec. 2.4.1.). This is defined as the ratio of actual pressure

rise and the isentropic pressure rise.

hD = 
D

D

p

p
a

s

 = 
D D

D

p p

p
s

s

- 0

hD = 1 – 
D

D

p

ps

0 (8.100)

From Eq. (8.90),

Dp0 = D/s cos am (8.101)

Dps = 
1

2
 r (c2

1 – c2
2) = 

1

2
 rc2

xm (tan2 a1 – tan2 a2)

Dps = rc2
xm tan am (tan a1 – tan a2) (8.102)

Neglecting the second term in Eq. (8.86) as small,

rc2
xm tan am (tan a1 – tan a2) = 

L

s
msin a

Substituting this in Eq. (8.102),

Dps = L sin am/s (8.103)

Substituting Eqs. (8.101) and (8.103) in (8.100), we have

hD = 1 – 
D

L m m

1

sin cosa a

hD = 1 – 2 
C

C
D

L m

1

2sin a
(8.104)
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Assuming CD /CL as constant, the optimum value of am can be determin-

ed. hD is a maximum when sin 2am is maximum. Thus the optimum value

of am is

(am)opt = 45° (8.105)

The maximum efficiency of the cascade is therefore

hDmax = 1 – 2CD /CL (8.106)

8.5.6 Losses and Their Estimation

The types of aerodynamic losses occurring in the compressor cascade are

the same as described in Sec. 8.4.5 for the turbine cascade. Their exact

nature and magnitudes are different (higher) on account of the

decelerating flow in compressor cascade. Most of the theoretical methods

for calculating these losses are also empirical.

The cascade losses are expressed as either pressure loss coefficients

(Y) or drag coefficients (CD). Lieblein and Roudebush 239 relate the total

cascade losses to the momentum-thickness-chord ratio in the following

relation:

Y = 2 
q a

al

l

s

F
H

I
K
F
H

I
K

cos

cos

2
1

3
2

(8.107)

A large part of the blade wake is formed by the boundary layer on the

suction side. The profile losses depend on the diffusion of flow on the

suction side. Lieblein recommends that the diffusion ratio (cmax/c2) must

not exceed 2.0.

An overall drag coefficient represents the total cascade losses:

CD = CDp + CDa + CDs (8.108)

Quantities on the right-hand side of Eq. (8.108) represent drag

coefficients corresponding to profile, annulus and secondary losses; the

tip leakage loss is generally considered with the secondary loss.

The profile loss is best obtained from tests on the given cascade. This

varies with incidence.

The loss due to annulus skin friction is given by

CDa = 2f
s

h

F
H

I
K (8.109)

The friction factor for axial compressors can be taken as f = 0.01.

Substituting this in Eq. (8.109), we get a widely-used expression:

CDa = 0.02 
s

h

F
H

I
K (8.110)
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The secondary loss is given by

CDs = l C 2
L

s

l
F
H

I
K (8.111)

Howell suggests the following relation:

CDs = 0.018 C
2
L (8.112)

As mentioned for turbine cascade the tip clearance between the blades

and the casing causes leakage of the fluid from the pressure to the suction

side of the blades. In a compressor rotor blade row the pressure side leads

and the suction side trails. Therefore, the scraped up boundary layer of the

casing augments the tip leakage and generates additional secondary flow.

Figures 8.31 and 8.32 depict these phenomena.

Suction side

Scraped flow

Tip
leakage

Direction of motion
(scraping)

Pressure side

Fig. 8.31 Flow through tip clearance in a compressor cascade

Direction of
motion

Casing

Secondary
vortices

Suction
side

Hub

Direction of motion

Pressure
side

Tip leakage

Fig. 8.32 Secondary and tip leakage flow
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In compressor cascades, the profile and secondary losses are nearly of

the same order (ª 40% of the total aerodynamic losses), the remaining (ª

20%) is the annulus loss. Fig. 8.33 shows the relative magnitudes of these

losses with flow coefficient (or incidence). It is observed that the profile

loss varies significantly with incidence. High loss regions at the two

extremes of the total loss curve represent high cascade losses due to

positive and negative stall.
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Fig. 8.33 Cascade losses in a compressor stage (From Howell,412 by

courtesy of the Instn. of Mech. Engrs., London.)

8.5.7 Howell’s Correlation 412

The static pressure rise through a compressor cascade depends on the

deflection of the fluid through it. Therefore, a maximum value of the fluid

deflection might appear to be desirable, but on account of stalling and the

associated cascade losses, this is carefully chosen.

Howell obtains design conditions for a compressor cascade from plots

of experimentally obtained values of cascade losses and deflection against

incidence. Figure 8.34 shows curves for the variations of the lift

coefficient, deflection angle and total pressure loss coefficient with

incidence. It is observed that high losses occur at maximum values of

deflection and lift coefficient. Therefore, Howell suggests that the chosen

value (nominal value, e*) of the deflection must be fairly away from the

stall point (stalling incidence is, deflection es). Though it is difficult to

specify the stall point, here it is defined as a condition at which the total

cascade loss is twice its minimum value. At i = is,

Ys = 2Ymin (8.113)
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Howell then recommends that the nominal deflection must be 80% of

the stalling deflection.

e* = 0.8 es (8.114)

es = 1.25 e*

This leaves a safe margin between the chosen value of the deflection and

its stalling value.

At high values of the Reynolds number, deflection is mainly a function

of the degree of guidance (s/l) and the exit angle.

e* = f
s

l
, *a 2

F
H

I
K (8.115)

Howell gives plots (Fig. 8.35) of the nominal deflection against exit air

angles for cascades of various pitch-chord ratios. Such plots can be

employed to obtain the pitch-chord ratio of a cascade with given values

of deflection and the exit air angle which are decided for the required

pressure rise. The following approximate expression is given to represent

the plots in Fig. 8.35:

tan a *1 – tan a *2 = 
155

1 15

.

. /+ s l
(8.116)
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incidence for a compressor cascade
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This can be used for rough calculations in the initial stages of

design.

In view of the fact that large differences exist between the exit blade

angles and air angles (Figs. 8.28 and 8.29), the problem of estimating

deviation (d) is important. The total deflection and the presssure rise

through the cascade are significantly affected by deviation.

A large number of cascade tests have shown that deviation depends

on the degree of guidance or pitch-chord ratio, blade camber, blade

exit angle and the parameter a/l. Howell recommends the following

relation:

d* = m q 
s

l

n
F
H

I
K (8.117)

m = 0.23
2

2
a

l

F
H

I
K  + 0.002 a *2 (8.118)

n = 
1

2
 (for compressor blade cascades)

For inlet guide vanes, the following values are suggested:

n = 1

m = 0.19
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Fig. 8.35 Variation of nominal deflection with exit angle (From

Howell412, by courtesy of the Instn. of Mech. Engrs.,
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After obtaining the values of the deflection (e*) and incidence (i*), the

performance of the cascade at other values of incidence can be obtained.

Howell gives the dimensionless plots (Fig. 8.36) for the deflection and

drag coefficient at off-design points for a cascade.
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Fig. 8.36 Off-design performance of a compressor cascade (From

Howell412, by courtesy of the Instn. of Mech. Engrs.,

London)

•Ø  8.6 Annular Cascades

If the blades are arranged in an annulus instead of a straight row (as

described in Sec. 8.3 and Fig. 8.3), the arrangement is known as an

annular cascade. 209, 237 The flow in such a cascade is closer to the real-

life situation because it simulates three-dimensional flow occurring in

actual axial flow machines.

The flow in an annular cascade is truly axisymmetric. The span-wise

survey of the flow field provides useful information for both the low and

high aspect ratio cascades. Tests on annular cascades are particularly

useful for studying the effect of hub and casing boundary layers,

secondary flows and the phenomenon of the rotating stall.

A number of arrangements can be employed to design annular

tunnels. Outlines of some designs are given in the following sections.
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8.6.1 Suction Type

In many situations it is more convenient to suck the air through the

cascade. Figure 8.37 shows the principal parts of an annular cascade

tunnel employing the suction arrangement.

A compressor or blower located downstream of the annular test section

works as an exhauster. The flow over the annular cascade of blades is

established by sucking air through the large outer periphery of the annular

contraction. To supply air with minimum non-uniformities to the

contraction, it is provided with a bell-mouthed entrance and a ring of

straighteners (honeycombs) as shown.

One of the requirements of the annular cascade tunnel is to supply a

swirling flow to the blades. The swirl vanes must be kept well upstream

of the cascade. It is often convenient to locate the swirl vanes in a low

velocity region at a larger diameter. In Fig. 8.37 adjustable swirl vanes are

located in the radial section of the contraction.

The design of the contraction cone is very important for the quality of

flow at the entry of the test section. The boundary layer in the test section

is thinner with a large radius of curvature of the contraction walls.

Suitable arrangements for traversing the measuring instruments in the

peripheral and radial directions upstream and downstream of the cascade

are made.

Flow through the cascade can also be established by induction by

employing high-speed annular jets instead of the exhauster. The flow

from the tunnel is exhausted to the atmosphere through a diffuser and a

silencer (if desired).

8.6.2 Blower Type

A blower type of annular cascade tunnel is shown in Fig. 8.38. The blower,

diffuser and settling chamber are the same as in the tunnel described in

Sec. 8.3 (Fig. 8.3). An annular contraction connects the cylindrical settling

chamber to the annular test section. The centre body which is the hub of

the annular contraction is firmly supported from the outer walls. Adjusta-

ble swirl vanes can be conveniently fixed in the annular space between

the centre body and the settling chamber walls as shown in the figure.

The test section, cascade of blades and exit diffuser are arranged in the

same manner as described in Sec. 8.6.1. Both the suction and blower

types of annular cascades can also be arranged in a simple annulus with

guide vanes (swirl vanes), the row of test blades and the axial fan; proper

arrangements for upstream and downstream traversing are made as

before. Such an arrangement is cheaper and occupies less space.

However, the swirl vanes are too close to the test blades.
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•Ø  8.7 Radial Cascades

A radial cascade
 246, 258

 is formed by a ring of blades arranged between two

parallel, oblique or profile side walls through which the flow occurs in the

radial direction. Such a facility can be used to test the performance of radial

diffusing or accelerating cascades.

Data on radial cascades is very meagre compared to the vast amount of

data available for cascades of axial flow machines. Cascade data on

inward flow machines is almost non-existent.

8.7.1 Outward Flow

A sector of the outward flow radial cascade and the swirl generator is

shown in Fig. 8.39. In a majority of applications the flow through such

cascades is decelerating. Radial diffuser blade rings and the blade rows in

radial compressors or blowers have been tested by employing this

arrangement.

Flow

TE

LERadial
cascade

Swirl generator

Flow a

Fig. 8.39 A sector of the outward flow radial cascade and the swirl

generator

Flow has to be supplied to the cascade at some angle (a) from the

tangential direction. This is relatively easier in an outward flow cascade

compared to an inward flow type. Swirl can be imparted to the flow either

by providing guide vanes
 165, 173

 at a smaller radius upstream of the

cascade or by some kind of a rotor. Owing to space limitations, the

upstream blades pour thick wake flow into the cascade which is not

desirable. The use of the bladed rotor, besides supplying wake flow,

requires additional power. In contrast to this, a wire gauze swirl generator

provides a swirling flow, free of wakes, and requires only small power for

its drive.

The swirl generator 154, 205 shown in Fig. 8.40 is a wire gauze rotor. A

ring of fine mesh wire gauze is formed by wrapping it round a disc.
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Sometimes it is useful to employ two concentric wire gauzes. Wire gauzes

should be selected so that the pressure loss through it is not high.

Disc

Wire gauzes

Radial cascade

Side wall

Flow Drive

Side wall

Fig. 8.40 A wire gauze swirl generator at the entry of an outward

flow radial cascade

The wire gauze rotor (swirl generator) is placed at the entry of the

cascade and rotated through a drive placed outside the cascade. The flow

from a blower is supplied axially to the gauze rotor and turns radially

outwards. It emerges out of the gauze rotor at an angle a (with the

tangential direction) on account of the tangential component imparted to

it by the rotating gauze.

The swirl angle (air angle at the entry to the cascade) is varied by

varying the speed of the gauze rotor. The angle decreases with an increase

in the rotor speed and a decrease in the flow rate. Fig. 8.41 shows the

variation of the swirl angle with the rotor speed at various values of the

flow rate.

Various flow parameters are measured by traversing instruments

upstream and downstream of the cascade.
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8.7.2 Inward Flow

Figure 8.42 shows the arrangement of blades in an inward flow radial

cascade. The flow is invariably accelerating in such cascades. The flow
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Fig. 8.41 Variation of swirl angle with the speed of swirl generator

Exit

Casc
ade

Guide

blades

Flow

Fig. 8.42 A sector of the inward flow radial cascade and the

guide blades (swirl vanes)
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through the cascade can be established more conveniently by connecting

the exit of the cascade to the suction of a blower or a compressor through

an axial duct. This method ensures truly axisymmetric flow through the

cascade. The guide blades can be set at the desired angle corresponding

to the required value of the air angle at the cascade entry. This

arrangement suffers from the wake flow from the guide blades.

Flow parameters are measured by traversing measuring instruments

along the blade length and the pitchwise direction both at the entry and exit.

Notation for Chapter 8

a Position of maximum camber

a¢ Position of maximum thickness

A Area of cross-section or surface area

b Axial chord

B Constant

c Fluid velocity

CD Drag coefficient

CFx Axial force coefficient

CFy Tangential force coefficient

CL Lift coefficient

Cp Pressure recovery coefficient

CZ Zweifel’s coefficient

D Drag force per unit length

f Friction factor

F Force

h Enthalpy, blade height or length

hc Tip clearance

i Incidence

l Blade chord or length parameter

L Lift force per unit length

&m Mass flow rate, constant

M Mach number, momentum

n An index

N Rotational speed (rpm)

p Pressure

Re Reynolds number

s Blade pitch

t Blade thickness, maximum thickness

T Absolute temperature

x Distance along the chord line
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y Distance along the cascade or pitch-wise direction

Y Pressure loss coefficient

Greek symbols

a Air angle, swirl angle

a ¢ Blade angle

g Stagger angle

d Deviation angle

e Deflection angle

h Efficiency

q Camber angle, momentum thickness

l Constant

m Dynamic viscosity

x Enthalpy loss coefficient

r Density of fluid

G Circulation

c Camber angle

Subscripts

o Stagnation values

1 Upstream of the cascade

2 Downstream of the cascade

a Actual, annulus

c Tip clearance

D Drag

h Hub

L Lift

m Mean

min Minimum

max Maximum

opt Optimum

p Profile

r resultant, radial

s Isentropic, secondary, stalling

t tip

x Axial

y Tangential

Superscript

* Nominal values

– Average values
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•Ø Solved Examples

8.1 A compressor cascade has the following data:

velocity of air at entry = 75 m/s

air angle at entry = 48°

air angle at exit = 25°

pitch-chord ratio = 1.1

stagnation pressure loss = 11 mm W.G.

density of air = 1.25 kg/m3

Determine loss coefficient, drag and lift coefficients, ideal and

actual pressure recovery coefficients, diffuser efficiency and

maximum diffuser efficiency.

Solution:

tan am = 
1

2
 (tan 48 + tan 25) = 0.788

am = 38.25°

1

2
rc2

1 = 0.5 ¥ 1.25 ¥ 752 = 3515.625 N/m2

Y = 
D p

c

0

1
21

2
r

 = 
11 9 81

3515625

¥ .

.
 = 0.0307 (Ans.)

CD = 
s

l

F
H

I
K  Y 

cos

cos

3

2
1

a

a
m

CD = 1.1 ¥ .0307 cos
3
 38.25 / cos

2
 48

CD = 0.0365 (Ans.)

CL = 2 
s

l

F
H

I
K  (tan a1 – tan a2) cos am – CD tan am

CL = 2 ¥ 1.1 (tan 48 – tan 25) cos 38.25 – .0365 tan 38.25

CL = 1.084 (Ans.)

Ideal pressure recovery coefficient

Cps = 1 – (cos2 a1 / cos2 a2)

Cps = 1 – (cos
2
 48 / cos

2
 25) = 0.454 (Ans.)

Actual pressure recovery coefficient

Cpa = Cps – Y = 0.454 – 0.0307 = 0.4233 (Ans.)

Diffuser efficiency hD = Cpa /Cps

hD = 0.4233 / 0.454 = 0.932 (Ans.)
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hDmax = 1 – 2 CD / CL = 1 – 
2 0 0365

1084

¥ .

.

hDmax = 0.933 (Ans.)

8.2 The data for a turbine blade row is given below:

blade entry angle a ¢1 = 35°

blade exit angle a ¢2 = 55°

incidence i = 5°

deviation d = 2.5°

maximum thickness-chord ratio t/l = 0.30

aspect ratio h/b = 2.5

Neglect the difference between the actual and axial chords, and the

enthalpy and pressure loss coefficients. Ignore the Reynolds

number effects.

Determine for this cascade:

(a) optimum pitch-chord ratio from Zweifel’s relation,

(b) loss coefficient from Soderberg’s and Hawthorne’s relations,

(c) drag coefficient, and

(d) lift coefficient.

Solution:

The air angles are:

a1 = a ¢1 + i = 35 + 5 = 40°

a2 = a ¢2 – d = 55 – 2.5 = 52.5°

(a) From Zweifel’s relation [Eq. (8.47)]

Cz = 2 
s

b

F
H

I
K  cos2 a2 (tan a1 + tan a2) = 0.8

s

b

F
H

I
K  cos2 52.5 (tan 40 + tan 52.5) = 0.4

This gives

s/b ª s/l = 0.505 (Ans.)

(b) From Soderberg’s relation Eq. (8.61), ignoring the Reynolds

number effect,

x≤¢ = (1 + x*) 0 975
0 075

.
.

/
+

F
HG

I
KJh b

 – 1

The deflection angle is

e = a1 + a2 = 40 + 52.5 = 92.5°
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This from Fig. (8.25) for t/l = 0.3 gives the nominal loss

coefficient

x* = 0.075

x≤¢ = (1 + .075) 0 975
0 075

2 5
.

.

.
+

F
H

I
K  – 1

x≤¢ = 0.0804 (Ans.)

Hawthorne’s relation (Eq. (8.48)) gives

xp = 0.025 1
90

2

+
F
H

I
K

L

N
M
M

O

Q
P
P

e

xp = 0.025 1
92 5

90

2

+
F
H

I
K

L

N
M
M

O

Q
P
P

.
 = 0.0514

The total cascade loss coefficient is given by Eq. (8.49),

x = 1
32

+
F
HG

I
KJ

.

/h b
 xp

x = 1
3 2

2 5
+

F
H

I
K

.

.
 0.0514

x = 0.117

Therefore, the average of these two values for the cascade

loss is

Y ª xav = 
1

2
 (0.0804 + 0.117) = 0.0987

(c) The mean air angle is given by

tan am = 
1

2
 (tan a2 – tan a1)

tan am = 
1

2
 (tan 52.5 – tan 40) = 0.232

am = 13.06°

The drag coefficient for the cascade is given by Eq. (8.40);

CD = 
s

l
 Y 

cos

cos

3

2
2

a

a
m

CD = 0.505 ¥ 0.0987 
cos .

cos .

3

2

1306

52 5

CD = 0.124 (Ans.)



Flow Through Cascades 337

(d) The lift coefficient is given by Eq. (8.41),

CL = 2
s

l

F
H

I
K  cos am (tan a1 + tan a2) + CD tan am

CL = 2 ¥ 0.505 cos 13.06 (tan 40 + tan 52.5) + 0.124 tan 13.06

CL = 2.1357 (Ans.)

8.3 A compressor cascade is constructed from circular arc aerofoil

blades (camber angle q = 25°) set at a stagger angle of 30° with a

pitch-chord ratio of 1.0. The momentum thickness-chord ratio is

0.031. The nominal value of the incidence is 5°. Determine:

(a) the cascade blade angles,

(b) the nominal air angles,

(c) stagnation pressure loss coefficient,

(d) drag coefficient, and(e) the lift coefficient.

Solution:

(a) For a circular are camber line

c1 = c2

Equations (8.63) and (8.64) give

a ¢1 + a ¢2 = 2g = 2 ¥ 30 = 60°

Equation (8.62) gives

a ¢1 – a ¢2 = q = 25°

Therefore, the blade angles are

a ¢1 = 42.5°

a ¢2 = 17.5° (Ans.)

(b) i* = 5°

From Eq. (8.65)

i* = a*1 – a ¢1

a*1 = a ¢1 + i* = 42.5 + 5

a*1 = 47.5° (Ans.)

Nominal exit air angle is determined from Eq. (8.116).

tan a*1 – tan a*2 = 
155

15

.

. /s l

tan a*2 = tan a*1 – 1.55/2.5

tan a*2 = tan 47.5 – 0.62 = 1.091 – 0.62 = 0.471

a*2 = 25.23° (Ans.)
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(c) Equation (8.107) gives

Y = 2 
q a

al

l

s

F
H

I
K
F
H

I
K

cos

cos

*

*

2
1

3
2

The momentum-thickness-chord ratio is given as q /l = 0.031.

Therefore,

Y = 2 ¥ 0.031 ¥ 1 ¥ 
cos .

cos .

2

3

47 5

2523
 = 

0 062 0 456

0 74

. .

.

¥

Y = 0.0382 (Ans.)

(d) The mean air angle is

tan am = 
1

2
 (tan a1 + tan a2) [Eq. (8.73)]

tan am = 
1

2
 (tan 47.5 + tan 25.23) = 0.781

am = 38°

CD = 
s

l
 Y 

cos

cos

3

2
1

a

a
m [Eq. (8.92)]

CD = 1 ¥ 0.0382 (cos3 38/cos2 47.5)

CD = 0.041 (Ans.)

(e) CL = 2
s

l

F
H

I
K  (tan a1 – tan a2) cos am – CD tan am

CL = 2 ¥ 1 ¥ (tan 47.5 – tan 25.23) cos 38 – 0.041 tan 38

CL = 0.947 (Ans.)

8.4 A blower type annular cascade tunnel has 15 cm long blades on a

mean diameter of 50 cm. The maximum velocity upstream of the

cascade is expected to be 100 m/s. The total stagnation pressure

loss in the tunnel is 10% of the dynamic head in the test section.

Determine: (a) the total pressure developed by the blower (b) its

discharge and (c) the power required to drive it. Take test section

conditions as t = 35°C and p = 1.02 bar and an overall blower

efficiency of 65%.

Which type of blower do you recommend for this application?

What method do you recommend for varying the test section

velocity?

Solution:

T = 273 + 35 = 308 K

r = 
p

RT
 = 

102 10

287 308

5. ¥

¥
 = 1.154 kg/m3
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(a) the stagnation pressure rise (Dp0) across the blower less the

loss equals the dynamic head in the test section.

Dp0 – loss = 
1

2
 rc

2

Dp0 – 0.1
1

2
2rc

F
H

I
K = 

1

2
 rc2

Dp0 = 1.1 ¥ 0.5 ¥ 1.154 ¥ 1002 = 6347 N/m2

Dp0 = 6347/9.81 = 647 mm W.G. (Ans.)

(b) Ignoring the blade thickness the annulus cross-sectional

area is

A = pdh

A = p ¥ 0.5 ¥ 0.15 = 0.2356 m
2

Q = cA = 100 ¥ 0.2356 = 23.56 m3/s

Q = 60 ¥ 23.56 = 1413.6 m3/min (Ans.)

(c) The power required to drive the blower is

P = Q Dp0/h0

P = 23.56 ¥ 6347/1000 ¥ 0.6

P = 249.2 (say 250) kW (Ans.)

(d) A single stage centrifugal blower with radial blades or a multi-

stage axial blower. (Ans.)

(e) Air can be bypassed through an exit located between the

blower exit and the settling chamber.

8.5 The radial cascade in Question 8.11 requires Mach number of 0.7

in its test section (upstream of the cascade). In this case air is

supplied to the tunnel by a turbo compressor of efficiency = 0.65.

Determine

(a) pressure ratio of the compressor,

(b) stagnation pressure in the settling chamber,

(c) static pressure, temperature and velocity of air in the test

section,

(d) mass flow rate, and

(e) the power required to drive the air compressor.

Assume isentropic flow downstream of the compressor exit.

Atmospheric conditions at the compressor entry are

pa = 1.013 bar, Ta = 306 K. Take g = 1.4 and cp = 1.008 kJ/kg K

for air.
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Solution:

Let subscripts t represent quantities in the test section, and 1 and

2 entry and exit of the compressor.

From isentropic gas tables at M = 0.7 (for g = 1.4)

p

p
t

0

= 0.721, 
T

T
t

0

 = 0.911

Here, p01 = pa, p02 = po and To2 = To, To1 = Ta Since the flow is

isentropic after compressor exit, state of air in the settling chamber

is same as at compressor exit. Therefore,

(a)
p

p
02

01

= 
p

pa

02  = pr = 
1

0 721.
 = 1.387 (Ans.)

(b) po2 = 1.387 ¥ pa = 1.387 ¥ 1.013 = 1.405 bar (Ans.)

(c) Actual temperature rise in the air compressor is

To2 – To1 = 
1

hc

 (To2s – To1) = 
T

c

01

h
 (pr

(g -1)/g – 1)

To2 – To1 = 
306

0 65.
 (1.3870.2857 – 1) = 46.125

To2 = To1 + 46.125 = 306 + 46.125 = 352.125 K

Now,
T

T
t

02

= 0.911, 
p

p
t

02

 = 0.721, therefore, test section

conditions are given by

Tt = 0.911 ¥ 352.125 = 320.785 K Ans.

pt = 0.721 ¥ 1.405 = 1.013 bar Ans.

ct = Mt (gRTt)
1/2

ct = 0.7 ¥ (1.4 ¥ 288 ¥ 320.785)1/2 = 251.747 m/s (Ans.)

(d) See fig. 8.41 for velocity triangle

cr = ct sin a

cr = 251.747 ¥ 0.5 = 125.87 m/s

rt = 
p

RT
t

t

 = 
1013 10

288 320 785

5.

.

¥

¥
 = 1.0965 kg /m3

&m = rt At cr

At = pdb = p ¥ .45 ¥ 0.1 = 0.1414 m3

&m = 1.0965 ¥ 125.87 ¥ 0.1414

&m = 19.515 kg/s (Ans.)
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(e) P =  m  cp (THP
 � T

HI
)

P = 19.515 ´ 1.008 ´ 46.125

P = 907.33 kW (Ans.)

�Ø Questions and Problems

VFI Draw a neat and illustrative sketch of a straight cascade tunnel and

explain its working. How is the degree of incidence varied?

VFP (a) Explain how the mass flow weighted average values of the

exit air angle and the stagnation pressure loss for a cascade are

obtained experimentally?

(b) What are the various parameters that affect the losses in the

cascade of blades of axial machines?

(c) Show graphically the variation of compressor cascade losses

with incidence, the Reynolds number and Mach number.

VFQ Describe the working of the annular suction and the blower type

cascade tunnels for axial machines. What are their advantages over

the straight type?

VFR Explain with the aid of an illustrative sketch the working of an

outward flow radial cascade. How is swirling flow at different air

angles supplied to such a cascade?

VFS Show inlet, mean and outlet velocity triangles, and the lift, drag,

axial and tangential forces acting on a turbine blade. Prove that:

(a)
F

lc

y

1

2
2
2

 = 2 
s

l

%
'

(
0  cosP 

P
 (tan 

I
 + tan 

P
)

(b)
F

lc

x

1

2 2
2

 = 
s

l
 cosP 

P
 (tanP 

P
 � tanP 

I
) + 

s

l
 Y

(c) CL = 2 
s

l

%
'

(
0  cos m (tan 

I
 + tan 

P
) + 

s

l
 Y 

cos

cos

2

2
2

m  sin m

(d) CD = Y 
s

l
m%

'
(
0

cos

cos

3

2
2

(e) Tangential force /maximum tangential force

= 2 
s

b

%
'

(
0  cosP 

P
 (tan 

I
 + tan 

P
)
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8.6 What is secondary flow in the axial turbine and compressor cas-

cades? How does it lead to a loss of energy? How is it estimated?

8.7 (a) Draw a sketch of an axial flow compressor cascade. Show the

stagger angle, incidence (positive and negative) and deviation

angles. Prove that:

e = q + i – d

(b) How are the nominal values of deviation and deflection for a

compressor cascade obtained?

8.8 Prove the following relations for an axial compressor cascade:

(a) Pressure recovery coefficient = 1 – Y +
F

HG
I

KJ
cos

cos

2
1

2
2

a

a

(b) Cascade efficiency = 1 – 2 
C

C
D

L

 cosec 2am

(c) CL = 2
s

l

F
H

I
K  (tan a1 – tan a2) cos am – CD tan am

(d) CD = Y
s

l
mF

H
I
K

cos

cos

3

2
1

a

a

8.9 Draw the following for axial flow compressor and turbine cascades:

(a) typical static pressure and velocity distribution curves around

the blades, and

(b) velocity and direction profiles at the cascade exit.

(c) What are positive and negative stalling of turbine and comp-

ressor blades? How are they caused?

8.10 The average velocity of air at the exit of a turbine blade (a1 = 40°,

a2 = 65°) cascade is 100 m/s (r = 1.25 kg/m3). The pitch-chord

ratio of the cascade is 0.91. The average loss in the stagnation

pressure across the cascade is equivalent to 17.5 mm W.G..

Determine for this cascade:

(a) the pressure loss coefficient,

(b) the drag coefficient,

(c) the lift coefficient,

(d) tangential and axial force coefficients, and

(e) the pitch-chord ratio according to Zweifel’s criterion.

(Ans.) (a) Y = 0.0275 (b) CD = 0.082

(c) CL = 4.608 (d) CFy = 0.972, CFx = 0.656

(e) s/b = 0.752.
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8.11 An outward flow radial cascade is arranged between diameters of

90 cm and 45 cm, The width of the cascade at the entry is 10 cm.

The maximum velocity of air at the entry of the cascade is 75 m/

s at a swirl angle of 30°.

Determine the capacity of the blower and the power required to

drive it; assume 7% of the head developed by the blower as lost.

Take the state of air in the test section as t = 29°C and p = 1.015

bar.

Answer: Dp0 = 360 mm W.G., Q = 318 m3/min;

P = 30 kW (with h0 = 62%).

8.12 (a) How is the mean value of the exit air angle for a cascade of

blades for incompressible flow defined? Write down the

formula.

(b) Data for an axial flow turbine cascade is given below:

Blade inlet angle = 35°

Flow deflection = 91°

Incidence = 4°

Deviation = 3°

Blade camber line is a circular arc : Draw three blades of this

cascade and show flow angles, incidence and deviation.

Calculate:

(i) Camber angles at entry and exit,

(ii) Air angles at entry and exit,

(iii) Stagger angle of the blades

(iv) Mean flow angle through the cascade. State the assumptions

used.

(Ans.) (i) c1 = c2 = 45° (ii) a1 = 39°, a2 = 52°

(iii) g = 10° (iv) am = 13.23°

8.13 The annular wind tunnel in Ex. 8.4 is modified to a ninety degree

sector for reducing the power requirement. The maximum value of

the Mach number at the inlet of the cascade is 0.60. Air is supplied

to the tunnel by a compressor which takes in atmospheric air at

pa = 1.013 bar, Ta = 306 K. calculate

(a) pressure ratio of the compressor,

(b) stagnation pressure in the settling chamber,

(c) static pressure, temperature and velocity of air in the annular

test section,

(d) mass flow rate of air, and
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(e) the power required to drive the compressor,

(f) compressor power when the entire 360 degrees annulus is

used.

Assume isentropic flow throughout. Take g = 1.4 and cp =

1.008 kJ/kgK for air.

(Ans.) (a) pr = 1.2775 (b) po = 1.294 bar (c) p = 1.013 bar,

T = 306 K, c = 210.75 m/s (d) &m  = 14.2685 kg/s (e) P =

319.35 kW (f) P = 1277.4 kW.



Chapter W

Axial Turbine Stages

�
arious aspects of work and efficiencies in turbine stages were

discussed in Sec. 2.5. The ideal and actual values of the turbine work

and the stage efficiency were defined and the difference between the total

to total and total to static efficiencies explained.

Some thermodynamic aspects of the gas and steam turbine plants were

discussed in Chapters 3 and 4 respectively, without going into the

aerothermodynamics of the flow processes occurring in the turbine

stages.

The nature of flow through turbine blade rows (cascades) explaining the

mechanism of developing tangential thrust was described in Chapter 8

(Secs. 8.1 to 8.4). Some methods of estimating the losses in blade rows

were also given. However, the flow was considered to be only through

stationary blade rows. The nomenclature of the individual turbine blades

and their rows was introduced and the geometries of the blade rows and

the flow through them also described.

This chapter deals with the aerothermodynamicsUD2PVUDQHH of the flow in

actual and complete turbine stages. The flow phenomenon occurring in

rotor blade rows as observed by an observer moving with the rotor is not

much different from that discussed in Sec. 8.4. Therefore, the material

covered in that section is fully valid for blade rows in actual turbine

stages.

In a majority of cases a velocity triangle at a given section is drawn at

the mean radius of the blade row. This either represents mean values of

the velocities and angles for the blade row which are obtained as

explained in Chapter 8 or it is assumed that the flow is one dimensional

at the section under consideration. Variations in blade and flow

parameters along the blade height are considered in Sec. 9.9 on three-

dimensional flow.

�Ø  9.1 Stage Velocity Triangles

A brief reference to velocity triangles has been given in section 1.16.

Equation (1.5) gives the method of drawing velocity triangles. The

notation used here corresponds to the x-y coordinates; the suffix x
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identifies components in the axial direction and the suffix y refers to the

tangential direction.

Air angles in the absolute system are denoted by alpha (a), whereas

those in the relative system are represented by beta (b).

Figure 9.1 gives the velocity triangles at the entry and exit of a general

turbine stage. Since the stage is axial, the change in the mean diameter

between its entry and exit is negligible. Therefore, the peripheral or

tangential velocity (u) remains constant in the velocity triangles.

Axial and tangential components of both absolute and relative

velocities are shown in the figure. Static and stagnation values of pressure

and enthalpy in the absolute and relative systems are also shown.

The following useful trignometrical relations are obtained from the

velocity triangles in Fig. 9.1.

Station

c3

w2

c2

Station

Station

Station

Nozzle
blades

Rotor
blades

w3

3

2

2

1

a3

b3

a2

a1

b2

cy3

cx3

cx2

cy1

cx1c1

wy2
u

cy2

p p p3 03 03rel, ,

p p p2 02 02rel, ,

p p h h1 01 1 01, , ,

h h h3 03 03rel, ,

h h h2 02 02rel, ,

u

wy3

Fig. 9.1 Velocity triangles for a turbine stage
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cx2 = c2 cos a2 = w2 cos b2 (9.1)

cy2 = c2 sin a2 = wy2 + u = w2 sin b2 + u (9.2)

u

sin ( )a b2 2-
= 

c2

290sin ( )+ b
 = 

c2

2cos b

u

c2

= 
sin ( )

cos

a b

b
2 2

2

-
(9.3)

cx 3 = w3 cos b3 = c3 cos a3 (9.4)

cy3 = c3 sin a3 = wy3 – u = w3 sin b3 – u (9.5)

cy2 + cy3 = c2 sin a2 + c3 sin a3

cy2 + cy3 = (w2 sin b2 + u) + (w3 sin b3 – u)

cy2 + cy3 = w2 sin b2 + w3 sin b3 (9.6)

cy2 + cy3 = wy2 + wy3

It is often assumed that the axial velocity component remains constant

through the stage. For such a condition

cx = cx1 = cx2 = cx3

cx = c1 cos a1 = c2 cos a2

= w2 cos b2 = c3 cos a3 = w3 cos b3 (9.7)

Equation (9.6) for constant axial velocity yields a useful relation:

tan a2 + tan a3 = tan b2 + tan b3 (9.8)

9.1.1 Work

How various forces and torque are exerted on the rotor blades by the fluid

flowing through them was explained in detail in Chapters 6 and 8. Though

forces and torques are exerted on both stationary and moving blades alike,

work can only be done on the moving rotor blades. Thus the rotor blades

transfer energy from the fluid to the shaft. The differences between

Euler’s, isentropic and actual values of the work also have been explained

in Secs. 6.9.3, 6.9.4 and 6.9.5 respectivley.

In the present system of notation, Eq. (6.148b) for the stage work in an

axial turbine (u3 = u2 = u), can be written as

w = u {cy2 – (– cy3)}

w = u (cy2 + cy3)* (9.9)

* In general, Eq. (9.9) will be written with a minus sign between cy 2 and
cy 3. Whenever this is written with a plus sign it is implied that cy 3 is
negative.
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This equation can also be expressed in another useful form.

w = u2 
c

u

c

u

y y2 3+
F

HG
I

KJ

The first term (cy2/u) in the bracket depends on the nozzle or flixed

blade angle a2 and the ratio s = u/c2. The contribution of the second term

(cy3/u) to the work is generally small. It is also observed that the kinetic

energy of the fluid leaving the stage is greater for larger values of cy3. The

leaving loss from the stage is minimum when cy3 = 0, i.e. when the

discharge from the stage is axial (c3 = cx 3). However, this condition gives

lesser stage work as can be seen from Eqs. (9.9) and (9.10).

If the swirl at the exit of the stage is zero; i.e. cy3 = 0, Eq. (9.10) yields

wcy 3 = 0 = 
c

u

y2F

HG
I

KJ
u2

wcy 3 = 0 = 
c

u
2 2sin aF

HG
I
KJ

u2

wcy 3 = 0 = 
sin a

s
2F

HG
I
KJ

u2 (9.11)

9.1.2 Blade Loading and Flow Coefficients

Various dimensionless parameters for turbomachines have been developed

in Chapter 7. The loading coefficient (y) and the flow coefficient have

been defined as

y = 
w

u2
(9.12)

f = 
c

u
x (9.13)

Since the work in Eq. (9.12) is frequently referred to as the blade or

stage work, the coefficient y would also be known as the blade or stage

loading coefficient.

Equation (9.9) along with Eqs. (9.12) and (9.13) for constant axial

velocity gives

y = f (tan a2 + tan a3) = f (tan b2 + tan b3) (9.14)

The f – y plots (see Sec. 7.6) are useful in comparing the

performances of various stages of different sizes and geometries. This

will be discussed further in later sections.
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9.1.3 Blade and Stage Efficiencies

While the blade and stage works (outputs) are the same, the blade and stage

efficiencies are not equal. This is because the energy inputs to the rotor

blades and the stage (fixed blade ring plus the rotor) are different. The

blade efficiency is also known as the utilization factor (e) which is an index

of the energy utilizing capability of the rotor blades. Thus

e = hb = 
rotor blade work

energy supplied to the rotor blades
 = 

w

ei

(9.14a)

Section 6.9.2 gives the blade work as the sum of changes in the various

kinetic energies.

w = u2cy2 – u3 cy3

= 
1

2
 (c2

2 – c2
3) + 

1

2
 (u2

2 – u2
3) + 

1

2
 (w2

3 – w2
2) (9.15)

[see Eq. (6.153a)]

The energy supplied to the rotor blades is the absolute kinetic energy

in the jet at the entry plus the kinetic energy change within the rotor

blades.

ei = 
1

2
 c2

2 + 
1

2
 (w2

3 – w2
2) + 

1

2
 (u2

2 – u2
3) (9.16)

Putting Eqs. (9.15) and (9.16) into Eq. (9.14a), we get

e = hb = 
( ) ( ) ( )

( ) ( )

c c u u w w

c w w u u

2
2

3
2

2
2

3
2

3
2

2
2

2
2

3
2

2
2

2
2

3
2

- + - + -

+ - + -
(9.17)

For axial machines, u = u2 = u3,

e = hb = 
( ) ( )

( )

c c w w

c w w

2
2

3
2

3
2

2
2

2
2

3
2

2
2

- + -

+ -
(9.18)

To avoid confusion between the blade and stage efficiencies, the term

utilization factor (e) will be used in place of blade efficiency hereafter.

A stage has been defined in Sec. 1.7. The rows of nozzle and rotor

blades between stations one and two, and two and three respectively have

been represented by the blades shown in Fig. 9.1.

As pointed out earlier, the stage output is the same as the rotor blade

work and is given by Eqs. (9.9), (9.10) and (9.15), but the energy input

to the stage is different from the input to the rotor blades. Besides this, the

stage efficiency (see Sec. 2.5, Eqs. (2.107) and (2.112)) is not defined on

the same lines as the utilizatin factor. The stage efficiency (hst) takes into

account the aerodynamic losses (Sec. 8.4.5) occurring in the fixed and

moving blade rows of the stage.



350 Turbines, Compressors and Fans

•Ø  9.2 Single Impulse Stage

A single stage impulse turbine is shown in Fig. 9.2. As pointed out in Sec.

1.12, there is no change in the static pressure through the rotor of an

impulse machine. The variation of pressure and velocity of the fluid

through the stage is also shown in Fig. 9.2.

Velocity

Pressure

p
c

N R

Fig. 9.2 Variation of pressure and velocity through a single stage

impulse turbine

The absolute velocity of the fluid increases corresponding to the

pressure drop through the nozzle blade row in which only transformation

of energy occurs. The transfer of energy occurs only across the rotor blade

row. Therefore, the absolute fluid velocity decreases through this as

shown in the figure.

The velocity triangles for a single impulse stage are shown in Fig. 9.3

(a). In the absence of any pressure drop through the rotor blades the

relative velocities at their entry and exit are the same (w2 = w3) for

fricitionless flow. To obtain this condition the rotor blade angles must be

equal. Therefore, the utilization factor is given by

e = 
u c c

c

y y( )2 3

2
21

2

+

Substituting from Eq. (9.6) and noting

w2 = w3, b2 = b3, we get
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e = 4 uw2 sin b2/c2
2

From the velocity triangle at the entry (Fig. 9.3 (a)),

e = 4u (c2 sin a2 – u)/c2
2

Putting s = u/c2 and rearranging,

hb = e = 4 (s sin a2 – s2) (9.19)

w2
c2

u

cy2

cy3

c3

a3

a2

b3

b2

u

w kw3 2=

Fig. 9.3 (a) Velocity triangles for a single impulse stage with

negative swirl at exit

This shows that the utilization factor is a function of the blade-to-gas

speed ratio and the nozzle angle.

e = f (s, a2)

The value of s corresponding to maximum utilization can be

determined. For given value of a 2, differentiatig Eq. (9.19),

d

d

e
s

= sin a2 – 2s = 0

sopt = 
u

c2

 = 
1

2
 sin a2 (9.20)

c2 sin a2 = cy 2 = 2u (9.21)

Equations (9.2) and (9.21) give

w2 sin b2 = w3 sin b3 = u (9.22)

Substituting this in Eq. (9.5) yields cy3 = 0. This requries the exit from

the stage in the axial direction, i.e. c3 = cx3. This result can also be

obtained by mere physical interpretation of the mechanics of flow.
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Combining Eq. (9.20) and (9.11),

wcy3 = 0 = wopt = 2 u2 (9.23)

Velocity traingles to satisfy these conditions are shown in Fig. 9.3(b).

The combination of Eqs. (9.19) and (9.20) gives

emax = sin2 a2 (9.24)

cx

cx

w2

c2

u u
c uy2 = 2

cy3 = 0

w w3 2=

u

b3

a2

b2

Fig. 9.3 (b) Velocity triangles for a single impulse stage with

maximum utilization factor

The rotor blade angles can also be determined for these conditions

tan b3 = tan b2 = 
u

c2 3cosa

Substituting from Eq. (9.20),

tan b3 = tan b2 = 
1

2
 tan a2 (9.25)

Thus for maximum utilization factor, the rotor blade air angles are fixed

by the nozzle air angle at exit.

•Ø  9.3 Multi-stage Velocity-compounded

Impulse

When the pressure drop available is large, it cannot all be used in one

turbine stage. A single stage utilizing a large pressure drop will have an

impractically high peripheral speed of its rotor. This would lead to either

a larger diameter or a very high rotational speed. Therefore, machines

with large pressure drops employ more than one stage.
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One of the methods to employ multi-stage expansion in impulse turbines

is to generate high velocity of the fluid by causing it to expand through a

large pressure drop in the nozzle blade row. This high velocity fluid then

transfers its energy in a number of stages by employing many rotor blade

rows separated by rows of fixed guide blades. A two-stage velocity

compounded impulse turbine is shown in Fig. 9.4. The decrease in the

absolute velocity of the fluid across the two rotor blade rows (R1 and R2)

is due to the energy transfer; the slight decrease in the fluid velocity

through the fixed guide blades (F) is due to losses. Since the turbine is of

the impulse type, the pressure of the fluid remains constant after its

expansion in the nozzle blade row. Such stages are referred to as velocity

or Curtis stages.

Velocity

Pressure

p

c

N FR1 R2

Fig. 9.4 Variation of pressure and velocity through a two-stage

velocity compounded impulse trubine

Figure 9.5 shows the velocity triangles for the aforementioned turbine.

For the utilization factor to be maximum, the exit from the last stage

(in this case the second-stage rotor) must be in the axial direction, i.e.

a ¢3 = 0 and c ¢3 = cx.

The following two assumptions are made for this turbine:

1. Equiangular flow through rotor and guide blades

b2 = b3; a3 = a ¢2; b ¢2 = b ¢3
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2. Frictionless flow over the blades

w2 = w3; c3 = c ¢2; w¢2 = w ¢3
For maximum utilization factor, c¢y3 = 0 and

u = w ¢3 sin b ¢3 = w¢2 sin b ¢2 (9.26)

c¢y2 = 2u = c ¢2 sin a ¢2 = c3 sin a3 (9.27)

cy3 = 3u = w3 sin b3 = w2 sin b2 (9.28)

cy2 = c2 sin a2 = w2 sin b2 + u

u

w w¢ ¢3 2=

cy3 = 0

c c¢3 = x

cx

cx

w2

c2

c uy2 = 4
3u u

a2

a3

a ¢2

b ¢2

b ¢3

b3

b2

w w3 2=

cx

u c uy3 = 2

c3

a ¢3 = 0

w ¢2
c c¢2 3=

u u

c uy2 = 2

Fig. 9.5 Velocity triangles for a two-stage velocity compounded

impulse turbine with maximum utilization factor
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Substituting from Eq. (9.28),

c2 sin a2 = 4u

sopt. = u/c2 = 
1

4
 sin a2 (9.29)

Similarly, for a three-stage velocity compounded turbine

sopt = 
1

6
 sin a2

Thus for n velocity stages,

sopt = 
1

2n
 sin a2 (9.30)

Values of work in the first and second stages, from Eq. (9.6) are given

by

wI = u (w2 sin b 2 + w3 sin b 3)

wII = u (w ¢2 sin b ¢2 + w¢3 sin b ¢3)

From assumptions 1 and 2,

wI = 2uw2 sin b 2

From Eq. (9.28)

wI = 6u2 (9.31)

This expression can also be written directly from the velocity triangles

shown in Fig. 9.5.

Similiarly Eq. (9.26) gives

wII = 2uw1
2 sin b ¢2

wII = 2u2 (9.32)

The total work of the velocity compounded impulse turbine (with two

stages) is

wI + wII = 8u2 (9.33)

The expressions in Eqs. (9.31), (9.32) and (9.33) can be represented by

the following general relations.

If the number of velocity stages is n with individual stages identified

by i = 1, i = 2, . . . , i = n, then the work done by the ith stage is given

by

wi = 2 {2 (n – i) + 1} u2 (9.34)

The total turbine work with n velocity stages is given by

wT = wi

i

n

= 1

Â = 2n2 u2 (9.35)



356 Turbines, Compressors and Fans

Since the turbine is of the impulse type, the input energy is equal to

1

2
 c2

2. Therefore, the utilization factor from Eq. (9.35) is

emax = 
w

c

T

1

2 2
2

 = 4n
2
 

u

c2

2
F
HG

I
KJ

emax = 4n
2s 2

(9.36)

Equations (9.30) and (9.36) yield

emax = sin2 a 2

This shows that the maximum value of the utilizations factor for a

given value of the nozzle angle remains unaltered with the number of

velocity stages under the assumed conditions.

Values in Table 9.1 have been computed from Eqs. (9.30), (9.34),

(9.35) and (9.36). It is observed that the turbine work in the velocity

stages increases drastically by employing more velocity stages. This is a

great advantage because the pressure of the steam (or gas) is reduced

quickly. This gives a much smaller number of stages, reduces the overall

turbine length and only a small part of the turbine casing is subjected to

high steam pressure. However, the work in the subsequent velocity stages

goes on decreasing, e.g., the third stage in the three-stage turbine only

produces one-ninth of the total work. Therefore, velocity stages beyond

three are of no practical value.

As stated in Sec. 1.15, the pressure ratios across gas turbines are much

lower as compared to steam turbines. Therefore, the problem of reducing

Table 9.1 Values of Stage and Turbine Work, Blade-to-Gas Speed

Ratio and Maximum Utillization Factor for Velocity Com-

pounded Impulse Turbine

n
Work

= = = = =i i i i i wT1 2 3 4 5
sopt emax

1 2u2 2u2 1

2
 sin a 2 sin2 a2

2 6u2 2u2 8u2 1

4
 sin a 2 sin2 a2

3 10u2 6u2 2u2 18u2 1

6
 sin a 2 sin2 a 2

4 14u2 10u2 6u2 2u2 32u2 1

8
 sin a 2 sin2 a 2

5 18u2 14u2 10u2 6u2 2u2 50u2 1

10
 sin a2 sin2 a 2



Axial Turbine Stages 357

the gas pressure quickly in the casings of gas turbines is not so serious.

Besides this the losses in the velocity stages are higher compared to the

reaction stages. Therefore, velocity staging has little to offer in the field

of gas turbines except in some special applications.

•Ø  9.4 Multi-stage Pressure-compounded

Impulse

There are two major problems in velocity-compounded stages: (1) the

nozzles have to be of the convergent-divergent type for generating high

(supersonic) steam velocity. This results in a more expensive and difficult

design of the nozzle blade rows; and (2) high velocity at the nozzle exit

leads to higher cascade losses. Shock waves are generated if the flow is

supersonic which further increase the losses.

To avoid these problems, another method of utilizing a high pressure

ratio is employed in which the total pressure drop is divided into a number

of impulse stages. These are known as pressure-compounded or Rateau

stages. On account of the comparatively lower pressure dop, the nozzle

blade rows are subsonic (M < 1). Therefore, such a stage does not suffer

from the disabilities of the velocity stages. Figure 9.6 (a) shows the

variation of pressure and velocity of steam through the two pressure

Velocity

Pressure

p

c

N1 N2R1 R2

Fig. 9.6 (a) Variation of pressure and velocity through a two-stage

pressure-compounded impulse turbine
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stages of an impulse turbine. This is equivalent to using two stages of the

type shown in Fig. 9.2 in series. Velocity triangles for two Rateau stages,

each having an axial exit are shown in Fig. 9.6 (b); the nozzle blades in

each stage receive flow in the axial direction.

c2
w2

u

First stage
nozzle ring

Second stage
nozzle ring

c c= x2

w w=3 2

u

w ¢2
c ¢2

u

u

w w¢ ¢=3 2 c c¢ = x3

Fig. 9.6 (b) Velocity triangles for a two-stage pressure-compo-

unded impulse turbine

Some designers employ pressure stages up to the last stage. This gives

a turbine of shorter length as compared to the reaction type, with a penalty

on efficiency.

•Ø  9.5 Reaction Stages

A brief introduction of reaction stages and the degree of reaction is given

in Sec. 1.13. Figure 9.7 shows two reaction stages and the variation of
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pressure and velocity of the gas in them. The gas pressure decreases

continuously over both fixed and moving rows of blades. Since the

pressure drop in each stage is smaller as compared to the impulse stages,

the gas velocities are relatively low. Besides this the flow is accelerating

throughout. These factors make the reaction stages aerodynamically more

efficient though the tip leakage loss is increased on account of the

relatively higher pressure difference across the rotor blades.

Velocity

Pressure

p

c

F1 F2R1 R2

Fig. 9.7 Variation of pressure and velocity through a two-stage

reaction turbine

Multi-stage reaction turbines employ a large pressure drop by dividing

it to smaller values in individual stages. Thus the reaction stages are like

the pressure-compounded stages (Sec. 9.4) with a new element of

“reaction” introduced in them, i.e. of accelerating the flow through rotor

blade rows also.

9.5.1 Enthalpy-entropy Diagram

Figure 9.8 shows the enthalpy-entropy diagram for flow through a general

turbine stage with some degree of reaction. This should be studied along

with the velocity triangles in Fig. 9.1. Both static and stagnation values of

the pressures and enthalpies are indicated at various stations.

In general, the gas approaches the stage with a finite velocity (c1).

Therefore, the values of pressures p1 and p01 and enthalpies h1 and h01
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have been differentiated. The relation between the static and stagnation

values has been explained in Sec. 2.2.

The reversible adiabatic (isentropic) expansion of the gas through fixed

and moving rows of blades is represented by processes 1-2s and 2s-3ss

respectively. Stagnation points 0I and 0Qss are defined by the following

relations:

hHI = hI + 
1

2
 cPI (9.37)

hHQss = hQss + 
1

2
 cPQss (9.38)

The ideal work in the stage is given by

w
s

= hHI � hHQss = c
p
 (THI � THQss) (9.39)

Fig. 9.8 Enthalpy-entropy diagram for flow through a turbine

stage
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The actual expansion process (irreversible adiabatic) is represented by

the curve 1-2-3, and the actual states of the gas at the exits of the fixed

and moving blades are represented by points 2 and 3 respectively. Since

there is only energy transformation and no energy transfer (work) between

states 1 and 2, the stagnation enthalpy remains constant.

h01 = h02 = h2 + 
1

2
 c2

2 (9.40)

The loss due to irreversibility (Ds = s2 – s2s) is given by the enthalpy

loss coefficient

x N = 
h h

c

s2 2

2
21

2

-
 = 

2

2
2

c

c

p
 (T2 – T2s) (9.41)

Various losses occurring in turbine blade cascades have already been

described in Sec. 8.4.5.

The stagnation pressure loss coefficient corresponding to Eq. (9.41) is

defined by

YN = 
p p

c

01 02

2
21

2

-

r
 = 

( )D p

c

N0

2
21

2
r

(9.42)

The expansion process (2-3) in the moving blade rows represents both

transformation and transfer of energy. Therefore, the difference in the

absolute stagnation enthalpies at states 2 and 3 gives the actual value of

the stage work.

wa = h02 – h03 = h01 – h03 = cp (T01 – T03) (9.43)

h03 = h3 + 
1

2
 c2

3 (9.44)

However, to an observer moving with the rotor the relative flow appears

as the absolute flow in the nozzle to a stationary observer. Therefore, for

him (in the relative system) the stagnation enthalpy in the moving frame of

coordinates remains constant.

h02rel = h03rel

h2 + 
1

2
 w2

2 = h3 + 
1

2
 w2

3 (9.45)

The enthalpy and pressure losses for the moving row of blades are given

by the following coefficients:

xR = 
h h

w

s3 3

3
21

2

-
 = 

2

3
2

c

w

p
 (T3 – T3s) (9.46)
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YR = 
p p

w

02 03

3
21

2

rel rel-

r
 = 

( )D p

w

R0

3
21

2
r

(9.47)

It can be proved that for most of the applications (M < 1), there is little

difference between the values of the loss coefficients based on enthalpy

and stagnation pressure, i.e. x ª Y.

9.5.2 Degree of Reaction

Degree of reaction of a turbine stage can be defined in a number of ways;

it can be expressed in terms of pressures, velocities, enthalpies or the flow

geometry in the stage.

(a) A definition, on the basis of the isentropic change in the stage, is

given by the following relation:

R = 
isentropic change of enthalpy in the rotor

isentropic change of enthalpy in the stage

R =  

dh

dh

ss

s

ss

3

2

3

1

z

z
 = 

h h

h h
s ss

ss

2 3

1 3

-
-

(9.48)

Assuming r ª constant, Eq. (9.48) can be transformed in terms of

pressures.

Using dh = 
dp

r

R = 

dp

dp

ss

s

ss

r

r

3

2

3

1

z

z
 ª 

dp

dp

ss

s

ss

3

2

3

1

z

z

R = 
p p

p p
2 3

1 3

-
-

(9.49)

(b) The definitions in Eqs. (9.48) and (9.49) are not widely used in

practice. Since the actual enthalpy changes and work are more

important for turbine stages, a definition of the degree of reaction

based on these quantities is more logical and useful.

From the discussions in Sec. 6.9, it may be seen that the change

through the rotor and the total change in the stage are

h2 – h3 = 
1

2
 (w2

3 – w2
2) + 

1

2
 (u2

2 – u2
3) (9.50)
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h01 – h03 = h02 – h03 = (u2cy2 – u3cy3) (9.51)

The ratio of these quantities gives another definition of the degree

of reaction.

R = 
h h

h h
2 3

02 03

-
-

(9.52)

If c1 ª c3,

R = 
h h

h h
2 3

1 3

-
-

(9.53)

Equations (9.50) and (9.51) when substituted in (9.52) yield

R = 

1

2

1

23
2

2
2

2
2

3
2

2 2 3 3

( ) ( )w w u u

u c u cy y

- + -

-
(9.54)

For axial machines, u3 = u2 = u. Therefore, from Fig. 9.1.

R = 
w w

u c cy y

3
2

2
2

2 32

-
+( )

(9.55)

(c) Equation (9.55) can also be expressed in terms of the geometry of

flow through the stage.

From velocity triangles (Fig. 9.1),

w2
2 = c2

x2 + w2
y2

w2
3 = c2

x3 + w2
y3

For constant axial velocity,

w2
3 – w2

2 = w2
y3 – w2

y2 = c2
x (tan2 b3 – tan2 b2) (9.56)

w2
3 – w2

2 = (wy3 + wy2) (wy3 – wy2)

Using Eq. (9.6) and the velocity triangles,

w
2
3 – w

2
2 = cx (cy2 + cy3) (tan b3 – tan b2) (9.57)

Equation (9.57) when put into (9.55) yields a widely used

definition for the degree of reaction.

R = 
c

u
x

2
 (tan b3 – tan b2) (9.58)

But f = 
c

u
x

and Eq. (8.26b) gives

tan bm = 
1

2
 (tan b3 – tan b2),

R = f tan bm (9.59)



364 Turbines, Compressors and Fans

Two more useful relations are obtained assuming cx to be constant.

From the velocity triangle at the entry, Eq. (9.2) can be written as

cx tan a2 = cx tan b2 + u

tan b2 = tan a2 – 
u

cx

(9.60)

Eliminating tan b2 between Eqs. (9.58) and (9.60), and rear-

ranging,

R = 
1

2
 + 

c

u
x

2
 (tan b3 – tan a2) (9.61)

Equation (9.5) can similarly be written as

cx tan a3 = cx tan b3 – u

tan b3 = tan a3 + 
u

cx

(9.62)

Equation (9.62) when substituted in (9.61) gives

R = 1 + 
c

u
x

2
 (tan a3 – tan a2) (9.63)

These relations will be used later.

9.5.3 Zero Degree Reaction Stages

Though a single-stage impulse turbine has already been discussed in

Sec. 9.2, it is further discussed here in the light of the preceding section.

(a) Figure 9.9 shows the enthalpy-entropy diagram for reversible

adiabatic expansion in an impulse stage. Expansion of the gas

occurs only in the nozzle blade row and its thermodynamic state

remains unchanged between stations 2 and 3. Therefore, the air

angles, static pressure and enthalpy at the entry and exit of the

rotor in this stage are the same.

b2 = b3

p2 = p3

h2 = h3

These conditions when put into Eqs. (9.48), (9.49), (9.52), (9.53)

and (9.58) give the degree of reaction as zero. On account of

the reversible nature of flow, such a stage is of no practical

importance.

(b) Figure 9.10 depicts the enthalpy-entropy diagram for irreversible

adiabatic expansion in an impulse stage with equal pressures at the

rotor entry and exit. On account of losses, both in the nozzle and
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rotor blade rows, the gas experiences an increase in entropy.

Therefore, for this stage

p2 = p3

w2 > w3

1

p1

p p= 32
h      h=2 3

2, 3

Entropy

E
n

th
a

lp
y

Fig. 9.9 Zero reaction or impulse stage, enthalpy-entropy diag-

ram for reversible flow286,287

p p= 22

h2

h3

2s

Entropy

E
n
th

a
lp

y

1
2

w3
2

1
2

w2
2

h h02rel 03rel=

3
2

1

p1

Fig. 9.10 Impulse stage (negative degree of reaction), enthalpy-

entropy diagram for irreversible flow286,287
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h2 < h3

b2 > b3

These conditions give the degree of reaction as negative [(Eqs.

(9.52) (9.53), (9.55) and (9.58)]. However, Eq. (9.49) defines such

a stage as impulse.

(c) Figure 9.11 shows the enthalpy-entropy diagram of a real

(adiabatic) and a truly zero reaction stage. Here a small pressure

drop in the rotor compensates for the deceleration of the flow in

the rotor blades (Fig. 9.10). Thus the enthaplies and relative

velocities remain constant between the rotor entry and exit.

1
2

w3
2

1
2

w2
2

1

p1

h h02 03rel rel=

p3

p2

32
2s

h h=2 3

Entropy

E
n

th
a

lp
y

Fig. 9.11 Zero reaction stage, enthalpy-entropy diagram for

irreversible flow286,287

Equation (9.49) for such a stage gives the value of reaction as

postivie, whereas Eqs. (9.52), (9.53), (9.55) and (9.58) yield

R = 0.

9.5.4 Fifty Per Cent Reaction Stages

For fifty per cent degree of reaction, Eq. (9.53) gives

R = 
h h

h h
2 3

1 3

-
-

 = 
1

2
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This gives equal values to the actual enthalpy drops in the fixed and rotor

blade rows (Fig. 9.7).

h1 – h2 = h2 – h3 = 
1

2
 (h1 – h3) (9.64)

Figure 9.12 shows the enthalpy-entropy diagram for such a stage. The

flow and cascade geometries in the fixed and moving blade rows are such

that they provide equal enthalpy drops. This does not imply that the

pressure drops in the two rows are also the same.

1

2
= 

1

2
 + 

c

u
x

2
 (tan b3 – tan a2)

tan b3 = tan a2

b3 = a2 (9.65)

E
n
th

a
lp

y

1

p1

p2

p3

2

Entropy

3

h h h h1 2 1 3– =     ( )-1
2

h h h h2 3 1 3– =     ( )-1
2

Fig. 9.12 Enthalpy-entropy diagram for a 50% reaction stage

this condition, when put into Eq. (9.8), yields

tan b2 = tan a3 (9.66)

b2 = a3
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Equation (9.54) for R = 
1

2
 gives

1

2
 (w2

3 – w2
2) + 

1

2
 (u2

2 – u2
3) = 

1

2
 (u2 cy2 – u3 cy3)

For axial turbines,

(w2
3 – w2

2) = 
1

2
 (c2

2 – c2
3) + 

1

2
 (w2

3 – w2
2)

w2
3 – w2

2 = c2
2 – c2

3 (9.67)

This with Eqs. (9.65) and (9.66) gives

w3 = c2 (9.68)

w2 = c3

Thus it is observed that the velocity triangles at the entry and exit of

a rotor in a fifity per cent reaction turbine are similar. These are shown in

Fig. 9.13.

Utilization factor

Equation (9.68) when put into Eq. (9.18) gives the value of the utilization

factor for the fifty per cent reaction stage.

e = 
2 2

2
3
2

2
2

2
2

3
2

( )

( )

c c

c c c

-

+ -
 = 

c c

c c

2
2

3
2

2
2

3
21

2

-

-

e = 
1

1 2

3
2

2
2

3
2

2
2

-

-

c c

c c

/

/
(9.69)

From the entry velocity triangle in Fig. 9.13,

w2
2 = c2

2 + u2 – 2 uc2 cos (90 – a2)

c2
3 = c2

2 + u2 – 2 u c2 sin a2 (for R = 1/2)

c2
3 /c2

2 = 1 + 
u

c2

2
F
HG

I
KJ

 – 2 
u

c2

F
HG

I
KJ

 sin a2

s = u/c2

c2
3/c

2
2 = 1 + s 2 – 2s sin a2

1 – c2
3/c2

2 = 2 s sin a2 – s2 (9.70)

1 – c2
3/2c2

2 = 
1

2
 (1 + 2s sin a2 – s 2) (9.71)

Equations (9.70) and (9.71) when put into Eq. (9.69) give

e = 2 
2

1 2

2
2

2
2

s a s

s a s

sin

( sin )

-

+ -

L

N
M

O

Q
P
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e = 
2

1
1

2 2
2

+
-s a ssin

(9.72)

Rotor
blade row

Fixed
blade row

cx

cx

u

w c=2 3
c w=2 3

c c= 31

u

w3
c3

b3

a3

a2

b2

Fig. 9.13 Velocity triangles for a 50% reaction stage

The utilization factor is a maximum when the factor (2 s sin a2 – s 2)

is maximum.

d

ds
 (2s sin a2 – s2) = 0

2 sin a2 = 2 s

sopt = 
u

c2

 = sin a2 (9.73)

This condition in Eq. (9.72) gives

emax = 
2

1

2
2

2
2

sin

sin

a

a+
(9.74)

Equation (9.73) gives

u = c2 sin a2 = cy2

Since the entry and exit velocity triangles are symmetrical,

u = w3 sin b3 = wy3
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These relations give right-angled velocity triangles (Fig. 9.14) at the

entry and exit.

b2 = 0

a3 = 0

The exit swirl is zero (cy3 = 0), i.e. the exit from the stage is axial.

The stage work for maximum utilization from Eq. (9.10) or (9.11), or

direct from the velocity triangles (Fig. 9.14) is

wopt = u
2

(9.75)

c uy2 =

c Oy3 =

c2

w3

a2

b3

cx

cx

u

Fig. 9.14 Velocity triangles for a 50% reaction stage at maximum

utilization factor

This is half of the value for a single-stage impulse and one-eighth of the

two-stage velocity compounded impulse type.

Equation (9.55) can be written as

1

2
 (w2

3 – w2
2) = u (cy2 – cy3) R = 

1

2

1

22
2

3
2

3
2

2
2( ) ( )c c w w- + -RS

T
UV
W

R

w2
3 – w2

2 = 
R

R1 -
 (c2

2 – c2
3)

This, when put into Eq. (9.18), gives the utilization factor for an axial

turbine as

e = 

( )

( )

c c
R

R

c
R

R
c c

2
2

3
2

2
2

2
2

3
2

1
1

1

- +
-

F
HG

I
KJ

+
-

-
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This, on simplification, gives a general relation between the utilization

factor and the degree of reaction

e = 
c c

c Rc

2
2

3
2

2
2

3
2

-

-
(9.76)

For R = 1, this equation gives indeterminate value. Therefore, Eq. (9.63)

is used.

9.5.5 Hundred Per Cent Reaction

Hundred per cent degree of reaction implies that the entire change in the

static properties occurs in the rotor. Equation (9.53) for this condition

gives

R = 
h h

h h
2 3

1 3

-
-

 = 1

(h1 = h2)R = 1 (9.77)

Equation (9.55) gives

1

2
 (w2

3 – w2
2) = u (cy2 + cy3)

which shows that the stage work is wholly due to the change in the kinetic

energy occurring in the rotor. Rewriting the quantity on the right hand

side

1

2
 (w

2
3 – w

2
2) = 

1

2
 (c

2
2 – c

2
3) + 

1

2
 (w

2
3 – w

2
2)

(c2 = c3)R = 1 (9.78)

Further Eq. (9.63) gives

(a2 = a3)R = 1 (9.79)

These conditions give the velocity triangles as shown in Fig. 9.15. It is

observed that the rotor blades are highly staggered. On account of the

w2

w3

a2b2

b3

c2

cy2
u

u c c= y2y3

c      c= 23

a a=3 2

Fig. 9.15 Velocity triangles for a 100% reaction turbine stage
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large difference of static pressure across the rotor and high relative

velocity at its exit, the losses are relatively higher.

A stage with a degree of reaction higher than hundred per cent requires

h2 > h1

c2 < c1

a 3 > a2

These conditions show that for such a stage the flow is decelerating in the

nozzle or upstream fixed blades. This is obviously undesirable.

9.5.6 Negative Reaction

A negative degree of reaction in a turbine stage, (as well as R > 100%)

is also undesirable. For such a stage

h3 > h2 [Eq.(9.52)]

w3 < w2 [Eq. (9.55)]

b2 > b3 [Eq. (9.59)]

These conditions will require the diffusion of flow in the rotor blade

row. Such a condition may be accepted only as a “necessary evil” in long

blades where it is necessary to limit the high degree of reaction at the

blade tips.

•Ø  9.6 Blade-to-gas Speed Ratio

In earlier sections, we saw that the stage work and utilization factor were

governed by the blade-to-gas speed ratio parameter (velocity ratio) s = u/c2.

Its value for maximum utilization was determined for some stages.

Efficiencies of the turbine stages can also be plotted against this ratio. Such

plots for some impulse and reaction stages are shown in Fig. 9.16. The

performance of steam turbines is often presented in this form. The curves

in Fig. 9.16 also show the optimum values of the velocity ratio and the

range of off-design for various types of stages. The fifty per cent reaction

stage shows a wider range. Another important aspect that is depicted here

is that in applications where high gas velocities (due to high pressure

ratio) are unavoidable, it is advisable to employ impulse stages to achieve

practical and convenient values of the size and speed of the machine.

Sometimes it is more convenient to use an isentropic velocity ratio.

This is the ratio of the blade velocity and the isentropic gas velocity that

would be obtained in its isentropic expansion through the stage pressure

ratio.

ss = 
u

cs

(9.80)
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1

2
 c2

s = h01 – h03ss (Fig. 9.8)

cs = 2 01 03( )h h ss- (9.81)

For a perfect gas,

cs = 2 101 0

1

c T pp r-F
H

I
K

- g

g (9.82)
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R = 50%

hst

hst

sopt sopt sopt

s = u/c2

e

Fig. 9.16 Variation of utilization factor and stage efficiency with

blade-to-gas speed ratio.

A relation between velocity ratios and the degree of reaction can be

derived for isentropic flow. From Eq. (9.48),

R = 
h h

h h
s ss

ss

2 3

1 3

-
-

 = 1 – 
h h

h h
s

ss

1 2

1 3

-
-

Now h1 – h2s ª 
1

2
 c2

2

h1 – h3ss ª 
1

2
 c2

s

Therefore, R = 1 – 
c

cs

2
2

2
 = 1 – 

( / )

( / )

c u

c us

2
2

2

R = 1 – 
s

s

s
2

2
(9.83)



374 Turbines, Compressors and Fans

For R = 0, s = ss (9.84a)

With a nozzle efficiency hN ,

s = 
1

h N

 s s (9.84b)

For R = 
1

2
s = ÷2 ss (9.85)

•Ø  9.7 Losses and Efficiencies264, 273, 286

Losses occurring in turbine blade rows (stationary or moving) have been

described in Sec. 8.4.5. Besides these losses, additional losses occur in an

actual turbine due to disc and bearing friction.

Figure 9.17 shows the energy flow diagram for the impulse stage of an

axial turbine. Numbers in brackets indicate the order of energy or loss

corresponding to 100 units of isentropic work (h01 – h03ss). It is seen that

the energy reaching the shaft after accounting for stage cascade losses

(nozzle and rotor blade aerodynamic losses) and leaving loss is about 85%

of the ideal value; shaft losses are a negligible proportion of this value.

Secondary
loss

Profile
loss

Annulus
loss

Tip
leakage

loss

Shaft work
(84)

Disc
friction loss

Pumping (for
partial admission)

Bearing
loss

Shaft losses
(1)

Mixing
loss

Expansion
loss

Shear flow
loss

Jet dispersion
loss

Leakage
loss

Ideal stage work
(92)

Annulus
loss

Leaving loss
(3)

Secondary
loss

Profile
loss

Energy at nozzle exit
(95)

Actual stage work
(85)

Partial admission losses

Nozzle aero losses
(5)

Rotor aero losses
(7)

Ideal or isentropic work
(100)

Fig. 9.17 Energy flow diagram for the impulse stage of an axial

turbine

If the turbine is of the partial admission type it incurs additional

losses as shown in the figure. They are discussed separately in Secs

9.10.5 and 9.10.6.
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9.7.1 Stage Losses

Stage losses are related to the flow velocities at the exits of the stationary

and moving blade rows as discussed in Sec. 9.5.1. If these velocities are

known, the magnitude of these losses can be determined from the

knowledge of loss coefficients. The values of loss coefficients are

determined either from cascade tests or theoretical correlations.

Referring to Fig. 9.8, losses in stationary or nozzle blade row are from

Eq. (9.41)

h2 – h2s = xN 
1

2
 c2

2 (9.86)

The slope of the p = constant lines on h-s coordinates is given by

∂

∂

h

s
p

F
HG

I
KJ

= T

Therefore,
h h

s
s2 2-

D
= T2

Ds = 
1

2T
 (h2 – h2s) (9.87)

Similarly, assuming T3s ª T3,

h h

s
s ss3 3-
D

= T3

h3s – h3ss = T3 Ds

Substituting for Ds from Eq. (9.87),

h3s – h3ss = 
T

T
3

2

 (h2 – h2s)

Substituting from Eq. (9.86),

h3s – h3ss = 
T

T
3

2

 xN 
1

2
 c2

2 (9.88)

From Eq. (9.46),

h3 – h3s = xR 
1

2
 w2

3 (9.89)

Now h3 – h3ss = h3 – h3s + (h3s – h3ss)

Substituting from Eqs. (9.88) and (9.89),

h3 – h3ss = xR 
1

2
 w2

3 + 
T

T
3

2

 xN 
1

2
 c2

2
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Assuming c3 ª c3ss,

h03 – h03ss = h3 – h3ss

Therefore,

h03 – h03ss = xR 
1

2
 w2

3 + 
T

T
3

2

 xN 
1

2
 c2

2 (9.90)

9.7.2 Total-to-total Efficiency

Total-to-total and total-to-static efficiencies for turbines have been

defined in Sec. 2.5. The total-to-total efficiency of the stage is similarly

defined by

h tt = 
actual stage work

ideal stage work between total
conditions  at entry and exit

htt = 
w

w
a

s

 = 
h h

h h ss

01 03

01 03

-
-

 = 
u c c

h h

y y

ss

( )2 3

01 03

+

-
(9.91)

htt = 
h h

h h h h ss

01 03

01 03 03 03

-
- + -( ) ( )

h tt = 1 03 03

01 03

1

+
-
-

F
HG

I
KJ

-
h h

h h

ss

Substituting from Eq. (9.90),

h tt = 1

1

2

1

23
2 3

2
2
2

01 03

1

+
+

-

F

H

G
G
G

I

K

J
J
J

-

x xR Nw
T

T
c

h h
(9.92a)

h01 – h03 = u (cy2 + cy3)

The loading coefficient as defined by Eq. (9.12) is given by

y = 
1
2u

 (h01 – h03)

Therefore, h01 – h03 = yu2

htt = 1
1

2
3
2

2

3

2

2
2

2

1

+ +
F

HG
I

KJ
L

N
M
M

O

Q
P
P

-

y
x xR N

w

u

T

T

c

u
(9.92b)
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Equation (9.92a) can also be transformed in terms of the flow coefficient

and air angles.

h tt = 1
2

3
2 3

2
2
2

2 3

1

+
+

+

F

H

G
G
G

I

K

J
J
J

-

x xR N

y y

w
T

T
c

u c c( )

From velocity triangles in Fig. 9.1

htt = 1
2

2 2
3

3

2

2 2
2

2 3

1

+
+

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

x b x a

a b

R x N x

x x

c
T

T
c

u c u c

sec sec

(tan tan / )

h tt = 1
1

2 1
2

2
3

3

2

2
2

2 3

1

+
+

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a

f a b

R N

T

T
sec sec

(tan tan )
(9.92c)

9.7.3 Total-to-static Efficiency

The kinetic energy at the exit of a turbine stage is treated as a loss in the

definition of the total-to-static efficiency.

h ts = 
h h

h h ss

01 03

01 3

-
-

(9.93)

h01 – h3ss = h01 – h03ss + 
1

2
c2

3ss

Putting c3ss = c3,

h01 – h3ss = (h01 – h03) + (h03 – h03ss) + 
1

2
 c

2
3 (9.94)

Substituting this in Eq. (9.93),

h ts = 
h h

h h h h css

01 03

01 03 03 03 3
21

2

-

- + - +( ) ( )

h ts = 1

1

203 03 3
2

01 03

1

+
- +

-

L

N

M
M
M

O

Q

P
P
P

-

h h c

h h

ss
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Substituting from Eq. (9.90),

h ts = 1

1

2

1

2

1

23
2 3

2
2
2

3
2

01 03

1

+
+ +

-

L

N

M
M
M
M

O

Q

P
P
P
P

-

x xR Nw
T

T
c c

h h
(9.95a)

h ts = 1
1

2
3
2

2

3

2

2
2

2

3
2

2
+ + +

F

HG
I

KJ
L

N
M
M

O

Q
P
Py

x xR N

w

u

T

T

c

u

c

u
(9.95b)

The following relation can also be derived employing velocity triangles:

h ts = 1
1

2 1
2

2
3

3

2

2
2

2
3

2 3

1

+
+ +

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a a

f a b

R N

T

T
sec sec sec

(tan tan )
(9.95c)

It should be noted that the value of actual stage work is same in the

expressions for both the efficiencies htt and h ts. It is only the ideal work

that differs in the two cases.

•Ø  9.8 Performance Charts

Performance of various types of gas turbine stages is often presented in

terms of plots of the loading coefficient (y) against the values of the flow

coefficient (f).

9.8.1 Zero Degree Reaction

Equation (9.14) for zero degree reaction (b2 = b3) gives

y = 2f tan b2 = 2f tan b3 (9.96)

At maximum utilization factor (Fig. 9.3b),

tan b3 = 
u

cx

 = 
1

f

Therefore, y = 2 (9.97)

9.8.2 Fifty Per Cent Reaction

Equation (9.60) for R = 
1

2
 (a2 = b3 ) gives

tan b2 = tan a 2 – 
u

cx
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tan b2 = tan b3 – 
1

f

This relation when put in Eq. (9.14) gives

y = 2f tan b3 – 1 = 2f tan a2 – 1 (9.98)

At maximum utilization factor (Fig. 9.14),

y = 1 (9.99)

Equation (9.58) gives

R = 
c

u
x

2
 tan b3 – 

c

u
x

2
 tan b2

For axial exit from the stage,

c

u
x  tan b 3 = 1

Therefore, R = 
1

2
 – 

c

u
x

2
 tan b 2

c

u
x  tan b 2 = 1 – 2R (9.100)

Equation (9.14) gives

y = 
c

u
x  tan b 2 + 

c

u
x  tan b 3

y = 
c

u
x  tan b 2 + 1 = f tan b 2 + 1 (9.101)

This is a general equation for a stage with an axial exit. Equation (9.100)

when put in Eq. (9.101) yields

y = 2 (1 – R) (9.102)

This for R = 0 and R = 1/2 gives the same results as in Eqs. (9.97) and

(9.99) respectively. This is not valid for R = 1 or R < 0 because then the

exit from the stage cannot remain axial. Equation (8.102) shows that the

stage loading decreases with an increase in the degree of reaction.

Figure 9.18 shows the f – y plots for various axial turbine stages.

•Ø  9.9 Low Hub-tip Ratio Stages287

A two-dimensional approach is adequate only when the hub-tip ratio

(dh /dt) of a stage is close to unity. However, when it is too low, the blade

lengths are comparable with the mean diameter of the stage. The

variations of fluid parameters along the blade height (radial direction) in

such stages are considerable and therefore cannot be ignored.
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High power gas turbines require large annulus areas to pass high flow

rates. Therefore, the heights of the blade rows are generally large. Similar

conditions exist in the low pressure stages of large steam turbines; the

hub-tip ratio in some stages is about 0.4.

To take into account the effect of varying fluid properties in the radial

direction, a three-dimensional approach is required for obtaining the

various stage parameters.

9.9.1 Radial Equilibrium Method6,9,11

Axial machine stages are often designed on the basis of the assumption of

“radial equilibrium”of the flow through them. For a given value of the
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Fig. 9.18 Performance charts for various axial turbine stages
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radial pressure gradient 
dp

dr

F
HG

I
KJ

, a condition of the flow is assumed in which

the radial component of the velocity is negligible, i.e. there is no flow

occurring in the radial direction. The streamlines in such a flow do not

experience any radial shift and therefore lie on coaxial cylindrical surfaces

as shown in Fig. 9.19. Such a condition of the flow in an annulus is known

as radial equilibrium.

2 3

cr = 0 cr = 0

r r= t

r r= m

r r= h

cr π 0

Parallel
streamlines

Tip

Hub

Rotor blade row

Fig. 9.19 Flow in radial equilibrium upstream and downstream of

a rotor

Equations of motion for three-dimensional flow in cylindrical coor-

dinates have been given in Sec. 6.3. Euler’s momentum equation in the

radial direction for axisymmetric flow is

cr 
∂

∂

c

r
r  + cx 

∂

∂

c

x
r  – 

c

r
q
2

= – 
1

r

∂

∂

p

r
(9.103)

As explained before, for flow in radial equilibrium

cr = 0 (9.104)

Therefore, from Eq. (9.103),

1

r

dp

dr
= 

c

r
q
2

(9.105)

Equation (9.105) gives the pressure gradient in the flow for radial

equilibrium conditions. The gradient of other quantities in the radial

direction can be determined through stagnation enthalpy.

h0 = h + 
1

2
 c

2
= h + 

1

2
 (c

2
r + c

2
q + c

2
x )
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For radial equilibrium,

h0 = h + 
1

2
 (c2

q + c2
x ) (9.106)

dh

dr
0 = 

dh

dr
 + cq 

dc

dr
q  + cx 

dc

dr
x (9.107)

Entropy and enthalpy gradients can be related to the pressure gradient

through

T ds = dh – 
1

r
 dp

T 
ds

dr
= 

dh

dr
 – 

1

r

dp

dr
(9.108)

Substituting on the right-hand side in Eq. (9.108) from Eqs. (9.105) and

(9.107), and rearranging

cq 
dc

dr
q  + cx 

dc

dr
x  + 

c

r
q
2

 = 
dh

dr
0  – 

Tds

dr
(9.109a)

This is the well-known radial equilibrium equation for axisymmetric

steady flow in turbomachines.

Mathematically, this equation can be reduced to a much simpler form

by assuming constant values of the stagnation enthalpy and entropy in the

radial direction. This gives

dh

dr
0 = 0 and T 

ds

dr
 = 0

Therefore, Eq. (9.109a) becomes

cq 
dc

dr
q  + cx 

dc

dr
x  + 

c

r
q
2

= 0 (9.109b)

1
2 2

2

2 2

r
r c

dc

dr
c r

dr

drq
q

q+
R
S
T

U
V
W

 + 2cx 
dc

dr
x = 0

1
2r

d

dr
 (rcq )2 + 

d

dr
 (cx)2 = 0 (9.109c)

This equation will be used in later sections for analysis of axial flow

turbomachines.

A useful relation for the radial variation of the absolute velocity vector

(c) and its direction is derived here from Eq. (9.109b).

1

2

d

dr
 c

2
q + 

1

2

d

dr
 c

2
x + 

c

r
q
2

= 0

Now c2
q + c2

x = c2

cq = c sin a
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This can be seen from the velocity triangles of Fig. 9.1 noting that, in

the present notation, cq ∫ cy. Therefore,

1

2

d

dr
 (c2

q + c2
x ) + 

c

r
q
2

= 0

1

2

2dc

dr
 + 

c

r

2 2sin a
= 0

dc

c
= – sin

2
 a 

dr

r
(9.110)

This equation can be solved either by assuming a = constant in the

radial direction or through a relation

a = f (r) (9.111)

The initial design of a stage is based on various parameters at the blade

mid-height or the mean blade radius. The three-dimensional design

procedure involves determining stage parameters at other points along the

blade height. Therefore, integrating Eq. (8.110),

dc

c
c

c

m

z = sin2 a
dr

r
r

rm

z

c = cm exp sin2 a
dr

r
r

rm

z (9.112)

This equation along with Eq. (9.111) gives the values of the absolute

velocity vector (c) at various points along the blade height for a given

value of cm.

9.9.2 The Free Vortex Stage

Expressions for the three vorticity components have been given in

Sec. 6.3.3. Equation (6.56) gives the axial component of vorticity for

axisymmetric flow in cylindrical coordinates; this is

z = 
∂

∂
qc

r
 + 

c

r
q (6.56)

This can also be written as

z = 
1

r r

∂
∂

 (rcq ) (9.113)

If this component of vorticity is zero (rcq = const.), the resulting flow

is a “free vortex” flow. By definition, in such a flow, the rotational motion

of the fluid which is not acted upon by a force (by rotor blades or

frictional effect) is governed by

rcq = const. (9.114a)
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This is a convenient condition for designing blade rows of axial turboma-

chines. This, along with the radial equilibrium condition (Fig. 9.19) at the

entry and exit of a blade row, yields its parameters along the radial

direction.

Equation (9.114a) at the rotor entry and exit gives

rh cq 2h = rtcq 2 t = rm cq 2m = C2 (9.114b)

rh cq 3h = rtcq 3 t = rmcq 3m = C3 (9.114c)

Equation (9.114a) when put into Eq. (9.109c)  yields another important

result

d

dr
 (cx)2 = 0

From this it follows that cx = constant along the blade height.

Therefore,

cx 2h = cx 2 t = cx 2m = cx 2 (9.115a)

cx 3h = cx3t = cx3m = cx 3 (9.115b)

Air angles

Absolute and relative air angles can now be determined at rotor entry and

exit. The axial velocity across the rotor is assumed  constant (cx 2 = cx3 =

cx) as before.

Rotor entry

tan a2h = 
c

c
h

x

q 2  = 
C

r ch x

2 (9.116a)

From Eq. (9.60)

tan b2h = tan a2h – 
u

c
h

x

tan b2h = 
C

r ch x

2  – 
u

c
h

x

(9.116b)

Similarly, for the tip section

tan a2 t = 
c

c
t

x

q2  = 
C

r ct x

2 (9.117a)

tan b2 t = 
C

r ct x

2  – 
u

c
t

x

(9.117b)

Rotor exit

tan a3h = 
c

c
h

x

q 3  = 
C

r ch x

3 (9.118a)
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tan b3h = 
C

r ch x

3  + 
u

c
h

x

(9.118b)

tan a3t = 
c

c
t

x

q3  = 
C

r ct x

3 (9.119a)

tan b3t = 
C

r ct x

3  + 
u

c
t

x

(9.119b)

Variations of air angles and velocities along the blade height are shown

in Figs. 9.20 and 9.21 respectively.

rh rm rt
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b2t

b3m

b3h

b2h

b3t

a2t

a2m
a2h

A
ir

 a
n

g
le

s

Distance along the blade height

Fig. 9.20 Variation of air angles along the blade height

Specific work

At a given radial section (r = r) of the rotor-blade ring, the work done per

kilogram of the flow from Eq. (9.9) is given by

w = h02 – h03 = u (cq 2 + cq 3)

The relations in Eqs. (9.114) give

w = wr 
C

r

C

r
2 3+F

HG
I
KJ

w = h02 – h03 = w (C2 + C3) = const. (9.120)

This shows that the specific work in a stage with free vortex flow in

radial equilibrium remains constant at all radii. Further, if the fluid
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approaching the stage has constant stagnation enthalpy (h01) in the radial

direction, it will remain so at the rotor entry and exit.

Degree of reaction

Since the air angles of the stage are varying along the radial direction,

the degree of reaction cannot remain constant. The degree of reaction

at radius r for constant axial velocity across the blade row is given by

Eq. (9.58).

R = 
c

u
x

2
 (tan b3 – tan b2)

Substituting from Eqs. (9.116b) and (9.118b) for r = r, we have

R = 
c

u

C
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u
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C
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u

c
x

x x x x2
3 2+ - +

F
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I
KJ

R = 1 + 
C C

ru
3 2

2

-
(9.121)

Since a slight degree of reaction in a turbine stage is always ad-

vantageous, the hub reaction (Rh) must be kept postive as far as possible.

Thus for R = Rh at r = rh, Eq. (9.121) gives

Rh = 1 + 
C C

r uh h

3 2

2

-

C3 – C2 = 2 (Rh – 1) rh uh (9.122)
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Fig. 9.21 Variation of tangential and axial velocity components

along the blade height
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Eliminating the constant (C3 – C2) between Eqs. (9.121) and (9.122)

R = 1 + 
( )R r u

ru
h h h- 1

Putting u = w r, uh = w rh

R = 1 – (1 – Rh) 
r

r

h
2

2
(9.123)

If the hub reaction is chosen as zero,

R = 1 – 
r

r

h
2

2
(9.124)

Equations (9.123) and (9.124) demonstrate that the degree of reaction

increases in the radial direction. Equation (9.124) shows that for zero

reaction conditions at the hub, the maximum reaction (at the tip) cannot

be 100%. For example, for rh /rt = 0.4 Eq. (8.124) gives Rt = 84%.

Figure 9.22 shows the variation of the degree of reaction with the

radius ratio (or hub-tip ratio, rh/rt) for various values of the hub reaction.
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It may be seen that the tip reaction can be kept lower by giving the hub

zero or negative degree of reaction. A high reaction at the tip increases the

tip leakage.

9.9.3 Constant Nozzle Angle Stage

For a constant absolute air angle, Eq. (9.112) gives

c = cm exp sin2 a
dr

r
r

rm

z
L

N
M
M

O

Q
P
P

c = cm exp ln

sin
r

r

mF
HG

I
KJ

L

N

M
M

O

Q

P
P

2 a

c = cm 
r

r
mF

HG
I
KJ

sin2 a

(9.125a)

The manufacture of twisted nozzle blades requires expensive product-

ion processes. Compared to them straight nozzle blades are simple and

less expensive.

Equation (9.125a) at the exit of the nozzle blade row gives

c2 = c2m 
r

r
mF

HG
I
KJ

sin2
2a

(9.125b)

This at the hub, mean, tip and general sections of the blade gives

c2h rh
sin2 a2 = c2m rm

sin2
 
a2 = c2t rt

sin2 a2 = c2 r
sin2

 
a2 (9.126)

Now cx 2 = c2 cos a2

cq 2 = c2 sin a2

Therefore, for constant value of a2, Eq. (9.125b) gives

c

c
x

x m

2

2

= 
c

c m

q

q

2

2

 = 
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c m

2

2

 = 
r

r
mF

HG
I
KJ

sin2
2a

(9.127)

Thus a turbine stage can be designed with radial equilibrium flow and

a constant nozzle angle with the help of the above relations.

9.9.4 Constant Specific Mass-flow Stage

Figure 9.23 shows an infinitesimal annulus between the hub and the

casing of an axial turbine stage. Its cross-sectional area and the mass flow

rate through it are

dA = 2pr dr
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d &m = r cx (2prdr) = rcx dA

dr

r hr

r t

Annulus

Fig. 9.23 Flow through an infinitesimal annulus in an axial

turbine stage

The mass flow rate per unit area or the specific mass flow is

d m

d A

&

= r cx = K1 (9.128)

A stage can be designed by keeping the specific mass flow constant

along the blade height besides assuming the flow in radial equilibrium.

Conditions at the mean blade ring diameter are known before

proceeding to calculate the various quantities along the blade height.

Therefore, the constant in Eq. (9.128) is known.

rc cos a = rm cm cos am = rh ch cos ah

= rtct cos at = K1 (9.129a)

r2 = 
K

c

1
2

2 2cos a
(9.129b)

Equation (9.105) is
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= a2 = g RT
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and
T

rg - 1
= K2 (const.)

T = K2 rg – 1

Therefore,

dp

d
s

r

F
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I
KJ

= K2 g Rrg – 1 (9.131)

Equation (9.131) when put into Eq. (9.130) gives
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Substituting for r2 from Eq. (9.129b)
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tan (9.132)

Equations (9.132), (9.112) and (9.129a) are used to determine the

variations in the density (r), velocity (c) and angle (a) respectively along

the radial direction. The calculations can be done by adopting a step-by-

step method for infinitesimal lengths Dr along the blade height. The value

of a may be assumed constant over the small span D r.

9.9.5 Actuator Disc Method

In an actuator disc model the blade row is assumed to be equivalent to a

disc (of negligible thickness) which causes the same change in the

tangential velocity or swirl component as the actual blade row. The flow

is assumed in radial equilibrium (cr = 0) only far upstream (x = – •) and

far downstream (x = + •) of the disc. Radial components of velocity

exist in regions near the disc from x = – • to x = + •. This is shown in

Fig. 9.24.

The axial velocities far upstream and far downstream of the disc are cx1

and cx2 respectively. These values from x = – • to x = 0 and x = 0 to x
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= + • are cxu and cxd respectively. They vary on account of the

perturbations c¢x u and c¢x d . Thus

cxu = cx1 + c¢xu (9.133a)

cxd = cx 2 + c¢x d (9.133b)

An approximate expression for the axial velocity perturbations is

obtained for axisymmetric and incompressible flow in which the radial

shift of the streamlines is small. This is

c ¢x = ± 
1

2
(cx2 – cx1) e

± px /h
(9.134)

c¢xu = 
1

2
(cx2 – cx1) e

px /h

when inserted in Eq. (9.133a) gives

cxu = cx1 + 
1

2
 (cx 2 – cx1) epx /h (9.135)

Similarly, for the downstream region

c ¢xd = – 
1

2
(cx2 – cx1) e– px /h

cx d = cx 2 – 
1

2
(cx2 – cx1) e– px /h (9.136)

At the disc immediately upstream or downstream (x = 0), Eqs. (9.135) and

(9.136) give

cxu = cx d = 
1

2
(cx1 + cx2) (9.137)

For regions far upstream and downstream, these equations yield

cxu = cx1 (x = – •)

cx d = cx2 (x = + •)

Streamlines
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c 1x

c 2x
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Fig. 9.24 Flow through an actuator disc
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•Ø  9.10 Partial Admission Turbine

Stages303 – 343

Turbines in which the working fluid does not flow through the entire

annulus (the complete 360°) of the stage are known as partial admission,

partial flow or simply partial turbines.

The first stage of a high pressure steam turbine receives steam with a

relatively small specific volume. Therefore, the annulus area required is

small. If this small area is distributed over the complete 360°, the height

of the annulus in some cases is too small (< 25 mm). The short nozzle and

rotor blades thus obtained experience high cascade losses as explained in

Sec. 8.4.5 (c). Therefore, to avoid this the steam is admitted over only a fract-

ion of the annulus (e p d) and the blade height is correspondingly increased.

Figure 9.25 shows full and partial admission configurations. The

annulus area perpendicular to the flow is

A = pd hf = e (pd) hp = Bhp (9.138)

Inactive
se

ct
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A
ct
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e

s
e
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o
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h t

d

(a) Full admission (b) Partial admission

Fig. 9.25 Full and partial admission configurations

The degree of admission is defined as the ratio of the length (B) of the

admission sector and the length of the entire periphery.

e = 
B

dp
(9.139)

These equations show that, by employing a suitable value of the degree

of admission, the blade height in a partial admission turbine stage can be

substantially increased, thereby reducing the cascade losses.

In some applications the diameter of the turbine stage is kept large,

either for obtaining high torque or low rotational speed. This for a given

mass-flow rate and the corresponding annulus area can lead to an
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impractically small blade height. Here again the blade height can be

increased by employing a certain degree of admission.

The adoption of a partial admission configuration gives rise to a new

category of losses which are described in Secs. 9.10.5 and 9.10.6. Partial

admission is advantageous if these losses along with other conventional

cascade losses are lower than the losses of the shorter blades with full

admission.

The flow in partial admission stages is unsteady, the rotor blades are

subjected to large variations of forces during their passage in the active

and inactive sectors of the annulus. This leads to harmful vibrations of the

rotor. A partial admission configuation is only suitable for an impulse stage;

in a multi-stage turbine this is invariably used only in the first stage.

Some applications are described in the following sections before

discussing the flow phenomenon and losses in partial turbines.

9.10.1 Steam Turbine Governing

Partial admission of steam has been usefully employed in the governing of

steam turbines. Figure 9.26 shows an arrangement employed in nozzle

control governing. The admission of steam is divided by admitting it

through a number of sectors (3-12), A1, A2, A3, etc. These sectors govern

Cam operated valves
Steam chest

Steam

A1

A2 A3

Fig. 9.26 Partial admission of steam for nozzle control

governing
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the flow to individual groups of nozzles. The flow rate in each group

depends on the positions of the cam operated valves. The cam shaft is

actuated through high pressure oil in servomotors and takes a particular

angular position depending on the load.

The chief advantage of this method is that the throttling of steam is

considerably reduced by employing a large number of valves and

admission sectors.

The low specific volume of steam at the entry of the first stage may

require only 30% or a lower degree of admission.

9.10.2 Turbo-supercharging309,314

Large diesel engines, specially in marine, rail and power plant applications,

are generally supercharged. In a large number of such applications

generally one or two centrifugal blowers driven by gas turbines (axial or

radial type) are employed.

Figure 9.27 shows a four-cylinder engine supplying its exhaust gases

to an axial turbine. The gases enter the turbine through three sectors of

admission. This arrangement minimizes the gas dynamic interference of

flows from different cylinders. Other schemes employing one or two

turbo chargers can also be adopted.

Turbine

Engine cylinders

I II III IV

Fig. 9.27 Partial admission turbine for exhaust supercharger

9.10.3 Re-entry Turbine303,322

Figure 9.28 shows a re-entry turbine which is also a partial admission

turbine on account of its configuration. High pressure gas or steam is

expanded to a high velocity and flows through an impulse rotor in the first

stage. It is then collected in a duct and reintroduced into the rotor for

doing more work. Thus this turbine is a sort of  velocity compounded

two-or three-stage impulse type with only one rotor.

It can be seen that on account of the leakage in the peripheral direction

from one sector to the other such a configuration should not be employed

for reaction turbines.
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Partial admission turbines are also used for turbo-pump drives and

auxiliary power units325,326,327 in various aerospace and underwater

applications.

9.10.4 Nature of Flow

The basic difference between the flows in partial and full admission

turbines is due to the presence of the “ends” of the admission sector

(Fig. 9.29) in partial admission turbines. The admission arc or sector of

the conventional full admission turbine is “endless”. Therefore, the flow

in partial turbines is significantly influenced by the end of sector effects,

whereas these effects are absent in full admission turbines.

Admission sector
(nozzle blade arc) Leaving

end

Over
deflection

Over
deflection

Leakage

Entering
end

Under
deflection

Under
deflection

Leakage

Fig. 9.29 Jet dispersion and leakage at admission sector ends342

In partial turbines the entire annulus is divided into active and inactive

sectors as shown in Fig. 9.25. Work is done by the gas or steam on the

rotor blades only when they pass across the active sector through which

First
stage

Second stage

Flow

Fig. 9.28 Two stage re-entry turbine
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the flow occurs. When the rotor blades pass through the inactive sector,

they do work on the stagnant gas filling the inactive sector. The energy lost

in this process is termed as pumping loss.

Besides this, as the rotor blades enter the admission sector from the

inactive sector, the flow through them starts from almost stagnant condit-

ions. This “starting of the flow” or “filling” process occurs with sudden

expansion, mixing and shear. All these phenomena lead to additional cas-

cade losses besides those occurring in conventional full admission turbines.

The flow in the blade channel leaving the admission sector also

experiences some new phenomena due to the “stopping of flow” or

“emptying” process. They also lead to additional losses.

On account of the admission sector, which does not cover complete

360°, the flow in it and the rotor blade rows is no longer axisymmetric.

The end of sector effects communicate disturbances towards the middle of

the flow field and destroy the axisymmetric nature of the flow. This leads

to variations in velocity, direction and pressure along the admission sector.

For incompressible flow in the rotor blades, the pressure waves move

with an excessively large velocity through the blade passages and the flow

is instantaneously established through them as they enter the admission

sector. In contrast to this, in compressible flows, the pressure waves move

through the rotor blade passages with finite velocity. Thus, rotor blade

channels move through a certain distance along the admission sector

before the flow occurs at the exit.

The flow phenomena in the presence of waves is not simple. When the

blades enter the admission sector, a compression wave (of some strength)

descends down the channel. This is reflected from the open end as a

rarefaction wave. In contrast to this, when the blade channel is cut off

from the admission sector while leaving it, a rarefaction wave moves

downstream which is reflected as a compression wave. This compression

wave moving upstream is reflected as compression wave from the closed

end.

The wave phenomenon can continue in rotor blade channels till they

again enter the admission sector.

The aforementioned flow phenomena lead to two categories of

additional losses331,334,338:

(a) end of sector losses which are additional cascade losses due to end

of sector effects; and

(b) pumping losses arising from the passage of rotor blades through the

inactive sector.

Disc friction loss occurs in all rotating machines. Pumping and disc

friction losses are often referred to as windage losses.
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The losses over and above the conventional losses of a turbine are

shown in Fig. 9.17.

9.10.5 End of Sector Losses

The main cascade losses occurring at the sector ends are shown in

Fig. 9.17. They are briefly described below.

(a) Mixing loss

When a rotor blade passage filled with stagnant gas enters the admission

sector, the nozzle flow first flushes the stagnant gas before establishing a

steady flow. This is a kind of “mixing” process in which the active flow

from the nozzles imparts motion to the stagnant or dead gas brought by

the rotor blades from the inactive to the active sector.

The acceleration of the dead gas in the rotor blade passages to the full

steady flow velocity takes a finite time. During this time the rotor blades

move along the admission sector by a certain distance which depends on

the nozzle angle and velocity, rotor blade angles and the peripheral speed.

Thus the relative flow (as observed by an observer moving with the rotor)

is unsteady in front of a part of the admission sector. The development of

flow through the rotor in the unsteady flow region is shown in Fig. 9.30.

It should be remembered that the flow in the absolute system is steady

0
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Fig. 9.30 Development of flow in a rotor blade passage of a partial

admission turbine331,337
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throughout, i.e. the velocity profile in Fig. 9.30 is constant as observed by

an observer at rest.

This phenomenon of “mixing”, “scavenging” or “knocking out” is

accompanied by loss of energy; the mixing loss can be calculated from the

velocity profile shown in Fig. 9.30.

When the active nozzle flow impinges on the stagnant gas in the rotor

blade passage which enters the admission sector, static pressure at the

rotor entry rises above its steady flow region value. This establishes a

static pressure gradient in the peripheral direction along the admission

sector. The acceleration of the gas in the rotor blade passages would

depend on the magnitude of the pressure difference across them.

The static pressure rise at the rotor entry also largely depends on the

axial and radial clearances. Its value may be negligible in the presence of

large clearances due to “spillage” or leakage of flow from the higher to

lower pressure region.

Some theoretical methods have been developed which predict the

magnitude of mixing loss. They are based on the calculation of the

velocity at the rotor exit in the unsteady flow region.

One such method337 neglects the static pressure rise due to mixing at

the rotor entry. This is justified on account of the sufficient spillage of the

flow through the clearances. Other assumptions are:

1. inviscid and incompressible flow,

2. impulse rotor blades with constant passage area,

3. one-dimensional flow through infinitely narrow rotor blade

passages, and

4. flow in the narrow curved passage (of length L) is equivalent to

flow in a straight passage of the same length.

Flow at the entry and exit of the narrow rotor blade channel is shown

in Fig. 9.30. It is enclosed in a control volume.

In view of the “spillage”, the upstream face of the control volume is

looked upon as a plane of discontinuity where the velocity of the relative

flow changes from a steady value w to an unsteady value v which is a

function of time (t) or the distance (y = ut).

The momentum equation for this model of flow through the control

volume is

∂
∂ t

 (mv)cv = z (V dm)in – z (V dm)out (9.140)

For one-dimensional flow,

(mv)c v = (rAL)v

z (V dm)in = rAw2
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z (V dm)out = rAv2

Substituting these values in Eq. (9.140)
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But y = ut. Therefore,
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+
(9.141b)

The following expressions for the loss coefficients have been derived

from Eq. (9.141) for an impulse stage:

Cm = 2(1 – n) hN s [(1 – 2s sin a2 + s 2) sin b2 + sin a2 – s]

(9.142)

where n = 1 – 
2

1kt
 + 

4

11
1kt e

kt
( )+

(9.143)

k = 
2w

L
and ut1 = B

Equation (9.142) can be reduced to a considerably simpler form by

some approximations.

Cm = M ss 
B

L

F
H

I
K

-1

(9.144)
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The value of the constant M is recommended as 1.73 for the usual range

of operation of impulse turbine stages.

The derivations of these relations are beyond the scope of this book and

can be seen in the quoted literature.

Another method330,331 gives the following expression for the curve

shown in Fig. 9.30.

v

w
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1

1

-

+

-

-

e
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Ey L

Ey L

/

/
(9.145)
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b

a

This is based on the full pressure rise (in the absence of clearances) due

to mixing at the rotor entry. Therefore, it shows an underestimation of

losses.

Many investigators have given formulas of the form Eq. (9.144) in

which the value of the constant M also takes into account other cascade

losses due to partial admission. Besides this, for relatively longer admiss-

ion sectors, other losses are negligible compared to the mixing loss.

Suter and Traupel335 suggest the following formula:

Cm = 0.3 Z ss 
b

ed

F
H

I
K (9.146)

But b ª L and e (pd) = B. Therefore,

Cm = 0.943 Z ss 
B

L

F
H

I
K

- 1

(9.147)

This assumes that the total loss due to mixing is proportional to the

number of admission sectors if multi-arc admission is employed as in

steam turbine governing.

Chupirev’s formula reported by Terentiev336 in the range s s = 0.35-

0.55 is

Cm = 0.33Z ss 
b

B

F
H

I
K

1

2cos a
(9.148)

For a2 = 70°, cos a2 = 0.342 and 
b

B
 ª 

L

B
;

Equation (9.148) reduces to

Cm = 0.965 Z ss 
B

L

F
H

I
K

- 1

(9.149)
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Stenning384 gives a formula for both mixing and full pumping losses:

Cm = 1.4 
L

B

u

c

u

cs

F
H

I
K
F
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I
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F
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2

2 2
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(9.150a)

But s = 
u

c2

 = ss h N

Therefore,

Cm = 1.4 sec a2 s 3
s 

B

L

F
H

I
K

- 1

(9.150b)

This expression is not rational because it takes into account the full blade

pumping loss when there is no admission of the gas. The degree of

admission (e) is always greater than zero and the pumping loss is

proportional to (1 – e).

(b) Expansion loss334

This loss arises due to the sudden expansion (or merely expansion) of the

nozzle jets into the partially open rotor blade passages at the sector ends;

these are shown in Fig. 9.31. Stenning has given an analysis for

estimating these losses in equiangular and frictionless rotor blades of

an impulse turbine stage. While considering this, he has ignored the mixing

phenomenon discussed earlier.

y B – s s–y

s s
Partially open

blade passages

Fig. 9.31 Sudden expansion of the jets in partially open blade

passages at admission sector ends334

If the admission sector is an exact multiple of the rotor blade pitch, the

positions of the partially open blade passages at the two sector ends are

as shown in Fig. 9.31. The openings of the blade passages to the admission

sector are y and s – y at the two ends. The corresponding expansion ratios

are 
s

y
 and 

s

s y-
 respectively.

Referring to Fig. 9.1, the expression for the tangential force on the

whole rotor is
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After integration and simplification and putting

w2 = w3 and b2 = b3,

Fy = 2 1
6

-F
H

I
K

s

B
 w2 sin b2 (9.151)

The specific blade work is

Fyu = 2 1
6

-F
H

I
K

s

B
 u w2 sin b2

From Fig. 9.1,

Fyu = 2 1
6

-F
H

I
K

s

B
 u (c2 sin a2 – u)

The blade efficiency is then given by

hbp = 
F u

c

y

1

2 2
2

= 1
6

-F
H

I
K

s

B
 4(s  sin a2 – s 2) (9.152)

Substituting from Eq. (9.19),

hbp = 1
6

-F
H

I
K

s

B
hb

Stenning recommends that, since the above expression under-estimates

the losses, it can be modified to

hbp = 1
4

-F
H

I
K

s

B
hb (9.153)

The value of the factor (1 – s/4B) is close to unity for large values of B/s

or  B/L; therefore, loss due to expansion may be ignored for values of

B/L > 10.

(c) Shear flow loss

The starting of the flow in the rotor blade passages entering the admission

sector is accompanied by steep velocity gradients. These gradients within

the rotor blade passages are significant in the unsteady flow region

(Fig. 9.30). Therefore, spanwise vortices are generated in the rotor blade

passages leading to a further loss. This loss can also be looked upon as

“equalization loss” of a non-uniform flow due to the significant shearing

motion between various layers of flow. This phenomenon would affect the

normal cascade losses of a conventional stage, but the magnitude of this

loss is small compared to other losses.

(d) Jet dispersion loss

The direction of flows at the exits of the nozzle and rotor blades near the

sector ends deviates from that in the main flow field on account of the
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absence of axisymmetric flow. The jets tend to deflect away from their

normal direction towards the inactive regions as shown in Fig. 9.29.

The deviation of the nozzle jets alters the incidence at the rotor entry.

The incidence decreases at the entering end and increases at the leaving

end. The deviation at the rotor exit decreases at the entering end and

increases at the leaving end as shown in the figure. The under and over

deflections of the flow may not always lead to a loss.

The dispersion of the jet at the nozzle exit can be minimized by

minimizing the axial clearance between the nozzle and rotor blade rows.

(e) Leakage loss

The leakage of flow from the active to the inactive sector is also a

consequence of the absence of axisymmetric flow conditions in the axial

clearance between the nozzle and rotor blade rows. This occurs at both

ends of the sector (Fig. 9.29). However, at the entering end, while on one

hand it is augmented by some static pressure rise due to mixing (as

explained before), on the other it is retarded by the entrained gas in the

clearance space as shown in Fig. 9.32.

Admission sector

Rotor blades

Leakage
Entrained

gas

Fig. 9.32 Leakage of active flow into the inactive sector332,340

The leaking gas fills the inactive sector as well as flows out of the rotor

doing some useful work.

(f ) Other losses

As a rule, the partial admission configuration should not be employed for

reaction stages. If it is used, then the stage will experience additional

losses because of the increased leakage and varying degrees of reaction

along the admission sector.

If partial admission is adopted in more than one stage, then the interstage

spacing, relative sizes of the admission sectors and their relative location

become additional parameters which govern losses.

9.10.6 Windage Losses

Windage losses occur in rotating machines on account of the fluid friction on

the disc and the rotating blade surfaces in the inactive sector of the annulus.
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The loss due to disc friction is common to both full and partial admiss-

ion turbomachinery. This depends on the density of the fluid, diameter of

the disc, its peripheral speed and the axial clearances between the housing

and the disc. The degree of admission has no effect on this loss.

Disc friction loss = const. ¥ rd2 u3 (9.154)

The constant takes into account the effect of housing geometry and

clearances.

Since the loss due to rotor blade pumping is also found to be pro-

portonal to the quantity rd
2
u

3
, the two losses are sometimes given by a

single formula.

The rotor blade pumping loss arises due to the action of rotor blades on

the fluid which fills the inactive sector. Work is done by the blades on the

fluid in churning gas axially (such as a compressor or fan) from one

chamber to the other. This shows strong dependence on the geometry of

the housing and the rotor blades besides the quantities mentioned earlier.

For a given degree of admission (e), it is directly proportional to the

quantity (1 – e).

Empirical formulas suggested by some investigators are given here.

The original formulas in FPS system have been converted to S.I. units.

(a) Disc friction

The most widely used formula for power lost in disc friction is given by

Stodola12 and later by Kerr316:

Pd f = 1.075 rd2u3 ¥ 10– 3 W (9.155)

This takes into account the friction effects on both the sides of a single

rotor disc.

(b) Blade pumping

The formula suggested by Stodola and Kerr for single-stage turbines with

dry steam is

Pb p = 609.5 (1 – e) dh
1◊5

 ru
3
 ¥ 10

– 3
 W (9.156)

For wet steam the increased blade pumping loss is obtained by

multiplying the above value by 1.3.

Kerr gives another formula which is considered as an improvement

over Eq. (9.156). It is dimensionally more rational.

Pb p = 671.5 (1 – e) 
h

d

F
H

I
K

◊1 5

 rd2u3 ¥ 10– 3 W (9.157)

Suter and Traupel335 suggest

Pb p = 157 (1 – e) 
h

d

F
H

I
K  rd2u3 ¥ 10– 3 W (9.158)
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The formula given by Forner for unenclosed wheels is

Pb p = 123 (1 – e) 
h

d

F
H

I
K  rd2u3 ¥ 10– 3 W (9.159)

This seems to underestimate the losses.

It is observed from the above expressions that the windage losses

increase rapidly with the rotor diameter and peripheral speed. If other

considerations permit, it is advantageous to use a small rotor diameter for

a given peripheral  speed. Table 9.2 shows comparative values of the

power loss due to disc friction and blade pumping (e = 0).

For the sake of comparison the peripheral speed has been taken for a

rotor of mean diameter 100 cm running at 3000 rpm. Rotors of smaller

diameters run at proportionally higher rotational speeds.

Table 9.2 Disc Friction and Blade Pumping Losses (r = 1.0 kg/m3,

h/d = 0.1, and u = 157.08 m/s)

Author of the formula Power loss in kW

d = 100 cm d = 50 cm d = 25 cm

N = 3000 rpm N = 6000 rpm N = 12000 rpm

Disc friction (Stodola) 4.165 1.042 0.261

Stodola 74.7 18.66 4.665

Kerr 82.24 20.56 5.14

Suter and Traupel 60.838 15.21 3.80

Forner 47.66 11.92 2.98

•Ø  9.11 Supersonic Flow

Supersonic flow in a turbine stage affects it in a number of ways:

(a) A simple example is of a flow approaching a turbine blade at a

high subsonic Mach number (say 0.80). This flow is accelerated to

supersonic flow somewhere on the suction side of the blade

surface. However, with subsonic exit this is followed by a decele-

ration process (see Sec. 6.8.1). It is well known that the supersonic

flow changes to subsonic through a shock wave (Sec. 6.7)

accompanied by stagnation pressure loss and increase in entropy

(Eqs. (6.91) and (6.92)).

If the shock wave separates the flow from the blade surface ear-

lier than the normal subsonic flow, there are additional losses asso-

ciated with a larger region of separated flow over the blade surface.

In contrast to this there can be another situation where a shock

wave reattaches a separated boundary layer to the blade surface,
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thus reducing the total region of separated flow on the blade

surface.

The shock waves generated in a blade passage may be normal,

oblique or curved. Except the normal shock waves, the direction of

flow changes after emerging from the oblique and curved shocks.

Besides this, a high Mach number flow in the blade passage

invariably experiences expansion waves (Mach waves) or a fan of

expansion waves as shown in Fig. 9.33. The flow through such

a fan expands progressively and at the same time experiences

changes in its direction (see Sec. 6.7.3). The expansion waves

emanating from one blade are reflected from the surface of another

blade as oblique shock wave as shown in the figure. The actual

wave phenomenon in the entire passage is much more complicated

than this.

Throat Expansion wave fan
(Mach waves)

Oblique
shock waves

Fig. 9.33 Passage of a supersonic turbine nozzle

(b) Supersonic flow occurs in high pressure ratio Curtis and Rateau

stages (Secs. 9.3 and 9.4) at the high pressure end of a large steam

turbine. In a Curtis wheel the fluid velocities (Mach numbers) are

high both in the nozzle and rotor blade rows.

It can be shown by gas dyanmic analysis that, when a supersonic

flow approaches a sharp leading edge of the rotor blade, an

attached oblique shock wave (see Sec. 6.7.2) is generated. The

strength of the shock wave [Eq. (6.94)], wave angle [Eq. (6.93)]

and downstream Mach number [Eq. (6.99)] depend on the

upstream Mach number and the wedge angle at the leading edge of

the rotor blade. However, if the leading edge is thick or blunt (as

in the case of aerofoil blades), there will be a detached shock of

higher strength standing upstream of the leading edge.

Thus the direction and the stagnation pressure loss (Eqs. (6.97)

and (6.98)) at the leading edge in the presence of an oblique shock

are decided by  the wedge angle of the blade. A sharp and thin
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rotor leading edge will suffer lower loss on account of a smaller

wave angle and irreversibilities of lower order.

(c) Turbine stages often have high relative Mach numbers at the rotor

exit. When the Mach number at the throat of the blade passage

reaches the sonic value, the maximum flow through this is

governed by Eq. (6.83). A further reduction of static pressure at

the rotor exit does not lead to an increase in the mass-flow rate

through the stage. The flow in the diverging portion of the passage

will pass through a series of expansion and shock waves as

explained before. Nozzle and rotor exit Mach numbers in turbines

of power pack units of rockets, missiles and turbo-rocket engines

are very high. Mach numbers of more than 3.0 have been used in

turbine stages employing high pressure ratios.

High Mach number flows also occur in the last few stages of

large steam turbines on account of relatively higher steam

velocities and lower velocity of sound.

Notation for Chapter 9

a Velocity of sound

A Area of cross-section

b Axial chord

B Length of the admission sector

c Absolute velocity of fluid

cp specific heat at constant pressure

C Constant

d Diameter

e Degree of admission

E Constant

F Fixed blades

h Enthalpy, blade height

i Incidence, ith stage

k Velocity coefficient, constant

K Constant

L Length of the blade passage

&m Mass, mass flow rate

M Mach number, constant

n Number of velocity stages, constant

N Revolutions per minute

p Pressure

P Power
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r Radius, distance in the cylindrical coordinate system

R Degree of reaction, rotor, gas constant

s Entropy, blade pitch

t Time

T Absolute temperature

u Peripheral speed of the rotor

v Relative velocity (unsteady)

V Fluid velocity

w Relative velocity (steady)

y Distance in the tangential direction

Y Stagnation pressure loss coefficient

Z Number of admission sectors

Subscripts

o Stagnation value

1 Entry to the stage, first stage

2 Exit of the nozzle or fixed blades, second stage

3 Exit of the rotor blades

I First stage

II Second stage

a Actual

b Blade

bp Blade pumping loss

d Downstream

df Disc friction loss

f Full admission

h Hub

i ith stage

m Mean, mixing

max Maximum

min Minimum

N Nozzle

opt Optimum

p Constant pressure, partial admission, profile

r Radial

rel Relative

R Rotor

s,ss Isentropic

st Stage

t Tip
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ts Total-to-static

tt Total-to-total

u Upstream

x Axial

y, q Tangential

Greek symbols

a Direction of absolute velocity vector

b Direction of relative velocity vector, constant

g  cp/cv

e Utilization factor

e Gas deflection

z Axial component of vorticity

h Efficiency

x Enthalpy loss coefficient

r Fluid density

s Blade-to-gas speed ratio

f Flow coefficient

y Loading coefficient

w Angular speed

•Ø Solved Examples

9.1 The initial pressure and temperature of steam entering a multistage

turbine (d = 100 cm, N = 3000 rpm) are 100 bar and 500° C

respectively. The steam flow rate is 100 kg/s and the exit angle of

the first stage nozzle blades is 70°. Assuming maximum utilization

factor, determine the rotor blade angles, blade heights, power

developed and the final state of steam after expansion for the

following arrangements:

(a) single-stage impulse, h st = 0.78,

(b) two-stage Curtis wheel, h st = 0.65,

(c) two-stage Rateau wheel (h st1 = hst2 = 0.78) and

(d) single stage 50% reaction, hst = 0.85.

State the assumptions used.

Solution:

(a) Single stage impulse (Fig. 9.3b)

Blade and air angles are assumed to be equal.

u = p dN/60 = p ¥ 1 ¥ 50 = 157.08 m/s
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sopt = 
u

c2

 = 
1

2
 sin a2 = 

1

2
 sin 70 = 0.47

c2 = 157.08/0.47 = 334.2 m/s

cx = c2 cos a2 = 334.2 cos 70 = 114.3 m/s

tan b2 = tan b3 = 
1

2
 tan a2 = 

1

2
 tan 70 = 1.3737

b2 = b3 = 53.95° (Ans.)

wst = 2u2 = 2 ¥ 157.082 ¥ 10– 3 kJ/kg

wst = 49.35 kW/(kg/s)

P = &m wst = 100 ¥ 49.35 ¥ 10– 3

P = 4.935 MW (Ans.)

If blade heights at the rotor entry and exit are h2 and h3

h2 = h3 = &m/r cx pd

The specific volume of steam after expansion is 0.04 m3/kg.

Therefore,

h2 = h3 = 
100 0 04 100

114 3 1

¥ ¥
¥

.

. p
 = 1.11 cm

This is too small a height and would lead to excessive cascade

losses. This is a case where some degree of partial admission must

be employed to obtain sufficiently long blades. With 40% admiss-

ion, the blade height can be increased to 1.11/0.4 = 2.78 cm. This

is a reasonable value for the first stage.

The isentropic enthalpy drop in the stage (nozzles) is

Dhs = 
wst

sth
 = 

49 35

0 78

.

.
 = 63.27 kJ/kg

Figure 9.34 shows the actual and ideal expansions. The final state

of the steam is

p = 81.5 bar, t = 470 °C (Ans.)

(b) Two-stage Curtis wheel (Fig. 9.5)

sopt = 
u

c2

 = 
1

4
 sin a2 = 

1

4
 sin 70 = 0.235

c2 = 157.08/0.235 = 668.43 m/s

cx2 = cx3 = c2 cos a2 = 668.43 cos 70 = 228.6 m/s

tan b2 = tan b3 = 
3

2

u

cx

 = 
3 157 08

228 6

¥ .

.
 = 2.061

b2 = b3 = 64.12° (Ans.)
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tan a3 = tan a ¢2 = 
2

2 2

u

c cos a
 = 

2 0 235

70

¥ .

cos
 = 1.374

a3 = a¢2 = 54.0° (Ans.)

tan b ¢2 = tan b ¢3 = 
u

c x¢ 3

 = 
157 38

228 6

.

.
 = 0.687

b ¢2 = b ¢3 = 34.5° (Ans.)

wI = 6u2 = 6 ¥ 157.082 ¥ 10– 3 = 148.04 kJ/kg

wII = 2u2 = 2 ¥ 157.082 ¥ 10– 3 = 49.35 kJ/kg

wst = wI + wII = 197.39 kJ/kg

P = 100 ¥ 197.39 ¥ 10– 3 = 19.739 MW (Ans.)

Dhs = 
197 39

0 65

.

.
 = 303.65 kJ/kg

h = 3370

p = 100 bar

p = 81.5 bar

t = 500 C°

t = 470 C°
h = 3320.65

h = 3306.73

Entropy

E
n

th
a

lp
y

Fig. 9.34 Expansion of steam in a single-stage impulse turbine

(Ex. 9.1(a))

Figure 9.35 shows the enthalpy-entropy diagram for the expans-

ion. The final state of steam is

p = 27 bar, t = 365°C, v = 0.105 m3/kg (Ans.)
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The rotor blade heights are

h = 
100 0105 100

228 6 1

¥ ¥
¥

.

. p
 = 1.46 cm (Ans.)

The blade height is again small. One of the methods to increase

it is to decrease the stage diameter.

(c) Two-stage Reateau wheel (Fig. 9.6b)

With the same stage diameter and velocity triangles, each stage

has the same geometry as in (a), i.e.

b2 = b3 = 53.95° (Ans.)

wst = 2u2 + 2u2 = 4u2

wst = 2 ¥ 49.35 = 98.70 kJ/kg

P = 100 ¥ 98.70 ¥ 10– 3 = 9.87 MW (Ans.)

The h–s diagram is shown in Fig. 9.36. The final state of steam is

p = 65 bar, t = 445 °C, v = 0.05 m3/kg (Ans.)

Rotor blade height in the first stage is 1.11 cm. For the second

stage,

h¢2 = h¢3 = 100 ¥ 0.05 ¥ 100/114.3 p ¥ 1

h¢2 = h¢3 = 1.392 cm (Ans.)

Entropy

E
n

th
a

lp
y

h = 3076.35

h = 3172.61

h = 3370

p = 100 bar

p = 27 bar

t = 500°C

t = 365°C

Fig. 9.35 Expansion of steam in a two-stage Curtis wheel (Ex.

9.1(b))
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(d) Single stage 50% reaction (Fig. 9.14)

sopt = 
u

c2

 = sin a2 = sin 70 = 0.9397

c2 = 157.08/0.9397 = 167.16 m/s

cx2 = 167.16 ¥ cos 70 = 57.17 m/s

c2 = w3 ; a2 = b3 = 70° ; b2 = a3 = 0 (Ans.)

wst = u2 = 157.082 ¥ 10– 3 = 24.67 kJ/kg

P = 100 ¥ 24.67 ¥ 10
– 3

 = 2.467 MW (Ans.)

Figure 9.37 shows the h–s diagram for this stage.

Dhs = 
24 67

0 85

.

.
 = 29.02 kJ

The final state is given by

p = 90 bar, t = 485°C, v = 0.035 m3/kg

h = 3257.38

h = 3306.73

h = 3271.30

h = 3320.65

h = 3370

p = 100 bar

p = 81.5 bar

p = 65 bar

t = 500 C°

t = 470 C°

t = 445 C°

Entropy

E
n

th
a

lp
y

Fig. 9.36 Expansion of steam in a two-stage Rateau wheel (Ex.

9.1 (c))
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The rotor blade height at exit is

h = 100 ¥ 0.035 ¥ 100/57.17 ¥ p ¥ 1

h = 1.948 cm (Ans.)

This height is comparatively larger on account of the lower value

of the axial velocity.

9.2 The data for an axial turbine stage is given below:

air angle at nozzle exit a2m = 75°

air angle at rotor entry b2m = 45°

air angle at rotor exit b3m = 76°

hub diameter dh = 450 mm

tip diameter dt = 750 mm

rotor speed N = 6000 rpm

Assuming radial equilibrium and free vortex flow in the stage

determine for the hub, mean and tip sections:

(a) the relative and absolute air angles;

(b) degree of reaction,

(c) blade-to-gas speed ratio,

(d) specific work, and

h = 3340.98

h = 3345.3

h = 3370

p = 100 bar

p = 90 bar

t = 500 C°

t = 485 C°

Entropy

E
n

th
a

lp
y

Fig. 9.37 Expansion of steam in a single-stage 50% reaction
turbine (Ex. 9.1 (d))
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(e) the loading coefficient.

Comment on the results.

Solution:

Refer to Fig. 9.1 and take cy = cq .

rm = 
1

2
(rh + rt) = 0.5 (22.5 + 37.5) = 30 cm = 0.3 m

uh = pdh N = p ¥ 0.45 ¥ 6000/60 = 141.37 m/s

um = pdm N = p ¥ 0.60 ¥ 100 = 188.50 m/s

ut = pdt N = p ¥ 0.75 ¥ 100 = 235.62 m/s

Mean section

c2m = 
cos

sin ( )

b

a b
2

2 2

m

m m-
 um [Eq. (9.3)]

c2m = 188.50 cos 45/sin (75 – 45) = 266.5 m/s

cx2m = c2m cos a2m = 266.5 cos 75 = 69.0 m/s

cq 2m = c2m sin a2m = 266.5 sin 75 = 257.42 m/s

cq 3m = cx3m tan b3m – um

cq 3m = 69 tan 76 – 188.5 = 88.24 m/s

C2 = rm cq 2m = 0.3 ¥ 257.42 = 77.23 m2/s

C3 = rm cq 3m = 0.3 ¥ 88.24 = 26.47 m2/s

For free vortex and radial equilibrium and constant axial

velocity across the stage, the axial velocity is constant throughout.

cx = 69.0 m/s

(a) Air angles at the mean section are already given.

(b) Rm = 
c

u
x

m2
 (tan b3m – tan b2m) ¥ 100

Rm = 
69 0

2 1885

.

.¥
 (tan 76 – tan 45) ¥ 100

Rm = 55.1 % (Ans.)

(c) sm = um/c2m =188.5/266.5 = 0.707 (Ans.)

(d) w = w (C2 + C3) = 200 p (77.23 + 26.47) ¥ 10– 3

w = 65.157 kJ/kg (Ans.)

(e) ym = 
w

um
2

 = 
65157

18852.
 = 1.833 (Ans.)
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Hub section

(a) tan a2h = 
C

r ch x

2  = 77.23/0.225 ¥ 69 = 4.975

a2h = 78.63° (Ans.)

tan b2h = tan a2h – uh /cx = 4.975 – 
14137

69

.
 = 2.926

b2h = 71.13° (Ans.)

tan b3h = 
C

r ch x

3  + 
u

c
h

x

 = 
26 47

0 225 69

.

. ¥
 + 

1413

69

.
 = 3.754

b3h = 75.08° (Ans.)

(b) Rh = 
c

u
x

h2
 (tan b3h – tan b2h)

Rh = 
69 0

2 14137

.

.¥
 (3.754 – 2.926) ¥ 100

Rh = 20.2% (Ans.)

(c) c2h = cx /cos a2h = 69.0/cos 78.63 = 350.25 m/s

sh = uh /c2h = 141.37/350.25 = 0.404 (Ans.)

(d) w = ucx (tan b2h + tan b3h)

w = 141.37 ¥ 69.0 (3.754 + 2.926) ¥ 10– 3

w = 65.160 kJ/kg

This is the same as at the mean section.

(e) yh = w/u2
h = 65160/141.372

yh = 3.260 (Ans.)

Tip section

(a) tan a2t = 
C

r ct x

2  = 
77 23

0 375 69 0

.

. .¥
 = 2.985

a2t = 71.48° (Ans.)

tan b2t = tan a2t – ut /cx = 2.985 – 
23562

69

.

tan b2t = – 0.429

b2t = – 23.26° (Ans.)

tan b3t = 
C

r ct x

3  + 
u

c
t

x

 = 
26 47

0 375 69 0

.

. .¥
 + 

23562

69

.
 = 4.438

b3t = 77.3° (Ans.)
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(b) R t = 
C

u
x

t2
 (tan b3t – tan b2t)

Rt = 
69 0

2 23562

.

.¥
 (4.438 + 0.429) ¥ 100

Rt = 71.26% (Ans.)

(c) c2t = cx /cos a2t = 69.0/cos 71.48 = 217.25 m/s

s t = ut /c2 t = 235.62/217.25 = 1.085 (Ans.)

(d) w = ut cx (tan b2 t + tan b3t)

w = 235.62 ¥ 69.0 (4.438 – 0.429) ¥ 10– 3

w = 65.17 kJ/kg (verified)

(e) y t = 
w

ut
2

 = 
65177 4

235622

.

.
 = 1.174 (Ans.)

Various values calculated are presented in the following table for

comparison:

Free vortex (positive hub reaction)

Section a2 b2 b3 R s y

Hub 78.63 71.13 75.08 20.2 0.404 3.260

Mean 75.0 45.0 76.0 55.1 0.707 1.833

Tip 71.48 – 23.26 77.3 71.26 1.085 1.174

It is observed from the table that the relative air angles at rotor

entry decrease significantly towards the tip thus increasing the

degree of reaction. The variations in a2 and b3 are not significant.

The blade-to-gas speed ratio increases towards the tip and the

loading coefficent decreases.

9.3 Repeat Example 9.2 for constant nozzle angle; other conditions at

the mean section are

a2m = b3m = 75°, b2m = a3m = 0, Rm = 0.50.

Assume axial exit from the stage at all sections.

Solution:

Mean section (Fig. 9.14)

At Rm = 0.50, cq 2m = um = 188.5 m/s

cx m = um cot a2m = 188.5/3.732 = 50.51 m/s

c2m = um /sin a2m = 188.5/sin 75 = 195.13 m/s

sm = um/c2m = 188.5/195.13 = 0.966 (Ans.)
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Specific work

wm = um cq 2m = u2
m

wm = 188.52 ¥ 10– 3 kJ/kg

wm = 35.53 kJ/kg (Ans.)

ym = wm /u2
m = 1 (Ans.)

Hub section

sin2 a2 = sin2 75 = 0.933

c

c
x h

x m

2

2

= 
c

c
h

m

q

q

2

2

 = 
c

c
h

m

2

2

 = 
r

r

m

h

F
HG

I
KJ

◊0 933

 = 
0 3

0 225

0 933
.

.

F
H

I
K

◊

 = 1.308

cx2h = 1.308 ¥ 50.51 = 66.067 m/s

cq 2h = 1.308 ¥ 188.5 = 246.56 m/s

c2h = 1.308 ¥ 195.13 = 255.23 m/s

sh = uh/c2h = 141.37/255.23 = 0.554 (Ans.)

tan b2h = 
24656 14137

66 067

. .

.

-
 = 1.592

b2h = 57.87° (Ans.)

tan b3h = 141.37/66.067 = 2.14

b3h = 65° (Ans.)

Rh = 
c

u
xh

h2
 (tan b3h – tan b2h)

Rh = 
66 067

2 14137

.

.¥
 (2.14 – 1.592) ¥ 100

Rh = 12.8% (Ans.)

wh = uh cq 2h = 141.37 ¥ 246.56 ¥ 10
– 3

wh = 34.85 kJ/kg (Ans.)

yh = cq 2h /uh = 246.56/141.37

yh = 1.744 (Ans.)

Tip section

c

c
x t

x m

2

2

= 
c

c
t

m

q

q

2

2

 = 
c

c
t

m

2

2

 = 
r

r

m

t

F
HG

I
KJ

◊0 933

 = 
0 300

0 375

0 933
.

.

F
H

I
K

◊

 = 0.812

cx2t = 0.812 ¥ 50.51 = 41.01 m/s

cq 2 t = 0.812 ¥ 188.5 = 153.06 m/s

c2 t = 0.812 ¥ 195.13 = 158.44 m/s
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s t = ut /c2 t = 235.62/158.44 = 1.487 (Ans.)

tan b2t = 
153 06 23562

4101

. .

.

-
 = – 2.013

b2t = – 63.58° (Ans.)

tan b3t = 
23562

4101

.

.
 = 5.745

b3t = 80.13° (Ans.)

Rt = 
4101

2 23562

.

.¥
 (5.745 + 2.013) ¥ 100

Rt = 67.5% (Ans.)

wt = ut cq 2t = 235.62 ¥ 153.06 ¥ 10– 3

wt = 36.06 kJ/kg (Ans.)

yt = cq 2 t /ut = 153.06/235.62

yt = 0.649 (Ans.)

The results are summarized in the following table:

Constant nozzle angle (axial exit)

Section a2 b2 b3 R s w y

Hub 75 57.87 65 12.8 0.554 34.85 1.744

Mean 75 0 75 50 0.966 35.53 1.00

Tip 75 – 63.58 80.13 67.5 1.487 36.06 0.649

9.4 An axial turbine stage has the following data:

Nozzle exit air angle a2 = 70°

Rotor blade air angles b2 = b3 = 54°

Mean diameter of the blade rings = 1 m

Speed = 3000 rpm

Aspect ratio of the blade rows = 1.0

(a) Compute the total-to-total and total-to-satitic efficiencies.

(b) Recalculate the above values for aspect ratios of 2 and 3 and

comment on the results.

Solution:

u = p dN/60 = p ¥ 1 ¥ 50 = 157.08 m/s

Since b2 = b 3 it is an impulse turbine stage. Therefore,

sopt = 
u

c2

 = 
1

2
 sin a2 = 

1

2
 sin 70 = 0.47

c2 = 157.08/0.47 = 334.2 m/s
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cx = c2 cos a2 = 334.2 cos 70 = 114.3 m/s

f = cx /u = 0.728

At optimum blade-to-gas speed ratio, the exit from the stage is axial,

i.e.

a3 = 0

Assuming a1 = a3 = 0, the deflection through the nozzle blade

rows is

e N = 70°

The rotor deflection is eR = b2 + b3 = 54 + 54

eR = 108°

The profile and total cascade losses can now be calculated from

Eqs. (8.48) and 8.49)

(a) For nozzle blades (h/b ª 1),

xp = 0.025 1
70

90

2

+ F
H

I
K

L

N
M
M

O

Q
P
P

 = 0.04

xN = 1
32+

F
HG

I
KJ

.

/h b
 xp

xN = (1 + 3.2) ¥ 0.04

xN = 0.168

Similarly, for rotor blades,

xp = 0.025 1
108

90

2

+ F
H

I
K

L

N
M
M

O

Q
P
P

 = 0.061

xR = (1 + 3.2) ¥ 0.061

xR = 0.256

From Eq. (9.92c)

h tt = 1
1

2 1
2

2
3

3

2

2
2

2 3

1

+
+

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a

f a b

R N

T

T
sec sec

(tan tan )

Assuming T3 ª T2 which is valid in an impulse stage to a greater

extent than in a reaction stage,

h tt = 1 05 0 728
0 256 54 0168 70

0 728 70 54 1
2

2 2
1

+ ¥
+
+ -

L

N
M

O

Q
P

-

. .
. sec . sec

. (tan tan )

h tt = 0.782 (Ans.)
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From Eq. (9.95c), for T3 ª T2,

h ts = 1 05
1

2
2

2
2

2
2

3

2 3

1

+
+ +

+ -

L

N
M

O

Q
P

-

.
sec sec sec

(tan tan )
f

x b x a a

f a b
R N

h ts = 1 0 728
0 256 54 0168 70 0

0 728 70 54 1

2
2 2 2

1

+
+ +

+ -

L

N
M

O

Q
P

-

.
. sec . sec sec

. (tan tan )

h ts = 0.711 (Ans.)

(b) For aspect ratio ª h /b ª 2,  the cascade losses are lower and have

to be recalculated. The profile loss is assumed constant at all

values of the aspect ratio.

xN = 1
3 2

2
+F

H
I
K

.
 ¥ 0.04 = 2.6 ¥ 0.04 = 0.104

xR = 1
3 2

2
+F

H
I
K

.
 ¥ 0.061 = 2.6 ¥ 0.061 = 0.158

h tt = 1 0 728 05
0158 54 0104 70

0 728 70 54 1

2
2 2

1

+ ¥
+
+ -

L

N
M

O

Q
P

-

. .
. sec . sec

. (tan tan )

htt = [1 + 0.1325 (0.4573 +0.889)]
– 1

htt = 0.853 (Ans.)

h ts = [1 + 0.1325 (0.4573 + 0.889 + 1)]– 1

h ts = 0.763 (Ans.)

At h /b = 3,

xN = 1
3 2

3
+F

H
I
K

.
 ¥ 0.04 = 2.067 ¥ .04 = 0.0827

xR = 1
3 2

3
+F

H
I
K

.
 ¥ 0.061 = 2.067 ¥ 0.061 = 0.1261

h tt = [1 + 0.1325 (0.1261 sec2 54 + 0.0827 sec2 70)]– 1

h tt = 0.875 (Ans.)

h ts = [1 + 0.1325 (0.1261 sec2 54 + 0.0827 sec2 70 + 1)]–1

h ts = 0.7816 (Ans.)

Impulse stage with maximum utilization factor

Aspect ratio htt hts

1.0 78.20 71.10

2.0 85.30 76.30

3.0 87.50 78.46
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9.5 A fifty per cent reaction stage of a gas turbine has the following

data:

Entry pressure and temperature, p1 = 10 bar, T1 = 1500 K

Speed = 12,000 rpm,

Mass flow rate of the gas = 70 kg/s,

Stage pressure ratio and efficiency, pr = 2.0, h st = 87%

Fixed and moving blade exit air angles = 60°,

Assume optimium blade to gas speed ratio. Take g = 1.4, cp =

1.005 kJ/kgK for the gas.

Determine

(a) Flow coefficent (b) mean diameter of the stage

(c) power developed (d) pressure ratio across the fixed

and rotor blade rings

(e) hub-tip ratio of (f ) degrees of reaction at the hub and tip.

the rotor and

Solution:

Refer to Figures 9.8, 9.12, 9.13 and 9.14.

h1 – h3 = cp (T1 – T3ss) h st = cp T1 1
1

−
F
H

I
K

−
−

pr

γ

γ  hst

h1 – h3 = 1.005 ¥ 1500 (1 – 2–.286) ¥ 0.87

h1 – h3 = 235.84 kJ/kg

T1 – T3 = 234.66K

h1 – h2 = h2 – h3 = 
1

2
 (h1 – h3) = 117.92 kJ/kg

Ignoring kinetic energy at the inlet of the fixed row of blades,

1

2
 c

2
2 = h1 – h2

c2 = 2 2( )h h-  = (2 ¥ 117920)1/2 = 485.63 m/s

u

c2

= sopt = sin a2 = sin 60 = 0.866

u = 0.866 ¥ 485.63 = 420.56 m/s

(a) cx = c2 cos 60 = 0.5 c2 = 0.5 ¥ 485.63 = 242.81 m/s

Therefore, f = 
c

u
x  = 

242 81

42056

.

.
 = 0.5773 (Ans.)

(b)
pdN

60
= u

d = 60 ¥ 420.56/p ¥ 12000
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d = 0.6693 m (66.93 cm) (Ans.)

(c) Power, P = &m cp ◊ (T1 – T3) = &m Dh

P = 
70 23584

1000

¥ .
 = 16.508 MW (Ans.)

(d) h1 – h3ss = 235.84/0.87 = 271.08 kJ/kg

T1 – T3ss = 
27108

1005

.

.
 = 269.73 K

Stage loss = 269.73 – 234.66 = 35.07 K

Since the blade rows in both the stator and rotor are identical the

losses can also be assumed as same. Therefore,

T1 – T2s = T1 – T2 + 
3507

2

.
 = 117.33 + 17.5 = 134.83 K;

T1 – T2s = T1 (1 – pr
–.286) = 134.83

pr (stator) = 1.387 (Ans.)

pr (rotor) = 
p

p
2

3

 = 
p p

p p
1 3

1 2

/

/
 = 

2 0

1387

.

.
 = 1.442 (Ans.)

(e) For the exit of the stator or entry of the rotor

r2 = p2/RT2

p2 = 
10

1387.
 = 7.2 bar

T2 = 1500 – 117.33 = 1382.67 K

r2 = 
7 2 10

287 1382 67

5.

.

¥
¥

 = 1.81 kg/m3

&m = r2 cx 2 (pdl2)

Assuming cx2 = cx3 = cx = 242.81 m/s,

Blade height, l2= &m/r 2 cx pd

l2 = 70 ¥ 100/1.81 ¥ 242.81 p ¥ 0.6693

l2 = 7.57 cm

At the rotor exit,

r3 = p3/RT3

r3 = p2/1.442 = 7.2/1.442 = 4.993 ~-  5.0 bar

T3 = 1500 – 234.66 = 1265.34 K

r3 = 5 ¥ 105/287 ¥ 1265.34 = 1.376 kg/m3

Therefore, blade height

l3 = &m/r3 cx pd
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l3 = 70 ¥ 100/1.376 ¥ 242.81 p ¥ 0.6693

l3 = 9.964 cm

Therefore, the average height of the rotor blade,

l = 
l l2 3

2

+
 = 8.762 cm

The mean radius of the rotor blade ring

rm = 
1

2
 d = 

1

2
 ¥ 66.93 = 33.46 cm

Therefore, hub and tip radii are

rh = rm – 
l

2
 = 33.46 – 

8 762

2

.
 = 29.08 cm

rt = rm + 
l

2
 = 33.46 + 

8 762

2

.
 = 37.841 cm

This gives the hub-tip ratio of the stage as

r

r
h

t

= 
29 08

37 841

.

.
 = 0.768 (Ans.)

( f ) The degree of reaction along the blade height is given by

Eq. 9.123,

R = 1 – (1 – Rh) 
r

r

h
2

2

Here Rm = 0.5 at rm = 33.46 cm, therefore,

0.5 = 1 – (1 – Rh) 
29 08

3346

2
.

.

F
H

I
K

Rh = 0.336 (33.6%) (Ans.)

For the tip section,

Rt = 1 – (1 – Rh) 
r

r

h

t

2

2

Rt = (1 – .336) (.768)
2

Rt = 0.6078 (60.78%) (Ans.)

•Ø Questions and Problems

9.1 Draw velocity triangles at the entry and exit for the following

stages for maximum utilization factor:

(a) single-stage impulse,

(b) three-stage velocity-compounded impulse and
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(c) fifty per cent reaction stage,

and show that in the absence of cascade losses the values of

maximum utilization factor and work are

emax = sin2 a2

wI = 2u2 (single-stage impulse)

wIII = 18 u2 (three-stage impulse)

emax = 
2

1

2
2

2
2

sin

sin

α

α+
  50% reaction

w = u
2

9.2 (a) Why is it advantageous to have some velocity stages in the

beginning of a large steam turbine? Why are more than two

velocity stages not employed?

(b) What are the advantages and disadvantages of employing

reaction stages from beginning to end?

9.3 Derive the following relations:

(a) For constant axial velocity through the stage,

tan a2 + tan a3 = tan b2 + tan b3

(b) For maximum utilization factor,

sopt = 
1

2
 sin a2 (single-stage impulse)

sopt = 
1

2n
 sin a2 (n-stage velocity compounded)

sopt = sin a2 (50% reaction)

9.4 How is the degree of reaction of an axial turbine stage defined?

Prove that:

(a) R = 
1

2
 f (tan b3 – tan b2 )

(b) R = 1 + 
1

2
 f (tan a3 – tan a2)

(c) R = 1 – s 2
s /s 2

(d) y = 2 (1 – R) for axial exit

State the assumptions used.

9.5 (a) How are the loss coefficients for stationary and moving rows

of blades in a turbine stage defined?

(b) How would you predict the cascade losses in a stage from its

velocity triangles?

U

V
|

W|
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(c) Prove that the total-to-total and total-to-static efficiencies can

be predicted by the following expressions:

h tt = 1
1

2 1
2

2
3

3

2

2
2

2 3

1

+
+

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a

f a b

R N

T

T
sec sec

(tan tan )

h ts = 1
1

2 1
2

2
3

3

2

2
2

2
3

2 3

1

+
+ +

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a a

f a b

R N

T

T
sec sec sec

(tan tan )

9.6 (a) Derive the following equation for flow in the annulus of an axial

flow turbomachine for radial equilibrium conditions:

1
2 2

r

d

dr
 (rcq )2 + 

d

dr
 (cx )2 = 0

State the assumptions used

(b) Using this equation prove that the distribution of absolute

velocity in the radial direction is given by

c/cm = exp sin2 a
dr

r
r

rm

z
(c) For constant nozzle angle (a) show that

c

cm

= 
c

c m

q

q

 = 
c

c

x

xm

 = 
r

r
mF

HG
I
KJ

sin2 a

9.7 What is free vortex design of a blade row? Prove for such a stage:

(a) Specific work = constant with radius

(b) R = 1 – (1 – Rh ) 
r

r
hF

HG
I
KJ

2

9.8 What is a constant specific mass-flow stage? Prove that the density

distribution in the radial direction in such a stage is given by

r = ρ
γ

γ
α

γ

γ

m

r

r

R

K

K

dr

r
m

+
+

+
L

N
M
M

O

Q
P
Pz

+

1 1
2

2

21

1
1

tan

9.9 What is an actuator disc? How is this concept used to predict the

axial velocity distribution in the actuator disc flow region? How

does it differ from radial equilibrium theory?
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9.10 (a) Explain the flow phenomena which differentiate supersonic and

subsonic turbine stages. How are supersonic stages,

compounded?

(b) Why is supersonic flow in a turbine stage avoided?

(c) What are the main advantages and disadvantages of super-

sonic stages compared to the subsonic stages?

9.11 (a) Why is partial admission of working gas/steam employed in

some applications?

(b) Give five applications of partial admission turbines.

(c) Describe briefly the various losses which occur due to partial

admission in axial turbine stages.

9.12 Repeat Ex. 9.2 if the turbine stage has the following air angles at

the hub:

a2h = 70°, b2h = b3h = 54°

Answers are given in the following table.

Free vortex (zero hub reaction)

Section a2 b2 b3 R s y

Hub 70 54.0 54.0 0 0.469 2.0

Mean 64.11 13.06 61.32 43.65 0.798 1.127

Tip 58.76 – 32.06 66.36 63.94 1.185 0.722

9.13 An axial turbine with constant nozzle air angle (75°) and zero

reaction at the hub runs at 6000 rpm. Its hub and tip diameters are

45 and 60 cm respectively.

All sections are designed for maximum utilization factor.

Assuming radial equilibrium conditions, determine for the hub,

mean and tip sections:

(a) relative and absolute air angles,

(b) blade-to-gas speed ratio,

(c) degree of reaction,

(d) specific work, and

(e) the loading coefficient.

Constant nozzle angle (zero hub reaction)

Section a2 b2 b3 s R kJ /kg
w

y

Hub 75 61.81 61.81 0.483 0 39.97 2

Mean 75 25.6 72.89 0.842 42.6 40.77 1.147

Tip 75 – 51.81 78.70 1.295 62.67 41.41 0.746
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9.14 Compute the total-to-total and total-to-static efficiencies of a fifty

per cent reaction turbine stage at aspect ratios of 1,2 and 3 from the

following data:

Nozzle blade air angle a2 = 70°

Mean diameter of the stage d = 100 cm

Speed N = 3000 rpm

Assume conditions corresponding to the maximum utilization

factor.

Fifty per cent reaction stage with maximum utilization factor

Aspect ratio htt hts

1.0 84.06 79.6

2.0 89.50 84.50

3.0 91.46 86.26

9.15 Compute the total-to-total and total-to-static efficiencies for the

axial turbine in Ex. 9.5. Take the aspect ratio of the blade rings as

2.0.

(Ans.) h tt = 89.29 %, h ts = 77.73 %

9.16 (a) What is relative stagnation enthalpy in an axial turbine stage?

Explain briefly.

(b) Prove

horel = h2 + 
1

2
 w2

2 = h3 + 
1

2
 w2

3 = constant

9.17 Following data refer to a two-stage velocity compounded impulse

turbine operating on hot air:

Flow rate = 1.0 kg/s

Mean blade diameter = 75 cm

Rotational speed = 3600 rpm

Nozzle blade angle = 80 degrees from axial direction,

Deviation = 5°

Assuming optimum utilization factor and constant axial velocity,

calculate

(a) blade to gas speed ratio,

(b) utilization factor,

(c) rotor blade air angles at entry and exit in the two stages,

(d) flow coefficient,

(e) the loading coefficients in the two stages

(f ) power developed separately in the two stages



Axial Turbine Stages 429

(Ans.) (a) s = 0.241 (b) e = 0.933,

(c) b2 = b 3 = 70.34° (d) f 1 = 1.07

b ¢2 = b ¢3 = 43°

(e) y1 = 2.0, y2 = 6.0

(f ) PI = 119.9 kW, PII = 39.97 kW

9.18 The high pressure stage of an axial turbine has the following data:

degree of reaction = 50 per cent,

exit air angle of the fixed blade ring = 70°

mean diameter of the stage = 1m

rotational speed = 3000 rpm

power developed = 5 MW

Determine

(a) blade to gas speed ratio,

(b) Utilization factor (c) flow coefficient,

(d) inlet and exit air angles for the rotor, and

(e) mass flow rate of the gas.

Assume maximum utilization factor.

(Ans.) (a) s = 0.9396 (b) e = 0.9377

(c) f = 0.3639 (d) b2 = 0, b3 = 70°,

(e) &m  = 202.64 kg/s.



Chapter 10

High Temperature

(Cooled) Turbine Stages

An improvement in the Carnot’s efficiency (h = 1 – T2/T1) of a heat

engine with an increase in the temperature (T1) at which heat is

received is well known. The thermal efficiency of gas turbine plants is

higher at a higher temperature of the gas at the turbine entry. Methods of

achieving higher temperatures at which heat is supplied in a gas turbine

plant have been discussed in Sec. 3.3.

Employment of higher gas temperatures in gas turbine plants requires

materials which can withstand the effects of high temperatures.

Alternatively, less expensive materials (such as low-grade steels) can be

employed by cooling some components of a high temperature stage in the

plant. This enables the selection of the rotor blade and disc material on the

basis of ease of manufacture, such as castability, machinability and

weldability.

The successful development of the gas turbine engine is a result of the

developments in metallurgy which provided rotor disc and blade materials

capable of withstanding high tensile stresses (1400–2100 bar) at elevated

temperatures.

High temperature problems from modern gas turbine standards do not

seriously affect steam turbines. Maximum temperatures (ª 840 K)

employed at present in modern steam turbine plants are much lower

than those used in gas turbine practice. High temperature problems of

steam plants occur in steam boilers. The furnace and other high

temperature regions in steam boilers are water-cooled; besides this, high

temperatures of the order of 1800 K occur only in a small region of the

furnace near the flame front. This is immediately reduced to about 1200

K by the introduction of secondary air. The major part of the furnace

may be at an average temperature of 1000 K or lower.

The highest temperatures reached intermittently in the reciprocating

internal combustion engines are in the region of 3000 K. However, the

cylinder jacket cooling keeps the cylinder wall temperature to a harmless

value of 500 K.
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The maximum gas temperature to which the blades and the rotor discs

in modern high performance gas turbines are continuously exposed is

around 1600 K. Thus the high temperature problems346,381 in gas turbines

are much more serious compared to steam turbines and reciprocating

internal combustion engines. This is further aggravated by the small space

available for cooling and the rotation of the blades at high speeds.

�Ø  10.1 Effects of High Gas Temperature

The maximum temperature (�max) in a gas turbine plant cycle occurs at the

entry of the first stage of the turbine. The effect of maximum cycle

temperature at various values of the pressure ratio on the thermal efficiency

is shown in Fig. 10.1. An increase in the pressure ratio of the plant leads to

a heavier plant or an engine which is a serious disadvantage in aircraft

applications. Employment of high temperatures for a given pressure ratio

leads to higher thermal efficiency, high thrust-to-weight ratio and lower

specific fuel consumption.

Fig. 10.1 Effect of pressure ratio and maximum temperature on

the efficiency of gas turbine plants (typical curves)

Figure 10.2 shows the effect of the pressure ratio and maximum cycle

temperature on the specific power output of gas turbine plants; the

advantages of increasing the gas temperature are evident.

High performance supersonic turbo-jet engines require high temperat-

ures at the turbine entry; this is only possible with air cooling of the casing,
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nozzle and rotor blades and the rotor disc. Air cooling of these compo-

nents has now become a common feature in modern turbo-jet engines.

�Ø  10.2 Methods of Cooling

In order to employ high gas temperatures in gas turbine stages, it is

necessary to cool the casing, nozzles, rotor blades and discs. On account

of high rotational speeds and the associated stresses, cooling of the rotor

blades is more critical.

Cooling of these components can be achieved either by air or liquid

cooling. Liquid or water cooling, if possible, appears to be more attractive

on account of the higher specific heat and possibility of evaporative

cooling. However, the problems of leakage, corrosion, scale formation

and choking militate against this method.

Cooling by air, besides other advantages, allows it to be discharged into

the main flow without much problem. It can be tapped out from the air

compressor at a suitable point. The quantity of air required for this purpose

is from 1 to 3% of the main flow entering the turbine stage. Blade metal

temperatures can be reduced by about 200�300 °C. By employing suitable

blade materials (nickel-based alloys) now available, an average blade

temperature of 800°C (1073 K) can be used. This can permit maximum

gas temperatures of about 1400 K. Still higher temperatures can be

employed with nickel, chromium and cobalt base alloys.

Fig. 10.2 Effect of pressure ratio and maximum temperature on

the specific power output of gas turbine plants (typical

curves)



High Temperature (Cooled) Turbine Stages 433

Some methods of air cooling are briefly described below.

10.2.1 Internal Cooling

Internal cooling of the blades can be achieved by passing cooling air (from

the air compressor) through internal cooling passages from hub towards

the blade tips. The internal passages may be circular or elliptical (Fig.

10.3a) and are distributed near the entire surface of a blade. The shapes

of such blades may deviate from the optimum aerodynamic blade profile.

The cooling of the blades is achieved by conduction and convection.

Relatively hotter air after traversing the entire blade length in the cooling

passages escapes to the main flow from the blade tips. A part of this air

can be usefully utilized to blow out thick boundary layers from the suction

surface of the blades.

Hollow blades can also be manufactured with a core and internal cooling

passage as shown in Fig. 10.3b. Cooling air enters the leading edge region

in the form of a jet and then turns towards the trailing edge. Cooling of the

blade takes place due to both jet impingement (near the leading edge) and

convective heat transfer.

Internal cooling
passage

(a) Convection cooling

(b) Cooling by jet impingement
and convection

Convection

Core

Cooling air
Jet

impingement

Fig. 10.3 Internal cooling of blades

10.2.2 External Cooling

External cooling of the turbine blades is achieved in two ways. The cooling

air enters the internal passages from the hub towards the tips. On its way

upwards it is allowed to flow over the blade surface through a number of

small orifices (d ª 0.5 mm) inclined to the surface as shown in Fig. 10.4a.

A series of such holes are provided at various sections of the blades along

their lengths. The cooling air flowing out of these small holes forms a film
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over the blade surfaces. Besides cooling the blade surface it decreases the

heat transfer from the hot gases to the blade metal.

Another variation of this method is depicted in Fig. 10.4b. Here the blade

surface is made of a porous wall which is equivalent to providing an infinite

number of orifices as shown in Fig. 10.4a. Cooling air is forced through

this porous wall which forms an envelope of a comparatively cooler

boundary layer or film. This film around the blade prevents it from

reaching very high temperatures. Besides this, the effusion of the coolant

over the entire blade surface causes uniform cooling of the blade.

(a) Film cooling

(b) Cooling by effusion

Cooling air
passages

Envelope of film

Porous wall

Fig. 10.4 External cooling of blades

The flow of cooling air from the internal passages to the blade surface

interferes with the aerodynamics of the main flow and can lead to

increased cascade losses.

•Ø  10.3 High Temperature Materials

The use of high gas temperatures at the turbine entry is intimately linked

with the materials345,362 that can be used in such applications. The

following properties are required in the high temperature materials

employed in gas turbines:

1. high strength at the maximum possible temperature,

2. low creep rate,

3. resistance to corrosion and oxidation,

4. resistance to fatigue and

5. ease in manufacture, i.e. machinability, castability, weldability,

etc.
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Steel alloys
363,360

 offer a number of advantages in the manufacture of

gas turbine components. They generally have high percentages of nickel

and chromium and can be used up to temperatures of 650°C.

Aluminium and its various alloys with their low density and worka-

bility are ideal for castings and forgings and can be used up to 260°C.

Titanium and its alloys are also light and can withstand temperatures up to

550°C.

At high gas temperatures, gas turbine blades work in an atmosphere that

is both corrosive and oxidizing. Therefore, for temperatures between

650°C and 950°C nickel-and chromium-based alloys are used. They have

high strength and low creep combined with good ductility. The shock

resistance of such alloys is also high. Cobalt alloys have high strength and

resistance to oxidation up to temperatures of 1150°C.

Other alloys specially developed for gas turbine blades and discs

operating at high temperatures have manganese, molybdenum, copper,

columbium, silicon, tungsten, vanadium and zirconium. They are used in

various proportions to obtain desired properties in the alloys.

Creep345,349 is one of the critical factors which has to be considered

while selecting the material for rotor blades in a high temperature gas

turbine stage. Beyond certain temperatures (650–800°C), the blade

material does not remain elastic and continues to stretch under the applied

forces. If this state exists for a long time, fracture can occur. Besides this,

even before the point of fracture, the elongation can exceed the radial

clearance and rubbing between the blade tips and the casing may occur,

leading to wreckage.

Figure 10.5 shows the development of creep in gas turbine blades. The

primary, secondary and tertiary regimes of creep before fracture have

been marked. Such curves for a given material at various temperatures are

very useful.

•Ø  10.4 Heat Exchange in a Cooled Blade

The blade temperature distribution along the blade height is a critical

factor on which the thermal stresses depend. If the blade is cooled344 by

passing a coolant (air) from the hub to the tip, the blade temperature

distribution depends on the variations of the temperature of the coolant

from the hub to the tip.

Barnes and Fray346 have developed expressions for the variations of

the temperatures of the coolant and the blade surface along the blade

height; some derivations from this are included in this section.

Figure 10.6 shows the heat exchanges between the gas and the blade,

and the coolant. Properties of the blade material and its surface, the
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gas temperature (Tg) and the temperature (Tch) of the coolant at the hub

are known. In this, expressions for the variations of the coolant

Primary Secondary Tertiary

Fracture

Time

E
lo

n
g
a
ti
o
n

Fig. 10.5 Creep in gas turbine blades (typical curve)

h

dz

l
Tch

Tc

Coolant
passage

P H Ti i bi, ,

P H T, , bee e

Tg

Tg

Tip

Hub

Fig. 10.6 Heat exchange in cooled blade
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temperature (Tc) and the internal and external blade surface temperatures

(Tbi, Tbe) are derived based on the following assumptions:

(a) temperature of the gas along the blade height is constant,

(b) area of cross-section of cooling passages is constant along the

blade height, and

(c) heat transfer by conduction is negligible along the blade height.

The following expressions can be written for an infinitiesimal section

(dz)  of the blade shown in Fig. 10.6.

Heat received by the external surface of the blade from the hot gases

= Heat rejected from the internal surface to the coolant

HePedz (Tg – Tbe) = HiPid z (Tbi – Tc)

Tg – Tbe = 
H P

H P
i i

e e

 (Tb i – Tc)

Let k1 = HiPi /HePe (10.1)

Therefore, (Tg – Tbe) = k1 (Tbi – Tc)

Tg – Tbe = k1 [(Tg – Tc) – (Tg – Tbi)]

Let tbe = Tg – Tbe (10.2)

tc = Tg – Tc (10.3)

tbi = Tg – Tbi (10.4)

Therefore, tbe = k1 tc – k1tbi (10.5)

Heat transfer from the blade external surface = Heat transfer between

the external and internal surfaces

HePe (Tg – Tbe) = K (Tbe –Tbi) (10.6)

Let k2 = K /HePe

Therefore, Tg – Tbe = k2 (Tbe – Tbi)

Tg – Tbe = k2 (Tg – Tbi) – k2 (Tg – Tbe)

tbe = k2tbi – k2tbe

tbe = 
k

k
2

21 +
tbi (10.7)

Equations (10.5) and (10.7) give

k

k
2

21 +
 tbi = k1tc – k1tbi

tbi = 
k k k

k k k k
1 1 2

1 1 2 2

+

+ +
 tc (10.8)
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Heat received by the coolant = Heat transfer between the internal surface

and the coolant

&mc  cp dTc = HiPi dz (Tbi –Tc)

dTc = 
H P

m c
i i

c p&

 (Tbi – Tc) dz

Let k3 = HiPi/ &mccp (10.9)

Therefore, dTc = k3 (Tbi – Tc) dz

d (Tg – Tc) = [k3(Tg –Tc) – k3 (Tg – Tbi )] dz

– dtc = (k3tc – k3tbi) dz (9.10)

10.4.1 Variation of Coolant Temperature

Substituting from Eq. (10.8) into Eq. (10.10),

– dtc = k3 1 1 1 2

1 1 2 2

-
+

+ +

L

NM
O

QP
k k k

k k k k
 tc dz

dt

t
c

c

= – 
k k

k k k k
2 3

1 1 2 2+ +
 dz (10.11)

The integration is done between the following limits:

z = 0 to z = z

tc = tch to tc = tc

dt

t
c

ct

t

ch

c

z = – 
k k

k k k k

z

2 3

1 1 2 20
+ +z dz (10.12)

If the constants k1, k2 and k3 are assumed invariant with z, i.e. constant

along the blade height, then

ln 
t

t
c

ch

F
HG

I
KJ

= – k4 z

t

t
c

ch

= 
T T

T T

g c

g ch

-

-
 = e

k z- 4 (10.13)

k4 = 
k k

k k k k
2 3

1 1 2 2+ +
(10.14)

If the temperatures of the external and internal blade surfaces are the

same (tb = tbe = tbi), Eq. (10.7) gives

k2 = K = •

k4 = 
k

k
3

11 +
 = 

H P

m c
H P

H P

i i

c p
i i

e e

& 1+
F
HG

I
KJ

(10.15)
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10.4.2 Variation of Blade Surface

Temperatures

Equation (10.8) gives

tc = 
k k k k

k k k
1 1 2 2

1 1 2

+ +

+
 tbi (10.16)

Substituting this in Eq. (10.10)

– 
k k k k

k k k
1 1 2 2

1 1 2

+ +

+
 dtbi = 

k k k k

k k k
1 1 2 2

1 1 2

1
+ +

+
-

L

NM
O

QP
 k3 tbi dz

dt

t
bi

bi

= – 
k k

k k k k
2 3

1 1 2 2+ +
 dz (10.17)

On integration, this gives

t

t
bi

bih

= 
T T

T T

g bi

g bih

-

-
 = e

k z- 4 (10.18)

Equation (10.7) gives

tbi = 
1 2

2

+ k

k
 tbe (10.19)

Equation (10.19) when substituted in Eq. (10.16) gives

tc = 
k k k k

k k
1 1 2 2

1 2

+ +
 tbe (10.20)

Substituting from Eqs. (10.19) and (10.20) into Eq. (10.10), and

simplifying

dt

t
be

be

= – 
k k

k k k k
2 3

1 1 2 2+ +
 dz (10.21)

t

t
be

beh

= 
T T

T T

g be

g beh

-

-
 = e

k z- 4 (10.22)

Equations (10.18) and (10.22) are not yet in the explicit form on account

of the terms Tbih and Tbeh which have to be found. Therefore, to be able

to use them for determining the blade temperature distributions Tbi and

Tbe, they are further modified.

At the hub section, Eq. (10.8) gives

t

t
bih

ch

= 
T T

T T

g bih

g ch

-

-
 = 

k k k

k k k k
1 1 2

1 1 2 2

+

+ +
(10.23)

The combination of Eqs. (10.18) and (10.23) gives

T T

T T

g bi

g ch

-

-
= 

k k k

k k k k
1 1 2

1 1 2 2

+

+ +
 e

k z- 4 (10.24)
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Equation (10.20) for the hub section gives

t

t
beh

ch

= 
T T

T T

g beh

g ch

-

-
 = 

k k

k k k k
1 2

1 1 2 2+ +
(10.25)

The combination of Eq. (10.22) and (10.25) yields

T T

T T

g be

g ch

-

-
= 

k k

k k k k
1 2

1 1 2 2+ +
 e

k z- 4 (10.26)

10.4.3 Variation of Blade Relative

Temperature

For Tbi = Tbe = Tb, Eqs. (10.24) and (10.26) reduce to

T T

T T

g b

g ch

-

-
= 

k

k
1

11 +
 e

k z- 4

Substituting from Eqs. (10.1) and (10.15) and rearranging an expression

for the blade relative temperature is obtained.

T T

T T
b ch

g ch

-

-
= 1 – 

exp
& ( / )

/

−
+

L

N
M
M

O

Q
P
P

R
S
|

T|

U
V
|

W|

+

H P

m c H P H P
z

H P H P

i i

c p i i e e

e e i i

1

1
(10.27)

Equations (10.13) and (10.27 have been plotted in Fig. 10.7 for the

variation of temperatures of the coolant and the blade along the blade

height.
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Fig. 10.7 Typical variation of blade and coolant temperatures

along the blade height
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The temperature of the blade in the tip region remains higher; however,

it is not critical from stress considerations at that section; besides this

there is some additional dissipation of heat from the tips due to radiation

leading to some decrease in the blade metal temperature.

•ØØØØØ  10.5 Ideal Cooled Stage360

Thermodynamic relations for cooled turbines have been developed by

Hawthorne360; some basic relations are presented here.

An ideal cooled stage has reversible adiabatic flow through the blade

rows accompanied by heat exchange with the coolant. The heat removed

from the nozzle and rotor blade rows is qN and qR respectively. In the

absence of this heat exchange the stage will have hundred per cent

efficiency.

In this section cooling of the blades is assumed at either constant

stagnation pressure (Fig. 10.8) or constant exit pressure (Fig. 10.9).

10.5.1 Work and Efficiency

The ideal work is the work in isentropic flow (01 to 03ss) through the stage

without cooling.

ws = h01 – h03ss (10.28)

Assuming c3ss ª c3,

ws = h01 – h3ss – 
1

2
 c2

3 (10.29)

The actual work (again with isentropic flow) is less than the ideal on

account of cooling.

wa = h01 – h03 – (qN + qR) (10.30)

The total-to-total efficiency of the ideal cooled stage is give by

hci = 
w

w
a

s

 = 
h h q q

h h
N R

ss

01 03

01 03

- - +

-

( )
(10.31)

h01 –  h03 – (qN + qR) = h h css01 3 3
21

2
- -F

H
I
K  + (h3ss – h3 – qN – qR)

h01 – h03 – (qN + qR) = h01 – h03ss – (h3 – h3ss + qN + qR)

Substituting in the numerator of Eq. (10.31)

hci = 1 – 
h h q q

h h
ss N R

ss

3 3

01 03

- + +

-
(10.32)

This is a general expression for the efficiency of an ideal cooled stage

and is applicable to both the type of stages shown in Figs. 10.8 and 10.9.
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In the absence of cooling (qN = qR = 0), points 3 and 3ss coincide and

Eq. (10.32) yields hci = 1.

Loss of work due to cooling in an ideal cooled stage is

Dw = ws – wa = (1 – hci) ws

From Eq. (10.32)

Dw = (1 – hci) (h01 – h03ss)

Dw = h3 – h3ss + qN + qR (10.33)

The two types of ideal cooled stages are discussed separately. The

cooling process in an actual cooled stage is expected to be between these

models.
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Fig. 10.8 Cooling of blade rows at constant stagnation pressure

in an ideal stage
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10.5.2 Blade Cooling at Constant

Stagnation Pressure

The enthalpy-entropy diagram of an ideal turbine stage where the blade

rows are assumed to be cooled at constant stagnation pressure is shown in

Fig. 10.8.

The stagnation state of the gas at the entry to the stage is represented

by point 01. On account of the heat exchange qN during the cooling

process in the nozzle row, the state shifts to 0¢1. The stage being ideal, the

expansion processes are reversible adiabatic (isentropic) both in the

nozzle and rotor blade rows. The heat exchange qR during the cooling of

the rotor blades also occurs at constant stagnation pressure p02rel.

The path of the isentropic expansion process without cooling is along

01 – 3ss.

These processes should be compared with the corresponding pro-

cesses shown in Fig. 9.8.

From Fig. 10.8, the slopes of the constant pressure lines p01 and p3 are

given by

h h

s
01 01- ¢

¢D
ª T01

h h

s
ss s3 3-

¢D
ª T3s ª T3

Combining the above expressions

h h

h h
ss s3 3

01 01

-

- ¢
= 

T

T
3

01

But h01 – h¢01 = qN (10.34)

h3ss – h3s = qN 
T

T
3

01

F
HG

I
KJ

(10.35)

Similarly, the following relations can also be written for the slopes of

the constant pressure lines:

h h

s
02 02rel rel- ¢

D
ª T02rel

h h

s
s3 3-

D
ª T3

h h

h h
s3 3

02 02

-

- ¢rel rel

= 
T

T
3

02rel

h02rel – h¢02rel = qR (10.36)
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h3s – h3 = 
T

T
3

02rel

F
HG

I
KJ

 qR (10.37)

Adding Eqs. (10.35) and (10.37)

h3ss – h3 = qN 
T

T
3

01

F
HG

I
KJ

 + qR 
T

T
3

02rel

F
HG

I
KJ

(10.38)

Equation (10.38) when substituted in Eqs. (10.32) and (10.33) yields

expressions for the stage efficiency and lost work in a reversible cooled

stage.

hci = 1 – 
q T T q T T

h h
N R

ss

( / ) ( / )1 13 01 3 02

01 03

- + -

-
rel (10.39)

Dwci = qN (1 – T3/T01) + qR (1 – T3/T02rel ) (10.40)

10.5.3 Blade Cooling at Constant

Exit Pressure

The enthalpy-entropy diagram of an ideal turbine stage where the blade

rows are cooled at constant exit pressure is shown in Fig. 10.9.

The isentropic expansion in the absence of cooling is along the path

01 – 3ss. The cooling of nozzle and rotor blade rows is represented by

processes 2 – 2 ¢ and 3s – 3. The heat exchange during these processes

are

qN = h2 – h¢2 (10.41)

qR = h3s – h3 (10.42)

The expansion in the nozzle and rotor blade rows accompanied by

cooling occurs along 1 – 2 and 2¢ – 3s.

The slopes of constant pressure lines p2 and p3 are given by the follow-

ing expressions:

h h

s
2 2- ¢

D
ª T2

h h

s
ss s3 3-

D
ª T3

h h

h h
ss s3 3

2 2

-

- ¢
= 

T

T
3

2

Substituting from Eq. (10.41)

h3ss – h3s = qN 
T

T
3

2

F
HG

I
KJ

(10.43)
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Adding Eqs. (10.42) and (10.43)

h3ss – h3 = qR + qN 
T

T
3

2

F
HG

I
KJ

(9.44)

Substituting this value in Eqs. (10.32) and (10.33), the stage efficiency

is obtained to be

h ¢ci = 1 – 

q
T

T

h h

N

ss

1 3

2

01 03

-
F
HG

I
KJ

-
(10.45)

and the lost work is obtained as

Dw ¢ci = 1 3

2

-
F
HG

I
KJ

T

T
 qN (10.46)
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Fig. 10.9 Cooling of blade rows at constant exit pressure in an

ideal stage
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•Ø  10.6 Actual Cooled Stage

In an actual cooled stage irreversible adiabatic expansion occurs in the

blade rows accompanied by cooling. The efficiency of such a stage in the

absence of cooling is less than hundred per cent on account of the cascade

losses (Secs. 9.5.1 and 9.7.1).

The enthalpy-entropy diagram for an actual cooled stage is shown in

Fig. 10.10. It may be compared with Fig. 9.8. For the sake of comparison

between uncooled and cooled stages, fluid and blade velocities are

assumed to be same in the two cases. As a result of this the stage work

will also be the same. However, the enthalpies (temperatures) and

pressures would be different.
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Fig. 10.10 Cooling of blade rows in an actual stage
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10.6.1 Stage Efficiency

Equations (10.28) (10.30), (10.32) and (10.33) are valid here also. The

cascade loss coefficients, however are a little different.

x ¢N = 
h h

c

s2 2

2
21

2

-

h2 – h2s = 
1

2
 x ¢N c2

2 (10.47)

x¢R = 
h h

w

s3 3

3
21

2

-

h3 – h3s = 
1

2
 x ¢R w2

3 (10.48)

The slopes of the constant pressure lines p2 and p3 are

h h

s
s2 2-

D
ª T2

h h

s
s ss3 3-

D
ª T3s ª T3

Therefore,

h h

h h
s ss

s

3 3

2 2

-

-
= 

T

T
3

2

h3s – h3ss = 
T

T
3

2

 (h2 – h2s) (10.49)

Substituting from Eq. (10.47),

h3s – h3ss = 
1

2
 x ¢N c2

2 
T

T
3

2

(10.50)

Adding Eqs. (10.48) and (10.50),

h3 – h3ss = 
1

2
x ¢R w2

3 + 
1

2
 x ¢N c2

2 
T

T
3

2

F
HG

I
KJ

(10.51)

Therefore, the loss of work in a cooled stage is

Dwca = h3 – h3ss + qN + qR

= 
1

2
 c2

2 ¢
F
HG

I
KJ

+
L

N
M

O

Q
Px N N

T

T
q c3

2
2
21

2
 + 

1

2
 w2

3 ¢ +F
H

I
Kx R Rq w

1

2 3
2

(10.52)
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Equation (10.32) gives the efficiency of such a stage as

wa = 1 – 

c
T

T
q c w q w

h h

N N R R

ss

2
2 3

2
2
2

3
2

3
2

01 03

1

2

1

2

2

¢
F
HG

I
KJ

+
L

N
M

O

Q
P + ¢ +L

NM
O
QP

-

x x

( )
(10.53)

10.6.2 Stage Work

Referring to Fig. 10.10, the following relations can be written for heat

exchange in the nozzle and rotor blade rows:

qN = h01 – h02

qN = h01 – h2 – 
1

2
 c

2
2

qR = h02rel – h03rel

qR = h2 + 
1

2
 w2

2 – h3 – 
1

2
 w2

3

These values, when put into Eq. (10.30), give

wca = h01 – h03 – h h c01 2 2
21

2
- -F

H
I
K  – h w h w2 2

2
3 3

21

2

1

2
+ - -F

H
I
K

Putting h03 = h3 + 
1

2
 c2

3 and simplifying

wa = 
1

2
 (c2

2 – c2
3) + 

1

2
 (w2

3 – w2
2 ) (10.54)

This is only one of the forms [Eq. (6.153a) in Sec. 6.9] of the Euler’s

turbine equation.

Employing further geometrical relations and using velocity triangles of

Fig. 9.1 Eq. (10.54) can be reduced to

wca = u (cy2 + cy 3) (10.55)

This exercise shows that, as long as the fluid velocities are the same in

a given turbine stage, cooling does not effect the stage work.

10.6.3 Decrease in Stage Efficiency

An estimation360 of the decrease in the stage efficiency due to cooling

can easily be made for the same output (h01 – h03) in the cooled and

uncooled states.

A general expression for the total-to-total efficiency of a turbine stage

has been derived in Sec. 9.7.2. The basic relation is

h tt = 1 03 03

01 03

1

-
-

-

F
HG

I
KJ

-
h h

h h
ss (10.56)
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In this expression the values of the quantity (h03 – h03ss) are different

for the cooled and uncooled states.

Assuming c3 ª c3ss

h03 – h03ss = h3 – h3ss

For an uncooled stage the above expression represents the stage losses:

Dwa = xN 
T

T
3

2

1

2

F
HG

I
KJ

 c
2
2 + xR 

1

2
 w

2
3 (10.57)

The stage efficiency is given by

ha = 1

1

2

1

2
3

2
2
2

3
2

01 03

1

+

F
HG

I
KJ

+

-

L

N

M
M
M
M

O

Q

P
P
P
P

-

x xN R

T

T
c w

h h
(10.58)

This is the same as Eq. (9.92a).

For the cooled stage the loss of work is given by Eq. (10.52). There-

fore, the stage efficiency is given by

hca = 1

1

2

1

2
3

2
2
2

3
2

01 03

1

+

¢
¢

¢

F
HG

I
KJ

+ ¢ + +

-

L

N

M
M
M
M

O

Q

P
P
P
P

-

x xN R N R

T

T
c w q q

h h
(10.59)

Here primes refer to quantities in the cooled stage. Equations (10.58)

and (10.59) together give

1

hca

 – 
1

ha

= 

¢
¢

¢
-

F
HG

I
KJ

+ ¢ - + +

-

x x x xN N R R N R

T

T

T

T
c w q q

h h

3

2

3

2
2
2

3
2

01 03

1

2

1

2
( )

(10.60)

By expanding the binomials in Eqs. (10.58) and (10.59) and assuming

x ¢N 
¢

¢

T

T
3

2

= xN 
T

T
3

2

x ¢R = xR

an approximate expression for the loss in the stage efficiency due to

cooling can be obtained. This is given by

Dh c = ha – hca ª 
q q

h h
N R+

-01 03

(10.61)
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10.6.4 Infinitesimal Stage Efficiency

An infinitesimal stage without any cooling produces work equal to dw with

an isentropic enthalpy drop of dhs through a pressure drop dp. Thus

hp = 
dw

dhs

(10.62)

For a perfect gas this is the same as Eq. (2.122) in Sec. 2.5.5.

An infinitesimal cooled stage (Fig. 10.11), besides producing work

equal to dw, rejects heat dq = d (qN + qR). Therefore, the efficiency of

such a stage is defined by

hpc = 
dw dq

dhs

+
(10.63)

hpc = 
dw

dh

dq

dws

1 +
F
HG

I
KJ

Substituting from Eq. (10.62) in Eq. (10.63)

h pc = h p 1 +
F
HG

I
KJ

dq

dw
(10.64)

Infinitesimal
stage

+dq dw

dTdTs

T( + 1)j s

Tj + 1

pj + 1

p p-d

p1

p

T1

Entropy

E
n
th

a
lp

y

Fig. 10.11 Infinitesimal and finite expansions in a cooled turbine
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Expressing Eq. (10.63) in terms of the actual and isentropic temperat-

ure drops

hpc = 
dT

dTs

(10.65)

In this equation the term dT is the actual temperature drop due to both

the work done (dw) and the heat rejected (dq) in the stage. Therefore, it

is not the same as Eq. (2.122).

For the infinitesimal isentropic expansion,

T dT

T
s-

= 
p dp

p

-F
HG

I
KJ

-g

g

1

After expanding the quantity on the right-hand side, simplifying and

rearranging

dT

T
s = 

g

g

- 1 dp

p

Substituting from Eq. (10.65) for dTs

dT

T
= 

g

g

- 1
 hpc 

dp

p
(10.66)

This equation defines the actual expansion line in a finite cooled stage

or a multi-stage cooled turbine. On integration and rearrangement it gives

p

γ

γ
η

− 1
pc

= T ¥ const. (10.67)

Applying this equation for states 1 and 2

T

T
2

1

= 
p

p

pc

2

1

1

F
HG

I
KJ

-g

g
h

(10.68)

hpc = 

g

g -

F
HG

I
KJ

F
HG

I
KJ

1
2

1

2

1

ln

ln

T

T

p

p

(10.69)

10.6.5 Multi-stage Turbine Efficiency

For a known value of polytropic efficiency (hpc), the efficiencies of a finite

cooled stage and a multi-stage turbine can be obtained.

In a multi-stage cooled turbine (Fig. 10.11) with j stages of the same

pressure ratio (pr) the ideal and actual values of the temperature drops are

T1 – T( j + 1) s = T1 1
1

1

-
L

N
M

O

Q
P

+T

T

j s( )
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T1 – T( j + 1) s = T1 1
1

1

-
F
HG

I
KJ

L

N

M
M
M

O

Q

P
P
P

-

pr

j
g

g

(10.70)

T1 – T j + 1 = T1 1
1

1

-
L

N
M

O

Q
P

+T

T

j

From Eq. (10.67)

T1 – T j + 1 = T1 1
1

1

-
F
HG

I
KJ

L

N

M
M
M

O

Q

P
P
P

-

pr

j pc
g

g
h

(10.71)

If the total heat rejected by the turbine due to cooling is qT, work done

is wT and the isentropic enthalpy drop DhTs, then

w q

h
T T

Ts

+

D
 = 

w

h
T

TsD
 1 +
F
HG

I
KJ

q

w
T

T

= 
T T

T T

j

j s

1 1

1 1

-

-

+

+( )

(10.72)

The overall efficiency of the multi-stage turbine is

hT = 
w

h
T

TsD
(10.73)

Therefore, substituting from Eqs. (10.70), (10.71) and (10.73) in

Eq. (10.72)

hT 1 +
F
HG

I
KJ

q

w
T

T

= 
1

1

1

1

-

-

-

-

p

p

r

pcj

r
j

g

g

g

g

h

(10.74)

For a single finite cooled stage, Eq. (10.74) gives

h st 1 +
F
HG

I
KJ

q

w
st

st

= 
1

1

1

1

-

-

-

-

p

p

r

pc

r

g

g

g

g

h

(10.75)

Equations (10.74) and (10.75) in the absence of cooling (hpc = hp) give

hT = 
1

1

1

1

-

-

-

-

p

p

r

pj

r
j

g

g

g

g

h

(10.76)

h st = 
1

1

1

1

-

-

-

-

p

p

r

p

r

g

g

g

g

h

(10.77)

These equations are identical to Eqs. (2.132) and (2.129a) respectively.
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Notation for Chapter 10

c Fluid velocity

cp Specific heat

h Enthalpy, blade height

H Heat transfer coefficient

j Number of cooled stages

k1, k2, k3, k4 Quantities (constants) defined in the text

K Thermal conductance of the blade material

&m Mass-flow rate

p Pressure

pr Pressure ratio

P Perimeter of the heat transfer surfaces

q Heat exchange

s Entropy

Ds Change in entropy

t Temperature difference

T Temperature

u Peripheral speed of the rotor

w Relative velocity of the fluid, work

Dw Loss in stage work

z Distance along the blade height

Greek symbols

g cp / cv

h Efficiency

x Enthalpy loss coefficient

Subscripts

o Stagnation values

1 Entry to the stage, initial state

2 Entry to the rotor, final state

3 Exit from the stage

a Actual

b Blade

c Coolant, cooled stage

ci Ideal cooled stage

ca Actual cooled stage

e External surface

g Gas

h Blade hub
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i Internal surface, ideal

max Maximum

N Nozzle blade row

p Polytropic or infinitesimal stage

rel Relative

R Rotor blade row

s,ss Isentropic

st Single stage

tt Total-to-total

T Multi-stage turbine

•Ø Questions and Problems

10.1 What material and aerodynamic problems arise by the use of high

temperature gas in turbine stages? How are they overcome?

10.2 (a) What are the five most important properties which the high

temperature blade material must have?

(b) Name five alloys which are commonly used for gas turbine

blades, discs and casings at elevated temperature. Give the

range of temperatures for each of these materials.

10.3 (a) Why is it desirable to employ high inlet gas temperatures in

gas turbine plants for land and aeronautical applications?

(b) Explain what is the effect of high inlet temperatures on

specific power output, specific thrust, plant and turbine stage

efficiencies?

10.4 (a) Explain why and when does cooling of gas turbine blades

become necessary?

(b) Why is it not necessary to cool steam turbine blades?

10.5 (a) Describe various methods of cooling gas turbine blades?

(b) Why is air cooling preferred to liquid cooling in aeroengines?

10.6 What is creep? How does it affect the operation of gas turbine

stages at elevated temperatures?

10.7 (a) Starting from the fundamental equations of heat transfer,

prove that the variations of the coolant and blade metal

temperatures along the blade height are given by

T T

T T
c ch

g ch

-

-
= 1 – e– C1z

T T

T T
b ch

g ch

-

-
= 1 – e– C2z
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State the assumptions used.

(b) Show graphically the variation of these temperatures along the

blade height.

10.8 Derive the following relations for an actual cooled gas turbine

stage:

(a) Lost work

= 
1

2
c2

2 ¢
F
HG

I
KJ

+
L

N
M

O

Q
Px N N

T

T
q c3

2
2
21

2
 + 

1

2
 w2

3 ¢ +F
H

I
Kx R Rq w

1

2 3
2

(b)

hca = 1 – 
lost work

Dhos

(c) Stage work

= 
1

2
 (c2

2 – c2
3) + 

1

2
 (w2

3 – w2
2)

(d) Loss of stage efficiency due to cooling

Dhc ª heat rejected/stage work

(e) Small stage efficiency

hpc = 

g

g -

F
HG

I
KJ

F
HG

I
KJ

1
2

1

2

1

ln

ln

T

T

p

p



Chapter 11

Axial Compressor Stages

An axial compressor399,411A is a pressure producing machine. The

energy level of air or gas flowing through it is increased by the

action of the rotor blades which exert a torque on the fluid. This torque

is supplied by an external source—an electric motor or a steam or gas

turbine. Besides numerous industrial applications the multistage axial

compressor is the principal element of all gas turbine power plants (see

Chapter 3 and 5) for land and aeronautical applications.

An axial compressor stage was defined in Sec. 1.7 and its merits

discussed in Sec. 1.9. In contrast to the axial turbine stages, an axial

compressor stage is a relatively low temperature and pressure machine

with no serious material problems. While impulse type of stages are

commonly used in turbines, these are rare in compressors except in

supersonic stages.

The flow in a compressor stage is throughout decelerating as in a

diffuser. In this respect the nature of flow in a compressor stage is largely

identical to the diffuser flow which has been discussed in Sec. 2.4. As

pointed out earlier, the blade profiles in compressor blade rows are more

critical than in turbine stages. This is on account of the flow occurring

against the pressure rise and the susceptibility of the flow to separation.

The arrangement of blade rows (cascades) in compressors and the

nature of flow through them have been discussed at length in Sec. 8.5.

Figures 8.26 to 8.36 dipict various geometrical and aerodynamic aspects

of compressor blade rows and the flow through them.

This chapter deals with the aerothermodynamic analysis of flow

through complete compressor stages. Methods of estimating the stage

work and efficiency are given here (see Sec. 2.6). Flow problems through

both long (low pressure stages) and short blades (high pressure) have

been considered.

Various problems of low pressure axial compressor stages are identical

to those of axial-flow fans which have been dealt with in Chapter 14.

Slight amount of overlap between these chapters has been considered

inevitable and tolerated. However, some aspects have been covered only

in one chapter. Some striking differences that would be observed between

the two chapters are the use of “multi-stages” and the term “pressure
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ratio” in this chapter and “single stage fans” and “pressure rise in

millimeters of water gauge” in Chapter 14.

•Ø  11.1 Stage Velocity Triangles

Pressure and velocity variations through a compressor stage (with inlet

guide vanes) are shown in figure 11.1(a).

p

c

Velocity

Pressure

IGVs Rotor Diffuser

Fig. 11.1 (a) Pressure and velocity variation through a

compressor stage

Velocity triangles for axial compressor stages have been briefly dis-

cussed in Chapters 1 and 8. The velocity triangles shown in Fig. 11.1(b)

are for a general stage which receives air or gas with an absolute velocity

c1 and angle a1 (from the axial direction) from the previous stage. In the

case of the first stage in a multi-stage machine, the axial direction of the
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3

2

2

1

1

h p03 03,

h p02 02,

h p01 01,

h p3 3,

h p2 2,

h p1 1,

c3

c2w2

a3

a2

a1b1

b2

cx3

cx2

Diffuser
blades

Exit velocity
triangle

cy2wy2
u

u
Rotor
blades

wy1

w1

cy1

cx1
c1

u

Upstream
guide vanes

Entry velocity
triangle

Fig. 11.1 (b) Velocity triangles for a compressor stage

approaching flow is changed to the desired direction (a1) by providing a

row of blades called upstream guide vanes (UGV). Therefore, the first

stage experiences additional losses arising from flow through the UGVs.

For a general stage, the entry to the rotor, exit from the rotor and the

diffuser blade row (stator) are designated as stations 1, 2 and 3,

respectively. The air angles in the absolute and the relative systems are

denoted by a1, a2, a3 and b1, b2 respectively. If the flow is repeated in

another stage,

c1 = c3 and a1 = a3

Subscripts x and y denote axial and tangential directions respectively.

Thus the absolute swirl or whirl vectors cy1 and cy2 are the tangential
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components of absolute velocities c1 and c2, respectively. Similarly, wy1 and

wy2 are the tangential components of the relative velocities w1 and w2,

respectively.

Peripheral velocity at the mean diameter of the rotor at stations 1 and

2 is taken as

u = u1 ª u2

The following trignometrical relations obtained from velocity triangles

(Fig. 11.1b) will be used throughout this chapter.

From velocity triangles at the entry:

cx1 = c1 cos a1 = w1 cos b1 (11.1)

cy1 = c1 sin a1 = cx1 tan a1 (11.2)

wy1 = w1 sin b1 = cx1 tan b1 (11.3)

u = cy1 + wy1 (11.4a)

u = c1 sin a1 + w1 sin b1 (11.4b)

u = cx1 (tan a1 + tan b1) (11.4c)

From velocity triangles at the exit:

cx2 = c2 cos a2 = w2 cos b2 (11.5)

cy2 = c2 sin a2 = cx2 tan a2 (11.6)

wy2 = w2 sin b2 = cx2 tan b2 (11.7)

u = cy2 + wy2 (11.8a)

u = c2 sin a2 + w2 sin b2 (11.8b)

u = cx2 (tan a2 + tan b2) (11.8c)

For constant axial velocity through the stage:

cx1 = cx2 = cx3 = cx (11.9)

cx = c1 cos a1 = w1 cos b1 = c2 cos a2 = w2 cos b2 (11.10)

Equations (11.4c) and (11.8c) give

u

cx

= 
1

f
 = tan a1 + tan b1 = tan a2 + tan b2 (11.11)

This relation can also be presented in another form using Eqs. (11.4a) and

(11.8a).

cy1 + wy1 = cy2 + wy2

cy2 – cy1 = wy1 – wy2 (11.12a)

cx (tan a2 – tan a1) = cx (tan b1 – tan b2) (11.12b)

Equations 11.12 (a and b) give the change in the swirl components

across the rotor blade row. For steady flow in an axial machine, this is
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proportional to the torque exerted on the fluid by the rotor (Sec. 6.9,

Eq. (6.145b)).

11.1.1 Work

The specific work in a compressor stage is given by Eq. (6.147b). In the

present notation it is

w = u (cy2 – cy1) (11.13a)

Using Eq. (11.12b) it can also be expressed as

w = u cx (tan a2 – tan a1) = u cx (tan b1 – tan b2) (11.13b)

If the alphas and betas are actual air angles, Eq. (11.13b) gives the

actual value of the stage work. The difference between the actual,

isentropic and Euler’s work has already been explained in Sec. 6.9.

For axial-flow compressor (u = u1 = u2), the specific work equation

identical to Eq. (6.153a) is

w = 
1

2
 (c2

2 – c2
1 ) + 

1

2
 (w2

1 – w2
2) (11.13c)

For a desired pressure rise in a compressor, the work input should be

minimized to obtain higher efficiencies. In this respect the selection of the

optimum blade and flow geometries (Sec. 8.5.7) is important.

11.1.2 Blade Loading and Flow Coefficients

The blade loading coefficient for an axial compressor stage is defined as

y = 
w

u2
(11.14)

This is a dimensionless quantity used for comparing stages of differing

sizes and speeds.

Head, pressure or loading coefficients have been discussed in Sec. 7.4.1.

For fan applications, y is defined as a pressure coefficient in Eq. (14.7).

In Sec. 7.4.2 another dimensionless coefficient known as the capacity

coefficient is defined. An expression for the flow coefficient is derived

from this Eq. (7.17):

f = 
c

u
x (11.15)

Equations (11.13a) and (11.13b), when put in Eq. (11.14), give success-

ively

y = 
c

u

y2
 – 

c

u

y1

y = f (tan a2 – tan a1) = f (tan b1 – tan b2) (11.16)
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The performance of axial compressor stages is presented in terms of

f – y plots. Figure 7.6 depicts the variation of pressure coefficient (loading

coefficient) with the flow coefficient for an axial compressor stage.

11.1.3 Static Pressure Rise

The main function of a compressor is to raise the static pressure of air or

gas. The static pressure rise in the stage depends on the flow geometry

and the speed of the rotor. The total static pressure rise across the stage

is the sum of static pressure rises in the rotor and diffuser (stator) blade

rows; expressions for these values are derived here assuming reversible

adiabatic flow and constant axial velocity through the stage.

Further, in view of the small pressure rises over blade rows of axial

compressor stages the flow is assumed incompressible, i.e. r ª constant.

The Bernoulli equation across the rotor blade row gives

p1 + 
1

2
 rw2

1 = p2 + 
1

2
 rw2

2

(Dp)R = p2 – p1 = 
1

2
 r (w2

1 – w2
2 ) (11.17)

Using velocity triangles of Fig. 11.1b,

w2
1 – w2

2 = c2
x1 + w2

y1 – c2
x 2 – w2

y2 = w2
y1 – w2

y2

w2
1 – w2

2 = c2
x (tan2 b1 – tan2 b2)

This when put in Eq. (11.17) gives the pressure rise across the rotor as

(Dp)R = 
1

2
rc2

x (tan2 b1 – tan2 b2) (11.18)

Similarly, the Bernoulli equation across the diffuser blade row gives

(Dp)D = p3 – p2 = 
1

2
 r (c2

2 – c2
3) (11.19)

(Dp)D = 
1

2
 r (c2

y2 – c2
y 3)

(Dp)D = 
1

2
 rc2

x (tan2a2 – tan2a3)

Assuming a3 = a1,

(Dp)D = 
1

2
 rc2

x (tan2a 2 – tan2a1) (11.20)

The stage pressure rise is

p3 – p1 = Dpst = DpR + DpD
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Substituting from Eqs. (11.18) and (11.20),

Dpst = 
1

2
 rc

2
x {(tan

2b1 – tan
2b2) + (tan

2a2 – tan
2a1)}

Using Eq. (11.12b)

Dpst = 
1

2
 rcx (tan

 b1 – tan
 b2) + {cx (tan

 b1 + tan
 b2)

+ cx (tan a2 + tan a1)}

This, on rearrangement and using Eqs. (11.4c) and (11.8c), gives

Dpst = rcx u (tan
 b1 – tan

 b2) (11.21)

Dpst = rcx u (tan a2 – tan a1) (11.22)

These relations for isentropic flow can also be obtained direct from

Eq. (11.13b). For such a flow, changes in pressure and enthalpy and work

are related by

D pst

r
= Dhst = w (11.23)

•Ø  11.2 Enthalpy–Entropy Diagram

Figure 11.2 shows the enthalpy–entropy diagram for a general axial-flow

compressor stage. Static and stagnation values of pressures and enthalpies

at various stations (shown in Fig. 11.1b) have been indicated.

The stagnation state 01 at rotor entry in the absolute system is fixed by

the pressure p1 and velocity c1. The isentropic flow over the rotor and

diffuser blades is represented by 1–2s and 2s–3ss. The stagnation point 03ss

corresponding to the final state at the end of an isentropic compression is

obtained from

h03ss = h3ss + 
1

2
 c2

3ss (11.24)

The irreversible adiabatic or actual compression process is represented

by curve 1-2-3. Here energy transformation processes (1–2) and (2–3) in

the blade rows occur with stagnation pressure loss and increase in

entropy.

For the rotor blades in the relative system:

Stagnation pressure loss = (Dp0)R = p01rel – p02rel

The stagnation enthalpy remains constant.

h h

h w h w

01 02

1 1
2

2 2
21

2

1

2

rel rel=

=+ +

U
V
|

W|
(11.25)
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The pressure (stagnation) and enthalpy loss coefficients are defined by

YR = 
( )D p

w

R0

1
21

2
r

 = 
p p

w

01 02

1
2

rel rel

1

2

−

ρ

(11.26)

xR = 
h h

w

s2 2

1
2

-

1

2

 = 
2 2 2

1
2

c T T

w

p s( )-
(11.27)
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Fig. 11.2 Enthalpy-entropy diagram for flow through a compres-

sor stage
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For the diffuser blades (absolute system):

Stagnation pressure loss = (Dp0)D = p02 – p03

The stagnation enthalpy remains constant.

h h

h c h c

02 03

2 2
2

3 3
21

2

1

2

=

=+ +

U
V
|

W|
(11.28)

The pressure and enthalpy loss coefficients are defined by

YD = 
( )D p

c

D0

2
21

2
r

 = 
p p

c

02 03

2
21

2

-

r
(11.29)

xD = 
h h

c

s3 3

2
21

2

-
 = 

2 3 3

2
2

c T T

c

p s( )-
(11.30)

11.2.1 Efficiencies

The efficiency of the compression process can now be defined on the

basis of ideal (isentropic) and actual (adiabatic) processes defined in the

previous section.

The ideal work in the stage is

ws = h03ss – h01 = cp (T03ss – T01) (11.31)

This is the minimum value of the stage work required to obtain a static

pressure rise of (Dp)st = p3 – p1

However, the actual process, on account of losses and the associated

irreversibilities, will require a larger magnitude of work for the same

pressure rise. This is given by

wa = h02 – h01 = h03 – h01 = cp (T03 – T01) (11.32)

Thus the total-to-total efficiency of the stage is defined by

htt = 
ideal stage work between total conditions at entry and exit

actual stage work

htt = 
w

w
s

a

 = 
h h

h h
ss03 01

03 01

-

-
 = 

T T

T T
ss03 01

03 01

-

-
(11.33)

The magnitude of the stage work obtained from velocity triangles with

actual velocities and air angles equals the actual work. Thus Eqs. (11.13)

when put into Eq. (11.32) give

h03 – h01 = u (cy2 – cy1) (11.34a)

h03 – h01 = ucx (tan a2 – tan a1) = ucx (tan b1– tan b2) (11.34b)

h03 – h01 = 
1

2
 (c2

2 – c2
1) + 

1

2
 (w2

1 – w2
2 ) (11.34c)
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Similarly, the actual value of the loading coefficient in Eq. (11.14) is given

by

y = 
h h

u

03 01

2

-
 = 

c T T

u

p ( )03 01

2

-
(11.35)

Equation (11.33) when put into Eq. (11.35) gives

y = 
h h

u

ss

tt

03 01

2

-

h
 = 

c T T

u

p ss

tt

( )03 01

2

-

h
(11.36)

Equation (11.23) is not valid for an actual flow because

w > 
( )D p st

r

For isentropic (ideal) and incompressible flow, we have from

Eq. (11.31)

( )D p st

r
= ws = h03ss – h01 = cp (T03ss – T01) (11.37)

With the help of this equation the following relations for the stage

efficiency are obtained:

htt = 
( )

( )

D p

h h
st

r 03 01-
(11.37a)

htt = 
( )

( )

D p

c T T

st

pr 03 01-
(11.37b)

htt = 
( )

( )

D p

u c c

st

y yr 2 1-
(11.37c)

The stage pressure rise (Dp)st can easily be measured on water or

mercury manometers and the actual work input can be measured through

torque measuring devices. Further insight into this aspect can be obtained

from the energy flow diagram given in Fig. 11.9.

If the axial velocity through the stage remains constant, then for a1 =

a3, c1 = c3

h03 – h01 = h3 – h1 (11.38)

T03 – T01 = T3 – T1

These relations are also valid approximately for small values of c1 and

c3. Similarly, for the isentropic process.

h03ss – h01 = h3ss – h1 (11.39)

T03ss – T01 = T3ss – T1
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With the help of Eqs. (11.38) and (11.39), the efficiency of the comp-

ressor stage can be defined as a static-to-static efficiency.

hss = 
h h

h h
ss3 1

3 1

-

-
 = 

T T

T T
ss3 1

3 1

-

-
(11.40)

11.2.2 Degree of Reaction

The degree of reaction prescribes the distribution of the stage pressure rise

between the rotor and the diffuser blade rows. This in turn determines the

cascade  losses in each of these blade rows. As in axial flow turbines (Sec.

9.5.2), the degree of reaction for axial compressors can also be defined in

a number of ways; it can be expressed either in terms of enthalpies,

pressures or flow geometry.

(a) For a reversible stage the degree of reaction is defined as

R = 
isentropic change of enthalpy in the rotor

isentropic change of enthalpy in the stage

From Fig. 11.2 this gives

R = 

dh

dh

s

ss

1

2

1

3

z

z
 = 

h h

h h
s

ss

2 1

3 1

-

-
(11.41)

For isentropic flow dh = 
dp

r
; therefore,

R = 

dp

dp

s

ss

r

r

1

2

1

3

z

z
For relatively small pressure changes flow can be assumed incom-

pressible, i.e. r ª constant.

R = 

dp

dp

s

ss

1

2

1

3

z

z

R = 
p p

p p
2 1

3 1

-

-
(11.42)
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In compressor applications pressures are of greater interest. There-

fore, in practice the degree of reaction is more frequently defined

in terms of pressures which are generally known.

(b) For a real or actual compressor stage the degree of reaction is

defined as

R = 
actual change of enthalpy in the rotor

actual change of enthalpy in the stage

R = 
h h

h h
2 1

3 1

-

-
 = 

T T

T T
2 1

3 1

-

-
(11.43)

For c1 = c3, h3 – h1 = h03 – h01 = u (cy2 – cy1)

Equation (11.25) gives

h2 – h1 = 
1

2
(w2

1 – w2
2 )

These relations when used in Eq. (11.43) give

R = 
h h

h h
2 1

03 01

-

-
(11.44a)

R = 
w w

u c cy y

1
2

2
2

2 12

-

-( )
(11.44b)

This expression can be further expressed in terms of air angles.

R = 
c

uc

x

x

2 2
1

2
2

1 22

(tan tan )

(tan tan )

b b

b b

-

-

R = 
1

2

c

u
xF

HG
I
KJ

 (tan b1 + tan b2) (11.44c)

But
c

u
x = f and 

1

2
 (tan b1 + tan b2) = tan bm

Therefore,

R = f tan bm (11.44d)

Equation (11.44c) can be rearranged to give

R = 
1

2

c

u

xF
HG

I
KJ

 {(tan b1 + tan a1) – (tan a1 – tan b2)}

From Eq. (11.11)

tan b1 + tan a1 = 
u

cx

Therefore,

R = 
1

2
 – 

1

2

c

u

xF
HG

I
KJ

 (tan a1 – tan b2) (11.45)
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This is a useful relation in terms of the geometry of flow and can

be used to study the effect of air angles and the required cascade

geometry (to provide these air angles) on the degree of reaction of

an axial compressor stage.

11.2.3 Low Reaction Stages

A low reaction stage has a lesser pressure rise in its rotor compared to that

in the diffuser, i.e. (Dp)R < (Dp)D. In such a stage, the quantity (tan a1 –

tan b2) is positive or, in other words, a1 > b2 [Fig. 11.1b and Eq. (11.45)].

The same effect can be explained in another manner. In Eq. (11.45).

cx tan a1 = cy1 = u – wy1

cx tan b2 = wy2 = u – cy2

Therefore, after substituting these values in Eq. (11.45)

R = 
1

2
 – 

1

2

1 2c

u

w

u

y y
-

F

HG
I

KJ
(11.46)

R = 
1

2
 – 

1

2u
 (cy2 – wy1) (11.47)

This equation relates the degree of reaction to the magnitudes of swirl or

the whirl components approaching the rotor and the diffuser. Thus a low

degree of reaction is obtained when the rotor blade rows remove less swirl

compared to the diffuser blade rows, i.e.

wy1 < cy2

Figure 11.3 shows the enthalpy–entropy diagram for such a stage. The

swirl removing ability of a blade row is reflected in the static pressure rise

across it.

In a low-degree reaction stage the diffuser blade rows are burdened by

a comparatively larger static pressure rise which is not desirable for

obtaining higher efficiencies.

11.2.4 Fifty Per Cent Reaction Stages

One of the ways to reduce the burden of a large pressure rise in a blade

row is to divide the stage pressure rise equally between the rotor and

diffuser. To approach this condition (Fig. 11.4).

h2 – h1 = h3 – h2 = 
1

2
(h3 – h1) (11.48)

This when put in Eq. (11.43) gives

R = 
1

2
 (fifty per cent reaction)
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Equation (11.44b) for R = 
1

2
 gives

1

2
= 

w w

u c cy y

1
2

2
2

2 12

-

-( )

Substituting from Eq. (11.13c)

w2
1 – w2

2 = 
1

2
 (c2

2 – c2
1) + 

1

2
 (w2

1 – w2
2 )

w2
1 – w2

2 = c2
2 – c2

1 (11.49)

For R = 
1

2
, Eq. (11.45) gives

a1 = b2 (11.50a)

This when substituted in Eq. (11.11) gives

a2 = b1 (11.50b)

3ss

2s

3

p3

Diffuser

h h–3 2

h h–2 1
p1

p2

Rotor

2

1

Entropy

E
n

th
a

lp
y

Fig. 11.3 Enthalpy-entropy diagram for flow through a low reaction

stage (R < 1
2
)
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Equation (11.50) along with Eq. (11.49) yield

w1 = c2

w2 = c1 (11.51)

These relations show that the velocity triangles at the entry and exit of

the rotor of a fifty per cent reaction stage are symmetrical; these have

been shown in Fig. 1.17. The whirl or swirl components at the entries of

the rotor and diffuser blade rows are also same.

cy1 = wy2

wy1 = cy2 (11.52)

11.2.5 High Reaction Stages

The static pressure rise in the rotor of a high reaction stage is larger

compared to that in the diffuser, i.e. (Dp)R > (Dp)D. For such a stage the

quantity (tan a1 – tan b2) in Eq. (10.45) is negative, giving R > 
1

2
.

3ss

2s

3

p3

p1

p2

2

1

Entropy

E
n

th
a

lp
y

)(
2

1
1323 hhhh −=−

)(
2

1
1312 hhhh −=−

Fig. 11.4 Enthalpy-entropy diagram for a fifty per cent reaction

stage
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Therefore, for such a stage

b2 > a1

wy1 > cy2

Figure 11.5 shows the velocity triangles for such a stage. It can be

observed that the rotor blade row generates a higher static pressure on

account of the larger magnitude of the swirl component wy1 at its entry.

The swirl component (cy2) passed on to the diffuser blade row is relatively

smaller, resulting in a lower static pressure rise therein.

c3

a3

a2

a1b1

b2

Diffuser
blades

u

u

wy2 cy2

cy1

c2
w2

w1 c1

Rotor
blades

u

wy1

Fig. 11.5 High reaction stage (R > 1
2
, a1 < b 2)

Since the rotor blade rows have relatively higher efficiencies, it is

advantageous to have a slightly greater pressure rise in them compared to

the diffuser.

A further discussion on the various degrees of reaction of the axial fan

stages has been given in Chapter 14.
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•Ø  11.3 Flow Through Blade Rows

After studying the geometry and thermodynamics of the flow through a

compressor stage, further insight can be obtained by looking at the flow

in the individual blade rows. Therefore, the two parts of the h–s diagram

in Fig. 11.2 (for the stage) are redrawn in Figs. 11.6 and 11.7. The

similarity between these diagrams must be noted.

Some aspects of incompressible and compressible flow through

diffusers have already been discussed in Sec. 2.4.

The flow over a small pressure rise can be considered incompressible, i.e.

density can be assumed to remain constant with little sacrifice in accuracy.

11.3.1 Rotor Blade Row

The flow process as observed by an observer sitting on the rotor is

depicted in Fig. 11.6. The initial and final pressures are p1 and p2 for both

isentropic and adiabatic processes.

In the isentropic process the flow will diffuse to a velocity w2s giving

the stagnation enthalpy and pressure as h01rel and p01rel respectively.

h2s – h1 = 
1

r
 (p2 – p1) = 

1

r
 (Dp)R (11.53)
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Fig. 11.6 Enthalpy-entropy diagram for flow through rotor blade row
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The actual process gives the final velocity w2 and stagnation pressure

p02rel. Here the same static pressure rise (Dp)R occurs with a greater

change in the kinetic energy 
1

2
 (w

2
1 – w

2
2 ). In the ideal or isentropic

process this is

1

2
 (w2

1 – w2
2 s) < 

1

2
 (w2

1 – w2
2 )

This difference is due to the losses and the increase in entropy.

The efficiency of the rotor blade row can now be defined by

hR = 
h h

h h
s2 1

2 1

-

-
 = 

( ) ( )h h h h

h h
s2 1 2 2

2 1

- - -

-

hR = 1 – 
h h

h h
s2 2

2 1

-

-
(11.54)

Assuming perfect gas and substituting from Eq. (11.27)

hR = 1 – 
w

c T Tp

1
2

2 12 ( )-
 xR (11.55a)

hR = 1 – x R

w

w
1 2

2

1
2

-
F

HG
I

KJ
(11.55b)

The assumption of incompressible flow is not required in Eqs. (11.54) and

(11.55)

h2 – h2s = (h2 – h1) – (h2s – h1)

For incompressible flow, substituting from Eq. (11.53)

h2 – h2s = 
1

2
 (w2

1 – w2
2 ) – 

1

r
(p2 – p1)

h2 – h2s = 
1 1

2

1

21 1
2

2 2
2

r
r rp w p w+F

H
I
K - +F

H
I
K

R
S
T

U
V
W

h2 – h2s = 
1

r
 ( p01rel – p02rel ) = 

( )D p R0

r
(11.56)

Substituting this in Eq. (11.54)

hR = 1 – 
( )

( )

D p

h h
R0

2 1r -
(11.57a)

Substitution from Eq. (11.26) gives

hR = 1 – Y
w

w
R 1 2

2

1
2

-
F

HG
I

KJ
(11.57b)
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11.3.2 Stator Blade Row

The ideal and actual flow processes occurring in the diffuser blade row are

shown in Fig. 11.7. Its efficiency is again defined as for the rotor blade row.

hD = 
h h

h h
s3 2

3 2

-

-
 = 

( ) ( )h h h h

h h
s3 2 3 3

3 2

- - -

-

hD = 1 – 
h h

h h
s3 3

3 2

-

-
(11.58)
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Fig. 11.7 Enthalpy-entropy diagram for flow through diffuser

(stator) blade row

Substituting in terms of the enthalpy loss coefficient

hD = 1 – 
c

c T Tp

2
2

3 22 ( )-
 xD (11.59a)

hD = 1 – x D

c

c
1 3

2

2
2

-
F

HG
I

KJ
(11.59b)

For incompressible flow,

h3 – h3s = 
1

r
 (p02 – p03) = 

( )D p D0

r
(11.60)
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Therefore, the diffuser efficiency can be expressed in terms of the diffuser

stagnation pressure loss coefficient

hD = 1 – 
(D p

h h
D0

3 2

)

( )r -
(11.61a)

hD = 1 – Y
c

c
D 1 3

2

2
2

-
F

HG
I

KJ
(11.61b)

•Ø  11.4 Stage Losses and Efficiency

Losses occurring in axial turbine and compressor cascades have been

discussed in Chapter 8. Some methods of estimating these losses for

compressor blade rows are given in Sec. 8.5.6. In a complete

compressor, stage losses due to bearing and disc friction (shaft losses)

also occur.

Cascade losses391 depend on a number of aerodynamic and cascade

geometrical parameters. Figure 11.8 shows the variation of exit air angles

and losses with Reynolds number. It is observed that beyond the Reynolds

number of 2 ¥ 10
5
, the variations are not significant.
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Fig. 11.8 Typical variation of exit air angles and cascade losses

with Reynolds number
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Figure 11.9 shows the energy flow diagram for an axial compressor

stage. Figures in the brackets indicate the order of energy or loss

corresponding to 100 units of energy supplied at the shaft.

Energy from the
prime mover or
shaft work (100)

Bearing
loss

Disc
friction loss

Secondary
loss

Isentropic work
(82)

Secondary
loss

Profile
loss

Annulus
loss

Profile
loss

Annulus
loss

Tip
leakage

Stage work
( – )

(98)

h h03 01
Shaft losses

(2)

Rotor
aerodynamic

losses (9)

Energy at the
stator entry

(89)

Stator aerodynamic losses
(7)

Fig. 11.9 Energy flow diagram for an axial flow compressor stage

The stage work (h03 – h01) is less than the energy supplied to the shaft

by the prime mover on account of bearing and disc friction losses. All the

stage work does not appear as energy at the stator entry on account of

aerodynamic losses in the rotor blade row. After deducting the stator

(diffuser) blade row losses from the energy at its entry, the value of the

ideal or isentropic work required to obtain the stage pressure rise is

obtained.

The cascade losses in the rotor and stator would depend on the degree

of reaction. The values shown in the the energy flow diagram are only to

give an example. The ratio of the isentropic work (82) and the actual stage

work (98) gives the stage efficiency, whereas the overall efficiency is

directly obtained as 82%.
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11.4.1 Stage Losses

It is seen from Figs. 11.2 and 11.9 that stage losses are made up of the

cascade losses (see Sec. 11.2) occurring in the rotor and diffuser blade

rows. The loss coefficients (Y or x) are proportional to the square of the

entry velocities.

For incompressible flow over compressor blade rows, the pressure loss

coefficient is determined by cascade tests. As stated in Sec. 9.5.1, the

pressure loss coefficient (Y) can be taken as equal to the enthalpy loss

coefficient (x) for a majority of cases.

The losses in the rotor and diffuser blade rows are now determined

from Fig. 11.2 using Eqs. (11.26) and (11.27).

The slopes of the constant pressure lines p2 and p3 with some

approximation are given by

h h

s
s2 2-

D
= T2 (11.62)

h h

s
s ss3 3-

D
= T3 (11.63)

Eliminating Ds from these equations

h3s – h3ss = 
T

T
3

2

 (h2 – h2s)

Substituting from Eq. (11.27)

h3s – h3ss = 
T

T
3

2

 xR 
1

2
 w2

1 (11.64)

From Eq. (11.30)

h3 – h3s = xD 

1

2
 c2

2 (11.65)

Assuming c3 ª c3ss

h03 – h03ss = h3 – h3ss

h3 – h3ss = (h3 – h3s) + (h3s – h3ss)

Substituting from Eqs. (11.64) and (11.65)

h3 – h3ss = xD 
1

2
 c2

2  + 
T

T
3

2

xR 
1

2
 w2

1 (11.66a)

The stagnation state is represented by 03ss at the end of isentropic comp-

ression from pressure p1 to p3. However, due to stage losses, the actual

state is represented by point 03 (Fig. 11.2). Therefore, the total stage

losses are

h03 – h03s = xD 
1

2
 c2

2  + 
T

T
3

2

 xR w2
1 (11.66b)
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11.4.2 Stage Efficiency

The total-to-total stage efficiency (hst = htt) is given by Eq. (11.33) as

hst = 
h h

h h
ss03 01

03 01

-

-
 = 

( ) ( )h h h h

h h
ss03 01 03 03

03 01

- - -

-

hst = 1 – 
h h

h h
ss03 03

03 01

-

-
(11.67)

Equation (11.66b) when put into Eq. (10.67) yields

hst = 1 – 

x xD Rc
T

T
w

h h

2
2 3

2
1
2

03 012

+

-( )
(11.68a)

From velocity triangles (Fig. 11.1b), for constant axial velocity

c2 = cx sec a2

w1 = cx sec b1

These relations along with Eq. (11.34b) give

hst = 1 – 

x a x b

b b

D x R x

x

c
T

T
c

u c

2 2
2

3

2

2 2
1

1 22

sec sec

(tan tan )

+

-

hst = 1 – 
1

2
 f 

x a x b

b b

D R

T

T
sec sec

tan tan

2
2

3

2

2
1

1 2

+
F
HG

I
KJ

-
(11.68b)

Similar expressions in terms of pressure loss coefficients can also be

derived using Eqs. (11.56) and (11.60).

h2 – h2s = 
( )D p R0

r
 = 

1

2
 YR w

2
1 (11.69a)

h3s – h3ss = 
T

T
3

2

 (h2 – h2s) = 
1

2
3

2

T

T

F
HG

I
KJ

 YR w2
1 (11.69b)

h3 – h3s = 
( )D p D0

r
 = 

1

2
 YD c2

2 (11.70)

Therefore, the total stage losses are

h03 – h03ss = 
1

2
 YD c2

2 + 
1

2
3

2

T

T

F
HG

I
KJ

 YR w 2
1 (11.71)

h03 – h03ss = 
1

2
 c2

x Y
T

T
YD Rsec sec2

2
3

2

2
1a b+

F
HG

I
KJ

(11.72)
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These equations when substituted in Eq. (11.67) yield

hst = 1 – 

Y c
T

T
Y w

h h

D R2
2 3

2
1
2

03 012

+

-( )
(11.73)

hst = 1 – 
1

2
f

Y
T

T
YD Rsec sec

tan tan

2
2

3

2

2
1

1 2

a b

b b

+

-
(11.74)

For a given geometry of the stage and flow conditions, the values of the

air angles a2, b1 and b2 and the loss coefficients YD and YR can be

determined from cascade tests. Alternatively, these values can also be

determined by empirical correlations.

•Ø  11.5 Work Done Factor412 ,413

Owing to secondary flows and the growth of boundary layers on the hub

and casing of the compressor annulus, the axial velocity along the blade

height is far from uniform. This effect is not so prominent in the first stage

of a multi-stage machine but is quite significant in the subsequent stages.

Figure 11.10 depicts the axial velocity distributions in the first and last

stages of a multistage axial compressor. The degrees of distortion in the

axial velocity distributions will depend on the number of the stage (1st,

2nd, ..., 14th, etc.). On account of this, the axial velocity in the hub and

tip regions is much less than the mean value, whereas in the central region

its value is higher than the mean.

F

L

O

W

Actual

Mean

First Last Hub

Annulus
height

Casing

Fig. 11.10 Axial velocity distributions along the blade heights in

the first and last blade rows of a multi-stage

compressor (typical curves)
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The effect of this phenomenon on the work absorbing capacity of the

stages can be studied through Eq. (11.13b):

w = ucx (tan b1 – tan b2)

w = u {cx (tan a1 + tan b1) – cx (tan a1 + tan b2)}

Substituting from Eq. (11.11)

w = u {u – cx (tan a1 + tan b2)} (11.75)

The air angles b2 and a1 are fixed by the cascade geometry of the rotor

blades and the upstream blade row. Therefore, assuming (tan a1 + tan b2)

and u as constant, Eq. (11.75) relates work to the axial velocity at various

sections along the blade height.

The velocity triangles of Fig. 11.1b are redrawn in Fig. 11.11 for the

design value (mean value shown in Fig. 11.10), and the reduced (cx – Dcx)

and increased (cx + Dcx) values of the axial velocity.

Increased cx

Increased cx

Design cx

Design cx

Reduced cx

Reduced cx

c1
a1

b1

u

u

uReduced
incidence

Increased
incidence

u

u

u

w2c
x

c
c

x
x

+
D c

c
x

x
–
D

w1

Fig. 11.11 Effect of axial velocity on the stage velocity triangles

and the work

It may be seen from the velocity triangles that the work (Eqs. (11.13a)

and (11.75)) decreases with an increase in the axial velocity and vice versa.

Therefore, the work capacity of the stage is reduced in the central region

of the annulus and increased in the hub and tip regions. However, the

expected increase in the work at the hub and tip is not obtained in

actual practice on account of higher losses. Therefore, the net result is that

the stage work is less than that given by Euler’s equation based on a

constant value of the axial velocity along the blade height. This reduction in

the work absorbing capaciaty of the stage is taken into account by a

“workdone factor” W. This varies from 0.98 to 0.85 depending on the
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number of stages. Therefore, the work expressions in Eqs. (11.34a) and

(11.34b) are modified to

h03 – h01 = W u (cy2 – cy1) (11.76a)

h03 – h01 = W u cx (tan a2 – tan a1)

= W u cx (tan b1 – tan b2) (11.76b)

Figure 11.12 gives the mean values of the work-done factor413 to be

used for each stage in a given number of stages (shown on the X-axis).
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Fig. 11.12 Variation of work-done factor with number of stages of

axial flow compressor (from Howell and Bonham413, by

conurtesy of the Instn. Mech. Engrs. London)

•Ø  11.6 Low Hub-Tip Ratio Stages

For higher flow rates, the cross-sectional area of the low pressure stage

in axial compressors must be large. This requires relatively larger mean

diameters and blade heights leading to hub-tip ratios (dh/dt) much below

unity (see Sec. 9.9).

The variation of various flow parameters in the radial direction (along

the blade height) in such stages are significant and depend on the

conditions imposed in their design. Some of these designs including the

radial equilibrium (Sec. 9.9.1) and free vortex (Sec. 9.9.2) are discussed

in the following sections.

11.6.1 Radial Equilibrium

Flow through turbine blade rows with radial equilibrium has already been

discussed in Sec. 9.9.1. Equation (9.109b) is equally applicable to
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compressor blade rows. However, for further understanding this equation

is derived here in a different manner.

From Euler’s momentum equation (6.46) for cr = 0,

1

r

dp

dr
= 

c

r
q
2

(11.77)

For isentropic incompressible flow,

p0 = p + 
1

2
 rc2 = p + 

1

2
 r (c2

r + c2
q + c2

x )

For radial equilibrium (cr = 0)

p0 = p + 
1

2
 r (c 2

q + c2
x ) (11.78)

dp

dr
0 = 

dp

dr
 + 

1

2
 r 

d

dr
 (c 2

q + c2
x )

1 0

r

dp

dr
= 

1

r

dp

dr
 + cq 

dc

dr
q  + cx 

dc

dr
x

Substituting from Eq. (11.77)

cq 
dc

dr
q  + cx 

dc

dr
x  + 

c

r
q
2

= 
1 0

r

dp

dr
(11.79a)

For some conditions in the flow through compressor blade rows, the

stagnation pressure can be assumed constant along the blade height, i.e.

dp

dr
0 = 0

This condition when applied in Eq. (11.79a) gives

cq 
dc

dr
q  + cx 

dc

dr
x  + 

c

r
q
2

= 0 (11.79b)

This can be reduced to the following form:

1
2

r

d

dr
(rcq )2 + 

d

dr
 (cx )2 = 0 (11.79c)

11.6.2 Free Vortex Flow

A free vortex turbine stage was discussed in Sec. 9.9.2. Compressor stages

have also been designed for free vortex flow. This condition requires rcq

= constant. Therefore, Eq (11.79c) gives

d

dr
 (cx)

2 = 0

cx = constant along the blade height
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cx1h = cx1t = cx1m = cx1 (11.80a)

cx2h = cx2t = cx2m = cx2 (11.80b)

The variations of the tangential velocity components cq1
 and cq 2

 are

governed by the following relations:

rh cq1h = rtcq1t = rmcq1m = C1 (11.81a)

rh cq2h = rtcq2t = rmcq2m = C2 (11.81b)

Constants C1 and C2 are known from the mean section velocity triangles.

Air angles

The above relations for a free vortex stage can give air angles shown in

Fig. 11.1b. Here cy1 = cq1 and cy2 = cq 2.

Rotor entry

tan a1h = 
c

c
h

x h

q1

1

 = 
C

r ch x

1 (11.82a)

From Eq. (11.11)

tan b1h = 
u

c
h

x

 – tan a1h

tan b1h = 
u

c
h

x

 – 
C

r ch x

1 (11.82b)

Similarly, for the tip section

tan a1t = 
c

c

t

x t

q1

1

 – 
C

r ct x

1 (11.83a)

tan b1t = 
u

c
t

x

 – 
C

r ct x

1 (11.83b)

Rotor exit

tan a2h = 
c

c

h

x

q 2

2

 = 
C

r ch x

2 (11.84a)

From Eq. (11.11)

tan b2h = 
u

c
h

x

 – tan a2h

tan b2h = 
u

c
h

x

 – 
C

r ch x

2 (11.84b)

tan a2t = 
c

c

t

x

q2  = 
C

r ct x

2 (11.85a)

tan b2t = 
u

c
t

x

 – 
C

r ct x

2 (11.85b)
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Specific work

The work done per kilogram of the flow at a given radial section (r = r)

is given by Eq. (11.13a)

w = h02 – h01 = u (cq2
 – cq1

)

Equation (11.81) gives

w = w r 
C

r

C

r
2 1-

F
HG

I
KJ

w = h02 – h01 = w (C2 – C1) = const. (11.86)

Degree of reaction

Since the air angles in the stage are varying along the blade height, the

degree of reaction must also vary. Substituting from Eqs. (11.82b) and

(11.84b) in Eq. (11.44c)

R = 
1

2
1 2c

u

u

c

C

rc

u

c

C

rc
x

x x x x

F
HG

I
KJ

- + -
F
HG

I
KJ

R = 1 – 
C C

ur
1 2

2

+
 = 1 – 

C C

r

1 2

2
2

+

w
(11.87)

If K = 
C C1 2

2

+

w
(11.88)

R = 1 – 
K

r2
(11.89)

This shows that the stage reaction in a free vortex design increases along

the blade height.

Figure 11.13 shows the variation of air angles and degree of reaction

along the blade height in a free vortex stage.

11.6.3 Forced Vortex Flow

In a forced vortex flow through the stage the tangential velocity

component is directly proportional to the radius.

c

r
q = const. = C (11.90)

This when used in the radial equilibrium flow equation (11.79c) gives

1
2r

d

dr
 (C r 2)2 + 

d

dr
 (cx )2 = 0

This on simplification yields

d(cx)
2

= – 4C
2
 r dr
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Fig. 11.13 Variation of air angles and degree of reaction along

the blade height in a free-vortex stage

After integration and applying it at the rotor entry

c2
x1 = K1 – 2 C 2

1 r
2 (11.91)

Constants C1 and K1 are known from conditions at the mean radius (rm).

c

r

q1 = 
c

r

h

h

q1  = 
c

r

t

t

q1  = 
c

r

m

m

q 1  = C1 (11.92)

K1 = c
2
x1m + 2C

2
1 r

2
m (11.93)

Thus, with known distribution of the quantities u, cx and cq at the rotor

entry, the velocity triangles and hence the air angles a1 and b1 along the

blade height are known.

At the rotor exit,

c

r

q 2 = 
c

r

h

h

q 2  = 
c

r

t

t

q2
 = 

c

r

m

m

q 2  = C2 (11.94)

Therefore, the specific work done along the blade height is given by

w = h02 – h01 = wr (cq 2
 – cq1

)

w = h02 – h01 = (C2 – C1) wr2 (11.95)

Now an expression (similar to (Eq. 11.91)) for the axial velocity

distribution at the rotor exit can be derived assuming h01 = constant.
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For radial equilibrium conditions,

cq 
dc

dr
q  + cx 

dc

dr
x  + 

c

r
q
2

= 
dh

dr
0

This can be written as

1

2

1
2r

d

dr
 (rcq )2 + 

1

2

d

dr
(cx )2 = 

dh

dr
0

2

F
HG

I
KJ

(11.96)

From Eq. (11.95)

dh

dr
0

2

F
HG

I
KJ

= 2 (C2 – C1) w r (11.97)

1
2

r

d

dr
(rcq )2 = 

1
2

r

d

dr
(C 2

2  r4) = 4 C 2
2  r (11.98)

Equations (11.97) and (11.98) when substituted in Eq. (11.96) give

d (cx)2 = 4 [(C2 – C1) wr – C 2
2 r] dr

After integration

c2
x 2 = K2 + 2 (C2 – C1) wr2 – 2 C 2

2 r
2 (11.99)

The new constant (K2) of integration can again be determined from the

value of cx 2
 at the mean radius.

K2 = c
2
x2m – 2 (C2 – C1) wr

2
m + 2 C

2
2 r

2
m (11.100)

Equation (11.44c) for the degree of reaction cannot be used here because

at a given section cx1
 π cx2

.

11.6.4 General Swirl Distribution

Compressor blade rows have also been designed by prescribing a general

distribution of the tangential (swirl or whirl) velocity component along

the blade height. The general expression is

cq = ar
n
 ± 

b

r

At the rotor entry,

cq1
= ar

n
 – 

b

r
(11.101)

At the rotor exit,

cq 2
= arn + 

b

r
(11.102)

The specific work is given by

w = u (cq2 – cq1)
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Substituting from Eqs. (11.101) and (11.102)

w = h02 – h01 = 2wb (11.103)

This shows that the specific work remians constant along the blade height.

Along with the above swirl distribution the axial velocity is assumed

constant for writing down the expression for the degree of reaction.

From Eq. (11.44b) and Fig. 11.1b,

R = 
w w

u c c
q q

q q

1
2

2
2

2 12

-

-( )
 = 

( ) ( )

( )

w w w w

u c c
q q q q

q q

1 2 1 2

2 12

- +

-

From Eq. (11.12a) or Fig. 11.1b),

wq1 – wq2 = cq2 – cq1

Therefore,

R = 
w w

u
q q1 2

2

+
(11.104a)

R = 
u c u c

u

- + -q q1 2

2

R = 1 – 
c c

u
q q1

2

+ 2 (11.104b)

Substituting from Eqs. (11.101) and (11.102)

R = 1 – 
a

w
 r n – 1 (11.105)

This equation is only approximately valid because it will be seen in the

following sections that the axial velocity across the rotor at a given

section does not remain constant.

Two cases are considered here:

(i) n = 0

The degree of reaction from Eq. (11.105) is

R = 1 – 
a

rw
(11.106)

and increases along the blade height. The axial velocity distribution is

obtained by applying Eq. (11.79c).

At the rotor entry,

(rcq1)
2 = r2 a

b

r
-F

H
I
K

2

 = a2 r2 – 2abr + b2

d

dr
 (rcq1)2 = 2a2r – 2ab
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Substituting this in Eq. (11.79c)

1
2

r
 (2a2 r – 2ab) dr = – d(cx1)2

c
2
x 1 = const. + 2a

2
 

b

ar r2

1
-

F
HG

I
KJz  dr

c2
x 1 = const. – 2a2 

b

ar
r+F

H
I
Kln (11.107)

At the rotor exit

(rcq2)2 = r2 a
b

r
+F

H
I
K

2

 = a 2r 2 + 2abr + b2

d

dr
 (rcq2)2 = 2a2r + 2ab

Substituting this in Eq. (11.79c)

1
2r

 (2a2r + 2ab) dr = – d(cx2)2

c2
x2 = const. – 2a2 ln r

b

ar
-F

H
I
K (11.108)

(ii) n = 1

Equation (11.105) for this condition gives

R = 1 – 
a

w
(11.109)

Thus a stage with constant reaction is obtained. However, this is only

approximately true because here also cx1 π cx2. The axial velocity

distribution is given in the following sections:

At the rotor entry

(rcq1)
2 = r2 ar

b

r
-F

H
I
K

2

 = a2r4 – 2abr2 + b2

1
2r

d

dr
 (rcq1)

2 = 4a2r – 4
ab

r

– d(cx1)
2 = 4a2 r

b

ar
-F

H
I
K  dr

c2
x1 = const. – 4a2 r

b

ar
-F

H
I
Kz dr

c2
x1 = const. – 4a2 

1

2
2

r
b

a
r-F

H
I
Kln (11.110)
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At the rotor exit

(rcq 2)
2 = r2 ar

b

r
+F

H
I
K

2

 = a2r4 + 2abr2 + b2

1
2

r

d

dr
 (rcq2)

2 = 4a2r + 4 
ab

r

d(cx2)
2 = –4a2 r

b

ar
+F

H
I
K  dr

c
2
x 2 = const. – 4a

2
 

1

2
2

r
b

a
r+F

H
I
Kln (11.111)

The values of the constants a and b can be determined by known values

of cq1m and cq2m at the mean radius. Similarly, the constants in Eqs.

(11.107), (11.108), (11.110) and (11.111) are determined from known

values of cx1m and cx2m.

With known values of u, cq1, cx1, cq2 and cx2, the air angles a1, b1, a2

and b2 along the blade height can be determined.

•Ø  11.7 Supersonic and Transonic Stages

Recent developments in materials and bearing design have made higher

peripheral speeds (u ª 600 m/s) possible in compressors. Higher

peripheral speeds lead to supersonic fluid velocities (relative or absolute)

in the blade passages which can then be employed for compression

through a shock (normal or oblique) over a small axial distance.

Supersonic flow 402, 424, 431 in axial compressor stages can also occur

unintentionally due to local acceleration of the flow on the blade surfaces,

generally on the suction side. This happens when the inlet Mach number

is in the proximity of 0.75.

When a compressor stage is intentionally designed as supersonic, the

flow is supersonic in some part or parts of the stage and a significant part

of the static pressure rise is obtained by compression through shock

waves. A shock wave is an irreversibility and leads to an increase in

entropy and stagnation pressure loss. Therefore, supersonic compressors

can provide a higher pressure ratio (ª 4 – 10) in a single stage with a

relatively lower efficiency (ª 75%) on account of additional losses due to

shocks.

Table 11.1 gives a clear picture of the orders of pressure rise and

stagnation pressure loss for some representative values of the upstream

Mach numbers.

The main advantages and disadvantages are obvious from the table.

Some of them are given below.
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Advantages

1. Very high pressure ratio per stage

2. Low weight-to-power ratio

3. Small size and length of the machine

4. Higher flow rates.

Disadvantages

1. Excessive loss due to shocks

2. Early separation of the boundary layer on the suction side leading

to increase in the profile and annulus losses

3. Very steep or almost vertical performance characteristic leading to

unstable operation

4. Difficulty in starting

5. Excessive vibration due to instability of flow

6. Serious stress and bearing problems on account of very high

peripheral speeds.

Figure 11.14 shows a supersonic compressor stage with shock in the

rotor. The velocity triangles are shown in terms of the Mach numbers

corresponding to the velocities. The flow approaches the stage at subsonic

velocity c1 or Mach number Mc1. This with a blade Mach number Mb

gives a supersonic relative Mach number (Mw1) at the entry of rotor blades.

The rotor blade passages are so designed that the entering supersonic flow

is first converted to a subsonic flow through a shock and then it is

subsonically diffused to a relative Mach number Mw2. The flow at the entry

of the stator row is also subsonic. Such a stage can develop a pressure

ratio of about 3.0.

Another scheme is shown in Fig. 11.15. The flow approaches both the

rotor and stator at supersonic velocities. Therefore, besides subsonic

diffusion, compression through shocks in both the rotor and stator is

possible. This arrangement can give a very high pressure ratio (ª 6.0) per

stage.

Table 11.1 Properties of flow through a normal shock (g = 1.4)

M1 M2 p2/p1 p02/p01

(advantage) (disadvantage)

1.2 0.843 1.513 0.993

1.5 0.701 2.458 0.930

2.0 0.578 4.500 0.721

2.5 0.513 7.125 0.500
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Other possibilities are:

(a) subsonic rotor (Mw1 < 1; Mw2 < 1) with shock in the stator

(Mc2 > 1).

M Mc x1 = < 1

u M( )b

u M( )b

Mw1 > 1

Mw2 < 1
Mc2 < 1

Shock in
rotor

b1

a2b2

Subsonic
stator

Fig. 11.14 Supersonic compressor stage with shock in the rotor

(pr ª 3.0)

Shock in
stator

Shock in
rotor

U

Mb

Mb

Mx < 1
Mw1 > 1

Mw2 < 1 Mc2 > 1

Fig. 11.15 Supersonic compressor stage with shocks in the rotor

and stator (pr ª 6.0)
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(b) supersonic rotor and subsonic stator.

(c) subsonic rotor and supersonic stator.

Choking of the flow occurs if the velocities are such that the axial Mach

number is unity or higher. Therefore, the velocity triangles (blade

geometry) are so chosen that the axial Mach number is always less than

unity.

Blades in rows receiving supersonic flow must have sharp leading edges

to avoid strong detached shocks and excessive losses arising from them.

To retain some advantages of high speed compressors without

suffering too much from their disadvantages, low Mach number

supersonic flow or high Mach number subsonic flow can be employed.

Such compressor stages are known as transonic stages410, 421 with flow

Mach numbers varying in the range 0.85 – 1.3. Such stages do not suffer

from unstable flow and have relatively higher efficiencies. The flow in

such stages is generally supersonic towards the tip sections of the blades.

•Ø  11.8 Performance Characteristics

A brief introduction to compressor performance has been given in Sec. 7.7.

The performance characteristics of axial compressors or their stages at

various speeds can be presented in terms of the plots of the following

parameters:

(a) pressure rise vs. flow rate,

Dp = f (Q)

Dp = f ( &m)

(b) pressure ratio vs. non-dimensional flow rate (Fig. 7.5),

p

p
2

1

= f
&m T

p

01

01

F

H
G

I

K
J

(c) loading coefficient vs. flow coefficient (Fig. 7.6),

y = f (f)

The actual performance curve based on measured values is always below

the ideal curve obtained theoretically on account of losses. This is shown

in Fig. 11.16. The surge point and stable and unstable flow regimes have

been explained in the following sections.

11.8.1 Off-design Operation

A compressor gives its best performance while operating at its design

point, i.e. at the pressure ratio and flow rate for which it has been
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designed. However, like any other machine or system, it is also expected

to operate away from the design point. Therefore, a knowledge about its

behaviour at off-design operation is also necessary.

Off-design characteristic curves can be obtained theoretically from Eqs.

(11.16) and (11.11).

y = f (tan a2 – tan a1)

But tan a2 = 
1

f
 – tan b2. Therefore,

y = 1 – f (tan b2 + tan a1) (11.112a)

The quantity (tan b2 + tan a1) can be assumed constant in a wide range

of incidence up to the stalling value is. This is justified in view of small

variations in the air angles at the rotor and stator exits. Therefore, writing

a1 = a3

A = tan b2 + tan a3 (11.113)

If the design values are identified by the superscript*, Eq. (11.112a)

along with (11.113) can be written as

y* = 1 – Af* (11.112b)

A = 
1-y

f

*

*

At off-design conditions

y = 1 – Af

Stage losses

Unstable Stable
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Ideal

Surge
point

Flow rate

P
re

s
s
u

re
ri
s
e

Fig. 11.16 Ideal and actual performance curves for an axial com-

pressor
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y = 1 – (1 – y*) 
f

f *
(11.114)

This equation also gives the off-design characteristic of an axial-flow

compressor. Figure 11.17 depicts theoretical characteristic curves for

some values of the constant A. For positive values of A, the curves are

falling, while for negative values rising characteristics are obtained. The

actual curves will be modified forms of these curves on account of losses.
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Fig. 11.17 Off-design characteristic curves for an axial com-

pressor stage

11.8.2 Surging

Unstable flow in axial compressors can be due to the separation of flow

from the blade surfaces or complete breakdown of the steady through

flow. The first pehnomenon is known as stalling, whereas the second

is termed as surging.
407, 437

 Both these phenomena occur due to off-

design conditions of operation and are aerodynamically and mechanically

undesirable.

Sometimes, it is difficult to differentiate between operating conditions

leading to stalling and surging. It is possible that the flow in some regions

stalls without surging taking place. Surging affects the whole machine

while stalling is a local phenomenon.

Some typical performance characteristic curves at different speeds

(N1, N2, etc.) are shown in Fig. 11.18. The surge phenomenon is explained

with the aid of one of the curves in this Figure. Let the operation of the
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compressor at a given instant of time be represented by point A (pA, &mA)

on the characteristic curve (speed = constant = N3). If the flow rate

through the machine is reduced to &mB by closing a valve on the delivery

pipe, the static pressure upstream of the valve is increased. This higher

pressure (pB) is matched with the increased delivery pressure (at B)

developed by the compressor. With further throttling of the flow (to &mC

and &mS), the increased pressures in the delivery pipe are matched by the

compressor delivery pressures at C and S on the characteristic curve.

The characteristic curve at flow rates below &ms provides lower

pressure as at D and E. However, the pipe pressures due to further

closure of the valve (point D) will be higher than these. This mismatching

between the pipe pressure and the compressor delivery pressure can only

exist for a very short time. This is because the higher pressure in the pipe

will blow the air towards the compressor, thus reversing the flow leading

to a complete break-down of the normal steady flow from the compressor

to the pipe. During this very short period the pressure in the pipe falls and

the compressor regains its normal stable operation (say at point B)

delivering higher flow rate ( &mB). However, the valve position still

corresponds to the flow rate &mD. Therefore, the compressor operating

conditions return through points C and S to D. Due to the breakdown of

the flow through the compressor, the pressure falls further to pE and the

entire phenomenon, i.e. the surge cycle EBCSDE is repeated again and

mE mD mS mA

N1

N2

N3

N4

A

B
C

SD

E

S

S

Surge
line

Surge cycle

Flow rate

P
re

s
s
u

re
ri

s
e

. . . .

Fig. 11.18 Surging in compressors



496 Turbines, Compressors and Fans

again. The frequency and magnitude of this to-and-fro motion of the air

(surging) depend on the relative volumes of the compressor and delivery

pipe, and the flow rate below &ms.

Surging of the compressor leads to vibration of the entire machine

which can ultimately lead to mechanical failure. Therefore, the operation

of compressors on the left of the peak of the performance curve is

injurious to the machine and must be avoided.

Surge points (S) on each curve corresponding to different speeds can

be located and a surge line is drawn as shown in Fig. 11.18. The stable

range of operation of the compressor is on the right-hand side of this line.

There is also a limit of operation on the extreme right of the chara-

cteristics when the mass-flow rate cannot be further increased due to

choking. This is obviously a function of the Mach number which itself

depends on the fluid velocity and its state.

11.8.3 Stalling

As stated earlier, stalling is the separation of flow from the blade surface.

At low flow rates (lower axial velocities), the incidence is increased as

shown in Fig. 11.11. At large values of the incidence, flow separation

occurs on the suction side of the blades which is referred to as positive

stalling. Negative stall is due to the separation of flow occurring on the

pressure side of the blade due to large values of negative incidence.

However, in a great majority of cases this is not as significant as the

positive stall which is the main subject under consideration in this section.

The separation of flow on aerofoil blades has been discussed in Sec.

6.1.18. Losses in blade rows due to separation and stalling have been

explained in Sec. 8.4.5.

In a high pressure ratio multi-stage compressor the axial velocity is

already relatively small in the higher pressure stages on account of higher

densities. In such stages a small deviation from the design point causes

the incidence to exceed its stalling value and stall cells first appear near

the hub and tip regions (see Sec. 11.5). The size and number of these stall

cells or patches increase with the decreasing flow rates. At very low flow

rates they grow larger and affect the entire blade height. Large-scale

stalling of the blades causes a significant drop in the delivery pressure

which can lead to the reversal of flow or surge. The stage efficiency also

drops considerably on account of higher losses. The axisymmetric nature

of the flow is also destroyed in the compressor annulus.

Rotating stall

Figure 11.19 shows four blades (1, 2, 3 and 4) in a compressor rotor.

Owing to some distortion or non-uniformity of flow one of the blades (say
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the third) receives the flow at increased incidence. This causes this blade

(number three) to stall. On account of this, the passage between the third

and fourth blades is blocked causing deflection of flow in the

neighbouring blades. As a result, the fourth blade again receives flow at

increased incidence and the second blade at decreased incidence.

Therefore, stalling also occurs on the fourth blade. This progressive

deflection of the flow towards the left clears the blade passages on the

right on account of the decreasing incidence and the resulting unstalling.

Thus the stall cells or patches move towards the left-hand side at a fraction

of the blade speed. In the relative system they appear to move in a direction

opposite to that of the rotor blades. However, on account of their (stall

cell) lower speed as compared to that of the rotor, they move at a certain

speed in the direction of the rotation in the absolute frame of coordinates.

Rotating stall cells401,406 develop in a variety of patterns at different

off-design conditions as shown in Fig. 11.20. The blades are subjected to

forced vibrations on account of their passage through the stall cells at a

certain frequency. The frequency and amplitude of vibrations depend on

the extent of loading and unloading of the blades, and the number of stall

cells. The blades can fail due to resonance. This occurs when the

frequency of the passage of stall cells through a blade coincides with its

natural frequency.

Both the efficiency and delivery pressure drop considerably on account

of rotating stall.

Notation for Chapter 11

a Constant

A Constant, area of cross-section

4 3 2 1

UnstallingPropagating
stall cell

Increased
incidence

Reduced
incidence

u

Air

Fig. 11.19 Stall propagation in a compressor blade row
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b Constant

c Fluid velocity

cp Specific heat at constant pressure

C1, C2 Constants

d Diameter

h Enthalpy

Dh Change in enthalpy

K, K1, K2 Constants

&m Mass-flow rate

M Mach number

n Index of r

N Rotor speed

p Pressure

Dp Static pressure rise

Dp0 Stagnation pressure loss

P Power

Q Volume-flow rate

r Radius

R Degree of reaction, gas constant

Re Reynolds number

Ds Change in entropy

T Absolute temperature

u Tangential or peripheral speed of the blades

w Work, relative velocity

Y Pressure loss coefficient

Greek Symbols

a Air angles in the absolute system

b Air angles in the relative system

g Ratio of specific heats

h Efficiency

x Enthalpy loss coefficient

r Density

f Flow coefficient

y Stage loading coefficient

w Rotational speed in rad/s

W Work-done factor

Subscripts

o Stagnation values

1 Rotor entry
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2 Rotor exit

3 Stator or diffuser exit

a Actual

b Blade

c Corresponding to velocity c

D Diffuser or stator

h Hub

m Mean, mechanical

r Radial

rel Relative

R Rotor

s,ss Isentropic

ss Static-to-static

st Stage

t Tip

tt total-to-total

w Corresponding to velocity w

x Axial

y Tangential

q Tangential

•Ø  Solved Examples

11.1 An axial compressor stage has the following data:

Temperature and pressure at entry 300K, 1.0 bar

Degree of reaction 50%

Mean blade ring diameter 36 cm

Rotational speed 18000 rpm

Blade height at entry 6 cm

Air angles at rotor and stator exit 25°

Axial velocity 180m/s

Work-done factor 0.88

Stage efficiency 85%

Mechanical efficiency 96.7%

Determine: (a) Air angles at the rotor and stator entry, (b) the mass-

flow rate of air, (c) the power required to drive the compressor, (d)

the loading coefficient, (e) the pressure ratio developed by the

stage and ( f ) the Mach number at the rotor entry.
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Solution:

u = 
p d N

60
 = 

p ¥ ¥0 36 18000

60

.
 = 339.292 m/s

f = 
c

u
x  = 

180

339 292.
 = 0.530

(a) Referring to Fig. 11.1b,

cy1 = cx tan a1 = 180 tan 25 = 83.935 m/s

wy1 = 339.292 – 83.935 = 255.357 m/s

tan b1 = 
255357

180

.
 = 1.418

b1 = 54.82° (Ans.)

Since the stage has 50% reaction

a2 = b1 = 54.82°; a1 = a3 = b2 = 25°

(b) r1 = 
p

RT
1

1

 = 
10 10

287 300

5. ¥

¥
 = 1.161 kg/m3

&m = r1 cx (pd h1)

&m = 1.161 ¥ 180 (p ¥ 0.36 ¥ 0.06)

&m = 14.18 kg/s (Ans.)

(c) Specific work

w = Wu cx (tan b1 – tan b2)

w = 0.88 ¥ 339.292 ¥ 180 (1.418 – 0.466)

w = 51164.15 J/kg

P = 
1

hm

 &mw = 
1418 51164

0 967

. .

.

¥

P = 750 kW (Ans.)

(d) y = 
w

u2
 = 

5116415

339 292 2

.

( . )
 = 0.444 (Ans.)

(e) DTa = 
w

cp

 = 
5116415

1005

.
 = 50.91°C

Isentropic temperature rise

DTs = T1 ( pr
0◊286 – 1) = hst DTa = 0.85 ¥ 50.91

300 ( pr
0◊286 – 1) = 43.273

pr
0◊286 = 1 + 

43273

300

.
 = 1.144

pr = 1.6 (Ans.)
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( f ) w1 = 
cx

cos b1

 = 
180

54 82cos .
 = 

180

0576.
 = 312.5 m/s

The relative Mach number at the rotor blade entry

Mw1 = 
w

RT

1

1g
 = 

312 5

14 287 300

.

. ¥ ¥

Mw1 = 
312 5

34718

.

.
 = 0.90

This Mach number will give a shock on the suction side of the

rotor blade due to local acceleration and deceleration. The Mach

number at the rotor blade tips will be slightly higher than this. To

avoid the possibility of shocks, the maximum value of the Mach

number must be kept below 0.75.

11.2 The conditions of air at the entry of an axial compressor stage are

p1 = 768 mm Hg and T1 = 314 K. The air angles are

b1 = 51°, b2 = 9°, a1 = a3 = 7°

The mean diameter and peripheral speed are 50 cm and 100 m/s,

respectively. Mass-flow rate through the stage is 25 kg/s; the work-

done factor is 0.95 and mechanical efficiency 92%. Assuming a

stage efficiency of 88% determine:

(a) air angle at the stator entry,

(b) blade height at entry and the hub-tip diameter ratio,

(c) stage loading coefficient,

(d) stage pressure ratio, and

(e) the power required to drive the stage.

Solution:

p1 = 
768

750
 = 1.024 bar

r1 = 
1024 10

287 314

5. ¥

¥
 = 1.136 kg/m3

(a) Equation (11.11) is

tan a1 + tan b1 = 
u

cx

tan 7 + tan 51 = 
100

cx

 = 0.1228 + 1.2349 = 1.3577

cx = 
100

13577.
 = 73.65 m/s
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tan a2 + tan b2 = 
u

cx

tan a2 + tan 9 = tan a2 + 0.158 = 1.3577

tan a2 = 1.199; a2 = 50.18° (Ans.)

(b) &m = cxr1 (pdh1)

25 = 73.65 ¥ 1.136 ¥ p ¥ 0.5 h1

h1 = 0.19 m = 19 cm (Ans.)

dt = 50 + 19 = 69 cm

dh = 50 – 19 = 31 cm

The hub-tip ratio is

d

d
h

t

= 
31

69
 = 0.449 (Ans.)

(c) w = cp DTa = Wucx (tan b1 – tan b2)

w = 0.95 ¥ 100 ¥ 73.65 (1.2349 – 0.158)

w = 7534.8 J/kg

y = 
w

u2
 = 

7534 8

100 100

.

¥
 = 0.7535 (Ans.)

(d) DTa = 
w

cp

 = 
7534 8

1005

.
 = 7.497°C

DTs = T1 (pr
0◊286

 – 1) = hst DTa = 0.88 ¥ 7.497 = 6.597

pr
0◊286 – 1 = 

6597

314

.
 = 0.021

pr = (1.021)3.5 = 1.075 (Ans.)

Alternatively, the pressure ratio can be determined by assuming

incompressible flow. From Eq. (11.37b)

(Dp)st = hst rw = 0.88 ¥ 1.136 ¥ 7534.8

(Dp)st = 0.0753 ¥ 105 N/m2

(Dp)st = 
0 0753 10

9 81

5.

.

¥
 = 767.8 mm W.G.

pr = 
1024 0 0753

1024

. .

.

+
 = 1.0735

This is a slight underestimation on account of the assumption.

(e) P = 
&mw

mh
 = 

25 7534 8

0 92

¥ .

.
 ¥ 10–3

P = 204.75 kW (Ans.)
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11.3 (a) Prove that the efficiency of a 50% reaction axial compressor

stage is given by

hst = 1 – 
f b

b b

YR sec

tan tan

2
1

1 2-

(b) hst = hD = hR

(c) In the stage of Ex. 11.1, if the loss coefficient for the blade

rows is 0.09, verify the value of its efficiency.

(d) Determine the efficiencies of the rotor and diffuser blade rows.

Solution:

(a) For a 50% reaction stage

c1 = c3 = w2, w1 = c2, a1 = a3 = b2, b1 = a2

Therefore, the cascade losses in the rotor and stator blade rows are

the same, i.e.

YR = YD = 0.09

For T3 ª T2, Eq. (11.74) is

hst = 1 – 
1

2
 f 

Y YD Rsec sec

tan tan

2
2

2
1

1 2

a b

b b

+

-

hst = 1 – 
f b

b b

YR sec

tan tan

2
1

1 2-

(b)
c

c

3
2

2
2

= 
w

w

2
2

1
2

Therefore, Eqs. (11.57b) and (11.61b) yield

hst = hD = hR

(c) f = 0.53, YR = 0.09

a2 = b1 = 54.82°, b2 = a1 = 25°

hst = 1 – 
0 53 0 09 54 82

1418 0 466

2. . sec .

. .

¥

-
 = 0.849

hst = 84.9% (Ans.)

This is very close to the assumed value of 85% in Ex. 11.1.

(d) From velocity triangles (Fig. 11.1b), for constant axial velocity,

c

c

3
2

2
2

= 
c

c

1
2

2
2

 = 
sec

sec

2
1

2

a

a 2

 = 
sec

sec .

2

2

25

54 82
 = 0.404
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Therefore, Eq. (11.61b) becomes

hD = hR = 1 – 
Y

c c

D

1 3
2

2
2- /

 = 1 – 
0 09

1 0 404

.

.-
 = 0.849

hD = hR = 84.9% (Ans.)

In this case this is the same as hst.

11.4 Assuming the data of Ex. 11.2 at the mean blade section (r = rm),

compute:

(a) rotor blade air angles,

(b) the flow coefficient,

(c) the degree of reaction,

(d) the specific work, and

(e) the loading coefficient at the hub, mean and tip sections.

Assume free vortex flow.

Solution:

Refer to Fig. 11.1b and replace the suffix y by q to denote

tangential direction.

w = 
u

r
m

m

 = 
100

0 25.
 = 400 rad/s

rh = 0.5 ¥ 31 = 15.5 cm

uh = w rh = 400 ¥ 0.155 = 62.0 m/s

rt = 0.5 ¥ 69 = 34.5 cm

ut = w rt = 400 ¥ 0.345 = 138 m/s

(a) Air angles

The air angles at the mean section are

a1m = 7°, b1m = 51°, b2m = 9°, a2m = 50.18°

cq1m = cx tan a1m = 73.65 tan 7 = 9.04 m/s

C1 = rm cq1m = 0.25 ¥ 9.04 = 2.26

cq1h = 
C

rh

1  = 
2 26

0155

.

.
 = 14.58 m/s

cq1t = 
C

rt

1  = 
2 26

0 345

.

.
 = 6.55 m/s

tan a1h = 
c

c
h

x

q1  = 
14 58

7365

.

.
 = 0.1978

a1h = 11.19°
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tan a1t = 
c

c
t

x

q1  = 
6 55

73 65

.

.
 = 0.0889

a1t = 5.08°

tan b1h = 
u

c
h

x

 – tan a1h = 
62 0

7365

.

.
 – 0.1979 = 0.6439

b1h = 32.78° (Ans.)

tan b1t = 
u

c
t

x

 – tan a1t = 
138 0

7365

.

.
 – 0.0889 = 1.7848

b1t = 60.74° (Ans.)

cq2m = cx tan a2m = 73.65 tan 50.18 = 88.33

C2 = rm cq2m = 0.25 ¥ 88.33 = 22.084

cq2h = 
22 084

0155

.

.
 = 142.47 m/s

cq2t = 
22 084

0 345

.

.
 = 64.01 m/s

tan a2h = 
142 47

7365

.

.
 = 1.934

tan a2t = 
64 01

7365

.

.
 = 0.869

tan b2h = 
62 0

73 65

.

.
 – 1.934 = – 1.092

b2h = – 47.52° (Ans.)

tan b2t = 
138

73 65.
 – 0.869 = 1.0047

b2t = 45.135° (Ans.)

(b) Flow coefficients

fh = 
c

u
x

h

 = 
7365

62 0

.

.
 = 1.188 (Ans.)

fm = 
c

u
x

m

 = 
7365

100

.
 = 0.7365 (Ans.)

ft = 
c

u
x

t

 = 
7365

138

.
 = 0.533 (Ans.)

(c) Degrees of reaction

Rh = 
1

2
 fh (tan b1h + tan b2h) ¥ 100

Rh = 0.5 ¥ 1.188 (0.6439 – 1.092) ¥ 100
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Rh = – 26.62% (Ans.)

Rm = 0.5 ¥ 0.7365 (1.2349 + 0.158) ¥ 100

Rm = 51.29% (Ans.)

Rt = 0.5 ¥ 0.533 (1.7848 + 1.0047) ¥ 100

Rt = 74.34% (Ans.)

(d) Specific work

In a free-vortex flow the specific work remains constant at all

sections.

w = w (C2 – C1)

w = 400 (22.084 – 2.26) ¥ 10–3 kJ/kg

w = 7.9296 kJ/kg

(e) Loading coefficients

yh = 
w

uh
2

 = 
7929 6

62 62

.

¥
 = 2.063 (Ans.)

ym = 
w

um
2

 = 
7929 6

100 100

.

¥
 = 0.793 (Ans.)

yt = 
w

ut
2

 = 
7929 6

138 138

.

¥
 = 0.416 (Ans.)

The results obtained are presented in the following table for

comparison:

Free-vortex stage

Section b1 b2 R kJ / kg
w

f y

Hub 32.78 – 47.52 – 26.62 7.93 1.188 2.063

Mean 51.0 9.0 51.29 7.93 0.7365 0.793

Tip 60.74 45.135 74.34 7.93 0.533 0.416

11.5 A forced vortex flow axial compressor stage has the same data at

its mean diameter section as in Ex. 11.2. Determine (a) rotor

blade air angles, (b) specific work, (c) loading coefficients, and

(d) degree of reaction at the hub, mean and tip sections.

Solution:

The air angles are

a1m = 7°, b1m = 51°, a2m = 50.18°, b2m = 9°

The radii and tangential velocities are

rh = 15.5 cm, uh = 62.0 m/s

rm = 25 cm, um = 100 m/s
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rt = 34.5 cm, ut = 138 m/s

Angular speed w = 400 rad/s

cx1m = cx2m = cx = 73.65 m/s

(a) Air angles

cq1m = cx tan a1m = 73.65 tan 7 = 9.04 m/s

C1 = 
c

r
m

m

q1  = 
9 04

0 25

.

.
 = 36.16

cq1h = rh C1 = 0.155 ¥ 36.16 = 5.605 m/s

cq1t = rt C1 = 0.345 ¥ 36.16 = 12.475 m/s

c
2
xm = K1 – 2C

2
1 r

2
m

73.652 = K1 – 2 ¥ 36.162 ¥ 0.252

K1 = 5587.76

c2
x1h = K1 – 2C2

1 r
2
h

c2
x1h = 5587.76 – 2 ¥ 36.162 ¥ 0.1552

cx1h = 74.33 m/s

c
2
x1t = 5587.76 – 2 ¥ 36.16

2
 ¥ 0.345

2

cx1t = 72.64 m/s

tan a1h = 
c

c
h

x h

q1

1

 = 
5605

74 33

.

.
 = 0.0754

tan b1h = 
u

c
h

x h1

 – tan a1h = 
62 0

74 33

.

.
 – 0.0754 = 0.7587

b1h = 37.18° (Ans.)

tan a1t = 
c

c
t

x t

q1

1

 = 
12 475

72 64

.

.
 = 0.1717

tan b1t = 
u

c
t

x t1

 – tan a1t = 
138

72 74.
 – 0.1717 = 1.728

b1t = 59.94° (Ans.)

cq2m = cxm tan a2m = 73.65 tan 50.18 = 88.33

C2 = 
c

r
m

m

q2  = 
88 33

0 25

.

.
 = 353.32

cq 2h = rh C2 = 0.155 ¥ 353.32 = 54.76 m/s

cq 2t = rt C2 = 0.345 ¥ 353.32 = 121.89 m/s

K2 = c2
x2m – 2 (C2 – C1) wr 2

m + 2C2
2 r

2
m

K2 = 73.652 – 2 (353.32 – 36.16) ¥ 400 ¥ 0.252

+ 2 ¥ 353.322 ¥ 0.252
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K2 = 5170.9

c2
x2h = K2 + 2 (C2 – C1) wr2

h + 2C2
2 r2

h

c2
x2h = 5170.9 + 4058 r2

h = 5170.9 + 4058 ¥ 0.1552

cx2h = 72.58 m/s

c2
x2t = 5170.9 + 4058 ¥ 0.3452 = 5653

cx2t = 75.18 m/s

tan a2h = 
c

c
h

x h

q 2

2

 = 
54 76

72 58

.

.
 = 0.754

tan b2h = 
u

c
h

x h2

 – tan a2h = 
62

72 58.
 – 0.754 = 0.10

b2h = 5.71° (Ans.)

tan a2t = 
c

c
t

x t

q 2

2

 = 
12189

7518

.

.
 = 1.621

tan b2t = 
u

c
t

x t2

 – tan a2t = 
138

7518.
 – 1.621 = 0.215

b2t = 12.1° (Ans.)

(b) Specific work

wh = (C2 – C1) wr2
h = 126.86 r2

h kJ/kg

wh = 126.86 ¥ 0.1552 = 3.05 kJ/kg (Ans.)

wm = 126.86 ¥ 0.25
2
 = 7.93 kJ/kg (Ans.)

wt = 126.86 ¥ 0.3452 = 15.1 kJ/kg (Ans.)

(c) Loading coefficients

yh = 
w

u

h

h
2

 = 
3050

62 62¥
 = 0.793 (Ans.)

It can be shown that the loading coefficient for a forced vortex

stage remains constant along the blade height. This can be checked

here.

ym = 
w

u

m

m
2

 = 
7930

100 100¥
 = 0.793 (Ans.)

yt = 
w

u

t

t
2

 = 
15100

138 138¥
 = 0.793 (Ans.)

(d) Degree of reaction

Since the axial velocity at a given section is varying, the degree of

reaction is obtained from

R = 
w w

u c c
1
2

2
2

2 12

-

-( )q q
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R = 
c c

w
x x1
2 2

1 2
2 2

2

2

sec secb b-

At the hub section

Rh = 
74 33 37 18 72 58 5 71

2 3050

2 2 2 2. sec . . sec .-

¥
 ¥ 100

Rh = 55.46% (Ans.)

At the tip section

Rt = 
72 64 59 94 7518 12 1

2 15100

2 2 2 2. sec . . sec .-

¥
 ¥ 100

Rt = 50% (Ans.)

The results are summarized in the following table

Forced vortex stage (variable reaction)

Section b1 b2 R kJ/ kg
w

f y

Hub 37.18 5.71 55.46 3.05 – 0.793

Mean 51.0 9.0 51.29 7.93 0.7365 0.793

Tip 59.94 12.1 50.00 15.1 – 0.793

11.6 If the stage in Ex. 11.1 is designed according to the general swirl

distribution

cq 1 = a – 
b

r

cq 2 = a + 
b

r

taking the same conditions at the blade mid-height, compute air

angles at the rotor entry and exit, specific work, loading coeffi-

cients and degrees of reaction at the hub, mean and tip sections.

Solution:

cq 1m = cx 1m tan a 1m = 180 tan 25 = 83.93 m/s

cq 2m = cx 2m tan a 2m = 180 tan 54.82 = 255.36 m/s

a = 
1

2
 (cq 1m + cq 2m) = 0.5 (83.93 + 255.36)

a = 169.65

2b

rm

= cq 2m – cq 1m = 255.36 – 83.93 = 171.43

b = 0.5 ¥ 0.18 ¥ 171.43

b = 15.43

b

a
= 

1543

169 65

.

.
 = 0.09095



Axial Compressor Stages 511

Air angles

cq 1h = a – 
b

rh

 = 169.65 – 
1543

015

.

.
 = 66.78 m/s

cq 1t = a – 
b

rt

 = 169.65 – 
1543

0 21

.

.
 = 96.17 m/s

cq 2h = a + 
b

rh

 = 169.65 + 
1543

015

.

.
 = 272.52 m/s

cq 2t = a + 
b

rt

 = 169.65 + 
1543

0 21

.

.
 = 243.13 m/s

From Eq. (11.107)

c
2
x1m = K1 – 2a

2
 

b

ar
r

m
m+

F
HG

I
KJ

ln

K1 = 180
2
 + 2 ¥ 169.65

2
 

0 09095

018
018

.

.
ln .+F

H
I
K

K1 = – 37250

c2
x1h = – 37250 – 2 ¥ 169.652 

0 09095

015
015

.

.
ln .+F

H
I
K

cx1h = 192.5 m/s

c2
x1t = – 37250 – 2 ¥ 169.652 

0 09095

0 21
0 21

.

.
ln .+F

H
I
K

cx1t = 166.30 m/s

tan a1h = 
c

c
h

x h

q1

1

 = 
66 78

192 5

.

.
 = 0.347

tan b1h = 
u

c
h

x h1

 – tan a1h = 
282 75

192 5

.

.
 – 0.347 = 1.1218

b1h = 48.28° (Ans.)

tan a1t = 
c

c
t

x t

q1

1

 = 
9617

166 3

.

.
 = 0.578

tan b1t = 
u

c
t

x t1

 – tan a1t = 
29585

166 3

.

.
 – 0.578 = 1.802

b1t = 60.97° (Ans.)

From Eq. (11.108)

c2
x2m = K2 – 2a2 ln r

b

arm
m

-
F
HG

I
KJ

K2 = 1802 + 57562 ln .
.

.
018

0 09095

018
-F

H
I
K
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K2 = – 95388

c2
x2h = – 95388 – 57562 ln .

.

.
015

0 09095

015
-F

H
I
K

cx2h = 220.65 m/s

c2
x2t = – 95388 – 57562 ln .

.

.
0 21

0 09095

0 21
-F

H
I
K

cx2t = 139.3 m/s

tan a2h = 
c

c
h

x h

q 2

2

 = 
272 52

220 65

.

.
 = 1.235

tan b2h = 
u

c
h

x h2

 – tan a2h = 
282 75

220 65

.

.
 – 1.235 = 0.046

b2h = 2.65° (Ans.)

tan a2t = 
c

c
t

x t

q 2

2

 = 
24313

139 3

.

.
 = 1.745

tan b2t = 
u

c
t

x t2

 – tan a2t = 
39585

139 3

.

.
 – 1.745 = 1.096

b2t = 47.64° (Ans.)

w = 
u

r
m

m

 = 
339 3

018

.

.
 = 1885 rad/s

Specific work

From Eq. (11.103), the specific work is constant

w = 2 wb

w = 2 ¥ 1885 ¥ 15.43 ¥ 10–3 kJ/kg

w = 58.17 kJ/kg (Ans.)

Loading coefficients

yh = 
w

uh
2

 = 
58170

282 752.
 = 0.727 (Ans.)

ym = 
58170

339 32.
 = 0.505 (Ans.)

yt = 
58170

395852.
 = 0.372 (Ans.)

Degrees of reaction

Since the axial velocities at the rotor entry and exit are not the

same (except at the mean section), Eqs. (11.44c) and (11.106) are

not valid here. Therefore, the following equation is used:

Rh = 
1

2w
 (c2

x1h sec2 b1h – c2
x2h sec2 b2h)
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Rh = 
192 5 48 28 220 65 2 65

2 58170

2 2 2 2. sec . . sec .-

¥
 ¥ 100

Rh = 29.98% (Ans.)

Rt = 
1

2w
 (c2

x1t sec2 b1t – c2
x2t sec2 b2t)

Rt = 
116 3 60 97 139 3 47 64

2 58170

2 2 2 2. sec . . sec .-

¥
 ¥ 100

Rt = 12.63% (Ans.)

The results are summarized in the following table

General swirl distribution

Section b1 b2 R kJ/ kg
w

f y

Hub 48.28 2.65 29.98 58.17 – 0.727

Mean 54.82 25.0 50.0 58.17 0.530 0.505

Tip 60.97 47.64 12.63 58.17 – 0.372

11.7 The design point data for an axial compressor stage is the same as

the mean section data in Ex. 11.1, i.e.

cx = 180 m/s, u = 339.3 m/s, a1 = b2 = 25°

Calculate the design point flow and loading coefficients. From

these, compute the loading coefficients at f = 0.2, 0.4, 0.6 and 0.8.

Solution:

f* = 
c

u
x  = 

180

339 3.
 = 0.53

tan b2 + tan a1 = 2 tan 25 = 0.933

y* = 1 – f* (tan b2 + tan a1)

y* = 1 – 0.933f*

y* = 1 – 0.933 ¥ 0.53

y* = 0.505 (Ans.)

At off-design points, the loading coefficients are calculated from

y = 1 – 0.933 f

The results are given in the following table

Design point

f 0.2 0.4 0.53 0.6 0.8

y 0.813 0.626 0.505 0.439 0.253



514 Turbines, Compressors and Fans

•Ø  Questions and Problems

11.1 (a) Draw a sketch of the two-stage axial flow compressor with

inlet guide vanes.

(b) Draw curves indicating the variation of static pressure,

temperature and absolute velocity through this compressor.

(c) Why does a compressor stage have a lower efficiency and

loading factor compared to an equivalent turbine stage?

11.2 Draw velocity triangles at the entry and exit for the following axial

compressor stages:

(a) R = 
1

2
 (b) R < 

1

2
 (c) R > 

1

2
 (d) R = 1 (e) R > 1 ( f ) R =

negative

11.3 (a) Why is it necessary to employ multi-stage axial compressors

to obtain moderate to high pressure ratios?

(b) What are the principal distinguishing features of the low

pressure and high pressure stages from aerothermodynamic

and material considerations?

11.4 Derive the following relations for an axial compressor stage with

constant axial velocity.

(a) tan a1 + tan b1 = tan a2 + tan b2 = 
u

cx

(b) y = f (tan b1 – tan b2)

(c)
( )D p

u

st

r 2
 = f (tan a2 – tan a1)

(d) hst = (Dp)st/W r u cx (tan a2 – tan a1)

11.5 Draw the h-s diagram for a complete axial-flow compressor stage

with R > 
1

2
. Prove the following relations:

(a) R = 
1

2
 f (tan b1 + tan b2) = 

1

2
 [1 – f (tan a1 – tan b2)]

(b)
stage losses

1

2
cx

2
 ª YD sec2 a2 + YR sec2 b1

(c) hst ª 1 – 
1

2
 f 

x a x b

b b
D Rsec sec

tan tan

2
2

2
1

1 2

+

-

State the assumptions used.



Axial Compressor Stages 515

11.6 (a) What is the work-done factor for an axial compressor stage?

Why is it not employed for turbine stages?

(b) How does it vary with the number of stages?

(c) Show the axial velocity profiles along the blade height in the

first and eighth stage.

11.7 (a) Describe four schemes of obtaining supersonic compression in

an axial compressor stage.

(b) What are the advantages and disadvantages of supersonic

stages?

(c) What is a transonic compressor stage?

11.8 What is surging in axial-flow compressors? What are its effects?

Describe briefly.

11.9 (a) What is stalling in an axial compressor stage? How is it

developed?

(b) What is rotating stall? Explain briefly the development of

small and large stall cells in an axial compressor stage.

11.10 An axial compressor stage has a mean diameter of 60 cm and runs

at 15000 rpm. If the actual temperature rise and pressure ratio

developed are 30°C and 1.4 respectively, determine:

(a) the power required to drive the compressor while delivering

57 kg/s of air; assume mechanical efficiency of 86.0% and an

initial temperature of 35°C,

(b) the stage loading coefficient,

(c) the stage efficiency, and

(d) the degree of reaction if the temperature at the rotor exit is

55°C.

Answer: (a) 1998.5 kW (b) 0.135

(c) 94.19% (d) 66.6%

11.11 If the loss coefficients of the stage in Ex. 11.2 (f = 0.7365, b1 =

51°, b2 = 9°; a1 = 7°, a2 = 50.18°) are YD = 0.07, YR = 0.078,

determine the efficiencies of the diffuser and rotor blade rows and

the stage.

Answer:

hD = 88.0%, hR = 86.8%, hst = 87.43%

11.12 An axial compressor stage has the same data as in Ex. 11.1:

rh = 15 cm, uh = 282.75 m/s

rm = 18 cm, um = 339.3 m/s

rt = 21 cm, ut = 395.85 m/s
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cxm = cx1m = cx2m = 180 m/s

Rm = 50%, a2m = b1m = 54.82°, a1m = b2m = 25°

Determine rotor blade air angles, the degree of reaction, specific

work, flow coefficient and loading coefficient at the hub, mean and

tip sections for constant reaction.

Answer:

Forced vortex stage (constant reaction)

Section b1 b2 R kJ/ kg
w

f y

Hub 48.0 20.08 50.0 40.376 0.677 0.505

Mean 54.82 25.0 50.0 58.17 0.530 0.505

Tip 60.97 30.54 50.0 79.17 0.417 0.505

11.13 Compute the loading coefficients for the stage in Problem 11.12 at

f = 0.2, 0.4, 0.6 and 0.8. Indicate the design point values of f and

y. Plot the f – y curve.

(Ans.)

Design point

f 0.2 0.4 0.6 0.7365 0.8

y 0.944 0.887 0.831 0.793 0.775



Chapter 12

Centrifugal
Compressor Stage

Till now only axial-flow machines have been discussed. This chapter

deals with an energy absorbing and pressure producing machine of

the outward flow radial type—the centrifugal compressor439–490. As will

be seen in the various sections of this chapter the geometrical con-

figuration of the flow and the passages is radically different from those in

the axial type.

A centrifugal compressor like a pump is a head or pressure producing

device. The contribution of the centrifugal energy in the total change in

the energy level is significant. Section 1.10 highlights some of the

special features of radial machines. From discussions given in Chapters

1 and 7 it is amply clear that a centrifugal type of compressor is suitable

for low specific speed, higher pressure ratio and lower mass flow

applications.

Performance-wise, the centrifugal compressor is less efficient (3-5%)

than the axial type. However, a much higher pressure ratio445,452 (ª 4.0)

per stage, single-piece impeller and a wider range of stable operation are

some of the attractive aspects of this type.

Besides the evolution of a perfect centrifugal pump, the developments

of early supercharged aircraft reciprocating engines and later that of high

output large diesel engines gave a great impetus to the development of

centrifugal air compressors. These are used in large refrigeration units462,

petrochemical plants and a large variety of other industrial applications.

In aircraft applications446, 465 it is only used for small turbo-prop engines.

For large turbo-jet engines, the large frontal area resulting from its

application outweighs its advantages.

While the design and performance characteristics of axial compressors

have been widely studied and supported by a huge mass of data acquired

from cascade tests, nothing of this order is available for radial flow

machines, particularly centrifugal compressors. Some methods and

test facility for testing radial diffusing cascades have been described

in sec. 8.7.
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•Ø  12.1 Elements of a Centrifugal

Compressor Stage

Figures 12.1 and 12.2 show the principal elements of a centrifugal

compressor stage.

1
2

dh

1
2

1
2

1
2

d1

dt

d2

Volute

Diffuser

Shroud

Impeller

Hub

Driving
shaft

Impeller
eye

Casing

i 1

2

3

Accelerating
nozzle IGV

Inducer
section

Fig. 12.1 Elements of a centrifugal compressor stage

The flow enters a three-dimensional impeller through an accelerating

nozzle and a row of inlet guide vanes (IGVs). The inlet nozzle accelerates

the flow from its initial conditions (at station i) to the entry of the inlet

guide vanes. The IGVs direct the flow in the desired direction at the entry

(station 1) of the impeller.

The impeller through its blades transfers the shaft work to the fluid and

increases its energy level. It can be made in one piece consisting of both

the inducer section and a largely radial portion. The inducer receives the

flow between the hub and tip diameters (dh, dt) of the impeller eye and

passes it on to the radial portion of the impeller blades. The flow

approaching the impeller may be with or without swirl. The inducer

section can be looked upon as an axial compressor rotor placed upstream

of the radial impeller. In some designs this is made separately and then

mounted on the shaft along with the radial impeller.
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In a great majority of centrifugal compressors the impeller has straight

radial blades after the inducer section. At high speeds, the impeller blades

are subjected to high stresses which tend to straighten a curved impeller

blade. Therefore, the choice of radial straight blades is more sound for

higher peripheral speeds. However, in fan and blower applications

(Chapter 15), on account of the relatively lower speeds, backward and

forward-swept impeller blades are also used.

Unlike axial machines, the hub diameter of the radial impellers varies

from the entry to the exit. The tips of the blades can be shrouded to

prevent leakage, but manufacturing and other problems of the shrouded

impellers have kept them open in most applications.

The impeller discharges the flow to the diffuser through a vaneless

space  (Fig. 12.2). Here the static pressure of the fluid rises further on

account of the deceleration of the flow. The diffuser may be merely a

vaneless space or may consist of a blade ring as shown in Fig. 12.2. For

high performance, the design of the diffuser is as important as that of the

impeller.

Flow

Diffuser
blades

Vaneless
space

w

Impeller
blades

1
2

dh 1
2

dt

1
2

d2

Fig. 12.2 A centrifugal compressor stage

The flow at the periphery of the diffuser is collected by a spiral casing

known as the volute which discharges it through the delivery pipe.

Figure 12.3 shows a centrifugal impeller with blades located only in the

radial section between diameters d1 and d2. To prevent high diffusion rate

of the flow, the impeller blades are invariably narrower at a larger diameter

(b2 < b1) as shown in the figure. The flow enters the impeller eye formed
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by its hub and the casing, and then turns in the radial direction in the

vaneless space between the hub and the casing upstream of the blade entry.

b2

b1

cr1

cr2

cx

d1

d2

Impeller

Fig. 12.3 Impeller with blades only in the radial section

•Ø  12.2 Stage Velocity Triangles

The notation used here corresponds to the r, q and x coordinate system.

As per the convention for radial machines, the angles are measured from

the tangential direction at a given point. The absolute and relative air

angles at the entry and exit of the impeller are denoted by a1, a2 and b1,

b2 respectively.

Since the change in radius between the entry and exit of the impeller

is large, unlike in axial machines, the tangential velocities at these stations

are different:

u1 = 
p d N1

60

u2 = 
p d N2

60

Entry velocity triangle

Figure 12.4 shows the flow at the entry of the inducer section of the

impeller without IGVs. The absolute velocity (c1) of the flow is axial (a1

= 90°) and the relative velocity (w1) is at an angle b1 from the tangential

direction. Thus the swirl or whirl component cq1 = 0.

tan b1 = 
c

u
1

1

 = 
c

u
x1

1

(12.1)
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Figure 12.5 shows the flow through axially straight inducer blades in the

presence of IGVs. The air angle (a1) at the exit of the IGVs is such that

it gives the direction of the relative velocity vector (w1) as axial, i.e.,

b1 = 90°. This configuration offers some manufacturing and aerodynamic

advantages, viz., (i) centrifugal impellers with straight blades are much

easier and cheaper to manufacture and (ii) the relative velocity (w1)

approaching the impeller is considerably reduced. In this case b1 = 90°

and the positive swirl component is

cq1 = u1 (12.2)

tan a1 = 
w

u
1

1

 = 
c

u
x1

1

(12.3)

c1

a1

Inducer

w1 1= xc

u1 1= qc

Entry

Inlet guide
vanes

b1 = 90°

Fig. 12.5 Flow through the inducer section with inlet guide vanes

Figure 12.6 shows the entry and exit velocity triangles for impeller

blades located only in the radial section. For the sake of generality, the

u1

u1

w1

b1

Inducer
section of

the impeller

c cx1 1=

cq1 = O

Flow

Fig. 12.4 Flow through the inducer section without inlet guide

vanes
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absolute velocity vector c1 is shown to have a swirl component cq1.

However, if there are no guide vanes, c1 will be radial (c1 = cr1) and a1

= 90°, cq1 = 0. This particular condition is expressed by “zero whirl or

swirl” at the entry and would be assumed in this chapter unless mentioned

otherwise.

Exit velocity triangle

The impeller blades shown in Fig. 12.6 are backward swept, i.e., b2 < 90°.

The exit velocity triangle for these blades is shown in the figure. The flow

leaves the blades at a relative velocity w2 and an air angle b2. The

absolute velocity of flow leaving the impeller is c2 at an air angle a2. Its

tangential (swirl or whirl) component is cq 2 and the radial component cr2.

The following relations are obtained from the velocity triangles at the

entry and exit shown in Fig. 12.6:

cr1 = c1 sin a1 = w1 sin b1 (12.4)

cq1 = c1 cos a1 = cr1 cot a1 = u1 – cr1 cot b1 (12.5)

cr2 = c2 sin a2 = w2 sin b2 (12.6)

cq2 = c2 cos a2 = cr2 cot a2 = u2 – cr2 cot b2 (12.7)

Figure 12.7 shows the velocity triangles at the entry and exit of a

radial-tipped impeller with blades extending into the inducer section. The

velocity triangle at the entry is similar to that in Fig. 12.6; here cx1

replaces the velocity component cr1.

u
1

c
q1

a
1

b
1

c
1

w
1

c
r1

c
q 2

u
2

b
2

a
2

c
2

w
2

c
r2

Im
pe

lle
r

bl
ad

e 
rin

g

Fig. 12.6 Entry and exit velocity triangles for impeller blades

only in the radial section, backward swept blades,

b2 < 90°
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The exit velocity triangle here is only a special case of the triangle in

Fig. 12.6 with b2 = 90°. This condition when applied in Eqs. (12.6) and

(12.7) gives

cr2 = w2 = c2 sin a2 (12.8)

cq2 = c2 cos a2 = cr2 cot a2 = u2 (12.9)

The mass-flow rate from the continuity equation for Figs. 12.3 and 12.6

can be written as

&m = r1cr1 pd1b1 = r2cr2pd2b2 (12.10)

This for Figs. (12.1) and (12.7) is

&m = r1cx1 
p
4

 (d 2
t – d2

h) = r2cr2pd2b2 (12.11)

Figure 12.8 shows the velocity triangles for forward-swept blades (b2

> 90°) with zero swirl at the entry. It may be observed that such blades

have large fluid deflection and give cq 2 > u2. This increases the work

capacity of the impeller and the pressure rise across it. This configuration

is unsuitable for higher speeds in compressor practice and leads to higher

losses. However, for fan applications such blades are used in multivane or

drum-type centrifugal blowers (Sec. 15.4).

c uq2       2=

w c2 2= r

c2

a2 = 90°
a2

a1
b1

cq1 u1

cx1dh

c1d1 w1

Impeller
blade
ring

dt

Fig. 12.7 Entry and exit velocity triangles for impeller with inducer

blades, radial-tipped blades, b2 = 90°
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12.2.1 Stage Work

In a centrifugal compressor the peripheral velocities at the impeller entry

and exit are u1 and u2 respectively. Therefore, the specific work or the

energy transfer is

w = u2cq2 – u1cq1 (12.12)

In this equation, if cq1 is positive (Figs. 12.5, 12.6 and 12.7), the term

u1cq1 is subtractive. Therefore, the work and pressure rise in the stage are

relatively lower. These quantities are increased by reducing cq1 to zero

(Fig. 12.4) or making it negative.

In the absence of inlet guide vanes, cq1 = 0. This condition will be

assumed throughout in this chapter unless mentioned otherwise.

Therefore, Eq. (12.12) gives

w = u2cq2 (12.13)

Substituting from Eq. (12.7)

w = u2 (u2 – cr2 cot b2)

The flow coefficient at the impeller exit is defined as

f2 = 
c

u
r2

2

(12.14)

Therefore,

w = u2
2 (1 – f2 cot b2) (12.15)

u
2

b2

b1

a2

W2

c2

cr 2

c1 w1

u1

Impeller
blade ring

c
q2

Fig. 12.8 Entry and exit velocity triangles for forward swept

blades (b2 > 90°) with zero swirl at entry
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If f2 and b2 are the actual values, the work given by Eq. (12.15) is the

actual work in the stage.

The work is also given by the following form of Euler’s equation:

w = 
1

2
 (c2

2 – c2
1) + 

1

2
 (w2

1 – w2
2) + 

1

2
 (u2

2 – u2
1) (12.16)

For a radial-tipped impeller with zero swirl (whirl) at the entry a1 =

90°, b2 = 90° and Eqs. (12.13) and (12.15) reduce to

w = u2
2 (12.17)

12.2.2 Pressure Coefficient

The head, pressure or loading coefficient is defined in Sec. 7.4.1. As in

earlier chapters, here also it is defined by

y = 
w

u2
2

(12.18)

This gives, in a dimensionless form, a measure of the pressure raising

capacities of various types of centrifugal compressor impellers of diffe-

rent sizes running at different speeds. Equations (12.13) and (12.15) give

y = 
c

u
q 2

2

(12.19a)

y = 1 – f2 cot b2 (12.19b)

This expression gives the theoretical performance characteristics of

impellers of different geometries. It may be noted that Eq. (12.19b) has

been derived assuming zero entry swirl and no slip. Figure 12.9 shows the

f – y plots for forward-swept, radial and backward-swept impeller

blades. The actual characteristics will be obtained by accounting for stage

losses.

The backward-swept and radial blade impellers give stable characteri-

stics. The forward-swept type gives unstable flow conditions on account

of the rising characteristic as explained in Sec. 11.8.2 (Fig. 11.18).

Equations (12.19) for radial-tipped blades give

y = 1

12.2.3 Stage Pressure Rise

The static pressure rise in a centrifugal compressor stage occurs in the

impeller, diffuser and the volute. The transfer of energy by the impeller

takes place along with the energy transformation process. The pressure

rise across the impeller is due to both the diffusion of the relative velocity

vector w1 to w2 and the change in the centrifugal energy (see Sec. 6.9.2).
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The static pressure rise across the diffuser and volute (if any) occurs

simply due to the energy transformation processes accompanied by a

significant deceleration of the flow. The initial kinetic energy (at the entry

of the diffuser) is supplied by the impeller.

In this section the pressure rise (or pressure ratio) across the stage is

first determined for an isentropic process.

For small values of the stage pressure rise (as in axial stages and cent-

rifugal fans), the flow can be assumed to be incompressible. Therefore,

1

r
 Dp0 = Dh0 = w = u2

2 (1 – f2 cot b2)

Dp0 = ru
2
2 (1 – f2 cot b2) (12.20)

Substituting from Eq. (12.19b)

Dp0 = r y u2
2 (12.21)

However, the pressure rise in a centrifugal compressor stage is high and

the change in the density of the fluid across the stage is considerable.

Therefore, in most applications, the flow is not incompressible. The

pressure ratio for compressible flow is obtained by the following

method:

The fluid is assumed to be a perfect gas. Therefore,

w = Dh0 = cp (T02s – T01)

0
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Fig. 12.9 Performance characteristics of different types of centri-

fugal impellers (cq1 = 0, m = 1)
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w = cpT01 
T

T
s02

01

1-
F
HG

I
KJ

w = cpT01 ( pr0

1g

g

-

 – 1) (12.22)

Substituting from Eq. (12.15)

cpT01 ( pr0

1g

g

-

 – 1) = u2
2 (1 – f2 cot b2)

This on rearrangement yields

pr0 = 
p

p
02

01

 = 1 1 2 2
2
2

01

1

+ -
R
S
T

U
V
W

-

( cot )f b

g

gu

c Tp

(12.23)

pr0 = 1 2
2

01

1

+
F
HG

I
KJ

-y
g

gu

c Tp

(12.24)

•Ø  12.3 Enthalpy-entropy Diagram

Figure 12.10 shows an enthalpy-entropy diagram for a centrifugal comp-

ressor stage (Figs. 12.1 and 12.2). Flow process occurring in the acc-

elerating nozzle (i-1), impeller (1-2), diffuser (2-3) and the volute (3-4)

are depicted with values of static and stagnation pressures and enthalpies.

The flow, both in the inlet nozzle and guide vanes is accelerating from

static pressure pi. On account of the losses and increase in the entropy the

stagnation pressure loss is p0i – p01, but the stagnation enthalpy remains

constant:

h0i = h01 (12.25a)

hi + 
1

2
 c2

i = h1 + 
1

2
 c2

1 (12.25b)

The isentropic compression is represented by the process 1-2s-4ss.

This process does not suffer any stagnation pressure loss:

p02s = p03ss = p04ss (12.26)

The stagnation enthalpy remains constant.

h02s = h03ss = h04ss (12.27)

The energy transfer (and transformation) occurs only in the impeller

blade passages. The actual (irreversible adiabatic) process is represented

by 1-2. The stagnation enthalpies in the relative system at the impeller

entry and exit are

h01rel = h1 + 
1

2
 w2

1 (12.28)

h02rel = h2 + 
1

2
 w

2
2 (12.29)
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The corresponding stagnation pressures are p01rel and p02rel.

Static pressure rise in the diffuser and the the volute occurs during the

processes 2-3 and 3-4 respectively. The stagnation enthalpy remains

constant from station 2 to 4 but the stagnation pressure decreases

progressively.

h02 = h03 = h04 (12.30)

p02 > p03 > p04 (12.31)

p02

p03

h04ss
p04ss

O4ss

O2rel

p rel02

p rel01

O1rel

h02rel

h01rel

p04

p4

p3

p2

p i0

p01

p1

pi

Oi

O4

4s

4ss

3s

2s

O3
O2 h h h02       03       04= =

h h0 01i =

4

3

2

1

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

c i
2

c1
2

w1
2

u1
2

u2
2

w2
2

c2
2

c3
2

c4
2

ws

wa

Entropy

E
n
th

a
lp

y

Fig. 12.10 Enthalpy-entropy diagram for flow through a centri-

fugal compressor stage
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The actual energy transfer (work) appears as the chage in the stagnation

enthalpy. Therefore, from Eq. (12.16)

wa = h02 – h01 = 
1

2
 (c

2
2 – c

2
1) + 

1

2
 (w

2
1 – w

2
2) + 

1

2
 (u

2
2 – u

2
1)

This on rearrangement gives

h2 – h1 + 
1

2
 (w2

2 – w2
1) – 

1

2
 (u2

2 – u2
1) = 0

h w2 2
21

2
+

F
H

I
K – 

1

2
 u2

2 = h w1 1
21

2
+

F
H

I
K  – 

1

2
 u2

1 (12.32a)

h02rel – 
1

2
 u2

2 = h01rel – 
1

2
 u2

1 (12.32b)

This relation is also shown on the h-s diagram (Fig. 12.10).

12.3.1 Stage Efficiency

The actual work input to the stage is

wa = h04 – h01 = u2
2 (1 – f2 cot b2) (12.33a)

For a perfect gas,

wa = cp (T04 – T01) = u
2
2 (1 – f2 cot b2) (12.33b)

The ideal work between the same static pressures p1 and p4 is

ws = h04ss – h01 = cp (T04ss – T01) (12.34a)

ws = cp T01 
T

T
ss04

01

1-
R
ST

U
VW

ws = cp T01 { pr0

1g

g

-

 – 1} (12.34b)

Here the stagnation pressure ratio

pr 0 = 
p

p
ss04

01

 ª 
p

p
04

01

(12.35)

The last relation in Eq. (12.35) is valid for incompressible flow assuming

c4 ª c4ss

The ideal and actual values of the stage work are shown in Fig. 12.10.

The total-to-total efficiency of the stage can now be defined by

h st = 
w

w
s

a

 = 
h h

h h
ss04 01

04 01

-

-
(12.36a)

hst = 
c T T

u

p ss( )

( cot )

04 01

2
2

2 21

-

- f b
(12.36b)
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hst = 
c T p

u

p r01 0

2
2

2 2

1

1

1

( )

( cot )

g

g

f b

-

-

-
(12.36c)

This equation yields the pressure ratio of the stage for the given initial state

of the gas and values of u2, f2 and b2.

pr 0 = 1 1 2 2
2
2

01

1

+ -
R
S
T

U
V
W

-

h f b

g

g

st
p

u

c T
( cot ) (12.37)

This is similar to Eq. (12.23) for hst = 1 (reversible stage).

12.3.2 Degree of Reaction

A large proportion of energy in the gas at the impeller exit is in the form

of kinetic energy. This is converted into static pressure rise by the energy

transformation process in the diffuser and volute casing. The division of

static pressure rise in the stage between the impeller and the stationary

diffusing passages is determined by the degree of reaction. This can be

defined either in terms of pressure changes or enthalpy changes in the

impeller and the stationary diffusing passages. The discussions given in

Secs. 9.5.2 and 11.2.2 explain various methods of defining the degree of

reaction.

Expressions for the degree of reaction in this section are derived from

the following definition.

R = 
change in static enthalpy in the impeller

change in stagnation enthalpy in the stage

R = 
h h

h h
2 1

02 01

-

-
(12.38)

From Eq. (12.32a)

h2 – h1 = 
1

2
 (u2

2 – w2
2) + 

1

2
 (w2

1 – u2
1) (12.39)

For zero swirl at the entry (cq1 = 0)

h02 – h01 = u2cq2 (12.40)

Therefore, Eqs. (12.39) and (12.40) when put into Eq. (12.38) give

R = 
( ) ( )u w w u

u c
2
2

2
2

1
2

1
2

2 22

- + -

q

(12.41)

For the constant radial velocity component.

c1 = cr1 = cr2

With inducer blades and zero entry swirl (Fig. 12.4),

c1 = cx1 = cr2
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With these conditions, the following expressions are obtained from the

entry and exit velocity triangles:

w2
1 – u2

1 = c2
r1 = c2

r2 (12.42)

w2
2 = c2

r2 + (u2 – cq2)
2 = c2

r2 + u2
2 – 2u2cq2 + c2

q2

u
2
2 – w

2
2 = 2u2cq2 – c

2
q2 – c

2
r2 (12.43)

Equations (12.42) and (12.43), when used in Eq. (12.41), give

R = 1 – 
1

2
2

2

c

u
qF

HG
I
KJ (12.43a)

Substituting from Eq. (12.7) and rearranging

R = 
1

2
 + 

1

2
 f2 cot b2 (12.43b)

Equation (12.43b) is plotted in Fig. 12.11. The degree of reaction of the

radial-tipped impeller (b2 = 90°) remains constant at all values of the flow
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Fig. 12.11 Variation of degree of reaction with flow coefficient for

various values of impeller exit air angle
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coefficient. Reaction increases with flow coefficient for backward-swept

impeller blades (b2 < 90°) and decreases for forward swept type (b2 > 90°)

as shown.

From Eq. (12.19a)

R = 1 – 
1

2
y (12.44a)

y = 2(1 – R ) (12.44b)

Equation (12.44) shows that the higher the degree of reaction, the

lower is the stage pressure coefficient and vice versa. This is depicted

in Fig. 12.12. The backward-swept impeller blades give a higher degree

of reaction and a lower pressure coefficient compared to the radial and

forward-swept blades.
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Fig. 12.12 Variation of pressure coefficient with degree of

reaction

•Ø  12.4 Nature of Impeller Flow

The flow pattern in the three-dimensional flow passage of the impeller of

a centrifugal compressor is very complex. Various coordinate systems have

been used to describe the flow field in such passages. Section 6.4 describes

a natural coordinate system (Fig. 6.6).

To simplify the understanding of the flow in a radial turbo-machine the

flow field can be separately considered in the radial-axial (meridional)

plane (Fig. 12.13) and the vane-to-vane plane (Fig. 12.14). Further
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simplification in the theoretical analysis of such a flow is obtained by

assuming it to be inviscid.

12.4.1 Flow in the Meridional Plane

An infinitesimal fluid element (at radius r) in the meridional plane between

the hub and the shroud is shown in Fig. 12.13. The meridional streamline

passing at the centre of the element has a radius of curvature R. The

meridional velocity is cm and the velocity component in the tangential

direction cq.

dn
n

p
p

∂

∂
+

Infinitesimal
fluid element

dr
d

d

dn

ds

r

Meridional
stream line

(a) (b)

2c
dsdn

r
qr

2
mc

dsdn
R

r
p

Fig. 12.13 Flow in the meridional plane

It is very convenient to study such a flow in the natural coordinate

system. An expression for the meridional velocity distribution in the

normal direction (n – direction) is derived here under the following assu-

mptions:

1. isentropic and incompressible flow

2. axisymmetric flow

3. radial blades.

The thickness of the element (normal to the paper) is unity. Therefore,

its volume is ds dn.
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The fluid element is subjected to the centrifugal forces both due to the

impeller rotation and the curvature of the meridional streamline as shown

in Fig. 12.13(b).

The centrifugal force due to the tangential velocity component cq is

r ds dn 
c

r
q
2

and that due to the curvature of the streamline is

r ds dn 
c

R
m
2

Equating the forces acting on the element in the normal direction

p ds + r ds dn 
c

r
q
2

 cos d = p
p

n
dn+

F
HG

I
KJ

∂

∂
 ds + r ds dn 

c

R
m
2

This on rearrangement gives

1

r

∂

∂

p

n
= 

c

r
q
2

 cos d – 
c

R
m
2

(12.45)

From Fig. 12.13(a)

∂

∂

r

n
= cos d (12.46)

For axisymmetric flow and radial blades,

c u r

c wm

q w= =

=

U
V
W

(12.47)

Equations (12.46) and (12.47), when applied in Eq. (12.45), yield

1

r

∂

∂

p

n
= w2r 

∂

∂

r

n
 – 

w

R

2

(12.48)

Equation (12.32a) gives the general relation

h + 
1

2
 w2 – 

1

2
 u2 = const.

Differentiating and rearranging

dh = u du – w dw (12.49)

For isentropic flow dh = 
dp

r

and u du = w2r dr

Therefore, dividing throughout by dn, Eq. (12.49) can be rewritten as

1

r

∂

∂

p

n
= w2r 

∂

∂

r

n
 – w 

∂

∂

w

n
(12.50)
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Combining Eqs. (12.48) and (12.50),

dw

w
= 

dn

R
(12.51)

This on integration gives

ln w + ln (const.) = 
dn

Rz
w = cm = ke

dn

R
z

(12.52)

Equation (12.52) gives the velocity distribution in the meridional plane. The

value of the constant k can be determined from the continuity equation.

The mass-flow rate through the infinitesimal stream tube of cross-

sectional area dn ¥ 1 is

d &m = r cm (2pr dn)

Substituting from Eq. (12.52)

d &m = 2 rpr dn k exp 
dn

Rz
The total mass-flow rate is obtained by integrating this from hub to the

shroud.

&m = 2pk rr
dn

R
exp zz RST

UVW
 dn (12.53)

12.4.2 Flow in the Vane-to-Vane Plane

Figure 12.14 shows an infinitesimally thin slice of the flow between the

two backward-swept blades of an impeller. An element of the flow

between two streamlines dm apart is subtended by an angle dq. The

relative velocity on one side of the element is w and on the other side

w + 
∂

∂

w

m
 dm

The circulation around (anti-clockwise) this element is

dG = w
w

m
dm+

F
HG

I
KJ

∂

∂
 (R + dm) dq – w Rdq

Neglecting the product of two small quantities and substituting

dA = R dq dm

d

dA

G
= 

∂

∂

w

m
 + 

w

R
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This is the vorticity in the vane-to-vane plane (see Sec. 6.3.3).

x = 
∂

∂

w

m
 + 

w

R
(12.54)

Helmholtz law states that the change in the absolute vorticity of an inviscid

fluid with time is zero.

In the present case the fluid is assumed to enter the impeller passage

without any vorticity. Therefore, if the absolute vorticity in the impeller

passage (rotating with an angular velocity w) is to be zero, the flow inside

it must have a rotation of – w.

However,

Rotation = 
1

2
 vorticity

w = 
1

2
x (12.55)

Equations (12.54) and (12.55) give

∂

∂

w

m
 + 

w

R
= 2w (12.56)

Equation (12.56) gives the velocity distribution in the vane-to-vane plane.

This rotational flow in the relative system is referred to as “relative eddy”.

It affects the energy transfer in the impeller and hence the pressure ratio

developed as discussed in the following section.
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Fig. 12.14 Flow in the vane-to-vane plane
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•Ø  12.5 Slip Factor455, 488, 490

The actual velocity profiles at the impeller exit due to real flow behaviour

are shown in Figs. 12.15 and 12.16. The energy transfer occurring in the

c wm =

Exit velocity
profile

Hub
Shroud

Meridional
plane

Fig. 12.15 Meridional velocity distribution at the impeller exit

w

Vane to vane
plane

w

Exit velocity
profile

Fig. 12.16 Vane-to-vane velocity distribution at the impeller exit
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impeller corresponding to these velocity profiles is less than the one that

would have been obtained with one-dimensional flow.

The relative eddy mentioned earlier causes the flow in the impeller

passages to deviate (Fig. 12.17) from the blade angle (b2) at the exit to an

angle b¢2, the difference being larger for a larger blade pitch or smaller

number of impeller blades.

u2

cq 2

c¢q 2

w ¢2

c2

w2c ¢2

csActual Ideal

b2

b ¢2

w

Flow

Fig. 12.17 Exit velocity triangles with and without slip

On account of the aforementioned effects, the apex of the actual

velocity triangle at the impeller exit is shifted away (opposite to the

direction of rotation) from the apex of the ideal velocity triangle as shown

in Fig. 12.17. This phenomenon is known as slip and the shift of the apex

is the slip velocity (cs). It may be seen that, on account of the slip, the

whirl component is reduced which in turn decreases the energy transfer

and the pressure developed.

The ratio of the actual and ideal values of the whirl components at the

exit is known as slip factor (m)

m = 
¢c

c
q

q

2

2

(12.57)

Therefore, the slip velocity is given by

cs = cq2 – c¢q2 = (1 – m) cq2 (12.58)
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The expressions for the actual work done, pressure ratio and stage

efficiency can now be rewritten with the slip factor. From Eqs. (12.13)

and (12.15)

w = m u2 cq2 = m u2
2 (1 – f2 cot b2) (12.59)

Similarly, Eqs. (12.36c) and (12.37) are modified to

\ hst = 
c T p

u

p r01 0

2
2

2 2

1

1

1

( )

( cot )

g

g

m f b

-

-

-
(12.60)
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-

h f b
m

g

g

st
p

u

c T
( cot ) (12.61)

The methods of determining slip factors have been suggested by

various investigators. Some of them are described here briefly.

12.5.1 Stodola’s Theory

Figure 12.18 depicts the model of flow with slip as suggested by Stodola12.

The relative eddy is assumed to fill the entire exit section of the impeller

passage. It is considered equivalent to the rotation of a cylinder of

diameter d = 2r at an angular velocity w which is equal and opposite to

that of the impeller (Sec. 12.4.2) as shown in the figure. The diameter,

and hence, the tangential velocity of the cylinder, is approximately

determined as follows:

2r

w

w

b2

s r z= 2 /p 2

Flow

Fig. 12.18 Stodola’s model of flow with slip
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The blade pitch at the outer radius (r2) of the impeller with z blades is

s = 
2 2p r

z

The diameter of the cylinder is

2r ª s sin b2 = 
2 2p r

z
 sin b2 (12.62)

The slip velocity is assumed to be due to rotation of the cylinder.

Therefore,

cs = wr

Substituting for r from Eq. (12.62)

cs = w 
p r

z
2  sin b2 (12.63)

However, u2 = wr2. Therefore,

cs = 
p
z

 u2 sin b2 (12.64)

Equation (12.64) when put in Eq. (12.58) gives

(1 – m) cq2 = 
p
z

 u2 sin b2

m = 1 – 
p

qz

u

c
2

2

 sin b2

Substituting from Eq. (12.7)

m = 1 – 
p b

f bz

sin

cot
2

2 21 -
(12.65)

For a radial-tipped blade impeller (b2 = 90°)

m = 1 – 
p
z

(12.66)

The above expressions for slip show that for a given geometry of flow

the slip factor increases with the number of impeller blades. Along with

this the fact that the number of impeller blades is one of the governing

parameters for losses should not be lost sight of.

12.5.2 Stanitz’s Method

A method based on the solution of potential flow in the impeller passages

is suggested by Stanitz800 for b2 = 45° – 90°. The slip velociy is found

to be independent of the blade exit angle and the compressibility. This

is given by

cs = 
198.

z
 u2 (12.67)
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(1 – m) cq2 = 
198.

z
 u2

m = 1 – 
198 2

2

.

z

u

cq

m = 1 – 
198

1 2 2

.

( cot )z - f b
(12.68)

For b2 = 90°

m = 1 – 
198.

z
(12.69)

Equations (12.66) and (12.69) are of identical form.

12.5.3 Balje’s Formula

Balje suggests an approximate formula for radial-tipped (b2 = 90°) blade

impellers:

m = 1
6 2

2 3

1

+
RST

UVW

-
.

/
zn

(12.70)

n = 
impeller tip diameter

eye tip diameter

•Ø  12.6 Diffuser

The static pressure of the gas at the impeller exit is further raised by

passing it through a diffuser located around the impeller periphery. The

absolute velocity (c2) of the gas at the impeller exit is high which is

reduced to a lower velocity (c3) in the diffuser as shown in the enthalpy-

entropy diagram (Fig. 12.10). The amount of deceleration and the static

pressure rise (p3 – p2) in the diffuser depend on the degree of reaction and

the efficiency of the diffusion process. An efficient diffuser must have

minimum losses (p02 – p03), maximum efficiency and maximum reco-

very coefficient.

Expressions for the efficiency and pressure recovery coefficient have

been derived in Sec. 2.4. A facility for testing the performance of a dec-

elerating radial cascade (radial vaned diffuser) is described in Sec. 8.7.1.

Diffusers in centrifugal compressors are either of the vaneless or vaned type.

12.6.1 Vaneless Diffuser

As the name indicates, the gas in a vaneless diffuser is diffused in the

vaneless space around the impeller before it leaves the stage through a

volute casing. In some applications the volute casing is omitted.
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The gas in the vaneless diffuser gains static pressure rise simply due to

the diffusion process from a smaller diameter (d2) to a larger diameter

(d3). The corresponding areas of cross-sections in the radial direction

are

A2 = pd2b2 = 2pr2b2 (12.71a)

A3 = pd3b3 = 2pr3b3 (12.71b)

Such a flow in the vaneless space is a free-vortex flow in which the

angular momentum remains constant. This condition gives

r2cq 2 = r3cq 3 (12.72)

The continuity equation at the entry and exit sections of the vaneless

diffuser gives

r2cr2A2 = r3cr3A3

r2cr2 (2pr2b2) = r3cr3 (2pr3b3)

r2r2cr2b2 = r3r3cr3b3 (12.73a)

For a small pressure rise across the diffuser, r2 ª r3. Therefore,

r2cr2b2 = r3cr3b3 (12.73b)

For a constant width (parallel wall) diffuser b2 = b3

r2cr 2 = r3cr3 (12.73c)

The absolute velocity at the diffuser exit is given by

c2
3 = c2

r3 + c2
q3 = 

r

r
2

3

2F
HG

I
KJ  (c2

r2 + c2
q2) = 

r

r

2
2

3
2

 c2
2 (12.74)

Equations (12.72), (12.73c) and (12.74) yield

c

c
q

q

3

2

= 
c

c
r

r

3

2

 = 
c

c
3

2

 = 
r

r
2

3

(12.75)

This relation further gives

a2 = a3 = tan
– 1

 
c

c
r2

2q

 = tan
– 1

 
c

c
r3

3q

(12.76)

It should be remembered that this equation is valid only for incompressi-

ble flow through a constant width diffuser.

Equation (12.75) clearly shows that the diffusion is directly proport-

ional to the diameter ratio (d3/d2). This leads to a relatively largesized

diffuser which is a serious disadvantage of the vaneless type. In some

cases the overall diameter of the compressor may be impractically large.

This is a serious limitation which prohibits the use of vaneless diffusers

in aeronautical applications. Besides this the vaneless diffuser has a lower

efficiency and can be used only for a small pressure rise.
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However, for industrial applications, where large-sized compressors are

acceptable, the vaneless diffuser is economical and provides a wider range

of operation. Besides this, it does not suffer from blade stalling and shock

waves.

12.6.2 Vaned Diffuser

For a higher pressure ratio across the radial diffuser, the diffusion process

has to be achieved across a relatively shorter radial distance. This requires

the application of vanes which provide greater guidance to the flow in the

diffusing passages. Diffuser blade rings can be fabricated from sheet

metal or cast in cambered and uncambered shapes of uniform thickness

(Figs. 12.19 and 12.20). Figure 12.21 shows a diffuser ring made up of

cambered aerofoil blades.

To avoid separation of flow, the divergence of the diffuser blade

passages in the vaned diffuser ring can be kept small by employing a large

number of vanes. However, this can lead to higher friction losses. Thus an

optimum number of diffuser vanes must be employed. The divergence of

the flow passages must not exceed 12 degrees.

The flow leaving the impeller has jets and wakes. When such a flow

enters a large number of diffuser passages, the quality of flow entering

different diffuser blade passages differs widely and some of the blades

may experience flow separation leading to rotating stall and poor

performance. To avoid such a possibility, it is safer to provide a smaller

number of diffuser blades than that of the impeller. In some designs the

number of diffuser blades is kept one-third of the number of impeller

blades. This arrangement provides a diffuser passage with flows from a

number of impeller blade channels. Thus the nature of flow entering

various diffuser passages does not differ significantly.

Another method to prevent steep velocity gradients at the diffuser entry

is to provide a small (0.05 d2 – 0.1 d2) vaneless space between the

impeller exit and the diffuser entry as shown in Figs. 12.2 and 12.22. This

allows the non-uniform impeller flow to mix out and enter the diffuser

with less steep velocity profiles. Besides this the absolute velocity

(Mach number) of the flow is reduced at the diffuser entry. This is a great

advantage, specially if the absolute Mach number at the impeller exit is

greater than unity. The supersonic flow at the impeller exit is decelerated in

this vaneless space at constant angular momentum without shock.

Every diffuser blade ring is designed for given flow conditions at the

entry at which optimum performance is obtained. Therefore, at off-design

operations the diffuser will give poor performance on account of

mismatching of the flow. In this respect a vaneless diffuser or a vaned
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Flow

Fig. 12.19 Diffuser ring with cambered blades

90° – a3

a3

a2

90°

r2 r3
Flow

Fig. 12.20 Diffuser ring with straight (uncambered) flat blades

Flow

Aerofoil blades

Fig. 12.21 Diffuser ring with cambered aerofoil blades

diffuser with aerofoil blades (Fig. 12.21) is better. For some applications

it is possible to provide movable diffuser blades whose directions can be

adjusted to suit the changed conditions at the entry.

In some designs for industrial applications, a vaneless diffuser supplies

the air or gas direct to the scroll casing, whereas for aeronautical

applications, various sectors of the vaned diffuser are connected to

separate combustion chambers placed around the main shaft.
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12.6.3 Area Ratio

Figure 12.22 shows a vaneless diverging wall diffuser. The side walls have

a divergence angle of 2q. The area ratio of such a diffuser in the radial

direction is

Ar = 
A

A
3

2

 = 
d b

d b
3 3

2 2

(12.77)

r2

r3
b2

Diffuser

q

b3

Impeller

Fig. 12.22 Radial diffuser passage with diverging walls

The semi-divergence angle is given by

tan q = 
b b

r r
3 2

3 22

-

-( )
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3 2
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This when used in Eq. (12.77) gives

Ar = 
d

d
3

2

1 13

2 2 2

+ -
F
HG

I
KJ

R
S
T

U
V
W

d

d b d

tan

/

q
(12.79a)
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For parallel walls (tan q = 0), this gives

Ar = d3/d2 (12.79b)

If the diverging passage of Fig. 12.22 is fitted with straight flat blades (Fig.

12.20), the area ratio normal to the direction of flow is further increased.

From Fig. 12.20,

r3

290sin ( )+ a
= 

r2

390sin ( )- a

cos a3 = 
cos

/

a 2

3 2d d
(12.80)

The area ratio is given by

A¢¢r = 
p a

p a

d b

d b
3 3 3

2 2 2

sin

sin
 = 

d b

d b
3 3

2 2

2
3

2

1 - cos

sin

a

a

Substituting from Eq. (12.80)

A¢¢ = 
d b

d b d d

3 3

2 2 2

2
2

3 2
2

1
1
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( / )a

a
- (12.81)

Substituting further from Eq. (12.78)

A¢¢r = 
d

d

d

d b d d d
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a

a
(12.82)

Equation (12.82) shows that the area ratio of a diffuser can be increased

by

(a) increasing the diameter ratio, d3/d2,

(b) increasing the width ratio, b3/b2,

(c) decreasing the leading edge vane angle, a2

(d) various combinations of a, b and c.

Some typical values of these parameters are:

d3/d2 ª 1.4 to 1.8,

Ar = A3/A2 ª 2.5 to 3.0

a2 ª 10 to 20°

b2/d2 ª 0.025 – 0.10

qmax ª 5°

Figure 12.23 shows the plots of the area ratio against the diameter ratio

for some diffuser configurations. It may be observed that, for a given
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diameter ratio, very large values of the area ratio can be obtained by

employing vaned diffusers with diverging walls.
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= 15°, = 3°a q2

Vaned parallel

= 15°a2

Vanless
diverging

= 3°q

Fig. 12.23 Variation of area ratio in radial diffusers with

diameter ratio

12.6.4 Mach Number at Diffuser Entry

In the absence of the vaneless space between the impeller tip and the

diffuser entry, the Mach number at the diffuser entry is given by

M 2
2 = 

c

a

2
2

2
2

The flow of a perfect gas with zero whirl at the entry is considered

below. From Fig. 12.6.

c2
2 = c2

r2 + c2
q2 = c2

r2 + (u2 – cr2 cot b2)
2

c2
2 = u2

2 {f2
2 + (1 – f2 cot b2)

2} (12.83)

The velocity of sound is given by

a2
2 = g RT2 = (g – 1)cp T01 

T

T
2

01

F
HG

I
KJ (12.84)

For zero whirl at the entry,

h01 = cpT01 = h1 + 
1

2
 c

2
1 = h1 + 

1

2
 (w

2
1 – u

2
1) (12.85)

Equation (12.32a) gives

h2 = h1 + 
1

2
 (w2

1 – u2
1) + 

1

2
 (u2

2 – w2
2)



548 Turbines, Compressors and Fans

Substituting from Eq. (12.85)

h2 = h01 + 
1

2
 (u2

2 – w2
2)

From Fig. 12.6, this gives

h2 = h01 + 
1

2
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T
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2
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012
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Equations (12.84) and (12.86) give
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Equations (12.83) and (12.87) yield
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The stagnation temperature rise ratio is

DT

T
st0

01

= 
w

c T

st

p 01

 = 
u

c Tp

2
2

01

 (1 – f2 cot b2) (12.89)

The following relation is obtained from Eqs. (12.88) and (12.89):

M2 = f g f b, , ,
DT

T
st0

01
2 2

F
HG

I
KJ (12.90)

For a given gas and duty (fixed values of g and DT0st/T01), the impeller

exit Mach number depends on f2 and b2. To avoid the possibility of

shocks, the Mach number at the diffuser entry must not be greater than

0.9. The actual value of this Mach number will be lower than that given

by Eq. (12.88) due to diffusion in the vaneless space.

The deterioration of diffuser performance is significant in the presence

of shocks in the flow field.

•Ø  12.7 Volute Casing608–627

The volute or scroll casing collects and guides the flow from the diffuser

or the impeller (in the absence of a diffuser). The flow is finally discharged

from the volute through the delivery pipe. For high pressure centrifugal

compressors or blowers, the gas from the impeller is discharged through

a vaned diffuser, whereas for low pressure fans and blowers, the impeller

flow is invariably collected directly by the volute since a diffuser is not

required because of the relatively low pressures. Figures 12.24 and 12.25
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show a volute casing along with the impeller, diffuser and vaneless spaces.

The volute base circle radius (r3) is a little larger (1.05 to 1.10 times the

diffuser or impeller radius) than the impeller or diffuser exit radius. The

vaneles space before volute decreases the non-uniformities and turbulence

of flow entering the volute as well as noise level.

Vaneless
spaces

Diffuser Flow

Volute passage

Impeller

Throat Exit

Delivery
pipe

Tongue

qt

Fig. 12.24 Scroll or volute casing of a centrifugal machine

Some degree of diffusion in the volute passage is also achieved in some

designs, while others operate at constant static pressure.

Different cross-sections are employed for the volute passage as shown

in Fig. 12.26. The rectangular section is simple and convenient when the

volute casing is fabricated from sheet metal by welding the curved wall

to the two parallel side walls. While the rectangular section is very

common in centrifugal blowers, the circular section is widely used in

compressor practice.

While, the volute performance is dependent on the quality of flow

passed on to it from the impeller or diffuser, the performance of the

impeller or the diffuser also depends on the environment created by the

volute around them. The non-uniform pressure distribution around the

impeller provided by its volute gives rise to the undesirable radial thrust

and bearing pressures.

Two most widely used methods of volute design are discussed below.
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12.7.1 Free Vortex Design

Here the flow through the volute passage is assumed to follow Eq. (12.72)

for a free vortex flow which is

rcq = r2 cq 2 = r3cq 3 = K

cq = 
K

r
(12.91)

Equation (12.76) further shows that in such a flow for b3 = b4 the

direction of the streamlines remains constant, i.e.,

tan a = 
c

c
r

q

 = const. (12.92)

The total volume (Q) of the flow supplied by the impeller is uniformly

divided at the volute base circle. Therefore, the flow rate at a section of

the volute passage q degrees away from the section at q = 0° is

Qq = 
q

360
Q (12.93)

The flow rate through an infinitesimal section (Fig. 12.25) of cross-

section (dr ¥ b3) is

dQq = cq b3 dr

Substituting from Eq. (12.91),

dQq = Kb3 
dr

r

For the full cross-section of the volute passage,

Qq = Kb 
dr

r
r

r

3

4

z  = Kb3 ln 
r

r
4

3

(12.94)

Equations (12.93) and (12.94) give

ln 
r

r
4

3

F
HG

I
KJ = 

q
360 3

Q

Kb

r4 r4 r4

(a) Circular (b) Trapezoldal (c) Rectangular
Axis

Fig. 12.26 Different cross-sections of the volute passage
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For a rectangular cross-section, it is required to determine the radius (r4)

of the volute boundary from q = 0° to q = 360°. This can be determined

from

r4 = r3 exp 
q

360 3

Q

Kb

F
HG

I
KJ (12.95)

If the cross-section is not rectangular (Fig. 12.25), then the passage

area (Aq) and the radius (r ) of the centre of gravity of the cross-section

are to be determined. Here

dQq = Kb 
dr

r

Qq = K b
dr

rz  = K 
A

r
q (12.96)

A

r
q = 

q
360

Q

K
(12.97)

The volume-flow rate (Q) can be determined from the mass-flow rate,

assuming the average density of the gas in the volute passage as equal

to r4 = 
p

RT
4

4

.

12.7.2 Constant Mean Velocity Design

For obtaining high efficiency, it is found from experience that it is neces-

sary to maintain constant velocity of the fluid in the volute passage at the

design point. This would also give uniform static pressure distribution

around the impeller. In actual practice, both the velocity and pressure vary

across the cross-section of the volute passage at a given section. There-

fore, to be more precise, the mean velocity and pressure along the volute

passage are assumed to remain constant. However, this assumption will

be violated at the off-design point.

For a given value of the mean velocity (cm), the area distribution is

obtained from

Qq = cm Aq = 
q

360
 Q

Therefore,

Aq = 
q

360

Q

cm

(12.98)

For a rectangular cross-section,

Aq = b3 (r4 – r3) (12.99)
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Thus the volute radius (r4) for given values of r3 and b3 can be determined.

12.7.3 Volute Tongue

Theoretically, the logarithmic curve of the volute casing begins at the

impeller exit, but in practice this is not possible. If it is shifted to the base

circle (Fig. 12.25) at q = 0°, a sharp-edged lip will be formed. This is

known as the tongue or cut water of the volute. Its size and geometry have

significant effect on the performance of the centrifugal compressors and

blowers. In practice the tongue is cut back to a blunt edge and thus

actually starts at q = qt (Fig. 12.24). At this point its inclination (a) must

be the same as that of the streamlines. Therefore, referring to Fig. 12.25,

the inclination of an elemental length of the volute boundary r dq is

tan a = tan a3 = 
dr

rdq
 = const.

dq = 
1

3tan a
dr

r

For a given radius ratio (r3/r¢3), the angle (qt in radians) at which the

tongue starts at the base circle is determined.

qt = 
1

3
3

3

tan a
dr

r
r

r

¢

z

qt = 
1

3tan a
 ln 

r

r
3

3¢

F
HG

I
KJ (12.100)

Shifting the tongue as shown above improves the performance

significantly and the pressure distribution around the impeller is close to

a uniform profile. Besides this, the discharge at the maximum efficiency

point is also increased and the noise level decreased.

The outflow from the volute at the throat is critically affected by the

location and the geometry of the tongue. It divides the flow into two

streams—one that flows out and the second which reenters the volute

through the gap at the tongue. If the inclination of the tongue does not

conform to the flow direction shock losses and disturbed flow conditions

in this area will arise. The gap between the impeller (or diffuser) and the

base circle should not be too large because this increases the recirculation

of the fluid and leads to additional losses.

•Ø  12.8 Stage Losses456, 487

The power supplied to the centrifugal compressor stage is the power input

at the coupling less the mechanical losses on account of the bearing, seal
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and disc friction. The aerodynamic losses occurring in the stage during the

flow processes from its entry to exit are taken into account by the stage

efficiency. These losses result from fluid friction, separation, circulatory

motion and shock wave formations. They lead to an increase in entropy

and a decrease in stagnation pressure. The disc friction loss, though

aerodynamic in nature, is considered along with the other shaft losses.

The nature of flow and losses occurring in centrifugal compressor

stages is considerably different from those in axial compressor stages on

account of different configurations of flow passages in the two types. The

centrifugal stages, on account of the relatively longer flow passages and

greater turning of the flow, suffer higher losses compared to the axial

type. This explains the generally lower values of the efficiency of the

centrifugal stages compared to the axial type.

A comparison of axial and radial stages has been given in Secs. 1.9 and

1.10. In this section different losses have been described separately on the

basis of their different nature. The components of the stage in which they

occur have been mentioned where necessary.

12.8.1 Friction Losses

A major portion of the losses is due to fluid friction in stationary and

rotating blade passages. The flow, except in the accelerating nozzle and

the inlet guide vanes is throughout decelerating. Therefore, the thickening

boundary layer (see Sec. 6.1.18) separates where the adverse pressure

gradient is too steep. This leads to additional losses on account of stalling

and wasteful expenditure of energy in vortices. Secondary vortices

develop in diffuser and volute passages.

Losses due to friction depend on the friction factor (Sec. 6.1.17),

passage length and the square of the fluid velocity. Therefore, a stage with

relatively longer impeller, diffuser and volute passages, and higher fluid

velocities shows poor performance.

The boundary layer on the rotating surfaces is thrown away due to

centrifugal force. Therefore, it is more profitable to obtain higher pressure

rise by diffusion of flow in the rotating passages. Thus high degree

reaction blades, like backward-swept impeller blades, give more efficient

stages.

Friction losses in the accelerating nozzle and inlet guide vanes are

relatively much smaller. On account of high velocities and the dec-

elerations that follow at the leading edges of the inducer and the diffuser

blades, shock waves (if present) cause additional losses. They can cause

separation of the boundary layers leading to higher losses.
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12.8.2 Impeller Entry Losses

In higher pressure centrifugal compressors, the radial-tipped impeller

blades extend into the axial portion (Figs. 12.1 and 12.2). Thus the incom-

ing flow is efficiently guided from the axial to the radial direction.

However, in centrifugal blowers with relatively lower pressure rise, the

impeller blades are located only in the radial portion (Fig. 12.3). Here the

flow enters axially and turns radially in the vaneless space before entering

the impeller blades. In this process the fluid suffers losses similar to those

in a bend. These losses depend on the velocities ci and c1 (Fig. 12.10), but

are small compared to other losses.

12.8.3 Shock Losses

Additional losses that occur in a row of blades in a centrifugal compressor

stage on account of incidence are conventionally known as shock losses.

The change of incidence itself very frequently results from the operation

of the stage away from the design flow conditions. It is unfortunate that

this term has come to stay in centrifugal compressors, because in the usual

aerodynamic sense, a shock is a discontinuity and arises when a

supersonic flow decelerates to subsonic. The shock loss referred to here

has nothing of this nature.

During the off-design conditions, the flow at the entry of the impeller

and diffuser blades approaches them with some degree of incidence. For

instance, Fig. 12.27 depicts off-design velocity triangles at the entry of

the inducer blades. At the same rotational speed, the reduced flow rate

introduces positive incidence whereas negative incidence results from

increased flow rate. Large incidences (specially positive), lead to flow

separation, stalling and surge.

u1

c*x

w*1

Reduced (+ )i

Increased (– )i

Design flow
b1

Fig. 12.27 Entry velocity triangles at off-design operation
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Figure 12.28 [(a) and (b)] explains the “shock model” of flow at the

impeller entry. Design point conditions are represented by the quantities

b1, w*
1, c*

x; off-design point values are represented by w1 and cx. The so-

called shock loss results from the sudden change of the velocity vector w1

to correspond to the blade angle (design point air angle) b1 through a

shock velocity component csh as shown. The actual axial velocity compo-

nent during this change remains unaltered due to continuity considerations.

Shock losses are proportional to the square of the shock velocity component.

c*x

cx

c*x

w*1

cx

csh

csh

u1 u1

w1

w1

w*1

b1
b1

(a) Positive incidence (b) Negative incidence

Fig. 12.28 Shock velocity (csh) (a) due to positive incidence

(b) due to negative incidence

When shock losses are plotted against incidence (Fig. 12.29), it is

found that they increase rapidly at large values of incidence.

Shock
losses

0

Incidence

+ ve– ve

L
o
s
s
e
s

Fig. 12.29 Typical variation of shock losses with incidence
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Shock losses as explained above also occur in the diffuser and volute.

12.8.4 Clearance and Leakage Losses

Certain minimum clearances are necessary between the impeller shaft and

the casing, and between the outer periphery of the impeller eye and the

casing (Fig. 12.1). The leakage of the gas through the shaft clearance is

minimized by employing glands. For small shaft diameters with labyrinth

glands, the leakage of gas is small.

On account of a higher peripheral speed and a large diameter, it is very

difficult to provide sealing between the casing and the impeller eye tip.

The leakage through this clearance from the impeller exit is recirculated

and additional work is done on a portion of the impeller flow which does

not reach the stage exit. This loss is governed by the clearance, diameter

ratio (d2/d1) and the pressure at the impeller tip. It may by noted here that

static pressure at the impeller exit is high for a higher degree of reaction.

•Ø  12.9 Performance

Characteristics463, 473, 486, 489

As discussed in Secs. 7.7 and 7.8, the performance characteristic of a

centrifugal compressor or a blower at a given speed can be plotted in

terms of the following quantities:

pr0 = f 
&m T

p

01

01

F
HG

I
KJ

y = f (f)

Figure 12.30 shows the theoretical and actual performance chara-

cteristics (f–y plot) for a centrifugal stage. The actual characteristic is

obtained by deducting the stage losses from the theoretical head or

pressure coefficient. Therefore, the nature of the actual characteristic

depends on the manner in which the stage losses vary with the operating

parameters. Friction and shock losses effect the performance significantly.

As explained in Sec. 11.8, the range of stable operation is restricted by

surging and choking which occur at some values of the flow coefficient

peculiar to a given stage. The point corresponding to the maximum

pressure and efficiency is generally close to the surge point. The basic

causes and nature of unstable flow in centrifugal stages are the same as

discussed in Secs. 11.8.2 and 11.8.3. However, these stages, particularly

those employing a vaneless diffuser, have a wider range of stable

operation. This is on account of the absence of stalling of the vaned
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diffuser. In some centrifugal stages it has been possible to achieve stable

operation on the branch of the characteristic with positive slope.

Local stalling of some inducer and diffuser blades occurs even at

design point operation. Besides this, rotating stall on the lines explained

in Sec. 11.8.3, would occur in both the impeller and diffuser. Surging in

the centrifugal impeller is generally provoked by large-scale stalling of

the diffuser blades.

Chocking of the centrifugal stage occurs when the Mach number at

either the inducer blades or the diffuser throat reaches unity.

Notation for Chapter 12

a Velocity of sound

A Area of cross-section

b Impeller, diffuser or volute width

c Fluid velocity

cp Specific heat at constant pressure

d Diameter

h Enthalpy

i Incidence angle

k,K Constants

&m Mass-flow, rate, distance in the meridional plane

M Mach number

– ve l+ ve i

Actual

Shock
loss

Friction
loss

Theoretical

Flow coefficient, f

P
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s
s
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re
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e
ff

ic
ie
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y

Fig. 12.30 Losses and performance characteristic of a centri-

fugal compressor stage
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N Rotational speed

p Pressure

P Power

Q Volume-flow rate

r Radius

R Gas constant, degree of reaction, radius of curvature

s Entropy, blade pitch, distance along the streamline

T Temperature

u Peripheral speed

w Relative velocity, work

z Number of blades

n, s, m Natural coordinates

Greek symbols

a Air angle in the absolute system

b Air angle in the relative system

g Ratio of specific heats

d Angle shown in Fig. 12.13

h Efficiency

q Diffuser wall angle, angles shown in Figs. 12.4 and 12.25

m Slip factor

x Vorticity, loss coefficient

G Circulation

f Flow coefficient

y Pressure coefficient, power input factor

w Rotation, rotational speed in rad/s

Subscripts

o Stagnation value

1 Entry to the impeller

2 Exit from the impeller

3 Exit from the diffuser

4 Exit from the volute

a Actual

b Blade

h Hub

i Entry to the nozzle

m Meridional

r Radial, ratio

rel Relative

s Slip
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s, ss Isentropic

sh Shock

st Stage

t Tip, tongue

tt Total-to-total

w Corresponding to velocity w

x Axial

* Design values

IGVs Inlet guide vanes

q Tangential, corresponding to angular position q

•Ø  Solved Examples

12.1 Air enters the inducer blades of a centrifugal compressor at p01 =

1.02 bar, T01 = 335 K. The hub and tip diameters of the impeller

eye are 10 and 25 cm respectively. If the compressor runs at 7200

rpm and delivers 5.0 kg/s of air, determine the air angle at the

inducer blade entry and the relative Mach number. If IGVs are

used to obtain a straight inducer section, determine the air angle at

the IGVs exit and the new value of the relative Mach number.

Solution:

A = 
p
4

 (d2
t – d2

h) = 
p
4

 (0.252 – 0.102) = 0.0412 m2

Both the density and the axial velocity component at the entry of

the inducer are unknown. Therefore, these are determined by trial

and error.

I. Let r1 ª 
p

RT
01

01

 = 
102 10

287 335

5. ¥

¥
 = 1.0609 kg/m3

In the absence of IGVs,

c1 = cx1 = 
&m

Ar1 1

 = 
5

10609 0 0412. .¥
 = 114.39 m/s

c

cp

1
2

2
= 

114 39

2 1005

2.

¥
 = 6.51 K

T1 = T01 – 
c

cp

1
2

2
 = 335 – 6.51 = 328.49 K

p1 = p01 
T

T
1

01

1F
HG

I
KJ

-

g

g

 = 1.02 
328 49

335

3 5
.F

H
I
K

◊

 = 0.952 bar
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r1 = 
0 952 10

287 328 49

5.

.

¥

¥
 = 1.01 kg/m3

The assumed value of cx1 can now be checked.

cx1 = 5/(1.01 ¥ 0.0412) = 120.16 m/s

Since the diffencree is large, another trial is made.

II. Let c1 = cx1 = 123 m/s

c

cp

1
2

2
= 

123

2 1005

2

¥
 = 7.527 K

T1 = 335 – 7.527 = 327.473 K

p1 = 
327 473

335

3 5
.F

H
I
K

◊

 ¥ 1.02 = 0.942

r1 = 0.942 ¥ 105/(287 ¥ 327.473) = 1.0023 kg/m3

For a check, cx1 is recalculated.

cx1 = 5/(1.0023 ¥ 0.0412) = 121 m/s

This value (compared to the assumed value of 123 m/s) is

acceptable. The difference is only about 1%.

d1 = 
1

2
 (dh + dt) = 0.5 (0.1 + 0.25) = 0.175 m

u1 = 
p d N1

60
 = 

p ¥ ¥0175 7200

60

.
 = 65.97 m/s

From Fig. 12.4,

tan b1 = 
c

u
x1

1

 = 
121

6597.
 = 1.834

b1 = 61.4° (Ans.)

w1 = 
cx1

1sin b
 = 

121

6597sin .
 = 137.8 m/s

a1 = g RT1  = 14 287 327 473. .¥ ¥  = 362.737 m/s

Mw1 = 
w

a
1

1

 = 
137 8

362 737

.

.
 = 0.38 (Ans.)

The axial entry of the air into the inducer can be obtained by

employing IGVs (Fig. 12.5). In this case

a1 = tan –1 
c

u
x1

1

 = 61.4° (Ans.)

b1 = 90°

cx1 = w1 = 121 m/s
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The new value of the relative Mach number is different on account

of the changed values of w1 and a1.

c1 = 
cx1

1sin a
 = 

121

614sin .
 = 137.8 m/s

c

cp

1
2

2
= 

137 8

2 1005

2.

¥
 = 9.447 K

T1 = 335 – 9.447 = 325.553 K

a1 = 14 287 325553. .¥ ¥  = 361.67 m/s

Mw1 = 
121

36167.
 = 0.334 (Ans.)

12.2 Determine the pressure ratio developed and the power required to

drive a centrifugal air compressor (impeller diameter = 45 cm) run-

ning at 7200 rpm. Take zero swirl at the entry and T01 = 288 K.

Assume isentropic flow with no shock, and radially tipped impeller

blades.

Solution:

u2 = 
p d N2

60
 = 

p ¥ ¥0 45 7200

60

.
 = 169.65 m/s

pr0 = 1 2
2

01

1

+
R
S
T

U
V
W

-u

c Tp

g

g

 = 1
169 65

1005 288

2
3 5

+
¥

R
S
T

U
V
W

◊

.

pr0 = 1.393 (Ans.)

w = u2
2 = 

169 65

1000

2.
 = 28.78 kJ/kg

P = 28.78 kW/(kg/s) (Ans.)

12.3 A centrifugal air compressor stage has the following data:

type of impeller radial-tipped

speed 17000 rpm

impeller tip diameter 48 cm

eye tip diameter 24 cm

eye hub diameter 12 cm

mass-flow rate 8 kg/s

slip factor 0.92

stage efficiency 0.77

entry conditions p01 = 1.05 bar, T01 = 306 K

Determine:

(a) The air angles at the hub, mean and tip sections of the inducer,

maximum Mach number at the inducer entry, total pressure ratio
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developed and power required to drive the compressor without

IGVs.

(b) The air angles at the hub, mean and tip sections of the IGVs at exit

for axial entry to the inducer, total pressure ratio developed and the

power required.

Solution:

A = 
p
4

 (d2
t – d2

h) = 
p
4

 (0.242 – 0.122) = 0.0339 m2

r01 = 
p

RT
01

01

 = 
105 10

287 306

5. ¥

¥
 = 1.195 kg/m3

(a) Without IGVs (Fig. 12.4)

r1cx1A1 = &m

c1 = cx1 = 8/(1.195 ¥ 0.0339) = 197.48 m/s

Since the actual density will be lower than r01, the axial velocity

will be higher. Therefore, as a first trial, a value of cx1 = 205 m/s

is assumed.

I.
c

cp

1
2

2
= 

205

2 1005

2

¥
 = 20.908°C

T1 = 306 – 20.908 = 285.092 K

p1 = 
T

T
1

01

1F
HG

I
KJ

-

g

g

 p01 = 
285092

306

3 5
.F

H
I
K

◊

 ¥ 1.05 = 0.8196 bar

r1 = 
08196 10

287 285 092

5.

.

¥

¥
 = 1.0 kg/m

3

As a check

cx1 = 8/(1.0 ¥ 0.0339) = 235 m/s

This is much higher than the assumed value. Therefore, another trial is

required.

II. Let cx1 = 240 m/s

c

cp

1
2

2
= 

240

2 1005

2

¥
 = 28.656°C

T1 = 306 – 28.656 = 277.344 K

p1 = 
277 344

306

3 5
.F

H
I
K

◊

 ¥ 1.05 = 0.7442 bar

r1 = 
0 7442 10

287 277 344

5.

.

¥

¥
 = 0.935 kg/m3
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As a check

cx1 = 8/(0.935 ¥ 0.0339) = 252.39 m/s

The difference is still large.

III. Let cx1 = 262 m/s

This gives T1 = 271.85, p1 = 0.694 bar,

r1 = 0.8894 kg/m3

A cross-check gives cx1 = 265.33 m/s

This is an acceptable value.

d1 = 
1

2
 (0.12 + 0.24) = 0.18 m

u1m = 
p d N1

60
 = 

p ¥ ¥018 17000

60

.
 = 160.22 m/s

uh = 
12

18
 ¥ 160.22 = 106.8 m/s

ut = 
24

18
 ¥ 160.22 = 213.627 m/s

u2 = 
48

18
 ¥ 160.22 = 427.253 m/s

Assuming the inducer blades to have free vortex flow,

cx1 = cx1h = cx1m = cx1t

Therefore, the air angles are

tan b1h = 
c

u
x

h

1  = 
26533

1068

.

.
 = 2.484, b1h = 68.07° (Ans.)

b1m = tan –1
 

26533

160 22

.

.
 = 58.87° (Ans.)

b1t = tan –1 
26533

213627

.

.
 = 51.16° (Ans.)

w1t = 
cx

t

1

1sin b
 = 

26533

5116

.

sin .
 = 340.65 m/s

The value of the temperature T1 corresponding to cx1 = 265.33

m/s is 270.975 K. Therefore, the acoustic velocity at the inducer

entry is

a1 = 14 287 270 975. .¥ ¥  = 329.967 m/s

The tip Mach number is

M1t = 
w

a
t

t

1

1

 = 
340 65

329 967

.

.
 = 1.032 (Ans.)
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p

p
02

01

= 1 2
2

01

1

+
R
S
T

U
V
W

-

m h

g

g

st
p

u

c T

pr0 = 
p

p
02

01

 = 1
0 92 0 77 427 253

1005 306

2
3 5

+
¥ ¥

¥

R
S
T

U
V
W

◊

. . .

pr 0 = 3.416 (Ans.)

P = &mm u2
2 = 8 ¥ 0.92 ¥ 427.2532/1000

P = 1343.5 kW (Ans.)

(b) With IGVs (Fig. 12.5)

For axial entry throughout the inducer blades the air angles at the

IGVs exit are:

a1h = 68.07°

a1m = 58.87° (Ans.)

a1t = 51.16°

cx1 = w1h = w1m = w1t = 265.33 m/s

The absolute velocities and the static temperatures along the height

at the inducer entry will vary. At its tip.

c1t = 
w t

t

1

1sin a
 = 

265 33

5116

.

sin .
 = 340.64 m/s

T1t = 306 – 
340 64

2 1005

2.

¥
 = 248.27 K

a1t = 14 287 248 27. .¥ ¥  = 315.84 m/s

The relative Mach number at the tip is

Mw1t = 
26533

31584

.

.
 = 0.840 (Ans.)

pr0 = 1
01

2
2

1
2

1

+ -
R
S
T

U
V
W

-h
m

g

g
st

pc T
u u( )

pr0 = 1
0 77 0 92 427 253 160 22

1005 306

2 2
3 5

+
¥ -

¥

R
S
T

U
V
W

◊

. ( . . . )

pr0 = 2.905 (Ans.)

P = &m  (m u2
2 – u2

1)

P = 8 (0.92 ¥ 4272 – 160.222)/1000

P = 1137 kW (Ans.)



566 Turbines, Compressors and Fans

12.4(a) Derive an expression for the flow Mach number (M2) at the

impeller exit of a centrifugal compressor in terms of the following

parameters:

M2 = f
d

d
Mb

2

1

1 2 2, , ,φ β
F
HG

I
KJ

(b) In a radial-tipped blade impeller the flow coefficient f2 is 0.268

and the diameter ratio (d2/d1) is 2.667. The mean diameter at

impeller entry is 18 cm, and speed 8000 rpm. The entry

conditions of air are p01 = 1.0 bar and T01 = 293 K. Determine

the blade Mach number at entry and the flow Mach number at the

impeller exit.

Solution:

(a) Equation (12.88) is

M 2
2 = 

u

c Tp

2
2

011( )g -
 ¥ 

f f b

f b

2
2

2 2
2

2
2

01
2
2 2

2

1

1
2

1

+ -

+ -

( cot )

( )
u

c Tp

cosec

u
2
2 = u

2
1 

d

d
2

1

2F
HG

I
KJ

cp T01 = 
g

g - 1
 RT01 = 

a01
2

1g -

u

c Tp

2
2

01

= (g – 1) 
d

d

u

a

2

1

2

1
2

01
2

F
HG

I
KJ  = (g – 1) 

d

d
2

1

2F
HG

I
KJ  M 2

b1

Substituting this in the expression for M 2
2

M 2
2 = 

d

d
M

d

d
M

b

b

2

1
1

2
2
2

2 2
2

2

1

2

1
2

2
2 2

2

1

1
1

2
1

F
HG

I
KJ + -

+
-RST

UVW
F
HG

I
KJ -

{ ( cot ) }

( )

f f b

g
f bcosec

(b) For radial-tipped blades b2 = 90°

M 2
2 = 

d

d
M

d

d
M

b

b

2

1

2

1
2

2
2

2

1

2

1
2

2
2

1

1
1

2
1

F
HG

I
KJ +

+
- F

HG
I
KJ -

( )

( )

f

g
f

u1 = 
p d N1

60
 = p ¥ 0.18 ¥ 

8000

60
 = 75.398 m/s

Mb1 = 
u

RT

1

01g
 = 

75 398

14 287 293

.

. ¥ ¥
 = 0.2197 (Ans.)
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Therefore,

M 2
2 = 

( . . ) ( . )

.
( . . ) ( . )

2 667 0 2197 1 0 268

1
14 1

2
2 667 0 2197 1 0 268

2 2

2 2

¥ +

+
-

¥ -

M 2
2 = 0.3459

M2 = 0.588 (Ans.)

12.5 The tangential velocity component of air at the volute base circle

(r = 25 cm) is 177.5 m/s. Determine its shape and throat-to-

diameter ratio for a constant width of 12 cm and discharge 5.4 m3/s

assuming:

(a) free vortex flow and

(b) constant mean velocity of 145 m/s.

Solution:

(a) Free vortex flow

K = r3cq 3 = 0.25 ¥ 177.5 = 44.375 m2/s

Q

Kb
= 

5 4

44 375 12

.

. .¥
 = 1.01

r4 = r3 exp 
q
p2

Q

Kb

RST
UVW

 = 25 exp 
101

2

. q
p

RST
UVW

The volute radii at eight angular positions are given in the follow-

ing table:

q p/4 p/2 3p/4 p 5p/4 3p/2 7p/4 2p

r4 28.38 32.21 36.57 41.51 47.12 53.38 60.71 68.92

The length of the throat L = 68.92 – 25 = 43.92 cm

L

d3

= 
4392

50

.
 0.88 (Ans.)

(b) Constant mean velocity cm = 145 m/s

Aq = 
q
p2

Q

cm

Aq = 
q
p2

 ¥ 
5 4

145

.
 ¥ 10

4
 = 372.41 

q
p2

RST
UVW

 cm
2

b (r4 – r3) = Aq

12 (r4 – 25) = 372.41 
q
p2

RST
UVW

r4 = 25 + 31.03 
q
p2

RST
UVW

 cm
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The volute radii at eight angular positions are given in the follow-

ing table:

q p/4 p/2 3p/4 p 5p/4 3p/2 7p/4 2p

r4 28.88 32.75 36.64 40.51 44.39 48.27 52.15 56.03

L = 56.03 – 25 = 31.03 cm

L

d3

= 
3103

50

.
 = 0.621 (Ans.)

•Ø  Questions and Problems

12.1 (a) Draw an illustrative diagram of a centrifugal compressor stage

indicating the names of its principal parts.

(b) Draw sketches of the three types of impellers and the velocity

triangles at their entries and exits.

12.2 (a) Why is the radial-tipped impeller most widely used in

centrifugal compressor stages?

(b) Explain briefly what is the purpose of inlet guide vanes and

inducer blades.

12.3 (a) What is pressure coefficient for a centrifugal compressor

stage? Derive

y = 1 – f2 cot b2

and plot y–f2 curves for radial, forward and backward-swept

impeller blades.

(b) Prove the following for isentropic flow in a radial-tipped

impeller:

y = 1

pr0 = 1 2
2

01

1

+
F
HG

I
KJ

-u

c Tp

g

g

12.4 Repeat Ex. 12.2 for a stage efficiency of 0.82 and slip factor of 0.80.

(Ans.) pr0 = 1.247, P = 23.02 kW

12.5 Determine the pressure ratio and power required for the com-

pressor of Ex. 12.2 for:

(a) carbon dioxide (g = 1.29), cp = 900 J/kg K)

(b) freon-21 (g = 1.18), cp = 616 J/kg K)

Do the calculations for hst = 1, m = 1, and hst = 0.82, m = 0.80.
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(Ans.)

(a) Isentropic flow, pr0 = 1.597; P = 28.78 kW/(kg/s);

Adiabatic flow, pr0 = 1.367; P = 23.02 kW/(kg/s).

(b) Isentropic flow, pr0 = 2.679, P = 28.78 kW/(kg/s),

Adiabatic flow, pr0 = 1.94, P = 23.02 kW/(kg/s).

12.6 (a) Draw the enthalpy-entropy diagram for a complete centrifugal

stage showing static and stagnation values of pressure and

enthalpy at various stations.

(b) Prove that:

h01rel – 
1

2
 u2

1 = h02rel – 
1

2
 u2

2

12.7 (a) What is “slip factor”? What is its effect on the flow and the

pressure ratio in the stage?

(b) Give three formulas to calculate the slip factor. Derive

Stodola’s relation for the slip factor.

(c) A centrifugal impeller has 17 radial blades in the impeller of

45 cm diameter. The tip diameter of the eye is 25 cm.

Determine the slip factor by three different formulas.

(Ans.) m = 0.802 (Balje); 0.883 (Stanitz); 0.815 (Stodola)

12.8 A freon centrifugal compressor has the following data:

type of impeller radial-tipped

speed 8000 rpm

impeller tip diameter 48 cm

eye tip diameter 24 cm

eye hub diameter 12 cm

mass-flow rate 8 kg/s

slip factor 0.92

stage efficiency 0.77

entry conditions p01 = 1.0 bar, T01 = 293 K

R = 95 J/kg K, g = 1.182, cp = 616 J/kg K.

Determine the axial velocity and fluid angles at the hub, mean and

tip sections of the inducer, maximum Mach number at the inducer

entry, total pressure ratio developed and the power required to

drive the compressor without IGVs.

(Ans.) cx1 = 72 m/s; b1h = 55.08°, b1m = 43.68°, b1t = 35.61°,

M1max = 0.687, pr0 = 2.60, P = 297.53 kW.

12.9 Repeat problem 12.8 for air.

(Ans.) cx1 = 283.6 m/s; b1h = 79.95°; b1m = 75.11°; b1t = 70.48°;

M1max = 0.939; pr0 = 1.3827; P = 297.53 kW.
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12.10 (a) For a low pressure ratio centrifugal stage, show that the value

of the pressure ratio is approximately given by

pr0 ª 1 + g y m hst 
d

d
2

1

2F
HG

I
KJ  M 2

b1

where Mb1 is the blade Mach number at entry defined by u1/a01.

(b) Use this expression for calculating the pressure ratios in

Problems 12.8 and 12.9.

(Ans.) For freon pr0 = 2.03 (Problem 12.8)

For air pr0 = 1.34 (Problem 12.9)

It may be seen that the inaccuracy is small for smaller pressure

rise.

12.11 (a) How is the degrees of reaction of centrifugal stage defined?

Show graphically the variation of the degree of reaction with

the flow coefficient for various values of the impeller exit angle.

(b) What is the effect of reaction on the stage loading? Show it

graphically.

12.12 (a) Sketch streamlines in the meridional and vane-to-vane planes of

a centrifugal compressor impeller. Draw typical velocity

profiles at the impeller exit from hub-to-tip and vane-to-vane.

(b) Derive the following relations for the velocities in these planes:

∂

∂

w

m
 + 

w

R
 – 2w = 0

w = k exp 
dn

Rz
12.13 (a) In which type of centrifugal compressors and blowers are

vaneless diffusers used? What are their various advantages

and disadvantages?

(b) Prove the following for free vortex flow in the vaneless

diffuser of a centrifugal compressor stage:

c

c
q

q

3

2

 = 
c

c
r

r

3

2

 = 
c

c
3

2

 = 
r

r
2

3

12.14 (a) Show a vaned diffuser for centrifugal compressor applications.

What are its advantages and disadvantages compared to the

vaneless type?

(b) Prove that the area ratio across a vaned diffuser of constant

width, diameter ratio n and blade leading edge angle a is

given by

(n2 – cos2 a2)1/2 cosec a2
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12.15 (a) How do the Mach numbers at the entries of the impeller and

diffuser affect the flow and efficiency of a centrifugal com-

pressor stage? On what considerations are the limiting values

of these Mach numbers decided?

(b) Prove that the Mach number at the impeller exit is given by

M2
2 = 

M
d

d

M ec
d

d

b

b

1
2

2
2

2 2
2

1

2

1
2

2
2 2

2
2

1

2

1

1 1
1

2

f f b

f b
g

+ -
F
HG

I
KJ

+ -
F
HG

I
KJ

-F
HG

I
KJ

( cot )

( cos )

o t

12.16 (a) What is a free vortex volute? How is its shape determined?

(b) For a constant width (b) free vortex volute of rectangular

cross-section having a base circle radius r3, prove that its

curved boundary is given by,

r4 = r3 exp 
q

p2

Q

Kb

F
H

I
K  = r3 exp (q tan a3)

where K is a constant and a3 is the direction of the streamlines

entering the volute.

12.17 (a) What are the various losses occurring in a centrifugal

compressor stage?

(b) Explain with the aid of velocity triangles the mechanism of

shock losses (due to incidence) at the impeller and diffuser

entry?

12.18 How do stalling and surging take place in centrifugal compressor

stages? Suggest methods to minimize or prevent them. What is

their effect on the performance?



Chapter 13

Radial Turbine Stages

A short introduction of radial turbines491–529 was given in Sec. 1.10

(Figs. 1.11 and 1.12) where its merits and demerits were also

mentioned. An inward flow radial turbine stage can be obtained by

reversing the flow of a high pressure gas through a centrifugal compressor

stage (Figs. 12.1 and 12.2). The high pressure gas will transfer its energy

to the impeller shaft in flowing through the impeller. When compared

with an axial stage, an inward-flow radial (IFR) turbine stage has a

kinematic advantage, viz., the contribution of centrifugal energy of the

gas flowing from a larger to a smaller radius to the total energy transfer

is significant. Therefore, with the exception of the Ljungstrom turbine,

most compressible flow radial turbines are inward-flow type.

The radial turbine can employ a relatively higher pressure ratio (ª 4)

per stage with lower flow rates. Thus these machines fall in the lower

specific speed and power ranges. Blade root fixtures in axial machines

limit their peripheral speeds, whereas a single piece rotor of a radial

turbine is mechanically stronger and more reliable.

For high temperature applications rotor blade cooling (Sec. 10.2) in

radial stages is not as easy as in axial turbine stages.

Variable angle nozzle blades can give higher stage efficiencies in a

radial turbine stage even at off-design point operation.

IFR turbines for compressible fluids are used for a variety of

applications (see section 1.19) in which the rotor diameters vary from 15

mm to 500 mm. Single stages give efficiencies of around 90 per cent.

In the family of hydro-turbines, Francis turbine is a very well known

IFR turbine which generates much larger power with a relatively large

impeller. Single impellers of about 10 m diameter can generate power in

the neighbourhood of 500 MW. Discussion given in Sec. 1.6 explains

some contrasting features between the incompressible  and compressible

flow turbines.

•Ø  13.1 Elements of a Radial Turbine Stage

Figures 1.12, 13.1 and 13.2 show various components of an IFR turbine.

When the high pressure working gas enters the turbine through a duct or
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Fig. 13.1 Velocity triangles for an inward-flow radial (IFR)

turbine stage with cantilever blades
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Nozzle ring
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Fig. 13.2 Ninety degree inward-flow radial turbine stage

pipe, an inward-flow volute or scroll casing distributes it properly all

around the nozzle ring or rotor blades. In some applications, the nozzle

ring is not used and the flow receives some degree of acceleration

accompanied by a static pressure drop in the volute casing.
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The rotor or impeller transfers energy from the fluid to the shaft

through its blades. In a great majority of cases, the blades are an integral

part of the rotor disc.

While the flow has a large swirl component at the entry to the rotor, it

is advantageous to allow only a small swirl component at the exit. In

many designs it is close to zero.

If the kinetic energy at the rotor exit is high, a part of it can be recovered

by passing the gas through an exhaust-diffuser whose action is like that

of a draught tube in a hydroturbine. Some degree of swirl at the entry of

the diffuser gives it higher efficiency and pressure recovery.

Figure 13.3 shows an inward mix-flow turbine. Here the rotor has no

radial section. Such stages are able to use higher flow rates at high speeds

and have specific speeds higher than the radial stages.

Mix flow
rotor

Vaneless
space

Nozzle
ring

Fig. 13.3 Inward mix-flow turbine

•ØØØØØ  13.2 Stage Velocity Triangles

The cylindrical coordinate system (r, q, x) has been used for the radial

machines. As per the convention, air angles are measured from the

tangential direction at a given station. The notation used here is similar to

that used for centrifugal compressors. Properties at the nozzle entry, rotor

entry and exit are denoted by suffixes 1, 2 and 3 respectively. In the

presence of an exhaust-diffuser the exit from it is represented by suffix

4 as shown in Fig. 13.2.
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The meridional component cr2 of velocity at the rotor entry is always

taken here as radial, whereas at the rotor exit it has been taken to be both

radial (cr3) as well as axial (cx3), depending on the type of the rotor.

13.2.1 Cantilever Blade IFR Turbine

Figure 13.1 shows the arrangement of blades in the nozzle ring and rotor.

The rotor blades project axially outwards from a disc like a cantilever, and

hence the name. For a large ratio (ª 1.0) of the inner to outer diameter, the

rotor blade ring of the cantilever type can be designed on the lines of axial-

flow impulse or reaction turbine stages. The cantilever blades are located

only on the radial section of the rotor flow passage. The flow leaving the

rotor blades has to turn in the axial direction for exit from the turbine stage.

The radial clearance between the nozzle and rotor blade rings is small;

this has been exaggerated in Fig. 13.1 only to show the velocity triangle

at the rotor entry.

The radial and tangential components of the absolute velocity c2 are cr2

and cq2, respectively. The relative velocity of the flow and the peripheral

speed of the rotor are w2 and u2 respectively.

The air angle at the rotor blade entry is given by

tan b2 = 
c

c u
r2

2 2θ −
 = 

c

c u
2 2

2 2 2

sin

cos

a
a -

(13.1)

The flow leaves the rotor with a relative velocity w3 at an angle b3. The

radial and tangential components of the absolute velocity c3 are cr3 and cq 3

respectively. The exit air angle is given by

tan b3 = 
c

c u
r3

3 3θ +
 = 

w

c u
3 3

3 3 3

sin

cos

b
a +

(13.2)

From the general Euler’s equation (6.148b) for turbines, the stage work

is given by

w = u2 cq 2 – u3 cq 3 (13.3a)

By choosing the required blade angle at the rotor exit, the exit swirl or

whirl component cq 3 can be made zero. Then

w = u2 cq2 = u2 c2 cos a2 (13.3b)

The head or stage loading coefficient is defined by

y = 
w

u2
2

 = 
c

u

q 2

2

 = 
cos

/

a 2

2 2u c
 = f2 cot a2 (13.4)

From the velocity triangle in Fig. 13.1,

cq2
= u2 + cr2

 cot b2 (13.5a)

y = 1 + f2 cot b2 (13.5b)
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The continuity equation at the rotor entry and exit gives

&m = r2 cr2 A2 = r3 cr3 A3

&m = r2 cr2 (p d2 – nt2) b2 = r3 cr3 (p d3 – nt3) b3 (13.6)

The flow coefficient is defined as

f2 = 
c

u
r2

2

(13.7)

13.2.2 Ninety-degree IFR Turbine

In this design, the relatively thin blades extend from a purely radial

direction (b2 = 90°) at the entry to the axial section of the rotor. The blade

angle (b ¢3) at the rotor exit has some value (between zero and  ninety

degrees) which governs the exit swirl cq 3. Strictly speaking, this is also a

sort of mix flow stage.

The velocity triangles at the entry and exit of the rotor for such a stage

are shown in Fig. 13.4. These are modified forms or special forms of the

velocity triangles already discussed in Fig. 13.1. It may be noted that cr3

has been replaced by cx3 = c3 and the discharge from the stage in the

absolute system is axial, i.e., cq 3 = 0.

cq2 = c2 cos a2 (13.8)

tan a2 = f2 (13.9)

tan b3 = 
c

u
x3

3

(13.10)

c2

a2
b3

u2 2= qc

w2 2= rc c cx 3 3=

b2 = 90° a2 = 90°

w3

u3

Fig. 13.4 Entry and exit velocity triangles for a ninety degree

inward-flow radial turbine stage

With the assumption of zero swirl at the exit, Eq. (13.3a) gives the

stage work as

w = u2 cq2 = u2
2 (13.11)

y = 1 (13.12)
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The continuity equation at the entry and exit of the rotor in this case gives

&m  = r2 cr2 (p d2 – nt2) b2 = r3 cx3 
p
4

2 2
3 3( )d d nt bt h- -

R
S
T

U
V
W

(13.13)

The blade width or height at the exit is

b3 = 
1

2
 (dt – dh)

•Ø  13.3 Enthalpy-entropy Diagram

Figure 13.5 shows the various flow processes occuring in an IFR turbine

stage on an enthalpy–entropy diagram. The stagnation state of the gas at

the nozzle entry is represented by point 01. The gas expands adiabatically

in the nozzles from a pressure p1 to p2 with an increase in its velocity from

c1 to c2. Since this is an energy transformation process, the stagnation

enthalpy remains constant but the stagnation pressure decreases (p01 >

p02) due to losses.

h01 = h02 (13.14a)

h1 + 
1

2
 c1

2 = h2 + 
1

2
 c2

2 (13.14b)

The isentropic process in the nozzle is represented by 1-2s which does not

suffer any stagnation pressure loss. For this process

h1 + 
1

2
 c1

2 = h2s + 
1

2
 c 2

2
s (13.15)

The energy transfer accompanied by an energy transformation process

(2-3) occurs in the rotor. Here the relative stagnation enthalpy does not

remain constant on account of a radius change.

h02rel = h2 + 
1

2
 w2

2 (13.16a)

h03rel = h3 + 
1

2
 w 3

2
(13.16b)

The corresponding pressures at the relative stagnation points (02rel and

03rel) are the relative stagnation pressures p02rel and p03rel.

The final stagnation state is represented by the point 03.

h03 = h3 + 
1

2
 w 3

2 (13.17)

The actual energy transfer (work) is equal to the change in the actual

stagnation enthalpy. Therefore, using the general Euler’s equation

(6.153a) for a turbine stage,

wa = h02 – h03 = 
1

2
(c2

2 – c3
2 ) + 

1

2
(w3

2 – w2
2 ) + 

1

2
(u2

2 – u3
2 )
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h02rel – 
1

2
u2

2
 = h03rel – 

1

2
u 3

2
(13.18b)
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Fig. 13.5 Enthalpy-entropy diagram for flow through an IFR

turbine stage
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The relation between various quantities in Eq. (13.18) is depicted in

Fig. 13.5.

It should be noted that Eqs. (13.18a) and (13.18b) are identical to

Eqs. (12.32a and b) derived for centrifugal compressors.

13.3.1 Spouting Velocity

A reference velocity (c0) known as the isentropic velocity, spouting velocity

or stage terminal velocity is defined as that velocity which will be obtain-

ed during an isentropic expansion of the gas between the entry and exit

pressures of the stage. The exit pressure may be taken as p03ss = p03 or p3.

1

2
c0

2 = h01 – h03ss (13.19a)

For a perfect gas, assuming p03ss ª p03

c0 = 2 101
03

01

1

c T
p

pp -
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

-g
g

(13.19b)

With exit pressure equal to p3

1

2
= h01 – h3ss (13.20a)

c0 = 2 101
3

01

1

c T
p

pp -
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

-g
g

(13.20b)

13.3.2 Stage Efficiency

The actual work output of the stage is

 wa = h01 – h03 = h02 – h03 = u2
2 (1 + f2 cot b2) = y u2

2 (13.21a)

The swirl at the exit will always be assumed to be zero (cq 3 = 0) in this

chapter unless mentioned otherwise.

For a perfect gas,

 wa = cp (T01 – T03) = cp (T02 – T03) = u2
2 (1 + f2 cot b2) = y u2

2 (13.21b)

The ideal work can be defined (see Sec. 2.5) in two ways:

The ideal work (shown in Fig. 13.5) between total conditions at the

entry and exit of the stage is

ws = h01 – h03ss (13.22a)

ws = cp T01 1 03

01

1

-
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

-

p

p

g
g

(13.22b)
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The total-to-total efficiency is based on this value of work.

htt = 
w

w
a

s

 = 
h h

h h ss

01 03

01 03

-

-
(13.23a)
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u
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2
2

2 2
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(13.23b)

The ideal work between total conditions at the entry and static

conditions at the exit of the stage is

ws = h01 – h3ss (13.24a)

ws = cp T01 1 3

01

1

−
F
HG

I
KJ

R
S
|

T|

U
V
|

W|

−

p

p

γ
γ

(13.24b)

The total-to-static efficiency is based on this value of work.

hts = 
h h

h h ss

01 03

01 3

-

-
(13.25a)
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13.3.3 Effect of Exhaust Diffuser

Figure 13.6 shows the enthalpy-entropy diagram for flow in an IFR tur-

bine stage discharging through an exhaust diffuser.

The flow experiences only energy transformation across the diffuser.

Therefore,

h03 = h04 (13.26a)

h3 + 
1

2
c3

2 = h4 + 
1

2
c4

2 (13.26b)

The flow suffers stagnation pressure loss (p03 – p04) on account of losses.

The total-to-total and total-to-static efficiencies of the stage with the

diffuser are now

htt = 
h h

h h ss

01 03

01 04

-

-
 = 

T T

T T ss

01 03

01 04

-

-
(13.27)

hts = 
h h

h h ss

01 03

01 4

-

-
 = 

T T

T T ss

01 03

01 4

-

-
(13.28)



Radial Turbine Stages 581

If the velocity at the diffuser exit is small, the two efficiencies have

almost identical values.

13.3.4 Degree of Reaction

The relative pressure or enthalpy drop in the nozzle and rotor blades

are determined by the degree of reaction of the stage. This is defined

by

R = 
static enthalpy drop in the rotor

stagnation enthalpy drop in the stage
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Fig. 13.6 Enthalpy-entropy diagram for flow through an IFR

turbine stage with an exhaust diffuser
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From the h – s diagram (Fig. 13.5)

R = 
h h

h h
2 3

02 03

-

-
 = 

T T

T T
2 3

01 03

-

-
(13.29a)

R = 1 – 
c c

u c
2
2

3
2

2 22

−

θ

(13.29b)

For constant meridional velocity component,

cr2 = cr3 (Fig. 13.1)

cr2 = cx3 = c3 (Fig. 13.3)

c2
2
 – c3

2
= (c

2
r 2 + c

2
q 2) – c

2
r2 = c

2
q 2

Substituting this value in Eq. (13.29b)

R = 1 – 
c

u
θ2

22
(13.30)

Substituting for cq2/u2 from Eq. (13.4)

R = 1 – 
1

2
y (13.31a)

y = 2(1 – R) (13.31b)

Equation (13.5b) when used in Eq. (13.31a) yields

R = 
1

2
 (1 – f2 cot b2) (13.31c)

Equations (13.31a and b) demonstrate that a highly loaded stage

(high y) has a low degree of reaction and vice versa. The assumptions

under which this statement is valid must be remembered.

Substituting from Eq. (13.18a) in the numerator of Eq. (13.29a)

R = 

1

2

1

22
2

3
2

3
2

2
2

2 2

( ) ( )u u w w

u c

− + −

θ

(13.32)

The two quantities within the parentheses in the numerator may have

the same or opposite signs. This, besides other factors, would also govern

the value of reaction.

Equation (13.30) shows that the stage reaction decreases as cq 2

(Fig. 13.1) increases because this results in a large proportion of the

stage enthalpy drop to occur in the nozzle ring. For a given value of u2,

increased value of cq 2 requires a smaller value of the air angle (b2) at the

rotor entry.

Some stages with two important values of reaction are discussed here

briefly.
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Impulse stage

Equation (13.30) gives for R = 0

cq 2 = 2u2

tan b 2 = 
c

u
r2

2

 = f2 (13.33)

From velocity triangles in Fig. 13.1

w
2
2 = u

2
2 + c

2
r2

w2
3 = u2

3 + c2
r3 (for cq 3 = 0)

Therefore, for cr2 = cr3

w2
3 – w2

2 = – (u2
2 – u2

3) (13.34)

This shows that the effect of radius change upon the degree of reaction

is cancelled by the change in the relative velocity (w3 < w2).

Equation (13.31b) yields the stage loading coefficient as

y = 2 (13.35)

This shows that an impulse IFR turbine stage is a highly loaded stage.

Fifty per cent reaction stage

Equation (13.30) for R = 
1

2
 gives

1

2
= 1 – 

c

u
θ2

22

cq2
= u2

tan a2 = 
c

u
r2

2

 = f2 [Eq. (13.9)]

tan b2 = •

b2 = 90° (13.36)

Equation (13.31b) gives

y = 1

Figure 13.7 shows the variation of the degree of reaction with flow

coefficient for various values of the air angles at the rotor entry. The

degree of reaction at a given flow coefficient increases with the air angle

at the rotor entry; it decreases with the increase in flow coefficient for b2

< 90° and increases with the flow coefficient for b2 > 90°. The degree of

reaction of the fifty per cent reaction stage remains constant at all values

of the flow coefficient.
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Figure 13.8 shows the plots of the stge loading coefficient with flow

coefficient for various values of b2. Here the loading coefficient at a given

flow coefficient decreases with the increase in the air angle, b2; it

increases with the flow coefficient for b2 < 90° and decreases with the

increase in flow coefficient for b2 > 90°.

•Ø  13.4 Stage Losses196,500

As mentioned before, an inward-flow radial turbine stage is  an inverted

centrifugal compressor stage. Therefore, the nature of losses (see section

12.8) in the two machines is the same though the magnitudes differ

considerably; this is on account of the accelerating flow in the turbine

stage which results in lower losses.

The stage work is less than the isentropic stage enthalpy drop on

account of aerodynamic losses 505,512 in the stage. The actual output at the

turbine shaft is equal to the stage work minus the losses due to rotor disc

and bearing friction.

The following aerodynamic losses occur in the stage:
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Fig. 13.7 Variation of the degree of reaction with flow coefficient

and air angle at rotor entry, cq3 = 0, cr2 = cr 3
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(a) Skin friction and separation losses in the scroll and the nozzle ring

They depend on the geometry and the coefficient of skin friction of these

components.

(b) Skin friction and separation losses in the rotor blade channels

These losses are also governed by the channel geometry, coefficient of

skin friction and the ratio of the relative velocities w3/w2. In the ninety

degree IFR turbine stage, the losses occurring in the radial and axial

sections of the rotor are sometimes separately considered.

(c) Skin friction and separation losses in the diffuser

These are mainly governed by the geometry of the diffuser and the rate of

diffusion.

(d) Secondary losses

These are due to circulatory flows developing into the various flow

passages and are principally governed by the aerodynamic loading of the
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Fig. 13.8 Variation of the loading coefficient with flow coefficient

and air angle at rotor entry, cq3 = 0, cr 2 = cr 3
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blades. The main parameters governing these losses are b2/d2, d3/d2 and

hub-tip ratio at the rotor exit.

(e) Shock or incidence losses

At off-design operation, there are additional losses in the nozzle and rotor

blade rings on account of incidence at the leading edges of the blades.

This loss is conventionally referred to as shock loss though it has nothing

to do with the shock waves.

( f ) Tip clearance loss

This is due to the flow over the rotor blade tips which does not contribute

to the energy transfer.

Figure 13.9 shows a typical plot of rotor losses against incidence. The

losses are minimum at the design point (i = 0). Channel losses are nearly

constant with varying incidence. Shock losses increase rapidly with

incidence. Secondary loss constitutes a major portion of the total losses.
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Fig. 13.9 Losses in the rotor of an IFR turbine stage (typical

curve)

The losses in an IFR turbine stage can also be expressed in terms of the

nozzle and rotor loss coefficients as defined for axial stages (Sec. 9.5.1).

From the enthalpy-entropy diagram (Fig. 13.5), these coefficients

are

xN = 
h h

c

s2 2

2
21

2

-
(13.37)
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xR = 
h h

w

s3 3

3
21

2

-
(13.38)

•Ø  13.5 Performance Characteristics501,508,514

Various methods of presenting the performance characteristics of turbines

has been discussed in Sec. 7.6.

Figure 13.8 shows the theoretical y–f2 plots of radial turbine stages

with various values of the air angles at the rotor entry. Actual curves can

be drawn either by plotting experimentally obtained values or by

deducting the theoretically calculated stage losses from the ideal curves.

The actual performance can also be plotted between the quantities

p01/p03 and &m ÷ T01/p01 for various values of the dimensionless speed

parameter N/÷ T01 as shown in Fig. 7.3.

12.5.1 Blade-to-gas Speed Ratio

As mentioned in Sec. 7.6 (Fig. 7.2), the performance characteristics of

turbines are often presented in terms of plots between the stage efficiency

and the blade-to-gas speed ratio. The blade-to-gas speed ratio can be

expressed in terms of the isentropic stage terminal velocity c0.

For an ideal or isentropic IFR turbine stage with cq 3 = 0 and complete

recovery of the kinetic energy at the exit,

h01 – h03ss = 
1

2
c0

2 = u2 cq2

Equation (13.5a), when used in this expression, gives

ss = 
u

c
2

0

 = [2(1 + f2 cot b2)]
–1/2

(13.39)

For b2 = 90°

ss = 
u

c
2

0

 = 
1

2
 = 0.707 (13.40)

Though the above expressions have been derived for an ideal stage

with simplifying assumptions, the figure in Eq. (13.40) is very close to the

experimentally obtained values between 0.68 and 0.73 for maximum

efficiency.

Using Eq. (13.19b) in Eq. (13.23b) and Eq. (13.20b) in Eq. (13.23b)

yield

hst = 2s2 (1 + f2 cot b2) = 2s 2y (13.41)
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Equation (13.39), when used in Eq. (13.41), gives hst = 1 for an isent-

ropic stage.

Equation (13.31c) gives

f2 cot b2 = 1 – 2R

This, when used in Eq. (13.41), yields another useful relation.

hst = 4s 2 (1 – R) (13.42)

Figure 13.10 depicts typical curves of hst versus s for various values

of the nozzle exit air angle which is generally between 11 and 25 degrees.
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Fig. 13.10 Variation of stage efficiency of an IFR turbine with

blade-to-isentropic gas speed ratio (typical curves)

13.5.2 Mach Number Limitations

The flow in a turbine stage chokes when the Mach number reaches sonic

value; this can occur at the nozzle throat or anywhere in the rotor flow

passage up to its exit. Besides this, the flow can reach supersonic

velocities due to local acceleration in which case the deceleration (if any)

to subsonic flow will result in shock waves.

Nozzle exit Mach number

The Mach number at the nozzle exit is given by

M2 = 
c

a
2

2

 = 
c

RT

2

2g
(13.43)
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From the velocity triangle at the entry (Fig. 13.1)

c2 = u2 (1 + f2 cot b2) seca2 (13.44)

T2 = T02 – c2
2/2cp

T2 = T02 1 1
2

2
2

02

- -
L

N
M

O

Q
P( )g

g
c

RT

Substituting for c2 from Eq. (13.44)

T2 = T02 1
1

2
12

2

02
2 2

2 2
2-

- F

HG
I

KJ
+

L

N
M
M

O

Q
P
P

g
g

f b a
u

RT
( cot ) sec (13.45)

A blade Mach number based on the stagnation velocity of sound is

defined as

Mb0 = u2/ g RT02 (13.46)

Substituting from Eqs. (13.44) and (13.45) in Eq. (13.43) and introduc-

ing Mb0

M2 = 
M

M

b

b

0 2 2 2

0
2

2 2
2 2

2

1 2

1

1
1

2
1

( cot ) sec

( cot ) sec

/

+

-
-

+
L
NM

O
QP

f b a

g
f b a

(13.47)

For b2 = 90°

M2 = Mb0 sec a2 1
1

2 0
2 2

2

1 2

-
-L

NM
O
QP

-g
aMb sec

/

(13.48)

Rotor exit Mach number

At the rotor exit, the highest Mach number will be corresponding to the

relative velocity w3.

M3rel = 
w

a
3

3

From the exit velocity triangle (Fig. 13.3) for cq 3 = 0

M3rel = 
u

a
3

3

sec b3 = 
u

a

d

d
2

3

3

2

 sec b3

M3rel = 
u

RT

d

d
2

3

3

2g
 sec b3 (13.49)

h01 – h03 = u2
2

h01 – h3 – 
1

2
 c 2

3 = u2
2

h3 = h01 – u2
2 – 

1

2
 u2

3 tan2 b3
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cp T3 = cp T01 – u2
2 1

1

2
3
2

2
2

2
3+

F

HG
I

KJ
d

d
tan b

T3 = T01 1 1 1
1

2
2
2

01

3
2

2
2

2
3- - +

F

HG
I

KJ
L

N
M
M

O

Q
P
P

( ) tang
g

b
u

RT

d

d
(13.50)

Substituting for T3 from Eq. (13.50) in Eq. (13.49) and introducing Mb0

M3rel = 
M d d

M
d

d

b

b

0 3 2 3

0
2 3

2

2
2

2
3

1 2

1 1 1
1

2

( / ) sec

( ) tan

/

β

γ β− − +
F

HG
I

KJ
L

N
M
M

O

Q
P
P

(13.51)

The Mach number of the absolute flow corresponding to the velocity c3

will be lesser than M3rel.

•Ø  13.6 Outward-flow Radial Stages

In outward flow radial turbine stages, the flow of the gas or steam occurs

from smaller to larger diameters. The stage consists of a pair of fixed and

moving blades. The increasing area of cross-section at larger diameters

accommodates the expanding gas.

This configuration did not become popular with steam and gas turbines.

The only one which is employed more commonly is the Ljungstrom double

rotation type shown in Fig. 1.12. It consists of rings of cantilever blades

projecting from two discs rotating in opposite directions. The relative

peripheral velocity of blades in the two adjacent rows, with respect to each

other, is high. This gives a higher value of enthalpy drop per stage.

Figure 13.11 shows the counter rotating blade rings of a Ljungstrom

turbine; each row of blades forms a stage. The velocity triangles for such

stages are shown in Fig. 13.12. Various velocities at the inlet of the first

stage are designated by the suffix i. The exit air angles (a) of all stages

are assumed to be the same.

The relative velocity at the exit of the first stage is w1 which along with

the peripheral velocity u1 gives the absolute velocity c1. The relative

velocity w2 at the entry of the second stage is obtained by the vector

subtraction of u1 from c1. Thus the exit velocity triangle of the first stage

and the entry velocity triangle of the second are shown together. The same

applies to the second, third and other stages.

The relative velocity at the exit from the second stage is w3 and at the

entry to the third stage is w4. The common absolute velocity at this station

is c2.
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Stage work

For the purpose of analysis, the ratio of the peripheral velocity of blades

and the relative velocity of flow at the exit is also assumed to be constant.

s = 
u

w
1

1

 = 
u

w
2

3

 = 
u

w
3

5

 = const. (13.52)

The first blade ring does not represent a general stage. Therefore, for

the purpose of general treatment, the second or any other stage beyond

this can be considered. For the second stage.

w = h01 – h02 = u1 cq 1 + u2 cq 2 (13.53)

From velocity triangles

w = u1 (w1 cos a – u1) + u2 (w3 cos a – u2)

For small radial chords of the blades (u1 ª u2) and assuming w1 ª w3

w = 2u2 (w3 cos a – u2)

w = 2w2
3 

u

w

u

w

2

3

2
2

3
2

cos a -
F

HG
I

KJ

w = 2w2
3 (s cos a – s 2) (13.54)

The optimum value of s for maximum work can be determined.

∂
∂s

w
= 0

cos a – 2 s = 0

I

II

III

Flow

Fig. 13.11 Counter rotating blade rings of a Ljungstrom turbine



592 Turbines, Compressors and Fans
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Fig. 13.12 Velocity triangles for the stages of a Ljungstrom

turbine
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sopt = 
1

2
 cos a (13.55)

With this condition Eq. (13.52) yields

w1 cos a = 2u1 (13.56a)

w3 cos a = 2u2 (13.56b)

w5 cos a = 2u3 (13.56c)

These equations show that, for maximum work condition, the air angle

at the entries of the blades is 90°. The maximum work [from Eq. (13.54)]

is given by

wmax = 
1

2
 w2

3 cos2 a (13.57a)

Substituting from Eq. (13.56b)

wmax = 2u2
2 (13.57b)

Equations (13.55) and (13.57b) show that the outward-flow counter

rotating radial stages behave like an impulse stage of the axial type [Eqs.

(9.20) and (9.23)]. However, this is only an incorrect impression given by

these relations. Here the equivalent or the true blade velocity is 2u2 on

account of counter rotation. Therefore, the actual blade-to-gas speed ratio

must be taken as 2u2/w3 = cos a. This is the same as in the fifty per cent

reaction stages of the axial type [see Eq. (9.73)]. It can also be observed

that the blades of these stages for maximum work take the form of the

fifty per cent reaction stages of the axial type as shown in Fig. 9.14.

Relative stagnation enthalpy

From the general Euler’s turbine equation for the second stage

h01 – h02 = 
1

2
 (c

2
1 – c

2
2) + 

1

2
 (w

2
3 – w

2
2 ) + 

1

2
 (u

2
1 – u

2
2)

h c01 1
21

2
-

F
H

I
K  + 

1

2
 w2

2 – 
1

2
 u 2

1 = h c02 2
21

2
-

F
H

I
K  + 

1

2
 w2

3 – 
1

2
 u 2

2

h1 + 
1

2
 w2

2 – 
1

2
 u2

1 = h2 + 
1

2
 w2

3 – 
1

2
 u2

2 (13.58a)

This, as per the notation used in Fig. 13.12, yields the well-known relation

[Eq. (13.18b)] already derived for the IFR turbine stage

h01rel – 
1

2
 u2

1 = h02rel – 
1

2
 u 2

2 (13.58b)

It should be remembered here that the contribution of the centrifugal

energy to the total energy transfer in an outward-flow radial stage is

negative.
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Notation for Chapter 13

a Velocity of sound

A Area of cross-section

b Rotor blade width or height

c Gas velocity

co Isentropic, spouting or stage terminal velocity

cp Specific heat at constant pressure

d Diameter

h Enthalpy

i Incidence

&m Mass-flow rate

M Mach number

n Number of blades

N Rotational speed

p Pressure

pr Pressure ratio

P Power

R Degree of reaction, gas constant

t Blade thickness

T Absolute temperature

u Peripheral velocity of the rotor blades

w Relative velocity or work

Greek symbols

a Air angles in the absolute system

b Air angles in the relative system

g Ratio of specific heats

h Efficiency

x Enthalpy loss coefficient

r Density

s Blade-to-gas speed ratio

f Flow coefficient

y Loading or head coefficient

Subscripts

o Stagnation value

1 Nozzle entry

2 Rotor entry

3 Rotor exit
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4 Diffuser exit

a Actual

b Rotor blade

h Hub

IFR Inward-flow radial

N Nozzle

opt Optimum

r Radial

rel Relative

R Rotor

s, ss Isentropic

st Stage

t Tip

ts Total-to-static

tt Total-to-total

x Axial

q Tangential

•Ø  Solved Examples

13.1 A ninety degree IFR turbine stage has the following data:

total-to-static pressure ratio p01/p3 = 3.5

exit pressure 1 bar

stagnation temperature at entry 650°C

blade-to-isentropic speed ratio s = 0.66

rotor diameter ratio d3/d2 = 0.45

rotor speed N = 16000 rpm

nozzle exit air angle a2 = 20°

nozzle efficiency hN = 0.95

rotor width at entry b2 = 5 cm

Assuming constant meridional velocity, axial exit and that the

properties of the working fluid are the same as those of air,

determine the following quantities:

(a) the rotor diameter, (b) the rotor blade exit air angle, (c) the

mass-flow rate, (d) hub and tip diameters at the rotor exit, (e) the

power developed and (f) the total-to-static efficiency of the stage.

Solution:

T01 = 650 + 273 = 923K
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The isentropic gas velocity from Eq. (13.20b)

c0 = 2 1005 923 1 35 0 286
¥ ¥ -

- ◊
( . )

c0 = 747.4 m/s

(a) u2 = s c0 = 0.66 ¥ 747.4 = 493.284 m/s

p d2 N/60 = u2

d2 = 60 ¥ 493.284/p ¥ 16000 = 0.589 m

d2 = 58.9 cm (Ans.)

(b) d3 = 0.45 ¥ 0.589 = 0.265 m = 26.5 cm

cr2 = u2 tan a2 = 493.284 tan 20 = 179.54 m/s

u3 = p d3 N/60

u3 = p ¥ 0.265 ¥ 16000/60 = 222.0 m/s

c3 = cx3 = cr2 = 179.54 m/s

tan b3 = cx3/u3 = 179.54/222 = 0.8087

b3 = 38.96° (Ans.)

(c) This stage has fifty per cent reaction. Therefore,

R = 
h h

u c
2 3

2 2

−

θ

 = 
1

2

Assuming perfect gas cp (T2 – T3) = 0.5u
2
2

T2 – T3 = 0.5 ¥ (493.284)2/1005 = 121.06°C

cp (T01 – T03) = u 2
2

T01 – T03 = (493.284)2/1005 = 242.12°C

923 – T03 = 242.12

T03 = 680.88 K

T3 = T03 – c2
3 / 2 cp = 680.88 – 

( . )179 54

2 1005

2

¥

T3 = 664.84 K

T2 = 664.84 + 121.06 = 785.90 K

c2 = u2/cos a2 = 493.284/cos 20 = 524.94 m/s

cp (T01 – T2s) hN = 
1

2
c2

2

T01 – T2s = 0.5 ¥ (524.94)2/1005 ¥ 0.95

T01 – T2s = 144.31 K

The pressure ratio across the nozzle can now be determined.
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T01 [1 – prN
– 0◊286

] = 144.31

p01/p2 = 1
144 31

923

3 5

-
F
H

I
K

-
.

.

 = 1.8135

p01 = 3.5 p3 = 3.5 bar

p2 = 3.5/1.8135 = 1.93 bar

r2 = p2/R T2

r2 = 1.93 ¥ 10
5
/287 ¥ 785.9 = 0.8556 kg/m

3

Neglecting blade thickness

&m = r2 cr2 p d2 b2

&m = 0.8556 ¥ 179.54 ¥ p ¥ 0.589 ¥ 0.05

&m = 14.21 kg/s (Ans.)

(d) r3 = p3/R T3

r3 = 1 ¥ 10
5
/(287 ¥ 664.84) = 0.524 kg/m

3

r2 cx3
 p d3 b3 = &m

b3 = 14.21 ¥ 100/0.524 ¥ 179.54 p ¥ 0.265

b3 = 18.14 cm

dh = d3 – b3 = 26.5 – 18.14 = 8.36 cm (Ans.)

dt = d3 + b3 = 26.5 + 18.14 = 44.64 cm (Ans.)

(e) P = &m  u 2
2 /1000

P = 14.21 ¥ (493.284)
2
/1000

P = 3457.7 kW (Ans.)

( f ) hts = u2
2/cp T01 1 3

01

0 286

-
F
HG

I
KJ

L

N
M
M

O

Q
P
P

◊
p

p

hts = 
( . )

( . )

493 284

1005 923 1 3 5

2

0 286
¥ -

- ◊
 ¥ 100

hts = 87.11% (Ans.)

13.2 Determine for the stage in Ex. 13.1:

(a) the nozzle exit Mach number,

(b) rotor exit relative Mach number,

(c) nozzle enthalpy loss coefficient and

(d) rotor enthalpy loss coefficient.



598 Turbines, Compressors and Fans

Solution:

The blade Mach number is

Mb0 = u2/ g RT01

Mb0 = 493.284/ 14 287 923. ¥ ¥

Mb0 = 0.81

(a) M2 = Mb0/cos a2 1
1

2 0
2 2

2

1 2

-
-F

HG
I
KJ

g
aMb sec

/

M2 = 0.81/cos 20 (1 – 0.2 ¥ 0.812 sec2 20)1/2

M2 = 0.934 (Ans.)

This can also be found direct from the value of c2 and T2

already calculated in Ex. 13.1

a2 = g RT2

a2 = 14 287 785 90. .¥ ¥  = 561.938 m/s

M2 = 524.94/561.938 = 0.934 (Ans.)

(b) The relative velocity at the rotor exit

w3 = u3/cos b3 = 222/cos 38.96

w3 = 285.5 m/s

a3 = 14 287 664 84. .¥ ¥  = 516.848 m/s

M3rel = w3/a3 = 285.5/516.848

M3rel = 0.55 (Ans.)

This can also be found by using Eq. (13.51)

(c) T2s = 923 – 144.31 = 778.69 K

Equation (13.37) for a perfect gas is

xN = cp (T2 – T2s)
1

2
 c2

2

xN = 1005 (785.90 – 778.69)/0.5 ¥ 524.942

xN = 0.1255 (Ans.)

(d) The pressure ratio across the rotor is

p2/p3 = 1.93/1 = 1.93

T2/T3s = 1.930.286 = 1.207

T3s = 785.90/1.207 = 651.12 K
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Using Eq. (13.38)

xR = cp (T3 – T3s)
1

2
 w2

3

xR = 1005 (664.84 – 651.12)
1

2
 ¥ (285.5)2

xR = 0.3383 (Ans.)

13.3 An IFR turbine impulse stage with cantilever blades has a flow

coefficient of 0.4 and develops 100 kW with a total-to-total

efficiency of 90% at 12000 rpm. If the flow rate of air is 1.0 kg/s

at an entry temperature of 400 K, determine the rotor diameters and

air angles at the entry and exit, the nozzle exit air angle and the

stagnation pressure ratio across the stage.

Take d3 = 0.8 d2, zero exit swirl and constant meridional velocity.

Solution:

P = 2 &m u 2
2 /1000

u
2
2 = 100 ¥ 1000/2

u2 = 223.606 m/s

p d2 N = 60 u2

d2 = 
60 223 606 100

12000

¥ ¥

¥

.

p
 = 35.588 cm (Ans.)

d3 = 0.8 ¥ 35.588 = 28.47 cm (Ans.)

tan b2 = 0.4; b2 = 21.80° (Ans.)

cr2
= cr3

 = 0.4 ¥ 223.606 = 89.442 m/s

For an impulse stage cq 2
 = 2u2

tan a2 = cr2
/2u2 = 

89 442

2 223 606

.

.¥

a2 = 11.31° (Ans.)

p

p
03

01

0 286
F
HG

I
KJ

◊

= 1 – 
2 2

2

01

u

c Ttt ph

p

p
03

01

0 286
F
HG

I
KJ

◊

= 1 – 
2 223 606

0 9 1005 400

2
¥

¥ ¥

.

.
 = 0◊7236

p01/p03 = 3 ◊10 (Ans.)

tan b3 = cr3/u3

u3 = p ¥ 0.2847 ¥ 12000/60 = 178.88 m/s

tan b3 = 89.442/178.88

b3 = 26.56° (Ans.)
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•Ø  Questions and Problems

13.1 Draw the sketch of a ninety degree inward-flow radial turbine stage

with an exit diffuser showing its main components. What are the

main advantages of this type over the other types of inward-flow

gas turbines? Give its important applications.

13.2 Show the entry and exit velocity triangles for a general inward-flow

radial turbine stage. Redraw them for a ninety degree IFR turbine

stage. For such a stage, prove that:

(a) Power = u
2
2 ¥ 10

– 3
 kW/(kg/s)

(b) y = 1

(c) Degree of reaction = 50%

13.3 (a) Draw an enthalpy-entropy diagram for flow through an

inward-flow radial turbine stage fitted with an exhaust

diffuser.

(b) Prove that:

h02rel – 
1

2
 u2

2 = h03rel – 
1

2
 u2

3

13.4 (a) How is the degree of reaction of an IFR turbine stage

defined?

(b) Show the entry and exit velocity triangles for impulse and fifty

per cent reaction stages indicating various velocities and air

angles.

(c) Prove the following relations:

R = 1 – 
c

u

q 2

2 2

R = 
1

2
 (1 – f2 cot b2)

f = 2 (1 – R)

State the assumptions used.

13.5 Draw and discuss briefly the following curves for an IFR turbine

stage with constant meridional velocity and zero exit swirl:

(a) R vs f2

(b) R vs b 2

(c) R vs y
(d) y vs f2

(e) y vs b2
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13.6 What are the effects of flow Mach number on the performance of

an IFR turbine stage? Derive the following expressions for a

ninety degree IFR turbine stage:

(a) M2 = 
M

M

b

b

0

2 0
2 2

2

1 2

1
1

2
cos sec

/

a
g

a-
-F

HG
I
KJ

M3rel = 
M d d

d

d
M

b

b

0 3 2

3
3
2

2
2

2
3 0

2

1 2

1 1 1
1

2

( / )

cos ( ) tan

/

b g b- - +
F

HG
I

KJ
L

N
M
M

O

Q
P
P

13.7 (a) What is stage terminal or spouting velocity?

(b) Prove that:

hst = 4 s2
 (1 – R)

y = 
1

2 2s
 hst

sopt = 0.707

13.8 (a) Describe briefly the various losses occurring in an inward-

flow radial turbine stage.

(b) What are the effects of the rotor entry Mach number and

incidence on losses?

13.9 (a) Show the sketch of a double rotation outward flow radial

steam turbine stage.

(b) Draw the entry and exit velocity triangles for a general stage

and a stage with maximum energy transfer.

(c) Derive the following relations:

(i) sopt = 
1

2
cos a

(ii) wmax = 2u
2
2

(iii) h0rel – 
1

2
 u2 = const.

(iv) dh = –w dw + u du

13.10 A single stage ninety degree IFR turbine fitted with an exhaust

diffuser has the following data:

overall stage pressure ratio 4.0

temperature at entry 557 K

diffuser exit pressure 1 bar

mass-flow rate of air 6.5 kg/s
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flow coefficient 0.30

rotor tip diameter 42 cm

mean diameter at rotor exit 21 cm

speed 18000 rpm

Enthalpy losses in the nozzle and the rest of the stage are equal.

Assuming negligible velocities at the nozzle entry and diffuser exit,

determine: (a) the nozzle exit air angle, (b) the rotor width at the

entry, (c) the power developed, (d) the stage efficiency, (e) the

rotor blade height at the exit, (f) Mach numbers at nozzle and rotor

(relative) exits and (g) the nozzle and rotor loss coefficients.

(Ans.) (a) a2 = 16.699°; (b) b2 = 2.768 cm; (c) P = 1018.48 kW;

(d) hst = 85.596; (e) b3 = 9.433cm; (f) M2 = 0.9489, M3rel = 0.58;

and (g) xN = 0.1545, xR = 0.4953.

13.11 A cantilever blade type IFR turbine receives air at p01 = 3 bar,

T01 = 373. Other data for this turbine are:

rotor tip diameter 50 cm

rotor exit diameter 30 cm

speed 7200 rpm

rotor blade width at entry 3 cm

air angle at rotor entry 60°

air angle at nozzle exit 25°

nozzle efficiency 97%

stage pressure ratio p01/p3 2.0

The radial velocity is constant and the swirl at the rotor exit is

zero.

Determine: (a) the flow and loading coefficients, (b) the degree

of reaction and stage efficiency (hts), (c) the air angle and width at

the rotor exit, and (d) the mass-flow rate and power developed.

(Ans.) (a) f2 = 0.638, y = 1.368; (b) R = 31.58%, hts = 72.13%;

(c) b3 = 46.76°, b3 = 6.476 cm; and (d) &m  = 12.084 kg/s, P =

587.52 kW.



Chapter 14

Axial Fans and
Propellers

The basic purpose of a “fan” is to move a mass of gas or vapour at the

desired velocity. For achieving this objective there is a slight increase

in the gas pressure across the fan rotor or impeller. However, the main aim

remains to move air or gas without any appreciable increase in its

pressure. The total pressure developed by fans is of the order of a few

millimetres of water gauge.

A “blower”, which is also referred to as a “fan” in some literature,

delivers the gas or air with an appreciable rise in pressure to overcome

some kind of resistance in the flow. In some applications they develop

pressures of the order of 1000 mm W.G. or more.

In contrast to fans and blowers, compressors (Chapters 11 and 12)

develop moderate to high pressures. The pressure rise through them is

conventionally expressed in terms of the pressure ratio. Some low

pressure compressors are erroneously referred to as blowers.

Ceiling, table and ventilation fans are typical examples of axial fans.

Forced and induced draft fans, and high draft fans used in mines,

industrial furnaces and airconditioning plants are termed as blowers. Gas

compression devices used in superchargers, producer gas plants and

aircraft engines which are required for relatively higher pressures are

known as compressors.

Fans and blowers can be either axial, centrifugal or of the mixed-flow

type. A majority of low pressure machines (fans) are of the axial type,

whereas a large number of high pressure machines (blowers) are of the

centrifugal type.

While centrifugal machines generate higher pressures per stage at

comparatively lower flow rates, axial fans and blowers handle higher

flow rates at lower pressures per stage. On account of the geometrical

configuration, centrifugal machines should not have many stages for

obtaining higher pressures. In contrast to this, axial types can con-

veniently have numerous stages.
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•Ø  14.1 Fan Applications542,558

Fans and blowers are used all over the world in a wide variety of industries.

Some of the important applications are in steam power stations,

ventilation systems, cooling of electric motors and generators, and many

industrial processes. Some of these applications are briefly described

below.

14.1.1 Power Plants

Forced draft (F.D.) and induced draft (I.D.) fans are used to raise the

pressure of air and flue gases necessary to overcome the draft losses in the

flow passages of a steam boiler plant. The range of pressure rise is

approximately from 200 to 1600 mm W.G. The forced draft fan raises the

pressure of the ambient air and delivers it to the boiler furnace through the

air preheater. The induced draft fan is located between the furnace and the

flue gas chimney. Therefore, it works in the hostile atmosphere of high

temperature (150 – 350°C) abrasive and corrosive gases. Both F.D. and

I.D. fans can be either of the axial or centrifugal type, and are generally

driven by electric motors. Some large fans absorb over one megawatt of

power.

Small and large fans are also used for driving pulverised coal or fuel oil.

14.1.2 Cooling Towers

Large quantities of the condenser circulating water are cooled in cooling

towers. The degree of cooling achieved in the cooling towers is

independent of the ambient conditions (temperature and humidity). Fans

for this application are generally of the large axial type, developing a low

pressure rise and higher air flow rates. A typical fan of 20 m diameter

developed 12 mm W.G. at about 3000 m3/s at 75 rpm.

Cooling tower fans can also be employed as either F.D. (Fig. 14.1) or

I.D. fans. The I.D. fan is located near the top of the cooling tower.

14.1.3 Cooling of Motors, Generators

and Engines

Considerable quantities of heat need to be removed from internal

combustion engines, and electric motors and generators. On account of

the mechanical arrangement used and the magnitudes of heat transfers,

forced circulation of the cooling media is almost indispensable. The

cooling of the automobile jacket hot water in the radiator (Fig. 14.2) is

well known. The air sucked in through the radiator cools the circulating

water as well as the engine. The propeller fan is belt-driven by the engine.
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Cooling
water

Water

FD fan

AirAIR

Fig. 14.1 Forced draft fan in a cooling tower

Radiator

Fan
Fan pulley

Air

Internal
combustion

engine

Fig. 14.2 Axial fan for engine cooling
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The fans for cooling electric motors and generators are generally

mounted on the extensions of their main shafts. A hydrogen-cooled sealed

alternator has two axial fans at the two ends of its rotor as shown in

Fig. 14.3. The fan rotor has a comparatively large number of aerofoil

blades. The fans cool the windings by blowing hydrogen on them. The

hydrogen in turn is cooled by circulating water. One such arrangement is

shown in Fig. 14.3.

Stator

Stator

Circulating
fans

Rotor

Fig. 14.3 Fans for alternator cooling

14.1.4 Air Circulation and Mine Ventilation

Fans of various ratings are used to circulate air in airconditioning systems.

Besides this fans are used to circulate air in a number of other applications

also, e.g. centrifugal separators, furnaces, drying equipment and cooling

of electrical and optical equipment.

Fans or blowers employed for the ventilation of mines (Fig. 14.4) and

tunnels are heavy-duty fans. The ratings of fans for mine ventilation can

ID fan

Exit

Air
~

Fig. 14.4 Mine ventilation by an I.D. fan
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be obtained from the number of workers in the mine and the total resist-

ance to be overcome. Each man requires about 6m3 of air per minute. The

resistance is of the order of 600 mm W.G. On account of the relatively

higher pressure requirements, blowers of the centrifugal type are more

frequently used than the axial type.

A large mine fan absorbs 2500 kW for delivering 30,000 m3/min. of air.

14.1.5 Steel Plants

Large and small fans or blowers are employed in a number of applications

in steel plants. One or more high pressure (Dl ª 1500 mm W.G.) blowers

are employed to supply blast furnace gases to the steam boilers. In such

applications the impellers must withstand operation at high temperatures

and speeds. Main blast furnace blowers are required to develop higher

pressures (ª 3 bars), and therefore employ many centrifugal stages.

Bessemer converters employ intermittently operating blowers. The

variable pressure required is achieved through variable speed electric

motor drives.

The centrifugal exhauster fans in coke oven plants maintain a vacuum

of about 250 mm W.G. and deliver the gases to the recovery plants at

25 mm W.G.

Other applications of fans and blowers are in pneumatic transport of

granular material (pressure required ª 3000 mm W.G.), centrifugal

separators, furnaces and drying equipment. The presence of miniature fans

in many equipments is noticed only when they do not work properly on

account of overheating.

Domestic vacuum cleaners employ three or more high speed (8000-

20000 rpm) axial blowers. The power absorbed is about 100-300 W.

•Ø  14.2 Axial Fans530–560

In its simplest form, an axial flow fan stage consists of a rotor made up

of a number of blades fitted to the hub. When it is rotated by an electric

motor or any other drive, a flow is established through the rotor. The

action of the rotor causes an increase in the stagnation pressure of air or

gas across it. A cylindrical casing encloses the rotor. It receives the flow

through a well-shaped converging passage (nozzle) and discharges it

through a diverging passage or diffuser as shown in Fig. 14.5. Only

ducted fans are discussed in this section. Unenclosed or open fans will be

discussed later in Sec. 14.5 as propellers.

The number of blades in the rotor varies from two to fifty. As in axial

compressors, the flow is generally in the axial direction, Guide blades are
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fixed to recover static pressure from the swirl downstream of the rotor.

Many fan stages also employ guide vanes upstream of the rotor.

A large part of the material covered in Chapter 11 for axial flow com-

pressors is also applicable for ducted axial fans. The main difference

between the two classes of machines arises on account of the much lower

pressures, speed and temperatures encountered in fans as compared to the

compressors.

Another distinguishing feature is that, while the use of curved sheet

metal blades is widespread in axial fans, they are not used in modern axial

compressors which only employ well-designed aerofoil blade sections.

However, many axial fans also employ aerofoil blades. The pitch-chord

ratio of blades in fans is generally relatively large. When an axial fan is

required to operate at varying flow conditions, its high performance can

be maintained by varying the blade angle. In modern designs this

variation is possible in both single and multi-stage fans while they are

running.

While the axial flow fan adopts large propellers (with fewer blades)

for handling considerably large quantities of air flow through small

pressure differentials, there is no similar device which can be called a

compressor.

•Ø  14.3 Fan Stage Parameters

Some general parameters for turbomachines have been discussed in

Chapters 1 and 7. Expressions for some principal fan stage parameters

will be developed in the following sections. Flow has been assumed as

incompressible throughout.

Inlet Outlet

Nozzle Rotor Hub Diffuser Casing

Fig. 14.5 An axial flow ducted fan without guide vanes
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14.3.1 Stage Work

Velocity triangles for various types of axial fan stges are shown in Figs.

14.7, 14.8, 14.10, 14.12 and 14.14. For the sake of uniformity and clarity,

the rotor entry and exit are always designated as stations 2 and 3

respectively, except in Fig. 14.14.

From Euler’s equation (6.145b), the stage work is given by

wst = u(cy3 – cy2) (14.1)

In an ideal case with perfect deflections and adiabatic flow, the entire

work input to the rotor must appear as the stagnation enthalpy rise in air

or gas.

(Dh0)st = wst = u(cy3 – cy2) (14.2)

The mass-flow rate through the fan is

&m = rAcx

&m = r 
p

4
 (dt

2 – dh
2 )cx (14.3)

The power required to drive the fan is given by

P = &m(Dh0)st = &mcp (DT0)st = &mu (cy3 – cy2) (14.4)

If the flow velocities at the entry and exit of the stage are equal or

small, the values of static and stagnation enthalpy changes are identical.

The same is true for changes in pressure and temperature across the stage.

14.3.2 Stage Pressure Rise

For isentropic flow,

(Dh0)st = 
1

r
 (Dp0)st (14.5)

Equations (14.2) and (14.5) give

(Dp0)st = ru (cy3 – cy2) (14.6)

This is the sum of the total change in pressure in the rotor and fixed blade

rings.

14.3.3 Stage Pressure Coefficient

Using Eq. (7.14) for fan applications, the stage pressure coefficient is

defined by

y = 
( )D p

u

st

1

2
2r

(14.7)

The pressure coefficient can either be based on the static pressure or

stagnation pressure rise across the stage.
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14.3.4 Stage Reaction

The degree of reaction for the fan is defined as the ratio of the static

pressure rise in the rotor and the stagnation pressure rise over the stage.

R = (Dp)r /(Dp0)st (14.8)

The degree of reaction for fan stages can vary from zero to more than

unity. This will be further discussed in this chapter.

14.3.5 Fan Efficiencies

On account of losses in the fan stage, the isentropic work is always less

than the actual work input, i.e.,

1

r
 (Dp0)st < u(cy3 – cy2)

The ratio of the two quantities is known as the fan efficiency.

hf(total) = 
( )

( )

D p

u c c

st

y y

0

3 2r -
 = 

v p

u c c

st

y y

( )

( )

D 0

3 2-
(14.9)

The actual power input to the stage is

P = &mu (cy3 – cy2) = 
1

h f ( )total

Q (Dp0)st (14.10)

The pressure difference across the fan stages is generally measured in

terms of millimetres of water gauge (Dl).

(Dp0)st = 9.81 Dl N/m2; Q is in m3/s

Taking mechanical and electrical efficiency of the drive as hd, the

overall efficiency is

ho = hd hf (total) (14.11)

Therefore, the power input to the electric motor is

P¢ = 
1 9 81

1000ho

Q l. D

P¢ = 
Q l

o

D

10194. h
 ª 

Q l

o

D

102 h
kW (14.12)

If the gas velocities at the fan entry and exit are equal or negligible,

Eqs. (14.9) and (14.10) can be written as

hf(static) = 
v p

u c c

st

y y

( )

( )

D

3 2-
(14.13)

P = 
1

h f (static)

 Q (Dp)st (14.14)
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Volumetric efficiency

The volumetric efficiency of a fan is defined as the ratio of the flow rates

entering and leaving the fan stage.

hv = 
flow rate at exit

flow rate at entry
 = 

Q

Q
e

i

(14.15)

A part of the flow which enters the fan can be recirculated between the

rotor entry and exit. Thus the rotor does work on a larger quantity of fluid

than is discharged by it.

•Ø  14.4 Types of Axial Fan Stages

In this section various arrangements of fixed and moving blade rings in

a fan stage are discussed. Expressions for pressure rise and degree of

reaction are derived in each case. The axial velocity in all the stages is

assumed to be constant.

cx = cx1 = cx2 = cx3 = cx4

The flow in all the stages enters and leaves axially. Therefore, the

values of the total pressure and static pressure rise are identical.

14.4.1 Stage Without Guide Vanes

Open fans or propeller fans are examples of fans without guide vanes. A

ducted fan of this type is shown in Fig. 14.5. The velocity triangles at the

entry and exit of the rotor are shown in Fig. 14.10 (ignore downstream

guide vanes for this type).

Since the stage under consideration here only consists of the rotor, the

static pressure rise of the stage is the same as that of the rotor. Therefore,

the static pressure rise in the rotor or stage is given by

(Dp)st = (Dp)r = 
1

2
 r(w2

2 – w2
3)

From velocity triangles (Fig. 14.10),

(Dp)st = ru cy3 – 
1

2
 rc2

y3 (14.16)

It may be seen from this equation that on account of the non-recovery of

the swirl component cy3 at the exit of the fan stage, the stage pressure rise

is less by the amount 1
2 3

2rcy . If necessary, it can be gained by turning the

gas in the axial direction with the aid of downstream guide vanes as

shown in Sec. 14.4.4. However, in some applications this additional

pressure rise may not be required. Besides this, the provision of

downstream guide vanes adds to the cost of the fan.
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From Eq. (14.16),

(Dp)st = ru2 
c

u

c

u

y y3 3

2

1

2
-

F

HG
I

KJ
R
S
|

T|

U
V
|

W|

From velocity triangles shown in Fig. 14.10, assuming constant axial

velocity,

cy3 = u – cx tan b3

c

u

y3
= 1 – 

c

u
x  tan b2

c

u

y3
= 1 – f tan b3 (14.17)

Therefore, the static pressure rise in the rotor or stage is

(Dp)r = (Dp)st = ru2 1
1

2
13 3

2- - -R
S
T

U
V
W

f b f btan ( tan )

(Dp)r = (Dp)st = 
1

2
 ru2 (1 – f2 tan2 b3)

The pressure coefficient for the rotor

yr = 1 – f2 tan2 b3 (14.18)

The specific work in the stage is

wst = (Dh0)st = ucy3

From Eq. (14.17),

wst = u2 (1 – f tan b3) (14.19)

For reversible adiabatic flow,

( )Dpo st

r
= (Dh0)st = ucy3 = u2 (1 – f tan b3)

Therefore,

(Dp0)st = ru2 (1 – f tan b3) (14.19a)

yst = 2(1 – f tan b3) (14.19b)

R = 
( )

( )

D

D

p

p
r

st0

 = 
y

y
r

st

 = 
1

2
 (1 + f tan b3) (14.19c)

14.4.2 Stage with Upstream Guide Vanes

(R > 1)

Figures 14.6 and 14.7 show a scheme in which upstream guide vanes

(UGVs) are used to eliminate swirl at the rotor exit. The UGVs accelerate
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the flow and supply the rotor with a flow having negative swirl (– cy2).

The action of the rotor cancels or removes this swirl (cy3 = 0).

RotorUGVs

Fig. 14.6 Axial fan stage with upstream guide vanes

u

u

w3

b3

a2b2

c c3 3= x

c c1 1= x

u cy2

cx2
c2

w2

2

1

Fig. 14.7 Axial fan stage with upstream guide vanes (velocity

triangles for R > 1)
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From the velocity triangles shown in Fig. 14.7,

cy2 + u = cx2 tan b2

cy2 = cx tan b2 – u = u 
c

u

x tan b 2 1-
F
HG

I
KJ

cy2 = u (f tan b2 – 1) (14.20)

The stage work is

wst = (Dh0)st = u {cy3 – (– cy2)}

wst = (Dh0)st = ucy2

Substituting from Eq. (14.20),

wst = (Dh0)st = u2 (f tan b2 – 1) (14.21)

The stagnation pressure rise in the stage is given by Eqs. (14.5) and

(14.6).

(Dp0)st = r (Dh0)st = rucy2

(Dp0)st = ru2 (f tan b2 – 1) (14.22)

The stage pressure coefficient is

y = 
( )Dp

u

st0

21

2
r

 = 2(f tan b2 – 1) (14.23)

The degree of reaction of this stage is greater than unity because of press-

ure drop in the UGVs. This is seen from the following derivation:

The pressure rise in the rotor is

(Dp)r = 
1

2
r (w2

2 – w2
3)

From the velocity triangles at the entry and exit (Fig. 14.7),

(Dp)r = 
1

2
r {c2

x + (u + cy2)2 – c2
x – u2}

(Dp)r = 
1

2
 r (2u cy2 + c2

y2) (14.24)

The degree of reaction of the stage is

R = (Dp)r /(Dp0)st

R = 
2

2

2 2
2

2

u c c

u c

y y

y

+

R = 1 + 
1

2

2c

u

y
(14.25)

This shows that the degree of reaction is greater than unity.



Axial Fans and Propellers 615

Equations (14.20) and (14.25) give

R = 1 + 
1

2
 (f tan b2 – 1)

R = 
1

2
 (1 + f tan b2) (14.26)

14.4.3 Stage with Upstream Guide

Vanes R =
1
2

F
HG

I
KJ

Figure 14.8 shows the arrangement of blades in a fan stage of fifty per

cent reaction. As in a 50% reaction axial compressor stage (Sec. 11.2.4),

here also the fixed and rotating blades are symmetrical, i.e.,

a b b a2 2

2 2

= =

= =

3 3

3 3

,

c w w c

U
V
W

(14.27)

b3
a3

c w3 2=c w2 3=

cy3

cx

cx

u

3

2

2

1

b2
a2

w2 c2

cy2

u

c1

Fig. 14.8 Axial fan stage with upstream guide vanes (velocity

triangles for R = 1/2)
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In other words, the velocity triangles at the entry and exit are sym-

metrical. The pressure rise in the rotor and stator blades is the same.

(Dp)r = 
1

2
r (w

2
2 – w

2
3) = 

1

2
r (c

2
3 – c

2
2) (14.28)

(Dp0)st = r u( cy3 – cy2) = r (w2
2 – w 2

3) (14.29)

From velocity triangles

(Dp0)st = ru (cx tan a3 – cx tan a2)

(Dp0)st = ru
2
 f (tan b2 – tan b3) (14.30)

The degree of reaction from Eqs. (14.28) and (14.29) is

R = 
( )

( )

D

D

p

p
r

st0

 = 
1

2

The pressure coefficient from Eq. (14.30) is

y = 2 f (tan b2 – tan b3) (14.31)

The stage work is

wst = u2 f (tan b2 – tan b3) (14.32)

It may be seen that the scheme depicted in Fig. 14.8 is for one of the

several stages used in a multistage machine. Here the flow repeats in each

stage. For example, here the absolute velocities c1 and c3 at the entry to

and the exit from the stage are identical.

14.4.4 Stage with Downstream

Guide Vanes

This arrangement is shown in Figs. 14.9 and 14.10. The rotor blades

receive air in the axial direction. The absolute velocity vector (c3) at the

Rotor DGVs

Fig. 14.9 Axial fan stage with downstream guide vanes
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rotor exit has a swirl component (cy3) which is removed by the down-

stream guide vanes (DGVs) and the flow is finally discharged axially

from the stage.

The swirl at the entry to the rotor is zero.

cy2 = 0

Most of the analysis for this stage is similar to what has already been

covered in Sec. 14.4.1.

Work done in the stage is the same as in Eq. (14.19).

wst = u cy3 = u
2
 (1 – f tan b3)

The stage pressure rise is

(Dp0)st = rucy3 = ru2 (1 – f tan b 3) (14.33)

Therefore, the stage pressure coefficient

y = 2 (1 – f tan b3) (14.34)

Compare this with Eq. (14.18).

The pressure rise in the rotor is the same as given in Eq. (14.16),

(Dp)r = rucy3 – 
1

2
 rc2

y3

cy3

cx3

w3

w2

c3

a3b3

b2

u

u

u

c c4 4= x

c cx2 2=

2

3

4

Fig. 14.10 Axial fan stage with downstream guide vanes (velocity

triangles for R < 1).
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Equation (14.33) when used in this relation gives the degree of reaction

of the stage.

R = 1 – 
1

2

3c

u

y
(14.35)

This relation shows that the degree of reaction of this stage is less than

unity.

Equation (14.17) when put in Eq. (14.35) gives

R = 
1

2
 (1 + f tan b3) (14.36)

14.4.5 Stage with Upstream and

Downstream Guide Vanes

Figures 14.11 and 14.12 show a fan stage with symmetrical guide vanes

upstream and downstream of the fan rotor. The pressure drop and

acceleration in the UGVs are equal in magnitude to the pressure rise and

deceleration in the DGVs. Therefore, the pressure rise in the rotor is

identical with the stage pressure rise.

(Dp)r = (Dp0)st = (Dp)st

RotorUGVs DGVs

Fig. 14.11 Axial fan stage with upstream and downstream guide

vanes

Thus the degree of reaction of such a stage is unity. For symmetrical

UGVs and DGVs and constant axial velocity,

a2 = a3

cy2 = cy3 = cx tan b2 – u

cy2 = cy3 = u (f tan b2 – 1) (14.37)
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The stage work is

wst = (Dh0)st = u{cy3 – (– cy2)}

wst = (Dh0)st = 2u cy2

wst = 2 u2 (f tan b2 – 1) (14.38)

The stage pressure rise is

(Dp)st = r (Dh0)st = 2 r u cy2

(Dp)st = 2 r u2 (f tan b2 – 1) (14.39)

The pressure coefficient is given by

y = 4 (f tan b2 – 1) (14.40)

cy3

c3w3

b3

b2

a2

a3

u

c c4 4= x

c c1 1= x

cy2

cx2
c2

w2

u

1

2

3

4

Fig. 14.12 Axial fan stage with upstream and downstream guide

vanes (velocity triangles for R = 1)
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The pressure rise in the rotor is

(Dp)r = 
1

2
 r (w

2
2 – w

2
3)

From the velocity triangles,

(Dp)r = 
1

2
 r {c2

x + (u + cy2)
2 – cx

2 – (u – cy3)
2

(Dp)r = 2 r u cy2 = (Dp)st

This again proves that the degree of reaction is unity.

14.4.6 Counter Rotating Fan Stage

Figure 14.13 shows two axial fan  rotors rotating in opposite directions.

The motors driving these rotors are mounted on supports provided within

the casing. Such a stage gives a large pressure rise.

Support
Upstream

rotor
Downstream

rotor

Support

Fig. 14.13 Counter rotating axial fan stage

The velocity triangles at the entry and exit of each rotor are shown in

Fig. 14.14. The entries and exits of the two rotors are at stations 1, 3 and

2, 4 respectively. Stations 2 and 3 are in fact the same, i.e., exit of the first

rotor and entry of the second.

The two rotors are assumed to have the same peripheral speeds: the

axial velocity is constant throughout the stage.

The upstream or the first rotor receives air axially. Therefore,

cy1 = 0

The air leaving the first rotor has an absolute velocity c2 and a swirl

component cy2. Therefore, the work done by the first rotor is

wI = u (cy2 – cy1) = u cy2 (14.41)
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The downstream or the second rotor receives air at an absolute velocity

c3 = c2 and discharges it axially.

cy4 = 0

cy3 = cy2

The velocity triangle at the exit of the first rotor is drawn together with

the inlet velocity triangle for the second rotor.

Work done by the second rotor is

wII = u {0 – (– cy3)}

wII = u cy3 = u cy2 (14.42)

Equations (14.41) and (14.42) show that the work done and the

pressure rise are the same in the two rotors. The total stage work is

wst = wI + wII = 2 u cy2

wst = 2 u (u – cx tan b2)

wst = 2 u2 (1 – f tan b2) (14.43)

The stage pressure rise is

(Dp)st = 2 r u2 (1 – f tan b2) (14.44)

The pressure coefficient is

y = 4 (1 – f tan b2) (14.45)

u

u

u

II

I

u

c c4 4= x
w4

w3
w2

w1

b4

b3b2

b1

u u

c cy y2 3=

c c2 3=

c cx1 1=
1

2

3

4

Fig. 14.14 Velocity triangles for counter rotating axial fan stage
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The static pressure rises in the two rotors are

(Dp)I = 
1

2
r (w

2
1 – w

2
2)

Using the velocity triangles after some manipulation,

(Dp)I = r u cy2 – 
1

2
 r c

2
y2 (14.46)

This is identical to Eq. (14.16) for a fan stage without guide vanes.

(Dp)II = 
1

2
r (w2

3 – w2
4)

(Dp)II = r u cy2 + 
1

2
r c2

y2 (14.47)

This is identical to Eq. (14.24) for a fan stage with UGVs. In this case

the first rotor blades act as UGVs.

The total static pressure rise in the stage is, from Eqs. (14.46) and

(14.47),

(Dp0)st = (Dp)st = (Dp)I + (Dp)II

(Dp)st = 2 r u cy2

This is the same as Eq. (14.44).

•Ø  14.5 Propellers549

Propellers have much fewer (2–6) blades compared to the ducted fans

discussed in the earlier sections. A large number of them are used as open

or extended turbomachines. Some examples of propeller applications are

in aircrafts [see Fig. 14.15 (Plate 1)], helicopters, hovercrafts, hydrofoils

and ships.

Propellers are made of aluminium alloys or wood. Wooden propellers

have been used in aircrafts, wind tunnels and cooling tower applications.

They can be made of the integral blade type in which two identical blades

are equally disposed about the axis of rotation. Such a rotor does not have

the problems of blade root fixtures. A four-bladed propeller can be made

by bolting two pairs of intergral blade propellers.

On account of the fewer blades, the rotor is unable to impose its geo-

metry on the flow to the same extent as in rotors with many blades.

Therefore, the inlet and outlet velocity triangles lose their meaning. Besides

this, the rotor or propeller blades are usually very long with varying blade

sections along the radius. Under these conditions a mean velocity triangle

for flow only through an infinitesimal blade element is considered. The

propeller blade is divided into a large number of such elements and various

parameters are determined separately for each element.
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When the propeller is used for propulsion, its efficiency as a propulsion

device is of interest besides power required and flow rate, etc., whereas

if it is used as a fan, the parameters of interest are pressure rise, flow rate,

power required and efficiency.

14.5.1 Slipstream Theory

Figure 14.16 shows the variation of pressure and velocity of air flowing

through a propeller disc. This disc is assumed to have negligible

thickness. The boundaries between the fluid in motion and that at rest are

shown. Thus the flow is assumed to occur in an imaginary converging

duct of diameter D at the disc and D
s
 at the exit. The entry and exit of this

duct are far upstream and far downstream of the disc.

Upstream Downstream +- 88

hou

hu

ra

ra
pa

cu

cs

pa

hod
hd

Fluid in
motion

Fluid at rest

p1

p2

p1

c1Fx

p2

c2

Propeller
disc

cs

papa

cu

Fig. 14.16 Variation of pressure and velocity of flow through a

propeller

The action of the rotating propeller accelerates the flow from a velo-

city c
u
 to the velocity of the slipstream c

s
. The pressure (p

a
) and density

(  = 
a
) have the same values at sections � ¥ and + ¥. However, the

velocities and stagnation enthalpies are different. The velocity of flow
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at the disc (c), immediately upstream (c1) and downstream (c2) of it are

same

c = c1 = c2 (14.48)

The area of cross-section of the disc is A = 
p

4
 D2 and the mass-flow

rate through it is

&m = r A c (14.49)

The axial thrust on the disc due to change of momentum of the air

flowing through it is

Fx = &m  (cs – cu) = r A c (cs – cu) (14.50)

Applying Bernoulli equation for flows in the regions upstream and

downstream of the disc

pa + 
1

2
 r c2

u = p1 + 
1

2
 r c2 (14.51)

pa + 
1

2
 r c2

s = p2 + 
1

2
 r c2 (14.52)

These equations on subtraction give

p2 – p1 = 
1

2
 r (c2

s – c2
u) (14.53)

The axial thrust due to the pressure difference across the disc is

Fx = A (p2 – p1)

Fx = 
1

2
 r A (c2

s – c2
u) (14.54)

Equations (14.50) and (14.54) yield

c = 
1

2
 (cs + cu) (14.55)

A factor (less than unity) a is defined by

c = (1 + a) cu (14.56)

Equations (14.55) and (14.56) give

cs = (1 + 2a) cu (14.57)

The change in the specific stagnation enthalpy across the disc is

Dh0 = h0d – h0u = h cd s+F
H

I
K

1

2
2  – h cu u+F

H
I
K

1

2
2

However, hu = hd. Therefore,

Dh0 = 
1

2
 (c2

s – c2
u) (14.58)

Power = mass flow rate ¥ change of stagnation enthalpy

Pi = &m  Dh0
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Equations (14.49) and (14.58) when used in the above relation yield

Pi = 
1

2
 r A c (c2

s – c2
u) (14.59)

This is the ideal value of the power supplied to the propeller. The actual

power will be greater than this.

If this propeller is used as a fan of discharge capacity Q developing a

stagnation pressure rise of Dp0, its power is given by

Pi = Q Dp0

Q = A c, Dp0 = rDh0 = 
1

2
 r (c2

s – c2
u)

Therefore,

Pi = (A c) 
1

2
 r (c2

s – c2
u )

Pi = 
1

2
 r A c (c2

s – c2
u)

This is the same as Eq. (14.59).

If this propeller is employed to propel an aircraft at a speed cu, then the

useful power is Fx cu. The propeller efficiency is then defined by

hp = 
power used in propulsion

ideal power supplied

hp = Fx cu
1

2
 r A c (c

2
s – c

2
u)

Substituting for Fx from Eq. (14.54)

hp = cu /c (14.60)

Employing Eq. (14.56),

hp = 
1

1 + a
(14.61)

The continuity equation at the disc and the slipstream section gives

c 
p
4

 D2 = cs 
p
4

 D2
s

D2
s = 

c

cs

 D2

Equations (14.56) and (14.57) give

cs = 
1 2

1

+

+

F
HG

I
KJ

a

a
 c (14.62)
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Therefore,

DP

s
= 

1

1 2

 

 

%
'&

(
0)

a

a

 DP (14.63)

14.5.2 Blade Element TheorySTH

Figure 14.17 shows a long blade of a propeller fan. On account of the

considerable variation in the flow conditions and the blade section along

the span, it is divided into a number of infinitesimal sections of small,

radial thickness dr. The flow through such a section is assumed to be

independent of the flow through other elements.

B
la

d
e

 l
e

n
g

th

dr

r

Hub section

Tip section

Fig. 14.17 Propeller blade with varying blade section

Velocities and blade forces for the flow through an elemental section are

shown in Fig. 14.18. The flow has a mean velocity w and direction  (from

the axial direction). The lift force DL is normal to the direction of mean

flow and the drag DD parallel to this. The axial (DF
x
) and tangential (DF

y
)

forces acting on the element are also shown. (DF
r
) is the resultant force

inclined at an angle  to the direction of lift.

An expression for the pressure rise (Dp) across the element is now

developed.
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Resolving the forces in the axial and tengential directions,

DFx = DL sin b – DD cos b (14.64)

DFy = DL cos b + DD sin b (14.65)

By definition, lift and drag forces are

DL = 
1

2
 CL r w2 (ldr) (14.66)

DD = 
1

2
 CD r w2 (ldr) (14.67)

tan f = 
D

D

D

L
 = 

C

C
D

L

(14.68)

From Eqs. (14.64) and (14.68),

DFx = DL (sin b – tan f cos b)

DFx = DL sin (b – f)/cos f

Substituting for DL from Eq. (14.66),

DFx = 
1

2
 CL r w2 (ldr) 

sin ( )

cos

b f

f

-
(14.69)

The number of blades and the spacing are related by

s = 
2p r

z
(14.70)

The total axial thrust for the elemental section of the propeller is zDFx.

Therefore,

Dp (2 p r dr) = z DFx

90°

w b

b

b

f

cx

DD

DL

DFy

DFr

DFx

Fig. 14.18 Flow through a blade element of a propeller



628 Turbines, Compressors and Fans

Equations (14.69) and (14.70) in this relation give

Dp = 
1

2
 CL r w2 

l

s

F
H

I
K

-sin ( )

cos

b f

f
(14.71)

Equation (14.68) when put into Eq. (14.71) gives

D p = 
1

2
 CD r w2 

l

s

F
H

I
K

-sin ( )

sin

b f

f
(14.72)

Now cx = w cos b.

Therefore, Eqs. (14.71) and (14.72) give

Dp = 
1

2
 CL r c

2
x 

l

s

F
H

I
K

-sin ( )

cos cos

b f

b f2
(14.73)

Dp = 
1

2
 CD r c2

x 
l

s

F
H

I
K

-sin ( )

cos sin

b f

b f2
(14.74)

Equation (14.65) can be used to obtain the values of torque and the

work for the elemental section.

•Ø  14.6 Performance of Axial Fans530,532,537

Axial flow fans and blowers are high specific speed machines with high

efficiencies. Performance curves for a typical axial fan are shown in

Fig. 14.19. The efficiency and delivery pressure fall when the fan

operates at higher flow rates, i.e. on the right of the point S in the stable

Efficiency

Pressure

Power

Discharge

s

Fig. 14.19 Performance curves for axial flow fans (typical curves)
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range. The flow through the fan can be varied either through a valve

control or by regulating guide vanes upstream or downstream of the fan.

When the flow rate through the fan is reduced below the value

corresponding to the peak (point S) of the performance curve, the flow

becomes unstable. Irregularities in the flow over blade surfaces in the

form of vortices, reversed and separated flows occur leading to an

ultimate breakdown of flow: the fan experiences an oscillating flow. This

phenomenon is known as surging and has already been discussed in

Chapter 11. Such a state is accompanied with an increase in the noise

level.

Fans with guide vanes are more likely to experience unstable flow. It

is further observed that fans with UGVs suffer more from stalled flow

than those with DGVs.

Surging can be reduced or wholly overcome by the following methods:

(a) by reducing the speed of the fan,

(b) by throttling the flow at entry,

(c) by letting off the air at exit through an automatically operated

blow-off valve,

(d) by recirculating the excess air through the fan, and

(e) by employing adjustable guide vanes.

Notation for Chapter 14

a Factor defined in Eq. (14.56)

A Area of cross-section

c Absolute velocity

CD Drag coefficient

CL Lift coefficient

d,D Diameter

DD Drag

F Force

g Acceleration due to gravity

h Enthalpy

Dh Change in enthalpy

H Head

l Blade chord

Dl Deflection in manometer

DL Lift

&m Mass-flow rate

N rpm
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p Pressure

Dp Pressure rise

P Power

Q Volume-flow rate

r Radius

R Degree of reaction

s Blade spacing

T Absolute temperature

u Peripheral speed

v Specific volume

w Specific work, relative velocity

z Number of blades

Greek symbols

a Direction of absolute velocity

b Direction of relative velocity

h Efficiency

r Density of air or gas

f Flow coefficient or angle as shown in Fig. 14.17

y Pressure coefficient

w Rotational speed in radians/s

Subscripts

o Stagnation value

1 Entry to the stage

2 Rotor entry

3 Rotor exit

4 Exit of the stage

I First rotor

II Second rotor

a Atmospheric

d Downstream, drive

DGVs Downstream guide vanes

e Exit

f Fan

h Hub

i Ideal

o Overall

p Propeller

r Rotor, resultant
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s Slipstream

st Stage

t Tip

u Upstream

UGVs Upstream guide vanes

v volumetric

x Axial

y Tangential

•Ø  Solved Examples

14.1 An axial fan stage consisting of only a rotor has the following data:

rotor blade air angle at exit 10°

tip diameter 60 cm

hub diameter 30 cm

rotational speed 960 rpm

power required 1 kW

flow coefficient 0.245

(inlet flow conditions p1 = 1.02 bar, T1 = 316 K)

Determine the rotor blade angle at the entry, the flow rate, stage

pressure rise, overall efficiency, degree of reaction and specific

speed.

Solution:

A = 
p
4

(d2
t – d2

h) = 0.785 (0.62 – 0.32) = 0.212 m2

d = 
1

2
 (dt + dh) = 

1

2
 (0.6 + 0.3) = 0.45 m

u = p dN/60 = p ¥ 0.45 ¥ 960/60 = 22.62 m/s

cx = f u = 0.245 ¥ 22.62 = 5.542 m/s

Q = cx A = 5.542 ¥ 0.212 = 1.175 m3/s (Ans.)

r = p/RT = 1.02 ¥ 10
5
/(287 ¥ 316) = 1.125 kg/m

3

(Dp0)st = r u2 (1 – f tan b3)

= 1.125 ¥ 22.622 ( 1 – 0.245 ¥ tan 10)

= 550.755 N/m2 = 
550 755

9 81

.

.
 mm W.G.

(Dp0)st = 56.14 mm W.G. (Ans.)
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The ideal power required to drive the fan is

Q (Dp0)st = 1.175 ¥ 550.755/1000 = 0.647 kW

The overall efficiency of the fan is

h0 = 
ideal power

actual power
 = 

0.647

1.000
 = 0.647

h0 = 64.7% (Ans.)

The blade air angle at the entry is given by

tan b2 = u/cx (Fig. 14.10)

tan b2 = 22.62/5.542 = 4.08

b2 = 76.23° (Ans.)

The static pressure rise in the stage is

(Dp)st = 
1

2
 ru2 (1 – f2 tan2 b3)

(Dp)st = 0.5 ¥ 1.125 ¥ 22.622 (1 – 0.2452 tan2 10)

(Dp)st = 287.27 N/m2 = 287.27/9.81 kgf/m2

(Dp)r = (Dp)st = 29.283 mm W.G.

Therefore, the degree of reaction is

R = (Dp)r / (Dp0)st

R = 29.283/56.14

R = 52% (Ans.)

gH = 9.81 ¥ 
56.14

1000
 ¥ 

1000

1.125
 = 489.54 m2/s2

w = 2 p N/60 = 2 p ¥ 960/60 = 100.53 rad/s

The dimensionless specific speed is

W = wQ1/2/(gH )3/4

W = 100.53 ¥ 1.1751/2/(489.54)3/4

W = 1.047 (Ans.)

14.2 Recalculate all the quantities of Ex. 14.1 with downstream guide

vanes. What is the guide vane air angle at the entry?

Solution:

Refer to Fig. 14.10. The axial velocity is assumed to remain

constant throughout the stage. Therefore, the static pressure rise in

the stage is same as the total pressure rise.

(Dp)st = (Dp0)st = 56.14 mm W.G.
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The rotor blade air angles, overall efficiency, flow rate, power req-

uired and degree of reaction are the same as calculated in Ex. 14.1.

The exit angle of the DGVs is

a4 = 0°,

The entry angle is given by

tan a3 = cy3/cx = 
1

cx

(u – cx tan b3)

tan a3 = 
1

f
 – tan b3 = 

1

0 245.
 – tan 10 = 3.905

a3 = 75.63° (Ans.)

14.3 If the fan in Ex. 14.1 is provided with upstream guide vanes for

negative swirl and the rotor blade inlet air angle is  86°, determine

(i) the static pressure rise in the rotor and the stage, (ii) the stage

pressure coefficient and degree of reaction, (iii) the exit air angle

of the rotor blades and the UGVs and (iv) the power required if the

overall efficiency of the drive is 64.7%.

Solution:

Refer to Fig. 14.7. The axial velocity is assumed constant though-

out the stage.

c1 = cx1 = cx2 = cx3 = c3 = cx

The stage work is

wst = (Dh0)st = u
2
 (f tan b2 –1)

wst = 22.622 (0.245 tan 86 – 1) = 1280.685 J/kg

For reversible flow, the stage pressure rise is

(Dp0)st = r (Dh0)st

(Dp0)st = 1.125 ¥ 1280.685 = 1440.76 N/m2

(Dp0)st = 146.86 mm W.G.

Since the velocities at the entry and exit of the stage are the same,

the static and total pressure rises in the stage are same.

(Dp)st = (Dp0)st = 146.86 mm W.G. (Ans.)

The mass-flow rate through the stage is

&m = rQ = 1.125 ¥ 1.175 = 1.322 kg/s

The power required to drive this fan is

& ( )m h stD 0

01000 h
= 

1322 1280 685

1000 647

. .

.

¥

¥
 = 2.629 kW (Ans.)
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The stage pressure coefficient is

y = 2 (f tan b2 – 1)

y = 2 (0.245 tan 86 – 1)

y = 5.006 (Ans.)

The degree of reaction is given by

R = 
1

2
 (1 + f tan b2)

R = 0.5 (1 + 0.245 tan 86) = 2.25

R = 225% (Ans.)

tan b3 = u/cx = 22.62/5.542 = 4.082

b3 = 76.23° (Ans.)

The UGV exit air angle is given by

tan a2 = cy2/cx = tan b2 – 1/f

tan a 2 = tan 86 – 1/0.245 = 10.22

a2 = 84.4° (Ans.)

The static pressure rise in the rotor is

(Dp)r = 
1

2
 r (w2

2 – w2
3)

w2 = cx 2/cos b2 = 5.542/cos 86 = 79.512 m/s

w3 = cx3/cos b3 = 5.542/cos 76.23 = 23.285 m/s

(Dp)r = 0.5 ¥ 1.125 (79.5122 – 23.2852)

(Dp)r = 3251.25 N/m2 = 3251.25/9.81 kgf/m2

(Dp)r = 331.422 mm W.G. (Ans.)

The degree of reaction can be checked by this value.

R = (Dp)r /(Dp0)st

R = 331.422/146.86 = 2.256 (verified)

14.4 If the rotor and upstream guide blades in Ex. 14.1 are symmetrical

and arranged for 50% reaction with b2 = 30° and b3 = 10° deter-

mine the stage pressure rise, pressure coefficient and power

required for a fan efficiency of 80% and drive efficiency of 88%.

Solution:

The stage work is given by

wst = (Dh0)st = u2 f (tan b2 – tan b3)

wst = 22.622 ¥ 0.245 (tan 30 – tan 10)

wst = 50.26 J/kg
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The overall efficiency h0 = h f ¥ hd

h0 =  0.8 ¥ 0.88 = 0.704

The power required to drive the fan is

P = &m  (Dh0)st/1000 hd

P = 1.322 ¥ 50.26/1000 ¥ 0.88

P = 0.075 kW (Ans.)

(Dp0)st = hf ¥ r (Dh0)st = 0.8 ¥ 1.125 ¥ 50.26

(Dp0)st = 45.234 N/m2 = 45.234/9.81 kgf/m2

(Dp0)st = 4.61 mm W.G. (Ans.)

The pressure coefficient of the stage is

y = 2 f (tan b2 – tan b3)

y = 2 ¥ 0.245 (tan 30 – tan 10)

y = 0.196 (Ans.)

The motor power can also be obtained from Eq. (14.12),

P = 
Q lD

120 0h
 kW

P = 1.175 ¥ 4.61/102 ¥ 0.704

P = 0.075 kW (verified)

14.5 If the fan of Ex. 14.4 has both UGVs and DGVs and the rotor

blade air angles are b2 = 86° and b3 = 10°, determine the stage

pressure rise, pressure coefficient and degree of reaction. The

UGVs and DGVs are mirror images of each other. Assume a fan

efficiency of 85%. What is the power of the driving motor if its

efficiency is 80%?

Solution:

Refer to Fig. 14.12. The velocity of air at the entry and exit of the

stage is the same. Since the UGVs and DGVs are mirror images of

each other, the static pressure drop in the UGVs is the same as the

static pressure rise in the DGVs. Therefore, the static pressure rise

in the rotor is identical with the pressure rise of the stage. Thus the

degree of reaction of this stage is unity or 100 per cent.

The stage work is

wst = (Dh0)st = 2u2 (f tan b2 – 1)

wst = 2 ¥ 22.622 (0.245 tan 86 – 1) = 2561.39 J/kg

(Dp0)st = (Dp)st = (Dp)r = hf r (Dh0)st

(Dp0)st = 0.85 ¥ 1.125 ¥ 2561.39 = 2449.3 N/m2
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(Dp0)st = 249.67 mm W.G. (Ans.)

y = 4(f tan b2 – 1)

y = 4(0.245 tan 86 – 1)

y = 10.012 (Ans.)

The power of the electric motor is

P = &m wst/1000hd

P = 1.322 ¥ 2561.39/(1000 ¥ 0.8)

P = 4.233 kW (Ans.)

14.6 The velocities far upstream and downstream of an open propeller

fan (d = 50 cm) are 5 and 25 m/s, respectively. If the ambient

conditions are p = 1.02 bar, t = 37 °C, determine:

(a) flow rate through the fan,

(b) total pressure developed by the fan, and

(c) the power required to drive the fan assuming the overall

efficiency of the fan as 40%.

Solution:

Refer to Fig. 14.16.

The area of cross-section of the propeller disc is

A = 
p
4

 d2 = 0.785 ¥ 0.52 = 0.196 m2

The velocity of flow through the disc is

c = 
1

2
 (5 + 25) = 15 m/s

r = 
p

RT
 = 

102 10

287 310

5. ¥

¥
 = 1.146 kg/m3

(a) &m = r Ac

&m = 1.146 ¥ 0.196 ¥ 15 = 3.37 kg/s (Ans.)

Q = 0.196 ¥ 15 = 2.94 m
3
/s

Dh0 = 
1

2
 (c2

s – c2
u ) = 0.5 (252 – 52) = 300 J/kg

(b) Pressure developed by the propeller is

Dp0 = r Dh0 = 1.146 ¥ 300 = 343.8 N/m2

Dp0 = 343.8/9.81 = 35.04 mm W.G. (Ans.)

(c) Power required is given by

P = 
&m hD 0

0 1000h ¥
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P = 
337 300

0 4 1000

.

.

¥

¥
 = 2.52 kW (Ans.)

•Ø  Questions and Problems

14.1 Show by means of suitable diagrams the locations of I.D. and F.D.

fans in cooling tower and boiler applications. What are the special

advantages of axial fans in these applications?

14.2 Sketch an axial fan stage with the inlet nozzle, UGVs, DGVs and

outlet diffuser. Show the variation of static pressure through such

a stage. Draw the velocity triangles at the entry and exit of the

impeller.

14.3 How is the volumetric efficiency of fans and blowers defined?

What are the various factors which govern this efficiency?

14.4 (a) Define the degree of reaction, rotor and stage pressure

coefficients and stage efficiency for fans and blowers.

(b) Prove the following relations for an axial fan stage with UGVs

and DGVs:

(Dp)st = 2ru2 (f tan b2 – 1)

y = 4 (f tan b2 – 1)

R = 1

14.5 (a) How are the static and total efficiencies of fans defined?

(b) Show that the power required in kW to drive a fan developing

a pressure equivalent to Dl mm W.G. and delivering Q m3/s is

Q  Dl /102h 0

A blower for a furnace is required to deliver 2.38 m3/s of air at a

pressure of 750 mm W.G. If the combined fan and motor efficiency

is 65%, determine the power required to drive the fan. (Ans. 26.94

kW)

14.6 An axial ducted fan without any guide vanes has a pressure

coefficient of 0.38 and delivers 3 kg/s of air at 750 rpm. Its hub

and tip diameters are 25 cm and 75 cm respectively. If the

conditions at the entry are p = 1.0 bar and t = 38° C, determine:

(a) air angles at the entry and exit,

(b) pressure developed in mm W.G.,

(c) fan efficiency, and

(d) power required to drive the fan if the overall efficiency of the

drive is 85%.
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(Ans.) (a) b 2 = 70.84°, b3 = 39°, (b) 8 mm W.G.; (c)

79.3%; and (d) 325.9 watts.

14.7 A fan takes in 2.5 m3/s of air at 1.02 bar and 42°C, and delivers it

at 75 cm W.G. and 52°C. Determine the mass-flow rate through the

fan, the power required to drive the fan and the static fan

efficiency.

(Ans.) &m  = 2.82 kg/s, P = 28.35 kW, and hf = 63%.

14.8 An axial flow blower consists of a 100-cm diameter rotor provided

with DGVs which deliver the air axially. The DGVs have the same

entry angle as the rotor blades. The annulus height is 15 cm and

the rotor rotates at 2880 rpm. Air enters the annulus with a velocity

of 30 m/s. If the blower and motor efficiencies are 85% and 78%

respectively, determine:

(a) the rotor blade air angles,

(b) static pressure rise across the blower,

(c) mass-flow rate, and

(d) the power required by the driving motor.

Assume pressure and temperature at the entry of the blower as 1.02

bar and 310 K respectively.

(Ans.) (a) b2 = 78.75°, b3 = 0; (b) 225.87 cm W.G.; (c) 16.2

kg/s; and (d) 472 kW.



Chapter 15

Centrifugal
Fans and Blowers

A large number of fans and blowers for high pressure applications are

of the centrifugal type.561 – 607 Figures 15.1 and 15.2 show an

arrangement employed in centrifugal machines. It consists of an impeller

which has blades fixed between the inner and outer diameters. The

impeller can be mounted either directly on the shaft extension of the

prime mover or separately on a shaft supported between two additional

bearings. The latter arrangement is adopted for large blowers in which

case the impeller is driven through flexible couplings.

Outlet

Inlet

Impeller

Volute
casing

Fig. 15.1 A centrifugal fan or blower

Air or gas enters the impeller axially through the inlet nozzle which

provides slight acceleration to the air before its entry to the impeller. The

action of the impeller swings the gas from a smaller to a larger radius and

delivers the gas at a high pressure and velocity to the casing. Thus unlike

the axial type, here the centrifugal energy (see Sec. 6.9.2) also contributes

to the stage pressure rise. The flow from the impeller blades is collected

by a spirally-shaped casing known as scroll or volute. It delivers the air

to the exit of the blower. The scroll casing can further increase the static
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pressure of air. The outlet passage after the scroll can also take the form

of a conical diffuser.

The centrifugal fan impeller can be fabricated by welding curved or

almost straight metal blades to the two side walls (shrouds) of the rotor or

it can be obtained in one piece by casting. Such an impeller is of the

enclosed type. The open types of impellers have only one shroud and are

open on one side. A large number of low pressure centrifugal fans are

made out of thin sheet metal. The casings are invariably made of sheet

metal of different thicknesses and steel reinforcing ribs on the outside. In

some applications, if it is necessary to prevent leakage of the gas, suitable

sealing devices are used between the shaft and the casing.

Large capacity centrifugal blowers sometimes employ double entry for

the gas as shown in Fig. 15.3.

The difference between a fan, blower and compressor has already

been explained in Chapter 14. Various applications have also been descri-

bed briefly in that chapter. A brief discussion on radial stages is given

in Sec. 1.10. Much of the material covered in Chapter 12 on centrifugal

compressors is also applicable here. The principal departure in design,

analysis and construction is due to the marked difference in the

magnitude of the pressure rise in the two types of machines.

DriveFlow

Inlet
flange

Nozzle

Impeller

Volute
casing

Outlet

Fig. 15.2 Main components of a centrifugal blower
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•Ø  15.1 Types of Centrifugal Fans

The pressure rise and flow rate in centrifugal fans depend on the

peripheral speed of the impeller and blade angles. The stage losses and

performance also vary with the blade geometry. The blades can be either

of sheet metal of uniform thickness or of aerofoil section. Following are

the main types of centrifugal fans:

15.1.1 Backward-swept Blades

Figure 15.4 shows an impeller which has backward-swept blades, i.e. the

blades are inclined away from the direction of motion. Various velocity

vectors and angles are shown in the velocity triangles at the entry and

exit. In contrast to the axial fans, here the tangential direction is taken as

the reference direction. Under ideal conditions, the directions of the

relative velocity vectors w1 and w2 are the same as blade angles at the

entry and exit.

The static pressure rise in the rotor results from the centrifugal energy

and the diffusion of the relative flow. The stage work and stagnation press-

ure rise for a given impeller depend on the whirl or swirl components

(cq1 and cq 2) of the absolute velocity vectors c1 and c2 respectively.

Entry Entry

Exit

Exit

Fig. 15.3 Centrifugal impeller with double entry
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Backward-swept blade impellers are employed for lower pressure

and lower flow rates. The width to diameter ratio of such impellers is

small (b/D ª 0.05 – 0.2) and the number of blades employed is between

6 and 17.

15.1.2 Radial Blades

Figure 15.5 shows two arrangements for radial-tipped blade impeller. The

inlet velocity triangle for the blade shape that is used in practice is shown

w

cq2
u2

u1

w1

c2

a2 b2

b1

w2cr2

c c1 1= r

Fig. 15.4 Velocity triangles for a backward-swept blade impeller
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1
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1
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1

b
1

b
1

c
q1

w
c2

2
=

r

c
2

u
2

a
2

b
2 = 90°

w

Positive whirl
(not used) Zero whirl

Fig. 15.5 Velocity triangles for a radial blade impeller
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on the right. This is a sort of a forward-swept radial blade and the velocity

triangle is based on the absolute velocity vector c1 which is radial. There-

fore, the swirl at the entry is zero. Such a shape is simple for construction

where generally only slightly bent sheet metal blades are used.

The other possibility is to employ blackward-swept radial blades. The

curved part (dashed) of such a blade and the inlet velocity triangle are

shown on the left. Such a fan (if designed and built) would develop a very

low pressure on account of a large positive whirl component. Besides this

disability, such an arrangement will require prewhirl vanes adding to the

cost of the fan.

The outlet velocity triangle for both the arrangements is the same. The

relative velocity w2 is in the radial direction.

For cheap construction, the impeller blades can be kept purely radial as

in the paddle type impellers. Such an impeller is unshrouded and straight

radial vanes are bolted or welded on a disc which is mounted on the

driving shaft. Such impellers are ideal for handling dust-laden air or gas

because they are less prone to blockage, dust erosion and failure.

15.1.3 Forward-swept Blades

When the blades are inclined in the direction of motion, they are referred

to as forward-swept blades. The velocity triangles at the entry and exit of

such a fan are shown in Fig. 15.6. This shows the backward-swept blades

of Fig. 15.4 in the forward-swept position. As a result, the inlet velocity

u1

c1 w1

a1

b1

cq1

c r1

cq2

u2

a2

b2

c2 w2

w

cr2

Fig. 15.6 Velocity triangles for a forward-swept blade impeller with

positive whirl
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triangle again has a positive whirl component cq1. Its effect has already

been explained in the previous section. Therefore, such an arrangement is

not useful in practice.

The configuration of forward-swept blades that is widely used in

practice is shown in Fig. 15.7. Blade tips, both at the entry and exit, point

in the direction of motion. Therefore, it is possible to achieve zero whirl

or swirl at the entry as in Fig. 15.4. On account of the forward-swept

blade tips at the exit, the whirl component (cq 2) is large, leading to a

higher stage pressure rise. Such blades have a larger hub-to-tip diameter

ratio which allows large area for the flow entering the stage. However, on

account of the shorter length of blade passages, the number of blades

required is considerably larger to be effective.

u2

c2 w2

a2

b2

cq2

cr2

c c1
1

=
r

u
1

b
1

w
1

w

Fig. 15.7 Velocity triangles for a forward-swept blade impeller with

zero whirl at entry

•Ø  15.2 Centrifugal Fan Stage Parameters

In this section expressions for various parameters of a centrifugal fan or

blower stage are derived. The velocity triangles shown in Figs. 15.4 to

15.7 are used for this purpose.

The mass flow rate through the impeller is given by

&m = r1 Q1 = r2 Q2 (15.1)

The areas of cross-section normal to the radial velocity components cr1

and cr2 are

A1 = p d1 b1 and A2 = p d2 b2

Therefore,

&m = r1 cr1 (p d1 b1) = r2 cr2 (p d2 b2) (15.2)
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The radial components of velocities at the impeller entry and exit

depend on its width at these sections. For a small pressure rise through the

stage, the density change in the flow is negligible and can be assumed to

be almost incompressible. Thus for constant radial velocity

cr1 = cr2 = cr (15.3)

Equation (15.2) gives

&m = r cr (p d1 b1) = r cr (p d2 b2)

b1/b2 = d2/d1 (15.4)

15.2.1 Stage Work

The stage work is given by the Euler’s equation

wst = u2 cq 2 – u1 cq1 (15.5)

In the absence of inlet guide vanes it is reasonable to assume zero whirl

or swirl at the entry. This condition gives

a1 = 90°, cq1 = 0 and u1 cq1 = 0

This is shown in Figs. 15.4, 15.5 and 15.7. Therefore, for constant

radial velocity

c1 = cr1 = cr2 = u1 tan b1 (15.6)

Equation (15.5) gives

wst = u2 cq2 = u2
2 

c

u
q2

2

F
HG

I
KJ

(15.7)

From the exit velocity triangle (Fig. 15.4),

u2 – cq 2 = cr2 cot b2

c

u
q2

2

= 1 – 
c

u
r2

2

 cot b2 (15.8)

Equations (15.7) and (15.8) yield

wst = u2
2 (1 – f cot b2) (15.9)

c2

2sin b
= 

u2

2 2sin ( )a b+
(15.10)

cq 2 = c2 cos a2 = 
u2 2 2

2 2

sin cos

sin ( )

b a

a b+

c

u

q 2

2

= 
sin cos

sin cos cos sin

b a

a b a b
2 2

2 2 2 2+
 = 

tan

tan tan

b

a b
2

2 2+
(15.11)

Equation (15.11) when used in Eq. (15.7) gives the stage work as

wst = 
tan

tan tan

b

a b
2

2 2+
 u 2

2 (15.12)
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Assuming that the flow fully obeys the geometry of the impeller blades,

the specific work done in an adiabatic process is given by

(Dh0)st = wst = u2 cq2 = u 2
2 (1 – f cot b2) (15.13)

The power required to drive the fan is

P = &m  (Dh0)st = &m  cp (DT0)st = &m  u2 cq 2 (15.14)

15.2.2 Stage Pressure Rise

If the compression process is assumed to be reversible adiabatic

(isentropic),

(Dh0)st = 
1

r
 (Dp0)st

Therefore,

(Dp0)st = r u2 cq 2 = r u2
2 (1 – f cot b2) (15.15)

As stated before, the static pressure rise through the impeller is due

to the change in the centrifugal energy and the diffusion of the relative

flow. Therefore,

p2 – p1 = (Dp)r = 
1

2
r (u2

2 – u2
1) + 

1

2
r (w2

1 – w2
2) (15.16)

The stagnation pressure rise through the stage can also be obtained by

the Euler’s equation for compressors (see Sec. 6.9.2).

(Dp0)st = 
1

2
r (u2

2 – u2
1) + 

1

2
r (w2

1 – w2
2) + 

1

2
r (c2

2 – c2
1) (15.17)

Substituting from Eq. (14.16),

(Dp0)st = (p2 – p1) + 
1

2
r (c2

2 – c2
1) = p02 – p01

(Dp0)st = (Dp)r + 
1

2
r (c2

2 – c2
1) (15.18)

15.2.3 Stage Pressure Coefficient

The stage pressure coefficient is defined by

yst = (Dp0)st

1

2
 ru2

2

From Eq.(15.15)

yst = 2
c

u
q2

2

 = 2 (1– f cot b2) (15.19)

Equation (15.11) when used in Eq. (15.19) gives

yst = 
2 2

2 2

tan

tan tan

b

a b+
(15.20)
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A rotor or impeller pressure coefficient is defined by

yr = (Dp) r

1

2
ru

2
2 (15.21)

15.2.4 Stage Reaction

By definition, the degree of reaction of the fan stage is

R = ( ) ( )D Dp pr st0

This can also be expressed in terms of the pressure coefficients for the

rotor and the stage.

R = yr /yst (15.22)

From the velocity triangle at the entry

w2
1 – u2

1 = c2
1

This when put in Eq. (15.16) gives

(Dp)r = 
1

2
 r (u2

2 – w2
2 + c2

1) (15.23)

Equation (15.6) when applied in Eq. (15.23) gives

(Dp)r = 
1

2
 r (u2

2 – w2
2 + c2

r2) (15.23a)

From the exit velocity triangle,

w2
2 – c2

r2 = (u2 – cq2)2

u2
2 – w2

2 + c2
r2 = u2

2 – (u2 – cq 2)2

u
2
2 – w

2
2 + c

2
r2 = 2u 2 cq 2 – c

2
q 2

This expression when put into Eq. (15.23a) gives

(Dp)r = 
1

2
 r (2u 2 cq 2 – c

2
q 2) (15.24)

Equations (15.15) and (15.24) give the degree of reaction as

R = 1 – 
1

2
2

2

c

u
q (15.25)

Equation (15.25) gives the degree of reaction for the three types of

impellers shown in Figs. 15.4, 15.5, and 15.7.

(a) Backward-swept blades (b2 < 90°)

For backward-swept blades cq 2 /u2 < 1

Therefore, the degree of reaction is always less than unity.

(b) Radial blades (b2 = 90°)

For radial-tipped blades cq 2 = u2. Therefore,

R = 1/2
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(c) Forward-swept blades (b2 > 90°)

For forward-swept blades cq2 > u2. This gives

R < 1/2

The combination of Eqs. (15.8) and (15.25) gives

R = 
1

2
 (1 + f cot b2) (15.26)

A useful relation between the degree of reaction and the stage pressure

coefficient can be obtained.

Equation (15.19) is

c

u
q2

2

= 
1

2
yst

This, in Eq. (15.25) gives

R = 1 – 
1

4
yst (15.27)

yst = 4 ( 1 – R) (15.28)

This shows that the stage pressure coefficient decreases with increase in

the degree of reaction.

15.2.5 Stage Efficiency

The actual work input to the stage is given by

wst = u2 cq 2

Here cq 2 is the actual value obtained in a real fan; this is less than the

Eulerian value. On account of stage losses (discussed in Chapter 12) the

isentropic work 
1

r
 (Dp0)st = v (Dp0)st is less than the actual work (u2 cq2).

Therefore, the fan stage efficiency is  defined by

hst = (Dp0)st /r u2 cq 2 (15.29)

•Ø  15.3 Design Parameters

Centrifugal fans and blowers, to a great extent, can be designed on the

same lines as a low pressure centrifugal compressor. In fan engineering,

even at the present time, many empirical and approximate relations are

used to determine the various parameters. Some important aspects are

discussed here briefly.

15.3.1 Impeller Size

As shown in the theoretical relations derived earlier, the peripheral speed

of the impeller with a given geometry is decided by the stage pressure
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rise. Therefore, for the desired value  of the peripheral speed (u2), there are

various combinations of the impeller diameters and the rotational speeds.

The impeller diameter and the width are also tied down to the flow rate.

On account of the much lower pressure rise in fans, their peripheral

speeds are much below the maximum permissible values. Fan speeds can

vary from 360 to 2940 rpm for ac motor drives at 50 c/s, though much

lower speeds have been used in some applications. With other drives,

considerably higher speeds can be obtained if desired.

The diameter ratio (d1/d2) of the impeller determines the length of the

blade passages: the smaller this ratio, the longer is the blade passage.

Eck542 gives the following value for the diameter ratio:

d1/d2 ª 1.2 f1/3
(15.30)

With a slight acceleration of the flow from the impeller eye to the blade

entry, the following relation for the blade width to diameter ratio is

recommended:

b1/d1 = 0.2 (15.31)

Impellers with backward-swept blades are narrower, i.e. b1/d1 < 0.2.

If the rate of diffusion in a parallel wall impeller is too high, it may

have to be made tapered towards the outer periphery.

15.3.2 Blade Shape

Straight or curved sheet metal blades or aerofoil-shaped blades have been

used in centrifugal fans and blowers. Sheet metal blades are circular arc-

shaped or of a different curve. They can either be welded or rivetted to the

impeller disc.

As mentioned before, the blade exit angles depend on whether they are

backward-swept, radial or for forward-swept.

The optimum blade angle at the entry is found to be about 35°.

15.3.3 Number of Blades

The number of blades in a centrifugal fan can vary from 2 to 64

depending on the application, type and size. Too few blades are unable to

fully impose their geometry on the flow, whereas too many of them

restrict the flow passage and lead to higher losses. Most efforts to

determine the optimum number of blades have resulted in only empirical

relations given below:

Eck542 has recommended the following relation:

z = 
85

1
2

1 2

. sin

/

b

- d d
(15.32)
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Pfleirderer has recommended:

z = 6.5 
d d

d d
2 1

2 1

+

-

F
HG

I
KJ

 sin 
1

2
 (b1 + b2) (15.33)

From data collected for a large number of centrifugal blowers,

Stepanoff601 suggests

z = 
1

3
b2 (15.34)

For smaller-sized blowers, the number of blades is lesser than this.

15.3.4 Diffusers and Volutes

Static pressure is recovered from the kinetic energy of the flow at the

impeller exit by diffusing the flow in a vaneless or vaned diffuser. The

spiral casing as a collector of flow from the impeller or the diffuser is an

essential part of the centrifugal blower.

The provision of a vaned diffuser in a blower can give a slightly higher

efficiency than a blower with only a volute casing. However, for a

majority of centrifugal fans and blowers, the higher cost and size that

result by employing a diffuser outweigh its advantages. Therefore, most

of the single stage centrifugal fan impellers discharge directly into the

volute casing. Some static pressure recovery can also occur in a volute

casing.

There is a small vaneless space between the impeller exit (Fig. 15.1)

and the volute base circle. The base circle diameter is 1.1 to 1.2 times the

impeller diameter. The volute width is 1.25 and 2.0 times the impeller

width at the exit.

Volutes  can be designed for constant pressure or constant average

velocity. The cross-section of the volute passage may be square,

reactangular, circular or trapezoidal. The fabrication of a rectangular

volute from sheet metal is simple; other shapes can be cast.

•Ø  15.4 Drum-type Fans

A drum or multi-vane type of a centrifugal fan is shown in Fig. 15.8. It

has a large number of short-chord forward-swept blades. The hub-tip ratio

of such an impeller is close to unity. On account of this, the inside

diameter can be kept large giving a large inlet flow area. Therefore, such

an impeller is suitable for relatively large flow rates.

Multi-vane type fans are also known as squirrel cage or Sirocco fans.

On account of the small radial depth of the blades, their number is large

to be effective. Their large axial length besides being suitable for higher
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flow rates gives aerodynamically a more efficient impeller. The noise level

of this type of fan is relatively low.

Figure 15.9 shows the three blade configurations which can be used in

the impeller. The flow is assumed to enter the blades radially in all the

cases, i.e. the swirl at entry is zero (cq1 = 0).

For backward-swept blades as shown, w1 ª w2 and u2 is only a little

larger than u1. Therefore, the swirl component cq 2 at the exit is small

giving only a small stage pressure rise

Dp0 = r u2 cq 2

In radial-tipped blades w2 = cr2. Owing to the geometry of the blade

passages, there is considerable deceleration of the flow (w2 < w1) over a

short passage length. This leads to flow separation and lower efficiency.

In forward-swept blades, impeller blades of almost equal entry and exit

angles (b1 ª b2) are used to avoid deceleration of the flow leading to
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Fig. 15.8 Drum-type centrifugal fan
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separation. Besides this these blades also provide a large value of cq2 giving

a large stagnation pressure rise through the stage. Therefore, the

drum-type centrifugal fan impellers employ only forward-swept blades.

The continuity equation at the entry and exit of the impeller gives

(p d1 – zt1) b1 cr1 = (p d2 – zt2) b2 cr2

The flow is almost incompressible. The thickness of the impeller blades

which are of thin sheet metal is negligible and the rotor width is constant

(b1 = b2 = b). Therefore,

c

c
r

r

1

2

= 
w

w
1 1

2 2

sin

sin

b

b
 = 

d

d
2

1

(15.35)

For w1 ª w2,

d

d
1

2

= 
sin

sin

b

b
2

1

(15.36)

The rotor blades are generally circular arcs with b1 + b2 = 90° Therefore,

sin b1 = sin (90 – b2) = cos b2 (15.37)

sin b2 = sin (90 – b1) = cos b1 (15.38)

Therefore, Eqs. (15.37) and (15.38) when put into Eq. (15.36) give

d

d
1

2

= tan b2 (15.39)

d

d
2

1

= tan b1 (15.40)

Now cr2 cot b2 = 
d

d
1

2

F
HG

I
KJ

 cr1 cot (90 – b1)

cr2 cot b2 = 
d

d
1

2

 cr1 tan b1

From the inlet velocity triangle

cr1 = u1 tan b1

Therefore,

cr2 cot b2 = 
d

d
1

2

 u1 tan2 b1 = 
d

d
1

2

2
F
HG

I
KJ

 u2 tan2 b1

Substituting from Eq. (15.40),

cr2 cot b2 = u2 (15.41)

From the outlet velocity triangle,

cq 2 = u2 + cr2 cot b2 = 2u2 (15.42)

Dp0 = r u2 cq2 = 2 r u
2
2 (15.43)
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Therefore,

yst = 
D p

u

0

2
21

2
r

 = 4 (15.44)

The static pressure rise across the impeller is

(Dp)r = 
1

2
r (w2

1 – w2
2) + 

1

2
r (u2

2 – u2
1)

(Dp)r = 
1

2
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(15.45)

Equations (15.43) and (15.45) give the degree of reaction

R = (Dp)r/(Dp)0

R = 
1

4
 1 1

2

2
2

-
F

HG
I

KJ
d

d
(15.46)

•Ø  15.5 Partial-flow Fans

The configuration of a centrifugal fan or blower is such that the area

available at the entrance is restricted on account of the inner diameter of

the impeller. The outer diameter is fixed due to the maximum permissible

peripheral speed and size requirements. Therefore, as pointed out ear-

lier, a conventional centrifugal fan or blower is unsuitable for large flow

rates.

15.5.1 Outward-flow Fans

Besides the disadvantage of low flow rates, the impeller width in many

centrifugal fans is too small. For a given flow rate a smaller impeller

width is obtained for a large diameter. Narrow impellers have relatively

higher aerodynamic losses. Therefore, to increase the impeller width for

achieving higher efficiency, a partial admission configuration is employ-

ed. This is done by allowing the flow to enter a wider impeller for only

a part of its periphery as shown in Fig. 15.10. Such a configuration has its

own disadvantages and associated losses, but an optimum combination of

impeller width and degree of admission can be found.
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Impeller

Blanking arc
(inactive sector)

Active sector

Fig. 15.10 Partial admission outward flow type radial blower

This scheme can prove very useful for a low flow rate and high

pressure applications where the width of the conventional centrifugal

impeller with full admission is only a few millimetres.

15.5.2 Cross-flow Fans562,575,585

Another method to overcome the problem of low flow rate centrifugal

blowers is to employ a cross-flow configuration. Such an arrangement

consists of a comparatively long impeller (generally of a relatively small

diameter) closed at the two ends. The air enters the outer periphery of the

impeller on one side and leaves at the other as shown in Figs. 15.11 and

15.12. The impeller housing constrains the air to flow normal to the shaft

axis. Thus the air traverses the impeller blades twice: in the first stage

(1–2) it crosses the impeller blade ring inwards and, in the second (3–4),

in the outward direction as shown in Fig. 15.11.

It has been shown that the optimum blade shape for such a fan is the

forward-swept type and the fan mainly develops a dynamic pressure, i.e.

it mainly accelerates the flow from its entry to its exit. The flow

decelerates in the first stage (1–2) and accelerates in the second (3–4).

Such a fan can develop high pressure coefficients at comparatively lower

efficiencies. Since the static pressure change in the impeller is negligible,

the degree of reaction is close to zero.

Since the air does not enter over the entire periphery of the impeller,

this fan is also of the partial-flow type. The cross-flow fan is also referred

to as a tangential fan because in principle it is neither of the axial or radial

type. The cross-flow and outward-flow types of partial-flow fans are

examples of turbomachines where the flow field is not axisymmetric.
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The design of the housing of such a fan is critical. Most efforts to

improve this fan have been in optimizing the configuration of the entry,

exit and housing. The role of the diffuser at the exit of this fan is very

important because its static efficiency is strongly dependent on this.

The cross-flow fan is only an improved version of the paddle wheel

which was employed for various applications. The cross-flow concept can

also be used with a drum-type fan impeller without the casing. The air

stream thus established can be used in a number of applications.

Casing

Impeller

Vortex core

Outlet

Intlet

1

2

3

4

Fig. 15.11 Cross-flow fan

Blades
Inlet

Casing

Impeller

Outlet

Fig. 15.12 Longitudinal view of a cross-flow fan
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The main advantage of the cross-flow fan in that there is practically no

restriction on its ability to handle high-flow rates. For a given impeller

diameter, the flow rate is proportional to its length. Smaller diameter

impellers can run at much higher speeds and also lead to space economy.

These fans have been manufactured in both small (d ª 5 cm) and large

(d ª 280 cm) sizes for a wide range of applications from domestic to

industrial. The rectangular duct-like outlet is convenient to accommo-

date electric heating elements, such as in hair driers and other hot-air

applications.

The flow is highly unsteady in a cross-flow fan on account of its

configuration. A vortex is established (as shown in Fig. 15.11) on the

inner periphery of the impeller near the exit. As a result of this, the flow

at the exit is concentrated towards the vortex. The exact size and position

of the vortex depend on the flow rate. The flow through the fan is largely

governed by this vortex. This causes a recirculation of the flow in the

vicinity of the fan exit which accounts for additional losses occurring in

this fan. The shape of the casing and its distance from the impeller

regulate the size and location of the vortex which in turn affects the fan

efficiency.

•Ø  15.6 Losses589

Losses occur in both the stationary as well as moving parts of the

centrifugal fan stage. The basic mechanism of these losses is the same as

discussed in Chapter 12 for centrifugal compressors.

By accounting for the stage losses, the actual performance of a fan or

blower can be predicted from that obtained theoretically.

The various losses are briefly described below.

(a) Impeller entry losses

These are due to the flow at the inlet nozzle or eye and its turning from

the axial to radial direction. Impeller blade losses due to friction and

separation on account of a change of incidence can also be included under

this head.

(b) Leakage loss

A clearance is required between the rotating periphery of the impeller and

the casing at the entry. This leads to the leakage of some air and

disturbance in the main flow field. Besides this, leakage also occurs

through the clearance between the fan shaft and the casing.

(c) Impeller losses

These losses arise from passage friction and separation. They depend on

the relative velocity, rate of diffusion and blade geometry.



658 Turbines, Compressors and Fans

(d) Diffuser and volute losses

Losses in the diffuser also occur due to friction and separation. At off-

design conditions, there are additional losses due to incidence.

The flow from the impeller or diffuser (if used) expands to a larger cross-

sectional area in the volute. This leads to losses due to eddy formation.

Further losses occur due to the volute passage friction and flow separation.

(e) Disc friction

This is due to the viscous drag on the back surface of the impeller disc.

•Ø  15.7 Fan Bearings

Fans and blowers employ simple journal bearings, ball bearings, roller

bearings and self-aligning bearings. The type of bearings used depends on

the fan power and speed. Bearing losses are small, sometimes negligible

compared to the stage aerodynamic losses.

A fan shaft is generally stepped to accommodate and facilitate the

assembly of the impeller and bearings. A small axial thrust can be taken

by a thrust collar or a collar type thrust bearing.

Journal bearings are ring-oiled. The forced lubrication system requires

an oil pump and an oil cooler which adds to the cost of the fan. The

bearings require cooling when their temperature is higher than 150°C.

Ball bearings and roller bearings employ various types of greases for

their lubrication. After suitably packing them with grease, these bearings

do not require frequent attention and work satisfactrorily for long periods.

The bearing life depends on the temperature of the environment and

the presence of moisture, dust and corrosive substances.

•Ø  15.8 Fan Drives

Direct coupled prime movers are ideal for most fan applications. Small

fan rotors are mounted on the extention of the prime mover’s shaft, but

large fan rotors have to be mounted on separate bearings. Shaft couplings

must preferably be of the flexible type to take care of misalignments.

Some fans and blowers are belt-driven. Multi V-belt drives are widely

used for large blowers. They are quiet and operate at low bearing

pressure. Single V-belt drives are used for small fans and blowers. This

can also be utilized as a variable speed facility by employing a variable

diameter pulley. In this arrangement the distance between the two halves

of the pulley is variable.

Fans and blowers can be driven by different types of electric motors

and steam and gas turbines. Turbine drives are ideal for variable speed

applications.
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Three-phase squirrel cage induction motors are widely used for con-

stant speed drive. Besides being cheap and rugged in construction, in the

absence of moving electrical contacts they are suitable for operation when

exposed to inflammable gas or dust. They maintain high efficiency and

have a starting torque one and a half times the full load torque. The speeds

of induction motors can be varied in a limited range by changing the

frequency.

Small induction motors, from a fraction of a kilowatt to 15 kW are

available in the single phase type. For constant speed applications, the

squirrel cage induction motor is preferable to a dc motor, but for variable

speed work, dc motors are superior to induction motors. Slip ring motors

are also used for variable speeds, but they are expensive and incur high

losses.

Hydraulic couplings are also used to obtain variable speeds of fans and

blowers. For small loads the variable speed can be obtained by employing

a magnetic coupling between the constant speed electric motor and the

fan.

•Ø  15.9 Fan Noise566,580

Noise is undesirable or unwanted sound. With a better understanding of

the effects of environment on the inhabitants of dwellings and factory

workers, noise has become an important subject in the design, installation

and operation of fans and blowers. Fans and blowers used in various

plants and machinery are major sources of factory noise. The prevention

of noise in ventilation systems is equally important.

In a well-balanced and properly installed fan, the mechanical noise

originating from bearings and vibration of various parts is not as

prominent as the aerodynamically generated noise. The latter is due to the

various flow phenomena occurring within the fan.

Noise in an open (extended turbomachine) fan rotor is generated due

to the rotating pressure field.

Blade wakes are unavoidable in turbomachines. Turbulence due to

wake formation contributes significantly to fan noise. As the degree of

turbulence increases with the flow velocity, a higher noise level is

generated at higher fan speeds. Fans with separated flows, specially at

off-design operation, generate more noise on account of a higher degree

of turbulence.

The main causes of aerodynamically generated noise are:

1. the flow at the entry and exit of the fan, i.e., suction and exhaust

noise,

2. rotation of blades through air or gas,
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3. passage of blades through wakes,

4. turbulence of air,

5. shedding of vortices from blades, and

6. separation, stalling and surging.

Some parameters on which the noise level radiated from a fan depends

are: fan aerodynamic performance, duct configurations at the entry and

exit, housing geometry, relative number of rotor and guide blades,

magnitudes of clearances, blade thicknesses and fan speed.

The frequencies and noise levels that occur in fans and blowers are of

the order of 65–8000 Hz and 60–120 dB. In comparison to these values,

the approximate noise levels in bedrooms and offices are 40 and 50 dB

respectively.

Some methods of reducing fan noise are:

1. operation of fans at their maximum efficiencies,

2. use of low speed and low pressure fans,

3. employment of uniform flow in ducts,

4. use of flexible fan mounting,

5. use of sound absorbing walls; ducts should also be lined by sound

absorbing material,

6. use of silencers at the suction and exhaust,

7. reinforcing fan casings,

8. use of a larger clearance between the volute tongue and the rotor

in centrifugal fans; the same applies to the clearance between the

rotor and guide blade rings, and

9. enclosing the fan in a sound absorbing casing; the internal surface

of the casing must be lined with a sound absorbing material.

•Ø  15.10 Dust Erosion of Fans

Minor erosion of fan parts due to the presence of dust is quite common.

However, in some applications, erosion of fan blades and casings due to

dust-laden air is very serious. This is one of the causes of failure of ID fans

in steam power stations.

Steam power stations cannot always burn the ideal quality of coal. Ash

contents are sometimes as high as 40 per cent. Besides this, the dust-

removing equipment may allow an appreciable quantity of solid particles

to escape into the ID fan. This happens particularly at low temperatures.

Thus the principle of “prevention is better than cure” cannot be practically

applied here.
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When dust particles directly hit the moving blades, they cause cracking

of the blades, whereas the flow of abrasive dust through the passages

causes scrapping action leading to surface erosion. Some aspects of dust

erosion are given below.

(a) The worn-out blade surfaces alter the geometry of the flow far

from the design. This is reflected in poor fan performance.

(b) If considerable erosion has occurred in highly stressed regions, the

affected part can suddenly fail after some time.

(c) The wear of the rotor due to dust erosion is not axisymmetric. This

leads to an imbalance of the rotor and increases the load on

bearings.

(d) The imbalance and the resulting vibration are further increased due

to the collection of dust in the pockets created by dust erosion.

Dust particles collect in the stalled regions of the fan where they erode

the surface by a milling action.

In view of the erosion problems, the selection of the right type of fan

is important. However, a fan which suffers least due to erosion may not

always be the best choice for a given application. Dust erosion has been

found to be inversely proportional to the pressure coefficient. Centrifugal

types have been generally found to run without serious dust erosion

problems five time longer than the axial type.

It has been found that erosion is more serious in axial type fans

compared to the centrifugal type. This is due to the geometrical con-

figuration and lower gas velocities in the centrifugal type.

Dust erosion can be minimized by:

1. employing a more efficient dust removing apparatus,

2. regulating fan speeds at part loads,

3. reducing stratification,

4. employing large and low speed fans, and

5. providing erosion shields on the blades.

Notation for Chapter 15

A Area of cross-section

b Blade length or impeller width

c Absolute fluid velocity

cp Specific heat at constant pressure

d, D Diameter

g Acceleration due to gravity
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h Enthalpy

Dh Change in enthalpy

H Head

&m Mass-flow rate

N Speed in rpm

p Pressure

Dp Pressure rise

P Power

Q Volume-flow rate

R Degree of reaction, gas constant

t Blade thickness, temperature

T Absolute temperature

u Tangential speed

v Specific volume

w Relative velocity or specific work

z Number of rotor blades

Greek symbols

a Direction of absolute velocity

b Direction of relative velocity

h Efficiency

r Fluid density

f Flow coefficient

y Pressure coefficient

w Rotational speed in rad/s

Subscripts

o Stagnation value, overall

1 Impeller entry

2 Impeller exit

f Fan

i Ideal, inlet

r Rotor or impeller, radial

st Stage

q Tangential

•Ø  Solved Examples

15.1 A centrifugal fan has the following data:

inner diameter of the impeller 18 cm
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outer diameter of the impeller 20 cm

speed 1450 rpm

The relative and absolute velocities respectively are

at entry 20 m/s, 21 m/s

at exit 17 m/s, 25 m/s

flow rate 0.5 kg/s

motor efficiency 78%

Determine:

(a) the stage pressure rise,

(b) degree of reaction, and

(c) the power required to drive the fan.

Take density of air as 1.25 kg/m3

Solution:

u1 = p d1 N/60 = 
p ¥ ¥018 1450

60

.
 = 13.66 m/s

u2 = p d2 N/60 = 
p ¥ ¥0 20 1450

60

.
 = 15.184 m/s

1

2
(u2

2 – u2
1) = 0.5 (15.1842 – 13.662) = 22.0 J/kg

1

2
(w2

1 – w2
2) = 0.5 (202 – 172) = 55.5 J/kg

1

2
(c

2
2 – c

2
1) = 0.5 (25

2
 – 21

2
) = 92.0 J/kg

The static pressure rise in the rotor is

(Dp)r = 
1

2
r (u2

2 – u2
1) + 

1

2
r (w2

1 – w2
2)

(Dp)r = 1.25 (22.0 + 55.5) = 96.875 N/m2

The total pressure rise across the stage is

(D p0)st = 
1

2
 r {(u2

2 – u2
1) + (w2

1 – w2
2) + (c2

2 – c2
1)}

(Dp)st = 1.25 (22.0 + 55.5 + 92.0) = 211.875 N/m2

(a) The stage pressure rise is

(Dp0)st = 211.875/9.81 = 21.59 mm W.G. (Ans.)

(b) The degree of reaction is

R = (Dp)r / (Dp0)st
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R = 96.875/211.875 = 0.457 (Ans.)

(c) The Eulerian work is equal to the stage work,

wst = 
1

2
(u

2
2 – u

2
1) + 

1

2
(w

2
1 – w

2
2) + 

1

2
(c

2
2 – c

2
1)

wst = 22.0 + 55.5 + 92.0 = 169.5 J/kg

Therefore, the motor power required to drive the fan is

P = &m wst /h

P = 0.5 ¥ 169.5/0.78 = 108.65 W (Ans.)

15.2 A centrifugal blower with a radial impeller produces a pressure

equivalent to 100 cm column of water. The pressure and

temperature at its entry are 0.98 bar and 310 K. The electric motor

driving the blower runs at 3000 rpm. The efficiencies of the fan

and drive are 82% and 88% respectively. The radial velocity

remains constant and has a value of 0.2u2. The velocity at the inlet

eye is 0.4u2.

If the blower handles 200 m3/min of air at the entry conditions,

determine:

(a) power required by the electric motor,

(b) impeller diameter,

(c) inner diameter of the blade ring,

(d) air angle at entry,

(e) impeller widths at entry and exit,

(f) number of impeller blades, and

(g) the specific speed.

Solution:

(a) Ideal power = Q Dp0/1000

Q = 200/60 = 3.333 m
3
/s

Pi = 
3333 1000 9 81

1000

. .¥ ¥
 = 32.699 kW

Actual power = 32.699/0.82 ¥ 0.88

P = 45.3 kW (Ans.)

r = 
p

RT
 = 

0 98 10

287 310

5. ¥

¥
 = 1.10 kg/m

3

(b) For a radial impeller,

Dp0/r h f = u2
2
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u
2
2 = 1000 ¥ 9.81/1.10 ¥ 0.82 = 10875.83

u2 = 104.28 m/s

p d2 N/60 = u2

d2 = 
104 28 60

3000

. ¥

¥p
 = 0.664 m

d2 = 66.4 cm (Ans.)

cr1 = cr2 = 0.2u2 = 0.2 ¥ 104.28 = 20.856 m/s

ci = 0.4u2 = 0.4 ¥ 104.28 = 41.71 m/s

p
4

2
di

F
H

I
K  ci = Q = 3.333 m3/s

d2
i = 3.333 ¥ 4/p ¥ 41.71 = 0.1017

di = 0.319 m = 31.9 cm

d1 = di = 31.9 cm (Ans.)

(d) u1 = u2 
d

d
1

2

F
HG

I
KJ

 = 
104 28 319

66 4

. .

.

¥
 = 50.1 m/s

tan b1 = 
c

u
r1

1

 = 
20856

501

.

.
 = 0.416

b1 = 22.6° (Ans.)

(e) cr1 (p d1 b1) = Q

b1 = Q/cr1 p d1

b1 = 
3 ¥

¥

.

. .

333 100

20856 0 319p
 = 15.95 cm (Ans.)

b2 = b1 d1/d2 = 
15 95 319

66 4

. .

.

¥
 = 7.66 cm (Ans.)

(f ) z = 
85

1
2

1 2

. sin

/

b

- d d
 = 

85

1 319 66 4

.

. / .-
 = 16.35

Therefore, the number of blades can be taken as seventeen, i.e.

z = 17 (Ans.)

(g) The head produced by the blower is

gH = u
2
2 = 10875.83 m

2
/s

2

w = 
2

60

p N
 = 

2 3000

60

p ¥
 = 314.16 rad/s
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The specific speed is

W = 
w Q

gH( ) /3 4

W = 
31416 3333

1087583 3 4

. .

( . ) /
 = 0.538 (Ans.)

•Ø  Questions and Problems

15.1 Describe briefly with the aid of illustrative sketches five applicat-

ions of centrifugal blowers.

15.2 What are the advantages and disadvantages of employing sheet

metal blades in centrifugal fans and blowers? Give three applicat-

ions where you would recommend their use.

15.3 How does dust erosion of centrifugal impellers occur? What is its

effect on the performance?

15.4 (a) Derive an expression for the degree of reaction of a centrifugal

fan or blower in terms of the flow coefficient and the impeller

blade exit angle. Show graphically the variation of the degree

of reaction with the exit blade angle.

(b) Show that yst = 4(1 – R)

15.5 Draw inlet and outlet velocity triangles for a general centrifugal

fan impeller. Show that the static pressure rise in the impeller and

the degree of reaction are given by

(Dp)r = 
1

2
 r (2 u2 cq2 – c2

q 2)

R = 1 – 
1

2
2

2

c

u
q

Hence, show that for an impeller with radial-tipped blades

(Dp)r = 
1

2
 r u2

2

R = 1/2

yst = 2

15.6 What are the various methods employed to drive centrifugal

blowers? State their merits. How is the impeller mounted in each

case?

15.7 (a) Draw inlet and outlet velocity triangles for a radial-tipped

blade impeller. Explain why the leading edges of such blades

point in the direction of motion?
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(b) Show that for a general centrifugal fan

yst = 
2

1 2 2+ tan /tana b

Hence show that

yst = 2(for radial-tipped blade impeller)

15.8 A centrifugal blower takes in 180 m3/min of air at p1 = 1.013 bar

and t1 = 43°C, and delivers it at 750 mm W.G. Taking the

efficiencies of the blower and drive as 80% and 82%, respectively,

determine the power required to drive the blower and the state of

air at exit.

Ans.: 32.66 kW; p2 = 1.094 bar; and T2 = 324 K

15.9 A backward-swept centrifugal fan develops a pressure of 75 mm

W.G. It has an impeller diameter of 89 cm and runs at 720 rpm.

The blade air angle at tip is 39° and the width of the impeller

10 cm.

Assuming a constant radial velocity of 9.15 m/s and density of 1.2

kg/m3, determine the fan efficiency, discharge, power required,

stage reaction and pressure coefficient.

(Ans.) h f = 82.16%; Q = 2.558 m3/s; P = 2.29 kW;

R = 66.8%; and yst = 1.328

15.10 A backward-swept (b2 = 30°, d2 = 46.6 cm) centrifugal fan is

required to deliver 3.82 m3/s (4.29 kg/s) of air at a total pressure

of 63 mm W.G. The flow coefficient at the impeller exit is 0.25 and

the power supplied to the impeller is 3 kW. Determine the fan

efficiency, pressure coefficient, degree of reaction and rotational

speed. Would you recommend a double entry configuration for this

fan?

(Ans.) h f = 78.7%; y = 1.136; R = 71.6%; N = 1440 rpm;

b2 = 29.7 cm; and yes.

15.11 A fan running at 1480 rpm takes in 6 m3/min of air at inlet

conditions of p1 = 950 mbar and t1 = 15°C. If the fan impeller

diameter is 40 cm and the blade tip air angle 20°, determine the total

pressure developed by the fan and the impeller width at exit. Take

the radial velocity at the exit as 0.2 times the impeller tip speed. State

the assumptions used.

Ans.: Dp0 = 50.76 mm W.G; and b2 = 1.28 cm.



Chapter 16

Wind Turbines

Wind is air in motion. Windmills or wind turbines convert the kinetic

energy of wind into useful work.

It is believed that the annual wind energy available on earth is about

13 ¥ 10
12

 kWh. This is equivalent to a total installed capacity of about 15

¥ 10
5
 MW or 1500 power stations each of 1000 MW capacity. While the

power that could be tapped out from the vast sea of wind may be

comparable with hydropower, it should be remembered that it is available

in a highly diluted form. Therefore, while dams are built to exploit and

regulate hydropower, there is no such parallel on the wind power

scene.628–653

Wind had been used as a source of power in sailing ships for many

centuries. The force that acted on ship’s sail was later employed to turn

a wheel like the water wheel which already existed. The wind-driven

wheel first appeared in Persia in the seventh century A.D. By tenth

century A.D., windmills were used for pumping water for irrigation and

by thirteenth century A.D. for corn grinding.

The corn grinding mill was a two-storey structure; the mill stone was

located in the upper storey and the lower storey consisted of a sail rotor.

It consisted of six or twelve fabric sails which rotated the mill by the

action of the wind. Shutters on the sails regulated the rotor speed. In 1592

A.D. the windmill was used to drive mechanical saws in Holland. A large

Dutch windmill of the eighteenth century with a 30.5 m sail span

developed about 7.5 kW at a wind velocity of 32 kmph.

The energy of flowing water and wind was the only natural source of

mechanical power before the advent of steam and internal combustion

engines. Therefore, windmills and watermills were the first prime movers

which were used to do small jobs, such as corn grinding and water

pumping. It is generally believed that the windmill made its appearance

much later than the watermill.

The watermills had to be located on the banks of streams. Therefore,

they suffered from the disadvantage of limited location. In this respect

windmills had greater freedom of location. If sufficient wind velocities

were available over reasonable periods, more important factors in

choosing a site for the windmill would be the transportation of corn for

grinding and the site for water pumping.
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In both wind and water turbine plants the working fluid and its energy

are freely available. Though there are no fuel costs involved, other

expenditures in harnessing these forms of energy are not negligible. The

capital cost of some wind power plants can be prohibitive. As in other

power plants, the cost per unit of energy generated decreases as the size

of the wind turbine increases.

Medium-sized (100-200 kW, d ~-  20 m) wind turbines are suitable for

electric power requirements of isolated areas in hills and small islands

where other sources of power may be non-existent or difficult to install

and operate. The use of some form of an energy storage system can take

care of the random nature of the wind energy.

Large wind power plants of capacities of a couple of megawatts can be

connected to the main network fed by thermal and hydrostations. In such

a system wind energy can be utilized for saving fuel and water.

Compared to other well-established sources of energy, the wind energy

at present appears to be insignificant as far as the contribution to the total

energy requirement is concerned. However, at a time when mankind is

facing an energy crisis, every source, however small, should be tapped.

•Ø  16.1 Elements of a Wind

Power Plant654–705

A windmill or turbine is an extended turbomachine (Sec. 1.8, Fig. 1.8)

operating at comparatively lower speeds. A wind turbine power plant

consists of, principally, the propeller or rotor, step-up gear, an electric

generator and the tail vane, all mounted on a tower or mast. The actual

design will depend upon the size of the plant and its application.

Various elements of a wind turbine power plant are described here

briefly.

Rotor

The shape, size and number of blades in a wind turbine rotor depend on

whether it is a horizontal or vertical axis machine. The number of blades

generally varies from two to twelve. A high speed rotor requires fewer

blades to extract the energy from the wind stream, whereas a slow

machine requires a relatively larger number of blades. Figures 16.1 to

16.3 show some types of rotors. Further details of the horizontal and

vertical axis machines are discussed in Secs. 16.5 and 16.6.

In horizontal axis machines two-bladed rotors are known to have

greater vibration problems compared to three blades. The blade design is

based on the same lines as for axial propeller fans described in Sec. 14.5.

In wind turbine rotors blades are subjected to high and alternating

stresses. Therefore, the blades must have sufficient strength and be light.
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Thus the strength-to-density ratio of the material used is an important

factor.

Wood is widely used for small high-speed machines. It has the required

strength-density ratio.

(a) Sail rotor (b) Multi-bladed rotor

Fig. 16.1 Horizontal axis windmills

Fig. 16.2 Propeller of a horizontal axis windmill

Fig. 16.3 Savonius rotors (vertical axis machines)
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Various metals and their alloys are also used. Small blades are cast.

Plastic materials are now also making inroads into the manufacture of

wind machines. They have high strength-density ratio, offer great ease in

manufacture and are also weather resistant.

Step-up gear

On account of the great difference in rotational speeds of the wind turbine

rotor (which is generally low) and the machine that it drives, a step-up

gear for obtaining the required high speed is generally employed between

the driving and driven shafts. This invariably takes the form of a gearing

arrangement consisting of one or more gear trains. The entire gearing

arrangement must have high efficiency and reliability coupled with light

weight.

Belts and chains have not been employed as widely as the gearing.

Speed-regulating mechanism

From aerodynamic considerations, it is desirable to operate a wind turbine

at a constant blade-to-wind speed ratio. However, in many applications a

mechanism to maintain the speed of the wind turbine constant at varying

wind velocities and loads is required.

A propeller type of pump and a hydraulic brake (water paddle for

producing hot water) are excellent speed governers themselves. Speed

regulation can be obtained for both fixed and variable pitch blades.

The mechanism for variable pitch blades is the same as that used in

Kaplan hydroturbines or aircraft propellers. The variable pitch mechanism

enables the rotor to operate most efficiently at varying wind velocities and

in feathering during gusts.

The centrifugal force acting on the blades at speeds higher than the

design is also employed to change the blade pitch. This can also be

achieved by a fly-ball governor.

Electric generator

Besides driving pumps and corn grinding mills, wind turbines are now

being increasingly used for driving electric generators or ‘aerogenerators’

as they are sometimes called. These aerogenerators are both direct and

alternating current machines and are available from a capacity of a few

watts to hundreds of kilowatts.

The direct current machines operate in a considerable speed range,

whereas the alternating current generator with constant frequency

requires constant speed.

For small isolated communities, some kind of energy storage is always

required. This is best met by dc generators feeding a battery of accu-

mulators during low load and high wind periods.
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To minimize weight, aerogenerators must operate at high speeds which

depend on the type of the wind turbine (blade-to-wind speed ratio) and the

weight of the step-up gear.

When the speed of the wind turbine is low, multi-pole sychronous

alternators are used. But the large number of poles increases the weight

of the aerogenerators. However, such a machine is acceptable if it

eliminates the speed-up gear by using higher blade-to-wind speed

ratios.

When an alternator is directly coupled to an ac network, its speed is

nearly constant. Such a generator can be designed for sufficient overload

capacity to absorb the wind energy available at high wind velocities.

Orientation mechanism

A horizontal axis wind turbine requires a mechanism which turns the

rotor into the wind stream. The working of the vertical axis machines does

not depend on the wind direction and, therefore, an orientation

mechanism is not required.

In primitive windmills the rotor was turned manually into the wind

direction by a pole hanging from the tail. Modern wind turbines have

sophisticated automatic mechanisms to obtain the orientation as and when

required.

The simplest and most widely used method to orient small windmills

in the wind direction is by employing a wind vane.

Another method is to employ an automatic direction finding and

orienting mechanism. This is relatively faster.

A fan-tail whose axis of rotation is normal to the axis of the main rotor

is also employed to turn the windmill into the wind stream. The cross

wind drives the auxiliary rotor which in turn rotates the windmill into the

wind through reduction gears. This is a slow mechanism.

Tower

All windmills have to be mounted on a stand or a tower above the ground

level. Tower heights of over 250 m have been employed for obtaining

high wind velocities and mounting large wind turbine rotors. Increasing

the tower height, besides increasing the capital cost, also increases the

maintenance cost. Therefore, the gain in the power output due to high

wind velocity at a given altitude must be accurately estimated to justify

the high costs. Economic and vibration problems are major factors in the

design of towers for large wind turbines.

An angle iron tower of a four-sided pyramidal shape is commonly used.

A similar structure constructed from metal pipings is also used. Towers

have also been constructed from wood, brick and concrete.
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•ØØØØØ  16.2 Available Energy

The magnitude of the available energy in a wind stream during time T can

be expressed by

E = K c

T

3

0

z dt (16.1)

The factor K depends on the density of air, and efficiency and size of

the wind turbine; c is the instantaneous wind velocity.

A simple expression for power that can be generated in a wind stream

of constant velocity c  is written here.

The mass-flow rate in a wind stream passing through a wind turbine of

swept area A is

&m = r A c (16.2)

The mean wind velocity assumed constant here for a period of time T,

is given by

c = 
1

0
T

c dt

T

z (16.3)

The kinetic energy in the wind stream is 1
2

2
c  per unit flow rate.

However, only a fraction of this quantity will be absorbed by a wind

machine. Betz657 of Gottingen has shown (Sec. 16.5) that the maximum

energy that can be recovered from the wind is

16

27

1

2
2

c
F
H

I
K = 0.593

1

2
2

c
F
H

I
K

Therefore, the maximum power that a wind turbine can develop is

Pmax = 0.593 
1

2
2

&m c
F
H

I
K (16.4)

Substituting from Eq. (16.2),

Pmax = 0.593 
1

2
3r A c

F
H

I
K (16.5a)

Assuming r = 1.23 kg/m3 and expressing the power in kilowatts.

Pmax = 0.000364 A c 3 kW (16.5b)

The above expression is an overestimate because of ignoring the

efficiency factor. Therefore, assuming h = 0.65, this expression is

modified to

P = 0.000237 A c 3 kW (16.5c)
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Writing this in terms of the propeller diameter

A = 
p

4
 d2

P = 0.000186 d
2 c 3

 kW (16.5d)

Table 16.1 gives the values of power developed by propellers of various

diameters at wind velocities from 10 to 50 kmph. It may be seen that the

power increases more rapidly with an increase in the wind velocity than

with the propeller size.

Table 16.1 Typical values of the power developed by various wind

turbines at different wind velocities

(r = 1.23 kg/m
3
, h = 0.65)

Propeller Power in kW for wind velocities of

diameter 10 kmph 20 kmph 30 kmph 40 kmph 50 kmph

m (2.78 m/s) (5.56 m/s) (8.34 m/s) (11.12 m/s) (13.9 m/s)

1 0.00355 0.0319 0.108 0.255 0.499

2 0.016 0.128 0.432 1.023 1.997

3 0.035 0.287 0.970 2.300 4.494

4 0.062 0.511 1.725 4.090 7.989

5 0.096 0.799 2.695 6.391 12.483

10 0.399 3.197 10.790 25.576 49.95

20 1.598 12.788 43.160 102.305 199.815

30 3.596 28.773 97.11 230.185 449.584

40 6.394 51.153 172.64 409.22 799.26

50 9.990 79.926 269.75 639.41 1249

100 39.96 319.70 1.079 MW 2.557 MW 4.996 MW

A wind power plant has the maximum efficiency at its rated (design)

wind velocity. However, on account of fluctuations in the wind, the

efficiency will suffer.

The rated wind velocity is the lowest velocity at which the turbine

develops its full power.

The minimum wind velocity below which a wind turbine would not

produce useful output can be taken as 8 kmph (2.22 m/s). At the other end

of the scale, wind power plants are uneconomic for wind velocities

greater than 56 kmph (15.57 m/s).

Though it is difficult to prescribe the optimum propeller size for a wind

turbine, it appears that the present-day technology favours diameters from

20 to 30 m. The largest size is around 100 m.
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•Ø  16.3 Wind Energy Data

One of the major difficulties in exploiting wind energy is the inability

to predict, even roughly, the characteristics of both the wind and the

turbine in advance. This is on account of the wide variations with time

during the year, location and the type of wind turbine employed. The

picture is not so unpredictable with other sources of energy, including the

hydro and the solar.

It would be uneconomical to install a wind power plant at a given site

until encouraging wind energy data are available for it. Both long and

short range records on wind behaviour (variation of velocity and direction

with time, gust frequencies, velocities, durations, etc.) are required to

justify the selection of a given site.

Data on wind energy can be collected and presented in numerous ways,

all of which cannot be described here. There is no limit, even in the

selection of stations, for wind energy surveys.

Elaborate and sophisticated wind-measuring instruments are required

for generating data for the selection of a site and the design of a wind

power plant. Tall masts have been used for this purpose at various

prospective wind-measuring stations. Since wind power is proportional to

the cube of the wind velocity, the power output of a wind turbine

increases rapidly with its height above the ground. However, the cost of

wind power plants and their maintenance also increase with height.

Figure 16.4 shows a typical curve depicting the variation of wind

velocity with altitude. Buildings and trees cause a reduction in the wind

velocity at lower altitudes. Velocity profiles at hill tops are governed by

many other factors. Hill sites, specially near the sea-front, experience

higher wind velocities. Isolated hills with steep and smooth slopes are

ideal sites.

Very useful and basic information is obtained from records of the

hourly wind velocity. Figure 16.5 shows the fluctuations of the diurnal

mean wind velocity. Such curves for a given site can be plotted for

various months as well as for the entire year.

The mean wind velocity is obtained from the total run (distance) of

the wind during each hour. Wind velocity and power duration curves

(Fig. 16.6) are also drawn from the knowledge of mean wind velocity

profiles with time.

Figure 16.7 shows the variation of the annual specific output with the

mean wind velocity for two wind power plants of rated mean speeds of 20

and 25 kmph. The plant corresponding to the lower value in this case runs

for a longer time during the year giving a higher value of the annual

specific output.
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Statistically, wind energy data does not vary significantly from year to

year. The general characteristics of the wind at some proposed sites must

be studied. Then a site with the most favourable characteristics is chosen

in view of other factors discussed in the next section.
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Besides the aforementioned factors, wind direction at a given site is

also important. The ‘prevailing wind’ is the wind that blows more

commonly in one direction than in other directions. The duration of the

prevailing wind is estimated between 15 and 20 hours. Some sites

experience winds consistently in one direction. Therefore, the wind

machines installed at these sites need not have an orientation mechanism,

leading to considerable simplification and economy.

The effect of direction on wind energy is best depicted by wind roses.

Figure 16.8 shows a wind rose in which the lengths of the radial arms in

various directions can represent:

(i) percentages of time during which the wind blows in various

directions; sometimes the velocity range for which the percentage

duration is plotted is specified, or

(ii) total run of wind in kilometres as percentages in various

directions, or

(iii) wind energy in kWh/m
2
.

N

S

Fig. 16.8 Wind rose for wind duration, total run between speci-fied

velocities of wind energy in kWh/m2

Diurnal, monthly and annual wind roses for a given site can provide

useful information for wind energy utilization.
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Gusts

A knowledge of the maximum gust velocities at the prospective wind

power sites is also required to design the structures for maximum thrust.

A wind with five times the design velocity can be regarded as a gust.

Maximum wind velocities of 240 kmph have been recorded. Some

examples of gusts are given below:

Allahabad 159 kmph (44 m/s)

Godavari bridge 43.6 m/s

Juhu (Bombay) 45 m/s

St. Ann’s Head, Pembrokshire 48.93 m/s

All wind machines must be provided with “feathering” arrangements

which must stop them at wind velocities (furling velocities) likely to

damage them.

Calm

Similarly, periods of calm also effect the entire wind energy system

including the storage system. The wind velocity (cut in velocity) at which

no useful output from the wind machine is obtained on account of low

wind energy may be regarded as 8 kmph, as stated before. Periods when

the wind velocities are less than 5 kmph may be regarded as “calm

periods”.

•Ø  16.4 Selection of Site

Some important requirements for the site of a prospective wind power

plant must be satisfied. A number of questions in this regard are answered

by the analysis of the wind energy data collected over a long enough

period.

Some of the major considerations for the selection of a site for a wind

power plant are:

1. High value of the mean wind velocity.

2. Nature of surroundings: proximity of tall buildings, rocks and

forests retard the wind.

3. Altitude and distance from the sea.

4. Topography.

5. Distance from the site of application, electrical load or main

supply network.

6. Accessibility by rail or road; ease in construction of service road.

7. Quality of land for huge foundations.

8. Availability of local labour and building materials.
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9. Possibility of installing a number of windmills in the same area. A

minimum distance of eight diameters of the propeller is required

downwind before the next windmill. A cluster of windmills leads

to economical transmission of power and transportation of

material, and maintenance.

10. Icing problems.

•Ø  16.5 Horizontal Axis Wind Turbines

There is considerable similarity between the flow patterns of a propeller

fan (Sec. 14.5, Fig. 14.15) and a horizontal axis wind turbine (Figs. 16.2,

16.9). The fan propeller imparts energy to the flow, whereas the wind

turbine rotor absorbs energy from the wind.

In the slip stream theory the windmill rotor is considered equivalent to

a disc of negligible thickness. The wind velocities far upwind and down-

wind of the disc are cu and cd. As the wind stream approaches the disc, its

velocity continuously decreases accompanied by a static pressure rise.

The presence of the wind turbine rotor disc develops a back pressure

upwind of the disc as shown in Fig. 16.9. This causes a small pressure

drop through the propeller.

The pressure and velocity variations in the region of flow near the

propeller disc are shown in the figure. The pressure and velocity variat-

ions upwind and downwind of the disc are governed by the Bernoulli

equation.

Expressions for the power developed and the thrust are derived here

with the same assumptions as stated in Sec. 14.5.1 for propeller fans.

Power developed

The velocities at the disc and immediately upwind and downwind are the

same.

c = c1 = c2 (16.6)

The area of cross-section of the disc is

A = 
p

4
 d 2

and the mass flow rate through it is

&m = r A c (16.7)

The axial thrust on the disc due to change of momentum of the wind

through it is

Fx = &m (cu – cd) = r A c (cu – cd) (16.8)
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From the Bernoulli equation, we have for flows upwind and downwind

of the disc:

pa + 
1

2
 r c2

u = p1 + 
1

2
 r c2 (16.9)

pa + 
1

2
 r c2

d = p2 + 
1

2
 r c2 (16.10)

p1 – p2 = 
1

2
 r (c

2
u – c

2
d) (16.11)

The axial thrust due to the static pressure difference across the disc is

Fx = A (p1 – p2)

Substituting from Eq. (16.11)

Fx = 
1

2
 r A (c2

u – c2
d) (16.12)

Comparing Eqs. (16.8) and (16.12)

c = 
1

2
 (cu + cd ) (16.13)

cu

cu

pa

cd

cd
hod

Fx

p1

p1

p2

c1

p2

c2hou

Upwind Downwind

Pressure

Velocity
c c c= =1 2

Windmill
propeller

Fig. 16.9 Flow through a windmill propeller disc
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The change in the specific stagnation enthalpy across the rotor disc is

Dh0 = h0u – h0d = h cu u+F
H

I
K

1

2
2  – h cd d+F

H
I
K

1

2
2

However, hu = hd. Therefore,

Dh0 = 
1

2
 (c2

u – c
2
d ) (16.14)

The power absorbed (or developed) by the windmill propeller is given by

Power = mass flow rate ¥ change in specific stagnation enthalpy.

Equations (16.7) and (16.14) give

Pi = &m Dh0

Pi = 
1

2
 r Ac (c

2
u – c

2
d ) (16.15)

Substituting from Eq. (16.13)

Pi = 
1

4
 r A (cu + cd ) (c2

u – c2
d )

Pi = 
1

4
 r A (cu + cd)

2 (cu – cd)

Let x = 
c

c
d

u

Pi = 
1

4
 r A c3

u (1 + x)2 (1 – x) (16.16)

For given values of r, A and cu, the ideal value of the power developed

is a function of the ratio x. Thus an optimum value of x can be determined.

∂
∂ x

{(1 + x)
2
 (1 – x)} = 0

3x2 + 2x – 1 = 0

(x + 1) (3x – 1) = 0 (16.17)

This yields two values of x of which the valid value is

x = 
c

c
d

u

 = 
1

3
(16.18)

Equation (16.18), when put into Eq. (16.13), gives

c = 
2

3
 cu (16.19)

Substituting from Eq. (16.18) in Eq. (16.16) and simplifying

Pi = 
8

27
 r A c3

u = 
16

27

1

2
3r A cu

F
H

I
K (16.20)
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This is the ideal or maximum power, ignoring the aerodynamic and

mechanical losses in the wind turbine stage. The power of the upwind

stream is

Pu = 
1

2
 r A c3

u (16.21)

Thus a power coefficient for the windmill can be defined by

CPmax = 
P

P
i

u

 = 
16

27
 = 0.593 (16.22)

The actual power coefficient will be much lower than this value on

account of losses.

Axial thrust

In the design and construction of large windmills, the axial thrust is also

an important quantity. Massive structures and foundations are required for

windmills subjected to a high axial thrust.

Equation (16.8) for axial thrust is

Fx = r A c (cu – cd)

Substituting from Eq. (16.13)

Fx = 
1

2
 r A c

2
u (1 + x) (1 – x) (16.23)

For maximum power (x = 1/3)

Fx = 
4

9
 r A c

2
u (16.24)

The thrust exerted during gusts will be much higher than this value.

Therefore, the structural design is based on the maximum gust speed

expected at a given site.

Efficiency

Horizontal axis windmills have propeller blades of considerable length

with varying blade section along the length. Thus the best way to consider

the power output and efficiency of such machines is to write down

expressions for an infinitesimal section of the blade at a given radius,

where the peripheral speed is u = w r.

Figure 16.10 shows the flow of wind through a blade element of a

propeller shown in Fig. 16.2. The wind approaches the blade element

axially at a velocity c. The relative velocity w is the vector difference of

c and u and makes an angle f with the axial direction.

The forces acting on the blade element are also shown in the figure.

The resultant of lift and drag forces is Fr; the axial and tangential

components of this resultant force are Fx and Fy.
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The velocity triangle gives the blade-to-wind velocity ratio as

s = 
u

c
 = tan f (16.25)

The lift and drag forces are defined by

L = CL 
1

2
 r A w

2

D = CD 
1

2
 r A w2

The lift and drag coefficients for a given element depend on the

incidence, blade geometry and the Reynolds number.

By resolving forces in the axial and tangential directions

Fx = L cos (90 – f) + D cos f = L sin f + D cos f (16.26)

Fy = L cos f – D cos (90 – f) = L cos f – D sin f (16.27)

The efficiency of the blade element is the ratio of the rate of work done

on the blade and the energy input rate.

h = 
F u

F c

y

x

L

Fr

Fx

Fy

w

c

u

f

f

D

f

Fig. 16.10 Flow through a blade element of a windmill propeller
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Substituting from Eqs. (16.25), (16.26) and (16.27)

h = 
L D

L D

cos sin

sin cos

f f

f f

-

+
 tan f

h = 
1

1

-

+

D

L
D

L

tan

cot

f

f
(16.28a)

h = 

1

1

-

+

C

C

C

C

D

L

D

L

tan

cot

f

f

(16.28b)

h = 

1

1
1

-

+

C

C

C

C

D

L

D

L

s

s

(16.28c)

Equation (16.28c) shows that the efficiency of the blade element

depends on the lift-to-drag ratio and the blade-to-wind velocity ratio. The

efficiency approaches unity when the lift-to-drag ratio is infinitely large.

Efficiency suffers at very low and high values of the ratio s = u/c.

Thus, in practice, there is an optimum value (sopt) for every windmill as

shown in Fig. (16.11). For a constant speed machine, this ratio can be
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Fig. 16.11 Variation of wind turbine efficiency with blade-to-wind

velocity ratio (typical curves)
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maintained only at the rated mean wind velocity. However, the windmill

will have to operate away from sopt at different wind velocities.

On account of a relatively very large swept area, the propeller type

windmill captures a large quantity of wind energy. Besides this, it operates

at higher speeds requiring a lighter step-up gear, has a higher efficiency

and a higher power coefficient. The ability to vary the blade pitch when

required is also a special advantage.

Horizontal axis windmills in small sizes can also be designed on the lines

of a cross-flow fan (Sec. 15.5.2; Fig. 15.11) and paddle wheel. However,

such machines have very poor efficiency and are mechanically unsuitable.

•Ø  16.6 Vertical Axis Wind Turbines

Wind machines which generate power from the wind energy through a

vertical axis rotor form a separate class of machines. Panemones,

savonius rotors, cup anemometers and Darrieus turbines fall into this

category.

Unlike horizontal axis machines, they do not need orientation mecha-

nism. The torque generating surfaces move in the direction of the wind.

Therefore, the blade speeds are always less than that of the wind. Thus

the speeds of the vertical axis wind turbines are much lower compared to

the horizontal axis type. Another limitation of this type is the movement

of blades against the wind during half the revolution. Thus the rotor

blades have to do work on the wind leading to a considerable reduction

in the power output. This can be improved by providing a blanking arc as

shown in Fig. 16.12.

For large power the rotor has to be very tall which is difficult to protect

from the enormous wind pressures during gusts. Therefore, vertical axis

turbines are suitable for relatively low power requirements.

Panemone

Figure 16.12 shows the action of wind on a panemone. Since the wind and

the blades are moving in the same direction, the relative velocity of the

wind is

w = c – u

Therefore, the tangential force acting on the blades is given by

Fy = CF 
1

2
 r A w2 = CF 

1

2
 r A (c – u)2 (16.29)

CF is a coefficient which depends on the type of blades, size of the

machine, etc.

The power developed is

P = Fy u = CF 
1

2
 r A (c – u)2 u
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P = CF 
1

2
 r A c3 (1 – s)2 s (16.30)

u

c

Blades

Wind
Blanking

arc

Fig. 16.12 Power generation by a vertical axis wind turbine

(panemone)

The optimum value (for maximum power) of the blade-to-wind

velocity ratio can be determined.

∂

∂s

P
 = CF 

1

2
 r A c3 

∂
∂s

 (s – 2 s 2 + s 3 ) = 0

(1 – s) (1 – 3s) = 0

This gives an optimum value of

sopt = 
1

3
(16.31)

The other value (s = 1) is not possible.

The maximum power from Eqs. (16.31) and (16.30) is obtained as

Pmax = 
4

27
 CF 

1

2
 r A c3 (16.32)

The rate of energy input to the machine is

E = CF 
1

2
 r A w2 c

E = CF 
1

2
 r A c3 (1 – s )2 (16.33)

Its value at the optimum blade-to-wind velocity ratio is

Emax = 
4

9
 CF 

1

2
 r A c3 (16.34)
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Thus for the machine considered here the maximum power coefficient is

CPmax = 
1

3
 = 0.333 (16.35)

This compared to Eq. (16.22) demonstrates the limitation of such a

machine.

This is a very elementary analysis with simplifying assumptions.

However, it demonstrates a marked departure from the one given for

propeller type windmills in Sec. 16.5.

Cross-flow Turbine

Cross-flow vertical axis wind turbines have also been designed and built

on the lines of Banki Hydro Turbine (Fig. 18.22). The flow of wind

through the rotor occurs in two stages. First the wind flows inwards

through the rotor blades. The bulk of the total turbine work is done here.

The outward flow in the second stage is similar to the flow in the

Fourneyron hydro turbine (Fig. 18.21); however, this flow is highly complex

and is very difficult to define. Therefore, the entry velocity triangle for this

phase can only describe the flow with several approximations. The

contribution of this flow to the turbine work is too small.

Examples 18.33 and 18.47 provide some idea of the magnitudes of work

and efficiency.

It should be noted that such a turbine works in the “partial admission

mode”. Therefore, it suffers from additional losses as explained in Sec. 9.10.

•Ø 16.7 Wind Power Applications

In the past wind power was first used widely for corn grinding and water

pumping. Then windmills were used to drive sawmills and oil extraction

plants. Now wind energy is being used for a large number of other

applications in areas where either electric supply is not available or fuel

supplies are scarce.

A wind-driven ac generator of sufficiently large size is used to feed the

main supply lines. In this application the main problem is to usefully

utilize wind energy at variable velocities. Therefore, to overcome this

limitation, windmills can be used to drive dc generators which generate

electric power at varying voltages corresponding to the fluctuating wind

velocity. This power can then be used for heating, electrolysis of water,

battery charging, etc. Charged batteries and stored hydrogen and oxygen

can then be used to supply energy as and when required.

Hydrogen can also be used for the manufacture of hydrochloric acid

and methane gas.
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Wind energy has been utilized for storing compressed air. The com-

pressed air is used either to drive an electric generator through an air

turbine or for aeration and other industrial applications.

Other applications of wind energy, specially in rural areas, are in heating

of water and rural products, refrigeration and drying of agricultural

products.

The success of wind power utilization schemes depend on suitable

applications, energy storing methods and the overall costs involved.

Specifications of some wind machines are given in Appendix D.

•Ø  16.8 Advantages and Disadvantages

Some of the main advantages and disadvantages of the wind turbine power

plants are given in this section.

16.8.1 Advantages

(a) Wind turbines provide pollution free power.

(b) There is no fuel cost.

(c) Absence of transportation of fuel, its storage and handling makes

the power plant very simple.

(d) Wind energy is inexhaustible.

(e) It is easy and quick to install.

(f) It is ideal for small power requirements in isolated places where

other sources are absent.

(g) Wind turbines can be manufactured from a wide variety of easily

available materials.

(h) Wind turbine units can be produced in large numbers in a short time.

(i) Option of wind turbines on a large scale can save fossil fuels in

thermal power plants.

16.8.2 Disadvantages

(a) Wind energy is intermittent. Therefore, turbines cannot function

continuously for a large part of the year.

(b) Their plant load factor is too low.

(c) Wind energy is too thinly distributed. Therefore, wind turbines are

unsuitable for bulk power generation.

(d) A large number of wind turbines (wind mills) requires large areas

of land and disturbs the environment.

(e) Capital cost of wind turbines is high.
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(f) On account of low rotational speeds a step up gear is required for

driving the electric generator.

(g) On account of widely varying wind velocity the design and

operation of a constant speed wind turbine requires complicated

mechanism.

Notation for Chapter 16

A Area

c Wind velocity

C Coefficients

d Diameter

D Drag

E Energy

F Force

h Enthalpy

k Constant

K Constant

L Lift

&m Mass-flow rate

p Pressure

P Power

t Time

T Total time

u Tangential speed

w Relative velocity

x Downwind-to-upwind velocity ratio

Greek Symbols

h Efficiency

r Density of air

s Blade-to-wind velocity ratio

f Angle shown in Fig. 16.10

w Angular speed

Subscripts

o Stagnation value

1 Immediately upstream/upwind

2 Immediately downstream/downwind

a Atmospheric

d Downwind



Wind Turbines 691

D Drag

F Force

i Ideal

L Lift

max Maximum

opt Optimum

P Power

r Resultant

u Upwind

x Axial

y Tangential

•Ø  Solved Examples

16.1 (a) Determine the propeller diameter of a windmill designed to

drive an aerogenerator (h = 0 ◊95) of 100 kW output at a rated

wind velocity of 48 kmph. Assume the mechanical and

aerodynamic efficiencies of 0.90 and 0.75 respectively. Take

the density of air as 1.125 kg/m
3

(b) Determine the wind velocity through the propeller disc, gauge

pressures just before and after the disc, and the axial thrust

corresponding to maximum power.

Solution:

(a) cu = 48 kmph = 13.34 m/s

P = 100 = 0.593 ¥ 0.7 ¥ 0.9 ¥ 0.95 
1

2
3r A cu

F
H

I
K  ¥ 10–3

1

2
r A c3

u = 281.76 ¥ 103

Substituting the values of density and velocity

1

2
 ¥ 1.125 (13.34)

3
 A = 281.76 ¥ 10

3

A = 
p

4
d2 = 211.00 m2

d = 16.39 m (Ans.)

(b) For maximum power, the wind velocity through the propeller

disc

c = 
2

3
 cu = 

2

3
 ¥ 13.34 = 8.90 m/s (Ans.)
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p1 – pa = 
5

8
 r c2 = 

5

8
 ¥ 1.125 ¥ 8.902

p1 – pa = 55.69 N/m2 = 5.68 mm W.G. (Ans.)

p2 – pa = – 
3

8
 r c2 = – 

3

8
 ¥ 1.125 ¥ 8.902

p2 – pa = – 33.417 N/m2 = 3.406 mm W.G.

(below atmospheric) (Ans.)

Fx = (p1 – p2) A

Fx = (55.69 + 33.417) ¥ 211.0 ¥ 10–3

Fx = 18.80 kN (Ans.)

•Ø  Questions and Problems

16.1 Explain briefly the meanings of the following terms:

(i) Annual mean wind velocity

(ii) Rated wind velocity

(iii) Feathering

(iv) Cut in speed

(v) Furling speed

(vi) Velocity duration curve

(vii) Power duration curve.

16.2 What is a wind rose? Draw typical roses for the wind duration, total

wind run and annual wind energy. What useful information is

obtained from such roses?

16.3 (a) Draw sketches of horizontal and vertical axis wind turbines

showing their main components. Explain their principle of

working.

(b) State the advantages and disadvantages of the horizontal and

vertical axis wind turbines.

16.4 (a) Show the variation of wind velocity and pressure in the flow

field upwind and downwind of a windmill propeller.

(b) Prove that for maximum power:

(i) cu = 
3

2
 c = 3 cd

(ii) Pmax = r A c3

(iii) Fx = r A c2
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16.5 (a) Show the lift, drag, axial and tangential forces acting on the

blade element of a windmill propeller. If the drag-to-lift ratio is

k, show that the efficiency is given by

h = 
1

1

-

+

k

k

s

s/

Where s = blade-to-wind velocity ratio

(b) Assuming k = 0.01 (constant), compute the values of

efficiency for s between 0.1 and 5, and plot a graph between

h and s.

16.6 (a) How is wind energy converted into ac electrical energy at

constant and variable frequencies? How is this energy stored

during low load and high wind periods? Describe three

methods.

(b) What are the advantages of a dc aerogenerator over an ac type?

16.7 Describe six applications of wind energy in isolated areas far from

main supply lines of fuel and power.

16.8 Show that for a vertical axis panemone type wind turbine:

(a) CP = s

(b) CPmax = sopt. = 
1

3

(c) Pmax = 
4

27
 CP 

1

2
3r Ac

F
H

I
K

State the assumptions used.

16.9 A windmill with 10 m diameter propeller is designed for a rated

wind velocity of 30 kmph (8.34 m/s). If its output is 10 kW,

determine:

(a) overall efficiency,

(b) wind velocity through the propeller disc, and

(c) axial thrust

Assume maximum power coefficient and take air density as 1.23

kg/m3.

(Ans.) (a) 60.3%

(b) 5.56 m/s

(c) 2.986 kN

16.10 Draw the sketch of a vertical axis cross-flow wind turbine. Show

velocity triangles for the inward and outward flow of wind through

the rotor.



Chapter IU

Solar Turbine Plants

e
 Solar thermal power plant works on solar energy received from

solar radiation through collectors. The radiant energy from the sun is

captured by solar collectors and transmitted as heat energy to a suitable

working fluid such as steam, freon or helium. The energy of the working

fluid in turn is converted into shaft work by the solar turbine employing

one of the closed power cycles-Rankine or Brayton. A solar turbine (in

short for solar thermal turbine power plant) employs Rankine cycle in the

lower temperature range and Brayton cycle in the higher temperature range.

Earth receives 1.783 ´ 10IR kJ of solar energy per second; the energy

received per square meter is 1.353 kJ/s. This varies with the distance

between the sun and earth at different times of the year and the local

weather. Sunshine is available for long hours during the year in tropical

countries in Africa and South east Asia. India has great potential of

employing solar thermal power plants for generation of electric power.

Many countries have developed solar power plants in a wide range of

output from a few kilowatts to tens of megawatts. Major contraints in the

development of these plants have been the size of the solar collectors

required, space and high capital costs.

Another significant factor which militates against the solar power plants

is the intermittent nature of solar energy. It is dependent on the weather

conditions. Large and expensive solar power plants become non-operative

during nights and cloudy weather. Therefore, these plant have a low load

factor. In view of the aforementioned technological and economic as-

pects, solar power plants are not likely to make a significant contribution

to the bulk power supply scenario at present. However, small contributions

can ease pressure on the scarce fossil fuels�coal, gas and oil.

Solar power plants can be found attractive in remote areas such as

islands and deserts where sunshine and large areas of land for solar

collectors are abundantly available. Large solar plants of one megawatt

capacity and above with energy storage devices can also be considered as

one of the alternatives when other power plants are not available.

Now solar turbine power plants of one megawatt (and above) capacity

are working in several countries such as France, Germany, Japan and the

United States.
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In this chapter the role of the turbine as a prime mover for generation

of electricity from solar radiation is discussed. The focus is on the turbine

power plant and its integration in the total system.

Only the minimum details of the collector-receiver system, storage

devices and heat exchanger are included. Electric power generation

through solar cells and piston engines (Stirling cycle) has not been

included here.

•Ø  17.1 Elements of a Solar Power Plant

A schematic block diagram of the basic components of a solar thermal

power plant is shown in Fig. 17.1. The solar energy flow and losses are

also depicted from the input point of solar energy to the electric power

output at the generator terminals.

Collector

.85h ª

Receiver

.80h ª

Storage

.85h ª

Heat
exchanger

Solar turbine
power plant

.30h ª

Gen.

.95h ª

B
A

L L

C

L

D

L L
L

Solar
energy Electricity

Fig. 17.1 Energy and fluid flow in a solar turbine power plant

The collector receives solar energy (radiation) and transmits it to the

receiver; here the heat (solar energy) received from the collector or

collectors is absorbed in a primary fluid or coolant. The thermal energy

from the receiver is transferred to the heat exchanger through the primary

fluid. Heat is transferred from the primary fluid to the working fluid in the

heat exhanger. The working fluid produces mechanical work in an energy

conversion device (piston engine or a turbine). The engine or turbine

work is employed to drive the electric generator as shown in the figure.

A heat exchanger is not required if the primary fluid (coolant) is same as

the working fluid. In this case the working fluid flows directly to the

power plant through path A.

In some solar thermal power plants an energy storage device is

employed between the receiver and the turbine. This stores a part of the

heat energy coming from the receiver. Working fluid flows through path

B when no storage is employed. Path C represents the return of the fluid

from storage device to the receiver for heating. Similarly the working

fluid/coolant returns to the receiver through path D from the power plant



696 Turbines, Compressors and Fans

after doing work. Other return paths between various components for

different arrangements have not been shown in the figure.

The stored heat energy is used to run the turbine in the absence of solar

radiation during cloudy weather or nights. However, inclusion of the

storage device adds to the capital cost and losses.

A solar turbine plant with an integral collector receiver system employ-

ing single fluid would be the cheapest and most efficient proposition.

17.1.1 Rankine Cycle Power Plant

A solar turbine power plant working on Rankine cycle is shown in

Fig. 17.2 (a). The corresponding T-s diagram is shown in Fig. 17.2 (b). It

operates with a flat-plate collector; here the receiver is an integral part of

the collector. A circulating pump circulates water (coolant or primary

fluid) through the tubes of the collector-receiver system. In this type of a

fixed direction collector the temperature of the fluid in the receiver cannot

be very high. Water can be heated to about 100°C (or slightly above). There-

fore, an organic fluid with lower boiling point at a higher pressure is chosen

to drive the turbine. The organic gas or vapour (freons, toluene, isobutane

etc.) receives heat in the heat exhanger from the circulating hot water.

~

GeneratorTurbine

S
ol

ar
 e

ne
rg

y

Flat-plate
collector

Pump Heat
exchanger

Feed
pump

12

Primary
fluid

Working
fluid

Condenser

4

3

Fig. 17.2 (a) A simple solar turbine power plant (Rankine cycle)

Various thermodynamic processes occurring in this plant are shown in

Fig. 17.2 (b). The feed pump raises the pressure of the working fluid from

the condenser pressure (p1 = p4) to the turbine inlet pressure (p2 = p3).

Heat from the primary fluid is supplied to the working fluid during the

processes 2-a, a-b and b-3. Process 3-4 represents expansion of the gas or

vapour through the turbine. The low pressure vapour is condensed to the

liquid state in the process 4-1.
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a b

Heat exchanger
or reciever

Solar
turbine

3

4
Condenser

Feed pump

1

2

S

T

Fig. 17.2 (b) Rankine cycle for a simple solar turbine power plant

Other details of the Rankine cycle are given in chapter four on steam

turbine plants.

17.1.2 Brayton Cycle Power Plants

Figure 17.3 (a) shows a closed cycle gas turbine plant working on Brayton

cycle. Here the working fluid (air, helium etc.) is the same as primary fluid;

it receives heat from the receiver and expands through the gas turbine. The

Receiver

Solar
radiation
from the

collectors

3 Turbine Compressor Generator

Cooler

Regenerator
a

b

4 2
1

Fig. 17.3 (a) Brayton cycle solar gas turbine power plant
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low pressure exhaust is returned to the receiver at the required high

pressure through the regenerator and cooler.

The T-s diagram (Fig. 17.3b) depicts the aforementioned thermody-

namic processes in the Brayton cycle. Other details of the cycle are given

in Chapter 3 on gas turbine plants.

1

Cooler

Compressor

Regenerator

Solar
turbine

Receiver

2 a

b 4

3

S

T

Fig. 17.3 (b) Brayton cycle for a solar gas turbine power plant

The working fluid (gas) is compressed (1-2) in the compressor for

developing the pressure ratio required in the turbine. The compressed gas

at pressure p2 = p3 is heated (2-3) to the required temperature in the

receiver. The high temperature and pressure gas expands (3-4) in the solar

gas turbine which drives the electric generator. The exhaust gas passes

through a regenerator and a cooler before entering the compressor.

•Ø  17.2 Solar Collectors

Any surface which receives solar radiation and transmits it to a receiver

or absorber is a collector of solar energy. Its purpose is to capture solar

radiation flux and transmit it to the receiver for heating a fluid. Different

types of mirrors, lenses, bank of tubes and the surface of water in a pond

are examples of solar collectors; they all collect solar energy through

radiation.
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There are several types of solar collectors. They can be classified on the

basis of maximum temperature obtainable in the receiver. Thus solar

collectors fall in three categories of low, medium and high temperatures;

they are described briefly in the following sections with a focus on power

generation. Classification on the basis of other criteria is not included in

this chapter.

17.2.1 Low Temperature Collectors

A flat-plate collector (Fig. 17.2a) is an example of a low temperature

collector. Here solar radiation is received by a bank of tubes mounted on

a black metallic absorber plate. Besides insulation for minimising heat

conduction losses, the collector tray is provided with a transparent cover

of glass sheet or other material; this reduces the heat loss from the hot

collector tubes. Water or some other suitable liquid is circulated through

the collector tubes for absorbing solar energy as heat. The energy in the

hot water (at about tmax = 100°C) can be used for heating or power

generation (Sec. 17.1.1) in small units.

In these collectors large surfaces for collecting both direct and diffuse

radiation can be obtained without employing any suntracking mechanism.

A flat-plate collector receives uniform solar radiation flux over its surface.

It is easy to assemble such collectors from comparatively cheaper

materials. They require very little maintenance.

Energy losses in these collectors are mainly due to heat losses by

conduction, convection and radiation. On account of large surface area,

these losses are much higher compared to the concentrating types of

collectors. Losses in flat-plate collectors are a significant proportion of the

energy received by solar radiation.

The surface of water in a solar pond is also a low temperature

collector. Power plants where the working fluid is heated by low

temperature solar collectors suffer from very low overall efficiencies on

account of the low temperature at which heat is supplied.

17.2.2 Medium Temperature Collectors

For absorbing heat at higher temperatures, solar radiation is directed on

the receiver by concentrating or focusing devices such as reflecting

mirrors and lenses. These concentrators are either fixed or movable.

Figure 17.4 shows a parabolic mirror concentrator with the receiver at its

focal point. The performance of a collector – receiver system depends,

besides other factors, on the concentration ratio (CR). This is defined by

CR = 
Aperture area of the concentrator

Receiver surface area
 = 

A

A
c

r

(17.1)
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Aperture and receiver areas are shown in Fig. 17.4. Higher values of

concentration ratio can be obtained by employing large apertures and

small receivers within practical limits. Receiver temperature increases

with concentration ratio as shown in Fig. 17.5. Therefore, higher

temperatures of the coolant or working fluid can be obtained in a solar

power plant by employing higher values of concentration ratio. Very high

Receiver

Solar radiation

Ac

Ar

Collector
(concentrating type)

Fig. 17.4 Concentrating type collector-receiver system

10000
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Concentration ratio, CR

°C
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c
e
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r
te

m
p

ra
tu

re

Fig. 17.5 Typical variation of receiver temperature with

concentration ratio
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values of concentration ratio can be obtained by employing several

concentrators for a single receiver.

Optical efficiency of a solar collector can be defined by

h0 = 
Heat energy received by the receiver

Incident radiation on the collector
 = 

Q

Q
r

c

(17.2)

Qc = Ic Ac (17.3)

h0 = 
Q

I A
r

c c◊
(17.4)

Qr = h0 Ic. Ac (17.5)

The useful heat collected or delivered to the coolant in the receiver is

Qu = Qr – losses = Qr – L (17.6)

The losses can be expressed through a coefficient U based on the

receiver are Ar.

L = U. Ar (Tr. – Ta) (17.7)

Equations (17.5), (17.7) in (17.6) give

Qu = h0 ◊Ic ◊ Ac – UAr (Tr – Ta) (17.8)

The collector efficiency is defined by

hc = 
Useful heat received by the coolant

Incident radiation on the collector
 = 

Q

Q
u

c

hc = 
Q

I A
u

c c◊
(17.9)

Equations (17.1), (17.8) and (17.9) give

hc = h0 – 
1

1
CR

UT

I

T

T
a

c

r

a

F
HG

I
KJ

-
F
HG

I
KJ

(17.10)

h c = f (CR, TR) (17.11)

The receiver temperature (or the temperature ratio, TR) increases with

the concentration ratio as shown in Fig. 17.5. Higher values of the work-

ing fluid temperature yield higher thermal efficiency of the power plant.

However, collector efficiency decreases with temperature ratio.

Figure 17.6 depicts typical variation of collector efficiency for three

values of the concentration ratio.

Concentrators which give receiver temperatures between 300 °C and

400 °C come under the category of medium temperature collectors. Some

of them are lenses and mirrors, parabolic troughs and tubular collectors.

A compound parabolic concentrator (CPC) is shown in Fig. 17.7. The

reflecting inner walls of the funnel-shaped collector are parabolic in

shape. The receiver is placed at (or near) the bottom of the collector. The
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Fig. 17.6 Variation of collector efficiency with temperature ratio
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Fig. 17.7 A Compound parabolic concentrator (CPC)

incident radiation entering the aperture is directed on to the receiver surface

by the reflecting surfaces. Reflection of some rays is shown in the figure.
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The ratio of height and aperture along with other geometrical parameters

determine the values of concentration ratio (1.5–10) and the performance

of these collectors.

Fresnel lenses and mirrors are also used for obtaining medium tempe-

ratures of the coolant or the working fluid. A Fresnel lens (Fig. 17.8) is

made up of several prisms each focusing the solar radiation on the

receiver located at the focal point. A single large convex lens is also

shown in the figure for comparison. Concentration ratio up to about 25

can be obtained for medium temperature applications.

Solar radiation

Receiver

Fresnel
lens

Convex
lens

Fig. 17.8 A Fresnel lens

A Fresnel mirror is shown in Fig. 17.9; it is formed by arranging an

array of plane mirror strips in a concave or plane configuration. Each strip

reflects the solar radiation towards the receiver; the strips can be fixed or

movable. High values of concentration ratio (CR = 50) are obtained by

employing a large number mirror strips.

Figure 17.10 shows a parabolic trough collector (PTC). This is a linear

focusing device. The trough has a parabolic cross-section. Solar radiation

is focussed on a line by the parabolic reflecting surface. Maximum value

of the concentration ratio is about 50.

The receiver is located at the focal axis of the reflector/concentrator.

For increasing the coolant temperature the receiver tube in jacketed by a

concentric transparent cover; this reduces the heat losses from the

receiver. The coolant temperature can be further raised by evacuating the

space between the receiver tube and the jacket.

Several PTCs with sun tracking device can be used for large power

plants employing medium temperatures of the working fluid.



704 Turbines, Compressors and Fans

Higher values of the coolant temperature can be obtained by increasing

the concentration ratio and reducing the heat losses from the receiver. The

tubular collector-receiver system shown in Fig. 17.11 is based on this

concept. The concentric receiver tube is surrounded by a transparent

casing. The lower concave surface of the annular passage acts as a

reflecting surface for the inner receiver tube. Thus the coolant receives

heat by the direct radiation flux incident upon the receiver surface as well

as from the reflection by the lower concave surface which provides a

concentration ratio of about 1.5. The heat losses from the coolant are

considerably reduced by maintaining a high degree of vacuum in the

annular space between the receiver tube and the transparent casing.

17.2.3 High Temperature Collectors

These are concentrating collectors which can produce receiver temperat-

ures above 350°C. They require accurate sun tracking by employing large

number of heliostats. The concentration ratio is very high (greater than

50). Central receiver systems employing a large number of heliostats have

high values of concentration ratio (50-300) and temperature. They are

most suitable for power generation.

Other devices for obtaining high values of concentration ratio and fluid

temperatures are Fresnel lenses and mirrors, and parabolic and spherical

Mirror strips

Receiver

Solar radiation

Fig. 17.9 A Fresnel reflector
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Fig. 17.10 Parabolic trough collector
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Fig. 17.11 A tubular collector-receiver
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reflectors. Concentration ratio up to 3000 can be obtained with these

devices. Tubular collector—receiver systems employing high vacuum in

the space between the receiver and the casing can provide high fluid

temperatures (400-700°C) in steam and gas turbine power plants.

17.2.4 Heliostats

On account of the changing position of the sun every day during the year,

the solar radiation can neither be collected nor directed on to the receiver

properly in a fixed collector-receiver system. In a central receiver system

(CRS), several collectors focus the solar radiation flux on a large receiver

as shown in Figs. 17.12 and 17.14. This requires that all the collectors

spread over a large area (known as heliostat field) are continuously

oriented towards the sun during the sunlight hours. A collector (and its

steering system mounted on a stand or a tower) which continuously tracks

the sun is called a heliostat. Such a collector captures the maximum

possible solar radiation flux and transmits it to the receiver. This is shown

in Fig. 17.12. The concentration ratio obtained by employing n heliostats

focussing on a single area of the receiver is theoretically increased n

times; this can give very high values of the receiver/coolant temperature.

However, it should be remembered that the number of hiliostats operating

at a given time is lesser than the total number installed for a receiver. With

the increasing number of heliostats, the distance between some heliostats

and the receiver is increased; along with this, the height of the receiver

tower and the area of the heliostat field also increase. The supporting

Reflected

beam

Solar
radiation

Steerable
mirror

Tower

Coolant tubes

External
receiver

Fig. 17.12 A heliostat and an external receiver
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structures of the reciever and heliostats increase the capital cost of solar

turbine power plants.

The position of the individual heliostat in the field, besides other

factors, depends on the geographical location of the place where they are

employed. Optimisation of the layout geometry of a large number of

heliostats aims at transmitting maximum heat to the receiver from the

solar radiation incident upon the collectors. This requires minimum

possible shadowing and blocking; the loss of energy due to scatter and

absorption increases with the distance in the space between the heliostats

and the receiver. The cost of the heliostat system and its operation and

maintenance is a large proportion of the total cost of the power plant.

The steering system of a heliostat orients the concentrators/collectors

frequently (say every fifteen minutes) according to the changing altitude

angle of the sun; one or two axes drive is employed to achieve this.

Besides collection and transmission of the radiation flux, the heliostats

are also required to move to different modes and positions in emergency,

bad weather and non-sunshine hours. Precise control of the heliostats has

a significant effect on the overall efficiency of a solar power plant. A

small inaccuracy in the orientation of the holiostat can cause the reflected

beam to miss the target at the receiver by a large amount leading to

increased energy loss. Therefore, precision electronic, hydraulic and

electro-mechanical control systems are employed. Accurate sun tracking

can be achieved by computer control.

•Ø  17.3 Solar Receivers

The receiver absorbs heat from the solar radiation flux transmitted by the

collector or collectors. The coolant or the primary fluid can be heated in

the receiver to high temperatures at moderate or high pressures. The

desired values of temperature and pressure of the working fluid (vapour

or gas) are obtained in the heat exchanger as explained in Section 17.1.

The primary fluid (coolant) can be chosen for its better thermodynamic

and heat transport properties. Some fluids which are frequently used as

coolants in different temperature ranges are oil, water and molten metals.

Majority of receivers for solar turbine power plants are located on high

stands or towers for receiving radiation flux optimally from the collectors.

Therefore, efforts are made to make the receivers and their supporting

structures light and economical. This is achieved by employing coolants,

which absorb heat at high temperatures and economically lower

pressures. The heavier heat exchangers for higher pressures of the

working fluid can be kept on the ground or the turbine floor. The relative

positions of these components should take into account the pressure

losses in the connecting pipes and their cost.
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Heat can be absorbed in the receivers directly by the working fluid

(steam, air, organic vapours, etc.). This would require the receiver

pressure vessels, tubes, etc. to be designed for the working pressure of the

turbine. For higher operating pressures the receiver will be very heavy

and unwieldy. If steam is directly generated in the receiver, it would have

to accommodate the feed water, evaporation and superheating sections.

Air, helium or organic vapours/gases employed as working fluids in

solar gas turbine power plants can also be directly heated in the receiver

at the desired pressure.

In some solar turbine plants the receiver is an integral part of the

collector. Solar ponds and flat-plate collectors are such examples.

Majority of receivers are fixed and receive heat energy from movable

or stationary collectors. However, it is sometimes more convenient to

employ movable receivers with stationary collectors.

Three types of receivers will be described here briefly;

(a) External receivers,

(b) Cavity receivers and

(c) Tubular receivers.

17.3.1 External Receivers

In this type of receiver the tubes carrying the primary fluid (coolant) or

the working fluid are provided on the external surface of the vertical body

of the receiver as shown in Fig. 17.12; its cross-section in the horizontal

plane may be polygonal or circular. The concentrators transmit the solar

radiation flux on to the receiver surface. The coolant tubes on the receiver

surface correspond to the water and steam tubes in the boiler of the

conventional steam power plant. However, in this case the heat is supplied

by the solar radiation flux instead of the hot gases.

On account of the configuration of the external receivers large arrays

of heliostats around them can be employed to transmit solar radiation flux

on the coolant tubes. Thus the tube-banks around the entire periphery of

the receiver can receive heat energy. On account of the large number

(several hundred in some cases) of concentrators their distance from the

receiver is large; this requires the receiver to be placed at comparatively

greater height above ground.

Since the coolant tubes are mounted on the external surface the overall

size of the receiver is smaller compared to the other types. Its weight is

also small which requires only lighter and cheaper structures for

supporting it.

Major energy losses in receivers are on account of (a) heat losses

due to conduction, convection and radiation (b) reflection and (c) spillage of
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radiation flux coming from the concentrators. Losses in external receiver

are higher on account of large exposed surface area.

On account of large number of concentrators employed the con-

centration ratio is very high (CRmax = 1000); this can provide fluid

temperatures of the order of 500°C. Higher receiver temperatures lead to

higher losses and lower collector and receiver efficiencies.

17.3.2 Cavity Receivers

Here solar energy is supplied to the coolant tubes, which are mounted on

the inside surface of a large enclosure or a cavity. The radiation flux enters

the cavity through one or more apertures as shown in Fig. 17.13;

concentrators mounted on steerable heliostats transmit the radiation flux on

to the surface of the coolant tubes through the receiver aperatures. Internal

reflection of the radiation flux inside the cavity transports the heat energy

to other sections of the tube bank where the radiation beam does not reach

directly from the apertures.

Receiver
apertures

Solar radiation

Insulated casing

Tube banks

Fig. 17.13 A cavity type of solar radiation receiver

Since a large number of coolants tubes have to be accommodated inside

the cavity, the overall size of a cavity type of receiver is com-paratively

large for a given size of the heat transfer surface. This results in a heavier

receiver requiring stronger and more expensive tower.

Unlike the external type of receivers, here the concentrators can trans-

mit the solar flux to the cavity through only a few apertures. Therefore,
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a large number of heliostats cannot be employed all around the receiver.

Some receivers employ a large size circular aperture at the bottom. In this

case, the heliostats are arranged in a circular field and various sections of

the coolant tubes receive radiation flux over large areas. If the heliostats

are provided for only one (or more) aperture, it can be inclined towards

them for receiving the radiation flux more efficiently. The geometry of the

cavity and apertures for a given heat transfer area requires optimization.

Because of the comparatively smaller surface area in the cavity and its

geometrical configuration, heat losses are less compared to the external

type. Therefore, much higher values of concentration ratio and receiver

temperature can be employed. Overall receiver efficiencies of more than

80 per cent have been achieved.

17.3.3 Tubular Receivers

A tubular receiver consists of a row of coaxial tubes as shown in Fig. 17.11.

The outer tube is made of a transparent material which receives solar

radiation. Coolant or the working fluid enters the inner tube and leaves

from the annular space between the two tubes. The lower portion of the

inside surface of the outer tube acts as a concentrator providing con-

centration values of about 1.5. Heat losses from the coaxial tube are kept

considerably lower by enclosing it in a transparent concentric casing and

maintaining a high vacuum in the intervening annular space as shown in

the figure. Heat losses are further reduced by providing proper insulation

and covering the tube-bank by a transparent sheet. This arrangement of a

collector-receiver system can give fluid temperatures up to 200°C.

However, much higher temperatures can be obtained if separate con-

centrators are employed to transmit solar flux to this type of receiver.

Several version of this concept have been employed to operate solar

power plants.

17.3.4 Central Receiver System (CRS)

In this system a large number of solar collectors transmit the radiation

flux to a single large size receiver for heating the coolant (or the working

fluid). The high temperature coolant is then employed to supply thermal

energy to the power plant through heat exchanger and the storage (if any);

this is shown in Fig. 17.14. If the working fluid is directly heated in the

receiver, a heat exchanger is not required. Both external and cavity types

of receiver can be used in this method.

Large solar thermal power plants employ a central receiver system; this

gives all the advantages of a large size boiler in terms of efficiency and

economy. Power plants with CRS are known to be comparatively cheaper.
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However, this system requires large areas of land to accommodate several

concentrators/heliostats. The height of the receiver tower is also large and

requires strong supporting structures and foundations.

17.3.5 Distributed Receiver System (DRS)

In this system several collector-receiver modules are employed to collect

solar energy in the coolant. It is then collected at a single station for

transferring its heat energy to the working fluid of the power plant.

Fig. 17.15 shows a block diagram of energy and fluid flow in such a

system. The three collectors (C1, C2 and C3) transmit solar radiation flux

to their respective receivers (R1, R2 and R3) where the coolant (or the

working fluid) is heated separately. The high temperature coolant is then

collected from these receivers and supplied to the heat exchanger where

it transfers its heat energy to the working fluid. This is depicted by the

Circuit A. Circuit B is employed when the coolant is also used as the

working fluid. Other flow schemes can also be adopted with or without

storage. Flow circuits corresponding to all possible flow schemes have

not been shown and discussed here.

Various types of concentrators and receivers are employed in the

individual modules of the distributed receiver system. For instance, linear,

dish and compound parabolic collectors have been used in various power

plants employing DRS.

A distributed system can also employ solar ponds and flat plate

collector-receiver system for heating the working fluid in the lower

temperature sections of the power plant.

S
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water
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Fig. 17.14 Solar thermal power plant with a central receiver
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This system (DRS) can also employ several totally independent power

plants with their own collector-receiver systems. In this case the generator

output is small. These generators can feed their outputs to a common grid.

However, gathering heat energy from several receivers and using it in one

single large power plant is more common on account of its higher thermal

efficiency. The long network of connecting pipes causes pressure and heat

losses, which increase with the number of collector-receiver modules.

This limits the use of a very large number of such modules and hence the

output from such a system.

Some advantages of DRS are

1. Collector size is comparatively small.

2. Receiver height is small.

3. Distance between the collector and receiver is small

4. On account of relatively small size of the collector-receiver system

wind loads are not a serious problem.

5. Land requirements are also relatively less.

6. Installation of this system takes comparatively much shorter time.

Electricity is available with the installation of the first module of

the DRS.

Turbine power
plant

Heat
exchanger

Storage

R2

C2

R3

C3

R1

C1

S  o  l  a  r      r  a  d  i  a  t  i  o  n

A

B

B

A

Fig. 17.15 Energy and fluid flow in a distributed receiver system
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•Ø  17.4 Solar Energy Storage

Solar radiation is not always available during the day. The total number of

sunshine hours depends on the geographical location of the solar power

plant, time of the year and local climate. Because of the intermittent

nature of the solar energy, it becomes necessary to store it during sunny

periods simultaneously with the generation of mechanical/electrical

power. The stored energy is used for power generation when solar

radiation is not available during night and the cloudy periods of the day.

Storage of solar energy for a solar thermal power plant is similar to the

storage of excess water (at high head) during high discharge periods of

the river in a hydro-electric power station.

A storage system for thermal energy is an essential part of a solar

thermal power plant. This requires the receiver to capture much more

energy from the solar collectors than required by the prime mover. The

excess energy in the receiver is stored for running the power plant when

solar radiation is not available. The size of the storage system depends on

various factors such as the type of storage, temperatures of the coolant

and the working fluid, power output and the maximum duration the power

plant is required to operate without solar radiation. Some methods of stor-

ing thermal energy for the operation of thermal power plants are based on:

(a) sensible heat of solids,

(b) sensible heat of liquids,

(c) latent heat of fusion and

(d) the combination of the aforementioned phenomena.

Some important factors for employing a particular system of solar

energy storage are:

(i) Physical and chemical properties of the storage medium used,

(ii) Energy density, i.e. heat energy stored per cubic meter of the

storage space,

(iii) Space required,

(iv) Capital cost,

(v) Safety aspects, and

(vi) The pattern of load variation.

Energy storage for a solar thermal power plant requires huge capital

investment, space and additional operating cost. The addition of energy

storage element requires larger collectors and receivers. In view of this, it is

necessary to evaluate the economics and operation of an alternate

conventional power plant for periods when the solar power plant does not

operate.
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Some energy storage systems for solar power plants are briefly

described in the following sections.

17.4.1 Sensible Heat Storage in Solids

In this system a portion of the heat energy of the coolant from the receiver

is absorbed in a solid medium (rock, metal blocks, glass pieces, etc.)

enclosed in a large space (tank). It is suitable for medium and high

temperatures up to 600 °C. Heat can be supplied to the working fluid

in both Rankine and Brayton cycle power plants during non-sunshine

hours.

Large spaces in rock formations and disused mines can be profitably

used for this purpose. Loss of stored energy through heat transfer from the

enclosing walls and the top and bottom surfaces should not be too high.

Figure 17.16 shows a sensible heat storage system. During the charging

process, the high temperature fluid from the receiver heats the solid

packing material in the storage tank. Thus a certain amount of heat energy

is stored in the tank as sensible heat of the solid medium. The amount of

energy stored depends on the mass of the solid material (medium), its

specific heat and the alowable temperature rise.

Qst = ms◊Cs (Dt)s kJ (17.12)

Coolant from
the receiver
(charging)

Coolant to
the receiver

Working fluid
from the

power plant

Cavern
or

tank

Discharging

Coolant Working
fluid

Solid packing material
(storage medium)

Fig. 17.16 Sensible heat storage in solids

The total mass (ms) of the storage medium contained in the space of

volume Vs depends on the density.

ms = rs Vs
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Therefore, the energy density in storage medium is given by

Q

V
st

s

= rs◊Cs (DT )s kJ/m3 (17.13)

Thus, for a given space volume heat energy stored is proportional to the

density, specific heat and the temperature rise of the packing material.

Heat transfer during charging and discharging processes of the storage

depends on the surface area (As) available. This suggests that the storage

should be designed for large area to volume ratio (As / Vs).

The working fluid in the Rankine cycle power plant has to pass

through tubes buried in the storage packing material whereas the working

gas in the Brayton cycle plant can extract heat directly from the packed

material. While selecting the packing material for storage it should be

ensured that it will not melt or degenerate at the operating temperature of

the storage.

17.4.2 Sensible Heat Storage in Liquids

Some liquids, such as water and oil, can also be used for storing heat

energy as sensible heat. If the heat is stored below the boiling point of the

storage medium at the ambient pressure, the container or tank is not

subjected to a pressure differential. However, this can be used for heat

storage only at comparatively lower temperatures.

For higher temperatures (above 100 °C), water has to be pressurized

(p = 2 bar for t = 120 °C, and p = 4.8 bar for t = 150 °C) in the storage

tank. Alternatively, other liquid media can be used; some of them are

given here with their boiling points:

Sodium 750 °C

Hitec 540 °C

Therminol 343 °C

Oils 250 – 300 °C

The arrangement employed for liquid media is almost the same as

shown in Fig. 17.16. Different combinations of tanks and pumps are

employed in this storage system operating between the receiver and the

turbine power plant.

A combination of solid and liquid media can also be employed for

sensible heat storage.

Figure 17.17 depicts the use of a storage device for a gas turbine plant.

During normal operation of the plant, a fraction of the coolant is used for

charging the storage medium by partially opening the valves 3 and 4.

During non-solar hours valves 1 and 2 are closed while 3 and 4 are opened;

the coolant or the working fluid receives heat entirely from the storage
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medium. The same scheme is employed for running steam turbines as

shown in Fig. 17.18. Pumps used for the coolant and the working fluid

through the storage have not been shown in the figures.

ST G

Receiver Storage
2 3

Coolant

Coolant

1 4

Working fluid

Heat
exchanger

(evaporator)

FP

Fig. 17.18 Solar steam turbine power plant with storage device

17.4.3 Latent Heat Storage

In this system the heat storage medium (say a solid such as Lithium

compounds and binary salts of Sodium) melts on receiving heat from the

receiver through the coolant. Thus heat energy is stored in the medium at

constant temperature (melting point of the medium) in the form of latent

heat of fusion. This requires high values of latent heat of fusion, melting

point and conductivity. Besides this, the material should not be very

expensive, corrosive or hazardous.

The increase in volume of the medium should not be too large on

melting. This aspect prevents the use of liquids on account of the enor-

mous increase in volume during vapourization.

C GT G

Receiver Storage
2 3

Primary fluid
(coolant)

1
4

Working fluid

Heat
exchanger

Fig. 17.17 Solar gas turbine plant with storage
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Compared to the large number of solids available for sensible heat

storage, suitable solids for latent heat storage are not easy to find for a

given application. Properties of lithium compounds, which have been

used for heat storage, are given here for reference:

Latent heat Melting point

Li F 1050 kJ/kg 848 °C

Li OH 1080 kJ/kg 471 °C

A great advantage of this system of heat storage is that heat is supplied

to the working fluid at constant temperature. Combined sensible and

latent heat storage system can also be employed by choosing suitable

media for thermal energy storage.

•Ø  17.5 Solar Ponds

A solar pond (Fig. 17.19) is a large water body which is employed to

receive solar energy through radiation collected by its surface. It is a

collector-receiver system built into one. The heat energy is transferred

from the solar pond to a suitable working fluid of low boiling point

(freon, propane, toluene etc.) for driving the turbine in a Rankine cycle

similar to the one shown in Fig. 17.2 (a and b); in this case the flat-plate

collector is replaced by the solar pond. A large size solar pond can enable

a turbine power plant to operate at constant load on account of large

quantity of heat stored in it.

Convecting
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Non-convecting
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Convective region
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evaporator
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Fig. 17.19 A solar pond for power generation

The temperature in a water body whose surface is exposed to solar

radiation is higher at the surface and lower at the bottom. The hotter water
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remains at the top on account of its lower density. In contrast to this, if

a sufficient quantity of salt (sodium chloride, magnesium chloride etc.) is

added to the pond, a salinity gradient (variation of salt concentration) is

established along the depth of the pond due to diffusion. Salinity is

highest at the bottom and lowest at the top; this establishes a corres-

ponding temperature gradient with temperature also increasing from top

to bottom as shown in Fig. 17.19. Thus a thin layer of water at the top has

minimum salinity and density. This is the convecting region. The region

close to the bottom has maximum salinity and density; the temperature in

this region is nearly constant. A non-convecting region separates these

two convecting regions as shown in the figure. Water in this region has

gradients of salinity, density and temperature.

The hot layer (convecting region) of water nearer the bottom acts as

sensible heat storage. Heat is extracted from this layer by pumping hot

brine to the evaporator (or heat exchanger) of the power plant where heat

is supplied to the working fluid. Low temperature brine returns to the pond

from the evaporator/heat exchanger.

The depth of the pond is generally between 1 and 2 meters. The sides

and the bottom are treated with some sealing material for preventing or

reducing leakage of water; this also decreases the heat losses. The bottom

is painted black for capturing more heat energy from solar radiation.

On account of its large size, a solar pond can capture, store and supply

large amounts of heat energy (at comparatively lower temperature) to a

power plant. However, on account of much lower temperature (tmax = 100

°C) at which heat is supplied, the thermal efficiency is too low.

•Ø  17.6 Solar Turbines

This section brings together the role and performance of the various

components of the solar turbine power plant in terms of the turbine output

and the net (overall) efficiency of the plant. The properties of the coolant

and the working fluid along with the thermo-fluid parameters are

discussed. Various aspects of the selection and performance of the organic

vapour turbines, steam turbines and gas turbines are also dealt with

briefly. Material already given in Chapters 2 to 9 is also applicable to the

solar turbines used in the solar power plant.

The solar turbine output, along with the net efficiency of the plant,

effects the collector-receiver size and the land area required. These factors

determine the capital cost of the plant. The selection of the coolant and

the working fluid are also important because they decide the major design

parameters of the components of the power plant. For example, the size

of the heat exchanger is larger for a small difference between the coolant

and the working fluid temperatures.
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Steam and gas turbines are available in a wide range of output. Their

time tested and proven technology supports their selection for different

solar applications. However, for low temperature collector-receiver systems,

Rankine cycle organic vapour turbines are widely used in small capacities.

It is profitable to employ turbine speeds of 3000 or 3600 rpm for

generating electricity at a frequency of 50 or 60 cycles per second; this

allows direct coupling between the turbine and the generator. If the

turbine speed is higher, a reduction gear is required which leads to

additional energy losses and increased cost. However, in some turbines,

high rotational speeds are unavoidable.

17.6.1 Coolants and Working Fluids

As mentioned before, a coolant (or the heat transfer fluid) absorbs solar

energy in the receiver as heat and transfers it to the working fluid (also

known as secondary fluid) in the heat exchanger; coolants are also

referred to as primary fluids. Some coolants employed in solar turbine

power plants are water/steam, oils, gases, liquid metals and molten salts.

Water can be used as a coolant in both low and medium temperature

power plants. Hot water from the receiver can be used to supply heat to

the organic fluids in a Rankine power cycle. Steam can also be raised

directly in the receiver for driving the steam turbine.

Some oils are also used in the low and medium temperature solar

power plants. However, on account of decomposition the maximum oil

temperature employed is about 250 °C. A serious problem of using oil in

receivers and heat exchangers is its inflammability. Oil coolants are also

relatively expensive.

Gases such as air, helium, argon and carbon dioxide have also been

used as both coolants and working fluids over a wide range of temperat-

ures (tmax ª 800 °C). In this case, the receiver pressure need not always

be very high. In a majority of solar power plants, coolant gas is also used

as the working fluid in the turbine thus eliminating the use of the heat

exchanger.

Molten salts are also used as coolants in the receivers at high

temperatures. They can provide high temperatures at near ambient

pressures. A slight pressure rise in the receiver is required to overcome

pressure losses in the flow passages. On account of high specific heat,

they are very suitable heat carriers to the heat exchanger/evaporator in the

solar power plant.

Molten metals (sodium, aluminium etc.) have also been used in

receivers to absorb heat at high temperatures. Both molten salts and

metals require comparatively smaller receivers on account of higher

densities.
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Table 17.1 gives some pairs of coolants and working fluids used in solar

power plants. This also gives approximate values of the maximum

temperatures of the coolants and working fluids.

Table 17.1 Pairs of coolants and working fluids in solar turbine power

plants

Coolant tmax Working fluid, tmax

Steam/water, 500 °C Steam

Pressurised water, 150 °C R-114, R-115, Pyridine, 130 °C

Water, 100 °C Freon, propane

Oils 300 °C R-113 160 °C

Calori HT-43, 216 °C R-113, R-11, 160 °C

Gases

Air 800 °C Air

Air 600 °C Steam 550 °C

Helium, 800 °C helium

Carbon dioxide

Molten salts

Hitec, 450 °C Steam 430 °C

(nitrates of sodium

and potassium) 525 °C

Molten metals

Sodium, 550 °C Steam 500 °C

Aluminium Steam

Some important considerations for selecting a coolant are:

(a) Be cheap and easily available.

(b) Be non-corrosive and non-toxic.

(c) Provide high values of heat transfer coefficient.

(d) Have low vapour pressure at high temperature.

(e) Freezing points be well below the minimum temperature that may

occur in the receiver and heat exchanger.

Steam and organic vapours are used as working fluids in a large number

of Rankine cycle solar turbine plants; air and helium have been used in solar

gas turbines.

Some important aspects and properties of the working fluids to be

considered for solar turbines are:

(a) Availability and cost,

(b) Chemical effects on the power plant components, specially on

seals and bearings.
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(c) Toxicity and inflammability,

(d) Freezing and boiling points,

(e) Vapour pressure,

(f) Moleculer weight, and

(g) Thermodynamic properties such as specific heat, thermal

conductivity, etc.

17.6.2 Thermo-fluid Dynamic Parameters

Following equations summarise the effects of various thermo-fluid

dynamic parameters on the design, performance and selection of solar

turbines:

Pressure ratio, pr = p1/p2 (17.14)

Density, r = 
1

v
 = 

p

RT
 = 

W p

TR
(17.15)

Mass flow rate, &m = rAc (17.16)

Enthalpy drop, Dh = cp (DT ) (17.17a)

Dh = cp T1 {1 – (pr)

1 - g

g } (17.17b)

Power output, P =  &m  (Dh) (17.18)

Specific speed Nst = 
P

H
5 4/

N (17.19)
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Most of the above relations have been mentioned and discussed in

earlier chapters. Chapter 7 deserves special attention in the present context.

As stated before, the type of collector-receiver system decides the

temperatures of the coolant and the working fluid. The selection of the

working fluid fixes the properties W, cp, g, R and m. Values of enthalpy

(or temperature) drop and the mass flow rate of the working fluid for a

given capacity (power output) are inversely proportional to each other

(Eq. 17.18). Enthalpy drop depends on the pressure ratio available

(Eq. 17.17b) across the turbine. Mass flow rate is higher for a smaller

value of the enthalpy drop; this offers larger flow area (Eq. 17.16) leading

to longer turbine blades and lower fluid and rotor velocities. Conversely,
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smaller flow rates and higher enthalpy drops give shorter blades and higher

velocities which lead to higher rotor losses.

Turbine blade height can be increased by employing low density fluid

for a given flow rate (Eq. 17.16).

For high values of enthalpy drop, several turbine stages are employed.

In a condensing turbine, the exit pressure (p2) is fixed by the condenser

and the cooling water temperature. For a working fluid of large specific

volume (Eq. 17.15) at the turbine exit, condenser size may be impracti-

cally large.

For a given capacity and rotational speed, the specific speed of the

turbine is higher for lower enthalpy drop and vice versa (Eq. 17.19). Axial

flow turbines fall in the higher range of specific speed. For lower values

of the specific speed, inward flow radial and partial admission turbines

are other options.

Lower fluid velocity and smaller turbine size give lower values of the

Reynolds number (Eq. 17.20). If it is less than 2 ¥ 105, higher losses will

occur. For higher values (Re > 2 ¥ 105), losses are unaffected by Reynolds

number.

A higher molecular weight of the working fluid gives higher values of

the Mach number (Eq. 17.21); if it is close to unity, additional losses

would occur due to local acceleration and deceleration of the flow

accompanied by shock waves. Higher values of the Mach number

also arise due to higher fluid velocities and lower temperatures (see

Eq. 17.21).

17.6.3 Organic Vapour Turbines

For lower temperatures (tmax ª 150 °C), collector-receiver system, organic

vapour turbines are employed in the solar turbine power plants. Steam and

gas turbines are unsuitable for low temperature applications. Heat energy

is collected in the receiver from solar radiation by hot water or oil; the

relatively low temperature coolant is used to evaporate an organic fluid

(freon; propane, isobutane etc.) in the heat exchanger (Fig. 17.2 a and b).

The organic working fluid (vapour), having a much lower boiling point at

sufficiently higher pressure, expands through the turbine.

This combination of a coolant at near ambient pressure (and compa-

ratively lower temperature) and the working fluid at higher pressure and

low temperature, enables the receiver to be lighter and comparatively

cheaper. The collector and receiver efficiencies are higher on account of

the lower temperature at which heat is collected from the solar radiation.

Therefore, in spite of the lower thermal efficiency of the turbine power

plant the net efficiency of the power plant is high, and comparable with
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power plants employing steam turbines. Some organic vapour turbines show

even higher efficiencies than the steam turbines in smaller capacities;

their optimum rotor speeds are also lower than steam turbines.

Organic fluids for solar turbines are expensive. Therefore, organic vap-

our turbines are designed and manufactured as sealed units to prevent the

loss of the working fluids; the working fluids are also employed for

lubrication of bearings.

Some of the working fluids which have been used in organic vapour

turbines are flourinol, Freon – 11, 12, 113 and 115, Isobutane, pyridine,

propane and toluene.

17.6.4 Steam Turbines

Steam turbines have been employed in Rankine cycle for a large number

of solar power plants of medium and large capacities. The receiver can

also generate steam directly from solar radiation without an intermediate

fluid or coolant; in this case the heat exchanger is not required. This is a

great advantage.

However, in some plants, the receiver employs molten salts or liquid

metals for higher temperatures and heat energy is transferred to the water/

steam in a separate heat exchanger. Here the conventional steam boiler is

replaced by the receiver or heat exchanger (Fig. 17.18).

Condensing steam turbines offer large values of pressure ratio and

higher thermal efficiencies. Typical values of the pressure and temperat-

ure which have been employed in solar power plants are

Pressure : 50 – 100 bars

Temperature : 400 – 500 °C

Both impulse and reaction stages are used. For small values of power

output and mass flow rate, impulse stages are preferable on account of the

reduced leakage loss through the radial clearances. Leakage loss is

considerably higher across the rotor of a reaction stage because of

pressure difference. Sometimes partial admission of steam is employed in

small turbines; impulse stage is also suitable for such a configuration.

If steam is generated in a storage device, lower pressure steam from the

storage system is admitted through a separate valve during non-solar

period. Though steam turbines have higher capital cost, their operating

life is much longer.

17.6.5 Gas Turbines

Gas turbines in Brayton cycle are employed in solar power plants for higher

inlet temperatures (tmax -~  500 – 800 °C); higher temperatures of the
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working gas give higher value of the thermal efficiency. Therefore, in spite

of the lower collector-receiver efficiency, the net solar power plant

efficiency is comparatively higher. In a solar gas turbine power plant

using air as the working fluid, the air compressor and the turbine have

the same design features as in a conventional gas turbine plant; here

the combustion chamber is replaced by the receiver/heat exchanger

(Fig. 17.17). In some solar power plants, the working fluid is directly

heated in the receiver.

The main advantages of the solar gas turbines are:

(a) Low pressure receiver/heat exchanger.

(b) Fewer stages.

(c) Lower capital cost.

(d) Absence of condenser, feed water heaters, etc.

(e) Very small cooling water requirement.

Gas turbines require expensive materials for higher gas temperatures

and their operating life is relatively shorter. Since the gas temperatures in

the exhaust of the gas turbines are high, employing a bottoming cycle is

useful in solar turbine plants with high receiver temperatures of the order

of 800 °C – 1000 °C.

On account of lower operating pressures and relatively lower values of

the gas density, it is much easier to obtain higher values of the aspects

ratio (longer blades); this gives much lower aerodynamic losses.

Solar gas turbine plants are not able to greatly benefit from energy

storage during non-solar periods. This is because of the high tem-

peratures of the coolant/working fluid. Storage of large quantities of heat

energy at high temperatures is difficult and uneconomical.

17.6.6 Net Efficiency

Figure 17.20 depicts typical variations of the efficiencies of the collector

(hc) and the turbine power plant (hth). As mentioned before, the collector

efficiency decreases with the receiver temperature. The thermal efficiency

(hth) of the power plant increases with the inlet temperature of the working

fluid. Therefore, the overall (net) efficiency (hn) of the solar power plant

varies as shown in the figure. This curve is almost flat near the maximum

efficiency (hmax) point. In some temperature range the gain in thermal

efficiency due to higher fluid temperature is offset by the significantly

lower collector efficiency.

The nature of the curves shown in Fig. 17.20 would vary in different

solar turbine power plants employing different collector-receiver systems

and types of turbines (steam, gas and organic vapour) in various ranges of
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the plant output. Net efficiency would be affected by factors such as

pressure and temperature drops in the interconnecting passages, per-

formance of subsystems, types of coolants and working fluids, etc.

Data suggests that the net efficiency of a large number of solar turbine

power plants is between 15 and 20 per cent. In view of the wide, flat

section of the net efficiency curve, economic and reliability factors take

over the final choice of a system for solar turbine power plants.

•Ø  17.7 Advantages and disadvantages

Some of the main advantages and disadvantages of solar turbine power

plants are summarized in the following sections:

17.7.1 Advantages

1. Fuel cost is zero since solar turbine power plants do not depend

on any fuel or exhaustable source of energy.

2. No extraction of fuel and transportation are required.

3. No fuel storage, processing and handling equipment are needed.
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4. Large scale use of solar power plants can bring about saving in

the exhaustable sources of energy such as petroleum, coal and

natural gas.

5. Power is produced by solar power plants without significant

environmental pollution.

6. Large solar power plants, specially those with energy storage

systems, can be used in special situations when other power plants

are not available.

7. Solar power plants can easily operate in remote places such as

deserts and islands where large plots of land are available for solar

collectors.

17.7.2 Disadvantages

1. Availability of power from solar (turbine) power plants is not

continuous; it depends on sunshine.

2. For continuous supply of power it needs large heat (energy)

storage systems; this adds to the already high capital cost.

3. Solar energy is very thinly distributed over the earth surface.

Therefore, large surface areas are required to capture solar

radiation.

4. Collection of solar energy produces large areas of shadow which

can create some ecological problems.

5. Expensive sun tracking systems are required.

6. In some pressure and temperature ranges it requires special

materials and expensive working fluids.

7. Its initial cost is high.

8. Solar power plants suffer from low values of plant load factor.

9. Overall efficiencies of solar turbine power plants are too low.

10. Leakage of some coolants and organic working fluids used in the

power plants is a threat to life.

Notation for Chapter 17

a Velocity of sound

A Area of cross-section, area

c Fluid velocity

cp Specific heat at constant pressure

CR = 
A

A
c

r

Concentration ratio
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Cs Specific heat of the solid

D Rotor diameter

H Head

Dh Enthalpy drop

I Incident solar flux

L Losses, latent heat

m Mass

M Mach number

n Number of heliostats

N Turbine rotational speed

p Pressure

P Power output

Q Heat

R Gas constant

R Universal gas constant

Re Reynolds number

T Absolute temperature

DT Temperature drop

TR = 
T

T
r

a

Temperature ratio

U Heat loss coefficient

V Volume

v Specific volume

W Molecular weight

Greek Symbols

g Ratio of specific heats

h Efficiency

m Dynamic viscosity

r Density

Subscripts

1 Initial

2 Final

a Ambient

ac Air compressor

c Collectors/concentrators

max Maximum value

n Net

o Optical
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r Receiver

s Solid, storage medium, specific

st storage

T Turbine

u Useful

th Thermal

•Ø Questions

17.1 Draw a simple and illustrative sketch of a solar turbine power plant.

Describe its working briefly.

17.2 Write down the names and chemical formulas of five working fluids

besides air and steam employed in solar turbine plants.

17.3 Describe the important properties of the working fluids used in

solar turbine plants.

17.4 Write down seven main advantages and five disadvantages of solar

turbine plants.

17.5 What is a heliostat in a solar power plant? Describe its working.

17.6 Describe briefly three main types of solar radiation collectors.

Write down their advantages and disadvantages.

17.7 What is an organic gas turbine (OGT) power plant? Describe its

working with the aid of an illustrative sketch.

17.8 What is the purpose of a sun-tracking system in a solar thermal

power plant? How does it work?

17.9 What is a central receiver system (CRS) in solar turbine power

plant? What are its advantages and disadvantages?

17.10 Draw an illustrative diagram of a turbine power plant working in

conjuction with a solar pond. Describe its working briefly.

17.11 Depict graphically the variation of

(a) temperature with depth in a saline solar pond.

(b) overall efficiency of a solar turbine plant with collector

temperature.

(c) collector efficiency with temperature ratio, Tc/Ta.

17.12 What is a distributed solar thermal system for electric power

generation? Explain with the aid of a sketch.

17.13 What are the various methods of thermal energy storage in solar

turbine power plants? Describe one of them.

17.14 What are Fresnel lenses and mirrors? How are they used in solar

power plants?
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17.15 Describe the working of the following with the aid of illustrative

sketches:

(a) Parabolic trough collector

(b) Compound parabolic collector

(c) Concentric tubular collector-receiver.



Chapter 18

Miscellaneous Solved
Problems in Turbomachines

This chapter presents 55 solved examples of various types of com-

pressible and incompressible flow turbomachines. These examples are

based on the theoretical analyses and discussion given in the previous

chapters.

Though separate chapters on hydraulic turbines and pumps have not

been included in this book, several solved examples on these topics in this

chapter compensate their absence; material covered in Chapters 6 and 7

and some appendices largely supports the examples included here.

Data selected in the examples is close to that of the actual machines,

their design and performance. Therefore, various parameters in the

problems and their solutions represent the “real life situations”. These

examples provide a valuable opportunity to the readers for a comparative

study of various types of turbomachines and their components. At several

places results of the calculations are presented in tabular form; this has

great educational and practical value and makes a large mass of useful data

handy.

Velocity triangles and enthalpy–entropy (or T-s) diagrams have been

frequently used to support the calculations; this also provides a deeper

understanding of the subject. Frequent references to figures already

presented in the earlier chapters have been made to avoid repetition.

However, at some places figures have been redrawn for highlighting some

parameters and special aspects in the problems.

The following values have been used in the calculations;

For air: g = 1.4, cp = 1.005 kJ/kg K, R = 0.287 kJ/kg K

For water: r = 1000 kg/m
3
, specific weight = rg = 1000 ¥ 9.81 N/m

3

Most of the symbols used have their original meanings.

•Ø 18.1 Gas Turbine Nozzle

Ex. 18.1 A gas turbine nozzle row has the following data:

Entry pressure and temperature of the gas, p1 = 1 bar, T1 = 600 K

Pressure ratio, p1/p2 = 1.3



Miscellaneous Solved Problems in Turbomachines 731

Temperature drop of the gas, T1–T2 = 32 K

Take g = 1.3, cp = 1.23 kJ/kg K

Calculate (a) nozzle efficiency; (b) nozzle exit velocity and Mach

number for (i) ideal and (ii) actual flows; (c) stagnation pressure loss

across the nozzle; and (d) the nozzle efficiency based on stagnation

pressure loss.

Solution: Refer to Figure 2.3

(a) pr

g

g

-1

= ( . )
.

.13
1 3 1

1 3

-

 = 1.30.2308 = 1.0624 = 1/.941

DTs = T1 – T2s = T1 1

1

-
L
NM

O
QP

-
-

pr

g

g

DTs = 600 (1 – 0.941) = 35.4 K

Nozzle efficiency, hN = DT/DTs

hN = 32/35.4 = 0.904 (90.4%) (Ans.)

(b) p2 = 10/1.3 = 7.692 bar

h01 = h1 + 0.5 c1
2
 = h2 + 0.5c2

2
 = h2s + 0.5c

2
2s

Assuming c1 ª 0,

h01 = h1 = cpT1 = 1.23 ¥ 600 = 738 kJ/kg

T2s / T1 = ( / )p p2 1

1g

g

-

 = 0.941

T2s = 0.941 ¥ 600 = 564.6, h2s = 694.458 kJ/kg

(i) 0.5c
2
2s = h1 – h2s = 738 – 694.458 = 43.542

c2s = (2 ¥ 43.542 ¥ 1000)1/2 = 295.1 m/s (Ans.)

R = 
g

g

- 1
 cp = 

13 1

13

.

.

-
 ¥ 1.23 = 0.2838 kJ/kg K

M2s = c2s/(g R T2s)
1/2 (ideal flow)

M2s = 295.1/(1.3 ¥ 283.8 ¥ 564.6)1/2 = 0.646 (Ans.)

(ii) T2 = 600 – 32 = 568 K

a2 = (g RT2)
1/2

 = (1.3 ¥ 283.8 ¥ 568)
1/2

= 457.8 m/s

0.5c2
2 = h1 – h2 = cp(T1 – T2)

c2 = (2 ¥ 1230 ¥ 32)1/2 = 280.57 m/s (Ans.)

M2 = c2/a2 = 280.57/457.8 = 0.613 (Ans)

(c) From isentropic gas tables for g = 1.3 at M2 = 0.613

p2/p02 = 7.692/p02 = 0.79

p02 = 7.692/0.79 = 9.736 bar
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Stagnation pressure loss across the nozzle,

Dp0 = p01 – p02 = 10 – 9.736 = 0.264 bar

Static pressure drop,

Dp = p1 – p2 = 10 – 7.692 = 2.308 bar

The approximate value of the nozzle efficiency is given by

h¢N = 1 – Dp0/Dp

h¢N = 1 – 0.264/2.308 = 0.8856 (88.56%) (Ans.)

•Ø 18.2 Steam Turbine Nozzle

Ex. 18.2 Superheated steam enters a ring of nozzle blades at p1 = 170 bar,

t1 = 550°C. The exit pressure is 120.7 bar. The mean diameter of the blade

ring is 1.0 metre. The nozzle angle (a2) is 70° from the axial direction.

Calculate (a) the exit velocity, c2 of steam; (b) exit Mach number, M2; and

(c) the blade height at exit for a flow rate of 280 kg/s.

What is the maximum possible flow rate and the corresponding exit

velocity? Assume isentropic flow.

Take g = 1.3, R = 0.5 kJ/kg K for superheated steam.

Solution: Refer to Figures 18.1 and 18.2

From Mollier diagram (or steam tables) following values are obtained:

h1 = 3440 kJ/kg at p1 = 170 bar, t1 = 550°C

After the expansion, at p2 = 120.7 bar,

h2 = 3350 kJ/kg, t2 = 503°C, vs2 = 0.0268 m3/kg

(a) Assuming negligible velocity at entry

1

2
c2

2 = h1 – h2 = 3440 – 3350 = 90 kJ/kg K

c2 = (2 ¥ 90,000)1/2 = 424.26 m/s (Ans.)

(b) T2 = 503 + 273 = 776 K

a2 = (g R T2)1/2 = (1.3 ¥ 500 ¥ 776)1/2 = 710.2 m/s

M2 = c2/a2 = 424.26/710.2 = 0.597 (Ans.)

(c) Axial component of the exit velocity is

cx = c2 cos a2 = 424.26 cos 70 = 145.1 m/s

The mass flow rate is given by

cx (pdh)/vs2 = &m

h = &m  ¥ vs2/cx pd = nozzle blade height

= 280 ¥ 0.0268/145.1 p ¥ 1

= 0.0165 m (1.65 cm) (Ans.)
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Fig. 18.1 Isentropic expansion of steam through nozzle blades
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Fig. 18.2 Flow through a ring of nozzle blades
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The exit velocity is equal to the sonic velocity at the maximum flow rate,

&m max. Assuming superheated steam as a perfect gas,

T*2/ T1 = T*2/T0 = 0.87,

p*2/p1 = p*2/p0 = 0.546 (from gas tables for isentropic flow.)

T*2 = 0.87 (550 + 273) = 716 K (443°C)

p*2 = 0.546 ¥ 170 = 92.82 bar

v*s = 0.031 m3/kg (from steam tables)

Therefore, from the above values

c*2 = a* = (g RT*)1/2 = (1.3 ¥ 500 ¥ 716)1/2

= 682.2 m/s (Ans.)

c*x = 682.2 cos 70 = 233.32 m/s

&mmax = c*x (pdh)/vs* = 233.32 ¥ p ¥ 1 ¥ 0.0165/0.031

= 390.14 kg/s (Ans.)

The use of Mollier diagram introduces some errors in the calculations.

Besides this, assumption of a perfect gas for steam also brings in

approximations.

•Ø 18.3 Irreversible Flow in Nozzles

Ex. 18.3

(a) Prove that the actual value of the exit Mach number (Ma ) for

adiabatic flow in a nozzle (efficiency = hn) is given by

M 2
a = 

2

1 1
2

1

1
2

g

h

h
g

- - +
-

n

n

sM
( )

Ms = Mach number for isentropic flow.

(b) Calculate the actual value of the Mach number for a pressure ratio

of p/p0 = 0.843 and nozzle efficiency hn = 0.95.

Solution: Nozzle efficiently is defined by

hn = 
h h

h h
a

s

0

0

-

-
= 

T T

T T
a

s

0

0

-

-
 = 

1

1
0

0

-

-

T T

T T
a

s

/

/
(see Fig. 18.3)

For cp = constant

1 – 
T

T
a

0

= hn 1
0

-
F
HG

I
KJ

T

T
s

T

T
a

0

= 1 – hn 1
0

-
F
HG

I
KJ

T

T
s
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For isentropic flow

T

T
s

0

= 
1

1
1

2
2+

-g
Ms

Therefore,
T

T
a

0

= 1 1
2

1 2
- +

-

F
HG

I
KJh

g
n

sM( )

For actual flow,
T

T
a

0

= 
1

1
1

2
2+

-g
Ma

 = 1 – 
h

g
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1

2
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Fig. 18.3 Actual and isentropic flows in a nozzle.
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M
2
a = 

2

1

1
2

1

1
2

1

1
2

2
g

g

h
g

-

+
-

- +
-

-

R
S
||

T
||

U
V
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W
||

( )

( )
( )

M
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n

s

M 2
a = 

2

1 1
2

1 2
g

h

h
g

- - +
-

n

n

sM
( )

( )

M 2
s = 

h g
hn

a

n
M

2

1
1

2
1-

-
-

L
N
M

O
Q
P

-

( )

(b) Ms = 0.5 (from gas tables for g = 1.4 at p/p0 = 0.843)

M
2
a = 

2

1 4 1

0 95

1 0 95
2

1 4 1 0 25
.

.

( . )
( . ) .

-
¥

- +
- ¥

 = 
4 75

20 05

.

.

= 0.2369

Ma = 0.486 (Ans.)

•Ø 18.4 Diffuser

Ex. 18.4 A diffuser (area ratio, A2/A1 = 1.85) receives air at pressure

p1 = 35 mm W.G. and velocity c1 = 100 m/s. For a pressure recovery

coefficient of Cpa = 0.602 determine (a) ideal value of the pressure

recovery coefficient; (b) diffuser efficiency; (c) stagnation pressure loss

across the diffuser; and (d) the exit pressure, p2 in mm W.G. Take ambient

pressure, pa = 1.0135 bar, r = 1.25 kg/m3.

Solution: Refer to Figures 2.5 and 18.4

p p01 02–

A A2 1/ = 1.85c1 c2

p1 p2

21

Fig. 18.4 Flow through a diffuser or a draft tube
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(a) Ideal value of the pressure recovery coefficient is

Cps = 1 – 1/A2
r

Ar = A2/A1 = 1.85

Cps = 1 – 1/1.852 = 0.7078 (Ans.)

(b) Diffuser efficiency is given by

hD = Cpa/Cps

hD = 0.602/0.7078 = 0.8505 (85.05%) (Ans.)

(c) p1 = 1.0135 + 35 ¥ 9.81 ¥ 10–5 = 1.01693 bar

1

2
rc2

1 = 0.5 ¥ 1.25 ¥ 1002 ¥ 10–5 = 0.0625 bar

= 637.1 mm W.G.

p01 = p1 + 
1

2
rc2

1 = 1.01693 + 0.0625 = 1.07943 bar

The stagnation pressure loss is given by

Dp0 = p01 – p02 = (Cps – Cpa) 
1

2
rc2

1

Dp0 = (0.7078 – 0.602) ¥ 0.0625 = 0.00661 bar

Dp0 = 67.38 mm W.G. (Ans.)

(d) p02 = p01 – Dp0

p02 = 1.07943 – 0.00661 = 1.0728

For small pressure rise, r ª constant, c2 = c2s

A2c2 = A1c1

c2 = 
100

185.
 = 54.054 m/s

p2 = p02 – 
1

2
rc2

2

p2 = 1.0728 – 0.5 ¥ 1.25 ¥ 54.054
2
 ¥ 10

–5

p2 = 1.0728 – 0.01826 = 1.0545 bar

Therefore, the guage pressure at the diffuser outlet is

(1.0545 – 1.0135) ¥ 105/9.81 = 418 mm W.G. (Ans.)

•ØØØØØ 18.5 Draft Tube

Ex. 18.5 A draft tube is fitted at the exit of a large reaction water turbine

with a discharge of 100 m3/s. Water leaves the draft tube with a velocity

of 6.25 m/s. The area ratio of the draft tube is 1.6 and efficiency 0.82.

Calculate.

(a) areas of cross-section at entry and exit; suggest dimensions;
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(b) head gained by the draft tube;

(c) additional power generated;

(d) loss in the draft tube in terms of head.

Solution: Refer to Figure 18.4

(a) A1c1 = A2c2 = Q

AR = A2/A1

c1 = A2c2/A1 = AR ¥ c1 = 1.6 ¥ 6.25 = 10 m/s

A1 = Q/c1 = 100/10 = 10 m2 (2.5 m ¥ 4 m) (Ans.)

A2 = 1.6 ¥ 10 = 16 m
2
 (4 m ¥ 4 m) (Ans.)

(b) Theoretical head gained,

DHi = 
1

2 1
2

2
2

g
c c( )-  = 

10 6 25

2 9 81

2 2-

¥

.

.
 = 3.105 m

hD = 
p p

c c

2 1

1
2

2
21

2

-

-r ( )
 = DHa/DHi

Actual head gained,

DHa = hD ¥ DHi

DHa = 0.82 ¥ 3.105 = 2.546 m (Ans.)

(c) Additional power generated is given by

DPa = &m  (g DHa) = 100 ¥ 1000 (9.81 ¥ 2.546)/106

= 2.4976. MW (Ans.)

(d) Loss of head due to losses in the draft tube

= DHi – DHa

= 3.105 – 2.546

= 0.559 m (Ans.)

The altitude has been assumed constant for flow through the draft

tube.

•Ø 18.6 Gas Turbine

Ex. 18.6 A multi-stage gas turbine takes in hot gases ( &m  = 472 kg/s)

from the combustion chamber at T01 = 1335 K and p01 = 10 bar. The

temperature of gases at the exit is T2 = 560 K and velocity c2 = 150 m/s.

If the pressure ratio across the turbine is pr0 = 10 calculate (a) total to total

efficiency, htt; and (b) total to static efficiency, hts; (c) polytropic

efficiency, hp; and (d) the power developed, P by the turbine. Take

g = 1.67, cp = 1.157 kJ/kg K.
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Solution:

(a) T02 = T2 + c2
2/2cp = 560 + 1502/ 2 ¥ 1157 = 569.723 K

g

g

- 1
= 

1 67 1

167

.

.

-
 = 0.401

T

T
s02

01

= 
p

p
02

01

1

F
HG

I
KJ

-g

g
 = 

1

0

0 401

pr

F
HG

I
KJ

.

 = 
1

10

0 401F
H

I
K

.

 = 1/2.518

T02s = 1335/2.518 = 530.18 K

htt = 
T T

T T s

01 02

01 02

-

-
 = 

1335 569 723

1335 530 18

-

-

.

.
 = 

765 277

804 82

.

.

= 0.9508 (95.08%) (Ans.)

(b) Assume c2 ª c2s

T2s = T02s –c2
2s /2cp = 530.18 – 1502/2 ¥ 1157

= 520.457 K

hts = 
T T

T T s

01 02

01 2

-

-
 = 

765 277

1335 520 457

.

.-

= 0.9395 (93.95%) (Ans.)

(c) hp = 
g

g - 1
ln  (T01/T02)/ln  (p01/p02)

= 
1

0 401.
ln  

1335

569 723
10

.
ln

= 0.9221 (92.21%) (Ans.)

(d) Power developed by the turbine is given by

P = &mcp(T01 – T02)

= 472 ¥ 1.157 ¥ 765.277 ¥ 10–3

= 417.92 MW (Ans.)

•Ø 18.7 Reheat Factor (RHF)

Ex. 18.7 Calculate the reheat factor (RHF) of the three stage turbine in

Ex. 2.5

Solution: Refer to Figure 2.9.

The RHF is calculated from the following data obtained from Ex. 2.5:

Actual temperature drop in the turbine, DTa = 655 K

Overall efficiency of the turbine, hT = 0.88
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Actual temperature drops in the stages—

DT1 = 260.7 K, DT2 = 215 K, DT3 = 178 K

Stage efficiencies,

hst1 = hst2 = hst3 = 0.852

Isentropic work for the turbine is given by

ws = wa/htt = cp◊ DTa/hT

ws = 655 cp/0.88 = 744.318cp kJ/kg

Values of isentropic work in the stages are—

Dws1 = 260.7cp/0.852 = 305.986cp kJ/kg

Dws2 = 215cp/0.852 = 252.347cp kJ/kg

Dws3 = 178cp/0.852 = 208.920cp kJ/kg

RHF = 
Dw

w

s

s

Â
 = 

( . . . )

.

305 986 252 347 208 920

744 318

+ + c

c

p

p

= 767.253/744.318

= 1.0308 (Ans.)

•Ø 18.8 Air Compressor

Ex. 18.8 A large multi-stage air compressor has the following data:

Pressure ratio, prc = 10.0

Mass flow rate of air, &m  = 400 kg/s

Number of stages (of equal pressure ratio, pr), k = 16

Polytropic efficiency, hp = 0.88

State of air at entry T1 = 305 K, p1 = 1 bar

cp = 1.005 kJ/kg K, g = 1.4

Determine (a) stage pressure ratio; (b) stage efficiency; (c) power

required for the first stage; (d) overall compressor efficiency; and (e)

power required to drive the compressor.

Solution: Refer to Figure 2.18

(a) pr = ( prc)
1/k = (10)1/16 = 1.155 (Ans.)

(b)
g

g

- 1
= 0.4/1.4 = 0.2857, (g – 1)/g hp = 0.2857/0.88 = 0.3247

For the first stage

T2s/T1 = (1.155)0.2857 = 1.042

T2s = 1.042 ¥ 305 = 317.81 K
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T2/T1 = (p2/p1)
(g –1)/ghp = (1.155)0.3247 = 1.0479

T2 = 1.0479 ¥ 305 = 319.61 K

hst = (T2s – T1)/(T2 – T1)

= 
317 81 305

319 61 305

.

.

-

-
 = 

12 81

14 61

.

.
 = 0.8768 (87.68%) (Ans.)

(c) Power for the first stage

P1 = &mcp (T2 – T1)

= 400 ¥ 1.005 ¥ 14.61 ¥ 10–3

= 5.873 MW (Ans.)

(d) For the compression through the compressor

hp = 
g

g

- + +1 1

1

1

1

l ln
p

p
n

T

T
k k

ln
T

T
k+1

1

= 
g

g h

- +1 1

1p

kn
p

p
l

= 0.3247 ln  10 = 0.7476

T

T
k+1

1

= exp 0.7476, Tk+1 = 305 exp 0.7476 = 644.14 K

For isentropic compression

T

T

k s( )+1

1

= 100.2857 = 1.9306, T(k+1)s = 1.9306 ¥ 305

= 588.84 K

Therefore, overall compressor efficiency is

hC = 
T T

T T

k s

k

( )+

+

-

-

1 1

1 1

 = 
588 84 305

64414 305

.

.

-

-

= 0.8369 (83.69%) (Ans.)

(e) Power required to drive the compressor is

P = &mcp (Tk+1 – T1)

= 400 ¥ 1.005 (644.14 – 305) ¥ 10–3

= 136.33 MW (Ans.)

•Ø 18.9 Gas Turbine Plant

Ex. 18.9 A gas turbine power plant working on simple Brayton cycle has

the following data:

Maximum to minimum temperature ratio, Tmax/Tmin = 4.5
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Temperature of air at compressor entry, T1 = 298 K

Mass flow rate of gas/air, &m  = 115 kg/s

Compressor efficiency, hC = 0.79

Turbine efficiency, hT = 0.83

Take g = 1.33, R = 0.287 kJ/kg K for both air and gas. Neglect mass

of fuel. For maximum power output conditions calculate

(a) optimum pressure ratio of the plant, p2/p1;

(b) Carnot’s efficiency;

(c) Joule’s cycle efficiency;

(d) Thermal efficiency;

(e) Power output;

(f) Power generated by the turbine;

(g) Power absorbed by the compressor;

(h) Heat supplied in the combustion chamber.

Solution: Refer to Figure 3.5

g

g - 1
= 

133

133 1

.

. -
 = 4.03, 

g

g

- 1
 = 0.2481

cp = 
g

g - 1
 R = 4.03 ¥ 0.287 = 1.1566 kJ/kg K

b = Tmax/Tmin = T3/T1 = 4.5

a = bhC hT = 4.5 ¥ 0.79 ¥ 0.83 = 2.9506

(a) Temperature ratio for maximum output is

topt = a  = (2.9506)1/2 = 1.71773

r = p2/p1 = p3/p4 = ( )topt

g
g -1  = (1.71773)4.03 = 8.848 (Ans.)

(b) Carnot’s efficiency

hCarnot = 1 – Tmin/Tmax

= 1 – 1/4.5 = 0.7777 (77.77%) (Ans.)

(c) Joule’s Cycle efficiency

hJ = 1 – 1/topt = 1 – 1/ 1.71773 = 0.4178 (41.87%) (Ans.)

(d) Thermal efficiency of the plant

hth = 
( )

( ) ( )

a

b h a

-

- - -

1

1 1

2

C

= 
( . )

( . ) . ( . )

0 71773

4 5 1 0 79 1 71773 1

2

- - -
 = 0.2516 (25.16%) (Ans.)
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(e) Maximum work output

wPmax
= 

1

hc

 cpT1 ( a  – 1)
2

= 1.1566 ¥ 298 (0.71773)2/0.79 = 224.747 kJ/kg

Therefore,

Pmax = &m  ¥ wPmax

= 115 ¥ 224.747 ¥ 10–3

= 25.845 MW (Ans.)

(f) T3 – T4 = hT (T3 – T4s) = hTT3 1
1

- - -

pr

g
g

T3 = Tmax = 4.5 ¥ 298 = 1341 K

T3 – T4 = 0.83 ¥ 1341 1
1

1 7177
-L

NM
O
QP.

 = 465.053 K

Power generated by the turbine is given by

PT = &mcp (T3 – T4)

= 115 ¥ 1.1566 ¥ 465.05 ¥ 10–3

= 61.856 MW (Ans.)

(g) T2 – T1 = 
1

hc

(T2s – T1) = 
T

p
c

r
1

1

1
h

g
g
-

-e j
T2 – T1 = 298 (1.7177 – 1)/0.79 = 270.73

T2 = 298 + 270.73 = 568.73 K

Power absorbed by the compressor is given by

PC = &mcp(T2 – T1)

= 115 ¥ 1.1566 ¥ 270.73 ¥ 10–3

= 36.01 MW (Ans.)

Plant output can also be found from the above values.

Pplant = PT – PC

= 61.856 – 36.01 = 25.846 MW (verified)

(h) Heat supplied in the combustion chamber is

Qs = &mcp (T3 – T2)

= 115 ¥ 1.1566 (1341 – 568.73) ¥ 10–3

= 102.719 MW (Ans.)

•Ø 18.10 Combined Gas and Steam Power Plant

Ex. 18.10 The gas turbine plant (P = 25.845 MW, &mgt = 115 kg/s) of

Ex. 18.9 exhausts into the heat recovery boiler of a steam power plant

(P = 21 MW) which works at an entry pressure of 84 bar and temperature
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535°C. The condenser pressure is 0.07 bar. The turbine efficiency is 0.86.

Calculate for this combined cycle plant

(a) the gas temperature in the stack;

(b) mass of steam per kg of gas;

(c) pinch point (PP);

(d) thermal efficiency of the steam turbine plant;

(e) thermal efficiency of the combined gas and steam power plant; and

(f) the dryness fraction of steam at the turbine exhaust.

Solution: Refer to Figures 5.10 and 18.5

A

B

s

x = 0.875

p = 0.07 bar

p = 84 bar

2247

2050
h7¢¢

h¢7

h4¢

h

3460

k
J
/k

g

Fig. 18.5 Expansion of steam in the turbine

From steam tables,

at p = 84 bar, t6¢ = tsat = 298.4°C, hc ¢ = hf = 1336.1 kJ/kg

h4¢ = 3460 kJ/kg (or from Mollier diagram at t = 535°C)

at p = 0.07 bar, h7¢ = hf = 163.4 kJ/kg

For the gas turbine

T3 – T4 = 1341 – T4 = 465.053

T4 = 876 K, t4 = 876 – 273 = 603°C
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Power output of the steam turbine is given by

&mst  (h4¢ – h¢7) hT = Pst

&mst = 21 ¥ 1000/(3460 – 2050) ¥ 0.86 = 17.318 kg/s

(a) From the energy balance for the economiser entry (7¢) to the

superheater exit (4¢),

&mgt cpg (t4 – t7) = &mst (h4¢ – h7¢)

115 ¥ 1.1566 (603 – t7) = 17.318 (3460 – 163.4)

t7 = 173.9°C (Stack temperature) (Ans.)

(b) &mst / &mgt = 17.318/115 = 0.1506 kg (Ans.)

(c) From the energy balance for the economiser

cpg(t6 – t7) = &mst (h6¢ – h7¢)/ &mgt

t6 – t7 = 0.1506 (1336.1 – 163.4)/1.1566 = 152.7

t6 = 176.6 + t7 = 152.7 + 173.9 = 326.6°C

Therefore, pinch point (PP) is given by

PP = t6 – t6¢ = 326.6 – 298.4 = 28.2°C (Ans.)

(d) Steam plant efficiency is given by

hst = (h4¢ – h7≤)/(h4¢ – h7¢)

For the turbine stage,

h4¢ – h7≤ = (h4¢ – h¢7) ¥ hT = (3460 – 2050) ¥ 0.86 = 1212.6

h4¢ – h7¢ = 3460 – 163.4 = 3296.6

hst = 1212.6/3296.6 = 0.3678 (36.78%) (Ans.)

(e) Heat (power) supplied in the combustion chamber = 102.719 MW.

Assuming combustion chamber efficiency, hB = 0.978, power

supplied to the combined cycle is

Q¢s = 102.719/0.978 = 105 MW

Therefore, the combined cycle efficiency

hgst = (Pgt + Pst)/Q¢s = (25.845 + 21)/105

= 0.4461 (44.61%) (Ans.)

(f) Refer to the h–s diagram (Figure 18.5)

Locating points A and B on the p = 0.07 bar constant pressure line

corresponding to enthalpies h ¢7 and h≤7 respectively gives dryness

fraction (x) of steam at the turbine exhaust.

x = 0.875 (Ans.)

•Ø 18.11 Combined Gas and Steam Power Plant

Ex. 18.11 For the same temperature (t4 = 603°C) and flow rate

( &mgt  = 115 kg/s) of gases at the gas turbine exhaust in Ex. 18.9 calculate
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(a) steam flow per kg of gas; (b) stack temperature; (c) steam turbine

power; (d) steam turbine plant thermal efficiency; and (e) the combined

cycle efficiency for pinch point values of (i) 20°C and (ii) 35°C. Compare

the values in a table.

Solution: Refer to Figure 5.10

If steam conditions (temperature and pressure) are assumed constant for

all values of the pinch point the temperature of the gas at the pinch point

and the stack would vary with steam flow rate. Therefore, steam turbine

power output will vary with the pinch point (PP); however, its thermal

efficiency remains unaffected.

(i) PP = t6 – t6¢ = 20, t6 = t6¢ + 20 = 298.4 + 20 = 318.4°C

For heat exchange in the economiser,

&mgt cpg (t6 – t7) = &mst (h6¢ – h7¢)

318.4 – t7 = 
&

&

m

m
st

gt

 (1336.1 – 163.4)/1.1566

t7 = 318.4 – 1013.92 &mst / &mgt

(a) From energy balance for the superheater and the evaporator

&mst (h4¢ – h6¢) = &mgt cpg (t4 – t6)

&mst / &mgt = 1.1566 (603 – 318.4)/(3460 – 1336.1)

&mst / &mgt = 0.155 kg/kg of gas (Ans.)

(b) Therefore, t7 = 318.4 – 1013.92 ¥ 0.155

Stack temperature,

t7 = 161.24°C (Ans.)

(c) Steam turbine power output is given by

Pst = &
&

&
m

m

m
gt

st

gt

F
HG

I
KJ

 (h4¢ – h7¢)

Pst = 115 ¥ 0.155 (3460 – 2247)/1000

= 21.6 MW (Ans.)

(d) Steam turbine plant thermal efficiency remains constant for the same

condition of steam at inlet and outlet.

hst = 36.78 % (Ans.)

(e) Combined cycle efficiency is given by

hgst = (25.845 + 21.62)/105 = 0.4520 (45.2%) (Ans.)

(ii) PP = t6 – t6¢ = 35°C

t6 = 298.4 + 35 = 333.4°C
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(a) &mst (h4¢ – h6¢) = &mgt cpg (t4 – t6)

&mst / &mgt = 1.1566 (603 – 334.4)/(3460 – 1336.1)

&mst / &mgt = 0.1467 kg/kg of gas (Ans.)

(b) t7 = t6 – 
1172 7

11566

.

.

&

&

m

m
st

gt

 = t6 – 1013.92 
&

&

m

m
st

gt

Therefore, stack temperature

t7 = 333.4 – 1013.92 ¥ 0.1467 = 184.65°C (Ans.)

(c) Pst = 115 ¥ 0.1467 ¥ 1213/1000

Pst = 20.46 MW (Ans.)

(d) hst = 36.78% (Ans.)

(e) hgst = (25.845 + 20.46)/105

hgst = 0.4410 (44.10%) (Ans.)

Effect of the pinch point on the various performance parameters is

presented in Table 18.1

Table 18.1 Effect of pinch point on the combined cycle plant

Pinch Point Steam flow Stack Turbine power Overall

PP rate &mst / &mgt temperature output efficiency

t7(°C) Pst(MW) hgst

20.0°C 0.1550 161.20 21.62 45.20

28.2°C 0.1506 173.90 21.00 44.61

35.0°C 0.1467 184.65 20.46 44.10

•Ø 18.12 Turbo Prop Gas Turbine Engine

Ex. 18.12 The data for the gas turbine engine of a turbo prop aircraft

(u = 500 kmph) is given below:

Flight altitude above mean sea level, 3 km (pi = 0.701 bar, Ti = 268.65 K)

Inlet diffuser efficiency, hD = 0.88

Air velocity at compressor entry, c1 = 85 m/s

Mass flow rate of air, &m  = 50 kg/s

Temperature rise through the compressor, T02 – T01 = 225 K

Compressor efficiency hC = 0.80

Take cp = 1.005 kJ/kg K, g = 1.4 for air.

Determine (a) pressure rise through the diffuser; (b) compressor

pressure ratio; (c) power required to drive the compressor.
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Solution: Refer to Figure 18.6

u = 500/3.6 = 138.89 m/s

Aircraft speed = u

2 31i

c ui =
Mi

c1

Inlet diffuser Air compressor
Combustion

chamber

Fig. 18.6 Flow through the turboprop aircraft engine.

Velocity of sound at the diffuser inlet is

ai = (gRTi)
1/2 = (1.4 ¥ 287 ¥ 268.65)1/2

= 328.55 m/s

Mach number at diffuser inlet is

Mi = u/ai = 138.89/328.55 = 0.423

Toi/Ti = 1/0.965 from isentropic gas tables (g = 1.4)

Therefore, T01 = Toi = 268.65/0.965 = 278.4 K

T1 = T01 – c
2
1/2cp = 278.4 – 85 ¥ 85/2 ¥ 1005

= 274.80 K

T1/Ti = 274.80/268/05 = 1.023

(a) Isentropic temperature rise through the diffuser is

T1s – Ti = hD (T1 – Ti)

p

pi

1

1

F
HG

I
KJ

-g

g
= 

T

T
is

i

 = 1 + hD 
T

Ti

1 1-
F
HG

I
KJ  = 1 + 0.88 (1.023 – 1)

= 1.02

p1/pi = (1.02)g/g –1 = 1.023.5 = 1.072

p1 = 1.072 ¥ pi = 1.072 ¥ .701 = 0.751 bar

Therefore, pressure rise through the diffuser is

(Dp)D = p1 – pi = 0.751 – 0.701

= 0.05 bar (50 m bar) (Ans.)
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(b) Compressor pressure ratio, roc = p02/p01 can be calculated from the

expression for efficiency.

hC = 
T T

T T
s02 01

02 01

-

-
 = T01 r T Toc

g

g

-

-
F
H
G

I
K
J -

1

02 011 ( )

0.8 = 278.4 roc

g

g

-

-
F
H
G

I
K
J

1

1 225

roc

g

g

-1

= 1.647, roc = ( . )1 647 1

g

g -
 = 1.647

3.5

roc = p02/p01 = 5.734 (Ans.)

(c) Power required to drive the compressor is given by

Pc = &mcp (T02 – T01)

= 50 ¥ 1.005 ¥ 225 ¥ 10
–3

= 11.306 MW (Ans.)

•Ø 18.13 Turbojet Gas Turbine Engine

Ex. 18.13 The gas turbine engine of a turbojet aircraft (u = 886 kmph)

has the following data:

Altitude, 10 km above mean sea level (T1 = 223. 15 K)

Stagnation temperature rise through the compressor, T02 – T01 = 200 K

Total to total compressor efficiency, hC = 0.75

Combustion chamber efficiency, hB = 0.98

Calorific value of the fuel, Qf = 43 MJ/kg

Stagnation temperature at the turbine inlet, T03 = 1220 K

Total to total turbine efficiency, hT = 0.80

Mechanical efficiency, hm = 0.98

Flight to jet speed ratio, s = u/ce = 0.5

Exhaust nozzle efficiency hN = 0.98

Take g = 1.4, cp = 1.005 kJ/kg K for both air and products of

combustion.

Calculate (a) compressor pressure ratio, p02/p01; (b) air-fuel ratio &ma /

&m f ; (c) turbine pressure ratio, p03/p04; (d) exhaust nozzle pressure ratio,

p04/pe and the Mach number, Me.

Solution: Refer to Figures 3.5, 3.20 and 18.7.
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Condition of air at compressor inlet is taken as that of the ambient air.

No information has been given for the inlet diffuser. Therefore, velocity of

sound at compressor inlet is

a1 = (g RT1)
1/2

a1 = (1.4 ¥ 287 ¥ 223.15)
1/2

 = 299.45 m/s

Flight speed, u = 886/3.6 = 246.11 m/s

Therefore, Mach number at the compressor inlet is

M1 = c1/a1 = u/a1

M1 = 246.11/299.45 = 0.821

Form gas tables (g = 1.4) for isentropic flow at M1 = 0.821

T1/T01 = 0.881, T01 = 223.15/0.881 = 253.29 K

(a) Actual temperature rise through the compressor is given by

T02 – T01 = (T02s – T01)/hc = 
T p

pc

01 02

01

1

1
h

g

gF
HG

I
KJ -

L

N
M
M
M

O

Q
P
P
P

-

Compressor pressure ratio

roc = p02/p01, 
g

g

- 1
 = 

1

3 5.

200 = 
253 29

0 75
11 3 5.

.
( )/ .roc -

roc = (1.5922)3.5 = 5.093 (Ans.)

(b) Temperature of air at the inlet of the combustion chamber.

T02 = T01 + 200 = 253.29 + 200 = 453.29 K

Heat energy supplied in the combustion chamber is given by

( &ma  + &m f ) cpT03 – &ma cp T02 = hB &m f  Qf

Fuel air ratio, f = &m f / &ma

air-fuel ratio,
1

f
= &ma / &m f

1

f
(T03 – T02) = hB Qf /cp – T03

1

f
(1220 – 453.29) = 0.98 ¥ 43000/1.005 – 1220

&

&

m

m
a

f

= 
1

f
 = 53.097 (Ans.)

f = 0.0188
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(c) Turbine power output = power input to the compressor

hm( &ma  + &m f ) cp(T03 – T04) = &ma cp(T02 – T01)

T03 – T04 = (T02 – T01)/hm (1 + f )

T03 – T04 = 200/0.98 (1 + 0.0188) = 200.316

T03 – T04s = (T03 – T04)/hT = 200.316/0.8 = 250.395

T03 1
1

1

-
F
HG

I
KJ

L

N
M
M
M

O

Q
P
P
P

-

roT

g

g
= 250.395

1

1

roT

F
HG

I
KJ

-g

g
= 1 – 250.395/1220 = 0.7947

rot = p03/p04 = (1/0.7947)3.5 = 2.235 (Ans.)

(d) Jet velocity at the exit of the exhaust nozzle

ce = 2 ¥ u = 2 ¥ 246.11 = 492.22 m/s

Toe = T04 = Te + c2
e /2cp

T04 = 1220 – 200.316 = 1019.684

Te = 1019.684 – 492.22
2
/ 2 ¥ 1005 = 898.46

hN (T04 – Tes) = hN T04 1
1

1

-
F
HG

I
KJ

L

N
M
M
M

O

Q
P
P
P

-

rN

g

g
 = T04 – Te

1

1

rN

F
HG

I
KJ

-g

g
= 1 – 

1019 684 898 46

0 98 1019 684

. .

. .

-

¥
 = 0.878

rN = (1/0.878)3.5 = 1.58 (Ans.)

ae = (g RT )1/2 = (1.4 ¥ 287 ¥ 898.46)1/2

= 600.83 m/s

Me = ce/ae = 492.22/600.83 = 0.819 (Ans.)

•Ø 18.14 Ideal Single Stage Impulse Turbine

Ex. 18.14 For maximum utilisation factor in a single stage impulse

turbine prove that stage work equals the change of kinetic energy across

the rotor—

wst = 2u2 = 
1

2 2
2

3
2( )c c-

Solution: Refer to Figure 9.3 (a and b)
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From inlet and exit velocity triangles,

2u = c2 sin a2, c2 = 2u/sin a2 (1)

c3 = cx = u/tan b3

tan b3 = 
1

2
 tan a2, therefore,

c3 = 2u/tan a2 (2)

From equations (1) and (2),

wst = 
1

2
(c2

2 – c2
3) = 

1

2

2 2

2

2

2

2
u u

sin tana a

F
HG

I
KJ -

F
HG

I
KJ

L
N
M
M

O
Q
P
P

wst = 
1 1
2

2
2

2sin tana a
-

L
NM

O
QP
 ¥ 2u2

wst = 
1
2

2

2
2

2
2sin

cos

sina

a

a
-

L
NM

O
QP

 ¥ 2u2

wst = 2u2 = 
1

2
(c2

2 – c2
3) (Ans.)

(Proved)

•Ø 18.15 Impluse Steam Turbine

Ex. 18.15 An impluse turbine has three similar stages of the same mean

diameter and geometry; each stage develops 500 kW. The peripheral speed

of the rotor blades at the mean diameter is 100 m/s; the whirl (swirl)

components of the absolute velocities at entry and exit of the rotor are

cy2 = 200 m/s and cy3 = 0 respectively. The nozzle angles at exit are equal

to a2 = 65°.

The steam at the exit of the first stage has p2 = 8.0 bar, t2 = 200°C.

Determine for the first stage (a) mean diameter of the stage for a speed of

3000 rpm; (b) mass flow rate of steam; (c) isentropic enthalpy drop for

an efficiency of 69%; (d) rotor blade angles; and (e) the blade height of

the nozzle and rotor blades at exit.

Solution: Refer to Figure 9.3 (a and b) and 18.8

(a) p dN/60 = u

d = 60 ¥ 100/p ¥ 3000 = 0.637 m (Ans.)

(b) Specific work of the stage is

wst = u (cy2 + cy3) = 2u2 = 2 ¥ 1002/1000 = 20 kJ/kg

&m ¥ wst = P

&m = P/wst = 500/20 = 25 kg/s (Ans.)
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(c) Isentropic enthalpy drop is given by

Dhs = wst/hst = 20/0.69 = 28.98 kJ/kg (Ans.)

(d) From velocity triangle at rotor entry

tan b2 = cy2/cx = 2u/cx = tan 65 = 2.144

cx = 2 ¥ 100/2.144 = 93.28 m/s (assumed constant)

For impulse turbine b2 = b3; therefore,

tan b2 = tan b3 = u/cx = 100/93.28 = 1.072

b2 = b3 = 46.99° (47°) (Ans.)

(e) From steam tables specific volume at p2 = 8 bar, t2 = 200°C is

vs2 = 0.2608 m
3
/kg

Therefore, volume flow rate at the nozzle exit and through the rotor

is

Q = &m  ¥ vs2 = 25 ¥ 0.2608 = 6.52 m3/s

Q = cx (p d h)

Flow

Nozzle
blades

Rotor
blades

cy2

c2

cx

cx

w2

w3

u

u

b2

b3

a2

cy3 = 0

Fig. 18.8 Velocity triangles for an impulse turbine stage.
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h = Q/cx p d = blade height at the nozzle exit

= rotor blade height.

h = 6.52/93.28 p ¥ 0.637

h = 0.0349 m (3.5 cm) (Ans.)

•Ø 18.16 Large Centrifugal Pump

Ex. 18.16 A centrifugal pump delivers 2.5 m3/s of water to a height of

45 metres. It is driven by a steam turbine at 1000 rpm. The overall

efficiency of the pump is 75 per cent. The impeller has radially tipped

blades at exit; it has diameter ratio of d2/d1 = 2.0 and a flow coefficient cr2/

u2 = 0.35. Water enters the impeller blades with zero whirl velocity (cq1 =

0). The flow at the impeller exit can be assumed to follow the radial

direction of the impeller blades.

Calculate (a) the power required to drive the pump; (b) impeller diameters

at entry and exit; (c) impeller width; (d) impeller blade angle at entry.

Solution: See Figure 15.5

(a) Power supplied to the pump is

P = r Q g H/h0 = 1000 ¥ 2.5 ¥ 9.81 ¥ 45/0.75 ¥ 1000

P = 1471.5 kW (Ans.)

(b) Work done per kg of water pumped is equal to the Euler’s work

(Eq. 6.147)

wp = u2 cq2 – u1 cq1

In this case cq1 = 0, cq2 = u2, therefore,

wp = u
2
2 = g H

u2 = (9.81 ¥ 45)1/2 = 21.01 m/s

p d2 N/60 = u2, d2 = 60 ¥ 21.01/1000 p = 0.4012 m

d1 = 0.5 d2 = 0.5 ¥ 0.4012 = 0.20 m (Ans.)

(c) cr2 = 0.35 u2 = 0.35 ¥ 21.01 = 7.35 m/s

Impeller width (b) is given by

Q = cr2 (p d2 b)

b1 = b2 = b = Q/cr2 p d2

b = 2.5/7.35 p ¥ 0.4012 = 0.26986 m (27 cm) (Ans.)

(d) cr1 (p d1 b1) = Q

cr1 = Q/p d1b1 = 2.5/p 0.20 ¥ 0.2698 = 14.74 m/s

u1 = 0.5 u2 = 0.5 ¥ 21.01 = 10.5 m/s

From velocity triangle at entry,

tan b1 = cr1/u1 = 14.74/10.5 = 1.4038

b1 = 54.5° (Ans.)
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•Ø 18.17 Three Stage Steam Turbine

Ex. 18.17 The centrifugal pump in Ex. 18.16 is driven by a three stage

steam turbine. It receives steam at p1 = 10 bar and t1 = 250°C at the rate

of 5.0 kg/s. The overall efficiency of the turbine is 75 per cent. The

mechanical efficiency is 98 per cent. If the work is equally divided in the

three stages determine

(a) steam conditions (pressure, temperature, dryness) at the turbine exit,

and

(b) efficiencies of the three stages.

Draw the h–s diagram for the three stages and indicate the values of

pressure and enthalpy obtained from Mollier diagram.

Solution: Refer to Figure 18.9

2740

2640

2540

2705

2605

h

2940

2840

2795

1
t = 250°C

190°C

p = 10 bar

p = 5 bar

p = 2.5 bar

p = 1.2 bar

2

3

2s

3s

4s

4

4ss

x4 = 0.98

s

k
. 

J
o

u
le

s
/k

g

Fig. 18.9 Flow of steam in a three-stage turbine
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Actual enthalpy drop (h1 – h4) required in the turbine is given by

&mDhT = pump power/mechanical efficiency.

DhT = 1471.5/0.98 ¥ 5.0 = 300.306 kJ/kg

For equal work in the three stages,

Dhst = 
1

3
 ¥ DhT = 300.306/3 = 100.102 kJ/kg

The values for isentropic enthalpy drop are obtained from the Mollier

diagram by fixing the condition line 1–2–3–4.

Isentropic enthalpy drop in the turbine is

h1 – h4ss = (h1 – h4)/hT = DhT/hT

h1 – h4ss = 300.306/0.75 = 400.408 kJ

(a) At the given conditions (p1 = 10 bar, t1 = 250°C)

h1 = 2940 kJ (from the Mollier diagram)

Therefore, h4ss = 2940 – 400.408 = 2539.592 kJ (take 2540)

At this value steam pressure (on the Mollier diagram) is

pexit = p4 = p4ss = 1.2 bar (Ans.)

The actual state of steam at the exit is obtained through h4 = constant

line = 2640 kJ.

Dryness of steam at this point is

x4 = 0.98 (Ans.)

from steam tables,

t4 = 104.8°C (Ans.)

Condition line for the expansion is obtained by joining points 1 and

4.

(b) The actual state points 2 and 3 at the exits of the first and second

stages are obtained through the values of enthalpies h2 and h3.

h1 – h2 = h2 – h3 = h3 – h4 = 100 kJ

Therefore, h2 = 2840 kJ, p2 = 5 bar

h3 = 2740 kJ, p3 = 2.5 bar

h4 = 2640 kJ

From the ideal condition line following values are obtained:

h2s = 2795 kJ

h3s = 2705 kJ

h4s = 2605 kJ
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Values of the stage efficiencies are obtained from the above

enthalpies. Thus,

st1
 = 

h h

h h
s

1 2

1 2

 

 

= 100/(2940 � 2795) = 0.6896 (68.96%) (Ans.)

st2
 = 

h h

h h
s

2 3

2 3

 

 
= 100/(2840 � 2705) = 0.7407 (74.07%) (Ans.)

st3
 = 

h h

h h
s

3 4

3 4

 

 
= 100/(2740 � 2605) = 0.7462 (74.62%) (Ans.)

Note: Figures after the decimal point for values of enthalpy on

h�s diagram have been ignored.

�Ø 18.18 Ljungstrom Turbine

Ex. 18.18 The last blade ring of a Ljungstrom turbine (N = 3600 rpm)

has the following data:

Inner diameter, d
1

= 92 cm

Outer diameter, d
2

= 100 cm

Blade exit angle, = 20° (from the tangential direction)

Steam conditions at exit, p
2

= 0.1 bar, dryness fraction, x
2
 = 0.88

Stage efficiency,
st

= 0.83

Calculate for this stage (a) power developed (b) isentropic enthalpy

drop (c) steam conditions at the entry.

Solution: Refer to Figures 13.12 and 18.10

u
1
 =  d

1
 N/60 =  ´ 0.92 ´ 3600/60 = 173.416 m/s

u
2
 =  d

2
 N/60 =  ´ 1 ´ 3600/60 = 188.495 m/s

Assume air angle = blade angle =  = 20°

(a) For optimum conditions

= 
u

w

1

1

 = 
u

w

2

3

 = 
1

2
 cos  = 0.5 cos 20 = 0.4698

Taking the blade ring as a stage, stage work is given by

w
st

= u
1
 (w

1
 cos  � u

1
) + u

2
 (w

3
 cos  � u

2
)

w
st

= u2
1
 + u2

2
 = (173.4162 + 188.4952) 10�3 kJ/kg

w
st

= 65.6 kJ/kg

Therefore, power developed per unit flow rate is

P = 65.6 kW/(kg/s) (Ans.)

(b) Isentropic enthalpy drop,

Dh
s

= w
st

/  = 65.6/0.83 = 79.036 (say 80.0) kJ/kg (Ans.)
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Values of enthalpy and dryness fraction obtained from the Mollier

diagram are shown in Figure 18.10.

2300

2380

x2 = 0.88

x1 = 0.90

p2 = 0.1 bar

p1 = 0.18 bar

k
. 

J
o

u
le

s
/k

g

h

s

Fig. 18.10 Pressure and enthalpy drops in the blade ring of a

Ljungstrom turbine

(c) For the given final state of steam ( p2 = 0.1 bar, x2 = 0.88) and

enthalpy drop the initial state of steam is obtained from the Mollier

diagram

p2 = 0.18 bar (Ans.)

x1 = 0.90 (Ans.)

•Ø 18.19 Blower Type Wind Tunnel

Ex. 18.19 A subsonic blower type wind tunnel has the following data:

Test-section Mach number, Mt = 0.5 – 0.9

Test-section cross-section 17 cm ¥ 15 cm

State of air at the compressor entry, p01 = 1.013 bar, T01 = 310 K

Compressor efficiency, hc = 0.78

Nozzle efficiency for acceleration of the flow from the settling chamber

to the test-section, hn = 0.96

Calculate for test-section Mach numbers of 0.5 and 0.9

(a) Mach number for isentropic flow; (b) pressure ratio p0e/pi of the

compressor. (c) test-section temperature and velocity; (d) mass flow rate;

and (e) power required for the compressor.
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Solution: See Figure 18.11

Mt = 0.50

(a) Value of the test-section Mach number for isentropic flow

corresponding to the actual value, Ma is

Ms = 
h g

hn

a

n
M

2

1 2
1

2
1-

-
-

L
NM

O
QP

-

( )

/

Ms = 
0 96

0 25

1 4 1

2
1 0 96

1 2
.

.

.
( . )

/

-
-

-L
NM

O
QP

-

= 0.51 (Ans.)

(b) From isentropic flow gas tables (g = 1.4) at Ms = 0.51,

p0e/pi = 1/0.837 = 1.195 (Ans.)

(c) Actual rise of temperature of air in the compressor,

T0e – T0i = 
1

10

1

h

g

g

c
rp

-

-e j

T0e = T0i 1
1

10

1

+ -
L
NM

O
QP

-

h

g

g

c
rpe j

= 310 1
1

0 78
1195 10 2857+ -L

NM
O
QP.

( . ).

= 330.75 K (Settling chamber)

This is the stagnation temperature of air in the settling chamber

assuming no heat loss.

For the acceleating flow in the contraction,

Toe – Tt = hn 1 0

1

-
L
NM

O
QP

-
-

( )pr

g

g T0e

= 0.96 [1 – 0.8370.2857] 330.75

330.75 – Tt = 15.738, Tt = 315 K (Ans.)

at = g RTt  = (1.4 ¥ 287 ¥ 315)1/2 = 355.76 m/s

Therefore, test-section velocity is

ct = Mt ¥ at = 0.5 ¥ 355.76 = 177.88 m/s (Ans.)

(d) rt = pt/RTt = 1.013 ¥ 10
5
/287 ¥ 315 = 1.120 kg/m

3

At = 17 ¥ 15 = 255 cm2
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Therefore, the mass flow through the compressor and the test-

section is

&m = rt At ct

= 1.12 ¥ 0.0255 ¥ 177.88

= 5.08 kg/s (Ans.)

(e) Compressor power is given by

P = &m cp (T0e – T0i)

= 5.08 ¥ 1.005 (330.75 – 310)

= 105.937 kW (Ans.)

M
t = 0.90

(a) Ms = 
0 96

0 81
0 008

1 2
.

.
.

/

-L
NM

O
QP

-

 = 0.9217 (Ans.)

(b) From isentropic flow gas tables (g = 1.4) at Ms = 0.9217

p0e/pi = 1/0.575 = 1.739 ª 1.74 (Ans.)

(c) T0e = 310 1
1

0 78
1 74 1

0 2857+ -L
NM

O
QP.

( . )
.

 = 378.14 K

For the accelerating flow,

378.14 – Tt = 0.96 [1 – 0.575
0.2857

] ¥ 378.14

Tt = 325.054 K (Ans.)

at = (1.4 ¥ 287 ¥ 325.054)1/2 = 361.393 ms/s

ct = 0.9 ¥ 361.393 = 325.25 m/s (Ans.)

(d) rt = 1.013 ¥ 105/287 ¥ 325.054 = 1.085 kg/m3

&m = 1.085 ¥ 0.0255 ¥ 325.25

&m = 8.9988 ª 9.0 kg/s (Ans.)

(e) Compressor power,

P = 9.0 ¥ 1.005 ¥ (325.054 – 310)

P = 136.16 kW (Ans.)

Table 18.2: Parameters for a subsonic wind tunnel

Ma Ms Tt(K) ct (m/s) &m (kg/s) pr0 = 
p

p

e

i

0

0

P(kW)

0.50 0.51 315.00 177.88 5.08 1.195 105.137

0.90 0.92 325.054 325.25 9.00 1.740 136.160
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•Ø 18.20 Axial Turbine Cascade

Ex. 18.20 The cascade of turbine blades in Ex. 8.2 has nearly constant

deviation of d = 2.5 degrees at positive incidences of 5, 10, 15 and 20

degrees. Calculate for this cascade—

(a) flow deflection; (b) profile and total loss coefficients; and (c) drag

and lift coefficients. Use Hawthorne’s correlation.

Solution: The data for the given cascade is

a¢1 = 35°, a¢2 = 55°, d = 2.5°, h/l = 2.5, s/l = 0.505

Air angle at exit remains constant at a2 = 55 – 2.5 = 52.5°

Air angles at entry change due to incidence. These are

a1 = 35 + 5 = 40°, 35 + 10 = 45°, 35 + 15 = 50°

and 35 + 20 = 55°

(a) Therefore, the flow deflections are

Œ + + ∞

Œ + ∞

Œ + ∞

Œ + ∞

U

V
||

W
|
|

= = 40 =

= = 97.5

= =

= =

a a1 2 52 5 92 5

45 52 5

50 52 5 102 5

55 52 5 107 5

. .

.

. .

. .

 (Ans.)

(b) Hawthorne’s correlation for profile and total loss coefficients (xp, x)

are

xp = 0.025 1
90

2

+
ŒF

H
I
K

L
NM

O
QP

x = 1
320

1
+

L
NM

O
QP

.

/h
xp = 1

3 2

2 5
+L

NM
O
QP

.

.
xp = 2.28 xp ª Y

Values calculated are given in the table.

(c) The mean air angle for the cascade is given by

tan am = 
1

2
(tan a2 – tan a1) = 0.5 (tan 52.5 – tan a1)

CD = 
s

l
Y

cos

cos

3

2
2

a

a
m

= 0.505Y 
cos

cos .

3

2 52 5

a m  = 1.362Y cos3 am
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Values of CD for various values of Y, a1 and am have been calculated

as shown in the table.

CL = 2
s

l

F
H

I
K  cos am (tan a1 + tan a2) + CD tan am

CL = 2 ¥ 0.505 cos am (tan a1 + 1.3032) + CD tan am

CL = 1.01 cos am (tan a1 + 1.3032) + CD tan am

All the values calculated for i = 5, 10, 15 and 20 degrees are shown

in the table.

Table 18.3 Variation of loss coefficients, CD and CL with incidence

Incidence a1 Deflection Mean xp Y ª x CD CL

i Œ angle am

5° 40° 92.5° 13.06° 0.0514 0.1120 0.1475 2.1405

10° 45° 97.5° 8.62° 0.0543 0.1238 0.1629 2.3243

15° 50° 102.5° 3.19° 0.0574 0.1310 0.1776 2.5257

20° 55° 107.5° –3.57° 0.0606 0.1381 0.1870 2.7415

•Ø 18.21 Low Reaction Turbine Stage

Ex. 18.21 A low reaction single stage turbine has the following data:

Fixed blade air angles: a1 = 0, a2 = 65°

Rotor blade air angles: b2 = 35°, b3 = 52.5°

Pitch-chord ratio = s/l = 0.505

Aspect ratio = h/l = 2.5

Variation of incidence due to varying rotor speed:

i = 0, 5°, 10°, 15°, 20°

Calculate, for the five values of incidence

(a) flow coefficient, f; (b) blade to gas speed ratio, s; (c) degree of

reaction; and (d) total to total efficiency.

Solution: Refer to Figure 9.1

(a) From the inlet velocity triangle flow coefficient is given by

f = 
c

u

x  = cos a2. cos b2/sin (a2 – b2)

a2 = 65° (constant)

b2 varies with incidence. Its values are 35°, 40°, 45°, 50° and 55°

At i = 0, f = cos 65 ¥ cos 35/sin (65 – 35) = 0.6923 (Ans.)

Similarly other values are calculated; they are shown in the table.
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(b) Blade to gas speed ratio s = u/c2 varies with the rotor peripheral

speed. It is given by

s = sin (a2 – b2)/cos b2

At i = 0, b2 = 35°, a2, remains constant for all values of incidence.

Therefore,

s = sin (65 – 35)/cos 35 = 0.6104 (Ans.)

Values of s are similarly calculated for other values of incidence and

the corresponding values of b2.

(c) Degree of reaction varies with the degree of incidence (and the

resulting air angle, b2). The exit air angle b3 can be assumed

constant. For constant axial velocity (cx)

R = 
1

2

c

u
xF

H
I
K  (tan b3 – tan b2)

As an example this is calculated for i = 0.

R = 0.5 ¥ 0.6923 (tan 52.5 – tan 35)

= 0.2087 (20.87%) (Ans.)

Other values are calculated using the corresponding values of

f = cx/u and b2.

(d) Total to total efficiency is given by

htt = 1
1

2 1
2

2
3

3

2

2
2

2 3

1

+

+

+ -

L

N

M
M
M
M

O

Q

P
P
P
P

-

f

x b x a

f a b

R N

T

T
sec sec

(tan tan )

For small degrees of reaction T3/T2 can be assumed close to unity.

For the fixed blade row loss coefficient (xN) can be calculated by

Hawthorne’s formula.

xN = 2.28 ¥ 0.025 1
65

90

2

+ F
H

I
K

L
NM

O
QP

 = 0.0866

This can be assumed constant for all values of incidence. Therefore,

T

T
3

2

xN sec2 a2 = 0.0866 sec2 65 = 0.4849 (Constant)

tan a2 + tan b3 = tan 65 + tan 52.5 = 3.4477 (Constant).

Therefore,

htt = 1
1

2

2 6983 0 4849

3 4477 1

2

1

+
+

-

L
NM

O
QP

-

f
x

f

. .

.
R
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Above expression is used to obtain values of htt for various values

of f and xR. Table 18.4 presents these values.

Table 18.4 Variation of degree of reaction and efficiency with incidence

and other parameters

Incidence b2 b3 f = cx/u s = u/c2 R xR htt

0 35 52.5 0.6923 0.6104 20.87% 0.1108 0.8807

5 40 52.5 0.7660 0.5517 17.77% 0.1172 0.8747

10 45 52.5 0.8737 0.4837 13.24% 0.1238 0.8655

15 50 52.5 1.0496 0.4026 5.85% 0.1310 0.8500

20 55 52.5 1.3960 0.3027 –8.71% 0.1381 0.8202

•Ø 18.22 Isentropic or Stage Terminal

Velocity for Turbines

Ex. 18.22 A gas turbine stage has the following data:

Entry and exit gas pressures, p01 = 5 bar, p02 = 3.5 bar

Gas temperature at entry, T01 = 1273 K

Mass flow rate of the gas, &m  = 28 kg/s

Stage loading coefficient, y = 1.7

Stage efficiency, htt = 84%

Take g = 1.4, cp = 1.005, kJ/kg K for the gas.

Calculate (a) stage terminal velocity, c0; (b) Isentropic blade to gas

speed ratio, ss; (c) peripheral speed of the rotor; and (d) the power

developed.

Solution: Refer to Figures 9.8 and 13.5

g

g

- 1
= 

1 4 1

1 4

.

.

-
 = 0.2857, pro = 

5

3 5.
 = 1.4285,

pro

g

g

-1

= 1.1072

Isentropic enthalpy drop = h01 – h03ss = cp(T01 – T03ss)

h01 – h03ss = cpTo1 1

1

-
R
S|
T|

U
V|
W|

-
-

pro

g

g

= 1.005 ¥ 1273 1
1

11072
-

.{ } = 123.87 kJ/kg

(a)
1

2
c2

0 = 123.87 ¥ 103

c0 = 497.73 m/s (Ans.)
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(b) s2
s = (u/c0)

2 = 0.5htt/y

= 0.5 ¥ 0.84/1.7 = 0.247

ss = u/co = 0 247.  = 0.497 (Ans.)

(c) u = ss ¥ c0 = 0.497 ¥ 497.73 = 247.38 m/s (Ans.)

(d) P = &m  ¥ wst = &mhtt (h01 – h03ss)

P = 28 ¥ 0.84 ¥ 123.87/1000

P = 2.913 MW (Ans.)

•Ø 18.23 Axial Compressor Stage Efficiency

Ex. 18.23

(a) Derive the following relation for efficiencies and degree of reaction

of axial compressors:

hst = R hR + (1 – R) hD

(b) Calculate the value of the stage efficiency of a 50% reaction

compressor stage with the following efficiencies of the blade

rows:

hR = 0.849, hD = 0.849

Solution: Refer to Figure 18.12
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Fig. 18.12 Flow through rotor and diffuser of a compressor stage
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(a) hst = 
h h

h h
ss3 1

3 1

-

-

h3ss – h1 = (h2s – h1) + (h3ss – h2s)

Putting h3ss – h2s = h3s – h2

h3ss – h1 = (h2s – h1) + (h3s – h2)

hst = 
h h

h h

h h

h h
s s2 1

3 1

3 2

3 1

-

-
+

-

-

hst = 
h h

h h

h h

h h

h h

h h

h h

h h
s s2 1

2 1

2 1

3 1

3 2

3 1

3 2

3 2

-

-
¥

-

-
+

-

-
¥

-

-

hst = hR R + 1 2 1

3 1

-
-

-

F
HG

I
KJ

h h

h h
hD

hst = R hR + (1 – R) hD

(b) hst = 0.5 ¥ 0.849 + (1 – 0.5) ¥ 0.849 = 0.849

Therefore,

hst = hR = hD = 84.9% (Ans.)

•Ø 18.24 Axial Compressor Cascade

Ex. 18.24 The rotor and stator blade rows of Ex. 11.2 were tested in a

blower wind tunnel at a test-section velocity of air of 100 m/s. The values

of the loss coefficients thus obtained were YD = 0.0367 and YR = 0.0393.

Calculate the stage efficiency.

Solution: Refer to the velocity triangles of Figure 11.1(b).

The data for the blade rows are

b1 = 51°, b2 = 9°, a1 = 7°, u = 100 m/s

The velocity of air at the entry of the rotor is

w1 = cx/cos b1

From velocity triangle at rotor entry

cx = u/(tan a1 + tan b1) = 
100

7 51tan tan+

= 73.65 m/s

Therefore, w1 = 73.65/cos 51 = 117.03 m/s

From exit velocity triangle,

c2 = cx/cos a2 = 73.65/cos 50.18

= 115.01 m/s
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The actual values of the loss coefficients for the blade rows are now

obtained corresponding to these entry velocities.

xR ª YR = 0.0393 (117.03/100)2 = 0.0538

xD ª YD = 0.0367 (115.01/100)
2
 = 0.0486

f = cx/u = 73.65/100 = 0.7365

hst = 1 – 0.5f 

x a x b

b b

D R

T

T
sec sec

tan tan

2
2

3

2

2
1

1 2

+

-

hst = 1 – 0.5 ¥ 0.7365 
0 0486 50 18 0 0538 51

51 9

2 2. sec . . sec

tan tan

+

-

hst = 0.9130 (91.3%) (Ans.)

Following approximations have been introduced in the calculations:

(a) T3/T2 ª 1

This is justified on account of low pressure and temperature rise.

(b) On account of low Mach number flows enthalpy and pressure loss

coefficients are nearly same.

(c) The loss coefficients have been assumed to increase with the square

of the velocity of air at the entry of the blade row.

•Ø 18.25 Two-stage Axial Compressor

Ex. 18.25 An Axial compressor running at N = 7200 rpm delivers 25 kg/s

of air at a pressure ratio of pro = 2.0. It has two stages of mean diameter

65 cm; the first stage develops a pressure ratio of pro = 1.5. The blade

height at the entry for the first stage is 10 cm. The air enters the first stage

axially. Other data are

Polytropic efficiency, hp = 0.9

Work done factor, W = 0.87

State of air at entry, p01 = 1.02 bar, T01 = 310 K

Calculate for the two stages (a) pressure ratio; (b) stage efficiency; (c)

power required; (d) air angles, a1, a2, b1, b2 of the rotors and stators; and

(e) degree of reaction.

Assume same values of the air angles at the exits of the rotor and stator

blade rows (b2 = a ¢1) of the first stage.

Solution: Refer to Figures 11.2 and 18.13.

The two stages with their rotors R1 and R2 are shown in the figures.

g

g

- 1
 = 

1 4 1

1 4

.

.

-
= 0.2857, 

1

hp

g

g

- 1
 = 

1

0 9.
 ¥ 0.2857 = 0.3174
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(a) pro1 = 
p

p
02

01

 = 1.5, pr02 = 
p

p
03

02

p

p

p

p
03

02

02

01

¥ = pro2 ¥ 1.5 = 2.0

Therefore, pro2 = 2.0/1.5 = 1.333 (Ans.)

(b) hst1 = 
p

p

ro

ro
p

g

g

g

h g

-

-

-

-

1

1

1

1

 = 
15 1

15 1

0 2857

0 3174

.

.

.

.

-

-
 = 0.8944 (89.44%) (Ans.)

R1

R2

c2

c¢2

c cx1 1=

cy1 = 0

a1 = 0

w2

w¢2

w1

w¢1
c¢1

c¢y1

a¢1

b¢1

b2

b¢2

b1

a2

a¢2

cy2
u

u

u

u

F
ir
s
t 

s
ta

g
e

S
e

c
o

n
d

 s
ta

g
e

c¢y2

Fig. 18.13 Two-stage axial compressor
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hst2 = 
1333 1

1333 1

0 2857

0 3174

.

.

.

.

-

-
 = 0.8959 (89.59%) (Ans.)

(c) P1 = &mcp(T02 – T01) = &mcpT01 ( pro1

1g
g
-

 – 1)/hst1

P1 = 25 ¥ 1.005 ¥ 310(1.50.2857 –1)/0.8944

P1 = 1069.54 kW (Ans.)

T02 – T01 = T01 (pro1
0.2857

 – 1)/hst1

T02 – T01 = 310 (1.50.2857 – 1)/0.8944 = 42.56

T02 = 310 + 42.56 = 352.56 K

P2 = &mcp T02 ( pro2

1g
g
-

 – 1)/hst2

= 25 ¥ 1.005 ¥ 352.56 (1.333
.2857

 – 1)/0.8959

= 846.16 kW (Ans.)

(d) Annulus area at entry (ignoring blade thickness),

A1 = p ¥ 0.65 ¥ 0.1 = 0.2042 m2

Stagnation density,

r01 = p01/RT01

r01 = 1.02 ¥ 105/287 ¥ 310 = 1.146 kg/m3

The approximate value of the axial velocity cx1 is

cx1 = &m /r01 A1 = 25/1.146 ¥ 0.2042 = 106.83 m/s

T1 = T01 – c2
1/2cp = 310 – 106.832/2 ¥ 1005

= 304.32 K

p

p
1

01

= 
T

T01

1F
HG

I
KJ

-

g

g
 = 

304 32

310

3 5
.

.F
H

I
K  = 0.9373,

p1 = 0.9373 ¥ 1.02 = 0.956 bar

r1 = p1/RT1 = 0.956 ¥ 10
5
/287 ¥ 304.32

= 1.0945 kg/m3

Therefore, the new value of cx1 can be calculated.

cx1 = 25/1.0945 ¥ 0.2042 = 111.85 m/s

A second trial is attempted for c1 = cx1 = 111 m/s

T1 = 310 – 1112/2010 = 303.87 K

p1 = (303.87/310)3.5 ¥ 1.02 = 0.951 bar

r1 = 0.951 ¥ 105/287 ¥ 303.87 = 1.09406 kg/m3

Therefore, cx1 = 25/1.09046 ¥ 0.2042 = 112.27 m/s
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This is close to the trial value of 111 m/s. Therefore, further

calculations are based on this value.

c1 = cx1 = 111 m/s

cx1 = cx2 = 111 m/s (assumed constant)

First Stage

u = pdn/60 = p ¥ 0.65 ¥ 7200/60 = 245.04 m/s

tan b1 = u/c1 = 245.05/111 = 2.2076, b1 = 65.63° (Ans.)

wst1 = W (ucy2) = cp (T02 – T01) = cpT01( pr01

1g
g
-

 – 1)/hst1

cy2 = 1005 ¥ 310(1.5.2857 – 1)/0.894 ¥ 0.87 ¥ 245.04

cy2 = 200.65 m/s

a2 = tan–1 
c

c

y

x

2
 = 

200 65

111

.
 = 61.05° (Ans.)

b2 = 21.8° (Ans.)

(e) R1 = 0.5f (tan b1 + tan b2)

f = cx/u = 111/245.04 = 0.453

R1 = 0.5 ¥ 0.453 (tan 65.63 + tan 21.8)

= 0.5 ¥ 0.453 (2.2076 + 0.4)

= 0.5906 (59.06%) (Ans.)

Second Stage

Primes (¢) refer to the second stage. Here T¢01 = T02 = 352.56 K

Wst2 = Wu(c¢y2 – c¢y1) = cp(T ¢02 – T ¢01)

= cpT ¢01 pr st02

1

21
g

g h
-

-
F
H

I
K

c ¢y2 – c¢y1 = 1005 ¥ 352.56 (1.3330.2857 – 1)/0.8959 ¥ 0.87 ¥ 245.04

c¢y2 – c¢y1 = 158.77

From the exit velocity triangle of the first stage,

c¢y1 = cx tan a ¢1
a ¢1 = b2 = 21.80 (given); therefore,

c¢y1 = 111 tan 21.8 = 44.4 m/s

tan b ¢1 = 
u c

c

y

x

- ¢1
 = 

245 04 44 4

111

. .-
 = 1.807

b ¢1 = 61.05° (Ans.)

c¢y2 = 158.77 + 44.4 = 203.17 m/s

a ¢2 = tan–1 c¢y2/cx = tan–1 203.17/111 = tan–1 1.8303

a¢2 = 61.35° (Ans.)



Miscellaneous Solved Problems in Turbomachines 773

tan b¢2 = 
u c

c

y

x

- ¢2
 = 

245 04 20317

111

. .-
 = 0.3772

b¢2 = 20.67° (Ans.)

(e) Degree of reaction of the second stage (for constant axial velocity

cx = 111 m/s) is

R2 = 0.5
c

u

xF
H

I
K

 (tan b ¢1 + tan b ¢2)

= 0.5
111

245 04.
F
H

I
K  (tan 61.05 + tan 20.67)

= 0.4947 (49.47%) (Ans.)

Various parameters obtained for the two stages are presented in

Table 18.5.

Table 18.5 Pressure ratio, efficiency, power and air angles for a

two stage axial compressor

Stage Air angle (degrees) Percent pro hst Power

Reaction (kW)

a1 a2  b1 b2 R

I 0 61.05 65.63 21.80 59.06 1.500 89.44 1069.54

II 21.8 61.35 61.05 20.67 49.47 1.333 89.59 846.16

•Ø 18.26 Axial Compressor Cascade

Ex. 18.26 Data for the first stage blade rows of the compressor in

Ex. 18.25 are given below:

Inlet air Outlet air Profile loss No. of Pitch-chord

angle angle coefficient, Y blades ratio s/I

Rotor b1 = 66° b2 = 22° 0.080 59 0.865

Stator a2 = 61° a3 = 22° 0.077 53 0.963

The degree of reaction is R = 59.06 per cent. Calculate the efficiencies

of the rotor and diffuser (stator) blade rows and predict the stage

efficiency, hst.

Solution:

Rotor

CD = 
s

Y m

1

3

2
1

F
H

I
K

cos

cos

b

b
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bm = tan–1 
1

2
 (tan b1 + tan b2)

= tan–1 0.5(tan 66 + tan 22)

= tan–1 1.325 = 53° (2bm = 106°)

Therefore, CD = 0.865 ¥ 0.08 cos3 53/cos2 66 = 0.0912

CL = 2
s

1
F
H

I
K  (tan b1 – tan b2) cos bm – CD tan bm

CL = 2 ¥ 0.865 (tan 66 – tan 22) cos 53 – 0.0912 tan 53

CL = 1.794

The rotor cascade efficiency is given by

hR = 1 – 2
C

C
D

L m

F
HG

I
KJ

1

2sin b

hR = 1 – 2 ¥ 0.0912/1.794 sin 106

hR = 0.8942 (89.42%) (Ans.)

Diffuser

am = tan
–1

 0.5 (tan a2 + tan a3)

= tan–1 0.5 (tan 61 + tan 22)

am = tan–1 1.104 = 47.83° (2am = 95.66°)

Therefore, CD = 0.963 ¥ 0.077 cos3 47.83/cos2 61 = 0.0953

CL = 2 ¥ 0.963 (tan 61 – tan 22) cos 47.83 – 0.0953 ¥

tan 47.83 = 1.705

The diffuser cascade efficiency is given by

hD = 1 – 2 ¥ 0.0953/1.705 sin 95.66

= 0.8876 (88.76%) (Ans.)

Therefore, the stage efficiency can be predicted by

hst = R ¥ hR + (1 – R) ¥ hD

hst = 0.5906 ¥ 0.8942 + (1 – 0.5906) ¥ 0.8876

hst = 0.8915 (89.15%) (Ans.)

•Ø 18.27 Isentropic Flow-Centrifugal Air

Compressor

Ex. 18.27 The centrifugal compressor of Ex. 12.1 has the following data:

Impeller mean diameter at entry, d1 = 17.5 cm

Impeller diameter, at exit, d2 = 50 cm

Area of cross-section at the impeller inlet, A1 = 0.0412 m2
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Air angle at the inlet of axial inducer blades, b1 = 61.4°

State of air at entry, p01 = 1.02 bar, T01 = 335 K

Calculate (a) pressure ratio p02/p01 (b) mass flow rate of air and

(c) power required at rotational speeds of 5700 rpm, 6200 rpm, 6700 rpm

and 7200 rpm. Assume isentropic flow with no slip, and radially tipped

impeller blades.

Solution: Refer to Figure 12.7

N = 5700 rpm

u1 = 
pd N1

60
 = p ¥ 

0 175

60

.
 N = 

N

1091348.
 = 

5700

1091348.

= 52.23 m/s

u2 = 
p d N2

60
 = p ¥ 

0 5

60

.
 N = 

N

38197.
 = 

5700

38197.

= 149.226 m/s

Assuming axial entry in the inducer blade row,

c1 = u1 tan b1 = u1 ¥ tan 61.4 = 1.834 u1

c1 = 1.834 ¥ 52.23 = 95.789 m/s

T1 = T01 – c2
1/2cp = 335 – 95.7892/2 ¥ 1005

= 330.435 K

p1 = 
T

T
1

01

1F
HG

I
KJ

-

g

g
 p01 = 

330 435

335

3 5
.

.
F
H

I
K  ¥ 1.02 = 0.972 bar

r1 = p1/RT1 = 0.972 ¥ 105/287 ¥ 330.435

= 1.025 kg/m3

&m = r1 A1c1 = 1.025 ¥ 0.0412 ¥ 95.789

= 4.045 kg/s (Ans.)

For b2 = 90°, m = 1 and hst = 1

pr0 = p02/p01 = 1 2
2

01

1

+
F

HG
I

KJ
-u

c Tp

g

g

 = 1
1005 335

2
2 3 5

+
¥

F

HG
I

KJ
u

.

pr0 = 1
149 226

1005 335

2 3 5

+
¥

F
HG

I
KJ

.
.

 = 1.251 (Ans.)

T02 = T01 ¥ ( )pr0

1g

g

-

 = 335 ¥ 1.251
0.2857

 = 357.13 K

P = &mcp (T02 – T01)

= 4.045 ¥ 1.005 (357.13 – 335) = 89.96 kW (Ans.)
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N = 6200 rpm

u1 = 6200/109.1348 = 56.81 m/s

u2 = 6200/38.197 = 162.316 m/s

c1 = 1.834 ¥ 56.81 = 104.189 m/s

T1 = 335 – 104.1892/2 ¥ 1005 = 329.6 K

p1 = 
329 6

335

3 5
.

.
F
H

I
K  ¥ 1.02 = 0.964 kg/m3

r1 = 0.964 ¥ 105/287 ¥ 329.6 = 1.019 kg/m3

&m = 1.019 ¥ 0.0412 ¥ 104.189 = 4.374 kg/s

pr0 = 1
162 316

1005 335

2 3 5

+
¥

F
HG

I
KJ

.
.

 = 1.302 (Ans.)

T02 = T01 pr0

1g

g

-

 = 335 ¥ 1.302
0.2857

 = 361.23 K

P = &mcp(T02 – T01)

P = 4.374 ¥ 1.005 (361.23 – 335)

P = 115.3 kW (Ans.)

N = 6700 rpm

u1 = 6700/109.1348 = 61.39 m/s

u2 = 6700/38.197 = 175.406 m/s

c1 = 1.834 ¥ 61.39 = 112.589 m/s

T1 = 335 – 112.5892/2 ¥ 1005 = 328.693 K

p1 = 
328 693

335

3 5
.

.
F
H

I
K  ¥ 1.02 = 0.954 bar

r1 = 0.954 ¥ 105/287 ¥ 328.693 = 1.011 kg/m3

&m = 1.011 ¥ 0.0412 ¥ 112.589 = 4.689 kg/s (Ans.)

pr0 = 1
175 406

1005 335

2 3 5

+
¥

F
HG

I
KJ

.
.

 = 1.358 (Ans.)

T02 = 335 ¥ 1.358
0.2857

 = 365.6 K

P = &mcp (T02 – T01)

P = 4.689 ¥ 1.005 (365.6 – 335)

P = 144.20 (Ans.)

N = 7200 rpm

u1 = 65.97 m/s, u2 = 188.496 m/s, c1 = 120.988 m/s

&m = r1A1c1 = 1.0023 ¥ 0.0412 ¥ 120.988

= 4.996 kg/s (Ans.)
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pr0 = 1
188 496

1005 335

2 3 5

+
¥

F
HG

I
KJ

.
.

 = 1.42 (Ans)

T02 = 335 ¥ 1.420.2857 = 370.3 K

P = 4.996 ¥ 1.005 (370.3 – 335)

P = 177.24 kW (Ans)

Calculated values have been presented in Table 18.6.

Table 18.6 Variation of pressure ratio, flow rate and power with speed

in a centrifugal air compressor

Rotational speed Pressure ratio Flow rate Power

N, rpm p02/p01 &m (kg/s) kW

5700 1.251 4.045 89.96

6200 1.302 4.374 115.30

6700 1.358 4.689 144.20

7200 1.420 4.996 177.24

•Ø 18.28 Static Pressure Ratio in a Centrifugal

Air Compressor

Ex. 18.28 If the design speed of the compressor in Ex. 18.27 is N = 7200

rpm calculate (a) width of the impeller at exit, b2 (b) static pressure ratio,

p2/p1 and (c) the direction a2 of the absolute velocity vector, c2 (the

diffuser angle at entry). Assume constant area of cross-section of the flow

passage.

Solution: Refer to Figure 12.7

(a) The area of cross-section at the inlet of the impeller’s inducer is

A1 = 0.0412 m2

The cross-sectional area at the impeller exit is

A2 = pd2 b2 = A1 = 0.0412

b2 = 0.0412/p ¥ 0.5 = 0.0262 m (2.62 cm) (Ans)

(b) State of air (p2, T2) at the diffuser entry (or impeller exit) can be

determined by trial and error.

r2cr2A2 = &m

r2cr2 = &m/A2 = 4.996/0.412 = 121.262

I trial: Let r2 = 1.1 kg/m3

Therefore, cr2 = 121.262/1.1 = 110.238 m/s

c2
2 = cr2

2 + u2
2 = 110.2382 + 188.4962 = 4.771 ¥ 104

T2 = T02 – c
2
2/2cp
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T2 = 370.3 – 4.771 ¥ 104/2 ¥ 1005 = 346.56 K

p02 = 1.42 ¥ 1.02 = 1.4484 bar

p2 = 
T

T
2

02

1F
HG

I
KJ

-

g

g
 ¥ p02 = 

346 56

370 3

3 5
.

.

.
F
H

I
K  ¥ 1.4484

= 1.1486 bar

r2 = p2/RT2 = 1.1486 ¥ 105/287 ¥ 346.56

= 1.154 kg/m3

cr2 = 121.262/1.154 = 105.08 m/s

The difference (110.238 – 105.08 = 5.158 m/s) is large.

II trial: Let cr2 = 105 m/s

c2
2 = 1052 + 188.4962 = 4.655 ¥ 104

T2 = 370.3 – 4.655 ¥ 104/2 ¥ 1005 = 347.14 K

p2 = 
34714

370 3

3 5
.

.

.
F
H

I
K  ¥ 1.4484 = 1.155 bar

r2 = 1.155 ¥ 105/287 ¥ 347.14 = 1.159 kg/m3

cr2 = 121.262/1.159 = 104.626 m/s

This is close to the chosen value, 105 m/s

p1 = 0.942 bar (form Ex. 18.27)

Therefore, static pressure ratio,

p2/p1 = 1.155/0.942 = 1.226 (Ans)

(c) The direction of the absolute velocity vector, c2 is

tan a2 = 
c

u
r2

2

 = 
105

188 496.
 = 0.557

a2 = 29.1° (Ans)

This is the angle at the entry of the diffuser blades if they are located

at diameter, d2. However, this is not the case in practice. The diffuser

blade ring is located a little distance away from the impeller exit.

Therefore, the magnitudes of both c2 and a2 will change.

•Ø 18.29 Centrifugal Compressor with Vaned

Diffuser

Ex. 18.29

(a) A centrifugal air compressor has radially tipped impeller blades. It

delivers 7.5 kg/s of air at a speed of 250 rps and efficiency htt = 81

per cent. Other data are given in the following:
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State of air at inlet: p01 = 1.103 bar, T01 = 310 K

Impeller diameter, d2 = 55 cm

Inducer hub diameter, dh = 10 cm

Velocity of air at the entry of inducer and diffuser exit c1 = c3 =

100 m/s

Power input factor, y = 1.035

Slip factor, m = 0.90

Absolute velocity vector at the inducer entry is axial.

Calculate (i) tip diameter of the inducer at entry, (ii) Relative Mach

number of the flow entering the inducer, (iii) stagnation pressure ratio

developed, and (iv) the power required.

(b) The vaneless space between the impeller exit and the vaned diffuser

entry is 0.1 ¥ impeller radius. The width of the casing after the

impeller exit is 1.4 times the impeller passage width. Meridional

velocity remains constant through the impeller.

Calculate (i) entry angle (a2) of the diffuser blades (ii) Mach number

at the diffuser entry, (iii) diameter ratio and area ratio of the diffuser

blade ring, and (iv) the static pressure ratio of the compressor.

Assume isentropic and incompressible flow after the impeller exit and

free-vortex flow in the vaneless space.

Solution: Refer to Figures 18.14 and 18.15

Vaneless space

Impeller

u1
c1

c2

u2

a2

w1

w

c

2

2

=

r

Fig. 18.14 Impeller with radially tipped blades

(a) T1 = T01 – c
2
1/2cp = 310 – 

100

2 1005

2

¥
 = 305.02 K
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p
I

= 
T

T

1

01

1%
'&

(
0)

 

 ´ p
HI

 = (305.02/310)QFS ´ 1.103

= 0.9571 bar

I
= p

I
/RT

I
 = 0.9571 ´ 10S/287 ´ 305.02

= 1.0933 kg/mQ

(i)  m = 
I
A

I
c

I

A
I

=  m /
I
c

I
 = 7.5/1.0933 ´ 100 = 0.0686 mP

4
(dP

t � dP

h) = 0.785 (dP

t � 10P) = A
I
 = 0.0686 ´ 10R

dt = 31.2 cm (Ans)

(ii) d
I

= 0.5 (10 + 31.2) = 20.6 cm

u
I

=  d
I
 N =  ´ 0.206 ´ 250

= 161.792 m/s

wP

I
= uP

I
 + cP

I
 = 161.792P + 100P

w
I

= 190.2 m/s

Relative Mach number at the inducer entry is given by

M
Irel = w

I
/ RT1  = 190.2/(1.4 ´ 287 ´ 305.02)IGP

= 0.543 (Ans)

(iii) u
P

=  d
P
 N =  ´ 0.55 ´ 250 = 431.968 m/s

Specific work done is given by

cp(THQ
 � T

HI
) = cp(THP

 � T
HI

) =   uP

P

T
HP

 � 310 = 1.035 ´ 0.9 ´ 431.968P/1005

= 172.943 K

T
HP

= 482.943 K

a3

a¢2

r3

r2
r ¢2 Vaneless

space

Impeller

Diffuser
blade ring

Fig. 18.15 Vaned diffuser
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htt = 
T T

T T
s02 01

02 01

-

-
 = 

T p

T T
r01 0
0 2857

02 01

1( ). -

-
 = 

301 1

172 943
0

0 2857( )

.

.
pr -

= 0.81

pr0 = (1 + 0.4519)3.5 = 3.688 (Ans)

(iv) P = &mcp (T02 – T01)

= 7.5 ¥ 1005 ¥ 172.943 = 1303.55 kW (Ans)

(b) Velocity of whirl (swirl component) at the impeller exit is

cq2 = m ¥ u2 = 0.9 ¥ 431.968 = 388.77 m/s

This is reduced to c ¢q2 at the diffuser entry due to increase in the

passage width and free-vortex flow in the vaneless space.

c ¢q2 = 
r

r

c2

2

2

1 4¢
¥ q

.
 = 

388 77

11 1 4

.

. .¥
 = 252.448 m/s

c¢r2 = 
r

r

cr2

2

2

1 4¢
¥

.
 = 

100

11 1 4. .¥
 = 64.935 m/s

Therefore, the absolute velocity of flow entering the diffuser blade

ring is

c2¢
2 = c¢2r2 + c¢q2

2 = 64.9352 + 252.4482 = 6.795 ¥ 104

c¢2 = 260.67 m/s

The exit velocity for the diffuser is given as c3 = 100 m/s

(i) The direction of flow at the diffuser entry is

a¢2 = tan–1 
¢

¢

c

c
r2

2q

 = tan–1 
64 935

252 448

.

.
 = tan–1 0.2572

= 14.42° (Ans)

(ii) T ¢02 = T02 = T03 = 482.943 K

T¢2 = 482.943 – 260.672/2 ¥ 1005 = 449.14 K

M ¢2 = c¢2/(g RT ¢2)1/2 = 
260 67

1 4 287 44914 1 2

.

( . . ) /¥ ¥

= 0.6136 (Ans)

(iii) Area ratio of the vaned diffuser is given by

Ar = 
d

d
3

2

3

2¢ ¢

sin

sin

a

a

Diffuser vane angle at exit in given by

cos a3 = 
cos

/

a 2

3 2d d ¢

The diameter (or radius ratio) d3/d¢2 = r3/r¢2 is obtained by trial and

error. Density of air is assumed almost constant downstream of

the impeller.
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The area ratio for the diffuser blade ring is given by

Ar = A3/A¢2 = c ¢2/c3 = 260.67/100 = 2.6067 (Ans)

The last trial is given here:

Let d3/d ¢2 = 1.16.

Therefore, cos a3 = 
cos

/

¢

¢

a 2

3 2d d
 = 

cos .

.

14 42

116
 = 0.8349

a3 = 33.393°, sin a3 = 0.550

These values give

Ar = 
0 550

0 249

.

.
 ¥ 1.16 = 2.562 (Ans)

This is close to the required value (2.6067).

(iv) The static temperature of air at the diffuser exit is

T3 = T03 – c2
3/2cP = 482.943 – 1002/2 ¥ 1005

= 477.96 K

The static pressure ratio, p3/p1 is obtained as follows:

p

p
3

03

= 
T

T
3

03

1F
HG

I
KJ

-

g

g
, 

p

p
1

01

 = 
T

T
1

01

1F
HG

I
KJ

-

g

g

p

p
3

1

= 
T

T
3

03

1F
HG

I
KJ

-

g

g
 p

T

T03
1

01

1F
HG

I
KJ

-

g

g
 p01 = 

T

T

T

T

p

p
3

1

01

03

1
03

01

¥
F
HG

I
KJ

¥
-

g

g

p

p
3

1

= 
477 96

305 02

310

482 943

3 5
03

01

.

. .

.

¥F
H

I
K ¥

p

p
= 1.0206 ¥ 

p

p
3

01

p

p
3

1

= 1.0206 ¥ 3.688 = 3.764 (Ans)

•Ø 18.30 Inward Flow Radial Gas Turbine

Ex. 18.30 A ninety degree IFR turbine has the following data:

Rotational speed = 300 rps

Mass flow rate of gas = 5 kg/s

Gas temperature at entry = 873 K

Gas pressure at entry = 4 bar

Isentropic efficiency = 0.85

Impeller diameter at entry = 0.4 m

Mean diameter at exit = 0.2 m
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Static pressure ratio across the turbine = 4.0

Static pressure ratio across the nozzles = 2.0

Flow coefficient at impeller entry = 0.3

Losses are equal in the nozzle and rotor blade rings. Discharge at

impeller exit is axial.

Assume constant meridional velocity through the impeller. Take g = 1.4,

R = 287 J/kg K for the gas.

Calculate (a) axial width of the impeller blade passages at entry,

(b) nozzle exit air angle, (c) air angle at impeller exit, and (d) power

developed.

Solution: Refer to Figures 13.4 and 13.5

Peripheral velocities of the impeller at entry and exit are

u2 = p d2 N = p ¥ 0.4 ¥ 300 = 377 m/s

u3 = 0.5 u2 = 188.5 m/s

cr2 = 0.3 ¥ u2 = 0.3 ¥ 377 = 113.1 m/s

(a)
T

T
ss3

1

= 
p

p
3

1

1

F
HG

I
KJ

-g

g
 = 4–0.2857 = 1/1.486

T3ss = 873/1.486 = 587.5 K

T1 – T3 = hT (T1 – T3ss) = 0.85 (873 – 587.5) = 242.675 K

T3 = 873 – 242.675 = 630.325 K

Total losses are equivalent to the temperature difference

T3 – T3ss = 630.325 – 587.5 = 42.825 K

Half of the losses occur in the nozzles. Therefore,

T2 – T2s = 0.5 (T3 – T3ss) = 0.5 ¥ 42.825 = 21.415 K

T2s = T1/2
0.2857 = 873/1.219 = 716.16 K

T2 = 716.16 + 21.415 = 737.575 K

r2 = p2/RT2 = 2 ¥ 105/287 ¥ 737.575 = 0.9448 kg/m3

r2cr2 (pd2b2) = &m

b2 = &m/r2cr2 p d2

= 5 ¥ 100/0.9448 ¥ 113.1 ¥ p ¥ 0.4 = 3.723 cm (Ans)

(b) Nozzle exit air angle a2 = tan–1 cr2/u2

a2 tan–1 0.3 = 16.699° (17.0°) (Ans)

(c) Exit air angle of the impeller is b3 = tan
–1

 cx3/u3

cx3 = cr2 = 113.1 m/s

b3 = tan–1 113.1/188.5 = tan–1 0.6 = 30.96 (31°)
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(d) Power developed is given by

P =  m (u
P2

c
P
 � u

Q
 c

Q
)

c
P

= u
P
, c

Q
 = 0, Therefore,

P =  m uP

P

= 5 ´ 377P/1000 = 710.645 kW (Ans)

�Ø 18.31 Cantilever Type IFR Turbine

Ex. 18.31 An inward flow radial turbine has a ring of cantilever blades.

It develops 150 kW at a speed of 36,000 rpm and pressure ratio, prH = 2.29.

The gas (  = 1.4, cp = 1.1 kJ/kg K) enters the nozzle blade ring at p
HI

 =

3 bar, T
HI

 = 960 K. Other data for the turbine are:

Nozzle exit air angle 
P
 = 15° (from tangential direction)

Nozzle efficiency = 0.94

Rotor blade air angles and entry and exit,

P
= 45°, 

Q
 = 65° (from radial direction)

Rotor blade ring diameters at entry and exit,

d
P

= 20 cm, d
Q
 = 15 cm

Radial component of the velocity can be assumed constant.

Calculate (a) mass flow rate of the gas; (b) rotor blade axial length at

entry; (c) total to total turbine efficiency; (d) rotor blade length at exit; and

(e) degree of reaction.

Solution: Refer to Figures 13.1 and 13.5

Peripheral velocities of the rotor at entry and exit are

u
P

= d
P
N/60 =  ´ 0.2 ´ 36000/60 = 377.00 m/s

u
Q

= d
Q
N/60 =  ´ 0.15 ´ 36000/60 = 282.74 m/s

 1
= 0.2857, 

 1
 = 3.5

R = 
1100

3 5.
 = 314.285 J/kg K

(a) From entry velocity triangle

crP/c
P

= tan 
P
 = tan 15 = 0.2679, crP

 = 0.2679 c
P

c
P

= crP
 tan 45 + u

P
 = 0.2679 c

P
 + u

P

(1 � 0.2679) c
P
= u

P
 = 377, c

P
 = 515 m/s, crP

 = 138 m/s

From exit velocity triangle,

u c

c
r

3 3

3

 
= tan 

Q
 = tan 65 = 2.144, crQ = crP

 = 138 m/s
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282 74

138
3. + cq = 2.144, cq3 = 13.132 m/s

The stage work is given by

wst = u2 cq2 + u3 cq3

wst = 377 ¥ 515 + 282.74 ¥ 13.132 = 197.868 kJ/kg

Therefore,

&m  ¥ wst = P

&m = P/wst = 150/197.868 = 0.758 kg/s (Ans)

(b) c2 = cr2/sin a2 = 138/sin 15 = 533.19 m/s

hn (h01 – h2s) = hncp(T01 – T2s) = 0.5c2
2

T01 – T2s = 0.5 ¥ 533.192/0.94 ¥ 1100 = 137.47 K

T01 – T2 = 0.94 ¥ 137.47 = 129.25, T2 = 830.75 K

T01 – T2s = T01 1

1

-
R
S
|

T|

U
V
|

W|

-
-

prn

g

g

960{ }
.

1
0 2857- -

prn = 137.47,

prn = 
p

p
01

2

 = 
1

0 5822.

p2 = 0.5822 ¥ 3 = 1.7466 bar

r2 = p2/RT2 = 1.7466 ¥ 10
5
/314.285 ¥ 830.75

= 0.6689 kg/m3

r2 cr2 (p d2 b2) = &m

0.6689 ¥ 138 ¥ p ¥ 0.2 ¥ b2 ¥ 100 = 0.758

b2 = 1.307 cm (Ans)

(c) For expansion through the turbine,

&mcp (T01 – T0.3ss) ¥ hT = P

0.758 ¥ 1.1 T01 1 0 3

01

-
R
S
T

U
V
W

T

T
ss. hT = 150

0.758 ¥ 1.1 ¥ 960 1 0

1

-
R
S
|

T|

U
V
|

W|

-
-

pr

g

g hT = 150

1
1

2 290 2857
-

R
S
T

U
V
W. .

hT = 0.1874

hT = 0.889 (88.9%) (Ans)

(d) p03 = p01/pro = 3.0/2.29 = 1.31 bar

T01 – T03 = P/ &mcp = 150/1.1 ¥ 0.758 = 179.9 K
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T03 = 960 – 179.9 = 780.1 K

c2
3 = c2

r3 + c2
q3 = 1382 + 13.1322 = 19216.45 m2/s2

T3 = T03 – c2
3/2cp = 780.1 – 19216.45/2 ¥ 1100

= 771.365 K

p3 = 
T

T
3

03

1F
HG

I
KJ

-

g

g
 ¥ p03 = 

771 365

780 1

3 5
.

.

.
F
H

I
K  ¥ 1.31

= 1.259 bar

r3 = p3/RT3 = 1.259 ¥ 105/314.285 ¥ 771.365

= 0.5193 kg/m3

b3 = &m /r3 cr3 pd3

b3 = 0.758 ¥ 100/0.5193 ¥ 138 ¥ p ¥ 0.15

= 2.245 cm (Ans)

(e) Degree of reaction (R) can be calculated in different ways.

R = 
h h

h h
2 3

01 03

-

-
 = 

T T

T T
2 3

01 03

-

-
 = 

830 75 771365

179 9

. .

.

-

= 0.3301 (33.01%) (Ans)

It can be also be determined as follows:

R = 

1

2

1

22
2

3
2

3
2

2
2( ) ( )u u w w

wst

- + -

1

2
(u2

2 – u2
3) = 3.1095 ¥ 104 J/kg

1

2
(w2

3 – w2
2) = 3.427 ¥ 104 J/kg

wst = 19.787 ¥ 104 J/kg

Therefore, R = 
31095 3 427

19 787

. .

.

+
 = 0.3303 (33.03%) (Ans)

•Ø 18.32 Relation of Blade to Gas Speed

Ratio, Degree of Reaction,

Nozzle Angle and Efficiency

with Stage Efficiency

Ex. 18.32

(a) Derive the following relations for a single stage gas turbine:

(i) ss/s = [hn (1 – R)]1/2

(ii) hst = 2ss [hn (1 – R)]
1/2

 cos a2
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where

ss = blade to isentropic spouting velocity ratio = u2/c0

hn = nozzle efficiency

a2 = nozzle air angle from the tangential direction

R = degree of reaction

(b) Calculate the stage efficiency of a radial turbine from the following

data:

ss = 0.6, hn = 0.92, R = 0.48, a2 = 15°

Solution: Refer to Figures 13.1 and 13.5

Following assumptions have been used in this exercise:

1. Swirl at the rotor exit is zero, cq3 = 0

2. Gas velocity at the nozzle entry is negligible, h01 ª h1

3. Degree of reaction has been defined for isentropic expansion

(Eq. 9.48)

(a)

(i) ss = u2/c0 = u2/[2(h01 – h03ss)]
1/2

s = u2/c2 = u2/[2hn (h01 – h2s)]
1/2

Therefore,

ss/s = c2/c0 = hn
s

ss

h h

h h
¥

-

-

L

N
M

O

Q
P

01 2

01 03

1 2/

However, h01 = h1

Therefore,

ss/s = c2/c0 = hn
s

ss

h h

h h
¥

-

-

L

N
M

O

Q
P

1 2

1 03

1 2/

h h

h h
s

ss

1 2

1 03

-

-
= 

h h

h h

h h

h h
ss

ss

s ss

ss

1 03

1 03

2 03

1 03

-

-
-

-

-
 = 1 – R

Therefore,

ss/s = c2/c0 = [hn (1 – R)]1/2

(ii) Stage efficiency is given by

hst = 
w

h h
st

ss01 03-
 = 

u c

h h ss

2 2

1 03

q

-
 = 

u c

h h ss

2 2 2

1 03

cos a

-

However, h1 – h03ss = 
1

2
c0

2

Therefore, hst = 2(u2/c0) (c2/c0) cos a2
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Substituting the values of u2/c0 and c2/c0 from section (i)

hst = 2 ss[hn (1 – R)]1/2 cos a2

(b) hst = 2 ¥ 0.6 [0.92 (1 – 0.48)]1/2 cos 15

= 0.8017 (80.17%) (Ans)

•Ø 18.33 Vertical Axis Cross-flow Wind Turbine

Ex. 18.33 A vertical-axis wind mill rotor is enclosed in a six metre tall

tower placed at a suitable height above ground level. The air flow rate

through the rotor at two wind speeds was measured at an optimum

opening of the windows/guide vanes. The data for the wind and the rotor

is given in the following:

Wind speeds 24 kmph 30 kmph

Air mass flow rate 25 kg/s 31.25 kg/s

Absolute air angle at the rotor entry, a = 37° (from the tangential

direction). Rotor outer and inner diameters, d1 = 3 m, d2 = 2 m. Calculate

(a) optimum rotor speeds; (b) blade to wind speed ratios; (c) hydraulic

powers and efficiencies.

Solution: Refer to Figures 13.1 and 18.16

Since the rotor is open to atmosphere the windmill is an impulse turbine.

Work is done by the wind on the rotor in two stages. In the first stage the

flow is inwards (from station 1 to 2) like an inward flow cantilever turbine

as depicted in Figure 13.1. The velocity triangles are shown for optimum

conditions.

cq1 = 2u1, cq2 = 0, wst1 = 2u1
2

The outward flow of wind through the rotor (between stations 3 to 4)

is very complex and difficult to define. Therefore, a given set of velocity

triangles can only describe the flow roughly involving large scale

approximation. Here following assumptions are made:

cq3 ª u3, cq4 ª 0, Therefore,

wst2 = u3 cq3 = u2
3 = u2

2

The total work is given by

wst = wst1 + wst2 = 2u1
2
 + u

2
2

At c1 = 24 kmph (6.67 m/s)

u1 = 0.5 cq1 = 0.5 c1 cos a1 = 0.5 ¥ 6.67 cos 37

= 2.663 m/s

u2 = 
d

d
2

1

 ¥ u1 = 2 ¥ 2.663/3 = 1.775 m/s
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(a) p d1N = 60u1

N = 60 ¥ 2.663/p ¥ 3 = 16.953 rpm (Ans)

(b) s = u1/c1 = cq1/2c1 = (1/2) cos a1

s = 0.5 cos 37 = 0.399 (optimum value) (Ans)

(c) Ph = &m (2u2
1 + u2

2)

= 25 (2 ¥ 2.6632 + 1.7752) = 25 ¥ 17.33

= 433.25 Watts (Ans)

hh = ( )2
1

21
2

2
2

u u+ c2
1 = 4(u1/c1)

2 1
1

2
2
2

1
2

+
F

HG
I

KJ
d

d

hh = 4 ¥ 0.3992 1
1

2

4

9
+ ¥F

H
I
K

hh = 0.7783 (77.83%) (Ans)

u3

c3

c4u4

w3

w4

3

4

c2

w2

c1

w1 u1 a

u2

2

1
cq1

Fig. 18.16 Flow through a vertical axis cross-flow wind turbine
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At c1 = 30 kmph (8.34 m/s)

u1 = 0.5c1 cos a1 = 0.5 ¥ 8.34 cos 37 = 3.33 m/s

u2 = 2 ¥ 3.33/3 = 2.22 m/s

(a) p d1N = 60 u1

N = 60 ¥ 3.33/p ¥ 3 = 21.199 rpm (Ans)

The optimum value of s remains same.

(b) s = u1/c1 = 3.33/8.33 = 0.399

(c) Ph = &m (2u2
1 + u2

2)

= 31.25 (2 ¥ 3.332 + 2.222) = 31.25 ¥ 27.106

Ph = 847 Watts (Ans)

For the same speed ratio (s) the hydraulic efficiency remains same.

hh = 27.106/0.5 ¥ 8.332 = 0.7812 (78.12%) (Ans)

The difference is due to calculation errors.

The actual values of power developed and the efficiency would be

much lower than the values obtained here.

Table 18.7 presents various values at the two wind speeds.

Table 18.7: Speed, power and efficiency of cross-flow vertical-axis wind

turbine at two values of the wind speed.

Wind Air mass Speed Speed ratio Power P Efficiency

Speed flow rate &m (rpm) s = u1/c1 (Watts) h
kmph (kg/s) N

24 25.00 16.953 0.399 433.25 77.83

(6.67 m/s)

30 31.25 21.199 0.399 847.00 78.12

(8.34 m/s)

•Ø 18.34 Counter Rotating Fan

Ex. 18.34 Two exactly similar fan rotors rotating in opposite directions

at the same speed are enclosed in a housing. Their geometries and sizes are

same as given in Ex. 14.1. The combined efficiency of the fans is 80.9 per

cent. Calculate (a) the overall pressure rise (Dp0) obtained, and (b) the

power required.

Solution: Refer to Figure 14.14

The data for the rotors (as given in Ex. 14.1) is given here:

A = 0.212 m
2
, d = 0.45 m, u = 22.62 m/s, f = 0.245

Q = 1.175 m3/s
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cx = f ¥ u = 5.542 m/s

&m = rQ = 1.125 ¥ 1.175 = 1.322 kg/s

(D p0)I = (Dp0)II = 550.755 N/m2 = 56.14 mm W.G.

(a) The overall pressure rise obtained is given by

(D p0) = 2 ¥ 550.755

= 1101.51 N/m2 (112.28 mm W.G.) (Ans)

(b) Power required for isentropic flow is

P¢ = Q .D p0

= 1.175 ¥ 1101.51 = 1294.27 Watts.

Therefore, the actual power required is

P = 
1294 27

0 809

.

.
 = 1599.84 Watts

P = 1.6 kW (Ans)

•ØØØØØ 18.35 Sirocco Radial Fan

Ex. 18.35 A drum type outward flow radial fan (Sirocco fan) has

forward swept circular arc blades. It runs at 1440 rpm and requires 50 kW

of power. Other data are:

Outer diameter of the impeller, d2 = 40 cm

Inner diameter of the impeller, d1 = 36 cm

Axial length of the impeller, b = 50 cm

Blade shape: circular arc (b1 + b2 = 90°).

Air flow can be considered incompressible with a constant density of

1.25 kg/m
3
. Calculate for the fan

(a) air angles at the impeller entry and exit;

(b) stagnation pressure rise across the fan;

(c) mass flow rate of air through the fan; and

(d) efficiency of the fan.

Solution: Refer to Figure. 15.9

u1 = p d1 N/60 = p ¥ 0.36 ¥ 1440/60 = 27.143 m/s

u2 = p d2 N/60 = p ¥ 0.40 ¥ 1440/60 = 30.159 m/s

(a) tan b1 = d2/d1 = 40/36 = 1.111, b1 = 48° (Ans)

b 2 = 90 – b1 = 90 – 48 = 42° (Ans)

(b) Dp0 = 2ru2
2 = 2 ¥ 1.25 ¥ 30.1592 = 2273.913 N/m2

Dp0 = 231.795 mm W.G. (Ans)

(c) cr1 = u1 tan b1 = 27.143 ¥ 1.111 = 30.155 m/s

&m = rcr1 (p d1 b)
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&m = 1.25 ¥ 30.155 (p ¥ 0.36 ¥ 0.5)

&m = 21.315 kg/s (Ans)

(d) For zero inlet swirl, cq1 = 0

wst = 2u2 cq2 = 2u2
2

Therefore, ideal power required,

P ¢ = 2 &mu
2
2

P¢ = 2 ¥ 21.315 ¥ 30.1592/1000 = 38.775 kW

Actual power, P = 50 kW. Therefore,

h = P¢/P 38.775/50 = 0.7755 (77.55%) (Ans)

•Ø 18.36 Dimensionless Parameters for

Incompressible Flow Machines

Ex. 18.36 If the model and the prototype for incompressible flow

turbomachines satisfy the similarity laws derive the following relations.

(a) Speed ratio,
N

N
m

p

= 
D

D

H

H

p

m

m

p

F

HG
I

KJ

1 2/

(b) Discharge ratio,
Q

Q
m

p

= 
D

D

H

H
m

p

m

p

F

HG
I

KJ
F

HG
I

KJ

2 1 2/

(c) Power ratio,
P

P
m

p

= 
D

D

H

H
m

p

m

p

F

HG
I

KJ
F

HG
I

KJ

2 3 2/

Solution: Let subscripts m and p denote model and prototype respec-

tively.

(a) For the same head coefficient, p1 equation (7.6) gives

p1 = 
gH

N D

m

m m
2 2

 = 
gH

N D

p

p p
2 2

N

N
m

p

F

HG
I

KJ

2

= 
D

D

H

H

p

m

m

p

F
HG

I
KJ

F

HG
I

KJ

2

N

N
m

p

= 
D

D

H

H

p

m

m

p

F
HG

I
KJ
F

HG
I

KJ

1 2/
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(b) For the same capacity coefficient, p2 equation (7.7) gives

p2 = 
Q

N D

m

m m
3

 = 
Q

N D

p

p p
3

Q

Q
m

p

= 
D

D

N

N
m

p

m

p

F

HG
I

KJ
F

HG
I

KJ

3

Substituting for 
N

N
m

p

 from (a)

Q

Q
m

p

= 
D

D

D

D

H

H
m

p

p

m

m

p

F

HG
I

KJ
F
HG

I
KJ
F

HG
I

KJ

3 1 2/

Q

Q
m

p

= 
D

D
m

p

F

HG
I

KJ

2
H

H
m

p

F

HG
I

KJ

1 2/

(c) For the same power coefficient, p3 equation (7.8) gives

p3 = 
P

N D

m

m mr 3 5
 = 

P

N D

p

p pr 3 5

Rearranging and substituting for Nm/Np from (a)

P

P
m

p

= 
D

D

H

H
m

p

m

p

F

HG
I

KJ
F

HG
I

KJ

2 3 2/

•Ø 18.37 Dimensionless Specific Speeds

Ex. 18.37 Calculate the specific speeds of the following turbomachines:

Sl Type of Speed Power Flow rate Change of enthalpy Density

No. turbomachine (rps) (kW) (m3/s) or head (kg/m3)

Dh (kJ) H (m)

1 Axial Flow 60 500 – 30 – 2

Gas Turbine

2 IFR Gas 300 750 – 250 – 1

Turbine

3 Axial 120 – 25 40 – –

Compressor

4 Centrifugal 120 – 5 35 – –

Compressor

5 Axial Fan 22 – 3.5 – 55 mm W.G. 1.25

6 Radial Fan 20 – 1.4 – 52 mm W.G. 1.25
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Solution:

1. Axial flow gas turbine:

= 2  N = 2  ´ 60 = 377 rad/s

W = 
P

h( ) /
'

5 4
 = 

500 000

2

1 2
,

/
%
'

(
0  ´ 

377

30000 1 25( ) .

= 0.4774 (Ans)

2. IFR gas turbine:

= 2  ´ 300 = 1885 rad/s

W = 
750 000

1

1885

250 000

1 2

1 25

,

( , )

/

.
%
'

(
0 �  = 0.292 (Ans)

3. Axial compressor:

= 2  ´ 120 = 753.98 rad/s

W = 
Q

h

1 2

3 4

/

/( )'
 = 

753 98 25

40000 0 75

.

( ) .

�

 = 1.33 (Ans)

4. Centrifugal compressor:

= 2  ´ 120 = 753.98 rad/s

W = 
753 98 5

35000 0 75

.

( ) .

�

 = 0.6588 (Ans)

5. Axial fan:

= 22 ´ 2  = 138.23 rad/s

H = 
1000

125.
 ´ 0.055 = 44 m

W = 
138 23 3 5

9 81 44 0 75

. .

( . ) .
�

 = 2.73 (Ans)

6. Radial fan:

= 20 ´ 2  = 125.66 rad/s

H = 
1000

125.
 ´ 0.052 = 41.6 m

W = 
125 66 1 4

9 81 41 6 0 75

. .

( . . ) .
�

 = 1.637 (Ans)

�Ø 18.38 Kaplan Turbine

Ex. 18.38 A Kaplan turbine has the following data:

Power output = 8.0 MW, net head = 10 m,

Speed = 70 rpm, efficiency = 85 per cent.
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(a) Determine the flow rate through the turbine and its specific speed.

(b) If a model of 
1

12
th size is to be built for a head of 3 m determine the

speed, flow rate and the power for the model.

Same efficiency can be assumed for the model and the prototype.

Solution:

(a) The specific speed is given by

W = 
w

549 016 5 4. /

P

H

P = 8 ¥ 106 Watts, H = 10 m, w = 
2

60

p N
 = 

2 70

60

p ¥

w = 7.33 rad/s

W = 
10 8 7 33

549 016 10

3

1 25

¥

¥

.

. .
 = 

2828 427 7 33

549 016 17 782

. .

. .

¥

¥

W = 2.123 (Ans)

h(rQ gH) = P

Q = P/hr gH = 
8 10

0 85 1000 9 81 10

6¥

¥ ¥ ¥. .

Q = 95.94 m3/s (Ans)

(b) Speed

u μ (D ¥ N) μ H

D N

D N
m m

p p

= 
H

H
m

p

Nm = 
D

D

p

m

 ¥ Np ¥ 
H

H
m

p

DP/Dm = 12, Np = 70 rpm, Hm = 3 m, Hp = 10 m

Nm = 12 ¥ 70 0 3.  = 460.087 rpm (Ans)

Flow Rate

Qm μ D2
m Hm , Qp μ D2

p Hp

Qm = 
D

D

H

H
Qm

p

m

p
p

2

2
¥
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Qm = 
1

12
0 3

2
F
H

I
K .  ¥ 95.94

Qm = 0.3649 m
3
/s (Ans)

Power

Pm = hm (r g Qm Hm)

Pm = 0.85 (1000 ¥ 9.81 ¥ 0.3649 ¥ 3) Watts

Pm = 9.128 kW (Ans)

The specific speed of the model should be checked, it should also be

equal to 2.123.

•Ø 18.39 Pelton Wheel

Ex. 18.39 A model of the Pelton turbine runs at 102 rpm under a head

of 30 m and discharge 0.345 m3/s. Calculate the power, flow rate and

speed of a prototype working under a head of 1500 m. What is its specific

speed?

Solution: The specific speeds of the geometrically similar model and

prototype are same.

W = wm Pm /549.016 Hm
5/4

wm = 2p Nm/60 = 
2 102

60

p ¥
 = 10.681 rad/s

Pm = r g Qm Hm (assuming h = 1)

Pm = 1000 ¥ 9.81 ¥ 0.345 ¥ 30/1000

Pm = 101.533 kW

W = 10.681 ¥ 101533 /549.016 ¥ 301.25

W = 0.0883 (Ans)

For the same value of the unit power

P

H

p

p
3 2/

= 
P

H

m

m
3 2/

Pp = 
H

H

p

m

F
HG

I
KJ

3 2/

 ¥ Pm

= 
1500

30

3 2
F
H

I
K

/

¥ 
101 533

1000

.
 MW

Pp = 35.897 MW (Ans)
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For the same specific speed

wp Pp /549.016 Hp
5/4 = W

w p = 
0 0883 549 016 1500

1000 35 897

5 4
. .

.

/¥ ¥
 = 75.53 rad/s

2

60

p N p
= wp

Np = 60 ¥ 75.53/2p

Np = 721.26 rpm (Ans)

For the same value of unit discharge

Q

H

p

p

= 
Q

H

m

m

Qp = Qm

H

H

p

m

 = 0.345
1500

30

Qp = 2.4395 m3/s (Ans)

The power output of the prototype can also be determined as follows:

Pp = r g Qp Hp = 1000 ¥ 9.81 ¥ 2.4395 ¥ 1500 ¥ 10–6

Pp = 35.897 MW (Verified)

•Ø 18.40 Francis Turbine

Ex. 18.40 A model of Francis turbine has the following data:

Discharge = 0.148 m3/s

Net Head = 25 m

Speed = 910 rpm

(a) Determine the unit speed, specific speed and the power of the model.

(b) If the net head available for a prototype six times the model size is

250 metres, calculate speed, discharge and power of the prototype

of efficiency 90%.

Solution:

(a) For the Model

w = 2p N/60 = 
2 910

60

p ¥
 = 95.295 rad/s

W = 
0 1804

3 4

.
/

Q

H
 w = 

0 1804 0148 95 295

250 75

. . .
.

¥

W = 0.5915 (Ans)
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Nu = 
N

H
 = 

910

25
 = 182 rpm (Ans)

Power = r g QH

P = 1000 ¥ 9.81 ¥ 0.148 ¥ 25 Watts

P = 36.297 kW (Ans)

(b) For the prototype

Qp = 
D

D

H

H

p

m

p

m

2

2
 ¥ Qm

Qp = (6)
2 250

50
 ¥ 0.148

Qp = 16.848 m
3
/s (Ans)

Power = h(rgQH)

P = 0.9 (1000 ¥ 9.81 ¥ 16.848 ¥ 250) 10–6

P = 37.188 MW (Ans)

Specific speed is

0 1804
3 4

.
/

Q

H
 w = 0.5915

w = 0.5915 ¥ 250
0.75

/0.1804 16 848.

w = 50.221 rad/s

2

60

p N
= w

N = 60 ¥ 50.221/2p

N = 479.58 rpm (Ans)

•Ø  18.41 Pelton Wheel

Ex. 18.41 A hydro turbine operating at a specific speed of 0.10 has a net

head of 1000 m with a discharge of 1.0 m3/s. What is its speed of rotation?

Determine its speed, discharge and power corresponding to a net head of

100 m. What type of turbine is it?

Solution:

Let H1 = 1000 m, Q1 = 1.0 m3/s, W = 0.10 and H2 = 100 m.

W = 
0 1804 1

1
0 75

.
.

Q

H
 w1 = 0.10

w1 = 0.10 ¥ 10000.75/0.1804 ¥ 1 = 98.574 rad/s
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2

60
1p N

= w1

N1 = 60 ¥ 98.574/2p

N1 = 941.3 rpm (Ans)

For the same value of the unit speed

N

H

1

1

= 
N

H

2

2

N2 = 
H

H
2

1

 ¥ N1 = 
100

1000
 ¥ 941.3

N2 = 297.67 rpm (Ans)

For the same value of unit discharge for the same machine

Q

H

2

2

= 
Q

H

1

1

Q2 = 
H

H
2

1

 ¥ Q1 = 1
100

1000

Q2 = 0.316 m3/s

P2 = 0.31 MW (Ans)

Since the specific speed is 0.1, it is a Pelton wheel (Appendix K).

•ØØØØØ 18.42 Tidal Power Plant

Ex. 18.42 The basin of the tidal power plant stores 50 ¥ 106 cubic metre

of sea water during high tides. The impounded water is allowed to flow

through turbines into the low-tide sea; the average head across the turbines

during this period is 9.8 m. Assuming an efficiency of 78% and speed 60

rpm and a specific speed of 3.0 determine for the turbines

(a)power; (b) discharge; (c) suitable number of turbines and duration

of operation.

Solution:

(a) Power of each turbine is determined from

W = 
1

549 016 5 4. /

P

H
w

w = 
2

60

p N
 = 2p ¥ 60/60 = 2p rad/s

3 = 
P

549 016

2

9 81 25. . .
¥

p

P = 20.668 MW (Ans)



800 Turbines, Compressors and Fans

(b) (r g QH) h = P

Q = 20.668 ¥ 106/1000 ¥ 9.81 ¥ 9.8 ¥ 0.78

Q = 275.618 m3/s (Ans)

(c) If n = number of turbine units required

t = operation time of turbines is hours

n ¥ t ¥ Q = 50 ¥ 106

n ¥ t = 50 ¥ 106/3600 ¥ 275.618

n ¥ t = 50.395

Thus for n = 5, t = 10.079 hrs.

n = 10, t = 5.0395 hrs.

A simple sketch of the Tidal power plant is shown in Figure 18.17. Low

head hydro turbines can also generate power during water flow from the

sea to the basin during high tides.

•Ø 18.43 Francis Turbine

Ex. 18.43 A Francis turbine of specific speed 0.40 runs at 250 rpm

under a head of 75 metres. The exit angle of its runner blades is 25°. The

peripheral and meridional velocities are given by u2 = 0.6 2 gH , cr2 =

0.21 2 gH  =. Constant. Calculate

(a) Discharge, Q; (b) outer and inner diameters of the runner blade ring;

(c) inlet guide blade exit angle (a2) and inlet angle (b2) of the runner blades;

(d) hydraulic efficiency (hh) and the output power.

Assume overall efficiency h0 = 0.81 and zero exit swirl (cq3 = 0). All

angles are from tangential direction.

Solution: Refer to Figures 13.1, 13.2 and 18.18

(a) w = 2p N = 2p ¥ 250/60 = 8.33p rad/s

H3/4 = 753/4 = 25.485

W = 0.1804 Q  ¥ w /H3/4 = 0.40

Q = [0.40 ¥ 25.485/0.1804 ¥ 8.333 p]2

Q = 4.6605 m3/s (Ans)

(b)
p d N2

60
= u2 = 0.6 2 9 81 75¥ ¥.  = 23.016 m/s

d2 = 60 ¥ 23.016/250p = 1.758 m (Ans)

cr3 = cr2 = 0.21 2 9 81 75¥ ¥.  = 8.055 m/s

For zero exit swirl (cq3 = cy3 = 0). Euler’s turbine work is given by

wET = u2cq2 = gH – 
1

2
c3

2 = gH – 
1

2
cx3

2
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23.016 cq2 = 9.81 ¥ 75 – 0.5 ¥ 8.552 = 670.866

cq2 = 670.866/23.016 = 29.148 m/s

tan b3 = cx3/u3 = tan 25 = 0.4663

u3 = p d3 N/60 = cx3/0.4663 = 8.055/0.4663

= 17.274 m/s

d3 = 60 ¥ 17.274/250 p = 1.319 m (Ans)

(c) The inlet guide vane exit angle (a2) is given by

a2 = tan–1 cr2/cq2 = tan–1 
8 055

29148

.

.
 = tan–1 0.2763

a2 = 15.5° (Ans)

tan b2 = 
c

c u
r2

2 2q -
 = 

8 055

29 148 23 016

.

. .-
 = 1.3136,

b 2 = 52.72° (Ans)

(d) Hydraulic efficiency hh = 
u c

gH
2 2q

hh = 23.016 ¥ 29.148/9.81 ¥ 75 = 0.9118 (91.18%) (Ans)

Generator

2

3

1

Draft
tube

Tail  race

Runner

From volute
casing

Inlet guide
vanes

Fig. 18.18 Flow through a Francis turbine
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(e) P = h0 (rQgH)

= 0.81 (1000 ¥ 4.6605 ¥ 9.81 ¥ 75) ¥ 10–6 MW

P = 2.78 MW (Ans)

•Ø 18.44 Pelton Wheel

Ex. 18.44 A Pelton wheel with a mean diameter of 2 metres works under

a head of 140 metres and discharge 45,000 litres/ min at a speed of 360

rpm. The water jet deflects through an angle of 150°. Determine (a) blade

to jet speed ratio, s; (b) power developed; (c) efficiency; (d) maximum

efficiency and power; (e) rotational speed corresponding to the maximum

efficiency; and (f) specific speed. Assume frictionless flow.

Solution: Refer to Figure 18.19

Nozzle

c2

w3 c3

b3

JET

w c u2 2= –

Bucket

u

Jet
deflection

cy3

u

q = 150

Fig. 18.19 Flow over a Pelton wheel bucket

(a) u = p d N/60 = p ¥ 2 ¥ 360/60 = 37.7 m/s

Absolute velocity of jet at the bucket inlet

c2 = 2 gH  = 2 9 81 140¥ ¥.  = 52.41 m/s

Blade to jet speed ratio s = u/c2 = 37.7/52.41 = 0.719 (Ans)

(b) w3 = w2 = c2 – u = 52.41 – 37.70 = 14.71 m/s

b 2 = 0, b3 = 180 – 150 = 30°, cy2 = c2 = 52.41 m/s

cy3 = u – w3 cos b3 = 37.7 – 14.7 cos 30 = 24.96 m/s

wT = u (cy2 – cy3) = 37.7 (52.41 – 24.96)

= 1034.865 J/kg.
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&m = rQ = 1000 ¥ 45000/60 ¥ 1000 = 750 kg/s

Turbine power

PT = &m . wT = 750 ¥ 1034.865/1000 = 776.15 kW (Ans)

(c) Efficiency, h = 
w

c

T

1

2 2
2

 = 
1034 865

0 5 52 412

.

. .¥
 = 0.7535 (75.35%) (Ans)

(d) Maximum efficiency,

hmax = 0.5 (1 + cos b3)

hmax = 0.5 (1 + cos 30) = 0.933 (93.3%) (Ans)

Pmax = &m  hmax ¥ 0.5 c2
2 = &m  hmax ¥ gH

= 750 ¥ 0.933 ¥ 9.81 ¥ 140/1000 = 961 kW (Ans)

(e) sopt = u/c2 = 0.5

u = 0.5 ¥ 52.41 = p d N/60

Therefore, N for maximum efficiency is

Nopt = 0.5 ¥ 52.41 ¥ 60/p ¥ 2 = 250.24 rpm (Ans)

(f) W = w P /549.016 ¥ H514

w = 2pN = 2 p ¥ 360/60 = 12p , H
514

 = 140
514

= 481.57

W = 12p 776150 /549.016 ¥ 481.57

W = 0.1256 (Ans)

•Ø 18.45 Kaplan Turbine

Ex. 18.45 Data for a Kaplan turbine is given below:

Head, H = 25 metres

Flow rate of water, Q = 120 m3/s

Runner speed, N = 120 rpm

Runner diameter, dt = 5.0 m

Hub-tip ratio of the runner, dh/dt = 0.4

Runner blade angle at entry, b2 = 150° (from the tangential direction)

Overall efficiency, h0 = 80 per cent.

Exit from the runner is axial.

Calculate (a) power output; (b) specific speed, W; (c) exit angle (a2) of

the inlet guide vanes; (d) exit angle (b3) of the runner blades; and (e) the

hydraulic efficiency, hh.

Solution: Refer to Figure 18.20
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b3

b2

a2

c c3 = x

u

w3

w2
c2

cx

Runner

u

cy2

Inlet
guide vanes

Fig. 18.20 Velocity triangles for a Kaplan turbine.

(a) Turbine power output P = h0(r Q gH)

P = 0.80 ¥ 1000 ¥ 120 ¥ 9.81 ¥ 25/10
6
 MW

P = 23.544 MW (Ans)

(b) w = 2p N/60 = 2p ¥ 120/60 = 4p rad/s

W = 
1

549 016 514.

P

H
w

= 23 544.  ¥ 10
3
 ¥ 4p/549.016 ¥ 25

514

= 1.986 (Ans)

(c) cx ¥ 
p
4

(d 2
t – d h

2) = Q

dh = 0.4 dt = 0.4 ¥ 5 = 2.0 m

d = 
1

2
 (dt + dh) = 0.5 (5 + 2) = 3.5 m

u = p dN/60 = p ¥ 3.5 ¥ 120/60 = 21.991 m/s

cx ¥ 
p
4

(1 – 0.16) dt
2 = 120

cx = 120/0.7854 ¥ 0.84 ¥ 25 = 7.275 m/s

u – cy2 = cx tan [90 – (180 – b2)] = 7.275 tan 60

= 12.6 m/s
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cy2 = 21.991 – 12.6 = 9.391 m/s

tan a2 = cx/cy2 = 7.275/9.391 = 0.7746

a2 = 37.76° (Ans)

(d) tan b3 = cx/u = 7.275/21.991 = 0.3308, b3 = 18.3° (Ans)

(e) hh = wET /gH = u ¥ cy2/gH

hh = 21.991 ¥ 9.391/9.81 ¥ 25 = 0.84207

hh = 84.207 per cent (Ans)

•Ø 18.46 Fourneyron Turbine

Ex. 18.46 A Fourneyron turbine (outward flow radial) generates 4 MW

under a head of 50 metres. The inner and outer diameters of the runner

are 1.5 m and 3.0 m respectively. It runs at 360 rpm. The discharge of

water at the exit is radial at 9 m/s. The overall efficiency is 78.5 per cent

determine.

(a) discharge; (b) hydraulic efficiency; (c) runner passage width;

(d) runner blade angles; and (e) the guide blade exit angle.

Solution: Refer to Figure 18.21

c c2 2= r

w2

c1

u1

w1
cr1

cq1

u2

b2

b1

a1R
un

ne
r

G
ui

de
bl

ad
es

Fig. 18.21 Velocity triangles for a Fourneyron turbine (outward flow

radial).

u1 = p d1 N/60 = p ¥ 1.5 ¥ 360/60 = 28.274 m/s

u2 = 2u1 = 2 ¥ 28.274 = 56.548 m/s

(a) P = ho (rQ gH), Q = P/ho gH

Q = 4 ¥ 106/0.785 ¥ 1000 ¥ 9.81 ¥ 50

= 10.388 m3/s (Ans)

c2 = cr2 = 9 m/s.



Miscellaneous Solved Problems in Turbomachines 807

(b) wET = u1cq1 = gH – 
1

2
c2

2 = 9.81 ¥ 50 – 0.5 ¥ 92 = 450

hh = wET/gH = 450/9.81 ¥ 50 = 0.9174 (91.74%) (Ans)

(c) b1 = b2 = Q/cr2. p d2 = 10.388 ¥ 100/9p ¥ 3

b1 = b2 = 12.25 cm. (Ans)

(d) tan b2 = cr2/u2 = 9/56.548 = 0.159, b2 = 9.04° (Ans)

cq1 = 450/28.274 = 15.915 m/s

cr1 = Q/p d1b1 = 10.388/p ¥ 1.5 ¥ 0.1225 = 18 m/s

tan b1 = 
c

u c
r1

1 1- q

 = 
18

28 274 15 915. .-
 = 1.456,

b1 = 55.5° (Ans)

(e) tan a1 = cr1/cq1 = 18/15.915 = 1.131, a1 = 48.5° (Ans)

•ØØØØØ 18.47 Cross-flow Radial Hydro Turbine

Ex. 18.47 A cross-flow radial hydro turbine (Banki turbine) has the

following data:

Head, H = 25 metres

Discharge, Q = 150 m3/s

Speed, N = 50 rpm

Power output, P = 20 MW

Rotor diameter, d1 = 3.5 m

Diameter ratio, d2/d1 = 1.3

The inlet swirl component of water velocity is twice the peripheral

velocity of the rotor. The rotor blades have radial tips at the inner periphery.

Suggest a suitable flow model for this turbine and calculate (a) hydraulic

efficiency and power and the overall efficiency; (b) specific speed;

(c) hydraulic efficiency and power adopting the flow model of the cross-

flow wind turbine (Ex. 18.33)

Solution: Refer to Figures 18.16 and 18.22

This is an open rotor. The rotor blade shape and the resulting velocity

triangles are shown in Figure 18.22. The flow of water takes place at

atmospheric pressure. The variation of static pressure in the flow across

the rotor is negligibly small. Work is done in two stages—(i) in the first

stage the flow occurs from the outer diameter (d1) to the inner diameter

(d2). Following swirl components are obtained from the velocity triangles:

cq1 = 2u1, cq2 = u2

Therefore, the work done is given by

wst1 = u1 cq1 – u2 cq2 = 2u2
1 – u2

2 (1)
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(ii) It is much more difficult to describe the flow geometry of the outward

flow in the second stage. This flow can be approximately described by the

velocity triangles at stations 3 and 4 as shown in the figure.

Thus, c
Q
» u

Q
 = u

P
, c

R
 » 0.

Therefore, wstP = u
Q
 c

Q
 � u

I
 c

R
 = uP

P
(2)

Equations 1 and 2 yield the total work done.

wst = wstI + wstP = 2uP

I

u
I

= d
I
N/60 =  ´ 3.5 ´ 50/60 = 9.163 m/s

u
P

= 9.163/1.3 = 7.05 m/s

w1

w2

w3

w4

u3

u4

c1

c2

c3

c4

u1

u1

a1

b1
1

2

u c2 2= q

3

4

Fig. 18.22 Flow through a cross-flow radial hydro turbine
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(a) wst = 2 ¥ 9.1632 = 167.92 J/kg.

hh = wst/gH = 167.92/9.81 ¥ 25

= 0.6846 (68.46%) (Ans)

Hydraulic power,

Ph = rQ wst

Ph = 1000 ¥ 150 ¥ 167.92 ¥ 10–6 = 25.188 MW (Ans)

Overall efficiency is given by

h0 = 20 ¥ 10
6
/1000 ¥ 150 ¥ 9.81 ¥ 25

= 0.5437 (54.37%) (Ans)

(b) w = 2pN = 2p ¥ 50/60 = 1.667p rad/s

W = 
1

549 016

1 2

5 4.

/

/

P

H
w

W = 
20 1000 1 667

549 016 25

1 2

5 4

/

/

.

.

¥ ¥

¥

p
 = 0.763 (Ans)

This value falls between the specific speeds of the Pelton wheel and

the Francis turbine (see Appendix K).

(c) Following values are obtained by adopting the flow model of the

cross-flow wind turbine (Ex. 18.33)

wst = 2u2
1 + u2

2 = 2 ¥ 9.1632 + 7.052 = 217.62 J/kg.

hh = 217.62/9.81 ¥ 25 = 0.8873 (88.73%) (Ans)

Ph = 1000 ¥ 150 ¥ 217.62 ¥ 10–6 = 32.643 MW (Ans)

Values of the overall efficiency and the specific speed remain the

same.

•Ø 18.48 Draft Tube

Ex. 18.48

(a) Applying Bernoulli equation prove that the water pressure at the

turbine exit (draft tube entry) is given by

p3 = pa – (Hs + hD Hd) rg

where

Hs = suction head at the turbine exit,

Hd = ideal head gained by the draft tube,

hD = efficiency of the draft tube.

(b) Calculate the suction head (height of the turbine exit above the tail

race) in Ex. 18.5 if the turbine exit pressure is 0.4 ¥ atmospheric

pressure.
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Solution: Refer to Figure 18.23

c4
A4

c3
A3

Draft
tube

From
turbine exit

p3 = gHr

Tail race pa

Hs

4

3

Fig. 18.23 Flow through the draft tube of a hydraulic turbine

(a) Applying Bernoulli equation for flow through the draft tube,

p

g

c

g
3 3

2

2r
+  + Z3= 

p

g

c

g
4 4

2

2r
+  + Z4 + L (1)

Now, L = head loss,

Hs = Z3 – Z4 = suction head at the turbine exit

= height of the turbine exit above tail-race.

p4 = pa = atmospheric pressure

AR = A4/A3 = c3 /c4 = area-ratio of the draft tube

Therefore, equation (1) gives

p3 = pa – ½ r (c2
3 – c2

4) + rgL – r gHs (2)

½r (c2
3 – c2

4) = ½ r c2
3 (1 – 1/AR2) = r gHd (3)

Equations (2) and (3) give

p3 = pa – r gHs – r g (Hd – L) (4)

hD = 
H L

H
d

d

-
(5)

Equation (4) in (5) gives

p3 = pa – (Hs + hD Hd) rg

(b) pa = 1.013 bar, p3 = 0.4 ¥ 1.013 = 0.4052 bar

hD = 0.82, Hd = D Hi = 3.105 m

Hs = Z3 – Z4 = (pa – p3)/rg – hD Hd

= 
1 013 0 4052

1000 9 81

. .

.

-

¥
 – 0.82 ¥ 3.105 = 4.130 – 2.546

Hs = 1.584 m (Ans)
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•Ø 18.49 Centrifugal Pump

Ex. 18.49 A centrifugal pump with backward swept impeller blades has

the following data:

Head developed, H = 50 m

Discharge Q = 1.5 m3/s of water

Specific speed W = 0.75

Power required P = 890 kW

Hydraulic efficiency hh = 0.91

Diameter ratio d1/d2 = 0.5

u2/ 2 gH = 0.80

cr1 = cr2 = 0.30 2 gH

Assuming zero inlet swirl (cq1 = 0) and blockage factor for the flow

equal to 0.925 calculate

(a) rotational speed, N

(b) impeller diameter, d2

(c) impeller blade angles, at entry and exit, b1, b2

(d) impeller width at exit, b2 and

(e) overall efficiency. hO

Solution: Refer to Fig. 15.4

(a) W = 0.1804 Q  ¥ w /H3/4 = 0.75

w = 0.75 ¥ 500.75/0.1804 1 5.  = 63.83 rad/s

2p N = 63.83

N = 63.83 ¥ 60/2p = 609.53 rpm (Ans)

(b) u2 = p d2 N = 0.8 2 9 81 50¥ ¥.  = 25.057 m/s

d2 = 25.057 ¥ 60/609.53p = 0.785 m (Ans)

(c) hh = gH/u2 cq2

cq2 = 9.81 ¥ 50/0.91 ¥ 25.057 = 21.51 m/s

cr1 = cr2 = 0.3 2 9 81 50¥ ¥.  = 9.396 m/s

b2 = tan–1 
c

u c
r2

2 2- q

 = tan–1 
9 396

25 057 21 51

.

. .-

= tan–1 2.6489 = 69.31° (Ans)

u1 = 0.5 u2 = 0.5 ¥ 25.057 = 12.52 m/s

tan b1 = cr1/u1 = 9.396/12.52 = 0.7504

b1 = 36.88° (Ans)
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(d) Q = cr2 (p d2b2) ¥ 0.925

b2 = 1.5/9.396 p ¥ 0.785 ¥ 0.925 = 0.06998 m

b2 = 7 cm (Ans)

(e) h0 = r Q gH/P

h0 = 1000 ¥ 1.5 ¥ 9.81 ¥ 50/890 ¥ 1000

h0 = 0.8266 (82.66%) (Ans)

•Ø 18.50 Centrifugal Pump

Ex. 18.50 A small centrifugal pump develops a head of 5.2 metres at a

speed of 1500 rpm. The impeller has radially tipped blades. The blades have

constant width of 2 cm. The entry and exit diameters of the blade ring are

2.5 cm and 10 cm respectively. Taking cr2 = 0.4u2 and overall efficiency

h0 = 75% determine

(a) impeller blade angle, b1 at entry; (b) discharge Q in litres of water

per second; (c) power required; and (d) specific speed.

Assume zero swirl at entry, cq1 = 0

Solution: Refer to Figure 15.5 and 18.24

u2 = p d2 N/60 = p ¥ 0.1 ¥ 1500/60 = 7.845 m/s

u1 = 0.25 ¥ 7.854 = 1.9635 m/s

(a) cr2 = 0.4 ¥ u2 = 0.4 ¥ 7.854 = 3.142 m/s

Q = cr1 (pd1) b1 = cr2 (pd2)b2

For b1 = b2, cr1 = d2. cr2/d1 = 10 ¥ 3.142/2.5

cr1 = 12.568 m/s

tan b1 = cr1/u1 = 12.568/1.9635 = 6.4, b1 = 81.1° (Ans)

(b) Neglecting blockage by the blades,

Q = cr1 (p d1)b1 = 12.568 (p ¥ 0.025) ¥ 0.02

= 0.01974 m3/s

Q = 19.74 litres/s (Ans)

(c) Power required is given by

P = rQgH/h
°

= 1000 ¥ 0.01974 ¥ 9.81 ¥ 5.2/1000 ¥ 0.75

P = 1.342 kW (Ans)

(d) Specific speed is given by

W = 0.1804 Q1/2 w /H0.75

W = 0.1804 0 01974.  ¥ 2p ¥ 25/5.20.75

W = 1.156 (Ans)
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•Ø 18.51 Axial Pump

Ex. 18.51 An axial pump has the following data:

Discharge Q = 2.5 m3/s of water

Speed N = 360 rpm

Hub diameter of the impeller, dh = 30 cm

Impeller blade angle at exit, b2 = 48° (from the tangential direction)

Axial velocity of water through the impeller, cx = 5 m/s (constant)

Hydraulic efficiency, hh = 0.87

Overall efficiency, h0 = 0.83

Assume zero swirl at entry.

Calculate for this pump (a) impeller tip diameter, dt; (b) impeller blade

angle at entry, b1; (c) Head developed, H; (d) Power required, P; and (e) the

specific speed, W.

Solution: Refer to Figure 18.25 (a and b).

(a) Q = cx ¥ 
p
4

2 2( )d dt h-

5 ¥ 
p
4

0 32 2( . )dt -  = 2.5

dt = 0.852 m (Ans)

(b) d = 0.5 (dt + dh) = 0.5 (0.852 + 0.30) = 0.576 m

u = p dN/60 = p ¥ 0.576 ¥ 360/60 = 10.857 m/s

tan b1 = cx/u (for cy1 = 0)

b1 = tan–1 5/10.857 = 24.73° (Ans)

Impeller

b2

b1

u c2 2= q

w c2 2= r

c c1 1= r
w1

u1

c2

Fig. 18.24 Entry and exit velocity triangles for a centrifugal pump
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cx

dtdh

(a)

b1

b2

w1

w2 c2

u

c c1 1= x

Impeller

u

cy2

(b)

Fig. 18.25 (a) Flow through an axial flow pump (b) Inlet and exit

velocity triangles for an axial flow pump.

(c) From exit velocity triangle (Figure 18.25b),

c

u c
x

y- 2

= tan b2

cy2 = u – cx/tan b2 = 10.857 – 5/tan 48 = 6.355 m/s
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hh = gH/ucy2

H = hh ¥ u cy2/g = 0.87 ¥ 10.857 ¥ 6.355/9.81

H = 6.118 m (Ans)

(d) P = r Q gH/h0

= 1000 ¥ 2.5 ¥ 9.81 ¥ 6.118/0.83 ¥ 1000

P = 180.77 kW (Ans)

(e) W = 0.1804 Q1/2 ¥ w /H3/4

= 0.1804 2 5 2. ¥ p ¥ 6/6.118.75 = 2.764 (Ans)

•Ø 18.52 Net Positive Suction Head (NPSH)

for a Pump

Ex. 18.52 A Centrifugal pump develops a total head of 30 m. The vertical

length of the suction pipe (ds = 15 cm) can be kept either 3 m or 5 m above

the sump water level. Calculate the values of NPSH and Thoma’s cavitation

coefficient from the following data:

Coefficient of friction for the suction pipe, f = 0.005

Altitudes of pump location above mean sea-level, Z = 0 and 2500 m.

Values of discharge at the same head (30 m) Q = 0.065 m3/s,

0.10 m3/s and 0.15 m3/s.

Temperature of water, t = 30°C

Ambient pressure at sea level, pa = 1.013 ¥ 105 N/m2

Present the calculated values in a table and comment on the results.

Solution: Refer to Figure 18.26

Subscripts 1, s, v and a represent inlet of the pump, suction pipe, vapour

and ambient condition respectively.

Cross-sectional area of the suction pipe is

As = 
p
4

 d2
s = 

p
4

 (0.15)2 = 0.0177 m2

The velocities of water in the suction pipe for the three values of

discharge are

cs = Q/As = 0.065/0.0177 = 3.67 m/s

cs = 0.10/0.0177 = 5.65 m/s and cs = 0.15/0.0177

= 8.475 m/s

The corresponding velocity heads are

H = c2
s/2g = 0.5 ¥ 3.672/9.81 = 0.686 m

H = 0.5 ¥ 5.65
2
/9.81 = 1.627 m

H = 0.5 ¥ 8.4752/9.81 = 3.66 m
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The vapour pressure of water at t = 30°C is 0.0424 bar. This gives a

water head

Hv = 
0 0424 10

1000 9 81

5
.

.

�

�

 = 0.4322 m

The atmospheric pressures in terms of water head are

at Z = 0, Ha = 1.0133 ´ 10S/1000 ´ 9.81 = 10.33 m

at Z = 2500 m, H ¢a = 0.747 ´ 10S/1000 ´ 9.81 = 7.61 m

The difference between these pressures is

10.33 � 7.61 = 2.72 m

Now the values of NPSH for the three discharges at the two altitudes

are calculated.

� = 0.065 m
Q
/s

(a) Head loss in the suction pipe due to friction is

DHf = 4 f (Hs/ds) c
P

s /2g = 4 ´ 0.005 (3/0.15) ´ 0.686

= 0.4 ´ 0.686 = 0.2744 m

The pressure at the pump inlet is given by

H
I

= Ha � (Hs + cPs/2g + DHf)

pa

pv

cs

Sump

Q

Delivery
pipe

Pump

p1

Suction
pipe

Hs

Fig. 18.26 Flow through the suction pipe of a pump.
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The net positive suction head (NPSH) is the difference between the

pressure of water at the pump inlet and the vapour pressure. In terms

of water head it is given by

NPSH = H1 – Hv = Ha – (Hs + c2
s/2g + DHf ) – Hv

= 10.33 – (3 + 0.686 + 0.2744) – 0.4322

NPSH = 5.9374 m (Ans)

Cavitation coefficient, s = NPSH/pump head

s = 5.9374/30 = 0.1979 (Ans)

(b) At Z = 2500 m, Ha = 7.61 m, therefore,

NPSH = 5.9374 – 2.72 = 3.2174 m (Ans)

s = 3.2174/30 = 0.1072 (Ans)

(c) When the suction head is increased to Hs = 5 m, the values of NPSH

and s are decreased. Head loss due to friction is now given by

DHf = 4 ¥ 0.005 (5/0.15) ¥ 0.686 = 0.4573 m

NPSH = 10.33 – (5 + 0.686 + 0.4573) – 0.4322

= 3.755 m (Ans)

s = 3.755/30 = 0.125 (Ans)

(d) At Z = 2500 m,

NPSH = 3.755 – 2.72 = 1.035 m (Ans)

s = 1.035/30 = 0.0345 (Ans)

Q = 0.10 m
3
/s

(a) For Hs = 3 m,

(D H )f = 4 ¥ 0.005(3/0.15) ¥ 1.627 = 0.6508 m

NPSH = 10.33 – (3 + 1.627 + 0.6508) – 0.4322

= 4.62 m (Ans)

s = 4.62/30 = 0.154 (Ans)

(b) At Z = 2500 m

NPSH = 4.62 – 2.72 = 1.9 m (Ans)

s = 1.9/30 = 0.063 m (Ans)

(c) For Hs = 5 m,

(D H )f = 4 ¥ 0.005 (5/.15) ¥ 1.627 = 1.085 m

NPSH = 10.33 – (5 + 1.627 + 1.085) – 0.4322

= 2.1858 m (Ans)

s = 2.1858/30 = 0.073 (Ans)

(d) At Z = 2500 m

NPSH = 2.1858 – 2.72 = – 0.5342 m (Ans)
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Q = 0.15 m
3
/s

At this value of the discharge the velocity of water in the suction pipe is

further increased to cs = 8.475 m/s. This decreases the static pressure at

the pump inlet. As a result the value of NPSH becomes two low or negative

leading to cavitation. Various values are calculated as before.

Table 18.8 depicts the effect of various parameters on the net positive

suction head and Thoma’s cavitation parameter.

Table 18.8 Effect of discharge, suction pipe length and altitude

on NPSH and cavitation parameter of a pump.

Q Z = 0, Ha = 10.33 m Z = 2500 m, Ha = 7.61 m

(m3/s) Hs = 3 m Hs = 5 m Hs = 3 m Hs = 5 m

0.065 NPSH = 5.9374 m 3.755 m 3.2174 m 1.035 m

s = 0.1979 s = 0.125 s = 0.1072 s = 0.0345

0.100 4.62 m 2.1858 1.9 m – 0.5342 m

s = 0.154 s = 0.073 s = 0.063 —

0.150 1.7738 m negative – 0.9462 negative

s = 0.0591 — — —

•Ø 18.53 NPSH and Thoma’s Cavitation

Coefficient for Turbines

Ex. 18.53 Water flows from the exit of a hydro turbine into the draft tube

at a velocity of 8 m/s. The turbine works under a head of 60 metres. The

data for the draft tube is given below:

Vertical length of the draft tube between the turbine exit and the tail

race, Hs = 2.5 m

Efficiency, hd = 0.80

Ambient pressure and temperature, pa = 1.0133 bar ta = 30°C. Calculate

(a) the head gained by the draft tube; and (b) the corresponding values of

NPSH and the cavitation parameter (Thoma number, s) for three values of

the draft tube area ratio, A2/A1 = 1.2, 1.4 and 1.6.

Solution: Refer to Figures 18.4 and 18.23 (stations 3 and 4 correspond

to 1 and 2 here). Provision of the draft tube at the turbine exit decreases

the exit pressure (p1) below the ambient value. The height of the draft tube,

its area ratio and the efficiency govern the exit pressure p1 and the static

pressure in the turbine region close to the exit. The pressure on the suction

surfaces of the turbine blades falls due to local acceleration as well as due

to the draft tube. If this pressure is equal to or lower than the vapour

pressure cavitation will occur; this can be predicated by the values of the
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net positive suction head (NPSH) and the Thoma’s cavitation parameter,

s. These values are estimated in the following calculations.

The ideal head gained by the draft tube is

H¢d = (c
2
1 – c

2
2)/2g = c

2
1 [1 – 1/(c

2
1/c

2
2)]/2g

The discharge is given by

Q = c1A1 = c2A2

Ar = A2/A1 = c1/c2

Therefore, H¢d = c1
2 (1 – 1/A2

r)/2g

(a) The values of the actual head gained by the draft tube for the three

values of area ratio are calculated here:

Ar = 1.2

Hd = hd ¥ c2
1 (1 – 1/A2

r)/2g = hdH¢d

= 0.8 ¥ 8 ¥ 8 (1 – 1/1.2
2
)/2 ¥ 9.81

= 0.7973 m (Ans)

Ar = 1.4

Hd = 0.8 ¥ 8 ¥ 8 (1 – 1/1.42)/2 ¥ 9.81

= 1.2781 m (Ans)

Ar = 1.6

Hd = 0.8 ¥ 8 ¥ 8 (1 – 1/1.62)/2 ¥ 9.81 = 1.5907 (Ans)

(b) The static pressure at the turbine exit is given by

p1 = pa – (Hs + hd H¢d) rg

H1 = p1/rg = pa/rg – Hs – Hd = Ha – Hs – Hd

Ha = pa/rg = 1.0133 ¥ 105/1000 ¥ 9.81 = 10.329 m

The vapour pressure of water at t = 30°C is

pv = 0.0424 ¥ 10
5
 N/m

2
 or Hv = 0.4322 m

NPSH = H1 – Hv

NPSH = Ha – (Hs + Hd + Hv) = (Ha – Hs – Hv) – Hd

Ar = 1.2

NPSH = (10.329 – 2.5 – 0.4322) – 0.7973

= 7.3968 – 0.7973 = 6.5995 m (Ans)

s = NPSH/turbine head

s = 6.5995/60 = 0.1099 (say 0.11) (Ans)

Ar = 1.4

NPSH = 7.3968 – 1.2781 = 6.1187 m (Ans)

s = 6.1187/60 = 0.102 (Ans)
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Ar = 1.6

NPSH = 7.3968 – 1.5907 = 5.8061 m (Ans)

s = 5.8061/60 = 0.0967 (Ans)

The results of the calculations are presented in 18.9.

Table 18.9 Variation of the head gain, NPSH and Thoma coefficient

with the area ratio of the draft tube in a hydro turbine

Area ratio Head gained by the NPSH (m) s
A2/A1 draft tube (m)

1.2 0.7973 6.600 0.110

1.4 1.2781 6.1187 0.102

1.6 1.5902 5.8061 0.0968

•Ø 18.54 Maximum Height of Hydro Turbines

Above Tail Race

Ex. 18.54 Francis turbines (of the same specifications) are installed at

four sites located at sea level, 2500 metres, 3000 metres and 4000 metres

above sea level. They work under a head of 52 metres and discharge at a

velocity of 6.5 m/s into the tail race through a draft tube; the draft tube area

ratio is Ar = 1.5 and efficiency, hD = 75%.

(a) Calculate the values of NPSH and maximum height of the turbine

exit above the tail race (Hs) at the four locations. Take, ambient

temperature as 20°C and critical Thoma’s cavitation coefficient

as 0.1.

(b) What will be the effect of ambient temperature on the suction height?

Solution: See Figure 18.23

(a) NPSH = H1 – Hv = scr ¥ H

Ha – (Hs + Hd + Hv) = scr ¥ H

Therefore, the suction height or the maximum height of the turbine

exit above the tail race is given by

Hs = Ha – (scr ¥ H + Hd + Hv) (A)

scr ¥ H = 0.1 ¥ 52 = 5.2 m (constant for all locations) (Ans)

Hv = 0.023 bar at 20°C (from tables)

Hv = 0.023 ¥ 10
5
/1000 ¥ 9.81 = 0.234 m

Hd = hd c2
1 (1 – 1/A2

r)/2g

= 0.75 ¥ 6.52 (1 – 1/1.52)/2 ¥ 9.81 = 0.8972 m

Substitution of the above values in Equation (A) yields

Hs = Ha – (5.2 + 0.8972 + 0.234) = Ha – 6.33
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Therefore,

At Z = 0, Hs = 10.33 – 6.33 = 4.0 metres

At Z = 2500 m, Hs = 7.61 – 6.33 = 1.28 m

At Z = 3000 m, Hs  = 7.15 – 6.33 = 0.82 m

AT Z = 4000 m, Hs = 6.69 – 6.33 = 0.36 m

Table 18.10 presents the calculated values as function of the altitude.

Table 18.10 Variation of Turbine suction height with altitude of the

location

Ambient pressure

Altitude, Z pa Ha NPSH Suction height

(metres) (bars) (metres) (metres) (Hs) metres

0 1.013 10.33 5.2 4.00

2500 0.747 7.61 5.2 1.28

3000 0.701 7.15 5.2 0.82

4000 0.657 6.69 5.2 0.36

(b) Vapour pressure (pv or Hv) of water increases with temperature.

Therefore, the suction height decreases as the ambient temperature

increases as shown by Equation (A).

•Ø 18.55 Propeller Thrust and Power

Ex. 18.55 The propeller (d = 50 cm) of a small boat accelerates the water

from the upstream velocity of 5 m/s to a downstream velocity of

10 m/s. Taking the density of water as 1000 kg/m
3
, calculate

(a) the flow rate through the propeller;

(b) stagnation pressure rise across the propeller;

(c) thrust exerted by the propeller on the boat; and

(d) the ideal power required to drive the propeller.

Calculate values in (a), (c) and (d) for propeller diameters of 100 cm

and 150 cm. State the assumptions used.

Solution: Refer to Sec. 15.5.1 and Figure 14.16

Velocity of water through the propeller is

c = ½ (cu + cs) = 0.5 (5 + 10) = 7.5 m/s.

Cross-sectional area of the propeller disc is

A = 
p
4

d2 = 
p
4

 (0.5)2 = 0.196 m2
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(a) Flow rate through the propeller assuming no blockage by the body

of the boat is given by

Q = c ¥ A = 7.5 ¥ 0.196 = 1.47 m3/s (Ans)

&m = 1000 ¥ 1.47 = 1470 kg/s (Ans)

(b) Dp0 = ½ r (c
2
s – c

2
u)

= 0.5 ¥ 1000 (102 – 52) ¥ 10–5 = 0.375 bar (Ans)

(c) Fx = A ¥ Dp0

Fx = 0.196 ¥ 0.375 ¥ 105/1000 = 7.35 kN (Ans)

(d) P = &m  ¥ ½ (c2
s – c2

u)

P = 1470 ¥ 0.5 (100 – 25)/1000

P = 55.125 kW (Ans)

Propeller disc cross-sectional areas for the other two diameters are

A = 0.784 m2 and 1.764 m2 respectively.

The corresponding flow rates are

Q = 5.88 m3/s and 13.23 m3/s

For the same values of fluid velocities cu and cs upstream and

downstream of the propeller the pressure difference (Dp0 = p02 – p01 =

p2 – p1) remains same for the three propellers. Therefore, the values of the

thrust are

Fx = 29.40 kN and 66.15 kN

The values of the ideal powers are

P = 220.5 kW and 496.125 kW.

Calculated values of discharge, thrust and ideal power for the three

propellers are shown in Table 18.11. Following assumptions have been

used:

Table 18.11 Flow rate, thrust and power for the three propellers of

different diameters

d Q Fx P

(cm) (m3/s) (kN) (kW)

50 1.47 7.35 55.125

100 5.88 29.40 220.500

150 13.23 66.15 496.125

1. The three propellers are employed to overcome drag such that the

fluid velocities upstream and downstream remain unaltered in the

three cases.
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2. The velocities of water immediately upstream and downstream of the

propeller disc are same.

3. The flow through the propeller obeys the slipstream theory (Sec.

14.5.1)

Notation for Chapter 18

H Head

DH Head loss due to friction

DHa Actual change in head

DHi Ideal change in head

DP Increase in power

Q Volume flow rate or heat

x Dryness fraction of steam

L Head loss or energy loss

Ar, AR Area ratio

NPSH Net positive suction head

Z Altitude

W Specific Speed

p Dimensionless number

w Rotational speed in radians per second

s Thoma’s cavitation number, (co-efficient or parameter)

or velocity ratio.

Subscripts

a actual, atmospheric

D draft tube, diffuser or drag

f friction

h hydraulic, hub

i ideal, inlet

m model

opt optimum

p prototype

s suction

t tip

v vapour
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Appendix A
Specifications of Some
Aircraft Engines

A.1 Principal Data for Turbo Prop Engines

Rolls Royce Dart (By courtesy of Rolls-Royce Limited)

[See Figs. A.1 and A.2  (Plate 2)]

Compessor 2 centrifugal

Speed 15000/1400 rpm

Compressor pressure ratio 5.6–6.35

Specific fuel consumption 0.40–0.52 kg/kWh

Engine power 1343–2238 kW

Air mass-flow 9–12.3 kg/s

Turbine stages 2–3 axial

Combustion system 7 can-type burners

Turbine entry temperature (Max) 1270 K

Fig. A.1 The Rolls-Royce Dart engine
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Pratt and Whitney T34 (By courtesy of United Technologies)

Compressor Stages 13 axial

Pressure ratio 6.7

Speed 11000 rpm

Air mass-flow 29.5 kg/s

Combustion system Annular type with eight

combustion cones

Turbine stages 3

Specific fuel consumption 0.425 kg/kWh

Engine power 4476–5222 kW

Engine weight 1302 kg

A.2 Principal Data for a Turbojet Engine

Olympus 593 for Concorde (By courtesy of Rolls-Royce Limited)

Four Olympus 593 turbojets power the BAC/Aerospatiale Concorde aircraft

[Fig. A.3 (Plate 2)], which has been designed to cruise at twice the speed of

sound at altitudes up to 18288 m and to travel distances up to 6750 km without

refuelling.

The engine is divided into twelve major assemblies and the exhaust into

three for ease of maintenance.

Leading particulars:

Take-off thrust, including reheat 169 kN

Cruise thrust (Mach 2.0) 44.6 kN

Specific fuel consumption 33.71 mg/Ns

Pressure ratio (cruise) 11.3

Compressor stages 7 LP, 7 HP

Combustion system Annular with vapourizing

burners

Turbine stages 1 LP, 1HP

Overall length (flange-to-flange) of the engine 3810 mm

Maximum diameter 1220 mm

Intake casing diameter 1206 mm

Weight (dry engine) including 3386 kg

primary nozzle system

A.3 Principal Data for a Turbofan Engine

Turbo-Union RB-199 (By courtesy of Turbo-Union Limited)

This is a three-shaft reheated turbofan engine [Fig. A.4 (Plate 3)]. It powers

the twin-engined multi-role combat aircrafts (MRCA). Its main features are:

1. 3-spool layout for high performance, efficiency and flexibility,

2. Compact integral reheat system,

3. High thrust/weight ratio,
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4. High thrust per unit frontal area,

5. Low fuel consumption,

6. Advanced control system,

7. Modular construction, and

8. On-condition health monitoring.

Leading particulars:

Three-shaft reheated turbofan

Compressors 3-stage LP/3-stage IP/6-stage HP

Turbine HP 1-stage cooled/IP

1- stage cooled/LP 2-stage

Shaft speeds 12000-19000 rpm

Thrust: class without reheat 35.5 kN

Class with reheat 71 kN

Maximum air mass-flow over 70 kg/s

Bypass ratio over 1

Pressure ratio over 23

Turbine entry temperature over 1600 K

Reheat temperature over 1900 K

Thrust/weight ratio over 8

Length with afterburner reheat 3.23 m

Maximum diameter 0.87 m
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Appendix B
Specifications of Some
Turbine Blade Sections262,291A

B.1 10 C4/60 C 50

tmax/l = 10%

base profile C4

camber angle q = 60°

circular camber line

a/l = 50%

B.2 T 6 Aerofoil Blade

tmax/l = 10%

base profile T6

leading edge radius 0.12 tmax

trailing edge radius 0.06 tmax

parabolic camber line

a/l = 40%

B.3 C 90 15 A (Russian Turbine Blade Cascade)

(C) refers to stationary blade row

a ¢1 = 90° (a1 = 70°–120°)

a ¢2 = 15° (a2 = 13°–17°)

[A refers to subsonic cascade (M = 0.5–0.85)]

s/l = 0.70–0.85

g = 35°–40°

Profile of blades is separately given.

All angles are from tangential direction.
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Appendix C
Specifications of Some
Compressor Blade
Sections213,242,412

C.1 12C 4/35 P 30

tmax/l = 12%

base profile C4

camber angle q = 35°

parabolic camber line

position of maximum camber, a/l = 30%

C.2 11C 1/45 C 50

tmax/l = 11%

base profile C 1

camber angle q = 45°

circular camber line

a/l = 50%

C.3 NACA 65—(18) 10

profile shape reference number 65

lift coefficient = 1.8 (corresponding camber line)

tmax/l ª 10%
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Appendix D
Specifications of Some
Wind Turbines*

D.1 Environmental Energies, Inc.

Wind electric battery charger

200 W, 12 V, 14 A (max.)

Wind velocity 7-23 mph

Propeller 6 ft, 2 bladed wooden

Direct driven N = 900  rpm

Tower 10 ft.

D.2 Smith Putnam Machine,
Vermont (1941-45)

1.25 MW ac power through step-up gear at 600 rpm

Propeller 175 ft (55 m), 2 bladed

Speed 28 rpm

Tower 110 ft (34 m)

D.3 Wind Works, Wisconsin, USA

Twelve footer

12V, 85 A

Wind velocity 10.2 mph (16.32 kmph)

Propeller 12 ft, 2 bladed,

N = 117 rpm

Wind velocity Output (W)

mph kmph

5 8 30

10 16 239

15 24 806

20 32 1911

25 40 3734 (max)

* (Courtesy Manufacturers).
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D.4 Wind Turbine for Electric Supply to a

Light House in Futaoi Island (Japan)

Wind velocity 7.5 m/s

Propeller 7 m, three-bladed,

N = 65 rpm

Shaft output 2.5 kW

Generator output 2.1 kW (dc), 125 V

Battery 420 A-h

D.5 Gedser Mill (Denmark)

Wind velocity 15 m/s

Wind velocity for automatic start 5 m/s

Propeller 24 m, three-bladed,

N = 30 rpm

Tower 25 m

Generator 200 kW, asynchronous

8 polar 750 rpm

Transmission between the wind turbine and the generator through a

double chain drive, ratio 1 : 25.

D.6 Siemens Wind Turbines

Type : 3 bladed horizontal axis

Blade profile : NACA 63xxxFF Axxx

Synchronous Speed : 1500 rpm

Model SWT-3.6-107 SWT-2.3-93 SWT-2.3-101 SWT-2.3-82

Rotor diameter 107 m 93 m 101 m 82.4 m

Rotor speed 5-13 rpm 6-16 rpm � 6-18 rpm

Wind speed 13-14 m/s  13-14 m/s 12-13 m/s 13-14 m/s

Nominal power 3.6 MW 2.3 MW 2.3 MW 2.3 MW

(approx.)

Gear box ratio 1:119 1:91 1:91 1:91

Tower hub height 80 m 80 m 80 m 80 m

Courtesy Siemens AG
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Appendix E
Principal SI Units and
Their Conversion

E.1 SI Units and Dimensions

Quantity Units Dimensions

Length m L

Mass kg M

Time s T

Acceleration m/s
2

L/T
2

Force/weight N ML/T
2

Torque mN ML2/T2

Pressure N/m2 M/LT2

Energy/work/heat J = Nm ML2/T2

Power Nm/s = W ML2/T3

E.2 Conversion of Units

Length

1 m = 3.28 ft

1 mile = 1.609 km

1 nautical mile = 1.853 km

Area

1 m2 = 10.765 ft2

1 ft2 = 0.093 m2

Volume

1 m
3

= 1000 litres = 35.32 ft
2

1 litre = 0.001 m3 = 0.0353 ft3

1 pint = 0.568 litre

Mass

1 kg = 2.204 lb

1 lb = 0.4537 kg

1 tonne (metric) = 0.984 ton
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Force

1 N = 0.102 kgf = 0.2248 lbf

1 kgf = 9.807 N = 2.204 lbf

Pressure

1 bar = 105 N/m2 = 100 kN/m2 = 0.1 MN/m2

1 bar = 1.0197 kgf/m
2
 = 14.504 lbf/in

2

1 mm W.G. = 1 kgf/m2 = 9.807 N/m2 = 0.0981 mbar

Density

1 kg/m
3

= 0.0625 lb/ft
3

1 lb/ft
3

= 16.025 kg/m
3

Energy and work

1 Nm = 1 J = 0.7375 ft-lbf = 0.102 kgf-m

1 ft-lbf = 0.1383 kgf-m = 1.356 Nm

Heat

1 kJ = 0.9478 Btu = 0.2388 kcal

1 Btu = 778 ft-Ibf = 0.252 kcal = 1.055 kJ

Power

1 Nm/s = 1 J/s = 1 W

1 W = 0.7375 ft-lbf/s = 0.102 kgf-m/s

1 kW = 737.5 ft-lbf/s = 102 kgf-m/s

1 kW = 1.34 HP (FPS) = 1.36 HP (metric)
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Appendix F
Dimensionless
Numbers for Incompressible
Flow Machines

For the purpose of developing dimensionless numbers, Eq. (7.4) of Chapter 7

is rewritten as

P = (constant) [(gH)a ¥ Qb ¥ mc ¥ rd ¥ N e ¥ D f ] (F.1)

Writing the dimensions on both sides of the above equation, we get

ML2T–3 = (constant) [(L2T –2)a ¥ (L3T–1)b ¥  (ML–1T –1)c ¥ (ML–3)d

¥ (T –1)e ¥ Lf] (F.2)

Equating the indices of M, L and T on two sides, the following three equations

are obtained:

1 = c + d (F.3)

2 = 2a + 3b – c – 3d + f (F.4)

–3 = –2a – b –c –e (F.5)

Three dimensionless numbers, under the indices a, b and c, can be formed on

the right hand side. Therefore, indices d, e and f are now expressed  in

terms of a, b and c. Equations (F.3), (F.4) and (F.5) give:

d = 1– c (F.6)

e = 3 – 2a – b – c (F.7)

f = 5 – 2a – 3b –2c (F.8)

Substitution of these values in Eq. (F.1) yields

P = constant ¥ (gH)a ¥ Qb ¥ mc ¥ r1–c ¥ N3–2a-b-c ¥ D5–2a–3b–2c

P = constant ¥ (gH)a ¥ Qb ¥ mc ¥  
r

rc
 ¥ 

N

N N N
a

b c

3

2e j
 ¥ 

D

D D D
a b c

5

2 3 2e j e j e j

Rearrangement of the above expression in four groups with indices 1, a, b and

c gives the following relations with dimensionless numbers:

P

N Dr
3 5

= constant 
gH

N D

Q

ND ND

a b c

2 2 3 2

F
HG

I
KJ ¥

F
HG

I
KJ ¥

F
HG

I
KJ

L

N
M
M

O

Q
P
P

m

r
(F.9)
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The last term is the reciprocal of Reynolds number as shown in Sec. 7.4.4. The

above equation is expressed in a more general form:

P

N Dr
3 5

= f  
gH

N D

Q

ND

ND
2 2 3

2

, ,
r

m

F
HG

I
KJ

(F.10)
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Fig. G.1 Values of thermal efficiency for thermal power plants

corresponding to heat rates

Chapter 17

Appendix G
Efficiencies and Heat Rates of
Thermal Power Plants

As shown in Sec. 4.4 heat rates and efficiencies of thermal power plants are

related by the following equation:

Efficiency = 3600/Heat rate

This has been used to tabulate heat rates corresponding to various values of

efficiencies. The values given in Table G-1 and the plot (Fig. G-1) are applicable

to all the thermal power plants—steam, gas, combined cycle solar and diesel.

Table G.1 Values of heat rate for thermal power plants corresponding to

their efficiencies

Efficiency (per cent) Heat rate (kJ/kWh)

20 18,000

25 14,400

Contd.

Heat rate (kJ/kWh)
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30 12,000

35 10,285.7

40 9,000

45 8,000

50 7,200

55 6545.45

60 6,000

Table G.1 Contd.

Efficiency (per cent) Heat rate (kJ/kWh)
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Appendix H
Specifications of a
Combined Cycle Power PlantB

Some important specifications of the 817 MW Dadri combined cycle power

plant are given in this appendix.

Station Capacity 2 ´ 408.5 = 817 MW

Each of the two units consists of two

gas turbines feeding one steam turbine.

Gas turbine output 2 ´ 131 = 262 MW

Steam turbine output 146.5 MW

Combined gas and steam turbine output

and efficiency 408.5 MW (48.33 %)

Fuel Main: Natural gas (from HBJ

pipe line). Alternate fuel: HSD

Gas Turbine

Capacity 131.3 MW

Design inlet temperature 1060 °C

Rated speed 3000 rpm

Number of turbine stages 4

Number of compressor stages 16

Compressor pressure ratio 10.2

Mass flows rate of air (at 27 °C) 404 kg/s

Mass flow rate of exhaust gases 471.59 kg/s

Temperature of the exhaust gases at

the inlet of the HRB 559.5 °C

Steam Turbine

Type Two cylinder

Steam inlet pressure 61.75 bar

Steam inlet temperature 528.6 °C

Steam flow rate 225.9 tonnes/hr

Number of HP stages 22

Number of LP stages 7

Turbine exhaust pressure 0.1122 bar

* By courtesy of National Thermal Power Corporation Ltd. India.
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Appendix I
Technical Data for the BHEL
500 MW Steam Turbine*

Rating 500 MW

Rated speed 3000 rpm

Temperature of steam at inlet 537°C

Pressure of steam at inlet 166.716 bar (170 kgf/cm2)

Steam flow rate 1500 tonnes/hr.

Type Reaction

Number of cylinders Three

High pressure 1

Intermediate pressure 1 (double flow)

Low pressure 1 (double flow)

Number of stages:

High pressure 17

Intermediate pressure 2 ¥ 12

Low pressure 2 ¥ 6

Mean diameter (first stage) 1792 mm

Mean blade ring diameter (last row) 3650 mm

Height of the last blade row 1050 mm

Reheat steam temperature 537°C

(between H.P. and I.P. cylinders)

Condenser pressure 0.1013 bar (0.1033 kgf/cm2)

Mode of governing Throttle (Electro Hydraulic)

* Courtesy: Bharat Heavy Electricals Ltd., New Delhi, India. (Plate 4)
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Appendix J
Formulas for Hydraulic
Turbines and Pumps

For water: r = 1000 kg/m3, g = 9.81 m/s2

Unit discharge Qu = 
Q

H

Unit speed Nu = 
N

H

Unit Power Pu = 
P

H3 2/

Specific speed W = 
1

5 4r

P

gH( ) /
 w (for Turbines)

W = 
1

549 016 5 4. /

P

H
w

W = 
Q

gH( )
/3 4

 w (for pumps, fans, blowers and compressors)

W = 
0 1804

3 4

.
/

Q

H
 w

Expressions for Euler’s work derived for turbines and compressors in

Sec. 6.9 are also applicable to hydraulic turbines and pumps. The hydraulic

efficiency is given by

hh = 
w

gH
ET  = 

u c u c

gH
1 1 2 2q q-

(for Turbines)

hh = 
gH

wEP

 = 
gH

u c u c2 2 1 1q q-
(for Pumps)

For axial machines cq1 ∫ cy1, cq2 ∫ cy2

Overall efficiencies are based on actual work or power

ho = 
w

gH
aT (for Turbines)

ho = 
gH

wap
(for Pumps)

Specific speed in SI units has been expressed in radians.
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Appendix K
Specific Speeds of Various
Turbomachines

Type of turbomachines Specific speeds in radian, WWWWW

(Approximate ranges)

Steam and Gas Turbines

Axial flow 0.35 – 2.0

Radial Gas Turbines 0.3 – 1.1

Compressors

Axial 1.5 – 2.4

Centrifugal 0.4 – 0.6

Fans and Blowers

Axial 2 – 20

Radial ª 2

Hydro turbines

Pelton wheels 0.025 – 0.40

Francis Turbines 0.4 – 2.5

Kaplan Turbines 2.5 – 5.0

Hydro-pumps

Axial 3 – 6

Centrifugal 0.3 – 1.1

Mix-flow 2 – 4
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Appendix L

Estimated values of power (kW) required to drive Hydraulic Pumps

(r = 1000 kg/m
3
, g = 9.81 m/s

2
, ho = 65.4 %)

Head (H) Discharge, Q (m3/s)

metres 0.05 0.08 0.10 0.25 0.65 1.50 2.50

1 0.75 1.20 1.50 3.75 9.75 22.50 37.50

2 1.50 2.40 3.00 7.50 19.50 45.00 75.00

3 2.25 3.60 4.50 11.25 29.25 67.50 112.50

4 3.00 4.80 6.00 15.00 39.00 90.00 150.00

5 3.75 6.00 7.50 18.75 48.75 112.50 187.5

8 6.00 9.60 12.00 30.00 78.00 180.00 300.00

10 7.50 12.00 15.00 37.50 97.50 225.00 375.00

12 9.00 14.40 18.00 45.00 117.00 270.00 450.00

15 11.25 18.00 22.50 56.25 146.25 337.50 562.50

20 15.00 24.00 30.00 75.00 195.00 450.00 750.00

25 18.75 30.00 37.50 93.75 243.75 562.50 937.50

30 22.50 36.00 45.00 112.50 292.50 675.00 1125.00

35 26.25 42.00 52.50 131.25 341.25 787.5 1312.50

40 30.00 48.00 60.00 150.00 390.00 900.00 1500.00

45 33.75 54.00 67.50 168.75 438.75 1012.5 1687.50

50 37.50 60.00 75.00 187.50 487.50 1125.00 1875.00
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Appendix M

Estimated values of Power (kW) required to drive Fans and Blowers

(overall efficiency ho 
= 65 %)

Q (m3/s) Dp = Pressure rise in mm W.G.

5 20 40 100 300

0.50 0.0377 0.1509 0.3018 0.7546 2.2638

1.00 0.0755 0.3018 0.6037 1.5092 4.5276

1.60 0.1207 0.4829 0.9659 2.4147 7.2441

2.00 0.1509 0.6037 1.2073 3.0184 9.0551

2.50 0.1886 0.7546 1.5092 3.7730 11.3189

3.0 0.2264 0.9055 1.8110 4.5276 13.5827

3.5 0.2641 1.0564 2.1129 5.2821 15.8464

4.0 0.3018 1.2073 2.4147 6.0367 18.1102

5.0 0.3773 1.5092 3.0184 7.5459 22.6378

10.0 0.7546 3.0184 6.0367 15.0918 45.2755

20.0 1.5092 6.0367 12.0735 30.1837 90.5510

50.0 3.7730 15.0918 30.1837 75.4592 226.3775

100 7.5460 30.1837 60.3673 150.9183 452.7550

150 11.3189 45.2755 90.5510 226.3775 679.1325

200 15.0918 60.3673 120.7347 301.8367 905.5100

400 30.1837 120.7347 241.4695 603.6733 1811.0200

600 45.2775 181.1020 362.2040 905.5100 2716.5300

800 60.3673 241.4693 482.9387 1207.3467 3622.0400

1000 75.4592 301.8367 603.6733 1509.1833 4527.5503

1500 113.1888 452.7550 905.5100 2263.7751 6791.3252
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Estimated values of power (kW) required to drive Fans and Blowers

Q (m
3
/s) Dp = Pressure rise in mm W. G.

500 600 800 1000 1500

0.5 3.7730 4.5276 6.0367 7.5459 11.3189

1.0 7.5459 9.0551 12.0735 15.0918 22.6380

1.6 12.0735 14.4882 19.3175 24.1469 36.2204

2.0 15.0918 18.1102 24.1469 30.1837 45.2755

 2.5 18.8648 22.6378 30.1837 37.7296 56.5944

3.0 22.6378 27.1653 36.2204 45.2775 67.9133

3.5 26.4107 31.6929 42.2571 52.8214 79.2321

4.0 30.1837 36.2204 48.2939 60.3673 90.5510

5.0 37.7296 45.2755 60.3673 75.4592 113.1888

10.0 75.4592 90.5510 120.7347 150.9183 226.3780

20.0 150.9183 181.1020 241.4693 301.8367 452.7550

50.0 377.2958 452.7550 603.6733 754.5917 1131.8876

100 754.5917 905.5100 1207.3467 1509.1833 2263.7751

150 1131.8876 1358.2650 1811.0200 2263.7751 3395.6626

200 1509.1833 1811.0200 2414.6930 3018.3667 4527.5503

400 3018.3667 3622.0440 4829.3867 6036.7334 9055.1006

600 4527.5503 5433.0601 7244.0801 9055.1006 13582.6504

800 6036.7334 7244.0801 9658.7734 12073.1006 18110.2012

1000 7.546MW 9.055MW 12.073MW 15.091MW 22.637MW

1500 11.319MW 13.582MW 18.110MW 22.637MW 33.957MW
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Appendix N

Estimated power output (in MW) of Hydroturbines

(r = 1000 kg/m3, g = 9.81 m/s2, ho = 81.55 %)

Head Energy Power output (MW)

(m) (kJ/kg) Discharge (Q = m
3
/s)

1 5 10 50 100 200

5 0.049 0.04 0.20 0.40 2.00 4.00 8.00

10 0.0981 0.08 0.40 0.80 4.00 8.00 16.00

20 0.1962 0.16 0.80 1.6 8.00 16.00 32.00

30 0.2943 0.24 1.20 2.40 12.00 24.00 48.00

40 0.3924 0.32 1.60 3.20 16.00 32.00 64.00

50 0.4905 0.40 2.00 4.00 20.00 40.00 80.00

60 0.5886 0.48 2.40 4.80 24.00 48.00 96.00

70 0.6867 0.56 2.80 5.60 28.00 56.00 112.00

80 0.7848  0.64 3.20 6.40 32.00 64.00 128.00

90 0.8829 0.72 3.60 7.20 36.00 72.00 144.00

100 0.9810 0.80 4.00 8.00 40.00 80.00 160.00

120 1.1772 0.96 4.80 9.60 48.00 96.00 192.00

150 1.4715 1.20 6.00 12.00 60.00 120.00 240.00

170 1.6677 1.36 6.80 13.60 68.00 136.00 272.00

190 1.8639 1.52 7.60 15.20 76.00 152.00 304.00

200 1.9620 1.60 8.00 16.00 80.00 160.00 320.00

225 2.2073 1.80 9.00 18.00 90.00 180.00 360.00

250 2.4525 2.00 10.00 20.00 100.00 200.00 400.00

280 2.7468 2.24 11.20 22.40 112.00 224.00 448.00

300 2.9430 2.40 12.00 24.00 120.00 240.00 480.00
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Appendix O

Materials for Turbomachines

Materials for turbomachiens are chosen on the basis of strength, prevailing

temperature, erosion and corrosion. Cost considerations and manufacturing

process employed for a given machine also decide the material selection.

Some materials used for turbomachines rotor and stator blades, casings,

rotor disc and shafts have been included in this appendix.

Compressors

Iron-aluminium alloys

Light alloys

Steel

Titanium alloys

Fans

Aluminium

Bronze

Forged carbon steel

Polyvinyl chloride (PVC)

Sheet iron

Steel

Gas Turbines

Cobalt-base and nickel base alloys

Ceramics

Cromium-based alloys

Inconel

Metal matrix composites

Nimonic

Nickel powder alloys

Super alloys

Stellite



VRT Turbines, Compressors and Fans

Titanium alloys

Hydroturbines

Bronze

Cast iron

Cast steel

Plate steel

Stainless steel

Shaft steel

Pumps

Cast iron

Corrosion resistant steels

Bronze

Iron

Nickel � copper alloys

Monel metal

Stainless steel

Steam Turbines

Cast iron

Cast steel

Monel metal

Nimonic

Stainless steel

Stellite

Shaft steel

Wind Turbines

Aluminium

Alloy Steel

Composite materials

Epoxies

Laminated wood

Polymers

Polyesters reinforced with glass fibres

Steel

Wood
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Appendix P

Turbomachinery Laboratory

This laboratory would support U.G. and P.G. courses in Turbomachinery/Fluid

machinery. It interfaces with gas dynamics/fluid mechanics laboratory. Some

equipment such as wind tunnels, calibrating devices and measuring

instruments may be common.

The aim of this laboratory work is (a) to acquaint the students with the

physical configuration of various turbomachines (b) to train them for studying

and determining the behaviour and characteristics of these machines and (c)

to highlight the effects of various design and operating parameters. Besides

this, presentation of the studies and experiments in a formal report is an

important aspect of this exercise.

Steam
turbine

Air
turbine

Axial air
compressor

Centrifugal
air

compressor

Axial fan

Centrifugal
fan

OfficeAero engine
model

Steam
turbine
model

Store

High speed
wind tunnel

Low speed
wind tunnel

STUDENTS’

TABLES

Steam
Compressed

air

32 m

1
6
 m

Fig. P.1 Turbomachinery Laboratory
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Figure P.1 shows a general layout of the proposed laboratory. The size of

the laboratory and the number of equipments can be decided based on the

grants and space available. Provision should be kept for hundred per cent

expansion.

Steam boiler and a large. Compressed air facility can be located adjoining

this caboratory.

P.1 Equipment

1. Subsonic blower wind tunnel (for compressible flow)

2. Low speed blower wind tunnel (for incompressible flow)

3. Gas turbine engine of a turboprop or turbojet aircraft engine (old and

Scraped)

4. Steam turbine with dynamometer.

5. Compressed air operated impulse and reaction turbines.

6. Axial and radial flow fans.

7. Axial and centrifugal air compressors.

8. Turbine blade cascades

9. Compressor blade cascades

10. Compressed air facility

11. Exhaust gas turbo super charger (model)

12. Pelton wheel

13. Francis turbine

14. Kaplan turbine

15. Axial and centrifugal pumps

16. Multi tube manometers (vertical and inclined types)

17. Miscellaneous measuring instruments.

Experiments

It is suggested that an undergraduate course (2-1-2) in turbomachinery is

supported by two hours per week practicals in the laboratory. List of

experiments are given separately for both U.G. and P.G. programmes.

Independent laboratory courses (0-0-2) can also be floated for non-

specialists.

P.2 Undergraduate Course (0-0-2)

1. Study of blade rows of various turbomachines.

2. Study of a cascade wind tunnel.

3. Study of flow measuring instruments.

4. Calibration of flow measuring instruments and devices.

5. Study of an exhaust gas turbo super charger.
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6. Study of the components of an aircraft gas turbine.

7. Performance test on a centrifugal/axial pump.

8. Performance test on Pelton wheel.

9. Performance test on the Kaplan/Francis turbine.

10. Performance test on a centrifugal/axial fan.

11. Performance test on a centrifugal air compressor.

P.3 Post Graduate Course (0-0-2)

1. Study of compressed air system for experiments in turbomachines.

2. Determination of loss coefficients for axial flow turbine blade

cascades.

3. Determination of loss coefficients for axial flow compressor blade

cascades.

4. Study of variation of loss coefficient with Reynolds number in axial

flow turbine/compressor cascades.

5. Study of variation of loss coefficient with aspect ratio in axial flow

turbine/compressor cascades.

6. Performance test on an axial compressor.

7. Performance test on a centrifugal compressor.

8. Study of incompressible and compressible flows through diffusers.

9. Measurement of static pressure distribution around a turbine/

compressor blade.

10. To plot the efficiency versus the blade to gas speed ratio of steam and

gas turbines.

11. Initiative experiments

A group of three to five students can plan a detailed experimental

programme in the form of a mini project.

12. Visits to the following power plants for studying the role of the

turbines and their performance:

(a) Steam power plant

(b) Combined cycle power plant

(c) Hydro power plant.



Chapter 17
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— volume  23, 228

Coolant  156, 695, 716, 719, 720

— Tubes  706, 709

Cooled blade  436

— stage  441, 446

Cooling air passages  434

— towers  604

Counter rotating fan  620

Creep  435, 436

Critical cavitation coefficient  820

Cross flow fans  655

— Turbines  788, 807

Cryogenic engineering  19

Cryogenics  119

Curtis stages  134, 353

— steam turbine  12

Cycle  23

— Actual  90, 92

— Ideal Joule  88

— With reheat  96

Cylindrical coordinate system  203

Darcy’s friction factor  198

Decelerating flow  210

Deflection angle  294, 312

Degree of admission  392

— of reaction  362, 386, 466, 530, 581

— of turbulence  197

Density  23



Index 917

Dental drills  19

Dependent variables  245, 247

Design conditions  17

— parameters  648

Deviation angle  294, 312

Diffuser  41, 327, 541, 608, 736

— Area ratio  45

— Blades  458, 519

— Efficiency  43

Dimensional analysis  244

Dimensionless groups  245

— Mass flow parameter  254

— Parameters/numbers  245, 248, 833

— Speed parameter  254, 793

Direct contact heaters  143

Disc friction  404, 658

Distributed receiver system  711

Diverging wall diffuser  545

Divided flow  134

Double entry  641

— flow  134

— rotation  9, 134

Down wind  681

Downstream guide vanes  616, 618

— traversing  283, 327

Draft tube  737

Drag force  218, 299, 317

— turbine  2

Driving force  230

Dual pressure boiler  174

Dust erosion  660

Dynamic action  1

— similarity  247

Economiser  152

Effect of preheat  64

Efficiency Carnot’s  102, 139, 430

— Nozzle  39

— of the diffuser blade row  474

— of the rotor blade row  473

— Propulsive  105, 107

— Relative  138

— Thermal  107, 138

End of sector  397

Energy  24

— Equation  31, 208

— Level  1, 9

— Transfer  13, 227, 231

— Transformation  13, 33

Enthalpy  26

— loss coefficient  263, 361, 463

— -entropy diagrams  359, 367, 442,

462, 527

Entropy  27

Equation Cartesian coordinates  198

— Cylindrical coordinates  203

— Natural coordinates  207

— of motion  4

Ericsson cycle  103

Erosion shields  661

Euler’s equations  230

— work  232

Exducer  80

Exhaust diffuser  81, 573, 580

— Gas heat exchanger  94, 99

— Heat recovery  152

— Supercharger  114, 394

Expansion in a turbine  48

— loss  401

— process  37

— waves  214

Experiments  848

Extended turbomachine  8

External cooling  433

— receiver  706

Fan-tail  672

Fanning’s coefficient  198

Fans  5, 845

— and blowers  5, 842

— applications  604

— bearings  658

— drives  658

— Drum type  650

— efficiencies  610

— Mine ventilation  606

— noise  659

Feathering  679

Feed water heaters  142, 144

— water temperature  145

Fifty per cent reaction  16, 366, 468

Finite expansion process  54

— stage  51

— stage efficiency  64

First law  24
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Flat-plate collector  696

Flow coefficient  249, 348

— Mach number  255

— process  30

Fluid  193

Forced draft fans  603

— vortex  484

Forward-swept blades  523, 643

Fourneyron turbine  806

Fracture  436

Francis turbine  797, 840

Free stream  197, 215

— vortex  383, 482, 551

Freon  25

Fresnel lens  703

— reflector  704

Friction factor  198

— losses  554, 558

Frontal area  9

Full admission  134

Furling velocities  679

Gas plants  85

— power cycles  87

— turbine  85, 723, 738

Gasifier  119

— Coal  179

Gauze rotor  330

Gedser mill  830

General swirl distribution  486

Geometric similarity  246

Gibbs function  31

Governing  393

Gusts  679

Hawthorne’s correlation  305

Head coefficient  248

Heat exchanger  695, 716

— rate  148, 835

Helicopters  622

Heliostat  706

Helium  25

Helmholtz law  536

Hero’s turbine  13

High pressure ratio  517

— reaction stages  470

— speed flows  211

— temperature materials  434

— temperature turbine stages  430

— tensile stresses  430

Hitec  715

Hovercrafts  115, 622

Howell’s correlation  322

Hub-tip ratio  303, 481

Hundred per cent reaction  371

Hydraulic turbines and pumps  839

Hydro-trubomachines  32

Hydroturbines  844, 846

Hydrofoils  115, 622

Hypodermic tubes  281

Ideal cooled stage  441

— gas  26

Impulse blades  307

— stages  12, 350

— turbine  350, 353

Inactive sector  392

Incidence  289

Incompressible flow  39, 43, 194, 203,

209, 465, 4

— flow machines  6, 247

Independent variables  245

Induced draft fans  603

Inducer section  518, 521

Induction tunnel  327

Industrial  19

— steam turbines  150

Inertia force  195, 250

Infinite sea of air  7

Infinitesimal stage  53, 66

— stage efficiency  66, 450

Inlet guide vanes  518

Instrumented blade  283

Intercooling  101

Internal cooling  433

— energy  25

Inviscid flow  195, 201

Inward flow  10

— radial turbine  573

— Volute  573

Irreversible flow in nozzles  734

Irreversible process  28

Isentropic process  28

— work  232
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Isolated aerofoil  300, 318

Jet dispersion  395

— dispersion loss  402

— impingement cooling  433

Joule cycle  88

Kaplan turbine  794, 840

Kelvin-Planck’s statement  27

Kinematic similarity  246

— viscosity  245, 250

Kutta-Joukowski’s relation  300

La-Fleur refrigeration  120

Laminar flow  196

Laplace’s equation  202, 203

Latent heat storage  716

Leading edge  217

Leakage  403, 557, 657

— Mixing  397

Lift  215

— force  218, 298, 316

Lobe Compressor  3

Loss annuales  301

— Clearance  304, 557

— Profile Loss  301

— Secondary  302

— Stage  375

Ljungstrom turbine  9,11, 591, 758

Loading coefficient  348, 465

Low hub-tip ratio  379, 481

— reaction stages  468

Mach number at diffuser entry  547

— limitations  588

— number  34, 214, 288

— waves  406

Materials  434, 845

Maximum mass flow  211

Mean velocity triangle  295, 313

Meridional plane  208, 533, 537

— streamline  533

Micro turbines  19

Miniature fans  607

Minimum wind velocity  674

Miscellaneous applications  19, 121

Mix-flow turbine  574

Mixed flow machines  12

Mixed flow stages  11

Moderator  156

Molten metal  720

Molten salts  720

Momentum equations  200, 204

Multi Stage compressors  69

— stage machines  15, 60, 71

— Stage radial  11

— Stage turbines  57, 134, 451

Natural coordinate system  207

Navier Stoke’s equations  201, 205

Negative reaction  372

Net efficiency  724

Net positive suction head  815, 818

Nickel base alloys  432

Nimonic  845

Ninety-degree turbine  576

Nominal deflection  323

Nominal loss coefficient  308

Non-flow process  29

Normal shock waves  212, 490

Nozzle control governing  393

— efficiency  38, 39

— velocity coefficient  38

Nozzleless stage  6

NTPC power plant  837

Nuclear aircraft engine  113

— gas turbine plant  117

— reactor  157

— steam power plant  153

Number of blades  649

Oblique shock waves  213, 406

Off-design conditions  18, 493

— -design operation  492, 555

One-dimensional flow  200

Open circuit plants  86

Optical efficiency  701

Organic vapour turbines  722

Orthopaedic drills  19

Outward flow fans 654

— flow  590

Over deflection  302, 395

Overall efficiency  57, 69, 107, 725

— pressure ratio  58, 70
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Panemone  687

Parabolic concentrator  702

Parson’s steam turbine  13

Partial admission  134, 393

— flow fans  654

— turbines  392

Pelton wheel  12, 796, 798, 840

Perfect gas  26

Performance characteristics  492, 557,

587

— charts  378

— of axial fans  628

— of cascades  262

— of compressors  258, 493

— of fans and blowers  261

— of turbines  257

Petrochemicals  19, 118

Pinch point  183, 747

Pitch-chord ratio  288, 301, 323

Pneumatic transport  607

Polytropic efficiency  56, 68

Polyvinyl chloride  845

Positive displacement machines  3

Potential function  202, 206

Power coefficient  249, 256

— duration  677

— generation  18

Prandtl-Meyer angle  214

Precooler  87

Preheat  64

Pressure  23

— coefficient  248, 525

— compounded turbine  357

— loss coefficient  263, 298, 463

— loss coefficient  287, 316

— ratio  253

— recovery  44

— recovery coefficient  318

— rise  44

— side  278, 283

— variation in a compressor  457

Prewhirl vanes  643

Primary fluid  696

Process  23

Profile loss  301, 304, 322

Propeller efficiency  625

— thrust  821

Propellers  622

Propulsive device  105

Pumping losses  405

Pumps  4, 846

Quality of flow  291

— of land  679

Quantity of solid particles  660

Radial Cascades  329, 331

— Equilibrium  380, 481

— Inward flow  9

— Machines  11

— stages  9

— Tipped blades  523, 642

Radiation shield  158

Railway locomotive  114

Ramjet engine  112

Rankine cycle  135, 137, 147, 697

Rateau stages  134, 357

Ratio of specific heats  25, 252

Re-entry turbines  394

Reaction Blades  307

— machines  13

— Stages  14

Real gas  27

Receiver  716

Rectilinear cascade  276

— Compressor  310

— Turbine  288

Regenerative feed heating  141

Reheat  52, 146

— Cycle  146

— Cycle with  96

Relative eddy  536

— stagnation enthalpy  361, 577

— stagnation pressure  577

Reversible process  28, 54, 67

Reynolds number  195, 250, 256

Roots blower  3

Rotating stall  496, 558

Sail rotor  670

Savonius rotors  670

Scroll casing  10

Second law of thermodynamics  27

Secondary flow  302, 586
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— vortices  302, 321

Semi-perfect gas  27

Sensible heat storage  714, 717

Shaft losses  374, 476

Shaft steel  846

Shear flow loss  402

Shock losses  555, 558, 586

Shroud  518, 640

Sirocco fans  650

Skin friction  585

Sliding walls  289

Slip factor  537

Slipstream  7, 623

Small stage  66

Smith Putnam machine  829

Soderberg’s correlation  308

Solar collectors  698

— energy  695

— energy storage  713

— ponds  717

— radiation  700, 703, 706, 711, 712,

717

— receivers  70

— turbine plants  694

— turbines  718

Specific fuel consumption  105, 824

— heats  25

— speed  251, 840

— speed of compressors  261

Spouting velocity  579

Stage Compressor  6

— efficiency  447, 648

— Fan  6

— losses  475, 584

— pressure coefficient  646

— pressure rise  525, 646

— reaction  647

— Reaction turbine  14

— Turbine  6

— velocity triangles  17, 345

— work  645

Stagger angle  277, 295, 311

Stagnation density  36

— enthalpy  33

— pressure  35

— pressure loss  462

— state  36

— temperature  34

Stainless steel  846

Stall cells  497

Stalling  496

— incidence  322

Stanitz’s method  540

State  23

Static pressure distribution  282

— pressure rise  318, 461

— -to-static efficiency  63

Steady flow  194, 199

— flow energy equation  32

Steam generators  172

— turbine governing  393

— turbine plants  133

— turbines  723

Steel alloys  435

Steerable mirror  706

Stellite  845

Stodola’s model  539

Stream function  202

— tube  193

Streamline  193

Suction head  809

Suction side  278, 283

Supercharged boiler  155, 177

Superheated steam  25

Superjumbo jet  1

Supersonic compressor stages  489,

491

— flow  211, 405

— turbine  489

— turbo-jet engines  431

Superthermal power stations  1

Supplementary firing  176

Surface vehicles  114

Surge cycle  495

— line  495

— point  493

Surging  494, 558, 629

Swirl component  459, 471

— generator  330

— vanes  328

System  22

Tail race  810, 820

Tangential force  296, 314
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— steam turbines  134

Temperature  24

— ratio  702

— Stagnation  34

— Static  34

— Velocity  34

Test section  282, 310, 327

Thermal efficiency  138, 142, 741

— ratio  96

Therminol  715

Thermodynamic aspects  22

Thoma number  817, 818

Thrust  105

Tip clearance  573

— leakage  304, 321

Tidal power plant  799

Titanium  435, 845, 846

Topping plant  116, 170

Torque  229

Total energy system  117

— to-static efficiency  51, 377

— to-total efficiency  49, 62, 376, 464

Trailing edge  217

— vortices  302

Transonic stages  489

Trough collector  705

Tubular collector  705

— receivers  710

Turbine blade sections  827

Turbines  4

Turbo-rocket engine  113

— supercharging  394

Turbofan engine  111, 825

Turbojet engine  104, 109, 749, 825

Turbomachines  1

Turboprop engine  108, 747, 824

Turbulence  289

— grids  289

— Turbulent flow  196

Two-dimensional flow  276

— dimensional nozzle  40

Uncambered aerofoil  217, 219

Under deflection  302, 395

Unfired boiler  173

Units and dimensions  244, 245, 831

Unsteady flow  194, 397

Upstream guide vanes  458, 612

— traversing  283, 327

Upwind  681

Utilization factor  352, 356, 368

Vacuum cleaners  607

Vane-to-vane plane  535, 537

Vaned diffuser  543

Vaneless diffuser  541

— space  543, 549, 574

Vapour pressure  816, 818

Variable load  184

— reaction  14

Velocity components  199

— compounded turbine  353

— distribution  226, 310

— duration  677

— of sound  35

— perturbations  391

— triangles  294, 312, 458

— variation in a compressor  457

— vectors  17, 228

Viscosity  195

Viscous force  195, 250

Volumetric efficiency  1

Volute  518, 548

— casing  639

— tongue  553

Vortex core  656

Vorticity components  201, 206

Wankel engine  4

Waste heat recovery boiler  172, 176,

181

Water mills  668

Whirl component  538, 643

Width to diameter ratio  642

Wind  668

— energy data  675

— mill  8

— power plant  669

— rose  678

— tunnel  759

— turbines  668, 829

— velocity  676, 829
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Windage losses  403

Work  24, 47, 230, 347, 460

— Actual  48, 61, 232

— done factor  479, 481

— Euler’s  232

— Expansion  29

— Flow  32

— Ideal  49

— Isentropic  232

— Shaft  33

Working fluids  720

Zero degree reaction  364, 380

— swirl  576

— whirl  642

Zhukovsky’s transformation function

219

Zweifel’s criterion  300, 308



PLATE 1

Fig. 14.15    An Aircraft Propeller



PLATE 2

Fig. A.2     The Rolls-Royce Dart Engine

Fig. A.3     The Concorde Aircraft
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