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Basic Electrical Engineering and Basic Electronics Engineering are the two

fundamental subjects of most engineering disciplines. It is extremely important to

ensure that the fundamentals of these two courses are well understood by all

engineering students since these subjects have applications in all streams. Though

numerous textbooks on these two subjects are already available, we felt that there

was still a need for another book which would present the basics of Electrical and

Electronics Engineering in a comprehensive manner. It is also true that there is

hardly any comprehensive textbook available on this subject that precisely covers

the prescribed syllabus of WBUT. Moreover, following the new syllabus framed

by West Bengal University of Technology (WBUT), there was a need to bring out

a textbook that would cover the entire syllabus of Basic Electrical and Electronics

Engineering-II. An attempt has, therefore, been made to present an exhaustive

material in the form of a textbook to the students studying basic electrical and

electronics engineering in WBUT. We hope that after going through this book,

the undergraduate engineering students of WBUT will find that their learning and

understanding of the subject, Basic Electrical and Electronics Engineering, has

increased progressively.

Our main aim was to equip the students with the fundamental knowledge of

Electrical and Electronics Engineering, the theory backed up by illustrative solved

problems. We have emphasized on building of fundamental concepts, mathematical

derivations coupled with applications and solutions of problems. We have

attempted to keep the language in the textbook as lucid as possible. Relevant

examples have been selected to supplement the theory so that students have a

thorough idea of the applicability of the theoretical concepts. The salient features

of this book are as follows:

• Coverage and chapter organization as per the syllabus of WBUT

• Important statements and key terms highlighted within the topics for better

clarity

• Individual topics are very well supported by the solved examples

• Single book containing the fundamentals of both electrical and electronics

engineering

• Stepwise explanation of theories and derivations along with relevant examples

• Diagrammatic and elaborate representation of circuits and phasors

• Numerous solved examples and adequate exercise problems for practice

• Solutions of WBUT previous year questions from 2003–2015 incorporated

within the book appropriately.

PREFACE
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• Pedagogy includes:

–507 Solved Examples

–347 Practice Questions with Answers

–224 Multiple Choice Questions

–589 Illustrations

The book comprises 12 chapters designed as per WBUT syllabus. The first six

chapters deal with the fundamentals of basic electrical engineering, and the next

six chapters deal with the fundamentals of basic electronics engineering.

Part I is organized in six chapters as follows:

Chapter 1 deals with electrostatics with emphasis on Coulomb’s law, Gauss’s law,

electric field intensity and capacitance.

Chapter 2 introduces dc machines and presents the concepts of magnetic flux,

equivalent circuit, back emf, armature windings, speed-torque characteristics and

applications of dc machines.

Chapter 3 describes single-phase transformers, their construction, operation,

regulation and efficiency.

Chapters 4 and 5 introduce three-phase systems and three-phase induction motors

respectively.

Chapter 6 presents the structure of a power system with special emphasis on

distribution and representation.

The second part of Basic Electrical and Electronics Engineering is written as a

first course of electronics, incorporating both analog and digital electronics devices

and circuits. This part of the book allows students to achieve an enhanced level

of understanding within the prescribed period and helps them develop a strong

foundation for other electronics specialized courses. The principles of operation

of various devices are explained properly, and examples and solved problems

ranging from simple to complex have been incorporated. After studying this book,

we are sure students can perform better in semesters as well as in competitive

examinations.

Part II aims to provide working knowledge about analog and digital logic

elements and the expertise required to develop analog and digital systems. This

part covers the following areas: field effect transistors, feedback amplifier and

oscillators, operational amplifier, number system, and Boolean algebra.

Part II is organized into six chapters as explained below:

Chapter 1 describes the basic concept of field effect transistors, JFET structure

and its characteristics, MOSFET structure and characteristics, depletion and

enhancement-type MOSFET, common source, common gate and common drain

configuration of FET, and basic principles of CMOS.

Chapter 2 presents the basic concept of positive and negative feedback amplifi-

ers, classification of amplifiers, different topologies of feedback amplifiers, and

properties of feedback amplifiers.

Chapter 3 describes the basic concept of oscillators, Barkhausen criteria,

classification of oscillators, phase-shift oscillation, Wein bridge oscillator, tuned

collector oscillator, LC oscillators, Colpitts, Hartley and crystal oscillators.



Chapter 4 is related to operational amplifiers.  The integrated circuits, ideal

OP-AMP, equivalent circuit of OP-AMP, difference amplifier, configuration of

OP-AMP, characteristics, frequency response and stability of OP-AMP and the

concept of virtual ground are discussed elaborately in this chapter.

Chapter 5 deals with design and implementation of analog circuits using an

operational amplifier. The application of operational amplifiers in adder, subtractor,

voltage-to-current converter, current-to-voltage converter, multiplier, voltage

follower, integrator, differentiator, logarithmic amplifier, multiplier, divider and

Schmitt trigger are incorporated in this chapter.

Chapter 6 provides the basic concepts of number systems, binary arithmetic, BCD

codes, Boolean algebra and various logic operations. The correlation between

Boolean expressions and implementation using logic gates is explained. The

operation of logic gates with logic diagrams, De Morgan’s theorems, and

simplification of logic circuits are also incorporated.

Care has been taken regarding the chronology of presentations, mathematical

treatments and in representing the theory in a lucid manner. Each chapter has

sufficient number of theoretical questions and unsolved problems with hints and

answers. For the benefit of students, we have also included answers of questions

and detailed solutions of problems from question papers of WBUT.
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1.1 INTRODUCTION

In electrostatics we deal with static electricity (i.e, when charges are at rest). The
knowledge of electrostatics is important in electrical engineering as we frequently
come across the design process of electrical insulations and performance of vari-
ous equipment, cables and overhead lines when subjected to electric stress. Natu-
ral phenomenon like lightning is very much related to electrostatic processes and
laws. Electrostatics finds extensive applications in extra high voltage systems
(ehv) in transmission engineering. Capacitors play a vital role in different spheres
of electrical engineering as well as electronics engineering. The performance of a
capacitor can be best analysed and it can be properly designed with knowledge in
electrostatics.

1.2 COULOMB’S LAW

Coulomb’s first law states that like charges repel each other while opposite charges
attract each other. Coulomb’s second law states that the force of attraction between
two opposite charges or force of repulsion between two like charges is

(a) directly proportional to the product of the charges, the distance between
them being same;

(b) inversely proportional to the square of the straight distance between them,
magnitude of the charges being constant.

If we assume the charges to be of magnitude (Q) and (q) separated by a straight
distance x, then from Coulomb’s second law we can write

F μ Q ¥ q/x2, (F ) being the force of repulsion if both charges are alike or force
of attraction if the charges have opposite polarity. The force (F) is measured in
Newtons when the magnitude of the charges are expressed in Coulombs and the
distance in meters.

\ F = K 2

Q q

x

⋅
(1.1)
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(K) being constant of variation and in SI unit (K) in vacuum is given by 1/4peo;
otherwise K = 1/4pe, when the charges are placed in any other medium other than
vacuum or space.

\ F = 24

Q q

xπε

⋅
(1.2)

In electrical engineering we term this e as permittivity of the medium in which
charges are placed. It is known as absolute permittivity and is represented as

e = eo ¥ er (1.3)

where (eo) is the permittivity of space while (er) is the relative permittivity of the
medium where the charges are placed.
In SI unit,

eo = 8.854 ¥ 10–12 Farad/metre

\
1

4 oπε
=

12

1

4 8.854 10π −× ×
 = 9 ¥ 109

Thus, Coulomb’s law can be written as

F = 9 ¥ 109
2

r

Q q

xε

×
. (1.4a)

When the charges are placed in vacuum (or space),

F = 9 ¥ 109
2

Q q

x

⋅
. (1.4b)

If Q = q = 1 Coulomb and x = 1 metre, from Coulombs law, F = 9 ¥ 109 Newtons (in
space). This gives rise to the definition of unit charge (i.e. 1 Coulomb) which
means that it is such a charge which when placed at one metre apart from another
similar charge experiences a force of 9 ¥ 109 Newton in vacuum.

1.3 PERMITTIVITY

Permittivity of a medium is basically that property of the medium which permits
electric flux to pass through it. If the permittivity is more it means that the medium
allows more flux to pass through it and hence this medium is more susceptible to
the electric field.

Absolute permittivity (e) is the ratio of electric flux density in a dielectric medium
to the corresponding electric field strength and is expressed as Farad/meter.

i.e e =
E

δ
 F/m (1.5)

where d is electric flux density and E is the strength of the field.
Also, e = eo ¥ er, where eo is the permittivity of free space (8.854 ¥ 10–12 F/m)

and (er) is the relative permittivity of a dielectric medium. It is defined as the ratio
of flux densities of the dielectric medium to that in vacuum produced by the same
electric field strength.
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[er =
o

δ

δ
 = 

( )

( )o

E

E

ε

ε
 = 

e

eo

\ e = er ¥ e0]

Relative permittivity of space is 1 while that of air is 1.0006. In practice, we assume
er of vacuum and air as 1. Commonly used dielectric medium have permittivity
between 2 and 10.

1.4 ELECTRIC FLUX AND FLUX DENSITY

Electric flux represents the total number of lines of force in any electric field. It is
the lines of force coming out of a positive charge of one coulomb. Electric flux is
often represented by symbol y or f and expressed in Coulombs.

Electric flux density (often represented by the sysmbol d ) may be defined as
the flux per unit area, measured at right angles to the direction of electric flux. Its
unit is Coulomb per sq. metre.

i.e., d = 
A

φ
e/m2, where A represents the area in m2.

1.5 ELECTRIC POTENTIAL AND POTENTIAL
DIFFERENCE

The electric potential at any point in an electric field is defined as the work done
in joules in moving a unit positive charge from infinity (i.e., from zero potential) to
that point against the electric field.

\ Electric potential = 
Work done

Electric charge

or V =
W

Q
(1.6)

When W is expressed in joules, Q in coulombs, V is expressed in volts. Then
the electric potential at a particular point in an electric field is one volt provided
one joule of work is done in moving a unit positive charge from zero potential to
that point against the field.

In electrical engineering we are more interested in measuring the potential dif-
ference between two points in a field than to know the absolute value of the
electric potential at any point s in the field. The potential difference (p.d.) is the
work done in joule in moving a unit positive charge from the point of lower
potential to higher potential within the field.

The potential difference is obviously measured in volts and the p.d. of one volt
means one joule of work is done in bringing a unit positive charge from the point
of lower potential to the point of higher potential within the electric field.
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1.6 EXPRESSION FOR POTENTIAL AT A POINT
WITHIN AN ELECTRIC FIELD

Let us consider two positive charges, the first one having a charge of Q coulombs
while the second one is a unit positive charge. Both the charges are assumed to
be placed in space at a straight distance x metres between them. From Coulomb’s
law we can express the force of repulsion between these two charges as

F = 2

1

(4 )o

Q

xpe

¥
; eo being the permittivity of space.

The work done dW in moving the unit charge towards the charge Q for a small
distance dx metre will be given as

dW = 2
( )

(4 )o

Q
dx

xpe

È ˘-Í ˙
Î ˚

 joule

Work done is negative as the charge is moved against a repulsive force and
against the direction of the field.

In order to find the total work done in moving the unit positive charge from
infinity to any point d metres away from the charge Q against the field, we will
integrate the expression of dW obtained within the limit of integral • to d.

\ W =
2

( )

(4 )

d

o

Q dx

xpe
•

-Ú  = 
1

4 (4 )

d

o o

Q Q

x dpe pe•

- È ˘- =Í ˙ ◊Î ˚
 joules.

Thus, from definition we can write the potential at a point d metres away from the

charge Q is simply 
4 o

Q

dpe

Ê ˆ
Á ˜◊Ë ¯

 volts.

\ V =
(4 )o

Q

dpe ◊
 volts  (1.7a)

If the analysis be performed assuming the surrounding medium as a dielectric of
relative permitivity er, we can modify the expression for potential at distance d
away from Q as

V =
4 o r

Q

dpe e ◊
 volts (1.7b)

If we consider an isolated sphere of radius R placed in space and having +ve
charge Q coulombs uniformly distributed over its surface, the potential at the
surface of the sphere would be

V =
4 o

Q

Rpe
(1.8)

[the charge on the sphere would act as a concentrated charge at the centre O of
the sphere.]
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The potential will remain constant for the space between O and R in the sphere
and will be same as the potential V at the surface of the sphere. The surface of the
sphere would be termed as equipotential surface and electric lines of force always
cross such a equipotential surface normally. If we assume a point P outside the
sphere at distance D from the centre of the sphere, we would have the potential of
VP = Q/(4pe0D) at that point outside the sphere.

1.7 ELECTRIC FIELD INTENSITY

The intensity of the electric field at a point is defined as the mechanical force per
unit charge placed at that point. The direction of the intensity is same as direction
of the force exerted on a positive charge.

Thus, if F be the force experienced by a test charge q placed at a point in an
electric field, the intensity E at that point is given by

E =
F

q
. (1.9)

E is expressed in newton per coulomb or in volt/metre (V/m). Frequently the term
electric field strength is also used in-
stead of the term electric field inten-
sity.

Let us assume a positive point
charge +Q is placed at a point M and a
test charge +q is placed at point N, as
shown in Fig. 1.1.
The force F experienced by q is given by

F =
24 o

Qq

xpe
.

Since intensity E is given by F/q, we can write

E =
24peo

Q

x
. (1.10)

The direction of E is towards the point charge or away from it according as the
charge is negative or positive.

1.8 ELECTRIC FIELD INTENSITY AND
POTENTIAL OF ISOLATED POINT
CHARGE (Q)

Figure 1.2 represents an isolated point charge +q placed
in space. We are to find the field intensity and potential
at point P.

Fig. 1.1 A (+ve) charge (+Q) placed in
an electric field

M N E

x

(+ )Q (+ )q

Fig. 1.2 An isolated
point charge
(+q) placed
in space

P r+q
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To find intensity:

By definition of electric field intensity, the intensity at a point is given by (in
vector form)

E =
2

1

4 o

q

rpe
¥ (1.11a)

where q = positive point charge
r = distance between +q and point P and
e0 = permittivity of space

To find potential:

By definition of potental at a point P,

V = –
2

1 1
| | 0

4 4 4

r r

o o o

q q q
E dr dr

r rrpe pe pe

Æ

• •

È ˘Ê ˆ Ê ˆ= - = - - - =Á ˜Á ˜ Í ˙Ë ¯Ë ¯ Î ˚
Ú Ú

\ V =
4 o

q

rpe
. (1.11b)

1.9 POTENTIAL DUE TO A GROUP OF CHARGES

The potential at a point due to a number of charges can be determined by algebra-
ically adding the potential at that point due to each one of the charges. Let q1, q2,
q3, … be the charges at distances r1, r2, r3 … respectively from a given point P at
which we are required to find the resultant of the above charges. The resultant
potential (V) is then given by

V = 31 2

0 1 0 2 0 34 4 4r r r

qq q

r r rpe e pe e pe e
+ + + º

or, V =
0 1 2 3

1 1 1

4 r

q

r r rpe e

È ˘+ + + ºÍ ˙
Î ˚

(1.12)

(assuming q1 = q2 = q3 = … = q)

1.10 ELECTRIC FIELD INTENSITY AND POTENTIAL
GRADIENT

Electric field strength E due to a point charge at any
point in the vicinity of the charge is defined as the
force experienced by a unit positive charge placed at
that point within the field (Fig. 1.3). It is expressed in
Newton/Coulomb (or volt/meter). If this force is stron-
ger, the electric field strength is more. We also can
state that the work done in moving a unit positive
charge through a small distance dx meters in the di-
rection of the field is given by

+1

+q Direction of
field

Unit positive
charge

Fig. 1.3 A unit (+ve)
charge in a field
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(dW) = force ¥ displacement of the charge
= E ¥ dx joules, where E is expressed in Newton/Coulomb.

Obviously this work done would be equal to the “drop” or reduction in potential
as this time the unit positive charge is moved along the direction of the field and
the work done would consequently be positive.

Then we can write dV = E ¥ dx

or E =
dV

dx
(1.13)

(dV/dx) is known as the potential gradient and is thus the drop in potential per
meter in the direction of the field. It is expressed as volt/meter. We thus find that
the electric field strength and potential gradient being same, both are expressed in
volt/meter.

1.11 RELATION BETWEEN ELECTRIC FLUX DENSITY
AND ELECTRIC FIELD INTENSITY

We have just derived

or E =
2 2

04 4r

Q Q

r rpe e pe
=

i.e., eE =
24

Q

rp

The quantity eE has dimensions of charge per unit area and is equivalent to
electric flux density (d).

\ d = eE = 
24

Q

rp
(1.14)

1.12 ELECTRIC POTENTIAL
ENERGY

Let us consider a system of two charges Q1

and Q2. Suppose Q1 is a fixed charge at a
point M while the charge Q2 is taken from a point N to a point P along the line
MNP (Fig. 1.4).

Let distance MN = x1, while distance MP = x2. We consider a small displace-
ment of charge Q2. Its distance from M then changes to (x + dx). The electric force
on Q2 is given by

F = 1 2
24 o

Q Q

xpe
, in direction M to N.

[We assume the medium in which the charges are placed in space and hence
er = 1]

x

M N P

Vi

dx

Fig. 1.4 A system of two charges
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The work done by the force in making small displacement dx by the charge is

dW =
1 2

24 o

Q Q
dr

xpe
◊

[Q Work done = force ¥ displacement]
The total work done as Q2 moves from N to P is thus

W =

2

1

1 2

24

x

ox

Q Q
dx

xpe
◊Ú

=
1 2

1 2

1 1

4 o

Q Q

x xpe
È ˘-Í ˙Î ˚

 joule (1.15)

[Charges are expressed in Coulomb and distance in metres]
[It may be noted here that no work is done by the electric force on the charge Q1

as it remains fixed.]
The change in potential energy is thus

u(x2) – u(x1) = –W = 
1 2

1 2

1 1

4 o

Q Q

x xpe
È ˘- -Í ˙Î ˚

=
1 2

2 1

1 1

4 o

Q Q

x xpe
È ˘-Í ˙Î ˚

(1.16)

[We define change in electric potential energy of the system as negative of work
done by the electric force.]

If one charge is placed at infinity, its potential is zero and consequently u(•) = 0.
The potential energy, when the separation is x, can be obtained as

U(x) = u(x) – u(•)

=
1 2 1 21 1

4 4o o

Q Q Q Q

x xpe pe
Ê ˆ- =Ë ¯•

(1.17)

The equations derived here assume that one of the charges is fixed and the other
is moving. However, the potential energy depends essentially on the separation
between charges and is independent of the spatial location of the charged par-
ticles.

1.13 RELATION BETWEEN ELECTRIC FIELD
STRENGTH AND POTENTIAL

Let us suppose the electric field at a point n due to a charge distribution is E,
while the electric potential at the same point is V. Let us assume the point charge
of strength q is moved slightly from the point x to (x + dx). The force on the
charge is F = q × E, while the work done is

dW = F(–dx) = qE(–dx)
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[In article 1.8, we have assumed dx in the direction of the field, i.e. from +q
towards infinity. If any charge is moved against the field, dx becomes –ve.] The
change in potential energy due to this displacement is

du = +dW = –q ¥ E ¥ dx.

The change in potential is dV = 
du

q
 i.e. dV = –E dx.

[If the test charge is moved along the field, dV = E ¥ dx (as shown in article 1.8).]
Integrating between x1 and x2, we get

V2 – V1 = –

2

1

x

x

EdxÚ , where V2 and V1 are the potentials at x2 and x1 respectively.

If we select point x1 as reference having zero potential, we can write V(r) =

x

E dx

•

- ◊Ú , where x is distance equal to x2.

1.14 ELECTRIC FIELD INSIDE A CONDUCTOR

When there is no electric field around a conductor the conduction electrons are
almost uniformly distributed within the conductor. In any small volume of the
conductor the number of electrons is equal to the number of proton in the nuclei
of each atom of the conductor. The net charge in the volume is then zero. Next we
suppose that an electric field E is created in the direction left to right across the
conductor. This field will exert a force on the free electrons in the atoms of the
conductor from right to left. The free electron then move towards the left and
consequently the number of electrons in the left will increase while the number of
electrons in the right decreases. The left side of the conductor then becomes
negatively charged while the right side is positively charged. The electron con-
tinue to drift towards the left. The result is the creation of an electric field of
strength E¢ within the conductor in the  direction opposite to the applied field.
With passage of time a situation comes when the field E¢ inside the conductor is
equal to the magnitude of the external field E. The net electric field inside the
conductor is zero. Then a steady state is reached when some positive and nega-
tive charges appear at the surface of the conductor while there is no electric field
inside the plate. Thus there is no electric field inside the conductor when it is
subjected to an external electric field. The  redistribution of electrons take place in
such a way that charges remain at the surface of the conductor only.

It may be recalled here from the basic concepts of physics that in conductors
there is always existence of free electrons while in insulators all atomic electrons
are tightly bound to their respective nuclei. When insulators are placed in an
electric field they may slightly shift their parent position but cannot drift from
their parent atoms and hence cannot move long distance. These materials are then
said to act as dielectrics. If the external field is strengthened further, a time will
come when the bonding of the electron with their nuclei may break causing them
to drift apart. We call this phenomenon as breakdown of dielectric medium.
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1.15 CONTINUOUS CHARGE DISTRIBUTION

It is impractical to work in terms of discrete charges and we need to work with
continuous charge distributions. It is impractical to specify the charge distribu-
tion on the surface of a charged conductor in terms of the locations of the micro-
scopic charged constituents. It is more logical to consider an area element DS on
the surface of the conductor (which is very small on the macroscopic scale but
large enough to include a very large number of electrons) and specify the charge
DQ on that element. The surface charge density can be defined as

d = 
Q

S

D
D

The unit of d is C/m2. The surface charge density d ignores the quantisation of
charge and the discontinuity in charge distribution at the microscopic level. d
represents the macroscopic surface charge density which is a smoothed average
of the microscopic charge density over an area element DS which is large micro-
scopically but small macroscopically.

Similarly, we can define linear charge density l and volume charge density r.

l = 
Q

l

D
D

where Dl is a small line element of wire on the macroscopic scale which, however,
includes a large number of microscopic charged constituents and DQ is the charge
contained in that line element. The unit for l is c/m.

Now, r = 
Q

V

D
D

where DQ is the charge included in the macroscopically small volume element DV

that includes a large number of microscopic charged constituents. Unit of r is
c/m3.

Now, suppose a continuous charge distribution in space has a charge density
r. The charge distribution is divided into small volume elements of size DV. The
charge in volume element DV is rDV. Then the electric field at any general point P
due to the charge rDV is given by Coulomb’s law:

DE = 
24 o

V

r

r

pe

D

where r is the distance between the charge element and P. By the Superposition
principle, the total electric field due to the charge distribution is obtained by
adding over electric fields due to different volume elements:

E = 
2

1

4 o V

V

r

r

pe D

DÂ
By using Coulomb’s law and the Superposition principle, electric field can be

determined for any charge distribution, discrete or continuous, or part discrete
and part continuous.
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1.16 GAUSS’S LAW AND ITS DERIVATION

Statement of Gauss’s Law The flux of the net electric field through a closed
surface is equal to the net charge enclosed by the surface divided by eo.

i.e., E ds◊ =
in

o

q

e
(1.18)

where E ds◊  represents the flux f through a closed

surface and qin is the net charge enclosed by the sur-
face through which the flux passes.

Derivation of Gauss’s Law from Coulomb’s Law
Let us suppose that a charge q is placed at a point O
inside a closed surface (Fig. 1.5). We assume a point P
on the surface and consider a small area Ds on the
surface around P.

Let OP = x.
The electric field at point P due to the charge q is

given by, E = q/4peo ◊ x2, directed along the line OP.
Let us suppose this line OP makes an angle (q )

with the outward normal to the surface Ds. The flux of
the electric field through Ds is given by

Df = E Ds cos q

=
24 o

q

xpe
◊ Ds cos q

=
4 o

q

pe
◊ Ds

where Ds = 
2

coss

x

qD ◊
 [Actually (Ds ) is the solid angle subtended by (Ds) at O]

\ f =
4 o

q

peÂ ◊ Ds = 
4 o

q
s

pe
DÂ

We can see that [S(Ds )] represents the sum that is actually the total solid angles
subtended by a closed surface at O. Obviously this total solid angle is 4p.

\ the total flux of the electric field due to the internal charge q through the
closed surface is

f = 4
4 o o

q q
p

pe e
◊ =

Q f ∫ E ds◊ , hence we have

E ds◊ =
in

o

q

e
(proof of Gauss’s law) (1.19)

q

E

O

D S

q

P

Fig. 1.5 A charge (q)
placed inside
a closed sur-
face
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where,
in i

o o

qq

e e
= Â  (i.e. the sum of all charges q1, q2, …, qi, … qn located in the

said closed surface. We do not consider external charges as the solid angle (Ds)
subtended by a closed surface at any external point is zero, then f becomes zero.

1.17 APPLICATIONS OF GAUSS’S LAW

The electric field for symmetric charge configurations can be obtained in a simple
way using Gauss’s law. This can be understood by considering the following
cases

1.17.1 Field due to an Infinitely Long Straight

Uniformly Charged Wire

Consider an infinitely long thin straight wire with
uniform linear charge density l. To calculate the
field, imagine a cylindrical Gaussian surface with
radius r as shown in Fig. 1.6. The wire is obvi-
ously an axis of symmetry. Since the field is ev-
erywhere radial, flux through the two ends of the
cylindrical Gaussian surface is zero. At the cy-
lindrical part of the surface, E is normal to the
surface at every point and its magnitude is con-
stant, since it depends only on r. The surface
area of the curved part is 2prl, where l is the
length of the cylinder.

Flux through the Gaussian surface

= Flux through the curved cylindrical
   part of the surface

= E ¥ 2prl

The surface includes charge equal to ll where
l is the linear charge density in the wire in c/m.
According to Gauss’s law,

E ¥ 2prl = ll/eo

or E =
2 o

l

rpe
(1.20)

It may be noted that though only the charge enclosed by the surface (ll) was
included above, the electric field E is due to the charge on the entire wire. Also,
we have to assume that the wire is infinitely long. Otherwise, we cannot take E to
be normal to the curved part of the cylindrical Gaussian surface. Equation (1.20) is
approximately true for an electric field around the control portions of a long wire,
where the end effects may be ignored.

+

+

+

+

+

+

+

+

+

+

+

+

+

+

l
r

Gaussian

surface

Fig. 1.6 Gaussian surface for
a long thin wire of
uniform linear charge
density
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1.17.2 Field due to a Uniformly Charged

Infinite Plane Sheet

Let d be the uniform surface charge
density of an infinite plane sheet as
shown in Fig. 1.7. By symmetry, the
electric field will not depend on y and
z coordinates and its direction at
every point must be parallel to the
x-direction.

We consider a Gaussian surface
to be a rectangular parallelpiped of
cross-sectional area A as shown in Fig. 1.7. Only two faces 1 and 2 will contribute
to the flux; electric field lines are parallel to the other faces and they, therefore, do
not contribute to the total flux.

The unit vector normal to the surface 1 is in the – x direction, whereas the unit
vector normal to the surface 2 is in the + x direction. Hence, E ◊ DS through both
the surfaces are equal. Therefore, the net flux through the Gaussian surface is
2EA. The charge enclosed by the closed surface is dA. Hence, by Gauss’s law,

2EA = dA/eo

or, E =
2 o

d

e

E is directed away from the plate if d is positive and toward the plate if d is
negative. E is independent of x.

1.17.3 Field due to Uniformly Charged

Thin Spherical Shell

Let d be the uniform surface charge density of
a thin spherical shell of radius R. The field at
any point P, outside or inside can depend only
on r, where r is the radial distance (from the
centre of the shell to the point) and must be
radial.

(a) Field Outside the Shell First, we consider
the point P outside the shell. To calculate E at
the point P, consider the Gaussian surface to
be a sphere of radius r and with centre O, pass-
ing through P as shown in Fig. 1.8 (a). All points
on this sphere are equivalent relative to the given charged configuration. The
electric field at each point on the Gaussian surface has the same magnitude E and
same direction. Hence, E and DS at every point are parallel and flux through each
element is EDS. Hence, total flux through the Gaussian surface is E ¥ 4pr2.

x x

1
2

Gaussian

surface

Fig. 1.7 Gaussian surface for a uniformly
charged infinte plane sheet

P

R
O

r

Gaussian

surface

Fig. 1.8(a) Gaussian surface
for point outside
the shell
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By Gauss's law,

E ¥ 4pr2 =
o

d

e
 4pR2

or, E =
2

2
o

R

r

d

e
 = 

24 o

Q

rpe

where Q = 4pR2d is the total charge on the spherical shell.
The electric field is directed outward if Q > 0 and inward if Q < 0. Thus, for all

points outside the shell, the field due to a uniformly charged shell is as if the
entire charge of the shell is concentrated at the centre.

(b) Field Inside the Shell Here, we con-
sider the point P inside the shell as shown
in Fig. 1.8(b). The Gaussian surface is
again a sphere through P centred at 0. The
flux through the Gaussian surface is E ¥
4pr2. But in this case, the Gaussian sur-
face encloses no charge. Hence, Gauss’s
law gives

E ¥ 4pr2 = 0

or E = 0

Hence, the field due to a uniformly charged thin shell is zero at all points inside
the shell.

1.1 Three equal charges, each of magnitude 3.0 ¥ 10–6C, are placed at three corners of a
right-angled triangle of sides 3 cm, 4 cm and 5 cm. Find the force on the charge at the right-
angle corner.

Solution

Force on A due to B (Fig. 1.9)

(= F1)= 
6 6

2 2

(3.0 10 )(3.0 10 )

4 (4 10 )ope

- -

-

¥ ¥

¥

= 9 ¥ 109 ¥ 9.0 ¥ 10–12 ¥
4

1

16 10-¥
= 5.0625 ¥ 101 = 50.625 N.

This force acts along BA. Similarly, force on A

due to C is, F2 = 90 N in direction CA.

\ Net electric force = F = 2 2
1 2

F F+

= 2 2(50.625) (90)+
= 103.261 N.

The resultant makes an angle of q with BA where tan q = 
90

50.625
= 1.778.

1.2 A charge Q is divided between two point charges. What should be the values of the
charges on the objects so that the force between them is maximum?

R

O

r

Gaussian

surface

P

Fig. 1.8(b) Gaussain surface for
point inside the shell

A
B

C

5 cm
3 cm

4 cm
F1

F2

Fig. 1.9 Right-angled triangle
of Ex. 1.1
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Solution

Let charge on the objects be q and (Q – q).

\ force between them (= F ) = 
2

( )

4 o

q Q q

dpe

-
(i)

where d is the distance between them.
For maximum F, numerator of (i) is maximum. Let q(Q – q) = y.

\ y should be maximum.

Differentiating y w.r.t. (q) we get

dy

dq
= Q – 2q.

Equating to zero (to get the maxima of y), Q – 2q = 0 or q = Q/2.
Thus, the charge should be equally distributed between the objects.

1.3 An infinite number of charges each equal to Q coulomb are placed along the x-axis at
x = 1, x = 2, x = 8,… and so on. Find the potental and the electric field at the point
(x = 0) due to these charges. What will be the potential and electric field if, in the above
setup, the consecutive charges have opposite signs?

Solution

Refering to Fig. 1.10, the potential at x = 0 due to this set of charges is given by

V =
1

4 1 2 4 8o

q q q q

pe

Ê ˆ
+ + + + ºÁ ˜Ë ¯

= 1 1 1
1

4 2 4 8o

q

pe
Ê ˆ+ + + + ºÁ ˜Ë ¯

=
21

4 1 1/2 4o o

qq

pe pe
¥ =

-

q q qqq

x = 0 x = 1 x = 4 x = 8x = 2

Fig. 1.10 Infinite number of charges placed along x-axis (Ex. 1.3)

Since the point charges are along the same straight line, the intensities at x = 0 are also
along the x-axis.

E =
2 2 2 2

1

4 1 2 4 8o

q q q q

pe

È ˘
+ + + + ºÍ ˙

Î ˚

= 1 1 1
1

4 4 16 64o

q

pe
È ˘+ + + +ºÍ ˙Î ˚

=
41 1

4 1 1/4 4 3 3pe pe pe

Ï ¸
= ¥ =Ì ˝

-Ô ÔÓ ˛o o o

qq q
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If the consecutive charges are of opposite sign, the potential at x = 0 is

V = 1

4 1 2 4 8 16 32o

q q q q q q

pe

Ê ˆ
- + - + - + ºÁ ˜Ë ¯

= 1 1 1 1 1
1

4 4 16 2 8 32o

q

pe

Ï ¸Ê ˆ Ê ˆ+ + + º - + + + ºÌ ˝Á ˜ Á ˜Ë ¯ Ë ¯Ó ˛

= 1 1 1 4 2

4 1 1/4 2 1 1/4 4 3 3o o

q q

pe pe

Ï ¸ È ˘- ¥ = -Ì ˝ Í ˙- - Î ˚Ó ˛

=
6 o

q

pe

\ V =
21

4 3o

q

pe

Ê ˆ
Á ˜Ë ¯

The electric field intensity at x = 0 is

E =
2 2 2 2

1

4 (1) (2) (4) (16)o

q q q q

pe

Ï ¸Ô Ô- + - ºÌ ˝
Ô ÔÓ ˛

=
1 1 1 1 1

1
4 16 256 4 64 1024o

q

pe

Ï ¸Ê ˆ Ê ˆ+ + + º - + + +ºÌ ˝Á ˜ Á ˜Ë ¯ Ë ¯Ó ˛

= 1 1 1

4 1 1/16 4 1 1/16o

q

pe

Ï ¸- ¥Ì ˝- -Ó ˛

= { }16 161

4 15 4 15o

q

pe
- ¥

=
41

4 5o

q

pe

Ê ˆ
Á ˜Ë ¯

1.4 Some equipotential surfaces are shown in Fig. 1.11(a) and 1.11(b). What are the
magnitudes and directions of the electric field intensity for these two figures?

10 V 20 V 30 V

10 20 30 40

30°

y
(cm)

x (cm)

Fig. 1.11(a) Equipotential surfaces (linear)
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Solution

We know electric field is normal to the equipotential surface in the direction of the
decreasing potential.

Thus for the equipotential surfaces of Fig. 1.11(a), the field will be at an angle making
an angle 120° to the x-axis (Fig. 1.11(c)).

Magnitude of the electric field in this case is

E cos 120° = –
2

(20 10)

(20 10)10

dv
E

dx-

- È ˘= -Í ˙Î ˚-
Q

or E ´ 
1

2
Ê ˆ-Á ˜Ë ¯ = –

10

0.10

\ E = 200 V/m.

In Fig. 1.11(b), direction of electric field will be radially outward, similar to a point

charge kept at centre, i.e. V  = 
Kq

r
, (r) being the radius.

When V = 60 V,

60 = 
(0.1)

Kq

\ Kq = 6.
Then, potential at any distance from the centre is

V(r) = 
6 Kq

V
r r

È ˘
=Í ˙Î ˚

Q

Hence E = –
2

6dv

dr r

Ê ˆ= Á ˜Ë ¯
 V/m

1.5 A square frame of edge 20 cm is placed with its positive normal making an angle of
60° with a uniform electric field of 10 V/m. Find the flux of the electric field through the
surface bounded by the frame.

10 cm

20

cm

30 cm

60 V

30 V

20 V

O

y-axis

x-axis

Fig. 1.11(b) Equipotential
surfaces (circular)

90°

30°

E

x-axis

Equipotential
surface

Fig. 1.11(c) Direction of field of
equipotential surfaces
shown in Fig. 1.18
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Solution

The situation is displayed in Fig. 1.12. The surface consid-
ered is plane and the electric field is uniform. The flux is

Df = E DS cos 60°

= (10 V/m) 4 21
20 20 10 m

2
-Ê ˆ¥ ¥ ¥Á ˜Ë ¯

= 0.2 V.m.

1.6 A charge q is placed at the centre of a sphere (Fig.
1.13). Taking the outward normal as positive, find the
flux of the electric field through the surface of the sphere
due to the enclosed charge.

Solution

The electric field here is radially outward and has the
magnitude q/4peor2, (r) being the radius of the sphere.
As the positive normal is outward, Q = 0 and the flux
through this part is

Df = E DS = 
24 o

q

rpe
¥ DS.

Summing over all the parts of the spherical surface,

f = 2

2 2
4

4 4o o

q q
S r

r r
f p

pe pe
D = D = ◊Â Â

=
o

q

e
.

1.18 CAPACITOR AND CAPACITANCE

A combination of two conductors placed close to each other and separated by a
dielectric medium forms a capacitor. One of the conductors is given a positive
charge (+Q) while the other one is charged by the same amount of negative
charge (–Q). The conductor with (+Q) charge is called the positive plate while
that with (–Q) charge is known as the negative plate. The charge stored in the
positive or in the negative plate is the charge on the capacitor [note that the total
charge on the capacitor is (+Q + (–Q)) zero]. The potential difference (V) between
the plates is called the potential of the capacitor. If the positive plate has a
potential V(+) while the negative plate has a potential V(–), then (V ) = V(+) – V(–).

For any given capacitor, the charge Q on the capacitor is proportional to the
p.d. (V) between the plates-
i.e. Q a V

or Q = CV. (1.21)
The constant of proportionality being C, it is called capacitance of the capacitor.
It depends on the shape, size and geometrical spacing of the conductors as well
as the medium between them.

20 cm

Normal

60°

20 cm

Field

Fig. 1.12 Situation of
the square of
Ex. 1.5

E

r

q
DS

Fig. 1.13 (+q) charge is
placed at the
centre of a
sphere (Ex. 1.6)
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In SI system, capacitance is expressed in coulomb/volt and is termed as Farad.
Since Farad is a large unit by magnitude, in electrical engineering frequently
microfarad (10–6 F) or mF is used.

If Q = 1, V = 1, then C = 1F, i.e. the capacitor is one Farad if it requires a charge
of one coulomb when the potential difference is one volt across its plates. It may
be noted here that when the capacitor is fully ‘charged’ i.e., if it is full to its
capacity of containing charges across a voltage source, then the p.d. across its
plates is always equal to the magnitude of the voltage source.

1.18.1 Series and Parallel Connection of Capacitors

(a) Capacitors in Series Let us assume three ca-
pacitors of capacitances (C1), (C2) and (C3) are
connected in series across a dc supply of potential
difference (V ) through a switch K(Fig. 1.14). On
closing the switch, the capacitors get charged and
at steady state the p.d. across (C1), (C2) and (C3)
are (V1), (V2) and (V3) respectively while the charge
in each capacitor is (Q) (since the capacitors are
connected in series, same charging current would
flow resulting in accumulation of charge (Q) in each
capacitor).
Obviously,

V1 = 2 3
1 2 3

; ;
Q Q Q

V V
C C C

= =

Since V = V1 + V2 + V3, we can write

Q

C
=

1 2 3

Q Q Q

C C C
+ +

or
1 2 3

1 1 1 1

C C C C
= + +  [(C) being the hypothetical capacitance equivalent to

three capacitances (C1), (C2) and (C3) in series].

\ for n number of capacitances in series,

1

C
=

1 2

1 1 1

nC C C
+ + º+ (1.22)

Thus we can conclude that for series connection of capacitance across a voltage
source, the charge on each capacitor being same while the voltages vary. Also,
the sum of individual voltage drops across each capacitor gives the total supply
voltage. The reciprocal of the equivalent capacitance of the series combination

is equal to the sum of the reciprocals of the capacitances of the individual

capacitors.

+Q +Q –Q–Q
+Q –Q

v1 v2 v3

C1 C2 C3

K
V

+ –

Fig. 1.14 Capacitors
in series
connection
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(b) Capacitors in Parallel In this arrangement
(Fig. 1.15) on closing K, charges Q1, Q2 and Q3 would
accumalate in capacitances C1, C2 and C3 during steady
state while the voltage will remain V  across each ca-
pacitors in the parallel combination. Obviously,

Q = Q1 + Q2 + Q3,

where Q is the total charge drained from the source.

or CV = C1V + C2V + C3V

[(C) is assumed to be the equivalent hypothetical ca-
pacitance of this parallel combination of capacitance]

i.e., C = C1 + C2 + C3 (1.23)

Generalising for n number of capacitances
Thus, in case of parallel combination of capacitances

(where voltage across each capacitance remain the same
but the capacitors share the charge depending on the
value of their capacitance), the equivalent capacitance

is equal to the sum of their individual capacitance.

1.18.2 Concept of Dielectric Strength

Dielectric strength is the potential gradient required to cause breakdown of a
dielectric medium. It is usually expressed in megavolts/millimetre (MV/mm). Di-
electric strength depends on the moisture content, carbon content or presence of
other impurity and thickness of the medium. With pressure of moisture and other
impurities, dielectric strength drops while with increase of thickness the dielectric
strength increases.

1.19 TYPES OF CAPACITORS COMMONLY USED

Depending or the nature of dielectric medium the following types of capacitors are
usually available:

(a) Air Capacitors These have two sets of metal foils (aluminium or brass)
and the inbetween medium is ordinary air. These capacitors are used in
voltage ranges 100 V to 3000 V and the capacity varies up to 500 mF.

(b) Paper Capacitors These have a pair of elongated foil of metal (aluminium
or copper or tin) interrelated with oil impregnated paper. Multiple layers of
foils with paper is available. They can be used in the range of 100 V to 100
KV and is applicable for both AC and DC circuits. The capacitances are
small and is usually in the range of pF.

(c) Mica Capacitors These consist of a series of aluminuim or tin foils sepa-
rated by very thin layers of mica sheets. Usually multiple sheets are used
and alternate plates are connected to each other. These capacitors are used
in the range of 100–500 V and the capacitances in the range of pF to
mF. These capacitors can be used in AC circuits.

Q1+ Q1–

+Q2 –Q2

+Q3 –Q3

C1

C2

C3

K

V
+ –

V

Fig. 1.15 Capacitors
in parallel
connection
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(d) Ceramic Capacitors These capacitors are made of discs of ceramic mate-
rial and the parallel facing surfaces are coated with silver. They have appli-
cation in the range of a few volts to 3000 volts and the capacitances are
from low values of pF to low values of mF. They are extensively used in AC
and DC circuit.

(e) Electrolytic Capacitors Usually, aluminium foils or cylinders are used as
electrodes while electrolytes like porous paper, plastic, aluminium oxide,
tantalum powder, etc. are used as dielectric. These capacitors are used in
DC circuits and applicable in the range of 1 V to 1 kV. The range of capaci-
tances are usually from 1pF to even Farad.

1.20 CAPACITANCE OF A PARALLEL-PLATE
CAPACITOR

Let us consider two identical plates A and B are
kept in close proximity and parallel to each other
and separated by a dielectric medium of thickness
(x) metre and relative permittivity (er) (Fig. 1.16).
Let us connect the parallel plates with a potential
difference (V ) volts and we assume (Q) coulombs
of charge is accumulated by the parallel plate com-
bination acting on a parallel plate capacitor. The
electric flux is y is due to (Q) coulombs and the
area of each plate is considered to be (A) square
metres.

Since the charge Q is distributed uniformly over
each plate, the electric field between the plates is
nearly uniform. Let d represent the electric flux density while E the intensity (or
the potential gradient) and C the capacitance in Farads for this parallel plate
capacitor.
Here

d =
Q

A A

y
=  coulomb/square metre.

But E =
V

x
, V being the potential;

also,
E

d
= e [see equation (1.5)]

or
/

/

Q A

V x
= e = eo ¥ er

\
Q

V
= C = 

o r A

x

e e ¥
 Farad. (1.24a)

A B

V

(+ )Q (– )Q

er

x

+ –

Fig. 1.16 Parallel-plate
capacitor
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If the dielectric medium of the capacitance is vacuum, er = 1 and hence

C =
o A

x

e
(1.24b)

Hence, we find capacitance C of a parallel plate capacitor becomes
(i) proportional to the area of the plate,
(ii) inversely proportional to the distance of separation (x) between plates, and

(iii) directly proportional to the relative permittivity of the medium of separation
of plates.

1.21 CAPACITANCE OF A MULTI-PLATE CAPACITOR

We just obtained the capacitance of a parallel plate capacitor having only two
plates held in parallel. If there are n number of parallel plates, each being identical
to the other and alternate plates being connected to the same polarity of the
supply potential (Fig. 1.17). We can say that there are (n – 1) space between n
number of parallel plates. Thus the capacitor is equivalent to (n – 1) number of
parallel plate capacitor consisting of two parallel plates.
\ Total capacitance C of multiple par-
allel plate capacitor (containing n num-
ber of plates)

= (n – 1) ¥ capacitance of one
pair of plates

= (n – 1) ¥ o r A

x

e e
 Farad

(1.25)
where eo = absolute permittivity of

space,
er = relative permittivity of

dielectric medium,
x = thickness of dielectric

medium between any
two parallel plates in metres, and

A = area of each plate in m2.

1.22 CAPACITANCE OF A PARALLEL-PLATE
CAPACITOR WITH COMPOSITE
DIELECTRICS

Let us assume a parallel plate capacitor with two different dielectrics having rela-

tive permittivities 
1r

e  and 
2r

e . The separation of plates are x1 and x2 metres, as

shown in Fig. 1.18. The plates are of identical cross-sectional area (A) square
metre and the charge accumulated in the capacitor is Q coulombs when a p.d. of
(V ) volts is applied across the capacitor terminals.

(– )Q

(+ )Q

+ –

V

Fig. 1.17 Alternate plates of a par-
allel-plate capacitor being
connected to same polarity
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Electric flux density is given by

d =
Q

A A

y
=  coulomb/m2.

Since e = 
E

d
, E being the electric field intensity, we

can write

e1 =
1E

d
 and e2 = 

2E

d

i.e. E1 =
11 o r

d d

e e e
=

and E2 =
22 o r

d d

e e e
= .

If V1 and V2 be the p.d. across the respective dielectrics, we can write
V = V1 + V2

= E1x1 + E2x2

Potential ( )
Intensity

Distance ( )

V
E

x

È ˘
=Í ˙

Î ˚
Q

=
1 2

1 2
o r o r

x x
d d

e e e e
◊ + ◊

=
1 2

1 2

o r r

x xd

e e e

È ˘
+Í ˙

Í ˙Î ˚

=
1 2

1 2

o r r

x xQ

Ae e e

È ˘
+Í ˙

Í ˙Î ˚

\ Capacitance (C) = 

1 2

1 2

o r r

Q Q

V x xQ

Ae e e

=
È ˘

+Í ˙
Î ˚

or C =

1 2

1 2

o

r r

A

x x

e

e e

È ˘
+Í ˙

Î ˚

 Farad (1.26a)

i.e. C =
o

r

A

x

e

eÂ
, for more number of dielectrics. (1.26b)

x1 x2

er2 (– )Q(+ )Q

V2V1

V

er1

+ –

Fig. 1.18 Parallel-plate
capacitor with
composite di-
electric
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1.23 CAPACITANCE OF AN ISOLATED SPHERE

We have seen earlier that in case of an isolated sphere, charged with Q coulombs
of electricity, the potential at the surface is given by

V =
4 o

Q

Rpe
,

R being the radius of the sphere. V being expressed in volts, we can find the
capacitance of this sphere as

C =
Q

V
 = 4peo R Farad.

If the medium within the sphere is filled up with a dielectric medium of relative
permittivity er, we can modify this expression of capacitance as

C = 4p eo er R Farad. (1.27)

1.24 CAPACITANCE OF CONCENTRIC SPHERES

A pair of concentric sphere S1 and S2 of radii R1 and R2 metres, separated by a
dielectric medium of permittivity er forms a spherical capacitance. We will con-
sider two cases of this spherical capacitor.

Case-A

S2 (the outer sphere) is earthed Let the in-
ner sphere S1 be charged by (+Q) coulomb of
charge. It will induce (–Q) coulomb charge at
the inner surface of S2 and (+Q) coulomb
charge at the outer surface of S2. But as the
outer surface of S2 is earthed, this (+Q) charge
at the outer surface of S2 will escape (e1) to
the earth (Fig. 1.19).
\ surface potential of S1 is given by

1SV =
14 o r

Q

Rpe e

+
,

while surface potential at the inner surface of S2 is given by 
2SV  = 

24 o r

Q

Rpe e

-
.

\ potential difference between S1 and S2 is

V =
1 2S SV V-

=
2 1

1 2 1 2

1 1

4 4o r o r

R RQ Q

R R R Rpe e pe e

-È ˘- = ¥Í ˙Î ˚

Fig. 1.19 Charge distribution
of concentric spheres
(outer sphere earthed)

S2Q

Q

S1

R1

R2
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+
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Then, C =
2 1

2 14 o r

Q Q

V R RQ

R Rpe e

=
-

¥

=
2 1

2 1

4 o r

R R

R R
pe e

-Ê ˆ
Á ˜Ë ¯

 Farad (1.28)

Case-B

S1(the inner sphere) earthed This time the outer sphere S2 is given a charge of
(+Q) coulomb. This charge is uniformly distributed in the outer and inner surface
of S2; we assume (+Q2) charge remain at the outer surface while (+Q1) at the inner
surface of S2. The charge (+Q1) at the inner surface of S2 would induce a charge
of (–Q1) coulomb on the outer surface of S1; (+Q1) charge induced in the inner
surface of S1 would pass to the earth as the inner surface of S1 is earthed
(Fig. 1.20).

The system is now composed of two sub-
systems of capacitors as described below:

(i) Capacitor formed by inner surface of
S2 and outer surface of S1 and is simi-
lar to the case we described in case A

\ Its capacitance,

C1 = 4peoer

1

2 1

1 1

R R

-
È ˘-Í ˙Î ˚

=
1 2

2 1

4 o r

R R

R R
pe e

-Ê ˆ
Á ˜Ë ¯

(ii) Capacitor formed by the outer surface
of outer sphere S2 and earth with air
as dielectric.

\ its capacitance, C2 = 4peoer R2

Since these two subsystems of capacitors are electrically parallel, we can find
the total capacitance (C ) as

C = C1 + C2

= 4peoer

1
1 2

1 2

R R

R R

--È ˘
Í ˙+Î ˚

 + 4peo R2

= 4peo

1
1 2

2
1 2

r

R R
R

R R
e

-È ˘-Ê ˆÍ ˙◊ +Á ˜+Ë ¯Í ˙Î ˚
 Farad (1.29)

––

++

S2

S1

Q2

Q1

R2

R1

Q1

er

Fig. 1.20 Charge distribution of
concentric spheres (inner
sphere earthed)
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1.25 CAPACITANCE OF A PARALLEL-PLATE
CAPACITOR WHEN AN UNCHARGED METAL
SLAB IS INTRODUCED BETWEEN PLATES

Let us consider each parallel plate has area of A m2 and the distance between them
is x m, the dielectric medium being air. If the charge retained by the capacitor is Q
coulombs, the charge density d is given by

d = 
Q

A
 C/m2.

Also C = 
o A

x

e
 Farad

And, e = 
E

d
, (E) being the field intensity

\ E = 
o o

Q

A

d

e e
= ; eo being the permittivity of air medium

When an uncharged metal plate of thickness a (a < b) is inserted between the
plates, equal and opposite charges are induced on the slab (Fig. 1.21) and the net
charge on the slab is equal to zero. Thus, the
electric field inside the slab is zero. Then elec-
tric field would act in the distance (x – a) m.

However, p.d. (V) = E ¥ Distance

In our case, V = E ¥ (x – a) = 
o

Q

Ae
 ¥ (x – a)

Thus, the new capacitance C ¢ is given by

C¢ = 
( )

o AQ

V x a

e
=

-
 Farad (1.30)

1.7 Find the equivalent capaci-
tance of the network shown in
Fig. 1.19 connected across termi-
nals a and b.

Solution

The capacitors of 3 mF and 6 mF
are connected in series. Hence,
their equivalent capacitance

C1 = 
61

1 1 2 1

3 6

=
++

 = 2 mF

However, C1 and 2 mF are in parallel, therefore their equivalent capacitance C2 = C1 +
2 = 2 + 2 = 4 mF.

– –

+ + + + +

x a

A

+Q

–Q

B

Fig. 1.21 Parallel plate capaci-
tor with uncharged
metal plate in between

3mF

4mF 5mF

2mF

6mF

ba

Fig. 1.22 Capacitance configuration of Ex. 1.17
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Thus the network of capacitors re-
duces to that as shown in Fig. 1.22(a).

If Ceq be the equivalent capaci-
tance of the new network configura-
tion then,

eq

1

C
= 

5 5 41 1 1 14
ìF

4 4 5 20 20

+ +
+ + = =

Hence, Ceq = 
20

14
 mF = 1.43 mF.

1.8 Find the equivalent capacitance of the system of capacitances shown in Fig. 1.23.

4mF 5mF ba 4mF

Fig. 1.22(a) Reduced network of capacitors

a

b

5mF

20.91mF

Fig. 1.23(b) Equivalent net-
work of capa-
citances of Ex.
1.8

Solution

The capacitors C2 and C3 (20 mF each) are conected in parallel. Hence, their equivalent
capacitance is 20 + 20 = 40 mF. The network is shown in Fig. 1.23a.

40 mF and 15 mF are connected in series. Hence

their equivalent capacitance is 
40 15

40 15

¥

+
 i.e 10.91 mF.

Thus, 10 mF and 10.91 mF are connected in parallel.
Their equivalent capacitance is 10 + 10.91 = 20.91 mF.
The corresponding network is shown in Fig. 1.23(b).

Hence, the equivalent capacitance of the system is

Ceq = 
5 20.91

5 20.91

¥
+

 mF, i.e 4.035 mF

1.9 A 50 mF capacitor is initially charged to accumulate 100 m coulomb of charge. One
uncharged capacitor of 200 mF is connected across it in parallel. How much charge will be
transferred?

Solution

Let V be the voltage across the capacitors connected in parallel. We know that V = Q/C,
where Q is the charge in coulomb and C is the capacitance in Farad.

Hence, Q1/C1 = Q2/C2, where Q1 is the charge of capacitor C1 and Q2 is the charge of
capacitor C2. Voltage across the parallel combination of C1 and C2 remain the same.

Therefore,
1

2

Q

Q
= 

1

2

50 1

200 4

C

C
= = (i)

Again, Total charge = Initial charge accumulated by C only = 100 m Coulumb.

Hence, Q1 + Q2 = 100 (ii)

5mF 20mF

10mF
20mF

15mF

C1 C2

C3

C4

C5

a

b

Fig. 1.23 Capacitor configuration of
Ex. 1.8

40mF

10mF

15mF

a

b

5mF

Fig. 1.23(a) Reduced network
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Solving equations (i) and (ii)

Q1 + 4Q1 = 100 mC

or Q1 = 20 mC and Q2 = 80 mC

Therefore 80 mC charge will be transferred from C1 to C2.

1.10 Find the equivalent capacitance across terminals x-y in Fig. 1.24. Also find the time
to charge the capacitances by a direct current of 10A.

8mF

8mF

4mF

3mF 5mF

x

y

50 V

+

–

Fig. 1.24 Network of capacitances of Ex. 1.10

Solution

Equivalent capacitance of 3 mF and 5 mF is (3 + 5)mF, i.e 8 mF
The equivalent capacitance of two 8 mF capacitors in series is 8 ¥ 8/8 + 8 mF, i.e 4 mF.

The equivalent capacitance of two 4 mF capacitors in parallel is (4 + 4) mF, i.e 8 mF. Here
we find two 8 mF capacitors are in parallel with the voltage source.

Hence the equivalent capacitance of the circuit across terminals (x – y) is (8 + 8) mF, i.e
16 mF.

Now, charge = 50 ¥ 16 ¥ 10–6 coulomb
= 800 ¥ 10–6 coulomb

If t be the charging time and i be the current then

i ¥ t = 800 ¥ 10–6 [Q Q = i ¥ t]

or t = 

6800 10
s

10

-¥
 = 80m second.

1.11 A voltage of 90V dc is applied across two capacitors in series having capacitances
of 50 mF and 25 mF. Find the voltage drop across each capacitor. What is the charge in
coulomb in each capacitor?

Solution

Since the capacitors are in series, same charge Q is flowing across each of them.
Hence Q = C1V1 = C2V2, where C1 and V1 are the capacitance and voltage across one

capacitor and C2 and V2 are the capacitance and voltage across the other.

Therefore, 50V1 = 25V2 or, V2 = 2V1 (i)

Again V1 + V2 = 90 (ii)

Solving equations (i) and (ii), V1 + 2V1 = 90

or V1 = 30 and V2 = 60.

Hence voltage drop across the capacitors are 30 V and 60 V.
Since both the capacitors are in series
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1

C
= 

6 6
1 2

6 6
1 2 1 2

50 10 25 101 1
or

50 10 25 10

C C
C

C C C C

- -

- -

¥ ¥ ¥
+ = =

+ ¥ + ¥
= 16.67 mF.

The charge supplied by the dc source is

Q = CV = 16.67 ¥ 10–6 ¥ 90 ; 1500 mC.

In series combination, each capacitor has equal charge and this charge equals the charge
supplied by the dc source.
\ each capacitor would retain a 1500 mC charge in fully charged condition.

1.12 Calculate the capacitance of a parallel plate capacitor having 20 cm ¥ 20 cm square
plates separated by a distance of 1.0 mm. Assume the dielectric medium to be air with
permittivity of 8.85 ¥ 10–12 F/m.

Solution

C = 
o A

x

e
, for parallel plate capacitor

= 
12 4

3

8.85 10 400 10

1 10

- -

-

¥ ¥ ¥

¥
= 3.54 ¥ 10–10 F = 354 pF.

1.13 In Fig. 1.25, a voltage source is connected across a combination of capacitances at
terminals (x – y). Find the current supplied by the battery to charge this combination if the
time taken to charge is 50 m sec.

[C1 = C2 = C3 = 10 mF

V = 100 V]

Solution

Let us redraw the diagram with voltage and charge distribution (Fig. 1.25a)
Here

Q1 = C1(V – V1) (i)

Q2 = C2V1 (ii)

(Q1 – Q2) = C3V1 (iii)

From equations (ii) and (iii)

Q1 = (C2 + C3)V1

i.e. V1 = 
1

2 3

Q

C C+
(iv)

+

V
x y

C2

C1

Q2

Q1

C3

Q3

Fig. 1.25 Capacitance configura-
tion (Ex. 1.13)

Zero potential

C2

C1

V1

–Q2

+Q2

–Q1

+Q1

C3

+
(Q

1
–
Q

2
)

–
(Q

1
–
Q

2
)

+
V

Fig. 1.25(a) Voltage-charge
distribution
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From (i), 
1

1

Q

C
 = V – V1 (v)

Adding (iv) and (v),

V = 
1 1

2 3 1

Q Q

C C C
+

+

or V = 
1 2 3 1

1 2 3

( )

( )

C C C Q

C C C

+ +

+

\ C (equivalent capacitance) = 
1 2 31

1 2 3

( )C C CQ

V C C C

+
=

+ +

= 
6 6

6

10 10 (10 10)10

(10 10 10)10

- -

-

¥ +

+ +

= 6.67 ¥ 10–6 mF
Hence, Q = charge drawn from source

= CV = 6.67 ¥ 10–6 ¥ 100 = 6.67 ¥ 10–4 coulombs
Also, Charge = Current ¥ Time

\ Current (I) = 
4

3

6.67 10Charge

Time 50 10

-

-

¥
=

¥
 = 13.34 mA.

1.14 What is the capacitance across AD in Fig. 1.26?

51 2 3 4

+

–

+

V

Fig. 1.27 Circuit of Ex. 1.15

A
C

B

C
C

C
D

Fig. 1.26 Capacitance configuration
(Ex. 1.14)

Fig. 1.26(a) Reduced network
(Ex. 1.14)

B D, A C,

C

C

C

Solution

Observation reveals that B and D are electrically same points while A and C are electrically
same points. The given figure then reduces as shown in Fig. 1.26a. Thus the equivalent
capacitance of this parallel combination becomes 3C.

1.15 If capacitance between adjacent parallel
plates be C, find the total capacitance in the sys-
tem shown in Fig. 1.27.

Solution

Let us redraw the circuit in a conventional form
(Fig. 1.27(a)).
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21

C

C

23

43

C

C

45

V
+ –

Fig. 1.27(a) Equivalent circuit of Fig. 1.27

Hence we find that the plate pairs are in parallel and hence the net capacitance is 4C.

1.16 Show that if a dielectric of thickness t and with the same area as the plates of
parallel plate capacitor is introduced, the capacitor would then have the capacitance

C = 
o

r

A

t
d t

e

e

È ˘- +Í ˙Î ˚

Solution

Let us suppose that we have a parallel plate
capacitor with air as the dielectric medium
and capacitance C. Obviously, C = eoA/d, (d)
being the separation between the plates.

Next we imagine that the capacitor is filled
up by another dielectric of dielectric strength
er replacing the air medium (Fig. 1.28).
Let C¢ be the new capacitance.

C¢ = 
/

o r o

r

A A

d d

e e e

e
=

Now, if the two capacitances are supposed to be equal then we find that d/er replaces d in
the original expression when air was the dielectric medium.

Thus d distance between the plates with air as the dielectric medium is equivalent to
distance d/er in air medium.

Therefore, if a dielectric of thickness t is introduced then it being equivalent to t/er of air
medium, the effective air distance between the plate is (d – t + t/er).

\ C = 
( / )

o

r

A

d t t

e

e- +
.

[Also, the problem may be solved in another way:
C1 is the capacitance with eo.

eo( – )d t

ert

d

Plate-1

Plate-2

Fig. 1.28 Parallel-plate capacitor
with two dielectric media
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\ C1 = 
o A

d t

e

-

C2 is the capacitance with er.

\ C2 = 
r o A

t

e e
.

Since C1 and C2 are in series

C = 
1 2

1 2

/ /

/ /

o r o

o r o

A d t A tC C

C C A d t A t

e e e

e e e

- ¥
=

+ - +

= 
2 2

( )

o r o

o r r

r

A A

A t d t t
d t

e e e

e e e

e

=
+ - Ê ˆ- +Á ˜Ë ¯

.

We have obtained same result using the previous method.]

1.17 The space between two plates of a parallel plate
capacitor C is filled up with three different dielectric slabs of
identical size as shown in Fig. 1.29. If the dielectric constants
of the three slabs be e1, e2, and e3, find the new value of the
capacitance. The plate cross-sectional area is A and the
separation is d.

Solution

Let us consider each 1/3 assembly as separate capacitors C1, C2

and C3.

C1 = 
1 ( /3)A

d

e
; C2 = 

2 ( /3)A

d

e
; C3 = 

3 ( /3)A

d

e

As the three capacitors are in parallel (the +ve plates are joined together for all
capacitors as well as the negative plates are also connected together),

Ceq = C1 + C2 + C3 = 
3

A

d
 (e1 + e2 + e3).

1.26 EXPRESSION OF INSTANTANEOUS
CURRENT AND VOLTAGE IN A CAPACITOR

The instantaneous current in a capacitor is given by

i = ( )
dq d dv

Cv C
dt dt dt

= = . (1.31a)

Thus, the voltage across the capacitor being constant, current through it is
zero. This means, on application of dc voltage across the capacitor and with no
initial charge the capacitor first acts as short circuit but as soon as it accumulates
full charge, it behaves like an open circuit.

VR2

+

–

VR2 VR2

Fig. 1.29 Capacitor
of Ex. 1.17
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Also, from above

dv = 
1

C
× i × dt

or

f

o

v

v

dvÚ = 
1

t

o

i dt
C

◊Ú [vo = initial voltage in the capacitor, if any and
vf = the final voltage in the capacitor]

or vf – vo = 
1

t

o

i dt
C

◊Ú

\ vf = 
1

t

o

i dt
C

◊Ú  + vo (1.31b)

[Normally, vo = 0 and hence vf = vC = 
1

t

o

i dt
C Ú ]

1.27 CHARGING AND DISCHARGING OF
CAPACITANCE

(a) Charging

Let a dc voltage V be applied (at t = 0) by closing a
switch S in a series RC circuit (Fig. 1.30). The capaci-
tor being charged, at t > 0, the charging current be-
comes i. We can write

Ri + 
1

t

o

i dt
C Ú = V (1.32)

[Q drop across the resistor = Ri and the drop across
(C ) is obtained from the instantaneous current (i)
given by

i = 
dv

C
dt

i.e. v = 
1

i dt
C Ú ]

It may be noted here that as the charging gets started, upper plate of (C ) will
start accumulating +ve charges while the lower plate accumulates –ve charge.
Differentiation of equation 1.32 results

di i
R

dt C
+ = 0 (1.32a)

or
di

i
= 

1
dt

RC
-

RV t = 0

i C

+

–

+

–

Fig. 1.30 Charging and
discharging of
capacitor
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Integrating both sides

logei = 
t

RC
-  + K1, where K1 is a constant

or loge 
2

i

K
= /log - t RC

e e  (where K1 = loge K2)

or i = K2 /t RCe- (1.32b)

With application of voltage and assuming no initial charge across the capacitor,
the capacitor will not produce any voltage across it but acts as a short circuit
causing the circuit current to be (V/R).

i.e. at t = 0+, i(0+) = 
V

R

Hence, from equation (1.32) at t = 0+

V

R
= K

Finally, we then obtain, i = /t RCV
e

R

- (1.33)

It may be observed that the charging current is a decaying function, the plot
being shown in Fig. 1.30(a). As the capacitor is getting charged, the charging
current dies out.

Fig. 1.30(a) Profile of current in RC
charging circuit

t

i

V

R

O

Fig. 1.30(b) Profiles of vR and vC in
RC charging circuit

V

Voltage

tO

vC

vR

The corresponding voltage drops across the resistor and capacitor can be ob-
tained as follows:

vR = iR = /- t RCV e (1.34)

and vC = 
1 1

t t

RC

o

V
i dt e dt

C C R

-
=Ú Ú

= /(1 )-- t RCV e (1.35)

Observing equations (1.34) and (1.35), it reveals that (vR) is a decaying function
while (vC) is an exponentially rising function [profiles of (vR) and (vC) are shown
in Fig. 1.30(b)]. The steady state voltage across capacitor is V volts.

The time constant is obtained by substituting t = RC which gives vC = V(1 –
0.368) = 0.632V, i.e the item by which the capacitor attains 63.2% of steady state
voltage.
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The instantaneous powers are given by

pR = ivR = 
2

2 /t RCV
e

R

-

and pC = ivC = ( )2
/ 2 /t RC t RCV

e e
R

- --

(b) Discharging

Let us now study the discharging case when the switch
S is thrown to a contact S¢ such that the R-C circuit is
shorted and the voltage source is withdrawn (Fig. 1.31).
Here we can write

Ri + 
1

i dt
C Ú  = 0 (1.36)

Differentiating equation (1.36), we get

di i
R

dt C
+  = 0 (1.37)

Solution of equation (1.37) is

i = 
/t RCK e-¢ (1.38)

where K ¢ is a constant.
However at t = 0+, the voltage across the

capacitor will start discharging current through
the resistor in opposite direction to the original
current (shown by idis in Fig. 1.31). Hence the
direction of i during discharge is negative and
its magnitude is given by (V/R).

Hence from equation (1.38) we get

V

R
- = K¢(at t = 0+)

The complete solution is then

i = /t RCV
e

R

-- (1.39)

The decay transient is plotted in Fig. 1.31(a).
The corresponding transient voltages are given by

vR (voltage drop across R) = iR = /t RCVe--
(1.40)

and vC (voltage drop across C) = /1 t RCi dt Ve
C

-=Ú
Obviously, vR + vC = 0

Figure 1.31(b) represents the profiles of vR and vC with t. In the discharging
circuit, the time constant is given by the product of R and C such that vC = Ve–1

= 0.369V ; 0.37V, i.e. the time by which the capacitor discharges to 37% of its
initial voltage.

V
+

–

+

–

S
S ¢

R

vC

idis

Fig. 1.31 Discharging
in RC series
circuit

¸
ÔÔ
˝
Ô
Ǫ̂

i

O t

–
V

R

idischarge

Fig. 1.31(a) Current decay tran-
sient in RC discharg-
ing circuit
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The instantaneous powers are given by

pR = vR i = 
2

2 /t RCV
e

R

-

(1.41)

and pC = vC i = 
2

2 /t RCV
e

R

--

[The charge stored in the capacitor during charging is

given by q  = CvC = CV ( )/1 t RCe--  or q =

( )/1 t RCQ e--  while that during discharging is given

by q = CvC = /t RCCVe-  coulombs or, q = /t RCQe- ].

1.18 Calculate the time taken by the capacitor of 1 mF and in series with a 1 mW.
resistance to be charged upto 80% of the final value.

Solution

The time constant T is given by

T = RC = 1 ¥ 106 ¥ 10–6 = 1 sec.

The charging of capacitor is expressed by the following equation

q = ( )/1 -- t RC
oQ e .

Here q = 0.8 Qo; R = 1 sec.

\ 0.8 = 1 – e–t or, e–t = 0.2

Hence t = 1.61 sec.

1.19 A dc constant voltage source feeds a resistance of 2000 kW in series with a 5 mF
capacitor. Find the time taken for the capacitor when the charge retained will be decayed
to 50% of the initial value, the voltage source being short circuited.

Solution

Time constant T = RC = 2 ´ 106 ´ 5 ´ 10–6 = 10 sec.
The decaying condition is represented by the following expression

q = /- t T
oQ e

However, q = 0.5 Qo,

\ 0.5 Qo = Qo
/-t Te

or 0.5 = e–t/T = e–t/T

or –t/10 = loge (0.5)

or t = 6.938

1.20 In Fig. 1.32 the switch K is closed. Find the time when the current from the battery
reaches to 500 mA.
[Rx = 50 W; Ry = 70W; C = 100 mF]

Solution

Let current through Rx be Ix and through C be Iy after switch K is closed.

vC

vR

V

O t

–V

Fig. 1.31(b) vR and vC

in RC dis-
charging cir-
cuit

¸
ÔÔ
˝
Ô
Ǫ̂
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Ix = 
10

50
 = 0.2A = 200 mA

However I = Ix + Iy

[I being the current from the supply]

or 500 = 200 + Iy [Q supply current
                                           is 500 mA]

Iy = 300 mA

But Iy = /- t T

y

V
e

R
[T = RC = 70 ¥ 100 ¥ 10–6 = 0.007 sec]

or 0.3 = / 0.00710

70
te-

or
0.007

t- = loge (2.1)

t = 5.2 m-sec.
This is the time required when the d.c. source current flow will be 500 mA.

1.21 A 10 mF capacitor is initially charged to 100 volts dc. It is then discharged through
a resistance of (R) ohms for 20 seconds when the p.d. across the capacitor is 50 V.
Calculate the value of (R).

Solution

In the discharging condition of the capacitor,

q = /
0

- t RCQ e or v = /
0

- t RLV e

As per the question capacitor p.d. gets discharged to 50 V from the initial p.d. of 100 V.

\ v = 0.5V0

Hence we obtain, 0.5 = 
6/ 10 10-- ¥ ¥t Re

or loge 0.5 = 
5 5

20

10 10

t

R R- -
- = -

¥ ¥

or –0.7 = 
5

20

10R -
-

¥

\ R = 28.86 ¥ 105 W = 2.86 MW.

1.22 A resistance R and 5mF capacitor are connected in series across a 100 V d.c.
supply. Calculate the value of R such that the voltage across the capacitor becomes 50 V
in 5 sec after the circuit is switched on.

Solution

In case of charging

q = Q0 ( )/1 t Te-- [T = RC = (5 ¥ 10–6 R) sec.]

or v = V0 ( )/1 t Te--

As per the question, the p.d. across the capacitor is 50 V within 5 sec.

\ v = 0.5 V0 [V0 = final p.d. in steady state = 100 V]

and t = 5 sec.

Fig. 1.32 Circuit of Ex. 1.20

+

–

K Ry

Rx C10V

[Rx R

C

= 50 ; = 70 ;

= 100 F]

W Wy

m
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\ 0.5 = 1 – 
6( 5) / (5 10 ) Re

-- ¥
 or, –0.5 = 

610 / Re--

R = 1.44 MW

1.23 The 10 mF capacitor in RC circuit of Fig. 1.33 has initial charge of 100 mC with
polarities as shown in Fig. 1.51. At t = 0, the switch being closed, a dc voltage of 100 V
is applied. Find the expression for the current.

Solution

In the charging case

100 = 500 ¥ i + 
6

1

10 10-¥ Ú i dt

or 0 = 500 +di i

dt C

or
di

i
= 1

500
- dt

C

or i = Ke–200 t, where K is constant.

However, due to initial charge of 100 mC in the polarity shown, the equivalent voltage
becomes

Vo = 
6

6

100 10

10 10

oq

C

-

-

¥
=

¥
 = 10 V

This 10 V also sends current in the direction of i.
Hence at t = 0

i0 = (V + Vo)/R = 
110

500
 = 0.22 A

Thus at t = 0, 0.22 = Ke–200 ¥ 0

or K = 0.22

Thus, the expression for current becomes

i = 0.22 e–200t A.

1.28 ENERGY STORED IN A CAPACITOR

A capacitor never dissipates energy and only stores it when the capacitor is
assumed to be ideal. It can store finite amount of energy, even if the steady state
current through it is zero. A capacitor discharges its energy when connected in a
circuit having resistances.

The power absorbed by the capacitor is given by

p = v × i = v × C × 
dv

dt

\ energy stored by the capacitor is

W = 

t v

o o

dv
pdt v C dt

dt
= ◊ ◊ ◊Ú Ú

= 21

2
Cv (1.42)

+

– +

–100V

500WR

K

10 Fm

Q0 = 100 Cm

i

Fig. 1.33 Circuit of Ex. 1.23
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The energy stored by the capacitor is then (½) Cv2 Joules.

2 2
2

2

1 1Also,
2 2 2

Q Q
W Cv C

CC

È ˘
= = ◊ =Í ˙

Î ˚
(1.43)

W is always expressed in joules.

1.24 A parallel plate capacitor of plate area A and plate separation d is charged to a
potential difference V and then the battery is disconnected. A slab of dielectric constant e
is then inserted between the plates so as to fill the space between the plates. If Q, E and
W denote respectively, the magnitude of charge on each plate, the electric field between
the plates (after the slab is inserted), and the work done on the system, show that in the
process of inserting the slab the work done is given by

W = 
2

1
1

2

o AV

d

e

e

Ê ˆ-Á ˜Ë ¯

Solution

Let us assume that the capacitor retain charge Q when charged to voltage V at the initial
condition. This charge will remain same even when the slab is inserted; however, the
electric field intensity will reduce by a factor e.

\ Q = CV = o

AV

d
e ; E (field intensity) = 

V

de

Energy of the system before dielectric e is inserted,

W1 = 

2
1

2

Q

C
= 

2 2 2

22

o

o

A V d

Ad

e

e
¥ from above

o A
C

d

eÈ ˘
=Í ˙

Î ˚
Q

= 

2

2

o AV

d

e

After insertion of dielectric,

W2 = 
2

1

1

2

Q

C
, where C1 = o

A

d

e
e

= 
2 2 2 2

2

1

2 22

o o

o

A V AVd

A dd

e e

e e e
¥ =

\ W1 – W2 = 
2

1
1

2

o AV

d

e

e

Ê ˆ-Á ˜Ë ¯
.

1.25 A capacitor of capacitance C is fully charged by a 220 V supply. It is then dis-
charged through a small resistance embedded in a thermally insulated block of specific heat
2.5 ¥ 102 J kg–1 K–1 and of 0.2 kg mass. If the temperature of the block rises by 1 K, find
the value of C.

Solution

Energy stored in the capacitor is

W = 21 1

2 2
CV =  ¥ C ¥ (220)2 Joule
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Energy supplied as heat in the block is obtained as

H = m s t

where H = heat,

m = mass,

s = specific heat, and

t = temperature rise.

Here H = 0.2 ¥ 2.5 ¥ 102 ¥ 1 Joule = 50 Joule

In a thermally insulated system,
W = H

\ 1

2
 ¥ C ¥ (220)2 = 50

\ C = 
2

50

(220)
 ¥ 2 = 2066 mF.

1.29 CAPACITANCE OF TWO CO-AXIAL CYLINDERS

Figure 1.34 represents two co-axial cylinders of
radii R1 and R2 (R2 > R1). Let +Q be the charge
per metre length at inside surface of the outer
cylinder (assuming the outer surface of the outer
cylinder earthed); by electrostatic induction, –Q

charge per metre is induced at the outer surface
of the inner cylinder.

Let us assume another imaginary co-axial cyl-
inder having radius x and length one metre be-
tween the two given cylinders. Let er be the
permittivity of medium inbetween the two cylin-
ders of radii R1 and R2.

Electric flux density (d ) on the surface of the
imaginary cylinder is then given by

d = 
2 1

Q Q

A A x

y

p
= =

¥
 C/m2

[Q Curved surface area of a cylinder is 2prl and here r = x; l = 1 m; we express Q
in columb while x and R in metre]
\ Electric field intensity is obtained as

E = 
o r

d

e e
V/m = 

2 o r

Q

xpe e
V/m

Since dV = E dx, we can write,

2

1

RV

O R

dV E dx=Ú Ú

or V = 

2 2

1 1

1

2 2

R R

o r o r
R R

Q Q
dx dx

x xpe e pe e
◊ =Ú Ú

R2

R1

Fig. 1.34 Co-axial cylinders
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= 2

1
ln

2

R

R
o r

Q
x

pe e

= 2 1ln ( / )
2 o r

Q
Q Q

pe e

Since Capacitance, C = Q/V, we have

C = 
2 1( /2 ) ln ( / )o r

Q

Q R Rpe e

= 
2 1

2

ln ( / )

o r

R R

pe e
F/m

È
ÍÎ

for length L metre, the capacitance is given by C = 
2 1

2

ln ( / )

o r

R R

pe e
F ˘

˙̊

ADDITIONAL EXAMPLES

1.26 Three concentric thin spherical shells A, B, C of radii r1, r2, r3 are kept as shown in
Fig. (1.35i). Shells A and C are given charges q and –q respectively, shell B is earthed. Find
charges appearing on the surfaces of B and C.

(i)
Application
of chargers

r3

q
r2 A

B

C

(– )q

r1

( – )q q¢

(– )q¢

(– )q

( )q¢

r3

r2
r1

q

(ii)
Charge distribution

(assigned)

A
B

C

Fig. 1.35 Three concentric spherical shells (Ex. 1.26)

Solution

Inner surface of B (by Gauss’s law) must have charge –q. Let the outer surface of B have
charge q¢. The Inner surface of C must have change –q¢ from Gauss’s law. As net charge on
C must be –q, its outer surface should have a charge (q¢ – q). The charge distribution is
shown in Fig. (1.35ii).

Potential at B due to charge q on A = 
24 o

q

rpe

due to charge –q on the inner surface of B = 
24 o

q

rpe

-
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due to charge q¢ on outer surface of B = 
24 o

q

rpe

¢

due to charge –q¢, on inner surface of C = 
34 o

q

rpe

¢-

and due to charge (q¢ – q) on outer surface of C = 
34 o

q q

rpe

¢ -
.

Net potential on B is obtained adding all the potentials at B. We then obtain

VB = 
2 34 4o o

q q

r rpe pe

¢
- .

But VB = 0 as B is earthed.

\ q¢ = 
2

3

.
r

q
r

The final charge distribution is shown in Fig. 1.35a.

–q

q

Fig. 1.35a Final charge distribution

1.27 There are two thin wire rings, each of radius R, whose axes coincide. The charges of
the rings are (+Q) and (–Q). Find the potential difference between the centres of the rings
separated by a distance a.

Solution

The arrangement of the rings are shown in Fig.
1.36. The potential at point 1 is given by V1 =
potential at 1 due to ring 1 + potential at 1
due to the ring 2;

i.e., V1 = 
2 2 1/ 24 4 ( )o o

QQ

R R ape pe

-
+

+
.

Similarly, the potential at point 2 is

V2 = 
2 2 1/ 24 4 ( )o o

Q Q

R R ape pe

-
+

+

\ V = V1 – V2 = DV = 
2 2 1/ 2

2
4 4 ( )o o

QQ

R R ape pe

-Ê ˆ
+Á ˜+Ë ¯

= 
2

1
1

2 1 ( / )o

Q

R
a Rpe

È ˘-Í ˙
+Í ˙Î ˚

R

+q

a
R

–q

1 2

Fig. 1.36 Arrangement of rings in
Ex. 1.27
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1.28 Three point charges q, 2q and 8q are to be placed on a 9 cm long straight line. Find
the position where the charges should be placed such that the potential energy of this
system is minimum. In this situation, what is the electric field at the position of the charge
q due to the other two charges?

Solution

Let charges q, 2q and 8q be placed along a straight line of length 9 cm or 0.09 m with
distance between the charges q and 2q being x metres. Then distance between 2q and 8q

would be (0.09 – x)m. Thus the potential energy u of the system is given by

u = 
2 2 8 81

4 (0.09 ) 0.09o

q q q q q q

x xpe

◊ ◊ ◊È ˘
+ +Í ˙-Î ˚

 = 9 ´ 109 ´ 2q2 81 4

0.09 0.09x x

È ˘+ +Í ˙-Î ˚
u to be minimum,

du

dx
= 0, i.e 0 = –

2 2

81

(0.09 )x x
+

-
.

This, gives x2 = 
2( 0.09 )

8

x-

or 2 2 x = ±(0.09 – x)

or 2 2 x ± x = ±0.09

\ x(minimum) = 
0.09

2 2 1+
 = 0.0235 m.

Again, with E1 and E2 as the electric fields at the position of charge q due to charge 2q

and 8q respectively,

E1 = 22 2

2 81 1
and

4 4 (0.09)o o

q q
E

xpe pe
¥ = ◊

The electric field at q due to the other two charges is (E1 + E2)

\ E1 + E2 = 
2 2

2 81

4 (0.0235) (0.09)o

q q

pe

È ˘
+Í ˙

Í ˙Î ˚

= 9 ¥ 109 ¥ 2q 
2 2

1 4

(0.0235) (0.09)

È ˘+Í ˙
Î ˚

= 4.15 ¥ 1013 q N/C.

1.29 Find the value of the capacitance C if the equivalent capacitance between points X
and Y is to be 1 mF. All capacitances are in mF in Fig. 1.37.

A

4

8

1

4 4C

B

Fig. 1.37 Capacitance configuration (Ex. 1.29)
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Solution

The series combination of capacitances 6 and 12 is 6 ¥ 12/ 6 + 12 i.e. 4 mF. The parallel
combination of 2 and 2 is (2 + 2), i.e. 4 mF. Figure 1.37 is reduced to Fig. 1.37a.
The parallel combination of 4 and 4 is 8 mF in Fig. 1.38a, while the series combination of
8 and 4 is 8 ¥ 4/8 + 4, i.e. 8/3 mF. We can reduce Fig. 1.37a further to Fig. 1.37b.

1 = 
91

32C
+

\ C = 
32

23
 = 1.39 mF.

1.30 In Fig. 1.38, C = 9F; C1 = 6F. Find the equivalent capacitance across (a – b).

CC

C C C

C

C1 C1

a

b

C

Fig. 1.38 Capacitance configuration (Ex. 1.30)

Solution

We may note that the last three capacitors are all C, i.e. all are 9F each. Since they are in
series, the net capacitance of these three capacitors is 3F. This 3F equivalent capacitor is
in parallel to C1 of the previous loop (Fig. 1.38a). Thus parallel combination of C1(6F)
and Cq(3F) gives Cq1 = 9F.

CCC

C

a

b

C

C

C1 C1C1 Ceq (3F)

Fig. 1.38a Reduced network of Fig. 1.38

A
C

B
32

9

Fig. 1.37c Finally reduced network
of Fig. 1.37b

The series combination of 1 and 8 yield 1 ¥
8/1 + 8, i.e. 8/9 mF and this 8/9 mF is in parallel
to 8/3 mF in Fig. 1.37b. The equivalent capaci-
tance is then (8/9 + 8/3) i.e., 32/9 mF. Thus
finally we reduce the network of Fig. 1.37b to
Fig. 1.37c, where C is in series with 32/9 mF.
By the given question,

A

4

8

1

4 4C

B

Fig. 1.37a Partly reduced network of
Fig. 1.37

A

C 1

8
8
3

B

Fig. 1.37b Further network reduction
of Fig. 1.37a
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Thus in this loop, there are again two capacitors
of C Farad (9F) each in series with Cq1. The net
capacitance of this loop again becomes 3F. This pro-
cess continues and finally we come to the first loop
while the same result is obtained.
\ equivalent capacitance across ab becomes 3F
(Fig. 1.38b).

1.31 Find the equivalent capacitance across XY (Fig. 1.39).

Solution

Each vertical column is having equivalent ca-
pacitance of

C1 = 1F

C2 = 
1

F
2

C3 = 
1

F
4

C4 = 
1

F
8

and so on.
It may be noticed that all these capacitors

C1, C2, … are in parallel (Fig. 1.34a).

\ C = C1 + C2 + C3 + …

= 1 + 
1 1 1

2 4 8
+ + +º

= 2[Q it is a geometric
series whose sum is 2]

\ C = 2 F.

1.32 In the network of Fig. 1.40, find the capacitance
between points x and y. Also find the charges on the
three capacitors. Assuming the potential of y to be zero,
find the potential at z.

Solution

Equivalent capacitance of 12 mF and 6 mF capacitors
(being joined in series) is 12 ¥ 6/12 + 6 = 4 mF (Cx),
across XY.

This equivalent capacitance Cx is in parallel to the
2 mF capacitor. The final equivalent capacitance C is then

C = Cx + 2 = 6 mF.

C is the net capacitance between x and y points. The charge supplied by the battery is
then

Q = CV = 6 mF ¥ 24 V

= 144 mC
[Q Voltage across the equivalent capacitance C is 24 V]

a

C1

b

Ceq

C

C

Fig. 1.38b Finally reduced
network of Ex. 1.30

Fig. 1.39 Capacitance network of
Ex. 1.31

1F

1F1F
1F

1F

1F

1F

x

y

C1 C3C2

X

Y

Fig. 1.39a Equivalent network of
Fig. 1.39

x y

z

6mF

12mF

2mF

V = 24 Volts

+ –

Fig. 1.40 Circuit of Ex. 1.32
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Since the p.d. across the 2 mF capacitor is 24 V hence charge on the 2 mF capacitor is

2 mF ¥ 24 V = 48 mC.

The charge on each of the 12 and 6 mF capacitors is then (144 mC – 48 mC), i.e. 96 mC.
\ Drop across the 6 mF capacitor is obtained as 96 mC/6 mF = 16 Volts. Observation
reveals that this 16 V drop is actually the potential Vzy (i.e. Vz – Vy). Since Vy is zero,
hence Vzy = Vz = 16 V. Then potential at z with respect to y is 16 V.

1.33 The plates of a parallel plate air capacitor of a capacitance C consists of two
circular plates, each of 10 cm radius and placed 0.2 cm apart. The capacitor is charged to
100 V and connected across an electrostatic voltmeter. The space between the plates is
then filled up by a dielectric medium so that the capacitance of the parallel plate capacitor
becomes 4.5C and the voltmeter now reads 25 V. What is the capacitance of the electro-
static voltmeter?

Solution

Let V be the p.d. across the combination (condenser C in parallel to capacitance C¢ of
voltmeter). Since C and C¢ are in parallel (Fig. 1.41),

Q = CV + C¢V = (C + C¢)V

Parallel plate
capacitor of

capacitance C V(100 volts)
Electrostatic
voltmeter of

capacitance C¢

Fig. 1.41 Circuit of Ex. 1.33

Let us now replace the air medium of C and fill it by a dielectric medium such that the new
capacitance is 4.5C.

Total charge remaining the same we can now write
4.5C V1 + C¢V1 = Q = (C + C¢) V

[V1 is the new voltage across the capacitor]
or (4.5C + C¢) V1 = (C + C¢) V.

\
4.5C C

C C

¢+
¢+

= 
1

100

25

V

V
=  = 4

\ C¢ = 
6

C
 (on simplification).

Now C = 
o A

x

e
, where A = pr 2

Here, C = 
12 2 2

2

8.85 10 (10 10 )

0.2 10

p- -

-

¥ ¥ ¥ ¥

¥

= 
14

2

8.85 10

0.2 10

p -

-

¥ ¥

¥

= 1.39 ¥ 10–10 F
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Hence C¢ = 
6

C
 = 2.32 ¥ 10–11 F.

1.34 In Fig. 1.42, find the p.d. between (x-y) and (x-z) in steady state. Figures shown
against capacitances are in mF.

Solution

At steady state all the capacitors are fully charged and no current passes through the
circuit. Thus points y and z are at some potential as points a and b respectively.

3
3

1

10 W20 W

100 V

a b

x

y z

1

1

+ –

Fig. 1.42 Network of Ex. 1.34 Fig. 1.42a Reduced network of Fig. 1.42

6 2

10 W20 W

100 V

a b

X

Y Z

1

+ –

Figure 1.42a shows the reduced network where
both 3 mF capacitors at the left hand side are re-
placed by their equivalent capacitance as well as two
1 mF capacitors at the right hand side of Fig. 1.42
are also replaced by their equivalent capacitance.

Further reduction of the network (shown in Fig.
1.42a) is possible (Fig. 1.42b).

We thus find the 3/2 mF equivalent capacitor is
placed in parallel to the 1 mF capacitor. The charge
retained by each of them will be different. We find
that charge retained by the 3/2 mF equivalent capaci-
tance is

Q = CV = 
3

2
 ¥ 10–6 ¥ 100 = 150 mC.

If we go back to the capacitor configuration of Fig. 1.37a, we find this 150 mC charge will
be retained by capacitors 6 mF and 2 mF. Thus, the p.d. between x and y is actually the
drop across the 6 mF capacitor.

\ Vx-y = 
6

6

150 10

6 10

Q

C

-

-

¥
=

¥
 = 25 V.

Similarly, p.d. at x – z will be the drop across the 2 mF capacitor

i.e. Vx-z = 
6

6

150 10

2 10

-

-

¥

¥
 = 75 V.

[Check that, Vx-y + Vx-z = V.]

10 W

1 Fm

20 W

100 V
+ –

Y Z

Fig. 1.42b Final reduced net-
work of Fig. 1.42a



Basic Electrical and Electronics Engineering–III.1.48

1.35 Three plates are held parallel to a common plate
(Fig. 1.43). A is the area in m2 for each of the three parallel
plates, while d metre is the distance between each pair of
plates. What is the equivalent capacitance?

Solution

Each of the three plates form a parallel plate capacitance
with the common plate (the bottom most plate). Also by
virtue of their placement and configuration, these capaci-
tances are parallel.
\ Equivalent capacitance

C = C1 + C2 + C3

= 
2 3

o o oA A A

d d d

e e e
+ +

= 
1 1 11

1
2 3 6

o oA A

d d

e eÈ ˘+ + = ¥Í ˙Î ˚

Hence, equivalent capacitance is 
11

6

o A

d

e
.

1.36 Figure 1.44 represents a capacitive ladder network. Obtain equivalent capacitance
across (x – y).

Solution

As the capacitive ladder network is infinitely long, the capacitance of the ladder to the
right of points M and N is the same as that of the ladder to the right of the points (x – y).

M

N

C CCC

C

C

C
X

Y

Fig. 1.44 A capacitive ladder network

Let the equivalent capacitance of the network to the
right of M – N be C1. We must draw the reduced net-
work (Fig. 1.44a).
The equivalent capacitance between x – y is

Cx–y = C + 
1

1

CC

C C+

However, the ladder is symmetric and hence all the loops are identical to the adjacent
loop. Hence the equivalent capacitance of the ladder is also C1, i.e. Cx–y = C1.

\ C1 = C + 
1

1

CC

C C+

or 2
1

C – CC1 – C2 = 0

A

A

A

d

d

d

Fig. 1.43 Three plates
parallel to a
common plate

X

Y

C

C

VR2

Fig. 1.44a Reduced net-
work of Fig. 1.44
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\ C1 = 

2 24 1 5

2 2

C C C
C

+ + +
= [negative sign is neglected]

1.37 A 5 mF capacitor is initially charged with
500 mC. At t = 0, the switch K is closed
(Fig. 1.45). Determine the voltage drop across
the resistor at t < T and t = •.

Solution

The equivalent capacitance of bank of parallel
capacitances is 5mF. As soon as K is closed, the
equivalent 5mF capacitor is in series with C0 and
the net capacitance becomes 2.5 mF.
\ T(time constant) = R Cnet = 10 ¥ 2.5 ¥ 10–6 = 25m sec.
The initial voltage V0 across capacitor Co is given by

V0 = 
0

6
0

500ì

5 10

Q C

C -
=

¥
 = 100 V

With closing of K, capacitor C0 will start discharging, however at t = 0+, there will be no
voltage across C1, C2 or C3.

Thus, the entire voltage drop will be across R only (vR) at t = 0+ time.

i.e. v R = V0 (decaying)

= 
6/ / 25 10

0 100t RC tV e e
-- - ¥=

= 
44 10100 Vte- ¥

At t = •, vR becomes zero.
[It is also evident that in steady state (t = •), the charge of C0 will be distributed through
C1, C2 and C3 and no current will flow through the circuit. Hence, i = 0, vR = iR = 0].

1.38 In Fig. 1.46, a capacitor of capacitance C is
charged to a voltage V0 (dc) and is allowed to discharge
through a resistance R while charging another capacitor
of capacitance aC. Determine the final voltage at termi-
nals (a – b) under steady-state condition.

Solution

Let Vf be the final voltage appearing across (a – b) after
discharging of C charging aC through R.
Equating the charge of the two capacitors

Vf (aC) = V0C – VfC

or Vf (1 + a) = V0

\ Vf = 
0

1

V

a+

[It may be noted that the final voltage across (a – b) is independent of R].

+

–
C0

C1 C2 C3

2 Fm 2 Fm 1 Fm5 Fm
Q0

10W

K

Fig. 1.45 Circuit of Ex. 1.37

R
V0C

i

a

aC

b

+
–

Fig. 1.46 Circuit of Ex. 1.38
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1.39 In Example 1.38, what fraction of the energy originally stored is lost?

Solution

Initial energy = 21

2
oCV  [the proof is furnished in Article 1.28]

Final energy = 2 2 21 1 1
( ) (1 )

2 2 2f f f
C V CV CVa a+ = +

= 

2 2
1 1

(1 )
2 1 2 (1 )

o oV V C
Ca

a a

Ê ˆ
+ =Á ˜+ +Ë ¯

[Q Vf = 
1

oV

a+
, as described in Ex. 1.38]

Hence, loss in energy = initial energy – final energy

= 2 21 1 1

2 2 1o oCV CV
a

- ◊
+

= 2 21 1 1
1

2 1 2 1

a

a a

È ˘- = ◊Í ˙+ +Î ˚
o oCV CV

[It may be noted that this loss of energy is due to presence of resistance R. However, the
energy loss expression is independent of R].

1.40 A 10F capacitance is charged to 5 V and is isolated. It is then connected in parallel
to a 40 F capacitor. What is the decrease in total energy of the system?

Solution

Q1 = C1V1 = 10 ¥ 5 = 50 C

W1 = 2
1 1

1 1

2 2
C V =  ¥ 10 ¥ (5)2 = 125 J

Next, with parallel combination of 10 F and 40 F, the equivalent capacitance of the system
becomes 50 F.
\ W2 (final energy when both the capacitors are connected in parallel)

= 

2
2 21 1 1 1

(50)
2 2 2 50

Q
CV

C
= ◊ = ¥ ¥  = 25 J

Thus, the decrease in total energy of the system is (125 J – 25 J), i.e. 100 J.

1.41 An uncharged capacitor is connected to a battery. Show that half the energy sup-
plied by the battery is lost as heat while charging the capacitor.

Solution

The charge required by the capacitor is Q = CV while the work done by the battery is

W = Q × V

The capacitor would store energy of 1/2CV2.

However, 21

2
CV  º 

1

2
QV .

Then the remaining energy is 
1

2
QV QV

Ê ˆ-Á ˜Ë ¯

i.e. 1/2QV is lost as heat. Then half the energy supplied by the battery is lost as heat.
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1.42 A 1.0 mF parallel plate capacitor with air in dielectric medium is charged to 200 V
at steady state. Assuming the distance between the two parallel plates to be 1.0 cm, find

(i) the electric stress on dielectric

(ii) the electric stress on plate surface and electric flux density

(iii) the charges on the plate.

(iv) if the dielectric medium of air is replaced by another dielectric medium of permittiv-

ity 4, recalculate the answers for (i) , (ii) and (iii).

Solution

(i) E = 
V

x
 V/m [E = electric stress on dielectric i.e. field intensity]

= 
2

200

1 10-¥
 = 20 kV/m

(ii) Electric stress on plate surface will also be 20 kV/m while the flux density is
given by

d = eo ¥ E = 8.854 ¥ 10–12 ¥ 20 ¥ 103

= 1.771 ¥ 10–7 C/sq. m.
(iii) Q = CV; Q is the charge on the plate

= 1 ¥ 10–6 ¥ 200 = 200 mC.
(iv) If the air medium is replaced by another medium of permittivity 4, we can obtain

the new values of E, d and Q as follows:

Cnew = 
o r A

x

e e

= er ¥ 
o A

x

e
 = er ¥ 1 ¥ 10–6

[Q original capacitance of the given capacitor with air on dielectric medium is given

as 1 mF.]

\ Cnew = 4 ¥ 1 ¥ 10–6 = 4 mF

Also, Enew = 
2

200

1 10

V

x -
=

¥
 = 20 kV/m [distance x remains same]

dnew = eo er E = 8.854 ¥ 10–12 ¥ 4 ¥ 20 ¥ 103

= 7.1 ¥ 10–7 C/m2

The new charge accumulation is
Qnew = Cnew ¥ V = 4 ¥ 10–6 ¥ 200

= 8 ¥ 10– 4 Coulomb.

1.43 Two capacitors C1 and C2 are placed in (i) Series and (ii) Parallel. If C1 = 100  mF;
C2 = 50 mF, find the maximum energy stored when a 220 dc supply is applied across the
combination.

Solution

If C is the equivalent capacitance, for series connection of C1 and C2,

C = 
1 2

1 2

100 50

100 50

C C

C C

¥
=

+ +
 = 33.33 mF.

\ Maximum energy stored is 
1

2
CV2, i.e. 

1

2
 ¥ 33.333 ¥ 10–6 ¥ (220)2 i.e. 0.807 J.

When the capacitors are in parallel, C = C1 + C2 = 150 mF
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\ Maximum energy stored is

1

2
 ¥ 150 ¥ 10–6 ¥ (220)2 i.e. 3.63 J.

[It may be observed here that capacitor conserves maximum energy when they are in
parallel configuration.]

1.44 Find the equivalent capacitance between A and B in Fig. 1.47. Assume the capaci-
tances are equal to each other and having a value of 2 mF each.

A

B

C1 C2

C3

C4

C5

C6

Fig. 1.47 Capacitance configuration of Ex. 1.44

Solution

We can reduce the given circuit as shown in Fig. 1.47(a).

C6

C2C1

C3

C4

C5

2 Fm

2 Fm2 Fm

2 Fm 2 Fm

2 Fm

A

B
C6

2 Fm

A

B2 FmC4

C5

2 Fm

4 Fm

2 Fm

C2
Cx = ( + )C C1 3

A

BC4

4/3 Fm

2 Fm
C6

C5

2 Fm

2 Fm

Cy = ( )C Cx çç 2

A B

C6 = 2 Fm

2 Fm

C5

A B

C ¢

C5

2 Fm

Fig. 1.47a Circuit reduction for Ex. 1.44
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Finally we obtain

C = C¢||C5 = C¢ + C5 = 
5

4
 + 2 = 

13

4
 mF

1.45 In Fig. 1.48, if C1 = C2 = C3 = C4 = …
= C12 = 1 F, and V = 10 V, find the charge
supplied by the battery. If the charging current
drawn from the battery is 10 A, how much
time would the battery take to charge the ca-
pacitor cube? What is the energy stored in the
capacitances of the cube?

Solution

Let us assume Q be the charge entering termi-
nal x from the battery to the cube. Obviously,
capacitance C1, C2 and C3 would store charges
Q/3, Q/3 and Q/3. Since charge (Q) leaves out
terminal y hence charge on capacitors C10, C11

and C12 must also be 
3

QÊ ˆ
Á ˜Ë ¯  each. On the other

hand since C3 is connected to C4 and C5 at
terminal z, hence C4 and C5 should have a total charge equal to that stored in C3. Hence,

we can say since C3 stores 
3

QÊ ˆ
Á ˜Ë ¯ , hence C4 and C5 would individually have 

6

QÊ ˆ
Á ˜Ë ¯  each.

Following charging current path in the cube from x to y we find

Vxy = Vx – Vy = (Vx – Vz) + (Vz – Vp) + (Vp – Vy)

= Vxz + Vzp + Vpy = 
/3 /6 /3Q Q Q

C C C
+ +

= 
5

6

Q

C
[Q C1 = C2 = C3 = … = C12 = C]

or
eq

Q

C
= 

5

6

Q

C

Ceq = 
6 6

F
5 5

C = [Q C = 1 F]

Hence, charge stored in the cube is

Q = Ceq ¥ V = 
6

5
 ¥ 10 = 12 Coulomb.

The battery supplies 12 coulomb of electricity. Also Q = Charging current ¥ Time.

\ Time = 
ch

12

10

Q

I
=  = 1.2 sec.

Energy stored in the capacitor cube

= 
22

eq

(12)1

2 2 6/5

Q

C
=

¥
 = 60 J.

Fig. 1.48 Cube of Ex. 1.45

C5

C3

C1 C4

C2

C6

C7

C8

C9

C10

C11

C12

Y

X

Z

V

+

P
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1.46 A parallel-plate capacitor has plate area of 0.1 m2 and plate separation 0.015 cm.
The dielectric medium between the plates has relative permittivity 3. The capacitors retain
a charge of 1.0 mC when placed across a dc voltage source. Find the flux density, electric
field strength and voltage across the plates. Assume eo, the permittivity space as 8.854 ¥
10–12 F/m.

Solution

Given:

A = 0.1 m2; x = 0.015 cm = 0.015 ¥ 10–2 m
er = 3; Q = 1.0 mC.
eo = 8.854 ¥ 10–12 F/m

\ for the given parallel-plate capacitor,

C = 
12

2

8.854 10 3 0.1

0.015 10

o A

x

e e -

-

¥ ¥ ¥
=

¥

= 0.01771 mF.
Flux density is obtained identical to charge density.

\ d = 

61.0 10

0.1

Q

A

-¥
=  = 10 mC/m2.

Field strength (E) is obtained as

E = 
6

12

10 10

8.854 10 3o r

d

e e

-

-

¥
=

¥ ¥

= 37.65 ¥ 104 V/m.
The p.d. across plates is formed as

V = 
6

6

1 10

0.01771 10

Q

C

-

-

¥
=

¥
 = 56.47 V.

1.47 A 20 mF capacitor is charged to 100 V and then discharged through a resistor of
10 kW. Find (i) initial value of current, (ii) value of current when t = time constant, and
(iii) rate at which current begins to decrease.

Solution

(i) As soon as the capacitor is switched to the discharging charging circuit having a

series resistance 10 kW, the initial value of discharging current would be

I = 
4

100

10
 = 0.01 A

(ii) While discharging

i = Ie–t/RC;

at t = time constant (RC),

i = Ie–t/t = I ¥ 
1

e
.

Here, i = 0.01 ¥ 
1

e
 = 0.00368 A
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(iii) Normally, the time constant is RC in the discharging circuit and hence RC = 104 ¥ 20

¥ 10–6 = 0.2 sec.

i = I ¥ e–t/RC = 0.01 ¥ 0.2

t

e
-

= 0.01 e–5t

\
di

dt
(= rate of discharging)

= 0.01(–5)e–5t = –0.05e–5t A/s.

1.48 Two metal plates form a par-
allel-plate capacitor with an in-be-
tween metal plate of the same
material. There are two dielectric
medium K1 and K2 having relative

permittivity 
1re  and 

2re  respectively

as shown in figure (Fig. 1.49). If the
metal plate is removed find the work
done in slowly removing the plate
when a p.d. of (V) volts is applied
across the capacitors.

Solution

From the given (Fig. 1.49) it is evident that the capacitor consists of two series capacitors

C1 and C2 when C1 is formed with 
1r

e  while C2 is formed with 
2r

e .

\ C1 = 
1

( /4)

o r A

x

e e
; C2 = 

2

( /4)

o r A

x

e e

and Ceq = 
1 2

11

1 2

1 1

4 4o r o r

x x

C C A Ae e e e

--
Ê ˆÊ ˆ+ = +Á ˜ Á ˜Ë ¯ Ë ¯

= 
1 2

1 2

4 r ro

r r

A

x

e ee

e e

¥È ˘
Í ˙

+Í ˙Î ˚

\ Energy stored (E1) = 
1 2

1 2

2 2
eq

41 1

2 2

r ro

r r

A
C V V

x

e ee

e e

¥È ˘
= ¥ Í ˙

+Í ˙Î ˚
When the metal slab is removed, there are now three capacitors formed, the first one is C1

as it was, the second one is with dielectric medium air CA (as the metal slab is removed,

the space between 
1r

e  and 
2r

e  is now air) and the third one is C2 as it was and now, CA

= 
2

/2

o oA A

x x

e e
= .

\ eqC ¢ = 
1 1

1 2 1 2

1 1 1 1 1 1
i.e. ,

A AC C C C C C

- -
Ê ˆ Ê ˆ+ + + +Á ˜ Á ˜Ë ¯ Ë ¯

= 
1 2

1

4 4 2o r o r o

x x x

A A Ae e e e e

-
Ê ˆ+ +Á ˜Ë ¯

( /4)x

x x/2

er1

er2

(metal
slab)

( /4)x + V

Fig. 1.49 A parallel-plate
                          capacitor (Ex. 1.48)
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= 
1 2

14 1 1
2o

r r

A

x

e

e e

-
È ˘+ +Í ˙
Î ˚

= 
1 2 1 2

1 2

1
24 r r r ro

r r

A

x

e e e ee

e e

-+ +È ˘
Í ˙
Í ˙Î ˚

= 
1 2

1 2 1 2

4

2

r ro

r r r r

A

x

e ee

e e e e

È ˘
Í ˙

+ +Í ˙Î ˚

\ Energy stored (E2) = 2
eq

1

2
C V¢

= 
1 2

1 2 1 2

2
41

2 2

r ro

r r r r

A
V

x

e ee

e e e e

È ˘
¥ ◊Í ˙

+ +Í ˙Î ˚
.

Since work done (DE) is given by (DE = E1 – E2) and this represents the work done to
remove the metal slab.

\ DE = E1 – E2 = 
1 2 1 2

1 2 1 2 1 2

2
41

2 2

r r r ro

r r r r r r

A
V

x

e e e ee

e e e e e e

È ˘
¥ -Í ˙

+ + +Í ˙Î ˚

= V2 ´ 
1 2

1 2 1 2 1 2

2 1 1

2

o r r

r r r r r r

A

x

e e e

e e e e e e

È ˘-Í ˙+ + +Î ˚

= V2 ´ 
1 2 1 2

1 2 1 2 1 2

2 2

( )( 2 )

e e e e e

e e e e e e

È ˘
Í ˙

+ + +Í ˙Î ˚

o r r r r

r r r r r r

A

x

= 
1 2

1 2 1 2 1 2

2 2 24
Joules.

( )( 2 )

e e e

e e e e e e+ + +

o r r

r r r r r r

AV

x

This is the work done in removing the metal slab from the capacitor.

1.49 Three delta connected capacitors are set to form a unit as shown in Fig. 1.50. It is
required to transform the delta unit to equivalent star. Find these star capacitances for
equal capacitances between similar terminals in both the connections.

23

1

C31 C12

C23

Fig. 1.50 Delta-connected capacitors
(Ex. 1.49)

C1

1

C2

C3

23

Fig. 1.50a Equivalent star connection
of delta-connected capaci-
tors in Ex. 1.49



Electrostatics I.1.57

Solution

Figure 1.50a represent the equivalent star capacitances provided net capacitances between
terminals j – k, k – l, l – j remain same for both the configurations. Capacitances

between j and k‚ in star connection is 
1 2

1 2

Ê ˆ
Á ˜+Ë ¯

C C

C C
 while that between j and k‚ in

delta connection is 
23 31

12
23 31

Ê ˆ
+Á ˜+Ë ¯

C C
C

C C
.

For equal capacitance between similar terminals,

1 2

1 2+

C C

C C
= 

23 31 23 31 12 23 31 12
12

23 31 23 31

+ +
+ =

+ +

C C C C C C C C
C

C C C C

or
1 2

1 2

+C C

C C
= 

23 31 23 31

23 31 12 23 31 12

+ +
=

+ + D

C C C C

C C C C C C
(i)

where D = C12 C31 + C23 C31 + C12 C23

Similarly, capacitance between j and l in star connection is 
2 3

2 3

Ê ˆ
Á ˜+Ë ¯

C C

C C
 while that in

delta connection is

31 12
23

31 12

+
+

C C
C

C C

By the same reasoning,

2 3

2 3+

C C

C C
= 

31 12
23

31 12

+
+

C C
C

C C

or
2 3

2 3

+C C

C C
= 

31 12+

D

C C
(ii)

Also, capacitance between l and j in star connection is 
3 1

3 1+

C C

C C
 and that between l

and j in delta connection is 
12 23

12 23+

C C

C C
 + C31.

Q
3 1

3 1+

C C

C C
= 

12 23

12 23+

C C

C C
 + C31, we can write

3 1

3 1

+C C

C C
= 

12 23+

D

C C
(iii)

Adding (i) and (ii), we have

2 3 23 31 31 121 2

1 2 2 3

+ + ++
+ = +

D D

C C C C C CC C

C C C C
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or,
1 3 2 3 1 2 1 3 23 31 31 12

1 2 3

+ + + + + +
=

D

C C C C C C C C C C C C

C C C
(iv)

Subtracting (iii) from (iv), we have

1 3 2 3 1 2 1 3 2 3 2 1

1 2 3

+ + + - -C C C C C C C C C C C C

C C C

= 
23 31 31 12 12 23+ + + - -

D

C C C C C C

or
1 3

1 2 3

2C C

C C C
= 

312

D

C

or
2

1

C
= 

31

D

C
, C2 = 

31

D
C

\ C2 = 
12 31 23 12 31 23

31

+ +C C C C C C

C
(iva)

= C12 + C23 + 
23 12

31

C C

C
(ivb)

Similarly,

C1 = C31 + C12 + 
31 12

23

C C

C
(ivc)

and C3 = C23 + C31 + 
23 31

12

C C

C
(ivd)

1.50 Three star-connected capacitances C1, C2 and C3 are to be transformed to delta.
Show that for equal capacitances between similar terminals in both connections,

C12 = 
1 2

1 2 3+ +

C C

C C C

C23 = 
2 3

1 2 3+ +

C C

C C C

C31 = 
3 1

1 2 3+ +

C C

C C C

Solution

With reference to Fig. 1.51 and Fig. 1.51a, we have found out in the previous example that
for capacitance between identical terminals being same for both star and delta, delta ca-
pacitances can be successfully converted to star where

C1 = C12 + C31 + 
12 31 12 23 23 31 31 12

23 23

+ +
=

C C C C C C C C

C C

= 
23

D
C

(i)
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C2 = C23 + C12 + 
23 12

31 31

D=
C C

C C
(ii)

C3 = C31 + C23 + 
31 23

12 12

D=
C C

C C
(iii)

Multiplying equations (i) and (ii), (ii) and (iii) and (iii) and (i), we have

C1 C2 = 
2

23 31

D
C C

(iv)

C2 C3 = 
2

31 12

D
C C

(v)

C3 C1 = 
2

12 23

D
C C

(vi)

Inverting and adding equations (iv), (v) and (vi),

12 23 31 12 23 31

2
1 2 2 3 3 1

1 1 1 C C C C C C

C C C C C C

+ +
+ + =

D

or
3 1 2

1 2 3

C C C

C C C

+ +
 = 

2

1D =
DD

or
1 2 3

1 2 3

C C C

C C C+ +
 = D

or
3C

D
 = 

1 2

1 2 3

C C

C C C+ +
(vii)

However, we have proved earlier in the preceding example

C3 = C23 + C31 + 
23 31 23 12 31 12 23 31

12 12

C C C C C C C C

C C

+ +
=

= 
12C

D

1

3 2

C1

C2

C3

Fig. 1.51 Star-connected capacitors
(Ex. 1.50)

1

C31

C12

C23

23

Fig. 1.51a Equivalent delta-connected
capacitors of Ex. 1.50
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\ From equation (iii), using C3 = 
12C

D
, we can write

3C

D
= C12 = 

1 2

1 2 3

C C

C C C+ +

Similarly, C23 = 
2 3

1 2 3

C C

C C C+ +

and C31 = 
3 1

1 2 3

C C

C C C+ +

1.51 A 8 mF capacitor is connected in series with a 0.5 MW resistor across a 200 V dc
supply. Calculate (i) the time constant during charging of the capacitor, (ii) the initial
charging current, (iii) the time taken for the p.d. across the capacitor to grow to 160 V and
(iv) the current and the p.d. across the capacitor in 4 sec after it is connected to the
supply.

Solution

(i) Time constant = RC = 0.5 ¥ 106 ¥ 8 ¥ 10–6 = 4.0 sec.

(ii) I = 
6

200

0.5 10

V

R
=

¥
 = 0.4 mA

[capacitor acts as short circuit as soon as voltage is applied and hence initial charg-
ing current is (V/R)]

(iii) Q vC = ( )/1 t RCV e-- , [refer text]

Here, 160 = 200 (1 – e–t/4)

i.e.
160

200
= 1 –e–t/4 or, 0.2 = e– t/4

or, log10 0.2 = 
4

t-  log10 e

\ t = 6.438 sec.
(iv) i = Ie–t/RC

= (0.4 ¥ 10–3)e–t/4

= (0.4 ¥ 10–3)0.3679
= 0.147 mA

v = V(1 – e–t/RC)
= 200(1 –e–4/4)

= 126.40 V.

EXERCISES

Short- and Long-Answer-Type Questions

1. State and explain Coulomb’s law in Electrostatics and hence define “Cou-
lomb”, the unit for electric charge.

2. What is permittivity? What do you mean by relative permittivity of a me-
dium? Why it does not have any unit?
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3. Define electric potential and potential difference with their units. Find an
expression for potential at a point within an electric field. What is equipo-
tential surface?

4. What is meant by electric field intensity? Discuss the various factors upon
which it depends.

5. Find the expression of electric field intensity and electric potential of an
isolated point charge in vector form.

6. Define potential gradient. What is its unit? Why do we say electric field
intensity and potential gradient both are expressed in volt/m?

7. Derive an expression of potential energy in an electric field.
8. Find a relationship between electric field strength and electric potential.
9. State Gauss’ Law and derive it from Coulomb’s law.

10. What do you mean by electric dipole? Obtain an expression of electric field
and potential due to a dipole at an axial point.

11. (a) Define electric capacitance and derive an expression for the capacitance
of a parallel-plate capacitor.
(b) Discuss the various factors upon which the value of capacitance of
parallel plate capacitor depends.

12. State the factors on which the capacitance of a condenser would depend.
13. Derive expression for the equivalent capacitance for a number of capacitors

connected in (i) series, and (ii) parallel.
14. Derive the expression of capacitance of a parallel-plate capacitor with (i)

uniform dielectric medium, and (ii) compound dielectric medium.
15. How would you find capacitance of multiplate capacitors?
16. Find the capacitors of an isolated sphere.
17. Derive the expression to find capacitance of concentric spheres.
18. How do you find the capacitance of a parallel plate capacitor if a metal plate

(uncharged) is introduced within the parallel plates?
19. Derive an expression for the energy stored in a condenser charged to a

potential.
20. Explain charging and discharging of a capacitor alongwith necessary deriva-

tion when the capacitor is connected across a dc voltage source and when
discharging from steady state with resistance in series in both the cases.

21. What is the potential at x = 0 due to these charges in Fig. 1.52?

x = 0 x = 1 x = 2 x = 4 x = 8

+Q –Q +Q –Q

Fig. 1.52

Æ x metre +Q at x = 1, 4, 16, …

– Q at x = 2, 8, 32, …
:

6 o

Q
Ans V

pe

Ê ˆ
=Á ˜Ë ¯

È
ÍÎ

Hint: Potential V1 at x = 0 due to +ve charges is given by

V1 = 
4 (1) 4 (4) 4 (16)o o o

Q Q Q

pe pe pe
+ + +º
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= 
1 1 1

1
4 4 16 4 1 1/4o o

Q Q

pe pe

Ê ˆ È ˘+ + + º = Í ˙Ë ¯ -Î ˚

= 
3 o

Q

pe

Potential V2 at x = 0 due to –ve charges is given by

V2 = 
4 (2) 4 (8) 4 (32)o o o

Q Q Q

pe pe pe

- - -
+ + + º

= 
1 1 1

4 2 8 32 6o o

Q Q

pe pe

- -È ˘+ + + º =Í ˙Î ˚

\ V = V1 + V2 = 
6 o

Q

pe

˘
˙
˚

22. Find the potential and field intensity at x = 0 due to these set of charges
(Fig. 1.53); x represents the distance from origin in x-axis. Q is magnitude of
charge.

x = 0 x = 1 x = 2 x = 4 x = 8

+Q +Q +Q +Q

Fig. 1.53

: ;
2 3o o

Q Q
Ans V

pe pe

Ê ˆ
=Á ˜Ë ¯

È
ÍÎ

Hint:

V = 
1 1

1 2
4 2 4 4 2o o o

Q Q Q

pe pe pe

È ˘+ + + º = ¥ =Í ˙Î ˚

E = 
2 2 2

1 1
1

44 2 4oo

Q Q

x pepe

È ˘= + + + ºÍ ˙Î ˚

= 
41 1 1

1
4 4 16 3 4 3o o o

Q Q Q

pe pe pe

˘Ê ˆ+ + + º = ¥ = ˙Ë ¯ ˚
23. Three point charges 4q, Q and q are placed in a

straight line of length l at point of distance 0, l/
2 and l from origin respectively. The net force on
charge q is zero. What is the value of Q?

[Ans: Q = –q]

[Hint: With ref. to Fig. 1.54, the net force on q is zero when

2 2

4

4 ( ) 4 ( /2)pe pe

¥ ¥
+

¥o o

q q Q q

l l
 = 0

4q qQ

0 l/2 l

Fig. 1.54
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i.e 4q2 + 4Qq = 0
i.e Q = –q]

24. Eight charged drops of a fluid carry a charge of 10–4 mC each. Each drop has
a diameter of 2 mm. If they merge together to form a single drop, find the
potential of the merged big drop. (Ans: 3.6 kV)
[Hint: Total charge of 8 drops = 8 ¥ 10–4 mC (=q)
Potential due to a charge ‘q’ is given by.

V = 
1

4 o

q

Rpe
¥ , where R is the radius of the big drop and q is its charge.

Since the single big drop is equivalent to eight drops, assuming all drops
to be perfect spheres,

8 ¥ 
4

3
p r 3 ¥ r = 

4

3
p R 3 ¥ r,

r being the density of the fluid and 
4

3
pr 3 is the volume of each small drop.

\ We have 8r 3 = R 3

or R = 2r.

\ V = 
4 6

12 3

8 10 101
3600 V

4 8.854 10 2 10p

- -

- -

˘¥ ¥
¥ = ˙

¥ ¥ ¥ ˙̊

25. Show that when a dielectric slab of thickness t and permittivity er is inserted
between two fixed charges Q1 and Q2, the force of repulsion between them
is given by

F = 
1 2

2

1

4 ( )o r

Q Q

d t tpe e
◊

- +

and hence find the dielectric constant of the slab, if on interposing another
slab of same material of thickness (d/2) the force of repulsion reduceds in
the ratio (9/4). Assume the distance between the fixed charges to be d.

(Ans: er = 4)

1 2

2

1
Hint:

4 o r

Q Q
F

dpe e

È
= ¥Í

Î
Let us assume that when the same two charges are placed d¢ apart in air,
same force of repulsion arises between them.

\ F = 
1 2

2

1

4 o

Q Q

dpe
¥

¢

Then, erd
2 = d¢2 i.e., d¢ = r de ◊

Then, d of medium is equivalent to d¢ of air

i.e., r de ◊  in air.

\ Effective air separation is (d – t + re  ◊ t)
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F = 
1 2

2

1

4 ( )o r

Q Q

d t tpe e
¥

- + ◊

Substituting t = d/2, F ¢ = 1 2

2

1

4

2 2

o

r

Q Q

d d
d

pe
e

¥
Ê ˆ- + ◊Ë ¯

= 
1 2

2 2

41

4 (1 )o r

Q Q

dpe e
¥

+

Force in air is F = 
1 2

2

1

4 o

Q Q

dpe
¥

\ F¢/F = 
2

4

(1 )re+
. But it is given F¢/F = 4/9

\
2

4 4
2

9(1 )
r

r

e
e

˘= \ = ˙+ ˚
26. If the capacitance between two successive plates is 0.5C (Fig. 1.55), find the

capacitance of the equivalent system between points P and Q.
(Ans: 1.5 C)

P Q

2

4

3

P Q

2 1

4 3

2 3

Fig. 1.55 Fig. 1.55a

[Hint: The four plates form three capacitors (Fig. 1.55a)
\ Ceq = 0.5C + 0.5C + 0.5C = 1.5C]

27. Two capacitors are once connected in parallel and then in series. If the
equivalent capacitance in the two cases be 10F and 2.1F respectively, find
the capacitance of each of the capacitors.

[Hint: C1 + C2 = 10; 
1 2

1 2

C C

C C+
 = 2.1

Solving, C1 = 7F, C2 = 3 F]
28. Two dielectrics of equal size are introduced

inside a parallel plate capacitor as shown in
Fig. 1.56. How does the effective capacitance
charge?

(Ans: Increase by 
1 2

2

e e+
)

e1 e2

d

Fig. 1.56
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[Hint: With introduction of two dielectrics two parallel capacitors are formed.

Ceq = 
1 2 1 2( /2) ( /2)

2

o o oA A A

d d d

e e e e e e e+Ê ˆ
+ = Á ˜Ë ¯

while without these dielectrics it was 
o A

d

e
, assuming the area of plates to

be A.

\ Ratio = 

1 2 1 2

2 2

1

o

o

A

d

A

d

e e e e e

e

+Ê ˆ +
Á ˜Ë ¯

=

Q e1 and e2 are both more than 1, hence the new capacitance is increased

by 
1 2

2

e e+
 times].

29. Find the charge drawn from the battery at steady
state when K is closed. Assume C1 = C2 = C.

(Fig. 1.57)
1

:
2

Ans CV
Ê ˆ
Ë ¯

[Hint: K open:

Q = Ceq ¥ V = 
2

C
 ¥ V

Next K closed; C2 gets shorted. Charge is now drawn by C1 only.
Q¢ = CV

Q¢ – Q = 
1

2
CV

This is the amount of charge drawn with K

closed].
30. If each of the capacitances is C, find the equiva-

lent capacitance between A and B (Fig. 1.58).
(Ans: 2C)

[Hint: The given circuit can be redrawn as shown
below:

+

K

V

C1

C2

Fig. 1.57

A

B

Fig. 1.58

C

C

C

C

C

Fig. 1.58a

One capacitor may be deleted from star as no charge will flow through it
since p.d. will be same across it. This simplifies the figure and we find net
capacitance 2C. The problem can also be solved using (Y – D) conversion].
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31. Derive an expression for the capacitance of a cylindrical capacitor of inter-
nal radius R1 and external radius R2. Assume appropriate length.
Solution: Let us consider an imaginary co-axial cylinder of radius n m and
length 1 m between the two given cylinders. (WBUT 2008)

Area of curved surface A = 2pn m2

Flux density D = 2C/m
2

Q Q

A np
=

Electric intensity E = V/m
2o r o r

D Q

xp
=

Œ Œ Œ Œ

Now dV = Edx

V =
1

2

1

22 2

R

n
o r o rR

RQdn Q
l

n n n R
=

Œ Œ Œ ŒÚ

C =
1

2

2
F/m

ln

o rnQ

RV

R

Œ Œ
=

The capacitance for l m length is 
1

2

2
F

ln

o r l

R

R

p Œ Œ

UNIVERSITY QUESTIONS WITH ANSWERS

Long-Answer-Type Question

1. Derive an expression for capacitance of a cylindrical capacitor, assuming
grounded outer surface. (WBUT 2012)

Solution: Refer Article 1.29.
2. Deduce an expression showing the relation between electric field strength

and potential. (WBUT 2013)

Solution: Refer Article 1.13.
3. (a) State and prove Gauss’s law [WBUT 2013]

Solution: Refer Article 1.16.
(b) What is meant by potential and potential difference?

Solution: Refer Article 1.5. [WBUT 2013]
(c) Deduce an expression for electric field intensity due to an isolated point
charge + q. [WBUT 2013]

Solution: Refer Article 1.7.

Multiple Choice Questions

1. In SI unit the permittivity of space to is
(a) 8.584 ¥ 10–12 F/m (b) 8.854 ¥ 10–10 F/m
(c) 8.854 ¥ 1012 F/m (d) 88.54 ¥ 10–12 F/m

Answer: (a) 8.584 ¥ 10–12 F/m
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2. If two static changes having megnitude of 1.0 coulomb (each) are placed at
1 m apart in space, the force of electrostatics developed is
(a) 90 ¥ 1010 Newtons (b) 9 ¥ 109 Newtons
(c) 0.9 ¥ 109 Newtons (d) 0

Answer: (b) 9 ¥ 109 Newtons
3. Potential gradient can be expressed as

(a) KV ¥ cm (b) KV/m
(c) KV (d) KV/km

Answer: (b) KV/m
4. The net electric field inside a conductor is

(a) infinity (b) equal to charge per unit length
(c) Zero (d) none of these

Answer: (c) Zero
5. Unit of capacitance is Farad. In SI system Farad can be expressed as

(a) Volt/m (b) Ampere/Volt
(c) Coulomb/Volt (d) Volt/Coulomb

Answer: (c) Coulomb/Volt
6. In two capacitors of 2F and 10 F are in series, the net capacitance is

(a) 12 F (b) 1.67 F
(c) 8 F (d) 20 F

Answer: (b) 1.67 F
7. If three capacitors having capacitances of 1F are in parallel across the volt-

age source of 10 V, the net capacitance of the circuit is
(a) 3 F (b) 1/3 F
(c) 0 F (d) 9 F

Answer: (a) 3 F
8. If the dielectric medium of a parallel plate capacitor is vacuum, the capaci-

tance (C) is given by

(a) C =
0 d

A

Œ
(b) C = 

0

1 A

dŒ

(c) C = 
0 A

d

Œ
(d) C = 

0

Ad

Œ

where A is the area of each plate and d the vertical separation between the
plates.

Answer: (c) C = 
0 A

d

Œ

9. The magnitude of cepacitance of an isolated sphere is
(a) inversely proportional to its radius
(b) directly proportional to its radius
(c) directly proportional to square of its radius
(d) has no relation with its radius

Answer: (b) directly proportional to its radius
10. Time constant of a RC series circuit is given by

(a) R/C (b)
1

RC
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(c)
C

R
(d) RC

Answer: (d) RC

11. Energy stored in a capacitor is given by

(a)
2

Q

C
(b)

21

2

V

C
◊

(c)
2

2

Q

C
(d)

Q

V

Answer: (c) 
2

2

Q

C

12. A 10 V dc source is directly applied across a capacitor. At steady state the
current passing through the capacitor is
(a) Infinity (b) Very high
(c) Zero (d) Oscillating

Answer: (c) Zero
13. If two static charges having magnitude 1 coulomb each are placed at 1 m

apart in space, the electrostatic force developed between the charges is
(WBUT 2012)

(a) 90 ¥ 1010 newtons (b) 9 ¥ 109 newtons
(c) 0.9 ¥ 109 newtons (d) 0

Answer: (b) 9 ¥ 109 newtons
14. If the capacitance between the two successive plates is 0.5 C as shown in

Fig. 1.59, the value of capacitance of the equivalent system between P and
Q is (WBUT 2013)
(a) 1 C (b) 0.5 C
(c) 1.5 C (d) 2 C

1

2

3

P

Q

Answer: (c) 1.5 C (Hint: 4 plates form 3 capacitors in parallel)
15. The dielectric strength of an insulating material is expressed in

(WBUT 2014)
(a) mF/m (b) kV/m
(c) kV/mF (d) none of them

Answer: (b) kV/m
16. When the plate area of a parallel-plate capacitor is increased keeping the

capacitor voltage constant, the force between the plates (WBUT 2014)
(a) increases
(b) decreases
(c) remains constant
(d) may increase or decrease depending on the metal

Answer: (a) increases



2.1 INTRODUCTION

There are two types of direct current (dc) machines, the dc generator and the dc

motor. The dc generator converts mechanical energy into electrical energy while

the dc motor converts electrical energy into mechanical energy. The dc generator

is based on the principle that when a conductor is rotated in a constant unidirec-

tional field, a voltage will be induced in the conductor. The dc motor is based on

the principle that when a current carrying conductor is placed in a magnetic

field a mechanical force is exerted on the conductor. DC generator operation

thus follows Fleming’s right hand rule while dc motor operation follows Fleming’s

left hand rule.

2.2 PRINCIPAL PARTS OF A DC MACHINE

1. Magnetic field system

2. Armature

3. Commutator and brushgear.

2.2.1 Magnetic Field System

The magnetic field system is usually the stationary part of the machine. It pro-

duces the main magnetic field flux. The outer frame (or yoke) is a hollow cylin-

der of cast steel or rolled steel. Even number of poles (say 2, 4, 6 …) are bolted

to the yoke. The poles project inwards and they are called salient poles. The

purpose of the yoke is to support the pole cores and to act as a protective cover

to the machine. It also forms a part of the magnetic circuit. Each pole core has a

pole shoe having a curved surface to support the field coils and to increase the

cross-sectional area of the magnetic circuit reducing its reluctance.

The pole cores are made of sheet steel laminations and these laminations are

insulated from each other but riveted together. The poles are laminated to reduce

eddy-current loss in the fields.

DC MACHINES2
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Each pole core has one or more field coils (windings) placed over it and are

connected in series with one another such that when the current flows through the

coils, alternate north and south poles are produced in the direction of rotation.

2.2.2 Armature

The rotating part of the dc machine is usually called the armature. The armature

consists of a shaft upon which a laminated cylinder (called armature core) is

mounted. The armature core has grooves (or slots) on its outer surface. The

laminations are insulated from each other but tightly clamped together. In small

machines the laminations may be keyed directly to the shaft. In large machines

the laminations are mounted on a special frame. The purpose of using lamina-

tions is to reduce eddy-current loss in the armature core.

Insulated conductors (usually copper) are placed in the slots of the armature

core and are fastened round the core to prevent them flying under centrifugal

forces when the armature rotates. The conductors are suitably connected and this

arrangement of conductors is called armature winding. Two types of windings

are used; wave and lap. In wave winding the number of parallel paths of arma-

ture winding is two and in lap winding the number of parallel paths is equal to

the number of poles.

2.2.3 Commutator and Brushgear

Alternating voltage is produced in the coil rotating in a magnetic field. In order

to obtain direct current in the external circuit, a commutator is used. The com-

mutator that rotates with the armature is made from a number of wedge-shaped

hard-drawn copper bars or segments insulated from each other as well as from

the shaft. The segments form a ring around the shaft of the armature. Each

commutator segment is connected to the ends of the armature coils.

Current is collected from the armature winding by means of two or more

carbon brushes mounted on the commutator. Each brush is supported by a metal

holder called brush holder. The pressure exerted by the brushes on the commuta-

tor can be adjusted through this brush holder and is maintained at a constant

value by means of springs. Current produced in the armature winding is passed

to the commutator and then to the external circuit through brushes.

2.3 MAGNETIC FLUX PATH IN A DC GENERATOR

The magnetic circuit of a four-pole dc generator is shown in Fig. 2.1. The dotted

lines indicate the main flux paths.

2.4 EQUIVALENT CIRCUIT OF A DC MACHINE

The armature of a dc generator can be represented by an equivalent electric

circuit. Here E is the generated voltage, Ra is the armature resistance, and Vb is

the brush contact voltage drop. The equivalent circuit of the armature of a dc

generator is shown in Fig. 2.2(a), while that of a dc motor is shown in Fig. 2.2(b)

(In case of dc motor E is the back emf).
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2.5 DIFFERENT TYPES OF EXCITATIONS IN
DC MACHINE

There are, in general, two methods of exciting the field windings of dc machines.

(a) Separate excitation

(b) Self-excitation.

2.5.1 Separate Excitation

The separately excited field winding consists of several hundred turns of fine

wire and is connected to a separate or external dc source as shown in Fig. 2.3(a).

The voltage of the external dc source has no relation with the armature voltage,

i.e field winding energised from a separate source can be designed for any

suitable voltage.

2.5.2 Self-excitation

When the field winding is excited by its own armature the machine is called a

Fig. 2.1 Magnetic flux path of a four pole dc generator

Fig. 2.2 Equivalent circuits of the armature (a) dc generator (b) dc motor
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self-excited dc machine. In these machines the field poles must have residual

magnetism. A self-excited dc machine can be classified as follows:

(a) Shunt Excitation [Fig. 2.3 (b)]. Here field excitation is obtained from the

armature voltage. The shunt field excitation ampere turns (AT) is obtained

by having a large number of field turns with a small field current. For a

generator, shunt excitation is a type of self-excitation when the field wind-

ing resistance is high but field exciting current is low.

(b) Series Excitation [Fig. 2.3 (c)]; The field is wound with a few turns of

wire (of low resistance) and is excited in series from the armature current.

This excitation varies with the load (current).

(c) Compound Excitation [Fig. 2.3 (d) and (e)]; Both shunt and series fields

are employed in this method.

If the shunt field is connected in parallel with the armature alone the

machine is called a short shunt compound machine [Fig. 2.3(d)] and if the

shunt field is connected in parallel with both the armature and series field

the machine is called a long shunt compound machine [Fig. 2.3(e)].

If the magnetic flux produced by the shunt field winding aids the flux

produced by the series field winding the machine is cumulatively com-

pounded. On the other hand, if the series field flux opposes the shunt field

flux, the machine is said to be differentially compounded.

Fig. 2.3 Different excitations

Depending upon the number of turns of the series field three types of

compound generators can be obtained.

(a) Overcompounded Generator The generated voltage increases as the

load increases.
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(b) Level or Flat Compounded Generator The no load voltage is same

as that of the full load voltage.

(c) Undercompounded Generator The generated voltage decreases as

the load increases.

2.6 PROCESS OF VOLTAGE BUILD UP IN A
SELF-EXCITED GENERATOR

Figure 2.4 shows the process of voltage build-up in a self-excited shunt genera-

tor. The line OA has a slope equal to the shunt field resistance Rsh. When the

armature of the machine is rotated, a small voltage OB is generated due to

residual magnetism in the field poles. This voltage causes field current OC to

flow. This current OC increases the field flux and generates voltage OD which in

turn results in field current OE which will generate a still higher voltage. This

process goes on and the generated voltage continues to increase. This process

continues till point P is reached where the generated voltage is equal to Ish Rsh,

Ish being the shunt field current. If the

resistance of shunt field be such that Rsh

is equal to the slope of the line OA¢

(which is tangent to the curve BP) the

generated voltage would remain at value

OB only, so no voltage will build up. The

value of Rsh corresponding to slope of

the line OA¢ is known as critical field

resistance. The voltage build up is pos-

sible only if Rsh is less than critical value.

If the speed of the generator is decreased

the slope of the curve is lower. Hence for

each value of Rsh there is a value of criti-

cal speed. If speed is less than critical

speed, no voltage build up will occur.

The connections of the field circuit should be such that field current strength-

ens the residual flux. If the connections are such that field current decreases the

residual flux voltage will not build up.

For series generator the resistance of the load should be less than critical

resistance and load should be connected so that the load current exists. Then

only voltage will build up.

Hence the conditions for voltage build up in self-excited generators are:

(a) Residual magnetism must be present

(b) Field winding should be properly connected so that field current strength-

ens the residual magnetism.

(c) The resistance of the field should be less than the critical resistance

(d) The speed of the machine should be higher than the critical speed.

(e) For series generator load should be connected and resistance of load should

be less than critical resistance.

Fig. 2.4 Voltage build up in a self-
excited generator
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2.7 EMF EQUATION OF A DC MACHINE

As the armature of a dc machine rotates, a voltage is generated in its coils. In

case of a generator, the emf of rotation Er is called the generated emf Eg (or

armature emf) and Er = Eg. The direction (polarity) of dynamically induced emf

can be determmed by Fleming’s right hand rule.

In case of a motor, the emf of rotation Er is known as back emf Eb (or counter

emf), and Er = Eb. The expression, however, is the same for both conditions of

operation, whether generating or motoring; only the polarity is reversed if the

rotation of the machine is in the same direction in both the modes.

Let f = Useful flux per pole in webers (Wb)

P = Total number of poles

Z = Total number of conductors in the armature

n = Speed of rotation of armature in revolutions per second (rps)

A = Number of parallel paths in the armature between brushes of opposite

polarity

\
Z

A
 = Number of armature conductors in series for each parallel path

Since the flux per pole is (f ), each conductor cuts a flux (Pf ) in one revolution.

Generated voltage per conductor

= 
Flux cut per revolution in Wb

Time taken for one revolution in seconds

Since n revolutions are made in one second, one revolution will be made in

1/n second. Therefore, the time for one revolution of the armature is 1/n second.

The average voltage generated per conductor = 
1/

P

n

f
 = nPf V.

The generated voltage E is determined by the number of armature conductors

in series in any one path between the brushes. Therefore, the total voltage gener-

ated is obtained as

E = (average voltage per conductor)

¥ (number of conductors in series per path)

i.e. E = nPf ¥ Z/A

E = 
60

nP Z P ZN

A A

f f
=  [N = rpm]. (2.1)

Equation (2.1) is called the emf equation of a dc machine.

2.8 TYPES OF WINDINGS

Armature coils can be connected to the commutator to form either lap on wave

windings.

Lap Winding

The ends of each armature coil are connected to adjacent segments on the com-

mutators so that the total number of parallel paths (A) is equal to the total

number of poles P. Thus for lap winding, A = P.
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Wave Winding

In this winding, the ends of each of the armature coils is connected to the

armature segement some distance apart, and only two parallel paths are provided

between the positive and negative brushes. Thus, for wave winding A = 2.

In general, lap winding is used in low-voltage, high-current machines and

winding is used in high-voltage, low-current machines.

2.1 The armature of a 4-pole 230 V wave wound generator has 400 conductors and runs

at 400 rpm. Calculate the useful flux per pole.

Solution

Number of poles P = 4;

emf E = 230 V

Number of conductors Z = 400

N = 400 rpm.

As the machine is wave wound the number of parallel paths A = 2

∵ E = 
60

P ZN

A

f
, where f is flux per pole

\ f = 
60 60 2 230

4 400 400

AE

P Z N

´ ´
=

´ ´
 = 0.043 Wb.

2.2 A 6-pole lap wound dc generator has 250 armature conductors, a flux of 0.04 Wb

per pole and runs at 1200 rpm. Find the generated emf.

Solution

Number of poles (P) = 6.

As the machine is lap wound the number of parallel paths, A (= P) = 6 Also, number of

armature conductors (Z ) = 250

Flux per pole, f = 0.04 Wb

Speed, N = 1200 rpm.

So, generated emf E = 
6 0.04 250 1200

60 60 6

P ZN

A

f ´ ´ ´
=

´
 = 200 V

2.3 An 8-pole lap wound dc generator has 1000 armature conductors, flux of 20 m Wb

per pole and emf generated is 400 V. What is the speed of the machine?

Solution

Number of poles (P ) = 8

\ Number of parallel paths A = P = 8

Number of armature conductors (Z) = 1000;

Flux per pole (f) = 20 m Wb = 0.02 Wb

Emf generated (E) = 400 V = 
60

P ZN

A

f

where N is the speed of the machine in rpm.

\ N = 
60 400 60 8 400

8 0.02 1000

A

P Zf

´ ´ ´
=

´ ´
 = 1200 rpm.

2.4 A 4-pole generator with 400 armature conductors has a useful flux of 0.04 Wb per

pole. What is the emf produced if the machine is wave wound and runs at 1200 rpm?

What must be the speed at which the machine should be driven to generate the same emf

if the machine is lap wound?



Basic Electrical and Electronic Engineering-III.2.8

Solution

P = 4 ; Z = 400 ; f = 0.04 Wb ; N = 1200 rpm.

So, emf (E) = 
4 0.04 400 1200

60 60 2

P ZN

A

f ´ ´ ´
=

´
 = 640 V (For wave wound A = 2).

For lap wound A = P = 4. If N1 be the new speed then

N1 = 
60 60 4 640

4 0.04 400

AE

P Zf

´ ´
=

´ ´
 = 2400 rpm.

2.5 An 8-pole dc generator has 96 slots and 16 conductors per slot. The flux per pole is

40 m Wb and the speed is 960 rpm. Find the emf produced if the machine is (a) wave

wound, (b) lap wound.

Solution

Given P = 8 ; Z = 96 ¥ 16 = 1536 ; f = 0.04 Wb ; N = 960

(a) A = 2 (in wave wound)

E = 
8 0.04 1536 960

60 60 2

P ZN

A

f ´ ´ ´
=

´
 = 3932.16 V.

(b) A = P = 8 (in lap wound)

E = 
3932.16 2

8

´
 = 983.04 V.

2.6 A 4-pole wave wound dc generator has 220 coils of 10 turns each. The speed is

400 rpm and resistance of each turn is 0.02 W. Find the emf produced and the resistance

of armature winding if the flux per pole is 0.05 Wb.

Solution

P = 4 ; Total no. of turns = 220 ¥ 10 = 2200

One turn consists of two conductors. Therefore, total number of conductors (Z) = 2 ¥

2200 = 4400.

Also. f = 0.05 Wb ; N = 400 rpm ; A = 2

Emf produced E = 
4 0.05 4400 400

60 60 2

P ZN

A

f ´ ´ ´
=

´
 = 2933.33 V

As the number of parallel paths is 2, so conductors per path is 
4400

2
 = 2200 or turns per

path is 
2200

2
 = 1100.

\ Armature resistance per path is 0.02 ¥ 1100 = 22 W.

The total resistance of armature winding is thus 
22

2
 = 11 W.

2.9 ARMATURE REACTION

When the current flows in the armature conductors, it produces a magnetic field

surrounding the conductors. This armature flux reacts with the main flux. The

effect of armature flux on the main field flux is called armature reaction. The

armature flux has two effects on the main flux:

1. It distorts the main flux.

2. It weakens the main flux.
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Figure 2.5 shows a 2-pole dc generator rotating in a clockwise direction

where the brushes are placed in the geometrical neutral plane (GNP). The cur-

rents in the conductors under the influence of North Pole (i.e alone GNP) carry

currents inwards while those under the influence of South Pole (i.e below GNP)

carry currents outwards. The direction of the flux due to the armature conductors

in the upper and lower half of armature is shown by dotted lines. The resultant

flux lies along GNP which is shown by OA while OB represents the main field

flux. The net flux is shown by OP. The magnetic neutral plane (MNP) coincides

with GNP in the absence of armature flux. When armature flux is present, MNP

shifts from GNP in the direction of rotation. To facilitate commutator action it is

essential to place the brushes along MNP. Figure 2.6 shows brushes placed

along MNP. Armature mmf OA can be split into two components OC and OD.

The component OC is in opposition with the main field flux and called the

demagnetising component and OD is called the cross-magnetising component.

Thus, armature reaction distorts the main field flux by its cross-magnetising flux

OD and demagnetising flux OC.

Fig. 2.5 Two-pole dc generator with
brushes in GNP

Fig. 2.6 Two-pole dc generator with
brushes at MNP

2.9.1 Method of Improving Armature Reaction
(Compensating Winding)

The demagnetising effect of armature reaction has a detrimental effect on the

operation of dc motors whenever there is a sudden change in load. This causes a

sudden change in flux/pole resulting in induction of large static emf which can

short-circuit the complete commutator (known as flashover). Armature reaction

AT (Ampere-turns) in dc machines can be

compensated by placing a compensating wind-

ing in the pole faces with its axis along the

brush axis and excited by the armature cur-

rent in series connection (Fig. 2.7) so that it

causes cancellation of armature reaction AT

at all values of armature current.

2.10 COMMUTATION

Commutation is the process of producing a unidirectional or direct current from

the alternating current generated in the armature coils.

Fig. 2.7 Compensating winding
(dc motor)
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The currents generated in the armature conductors of a dc generator are alter-

nating. These currents flow in one direction when the armature conductors are

under north pole and in the opposite direction when they are under south pole.

As conductors move out of the influence of the north pole and enter south

pole, the current in them is reversed. When a brush spans two commutator

segments, the winding element connected to those segements is short-circuited.

During the period of short circuit of an armature coil by a brush the current in

the coil must be reversed and also brought up to its full value in the reversed

direction. The time of short-circuit is called the period of commutation. The

inductive nature of the coil opposes the reversal of current from (+I ) to (–I ). If t

is the time of short-circuit and L is the inductance of the coil, then the average

induced voltage in the coil is

eL = –L
di L

dt t

-=  [–I – (+I)] = 
2LI

t
.

This induced voltage is called the reactance voltage. The sudden reversal of

current as the brush leaves the segment may form an arc causing sparking at the

commutator and the brush.

2.10.1 Methods of Improving Commutation

The main cause of sparking at the commutator being the reactance voltage, it can

be minimised by the following methods:

(a) Use of High Resistance Carbon Brushes (use of high contact resistance

carbon brushes increases the circuit resistance of coils undergoing commu-

tation. Thus the reactance voltage is reduced.)

(b) Use of Interpoles (To reduce sparking at the commutator, small auxiliary

poles called interpoles are provided in the machine. These are narrow

cross-section poles with small cross-sectional area placed in-between the

main poles. The interpoles are also called commutating poles (or compoles).

The interpoles are wound with a small number of bigger cross-section

conductor turns and are connected in series with the armature. Flux is

produced in these poles only when current flows in the armature circuit.

The flow of current in the interpole winding is such that the polarity of an

interpole in a dc generator is the same as that of the next pole ahead, in the

direction of rotation. In a dc motor, the polarity of an interpole is opposite

to that of the next main pole in the direction of rotation.

2.11 CHARACTERISTICS OF DC GENERATORS

2.11.1 OCC (Open Circuit Characteristics) of
DC Shunt Generator

Figure 2.8(a) shows a dc shunt generator on an open circuit being run at speed n

rpm by means of a primemover. The field excitation is varied by regulating the

resistance placed in the field circuit. The open circuit characteristic (OCC) so

obtained is shown in Fig. 2.8(b). The OCC at any other speed would be a scaled

version of the original OCC at rated speed (as VOC ∫ Eg μ wn).
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2.11.2 Load Characteristics of DC Shunt Generator

The terminal voltage V versus armature cur-

rent Ia characteristic is called the internal char-

acteristic of a dc shunt generator and is drawn

in Fig. 2.9. The load characteristic of a dc

generator is called the external characteris-

tic. It will only be slightly shifted from the

internal characteristic as IL = Ia – If . If (field

current) is usually very small.

2.11.3 Characteristics of Other
Generators

Figure 2.10 (a) shows a series generator with

its external characteristic shown in Fig.

2.10(b). The external characteristic of a long

shunt compound generator and its connection

diagram are drawn in Fig. 2.11(a) and 2.11(b). The characteristic is a combina-

tion of the characteristics of shunt and series generators. Series winding turns

can be so adjusted that the OC (open circuit) voltage equals the full load voltage.

The generator is then known as level compound dc generator.

Fig. 2.8 Open circuit characteristic of a dc generator

Fig. 2.9 Internal characterstic
of dc shunt generator
[terminal voltage V =
Induced voltage E –
drop within the
armature]

Fig. 2.10 External characteristic of a dc generator (series)
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2.7 A shunt wound dc generator has an induced voltage of 200 V. The terminal voltage

is 180 V. Find the load current if the field and armature resistances are 100 W and 0.1 W

respectively.

Solution

The shunt wound machine is shown in Fig. 2.12.

Induced emf Ea = 200 V

Terminals voltage Vt = 180 V

Shunt field resistance rsh = 100 W

Armature resistance ra = 0.1 W

Field current (Ish) = 
sh

180

100

tV

r
=  = 1.8 A

Ea = Vt + Ia ra

where Ia is the armature current

or Ia = 
200 180

0.1

a t

a

E V

r

- -
=  = 200 A

\ Load current IL = Ia – Ish = 200 – 1.8 A = 198.2 A.

2.8 A 4-pole dc shunt generator having a field and armature resistance of 100 W and

0.2 W respectively supplies parallel connected 100 number of 200 V, 40 W lamps. Calcu-

late the armature currents and generated emf. Allow 1 V per brush as brush contact drop.

Solution

Given P = 4; rsh = 100 W and ra = 0.2 W

Current drawn by each lamp = 
40

200
A

Total load current IL = 100 ¥ 
40

200
 = 20 A

Since V = 200 V

\ Ish = 
200

100
 = 2 A

Armature current (Ia) = IL + Ish = 20 + 2 = 22 A

Generated emf (E) = V + Ia ra + Brush drop

= 200 + 22 ¥ 0.2 + 2 ¥ 1

= 200 + 4.4 + 2 = 206.4 V.

Fig. 2.11 External characteristic of a dc generator (compound)

Fig. 2.12 A shunt wound a dc
generator (Ex. 4.7)
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2.9 A dc shunt generator has an induced voltage of 220 V on open circuit. When the

machine is on load the voltage is 200 V. Find the load current if the field resistance is

100 W and armature resistance is 0.2 W.

Solution

Open circuit voltage E = 220 V

Terminal voltage V = 200 V

If Ia is be the armature current

E = V + Ia ra, where ra is the armature resistance.

\ Ia = 
220 200

A
0.2a

E V

r

- -
=  = 

20
A

0.2
 = 100 A

Field current Ish = 
sh

V

r
, where rsh is the field resistance.

\ Ish = 
200

100
 = 2 A.

The load current IL = Ia – Ish = 100 – 2 = 98 A.

2.10 A series generator delivers a load current of 50 A at 400 V and has armature and

series field resistance of 0.05 W and 0.04 W respectively. Find the induced emf in the

armature if the brush contact drop is 1 V per brush.

Solution

In a series generator (shown in Fig. 2.13), Load current

= Armature current

Ia = 50 A, V = 400 V,

ra = 0.05 W and rse = 0.04 W,

Hence emf = V + Ia ra + Ia rse + Brush drop

= 400 + 50 ¥ 0.05 + 50 ¥ 0.04 + 2 ¥ 1

= 406.5 V

2.11 A long shunt compound wound dc generator delivers a load-current of 100 A at

400 V. The armature, series and shunt field resistances are 0.04 W, 0.02 W and 200 W

respectively. Find the armature current and the generated emf.

Solution

Referring to Fig. 2.14

IL = 100 A, V = 400 V, ra = 0.04 W,

rse = 0.02 W and rsh = 200 W.

\ Ish = 
400

200
 = 2 A

and Ia = IL + Ish = 100 + 2 = 102 A.

Generated emf E = V + Ia(ra + rse)

= 400 + 102 (0.04 + 0.02)

= 400 + 102 ¥ 0.06 = 406.12 V.

2.12 Solve Example 2.11 assuming the machine as short shunt compound.

Solution

Referring to Fig. 2.15,

IL = 100 A

Fig. 2.13 A series generator
(Ex. 4.10)

Fig. 2.14 A long shunt compound
generator (Ex. 4.11)
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Voltage across shunt field winding

= 400 + IL rse

= 400 + 100 ¥ 0.02 = 402 V

Hence, Ish = 
402

200
 = 2.01 A

and Ia = IL + Ish = 100 + 2.01 = 102.01 A

E = 402 + Ia ra

= 402 + 102.01 ¥ 0.04 = 406.08 V.

2.12 PRINCIPLE OF OPERATION OF A DC MOTOR

When a current-carrying conductor is placed in a magnetic field, a force is

produced in it. The direction of the force is obtained from Fleming’s left hand

rule. Let us consider one such conductor is placed in a slot of armature and it is

acted upon by the magnetic field developed from a north pole of the motor. By

applying Flemming’s left-hand rule it can be found that the conductor has a

tendency to move to the left-hand side from its axis. Since the conductor is in a

slot on the circumference of the rotor, the force acts in a tangential direction to

the rotor creating a torque on the rotor. Similar torques will be produced for all

the rotor conductors if we assume these conductors are placed in successive

slots. The rotor being free to move it then starts rotating in the anticlockwise

direction. (left hand side from its axis).

2.13 BACK EMF

When the dc motor armature rotates, its conductors cut the magnetic flux. The

emf of rotation Er is then induced in them. In a motor, this emf of rotation is

known as back emf (or counter emf ). The back emf opposes the applied voltage.

Since the back emf is induced due to generator action its magnitude is, therefore,

obtained from the same expression as that for the generated emf in a dc generator.

60 A
b

NP Z
E

F= N being the rpm, (Eb) is the back emf (Eb = Er).

Here other symbols have their usual meanings.

2.14 TORQUE EQUATION OF A DC MOTOR

The expression for torque T is same for the generator and the motor. It can be

deduced as follows:

The voltage equation of a dc motor is given by

V = Eb + Ia Ra (2.2)

Multiplying both the sides of Eq. (2.2) by Ia we obtain

VIa = EbIa + 2
aI Ra. (2.3)

However, VIa = electrical power input to the armature

and 2
aI Ra = copper loss in the armature.

Since Input = Output + Losses, (2.4)

comparison of Eqns (2.3) and (2.4) shows that

EbIa = electrical equivalent of gross mechanical power

[developed by the armature (electromagnetic power)]

Fig. 2.15 A short shunt compound
generator
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Let T = average electromagnetic torque developed by the armature in

 newton metres (Nm)

∵ Mechanical power developed by the armature is given by,

Pm = wT = 2pnT [n is the speed in r.p.s i.e., (N/60)].

\ Pm = EbIa = wT = 2pnT

But Eb = 
nP Z

A

f

\
nP Z

A

F
Ia = 2pnT

or T = 
1

2
a

P
Z I

A
f

p
× ×  Nm = 0.159 f Z Ia 

P

A

æ ö
è ø  Nm

and T = 
2

a
PZ

I
Ap

F = 60
2 2

b a b aE I E I

n Np p
= ´ (2.5)

Equation (2.5) is called the torque equation of a dc motor.

For a given dc machine, P, Z and A are constant, therefore 
2

PZ

Ap

æ ö
ç ÷è ø

 is also a

constant.

Let
2

PZ

Ap
= k

\ T = k f Ia

or T μ f Ia (2.6a)

Also 2pnT = EbIa

\ T = 
1

2

b aE I

np
×  Nm = 0.159 

b aE I

n
 Nm. (2.6b)

Hence the torque developed by a dc motor is directly proportional to the

product of flux per pole and armature current.

2.14.1 Torque Current Characteristic of a Shunt Motor

From the torque expression, we have

T μ fIa.

If the effect of armature reaction is neglected, f is

nearly constant and we can write

T μ Ia.

The graph between T and Ia is thus a straight

line passing through the origin (Fig. 2.16). In the

high current region, due to saturation of the core,

the T – Ia characteristic loses linearity.

2.14.2 Torque Current Characteristic of a Series Motor

T μ f Ia

In series motor, before saturation f μ Ia and hence at rated loads,

T μ 2
aI (2.7)

Fig. 2.16 Torque current
characteristic of
dc shunt motor
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The above equation shows that the torque/armature current T/Ia curve of a series

motor will be parabolic. When the iron core becomes magnetically saturated, f

becomes almost constant, so that at heavy loads

T μ Ia. (2.8)

Equations (2.7) and (2.8) shows that the T/Ia characteristic is a parabolic one at

light or rated loads and straight line at heavy load. Thus, the torque/current

characteristic of a dc series motor is initially parabolic and finally becomes

linear when the load current becomes large. This characteristic, up to the rated

loading of the motor, is shown in Fig. 2.17.

The characteristic relating the net torque or useful torque Tr to the armature

current is parallel to the T/Ia characteristic, but is slightly below it. The differ-

ence between the two curves is due to

friction and windage losses.

Since the T – Ia characteristic of a

dc series motor is parabolic hence the

starting torque is high for the motor

for a definite starting current. This

property is used in traction motors,

cranes and hoists where the dc motor

is to start with full load. High starting

torque (being proportional to square of

starting current) helps to overcome the

initial inertia of the load and the dc

series motor speeds up smoothy with

heavy load on it.

2.14.3 Torque Current Characterstic of a Compound
Motor

A compound motor has both shunt and series field windings, so its characteris-

tics are intermediate between the shunt and series motors. The cumulative com-

pound motor is generally used in practice. The torque armature current

characteristics are shown in Fig. 2.18.

Fig. 2.18 Torque current characteristic of compound motor

Fig. 2.17 Torque current characteristic
of a dc series motor (up to
rated loads)
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2.13 A 400 V, 6-pole shunt motor has a two-circuit armature winding with 250 conduc-

tors. The armature resistance is 0.3 W, field resistance 200 W and flux per pole is

0.04 Wb. Find the speed and the electromagnetic torque developed if the motor draws

10 A from the supply.

Solution

Given P = 6, Z = 250, ra = 0.3 W, A = 2

and rsh = 200 W

Also, f = 0.04 Wb, IL = 10 A and V = 400 V

\ Ish = 
400

200
 = 2A (from Fig. 2.19)

Ia = IL – Ish = 10 – 2 = 8 A

Back emf Eb = Vt – Ia ra = 400 – 8 ¥ 0.3 = 397.6 V

i.e Eb = 397.6 = 
60 A

P ZNf
 where (N ) is the speed in rpm

\ N = 
60 2 397.6

6 0.04 250

´ ´
´ ´

 = 795 rpm

Electromagnetic power Pe = Eb Ia = 397.6 ¥ 8 = 3180.8 W.

Electromagnetic torque Te = 
b aE I

w
, where w is the angular velocity

But w = 2p 
60

N
 rad/s = 

2 795

60

p ´
rad/s = 83.21 rad/s

\ Te = 
397.6 8

83.21

´
 Nm = 38.23 Nm.

2.14 An 8-pole, 400 V shunt motor has 960 wave connected armature conductors. The

full load armature current is 40 A and the flux per pole is 0.02 Wb. The armature

resistance is 0.1 W and the contact drop is 1 V per brush. Calculate the full load speed of

the motor.

Solution

Given P = 8, V = 400 V, Z = 960, Ia = 40 A f = 0.02 Wb,

ra = 0.1 W and A = 2. Also total brush drop = 2 ¥ 1 = 2 V

Back emf Eb = V – Ia ra – brush drop = 400 – 40 ¥ 0.1 – 2 = 394 V

Again, Eb = 
60

P ZN

A

f
, where (N ) is the full load speed

\ N = 
60 bAE

P Zf
 = 

60 2 394

8 0.02 960

´ ´
´ ´

 r.p.m = 308 rpm.

2.15 A 42 kW, 400 V dc shunt motor has a rated armature current of 100 A at

1500 rpm. The resistance of armature is 0.2 W. Find (i) the internal torque developed and

(ii) the internal torque if the field current is reduced to 0.9 times of its original value.

Solution

Given, V = 400 V, Ia = 100 A, N = 1500 r.p.m and ra = 0.2 W

Back emf Eb = V – Ia ra = 400 – 100 ¥ 0.2 = 400 – 20 = 380 V

(i) Internal torque developed

Te = 
b aE I

w
, where w = 

2

60

Np
 rad/s = angular speed

Fig. 2.19 A 400 V, 6-pole
dc shunt motor
(Ex. 4.13)
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\ Te = 
2

b aE I

Np
 ¥ 60 = 

380 100

2 1500p

´
´

 ¥ 60 Nm = 242 Nm.

(ii) If the field current If is reduced to 0.9 times of its original value then f is also

reduced by 0.9 times of its previous values (as f • If).

Eb μ f, if N is constant; hence Eb is also reduced by 0.9 times from its previous

value.

Thus, the internal terque (Te) = 0.9 ¥ 242 = 217.8 Nm.

2.16 A 400 V, 10 kW series motor drives a fan when running at 800 rpm. The motor

draws 50 A from the supply. The resistance of the armature and series field are 0.2 W and

0.1 W respectively. Determine the electromagnetic torque developed by the motor.

Solution

Terminal voltage V = 400 V

Armature current Ia = 50 A

Armature resistance ra = 0.2 W

Series field resistance rse = 0.1 W

Back emf Eb = V – Ia(ra + rse) = 400 – 50(0.2 + 0.1) = 385 V

Now, Speed N = 800 rpm.

\ The electromagnetic torque developed is

Te = 
385 50

2 2 800

60

b aE I

Np p

´
=

´
 ¥ 60 = 230 Nm.

2.17 A four-pole series motor has 944 wave connected armature conductors. At a cer-

tain load the flux per pole is 34.6 m Wb and the total mechanical power developed is

4 kW. Calculate the line current taken by the motor and the speed at which it will run

with the applied voltage of 500 V. The total motor resistance is 3 W.

Solution

Here P = 4, Z = 944, A = 2 and f = 0.0346 Wb

Power developed is 4 kW i.e 4000 W

If Eb be the back emf and Ia be the armature current,

Eb Ia = 4000

Now, V = 500 V and r = 3 W where (r) is the motor circuit resistance.

\ Eb = V – Iar = 500 – Ia ¥ 3

or Eb = 500 – 3 ¥ 
4000

bE

or 2
b

E = 500 Eb – 12000

or 2
b

E – 500 Eb + 12000 = 0

Eb = 25.28 V or, Eb = 474.72 V

If Eb =25.28 V, Ia = 
4000

25.28
 A = 158.22 A

If Eb = 474.72 V, Ia = 
4000

474.72
 A = 8.43 A.

If Ia is very large the armature of the machine will be damaged. So, Ia is not equal to

158.22 A and the feasible value is Ia = 8.43 A and Eb = 474.72 V.
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If N be the speed, we can write

Eb = 474.72 = 
60A

P ZNf

\ N = 
60 2 474.72

rpm
4 0.0346 944

´ ´
´ ´

 = 436 rpm.

2.18 A dc series motor has an armature resistance of 0.03 W and series field resistance

of 0.04 W. The motor is connected to a 400 V supply. The line current is 20 A when the

speed of the machine is 1000 rpm. Find the speed of the machine when the line current is

50 A and the excitation is increased by 20%.

Solution

Given, ra = 0.03 W, rse = 0.04 W, V = 400 V, 
1LI  = 

1aI  = 20 A

and N1 = 1000 rpm.

When line current is 50 A (i.e 
2LI  = 

2aI  = 50 A), we assume speed is N2.

If f be the flux when speed is 1000 rpm, the flux becomes (1.2 f) as this time

excitation is increased by 20%.

We know Eb μ fN

\
1

2

b

b

E

E
= 

1

21.2

N

N

f

f

However,
1bE = V – 

1aI (ra + rse) = 400 – 20(0.03 + 0.04) = 398.6 V

and
2bE = 400 – 50(0.03 + 0.04) = 396.5 V

\ N2 = 
2

1

1

1.2

b

b

N E

E
 = 

1000 396.5

1.2 398.6

´
´

 = 829 rpm.

2.15 SPEED EQUATION OF A DC MOTOR

The emf equation of a dc machine is given by

We have, E = 
60 A

N P Zf

or N = 
60 A E

PZ f

Therefore, N = 
E

Kf

where K = 
60 A

PZ
.

This equation shows that the speed of a dc machine is directly proportional to

the emf of rotation E and is inversely proportional to flux per pole f. Since the

expression for emf of rotation applies equally to motors and generators, it gives

the speed for both motors and generators.

If the suffixes 1 and 2 denote the initial and final values, we can write

N1 = 
1

1

E

kf
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N2 = 
2

2

E

kf

\
2

1

N

N
= 

2 1

1 2

E

E

f

f
´

For dc shunt motor,  f1 = f2 for rated load conditions. Thus for such a motor we

can write

2

1

N

N
= 

2

1

b

b

E

E

2.16 SPEED REGULATION OF DC MOTOR

The speed regulation is defined as the change in speed from no load Nnl to full

load Nf l expressed as a fraction or a percentage of the full load speed. It can be

written as:

Per unit speed regulation = 
nl fl

fl

N N

N

-

\ Per cent speed regulation = 
nl fl

fl

N N

N

-
 ¥ 100.

A motor which has a nearly constant speed at all loads is said to have a good

speed regulation.

2.17 SPEED VS. ARMATURE CURRENT
CHARACTERISTIC OF DC MOTOR
(N/Ia CHARACTERISTICS)

2.17.1 Shunt Motor

In a shunt motor, Ish = V/Rsh. If V  is constant Ish will also remain constant.

Hence the flux is constant at no load. The flux decreases slightly due to armature

reaction. If the effect of armature reaction is neglected, the flux f will remain

constant. The motor speed being given by

N μ 
a aV I R

f

-
 

bE

Kf

æ ö
=ç ÷è ø

For f remaining constant, the speed can be written as

N μ V – Ia Ra

This is an equation of a straight line with a negative slope. That is, the speed N

of the shunt motor decreases linearly with the increase in armature current as

shown in Fig. 2.20.

Since Ia Ra at full load is very small compared to V, the drop in speed from no

load to full load is very small in well designed machines. The decrease in speed

is partially neutralized by a reduction in f due to armature reaction. Hence for all

practical purposes the shunt motor may be taken as a constant-speed motor.
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2.17.2 Series Motor

The motor speed N for a series motor is given by

N μ 
( )a a seV I R R

f

- +
 

bE

Kf

æ ö
=ç ÷è ø

At low values of Ia, the voltage drop [Ia (Ra + Rse)] is negligibly small in

comparison with V

\ N μ 
V

f
Since V is constant,

N μ 
1

f

In a series motor, the field flux f is pro-

duced by the armature current flowing in

the field winding so that f μ Ia. Hence the

series motor is a variable flux machine.

Also, N μ 
1

aI

Thus, for the series motor, the speed is inversely proportional to the armature

(load) current. The speed-load characteristic is a rectangular hyperbola as shown

in Fig. 2.21.

The speed equation shows that when the load decreases, the speed will be

very large. Therefore at no load (or at light loads) there is a possibility of

dangerously high speed, which may damage the series motor due to large cen-

trifugal forces. Hence a series motor should never be run unloaded. It should

always be coupled to a mechanical load either directly or through gearing. It

should not be coupled by belt, which may slip at any time making the armature

unloaded. With the increase in armature current (i.e the field current) the flux

also increases and therefore the speed is reduced.

2.17.3 Compound Motor

The speed-armature current characteristics are shown in Fig. 2.22. In differen-

tially compound motor, because of weakening of field, speed increases with

increase in armature current while in cummulatively compound, the speed drops

because of increase of field flux with armature current.

Fig. 2.20 Speed vs current characteristic of a dc shunt motor

Fig. 2.21 Speed vs current charac-
teristic of a dc series
motor
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2.18 SPEED TORQUE CHARACTERISTIC OF DC
MOTORS

2.18.1 Shunt Motor

Since the torque is proportional to ar-

mature current in a dc shunt motor the

speed torque characteristic of such a

motor will be identical to the speed ar-

mature current characteristic. The speed

torque characteristic of the shunt motor

is shown in Fig. 2.23.

2.18.2 Series Motor

The speed/torque characteristic of a dc series motor can be derived from its

speed/armature current N/Ia and torque/armature current T/Ia characteristics. The

characteristic (Fig. 2.24) shows that the

dc series motor has a high torque at a

low speed and a low torque at a high

speed. Hence the speed of the dc series

motor changes considerably with increas-

ing load. It is a very useful characteris-

tic for traction purposes, hoists and lifts

where at low speeds a high starting

torque is required to accelerate large

masses.

2.18.3 Compound Motor

Figure 2.25 shows the speed-torque (N/

T) characteristic of a dc compound mo-

tor. A compound motor has a high start-

ing torque together with a safe no-load

speed. These factors make it suitable for

use with heavy intermittent loads such

as lifts, hoists etc.

Fig. 2.22 Speed vs current characteristic of a dc compound motor

Fig. 2.23 Speed torque characteristic
of a dc shunt motor

Fig. 2.24 Speed torque characteristic
of a dc series motor

Fig. 2.25 Speed torque characteristic
of a dc compound motor
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2.19 Find the no load and full load speeds of a 220 V, four-pole shunt motor having

following data flux 0.04 Wb, armature resistance 0.04 W, 160 armature conductors, wave

connection, full load line current 95 A, no load line current 9 A, field resistance 44 W.

Solution

Here P = 4, V = 220 V, f = 0.04 Wb, ra = 0.04 W Z = 160 and A = 2.

Also, rsh= 44 W and Ish = 
220

A
44

 = 5 A.

Under full load condition

ILfl = 95 A

\ Iafl = 95 – 5 = 90 A

Ebfl = 220 – 90 ¥ 0.04 = 216.4 V.

Under no load condition

ILO = 9 A

\ Iao = 9 – 5 = 4 A

and Ebo = 220 – 4 ¥ 0.04 = 219.84 V.

Now, Ebo = 
60 A

oP ZNf
or No = 

60
obAE

P Zf
 = 

60 2 219.84

4 0.04 160

´ ´
´ ´

 = 1030.5 rpm

Also Ebfl = 
f l

60 A

P ZNf
or Nfl = 

60 2 216.4

4 0.04 160

´ ´
´ ´

 = 1014 rpm.

Hence the no load and full load speeds are 1030.5 rpm and 1014 rpm.

2.20 A 220 V series motor runs at 400 rpm and takes a line current of 50 A. Find the

speed and percentage change in torque if the load is reduced so that the motor takes 20 A.

The armature and the field circuit resistance is 0.5 W. Assume that the flux is proportional

to the field current.

Solution

Given V = 220V, N1 = 400 r.p.m, 
1LI  = 

1aI  = 50 A

(ra + rse) = 0.5 W, IL2 = Ia2 = 20 A.

Let the torque when line current is 50A be Te1 and when the line current is 20 A the

torque be Te2

Now
1bE = V – Ia1(ra + rse) = 220 – 50(0.5) = 195 V

and
2bE = V – Ia2(ra + rse) = 220 – 20(0.5) = 210 V

Also,
1

2

b

b

E

E
= 

1

2

12 1

2 2 2

a

a

I NN

N I N

f

f
= (∵ f • Ia)

or N2 = 
2 1

1 2

1

210 50
400

195 20

b a

b a

E I
N

E I
´ = ´ ´  = 1077 rpm

2

1

e

e

T

T
= 

2 2

1
1

2
2

2
1

a a

a
a

II

I I

f

f
= (∵ f • Ia)

or
2

1

e

e

T

T
= 

2
20 4

50 25

æ ö =ç ÷è ø .

Percentage change in torque is 
4

1
25

æ ö-ç ÷è ø  ¥ 100% or, 84%
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2.19 SPEED CONTROL OF DC MOTORS

The speed of a dc motor is given by the relationship

N = 
a aV I R

Kf

-

This speed is thus dependent upon the supply voltage V, the armature circuit

resistance Ra, and the field flux f, which is produced by the field current. Thus

there are two general methods of speed control of dc motors:

(i) Variation of resistance in the armature circuit. This method is called arma-

ture resistance control.

(ii) Variation of field flux (f). This method is called field resistance control.

2.19.1 Armature Resistance Control

In this method a variable series resistor Re is connected in series with the arma-

ture circuit. Figure 2.26 shows the method of connection for a shunt motor. The

field is directly connected across the supply and therefore the flux (f) is not

affected by variation of Re.

Fig. 2.26 Speed control of a dc shunt
motor by armature resis-
tance control

Fig. 2.27 Speed control of a dc series
motor by armature resis-
tance control

Figure 2.27 shows the method of connection of external resistance Re in the

armature circuit of a d.c series motor.

Figures 2.28(a) and (b) show typical speed/current characteristics for shunt

and series motors respectively. In both the cases the motor runs at a lower speed

as the value of Re is increased. Re carries full armature current hence Re should

be designed to carry continuously the full armature current. The main disadvan-

tages of armature control are as under:

(a) A large amount of power is wasted in the external resistance (Re).

(b) Speed control is limited to give speeds below rated and increase of speed is

not possible by this method.

(c) For a given value of the external resistance the speed reduction is not

constant but varies with the motor load.

This method can only be used for small dc motors.
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Fig. 2.28(a) Speed current characteris-
tic for shunt motor

Fig. 2.28(b) Speed current characteris-
tic for series motor

2.19.2 Variation of Field Flux (fffff)))))

The flux in the dc motor being produced

by the field current, control of speed is

possible by field current variation. In the

shunt motor, field current control is

acheived by connecting a variable resistor

RC in series with the shunt field winding

as shown in Fig. 2.29. The resistor RC is

called the shunt field regulator.

The connection of RC in the field reduces the field current which in turn

reduces the flux f. The reduction in flux will result in an increase in the speed.

This method of speed control is used to give motor speeds above normal speed.

The variation of field current in a series

motor is done by any one of the follow-

ing methods:

(a) A variable resistance Rd is con-

nected in parallel with the series

field winding as shown in

Fig. 2.30. The parallel resistor is

called the diverter. A portion of

the main current is diverted

through Rd, thus the diverter re-

duces the current flowing through

the field winding. This reduces the

flux and increases the speed.

(b) The second method uses a tapped

field control as shown in Fig. 2.31.

Here the ampere-turns are varied by

varying the number of field turns. This

arrangement is used in electric traction.

Figures 2.32(a) and (b) show the

typical speed/torque curves for shunt and

Fig. 2.29 Speed control of dc shunt
motor by field flux control

Fig. 2.30 Speed control of dc series
motor by using diverter in
the field circuit

Fig. 2.31 Speed control of dc series
motor by using tapped
field control
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series motors respectively, whose speeds are controlled by the variation of the

field flux.

The advantages of field control are that this method is easy and convenient

and since the shunt field current Ish is very small, the power loss in the shunt

field is also small.

2.21 A shunt wound motor with an armature resistance of 0.2 W is connected across a

400 V supply. The armature current is 40 A and the speed of the motor is 1000 rpm.

Calculate the additional resistance which should be connected in series with the armature

to reduce its speed to 700 rpm. Assume that the armature current remains the same.

Solution

Here ra = 0.2 W, V = 400 V, Ia = 40 A and N1 = 1000 rpm.

Let the additional resistance connected in series with armature R and N2 = 700 rpm.

Eb1 = V – Ia ra = 400 – 40 ¥ 0.2 = 392 V

Eb2 = V – Ia(ra + R) = 400 – 40 (0.2 + R)

Now for shunt motor Eb • N (as f is constant).

Hence
1

2

b

b

E

E
= 

1

2

1000

700

N

N
=

or
2bE = 

1

7 3927

10 10
bE

´
=  = 274.4 V

\ 274.4 = 400 – 40(0.2 + R)

or 8 + 40 R = 400 – 274.4 = 125.6 V

or R = 2.94 W

2.22 A series wound dc motor runs at 500 rpm and is connected across 220 V supply.

The line current is 10 A and armature circuit resistance is 0.6 W. Find the resistance to be

inserted in series to reduce the speed of the machine to 400 rpm assuming torque to vary

as the square of the speed.

Solution

Given N1 = 500 rpm, V = 220 V, Ia1 = 10 A, (ra + rse) = 0.6 W

N2 = 400 r.p.m and Te • N2

1bE = V – 
1aI (ra + rse) = 220 – 10 ¥ 0.6 = 214 V

2bE = V – 
2aI (0.6 + R)

where R is the resistance to be inserted in series with the armature.

Fig. 2.32(a) Speed torque characteris-
tic of a shunt motor

Fig. 2.32(b) Speed torque characteris-
tic of a series motor
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Now, for series motor Te • 2 .aI

Hence
1

2

e

e

T

T
= 

1

2

2 2 2
1

2 2 2
2

(500) 25

16(400)
= = =

a

a

I N

I N

or
2aI = 

16

25 1aI  = 
1

4

5
aI  = 0.8 Ia1 = 0.8 ¥ 10 = 8 A

and
1

2

b

b

E

E
= 

1

2

11 1

2 2 2

f

f
=

a

a

I NN

N I N
 (∵ in series motor f • Ia)

or
10 500214

220 8 (0.6 ) 8 400

´
=

- + ´R

or (220 – 4.8 – 8R)50 = 32 ¥ 214 = 6848

or 215.2 – 8R = 136.96

or R = 9.78 W.

2.23 A 220 V series motor takes 10 A and runs at 600 rpm. The total resistance is 0.8 W.

At what speed will it run, when a 5 W resistance is connected in series, the motor taking

the same current at the same supply voltage.

Solution

Here, V = 220 V, Ia = 10 A, N1 = 600 r.p.m, ra = 0.8 W

R = 5 W; E1 = V – Ia ra = 220 – 10 ¥ 0.8 = 212 V

E2 = V – Ia(ra + R) = 220 – 10(0.8 + 5) = 220 – 58 = 162 V

Let the speed be N2 when 5 W resistor is added.

\
1

2

E

E
= 

1 1 1

2 2 2

f

f
=

N N

N N
(As Ia remains same)

or N2 = 
2

1

E

E
 N1 = 

162

212
 ¥ 600 = 458 rpm.

2.24 A 500 V dc shunt motor runs at 250 rpm at rated full load condition and takes an

armature current of 200 A. The armature resistance is 0.12 W. Find the speed of the motor

when the field circuit resistance is increased such that the flux is reduced to 80% of the

normal value and the motor is loaded for an armature current of 100A.

Solution

Given, V = 500 V, N1 = 250 rpm. Ia = 200 A and ra = 0.12 W

1bE = V – Ia ra = 500 – 200 ¥ 0.12 = 476 V

Let initial flux be f.

When armature current ¢aI  is 100 A, the flux f¢ = 0.8 f, and the speed is N, we have

Eb2 = V – ¢aI ra = 500 – 100 ¥ 0.12 = 488 V

∵
1

2

b

b

E

E
= 

1

2

f

f ¢

N

N
or, N2 = 

2

1

f

f ¢
b

b

E

E
 N1 = 

488

476 0.8

f

f
´  ¥ 250

\ N2 = 320 rpm.
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2.25 A dc shunt machine connected to a 400 V mains has an armature and field circuit

resistance of 0.2 W and 250 W respectively. Find the ratio of the speed when the machine

acts as a generator to the speed when the machine acts as a motor, if the line current in

each case is 100 A.

Solution

Given V = 400 V, ra = 0.2 W, rsh = 250 W, IL = 100 A

Also, Ish =
400

250
 = 1.6 A

When the machine acts as a generator

1aI = 100 + 1.6 = 101.6 A [Q Ia(gen) = IL + If ]

E1 = V + 
1aI ra = 400 + 101.6 ¥ 0.2 = 420.32 V

Let the speed of the generator be N1 when the machine acts as a motor.

2aI = 100 – 1.6 = 98.4 A [
( motor )aI  = IL – If]

So,E2= V – 
2aI ra = 400 – 98.4 ¥ 0.2 = 380.32 V

\ 1

2

E

E
=

1 1 1

2 2 2

f

f
=

N N

N N
(As flux is constant)

or
1

2

N

N
=

420.32

380.32
 = 1.105.

2.20 LOSSES IN A DC MACHINE

There are three types of major losses in a dc machine.

(a) Copper Losses There are two types of copper losses. One is armature

copper loss and the other is field copper loss. Armature copper loss =
2
aI ra, where Ia is the armature current and ra is the armature resistance.

Field copper loss = Shunt field copper loss + Series field copper loss.

= 2
sh

I rsh + 2
seI rse, where Ish  and Ise are the shunt and

series field current, rsh and rse are the shunt and series field resistance.

Brush contact loss is due to resistance of the brush contact. It is included

in armature copper losses.

(b) Iron Losses (Core or Magnetic Losses) These losses occur in the arma-

ture and field core. They are of two types—hysteresis loss and eddy cur-

rent loss. Hysteresis loss = Kh
1.6
mB f and Eddy current loss = KB

2
mB f where

Bm = maximum flux density, f = frequency of magnetic reversal and Kh and

Ke are constants.

(c) Mechanical Losses These losses consist of bearing frictional and wind-

age loss.

In a medium-size motor, armature copper losses are about 30% to 40% of the

total full load losses and field copper losses are about 20% to 30% of total full

load losses. Iron losses are about 20% and mechanical losses are about 5 to 10% of

the total full load losses. For small motors mechanical losses are comparable with

full load losses while for larger motors, mechanical losses may be neglected.
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Iron losses and mechanical losses are constant for a particular machine and

they are together known as no load rotational losses.

Besides the above three types of losses there is an additional loss known as

stray load loss. All the losses which do not belong to any of the above categories

may be included in this group. In most machines stray load loss is taken as 1% of

the rated output of the machine and is usually neglected.

Efficiency of dc Machines

Efficiency h = 1 – 
Losses

Input

Input – LossesOutput

Input Input
h

È ˘
= =Í ˙

Î ˚
Q

For a generator, hg = 1 – 
losses

,
+ lossesLVI

 where V is the terminal voltage and IL is

the line current; V IL is the output power.

For a motor, hm = 1 – 
losses

LV I
; here VIL is the input power. h may also be ex-

pressed in %, if multiplied by 100.

Condition for Maximum Efficiency for a dc Generator

hg =
2

L

L a a f f o

V I

V I I r V I W+ + +
Now, Vf If + Wo = constant (= C ) and as (If ) is negligible so IL = Ia.

Here, V IL = output power
2
a aI r = armature copper loss

Vf If = shunt field copper loss

Wo = No load rotational loss.

So, hg =
2

L

L aL

V I

V I I r C+ +
.

Maximum efficiency occurs when

g

L

d

dI

h
=

2

2 2

( ) ( 2 )

( )

L a L L aL

L aL

V I I r C V V I V I r

V I I r C

+ + - +

+ +
 = 0

or V IL +
2
LI ra + C = V IL + 2

2
aLI r

or C =
2

aLI r .

Hence, constant loss = variable armature circuit loss. Hence a generator has maxi-

mum efficiency when variable loss equals constant loss.

The load current at maximum efficiency is given by

IL =
constant loss

ar
.

2.26 A 480 V, 20 kW shunt motor takes 2.5 A when running at no load. Taking the

armature resistance to be 0.6 W, field resistance to be 800 W and brush drop 2 V, find the

full load efficiency.
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Solution

Here, V = 480 V, P = 20 ¥ 103 W, IL = 2.5 A (no load), ra = 0.6 A, rsh = 800 W

\ Ish =
sh

480

800

V

r
=  = 0.6 A

Input power at no load = VIL (no load) = 480 ¥ 2.5 = 1200 W

Field copper loss = 2
sh

I rsh = (0.6)2 ¥ 800 = 288 W.

Armature current (no load)

Ia = IL – Ish = 2.5 – 0.6 = 1.9 A.

Armature copper loss (no load) = 2
aI ra = (1.9)2 ¥ 0.6 = 2.166 W

Brush contact loss = 2 ¥ Ia = 3.8 W

So, (Core loss + Frictional losses) = 1200 – 288 – 2.166 – 3.8 = 906.034 W

Under full load condition,

IL =

320 10

480

¥
 = 41.67 A

\ Ia = IL (full load) – Ish = 41.67 – 0.6 = 41.07 A

Armature copper loss at full load = (41.07)2 ¥ 0.6 = 1012.05 W

Total losses = 1012.05 + 288 + 906.034 + 2 ¥ 41.07 = 2288.22 W

Hence, full load efficiency = 
Input – Loss

Input

= 1 – 
Loss

Input
 = 1 – 

2288.22

20,000
 = 0.8855 or, 88.55%.

2.27 A 100 kW, 220V dc shunt generator has the following data:

Armature resistance = 0.1 W
Mechanical loss = 5 kW

Iron losses = 5 kW

Shunt field resistance = 220 W
Brush contact drop = 1 V per brush

Stray losses are 1% of output.

Find the efficiency at full load. Also find the input torque if the speed is 1000 rpm.

Solution

Given, Output = 100 W

Terminal voltage = 220 V

Line current IL =

3100 10

220

¥
 = 454.54 A

Field current Ish =
220

220
 = 1 A

Armature current Ia = IL + Ish = 454.54 + 1 = 455.54 A

Field copper loss
2
sh

I rsh = 12 ¥ 220 = 220 W

Armature copper loss
2
a aI r = (455.54)2 ¥ 0.1 = 20751.67 W

Brush contact loss = 1 ¥ 2 ¥ 455.54 = 911.08 W

Mechanical loss = 5000 W.

Iron loss = 5000 W

Stray losses = 0.01 ¥ 100 ¥ 103 = 1000 W
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Total loss = 220 + 20751.67 + 911.08 + 5000 + 5000 + 1000

= 32882.75 W = 32.88 kW

Input power = Output + Loss = (100 + 32.88) kW = 132.88 kW

\ Efficiency = 
Output

Input
¥ 100% = 

100

132.88
¥ 100% = 75.25%

Speed = 1000 rpm

Q Angular velocity w =
2 1000

60

p ¥
rad/s = 104.67 rad/s

Input torque = 
Input power

w
 = 

3132.88 10
Nm

104.67

¥
 = 1269.51 Nm.

2.28 A 400 V shunt motor with armature and field resistance of 0.1 W and 200 W takes

no load current of 10 A at 1500 rpm. If full load current is 100 A find the speed and

output torque at full load. Assume that the mechanical losses are same at no load and full

load.

Solution

Given, V = 400 V, ra = 0.1 W, rsh = 200 W
At no load

1LI = 10 A

N1 = 1500 rpm

Ish =
sh

400

200

V

r
=  = 2 A

\
1aI =

1LI  – Ish = 10 – 2 = 8 A

Armature copper loss = (8)2 ¥ 0.1 = 6.4 W [at no load]

Back emf
1bE = V – 

1a aI r  = 400 – 8 ¥ 0.1 = 399.2 V

Input power at no load = 400 ¥ 10 = 4000 W (= total loss)

So, constant losses (i.e mechanical loss + core loss + shunt field copper loss) = 4000 – 6.4

= 3993.6 W

At full load,

2LI = 100 A

Hence,
2aI = 100 – 2 = 98 A

Armature copper loss is (98)2 ¥ 0.1 = 960.4 W (at full load)

Back emf (
2bE ) = 400 – 98 ¥ 0.1 = 390.2 W

If N2 be the speed at full load

1

2

b

b

E

E
=

1

2

N

N

or N2 =
2

1

b

b

E

E
N1 = 

390.2

399.2
¥ 1500 = 1466 rpm

Input power at full load = 100 ¥ 400 = 40000 W

\ Total loss = 3993.6 + 960.4 = 4954 W (at full load)
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Output power = Input power – Loss = 40,000 – 4954 = 35046 W (at full load)

Angular velocity w = 
22 2 1466

60 60

Np p ¥
=  rad/s = 153.44 rad/s

Output torque at full load = 
35046

153.44
 Nm = 228.4 Nm

output

(output)P
T

w

È ˘
=Í ˙

Î ˚
Q .

2.29 A 400 V dc shunt motor runs at 1000 rpm and takes an input of 1500 W under no

load condition. The armature and shunt field resistance are 0.3 W and 200 W respectively.

Find the efficiency when the machine is used as a generator supplying 100 A at 400 V.

Solution

For motor at no load,

Input power = 1500 W

Line current = 
1500

400
 = 3.75 A [no load]

Shunt field current = 
400

200
 = 2 A

Hence, armature current Ia = 3.75 – 2 = 1.75 A,

Armature copper loss = (1.75)2 ¥ 0.3 = 0.9187 W [no load]

Constant loss = Mechanical loss + core loss + Shunt field copper loss

= 1500 – 0.9187 = 1499.08 W

For generator, output = 100 ¥ 400 = 40,000 W

Line current = 100 A

Armature current = 100 + 2 = 102 A

Armature copper loss = (102)2 ¥ 0.3 = 3121.2 W

So,total loss= 3121.2 + 1499.08 = 4620.28 W

Efficiency = 
Output

Output + Loss
 = 

40,000

40,000 + 4620.28
 = ¥ 100% = 89.65%.

2.30 A 200 V dc shunt generator runs at 1000 rpm at no load taking an input of 700 W.

The armature resistance is 0.2 W and the shunt field current is 2A. Find the line current at

which maximum efficiency occurs. Also find the value of maximum efficiency.

Solution

At no load, Input power = 700 W

Line current = 
700

200
 = 3.5 A (no load).

Shunt field current = 2 A.

Hence, armature current at no load = 3.5 + 2 = 5.5 A

Armature copper loss at no load = (5.5)2 ¥ 0.2 = 6.05 W

Constant loss = 700 – 6.05 = 693.95 W.

Maximum efficiency occurs when constant loss = variable loss.

In shunt machines variable loss is the armature copper loss.

If Ia be the armature current at which maximum efficiency occurs, then
2
aI ¥ 0.2 = 693.95

or Ia =
693.05

0.2
 = 58.9 A
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\ The line current at which maximum efficiency occurs is  (58.9 – 2) = 56.9 A.

Output power = 56.90 ¥ 200 = 11380 W;

Total losses = 693.95 ¥ 2 = 1387.9 W (Q constant loss = variable loss

hence total loss = 2 ¥ constant loss)

\ Efficiency = 
11380

11380 1387.9+
¥ 100% = 89.13%.

2.31 A 1500 kW, 550 V, 16-pole series generator runs at 150 rpm. What must be the

useful flux per pole if there are 2500 lap connected armature conductors and full load

copper losses are 25 kW?

Solution

In a series generator,

Line current = Armature current

Hence, Ia =

31500 10

550

¥
A = 2727.27 A

Now, copper loss = 2
a aI r  = 25 ¥ 103 W

\ ra =

3

2

25 10

(2727.27)

¥
 = 0.00336 W

Generated emf E = V + Ia ra = 550 + 2727.27 ¥ 0.00336 = 559.167 V.

If f be the flux per pole, we can write

559.167 = 
16 2500 150

60 A 60 16

P ZN ff ¥ ¥
=

¥
 = 6250 f

\ f = 0.08947 Wb.

2.21 DC MOTOR STARTING

The armature current of a motor is given by

Ias =
b

a

V E

R

-

Thus, Ia depends upon Eb and Ra when V is kept constant. When a motor is

first switched on, the armature is stationary so the back emf Eb is zero (Q Eb μ
speed).

The initial starting armature current Ia is given by

Ias =
0

a a

V V

R R

-
= .

Since the armature resistance of a motor is very small, generally less than one

ohm, therefore the starting armature current Ias would be very large. For example,

if a motor with armature resistance of 0.2 W is connected directly to

a 230 V supply, then

Ias =
230

0.2a

V

R
=  = 1150 A

This large current would damage the brushes, commutator, or windings. Also it

may damage supply installation.

As the motor speed increases, the back emf increases and the difference (V –

Eb) goes on decreasing. This results in the gradual decrease of Ias until the motor
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attains its stable rated speed and the corresponding back emf. Under this condition

the armature current reaches its desired rated value. Thus, it is found that the

back emf helps the armature resistance in limiting the current through the armature.

Since the starting current is very large, at the time of starting of dc motors

(except very small motor) an extra resistance must be connected in series with the

armature. This would limit the initial current to a safe value until the motor has

built up the stable speed and back emf Eb.

This external starting resistance is basically known as the starter resistance.

The series resistance is divided into sections which are cut out one by one as

the speed of the motor increases and the back emf builds up. When the speed of

the motor attains its normal value, the extra resistance is completely cut out.

2.21.1 Three-point Starter

A three-point starter connected to a dc shunt motor is shown in Fig. 2.33. As only

three terminals, i.e. L, A and F are available from the starter it is called a three-

point starter. The terminal L of the starter is connected to the supply terminal, A to

the armature and F to the field terminal.

Fig. 2.33 Three-point starter for a dc shunt motor

When the motor is at rest the starter handle S is kept in the “OFF” position by

a spring and motor is disconnected from the supply. When the motor is to be

started the handle is moved to stud 1. The shunt field and the holding coil gets

the supply and entire starting resistance is connected in series with the armature.

The armature starts rotating and the handle is gradually moved through all the

studs until it touches the holding magnet. The holding magnet is called the no

volt release or low voltage release coil. In case of power failure the holding coil

gets demagnetized and the handle is brought back to “OFF” position by a spring

action. Again, if by any chance the shunt field winding gets open circuited the

holding magnet gets demagnetized and starter handle returns to the “OFF”

position.
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There is another coil called overload release coil which protects the motor

against excessive load current. When armature current exceeds a particular value

the overload release coil attracts the soft iron armature and as a result the no volt

release coil gets short circuited. The starter is pulled back to the “OFF” position

by the spring action as the holding coil gets demagnetized. The motor is thus

automatically switched off.

2.22 REVERSAL OF ROTATION OF DC MOTOR

The direction of rotation of a dc motor can be reversed by reversing the connec-

tions of either the field winding or the armature but not both.

It is to be noted that in order to reverse the direction of rotation of a compound

motor the reversal of the field connections involves both shunt and series wind-

ings.

2.23 DC MACHINE APPLICATIONS

Applications of a dc machine are discussed as follows.

2.23.1 Generator Applications

DC generaters are nowadays used in dynamometers (for measuring torque etc.),

for welding purpose, as control type dc generator for closed loop systems, perma-

nent magnet dc generators, etc. Separately excited dc generators are used (a) to

serve as an excitation source for large alternators in power generating stations (b)

to serve as control generator in Ward-Leonard system of speed control and (c) to

serve as auxiliary and emergency power supplies.

2.23.2 Motor Applications

When constant speed service at low speed is required in industries shunt motors

are used. When driven load requires a wide range of speed control dc shunt

motor is used, e.g. in lathes.

Since series motor have high starting torque it is best suited for driving hoists,

trains, cranes, etc. They are widely used in all types of electric vehicles, electric

trains, street cars, battery powered portable tools, etc.

Compound motors are used in rolling mill drive, punching press, planning or

miling machine. When the supply voltage across the motor terminals is likely to

vary considerably such as in traction motors, compound motors are preferred.

As separately excited dc motors are easily adaptable to a wide range of speed

and torque control, in high power applications these are widely used in steel and

aluminium rolling mills and Ward Leonard method of speed control. In low power

applications separately excited dc motor finds use as control motor.
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ADDITIONAL EXAMPLES

2.32 A 4-pole dc armature wave winding has 294 conductors;

(i) What flux per pole is necessary to generate 230 V when rotating at 1500 rpm?

(ii) What is the electromagnetic torque at this flux when the rated armature current of

120 A is flowing?

Solution

Here, P = 4, A = 2 and Z = 294

(i) E = 230 V, N = 1500 rpm

E =
60 A

P ZNf

or f =
60 60 2 230

4 294 1500

AE

P Z N

¥ ¥
=

¥ ¥
 = 0.0156 Wb.

(ii) Ia = 120 A

Te = KfIa = 
2

PZ

Ap
f Ia =

4 294

2 2p

¥

¥
¥ 0.0156 ¥ 120 Nm = 175.276 Nm.

2.33 A dc machine is generating 125 V while delivering 8 A to a load. If its armature

circuit resistance is 1.35 W, what voltage must be generated internally in the armature?

Solution

Here, V = 125 V, IL = 8 A, ra = 1.35 W
\ E = V + Ia ra = 125 + 8 ¥ 1.35 = (125 + 10.8)V = 135.8 V.

2.34 A shunt motor has a rated armature current 50A when connected to

200 V. The rated speed is 1000 rpm and armature resistance is 0.1 W. Find the speed if

total torque is reduced to 70% of that at rated load and a 3W resistance is inserted in series

with the armature.

Solution

Given,
1aI = 50 A, V = 200 V, N1 = 1000 rpm,

ra = 0.1 W, Te2 = 0.7 Te1

As Te • f Ia

So
2aI = 0.7 Ia1 (f = constant for shunt motor)

or
2aI = 0.7 ¥ 50 = 35 A

1bE = V – Ia1 ra = 200 – 50 ¥ 0.1 = 195 V

2bE = V – Ia2(ra + 3) = 200 – 35(0.1 + 3) = 200 – 35 ¥ 3.1 = 91.5 V

Since
1

2

b

b

E

E
=

1

2

N

N
 (As f = constant)

So N2 =
2

1

b

b

E

E
N1 = 

91.5

195
¥ 1000 = 469 rpm.

2.35 A dc series motor drives a load whose torque varies as cube of the speed. The

armature and series field resistance together is 2 W. The line current is 10 A when con-

nected to a 400 V supply and the speed is 1500 rpm. Find the resistance to be connected

in series with the armature to reduce the speed to 1000 rpm.
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Solution

Te • 2
aI  (in series motor)

Here, Te • N3. So, 2
aI • N3

Also, ra + rse = 2 W

IL1 = 10 A = (Ia1), V = 400 V and N1 = 1500 rpm

When resistance R is connected in series with armature, let speed N2 = 1000 rpm and

armature current is Ia2

2

1

2

2

a

a

I

I
=

3 3
1

3 3
2

(1500)

(1000)

N

N
=

or Ia2 =

3
1000

1500

Ê ˆ
Á ˜Ë ¯ ¥ (10)2

\
2

2aI = 5.44 A

2bE = V – 
2aI (ra + rse + R) = 400 – 5.44 (2 + R)

Now,
1bE = V – 

1aI (ra + rse) = 400 – 10 ¥ 2 = 380 V

Again
1

2

b

b

E

E
=

1

2

1

2

a

a

I N

I N
(for series motor)

Here,
2bE =

2

1

2

1

a

a

I N

I N
¥ 380 = 

5.44 1000

10 1500

¥

¥
¥ 380 = 137.897 V

\ 400 – 5.44(2 + R) = 137.897

or R = 46.18 W.

2.36 A 50 kW, 400 V dc shunt generator has field and armature resistance of 200 W and

0.1 W respectively. The full load speed is 1000 rpm. Find the speed of the machine when

running as a motor and taking 50 kW from a 400 V supply. Assume brush contact drop of

1 V per brush.

Solution

Here, r sh = 200 W and ra = 0.1 W
For dc shunt generator

Ish = (V/Rsh) = 
400

200
A = 2A

IL =
Power output

Terminal voltage
 = 

350 10

400

¥
 = 125 A.

\ Ia = (IL + Ish) = (125 + 2) A = 127 A

Eg = V + Ia ra = 400 + 127 ¥ 0.1 = 412.7 V.

Similarly, for a dc shunt motor,

IL =

350 10

400

¥
A = 125 A

Ish  = 
400

200
A = 2 A, Ia = (125 – 2)A = 123 A

\ Eb = V – Ia ra = 400 – 123 ¥ 0.1 = 387.7 V.
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If speed of the motor is N2 then comparing the two cases of operation we have

g

b

E

E
=

2

1000

N

or N2 = 1000 ¥ 387.7

412.7
 = 939 rpm.

2.37 A dc motor takes an armature current of 100 A at 230 V. The armature resistance

is 0.03 W. The total number of lap connected armature conductors is 500 and the number

of poles is 4. The flux per pole is 0.03 Wb. Find the speed and torque.

Solution

Here, Ia = 100 A, V = 230 V, ra = 0.03 W
A = P = 4, Z = 500 and f = 0.03 Wb

\ Eb = V – Ia ra = 230 – 100 ¥ 0.03 = 227 V

Also, Eb =
60 A

P ZNf

or N =
60 60 227

0.03 500

bAE

P Zf

¥
=

¥
 = 908 rpm (Q A = P)

\ Te =
227 100

2 908

60

b aE I

w p

¥
=

¥
 = 238.85 Nm.

2.38 A 50 kW belt driven shunt generator is running at 300 rpm and delivers rated load

to a 250 V bus bar. The armature and shunt field resistances are 0.025 W and 50 W
respectively. Suddenly the belt breaks and the machine continues to run as a motor taking

5 kW from bus bars. Find the speed of the motor allowing brush drop of 1 V per brush.

Solution

When the machine acts as a generator, we have

P = 50,000 W, N1 = 300 rpm, V = 250 V, ra = 0.025 W and rsh = 50 W.

\ IL =
P

V
 = 

50000

250
A = 200 A

Ish =
sh

V

r
 = 

250

50
A = 5 A

Ia = (IL + Ish) = (200 + 5)A = 205 A

E1 = V + Ia ra + 2 ¥ 1 = (250 + 205 ¥ 0.025 + 2)

E1 = 257.125 V.

When the machine acts as a motor, we have

IL =
5000

250
A = 20 A

Ia = (20 – 5) A = 15 A

E2 = 250 – 15 ¥ 0.025 – 2 = 247.625 V.

If N2 be the speed of the motor

N2 =
2

1

E

E
N1 = 

247.625

257.125
¥ 300 rpm = 289 rpm.



DC Machines I.2.39

2.39 A 600 V dc motor drives a 60 kW load 700 rpm. The shunt field resistance is

100 W and armature resistance is 0.16 W. If the motor efficiency is 85%, calculate the

speed at no load and speed regulation.

Solution

Output = 60000 W, V = 600, N1 = 700 rpm, rsh = 100 W,

ra = 0.16 W, h = 0.85.

Input power  = 
Output power

Efficiency
 = 

60000

0.85
 = 70588 W

\ IL =
Input power

Terminal voltage
 = 

70588

600
 = 117.65 A;

Ish =
sh

V

r
 = 

600

100
A = 6 A

Ia = IL – Ish (for motor) = 117.65 – 6 = 111.65 A

Also,
1bE = V – Ia ra = 600 – 111.65 ¥ 0.16 = 582.136 V

At no load,

2bE = V = 600 V

It no load speed is N2 then

N2 = N1
2

1

b

b

E

E
 = 700 ¥ 600

582.136
 rpm = 721 rpm.

Speed regulation = 
721 700

700

-
¥ 100% = 3%.

2.40 A 200 V shunt motor has ra = 0.1 W, rsh = 240 W and rotational loss is 236 W. On

full load the line current is 9.8 A with the motor running at 1450 rpm. Find (i) the

mechanical power developed (ii) power output (iii) load torque and (iv) full load efficiency.

Solution

Here, V = 200 V, ra = 0.1 W, rsh = 240 W, Ifl = 9.8 A

Nfl = 1450 rpm. Rotational loss = 236 W

\ Ish =
sh

V

r
 = 

200

240
 = 0.833 A

and Ia = (Ifl – Ish) = 9.8 – 0.833 = 8.97 A

Also, Eb = V – Ia ra = 200 – 8.97 ¥ 0.1 = 199 V

(i) Mechanical power developed is Eb Ia = 199 ¥ 8.97 = 1785 W = 1.785 kW.

(ii) Power output = 1785.9 – 236  1549 W = 1.55 kW.

(iii) Load torque = 
Power output 1549 60

2 1450w p

¥
=

¥
 = 10.2 Nm.

(iv) Full load efficiency = 
Output 1549

Input 200 9.8
=

¥
 = 0.791 = 79.1%.



Basic Electrical and Electronic Engineering-III.2.40

2.41 A dc series motor runs at 1500 rpm and takes 100 A from 400 V supply. The

combined resistance of the armature and field is 0.5 W. If an additional resistance of 5 W is

inserted in series with the armature circuit, find the motor speed if the electromagnetic

torque is proportional to the square of the speed.

Solution

N = 1500 rpm; Ia = IL = 100 A; V = 400 V;

(ra + rse) = 0.5 W
Te • f Ia

As f • Ia,

Te • 2
aI

Again Te • N2

Hence, Ia • N

\ Ia = KN (K being a consant)

or, K =
100 1

1500 15
=

Now,
1bE = V – Ia(ra + rse) = 400 – 100 ¥ 0.5 = 350 V

and
2bE = V – Ia2(ra + rse + 5) = 400 – Ia2(5.5)

If the speed is N when 5 W resistor is connected, then we can write

1

2

1

2

b

b

E N

E N
= or,

2

350 1500

400 5.5 aI N
=

-

1

2

initial speed

= 1500 rpm

N

N N

=È ˘
Í ˙
Í ˙
Í ˙∫Î ˚

or, 350 N = 600,000 – 5.5 ¥ K ¥ N ¥ 1500.

or, N  667 rpm.

2.42 A dc shunt motor runs at 750 rpm from 250 V supply and takes a full load line

current of 60 A. Its armature and field resistances are 0.4 W and 125 W respectively.

Assuming 2 V brush drop calculate no load speed for a no load line current of 6 A and the

resistance to be added series with the armature circuit to reduce the full load speed to

600 rpm.

Solution

Given, Nfl = 750 rpm; V = 250 V; Ifl = 60 A

ra = 0.4 W, rsh = 125 W
Inl = 6 A

Iafl = 60 – 
250

125
 = 58 A 

sh
af l f l

V
I I

r

È ˘Ê ˆ= -Í ˙Á ˜Ë ¯Î ˚
Q

Ebfl = 250 – 58 ¥ 0.4 – 2 = 224.8 V [Q Ebf l = V – Iaf l ¥ ra]

Ianl = 6 – 
250

125
 = 4 A 

È
ÍÎ
Q Ianl = Inl – Ish = Inl – 

sh

V

r

˘
˙̊

Ebnl = 250 – 4 ¥ 0.4 – 2 = 246.4 V [Q Ebnl = V – Ianl ¥ ra – brush drop]

[Suffix nl stands for no load parameters while suffix f l stands for full load parameters]

If N be the no load speed then we have

N = Nfl ¥ bnl

bfl

E

E
 = 750 ¥ 246.4

224.8
 = 822 rpm
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If R be the resistance connected in series with the armature circuit then we can write,

Eb = [250 – Ia(0.4 + R) – 2] and N ¢ = 600 rpm

or Eb = [248 – 60(0.4 + R)] = 224 – 60 R.

\
224 60 600

246.4 822

R-
= b

bnl

E N

E N

È ˘¢
=Í ˙

Î ˚
Q

or 224 – 60 R = 179.85

or R = 0.736 W.

2.43 A 25 H.P., 240 V, 1000 rpm, 4-pole dc shunt motor has 1000 conductors arranged

in 2 parallel paths. The armature circuit resistance is 0.3 W, field current and line current

are 2 A and 100 A respectively. Find (i) flux per pole, (ii) torque developed, (iii) rotational

losses, (iv) total losses expressing as a percentage of power.

Solution

Output power P = 25 H.P. = 25 ¥ 735.5 W = 18387.5 W

V = 240 V, N = 1000 rpm, P = 4, Z = 1000,

A = 2, ra = 0.3 W, Ish = 2 A, IL = 100 A,

Ia = IL – Ish = 100 – 2 = 98 A

and Eb = V – Ia ra = 240 – 98 ¥ 0.3 = 210.6 V

(i) Also Eb = 
60

P ZN

A

f
 where f = flux per pole

or f = 
60 60 2 210.6

4 1000 1000

bAE

PZN

¥ ¥
=

¥ ¥
 = 0.0063 Wb.

(ii) Te = 
2

aP ZI

A

f

p
Nm = 

4 0.0063 1000 98

2 2p

¥ ¥ ¥

¥
 = 196.62 Nm.

(iii) Power developed by the motor (= Eb Ia) = 210.6 ¥ 98 = 20638.8 W

Rotational losses = EbIa – output power = 20638.8 – 18387.5 = 2251.3 W

(iv) Armature copper loss (= 2
a aI r ) = (98)2 ¥ 0.3 = 2881.2 W

Field copper loss (= V Ish) = 240 ¥ 2 = 480 W

Total losses = (2881.2 + 480 + 2251.3)W = 5612.5 W

\ % loss = 
5612.5

18387.5
¥ 100% = 30.52%.

2.44 A 220 V shunt motor takes 10.25 A on full load. The armature resistance is 0.8 W
and the field resistance is 880 W. The losses due to friction, windage and the iron amount

to 150 W. Find the output power and the efficiency of the motor on full load.

Solution

Motor input on full load = 220 ¥ 10.25 = 2255 W

Field current = 
220

880
 = 0.25 A

Armature current = 10.25 A – 0.25 A = 10 A

Armature copper loss = (10)2 ¥ 0.8 = 80 W

Field copper loss = (0.25)2 ¥ 880 = 55 W

Total loss = total copper loss + friction, windage and iron loss

= (80 + 55 + 150) = 285 W
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Output power = Input – Loss = 2255 – 285 = 1970 W

Efficiency = 
Output

Input
 ¥ 100% = 

1970

2255
¥ 100% = 87.36%.

2.45 A dc shunt motor has an armature resistance of 0.9 W and takes an armature current

of 18A from 230 V dc mains. Calculate the power output and overall efficiency of the

motor if the rotational losses are measured to be 112 W and the shunt field resistance is

300 W.

Solution

Armature current = 18 A

Field current = 
230

300
 = 0.767 A

Line current = 18.767 A

Armature copper loss = (18)2 ¥ 0.9 = 291.6 W

Field copper loss = (0.767)2 ¥ 300 = 176.48 W

Total losses = 291.6 + 176.48 + 112 = 580.08 W

Output power = Input power – Loss = 18.767 ¥ 230 – 580.08 = 3736.33 W = 3.74 kW.

Overall efficiency = 
Output

Input
¥ 100% = 

3736.33

18.767 230¥
¥ 100% = 86.56%.

2.46 A dc shunt motor running at 1200 rpm has armature resistance of 0.15 W. The

current taken by the armature is 60 A when the applied voltage is 220 V. If the load is

increased by 30% find the variation in the speed.

Solution

Given ra = 0.15 W
When speed N1 = 1200 rpm the back emf is

1bE = 220 – 60 ¥ 0.15 = 211 V.

Let the output power be P1.

If the load is increased by 30% the output power P2 = 1.3 P1 and let the back emf and

speed be 
2bE  and N2 respectively

We have,
2 2b aE I = 1.3

1 1b aE I  = 1.3 ¥ 211 ¥ 60 = 16458 W

Now
2bE = 220 – Ia2 ¥ 0.15 = 220 – 0.15 ¥

2

16458

bE

or 2
2b

E = 220
2bE  – 2468.7 or 

2

2bE  – 220
2bE  + 2468.7 = 0

or
2bE =

220 48400 9874.8 220 196

2 2

± - ±
=

or
2bE = 208.14 V.

Speed = 
208.14

211
¥ 1200 = 1184 rpm.

2.47 A 230 V, 10 kW shunt motor with a stated full load efficiency of 85% runs at a

speed of 1000 rpm. At what speed should the motor be driven if it is used as a generator

to supply an emergency lighting load at 230 V? The armature resistance is 0.2 W and the

field resistance is 115 W. Find the kW rating of the machine under this condition. Assume

that the line current is same in both the cases.
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Solution

Output = 10 kW = 10,000 W

Input = 
10000

0.85
 = 11764.7 W

Shunt field current = 
230

115
A = 2A (= Ish).

Full load line current = 
11764.7

230
A = 51.15 A (= If l).

When the machine runs as a motor

Armature current [(Ia(m) ) = If l – Ish)] = 51.15 – 2 = 49.15 A

Back emf [(Eb(m)) = V – Ia(m) ¥ ra] = 230 – 49.15 ¥ 0.2 = 220.17 V

When used as a generator,

Armature current [Ia( g) = If l + Ish ] = 51.15 + 2 = 53.15 A

Generated emf [Eb(g) = V + Ia(g) ¥ ra] = 230 + 53.15 ¥ 0.2 = 240.63 V.

If Ng be the speed of the  generator then

Ng = 1000 ¥ 240.63

220.17
 = 1093 rpm 

( )

( )

b gg

m b m

EN

N E

È ˘
=Í ˙

Í ˙Î ˚
Q

Rating of the machine (V ¥ If l ¥ 10–3) = 
230 51.15

1000

¥
kW = 11.76 kW.

EXERCISES

Short- and Long-Answer-Type Questions

1. Draw a neat sketch of a dc machine showing different parts. State the func-

tion of each part.

2. Derive the emf equation of a dc generator.

3. What are the different types of dc generators according to the ways in

which fields are excited. Show the connection diagram of each type.

4. Distinguish between

(i) self-excited and separately excited dc machines

(ii) lap connected and wave connected dc machines

(iii) cumulatively wound and differentially wound dc machines.

(iv) long shunt and short shunt dc machines.

5. What is armature reaction? Describe the effects of armature reaction on the

operation of dc machines. How is the armature reaction minimised?

6. What is commutation in a dc machine? Describe the various methods of

improving commutation.

7. Describe the process of voltage build up in a self-excited dc machine. What

are the conditions for voltage build up in a dc machine?

8. Draw the external characteristics of various types of dc generators.

9. What is meant by back emf? Explain the principle of torque production in a

dc motor.

10. Derive the equation of torque for a dc motor.

11. Describe in details the methods of speed control of dc shunt motor.
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12. What is the necessity of a starter in a dc motor? Explain with the help of a

neat sketch the principle of operation of a three-point starter. What are the

functions of no volt and overload release coils?

13. Draw and explain the speed current, torque current and speed torque char-

acteristics of (i) a dc shunt motor (ii) a dc series motor.

14. What are the losses that occurs in dc machines? Derive the condition for

maximum efficiency in a dc generator.

15. A 4-pole dc generator has 51 slots and each slot contains 20 conductors.

The machine has a useful flux of 0.007 Wb and runs at 1500 rpm. Find the

induced emf if the machine is wave wound. [Ans. 357 V]

16. A dc generator has an armature emf of 100 V when the useful flux per pole

is 20 m Wb and the speed is 800 rpm. Calculate the generated emf with the

same flux and a speed of 1000 rpm. [Ans. 125 V]

17. A short shunt compound dc generator delivers 100 A to a load at 250 V. The

generator has shunt field, series field and armature resistance of 130 W,

0.1 W and 0.1 W respectively. Calculate the generated voltage. Assume 1 V

drop per brush. [Ans. 272.2 V]

18. The armature of an 8-pole dc machine has a wave winding containing

664 conductors. Calculate the generated emf when the flux per pole is 0.08

Wb and the speed is 210 rpm. At what speed should the armature be driven

to generate 500 V, if the flux per pole is made 0.06 Wb?

[Ans. 743.7 V, 188 rpm]

19. A 4-pole, 220 V, dc shunt generator has an armature resistance of 1 W, shunt

field resistance of 220 W. The generator supplies power to a 10 W resistor.

Calculate the generated emf of the generator if the load voltage is to be

maintained at 220 V. Assume brush contact drop = 2 V.

[Ans. 245 V]

È
ÍÎ

Hint: Generated emf, E = 220 + Iara + 2

IL =
220

A
10

= 22 A

Ish =
220

A
220

 = 1 A

Ia = 22 + 1 = 23 A

\ E = 220 + 23 ¥ 1 + 2 = 245 V
˘
˙̊

20. A 4 pole, 220 V, dc shunt motor has armature and shunt field resistances of

0.2 W and 220 W respectively. It takes 20 A at 220 V from a source while

running at a speed of 1000 rpm. Find the (i) field current, (ii) armature current

(iii) back emf (iv) torque developed.

[Ans. 1 A; 19 A; 216.2 V; 39.25 Nm]

È
ÍÎ

Hint: (i) Field current Ish = 
220

A
220

 = 1 A

(ii) Armature current Ia = 20 – 1 = 19 A
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(iii) Back emf Eb = 220 – 19 ¥ 0.2 = 216.2 V

(iv) Torque T = 
216.2 19

2 1000

60

b aE I

w p

¥
=

¥
 Nm = 39.246 Nm

˘
˙̊

21. A 400 V shunt generator has a full load current of 200 A, its armature

resistance is 0.06 W and field resistance 100 W, the stray losses are

2000 Watts. Find the input H.P. of the generator. [Ans. 117.06 HP]

22. A 100 kW, 460 V shunt generator was run as a motor on no load at its rated

voltage and speed. The total current drawn was 9.8 A including shunt cur-

rent of 2.7 A. The resistance of the armature circuit was 0.11 W. Calculate the

efficiencies (i) at full load and (ii) at half load.

[Ans. 91.3% and 89.7%]

23. A 220 V, dc shunt motor at no load takes a current of 2.5 A. The resistance

of the armature and shunt field are 0.8 W and 200 W respectively. Estimate

the efficiency of the motor when the input current is 20 A. [Ans. 81%]

24. A shunt motor runs at 500 rpm on a 200 V circuit. Its armature resistance is

0.5 W and the current taken is 30 A, in addition to field current. What

resistance must be placed in series in order that the speed may be reduced to

300 rpm, the current in the armature remaining the same? [Ans. 2.466 W]

25. A 120 V dc shunt motor having an armature circuit resistance of 0.2 W and

field circuit resistance of 60 W, draws a line current of 40 A at full load. The

brush voltage drop is 3 V and rated full load speed is 1800 rpm. Calculate (i)

the speed at half load (ii) the speed at 125% of full load.

[Ans. 1867 rpm, 1766 rpm]

È
ÍÎ

Hint: IL = 40 A

Ish =
120

60
 A = 2 A \ Ia = 40 – 2 = 38 A

At full load 
1bE = 120 – 38 ¥ 0.2 – 3 = 109.4 V

(i) At half load IL = 
1

2
¥ 40 A = 20 A and Ia = 18 A

2bE = 120 – 18 ¥ 0.2 – 3 = 113.4 V

Speed N2 = N1

2

1

b

b

E

E
 = 1800 ¥ 113.4

109.4
 = 1866 rpm.

(ii) IL = 1.25 ¥ 40 = 50 A and Ia = 50 – 2 = 48 A

3bE = 120 – 48 ¥ 0.2– 3 = 107.4 V

N3 = 1800 ¥ 107.4

109.4
 = 1767 rpm

˘
˙̊ .

26. A 4-pole 240 V dc shunt motor has armature and shunt field resistance of

0.24 W and 240 W respectively. It takes 20 A from a 240 V dc supply while

running at a speed of 1000 rpm. Find the (i) field current, (ii) armature cur-

rent, (iii) back emf and (iv) torque developed in Nm.

[Ans. 1 A; 19 A; 235.44 V; 42.74 Nm]
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È
ÍÎ

Hint: (i) Field current, Ish = 
240

A
240

 = 1 A

(ii) Armature current, Ia = 20 – 1 = 19 A

(iii) Back emf, Eb = 240 – 19 ¥ 0.24 = 235.44 V

(iv) Torque T = 
b aE I

w
 = 

235.44 19

1000
2

60
p

¥

¥
 Nm = 42.74 Nm

˘
˙̊

27. A 220 V separately excited dc machine has an armature resistance of 0.4 W.

If the load current is 20 A, find the induced emf when the machine operates

(i) as a generator (ii) as a motor. [Ans. 228 V; 212 V]

[Hint: (i) E = 220 + 20 ¥ 0.4 = 228 V

(i) E = 220 – 20 ¥ 0.4 = 212 V]

28. Find no load and full load speeds of a 220 V, 4 pole shunt motor having

following data:

Flux 0.04 m Wb, armature resistance 0.04 W, 160 armature conductors,

wave connection, full load line current 95 A, no load line current 9 A, field

resistance 44 W. [Ans. 1030.5 rpm, 1014.4 rpm]

MULTIPLE CHOICE QUESTIONS

1. The regulation of a separately excited dc shunt generator is approximately

(a) Zero

(b) infinity

(c) equal to the value of that for a dc series generator

(d) none of these

Answer: (a) Zero

2. If a dc series motor is started at no load, the speed will be

(a) rated value (b) too low

(c) too high (d) fluctuating

Answer: (c) too high

3. The speed of a dc shunt motor car be raised above its rated value by

(a) inserting a resistance in the connective circuit

(b) inserting a resistance in the field circuit

(c) applying a reduced voltage

(d) inserting a capacitor in the  armature circuit

Answer: (b) inserting a resistance in the field circuit

4. The mechanical power developed by the armature of a dc motor is given by

(a) Eb IL (b) VIL

(c) Eb Ia (d) VId

Answer: (c) Eb Ia

5. The direction of EMF generated in a dc generator can be determined from

(a) Lenz's law

(b) Kirchhoff's Law

(c) Fleming’s Left-hand rule
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(d) Fleming’s right-hand rule

Answer: (d) Fleming’s right-hand rule

6. In a dc series motor the torque developed at 5 A is 15 Nm. If the hand

current is doubled, the new torque is

(a) 45 Nm (b) 15 Nm

(c) 60 Nm (d) 30 Nm

Answer: (c) 60 Nm

7. The output power is maximum for a dc motor when

(a) Eb = V/2 (b) E = 0.5 Ia ra

(c) Eb = V (d) Eb = Ia ra

Answer: (a) Eb = V/2

8. The commutator of a dc machine acts as a

(a) full wave rectifier (b) half wave rectifier

(c) controlled full wave rectifier (d) none of these

Answer: (a) full wave rectifier

9. The number of parallel paths in wave-connected armature winding of a dc

machine is equal to

(a) number of poles (b) half the number of poles

(c) two (d) four

Answer: (c) two

10. The dc motor needs a starter during starting to control

(a) speed (b) current

(c) voltage (d) flux

Answer: (b) current

11. Direction of a dc shunt motor can be reversed by interchanging the

(a) supply terminals

(b) shunt field and armature terminals

(c) shunt field or armature terminals

(d) none of these

Answer: (c) shunt field or armature terminals

12. In traction, the type of dc motor used is

(a) shunt (b) separately excited

(c) series

Answer: (c) series

UNIVERSITY QUESTIONS WITH ANSWERS

Long-Answer Type Questions

1. (a) Deduce the emf equation of a dc generator. (WBUT 2013, 2014)

Answer: Article 2.7

(b) What do you mean by back emf?

Answer: Article 2.13

(c) A 4 pole 220 V, dc shunt motor has armature and shunt field resistances

of 0.2 W and 220 W respectively. It takes 20 A at 220 V from a source

while running at a speed of 1000 rpm. Find (i) field current, (ii) armature

current, (iii) back of emf, and (iv) torque developed.

(WBUT 2004)
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Answer: Given, V = 220 V ra = 0.2 W rsh = 220 W
IL = 20 A N = 1000 rpm

(i) Field current 
sh

220

220

V

r
=  = 1 A

(ii) Armature current (Ia) = IL – Ish = 20 – 1 = 19 A

(iii) Back emf (Eb) = V – Ia ra = 220 – 19 ¥ 0.2 = 216.2 V

(iv) Torque developed (T ) = 
216.2 19

1000
2

60

b aE l

w
p

¥
=

¥
 = 39.25 Nm

2. (a) Deduce the e.m.f equation of a dc generator.

Answer: Article 2.7.

(b) A 120 V dc shunt motor having an armature circuit resistance of

0.2 W and field circuit resistance of 60 W, draws a line current of

40 A at full load. The brush voltage drop is 3 V and rated full load

speed is 1800 rpm calculate. (WBUT 2005, 2014)

(i) the speed at half load

(ii) the speed at 125 % of full load.

Answer: Armature circuit resistance (ra) = 0.2 W
Field circuit resistance (rsh) = 60 W
Full load line current (ILfl) = 40 A

Shunt field current (Ish) = 
120

60
 = 2 A

Armature current at full load (Iafl) = 40 – 2 = 38 A

\ Back emf at full load (Ebfl) = 120 – 38 ¥ 0.2 – 3 = 109.4 V

Full load speed (Nfl) = 1800 rpm.

(i) At half load line current (IL1) = 
1

2
¥ 40 = 20 A

\ Armature current (Ia1) = 20 – 2 = 18 A

Back emf at half load (Eb1) = 120 – 18 ¥ 0.2 – 3 = 113.4 V

If N1 be the speed at half load then

1b

f l

E

Eb
= 1

f l

N

N
[Q for shunt motor flux is constant]

\ N1 = 1
1800 113.4

109.4

f l b

b f l

N E

E

¥
=  = 1866 r.p.m

(ii) At 125 % of full load line current (IL2) = 1.25 ¥ 40 = 50 A

\ Armature current (Ia2) = 50 – 2 = 48 A

Back emf at 125 % full load (Eb2) = 120 – 48 ¥ 0.2 – 3 = 107.4 V

If N2 be the speed at 125% of full load then

N2 = 2
1800 107.4

109.4

f l b

b f l

N E

E

¥
=  = 1767 r.p.m
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3. (a) Derive the emf equation of a dc generator. Explain all the symbols with

their units.

Answer: Article 2.7.

(b) A 4 pole 240 V dc shunt motor has armature and shunt field resistance

of 0.24 W and 240 W respectively. It takes 20 A from a 240 V dc supply

while running at a speed of 1000 rpm. Find (i) field current (ii) armature

current (iii) back emf and (iv) torque developed in Nm.

(WBUT 2006)

Answer: Supply voltage (V) = 240 V

Armature resistance (ra) = 0.24 W
Shunt field resistance (rsh) = 240 W
Line current (IL) = 20 A

Speed (N) = 1000 rpm.

(i) Field current (If) = 
240

240
 = 1 A

(ii) Armature current (Ia) = IL – If = 20 – 1 = 19 A

(iii) Back emf (Eb) = V – Ia ra

= 240 – 19 ¥ 0.24

= 235.44 V

(iv) Torque developed (T) = 
b aE l

w

=
2

60

b aE l

Np

=
235.44 19

2 1000

60

p

¥
¥

= 42.74 Nm

4. (a) Deduce the e.m.f equation of dc generator.

Answer: Article 2.7.

(b) A 4 pole, 220 V dc shunt motor has armature and shunt field resistance

of 0.2 W and 220 W respectively. It takes 20 A 220 V from the source

while running at a speed of 1000 r.p.m. Find

(i) field current (ii) armature current

(iii) back emf (iv) torque developed

Answer: Given P = 4, V = 220 V, IL = 20 A, ra = 0.2 W and rsh = 220 W.

(WBUT 2007)

(i) field current (Ish) = 
sh

220

220

V

r
=  = 1 A

(ii) Ia = IL – Ish = 20 – 1 = 19 A

(iii) Eb = V – Ia ra = 220 – 19 ¥ 0.2 = 216.2 V

(iv) T = 
216 19

1000
2

60

b aE I

w
p

¥
=  = 39.21 Nm
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5. (a) Deduce the expression for the voltage generated by a dc generator.

Solution: Refer Article 2.7.

(b) An 8 pole lap connected armature has 40 slots with 12 conductors per

slot, generates a voltage of 500 volts. Determine the speed at which it

is running if the flux per pole is 50 m Wb. Also calculate the terminal

voltage at full load of 20 A if the armature resistance is 0.5 W and the

machine is running as shunt generator having a shunt field resistance

of 250 W. (WBUT 2008)

Solution: No. of poles P = 8

Total no. of conductors Z = 12 ¥ 40 = 480

General voltage E = 500 V

Flux per pole f = 50 ¥ 10–3 Wb

If N be the speed in rpm then

E =
60

P ZN

A

f
where A is the number of parallel paths and A = P

\ N =
–3

60 60 8 500

8 50 10 480

AE

P Zf

¥ ¥
=

¥ ¥ ¥
 = 1250 rpm

Load current IL = 20 A

Armature resistance ra = 0.5 W
Shunt field resistance rsh = 250 W

\ Shunt field current Ish = 
500

250
 = 2 A

Armature current Ia = IL + Ish = 20 + 2 = 22 A

Terminal voltage VL = E – Ia ra

= 500 – 22 ¥ 0.5

= 489 V

6. (a) Derive the expression for emf in a dc generator.

Solution: Refer Article 2.7.

(b) Write a short note on back emf.

Solution: Refer Article 2.13.

(c) A 4-pole shunt generator supplies 80 A at a terminal voltage of

400 V. If a armature resistance is 0.4 W and shunt field resistance is 80

W, find the generated emf. Take voltage drop per brush as 1 V.

(WBUT 2008)

Solution: P = 4

IL = 80 A

V = 400 V ra = 0.4 W rsh = 80 W

Ish =
400

80

Generated emf E = V + Ia ra + 1 x 2

= 400 + 85 x 0.4 + 1 x 2

= 436 V

7. (a) Give the expression for the torque developed in a dc motor.

Solution: Refer Article 2.14
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(b) A 4-pole, 240 V dc shunt motor has armature and shunt field resis-

tances of 0.24 W and 240 W respectively. It takes 20 A at 240 V while

running at a speed of 1000 rpm. Find (i) field current, (ii) armature

current, (iii) back e.m.f, and (iv) torque developed. (WBUT 2009)

sdn

V = 240 V (i) Field current = 
240

1A
240

=

ra 0.24 W (ii) Armature current = 20 – 1 = 19

rsh = 240 W (iii) Back emf = 240 – 19 ¥ 0.2

IL = 20 A = 235.44 V

N = 1000 r.p.m. (iv) Torque developed = 
235.44 19

1000
2

60
p

¥

¥

= 42.72 Nm

8. Derive the expression of torque of a dc series motor. (WBUT 2012)

Solution: Refer Articles 2.14 and 2.14.2.

9. (a) Explain the open circuit characteristics (OCC) of a DC generator.

(WBUT 2012)

Solution: Refer Article 2.11.1.

(b) An 8-pole, 400 V shunt motor has 960 wave connected armature con-

ductors. The full load armature current is 40 A and flux per pole is

0.02 Wb. The armature  resistance is 0.1 W and the contact drop is 1 V

per brush. Calculate the full load speed of the motor. (WBUT 2012)

Solution:

P = 8

V = 400

Z = 960

A = 2

Ia = 40 A

f = 0.02 wb

ra = 0.1 W

E =
60 A

fP Z N
 = 

8 0.02 960

60 2

¥ ¥ ¥
¥

N
 = V – Iara – brush contact drop

= 400 – 40 ¥ 0.1 – 2 = 394 V

N =
394 60 2

8 0.02 960

¥ ¥
¥ ¥

 = 308 rpm

(c) Why starter is needed to start a dc motor?

Solution: Refer Article 2.21.

10. Draw and explain speed-torque characteristics of a (i) dc shunt motor, and

(ii) dc series motor. [WBUT 2013]

Solution: Refer Article 2.18.
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11. A shunt motor has a rated armature current of 40 A when connected to

200 V. The rated speed of the motor is 1000 rpm. The armature resistance is

0.2 ohm. Find the speed of the motor if the total torque is reduced to 70% of

that at rated load and a 3-ohm resistance is inserted in series with the

armature. [WBUT 2013]

Solution: Refer Example 2.34.

12. Explain how the speed of a dc shunt motor can be controlled by flux control

method. [WBUT 2014]

Solution: Refer Article 2.19.2

Multiple Choice Question

1. If a dc series motor is started at no load, the speed will be

(WBUT 2012)

(a) rated speed (b) zero

(c) very high (d) half of the rated speed

Answer: (c) very high

2. A series motor will run at very high speed when (WBUT 2013)

(a)  load is increased (b) field is opened

(c)  the armature is opened (d) the load is removed

Answer: (d) the load is removed

3. A series motor drawing armature current Ia is operated under saturated

condition. The torque will be proportional to (WBUT 2014)

(a) 1/Ia (b) 1/Ia
2

(c) Ia
2 (d) Ia

Answer: (d) Ia

4. The dc motor used for traction purpose is (WBUT 2014)

(a) shunt (b) series

(c) compound (d) none of these

Answer: (b) series



3.1 DEFINITION

A transformer may be defined as a static electric device that transfers electrical

energy from one circuit to another circuit at the same frequency but with changed

voltage (or current or both) through a magnetic circuit.

3.2 CONSTRUCTION OF SINGLE-PHASE
TRANSFORMERS

A single-phase transformer consists of primary and secondary windings placed

on a magnetic core. The magnetic core is a stack of thin silicon steel laminations

(CRGO steel). The laminations reduce eddy current loss and silicon steel reduces

hysteresis loss. There are two general types of transformers, core type and shell

type.

In core type transformers, the windings surround a considerable part of the

steel core. The core consists of two vertical legs (or limbs) and the horizontal

portions (called yokes) as shown in Fig. 3.1. For reduction of the leakage flux

half of each winding is placed on each leg of the core. The low voltage winding

is placed usually adjacent to the steel core and high voltage is placed outside in

order to minimise the amount of insulation required.

In shell type transformers the steel core surrounds a major part of the winding

as shown in Fig. 3.2. The low voltage and high voltage windings are wound over

the central limb and are interleaved (or) sandwiched. The shell type transformer

requires more conductor material as compared to core type transformer.

In core type transformers the flux has a single path around the legs whereas in

shell type transformers the flux in the central limb divides equally and returns

through the outer two legs. Concentric coils are used for core type transformers

and interleaved (or sandwiched) coils are used for shell type transformers.

SINGLE PHASE
TRANSFORMER3
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3.3 PRINCIPLE OF OPERATION

When alternating voltage V1 is applied to the primary winding of a transformer a

current (termed as exciting current, If ) flows through it as shown in Fig. 3.3. The

exciting current produces an alternating flux (f) in the core, which links with both

the winding (primary and secondary). According to Faraday’s laws of electromag-

netic induction, the flux will cause self-induced emf E1 in the primary and mutu-

ally induced emf E2 in the secondary winding. But according to Lenz’s law primary

induced emf will oppose the applied voltage and in magnitude this primary in-

duced emf is (almost) equal to the applied voltage. Therefore, in brief we can say

emf induced in the primary winding is equal and opposite to the applied voltage.*

When a load is connected to the secondary side, current will start flowing in the

secondary winding. Voltage induced in the secondary winding is responsible to

deliver power to the load connected to it. In this way power is transferred from

one circuit (primary) to another (secondary) winding through a magnetic circuit

by electromagnetic induction. This is the working principle of the transformer.

L.V.

H.V.

f

2

f

2

L.V.

H.V.

L.V.

yoke

Fig. 3.2 Shell type transformer

L.V. winding

H.V. winding

f

yoke

Fig. 3.1 Core type transformer

*If all the losses are neglected, the transformer is said to be ideal and hence for open circuited

secondary, we can write | V1 | = | E1 |; | V2 | = | E2 |.
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The induced emf in the secondary E2 is also in phase opposition to the applied

voltage V1 at primary. If the secondary is open circuited, terminal voltage V2 at the

secondary is equal in magnitude and in phase with the induced emf at secondary.

3.4 EMF EQUATION

Since the applied voltage is sinusoidal at the primary, the flux produced by the

exciting current is also sinusoidal (asuming f • I ).

Thus core flux is given by f = fmax sin wt. If the coil has N turns then

instantaneous value of the induced emf e is given by

e = – N
d

dt

f

or e = – N
d

dt
 (fmax sin w t)

or e = – 2pf fmax N cos w t (∵ w = 2pf )

The maximum value of the induced emf will be obtained when (cos w t) is 1.

i.e . Emax = 2pf fmax N V (3.1)

Dividing both sides of equation (3.1) by 2 , we have

max

2

E
= 

2

2

p
fmax f N

or Erms = 4.44 fmax f N. (3.2)

If N1 be the primary number of turns, then the rms values of induced voltage at

primary is given by

E1 = 4.44 fmax f N1. (3.2a)

(As the induced voltage in the primary winding is equal and opposite to the

applied voltage, so V1 = 4.44 fmax f N1).

Similarly, the rms value of the induced emf at secondary is obtained as

E2 = 4.44 fmax f N2 volt (3.2b)

Thus for a single phase ideal transformer, the expressions for the induced

voltages at the primary as well as at the secondary windings can be obtained

from Eqns (3.2a) and (3.2b).

3.5 TRANSFORMATION RATIO (OR TURNS RATIO)

Let N1 = Number of turns in the primary winding

N2 = Number of turns in the secondary winding

E1 = RMS value of the primary induced emf

E2 = RMS value of the secondary induced emf.

Fig. 3.3 Schematic diagram of single phase transformer

If

E1
V1 E2

V2

f
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Using the emf equation, we can write

E1 = 4.44 f N1 fm and E2 = 4.44 f N2 fm

\
1

2

E

E
= 

1

2

N

N
(3.3)

Thus the ratio of primary voltage to secondary voltage is same as the ratio of

primary winding turns to the secondary winding turns. The ratio N1/N2 is known

as the transformation ratio (or turns ratio). It is usually denoted by K). By

selecting this ratio properly, transformation can be done from any input voltage

to any convenient output voltage. There can be two cases:

(a) If N1 > N2, then E2 < E1; the transformer is known as a step-down transformer

(k > 1).

(b) If N2 > N1, then E2 > E1; the transformer is known as a step-up transformer

(k < 1).

Let us again consider a two-winding transformer. In the process of transform-

ing electrical power from one voltage to the other, there occurs some losses in

the transformer. These losses are actually very small as compared to the total

amount of power handled by the transformer. If we neglect these losses for the

time being, we must have the same power (volt-ampere) in the primary and in

the secondary winding. If I1 and I2 are the currents in the primary and secondary

windings of an ideal transformer (i.e having no losses), we should have

E1I1 = E2I2

[E1I1 and E2I2 are the primary and secondary powers (voltamperes)]

or
1

2

I

I
= 

2 2

1 1

1E N

E N K
= =  

2

1

V

V

æ ö
=ç ÷è ø

(3.4)

Thus we find that the current is transformed in the reverse ratio of the volt-

age. If a transformer steps up the voltage, it steps down the current. If it steps

down the voltage, it steps up the current.

3.6 IMPEDANCE TRANSFORMATION

In Fig. 3.4 an impedance Z2 is connected across the secondary winding at its

output. The primary winding is connected to a voltage source V1. The number of

turns in the two windings are assumed to be N1 and N2. Induced emfs E1 and E2

are in phase opposition to V1. Since V2 is the secondary terminal voltage, it is

also in the opposite phase of V1.

Fig. 3.4 Schematic diagram of two-winding transformers

N1| |E1 N2 | |E2V1

I1

Z2 V2

I2
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Assuming the transformer to be ideal,

1

2

V

V
= 

1 1

2 2

E N

E N
=  = K (turns-ratio).

The impedance 2Z ¢, as seen from the input side, can be obtained by dividing

voltage V1 by I1. Thus, we can write

2Z ¢ = 
1 1 2 2

1 1 2 2

( )

( )

V V V I

I I V I

´
=

´

= 
1 2 2

2 1 2

V I V

V I I

æ ö æ ö æ ö
´ ´ç ÷ ç ÷ ç ÷è ø è ø è ø

 = K ¥ K ¥ Z2 = K2Z2 i.e,

2

2

Z

Z

¢
= K2. (3.5)

Therefore, impedance transformation ratio is equal to the square of turns ratio.

Referring to the primary or secondary side, this transferred impedance is known

as the equivalent impedance on that side. In an ideal transformer thus we can

note the following.

l Voltages are transformed in the direct ratio of turns. (V1/V2 = K)

l Currents are transformed in the inverse ratio of turns. (I1/I2 = 1/K)

l Volt-amperes of two sides are equal. (V1I1 = V2I2)

l Impedances are transformed in proportion to the square of turns-ratio.

2
2 2 1 12

1
;Z K Z Z Z

K

æ ö¢ ¢= = ´ç ÷è ø

3.1 Find the cross-sectional area of the core of a 10 turns transformer for a voltage of

50 V at 50 Hz. The flux density is 0.9 Wb/m2.

Solution

Number of turns N = 10

Voltage E = 50 V

Frequency f = 50 Hz

Flux density B = 0.9 Wb/m2.

If A be the cross-sectional area then

Flux f = (0.9A) Wb

∵ E = 4.44 ff N,

Here, E = 4.44 ¥ 0.9 A ¥ 50 ¥ 10 = 50

Hence, A = 
50

4.44 0.9 500´ ´
m2 = 0.025 m2.

3.2 A single-phase transformer has 400 primary and 1000 secondary turns. The net

cross sectional area of the core is 60 cm2. The primary winding is connected to a 500 V

supply. Find the (i) peak value of the core flux density and the (ii) emf induced in the

secondary winding.

Solution

N1 = 400 N2 = 1000

A = 60 cm2 = 0.006 m2

E1 = 500 V (given)
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∵ E1 = 4.44 fm f N1,

So fm = 
500

4.44 50 400´ ´
 = 0.0056 Wb.

(i) Peak value of core flux density = 
0.0056

0.006
Wb/m2 = 0.938 Wb/m2.

(ii) Emf induced in the secondary E2 = 4.44 fm f N2

= 4.44 ¥ 0.0056 ¥ 50 ¥ 1000 V = 1243.2 V.

3.3 The primary winding of a 50 Hz transformer is supplied from a 440 V, 50 Hz source

and has 200 turns. Find the (i) peak value of flux (ii) voltage induced in the secondary

winding if it has 50 turns.

Solution

f = 50 Hz

E1 = 440 V

N1 = 200.

(i) If fm is the peak value of flux then

E1 = 4.44 f fm N1

or fm = 
440

4.44 50 200´ ´
Wb = 0.0099 Wb.

(ii) N2 = 50

Voltage induced in the secondary

E2 = 4.44 f fm N2 = 4.44 ¥ 50 ¥ 0.0099 ¥ 50 V = 110 V.

3.4 A 200 kVA single-phase transformer has 1000 turns in the primary and 600 turns on

the secondary. The primary winding is supplied from a 440 V, 50 Hz source. Find the (i)

secondary voltage at no load and (ii) primary and secondary currents at the full load.

Solution

Let primary and secondary currents at full load be I1 and I2.

Primary kVA = Secondary kVA = 200

\ E1I1 = E2I2 = 200 ¥ 103 VA

N1 = 1000; N2 = 600

E1 = 440 V.

(i) Now, 
1 1

2 2

E N

E N
=  or, E2 = 

1 2

1

E N

N
 = 440 ¥ 

600

1000
 = 264 V.

(ii) I1 = 

3 3

1

200 10 200 10

440E

´ ´
= A = 454.54 A.

I2 = 

3 3

2

200 10 200 10

264E

´ ´
= A = 757.57 A.

3.5 The emf per turn for a single-phase 440/220 V, 50 Hz transformer is approximately

15 V. Find (i) the number of primary and secondary turns and (ii) the net cross sectional

area of the core, for a maximum flux density of 1 Wb/m2.

Solution

E1 = 440 V

E2 = 220 V

f = 50 Hz.

Voltage per turn = 15 V.



Single Phase Transformer I.3.7

(i) If N1 and N2 be the number of turns in the primary and secondary respectively,

1 2

1 2

E E

N N
=  = 15

\ N1 = 
1 440

15 15

E
=  = 29.33.

As the number of turns cannot be a fraction so N1 is taken as 30.

\ voltage per turn = 
440

30
 = 14.67 V

Also, N2 = 
2

1

E

E
N1 = 

220

440
 ¥ 30 = 15

(ii) Flux density Bm = 1 Wb/m2 (given).

If A be the cross-sectional area then, 
1

1

E

N
 = 4.44(BmA)f, i.e. 4.44 BmA f = 14.67

\ A = 
14.67

4.44 1 50´ ´
m2 = 0.066 m2.

3.6 A 400/50 V, 60 Hz step down transformer is to be operated at 50 Hz. Find (i) the

highest safe input voltage and (ii) transformation ratio in both frequency applications.

Solution

E1 = 400 V

E2 = 50 V

f = 60 Hz

∵ E1 = 4.44 fm f N1,

\ 4.44 fm N1 = 
400

60
 = 6.67.

(i) If 1E ¢ be the highest safe input at 50 Hz;

1E ¢ = 4.44 fm N1 ¥ 50 = 6.67 ¥ 50 = 333.5 V.

(ii) Transformation ratio at 60 Hz

1

2

400

50

E

E
=  = 8

At 50 Hz, the secondary induced emf is given by

2E ¢ = 
2 2

1 1
1 1

N N
E E

N N
¢ ¢= ´

Now,
2

1

N

N
= 

2

1

50 1

400 8

E

E
= =

So, 2E ¢ = 1
1

8
E ¢

or
1

2

E

E

¢

¢
= 8.

Transformation ratio at 50 Hz is also 8.

3.7 A 200/50 V, 50 Hz transformer has a core area of 100 cm2. The maximum value of

the flux density is 1 Wb/m2. Assuming 9% loss of area due to laminations, find the

primary and secondary number of turns and transformation ratio.
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Solution

A = 100 ¥ 10–4 m2 = 0.01 m2

E1 = 200 V; E2 = 50 V; Bm = 1 Wb/m2

Assuming 9% loss of area, net area of core = 0.01 ¥ 0.09 m2 = 0.0091 m2

Primary turns N1 = 
1

4.44 m

E

f B A
 = 

200

4.44 50 1 0.0091´ ´ ´
 = 99

Secondary turns N2 = 
2

1
1

E
N

E
 = 

50

200
 ¥ 99   25

Transformation ratio 
1 1

2 2

100

25

E N

E N
= =  = 4.

3.8 A 1000 kVA transformer has primary and secondary turns of 400 and 100 respec-

tively and induced voltage in the secondary is 1000 V. Find (i) the primary volt (ii) the

primary and secondary full load current and (iii) the secondary current when 100 kW load

at 0.8 p.f. is connected at the output.

Solution

Given: kVA = 1000

N1 = 400

N2 = 100

E2 = 1000.

(i) Primary voltage E1 = 
1

2
2

400

100

N
E

N
=  ¥ 1000 = 4000 V.

(ii) Primary full load current I1 = 

3

1

1000 10

4000

VA

E

´
=  = 250 A

Secondary full load current I2 = I1 ¥ 
1

2

N

N
 = 250 ¥ 

400

100
 = 1000 A.

(iii) Secondary current at 100 kW and 0.8 p.f. load

I2 = 

3100 10

0.8 1000

´
´

 = 125 A.

3.7 NO LOAD OPERATION OF A TRANSFORMER

A transformer is said to be on no load, if its primary winding is connected to an

ac supply source and the secondary is open. The instantaneous flux (f) linking

with both the windings is given as f = fm sin wt.

Therefore, the induced emf in primary winding is given as

E1 = – N1

d

dt

f
 = – 1

d
N

dt
(fm sin wt)

= – N1 w fm cos wt = N1 w fm sin
2

t
p

w
æ ö-ç ÷è ø

Similarly, the induced emf in the secondary winding is given as

E2 = N2 w fm sin
2

t
p

w
æ ö-ç ÷è ø
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We consider the transformer to be ideal (i.e there are no voltage drops in the

windings). E1 and E2 are in phase opposition to V1.

It is thus evident that

l The induced emfs in primary and sec-

ondary windings (E1 and E2) lag be-

hind the main flux f by an angle p/2,

and E1 and E2 are in the same phase

with each other [as shown in the

phasor diagram (Fig. 3.5)].

l Applied voltage to the primary wind-

ing V1, leads the main flux f by an

angle p/2. Also it is in phase opposi-

tion to the induced emfs in the pri-

mary winding and secondary winding

in ideal transformers. In ideal trans-

formers there is no voltage drop in the

secondary winding and hence |V2| = |E2|.

l The no load current or exciting current Io lags behind the applied voltage

by an angle fo. It has two components Im and Iw. The magnetising compo-

nent Im is in phase with the main flux f, whereas, the other component Iw is

in phase with the applied voltage. (This current is required to meet the

hysteresis and eddy-current losses occurring in the core.)

Thus, from the phasor diagram of Fig. 3.5, we have

Io = 2 2
m wI I+ ; Iw = Io cos fo, Im = Io sin fo

and fo = tan–1 .
m

w

I

I
 (In practice, fo is close to 90° and is called no load

power factor angle.)

When a transformer is connected to a supply, there actually occurs eddy-current

loss and hysteresis loss in the iron-core and appear as heat. This power is taken from

the ac supply at primary.

The no load current component Im is used in magnetizing the core. (There is no

power loss due to this current). The current Im lags behind the applied voltage V1 by

p/2. The product of Im and V1 does not represent active power. This product is called

the reactive power. Therefore, the input active power at no-load is

Po = V1I w = V1Io cos fo (3.6)

and, the reactive power is

Wo = V1Im = V1Io sin fo. (3.7)

3.8 WORKING OF A TRANSFORMER ON LOAD

When the transformer is loaded, load current I2 flows in the secondary winding.

Secondary number of turns being N2, the secondary ampere- turns is I2 N2; it sets

up flux f2 in the core, which opposes the flux f already set up by the no load

current. As a result the flux linking with primary is reduced. The difference

between applied voltage and induced voltage in the primary will however exist

V1

I0

I0 cos f0

( )Iw

I0 sin f0

( )Im

E1

fm

f0

E2, V2

Fig. 3.5 Phasor diagram under no
load condition (N2 > N1)
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resulting in additional current in the primary (say of magnitude 1I ¢). The primary

turns being N1 these additional ampere-turns is 1I ¢ N1 and will produce flux f1 in

the opposite direction of f2 (i.e. in the same direction of the original flux f).

Magnetic equilibrium will be achieved when f1 = f2, thus leaving behind the

initial flux f. Therefore from the above discussion it is evident that when a

transformer is loaded the secondary ampere-turns necessitates the production of

additional primary ampere-turns, which is equal in magnitude, to the secondary

ampere-turns, but opposite in direction (Ref. Fig. 3.6).

Fig. 3.6 Transformer under load

f

f1

I2
Load

I1
V1

f2

V2E2E1

The phasor diagram of the transformer on load can be drawn for different

types of loadings and is explained below.

The no load phasor diagram is drawn and discussed earlier. Let us now con-

sider load current I2 while the load is of inductive nature. I2 will be lagging the

secondary voltage (i.e. E2 or V2). When there is no voltage drop in the trans-

former (transformer being ideal) then |V2| = |E2|. To counter balance the second-

ary ampere-turns additional primary current 2I ¢  will flow and will be 180° out of

phase of I2. The total primary current I1 is the phasor sum of the no load current

Io and of the additional primary current 2I ¢ . Complete phasor diagram of the

transformer on load for inductive load has been shown in Fig. 3.7(b). Figure

3.7(a) and (c) represent phasor diagrams no load when load is having unity

power factor and leading power factor respectively.

Fig. 3.7 Transformer phasor diagram at different p.f. neglecting transformer
internal voltage drop (N2 > N1)

V1

I1

Io
Iw

Im

I2

E1

E2, V2

V1

Iw

I1

Io

Im
fm fm

E1

I2

E2, V2

V1

IoIw
Im

fm

I2

E1

E2, V2

f2

( -load)
unity p.f.
R ( - load)

lagging
R L

p.f.

(a) (b)

( - load)
leading p.f.
R C

(c)
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Figure 3.8(a) shows the phasor diagram of a transformer under lagging load

power factor and considering internal voltage drop (the transformer is now not

an ideal one). The voltage (–E1) has been replaced by 1V ¢  for convenience.

Alternatively 1V ¢  may be treated as a voltage drop in the primary in the direction

of flow of primary current. The primary current I1 flows through primary resis-

tance R1 and primary leakage reactance X1. Hence primary voltage is given as

V1 = 1V ¢  + I1(R1 + jX1), where 1V ¢  is (–E1 ).

Similary, E2 = V2 + I2(R2 + jX2) where R2 and X2 are the resistance and leakage

reactance of the secondary side of the transformer.

Here, V1 = the supply voltage (input voltage at primary)

E1 = the induced voltage at primary

1V ¢ = –E1 (phasor E1 reserved to the primary side in the phasor diagram)

Io = the no load (magnetising) current at primary (= Iw + Im)

E2 = the secondary induced voltage

V2 = the output voltage, i.e. terminal voltage at the secondary

I2 = the secondary load current

f = the p.f. angle

2I ¢ = the referred secondary current to primary.

Figures 3.8(b) and 3.8(c) represent the phasor diagrams of the transformer

(not an ideal one) operating with unity power factor and leading power factor

respectively.

Fig. 3.8(a) Exact phasor diagram for
lagging power factor I1

= (primary current); R1,
X1 and R2, X2 = primary
and secondary winding
resistance and reactances.

jI1X1
V1

I1R1

I1

IoIw

Im

I2

V2
I2R2

jI2X2

E1

E2

fm

f2

Fig. 3.8(b) Exact transformer phasor
diagram for unity power
factor [I2 and V2 in phase]

jI1X1
V1

Iw

I1

Io

Im

I2

I2R2V2

fm

I1R1

E1

E2

I ¢

2



Basic Electrical and Electronic Engineering-III.3.12

3.9 EQUIVALENT CIRCUIT OF TRANSFORMER

Though the ideal transformer winding does not have any resistance, in actual

practice, there is always some resistance of the windings. This causes a voltage

drop. The resistance of the primary winding is represented by R1 and that of the

secondary by R2.

The actual transformer has another deviation from the ideal transformer. Not

all of the flux produced by the primary winding links with the secondary wind-

ing in the actual transformer. Similarly, not all of the flux produced by the

secondary winding links with the primary winding. The difference between the

total flux linking with the primary winding and the mutual flux f linking with

both windings is called the primary leakage flux. Similarly, the secondary leak-

age flux can also be expressed.

We can write Kirchhoff’s voltage equations for the primary and secondary

sides of the transformer (Fig. 3.9) as

V1 = I1R1 + jI1 X1 – E1 = I1(R1 + jX1) – E1 (3.8)

and E2 = I2R2 + jI2 X2 + V2 = I2(R2 + jX2) + V2. (3.9)

Fig. 3.8(c) Exact transformer phasor diagram for leading power factor [I2 leads
V2]

Io
Iw

V1

I R1 1

I1

Im
fm

f2

V2
I2

I R2 2
jI X2 2

E1

E2

jI1X1

Fig. 3.9 Equivalent circuit of transformer

R1

Z1

X1 Io

Iw

Ro Xc

I1

I ¢2

Im X1 X2

Z2

I2 X2 R2

E2E1 V2

V1 Load
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The equivalent circuit gives the interpretation of the above equations. Further,

we know the primary current I1 is composed of two currents 2I ¢  and Io. Also, the

current Io consists of two components, Im and Iw. Therefore, the current Io can be

considered to be split into two parallel branches. The current Iw accounts for the

core-loss, and hence is shown to flow through resistance Ro. The current Im

represents the magnetising current and is shown to flow through a pure reactance

Xo. This branch consisting of the parallel Ro and Xo is called the magnetising

branch of the transformer.

Using the impedance transformation, we can draw the simplified equivalent

circuit of a transformer, as referred to the primary side only or to the secondary

side only.

We have seen earlier that an impedance connected across the secondary ap-

pears as K2 times, when referred to the primary. (Here, K = N1/N2, where K is the

transformation ratio). Therefore to simplify the equivalent circuit of Fig. 6.9, we

can transfer the resistance R2 and the reactance X2 to the primary side, by simply

multiplying each of them by K2. The total resistance and the total reactance in

the primary side then becomes

Ro1 = R1 + K2R2 and Xo1 = X1 + K2X2

where 2R ¢ = K2R2 and 2X ¢ = K2X2.

The equivalent circuit of the transformer now simply reduces to the one as

shown in Fig. 3.10(a).

Here, 2I ¢ = 2
1

I
K

2V ¢ = KV2

Ro1 = R1 + 2X ¢

2R ¢ = K2R2

Xo1 = X1 + 2X ¢

2X ¢ = K2X2

I1 = Io + 2I ¢ .

RoV1 Xo

Io

I1 ( )I / K2

R R K Ro1 1 2= + 2

X
X K X

o1

1 2= ( + )2

L
O
A
DV KV¢2 2=ImIw

Fig. 3.10(a) Equivalent circuit of transformer referred to primary

Similarly, the equivalent circuit as referred to secondary side can also be

drawn. But in this case the equivalent resistance and reactance as referred to

secondary side will be

Ro2 = R2 + (1/K2)R1 and Xo2 = X2 + (1/K2)X1.
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The equivalent circuit referred to the secondary is shown in Fig. 3.10(b). Here

oR ¢ and oX ¢ represent the core resistance and the magnetizing reactance referred

to the secondary.

3.10 APPROXIMATE EQUIVALENT CIRCUIT

Since in a transformer the magnitude of Io is very low (1 – 3% of the full load

current), we can neglect the magnetising branch for simplicity. The equivalent

circuit neglecting the magnetising branch is called the approximate equivalent

circuit (Fig. 3.10(c) and Fig. 3.10(d)).

Ro2 = R2 + 12

1
R

K
; R01 = R1 + K2R2

Xo2 = X2 + 12

1
X

K
; X01 = X1 + K2X2

1V ¢ = 1
1

V
K

; V2¢ = KV2

1I ¢ = KI1; I2¢ = (I2/K )

oI ¢ = KIo

oR ¢ = 
2

1
oR

K

oX ¢ = 
2

1
oX

K

KI1 = I1 ¢ = KIo + I2

Fig. 3.10(b) Equivalent circuit of transformer referred to secondary

X ¢o

KI1 I2
Ro2

L
O
A
D

V2

Xo2

V K1 / R ¢o

I ¢mI ¢w

I ¢ I KI¢o o(= )

Ro1 Xo1I1

V1

To
load

I I1 2= ¢

I2

Ro2 Xo2

V2

I I¢

1 2=

V ¢

1V ¢

2

I ¢

2 I ¢

1

Fig. 3.10(c) Approximate equivalent
circuit of transformer
referred to as primary

Fig. 3.10(d) Approximate equivalent
circuit of transformer
referred to as secondary
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3.11 REGULATION OF A TRANSFORMER

The regulation of a transformer (generally expressed as percentage regulation)

may be defined as

Secondary no load voltage – Secondary full load voltage
100

Secondary no load voltage

é ù
´ê ú

ë û
If E2 = the secondary no load voltage

V2 = the terminal voltage at secondary

then percentage regulation = 
2 2

2

E V

E

-
¥ 100 (3.10)

Therefore percentage regulation of a transformer is defined as the percentage

decrease in the terminal voltage of the transformer from no-load to full load

condition at a constant applied voltage.

3.11.1 Expression for Regulation

Let us consider the equivalent circuit of the transformer referred to the second-

ary (as shown in Fig. 3.11)

When the load is connected to the secondary side, current I2 will start flow-

ing. Depending upon the nature of the load, current I2 may be lagging the volt-

age V2 for inductive load, in phase of the voltage V2 for resistive load and

leading the voltage V2 for capacitive load.

Hence on the basis of the above current-voltage phasor relation, the load has a

lagging power factor, a unity power factor and a leading power factor respec-

tively. Expressions for regulation in each case will be as discussed below.

(i) Lagging power factor The phasor diagram of the transformer referred to as

the secondary, when supplying a load of lagging power factor load, has been

shown in Fig. 3.12, where,

E2 = the no load voltage

V2 = the load voltage

I2Ro2 = the resistive drop referred to secondary

I2Xo2 = the reactive drop referred to secondary

and q2 = the angle between V2 and I2 i.e. cos q2 is p.f. of the load.

[Oa = V2; ab = I2Ro2 cos q2; bc   I2 Xo2 sin q2; cd

= (I2 Xo2) cos q2 – I2Ro2 sin q2]

N1 N2

E2E1V1

I2
Ro2Xo2I1

V2
Load

Fig. 3.11 Approximate equivalent circuit of transformer referred to as secondary
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From Fig. 3.12
2
2

E = (Oc)2 + (cd)2 = (Oa + ab + bc)2 + (cd)2

= (V2 + I2 Ro2 cos q2 + I2 Xo2 sin q2)2

+ (I2 Xo2 cos q2 – I2 Ro2 sin q2)2

where I2 is the secondary current lagging V2 by angle q2.

As (I2 Xo2 cos q2 – I2 Ro2 sin q2) is very small (being the difference of two

quantities) it can easily be neglected.

Hence E2   V2 + I2 Ro2 cos q2 + I2 Xo2 sin q2

or E2 – V2 = (I2 Ro2 cos q2 + I2 Xo2 sin q2). (3.11)

Percentage voltage regulation = 
2 2

2

E V

E

-
 ¥ 100%

= 
2 2 2 2

2 2
2 2

cos sin
o oI R I X

E E
q q

æ ö
+ç ÷

è ø
 ¥ 100% (3.12)

= (Rp.u cos q2 + Xp.u sin q2) ¥ 100% (3.13)

where (Rp.u) and (Xp.u) are the total p.u resistance and reactance respectively

2 2 2 2

p.u. p.u.
2 2

;
o oI R I X

R X
E E

é ù
= =ê ú

ê úë û
(ii) Unity power factor Phasor diagram at unity p.f. has been shown in Fig. 3.13.

From Fig. 3.13 we have

2
2

E = (V2 + I2 Ro2)2 + (I2 Xo2)2 (3.14)

If the second term is neglected

E2 = V2 + I2 Ro2 (3.15)

{The second term (I2X02) is neglected as it does

not contribute much in changing the magnitude

of V2. On the other hand, it is responsible for

the phase shift between E2  and V2 . Hence we

can reasonably neglect (I2X02)}.

Hence percentage voltage regulation = 
2 2

2

E V

E

-
 ¥ 100%

= 
2 2

2

oI R

E
 ¥ 100%

= Rp.u ¥ 100% (3.16)

q2

I2

I
R2

2o

V2 q2

b
c

e

d
E2

q2

j I
X

2
2o

O
a

Fig. 3.12 Phasor diagram of a transformer on lagging load, referred to as sec-
ondary

j I X2 2o

I R2 2oV2I2

E 2

Fig. 3.13 Phasor diagram of
the transformer for
unity p.f. load
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(iii) Leading power factor For leading power factor (cos q2),

I2 = I2 cos q2 + j I2 sin q2

E2 = V2 + I2 Zo2 = V2 + j.0 + (I2 cos q2 + jI2 sin q2) (Ro2 + j Xo2)

or E2 = V2 + I2 Ro2 cos q2 – I2 Xo2 sin q2

+ j(I2 Ro2 sin q2 + I2 Xo2 cos q2)

Hence
2
2

E = (V2 + I2 Ro2 cos q2 – I2 Xo2 sin q2)2

+ (I2 Ro2 sin q2 + I2Xo2 cos q2)2.

The phasor diagram is shown in Fig. 3.14.

Now (I2Ro2 sin q2 + I2 Xo2 cos q2) is very

small compared to (V2 + I2 Ro2 cos q2 – I2 Xo2 sin

q2). Hence (I2 Ro2 sin q2 + I2 Xo2 cos q2) is ne-

glected.

\ E2 = V2 + I2 Ro2 cos q2 – I2 Xo2 sin q2

or E2 – V2 = I2 Ro2 cos q2 – I2 Xo2 sin q2 (3.17)

Percentage voltage regulation is

2 2

2

E V

E

-
 ¥ 100% = 

2 2 2 2

2 2
2 2

cos sin
o oI R I X

E E
q q

æ ö
-ç ÷

è ø
 ¥ 100% (3.18)

= (Rp.u cos q2 – Xp.u sin q2) ¥ 100% (3.19)

3.12 CONDITION FOR ZERO (MINIMUM)
REGULATION

We can use the expression of regulation to find the condition for which the

regulation is zero. We can write at zero regulation,

I2Ro2 cos q2 + I2 Xo2 sin q2 = 0

or tan q2 = 
2

2

o

o

R

X
- . (3.20)

The negative sign in the above condition indicates that zero regulation is

possible at a leading power factor. Also, if the transformer is not loaded at all, E2

= V2 and this also gives zero regulation. Thus the regulation is zero if the

transformer is open circuited or operated at a leading p.f. so that q2 = tan–1 2

2

o

o

R

X
.

Also from the expression of regulation, it is evident that for a leading power

factor load if the magnitude of q2 is high, the magnitude of (I2 Xo2 sin q2) would

become more than that of (I2 Ro2 cos q2). The regulation then may become

negative. It means, on increasing the load the terminal voltage increases at lead-

ing power factor operation of the transformer.

3.12.1 Condition for Maximum Regulation

We can derive the condition for maximum regulation using the expression for

regulation. The regulation will be maximum if the differentiation of regulation

with respect to phase angle q2 is equal to zero. That is

E2
I X2 2o

I R2 2o

V2

q2

I2

Fig. 3.14 Phasor diagram
of transformer for
leading power
factor load
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2

d

dq
= (I2 Ro2 cos q2 + I2 Xo2 sin q2) = 0

or – I2 Ro2 sin q2 + I2 Xo2 cos q2 = 0

or tan q2 = 
2

2

o

o

X

R
. (3.21)

Hence maximum  regulation occurs only at lagging power factor and when q2 =

tan–1 2

2

o

o

X

R
.

3.9 A single-phase transformer has 200 and 100 turns respectively in its secondary and

primary windings. The resistance of the primary winding is 0.05 W and that of the

secondary is 0.3 W. Find the resistance of (i) the primary winding referred to the second-

ary, (ii) the secondary winding referred to the primary. Also find the equivalent resistance

of the transformer referred to the primary.

Solution

Number of turns of primary winding N1 = 100

Number of turns of secondary winding N2 = 200

Resistance of primary winding R1 = 0.05 W

Resistance of secondary winding R1 = 0.3 W

(i) Resistance of primary winding referred to secondary

= 1R ¢  = 

2

2

1
1

N
R

N

æ ö
ç ÷è ø

 = 0.05 ¥ 

2
200

100

æ ö
ç ÷è ø  = 0.05 ¥ 4 = 0.2 W.

(ii) Resistance of secondary winding referred to primary

2R ¢ = R2 ¥ 

2

1

2

N

N

æ ö
ç ÷è ø

 = 0.3 ¥ 

2
100

200

æ ö
ç ÷è ø  = 

0.3

4
 W = 0.075 W

Equivalent resistance of the transformer referred to the primary

R01 = R1 + 2R ¢  = 0.05 + 0.075 = 0.125 W.

[Also, R02 = R2 + R1¢ = 0.3 + 0.2 = 0.5 W].

3.10 A 20 kVA, 1000/200 V single-phase transformer has a primary resistance of 1 W

and a secondary resistance of 0.2 W. Find the equivalent resistance of the transformer

referred to the secondary and the total resistance drop on full load.

Solution

If N1 and N2 be the number of turns of the primary and secondary winding then

1

2

1000

200

N

N
= .

Resistance of the primary winding R1 = 1 W.

Resistance of the secondary winding R2 = 0.2 W.

Total equivalent resistance in terms of the secondary winding is ( 1R ¢ + R2)

i.e. Ro2 = 

2

2

1
1

N
R

N

æ ö
ç ÷è ø

 + R2 = 1 ¥ 

2
200

1000

æ ö
ç ÷è ø  + 0.2 = 0.04 + 0.2 = 0.24 W.
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Full load secondary current

I2 = 

320 10

200

´
 = 100 A.

Total resistance drop on full load = I2 Ro2 = 100 ¥ 0.24 = 24 V.

3.11 A single-phase transformer has turns ratio of 8. The resistances of the high voltage

and low voltage windings are 1.5 W and 0.05 W respectively and the reactances are 10 W

and 0.5 W respectively. Find (i) the voltage to be applied to the high voltage side to obtain

a full load current of 100 A on the low voltage winding on short circuit and (ii) the power

factor on short circuit.

Solution

If NH and NL be the number of turns on the high voltage and low voltage windings then

H

L

N

N
 = 8 (given).

Resistance of high voltage winding RH = 1.5 W

Resistance of low voltage winding RL = 0.05 W

Reactance of high voltage winding XH = 10 W

Reactance of low voltage winding XL = 0.5 W

Full load current on the low voltage side = 100 A.

\ full load current on the high voltage side = 100 ¥ 
100

8

L

H

N

N
=  = 12.5 A.

Equivalent impedance referred to the high voltage side

= (RH + LR ¢ ) + j(XH + LX ¢ )

= {1.5 + 0.05(8)2} + j{10 + 0.5(8)2} = 4.7 + j42 = 42.26–83.6° W.

(i) The voltage to be applied to the high voltage side to obtain full load current is 12.5

¥ 42.26 = 528.25 V

(ii) Power factor on short circuit is cos 83.6° = 0.111.

3.12 A 6600/440 V, 50 Hz single-phase transformer has high voltage and low voltage

winding resistances of 0.5 W and 0.0007 W respectively and reactances of 2 W and 0.001

W respectively. Find the current and the input power when the high voltage winding is

connected to a 220 V 50 Hz supply, the low voltage being short circuited.

Solution

6600

440

H

L

N

N
= , RH = 0.5 W, RL = 0.0007 W,

XH = 2 W, XL = 0.001 W.

Equivalent impedance referred to the high voltage side

ZeH = RH + RL

2

H

L

N

N

æ ö
ç ÷è ø

 + j

2

H

H L
L

N
X X

N

ì üæ öï ï+í ýç ÷è øï ïî þ

= 0.5 + 0.0007 

2
6600

440

æ ö
ç ÷è ø  + j

2
6600

2 0.001
440

ì üï ïæ ö+í ýç ÷è øï ïî þ
= 0.6575 + j2.225 = 2.32–73.54° W.

\ Current in the high voltage side when low voltage is short circuited is 
220

2.32
A

= 94.83 A.

 Input power = 220 ¥ 94.83 cos 73.54° = 5911 W = 5.91 kW.
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3.13 The equivalent impedance of a 10 kVA, 220/440 V, single-phase, 50 Hz trans-

former referred to the low voltage side is (0.2 + j0.5) W. The core loss resistance and

magnetizing reactance are 100 W and 150 W respectively, both referred to the low voltage

side. If the high voltage current is 20 A at a lagging p.f. of 0.8 find the low voltage input

current and the high voltage terminal voltage.

Solution

ROL = 0.2 W

XOL = 0.5 W

RO = 100 W

XO = 150 W

\ ZOL = 0.5385–68.2° W.

High voltage current (IH) = 20–– cos–10.8 = 20––36.86° V

The high voltage current referred to low voltage side = HI ¢  = 20 ¥ 
440

220
 = 40 A.

The no load component of current (IO) = 
220 220

100 150
j-

= (2.2 –  j1.47) A

Input current on the low voltage side = 40(0.8 – j0.6) + 2.2 – j1.47

= 34.2 – j25.47

= 42.64––36.67° A.

High voltage side terminal voltage (V2) = {220 – 42.64––36.67°(0.2 + j0.5)}
440

220

= {220 – 42.64(0.8 – j0.6)(0.2 + j0.5)}
440

220

= {220 – 42.64(0.46 + j0.28)}
440

220

= (200.38 – j11.94} ¥ 2 = 401.47––3.41° V.

3.14 A 500 kVA, single-phase, 2000/200 V, 50 Hz. transformer has a high voltage

resistance 0.2 W and a leakage reactance of 0.4 W. The low voltage winding resistance is

0.002 W and the leakage reactance is 0.008 W. Find (i) the equivalent winding resistance

and reactance referred to the high voltage side and the low voltage side, (ii) the equivalent

resistance and equivalent reactance drops in volts and in percent of the rated winding

voltages expressed in terms of high voltage quantities.

Solution

(i) Equivalent winding resistance referred to the high voltage side

Ro1 = R1 + R2

2

1

2

N

N

æ ö
ç ÷è ø

= 0.2 + 0.002 ¥ 

2
2000

200

æ ö
ç ÷è ø  = 0.2 + 0.2 = 0.4 W.

Equivalent reactance referred to the high voltage side

Xo1 = X1 + X2

2

1

2

N

N

æ ö
ç ÷è ø

= 0.4 + 0.008 ¥ 

2
2000

200

æ ö
ç ÷è ø  = 0.4 + 0.8 = 1.2 W.

Equivalent resistance referred to low voltage side

Ro2 = R2 + R1

2

2

1

N

N

æ ö
ç ÷è ø

 = 0.002 + 0.2 ¥ 

2
200

2000

æ ö
ç ÷è ø  = 0.002 + 0.002 = 0.004 W.

ü
ý
þ

 [Low voltage side resistance and reactance]

ü
ý
þ

 [Magnetizing branch resistance and reactance

at low voltage side]



Single Phase Transformer I.3.21

Equivalent reactance referred to low voltage side

Xo2 = X2 + X1

2

2

1

N

N

æ ö
ç ÷è ø

 = 0.008 + 0.4 ¥ 

2
200

2000

æ ö
ç ÷è ø  = 0.008 + 0.004 = 0.012 W.

(ii) Equivalent resistance drop referred to the high voltage side = I1Ro1 = 

3500 10

2000

´
 ¥

0.4 = 250 ¥ 0.4 = 100 V.

Percent equivalent resistance drop = 
1 1

1

oI R

V
 ¥ 100% = 

100

2000
 ¥ 100% = 5%.

Equivalent reactance drop referred to the low voltage side

I1Xo1 = 

3500 10

2000

´
 ¥ 1.2 = 250 ¥ 1.2 = 300 V

Percent equivalent reactance drop

1 1

1

oI X

V
 ¥ 100% = 

300

2000
 ¥ 100% = 15%.

3.15 A 5 kVA 440/220 V single-phase transformer has a primary and secondary wind-

ing resistance of 2 W and 0.8 W respectively. The primary and secondary reactances are

10 W and 1.5 W respectively. Find the secondary terminal voltage at full load, 0.8 p.f.

lagging.

Solution

If V2 be the secondary terminal voltage at full load and E2 the secondary terminal voltage

at no load then

E2 = V2 + 
22 oI R  cos q2 + 

22 oI X  sin q2

or V2 = E2 – I2 Ro2(0.8) – I2Xo2(0.6)

Ro2 = 2 ¥ 

2
220

440

æ ö
ç ÷è ø  + 0.8 = 0.5 + 0.8 = 1.3 W

Xo2 = 10 ¥ 

2
220

440

æ ö
ç ÷è ø  + 1.5 = 2.5 + 1.5 = 4 W

I2 = 

35 10

220

´
 = 22.73 A.

\ V2 = 220 – 22.73(1.3 ¥ 0.8 + 4 ¥ 0.6) = 220 – 22.73 ¥ 3.44 = 141.8 V.

3.16 A 220/1100 V single phase transformer has a resistance of 0.6 W and leakage

reactance of 1.5 W both referred to the high voltage side. Find the p.f. at which regulation

is zero. The full load primary current is 30 A.

Solution

Full load secondary current I2 = 30 ¥ 
220

1100
 = 6 A

Rp.u = 
2 2

2

6 0.6

1100

oI R

E

´
=  = 0.0033

Xp.u = 
2 2

2

6 1.5

1100

oI X

E

´
=  = 0.0082
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Voltage regulation is (Rp.u cos q2 + Xp.u sin q2), where (cos q2) is the lagging p.f.

Hence, 0.0033 cos q2 + 0.0082 sin q2 = 0

or, tan q2 = –0.4024

i.e., cos q2 = 0.93 and the negative sign indicates leading p.f.

The regulation is zero at 0.93 p.f. leading.

3.17 A 40 kVA, 2500/500 V single phase transformer has the following parameters:

R1 = 8 W, R2 = 0.5 W, X1 = 20 W, X2 = 0.8 W. Find the voltage regulation and the

secondary terminal voltage at full load for a p.f. of 0.8 lagging. The primary voltage is

held constant at 2500 V.

Solution

Equivalent resistance referred to low voltage side

Ro2 = 0.5 + 8 ¥ 

2
500

2500

æ ö
ç ÷è ø  = 0.5 + 0.32 = 0.82 W

Equivalent reactance referred to low voltage side

Xo2 = 0.8 + 20 ¥ 

2
500

2500

æ ö
ç ÷è ø  = 0.8 + 0.8 = 1.6 W

Full load secondary current I2 = 

340 10

500

´
 = 80 A

Voltage regulation = (I2 Ro2 cos q2 + I2 Xo2 sin q2)/E2

= 
80

500
{0.82 ¥ (0.8) + 1.6 ¥ (0.6)}

= 
129.28

500
 = 0.258 or 25.8%.

If V2 be the secondary terminal voltage then

2 2

2

E V

E

-
 = 0.258 or, V2 = (1 – 0.258) 500 = 371 V.

3.18 A 2000/400 V single phase transformer has an equivalent resistance of 0.03 p.u.

and an equivalent reactance of 0.08 p.u. Find the full load voltage regulation at 0.8 p.f.

lag if the primary voltage is 1500 V. Find also the secondary terminal voltage at full load.

Solution

Voltage regulation = 
2 2

2

E V

E

-
 = Rp.u. cos q2 + Xp.u. sin  q2

or,
2 2

2

E V

E

-
= 0.03 ¥ 0.8 + 0.08 ¥ 0.6 = 0.072

So, voltage regulation is 0.072 or, 7.2%.

When primary voltage is 1500 V secondary voltage is 1500 ¥ 
400

2000
 = 300 V at no load

or, E2 = 300 V. Hence, secondary terminal voltage V2 = E2(1 – 0.072) = 300 ¥ 0.928 =

278.4 V.
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3.13 LOSSES AND EFFICIENCY OF
TRANSFORMER

Like any other machine, the efficiency of a transformer is defined as

h = 
Power output

Power input

= 
Power output

Power output + Power losses in the transformer

To find the efficiency, we are to know various types of losses. There are two

types of losses in a transformer:

(a) Copper losses (or I2R losses or ohmic losses) in the primary and secondary

windings.

(b) Iron losses (or core losses) in the core. This again has two components:

(i) hysteresis losses and (ii) eddy current losses.

The copper losses (PC) also have two components: (i) the primary winding

copper loss, and (ii) the secondary winding copper loss.

\ Copper losses, (PC) = 
2 2

1 21 2
I R I R+

= 
1

2 2 2
1 21 1 1 oI R I R I R¢+ =

Also, PC = 
2

2 2 2
2 12 2 2 oI R I R I R¢+ = (3.22)

(For correct determination of copper losses, the winding resistance should be

determined at the operating temperature of windings.)

When alternating current flows through the windings, the core material under-

goes cyclic processes of magnetisation and demagnetisation.

This process is called hysteresis.

The hysteresis losses (in watts) is given as,

Ph = Kh
n
mB fv (3.23)

where, Kh = hysteresis coefficient whose value depends upon the material (Kh is

0.025 for cast steel, 0.001 for silicon steel and 0.0001 for permalloy)

Bm = maximum flux density (in tesla)

n = a constant, 1.5 £ n £ 2.5 depending upon the material

f = frequency (in hertz)

v = volume of the core material (in m3)

The eddy currents are the circulating currents set up in the core. These are

produced due to magnetic flux being cut by the core. The loss due to these eddy

currents is called eddy current losses. This loss (in watts) is given by

Pe = Ke
2 2 2
mB f t v (3.24)

where Ke = constant dependent upon the material

t = thickness of laminations (in metre)

A comparison of the expressions of hysteresis and eddy current losses reveals

that the eddy-current loss varies as the square of the frequency, whereas the

hysteresis loss varies directly with the frequency. The hysteresis losses can be

minimised by selecting suitable ferromagnetic material for the core. The eddy-

current losses can be minimised by using thin laminations in building the  core.
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The total iron losses (Pi) is given as

Pi = Ph + Pe

The efficiency of the transformer in thus given as

h = 
Power output

Power input

o

o c i

P

P P P
=

+ +

= 
2 2 2

2
2 2 2 022

cos

cos i

V I

V I I R P

f

q + +
(3.25)

3.14 CONDITION FOR MAXIMUM EFFICIENCY

Dividing the numerator and denominator in the above expression of efficiency

by (I2), we get

h = 
2 2

2 2 2 02 2

cos

cos /i

V

V I R P I

q

q + +
The transformer being operating at constant terminal voltage and constant power

factor, we know the value of (I2) at which the efficiency is maximum. Obvi-

ously, the efficiency will be maximum when (I2 Ro2 + Pi/I2) is a minimum. (h) is

maximum when its first derivative with respect to I2 is zero.

i.e, 2 02
2 2

iPd
I R

dI I

æ ö
+ç ÷è ø

= 0

or
2oR  – 

2
2

iP

I
= 0

or
2

2
2 oI R = Pi (3.26)

Thus, the efficiency at a given terminal voltage and load power factor is maxi-

mum for such a load current (I2) which makes copper losses equal to the con-

stant iron losses.

3.15 EXPRESSION FOR LOAD AT WHICH
EFFICIENCY IS MAXIMUM

Let I2fl = Full load secondary current

I2m = secondary current when efficiency is maximum

Ro2 = equivalent resistance referred to the secondary

Pi = core loss

Full load copper losses = 2
22 ofl

I R  = Pcfl

Copper losses (when efficiency is maximum) are, 
2

2 2om
I R  (= Pcfl)

So,
2

2m
I = 

2 2
2 2

2
2 2 2

C Cf l flC

o cflof l

I P I PP

R PI R
= =

or, I2m = 2
C

f l
cfl

P
I

P
 = 2

i
f l

cfl

P
I

P
(3.27)
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Current at maximum efficiency = current at full load ¥ 
Core loss

Full load copper loss

æ ö
ç ÷
è ø

Now, V2 I2m = V2 I2fl
C

cfl

P

P
 = I2fl

i

cfl

P

P
(3.28)

or, (VA) output at maximum efficiency

= full load (VA) output ¥ 
Core loss

Full load copper loss

Hence, if the maximum efficiency occurs at n times the full load, then n =

( / )C cflP P . (3.28a)

Maximum efficiency = 
2 2

2 2

cos

cos 2

fl

fl C

nV I

nV I P

q

q +
, where (cos q2) is the load p.f.

3.19 In a 25 kVA, 2000/200 V transformer the iron and full load copper losses are

350 W and 400 W respectively. Find the efficiency at unity p.f. at (a) full load (b) half

load. Determine the load for maximum efficiency.

Solution

Efficiency = 
Output Output

=
Input Output + Losses

(a) At full load and unity p.f.

Output = 25 ¥ 103 ¥ 1 = 25 ¥ 103 W

Losses = 350 + 400 = 750 W

\ efficiency = 
25,000

25,000 + 750
   0.97 or 97%

(b) At half load and unity p.f.

Output = 25 ¥ 103 ¥ 
1

2
 = 12.5 ¥ 103 W

Iron losses = 350 W

Copper losses = 

2
1

2

æ ö
ç ÷è ø  ¥ 400 = 100 W

Total losses = 450 W

Efficiency = 
12500

12500 + 450
 = 0.965 or 96.5%

If maximum efficiency occurs when load is (x) times the full load then copper

losses = (x2 ¥ 400) W

As core losses = copper losses, under maximum efficiency condition then (x2 ¥

400) = 350, or (x) = 
35

40
 = 0.935

Hence, load for maximum efficiency = 0.935 ¥ 25 kVA = 23.375 kVA.

3.20 Find the efficiency of a 150 kVA transformer at 25% full load at 0.8 p.f. lagging if

copper losses are 1600 W at full load and iron losses are 1400  W.
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Solution

Output at 25% full load and 0.8 p.f. lagging is

150 ¥ 103 ¥ 0.25 ¥ 0.8 = 30,000 W

Copper losses = 1600 ¥ (0.25)2 W = 100 W

Iron losses = 1400 W

Total losses = (100 + 1400) W = 1500 W

\ Efficiency = 
Output

Output + Losses
= 

30,000

30,000 + 1500
 = 0.9524 or 95.24%.

3.21 The efficiency of a 10 kVA, 2000/400 V single phase transformer at unity p.f. is

97% at rated load and also at half rated load. Determine the transformer core losses and

ohmic losses.

Solution

Efficiency = 
(Input – Loss)Output Losses

1
Input Input Input

= = -

At full load,

0.97 = 1 – 
Core losses + Copper losses

Output + Core losses + Copper losses

or 0.97 = 1 – 
3

+

10 10 1

C cu

c cu

P P

P P´ ´ + +

or
+

10000

c cu

c cu

P P

P P+ +
 = 0.03

or Pc + Pcu = 309.278 W. (i)

At half load,

0.97 = 1 – 
3

1
+

4

1 1
10 10

2 4

c cu

c cu

P P

P P´ ´ + +

or Pc + 
1

4
Pcu = 150 + 0.03

1

4
c cuP P

æ ö+ç ÷è ø

or Pc + 
1

4
Pcu = 

150

0.97
 = 154.639 W. (ii)

Solving Eqs (i) and (ii)

Pcu = 206.185 W

and Pc = 103.1 W.

3.22 A 20 kVA, 2000/220 V single-phase transformer has a primary resistance of 2.1 W

and a secondary resistance of 0.026 W. If the total iron loss is 200 W find the efficiency

on (i) full load and at a p.f. of 0.5 (lagging); (ii) half load and a p.f. of 0.8 (leading).

Solution

Iron losses = 200 W

Full load primary current = 
20,000

2000
 = 10 A

Full load secondary current = 
20,000

220
 = 90.91 A
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Total copper losses at full load = 
2 2

1 21 2
I R I R+

= (10)2 ¥ 2.1 + (90.91)2 ¥ 0.026

= 210 + 214.88 = 424.88 W.

(i) Output at full load and 0.5 p.f. lag = 20 ¥ 103 ¥ 0.5 = 10,000 W

Input = Output + Iron losses + Copper losses

= 10,000 + 200 + 424.88 = 10,624.88 W.

So, efficiency = 
Output

Input
 = 

10,000

10,624.88
 = 0.941 = 94.1%.

(ii) Output at half load at 0.8 p.f. leading = 20 ¥ 103 ¥ 
1

2
 ¥ 0.8 = 8000 W.

Copper loss at half load = 424.88 ¥ 

2
1

2

æ ö
ç ÷è ø  = 106.22 W

Input = 8000 + 106.22 + 200 = 8306.22 W

Efficiency = 
8000

8306.22
 = 0.963 = 96.3%.

3.23 The primary resistance of a 440/110 V single-phase transformer is 0.28 W and the

secondary resistance is 0.018 W. If the iron losses is measured to be 160 W when the rated

primary voltage is applied, find the kW loading to give maximum efficiency at unity p.f.

Solution

Let at (x) times the full load the efficiency is maximum. If Pcu is the copper losses at full

load, then x2 Pcu = 160, as copper losses = iron losses when efficiency is maximum.

Now (x2 
2

2
2 oI R ) = 160 where I2 is the full load secondary current and Ro2 is the

equivalent resistance referred to secondary.

Now Ro2 = R1

2

2

1

N

N

æ ö
ç ÷è ø

 + R2 = 0.28 ¥ 

2
110

440

æ ö
ç ÷è ø  + 0.018

= 0.0175 + 0.018 = 0.0355 W

\ xI2 = 
160

0.0355
A = 67.13 A

The loading at unity p.f. is = 
3

110 67.13 1

10

´ ´
 = 7.38 kW.

3.24 A single-phase transformer supplies a load of 20 kVA at a p.f. of 0.81 (lagging).

The iron loss of the transformer is 200 W and the copper losses at this load is 180 W.

Calculate (i) the efficiency (ii) if the load is now changed to 30 kVA at a p.f. of 0.91

(lagging), calculate the new efficiency.

Solution

Iron loss = 200 W

Copper loss at a load of 20 kVA is = 180 W.

(i) Output of 0.81 p.f. (lag) = 20 ¥ 103 ¥ 0.81 = 16200 W

Total losses = 200 + 180 = 380 W

Input = Output + Losses = 16200 + 380 = 16580 W

Efficiency = 
Output

Input
 = 

16200

16580
 = 0.977 = 97.7%.
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(b) New load is 30 kVA at 0.91 p.f. (lag)

Output = 30 ¥ 103 ¥ 0.91 = 27300 W

Copper losses at a load of 30 kVA is, Pcu = 180 ¥ 

2
30

20

æ ö
ç ÷è ø  = 180 ¥ 

9

4
 = 405 W

Input = Output + Losses = 27300 + 200 + 405 = 27905 W

Efficiency = 
27300

27905
 = 0.978 = 97.8%

3.25 The ohmic resistance of the primary and secondary windings of a 27.5 kVA,

450/112 V single-phase transformer are 0.055 W and 0.00325 W respectively. At the rated

supply voltage the iron losses are 170 W. Calculate (i) the full load efficiency at a p.f. of

0.8 lagging, (ii) the kVA output at which efficiency is a maximum at a p.f. of 0.8

(lagging), (iii) the value of maximum efficiency at a p.f. of 0.8 (lagging).

Solution

Full load primary current I1 = 

327.5 10

450

´
 = 61.1 A.

Full load secondary current I2 = 

327.5 10

112

´
 = 245.53 A.

Primary copper losses at full load = (61.1)2 ¥ 0.055 = 205.326 W.

Secondary copper losses at full load = (245.53)2 ¥ 0.00325 = 195.93 W.

Total copper losses at full load = (205.326 + 195.93) W = 401.26 W.

Iron losses = 170 W.

(i) Full load efficiency at a p.f. of 0.8 lag

= 
Output

Output + Total Losses
= 

3

3

27.5 10 0.8

27.5 10 0.8 401.26 170

´ ´

´ ´ + +
   0.975 = 97.5%.

(ii) Let  maximum efficiency occurs when load is (x) times the full load. As core losses

= copper losses under this condition,

\ x2 ¥ 401.26 = 170 or, x = 0.65

kVA output under this condition is = 0.65 ¥ 27.5   17.9.

(iii) Maximum efficiency = 

3

3 2

17.9 10 0.8

17.9 10 0.8 170 ( 0.65) 401.25

´ ´

´ ´ + + ´

= 
14320

14659.5
 = 0.9768 = 97.68%.

3.16 TESTING OF TRANSFORMERS

The efficiency and regulation of a transformer are calculated by two types of

tests, called open circuit test and short circuit test.

3.16.1 Open Circuit Test

This test is performed to measure the iron losses. The no-load current compo-

nents Iw and Im are measured from the open circuit test. From these, Ro (core loss

resistance) and Xo (magnetizing reactance) parameters of equivalent circuit can

be calculated.
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One of the windings of a transformer is open-circuited. The rated voltage at

rated frequency is applied to the other winding. Generally the HT side is kept

open-circuited and the rated voltage is fed to the LT winding.

The connections are made as shown in Fig. 3.15. The rated voltage is supplied

through an auto-transformer (also called variac). The readings of the wattmeter,

voltmeter and ammeter are noted. Let Wo, V1 and Io be their readings. Since the

secondary is open circuited a very small current called the no load current flows

in the primary. The ammeter reads no load current Io. As Io is very small so the

ohmic loss which is proportional to the square of the current can be neglected.

WoCC

PC

A1

V1 N1 N2

(Pri) (Sec)

V2

LV HV

I Ipri o( )

Openapplied
rated voltage

Fig. 3.15 Circuit diagram for open circuit test

So, Iron losses, Pi = Wo – 

2
1 2

1o
p

V
I r

r
- (3.29)

where rp = resistance of potential circuit of wattmeter

r1 = resistance of transformer winding connected to supply.

Since the terms 2
1

V /rp and  2
1oI r  are very small, the wattmeter reading Wo can be

assumed to give the iron losses.

If Iw and Im be the core loss component and magnetizing component of the no

load current Io and cos qo is the no load power factor, then

Pi = Wo = V1 Io cos qo

or cos qo =
1

o

o

W

V I
(3.30)

\ Iw = Io cos qo and Im = Io sin qo

Ro =
1

w

V

I
and Xo = 

1

m

V

I
.

3.16.2 Short Circuit Test

This test is carried out to determine the equivalent resistance and the leakage

reactance of the transformer. The connections are made as shown in the Fig. 3.16.

The LT winding is short-circuited. A low voltage is applied to HT side using an

auto-transformer. This voltage is adjusted in such a way that the full-load current

flows through the HT and LT windings. Since low voltage is applied the iron loss

which is proportional to the square of the applied voltage is negligibly small as

compared to the copper loss. Therefore, the wattmeter reading gives the copper

loss. Let the various readings be Wsc, Vsc and Isc. Then

ROH = Wsc/
2
scI (3.31a)
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ZOH = Vsc/Isc (3.31b)

XOH = 2 2( ) ( )oH oHZ R- (3.31c)

where, ROH is the equivalent resistance, (XOH) is the equivalent leakage reactance

and ZOH is the equivalent impedance referred to the h.v. winding. These param-

eters refer to the winding on which measurements are made, i.e. h.v. side. From

these, the various parameters as referred to other winding i.e. l.v. winding can be

calculated.

3.26 Calculate the values of Ro, Xo, R1 and X1 in the diagram shown in Fig. 3.17 of a

single-phase 8 kVA, 22/440 V, 50 Hz transformer of which the following are the test

results:

Open circuit test

220 V, 0.9 A, 90 W on the low voltage

side.

Short circuit test

20 V, 15 A, 100 W on the high voltage

side.

Solution

From the open circuit test data,

No load p.f. cos qo = 
90

220 0.9¥
 = 0.4545

\ sin qo = 0.89

Core loss resistance Ro = 
1 220

cos 0.9 0.4545o o

V

I q
=

¥
W = 537.83 W

Magnetizing reactance Xo = 
1 220

sin 0.9 0.89o o

V

I q
=

¥
 = 274.65 W

From short circuit test data,

ROH = Ro2 = 
2

100

(15)
W = 0.444 W

Z OH = Zo2 = 
20

15
W = 1.33 W

where Ro2 and Zo2 are the equivalent resistance and impedance referred to the high voltage

side.

CC

PC

Wsc

V2

A2
Isc

Vs c/ Vsc

HV

(Sec)

A1
N1

(Pri)

LV

N2

Ipri

Fig. 3.16 Circuit diagram for short circuit test.

XoRoV1

R1 X1

V ¢2

Fig. 3.17 Circuit diagram for Example
3.26
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Hence, XOH = Xo2 = 2 2(1.33) (0.44)-  = 1.255 W
Figure 3.17 shows the equivalent resistance R1 and reactance X1 referred to the low voltage

side or primary side.

Hence, R1 = 0.444 ¥
2

220

440

Ê ˆ
Á ˜Ë ¯  = 0.111 W

and X1 = 1.257 ¥
2

220

440

Ê ˆ
Á ˜Ë ¯  = 0.314 W

Also RO = 537.83 W and XO = 274.65 W.

3.27 Short circuit test performed on the h.v. side of a 100 kVA, 6600/440 V, single-

phase transformer yields the following results: 100 V, 6 A, 200 W. If the low voltage side

is delivering full load current at 0.8 p.f. lag and at 440 V find the voltage applied to the

high voltage side.

Solution

From the short circuit test results

RO1 =
2

200

(6)
W = 5.55 W

ZO1 =
100

6
W  = 16.67 W

XO1 =
2 2

0 01 1
Z R-  = 15.72 W

Secondary rated current I2 = 

3100 10

440

¥
A = 227.27 A.

If E2 and V2 be the secondary terminal voltage under no load and full load condition then

E2 – V2 = I2 RO2 cos q2 + I2 XO2 sin q2

Now, Ro2 = RO1 ¥
2

440

6600

Ê ˆ
Á ˜Ë ¯  = 5.55 ¥

2
2

30

Ê ˆ
Á ˜Ë ¯  = 0.0247 W

and Xo2 = XO1 ¥
2

440

6600

Ê ˆ
Á ˜Ë ¯  = 15.71 ¥

2
2

30

Ê ˆ
Á ˜Ë ¯  = 0.0699 W

Hence (E2 – V2) = 227.27 (0.0247 ¥ 0.8 + 0.0698 ¥ 0.6)  14 V.

For V2 = 440 V, (E2) = V2 + 14 = 454 V

Hence the voltage applied to the h.v. side is 
6600

454
440

Ê ˆ¥Á ˜Ë ¯  = 6810 V.

3.28 A 8 kVA, 440/2000 V, 50 Hz single-phase transformer gave the following test

results:

No load test: 440 V, 0.8 A, 80 W.

Short circuit test: 50 V, 3 A, 20 W.

Calculate (i) the magnetizing current and the component corresponding to iron losses at

normal voltage and frequency, (ii) the efficiency on full load at unity p.f., (iii) the second-

ary terminal voltage on full load at unity p.f.

Solution

(i) From no load test data,

No load p.f. (cos qo) = 
80

440 0.8¥
 = 0.227
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Iron loss component current = 0.8 (cos qo) = 0.8 ¥ 0.227 = 0.182 A

Magnetising current = 0.8 (sin qo) = 0.8 ¥ 0.974 = 0.779 A.

(ii) Iron loss = 80 W

As the secondary side is the h.v. side so a short circuit test is performed on the

secondary side.

Rated current of the h.v. side I2 = 
8000

2000
 = 4 A.

When current is 3 A the wattmeter reading is 20 W.

So, if rated current of 4 A flows through the high voltage winding the wattmeter

reading = 20 ¥
2

4

3

Ê ˆ
Á ˜Ë ¯  = 35.55 W.

So rated copper losses = 35.55 W.

Efficiency on full load at unity p.f. = 

3

3

8 10 1

8 10 1 35.55 80

¥ ¥

¥ ¥ + +
 = 0.9858 or 98.58%.

(iii) From short circuit test data,

RO2 =
2

20

(3)
 = 2.22 W, (ZO2) = 

50

3
 = 16.67 W

and (XO2) = 2 2(16.67) (2.22)-  = 16.52 W.
If V2 be the terminal voltage then,

E2 – V2 = I2 RO2 cos q2 + I2 XO2 sin q2, where E2 is the secondary voltage under no

load condition and cos q2 is the load p.f. which is unity in this case.

\ (2000 – V2) = 4(2.22 ¥ 1 + 16.52 ¥ 0)

or (V2) = 2000 – 8.88 = 1991.12 V.

3.29 The following results were obtained in tests on a 50 kVA, single-phase,

3300/400 V transformer.

Open circuit test: 3300 V, 430 W

Short circuit test: 124 V, 15.3 A, 535 W.

(supply given on h.v. side)

Calculate (i) the efficiency at full load and half full load both at 0.707 p.f. lagging, (ii) the

regulation at full load for p.f. of 0.707 (lagging and leading) and (iii) full load terminal

voltage under the condition of 0.707 p.f. (lagging).

Solution

For short circuit test data,

ZO1 =
124

15.3
W = 8.10 W, RO1 = 

2

535

(15.3)
W = 2.285 W

XO1 = 2 2(8.1) (2.285)-  = 7.77 W

(i) Rated current on the h.v. side = 
50,000

3300
A = 15.15 A

So, rated copper loss = 535 ¥
2

15.15

15.3

Ê ˆ
Á ˜Ë ¯  = 524.56 W

Iron loss = 430 W

Efficiency at full load and 0.707 p.f. lagging

=

3

3

50 10 0.707

50 10 0.707 524.56 430

¥ ¥

¥ ¥ + +
 = 0.9735 or 97.35%.
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Efficiency at half load and 0.707 p.f. lagging is

=

3

2
3

1
50 10 0.707

2

1 1
50 10 (0.707) 524.56 430

2 2

¥ ¥ ¥

Ê ˆ¥ ¥ ¥ + ¥ +Á ˜Ë ¯

 = 0.9623 or 96.23%.

(ii) Voltage regulation at full load and 0.707 lagging p.f. is

=
1 01 1 01

1

cos sinI R I X

E

q q+
=

15.15 (2.285 0.707 7.77 0.707)

3300

¥ + ¥

= 0.0326 = 3.26%

Voltage regulation at full load and 0.707 p.f. leading

=
1 01 1 01

1

cos sinI R I X

E

q q-
=

15.15(2.285 0.707 7.77 0.707)

3300

¥ - ¥

= (–0.0178) or (–1.78%).

(iii) If V2 is the terminal voltage at 0.707 p.f. lagging

2400

400

V-È ˘
Í ˙
Î ˚

= 0.0326 or, V2 = 400 (1 – 0.0326) V = 386.96 V.

3.17 SINGLE-PHASE AUTO TRANSFORMER

An auto transformer is a single winding transformer in which a part of the winding

is common to both the high voltage and low voltage side. Figure 6.18 shows a

step down auto transformer. The primary winding AB has N1 number of turns and

the secondary winding BC has N2 number of turns. The winding BC is common to

both the primary and secondary. The induced emf in the primary winding AB is E1

and in the secondary winding BC is E2. Hence 
1 1

2 2

E N

E N
=  = K, where K is the

turns ratio. The input current is I1 and the load current is I2. The mmfs I1N1 and

I2N2 will be equal and opposite. If terminal C is a sliding contact, the output

voltage V2 can be varied. The voltampere delivered to the load V2 I2 = V2 I1 + V2(I2

– I1). (V2 I1) is the voltamperes transferred conductively to the load through

winding AC and V2(I2 – I1) is the voltamperes transferred inductively to the load

through winding BC which represents the rating of the equivalent two winding

transformer.

Hence,
Output VA of auto transformer

Output VA of equivalent a two-winding transformer

=
2 2

2 2 1( ) 1

V I a

V I I a
=

- -
(3.32)

Figure 3.19 represents a step up auto transformer. Here input voltampere V1 I1 =

V1 I2 + V1(I1 – I2).

Hence
Output VA of auto transformer

Output VA of equivalent two winding transformer

=
1 1

1 1 2( ) 1

V I a

V I I a
=

- -
(3.33)
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3.17.1 Adavantages of an Auto Transformer

(a) For the same capacity and voltage ratio, an auto transformer requires less
winding material than a two-winding transformer. Hence there is saving in

copper.

(b) An auto transformer is smaller in size and cheaper than a two winding

transformer of same output.

(c) An auto transformer has higher efficiency since core loss and ohmic losses

are smaller.

(d) Voltage regulation of an auto transformer is better because of reduced

voltage drops in the resistance and ractance.

(e) An auto transformer has variable output voltage when a sliding contact is

used for the secondary.

3.17.2 Disadvantages of an Auto Transformer

(a) There is direct connection between the high voltage and low voltage side. If

there is an open circuit in the winding BC (Fig. 6.18) the full primary voltage

would be applied to the secondary. This high voltage may cause serious

damage to the equipments connected on the secondary side.

(b) The short circuit current is larger for an auto transformer due to reduced

internal impedance.

3.17.3 Applications of Auto Transformers

(a) Auto transformers are used for obtaining continuously variable ac voltage.

(b) They are used for interconnections of power systems of different voltage

levels.

(c) They are applied for boosting of ac mains voltage by a small amount.

(d) Auto transformers are used for starting the induction motors and synchro-

nous motors.

3.18 TRANSFORMER COOLING

The core and copper losses cause heating of transformers. It is necessary to

ensure that the temperature of the transformer does not exceed the maximum

V2 Load

I2

A

B

CV1

( – )I I1 2

I1

Fig. 3.18 Step down auto transformer

V1

V2 Load

A I2

I1

I I1 2–

B

C

Fig. 3.19 Step up auto transformer
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value, otherwise it may cause damage to the insulation. The following are the

methods for cooling these type of transformers.

(a) Air Natural Cooling Small transformers up to 25 kVA are cooled by natu-

ral circulation of air surrounding it.

(b) Air Blast Cooling In this type of cooling continuous blast of filtered air is

forced through the core and windings for better cooling.

(c) Oil Natural Cooling A majority of transformers have their core and wind-

ings immeresed in oil. Oil is a good insulating material and provides better

heat dissipation than air. Oil immersed transformers are enclosed in sheet

steel tank. The heat produced in the transformer is passed to the oil. The oil

is heated and it becomes lighter and rises to the top and its place is taken

by cool air from the bottom of the tank.

The heat of the air is transferred to the tank by natural circulation of air. The

heat is then transferred to the surrounding atmosphere.

(d) Oil Blast Cooling Here forced air is passed over cooling elements of

transformer immersed in oil.

(e) Forced Oil and Forced Air Cooling Heated oil is taken from the top of

the transformer tank to a cooling plant. Cooled oil is then circulated through

the bottom of the tank.

(f) Forced Oil and Water Cooling In this type of cooling metallic tubes are

situated inside the tank, below the oil level. Water is circulated through

these tubes to extract heat from the oil.

3.19 CONSERVATOR AND BREATHER

A conservator is an air tight metallic drum supported on a transformer top cover.

It takes up the expansion of oil with changes in temperature. When the oil is cold

the tank is filled with oil. When the temperature of the oil rises, the oil expands

and the expansion is taken up in the conservator. When the transformer cools, the

level of oil goes down and the air is drawn in. The incoming air is passed through

a device called breather for extracting moisture. A breather consists of a small

vessel which contains a drying agent like silica gel or calcium chloride.

3.20 DISTRIBUTION TRANSFORMERS AND
POWER TRANSFORMERS

Distribution transformers are used to step down the transmission voltage to a

lower value suitable for distribution. They are kept in operation all 24 hours in a

day whether they carry any load or not. They have better voltage regulation and

small leakage reactance.

Power transformers are used in generating stations or substations at each end

of transmission line for steping up or steping down the voltage. They are put in

service during load periods and are disconnected during light load periods. They

have greater leakage reactance and have maximum efficiency at or near full load.
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3.21 NAME PLATE AND RATINGS

The specifications of transformers are given by BIS (Bureau of Indian Standard)

2026. As per this standard every transformer must be provided with the following

specifications:

Type (power, distribution, auto, etc.), year of mannufacture, number of phases,

rated kVA, rated frequency, rated voltage of each winding, connection symbol,

percent impedance voltage at rated current, type of cooling, total mass, mass and

volume of insulating oil.

3.22 ALL-DAY EFFICIENCY

It is usual for the primary of a transformer to be connected permanently to the

supply and for the switching of load to be carried out in the secondary circuit.

Since the copper loss varies with load but iron loss is constant and the efficiency

depending on loading and losses vary througout the day. For transformers which

are continuously excited but supply loads only intermittently, a low iron loss is

particularly desirable, but a low copper loss is specially important where the load

factor is high. Again for a transformer working on full load for greater part of the

day, maximum efficiency should be arranged to occur some where around the full

load value but for a transformer whose full load value may be supplied for only 1/4

of the day and the unit is only lightly loaded for the rest of the time, it would be

desirable to arrange maximum efficiency to occur at about 1/2 full load value.

Considering the above factors the efficiency of a transformer is better esti-

mated on an energy rather than a power ratio and thus we have the term “all day

efficiency”.

All-day efficiency = 
Output in kWh for 24 hr.

Input in kWh for 24 hr.
(3.34)

ADDITIONAL EXAMPLES

3.30 The core of a single-phase 3300/440 V, 50 Hz transformer is of square cross-

section, each side being 140 mm. If the maximum flux density in the core is not to exceed

1T, find the number of turns required for each winding.

Solution

Flux = Flux density ¥ Area

= 1 ¥ (140 ¥ 10–3)2 = 0.0196 Wb.

If N1 and N2 be the number of turns of the primary and secondary windings respectively

then,

3300 = 4.44 ¥ 0.0196 ¥ 50 ¥ N1 (Q E1 = 4.44 fm fN1)

or N1 = 758.4 or, 758 (say)

As
1

2

N

N
=

1

2

E

E

So,N2= N1

2

1

E

E
 = 758 ¥ 440

3300
 = 101.
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3.31 For the no load test on a transformer, the ammeter was found to read 0.18 A and

the wattmeter 12 W. The reading on the primary voltmeter was 400 V and on the second-

ary voltmeter was 240 V. Calculate the magnetizing component of the no load current, the

iron loss component and the transformation ratio.

Solution

Core loss or iron loss component of no load current IC =
12

400
 = 0.03 A.

No load current = 0.18 A

So magnetizing component of no load current = 2 2(0.18) (0.03)-  = 0.178 A.

Transformation ratio = 
400 5

240 3
=  = 1.67:1.

3.32 A single-phase transformer with a ratio of 440/200 V takes a no load current of

8 A at a p.f. of 0.25 (lagging). If the secondary supplies a current 220 A at a p.f. of

0.8 (lagging), estimate the current taken by the primary from the supply.

Solution

Secondary load current I2 = 220 A

\ load component of the primary current ( = 1I ¢ ) = I2 ¥ 2

1

N

N
 = 220 ¥ 200

440
 = 100 A.

No load component of the primary current Io = 8 A.

Referring to Fig. 3.20, the horizontal and vertical

components of 1I ¢  are ( 1I ¢  sin q ) and

( 1I ¢  cos q ), where cos q = 0.8. Similarly, the

horizontal and vertical components of Io are (Io

sin qo) and (Io cos qo) where cos qo = 0.25. So,

the horizontal component of the primary current

= ( 1I ¢  sin q + Io sin qo)

i.e. I1H = 100 sin (cos–1 0.8) + 8 sin (cos–1 0.25)

= 67.75 A

Vertical component of the primary current

I1V = ( 1I ¢  cos q + Io cos qo)

= 100 ¥ 0.8 + 8 ¥ 0.25 = 82 A.

So the total primary current I1 = 2 2(82) (67.75)+  = 106.37 A.

3.33 A 6600/440 V single-phase transformer has a primary resistance of 140 W and a

secondary resistance of 0.25 W. Calculate the equivalent resistances referred to the second-

ary winding and primary winding respectively.

Solution

Primary resistance R1 = 140 W
Secondary resistance R2 = 0.25 W

Secondary resistance referred to primary 2R ¢ = 0.25 ¥
2

1

2

N

N

Ê ˆ
Á ˜Ë ¯

= 0.25 ¥
2

6600

440

Ê ˆ
Á ˜Ë ¯  = 56.25 W.

I ¢1

V1

I1

Io
qo

q

q

I2

V2

f

Fig. 3.20 Plot for Example 6.31
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So, equivalent resistance referred to primary

Ro1 = r1 + 2r ¢  = 140 + 56.25 = 196.25 W

Now, primary resistance referred to secondary 1R ¢ = 140 ¥
2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

= 140 ¥
2

440

6600

Ê ˆ
Á ˜Ë ¯  = 0.6222 W.

So, equivalent resistance referred to secondary

Ro2 = 1R ¢  + R2 = 0.622 + 0.25 = 0.872 W.

3.34 A 17.5 kVA, 460/115 V single-phase, 50 Hz transformer has primary and second-

ary resistances of 0.36 W and 0.02 W respectively and the leakage reactances of these

windings are 0.82 W and 0.06 W respectively. Determine the voltage to be applied to the

primary to obtain full load current with the secondary winding short circuited. Neglect the

magnetizing current.

Full load primary current I1 = 
17500

460
 = 38.04 A

R1 = 0.36 W and R2 = 0.02 W
X1 = 0.82 W and X2 = 0.06 W.

Equivalent resistance referred to the primary

Ro1 = R1 + 2R ¢  = 0.36 + 0.02 

2
460

115

Ê ˆ
Á ˜Ë ¯  = 0.68 W.

Equivalent reactance referred to the primary

XO1 = X1 + 2X ¢  = 0.82 + 0.06 ¥
2

460

115

Ê ˆ
Á ˜Ë ¯  = 1.78 W.

Equivalent impedance referred to the primary

ZO1 = 2 2(0.68) (1.78)+  = 1.905 W.

As the secondary is short circuited the voltage applied to the primary to obtain full load

current = I1ZO1

= (38.04 ¥ 1.905) = 72.47 V.

3.35 A transformer has 4% resistance and 6% reactance drop. Find the voltage regulation

at full load (a) 0.8 p.f. lagging (b) 0.8 p.f. leading and (c) unity p.f.

Solution

(a) Regulation at 0.8 p.f. lagging = Rp.u cos q2 + Xp.u sin q2

= 0.04 ¥ 0.8 + 0.06 ¥ 0.6

= 0.032 + 0.036 = 0.068 or 6.8%.

(b) Regulation at 0.8 p.f leading = Rp.u cos q2 – Xp.u sin q2

= 0.04 ¥ 0.8 – 0.06 ¥ 0.6

= 0.032 – 0.036 = –0.004 or –0.4%.

(c) Regulation at unity p.f (= Rp.u cos q2) = 0.04 ¥ 1 = 0.04 or 4%.

3.36 A 10 kVA, 440/200 V, 50 Hz single phase transformer requires 100 V on h.v. side

to circulate full load current with l.v. short circuited. The power input is 200 W. Find the

maximum possible voltage regulation and p.f. at which it occurs. Also find the secondary

terminal voltage under this condition.
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Solution

Full load h.v. current = 

310 10

440

¥
A = 22.73 A.

Power input = 200 W = (22.73)2 Ro1

Hence
1oR  = 0.387 W.

Also
1oZ  = 

100

22.73
W = 4.4 W, hence 

1oX  = 
2 2

1 1o oZ R-  = 4.38 W.

Voltage regulation is (Rp.u. cos q2 + Rp.u. sin q2). Maximum voltage regulation occurs when

2

d

dq
(Rp.u. cos q2 + Xp.u. sin q2) = 0

or, – Rp.u. sin q2 + Xp.u. cos q2 = 0

or, tan q2 = 
p.u.

p.u.

X

R

Now Rp.u. =
0.387 22.73

440

¥
 = 0.02

and Xp.u. =
4.38 22.73

440

¥
 = 0.226

Hence, tan q2 =
0.226

0.02
 = 11.31 or, cos q2 is 0.088

i.e., Power factor is 0.088 lagging.

Hence maximum voltage regulation = 0.02 ¥ 0.088 + 0.226 ¥ 0.996 = 0.227 p.u. or, 22.7%.

If (V2) be the terminal voltage then

1 – 
2

2

V

E
 = 0.227

or, V2 = (1 – 0.227) ¥ 200 = 154.6 V

3.37 A 20 kVA, 2000/220 V single-phase transformer has a primary resistance of 2.1 W
and a secondary resistance of 0.026 W. If the total iron loss equals 200 W, find the

efficiency on (i) full load and at a p.f of 0.5 lagging (ii) half load and a p.f of 0.8 leading.

Solution

Iron loss = 200 W

Secondary current = 

320 10

220

¥
 = 90.91 A

Equivalent resistance referred to the secondary

= 2.1 ¥
2

220

2000

Ê ˆ
Á ˜Ë ¯  + 0.026 = 0.0514 W

Total copper losses = (90.91)2 ¥ 0.0514 = 424.8 W

Efficiency = 
Output Output

=
Input Output + Losses

(i) Efficiency at full load and 0.5 lagging p.f.

=

3

3

20 10 0.5

20 10 0.5 200 424.8

¥ ¥

¥ ¥ + +
¥ 100% = 94.12%.
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(ii) Efficiency at half load and p.f. 0.8 leading

=

3

2
3

1
20 10 0.8

2

1 1
20 10 0.8 200 424.8

2 2

¥ ¥ ¥

Ê ˆ¥ ¥ ¥ + + ¥ Á ˜Ë ¯

¥ 100% = 96.3%.

3.38 The primary resistance of a 440/110 V single-phase transformer is 0.28 W and the

secondary resistance is 0.018 W. If the iron loss is measured to be 160 W when rated

voltage is applied, find the kW loading to give maximum effeciency at unity p.f.

Solution

Iron loss = 160 W

For maximum efficiency, iron loss = Copper loss

So, (
2
2

I RO2) = 160, where I2 = Secondary full load current

and RO2 is the equivalent resistance referred to the secondary

Now, RO2 = 0.28 ¥
2

110

440

Ê ˆ
Á ˜Ë ¯  + 0.018 = 0.0355 W

So, (
2
2

I ¥ 0.0355) = 160 or, I2 = 67.13 A

So, kW rating at unity p.f. = 
2 2

3 3

1 110 67.13

10 10

V I ¥ ¥
=  = 7.38.

3.39 The core of a single-phase transformer has a cross-sectional area of 15000 mm2 and

the windings are chosen to operate the iron at a maximum flux density of 1.1 T from a 50

Hz. supply. If the secondary winding consists of 66 turns estimate the kVA output if the

winding is connected to a load of 6 W impedance value.

Solution

Area A = 15,000 mm2 = 0.015 sqm

Flux density Bm = 1.1 Wb/m2

f = 50 Hz.

N2 = 66

E2 = 4.44 fmfN2 = 4.44 Bm AfN2

= 4.44 ¥ 1.1 ¥ 0.015 ¥ 50 ¥ 66 = 241.758 V.

If load is 6 W the current (I2) = 
241.758

6
A = 40.3 A

kVA output = 
2 2

3 3

241.758 40.3

10 10

E I ¥Ê ˆ
=Á ˜Ë ¯

 = 9.743.

3.40 A 440/220 V single-phase transformer has a primary resistance of 0.29 W and a

secondary resistance of 0.025 W. The corresponding reactance values are 0.44 W and

0.04 W. Estimate the primary current which would flow if a short circuit was to occur

across the secondary terminals.

Solution

RO1 = 0.29 + 0.025 ¥
2

440

220

Ê ˆ
Á ˜Ë ¯

 = 0.39 W
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XO1 = 0.44 + 0.04 ¥
2

440

220

Ê ˆ
Á ˜Ë ¯  = 0.6 W

ZO1 = 2 2(0.39) (0.6)+  = 0.7156 W
So, if a short circuit occurs across the secondary terminals

=
440

0.7156
A = 614.87 A.

3.41 A 660/220 V single-phase transformer has a primary resistance of 0.3 W and a

secondary resistance of 0.035 W. The corresponding reactance values are 0.5 W and

0.06 W. Estimate the percentage regulation for a secondary load current of 50 A at a p.f.

of 0.8 (lagging).

Solution

RO2 = 0.3 ¥
2

220

660

Ê ˆ
Á ˜Ë ¯  + 0.035 = 0.0683 W

XO2 = 0.5 ¥
2

220

660

Ê ˆ
Á ˜Ë ¯  + 0.06 = 0.1155 W

Voltage regulation = 
2 2 1 1 2 2

2

cos sinO OI R I X

E

q q+

=
50

220
{0.0683 ¥ 0.8 + 0.1155 ¥ 0.6} = 0.028 or, 2.8%.

3.42 A 20 kVA, 2000/220 V, single-phase transformer has a primary resistance of

2.1 W and a secondary resistance of 0.026 W. The corresponding leakage reactances are 2.5

W and 0.03 W. Estimate the regulation at full load under p.f. conditions of (i) unity, (ii) 0.5

lagging and (iii) 0.5 leading.

Solution

I2 =

320 10

220

¥
 = 90.91 A

RO2 = 2.1 ¥
2

220

2000

Ê ˆ
Á ˜Ë ¯  + 0.026 = 0.0514 W

XO2 = 2.5 ¥
2

220

2000

Ê ˆ
Á ˜Ë ¯  + 0.03 = 0.06025 W

(i) Voltage regulation at unity p.f. = 
2

2

I

E
{RO2 cos q2 + XO2 sin q2}

=
90.91

220
¥ 0.0514 ¥ 1 = 0.0212 or 2.12%.

(ii) Regulation at (0.5 lagging) p.f. = 
90.91

220
{0.0514 ¥ 0.5 + 0.06025 sin(cos–1 0.5)}

= 0.322 or 3.22%.

(iii) Regulation at (0.5 leading) p.f. = 
90.91

220
{0.0514 ¥ 0.5 – 0.06025 sin(cos–1 0.5)}

= (– 0.0109) or, (–1.09%).
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3.43 A single-phase transformer is designed to operate at 2 V per turn and turns ratio of

3:1. If the secondary winding is to supply a load of 8 kVA at 80 V, find (i) the primary

supply voltage, (ii) the number of turns on each winding and (c) the current in each

winding.

Solution

1

2

N

N
=

1

2

3

1

E

E
=

1

1

E

N
=

2

2

E

N
 = 2

E2 = 80 V

where N1 and N2 are the number of turns of the primary and secondary windings respec-

tively.

(i) So, E1 = 3 ¥ 80 = 240 V

Primary voltage = 240 V.

(ii) Now, 
1

1

E

N

Ê ˆ
Á ˜Ë ¯

 = 2

So, (N1) = 
1 240

2 2

E
=  = 120

Again, (N2) = 
2 80

2 2

E
=  = 40.

(iii) Secondary current = 
8000

80
 = 100 A (Q load is 8 kVA)

Primary current = 
8000

240
 = 33.33 A.

3.44 A single-phase step down transformer has the following particulars: Turns ratio

4:1, no load current 5 A at 0.3 p.f. lagging. Secondary voltage 110 V. Secondary load

10 kVA at 0.8 p.f. (lagging). Find (i) the primary voltage, neglecting the internal voltage

drop, (ii) the secondary current on load, (iii) the primary current and (iv) the primary p.f.

Solution

1

2

N

N

Ê ˆ
Á ˜Ë ¯

=
1

2

4

1

E

E
=

E2 = 110 V

(a) \ E1 = 4 ¥ 110 = 440 V.

(b) Secondary load current (I2) = 
10,000

110
 = 90.91 A.

(c) If ( 1I ¢ ) is the load component of the primary current then from 1 1I N¢  = I2 N2 or,

1I ¢  = I2

2

1

N

N
 = 90.91 ¥

1

4
 = 22.73 A

if I1 is the primary current then,

I1 cos q1 = Io cos qo + 1I ¢  cos q, where Io and 1I ¢ the no load and load component

of primary current, cos qo and cos q are the no load p.f. and secondary load p.f.

respectively.
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So, I1 cos q1 = 5 ¥ 0.3 + 22.73 ¥ 0.8 = 19.684 A.

Again, I2 sin q1 = 5 sin(cos–1 0.3) + 22.73 sin(cos–1 0.8)

= 18.4 A

\ I1 = 2 2(19.684) (18.4)+  = 26.94 A.

\ Primary current is 26.94 A

(d) Primary p.f. = cos q = 
1 1

1

cos 19.68

26.94

I

I

q
=  = 0.73 lagging.

3.45 A 6.6 kV, 50 Hz single-phase transformer with a transformation ratio (1:0.06) takes

a no load current of 0.7 A and a full load current of 7.827 A when the secondary is loaded

to 120 A at a p.f. of 0.8 lagging. What is the no load p.f.?

Solution

I2 = 120 A

Load p.f. (cos q = 0.8 lagging or, q = cos–1 0.8 = 36.87°

1

2

N

N
=

1

0.06

No load primary current Io = 0.7 A

Load component of primary current (= 1I ¢ )= 
2

2
1

N
I

N
 = 120 ¥ 0.06 = 7.2 A

Full load primary current I1 = 7.827 A

Let no load p.f. angle be qo

Referring to Fig. 6.31

2
1

I =
2 2
0 1

I I ¢+  + 2IO 1I ¢  cos (qo – q )

or cos (qo – q) = 

2 2 2(7.827) ( 0.7) (7.2)

2 0.7 7.2

- -

¥ ¥
 = 0.886

or (qo – q) = cos–1 0.886 = 27.625°

or qo = 27.625° + 36.87° = 64.495°.

3.46 A 1 kVA single-phase transformer has an iron loss of 20 W and a full load copper

loss of 40 W. Calculate its efficiency on full load output at a p.f. of (0.8) lagging.

Solution

Efficiency on full load at 0.8 p.f. lagging

=
1000 0.8Output

Output + Loss 1000 0.8 20 40

¥
=

¥ + +
¥ 100% = 93%.

3.47 A 25 kVA, 440/110V, 50 Hz single-phase step down transformer is designed to

work with 1.5 V per turn with a flux density not exceeding 1.35 T. Calculate (i) the

required number of turns on the primary and secondary windings respectively, (ii) the

cross-sectional area of the iron core and (iii) the secondary current.

Solution

1

1

E

N
=

2

2

E

N
 = 1.5
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Bm = 1.35 Wb/m2

E1 = 440 V and E2 = 110 V

(i) N1 = 
1

1.5

E
=

440

1.5
 = 293

As
1

2

E

E
=

1

2

N

N

So, N2 =
2

1
1

E
N

E
¥  = 

110

440
 ¥ 293 = 73

Here (N1) and (N2) are the number of turns of the primary and secondary windings

respectively.

(ii) E1 = 4.44 Bm AfN1, where A is the cross-sectional area of the iron core.

Here, A =
440

4.44 1.35 50 293¥ ¥ ¥
 sqm = 0.005 sqm.

3.48 The diagram in Fig. 3.21 shows the equivalent circuit for a single-phase trans-

former. The ratio of secondary to primary turns is 15. Find the (i) secondary terminal

voltage, (ii) the primary current and (iii) efficiency.

Fig. 3.21 Circuit diagram for Example 6.48

600 W800 W

4
0

0
 V

0.5 W 1.2 W

Load (10 + 5)j W

Solution

Load impedance = 10 + j5 = 11.18–26.56° W
Total series impedance = (0.5 + 10) + j(1.2 + 5) = 10.5 + j 6.2 = 12.194–30.56° W

Load current, I2 = 
400

12.194 30.56– ∞
A = 32.8––30.56° A

(i) Secondary terminal voltage = I2 ¥ 11.18–26.56° = 366.7 V.

(ii) Magnetising current = 
400 400

800 600
j-  = 0.5 – j0.667 = 0.833––53.14° A.

Hence primary current = load current + magnetising current

= 32.8––30.56° + 0.5 – j0.667

= (28.74 – j17.34) = 33.57––31.1°.

(iii) Input = (VI cos q ) = 400 ¥ 33.57 cos (31.1°) = 11497.95 W.

Total losses = Iron losses + Copper losses

= 400 ¥ 0.833 cos 53.14° + (33.57)2 ¥ 0.5 = 763.34 W

Efficiency = 
Loss

1
Input

Ê ˆ-Á ˜Ë ¯
 = 1 – 

763.34

11497.95
 = 0.9336 or 93.36%.
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3.49 A 50 kVA, 3.3 kV/230 V single-phase transformer has an impedance of 4.2% and a

copper loss of 1.8% at full load. Calculate the ohmic value of resistance, reactance and

impedance referred to the primary side. Estimate the primary short circuit current, assum-

ing the supply voltage to be maintained.

Solution

Primary full load current = 
50 ,000

3300
A = 15.15 A

Now,
4.2

100
=

1 1

1

oI Z

V

or 0.042 = 
115.15

3300

oZ

or Zo1 = 9.148 W
where Zo1 = equivalent impedance referred to the primary.

Again, 0.018 = 

2
1 1 1 11

1 1 1

15.15

3300

o o o
I R I R R

V I V
= =

or Ro1 = 3.92 W,

where Ro1 = equivalent resistance referred to the primary.

\ equivalent reactance referred to the primary = 2 2(9.148) (3.92)- W  = 8.26 W.

Under short circuit condition, the primary current = 
1

1

3300

9.148o

V

Z

Ê ˆ
=Á ˜Ë ¯

A = 360.73 A.

3.50 A 50 kVA, 440/110 V single-phase transformer has an iron loss of 250 W. With the

secondary windings short circuited full load currents flow in the windings when 25 V is

applied to the primary, and the power input being 500 W. For this transformer determine

(i) the percentage voltage regulation at full load, 0.8 p.f. lagging, (ii) the fraction of full load

at which the efficiency is maximum.

Solution

Iron loss = 250 W.

Full load primary current = 
50 ,000

440
A = 113.63 A.

Full load secondary current = 
50 ,000

110
A = 454.52 A.

Total impedance referred to the primary Zo1 = 
25

113.63
W = 0.22 W.

Primary input = (113.63)2 ¥ Ro1 = 500, where Ro1 = equivalent resistance referred to the

primary.

So Ro1 =
2

500

(113.63)
W  = 0.0387 W

Now Xo1 = 2 2(0.22) (0.0387)- W = 0.2165 W.

If Ro2 and Xo2 be the equivalent resistance and reactance referred to the secondary then

Ro2 = (0.0387) ¥
2

110

440

Ê ˆ
Á ˜Ë ¯ W = 0.0024 W



Basic Electrical and Electronic Engineering-III.3.46

Xo2 = (0.2165) ¥
2

110

440

Ê ˆ
Á ˜Ë ¯ W = 0.0135 W

(i) Voltage regulation at full load and 0.8 p.f. lagging

=
2 22 2 2 2

2

cos sino oI R I X

E

q q+

=
454.52

110
{0.0024 ¥ 0.8 + 0.0135 ¥ 0.6} = 0.0414 or 4.14%

(ii) Let x be the fraction of full load at which efficiency is maximum. For maximum

efficiency, core losses = copper losses

\ 2 2
22 ox I R  = 250 or, x2 =

2

250

(454.52) 0.0024¥
 = 0.504

or x2 = 0.71.

\ Efficiency is maximum when the load is 0.71 times the full load.

3.51 The maximum efficiency of a 100 kVA, single-phase transformer is 95% and occurs

at 90% of full load at 0.85 p.f. If the leakage impedance of the transformer is 5%, find the

voltage regulation at rated load 0.8 p.f. lagging.

Solution

Output at maximum efficiency = 100 ¥ 0.9 ¥ 0.85 = 76.5 kW

Efficiency = (0.95) = 
Output 76.5

=
Output + Losses 76.5 + Losses

\ Losses = 
76.5

76.5
0.95

È ˘-Í ˙Î ˚
 = 4.026 kW

At maximum efficiency core losses = copper losses

\ Core losses = copper losses = 2.013 kW

2.013 kW is the copper losses at 90% of full load.

So full load ohmic losses = 2.013 ¥
2

1

0.9

Ê ˆ
Á ˜Ë ¯  = 2.485 kW

If I2 be the full load secondary current,

( 2
22 OI R ) = 2485, where RO2 is the equivalent resistance referred to as the secondary

\ I2V2

2 2

2

OI R

V

Ê ˆ
Á ˜
Ë ¯

 = 2485

or 100 ¥ 103 ¥ RP.u = 2485, where Rp.u. is the p.u resistance

or RP.u = 0.02485

Now ZP.u = 0.05

\ XP.u = 2 2(0.05) (0.02485)-  = 0.04339

Voltage regulation = (RP.u cos q2 + XP.u sin q2) = 0.02485 ¥ 0.8 + 0.04339 ¥ 0.6

= 0.0459 or, 4.59%.

3.52 When an open circuit test is made on the primary of a transformer at 440 V and

50 Hz, the iron loss is 2.5 kW. When the test is repeated at 220 V and 25 Hz, the

corresponding loss is measured to be 850 W. Determine the hysteresis and eddy current

loss at normal voltage and frequency.
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Solution

Hysteresis loss, H • f and eddy current loss, E • f 2, where f is the frequency.

At H = K1 f and (E ) = K2 f 2

At 50 Hz iron loss = 2500 W

As iron loss = H + E

\ 2500 = K150 + K2(50)2

or 2500 K2 + 50 K1 = 2500

or 50 K2 + K1 = 50

Again at 25 Hz iron loss = 850 W

\ 850 = K1 25 + K2(25)2

or K1 + 25 K2 = 34

Solving the above two equations

(50 – 25)K2 = 50 – 34

or K2 = 
16

25
 = 0.64

and K1 = 50 – 50 ¥ 0.64 = 18.

At 50 Hz, hysteresis loss = 18 ¥ 50 = 900 W

and eddy current loss = 0.64 ¥ (50)2 = 1600 W.

3.53 The following results were obtained in tests on a 50 kVA, single-phase,

3300/400 V transformer.

Open Circuit Test:

Primary voltage 3300 V, Secondary voltage 400 V, Input Power 430 W.

Short Circuit Test:

Reduced voltage on primary (124 V) to give full secondary current, primary current is 15.3

A and input power 535 W.

Calculate

(i) The efficiency at half load at 0.707 p.f. lagging.

(ii) The regulation and terminal voltage at full load for p.f. 0.707 leading.

Solution

From open circuit test iron losses = 430 W.

From short circuit test copper losses = 535 W.

Under short circuit test applied voltage = 124 V

and primary current = 15.3 A.

Hence equivalent impedance referred to the primary winding

ZO1 =
124

15.3
W = 8.1 W

Equivalent impedance referred to the secondary winding

ZO2 = ZO1 ¥
2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

 = 8.1 ¥
2

400

3300

Ê ˆ
Á ˜Ë ¯  = 0.119 W

If I1 is the primary current and RO1 is the equivalent resistance referred to the primary then
2

11 OI R = 535

or RO1 =
2

535

(15.3)
 = 2.285 W.
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Hence equivalent resistance referred to secondary is

RO2 = 2.285 ¥
2

400

3300

Ê ˆ
Á ˜Ë ¯  = 0.03357 W

XO2 = 2 2(0.119) – (0.03357)  = 0.114 W.

Full load secondary current I2 = 

350 10

400

¥
A = 125 A

(i) Efficiency at 
1

2

Ê ˆ
Á ˜Ë ¯  load at 0.707 p.f. lagging

=

3

2
3

1
50 10 0.707

2

1 1
50 10 0.707 430 535

2 2

¥ ¥ ¥

Ê ˆ¥ ¥ ¥ + + ¥Á ˜Ë ¯

¥ 100% = 96.91%.

(ii) Regulation at full load for p.f. 0.707 leading

=
2

2

I

E
{RO2 cos q2 – XO2 sin q2}

=
125

400
{0.03357 ¥ 0.707 – 0.114 ¥ 0.707} = –0.0178 or, –1.78%

Again,
2

2

1
V

E

È ˘
-Í ˙

Î ˚
 = (–0.0178), where (V2) is the terminal voltage.

Hence, V2 = (1 + 0.0178) E2 = 1.0178 ¥ 400 = 407.12 V.

3.54 A 17.5 kVA, 450/121 V, 50 Hz single-phase transformer gave the following data on

test:

Open circuit test (OCT): 450 V, 1.5 A, 115 W

Short circuit test (SCT): 15.75 V, 38.9 A, 312 W.

Estimate the voltage on the secondary terminals and the efficiency of the transformer

when supplying full load current, at a p.f. of (0.8) lagging, from the secondary side.

Assume the input voltage to be maintained at 450 V.

Solution

Full load primary current = 
17500

450
A = 38.89 A

Full load secondary current = 
17500

121
A = 144.63 A

As 450 V is the applied voltage in OCT so this test has been performed on the h.v. side

and as the current in the SCT is 38.9 A which the rated primary or low voltage current so

this test has also been performed on the l.v. side.

From short circuit test data,

Ro1 =
2

312

(38.9)
W = 0.206 W,

ZO1 = 15.75

38.9
W = 0.405

and XO1 = 2 2(0.405) (0.206)-  = 0.3487 W.

\ RO2 = 0.206 ¥
2

121

450

Ê ˆ
Á ˜Ë ¯  = 0.0149 W
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and XO2 = 0.3487 ¥
2

121

450

Ê ˆ
Á ˜Ë ¯  = 0.0252 W.

If V2 be the secondary terminal voltage then

[121 – V2] = 144.63(0.0149 ¥ 0.8 + 0.0252 ¥ 0.6) = 3.91

or V2 = 117.09 V.

From OCT, iron loss = 115 W

From SCT, full load copper loss = 312

So efficiency at full load and 0.8 p.f. lagging

=

3

3

17.5 10 0.8

17.5 10 0.8 115 312

¥ ¥

¥ ¥ + +
 = 0.97 or 97%.

3.55 A 11,000 V, 500 Hz transformer has a flux density of 1.2 Wb/m2 at rated voltage

and frequency. Now all the linear dimensions of the core are doubled; primary and second-

ary turns are halved and the new transformer is energised from 22000 V, 50 Hz supply.

Both the transformers have the same core material and the same lamination thickness.

Calculate the flux density for the new transformer.

Solution

V = 2 p f Bm AN

1

2

V

V
=

2

2

11,000 50 1.2

22,000 1
50 2

2
m

AN

B A N

¥
=

¥ ¥ ¥

or
1

2
=

2

1.2

2mB ¥
 or, 

2mB  = 
1.2 2

2

¥
 = 1.2.

So the flux density of the new transformer = 1.2 Wb/m2.

3.56 The daily variation of load on a 100 kVA transformer is as follows:

8 a.m. to 1 p.m.: 65 kW, 45 KVAR

1 p.m .to 7 p.m.: 80 kW, 50 KVAR

7 p.m. to 2 a.m.: 30 kW, 30 KVAR

2 a.m. to 8 a.m.: No load

The transformer has a no load core loss of 270 W and a full load ohmic loss of 1200 W.

Determine the all day efficiency of the transformer.

Solution

From 8 a.m. to 1 p.m.,

kVA = 2 2(65) (45)+   79

Ohmic loss = 

2
79

100

Ê ˆ
Á ˜Ë ¯ ¥ 1200 = 749 W

Energy lost as ohmic loss = 
3

749 5

10

¥
kWh = 3.745 kWh.

From 1 p.m. to 6 p.m.,

kVA = 
2 2(80) (50)+  = 94.34

Ohmic loss = 

2
94.34

100

Ê ˆ
Á ˜Ë ¯ ¥ 1200 = 1068 W
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Energy lost as ohmic loss = 
3

1068 6

10

¥
kWh = 6.408 kWh.

From 7 p.m. to 2 a.m.,

kVA = 
2 2(30) (30)+  = 42.426

Ohmic loss = 

2
42.426

100

Ê ˆ
Á ˜Ë ¯ ¥ 1200 = 216

Energy lost as ohmic loss = 
3

216 7

10

¥
kWh = 1.51 kWh

Daily energy lost as ohmic losses = (3.745  + 6.408 + 1.512) kWh = 11.665 kWh

Daily energy lost as core loss = 
3

24 270

10

¥
kWh = 6.48 kWh

Total energy loss = (11.665 + 6.48) kWh = 18.145 kWh

Daily kWh output = 65 ¥ 5 + 80 ¥ 6 + 30 ¥ 7 + 0 = 1015 kWh

All day efficiency = 
Energy output

Energy output + Energy loss
 = 

1015

1015 +18.145
¥ 100% = 98.24%.

3.57 A 100 kVA, 2400/240 V, 50 Hz single-phase transformer has an exciting current of

0.64 A and a core loss of 700 W, when its high voltage side is energised at rated voltage

and frequency. Calculate the two components of the exciting current.

Solution

Exciting current Ie = 0.64 A

Core loss = (V1 Ie cos qo) = 700 W, where cos qo is the no load p.f. and V1 is the voltage

of the primary winding.

So,cos qo = 
700

2400 0.64¥
 = 0.456

The core loss component of exciting current

= Ie cos qo = 0.64 ¥ 0.456 = 0.292 A.

The magnetizing component of exciting current

= Ie sin qo = 0.64 ¥ sin (cos–1 0.456) = 0.569 A.

3.58 In no load test of a single-phase transformer the following test data were obtained:

Primary voltage = 220 V

Secondary voltage = 110 V

Primary current = 0.5 A

Power input 30 = W.

Find the turns ratio, magnetising component of no load current, loss component of no

load current and the iron loss. Resistance of primary winding is 0.6 W.

Solution

Turns ratio = 
1 1

2 2

220

110

N V

N V

Ê ˆ
= =Á ˜Ë ¯

 = 2

No load current Io = 0.5 A

Power at no load (V1 Io cos qo) = 30 W.

Hence, Io cos qo =
30

220
 = 0.136 A, i.e loss component of no load current is 0.136 A.

Hence, cos qo = 0.272, i.e. sin qo = 0.962
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Magnetising component of no load current is

Io sin qo = 0.5 ¥ 0.962 = 0.481 A

Iron loss = Input power – Ohmic loss in primary winding

= (30 – (0.5)2 ¥ 0.6) = 29.85 W.

3.59 A transformer has its maximum efficiency of 0.975 at 20 kVA at unity p.f. During

the day it is loaded as follows:

10 hr: 3 kW at 0.6 p.f.

8 hr: 10 kW at 0.8 p.f.

6 hr: 20 kW at 0.9 p.f.

Find the all day efficiency.

Solution

kWh output = (10 ¥ 3) + (8 ¥ 10) + (6 ¥ 20) = 30 + 80 + 120 = 230 kWh

As maximum efficiency is 0.975 so total losses under this condition is [1 – 0.975] = 0.025

of output power.

At unity p.f. output power = 20 ¥ 1 = 20 kW

Hence losses = 0.025 ¥ 20,000 = 500 W

\ core losses = copper losses = 
500

2
W = 250 W

As core loss is constant for all p.f. so total core losses in 24 hr.

=
3

250 24

10

¥
kWh = 6 kWh

For the first 10 hr.

kVA load = 
3

0.6
 = 5

Total copper losses = 10 ¥
2

5 250

20 1000

Ê ˆ ¥Á ˜Ë ¯ kWh = 0.156 kWh

For the next 8 hr.

kVA load = 
10

0.8
 = 12.5

Total copper losses = 8 ¥
2

12.5 250

20 1000

Ê ˆ ¥Á ˜Ë ¯ kWh = 0.781 kWh.

For the last 6 hr.

kVA load = 
20

0.9
 = 22.22

Total copper losses = 6 ¥
2

22.22 250

20 1000

Ê ˆ ¥Á ˜Ë ¯ kWh = 1.85 kWh

Total copper losses = 0.156 + 0.781 + 1.85 = 2.79 kWh

Total loss = 6 kWh + 2.79 kWh = 8.79 kWh

All day efficiency = 
230

230 8.79+
 = 0.963 or 96.3%.

3.60 A lighting transformer rated at 10 kVA has full load losses of 0.3 kW which is made

up equally from the iron losses and the copper losses. The duty cycle consists of full load

for 3 hours, half full load for 4 hours and no load for the remainder of a 24 hours period.

If the load operates at unity power factor, calculate the all day efficiency.
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Solution

The load operates at unity power factor.

For the first three hours,

Energy output = 10 ¥ 1 ¥ 3 kWh = 30 kWh

For the next four hours,

Energy output = 
1

2
¥ 10 ¥ 1 ¥ 4 = 20 kWh

Total energy output = (30 + 20) kWh = 50 kWh

Full load losses = 0.3 kW

So,iron loss= 
0.3

2

Ê ˆ
Á ˜Ë ¯ kW = 0.15 kW

and full load copper loss = 
0.3

2
kW = 0.15 kW

Iron loss energy = (0.15 ¥ 24) = 3.6 kWh

Copper loss energy = 2

0.15
0.15 3 4

(2)

Ê ˆ
¥ + ¥Á ˜

Ë ¯  kWh = (0.45 + 0.15) kWh = 0.6 kWh

Energy loss = (3.6 + 0.6) kWh = 4.2 kWh

\ All day efficiency = 
50

50 4.2+
 = 0.922 or 92.2%.

EXERCISES

Short- and Long-Answer-Type Questions

1. Define a transformer. Discuss the principle of operation of a single phase

transformer.

2. Distinguish between core type and shell type transformer. Why is the low

voltage winding placed near the core? Why is the core of a transformer

laminated?

3. Derive an expression for the emf induced in a transformer winding.

4. Define an ideal transformer. Draw and explain the no load phasor diagram of

an ideal single phase transformer.

5. Draw the exact equivalent circuit of a transformer and describe briefly the

various parameters involved in it.

6. Draw and explain the phasor diagram of a single-phase transformer under

lagging p.f.

7. Define voltage regulation of a transformer. Develop an expression for calcu-

lating the voltage regulation of a two winding transformer under (i) lagging

p.f., (ii) unity p.f. and (iii) leading p.f.

8. What are the different types of losses in a transformer? Write an expression

for efficiency and develop a condition for maximum efficiency.

9. Explain why

(i) the open circuit test on a transformer is conducted at a rated voltage,

(ii) usually the low voltage winding is excited and the high voltage wind-

ing is open circuited for open circuit test,

(iii) the open circuit test gives core loss and short circuit test gives copper

loss,
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(iv) usually low voltage winding is short circuited and high voltage wind-

ing is excited for the short circuit test.

10. Discuss about the Sumpner’s test on single-phase transformer.

11. (i) Explain why parallel operation of transformer is necessary.

(ii) State the essential and desirable conditions which would be satisfied

before two single-phase transformers may be operated in parallel.

(iii) Deduce expressions for the load shared by two transformers connected

in parallel.

12. What is an auto transformer? State its merits and demerits over a two wind-

ing transformer. What are the applications of an auto transformer?

13. Discuss about the different types of cooling used in transformers. Distin-

guish between a power transformer and a distribution transformer.

14. Define all day efficiency of a single-phase transformer.

15. What are the advantages of a transformer bank of three single-phase

transformers over a unit three-phase transformer of the same kVA rating?

What are the distinguishing features of YY, YD, DY and DD three-phase

connections?

16. The primary winding of a single phase transformer connected to a 500 V, 50

Hz supply takes 1.41 A and absorbs 125 W with the secondary winding

open circuited. The secondary open circuit voltage is 250 V. When the

secondary winding is short circuited and the primary is connected to a

250 V, 50 Hz supply, the primary current is 15.1 A and the power absorbed is

92 W. Determine the shunt and series components of the equivalent circuit.

[Ans: RO = 2000 W, XO = 360.32 W, ro1 = 0.403 W, xo1 = 16.06 W]

17. A 1100/230 V, 150 kVA single-phase transformer has a core loss of

1.4 kW and a full load copper loss of 1.6 kW. Determine (i) the kVA load for

maximum efficiency and (ii) the maximum efficiency at unity power factor

load. [Ans: 140.312 kVA, 98.04%]

18. A 415/220 V transformer takes a no load current of 1 A and operates at a p.f.

of 0.19 lagging when the secondary supplies a current of 100 A at

0.8 p.f. lagging; find the primary current. [Ans.: 53.27 A]

[Hint:

No load current, Io = 1 A

No load power factor angle, qo  = cos–1 0.19 = 79°

Secondary current, I2 = 100 A

Load power factor angle, q2 = cos–10.8 = 36.86°

Load component of the primary current,

I1¢ = 2
2

1

N
I

N
 = 

220
100 A

415
¥  = 53 A.

Vertical component of primary current I1 is

I1¢ cos q2 + Io cos qo = 53 ¥ 0.8 + 1 ¥ 0.19 = 42.59 A.

Horizontal component of primary current I1 is

I1¢ sin q2 + Io sin qo = 53 ¥ 0.6 + 1 ¥ cos 79° = 32 A.

Hence I1 = 2( 42.59) (32)2+  = 53.27 A]
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19. The following test data were obtained on a 20 kVA, 50 Hz; 1 ph, 2000/200 V

transformer

No load test: 200 V, 1 A, 120 W

Short circuit test: 60 V, 10 A, 300 W

Find (i) efficiency of the transformer at 1/2 of the full load and 0.8 p.f.

lagging.

(ii) maximum efficiency and the load at which it occurs.

[Ans: 97.62%; 63.2% of full load]

[Hint:

Pc = 120 W

Pcu = 300 W

(i) Efficiency = 

( )
3

2
3

1
20 10 0.8

2
100%

1 1
20 10 0.8 120 300

2 2

¥ ¥ ¥
¥

¥ ¥ ¥ + + ¥

= 97.62%

(ii) If maximum efficiency occurs at x times the full load

x2 ¥ 300 = 120, \ x = 0.632

Load at maximum efficiency is 20 ¥ 0.632 kVA = 12.64 kVA

Maximum efficiency at 0.8 p.f. is
3

3

12.64 10 0.8
100%

12.64 10 0.8 2 120

¥ ¥
¥

¥ ¥ + ¥
 = 97.68%]

20. A 100 kVA, single-phase transformer of ratio 10000/200 V requires 300 V at

the high voltage winding to circulate full load current with low voltage

winding short circuited. The intake power is then 1000 W. Calculate the %

regulation and the secondary terminal voltage on full load at 0.8 p.f. lagging.

[Ans: 2.49%]

21. Calculate (i) full load efficiency at 0.8 p.f. and (ii) the approximate voltage at

the secondary terminal at full load and power factor of 0.8 lag and

0.8 lead for a 4 kVA, 200/400 V, 50 Hz single-phase transformer with the

following test results:

Open circuit test (L.T. side data) : 200 V, 0.8 A, 70 W

Short circuit test (H.T. side data) : 17.5 V, 9 A, 50 W

[Ans: 96.05%, 384 V, 406.12 V]

22. The primary and secondary winding resistances of a 30 kVA, 6000/230 V

transformer are 10 W and 0.016 W respectively. The reactance of the trans-

former as referred to primary is 34 W. Calculate the regulation at full load 0.8

p.f. lagging. [Ans: 3.33%]

23. A single-phase 20 Hz transformer is required to step down 2200 V to

250 V. The cross-section of the core is 36 sq cm and the maximum value of

the flux density is 6 Wb. Determine a suitable number of turns for each

winding and the transformation ratio.

1
: 458, 52,

8.8
Ans

È ˘
Í ˙Î ˚
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24. A 20 kVA transformer has 400 turns on the primary and 40 turns on the

secondary winding. The primary is connected to a 2 kV, 50 Hz. supply. Find

the full load primary and secondary currents, secondary emf and the maxi-

mum flux in the core. Neglect leakage drop and no load primary current.

[Ans: If l = 10 A; I2  = 100 A, E2  = 200 V; fm = 22.5 mwb]

[Hints:

1

2

N

N
=

400

40
,

I1 =
20

A
2

 = 10 A

I2 =
1

1
2

N
I

N
¥  = 

400
10

40
¥  = 100 A

Secondary emf E2 = 
2

1
1

N
E

N
¥  = 

40
2

400
¥  = 0.2 kV = 200 V

E1 = 4.44 f N1 ¥ fm

fm =
2000

4.44 50 400¥ ¥
wb = 0.0225 wb]

25. A 125 kVA transformer having a primary voltage of 2200 V at 50 Hz has 182

primary turns and 40 secondary turns. Neglecting losses calculate

(i) full load primary and secondary currents and (ii) no load secondary in-

duced emf. [Ans: 56.82 A, 258.52 A, 483.52 V]

26. The secondary windings of a 2 kVA, 2400/120 V, 50 Hz single phase trans-

former is short circuited and potential difference of 16.2 V produces a pri-

mary current of 6 A, the input being 33.5 W. Calculate the total primary

impedance, resistance and reactance. [Ans: 2.7 W, 0.93 W, 2.54 W]

27. The open circuit and short circuit test data of a 5 kVA, 200/400 V, 50 Hz; 1

phase transformer are:

(i) O.C. test: primary voltage = 200 V, I = 0.75 A, W = 75 W.

(ii) S.C. test: primary voltage = 18 V, S.C. current on the secondary side =

12.5 A, W = 60 W.

Find the parameters of the equivalent circuit.

[Ans.: Ro = 2133.33 W; Xo = 1232.66 W,

re = 0.384 W; xe = 1.39 W
(all quantities are referred to h.v. side)]

[Hint:

No load current, I0 = 0.75 A

Core loss component of current IC = 
75

200
 = 0.375 A

Magnetising component of current If = 2 2(0.75) (0.375)-  = 0.649 A

Parameters referred to h.v. side

Core loss resistance Ro = 

2
200 400

0.375 200

Ê ˆ¥ Ë ¯  = 2133.33 W
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Magnetising reactance Xf = 

2
200 400

0.649 200

Ê ˆ¥ Ë ¯  = 1232.66 W

Equivalent resistance reH = 
2

60

(12.5)
W  = 0.384 W

Equivalent impedance ZeH = 
18

12.5
W  = 1.44 W

Equivalent reactance xeH = 2 2(1.44) (0.384)- W  = 1.388 W]

28. A 10 kVA transformer is given an open circuit test from which the iron

losses are found to be 160 W. A short circut test shows the copper losses

to be 240 W with full load current flowing. Calculate the all day efficiency if

it operates at unity p.f. for 6 hours per day on full load, 2 hours on half load

and the remainder of the time on no load. [Ans: 92.85%]

29. A 20 kW lighting transformer of ordinary efficiency 95% is on full load for 6

hours per day. Find the all day efficiency if the full load losses are equally

divided between copper and iron. [Ans: 88.39%]

30. A 100 kVA, 50 Hz, 440/11,000 V, 1-phase transformer has an efficiency of

98.5% when supplying full load current at 0.8 p.f. lagging and an efficiency

of 99% when supplying half full load current at unity power factor. Find the

core losses and copper losses corresponding to full load current.

[Ans: Pi = 277.33 W; Pcu = 940.67 W]

 [Hint:

At 98.5% efficiency,

Output = 100 ¥ 0.8 kW = 80 kW

Loss = 80 ¥
1 – 0.985

0.985
 = 1.218 kW

If Pi and Pcu be the full load iron and copper losses then

Pi + Pcu = 1218

Again, Pi + 
1

( )
4

cuP  = 100 ¥ 1 ¥ 3
1 0.99

10
0.99

-
¥  = 1010.

Solving, Pi = 277.33 W and Pcu = 940.67 W]

MULTIPLE CHOICE QUESTIONS

1. If the full load copper loss of a transformer is 2000 W, its copper loss at 80%

of full load is

(i) 2000 W (ii) 500 W

(iii) 80 W (iv) 1280 W

Answers: (iv) 1280 W

2. For short circuit and oper circuit test of a transformer the intruments are

connected in

(i) l.v. side only

(ii) h.v. side only

(iii) l.v. and h.v. side respectively
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(iv) h.v. and l.v. side respectively.

Answer: (iv) h.v. and l.v. side respectively.

3. The efficiency of a transformer is maximum when

(i) copper losses are zero

(ii) iron losses are zero

(iii) coper losses are 50% of iron losses

(iv) copper losses are equal to iron losses

Answer: (iv) copper losses are equal to iron losses

4. Hysteresis hoss of a transformer can be reduced by using

(i) laminated core (ii) silicon steel

(iii) oil (iv) nature of dielectric

Answer: (ii) silicon steel

5. The transformer core is laminated to reduce

(i) copper loss (ii) eddy current loss

(iii) hysteresis loss (iv) none of these

Answer: (ii) eddy current loss

6. The regulation of a transformer is negative if the load at the secondary side is

(i) resistive (ii) inductive

(iii) capacitive (iv) resistive-inductive

Answer: (iii) capacitive

7. Oil is used in transformer for the purpose of

(i) cooling

(ii) heating

(iii) insulation and cooling medium

(iv) insulation

Answer: (iii) insulation and cooling medium

8. Iron loss of a transformer is 100 W at half full load. At full load the iron loss

would be

(i) 100 W (ii) 50 W

(iii) 200 W (iv) 400 W

Answer: (i) 100 W

9. Which of the following relation is true for an ideal transformer?

(i)
1 2 1

2 1 2

V E I

V E I
= = (ii)

1 2 1

2 1 2

V I E

V I E
= =

(iii)
1 1 1

2 2 2

V I E

V I E
= = (iv)

2 1 2

1 2 1

V E I

V E I
= =

Answer: (ii) 
1 2 1

2 1 2

V I E

V I E
= =

10. Eddy current loss in a transformer varies as

(i) square of frequency (ii) reciprocal of frequency

(iii) directly with frequency (iv) root of square frequency

Answer: (i) square of frequency
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11. Transformer core is made of

(i) laminated steel (ii) solid steel

(iii) lamineted copper sheets (iv) any non megnetic meterial

Answer: (i) laminated steel

12. Hysteresis loss in a transfomer varies as

(i) square of frequency (ii) square root of frequency

(iii) frequency (iv) reciprocal of frequency

Answer: (iii) frequency

UNIVERSITY QUESTIONS WITH ANSWERS

Long-Answer-Type Questions

1. (a) Prove that the efficiency of a transformer is maximum when iron loss is

equal to copper loss.

Answer: Article 3.14

(b) Following test data were obtained on a 20 KVA, 50 Hz, 1 Phase, 2000/

200 V transformer.

No load test: 200 V, 1 A, 120 W.

Short circuit test: 60 V, 10 A, 300 W.

Find

(i) the efficiency of the transformer at 
1

2
 of the load and 0.8 p. f.

lagging.

(ii) maximum efficiency and the load at which it occurs.

(WBUT 2004)

Answer:

From no load test rated core loss (PC) = 120 W

Rated current on the h.v. side = 

320 10
10 A.

2000

¥
=

\ From short circuit test rated copper loss (Pcu) = 300 W.

(i) Efficiency of the transformer at 
1

2
 load and 0.8 p.f. lagging is

2 2 2

2

2 2 2

1
( cos )

2

1 1
( cos )

2 2
C cu

V I

V I P P

q

q
Ê ˆ+ + Á ˜Ë ¯

=

3

3

1
20 10 0.8

2
1 1

20 10 0.8 120 300
2 4

¥ ¥ ¥

¥ ¥ ¥ + + ¥

= 0.9762 or 97.62%

(ii) Suppose at x fraction of load the efficiency is maximum. At maxi-

mum efficiency core loss is equal to the copper loss.
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\ Pc = x2 Pcu

or, 120 = x2 ¥ 300

or x = 0.632

Hence, copper loss at maximum efficiency is

(0.632)2 ¥ 300 = 120 watts

\ Maximum efficiency at 0.8 p.f. (hmax)

=

3

3

0.632 20 10 0.8

0.632 20 10 0.8 120 120

¥ ¥ ¥
¥ ¥ ¥ + +

= 0.9768 or, 97.68%

2. (a) Draw the equivalent circuit of a single phase transformer referred to

the primary. Also draw the phasor diagram for a lagging p.f. load.

Answer: Article 3.9 and Fig. 3.10 (WBUT 2005, 2013)

Article 3.8 and Fig. 3.8(a)

(b) A 100 kVA, 50 Hz, 440/11,000 V, single phase transformer has an effi-

ciency of 98.5 % when supplying full load current at 0.8 p.f. lagging

and an efficiency of 99 % when supplying half full load current at unity

power factor. Find the core losses and the copper losses correspond-

ing to full load current.

(WBUT 2005)

Answer: Efficiency at full load and at 0.8 p.f. lagging is 0.985.

If Pc and Pcu be the core loss and copper loss at full load respec-

tively then

0.985 = 
3

3

100 10 0.8

100 10 0.8 c cuP P

¥ ¥

¥ ¥ + +

\ Pc + Pcu =
80, 000

0.985
 – 80,000 = 1218.27 (1)

Efficiency at half load and at unity p.f. is 0.99.

\ 0.99 = 

3

2
3

1
100 10 1

2

1 1
100 10 1

2 2
c cuP P

¥ ¥ ¥

Ê ˆ¥ ¥ ¥ + + Ë ¯

or, Pc +
1

4
Pcu =

50,000

0.99
 – 50,000

= 505.05 (2)

Solving equations (1) and (2)

3

4
Pcu = 713.22

or, Pcu = 950.96 W and Pc = 267.31 W

Hence, the core losses and copper losses corresponding to full load

current are 267.31 W and 950.96 W respectively.



Basic Electrical and Electronic Engineering-III.3.60

3. Draw the schematic representations of a shell type transformer and a core

type transformer. Which one of the two is suitable for use as a distribution

transformer and why? (WBUT 2006)

Answer: Article 3.2.

Distribution transformers are placed at consumer premises with second-

ary directly connected to consumer terminals. Primary of distribution trans-

formers are continuously energised and hence the core losses take place

continuously. Therefore distribution transformers are designed to have very

low value of core losses. Now as in the core type transformer the windings

surround a considerable part of the core it requires less iron material in

comparison with shell type transformer. Hence, core-type transformer is suit-

able for use as a distribution transformer in order to have reduced value for

core losses.

4. (a) Explain with reasons as to why transformer core is made up of silicon

steel laminations. (WBUT 2006)

Answer: Article 3.2.

(b) Draw the phasor diagram of a single-phase transformer for lagging

power factor load. Level all the phasors.

Answer: Article 3.8.

(c) The open circuit and short circuit test data of a 5 kVA, 200/400 volt,

50 Hz. single-phase transformer are

(i) O.C. test: primary voltage = 200 volts, I = 0.75 A, W = 75 W.

(ii) S.C test: primary voltage = 18 volts, S.C current on the secondary

side = 12.5 A, W = 60 W. Find the parameters of the equivalent

circuit. (WBUT 2013)

Answer: As rated voltage of 200 V is applied on the low voltage side

we get the rated core loss from open circuit test.

Hence, core loss (Pc) = 75 W

I0 = 0.75 A

\ No load power factor (cos f0) = 
75

200 0.75¥
 = 0.5

Core loss resistance referred to low voltage side

(RCL) = 
200

0.75 0.5¥
 = 533.33 W

Magnetizing reactance referred to low voltage side

(XfL) = 
–1

200

0.75 sin (cos 0.5)¥
 = 307.92 W

Rated current on the hv side

(IH) = 
5000

400
 = 12.5 A

Since, the rated current of 12.5 A flows in the hv side during short

circuit test hence we get rated copper loss from short-circuit test.
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\ Rated copper loss (Pcu) = 60 W

Hence, equivalent resistance referred to hv side

(reH) = 
2

60

(12.5)
 = 0.384 W

Equivalent impedance referred to hv side (ZCH) = 
18

12.5
 = 1.44 W

\ Equivalent reactance referred to hv side

(xeH) = 2 2(1.44) (0.384)-  = 1.3878 W.

Referring the core loss resistance and magnetizing reactance to the hv

side

RCH = 533.33 ¥
2

400

200

Ê ˆ
Ë ¯  = 2133.32 W

XfH = 307.92 ¥
2

400

200

Ê ˆ
Ë ¯  = 1231.68 W

Hence, the parameters of the equivalent circuit referred to hv side are:

RCH = 2133.32 W, XfH = 1231.68 W,

reH = 0.384 W and xeH = 1.3878 W.

5. A 20 KVA transformer has 400 turns on the primary and 40 turns on the

secondary winding. The primary is connected to 440 V, 50 Hz supply. Find

the full load primary and secondary current, secondary e.m.f and the maxi-

mum flux in the core. Neglect leakage drop and no load current.

(WBUT 2007)

Answer: Given N1 = 400; N2 = 40; V1 = 400 V.

If V2 be the secondary voltage then,

1

2

V

V
=

1

2

N

N

\ V2 = 400 ¥ 40

400
 = 40 V

Full load primary current (I1) = 

320 10

400

¥
 = 50 A

Full load secondary current (I2) = 

320 10

40

¥
 = 500 A

Neglecting leakage drop secondary e.m.f. E2 = V2 = 40 V

Now E2 = 4.44 f fm N2, where fm is the maximum flux in the core.

\ fm = 
2

2

40

4.44 4.44 50 40

E

f N
=

¥ ¥
= 0.0045 Wb

= 4.5 mWb.
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6. A 75 kVA transformer has 500 turns primary and 100 turns secondary. The

primary and secondary resistances are 0.4 ohms and 0.02 ohms respectively

and the corresponding leakage reactances are 1.5 ohms and 0.045 ohms

respectively. The supply voltage is 2200 volts. Calculate (i) the equivalent

impedance referred to the primary (ii) the voltage regulation at power factor

of 0.8 lagging. (WBUT 2007)

Answer: Given N1 = 500 N2 = 100

r1 = 0.4 W r2 = 0.02 W
x1 = 1.5 W x2 = 0.045 W
V1 = 2200 V.

If V2 be the secondary voltage then,

1

2

V

V
=

1

2

500

100

N

N
=

\ V2 =
100

500
¥ 2200 = 440 V

Equivalent resistance referred to the primary

re1 = r1 + r2¢ = r1 + r2

2

1

2

N

N

Ê ˆ
Á ˜Ë ¯

= 0.4 + 0.02 ¥
2

500

100

Ê ˆ
Ë ¯

= 0.4 + 0.5 = 0.9 W.

Equivalent resistance referred to the secondary

xe1 = x1 + x2¢ = x1 + x2

2

1

2

N

N

Ê ˆ
Á ˜Ë ¯

= 1.5 + 0.045 ¥
2

500

100

Ê ˆ
Ë ¯

= 1.5 + 1.125 = 2.625 W.
(a) The equivalent impedance referred to the primary is

Ze1 = re1 + j xe1 = 0.9 + j2.625 W
(b) Voltage regulation at p.f. of 0.8 lagging

DV =
2 2 2 2 2 2

2

cos sin
,

e eI r I X

E

q q+

where re2 and xe2 are the equivalent resistance and reactance referred

to the secondary.

Here, re2 = re1 ¥
2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

 = 0.9 ¥
2

100

500

Ê ˆ
Ë ¯  = 0.036 W

and xe2 = xe1 ¥
2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

 = 2.625 ¥
2

100

500

Ê ˆ
Ë ¯  = 0.105 W

I2 =
75,000

440
 = 170.45 A
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\ Voltage regulation

DV =
170.45 0.036 0.8 170.45 0.105 0.6

440

¥ ¥ + ¥ ¥

= 0.0355 or 3.55 %

7. A 220/110 V transformer is having no load current of 0.9 A at 0.12 p.f. (lag)

and a secondary current of 95 A at 0.27 p.f. (lag). Find its primary current.

(WBUT 2008)

Solution: No load current I0 = 0.9 A.

No load power factor angle q0 = cos–1 0.12 = 83.11°

Secondary current I2 = 95 A

Power factor angle q2 = cos–1 0.27 = 74.335°

The phasor diagram is shown in Fig. 3.22.

I2

V2

I ¢2 I1

fm

V1

q2

q2

q0 I0

Fig. 3.22

The load component of primary current I¢2 = 
2 2

1

I N

N
 = 95 ¥ 110

220
 = 47.5 A

Now primary current 1 0 2I I I ¢= +  (pharor summation)

\ Horizontal component of I1 is

I1 cos q = 2I ¢  sin q2 + I0 sin q0

= 47.5 sin 74.335° + 0.9 ¥ sin 83.11°

= 45.736 + 0.893 = 46.63 A

Vertical component of I1 is

I1 sin q = 2I ¢cos q 2 + I0 cos q0 = 47.5 ¥ 0.27 + 0.9 ¥ 0.12

= 12.933

\ Primary current I1 = 2 2(46.63) (12.933)+  = 48.39 A

8. (a) Prove that the efficiency of a transformer is maximum when iron loss is

equal to copper loss.

Solution: Refer Article 3.14.

(b) Following test data were obtained on a 20 kVA, 50 Hz, 1 ph, 2000/200V

transformer.

No load test: 200 V, 1 A, 120 W

Short circuit test: 60 V, 10 A, 300 W

Find (WBUT 2008)
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(i) The efficiency of the transformer at 
1

2
 of the full load and 0.8 p.f

lagging.

(ii) Maximum efficiency and the load at which it occurs

Solution: Since, no load test is performed at rated voltage on low

voltage side, the rated core loss Pc = 120 W

Now rated current at high voltage side is 

320 10

2000

¥
 = 10 A.

Since, the short circuit test is performed at rated current on high

voltage side the rated copper loss Pcu = 300 W

(i) Efficiency of transformer at half load and 0.8 p.f. lagging is

2 2 2

2

2 2 2

1
cos

2

1 1
cos

2 2
C cu

V I

V I P P

q

q
Ê ˆ+ + Ë ¯

=

3

3

1
20 10 0.8

2

1 1
20 10 0.8 120 300

2 4

¥ ¥ ¥

¥ ¥ ¥ + + ¥
 = 0.9762 or 97.62 %

(ii) Let at x fraction of load efficiency is maximum

\ x2 Pcu = Pc

or, x =
120

300

c

cu

P

P
=  = 0.632

Maximum efficiency at 0.8 p.f. hmax

=

3

3

0.632 20 10 0.8

0.632 20 10 0.8 120 120

¥ ¥ ¥

¥ ¥ ¥ + +
= 0.9768 or 97.68 %

Load at maximum efficiency is 0.632 ¥ 20 = 12.64 kVA

(c) Explain the voltage regulation of a single phase transformer with the

help of phasor diagram

Solution: Refer Article 6.11.

9. (a) Draw the equivalent circuit of a single-phase transformer. Draw teh

phasor diagram.

Solution: Refer Article 3.9 and Article 3.8.

(b) Defined and derive the expression for the regulation of a single-phase

transformer.

Solution: Refer Article 3.11.

(c) The primary and secondary windings of a 500 k VA transformer have

resistance of 0.42 W and 0.0019 W respectively. The primary and sec-

ondary voltages are 11000 V and 415 V respectively and the core loss

is 2.9 kW. Calculate the efficiency at (a) full load (b) half-load assuming

the power factor of the load to be 0.8 lagging.

(WBUT 2009)
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Solution:

Full-load primary current I1 = 

3500 10
45.45

11, 000
A

¥
=

Full-load secondary current I2 =
3500 10

1204.82 A
415

¥
=

Primary copper loss at full load = (45.45)2 ¥ 0.42 = 867.595 W

Secondary copper loss at full load = (1204.82)2 ¥ 0.0019 = 2758.02 W

Total copper losses at full load = 3625.615 W

(a) Full load efficiency at 0.8 pf lagging

3

3 3

500 10 0.8
100%

500 10 0.8 2.9 10 3625.615

¥ ¥
= ¥

¥ ¥ + ¥ +
= 98.39%

(b) Efficiency at half load and 0.8 pf lagging

3

3 3

1
500 10 0.8

2 100%
1 1

500 10 0.8 2.9 10 3625.615
2 2

¥ ¥ ¥
= ¥

Ê ˆ¥ ¥ ¥ + ¥ + ¥Á ˜Ë ¯

= 98.13%

10. (a) Prove that the efficiency of the transformer is maximum when iron loss

is equal to copper loss.

Refer Article 3.14.

(b) A 75 kVA transformer has 500 turns in the primary and 100 turns in the

secondary The primary and secondary resistances are 0.4 W and 0.02 W
respectively and corresponding leakage reactances are 1.5 W and

0.045 W respectively. The supply voltage is 6600 volts

Calculate,

(i) equivalent impedance referred to the primary

(ii) equivalent impedance referred to the secondary

(iii) the voltage regulation at power of 0.8 lagging. (WBUT 2009)

Solution

N1 = 500 N2 = 100

r1 = 0.4W r2 = 0.02W x1 1.5W x2 = 0.045W V1 = 6600V

(i) equivalent impedance referred to the primary

Ze1 = r1 + jx1 + r2

2

1

2

N

N

Ê ˆ
Á ˜Ë ¯  + j x2

2

1

2

N

N

Ê ˆ
Á ˜Ë ¯

= 0.4 + j1.5 + 0.02 

2
500

100

Ê ˆ
Ë ¯ j 0.045 

2
500

100

Ê ˆ
Ë ¯

= 0.9 + j 2.625
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(ii) Equivalent impedance reffered to secondary

Ze2 = r1

2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

 + jx1

2

2

1

N

N

Ê ˆ
Á ˜Ë ¯

+ r2 + j x2

= 0.4 ¥
2

100

500

Ê ˆ
Ë ¯ + j1.5

2
100

500

Ê ˆ
Ë ¯ + 0.02 + j 0.045

= 0.036 + j 0.105

(iii) Primary current I = 
75,000

6600
= 11.36 A

Secondary current I2 = I1

1

2

N

N
 = 11.36 ¥ 500

100
 = 56.8 A

Voltage regulation at power factor 0.8 lag is

2 2 2 22 2

2

cos sine eI r I x

E

q q+

=
56.8 0.036 0.8 56.8 0.105 0.6

100
6600

500

¥ ¥ + ¥ ¥

¥

=
5.214

1320
 = 0.00395 or 0.395 %

11. Prove that the efficiency of transformer is maximum when iron loss is equal

to copper loss. (WBUT 2012)

Solution: Refer Article 3.14.

12. (a) Explain the principle of operation of a transformer under loaded condition.

(WBUT 2012)

Solution: Refer Article 3.8.

(b) A 200 kVA transformer has 400 turns on the primary and 40 turns on

the secondary winding. The primary is connected to 2 kV, 50 Hz sup-

ply. Find the full load primary and secondary current, secondary emf

and the maximum flux in the core. Neglect leakage drop and no-load

primary current. (WBUT 2012)

Solution:

N1 = 400

N2 = 40

V1 = 2000 V

1

2

V

V
=

1

2

N

N
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or, V2 =
2

1

N

N
V1 = 

40

400
¥ 2000 = 200 V

kVA = 200

I1 =
3200 10

2000

¥
 = 100 A

I2 =
3200 10

200

¥
 = 1000 A

E1 = 4.44 ffmN1 = V1

fm =
1

14.44

V

f N
 = 

2000

4.44 50 400¥ ¥
 = 0.0225 wb = 22.5 mwb

13. (a) Explain why usually the low-voltage winding is excited and the high-

voltage winding is open circuited for open-circuit test of a transformer?

[WBUT 2013]

Solution: During open-circuit test of a transformer, the low-voltage

winding is excited only for the sake of convenience. During open-

circuit test, the rated voltage is applied to the   primary of the trans-

former keeping the high-voltage side open circuited. As it is easy to

apply rated voltage to the low-voltage side and also the instruments,

i.e., voltmeter, ammeter and wattmeter, of corresponding ratings are

readily available, open-circuit test is generally performed on the low-

voltage side of the transformer.

(b) Why is the core of a transformer laminated? [WBUT 2013]

Solution: The core of a transformer is laminated to reduce the eddy-

current loss.

14. Show that for a single-phase transformer, EP = 4.44 ffm NP where the sym-

bols have their usual meanings. [WBUT 2014]

Solution: Refer Article 3.4.

15. (a) Draw the phasor diagram of a single-phase transformer under no-load

condition. [WBUT 2014]

Solution: Refer Article 3.7.

(b) The efficiency at unity power factor of a 6600/384 V, 200 kVA single-

phase transformer is 98%, both at full load and at half load. Calculate

the full load Cu loss and core loss. [WBUT 2014]

Solution: Refer Example 3.21.

Multiple Choice Question

1. The regulation of a transformer is negative, if the load at the secondary side

is (WBUT 2012)

(a) resistive

(b) inductive
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(c) capacitive

(d) combination of resistive, inductive and capacitive

Answer: (c) capacitive

2. Iron loss of a transformer is 100 watts at half load. At full load, the iron loss

would be (WBUT 2013)

(a) 100 watts (b) 50 watts

(c) 200 watts (d) 400 watts

Answer: (a) 100 watts

3. In a transformer, the flux phasor

(a) leads the induced emf by 90°

(b) lags the induced emf by 90°

(c) leads the induced emf by slightly less than 90°

(d) lags the induced emf by slightly more than 90°

Answer: (a) leads the induced emf by 90°

4. In a transformer, zero voltage regulation at full load is (WBUT 2014)

(a) not possible

(b) possible at unity power factor load

(c) possible at leading power factor load

(d) possible at lagging power factor load

Answer: (c) possible at leading power factor load

5. Can a 50 Hz transformer be used for 25 Hz with input voltage rated for

50 Hz?

(a) Yes, as V, I remains constant.

(b) No, the flux is doubled which will drive the core to excessive satura-

tion.

(c) No, the current will become double.

(d) Yes, at constant voltage, insulation will not be overstressed.

Answer: (b) No, the flux is doubled which will drive the core to excessive

saturation.



4.1 THREE-PHASE ELECTRIC SYSTEM

A three-phase electric system may be considered as three separate single-phase
systems displaced from each other by 120° [Fig. 4.1].

THREE-PHASE
SYSTEM4

Fig. 4.1 Graphical representation of a three-phase system

4.2 ADVANTAGES OF A THREE-PHASE SYSTEM

The advantages of a three-phase system over a single-phase system are:
(a) The amount of conductor material required is less for three-phase system,
(b) domestic power and industrial/commercial power can be provided from the

same source,
(c) voltage regulation of a three-phase system is better, and
(d) three-phase motors are self-starting while single-phase motors are not self-

starting.

4.3 GENERATION OF THREE-PHASE
      BALANCED VOLTAGE

When three identical coils are placed with their axes at 120° displaced from each
other and rotated in a uniform magnetic field, a sinusoidal voltage is generated
across the coil. Figure 4.2 shows three sets of coils RR¢, YY¢ and BB¢ displaced
from each other by 120° and rotating in an anticlockwise direction with angular
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velocity w in a uniform magnetic field. Since the
three coils are identical the generated voltages
have the same magnitude. The generated volt-
ages in the coils are given by

vR = Vm sin w t
vY = Vm sin (w t – 120°)
vB = Vm sin (w t – 240°)

= Vm sin (w t + 120°).
[Here voltage generated in coil R is taken as

reference. So vY lags vR by 120° and vB lags vR

by 240°.]
In polar form

vR = |V| –0°
vY = |V| ––120°
vB = |V| ––240° = |V| –120°.

The three phases may be numbered a, b, c or
1, 2, 3 or R, Y and B as customary and they may
be given three colours—red, yellow and blue.
The phase sequence is usually RYB. Vector ro-
tation is usually anticlockwise.

The voltage waveform is shown in Fig. 4.1

and the phasor diagram is shown in Fig. 4.3. It
can be shown that the phasor sum of three-phase
emfs is zero.*

4.4 INTERCONNECTION OF PHASES

If the three coils RR¢, YY¢ and BB¢ are not interconnected but kept separate as
shown in Fig. 4.4 then each phase would require two conductors and so the total
number of conductors would be six. This would make the whole system compli-
cated. Hence the three phases are usually interconnected which results in sub-
stantial saving of copper.

Fig. 4.2 Three-phase emf
generation

Fig. 4.3 Vector representation
of phase voltages

*Resultant instantaneous emf

= vR + vY + vB = Vm sin w t + Vm sin (w t – 120°) + Vm sin (w t – 240°)

= Vm [sin w t + 2 sin (w t – 180°) cos 60°]

= Vm [sin w t – 2 sin w t ¥ 1

2
] = 0.

Fig. 4.4 Three-phase coils not interconnected
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The general methods of interconnections are
(a) Star (or Y ) connection
(b) Mesh or delta (D) connection.

4.4.1 Star (or Y) Connection

Here the similar ends of the coils, i.e. either a, b and c are joined together (or a¢,
b¢ and c ¢ are joined together) at point N known as “neutral” point or star point.
In Fig. 4.5 a conductor is connected at point N which is known as the neutral
conductor. Such a system is known as a three-phase four wire system.

Fig. 4.5 Diagrammatic view of star connection

If a balanced symmetrical load Z is connected across terminals RY, YB and BR
then the currents in each phase will be exactly equal in magnitude but displaced
120° from each other (provided the supply voltage is balanced).
The resultant current is then given by

iR + iY + iB = Im sin w t + Im sin (w t – 120°) + Im sin (w t – 240°).
The current through the neutral in case of balanced load is zero
i.e. IN = IR + IY + IB = 0.

The potential difference between any terminal and neutral gives the phase
voltage and that between any two line terminals, i.e. R, Y, B gives the line
voltage. In Fig. 4.5, VR, VY and VB are phase voltages of phases R, Y and B
respectively while VRY, VYB and VBR are the line voltages. If these voltages are
equal in magnitude and displaced from each other by 120° (elect.) then they are
called balanced voltages.

Relation between Line and Phase Voltages in
Star Connection The potential difference be-
tween lines R and Y is

VRY = VR –VY (vector difference).
VRY can be found by compounding VR and VY

(reversed). Its value is given by the diagonal of the
parallelogram of Fig. 4.6. Obviously, the angle be-
tween VR and VY (reversed) is 60°.

Assuming |VR| = |VY| = |VB| = |VPh|(the phase emf),

Fig. 4.6 Vectorial addition
of phase voltages
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|VRY| = 2 2 2 2 2
Ph Ph Ph

1
2 cos 60 2

2
R YR YV V V V V V V+ + ∞ = + + ¥

= Ph3 V  (i.e., 3  times magnitude of VPh).

Similarly, VYB = VY – VB (vector difference)

= Ph3 V  and

VBR = VB – VR = Ph3 V .

However, |VRY| = |VYB| = |VBR| = Line voltage |VL|.
Hence in star connection

|VL| = Ph3 | |V . (4.1)

It may be noted from Fig. 4.7 that
(a) Line voltages are also 120° apart.
(b) Line voltages are 30° ahead of their

respective phase voltages.
(c) The angle between the line currents

and the corresponding line voltages
is (30° + q ) assuming current
lagging by an angle q ° (for lag-
ging loads)

Relation between Line and Phase
Currents in Star Connection Obser-
vation of Fig. 4.5 reveals that each line
is in series with its individual phase
winding. Hence the line current in each
line is the same as the current in the
phase winding to which the line is connected.

Let current in line R be IR, current in line Y be IY and current in line B be IB.
Since |IR| = |IY | = |IB| = |IPh| (say phase current), in star connection, line

current is same as the phase current i.e. |IL| = |IPh|.

Power in Star Connection The total active or real power P in the circuit is
the sum of the three phase powers. Hence total active power

P = 3 ¥ individual phase power = 3VPhIPh cos q

= 3 ¥
3

LV
IL cos q

= 3 VLIL cos q [Q VL = 3 VPh and IL = IPh]. (4.2)
It should be noted that q is the angle between phase voltage and phase current
and VL, IL are magnitude vectors.

Similarly, total reactive power Q is given by Q = 3 VLIL sin q (4.3)

[By convention reactive power of an inductive coil is taken as positive and
that of a capacitor as negative]

S, the total apparent power or complex power of the three phases is

S = 2 2 3P Q+ = VLIL. (4.4)

Also, S = P + jQ. (4.4(a))

Fig. 4.7 Complete vector diagram for
voltages in star connection
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4.4.2 Delta (DDDDD) or Mesh Connection

In this configuration, the dissimilar ends of three phase windings are joined
together, i.e. R is joined with Y¢, Y with B¢ and B with R¢ (or R is joined with B¢,
B with Y¢ and Y with R¢). In other words, the three windings are joined in series
to form a closed mesh as shown in Fig. 4.8. The leads are taken out from the
three junctions for external connection. If the system is balanced then the sum of
the three voltages round the closed mesh is zero, hence no current (of fundamen-
tal frequency) can flow around the mesh when the terminals are open. At any
instant, the emf of one phase is equal and opposite to the resultant of those in the
other two phases. This type of connection is referred to as a three-phase, three-
wire delta connection.

Fig. 4.8 Delta connection

Relation between Line Voltages and Phase Voltages in Delta Connection It
is seen from Fig. 4.8 that there is only one phase winding completely included
between any pair of terminals. Hence in D connection, the voltage between any
pair of lines is equal to the corresponding phase voltage. Since the common
phase sequence is RYB, VRY leads VYB by 120°, VYB leads VBR by 120° (as shown
in Fig. 4.9).

If |VRY| = |VYB| = |VBR| = line voltage |VL|, then it is seen that |VL| = |VPh|.

Relation between Line Currents and Phase Currents in Delta Connection It
is seen from Fig. 4.8 that current in each line is the vector difference of the two-
phase currents flowing through that line (i.e. vector difference of corresponding
phase currents).

Hence, Current in line R is I1 = IR – IB

Current in line Y is I2 = IY – IR vector difference
Current in line B is I3 = IB – IY

Current in line R is found by compounding IR and IB (reversed) and its value
is given by the diagonal of the parallelogram shown in Fig. 4.9. The angle
between IR and IB (reversed) is 60°.

Ô̧
˝
Ǫ̂
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The current in line R is: I1 =
2 2 2 cos 60R BR BI I I I+ + ∞

= 2 2 2
Ph Ph Ph

1
2

2
I I I+ + ¥

= 3 IPh (i.e., 3  times magnitude of phase current).

Current in line Y is: I2 = IY – IR (vector difference) = 3 IPh and current in line B

is: I3 = IB – IY (vector difference) = 3 IPh.

Assuming all the line currents are equal in magnitude,

[|I1| = |I2| = |I3| = |IL|] IL = 3 IPh. (4.5)

With reference to Fig. 4.9 it should be noted that:
(a) line currents are 120° apart
(b) line currents are 30° behind the respective phase currents
(c) the angle between the line currents and corresponding line voltages is (30°

+ q ) with the current lagging by an angle q.

Power in Delta Connection

Three-phase power
P = 3 ¥ individual phase powers

= 3 VPhIPh cos q

= 3VL
3

LI
 cos q = 3 VLIL cos q (4.6)

(Q VPh = VL and IL = 3 IPh)

[Here, VPh, IPh, VL and IL are magnitude of the respective phasors.]
Similarly, the total reactive power is given by

Q = 3  VLIL sin q (4.7)
and the total apparent or complex power of the 3-phase delta circuit is given by

S = 2 2 3P Q+ = VLIL (4.8)

Also, S = P + jQ [4.8(a)]

Fig. 4.9 Vector resolution of currents
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4.5 ONE-LINE EQUIVALENT CIRCUIT FOR
BALANCED LOADS

We know that a set of three equal impedances in delta connection is equivalent
to another set of three equal star connected impedances. Therefore, a more direct
computation of the star circuit is possible for balanced three phase loads of either
type.

The one line equivalent circuit is one phase of the three phase, four wire, star
connected circuit in Fig. 4.10 except that a voltage is used which has the line to
neutral magnitude and a zero phase angle. The line current calculated for this
circuit has a phase angle with respect to the phase angle of zero on the voltage.
Then the actual line currents IR, IY and IB will lead or lag their respective line to
neutral voltages by this same phase angle.

Fig. 4.10 One line equivalent of one phase

4.1 Three chokes each of resistance 40 W and reactance 30 W are connected in star to a
3-phase 440 V balanced supply. What is the line current and the total power dissipated?

Solution

Given, Resistance R = 40 W
Reactance X = 30 W.

\ impedance Z = 2 2 2 2(40) (30)R X+ = +  = 50 W
Also, line voltage VL = 440 V.

\ In a star connected system

Phase voltage |VPh| = 
| | 440

3 3

LV
=  = 254.04 V:

phase current |IPh| = 
Ph| | 254.04

| | 50

V

Z
=  = 5.08 A.

In a star connected system

Line current = Phase current = 5.08 A.

Total power dissipated is ( 3  |VL| |IL| cos q ), where

cos q = power factor = 
| | 40

| | 50

R

Z
=  = 0.8.

Hence total power dissipated is ( 3 ¥ 440 ¥ 5.08 ¥ 0.8) = 3094.18 W or 3.097 kW.
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4.2 The load in each branch of a star connected three-phase circuit consists of 10 W
resistance and 0.06 H inductance in series. The line voltage is 430 V. Calculate the phase
voltage and the phase current.

Solution

Resistance R = 10 W
Reactance X = w L = 2pfL = 2p ¥ 50 ¥ .06 = 18.85 W

\ Impedance |Z| = 2 2 2 2(10) (18.85)R X+ = +  = 21.34 W
Line voltage |VL| = 430 V (given).

In a star connected system, line voltage = 3 ¥ phase voltage

So phase voltage |VPh| = 
| | 430

3 3

LV
=  = 248.27 V

Phase current |IPh| = 
Ph| | 248.27

21.34

V

Z
=  = 11.63 A.

4.3 Three similar coils each having series resistance of 20 W and capacitance 100 mF are
connected in star to a 3-phase, 400 V, 50 Hz balanced supply. Find the line current,
power factor, total kVA and total kW.

Solution

Resistance R = 20 W
Capacitance C = 100 ¥ 10–6 F.

\ Capacitive reactance |XC| = 
6

1001 1

2 50 100 10Cw pp -
= = W

¥ ¥ ¥
= 31.83 W.

Impedance |Z| = 2 2
cR X+

= 2 2(20) (31.82)+  = 37.59 W.

Line voltage |VL| = 400 V (given)

\ Phase voltage is |VPh| = 
| | 400

3 3

LV
=  = 230.95 V,

while, phase current |IPh| = 
Ph| | 230.95

37.59

V

Z
=  = 6.144 A.

\ Line current |IL| = |IPh| = 6.144 A

Power factor (cos q ) = 
20

| | 37.59

R

Z
=  = 0.53

Total power (KVA) = 3|VPh| |IPh| = (3 ¥ 230.95 ¥ 6.144 ¥ 10–3) kVA

= 4.257 kVA

Total active power (kW) = 3|VPh| |IPh| cos q

= (3 ¥ 230.95 ¥ 6.144 ¥ 0.53 ¥ 10–3) kW = 2.256 kW.

4.4 Each phase of a delta connected load comprises a resistor of 50 W and a series
capacitor of 50 mF. Calculate the line and phase currents when the load is connected to a
440 V, 3 phase, 50 Hz supply.

Solution

Load resistance R = 50 W
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Capacitive reactance |XC | = 
6

1 1 1

2 2 50 50 10C fcw p p -
= =

¥ ¥ ¥
= 63.67 W.

\ Load impedance per phase |Z| = 2 2
C

R X+  = 80.96 W.

Phase current |IPh| = 
Ph| |

| |

V

Z
, where VPh is the phase voltage.

In delta connected system line voltage |VL| = phase voltage |VPh|
Here, |VPh| = |VL| = 440 V

Therefore, |IPh| = 
440

80.96
 = 5.434 A.

In delta connected system line current |IL| = 3 IPh

\ |IL| = 3 ¥ 5.434 = 9.412 A.

4.5 The load in each branch of a delta connected balanced three-phase circuit consists of
an inductance of 0.0318 H in series with a resistance of 10 W. The line voltage is 400 V
(balanced) at 50 Hz. Calculate the (i) line current and (ii) the total power in the circuit.

Solution

Inductive reactance |XL| = wL = 2pfL = 2p ¥ 50 ¥ 0.0318 = 10 W
Resistance R = 10 W.

So load impedance, |Z| = 2 2(10) (10)+  = 14.14 W.
Line voltage, |VL| = 400 V (given)
\ Phase voltage |VPh| = |VL| = 400 V [Q connection is delta]

Phase current |IPh| = 
Ph| | 400

| | 14.14

V

Z
=  A = 28.288 A.

(i) Line current |IL| = 3 ¥ phase current = 3 ¥ 28.29 = 49 A.

(ii) Total power in the circuit (P) = 3 |VL| |IL| cos q

\ cos q = power factor = 
10

| | 14.14

R

Z
=  = 0.707.

Also, total power in the circuit

(P ) = 3 ¥ 400 ¥ 49 ¥ 0.707 = 24,000.37 W  24 kW.

4.6 A star connected three-phase load draws a current of 20 A at a lagging p.f. of 0.9
from a balanced 440 V, 50 Hz supply. Find the circuit elements in each phase if the
elements are connected in series.

Solution

Line current, |IL | = 20 A
Power factor, cos q = 0.9 (lagging)

Line voltage = |VL| = 440 V (given).

\ Phase voltage, |VPh| = 
| | 440

V
3 3

LV
= .

As the power factor is lagging hence the circuit contains resistance R in series with
inductance L.

If XL be the inductive reactance and Z be the impedance then, 
| |

R

Z
 = 0.9
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and |Z| = 
Ph

Ph

440

| | 3 440

| | | | 3 20L

V

I I
= =

¥
W = 12.7 W

(|IPh| = |IL| as the load is star connected).
\ R = 12.7 ¥ 0.9 = 11.43 W

and |XL| = 2 2 2 2(12.7) (11.43)Z R- = -  = 5.536 W

Therefore, L = 
5.536 5.536

2 2 50

LX

fw p p
= =

¥
 = 0.0176 H.

The circuit elements are resistance of 11.43 W and inductor of 0.0176 H connected in
series in each phase.

4.7 Three coils are connected in star to a balanced three-phase, 3-wire, 440 V, 50 Hz
supply and takes a line current of 10 A at 0.9 p.f. lagging. Calculate the resistance and
reactance of the coils assuming they are series connected in each phase. If the coils are
delta connected to the same supply calculate the line current and the real power.

Solution

Line voltage |VL| = 440 V
Line current |IL| = 10 A

When the coils are star connected,

phase voltage |VPh| = 
| | 440

3 3

LV
=  = 254 V,

phase current |IPh| = |IL| = 10 A
If R, X and Z be the resistance, reactance and impedance respectively then,

|Z| = 
Ph

Ph

| | 254

| | 10

V

I
=  = 25.4 W

p.f. = cos q = 0.9 = 
| |

| |

R

Z
.

So R = 25.4 ¥ 0.9 = 22.86 W.

Therefore, |X | = 2 2 2 2(25.4) (22.8)Z R- = -
= 11.19 W.

The resistance and reactance of the coil are 22.86 W and 11.9 W respectively.

Line voltage of supply system 
1

| |LV =
1Ph3 | |V

= 3 ¥ 230 V

= 398.36 V (as it is star connected).

Line voltage of load 
2

| |LV  = 
1

| |LV  = 398.36 V

and phase voltage of load 
2Ph| |V  = 

2
| |LV  = 398.36 V (as load is delta connected).

Hence phase current in load is given by
2Ph| |I =

2Ph| |V

Z

=
398.36

10
 = 39.8 A.

Line current of load is obtained as 
2

| |LL =
2Ph3 | |I

= 3 ¥ 39.836 = 69 A.
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Now, when the coils are delta connected to the same supply

|VL| = 440 V, |Z| = 25.4 W and (cos q ) = 0.9.

Phase voltage |VPh| = |VL| = 440 V

Phase current |IPh| = 
Ph| | 440

| | 25.4

V

Z
=  A = 17.32 A.

Line current |IL| = 3 |IPh| = 3 ¥ 17.32 = 30 A.

Real power (P ) = 3 |VL| |IL| cos q

= 3 ¥ 440 ¥ 30 ¥ 0.9 = 20576.32 W = 20.577 kW.

4.8 For a three-phase delta connected load, each phase of which has series resistance of
8 W and reactance of 6 W is supplied from a star connected balanced system having a
phase voltage of 230 V. Calculate (a) magnitude of the phase current of the load and the
supply system (b) active power taken by the load and the power factor of the load.

Solution

Impedance of load |Z| = 2 28 6+  = 10 W.
(The system is shown in Fig. 4.11).

Fig. 4.11 Circuit of Ex. 7.8 [Z = (8 + j6) WWWWW]

Phase voltage of supply system 
1Ph| |V  = 230 V.

(a) The line current of the supply system 
1

| |LI  = 
2

| |LI  = 
2 2

3 230
3

8 6

Ê ˆ¥
¥Á ˜

Á ˜+Ë ¯
 = 69A.

(b) Power factor of the load is cos q = 
8

| | 10

R

Z
=  = 0.8

Active power taken by the load = 
2 2

3 | | | |L LV I  cos q

= 3 ¥ 398.36 ¥ 69 ¥ 0.8 W

= 38086.88 W = 38.08 kW.

4.9 A star connected load has an impedance of (3 + j4) W in each phase and is connected
across a balanced 3-phase delta connected alternator having line voltage of 120 V. Obtain
the line currents of both the load and generator.

Solution

For the load, ZPh = 3 + j4 = 5–53.13° W.
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Magnitude of phase voltage |VPh| = 
120

3
 = 69.28 V.

The line currents (as the load is star connected hence line and phase currents are equal) in
phase R, Y and B of the load are

IR =
69.28

5 53.13– ∞
–0° = 13.86––53.13° A

IY =
69.28

5 53.13– ∞
––120° = 13.86––173.13° A

and IB =
69.28

5 53.13– ∞
––240° = 13.86–66.87°A

As the star connected load is connected with the delta connected alternator hence
the line current of the alternator is same as that of the line current of the load, i.e.
13.86––53.13° A, 13.86––173.13° A and 13.86–66.87° A.

4.10 A balanced star connected load has an impedance of (2 + j3.46) W between line
and neutral. If the voltage across phase R be 20–30° volts, find current in phases Y and B.
What is the voltage from line Y to neutral. Also obtain VRB.

Solution

VRN = 20–30° V

Zph = 2 + j3.46 = 4–60° W.

Hence IRN =
20 30

4 60

– ∞
– ∞

 A = 5––30° A.

If current in phase R is 5––30° A, currents in phases Y and B will be lagging by 120°
and 240° respectively with respect to current in phase R.

Hence current in phase Y = 5–(–30° – 120°) A = 5––150° A

And current in phase B = 5–(–30° – 240°) = 5––270° = 5–90° A.

Also, voltage across phase B is lagging with respect to phase R by 240°.

Hence VBN = 20–(30° – 240°) = 20––210° = 20–150° V.

Therefore, VRB = VRN – VBN = 20–30° – 20–150°

= 20{0.866 + j0.5 + 0.866 – j0.5}

= 34.64–0° V.

4.6 MEASUREMENT OF POWER IN A
THREE-PHASE THREE-WIRE SYSTEM

Case (a): Star connected balanced
load (with neutral point accessible). If
a wattmeter W be connected with its cur-
rent coil in one line and the voltage coil
between that line and the neutral point,
as shown in Fig. 4.12, the reading on
the wattmeter gives the power per phase.

Therefore, total active power = 3 ¥ watt-
meter reading.

Case (b): Balanced or unbalanced load
(star or delta) The two wattmeter

Fig. 4.12 Measurement of power in a
star connected balanced
load
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method. Suppose the loads Z1, Z2 and Z3 are connected in star as shown in
Fig. 4.13. Current coils of the two wattmeters are connected in any two lines, say
the ‘red’ and ‘blue’ lines, and the voltage circuits are connected between these
lines and the yellow phase. Suppose vRN, vYN and vBN be the instantaneous values
of the potential differences across the loads, these p.d.s are assumed positive.
Also suppose IR, IY and IB to be the corresponding instantaneous values of the
line (and phase) currents.

Fig. 4.13 Measurement of three-phase power by two wattmeters

Therefore, instantaneous power in load Z1 = iR ◊ vRN,
instantaneous power in load Z2 = iY ◊ vYN

instantaneous power in load Z3 = iB ◊ vBN

Total instantaneous power = iR ◊ vRN + iY ◊ vYN + iB ◊ vBN. (4.9)
From Fig. 4.13 it is seen that:
Instantaneous current through current coil of W1 = iR.
Instantaneous p.d. across voltage coil of W1 = vRN – vYN.
Hence instantaneous power measured by W1 is iR(vRN – vYN).
Similarly, instantaneous power measured by W2 is iB(vBN – vYN).
Sum of the instantaneous powers of W1 and W2 being W,

W = iR(vRN – vYN) + iB(vBN – vYN)
= iR ◊ vRN + iB ◊ vBN – (iR + iB)vYN (4.10)

From Kirchhoff ’s first law, the algebraic sum of the instantaneous current at
N being zero,
we have iR + iY + iB = 0 or iR + iB = –iY

Therefore, sum of the instantaneous powers of W1 and W2 becomes
W = iR ◊ vRN + iB ◊ vRN + iY ◊ vYN

= total instantaneous power. (4.11)
Actually, the power measured by each wattmeter varies from instant to in-

stant, but the inertia of the moving system causes the pointer to read the average
value of the power. Hence the sum of the wattmeter readings gives the average
value of the total power absorbed by the three phases.



Basic Electrical and Electronic Engineering-III.4.14

Since the above proof does not assume a balanced load or sinusoidal wave-
forms, it follows that the sum of the two wattmeter readings gives the total
power under all conditions. The above proof was derived for a star-connected
load and it is a useful exercise to prove that the same conclusion holds for a delta
connected load.

4.7 MEASUREMENT OF POWER FOR A THREE-
PHASE SYSTEM USING TWO WATTMETERS
(ASSUMING BALANCED LOAD AND
SINUSOIDAL VOLTAGES AND CURRENTS)

Suppose Z in Fig. 4.13 represents three
similar loads connected in star and let
VRN, VYN and VBN be the rms values of
the voltages per phase. Since the volt-
ages and currents are assumed sinusoi-
dal, they can be represented by phasors
as shown in Fig. 4.14, while the currents
being assumed to lag by an angle q be-
hind the corresponding phase voltages.

Current through current coil of W1 is
IR and p.d. across voltage coil of W1 is
VRN –VYN = VRY (line voltage).
Phase difference between IR and VRY is (30° + q ).
Therefore, reading on W1 = IRVRY cos (30° + q ).
Current through current coil of W2 is IB.
P.d. across voltage coil of W2 is VBN – VYN = VBY.
Phase difference between IB and VBY = (30° – q ).
Therefore reading on W2 is IBVBY cos (30° – q ).
Since the load is balanced,

IR = IY = IB = IL (numerically)
and VRY = VBY = VL (numerically)
hence P1 = ILVL cos (30° + q ) = W1 (4.12)
and P2 = ILVL cos (30° – q ) = W2 (4.13)

P1 + P2 = ILVL [cos (30° + q ) + cos (30° – q )]
= ILVL [cos 30° cos q – sin 30° sin q

+ cos 30° cos q + sin 30° sin q]

= 3 ILVL cos q = W1 + W2. (4.14)

This is the expression deduced for the total power in a balanced 3-phase
system. This is an alternative method of proving that the sum of the two wattme-
ter readings gives the total power, but it should be noted that this proof assumes
a balanced load and sinusoidal voltages and currents.
From Eqs (4.12), (4.13) and (4.14), P2 – P1 = ILVL sin q and

tan q =
2 1 2 1

2 1 2 1

sin
3 3

cos

P P W W

P P W W

q

q

- -
= =

+ +
. (4.15)

Fig. 4.14 Phasor diagram for Fig. 4.13
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From the above it may be noted that if q = 0°, W1 = W2; for q < 60°, both W1 and
W2 are positive. On the other hand, if q = 30°, W2 = 0; for q > 60°, W1 becomes
negative. In such a case, the connection of either the current coil on the voltage
coil are made reverse and then the reading is recorded. Under this condition the
sign of W1 is taken as negative in the calculations.

4.8 UNBALANCED FOUR-WIRE STAR
CONNECTED LOAD

With such a system the neutral conductor will carry current; also the voltage
across each of the load impedances remains fixed with the same magnitude as
the line to neutral voltage. The line currents are unequal and do not have a 120°
phase difference.

4.9 UNBALANCED DELTA CONNECTED LOAD

If the three (line) voltages across the terminals of an unbalanced delta connected
load are fixed, the voltage drop across each phase impedance is known. The
currents in each phase can, therefore, be determined directly. The line currents
can then be found from the phasor sum of the two component currents coming
towards or flowing away from the line terminal. It will be noted that in this case
(unlike with the balanced loads) the line currents will not be equal nor will they
have a 120° phase difference.

4.10 UNBALANCED THREE-WIRE STAR
CONNECTED LOAD

With such a system the common point O in Fig. 4.15 of the three load imped-
ances will not be at the potential of the neutral and the voltages across the three
impedances can vary considerably from line to neutral magnitude. (The displace-
ment of O from N is known as the displacement neutral voltage).

There can be two approaches to the problem.
The first is to determine with reference to
Fig. 4.15 the three line currents IA, IB and IC by
writing the mesh currents (based on KVL) and
then determining the voltages across the three
impedances VAO, VBO and VCO as the product of
line current and the corresponding impedances
(i.e. VAO = IAZ etc.). The displacement neutral
voltage VON, O being the common point of the
impedances and N the neutral in Fig. 4.16, is
then VON = VOA + VAN = (VOB + VBN = VOC +
VCN), where VOA, VOB and VOC have all been
determined already and VAN, VBN, VCN are known
system phase voltages.

Fig. 4.15 Unbalanced three-
wire star connected
load
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Ô̧
˝
Ǫ̂

The second is to obtain the displacement neu-
tral voltage in the very beginning. For this we
write line currents in terms of the load voltages
and load admittances. Referring to Fig. 4.16
again,

 IA = VAOYA, IB = VBOYB, IC = VCOYC (4.16)

Applying Kirchhoff’s current law at point O in
Fig. 4.15 we may write

IA + IB + IC = 0 (4.17)

or  VAOYA+ VBOYB + VCOYC = 0 (4.18)

Referring to Fig. 4.16 the voltages VAO, VBO and
VCO can be expressed in terms of their two com-
ponent voltages, i.e.

VAO = VAN + VNO

VBO = VBN + VNO (all phasor additions) (4.19)
VCO = VCN + VNO

Substituting the expression of (4.19) in (4.18) we obtain
(VAN + VNO)YA + (VBN + VNO)YB + (VCN + VNO)YC = 0 (4.20)

from which, VON =
+ +
+ +

AN A BN B CN C

A B C

V Y Y Y V Y

Y Y Y
. (4.21)

The voltages VAN, VBN and VCN in Eq. 4.21 are known voltages in a given
problem and YA, YB and YC are also known as they are reciprocals of ZA, ZB and
ZC. Hence displacement neutral voltage may be computed.

The voltage across the impedances may then be easily obtained (e.g. VAO =
VAN + VNO, etc.). Finally the line currents may be obtained as product of voltage
across admittance and the corresponding admittance (e.g. IA = VAOYA etc.).

4.11 The phase voltage and current of a star connected load is 100 V and 10 A. The
power factor of the load is 0.8 (lag). Assuming that the system is 3 wire, 3 phase and
power is measured by two wattmeters, find the readings of the wattmeters.

Solution

Phase voltage |VPh| = 100 V.
Phase current |IPh| = 10 A.
As the load is star connected so,

line voltage |VL| = 3 |VPh| = 173.2 volts and

line current |IL| = |IPh| = 10 A.

cos q (Power factor) = 0.8 (lag)

Power factor angle q = cos–10.8 = 36.87° (lag).
Reading of one wattmeter

W1 = |VL| |IL| cos (30° + q)

= 173.2 ¥ 10 cos (30° + 36.87°) = 680.36 W.
Reading of the other wattmeter

W2 = |VL| |IL| cos (30° – q)

= 173.2 ¥ 10 cos (30° – 36.87°) = 1719.56 W.

Fig. 4.16 Unbalanced three-
wire star connected
load
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4.12 A three-phase 230 V load has a power factor of 0.4. Two wattmeters are connected
to measure the power which shows the input to be 10 kW. Find the reading of each
wattmeter.

Solution

Line voltage |VL| = 230 V
Power factor angle q = cos–10.7 = 45.57°

Input power = total power = 10 kW = 10,000 W
If W1 and W2 be the readings of the wattmeters then

W1 + W2 = 10,000 (i)

Now 3 |VL| |IL| cos q = 10,000, where IL is the line current

\ |IL| = 
10,000

3 230 0.7¥ ¥
 = 35.86 A.

Also, W1 – W2 = |VL| |IL| sin q = 230 ¥ 35.86 sin 45.57° = 5889.8 W. (ii)

Equating Eq. (i) and Eq. (ii)

W1 = 7944.9 W = 7.94 kW
and W2 = 2055.1 W = 2.06 kW.

4.13 In a balanced three-phase 200 V circuit, the line current is 115.5 A. When the
power is measured by two wattmeter method one of the instruments reads 20 kW and the
other zero. What is the power factor of the load?

Solution

Line voltage |VL| = 200 V
Line current |IL| = 115.5 A
1st wattmeter reading W1 = 20 kW = 20,000 W
2nd wattmeter reading W2 = 0

Now, W1 + W2 = 3 |VL| |IL| cos q, where cos q is the power factor

i.e., cos q =
1 2 20,000 0

3 3 200 115.5L L

W W

V I

+ +
=

¥ ¥
 = 0.5

4.14 Two wattmeters are connected to measure the input to a balanced three-phase
circuit. The readings of the instruments are 2500 W and 500 W respectively. Find the
power factor of the circuit when (a) both readings are positive and (b) when the later
reading is obtained after reversing the current coil of the wattmeter.

Solution

(a) W1 = 2500 W W2 = 500 W
If q be the power factor angle

tan q = 
1 2

1 2

` 2500 500
3 3

2500 500

W W

W W

- -
=

+ +
 = 1.155

So power factor in first case, cos q = cos(tan–1 1.155) = 0.655.
(b) W1 = 2500 W and W2 = –500 W

Hence, tan q = 
2500 ( 500) 3000

3 3
2500 ( 500) 2000

- -
=

+ -
 = 2.598

Power factor in 2nd case, cos q = cos(tan–1 2.598) = 0.359.
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4.15 Two wattmeters are connected to measure the input to a 400 V, three-phase delta
connected motor whose output is 24.4 kW at a power factor of 0.4 (lag) and 80% effi-
ciency. Find the resistance and reactance of the motor per phase and readings of each of
the wattmeters.

Solution

Line voltage |VL| = 400 V

\ Phase voltage |VPh| = |VL| = 400 V.

Output power = 24.4 kW

Efficiency = 80% = 0.8

\ Input power = 
Output 24.4

Effeciency 0.8
=  = 30.5 kW.

Also, power factor (cos q ) = 0.4 (lag).
If R, X and Z be the resistance, reactance and impedance per phase then we have

0.4 = 
| |

| |

R

Z

However, 3 |VL| |IL| cos q = 30.5 kW = 30,500 W where |IL| is the line current.

Hence, |IL | = 
30,500

3 400 0.4¥ ¥
 = 110.06 A.

Phase current |IPh| = 
| | 110.06

3 3

LI
=  = 63.543 A.

and |Z| = 
Ph

Ph

| | 400

| | 63.543

V

I
= W = 6.29 W

i.e. R = 0.4 ¥ 6.29 W = 2.52 W

and X = 2 2Z R-  = 5.76 W.

If W1 and W2 are the readings of the two wattmeters then

W1 + W2 = 30,500 (i)

and W1 – W2 = |VL| |IL| sin q = 400 ¥ 110.06 sin(cos–1 0.4) = 40,348.66. (ii)
From equations (i) and (ii),

W1 = 35424.33 W = 35.42 kW

and W2 = –4924.33 W = –4.924 kW.

4.16 The input power to a three-phase motor is measured by two wattmeters both of
which indicate 100 kW each. Find the power factor of the motor. If the power factor of
the motor is changed to 0.75 leading find the readings of the two wattmeters, the input
power remaining the same.

Solution

W1 = 100 kW and W2 = 100 kW (given)

Hence, tan q =
1 2

1 2

3 3
W W

W W

-
=

+
¥ 0 = 0 i.e. q = 0°

\ Power factor cos q = 1
In the second case power factor becomes 0.75 i.e. cos q = 0.75

Total power 1 2W W¢ ¢+ = 2 ¥ 100 = 200 kW

} (given)
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Also, 1 2W W¢ ¢- =
1 2( ) tan 200 0.882

3 3

W W q¢ ¢+ ¥
=  kW =101.84 kW

From above we get

1W ¢ = 150.91 kW and 2W ¢  = 49.09 kW.

The readings of two wattmeters when the power factor of the motor is 0.75 leading are
150.91 kW and 49.09 kW.

4.17 The input power to a three-phase motor was measured by two wattmeters whose
readings were 12 kW and –4 kW and the line voltage was 200 V. Calculate the power
factor and the line current.

Solution

W1 = 12 kW W2 = –4 kW

Line voltage |VL| = 200 V

If q be the power factor angle then

tan q =
1 2

1 2

12 ( 4) 16
3 3 3

12 ( 4) 8

W W

W W

- - -
= = ¥

+ + -
 = 3.464.

So, power factor = cos q = cos(tan–1 3.464) = 0.277.

Now, 3 |VL| |IL| cos q = W1 + W2 = 12 + (–4) = 8 kW = 8000 W

where IL is the line current.

So, |IL| = 
8000

3 200 .277¥ ¥
 = 83.37 A.

4.18 Three coils each having resistance of 10 W and series reactance of 10 W are
connected in star across a 400 V, three-phase line. Calculate the line current and readings
on the two wattmeters which are connected to measure the total power.

Solution

R = 10 W, X = 10 W, Impedance |Z| = 2 2R X+  = 14.14 W

Power factor cos q = 
| | 10

| | 14.14

R

Z
=  = 0.707.

Line voltage |VL| = 400 V, phase voltage |VPh| = 
2| | 400

3 3

V
=  = 230.94 V.

Phase current = 
Ph| | 230.94

| | 14.14

V

Z
=  = 16.33 A.

Line current |IL| = phase current = 16.33 A.

If W1 and W2 are the readings of the two wattmeters then

W1 + W2 = 3 |VL| |IL| cos q

= 3 ¥ 400 ¥ 16.33 ¥ 0.707 = 7999 W  8 kW

and W1 – W2 = |VL||IL| sin q = 400 ¥ 16.33 sin(cos–1 0.707)

= 4619.5 W = 4.62 kW

Hence, W1 = 6.31 and W2 = 1.69 kW.
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ADDITIONAL EXAMPLES

4.19 A balanced three-phase delta connected load of 100 kW takes a lagging current of
50 A with a line voltage of 11 kV, 50 Hz. Find the circuit constants of the load per phase.

Solution

Total power = 100 kW (= 100,000 W).
Line current |IL| = 50 A
Line voltge |VL| = 11 kV (= 11,000 V).

As the system is delta connected,

phase current |IPh| = 
| | 50

3 3

LI
=  A,

and phase voltage |VPh| = (|VL|) = 11,000 V

Impedance per phase |Z| = 
Ph

Ph

| | 11,000

| | 50/ 3

V

I
=  = 381 W.

P = 3 |VL| |IL| cos q = 100,000 where (cos q = power factor)

i.e. cos q =
10,000

50
3 11,000

3
¥ ¥

 = 0.0182.

Also, |R|/|Z| = cos q

\
| |

| |

R

Z
= 0.0182, where R is the resistance per phase

So, R = 6.93 W.

If (X ) be the reactance per phase then |X| = 2 2Z R-  = 380.94 W.

As the current is lagging so the reactance is inductive in nature, i.e. inductance, L = 
| |X

w

=
380.94

2 50p ¥
 = 1.213 H.

We have assumed R and L to be series connected in each phase and the circuit
constants of the load per phase are 6.93 W (resistor) and 1.213 H (inductor).

4.20 Three impedances ZA, ZB and ZC are connected in star and are supplied from a
400 V, 50 Hz, three-phase ac source. Determine the line currents. Assume ZA = 5–0° W,
ZB = 40–30° W and ZC = 20––30° W.

Solution

Referring to Fig. 4.17

IA =
(400/ 3) 0

5 0

AN

A

V

Z

– ∞
=

– ∞
 = 46.19–0° A

IB =
(400/ 3 ) 120

40 30

BN

B

V

Z

– - ∞
=

– ∞
 = 5.77––150° A

IC =
(400/ 3 ) 240

20 30

CN

C

V

Z

– - ∞
=

– - ∞
= 11.55––210° A = 11.55–150° A. Fig. 4.17 Circuit of Ex. 4.20



Three-phase System I.4.21

4.21 A balanced star connected load with impedances of 2––30° W is supplied from a
three-phase, 4-wire system, the voltages to neutral being VAN = 100––90°, VBN = 100–30°,
VCN = 100–150° V. Determine the current in the line conductors and the current in the
neutral.

Solution

Referring to Fig. 4.18

IA =
100 90

2 30

ANV

Z

–- ∞=
–- ∞

 = 50––60° A

IB =
100 30

2 30

BNV

Z

– ∞=
– - ∞

 = 50–60° A

IC =
100 150

2 30

CNV

Z

– ∞=
–- ∞

 = 50–180° A.

IN = (IA + IB + IC) = 50(––60° + –60° + –180°)
= 50(0.5 –j0.866 + 0.5 + j0.866 –1) = 0 A.

4.22 In a three-phase four-wire power distribution system phase B is open while cur-
rents through phase R and Y are 100––30° and 50–60°. Find the current through the
neutral connection.

Solution

The three-phase four-wire system is a star connected system with a neutral wire.
IR = 100––30° A
IY = 50–60° A.

As B phase is open IB = 0
Neutral current IN = (IR + IY + IB)

= (100––30° + 50–60°)
= (86.6 – j50 + 25 + j43.3)
= +111.6 – j6.67 = 111.8––3.42° A.

4.23 Figure 4.18 shows a three-phase load connected in star. Here IA = 20–100° A and
IB = 10––50° A. Find the voltage drops across the three impedances of ZA, ZB and ZC

where ZA = 6–0°, ZB = 6–30° and ZC = 5–45°. Assume phasor sum of IA, IB and IC as
zero.

Solution

IA = 20–100° A
IB = 10––50° A.

\ IA + IB + IC = 0,
IC = –(IA + IB) = –(20–100° + 10––50°

= –(–3.47 + j19.69 + 6.43 – j4.66)
= (–2.96 – j12.03) = 12.38–76.18° A.

Voltage drop across
ZA = IAZA = 20–100° ¥ 6–0° = 120–100° V.

Voltage drop across
ZB = IBZB = 10––50° ¥ 6–30° = 60––20° V.

Voltage drop across
ZC = ICZC = 12.38–76.18° ¥ 5–45° = 61.9–121.18°.

4.24 The input power to a three-phase motor was measured by the two wattmeter method.
The readings were 5.2 kW and 1.7 kW, the latter reading has been obtained after reversal

Fig. 4.18 Circuit of Ex. 4.21



Basic Electrical and Electronic Engineering-III.4.22

of current coil connections. The line voltage was 400 V. Calculate (a) the real power (b)
the power factor and (c) the line current.

Solution

W1 = 5.2 kW = 5200 W and W2 = 1.7 kW = 1700 W.
As the reading of W2 has been obtained after reversal of current coil so W2 = –1700 W.

Line voltage (given) |VL| = 400 V
(a) Total power = W1 + W2 = (5200 – 1700) W = 3500 W = 3.5 kW.
(b) If q be the power factor angle then

tan q =
1 2

1 2

5200 1700 6900
3 3 3

5200 1700 3500

W W

W W

- +
= =

+ -
 = 3.414

\ Power factor
(cos q ) = cos(tan–1 3.414) = 0.28.

(c) Total power = W1 + W2 = 3 |VL| |IL| cos q, where IL is the line current.

\ |IL| = 
1 2 3500

3 cos 3 400 .28L

W W

V q

+
=

¥ ¥
 = 18 A.

4.25 Three impedances each of resistance 10 W and series inductive reactance of 5 W
are connected in (i) star (ii) in delta across a 3 phase 400 V supply. Find the line current
in each case and the total power.

Solution

|R| = 10 W, |X | = 5 W, so impedance |Z| = 2 2R X+  = 2 210 5+  = 11.18 W.

Line voltage |VL| = 400 V.

Power factor cos q = 
| |

| |

R

Z
 = 

10

11.18
 = 0.89.

(i) In star connection

Phase voltage |VPh| = 
| | 400

3 3

LV
=  = 230.95 V

and phase current |IPh| = 
Ph| | 230.95

| | 11.18

V

Z
=  = 20.66 A.

\ Line current |IL| = phase current = 20.66 A.

Total power = 3 |VL||IL| cos q = 3 ¥ 400 ¥ 20.66 ¥ 0.89

= 12739.16 W = 12.74 kW
(ii) In delta connection

Phase voltage |VPh| = |VL| = 400 V

So phase current |IPh| = 
Ph| | 400

11.18

V

Z
=  = 35.78 A and

line current |IL| = 3 |IPh| = 3 ¥ 35.78 = 61.97 A

Total power = 3 |VL||IL| cos q = 3 ¥ 400 ¥ 61.97 ¥ 0.89

= 38210.206 W = 38.21 kW
It may be noted here that the arm impedances being same, a delta load consumes more

real power than the equivalent star load.

4.26 A three-phase balanced voltage of 230 V is applied to a balanced delta connected
load consisting of thirty 40 W lamps connected in parallel in each phase. Calculate the
phase and line currents, phase voltages, power consumption of all lamps.
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Solution

Line voltage |VL| = Phase voltage |VPh| = 230 V (Q the load is delta connected)
\ |VPh| = 230 V
Power consumption of each lamp = 40 W.
\ Total power consumption is 30 ¥ 40 = 1200 W
If IPh be the phase current

|VPh||IPh| = 1200 W

Hence IPh =
1200

230
 = 5.2 A.

Line current = 3 IPh = 3 ¥ 5.2 A = 9 A.

Power consumption of all lamps = 3 ¥ 1200 W = 3600 W = 3.6 kW.

4.27 The load connected to a three-phase supply contains three similar impedances
connected in star. The line currents are 50 A and the KVA and kW inputs are 50 and 27
respectively. Find the line and phase voltages, KVAR input and the resistance and reac-
tance of each coil.

Solution

Line current |IL| = 50 A
KVA = 50 and kW = 27

\ KVAR = 2 2 2 2KVA KW (50) (27)- = -  = 42.

As the load is star connected

Phase current |IPh| = |IL| = 50 A.

If VL be the line current and cos q be the power factor then

3 |VL||IL| cos q = 27 ¥ 103

or cos q =
27000

3 L LV I¥

and 3 |VL||IL| sin q = 42 ¥ 103

or sin q =
42000

3 L LV I

\ tan q =
42

27

X

R
= ,

where X and R are the reactance and resistance of the load.
or X = 1.56 R.

Again 3 |VL||IL| = 50 ¥ 103

or, |VL| = 
350 10

3 50

¥

¥
 = 577.35 V

Phase voltage |VPh| = 
| | 577.37

3 3

LV
=  = 333.35 V

If Z is the impedance per phase then

|Z| = 
Ph

Ph

| | 333.35

| | 50

V

I
= W = 6.67 W

or R2 + X2= (6.67)2 = 44.49
or R2 + (1.56 R)2 = 44.49
Hence R = 3.6 W
and X = 1.56 R = 1.56 ¥ 3.6 = 5.61 W.
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4.28 Three impedances Z1, Z2 and Z3 are mesh connected to a symmetrical three-phase,
400 V, 50 Hz supply of phase sequence RYB. Z1 = (10 + j0) W between R and Y, Z2 =
(8 + j6) W between Y and B and Z3 = (5 – j5) W between B and R. Calculate the
phase currents and total power consumed. Assume line voltages are balanced and separeted
by 120° from each other.

Solution

Z1 = 10 + j0 = 10–0° W
Z2 = 8 + j6 = 10–36.87° W

and Z3 = 5 – j5 = 7.07––45° W.

The corresponding circuit is shown in Fig. 4.19.

Line voltage |VL| = 400 V (=|Vph|).

Phase current through Z1 is I1 =
400 0

10 0

– ∞

– ∞
A

= 40–0° A.

Phase current through Z2 is I2 = 
400 120

10 36.87

–- ∞

– ∞
A = 40––156.87° A.

Phase current through Z3 is I3 = 
400 –240

7.07 –45

– ∞

– ∞
A = 56.58––195° A.

The angles of the currents are w.r.t. the corresponding line voltages.
The total power consumed = 400(40 + 40 cos 36.87° + 56.58 cos 45°) = 44.8 kW.

4.29 A balanced delta connected load of (4 + j3) W per phase is connected to a three-
phase, 230 V supply. Find the line current, p.f., reactive VA and total VA.

Solution

Impedance Z = (4 + j3) W = 5–36.87° W.
Line voltage |VL| (= Phase voltage |VPh|) = 230–0° V.

Hence phase current |IPh| = 
Ph| | 230

| | 5

V

Z
= A = 46 A.

Line current |IL| = 3 |IPh| = 3 ¥ 46 A = 79.67 A.

Power factor angle q = 36.87° and power factor cos q = 0.8.

Hence reactive VA = 3 |VL||IL| sin q

= 3 ¥ 230 ¥ 79.67 sin 36.87°

= 19042.45 VAR = 19.042 KVAR.

Total VA = 3 |VL||IL| = 31737.34 VA  31.74 KVA.

4.30 A three-phase 440 V supply feeds a balanced
delta connected load. Given: Iab = 30––30° w.r.t.
Vab. Find (i) the line current Ia and its phase angle
w.r.t. Vab, (ii) total power received by the load and
(iii) the resistance per phase. The corresponding fig-
ure is given in Fig. 4.20.

Solution

(i) Line current |IL| = 3 ¥ 30 = 51.96 A.

Fig. 4.19 Circuit of Ex. 4.28

Fig. 4.20 Circuit of Ex. 4.30
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Referring to Fig. 4.21(a),
Line current Ia = Iab – Ica

= 51.96––(30° + 30°)
= 51.96––60°

Hence the phase angle of Ia w.r.t. Vab is
60°.

(ii) Total power = 3 |VL||IL| cos q

= 3 ¥ 440 ¥ 51.96 cos 30°

= 34292.6 W
= 34.29 kW.

(iii) If R is resistance per phase then
2
Ph3 I R = 34292.6

or R =
2

34292.6

3 (30)¥
W = 12.7 W.

4.31 A balanced 440 V, three-phase voltage is applied on an unbalanced star connected
load. It is given that the supply voltage in phase R is 254––30° V and the voltage drop
across the load connected in phase R is 200––15° V. Calculate the voltage between the
star point of the load and the supply neutral. Also find the voltage across the loads in Y
and B phases.

Solution

Line voltage of phase R is VR = 
440

3
 = 254––30° V (given)

Voltage drop in phase R is 200––15° V.
Let N be the neutral point of the supply and N ¢ be the star point of the load.

Hence VRN = 254––30° volts and VRN ¢ = 200––15° V.

Therefore voltage between star point of load and supply neutral is

VN ¢N = VRN – VRN ¢ = 254––30° – 200––15°
= 220 – j127 – 193.2 + j51.76
= 26.8 – j75.24 = 79.87––70.39° V.

Similarly, for phase Y, voltage across load is given by

VYN ¢ = VYN – VN ¢N = 254––30° – 120° – 79.87––70.39°
= –220 – j127 – 26.8 + j75.24
= –246.8 – j51.76 = 252.17–168.16° V.

Also, voltage across load in phase B is

VBN¢ = VBN – VN ¢N = 254––30° – 240° – 79.87––70.39°
= 330–94.65° V.

4.32 Three impedances ZA =  4–30° W, ZB = 5––20° W and ZC = 10–0° W are con-
nected in star and are supplied from 50 V, 50 Hz; three-phase balanced source. Obtain
line currents and power drawn by each impedance.

Solution

The line currents are

IA =
50 0

3 4 30

– ∞

¥ – ∞
 = 7.217––30° A

Fig. 4.20(a) Phasor diagram for
Ex. 4.30
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IB =
50 – 120

3 5 20

– ∞

¥ –- ∞
 = 5.772––100° A

and IC =
50 – 240

3 10 0

– ∞

¥ – ∞
 = 2.886–120° A.

Power drawn by ZA = 
50

3
¥ 7.217 cos 30° = 180.43 W

Power drawn by ZB = 
50

3
¥ 5.772 cos 20° = 156.57 W

Power drawn by ZC = 
50

3
¥ 2.886 cos 0° = 83.31 W.

4.33 A balanced three-phase star connected load of 100 kW takes a leading current of
80 A when connected across a 4 kV, 50 Hz supply. Determine the circuit elements
connected in series and power factor of the load.

Solution

Line voltage VL = 4 kV = 4000 V. Hence phase voltage = 
4000

V
3

.

If IL be the current (line current and phase current are same in star connected system) we
can write,

3 VLIL cos q = 100 ¥ 103, where cos q is the power factor angle of the load.

As IL = 80 A,

Hence cos q =
3100 10

3 4000 80

¥

¥ ¥
 = 0.18 (as load current is leading)

Now, impedance per phase (ZPh) = 
Phase voltage

Phase current
 = 

4000

3 80¥
W = 28.86 W.

If R and XC be the resistance and capacitive reactance connected in series,

Ph

R

Z
= 0.18 or, R = 0.18 ¥ 28.86 = 5.2 W.

\ From
2 2

C
R X+  = 28.86, we have

XC = 2 2(28.86) (5.2)-  = 28.39 W.

Hence the resistance is 5.2 W and capacitive reactance is 28.39 W when the elements are
connected in series and the power factor of the load is 0.18 lead.

4.34 A three-phase 440 V, 50 Hz line is connected to the identical capacitors connected
in delta. If the line current is 10 A, fine the capacitance of each capacitor.

Solution

IC = (IPh) = 
| | 10

3 3

LI
=  = 5.774 A.

VC, the voltage across each capacitor is 440 V (Q D connection, |VPh| = |VL| = |VC| )

\ XC (capacitive reactance of each capacitor) = 
Ph

| | 440

| | 5.774

CV

I
=  = 76.20 W.
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The capacitance of each capacitor is

C =
1

CXw
 = 

1

2 50 76.20p¥ ¥ ¥
 = 41.79 mF.

4.35 An industry draws a total of 500 KVA from a balanced 3-phase supply of 3.3 kV
(L – L) 50 Hz. If the plant power factor is 0.85 lagging, calculate the impedance of the
plant (per phase), phase angle between the line to neutral voltage and the line current.
Assume Y-connection of the load.

Solution

|VPh| = 
3300

3
 = 1905.25 V.

IPh(= IL) = 
3

Ph

| | /3 500 10

| | 3 1905.25

S

V

¥
=

¥
 = 87.48 A

\ |ZPh| (impedance/branch) = 
Ph

Ph

| |

| |

V

I
 = 

3300/ 3

87.48
 = 21.78 ohm.

Phase angle between VPh and the corresponding line current (= 87.48 A) is given by

cos–1(0.85) = 3178°.
Thus the line current lags the line voltage by 31.78°.

4.36 A 10 HP 415 V, 3 phase 50 Hz induction motor draws a full load current of 15 A at
0.8 p.f. (lag). Calculate the full load efficiency of the motor.

Solution

Output power being 10 HP, it is equivalent to 7460 W (Q 1 HP = 746 W).

Efficiency h =
Output full load power

Input power at full load
¥ 100

Hence, input power at full load is

S = 3 |VL||IL| = 3 ¥ 415 ¥ 15 = 10782.02 VA

This is equivalent to input active power of (10782.02 ¥ 0.8) or 8625.61 W (since p.f. is
0.8 and P = VA power ¥ p.f.)

\ h =
7460

8625.61
¥ 100 = 86.49%.

Then we have obtained the efficiency of the motor at full load as 86.49% while full load
input power is 8625.61 W and output power is 7460 W.

4.37 The power factor of each phase of a balanced star connected load is 0.6 lagging. If
the impedance per phase is 5 W and the load is connected across a balanced 200 V 50 Hz
source, find the apparent power drawn by the load.

Solution

|VPh| = 
200

3
 = 115.47 V

|IPh| = 
Ph

Ph

| | 115.47

| | 5

V

Z
=  = 23.094 A.

f = cos–1(0.6) = 53.13° (lag)

\ P = 3 |VL||IL| cos f = 3 ¥ 200 ¥ 23.094 ¥ cos 53.13° = 4800 W

[IL = IPh and VPh = 3 VL in Y-connection]
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Q = 3 |VL||IL| sin f

= 3 ¥ 200 ¥ 23.094 ¥ sin (cos–1 0.6) = 6399.99 VAR.

\ |S | = 2 2 2 2(4800) (6399.99)P Q+ = +  = 7999.99 VA (  8 KVA).

4.38 A 440 V, three-phase, 50 Hz balanced source supplies electrical energy to the
following three phase balanced loads:

(i) A 200 HP, three-phase 50 Hz induction motor operating at 94% efficiency and
0.88 p.f. (lag).

(ii) A 50 kW three-phase electric heating element.
(iii) A mixed load of 40 kW (three-phase) operating at 0.7 lagging p.f.

Obtain
(a) the total load in kW supplied by source
(b) the total KVAR supplied by the source
(c) the total apparent power
(d) the line current.

Solution

(a) Real power

(i) For motor: PM =
HP 746

Efficiency

¥
 = 

200 746

0.94

¥
¥ 10–3 = 158.72 kW

(ii) For heater: PH = 50 kW.
(iii) For mixed load: PX = 40 kW.

\ Total real power supplied = 158.72 + 50 + 40
= 248.72 kW (3-phase).

(b) For motor: fm = cos–1 0.88 = 28.36°

However, tan fm =
m

m

Q

P
[Qm = reactive power input to motor

Pm = real power input to motor]

or QM = Pm tan fm = 158.72 tan 28.36° = 85.68 KVAR.

For heating load, fH = 0 [as heater is a pure resistive load]

Hence QH = 0
For mixed load:

fX = cos–1(0.70) = 45.57° (lag)
\ QX = PX tan fX = 40 tan 45.57° = 40.81 KVAR.

Thus we find total KVAR supplied
(Q) = 85.68 + 0 + 40.81 = 126.49 KVAR

(c) Total apparent power |S| is given by

|S| = 2 2P Q+  = 2 2248.72 126.49+  = 279.04 KVA

and f = tan–1
Q

P
 = tan–1 126.49

248.72
 = 26.96° (lag).

(d) Q |S| = 3 |VL||IL|,

\ |IL| = 
3| | 279.04 10

3 | | 3 440L

S

V

¥
=

¥
 = 366.15 A.

4.39 Two wattmeters measure the three-phase power of a load and read 80 and 50 kW
(for W1 and W2 respectively). Find the total complex power and the power factor. Also
find the total power and reactive power.
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Solution
P = W1 + W2 = 80 + 50 = 130 kW

tan f =
2 1

2 1

3
W W

W W

-

+
 = 

50 80
3

80 50

-

+
 = –0.4

\ f = –21.78° and P.F. (cos f) = 0.9286 (lag)
Since real power = (total power) ¥ cos f,
We can write,

Complex power (S) = 
130

cos 0.9286

P

f
=   140 KVA.

Reactive power (Q) is obtained as

Q = 2 2 2 2(140) (130)S P- = -   52 KVAR.

4.40 A three phase induction motor, operating from a 400 V, 50 Hz supply, takes 25 A.
The power factor of the motor is poor and found to be 0.5 lagging. If the two wattmeter
method is used to measure the three-phase power supplied to the motor, what would each
wattmeter read?

Solution

The connection diagram is shown in Fig. 4.21 while the phasor diagram in Fig. 4.22.
Here, f = cos–1 (0.5) = 60° (lagging)

Fig. 4.21 Power measurement for the system in Ex. 4.40

[Voltage across W1 = Va – c (= a cV V- ); Vac

is lagging Ia by (30° – f). Then the reading
of W1 is VacIa cos (30° – f). Similarly, W2 =
VLIL cos (30° – f).

W1 = VLIL cos (f + 30°)
[Actually W1 = VLIL cos (30° – f)

= VLIL cos (30 – (–f))
= VLIL cos (30 + f)]

= 400 ¥ 25 ¥ cos (60° + 30°) = 0.
W2 = VLIL cos (q – 30°)

[Q W2 = VLIL cos (30° + f)
= VLIL cos (30° – f)]

= 400 ¥ 25 ¥ cos (60° – 30°)
= 8.66 kW.

Thus, W1 will read zero while W2 will read
8.66 kW. Fig. 4.22 Phasor diagram of Ex. 4.40
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4.41 In Fig. 4.23, ammeter A1 reads 10 A, while A2 also reads 10 A. Wattmeters W1 and
W2 read 200 W and 800 W respectively. If V1 = V2 = 400 V, find the power factor. Also
find the KVAR rating of a delta connected capacitor bank to enhance the power factor to
0.85 (lag).

Fig. 4.23 Circuit of Ex. 4.41

Solution

S = 3 VLIL = 3 ¥ 400 ¥ 10 = 6928 VA

P = W1 + W2 = 200 + 800 = 1000 W

\ PF =
1000

6928

P

S
=  = 0.144 (lag). [This gives f = cos–1 (0.144) = 81.72°]

The reactive load demand is thus

Q = P tan f = 1000 ¥ tan 81.72° = 6871.54 VAR.

To improve the p.f. from 0.144 to 0.85 we require that the angle f = 81.72 becomes
f = cos–1(0.85) = 31.79° (lag). Thus the reactive power demand would be P tan 31.79°
i.e., 1000 ¥ tan 31.79° = 619.79 KVAR.

This clearly means that the delta connected capacitor bank is to supply (6871.54 –
619.79) KVAR i.e., 6251.77 KVAR.

Thus the rating of the delta connected KVAR bank needs to be 6251.77 KVAR
(3 phase).
[We can find rating of the capacitor, per phase.

Q/per phase = 
6251.77

3
 = 2083.92 KVAR

i.e., V2wC = 2083.92 ¥ 103

or, (400)2 ¥ 314 ¥ C = 2083.92 ¥ 103

\ C = 0.04 F per phase].

4.42 A balanced 25 kW load operates at 0.85 p.f. (lag) from a 440 V, 50 Hz, three-phase
supply. Calculate the total power, line current and reactive power drawn by the load.

Solution

|S3f| = 
3

3 25 10

cos 0.85

P f

f

¥
=  = 29.4 KVA
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|IL| = 
3

3| | 29.4 10

3 | | 3 440L

S

V

f ¥
=

¥
 = 38.58 A

and Q3f = 3 |VL||IL| sin f

= 3 ¥ 440 ¥ 38.58 ¥ sin (cos–1 0.85) = 15.49 KVAR.

4.43 At what p.f. will one of the wattmeter reading be zero in a three-phase system?

Solution

Let W2 = 0

Then, tan q =
1

1

0
3 3

0

W

W

-
=

+

\ q = tan–1 3  = 60°.
Also, cos 60° = 0.5

Thus, at 0.5 p.f., one of the two wattmeters would show zero reading.

4.44 The total input power in a three-phase circuit, as measured by two wattmeters, is
60 W. At what p.f. will the wattmeter readings be equal?

Solution

If the wattmeter readings are equal, then each wattmeter would read 30 W. Also, tan q
being zero, q = 0°.
Hence cos q = cos 0° = 1
Thus, at u.p.f., the readings of the two wattmeters are equal.

4.45 The input three phase power of a balanced impedance load of (4 + j3) W per phase
is measured by two wattmeter method. Determine the wattmeter reading if the source is a
balanced 220 V three phase 50 Hz source and the loads are first connected in star and
then in delta.

Solution

For star connection

VPh =
220

3
 = 127 V.

Also, IL (= IPh) = 
Ph

Ph

127 0

4 3

V

Z j

– ∞
=

+
 = 25.4––36.87°A.

cos f = cos (–36.87°) = 0.8 (lag)

\ P = 3 VLIL cos f = 3 ¥ 220 ¥ 25.4 ¥ 0.8

= 7742.96 (= W1 + W2) W.

Also, tan f (= 0.75) = 
1 2

1 2

3
W W

W W

-

+

This gives  W1 – W2 = 3352.80 W
Thus, W1 = 5547.88 W

W2 = 2195.08 W.
For delta connection

|IPh| = 
2 2Ph

| | 220

| | 4 3

LV

Z
=

+

 = 44 A.
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\ |IL| = 3 |IPh| = 76.21 A

and P = 3 VLIL cos f = 3 ¥ 220 ¥ 76.21 ¥ 0.8

= 23231.93 W (= W1 + W2)

But tan f = tan (36.87) = 0.75 = 
1 2

1 2

3
W W

W W

-

+

or W1 – W2 = 10,059.72 W.
Hence, W1 + W2 = 23231.93 W

W1 – W2 = 10059.72 W.
This gives W1 = 16645.83 W

W2 = 6586.11 W.

4.46 Three impedances, Zab, Zbc and Zca, are connected across a balanced 400 V, 50 Hz,
3-phase supply. Find Ia (Fig. 4.24).

Fig. 4.24 Circuit of Ex. 4.46

Assume Zab = 5–30° W; Zbc = 10–20° W; Zca = 10–0° W

Solution

It is evident from the figure that Ia is the phasor sum of currents passing through Zab and
Zca. Hence we can write

Ia =
ab ac

ab ca

V V

Z Z
+

=
ab ac

ab ca

V V

Z Z

-
+

=
400 0 400 120

5 30 10 0

– ∞ - – + ∞
+

– ∞ – ∞
= 80––30° – 40–120°
= 80(cos 30° – j sin 30°) – 40 (cos 120° + j sin 120°)
= 69.28 – j40 + 20 – j34.64
= (89.28 – j74.64) A = 116.37––39.896° A.

4.47 A balanced delta connected three-phase load of 30 kW is fed from a 400 V 50 Hz
three-phase source. The load power factor is 0.7 (lag). It is desired to improve the power
factor to 0.85 (lag) by using three delta connected capacitors. Obtain the value of the
resultant current drawn from the supply and the capacitance of each capacitor.

Solution

Q P = 3 |VL| |IL| cos q,
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In this case |IL| = 
330 10

3 400 0.7

¥

¥ ¥
 = 61.86 A.

Since the load is D connected,

\ |IL| = 3 |IPh|

In this problem, |IPh| = (61.86)/ 3  = 35.72 A.
Figure 4.25(a) represents the schematic diagram of the system after the capacitors

are connected in D across the load in order to improve the p.f. from 0.7 to 0.85 (lag).
Figure 4.25(b) rerpresents the circuit diagram per phase basis while Fig. 4.25(c) repre-
sents the phasor diagram on per phase basis.

It is evident that with connection of capacitors the power factor is improved from
0.7 (lag) to 0.85 (lag).

Fig. 4.25(a) System of Ex. 4.47

Fig. 4.25(b) Circuit diagram (per phase) for Fig. 4.25(a)

Fig. 4.25(c) Phasor diagram for Ex. 4.47
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From 4.31(c), we can write

I¢ (= Oy) = 
cos 35.72 0.7

0.85cos cos

OaOx f

f f

¥
= =

¢ ¢

= 29.42 A [Q p.f. before adding capacitor is 0.7 and
after adding capacitor is 0.85]

\ The current drawn from the supply is 29.42 A after installation of capacitors at load
terminals.
Again, xy = I¢ sin f¢ = 29.42 ¥ sin (cos–1 0.85) = 15.5 A
\ IC = ay = xa – xy = I sin f – xy = 35.72 ¥ sin (cos–1 0.7) – 15.5 = 10 A.

But |IC| = 
| |

| |C

V

X

\ XC =
| | 400

| | 10C

V

I
=  = 40 W [Q capacitors are connected in D fachion,

hence |VL| = |Vph| = 400 V]

or 1

Cw
= 40

\ C =
1

2 50 40p¥ ¥ ¥
 = 79.61 mF (for each capacitor.)

4.48 A balanced three-phase load consists of impedances (4 + j3) W per phase and is
connected to a 400 V source. Assuming V1 – n to be the reference phasor calculate the
current per phase, power per phase and the total three phase power for a Y-connected
load. Repeat the calculation for a D-connected load.

Solution

For star (Y) load:

Phase voltages are as follows
V1 – n–0°, V2 – n––120°, V3 – n –120°

while line voltages would be

V1 – 2–30°, V2 – 3––90°, V3 – 1–150°.

\
1PhI =

1

1

Ph

Ph

400
0

3

(4 3)

V

Z j

– ∞

=
+

 = 46.2––37° A

Similarly, for phases 2 and 3, the phase currents would be

2PhI = 46.2––37° – 120° = 46.2––157° A

3PhI = 46.2––37° + 120° = 46.2–83° A.

The phasor diagram is shown is shown in Fig. 4.26. Since the voltages are balanced,
the load and the phase currents are balanced. The line currents for the star connected load
will be same to those of phase currents.

The power per phase is obtained as

PPh = |VPh||IPh| cos f = 231 ¥ 46.2 ¥ cos (–37°) = 8.523 kW.

The three-phase power would be

P3f = 3 ¥ PPh = 3 ¥ 8.523 = 25.569 kW

[Check: P3f = 3 |VL||IL| cos f = 3 ¥ 400 ¥ 46.2 ¥ cos (–37°) = 25.563 kW.]

For Delta (D) load

Here the line voltage is equal to the phase voltges. The voltages are as follows:

V1 – 2–30°, V2 – 3––90°, V3 – 1–150°.
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Phase currents are obtained as

1PhI =
1 2 30 400 30

(4 3) 5 37

V

j

- – ∞ – ∞
=

+ – ∞
 = 80––7° A

Similarly,
2PhI = 80––127° A

3PhI = 80–+113° A.

The phasor diagram is shown in Fig. 4.27.

Fig. 4.26 Phasor diagram for the star connected system of Ex. 4.48

Fig. 4.27 Phasor diagram of the delta connected system of Ex. 4.48
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f, the angle between the voltage and current is found to be [–30° – (7°)] i.e., (–37°).

\ Pph = |VPh||IPh| cos f = 400 ¥ 80 ¥ cos (–37°) = 25.556 kW.

and three-phase power is

P3f = 3 ¥ 25.556 = 76.668 kW.

[Check: P3f = 3  |VL||IL| cos f

= 3 ¥ 400 ¥ (80 ¥ 3 ) ¥ cos (–37°) = 76.668 kW.]

It may be noted here that we can calculate the reactive powers also drawn by the load for
both star and delta connection using the formulae

Q3f = 3 |VL||IL| sin f

In star connection VL = 400 V, IL = 46.2 A, f = –37°.

In delta connection VL = 400 V, IL = ( 3 ¥ 80) A, f = –37°.

The total power in each case is given by |S | = 3 |VL||IL|.]

EXERCISES

Short- and Long-Answer-Type Questions

1. A three-phase four wire 208 V, system supplies a star connected load in
which ZA = 10–0° W, ZB = 15–30° W and ZC = 10––30° W. Find the line
currents, the neutral current and the load power. Assume VAN to be the
reference phasor folled by VBN and VCN.

[Ans: 12–0°, 8––150°, 12––210° A; 5.69–159.4° A, 3519 W]
2. Calculate the active and reactive components for the current in each phase

of a star connected 5000 V, three-phase alternator supplying 3000 kW at
power factor 0.8. [Ans: 346.2 A, 260 A]

3. Three similar coils of resistance 9 W and reactance 12 W are connected in
delta to a three-phase, 440 V, 50 Hz supply. Find the line current, power
factor, total KVA and total kW. [Ans: 50.8 A, 0.6, 38.7 KVA, 23.23 kW]

4. For the unbalanced delta connected load shown in Fig. 4.28 find the phase
currents, line currents and the total power consumed by the load.

[Ans: 10––53.13°, 10–156.86°,
20–156.86°, 15.73–165.3°,

29.1––33.2°,
4.94–128° 3000 W]

5. A balanced three-phase load consists
of three coils each of resistance 4 W
and inductance 0.02 H. Determine
the total power when the coils are

(i) star connected and
(ii) delta connected to a 440 V, 3

phase, 50 Hz supply
[Ans: 13.99 kW; 41.97 kW]

[Hint: Z = 4 + j(2p ¥ 50 ¥ 0.02) = (4 + j6.28) = 7.44 57.5∞ W

cos q = 
R

Z
 = 4

7.44
 = 0.5376.

(i) Star connection

VL = 440 V \ VPh = 
440

3
V

Fig. 4.28



Three-phase System I.4.37

|IPh| = 
440 3

7.44
 = 34.14 A = |IL|

P = 3 |VL|IL cos q = 3 ¥ 440 ¥ 34.14 ¥ 0.5376

= 13987.855 W = 13.988 kW.
(ii) Delta connection

|VL| = |VPh| = 440 V

|IPh| = 
440

7.44
 = 59.14 A

\ P = 3 VPh IPh cos q = 3 ¥ 440 ¥ 59.14 ¥ 0.5376
= 41967.48 W = 41.97 kW.

6. Three equal impedances of (8 + j12) W are connected in star across 415 V,
3 phase, 50 Hz supply. Calculate (i) line current (ii) Power factor) (iii)
Active and reactive power drawn by the load.

[Ans: 16.616 A, 0.5556629 W; 9935.28 VAR]

[Hint: Z = (8 + j12) = 14.42 56.32∞ W

|VL| = 415 V; |VPh| = 
415

3
V

(i) Line current = phase current = 
Ph

415

3
A

14.42

V

Z
=  = 16.616 A.

(ii) Power factor cos q = 
8

14.42

R

Z
=  = 0.555.

(iii) Active power 3 ¥ 415 ¥ 16.616 ¥ 0.555 = 6628.7 W.

Reative power = 3 ¥ 415 ¥ 16.616 sin (cos–10.555).

= 9935.28 VAR
7. In a balanced three-phase system load 1 draws 60 kW and 80 KVA leading

while load 2 draws 160 kW and 120 KVAR lagging. If line voltage of the
supply is 1000 V find the line current drawn by each load.

[Ans: 57.8 A, 115.5 A]
8. In the network shown in Fig. 4.29 three

resistors are connected in star to a three-
phase supply of 400 V. The wattmeter

W is connected as shown. Calculate the
currents in the three lines and the read-

ings of the wattmeter.
[Ans: 230.094 A, 7.698 A, 11.547 A,

8 kW]
9. A balanced three-phase star connected

load draws 10 kW from a three-phase
balanced systems of 400 V, 50 Hz while

the line current is 75 A (leading). Find
the circuit elements of the load. [Ans: 0.6 W, 1054 mF]

Fig. 4.29
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10. An induction motor draws a three phase power. Two wattmeter method is
applied to find the total power. If W1 = 10 kW, W2 = 5 kW, find the total
three phase active power, reactive power and power factor.

[Ans: 15 kW, 8.66 KVAR, 0.866]
11. A delta connected load has following impedances: ZRY = j10 W, ZYB =

10–0° W, ZBR = –j10 W. If the load is connected across a three phase
100 V supply find the line currents.

[Ans: (–5 + j1.34) A, (8.66 – j5) A, (–3.66 + j3.66) A]
12. The power in a three-phase circuit is measured by two wattmeters. If the

total power is 50 kW, power factor being 0.8 leading, what will be the
reading of each wattmeter? For what p.f. will one of the wattmeter reading
will be zero? [Ans: 35.825 W, –14.175 W, 0.5]

13. Derive the relation between phase and line voltages and currents for (i) star
connected load (ii) delta connected load across a three-phase balanced
system.

14. Show that sum of three emf’s is zero in a three-phase balanced ac circuit.
15. Show that the power in a three-phase circuit can be measured using

2 wattmeters. Draw the circuit diagram and vector diagram.
16. What are the advantages of a polyphase system over the single-phase

system?

MULTIPLE CHOICE QUESTIONS

1. In a balanced three-phase delta connected system the relation between the
rms value of line and phase currents is given by

(a) I
L
 = I

hp
(b) I

ph
 = 3 I

ph

(c) I
L
 = 2 I

ph
(d) I

L
 = 3 I

ph

Answer: (d) IL = 3 Iph

2. In a balanced three-phase circuit, if the power is measured by two wattme-
ter method, one of the wattmeter readings is  zero when the load power
factor is
(a) 0.2 lag (b) 0.5 lag
(c) unity (d) zero
Answer: (b) 0.5 lag

3. A three-phase, 4 wire system suplies a balanced star load . The current in
each phase is 5 A. The current in the nentral wire will be

(a) 5 3  A (b) 0 A
(c) 15 A (d) 5 A
Answer: (b) 0 A

4. In a three-phase star connected system, the realation between the phase and
the line voltage is

(a) V
ph

 = V
L

(b) V
ph

 = 3 V
L
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(c) V
ph

  = 
1

3
LV◊ (d) V

ph
 = 

1

3
LV◊

Answer: (c) Vph  = 
1

3
LV◊

5. In a three-phase system line voltage are
(a) 30° apart (b) 60° apart
(c) 90° apart (d) 120° apart
Answer: (d) 120° apart

6. In a star connected three-phase supply, the phase currents and line currents
are related as

(a) I
ph

 = I
L

(b) I
ph

 = 3 I
L

(c) I
ph

 = 
1

3
I

L
(d) I

ph
 = 

1

2
I

L

Answer: (a) Iph = IL

7. The expression of real power in a three-phase circuit is given by

(a) P = 3  I
ph

 cos f (b) P = 3V
L
 I

L
 cos f

(c) P = 3 V
ph

I
ph

 cos f (d) P = 3 V
L
 I

L
 cos f

Answer: (d) P = 3 VL IL cos f
8. A three-phase system supplies a three-phase resistive load. The power is

measured by two wattmeter method. During steady state condition for two
wattmeter method,
(a) W

1
 = W

2
(b) W

1
 = 2W

2

(3) W
1
 = 2

2

W
(d) W

2
 = 0

Answer: (a) W1 = W2

9. A 100–0° volt (line to line) ac supply opreting with 50 Hz supply
frequency is supplyings a resistive load of 10 kW. What is  the value of
current in each phase if the load is delta connected.
(a) 25 A (b) 30 A
(c) 33.33 A (d) 100 A
Answer: (c) 33.33 A

10. The phasor sum of all the voltages in a three-phase balanced system is
(a) 0.5 (b) 0

(c) 3 (d) negative

Answer: (b) 0
11. The total input power in a three-phase circuit, as measured by two wattme-

ter, is 80 W. At what p.f. will the wattmeter readings be equal?
(a) 0.5  lag (b) 0.2  lag
(c) 0 (d) Unity power  factor
Answer: (d) Unity power  factor
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12. The phase curretns of both the delta and  star loads being equal which of
these two loads will dissipate more real power?
(a) both will dissipate same power
(b) star  load will dissipate more power
(c) delta load will dissipate more power
Answer: (a) both will dissipate same power

UNIVERSITY QUESTIONS WITH ANSWERS

Long-Answer Type Questions

1. (a) Explain how the power factor of a balanced three phase load can be
determined with the help of two wattmeters.

Answer: Article 4.7.
(b) Three equal impedances of (8 + j12) W are connected in star across

415 V, 3 phase, 50 Hz. supply. Calculate (i) Line current (ii) Power factor
(iii) Active and reactive power drawn by the total load.

(WBUT 2005)
Answer: Line voltage (VL) = 415 V

As the impedances are star connected phase voltage

(Vph) = 
415

V
3 3

LV
=

Phase impedance (Z) = 8 + j12 = 14.42 –56.31° W

(i) Phase current (Iph) = 
ph 415

3 14.42

V

Z
=

¥
 = 16.616 A

\ Line current (IL) = Iph = 16.616 A
(ii) Power factor (cos q) = cos 56.31° = 0.554 lag

(iii) Active power drawn by total load (P) = 3VL IL cos q

= 3 ¥ 415 ¥16.616 ¥ 0.554

= 6616.75 W

Reactive power drawn by total load (Q) = 3VL IL sin q

= 3 ¥ 415 ¥ 16.616 sin 56.31°

= 9937.39 VAR.
2. (a) Explain the method of measurement of balanced three phase power by

two wattmeter method. Draw the neat circuit diagram.
(WBUT 2012, 2014)

Answer: Article 4.6 and Fig. 4.13.
(b) Three equal impedances (6 + j8) W are connected in Y across a 400 V,

3 phase, 50 Hz supply. Calculate (i) the line current and the phase
current (ii) the power factor (iii) active and reactive powers drawn by
the load per phase. (WBUT 2012)
Answer: Impedance per phase (Z) = 6 + j8 = 10 – 53.13°
Line voltage (VL) = 400 V

(WBUT 2014)
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As the load is connected in star the phase voltage Vph = 
400

V
3 3

LV
=

and line current (IL) = phase current (Iph)

(i) Phase current (Iph) = 
ph 400

3 10

V

Z
=

¥
 = 23.1 A

\ Line current (IL) = 23.1 A

(ii) Power factor (cos q) = 
6

10

R

Z
=  = 0.6

(iii) Active power drawn by the load per phase

(P) = Vph Iph cos q = 
400

3
¥ 23.1 ¥ 0.6 = 3200 W

Reactive power drawn by the load per phase

(Q) = Vph Iph sin q = 
400

3
¥ 23.1 ¥ 0.8 = 4267.8 VAR

3. For the balance three phase circuit shown below (Fig. 11), find
(a) phase voltage
(b) line current
(c) power factor
(d) total power consumed if the line voltage is 440 V.

Draw the voltage and current phasor diagram. (WBUT 2007)
Answer: The three phase given circuit is star connected.
Line voltage (VL) = 440 V

(a) Phase voltage (Vph) = 
440

3 3

LV
=  = 254 V

(b) Phase current = line current (IL) = 
ph 254

20

V

R
=  = 12.7 A

(c) Power factor (cos q) = cos q° = 1 (Q circuit is purely resistive)

(d) Total power consumed (P) = 3 VL IL cos q

= 3 ¥ 440 ¥ 12.7 ¥ 1

= 9678.7 W = 9.678 kW
Phasor diagram: Article 4.4.1 and Fig. 4.7.

4. (a) How will you measure the power consumed by a balanced star con-
nected three phase circuit with two wattmeters? Draw the circuit and
derive necessary relation.
Answer: Refer Article 7.6 and Article 7.7.

(b) A three-phase 230 V load has a power factor of 0.7. Two wattmeters
are used to measure power which shows the input to be 10 kW. Find
the reading of each wattmeter. (WBUT 2009)
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Fig. 4.30

Solution

V = 230 V
cos f = 0.7

W1 + W2 = 10,000 watts
\ tan q = tan (cos–1 0.7) = 1

or, 1 = 
1 2~

3
10,000

W W

\ W1 ~ W2 = 5773.5
\ W1 = 7886.75 watt
and W2 = 2113.25 watt

5. What is a three phase balanced ac system? Show that in a three phase
balanced ac circuit, the sum of current in the neutral is zero.

(WBUT 2012, 2014)
Answer: When three identical coils are placed with their axes 120° dis-
placed from each other and rotated in a uniform magnetic field with same
angular velocity, a sinusoidal voltage is generated across each coil. The
emfs developed in the three coils are identical in all respects except that
they are displaced from each other by 120°. When identical loads are con-
nected in the three phases then the currents flowing in the three phases will
have equal magnitude but they will be displaced from each other by 120°.
This system is called the three phase balanced ac system.
Refer to Section 4.4.1

Multiple Choice Questions

1. In a three phase balanced system, line voltage makes an angle with phase
voltages (WBUT 2012)
(a) 30° (b) 60°
(c) 90° (d) 120°

Answer: (a) 30°
2. Which of the following in a four-wire system? (WBUT 2012)

(a) Delta with neutral
(b) Star with neutral
(c) Both delta and star
(d) Any combination of four wires

Answer: (b) star with neutral
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3. In three-phase, 4-wire balanced system, the current in each phase is 10 A.
The current through the neutral wire will be (WBUT 2013)
(a) 30 A (b) 10 A
(c) 0 (d) 15 A

Answer: (c) 0
4. Three 50 W resistances are connected in star across a 400 V, 3-phase supply.

If one of the resistances is disconnected, the line current will be
(WBUT 2014)

(a) 8 A (b) 4 A

(c) 8 3 A (d) 8/ 3  A
Answer: (b) 4 A



5.1 INTRODUCTION

The whole concept of a polyphase ac, including the induction motor, was the

idea of the great Yugoslavian engineer, Nikola Tesla.

The induction motor is, by a very considerable margin, the most widely used

ac motor in industry. Induction motors normally require no electrical connection

to the rotor windings. Instead, the rotor windings are short-circuited. Magnetic

flux flowing across the air-gap links these closed rotor circuits. As the rotor

moves relative to the air-gap flux, voltages are induced in the short-circuited

rotor windings according to Faradays’ law of electromegnetic induction causing

currents to flow in them. The fact that the rotor current arises from induction,

rather than conduction, is the basis for the name of this class of machines. They

are also called “asynchronous” (i.e. not synchronous) machines because their

operating speed is slightly less than synchronous speed in the motor mode and

slightly greater than synchronous speed in the generator mode. Induction ma-

chines are usually operated in the motor mode, so they are usually called “induc-

tion motors.”

Because of its simplicity and ruggedness, relatively less expensive and little

maintenance, this motor is often the natural choice, as a drive in industry. The

squirrel cage motor is often preferred over when a substantially constant speed

of operation is desired, the wound rotor motor is a competitor of the dc motor

when adjustable speed is required.

The chief disadvantages of induction motors are:

(a) The starting current may be five to eight times full-load current if direct on

line start is allowed.

(b) The speed is not easily controlled.

(c) The power factor is low and also lagging when the machine is lightly

loaded.

For most applications, their advantages far outweigh their disadvantages.

THREE-PHASE
INDUCTION
MOTORS

5



Basic Electrical and Electronic Engineering-III.5.2

5.2 CONSTRUCTION OF INDUCTION MACHINES

Similar to other rotating electrical machines, a three-phase induction motor also

consists of two main parts: the stator and the rotor (the stator is the stationary

part and the rotor is the rotating part). Apart from these two main parts, a three-

phase induction motor also requires bearings, bearing covers, end plates, etc. for

its assembly.

The stator of a three-phase induction motor has three main parts namely,

stator frame, stator core and stator windings. The stator frame can either be

casted or can be fabricated from rolled steel plates. The stator core is built up of

high silicon sheet steel laminations of thickness 0.4 to 0.5 mm. Each lamination

is separated from the other by means of either varnish, paper or oxide coating.

Each lamination is slotted on the inner periphery so as to house the winding. The

laminations for small machines are in the form of complete rings, but for large

machines these may be made in sections. The insulated stator conductors are

connected to form a three-phase winding, the stator phase windings may be

either star or delta-connected.

The rotor is also built up of their laminations of the same material as the

stator. The laminated cylindrical core is mounted directly on the shaft or a spider

carried by the shaft. These laminations are slotted on their outer periphery to

house the rotor conductors. There are two types of induction motor rotors:

(a) Squirrel cage or simply cage rotor

(b) Phase wound or wound rotor or slip ring rotors.

In either case, the rotor windings are contained in slots in a laminated iron

core which is mounted on the shaft. In small machines, the lamination stack is

pressed directly on the shaft. In larger machines, the core is mechanically con-

nected to the shaft through a set of spokes called a “spider”.

The motor having the first type of rotor is known as a squirrel cage induction

motor. This type of rotor is cheap and has a simple and rugged construction. It is

cylindrical in shape and is made of sheet steel laminations. Here the slots pro-

vided to accommodate the rotor conductors, are not made parallel to the shaft but

they are skewed. The purpose of skewing is (a) to reduce the magnetic hum and

(b) to reduce the magnetic locking. The rotor conductors are short-circuited at

the ends by brazing the copper rings, resembling the cage of a squirrel and hence

the name squirrel cage rotor.

In present days, ‘die-cast rotors’ have become very popular. The assembled

rotor laminations are placed in a mould. The molten aluminium is forced under

pressure to form the bars. Figure 5.1 (a-c) shows a typical stator and rotor (both

squirrel cage type and slip ring type) assembly. Figure 5.1(d) shows the sche-

matic of a cage rotor separately.

The motor having the second type rotor, i.e. wound type rotor, is named as a

slip-ring induction motor. In this motor, the rotor is wound for three-phase, similar

to stator winding using open type slots in the rotor lamination. Rotor winding is

always star connected and thus only three remaining ends of the windings are

brought out and connected to the slip rings as shown in Fig. 5.2. With the help of

these slip rings and brushes, additional resistances can also be connected in series
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with each rotor phase (Fig. 5.2). This will increase the starting torque provided

by the motor and will also help in reducing, the starting current. When running

under normal condition, the external resistances are removed completely from

the rotor by short circuiting these additional resistances from the rotor circuit

and rotor behaves just like a squirrel cage rotor.

Fig. 5.1 Stator and rotor parts

Fig. 5.2 Addition of external resistances to the rotor of wound rotor induction
motor
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5.3 COMPARISON OF SQUIRREL CAGE AND
WOUND ROTORS

The advantages of cage rotor induction motor are as follows:

(a) A rotor is of robust construction and cheaper.

(b) The absence of brushes reduces the risk of sparking.

(c) Squirrel cage rotors require lesser maintenance.

(d) Squirrel cage induction motors have higher efficiency and better power

factor.

On the other hand, wound rotors have the following merits:

(a) High starting torque and low starting current.

(b) Additional resistance can be connected in the rotor circuit to control speed.

5.4 ADVANTAGES AND DISADVANTAGES OF A
THREE-PHASE INDUCTION MOTOR

Advantages

(a) It is very simple, robust, rugged and capable of withstanding rough use.

(b) It is quite cheap in cost and reliable in operation.

(c) Its maintenance cost is low.

(d) The losses are reasonably small and hence it has sufficiently high effi-

ciency.

(e) It is mostly a trouble-free motor.

(f) Its power factor is reasonably good at full load operation.

(g) It is simple to start (since it has a self starting torque).

An induction motor is equivalent to a static transformer whose secondary is

capable of rotating with respect to the primary.

Usually the stator is treated as the primary, while the rotor is treated as the

secondary. The induction motor operation is electrically equal even if the rotor is

primary and the stator operation is treated as secondary.

Disadvantages

(a) Its speed cannot be varied without sacrificing efficiency.

(b) Its speed decreases with an increase in load.

(c) Its starting torque is inferior to that of a dc shunt motor.

(d) For direct on line starting, the starting current is usually 5 to 8 times of the

full-load rated current.

(e) It runs at a low lagging power factor when it is lightly loaded.

5.5 PRINCIPLE OF OPERATION

A three-phase induction motor has a stator winding which is supplied by three-

phase alternating balanced voltage and has balanced three-phase currents in the

winding. The rotor is not excited from any source and has only magnetic coupling

with the stator. Under normal running conditions, the rotor winding (cage or slip-

ring) is always short circuited to allow induced currents to flow in the rotor
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winding. The flow of three-phase currents in the stator winding produces a

rotating magnetic field of constant amplitude and rotates at a synchronous speed.

Let us assume that the rotor is at standstill initially; the rotating stator field

induces an emf in the rotor conductor by transformer action. Since the rotor

circuit is a closed set of conductors, a current flows in the rotor circuit. This

rotor current then produces a rotor field. The interaction of stator and rotor field

produces a torque which causes the rotation of the rotor in the direction of the

stator rotating field.

As per Lenz’s law, the rotor field will try to oppose the very cause of its

production. Thus it speeds up in the direction of the stator field so that relative

speed difference between these two fields is zero. In this way, the three-phase

induction motor catches up the speed.

When the rotor is at standstill, the relative motion between the stator field and

rotor is maximum. Therefore, the emf induced in the rotor and rotor current are

reduced. However, the rotor cannot attain the speed of the stator field which is

equal to the synchronous speed. This is evidently due to the reason that if the

rotor is moving at synchronous speed, there is no relative motion between the

stator field and the rotor. Hence the rotor induced emf and current become zero

and the torque becomes zero. This would cause the rotor speed to decrease. As

the rotor speed falls below the synchronous speed, the rotor emf and current

continue to increase. Therefore, the electromagnetic torque continues to increase.

Finally, the rotor speed becomes constant at a value at speed slightly less than

that of the stator field, the torque developed equals the sum of load torque and

the mechanical losses.

5.6 CONCEPT OF PRODUCTION OF ROTATING
FIELD

When a three-phase winding, displaced in space by 120°, are supplied by a

three-phase currents displaced in time by 120°, a magnetic flux is produced

which rotates in space. This causes the rotor to rotate. The method of analysis is

as follows:

5.6.1 Analytical Method

Let us consider three identical coils placed 120° apart with respect to each other,

as shown in Fig. 5.3(a).

The coils are supplied with currents having frequency of supply and varying

sinusoidally in time. Each coil will produce an alternating flux along its own

axis. Let the instantaneous flux be given by

f1 = fm sin w t 5.1(a)

f2 = fm sin (w t – 120°) 5.1(b)

f3 = fm sin (w t – 240°) 5.1(c)

The resultant flux produced by this system may be determined by resolving

the components with respect to the physical axis, as shown in Fig. 5.3(b).
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Therefore the resultant horizontal component of flux is given by

fh = f1 – f2 cos 60° – f3 cos 60°

= f1 – (f2 + f3) cos 60°

= f1 – (f2 + f3) ¥ 
1

2

= fm sin w t – 
1

2
[fm sin (w t – 120°) + fm sin (w t – 240°)]

= fm sin w t – 
2

mf
 ¥ (2 sin w t )

1

2

æ ö-è ø

= 
3

2
fm sin wt. (5.2)

Similarly, the vertical component of flux is given by

fv = 0 – f2 cos 30° + f3 cos 30° = 
3

2
[f3 – f2]

= 
3

2
[fm sin (w t – 240°) – fm sin (w t – 120°)]

= 
3

2
 ¥ fm ◊ 2 cos w t ¥ 

3

2

= 
3

2
fm cos w t (5.3)

Fig. 5.3 Production of rotating field in a three-phase induction motor
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\ The resultant flux is (Fig. 5.3(d)),

fr = 2 2 2 23
( ) ( ) sin cos

2
h v m t tf f f w w+ = +

= 
3

2
mf [∵ sin2 w t + cos2 w t = 1] (5.4)

and tan q = 
v

h

f

f
 = cot w t = tan (90° – w t).

It implies q = (90° – w t). (5.5)

The above equation shows that the resultant flux (fr) is free from time factor.

It is a constant flux of magnitude equal to 
3

2

æ ö
è ø  times the maximum flux per

phase. However, q is dependent on time and we can calculate q at different

values of (w t); when (w t) = 0, q = p/2 corresponding to position P in Fig. 5.3(c).

Similarly, for w t = p/2, q = 0°, corresponding to position Q,

when w t = p, q = –p/2, corresponding to position R,

when w t = 
3

2

p
, q = –p, corresponding to position S.

It is thus observed that the resultant flux fr rotates in space in the clockwise

direction with angular velocity of w radians per second.

Since w = 2pf and f = 
120

sPN
, the resultant flux fr rotates with synchronous

speed (Ns).

5.7 THE CONCEPT OF SLIP

The magnitude and frequency of the rotor voltages depend on the speed of the

relative motion between the rotor and the flux crossing the air gap. The differ-

ence between the synchronous speed and the rotor speed expressed as a fraction

(or percent) of synchronous speed is knows as slip, i.e.

Slip speed = (ns – n) rev/sec

and slip (s) = 
s

s

n n

n

-
p.u. 5.6(a)

or n = ns (1 – s) rps 5.6(b)

where ns = synchronous speed (rev/sec)

n = rotor speed (rev/sec)

s = slip.

When the speed is expressed in rpm, we can write

s = 
s

s

N N

N

-
p.u. = 

s

s

N N

N

-
 ¥ 100 (in %)

and N = Ns(1 – s) rpm.

This slip s is a very useful quantity in studying induction motors.

The value of slip at full load is about 4 to 5% for small motors and about 2 to

2.5% for large motors. The slip at no load is about 1%. Thus the speed of an
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induction motor is almost constant from no load to full load. If the machine has

P number of poles, the frequency of induced emf in the rotor, i.e. f2 is given by

f2 = 1
s

s

N N
f

N

-
´

1 2

( )
;

120 120

s sPN P N N
f f

-é
= =êë

Q

2 1and hence ( / )
s

s

N N
f f

N

ù-æ ö
= úç ÷è ø úû

i.e. f2 = sf1

At standstill of the rotor, s = 1, i.e. the frequency of rotor currents is f1 (the

same as the supply frequency).

5.8 FREQUENCY OF ROTOR VOLTAGES AND
CURRENTS

Let us consider a typical pair of rotor bars. As the rotor “slips” backward through

the flux field, the flux linking these bars will vary cyclically. The voltage in-

duced in the rotor circuit is composed of the voltages in these two bars and the

end rings. It is at its peak at the instant when the rate of change of flux linkages

is a maximum. Thus one cycle of rotor voltage is generated as a given conductor

slips past two poles of the air-gap flux field. In other words, one cycle of rotor

voltage corresponds to 360 electrical degrees of “slips”. Then the frequency of

the rotor voltages and currents is given by

f2 = pole-pairs slipped per second

( )s

s

n n

n

-
 ◊ ns ◊ 

2

P
 = s ◊ f1 1 .

120 2 60 2

s s sPN PN Pn
f

é ù
= = =ê ú´ë û

Q (5.7)

i.e., Rotor current frequency = Per unit slip ¥ Supply frequency.

At standstill, rotor speed is zero.

\ s = 
( )s

s

n n

n

-
 = 

0s

s

n

n

-
 = 1

and f2 = f1. (5.8)

5.1 A three-phase, 4-pole 50 Hz. induction motor runs at 1450 rpm. Find out the per-

centage slip of the induction motor.

Solution

Ns = 
120 120 50

4

f

P

´
=  = 1500 rpm

\ Slip = 
1500 1450

1500

s

s

N N

N

- -
=  = 0.033 = 3.33%.

5.2 A three-phase, 50 Hz., 6-pole induction motor runs at 950 rpm. Calculate

(i) the synchronous speed

(ii) the slip and

(iii) frequency of the rotor emf.



Three-Phase Induction Motors I.5.9

Solution

(i) We know, Ns = 
120 120 50

6

f

P

´
=  = 1000 rpm.

(ii) Slip (s) = 
1000 950

1000

s

s

N N

N

- -
=  = 0.05.

\ percentage of slip = 0.05 ¥ 100 = 5.

(iii) The frequency of rotor emf = s.f1 = 0.05 ¥ 50 = 2.5 Hz.

5.3 The frequency of the emf in the stator of a 4-pole induction motor is 50 Hz., and

that in the rotor is 2 Hz. What is the slip and at what speed is the motor running?

Solution

We know f2 = s ◊ f1

\ s = 
2

1

2

50

f

f
=  = 0.04 = 4%.

Again f1 = 
120

sP N×

\ Ns = 
1120 120 50

4

f

P

× ´
=  = 1500 rpm.

Speed of the motor

N = (1 – s) ◊ Ns = (1 – 0.04) ¥ 1500 = 1440 rpm.

5.4 A 10-pole induction motor is supplied by a 6-pole alternator, which is driven at

1400 rpm. If the motor runs with a slip of 2%, what is its speed?

Solution

For induction motor: Synchronous speed is given by

Ns = 
120 120 70

10

f

P

´
=  = 840 rpm

6 1400
70 Hz.

120 120

APN
f

´é ù
= = =ê ú

ë û
Q

Now slip, s = 
840

840

s

s

N N N

N

- -
=

\ 0.02 = 
840

840

N-

\ N = 823.2 rpm.

5.5 A three-phase 60 Hz induction motor has a no load speed of 890 rpm and a full load

speed of 855 rpm. Calculate

(i) the number of poles

(ii) slip s at no load

(iii) slip at full load

(iv) frequency of rotor currents at no load

(v) frequency of rotor currents at full load.

Solution

(i) Since the no load slip of an induction motor is about one percent, the synchronous

speed is slightly larger than the no load speed of 890 rpm. For 60 Hz frequency, the

number of poles and their corresponding synchronous speeds are



Basic Electrical and Electronic Engineering-III.5.10

P 2 4 6 8 10

Ns (rpm) 3600 1800 1200 900 720

It is obvious that the synchronous speed can be only 900 rpm and therefore the

number of poles is 8.

(ii) No load slip (s) = 
900 890

900

-
 ¥ 100 = 1.11%.

(iii) Full load slip = 
900 855

900

-
 ¥ 100 = 5%.

(iv) At no load, f2 (= sf1) = 
1.11

100
 ¥ 60 = 0.66 Hz.

(v) At full load, f2 = 
5

100
 ¥ 60 = 3 Hz.

5.6 A three-phase 6-pole induction motor runs at 760 rpm at full load. It is supplied

from an alternator having four poles and running at 1200 rpm. Determine the full-load

slip of the induction motor.

Solution

Given the number of poles of alternator PA = 4 and the synchronous speed of the alterna-

tor is 1200 rpm, the frequency f is 
1200 4

120 120

AN P× ´
=  = 40 Hz.

\ Frequency generated by the alternator is 40 Hz.

For the given induction motor, P = 6, Speed at full load N = 760 rpm, supply fre-

quency from the alternator is f = 40 Hz.

\ Synchronous speed of the motor, Ns = 
120 f

P
= 

120 40

6

´
 = 800 rpm.

\ The percentage slip, s = 
800 760

100
800

s

s

N N

N

- -
× =  ¥ 100 = 5%.

5.7 A three-phase, 400 V, 50 Hz induction motor has a speed of 900 rpm on full-load.

The motor has six poles. (i) Find out the slip. (ii) How many complete alternations will

the rotor voltage take per minute?

Solution

(i) Given N = 900 rpm, f = 50 Hz and P = 60.

\ Ns = 
120 120 50

6

f

P

´ ´
=  = 1000 rpm

\ slip (s) = 
1000 900

1000

s

s

N N

N

- -
=  = 0.1 or 10%.

(ii) Alternation of rotor voltage:

f ¢ = s ¥ f = 0.01 ¥ 50 = 0.5/sec or 30/min.

5.8 A three-phase, 6-pole, 50 Hz induction motor has a slip of 0.8% at no load and 2%

at full load. Calculate:

(i) the synchronous speed

(ii) the no-load speed

(iii) the full-load speed

(iv) the frequency of rotor current at standstill

(v) the frequency of rotor current at full load.
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Solution

(i) Ns = 
120 120 50

6

f

P

´
=  = 1000 rpm.

(ii) Speed at no load = (1 – slip at no load) ¥ Ns = (1 – 0.008) ¥ 1000 = 992 rpm.

(iii) Speed at full load = (1 – slip at full load) ¥ Ns = (1 – 0.02) ¥ 1000 = 980 rpm.

(iv) Frequency of rotor current at standstill f2 = sf = 1 ¥ 50 = 50 Hz.

(v) Frequency of rotor current at full load, f2 = (slip at full load) ¥ f

= 0.02 ¥ 50 = 1.0 Hz.

5.9 The voltage applied to the stator of a three-phase, 4-pole induction motor has a

frequency of 50 Hz. The frequency of the emf induced in the rotor is 1.5 Hz. Determine

slip and speed at which motor is running.

Solution

(i) Ns = 
120 120 50

4

f

p

´
=  = 1500 rpm.

Rotor emf frequency, f2 = sf

or 1.5 = s ¥ 50

\ slip (s) = 
1.5

50
 = 0.03 or 3.0%.

(ii) Actual speed of motor is N = (1 – s) ◊ Ns = 1500 (1 – 0.03) = 1455 rpm.

5.10 A three-phase, 50 Hz, 6-pole cage motor is running with a slip of 3%.

Calculate:

(i) the speed of the rotating field relative to the stator winding

(ii) the motor speed

(iii) the frequency of emf induced in the rotor

(iv) the speed of rotation of rotor mmf relative to rotor winding

(v) the speed of rotation of rotor mmf relative to stator winding.

Solution

(i) Ns = 
120 120 50

6

f

P

´
=  = 1000 rpm.

(ii) N =  Ns(1 – s) = 1000
3

1
100

æ ö-è ø  = 970 rpm.

(iii) f2 = sf1 = 
3

100
 ¥ 50 = 1.5 Hz.

(iv) Speed of rotor mmf relative to rotor winding = 
2120 f

P

´
 = 

120 1.5

6

´
 = 30 rpm.

(v) Since the rotor is rotating at 970 rpm and the rotor mmf is revolving at 30 rpm with

respect to rotor, therefore speed of the rotor mmf relative to the stationary winding

(stator) is (970 + 30) rpm = 1000 rpm.

5.9 TORQUE EXPRESSION OF AN INDUCTION
MOTOR

Operating Torque

In the induction motor, the torque T is given by

T μ f ◊ Ir ◊ cos fr (5.9)
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where f is the stator flux/pole and Ir is the rotor current/phase under running

conditions, cos fr is the rotor power factor.

We have Ir = 
2

2 2
22

( )

r

r

E E s

Z R sX

×
=

+
(5.10)

and cos fr = 
2r

r r

R R

Z Z
=  = 

2 2
2 22

( )R R sX+ (5.11)

(∵ Resistance is independent of relative speed)

where Er is rotor emf/phase

Zr is the rotor impedance = 
2 2

22
( )R sX+

Rr is the rotor resistance/phase.

Er, Zr, Rr are the respective parameters of the rotor in running conditions. If s

be the slip of the motor, operating at rated speed, we can write

Xr = sX2

Er = sE2

and Rr = R2

where, Xr is the rotor reactance/phase under running condition.

In the standstill condition,

X2 is the rotor reactance/phase

E2 is the rotor emf/phase

and R2 is the rotor resistance/phase.

From the fundamentals, we have

|Zr| = 2 2
r rR X+  = 

2 2
2 rR X+ .

The equation of the torque can be rewritten as

T = K1f
2r

r r

E R

Z Z
×

[K1 is the constant of proportionality in Eq. (5.9)]

= 
1 2 2

2 2
2 r

K sE R

R X

f

+
= 

1 2 2

2 2
22

( )

K sE R

R sX

f

+
. (5.12)

Again, the flux(f) produced by the stator being proportional to the applied phase

voltage (E1), we can write

f μ E1

i.e., f = K2E1

Also
1

2

E

E
= 

1

2

N

N
 = k.

\ E2 = 
1

k
 ◊ E1

Substituting the expressions for f and E2 in Eq. (5.12) we get

T = 
1 2 1 1 2

2 2
22

( / )

( )

K K E s E k R

R sX

× × × ×

+
 = 

2
21

2 2
22

( )

KE s R

R sX

× ×

+ (5.13)

where K = 
1 2K K

k
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i.e., T μ 

2
21

2 2
22

( )

sE R

R sX+
(5.13a)

Here T is expressed in watts on per phase basis for K = 1. In order to get the

value of three-phase torque, the expression obtained in (5.13) or (5.13a) is to be

multiplied by a factor 3, provided K is known and all the quantities in the RHS

of equation (5.13) are expressed in phase values. We will discuss later how K

can be obtained. Actually K = 
3

sw
, where ws = 2p ns, ns is expressed in rps i.e.,

equal to 
60

sNæ ö
ç ÷è ø . For three phase, the electromagnetic torque T is

T3f = 

2
21

2 2
22

3
Nm

( )s

sE R

R sXw
×

+

i.e. T3f = 

2
21

2 2
22

3
( )

sE R

R sX
×

+
 W 

2
21

2 2
22

3
Nm

( )s

sE R

R sXw

æ ö
= ×ç ÷

+è ø
. (5.13b)

5.9.1 Starting Torque (Ts)

At starting the rotor is stationary, the slip s = 1 and the rotor reactance X2 is

much larger compared to the rotor resistance R2. So neglecting R2 in Eq. (5.13 a),

we get for s = 1,

Ts μ 

2
21

2
2

E R

X
(5.14a)

or Ts μ R2 and Ts μ 
2
1

E [assuming (X2) as constant]

The general expression of starting torque can be obtained from equation (5.13)

with s = 1.

Ts = 

2
21

2 2
2 2

KE R

R X+
(5.14b)

Thus for obtaining large starting torque, the rotor resistance R2 as well as

applied voltage E1 should be large.

To get the three-phase starting torque, Ts obtained in Eq. 5.14(a) or (b) is to

be multiplied by a factor 3.

5.9.2 Effect of Change in Supply Voltage on Torque
and Slip

Since T μ 

2
21

2 2
22

( )

sE R

R sX+
,

at rated speed, with low values of s we have

T μ 

2
21

2
2

sE R

R
(∵ (sX2) is very low)
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i.e. T μ 

2
1

2

sE

R

i.e., torque under normal operating condition is proportional to the square of

supply voltage. With drop in supply voltage, running torque T  decreases and to

maintain same torque, slip must increase (i.e., speed drops.)

5.9.3 Effect of Change in Supply Voltage in Starting
Torque

Since Ts μ 

2
21

2
2

E R

X
,

at constant (X2) and (R2), the starting torque is also proportional to the square of

the supply voltage.

5.9.4 Condition for Maximum Torque

Under normal running conditions,

T = 

2
21

2 2 2
2 2

KE R s

R X s

×

+ ×
(5.15)

When the motor is operating on constant applied voltage E1, then

T = 
2 2 2

12 2 2 2
2 2 2 2

2

[ ]
K R s K R

K KE
R X s R

X s
s

¢ ¢
¢= =

+
+

Since the numerator of the right hand side of the expression is constant, thus

for getting the condition for maximum torque we differentiate the denominator

with respect to slip s and equate the differential co-efficient to zero.

Thus we have, at maximum torque condition,
2 2 2
2 2

– ( / )R s X+  = 0

or 2
2

X  = 2 2
2

/R s

or s = smax = 
2

2

R

X
(5.16)

(where smax is slip for maximum torque)

From Eq. (5.15) (at constant applied voltage E1), and (5.16), we have

Tmax = 

2 2
2 1 2 2

2 2 1

2 2
222 22 2

2 2 2
2

2

R
K R E

X K R E K

XR R X
R X

X

æ ö
× × ×ç ÷ × ×è ø ²

= =

+ ×

(5.17a)

Also, Tmax = 

2
21

2 2
2 2

( )

( ) ( )

KE sX s

sX sX

×

+
[using R2 = sX2 in Eq. (5.15)

to obtain Tmax]

= 

2
1

22

KE

X
(5.17b)
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[it may be noted here that K≤ = 2
12

K
E× ]

Thus the maximum torque of an induction motor, operating on constant ap-

plied phase voltage E1 and constant supply frequency f is inversely proportional

to the standstill rotor reactance X2 but is independent of rotor circuit resistance

R2. The slip for maximum torque is the ratio of rotor resistance and standstill

rotor-reactance, i.e. Smax = 
2

2

R

X
.

Also,
max

T

T
= 

2
21

2
2

22 2
2 2

2

KE R s K

XR
X s

X

× × ²

æ ö
+ç ÷

è ø

= 
( )

2
21 2

2 2 2
max2

KE R s X

KX s s

× ×

²+

= K¢¢¢ ◊ 

2
max 1

2 2
max

KEs s
K

Ks s

é ù×
¢¢¢ê ú=

¢¢ë û+
(5.18(a)

Also, we can write

max

T

T
= 

2 2
21 1 2 2

2 2 2 2
22 22 2

2

2( ) ( )

KE R s KE sR X

XR sX R sX
=

+ +
(5.18b)

= 
max

2 2
max

2s s

s s

×

+
(5.18c)

Equations (5.18(a)) and (5.18(c)) are identical if we use the relation K≤¢ = 

2
1

KE

K ¢¢

and K≤ = 2
1

.
2

K
E  in Eq. 5.18(a).

At starting, s = 1

\
max

sT

T
= 

max

2 2
max(1 ) 1

K s K a

s a

¢¢¢ × ¢¢¢ ×
=

+ +
 (where a = smax) (5.19a)

[Also for Eq. 5.18(c), at s = 1, 
max

sT

T
 = 

max

2
max

2

1

s

s+
; (5.19b)

from the equation of torque we can write

sT

T
 = 

2
21

2 2
2 2

KE R

R X+
 ¥ 

2 2 2
2 2

2
21

.

R s X

KE R s

+
 = 

2

22

2

2

2

2

1

R
s

X

R
s

X

æ ö
+ ç ÷è ø

é ùæ öê ú+ ç ÷è øê úë û

 = 

2 2
max

2
max(1 )

s s

s s

+

+
(5.19c)

Case I (Squirrel-cage induction motor) Since the rotor is permanently short-

circuited, so no resistance can be inserted in its rotor circuit. Thus, slip for

maximum torque is constant, and its value cannot be varied.
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Case II (Slip ring induction motor) Since external resistance can be inserted

in the rotor circuit, so its slip can be varied for maximum torque. For rotor

circuit without external resistance

smax (1) = 
2

2

R

X

and if a resistance r per phase is inserted in the rotor circuit, then

smax(2) = (R2 + r)/X2. (5.20)

5.9.5 Condition for Maximum Starting Torque

At starting, the starting torque (for a given applied voltage) is given by

Ts = 

2
21 2

2 2 2 2
2 2 2 2

KE R K R

R X R X

¢
=

+ +
(5.21)

We obtain maximum starting torque by differentiating expression (5.21)

2

sdT

dR
 = 

2 2
2 22 2

2 2 2
2 2

1 ( ) (2 )

( )

R X R R
K

R X

é ù× + -
ê ú
ê ú+ë û

 = 0

2 2 2
2 2 2

2R X R+ -  = 0

 R2 = X2

i.e. for a given applied voltage E1, the starting torque is maximum when the

resistance of rotor R2 equals its reactance X2.

5.11 A three-phase 4-pole 50 Hz induction motor has a rotor resistance of

0.020 W/phase and standstill reactance of 0.5 W/phase, calculate the speed at which the

maximum torque is developed.

Solution

Ns = 
120 120 50

4

f

P

´
=  = 1500 rpm

For maximum torque slip smax = 
2

2

0.020

0.5

R

X
=  = 0.04

\ Speed at maximum torque = Ns(1 – smax) = 1500 (1 – 0.04) = 1440 rpm.

5.12 A three-phase 8-pole 50 Hz. induction motor has a full-load slip of 1.5%, the rotor

resistance is 0.001 W/phase and the standstill reactance is 0.005 W/phase. Calculate the

ratio of the maximum to full load torque, and the speed at which maximum torque takes

place.

Solution

Given f = 50 Hz., P = 8, s = 0.015, R2 = 0.001 W;

X2 = 0.005 W,

smax = 
2

2

0.001

0.005

R

X
=  = 0.2

Now
max

T

T
= 

–3
max

2 2 2 2 –2
max

2 2 0.015 0.2 6 10

(0.015) (0.2) 4.02 10

s s

s s

× × ´ ´ ´
= =

+ + ´
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\
maxT

T
= 

–2

–3

4.02 10

6 10

´

´
 = 6.7

Now, Ns = 
120 120 50

8

f

P

´
=  = 750 rpm

\ Speed at maximum torque = Ns (1 – smax) = 750(1 – 0.2) = 600 rpm.

5.13 A three-phase, 50 Hz. 6-pole induction motor runs on full load with a slip of 0.04.

Determine the available maximum torque in terms of full load torque. Also determine the

speed at which the maximum torque takes place. [Given that the rotor standstill imped-

ance per phase is (0.01 + j 0.05) W.]

Solution

Given slip (s) = 0.04

smax = 
2

2

0.01

0.05

R

X
=  = 0.2

\ Speed at maximum torque = Ns(1 – smax) = (1 – 0.2) ¥ 1000 = 800 rpm

\
maxT

T
= 

2 2 2 2
max

max

(0.04) (0.2)

2 2 0.04 0.2

s s

s s

+ +
=

× × ´ ´
 = 2.6

or Tmax = 2.6 ¥ T [T is full load torque].

5.14 A three-phase, 50 Hz 4-pole induction motor (slip ring) develops a maximum

torque of 100 Nm at 1400 rpm. The resistance of the star connected rotor is 0.25 W/phase.

Determine the value of resistance that must be inserted in series with each rotor phase to

produce a starting torque equal to half the maximum torque.

Solution

The synchronous speed Ns = 
120 120 50

4

f

P

´
=  = 1500 rpm.

Speed at maximum torque = 1400 rpm (given)

\ Slip (smax) at maximum torque = 
speed at maximum torques

s

N

N

-

= 
1500 1400

1500

-
 = 0.067.

Also, smax = 
2

2

R

X

\ X2 = 
2

max

0.25

0.067

R

s
=  = 3.73

Tmax = 

2 2
1 1

22 2 3.73

KE KE

X
=

´
 = 0.134

2
1

KE

Let r be the external resistance to be inserted per phase in the rotor circuit, then starting

torque

Tst = 

2 2
21 1

2 2 2 2
2 2

( ) (0.25 )

( ) (0.25 ) (3.73)

K E R r K r E

R r X r

× + +
=

+ + + +
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Again, it is given that Tst = 
1

2
Tmax;

\

2
1

2 2

(0.25 )

(0.25 ) (3.73)

K r E

r

+ ×

+ +
 = 

1

2
 ¥ 0.134

2
1

×K E .

Simplifying,

r = 13.67 ohm or 0.75 ohm;

but we ignore the value of r = 13.67 ohm as it corresponds to Tmax lying in the region

where s > 1.

\ r = 0.75 ohm per phase.

5.15 A three-phase, 24-pole, 50 Hz, 3200 volt star connected induction motor has a slip

ring rotor of resistance 0.016 W and standstill reactance of 0.270 W per phase. Full load

torque is obtained at a speed of 247 rpm. Determine:

(a) the ratio of maximum to full-load torque.

(b) the speed at maximum torque, stator impedance being neglected.

Solution

(i) Synchronous speed Ns = 
120 120 50

24

f

P

´
=  = 250 rpm.

\ Slip (s) = 
250 247

250

s

s

N N

N

- -
=  = 0.012.

Also, smax = 
2

2

0.016

0.270

R

X
=  = 0.059.

We know,
max

T

T
= 

max

2 2
max

2 s s

s s

× ×

+
.

Here,
max

T

T
= 

2 2

2 0.059 0.012

(0.012) (0.059)

´ ´

+

or
maxT

T
= 

2 2( 0.012 ) (0.059)

2 0.059 0.012

+
´ ´

 = 2.56.

Let N ¢ be the intended speed at maximum torque

Then, smax = 
250

250

s

s

N N N

N

- ¢ - ¢
=

smax = 0.059 from calculation we have got earlier.

i.e., 0.059 = 
250

250

N- ¢

or N ¢ = 235.25 rpm.

5.16 A three-phase, 6-pole 50 Hz. induction motor develops a maximum torque of

30 Nm at 960 rpm. Calculate the torque produced by the motor at 6% slip. The rotor

resistance per phase is 0.6 W.

Solution

Given, f = 50 Hz., P = 6

\ Ns = 
120 120 50

6

f

P

´
=  = 1000 rpm.

Speed at maximum torque = 960 rpm
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Slip at maximum torque = 
speed at maximum torques

s

N

N

-
 = 

1000 960

1000

-
 = 0.04 (= smax)

Also, smax = 
2

2

R

X

\ X2 = 
2

max

R

s
 = 

0.6

0.04
 = 15 W.

If T is the torque at slip s, 
max

2 2
max max

2s sT

T s s

×
=

+
here,  s = 0.06, Tmax = 30 Nm

\  T = 
2 2

2 0.06 0.04

(0.06) (0.04)

´ ´

+
 ¥ 30 = 27.692 Nm.

5.17 A 746 kW, three-phase, 50 Hz., 16-pole induction motor has a rotor impedance of

(0.02 + j0.15)) ohm at standstill. Full load torque is obtained at 350 rpm.

Determine (i) the speed at which maximum torque occurs, (ii) the ratio of maximum to

full load torque, (iii) the external resistance per phase to be inserted in the rotor circuit to

get maximum torque at starting.

Solution

Ns = 
120 120 50

16

f

P

´
=  = 375 rpm

Speed at full load = 350 rpm

\ Slip at full load = 
375 350

375

-
 = 0.06

Slip at maximum torque

smax = 
2

2

0.02 2

0.15 15

R

X
= =  = 0.133

(i) Speed at which maximum torque occurs = (1 – smax)Ns = 
2

1
15

æ ö-ç ÷è ø  ¥ 375 = 325 rpm.

(ii)

2
2

2 2
max max

max

2
(0.06)

15

2 2
2 0.06

15

T s s

T s s

æ ö+ ç ÷è ø+
= =

× ´ ´
 = 1.33.

(iii) Let the external resistance per phase added to the rotor circuit be ‘r’ W, so that R

rotor resistance per phase, R2 = (0.02 + r).

The starting torque will be maximum when R2 = X2

\ 0.02 + r = 0.15

or r = 0.13 W per phase.

5.10 TORQUE SLIP CHARACTERISTICS OF A
THREE-PHASE INDUCTION MOTOR

The torque T of an induction motor (three-phase) is given by (Eq. 5.13)

T = 

2
21

2 2 2
2 2

KE R s

R X s

×

+
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For a constant supply voltage E1, the value of E2 is constant. Assuming R2 as

constant, we can write

T μ 
2 2 2
2 2

s

R X s+
(5.22)

At synchronous speed, slip s is zero, hence torque T is zero; at starting s = 1,

thus torque T is maximum.

Consequently, the torque slip curve starts from origin (i.e., s = 0), and ends at

s = 1.

Case study I When s (slip) is very low (at rotor speeds close to synchronous

speed), sX2   R2 and T μ 
2
2

s

R
 (at low-slips).

i.e., Torque-slip curve at low values of slip is a straight line passing through the

origin, and torque is maximum when s = 
2

2

R

X
.

Case study II When the load on the motor increases, the speed of the motor

decreases. When slip s is large, compared to R2, sX2 is much large and hence sX2

  R2.

\ T μ 
2 2

2 2

1 1

( )

s

ssX sX
µ µ (at high slips)

i.e., the  torque T slip s curve for larger values of slip is approximately a

rectangular hyperbola. Consequently, any further increase in motor load, beyond

the point of maximum torque, results in decrease of the torque developed by the

motor. Eventually, the motor slows down. The maximum torque developed in an

induction motor is called the pull-out torque or break down torque. This torque is

a measure of the short time over loading capability of the motor. Figure 5.4 Shows

the torque-slip characteristics of an induction motor operating with constant

applied voltage, and constant frequency.

Fig. 5.4 Torque-slip characteristics of an induction motor
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Curve 1 represents (T-s) characteristic of an induction motor having low rotor

resistance or when no resistance is inserted in the rotor circuit.

Maximum torque is developed at smax (1) = 
2

2

R

X
.

Curve 2 represents the (T-s) characteristic of an induction motor. When an

external resistance of r1 W/phase is inserted in the rotor circuit the magnitude of

the maximum torque remains unchanged, but the slip for maximum torque in

smax(2) = (R2 + r1)/X2.

Curve 3 represents the (T-s) characteristic of an induction motor, when an

external resistance of r2 W/phase is inserted in the rotor circuit such that R2 + r2

= X2, a condition for maximum torque is there at starting.

It may be noted here that (R2 + r2) > (R2  + r1) > R2

It is also seen that as the rotor resistance is increased, the pull out speed of

the motor decreases, but the maximum torque remains constant. However, for

squirrel cage rotors it is not possible to insert any rotor resistance under normal

operating conditions and hence it is not easily possible to enhance the value of

the starting or maximum torque for a squirrel cage induction motor.

5.11 EQUIVALENT CIRCUIT OF INDUCTION
MOTOR

In the case of an ideal induction motor, the equivalent circuit can be represented

like that of an ideal transformer. The only difference is that the rotor of induc-

tion motor is not static and mechanical power is developed.

Figure 5.5(a) shows the equivalent circuit of an induction motor with all

quantities referred to the stator. During shifting of impedance or resistance from

the secondary to primary, the secondary quantity is multiplied by (k2), (where k

= transformation ratio = number of stator turns/number of rotor turns). It is to be

remembered that the equivalent circuit is always drawn for the per phase values.

Fig. 5.5(a) Equivalent circuit of an induction motor

Looking at the stator side, counter emfs are generated in all the three phases

of stator due to rotating air-gap flux wave. The application of a voltage E1 to the

stator winding creates a mutual flux which sets up induced emf E1s in the stator

and rotor. Since E1s < E1, so this difference (E1 – E1s) represents the impedance

drop [I1 (Rs + jXs)]. The effect of no-load current I0 (= IC + If, where IC is the

core loss component and If is the magnetizing component lagging by an angle

p/2 and is represented by a shunt consisting of R0 and X0 connected in parallel).
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Thus, R0 and X0 account for working component and magnetizing component of

no-load current respectively.

Now, if we block the rotor and make the total rotor resistance equal to R2/s by

inserting an additional resistance in the rotor circuit, then the rotor current, mmf,

reactance of rotor on stator, stator current and input to machine would be same

as they were when the rotor was running at slip s.

Also,
2R

s
= R2 + R2

1 s

s

-æ ö
ç ÷è ø

= Actual resistance of rotor + Fictitious resistance 2

1
.

s
R

s

-æ ö
ç ÷è ø .

Let us calculate the rotor quantities with respect to the stator. If k is the effective

transformation ratio then total rotor resistance R2 and reactance X2, when re-

ferred to the stator, appear as 2R ¢  and 2X ¢  where ( 2R ¢  = R2k2) and ( 2X ¢  = X2k2).

Moreover, the rotor current I2 when referred to the stator, appears as 
2

2 .
I

I
k

æ ö
¢ =ç ÷è ø

Also, 2I ¢  + I0 = I1 (stator current). In the above expression 2

1 s
R

s

é ù-æ ö
ê úç ÷è øë û

 is

the electrical analogue of the variable mechanical load and is the fictitious resis-

tance equivalent to load on the motor.

The equivalent circuit can be simplified by transforming no-load current com-

ponent to the supply side as shown in Fig. 5.5(b).

The phasor diagram of the induction motor is shown in Fig. 5.5(c).

5.12 LOSSES AND EFFICIENCY

At starting and during acceleration the rotor core losses are high; with the in-

crease in speed these losses decrease to some extent. The friction and windage

losses are zero at start and with increase in speed these losses increase. However,

the sum of friction, windage and core losses is roughly constant for a motor even

with variable speed. Therefore, these categories of losses are sometimes lumped

together and called constant losses and are then defined as follows:

P(constant loss) = Pcore loss + Pmechanical loss

\ Output power P0 = Total mechanical power developed – Mechanical losses

Fig. 5.5(b) Simplified equivalent circuit
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Losses in a three-phase Induction motor are of two types mainly (a) Fixed losses

and (b) Variable losses.

Core loss

(a) Fixed losses Bearing friction loss

Brush friction loss in wound rotors

Windage loss

Stator ohmic loss (I2R loss in stator)

(b) Variable losses Rotor ohmic loss (I2R loss in rotor)

Brush contact loss for wound rotor motors only

Stray load loss.

The rotor output gives rise to the development of gross torque or electromag-

netic torque Tg, which is partly “wasted” (in the form of winding, and frictional

losses in the rotor), and partly appears as the useful shaft torque Tsh. Let n be the

actual speed of the rotor (in rps) and Tg be the gross torque (or electromagnetic

torque) developed by the rotor, then,

Tg ¥ 2pn = Rotor output (P0)

or Gross torque Tg = 
0Rotor output ( )

2

P

np
(5.23)

Since the copper losses in the rotor is negligible, so the input of the rotor

equals the output of the rotor.

\ Tg = 
Rotor input ( )

2

ag

s

P

np
(5.24)

(ns being the synchronous speed in rps)

From Eqs (5.23) and (5.24) we can write

Rotor output (Po) = Tg ¥ 2pn

and Rotor input (Pag) = Tg ¥ 2pns

Fig. 5.5(c) Phasor diagram of a 3-phase induction motor on per phase basis

f
é ù- = = = +¢ê ú

-ê ú= + = +¢ê úë û

2 2
1 2 2 2

2 2 2 2
1 0 2 2 2 2 2

; / ; ;

1
;

s o CE E I I k I I I

I R S
I I I I R I R

s S
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\ Copper losses (ohmic loss) of rotor = Rotor input – Rotor output

= Tg ◊ 2p (ns – n)

i.e. Prcu = Tg ◊ 2p 
( )s

s

n n

n

-
 ns = Tg ◊ 2p ◊ s ◊ ns = Slip ¥ Rotor input (Pag)

\ Prcu = s ¥ Pag (5.25)

when (Prcu) is the rotor copper loss.

Hence gross mechanical power developed in rotor Pm is equal to (rotor input Pag

– rotor copper losses).

i.e., Pm = Rotor input – s ¥ Rotor input = Rotor input (1 – s)

or, Pm = Pag(1 – s) (5.26)

Hence, rotor efficiency

h = 
Output of rotor

Rotor input

= (1 – s) = 1 – 
–s

s s

n n n

n n

æ ö
=ç ÷è ø

 = 
Actual speed of rotor

Synchronous speed of the motor
(5.27)

[The torque of a polyphase induction motor may be expressed in “Synchronous Watts”. It is

defined as the torque which develops a power of 1 W at the synchronous speed of the motor.

∵ Rotor input = Tg ¥ 2pns, hence we can write

Tg (synchronous W) = 
Rotor input in W

2 snp ´
,

where ns is expressed in rps.]

Also, copper losses of rotor (Prcu) = s ¥ Rotor input (Pag)

or Prcu = s ¥ 
Mechanical power in rotor ( )

(1 – )

mP

s

= 
1 –

s

s

æ ö
ç ÷è ø

 ¥ Mechanical power developed in rotor (Pm) (5.28)

\ Rotor input : rotor copper loss : mechanical power developed in rotor = 1 : s :

(1 – s).

It may be noted here that T or Tg (developed torque/gross torque/electromagnetic

torque) can thus be obtained from the following formula:

T (=Tg) = 
ag

s

P

w
Nm, where ws = 2pns and (Pag) is the air gap power of the

motor, i.e. the power being transferred from the stator to rotor. We have termed

it as rotor input earlier where rotor input (= air gap power) = (stator input – stator

copper loss – stator core loss).

The shaft output torque Tsh is developed at the output of the motor (i.e., at the

shaft) and is due to the output power which is the difference between the air gap

power (or rotor input) and the rotor losses. Rotor losses include rotor copper loss

and mechanical losses (we neglect the rotor iron loss). Thus the shaft torque is

obtained as

Tsh = 
0P

w
Nm,
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where Po is the motor output and (w ) is 2pn, ns and n are both expressed in rps,

i.e. ns = rps
60

sN
; n = 

60

N
rps, where Ns and N are expressed in rpm.

The gross mechanical power developed in the rotor being the difference of

rotor input Pag and the rotor copper loss Prcu, we can find the gross mechanical

torque developed using the relation, Tm = (Pm/w) Nm, where Tm is the gross

mechanical torque developed in the rotor.

Thus finally we have

∑ Prcu (rotor copper loss in watts) = s ¥ Pag, where Pag = air gap power (or

rotor input) in watts = Pin – stator losses.

[Pin (= stator input) = ( 3 EL IL cos f) W and stator losses include stator

copper loss and stator core loss]

∑ Prcu (rotor copper loss in watts) = 
1

s

s-
 ¥ Pm

∑ Pm (gross mechanical power developed in the rotor) = Pag(1 – s); Pm and

Pag both being expressed in watts.

∑ h (motor efficiency)% = 
o

in

P

P
 ¥ 100 = 

s

n

n
 ¥ 100:

where Po = motor output in HP converted to watts, n is the rotor speed in

rps and ns is the synchronous speed of the motor in rps.

∑ T (in Nm) (= Tg) = 
ag

s

P

w
; ws = 2pns.

Also, T = 

2
21

2 2
22

( )

sE R
K

R sX+
; K = 

3

sw
 when we desire to get three-phase

torque; K = 
1

sw
 for single-phase expression.

∑ Tm (mechanical torque developed in rotor) = 
mP

w
Nm; w = 2pn.

∑ Tsh = 
oP

w
 Nm

[if rotational losses are neglected, Pm = Po and hence Tm = Tsh]

[Pag = Pin – (Pscu + Psc); Pm = Pag – Prcu; Po = Pm – Prm where, Pscu and

Psc are the stator copper loss and stator core loss respectively and Prm in

the rotor mechanical loss in watts.]

Let us now extend the discussion to review the aspect of loss in an induction

motor.

Fixed loss = (Power input at no load) – (Stator Cu-loss at no load).

This loss can be obtained by performing no load test of the induction motor.

Total ohmic losses under variable loss can be obtained using blocked rotor test

of induction motor. It should be noted that the brush contact loss for wound rotor

induction motor (WRIM) = slip ring current times volt drop in brushes.

Stray load loss occurs in iron and conductors. It is very difficult to measure

stray load loss. To account this, the efficiency h is taken as 0.5% less than the

calculated value on full load and for other loads.
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The efficiency h of a three-phase induction motor is given by

h% = 
o

o f l cu

P

P P P+ +
 ¥ 100 (5.29)

where Po is the output power, Pf l is fixed loss, and Pcu is stator and rotor ohomic

losses plus brush contact loss.

[Also, Stator input = Stator output + Stator losses.

But the stator output is entirely transferred inductively to the rotor circuit, so

Rotor input = Stator output; also Rotor output = Rotor input – Rotor copper

losses].

Expression of Torque from Power Input

The rotor input also being termed as air gap power Pag in an induction motor, we

can write from Eq. (5.25),

Rotor input Pag = 

2
2 2rotor copper loss I R

s s

¢ ¢
= (5.30a)

[when all the quantities are referred to the stator side]

i.e. Pag = 

22
2 2

2 2
2 2( )

s E R

sR sX

¢ ¢
×

¢ ¢+
2

2 2 2 0.5
2 2[ ( ) ]

sE
I

R sX

¢é ù
¢ =ê ú

¢ ¢+ê úë û
Q

= 

2 2
2 2

2 2 2 2
2 2( ) ( )

sE R k

k R s k X

¢ ´

+ ×
2 2

2 2 2 2[ ; ]R k R X k X¢ ¢= = ×Q

But 2E ¢ = kE2

\ Pag = 

2 4 2
2 22 2

4 2 2 2 2
2 22 2

[ ( ) ] ( )

sE R k sE R

k R sX R sX

×
=

+ +
Now we refer to the approximate equivalent circuit of Fig. 5.5(b). We observe

that if Rs = 0; Xs = 0 (i.e., we neglect stator resistance and reactance) then 2E ¢
becomes equal to E1, the applied voltage per phase. With this simplification we

can write for the expression of Pag (derived above) as follows:

Pag = 

2
21

2 2
22

( )

sE R

R sX+

Fig. 5.6 Power stages in a three-phase induction motor



Three-Phase Induction Motors I.5.27

\ Torque T = 

2
ag 21

2 2
22

1

( )s s

P sE R

R sXw w
= ×

+
(where ws = 2pns) (5.30b)

If we compare Eq. (5.13) with Eq. (5.30b), we find K in Eq. (5.13) is 
1

sw

æ ö
ç ÷è ø

.

With K = 
1

sw
, T gives the expression of electromagnetic torque developed in

the rotor on per phase basis and is expressed in Nm.

For three-phase, the expression of torque is T = 

2
21

2 2
22

3

( )s

sE R

R sXw
×

+
Nm.

(5.30c)

5.13 DETERMINATION OF MOTOR EFFICIENCY

The efficiency of small induction motors can be determined by directly loading

them and by measuring their input and output powers. For larger motors, it may

be difficult to arrange loads for them. Moreover, the power loss will be large

with direct loading tests. Therefore, indirect methods are used to determine the

efficienty of a three-phase induction motors. The following tests are performed

on the motor:

(a) No-load test (or open circuit test).

(b) Blocked-rotor test.

The parameters of the equivalent circuit can be found from the no-load and

blocked rotor test also.

Open Circuit or No-load Test

This test is similar to the open circuit test on a transformer. A three-phase auto-

transformer is used to supply rated voltage at the rated frequency. The motor is

run at no load. The power input is measured by two wattmeter method. The

power factor under no load condition is generally less than 0.5. Therefore one of

the wattmeters will show negative reading. It is, therefore, necessary to reverse

the direction of current coil terminals to take the reading.

Let Wo, i.e. the wattmeter reading be equal to the sum of stator core losses

and mechanical losses. Let Vo and Io be the per phase values of voltage and

current.

Then no load power factor is

cos qo = 
3

o

o o

W

V I

However IC = Io cos qo

and If = Io sin qo

\ Ro = 
cos

o o

c o o

V V

I I q
= (5.31a)

Xo = 
sin

o o

o o

V V

I If q
= (5.31b)
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Blocked Rotor Test The circuit is the same as shown in Fig. 5.8. The motion

of the rotor is blocked by a brake (or a belt). This test is analogous to the short-

circuit test of a transformer because the rotor winding is short-circuited through

slip rings and in cage motors, the rotor bars are permanently short circuited.

Only a reduced voltage needs to be applied to the stator at rated frequency. This

voltage should be such that the ammeter reads rated current of the motor.

Fig. 5.7(b) Equivalent circuit at no load

Fig. 5.7(a) Circuit diagram for no-load test on a three-phase induction motor

Fig. 5.8(b) Equivalent circuit during blocked-rotor test

Fig. 5.8(a) Circuit diagram for blocked rotor test
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The total power input on short circuit Ws/c is equal to the algebraic sum of the

two wattmeter readings, i.e. equals the copper losses of the stator and rotor. Let

Vs/c and Is/c be the voltage and current per phase; then the power factor under

blocked rotor condition is

cos qs/c = 
s/c

s/c s/c3( ) ( )

W

V I
 [neglecting the core and mechanical losses].

Since in a R-L circuit, R = Z cos q and X = Z sin q, here we can write

(Rs + 2R ¢ ) = 
s/c

s/c

V

I

æ ö
ç ÷è ø

cos qs/c (5.32a)

(Xs + 2X ¢ ) = 
s/c

s/c

V

I

æ ö
ç ÷è ø

sin qs/c (5.32b)

The stator resistance Rs is measured separately by using a battery, ammeter

and a voltmeter. Then 2R ¢  can be found from equation 5.32(a). The reactances

(Xs) and ( 2X ¢ ) are generally assumed equal.

5.18 A three-phase, 5 HP, 400 V, 50 Hz induction motor is working at full load with an

efficiency of 90% at a power factor of 0.8 lagging.

Calculate: (i) the input power and (ii) the line current.

Solution

Rating of the motor = 5 HP = 5 ¥ 735.5 = 3677.50 watt; V = 400 V (line value); f =

50 Hz; full-load efficiency = 90% (= 0.9) and p.f = 0.8 (lagging)

(i) ∵ Efficiency h = 
Output

,
Input

\ Input power = 
5 735.5Output

0.9h

´
=  = 4.086 kW

(ii) For a three-phase induction motor

Input power = 3 VL IL cos f

or 4086 = 3  ¥ 400 ¥ IL ¥ 0.8

Hence the line current (IL) = 
4086

3 400 0.8´ ´
 = 7.37 A.

5.19 A three-phase, 4-pole induction motor runs at a speed of 1440 rpm on 500 V,

50 Hz mains. The mechanical power developed by the rotor is 20.3 HP. The mechanical

losses are 2.23 HP. Determine (i) the slip, (ii) the rotor copper losses (iii) the efficiency.

Solution

(i) Ns = 
120 120 50

4

f

P

× ´
=  = 1500 rpm

\ Slip = 
1500 1440

1500

s

s

N N

N

- -
=  = 0.04 or 4%.

(ii) Mechanical power developed in rotor = Power output + rotor losses = 20.3 + 2.23 =

22.53 HP = 22.53 ¥ 735.5 = 16.571 kW

\ Power transferred from stator to rotor (Pag) = 
16571 16571

(1 ) (1 0.04)s
=

- -
 = 17261.46 W

\ Rotor copper losses = 17261.46 – 16571.00 = 690.46 W.
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(iii) Efficiency (h) = 
20.3 735.5Output

Input 17261.46

´
=  = 0.865 = 86.5%.

5.20 The full-load slip of a 500 HP, 50 Hz three-phase induction motor is 0.03. The

rotor winding has a resistance of 0.30 W/phase. Determine the slip and the power output,

if external resistance of 2 ohms is inserted in each rotor phase. Assume that the torque

remains same.

Solution

(i) R2 = 0.3 W, 2R ¢  = 2 + 0.3 = 2.3 W, s = 0.03

\ Slip s¢ = 
2

2

2.3 0.03

0.3

R s

R

¢ × ´
=  = 0.23

(ii) Let Ns be the synchronous speed, then

N = Ns (1 – 0.03) = 0.97 Ns

and N ¢ = Ns (1 – 0.23) = 0.77 Ns [N ¢ is the new speed when external resist-

ance of 2 ohm is inserted in each rotor phase]

Since the torque remains same, output is directly proportional to speed.

\ New motor output = 500 ¥ 
0.77

0.97

s

s

N

N
 = 397 HP.

5.21 A three-phase, 50 Hz, 4-pole induction motor has a star connected wound rotor.

The rotor emf is 50 V between the slip rings at standstill. The rotor resistance and

standstill reactance are 0.4 W and 2.0 W respectively. Calculate

(i) the rotor current per phase at starting with slip rings short circuited,

(ii) the rotor current per phase at starting if 50 W per phase resistance is connected

between slip rings,

(iii) the rotor emf when the motor is running at full load at 1440 rpm,

(iv) the rotor current at full load, and

(v) rotor power factor (p.f.) at full load.

Solution

Ns = 
120 50

4

´
 = 1500 rpm.

(i) E2 = 
50

3
 = 28.867 V.

At standstill with slip rings short circuited

I2 = 
2

2 2 0.5 2 2 0.5
2 2

28.867

( ) {(0.4) 2 }

E

R X
=

+ +
 = 14.15 A.

(ii) The total resistance in the rotor circuit is 5.4 ohm per phase.

\ I2 = 
2 2 0.5

28.867

{(5.4) 2 }+
 = 5.01 A.

(iii) Full load slip = 
1500 1440

1500

-
 = 0.04

\ Rotor emf = 28.867 ¥ 0.04 = 1.55 V/Ph.

(iv) I2 = 
2

2 2 0.5
22

[ ( ) ]

sE

R sX+
 = 

2 2 0.5

1.155

[0.4 (0.04 2) ]+ ´
 = 2.82 A.

(v) Rotor power factor (full load) = 
2

2

R

Z
 = 

2 2 0.5
2

0.4

[0.4 (0.04 ) ]X+
 = 0.98 (lagging).
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5.22 A three-phase, 4-pole, 50 Hz induction motor supplies a useful torque of 160 N-m
at 4% slip. Determine: (i) rotor input, (ii) motor input, (iii) efficiency. Friction and
windage losses are 500 W and stator loss is 1000 W.

Solution

(i) Motor speed, N = Ns(1 – s) = 
120 (1 )f s

P

-
 = 

120 50 (1 0.04)

4

¥ -
 = 1440 rpm.

Gross power developed in rotor of motor

(Pm) = 
shaft 2

60

T Np¥
 + friction + windage losses.

or, (Pm) = 
160 2 1440

60

p¥ ¥
 + 500 = 24615 W.

\ Rotor input (Pg) = 
24615

(1 ) (1 0.04)

mP

s
=

- -
 = 25640 W.

(ii) Motor input (Pin) = Rotor input (Pag) + stator losses = 25640 + 1000 = 26640 W

(iii) Efficiency (h) = 
in

Net motor output ( )

Motor input ( )

oP

P
 = 

24615 500

26640

-
 = 0.9052 = 90.52%

5.23 A three-phase, 50 Hz, 4-pole induction motor has a slip of 4%. Determine
(i) speed of the motor, (ii) frequency of rotor emf. (iii) if rotor has a resistance of 1 W and
standstill reactance of 4 W, calculate power factor (a) at stand still and (b) at speed of
1400 rpm.

Solution

(i) Ns = 
120 120 50

4

f

P

¥
=  = 1500 rpm.

Now, slip (s) = 0.04 = (Ns – N)/Ns = 
(1500 )

1500

N-

\ Speed of motor, N = 1440 rpm.
(ii) Frequency of rotor emf, f2 (= sf1) = 0.04 ¥ 50 = 2 Hz = 120 rpm.

(iii) (a) at standstill, N = 0, so s = 1
\ Rotor reactance = 4 ¥ s = 4 ¥ 1 = 4 W
\ Rotor impedance = (1 + j4) ohm = 4.123 –75.96° W and p.f. (cos f)

= cos 75.96° = 0.243 (lag).
[Rotor resistance is independent of slip and hence R2 = 1 W]

(b) Slip at 1400 rpm speed is given by

s¢ = (1500 – 1400)/1500 = 0.067.

\ Rotor impedance (Z¢) = 1 + j (4 ¥ 0.067) = (1 + j0.268) W

and p.f (cos f) = 
2 2 0.5

1

{1 ( 0.268 ) }+
 = 0.966 lag.

5.24 The power input to a 6-pole, three-phase, 50 Hz induction motor is 40 kW. Stator
loss is 1 kW. Friction and windage loss = 0.2 kW. Speed is 960 RPM. Calculate (i) the
slip, (ii) the BHP (iii) the rotor copper loss, and (iv) the efficiency h.

Solution

(i) Ns = 
120 120 50

6

f

P

¥
=  = 1000 rpm
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\ Slip (s) = 
1000 960

1000

s

s

N N

N

- -
=  = 4%.

(ii) BHP (Brake Horse Power) = 
40

0.7355
 = 54.38 BHP. [Q 1 HP = 735.5 W]

(iii) Motor input = 40 kW, stator loss = 1 kW
\ Rotor input = 39 kW.
Rotor copper loss = slip ¥ rotor input = 0.04 ¥ 39 = 1.56 kW.

(iv) Rotor gross output is (1 – s) ¥ rotor input = 39(1 – 0.04) = 37.44 kW
\ Rotor output power = (37.44 – 0.2) kW = 37.24 kW.

\ Motor efficiency (h) = 
37.24

40
¥ 100

i.e., h = 93% (app.).

5.25 A 18.65 kW, 4-pole, 50 Hz, three-phase induction motor has friction and windage
losses of 2.6% of the output and full load slip is 4.2%. Find out (i) the rotor copper loss,
(ii) the rotor input, (iii) the output torque and (iv) the gross mechanical torque developed
in the rotor.

Solution

Motor output = 18650 W, friction and windage losses = 
2.6

100
¥ 18650  = 484.9 W.

\ Rotor gross power developed = 18650 + 484.9 = 19134.9 W (=Pm)

(i) Rotor copper loss = Rotor gross power developed ¥
1

s

s

Ê ˆ
Á ˜-Ë ¯

= 19134.9 ¥ 0.042/(1 – 0.042) = 838.89.

(ii) Rotor input Pag = 
Rotor copper loss 838.89

slip 0.042
=  = 19973.5 W.

[Alternatively: Rotor input = 19134.9 + 838.89 = 19973.79 W]

(iii) Ns = 
120 120 50

4

f

P

¥
=  = 1500 rpm

N = Ns(1 – s) = 1500(1 – 0.042) = 1437 rpm.

Shaft torque, Tsh = 
output in watts

( 2 /60)Np
 = 

(18650 60 )

2 1437p

¥

¥
 = 123.9 Nm

(iv) Gross mechanical torque Tm

=
Gross mechanical power developed in rotor in watts

( 2 /60 )Np
 = 

(19134.9 60 )

2 1437p

¥

¥
 = 127.2 Nm.

5.26 A three-phase, 50 Hz, 6-pole induction motor runs at 950 rpm and delivers 8 kW
output. What starting torque will the motor develop when switched directly onto the
supply if maximum torque is developed at 800 rpm, the friction and windage losses being
total of 840 W.

Solution

Slip s =
1000 950

1000

s

s

N N

N

- -
=  = 0.05

smax =
max 1000 800

1000

s

s

N N

N

- -
=  = 0.2

\ Motor shaft power (Pmd) = 8000 + 840 = 8840 W.
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We know Pmd = 2pNT

\ Torque (T) = 
8840 60

2 950p

¥

¥
 = 88.90 Nm

Also, Tst =

2 2
max

2
max(1 )

s s

s s

+

+
◊ T

Here, Tst =
2 2

2

(0.05) (0.2)

0.05{1 (0.2) }

+

+
¥ 88.9 = 72.65 Nm.

5.27 A three-phase, 440 V, 50 Hz. 6-pole induction motor running at 950 rpm takes
50 kW at a certain load. The friction and windage loss is 1.5 kW and stator losses =
1.2 kW. Determine (i) the slip (ii) the rotor copper loss (iii) the output from the rotor and
(iv) efficiency.

Solution

(i) Slip = 
1000 950

1000

s

s

N N

N

- -
=  = 0.05.

50 120
as 1000 rpm .

6
sN

¥Ê ˆ
= =Á ˜Ë ¯

(ii) Rotor copper loss = slip ¥ rotor input = 0.05 ¥ 48.8 kW = 2.44 kW.
[rotor input = input – stator loss = 50 – 1.2 = 48.8 kW]

(iii) Rotor output = Rotor input – Rotor copper loss – Friction and windage loss
= 48.8 – 2.44 – 1.5 = 44.86 kW.

(iv) Efficiency (h)= 
motor output

motor input
¥ 100 = 

44.86

50
¥ 100 = 0.897 = 89.7%.

5.28 A three-phase, 415 V, 50 Hz star connected 4-pole induction motor has stator
impedance Z1 = (0.2 + j0.5) W and rotor impedance referred to stator side is Z2 = (0.1 +
j0.5) W per phase. The magnetizing reactance is 10 W and resistance representing core
loss is 50 W on per phase basis.

Determine (i) the stator current (ii) the stator power factor (iii) the rotor current.
Consider slip as 0.04.

Solution

Let Z be the total impedance of the circuit (Fig. 5.9).

Load resistance RL = 2

1 1 0.04
0.1

0.04

s
R

s

- -Ê ˆ Ê ˆ
¢ =Á ˜ Á ˜Ë ¯ Ë ¯

 = 2.4 W.

\ Total resistance R1e = 2.4 + 0.2 + 0.1 = 2.7 W
and total reactance X1 = 0.5 + 0.5 = 1 W

Fig. 5.9 Circuit diagram of Ex. 5.28
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Impedance Z1 = 2(2.7) 1 8.29+ =  = 2.88 W.

Angle of Z1 is tan–1 is (1/2.7) i.e., 20.323° (lag.)
Given, VL = 415 V.

\ Vphase =
415

3
 = 240 V

\ 2I ¢ =
ph

1

240 0

2.88 20.323

V

Z

– ∞=
– ∞

 = 83.36 ––20.323° A

i.e., rotor current (referred to stator) = 83.36 A (Ans. of (iii))

[Also, 2I ¢ = 83.36 ––20.323

\ = (78.17 – j28.95) A]
Q I0 = IC + If,

and IC = I0 cos f0, we have, IC = 
240

50
 = 4.8 A

and If = I0 sin f0 = 
240

10
 = 24 A

\ I0 = (4.8 – j24) A

Thus, I1 = I0 + 2I ¢  = (4.8 – j24) + (78.17 – j28.95) = (82.97 – j52.95) A

\ |I1| =  = 2 2(82.97) (52.95)+  = 98.44 A (Ans. of (i))

Again, tan f1 = 
52.95

82.97
 = 0.63818

or, f1 = 32.545°.
i.e., cos f1 = cos (32.545°) = 0.843 (lagging) (Ans. of (ii))

5.29 A 20 Hp three-phase, 400 V star connected induction motor gave the following test
results:

DC test with the stator windings of two phases in series: 21 V, 30 A.
No load test: Applied voltage 400 V line, line current 8 A, wattmeter reading (2360)

W and (–1160) W.
Short circuit test: Applied voltage 140 V, line current 33 A, wattmeter reading

2820 W and –370 W.

Determine the parameters of the equivalent circuit. Assume X1 = 2X ¢.

Solution

Since two phases of stator windings are in series in the dc test, we have

2R1 =
21

30
 = 0.70 W

or R1 = 0.35 W.
No load test:

Vo =
400

3
 = 230.95 V ; Io = 8 A.

Wo = (W10 + W20) = 2360 – 1160 = 1200 W.

\ cos qo =
1200

3 230.95 8¥ ¥
 = 0.216

Ro =
230.95

cos 8 0.216

o

o o

V

I q
=

¥
 = 133.65 W.
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Xo =
230.95

sin 8 0.976

o

o o

V

I q
=

¥
 = 29.57 W.

Short circuit test:

Vsc =
140

3
 = 80.83 V

Isc = 33 Amps; Wsc = 2450 W

\ cos qsc =
2450

3 80.83 33¥ ¥
 = 0.306

\ R1 + 2R ¢ =
sc

sc

V

I
◊ cos qsc = 

80.83

33
¥ 0.306 = 0.745 W

and X1 + 2X ¢ =
sc

sc

V

I
◊ sin qsc = 

80.83

33
¥ sin qsc = 

80.83

33
¥ 0.9518 = 2.33 W

\ X1 = 2X ¢  = 0.5 ¥ 2.33  1.666 W.

and 2R ¢ = 0.745 – 0.35 = 0.395 W.

Hence we can write
R0 = 133.65 W
X0 = 29.57 W
R1 = 0.35 W

2R ¢ = 0.395 W
X1 = 2X ¢  = 1.166 W.

5.30 A three-phase, 50 Hz, 500 V induction motor develops 20 BHP at a slip of 4%.
The mechanical losses are 1 HP. Calculate the efficiency h, if the stator loss is 1000 W.

Solution

Here VL = 500 V, f = 50 Hz, s = 4% = 0.04
Given, BHP = 20, stator losses = 1000 W,

Mechanical loss = 1 HP = 735.5 W
Power output = 20 BHP = 20 ¥ 735.5 W = 14710 W = Rotor net output.

\ Rotor gross mechanical power developed = Rotor net output + Mechanical loss
= 14710 + 735.5 = 15445.5 W.

Hence, Rotor input = 
Rotor gross mechanical power developed

(1 )s-
 = 

15445.5

1 0.04-
 = 16089.06 W

\ Stator input = rotor input + stator losses = 16089.06 + 1000 = 17089.06 W.

5.31 A three-phase, 6-pole induction motor develops 30 HP including 2 HP mechanical
losses at a speed of 960 rpm from 550 V, 50 Hz mains. The power factor is 0.9 lagging.
Determine (i) the slip (ii) the rotor copper loss (iii) the total input, if stator losses are
2 kW (iv) the efficiency and (v) the line current.

Solution

Here P = 6, N = 960 rpm, f = 50 Hz,

VL = 550 V, p.f = cos f = 0.90

(i) Ns = 
120 120 50

6

f

P

¥
=  = 1000 rpm
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Slip s = 
1000 960

1000

s

s

N N

N

- -
=  = 0.04 = 4%.

(ii) Power transferred from stator to rotor (Pag) =
30 735.5

1 s

¥

-
=

30 735.5

(1 0.04)

¥

-
= 22984.4 W

\ Rotor copper loss = (22984.4 – 28 ¥ 735.5) = 2390.4 W.
(iii) Total input = (30 ¥ 735.5 + 2000) = 24,065 W.

(iv) Efficiency = 
30 735.5

22984.4

¥
 = 0.96 = 96%.

(v) Line current (IL) = 
Input

3 cosLV f
 = 

24065

3 550 0.9¥ ¥
 = 

24065

857.365
 = 28.06 A.

5.14 STARTING OF THREE-PHASE INDUCTION
MOTORS

A three-phase induction motor has a definite positive starting torque. When
switched on to supply it starts itself but draws a high starting current. This is
evident from the equivalent circuit. At the time of starting, slip s = 1 and hence

the resistance 
2 (1 )R s

s

-È ˘
Í ˙
Î ˚

 becomes zero (The motor behaves as a short cir-

cuited transformer). The current in the rotor and the stator windings may be
about five times more than full load values.

These high rotor and stator currents cause many problems:
(a) High electromagnetic forces between the conductors on the same part.
(b) High heat generation causing high temperature may damage the insulation.
(c) High current  (at low power factor) may cause an appreciable drop in supply

voltage causing undesirable effects on other equipments.
Therefore suitable means must be provided with the motor at start, to limit the

starting current upto safe value.
The device which is used to start the three-phase induction motor is termed as

starter. The function of the starter is to limit the initial rush of current to a
predetermined safe value.

The various methods of starting the three-phase induction motor are:
1. By Direct On Line (DOL) starter

2. By Star-delta starter

3. By Auto-transformer starter

Direct On Line Starting (DOL)

For small size squirrel cage (less than 2 HP) motor or for motors in power
system where inrush of high-starting current is permissible, direct start may be
used. For these small motors, the starting torque is about twice the full-load
torque and the starting period lasts only a few seconds.

Figure 5.10 shows a starter for direct starting with in-built short circuit, over-
load and under voltage protection. When the motor is to be started, the main
switch is put on and start button is pressed. This energises the relay coil S causing
the normally open contacts S1, S2, S3 to close. Power is supplied to the motor and
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it starts. The contact S4 also shuts, thus shorting out the starting switch allowing
the operator to release it without removing power from the S relay. When the
stop button is pressed, the S relay is de-energised and the S contacts open, thus
stopping the motor. Short circuit protection is provided by fuses F1, F2 and F3.
Thermal overload relay (OLC) protects the motor from sustained overloads open-
ing the contact D.

Star-Delta Starter

Figure 5.11 shows the diagram of the star-delta starter. Star-delta starter can be
used only for those three-phase induction motors whose stator winding has been
designed for delta connection. All the six terminals (of the three phases) are
brought out. For starting, the phases are connected in star thereby reducing the

voltage of each phase to 
1

3
 of its normal value.

[From equation (5.30a), we have

Pag = 
2

2 2I R

s

¢ ¢

\ T = 2
2 2

1 1ag

s s

P
I R

sw w
¢ ¢= ◊ ¥

Fig. 5.10 Direct on-line starter



Basic Electrical and Electronic Engineering-III.5.38

At s = 1 (i.e., at starting),

Ts = 
2

2 2
1

s

I R
w

¢¢ ¢¥  [I≤2 is the rotor current reflected at primary at start-

ing]

\
2

2

2
2

sT I

T I

¢¢
=

¢
◊ s

If T represents full load torque, I2¢ the full load rotor current reflected to
primary, we have Ifl = I2¢, neglecting the magnetizing branch current. Simi-
larly I2¢¢ represents the starting current (Is) at stator, the magnetizing branch
being neglected.

\ We have 

2

s s

fl
fl

T I
s

T I

Ê ˆ
= ¥Á ˜

Ë ¯
(5.33)

The starting line current of the motor with star-delta starter is thus also re-

duced to 
1

3
 full voltage starting line current. The starting torque which is

proportional to 

2

1

3

EÊ ˆ
Á ˜
Ë ¯

 is reduced to 1/3 of the full load torque. Thus, for star

delta start though we are able to reduce the starting current, we sacrifice the
torque and the starting torque reduces to 1/3 of the full load torque.

Let us analyse the star delta starting method to find the torque. We assume
that the motor first operates with star connection [Fig. 5.12(a)] and when speeds
up it operates with delta connection of the stator [Fig. 5.12(b)].
In Fig. 5.12(a),
Starting line (phase) current (Is(star)) is given by

Fig. 5.11 Star-delta starter
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In Fig. 5.12(b),

Starting phase current IP(start) = 
s

E

Z

\ Starting line current Is(delta) = 3 IP(start)

\
(start)

(delta)

s

s

I

I
 = (start)

1

3
PI

Ê ˆ
◊Á ˜

Ë ¯
∏ ( 3 IP(start) ) = 

1
.

3

Using relation (5.33) we can write Ts(star)/Tfl = 
1

3
(IP(start)/Ifl)

2 ¥ sfl. Thus starting

torque is 
1

3
 of that obtained in DOL starting.

This method is bit economical one but for motors rated beyond
3 KV, this method is not applicable. Like other three-phase motor starters, in this
starter also overload coil and no-voltage coils are provided for the protection of
the motor (not shown in the star-delta figure). An automatic star-delta starter can
also be made by using push button, contactors, time delay relay (TDR), etc.

Auto-Transformer Starter (Fig. 5.13)

In this method reduced voltage is obtained by some fixed tappings on the three-
phase auto transformer. Generally 60 to 65% tappings can be used to obtain a
safe value of starting current. The full rated voltage is applied to the motor by
taking the auto-transformer out of the motor circuit when motor has picked up
the speed upto 85% of its normal speed. Figure 5.13 shows the circuit.

Let us assume that the input voltage E is reduced to xE using auto-transformer
tappings.

\ the motor starting currnet is, Is = xI, where I is the motor starting current
when full voltage E is applied. However, the current drawn from the supply
Is(line) is obtained from the relation

(line)

(motor)

s

s

I

I
 = x

\ here we have Is(line) = x ◊ Is(motor) = x2I.

Fig. 5.12 Star-delta starting
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Fig. 5.13 Auto-transformer starter

Hence from relation (5.33) we get

fl

sT

T
 = 

2

2
fl

fl

I
x s

I

Ê ˆ
◊Á ˜Ë ¯

It is found that while the starting torque is reduced by x2 of that of DOL start,
starting line current is also reduced by same fraction.

5.15 COMPARISON AMONG DIRECT ON LINE
STARTER, STAR DELTA STARTER AND
AUTO-TRANSFORMER STARTER

DOL starter Star delta starter Auto-transformer starter

1. Full voltage is applied
to the motor at the time
of starting.

2. The starting current is
5–6 times of the full
load current.

3. The three windings are
connected generally in
star.

4. Only three wires are to
be brought out from the
motor.

1. Each winding gets 58%
of the rated line voltage
at the time of starting.

2. The starting current is

reduced to 
1

3
 that of di-

rect on line starting.

3. The three windings are
connected in star at the
time of starting, and then
in delta at the time of
running.

4. Six wires to be brought
out from the motor.

1. The starting voltage can
be adjusted according to
the requirement.

2. The starting current can
be reduced as desired.

3. The three windings are
generally connected in
delta.

4. Only three wires are to
be brought out from the
motor.

(Contd)
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5. Easy to connect motor
with direct on line.

6. Very easy operation.

7. Low cost.

8. Less space required for
installation.

9. Used for motor up to
5 HP.

5. Identification of three
starting leads and three
end leads is not so easy.

6. It is required that con-
nections are first to be
made in star, and then
in delta either manually
or automatically.

7. More cost

8. More space required

9. Up to 10 HP

5. Input and output connec-
tions of the auto-trans-
formers are to be made
properly.

6. Skilled operator is needed
for connection and start-
ing.

7. High cost.

8. More space required.

9. Large motors.

(Contd)

5.16 SPEED CONTROL OF A THREE-PHASE
INDUCTION MOTOR

The synchronous speed (Ns) of a three-phase induction motor is given by

Ns =
1

N

s-
 or N = Ns (1 – s) = 

120 f

P
(1 – s)

The speed N of induction motor can be changed by the three basic methods.

(a) Frequency Control Changing the supply frequency f the speed can be
varied directly proportional to the supply frequency of ac supply.

(b) Pole Changing Speed control can also be obtained by changing the num-
ber of poles P on the stator (as speed is inversely proportional to the number of
poles). This change can be incorporated by changing the stator winding connec-
tions with a suitable switch. The change in the number of stator poles P changes
the synchronous speed Ns of the rotating flux, thereby the speed of the motor
also changes.

(c) By Changing the Slip This can be accomplished by introducing resistance
in the rotor circuit, which causes an increase in slip, thereby bringing down the
speed of the motor.

Change of Supply Frequency

If the frequency of the supply to the stator of an induction motor is changed its
synchronous speed is changed depending on the frequency and hence provides a
direct method of speed control. To keep the magnetization current within limits,
the applied voltage must be reduced in direct proportion to the frequency. Other-
wise the magnetic circuit will become saturated resulting in excessive magneti-
zation current.

The starting torque at reduced frequency is not reduced in the same propor-
tion, because rotor power factor improves with reduction in frequency. The torque
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that can be produced by the maximum permissible rotor current is equal to that
at rated conditions. Since power is the product of torque and speed, operation at
reduced speed results in lesser permissible output.

This method of speed control is not a common method and hence this method
would be used only as a special case.

In earlier days, the variable frequency was obtained from a motor generator
set or mercury arc inverter. In recent days frequency control is used by SCR
based inverters or by using IGBT inverters.

Pole Changing

If an induction motor is to run at different speeds, one way is to have different
windings for the motor so that it will have different synchronous speeds and the
running speeds. Another method is used with suitable connections for a change-
over to double the number of poles. The principle of formation of consequent
poles is used. The method of changing the number of poles is accomplished by
producing two sections of coils for each phase which can be reversed with
respect to the other section. It is important
to note in this connection that slot angle
(i.e. electrical degrees), phase spread,
breadth factor and pitch factors will be
different for the low and high speed con-
nections. The three phases can be con-
nected in star or delta, thus giving a
number of connections. If 50% per pole
pitch is used for a high speed connection,
a full-pitch winding is obtained for low
speed connection. The method of connect-
ing coils of a four pole motor is shown in
Fig. 5.14 for one phase and also change
over connections to obtain eight poles for
the same machine with the same winding.

The methods of speed control by pole changing are suitable for squirrel cage
motors only because, a cage rotor has as many poles induced in it as there are in
the stator and can thus adopt when the number of stator poles changes.

By Line Voltage Control

The torque developed by an induction motor is proportional to square of voltage.
If the applied voltage to the motor is reduced, the torque is reduced and the slip
is increased. Therefore, this method of speed control is applicable over a limited
range only. This method is sometimes used on small motors driving fans, whose
torque requirement is proportional to square of speed.

5.17 REVERSAL OF ROTATION

The direction of rotation of a three-phase induction motor can be reversed by
reversing the direction of the rotation of the magnetic field. This can be done by
interchanging the connections of any two of the three wires of the three-phase

Fig. 5.14 Four-pole/eight-pole
connections for one
phase of induction
motor
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power supply. This causes the currents in the phases to interchange their relative
timings in going positive and negative with the result that the magnetic field
produces reversal in direction of rotation.

5.32 A cage motor has a starting current of 40 A when switched on directly. Auto-
transformer with 45% tapping is used.

Determine (i) starting current and (ii) ratio of starting torque with auto-transformer to
the starting torque with direct switching.

Solution

The ratio of transformation (x) is 0.45
(a) \ Starting current with auto-transformer = (0.45)2 ¥ 40 = 5.1 A.

(b)
Starting torque with auto-tranformer

Starting torque with direct starting
 = (0.45)2 = 0.2025.

5.33 A three-phase, 10 kW, 6-pole, 50 Hz, 400 V of delta connected induction motor
runs at 960 rpm on full load. If it draws 85 A on direct on line starting, calculate the ratio
for the starting torque to full load torque with Y-D starter. Power factor and full load
efficiency are 0.88 and 90% respectively.

Solution

Given: Output = 10 kW
No. of poles = 6
Frequency f = 50 Hz
N = 900 rpm
h = 90%
Full load p.f. = 0.88.

Full-load line current drawn by a three-plane D-connected induction motor is given as

(Ifl) = 
Output in watt

3 P.f. efficiencyLV◊ ¥ ¥

=
10 1000 10000

548.713 400 0.88 0.9

¥
=

¥ ¥ ¥
 = 18.22 A

Now, full-load current per phase (D-connection)

Ifl =
18.22

3
 = 10.52 A.

On direct on line start the current Isc drawn by the motor per phase is given as

Isc =
85

3
 = 49.07 A

Synchronous speed (Ns) = 
120 120 50

6

f

P

¥
=  = 1000 rpm

Full-load slip (s) = 
1000 960

1000

s

s

N N

N

- -
=  = 0.04

Q

fl

sT

T
=

2

fl

1

3

scI

I

Ê ˆ
Á ˜Ë ¯

¥ sfl

\ Here
fl

sT

T
=

2
49.071

3 10.52

Ê ˆ
Á ˜Ë ¯ ¥ 0.04 = 0.290.
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5.34 A three-phase delta connected cage type induction motor when connected directly
to a 400 V, 50 Hz supply takes a starting current of 105 A in each stator phase. Find out

(i) the line current for DOL starting
(ii) line and phase starting currents for Y-D starting, and
(iii) line and phase starting currents for a 70% tapping on auto-transformer starting.

Solution

(i) Direct on line (DOL) starting current = 3 ¥ 105 = 181.86 A

(ii) In Y-D starting, phase voltage on starting = 
400

3 3

LV
=  = 230.9 V

Since 400 V produce 150 A in phase winding, 
400

3
 will produce 

105

3
 = 60.62 A

\ Starting phase current = 60.62 A.
In Y-connection, line current = phase current
\ Starting line current = 60.62 A.

(iii) In auto transformer start, with 70% tapping on auto-transformer, the line voltage
across the D-connected motor = 0.7 ¥ 400 V. For D-connection,

In D-connection, phase voltage = line voltage = 0.7 ¥ 400 = 280 V. Since 400 V
produces 105 A in phase winding. (0.7 ¥ 400) V = 280 V produces 0.7 ¥ 105 =
73.5 A.
Hence motor phase current is 73.5 A.

\ Motor line current = 3 ¥ 73.5 = 127.30 A.

But
supply line current

motor line current
 = 

motor applied voltage

supply voltage
 = 0.7

\ Supply line current = 0.7 ¥ 127.30 = 89.11 A.

5.35 Calculate the suitable tapping on an auto-transformer starter for a three-phase
induction motor required to start the motor with 50% of full-load torque. The short circuit
current of the motor is 6 times the full load current and full-load slip is 0.035. Also
calculate the current drawn from the main supply as a fraction of full-load current.

Solution

Starting torque = x2 ◊

2
Ê ˆ
Á ˜
Ë ¯

sc

fl

I

I
 ¥ slip at full load ¥ torque at full load

or 0.5 ¥ Torque at full load = x2 ¥ 62 ¥ 0.035 ¥ torque at full load

\ x2 =
2

0.5

6 0.035¥
 = 0.396

i.e., x = 0.629

\ Current drawn from the supply mains = x2Isc = 0.396 ¥ 6 ¥ Ifull-load = 2.736 Ifl.

ADDITIONAL EXAMPLES

5.36 A 10-pole, 50 Hz, three-phase star connected slip ring induction motor has a rotor
resistance of 0.05 W and a standstill rotor reactance of 0.3 W per phase. At full load the
motor is running at a speed of 585 rpm. Determine the slip at maximum torque and find
the ratio of maximum to full load torque.
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Solution

smax =
2

2

0.05

0.3

R

X
=  = 0.167

i.e. at 16.7% slip, torque will be maximum.
The full load slip is obtained as

sfl =
600 585

600

s

s

N N

N

- -
=  = 0.025 i.e., 2.5%

[Q Ns =
120 120 50

10

f

P

¥
=  = 600 rpm; N = 585 rpm.]

In Eq. 5.18(c) the ratio of full load torque and maximum torque has been obtained.

max

T

T
=

max

2 2
max

2 s s

s s

◊ ◊

+
.

For the given problem, we find

maxT

T
=

2 2(0.025) (0.167)

2 0.025 0.167

+

¥ ¥
 = 3.414.

5.37 A 6-pole three-phase induction motor is running at a speed of 950 rpm when the
input is 50 kW. At this condition the stator copper loss is 1.5 kW and the rotational loss is
1 kW. Determine the rotor copper loss, electromagnetic power developed by the rotor and
the mechanical power output.

Solution

Synchronous speed = 
120 50

6

¥
 = 1000 rpm

Rotor speed 950 rpm.

Hence slip s = 1 – 
950

1000
 = 0.05

Input = 50 kW
Stator copper loss = 1.5 kW

Hence, air gap power (Pag) = (50 – 1.5) = 48.5 kW
\ Rotor copper loss is (sPag) (= 0.05 ¥ 48.5) or 2.425 kW
\ Gross mechanical power developed by the rotor is

[(1 – s) Pag] or, (1 – 0.05) ¥ 48.5 = 46.075 kW.
\ Shaft power output = gross mech. power – rotational loss

= 46.075 – 1 = 45.075 kW.

5.38 A three-phase, 415 V, 4 kW delta connected induction motor has a short-circuit
line current of 20 A at 200 V. The motor is started by a star-delta starter. If the full load
efficiency and p.f. are 0.85 and 0.8 respectively determine the starting current drawn by
the motor and ratio of starting to full load current.

Solution

Short-circuit line current of the motor at 200 V is 20 A. Hence phase current of the motor

is
20

3
A, i.e., 11.55 A.

The phase voltage of the motor is 
415

3
 = 239.6 V (when started by star delta starter).
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Hence the starting current drawn by the motor is 
239.6

11.55 A
200

È ˘¥Í ˙Î ˚
, i.e., 13.83 A.

At full load condition the motor is delta connected.

Hence full load line current is 
4000

3 415 0.85 0.8¥ ¥ ¥
 = 8.184 A.

\ The ratio of starting to full load current 
13.83

8.184
 = 1.689.

5.39 A three-phase, 50 Hz, 100 kW induction motor has a full load efficiency of 85%.
The stator copper loss and rotor copper loss are each equal to the stator core loss at full
load. The mechanical loss is equal to one fourth of the rotor copper loss. Calculate (i) the
rotor copper loss, (ii) the air gap power, and (iii) the slip.

Solution

Input power of the motor is 
100

kW
0.85

 = 117.65 kW

Total losses = Input – Output = (117.65 – 100) kW = 17.65 kW
Let stator copper loss = rotor copper loss = stator core loss = P

Mechanical loss = 
1

4
 rotor copper loss = 

4

P

Now total loss = stator core loss + stator copper loss
+ rotor copper loss + mechanical loss

= P + P + P + 
4

P
 = 

13

4

P

Hence
13

4

P
= 17.65

or P = 5.43
\ Rotor copper loss is 5.43 kW.

Air gap power = Input power – Stator core loss – Stator copper loss
= 117.65 – 5.43 – 5.43 = 106.788 kW.

But Rotor copper loss = Slip ¥ Air gap power

Hence Slip = 
5.43

106.788
 = 0.05.

5.40 A 440 V, 50 Hz, 8-pole star connected three-phase induction motor has the follow-
ing test results:

No load test: 440 V, 25 A, 2500 W
Blocked rotor test: 150 V, 115 A, 9000 W
Determine the equivalent circuit parameters of the motor when the per phase stator

resistance is 0.2 W.

Solution

From no load test we have,

Per phase voltage E0 =
440

V
3

 = 254.03 V

Per phase current IC = 25 A

Per phase power W0 = 2500
W

3
 = 833.33 W
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Power factor under no load condition (cos q0) = 
o

o o

W

V I
.

Hence cos q0 =
833.33

254.03 25¥
 = 0.1312 (lag)

[usually the no load p.f. is very low for induction motors]
Core loss component of the no load current

IC = I0 cos q0 = 25 ¥ 0.1312 = 3.2804 A,
magnetizing component of the no load current

If = I0 sin q0 = 25 sin (cos–1 0.1312) = 24.783 A.
Voltage across the magnetizing branch is obtained as [V0 – I0(Rs + jXs)],
where (Rs + jXs) is the per phase stator impedance in ohms.
Again from blocked rotor test data we have

Per phase voltage Es/c = 
150

3
V = 86.6 V

Per phase current Is/c = 115 A

Per phase power Ws/c = 
9000

W
3

 = 3000 W

\ Per phase impedance Zs/c = 
s/c

s/c

86.6

115

E

I
= W  = 0.753 W

Per phase resistance Rs/c = 
s/c

2 2
s/c

3000

(115)

W

I
= W  = 0.2268 W

Per phase reactance Xs/c = 2 2(0.753) (0.2268)-  = 0.718 W
Per phase rotor resistance referred to the stator,

2R ¢ = Rs/c – Rs = 0.2268 – 0.2 = 0.0268 W.

We assume here that per phase stator reactance Xs = Per phase rotor reactance 2X ¢

\ X1 =
s/c

2
0.718

2 2

X
X ¢ = =  = 0.359 W.

Voltage across the magnetizing branch is obtained from the formula [E0 – I0(Rs + jXs)].
This gives the required voltage as [254.03 – 25 (0.2 + j0.359)] V.

i.e., (249.03 – j8.975) V or (249.192––2.064° V)

\ Core loss resistance RC =
249.192

CI
 = 

249.192

3.2804
W  = 75.963 W.

Magnetizing reactance Xo =
249.192 249.192

24.783If
= W  = 10.054 W.

Hence the equivalent circuit parameters are

R0 = 75.963 W X0 = 10.054 W Rs = 0.2 W

2R ¢ = 0.0268 W Xs = 2X ¢  = 0.359 W.

5.41 A 5 kW, 4-pole, three-phase star connected inductor motor has slipring rotor resis-
tance of 0.05 W and standstill reactance of 0.5 W for phase. The full-load speed is 1450
rpm. Determine the ratio of maximum torque to the full-load torque, starting torque to the
full-load torque and ratio of starting torque to the full-load torque.

Solution

Ns =
120 120 50

4

f

P

¥
=  = 1500 rpm
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N = 1450 rpm (given)

\ sfl(full load slip) = 1 – 
1450

1500
 = 0.033 (= s) (i.e., 3.3%)

smax (slip at maximum torque) = 
2

2

0.05

0.5

R

X
=  = 0.1 (i.e., 10%)

Q

max

T

T
=

max

2 2
max

2Full load torque

Maximum torque

s s

s s

◊ ◊
=

+

Here,
max

T

T
=

2 2

2 0.033 0.1 0.0066

0.0110.033 0.1

¥ ¥
=

+
 = 0.595

\ maxT

T
= 1.68

Also,
starting

max

T

T
=

max

2 2
max

2 2 0.1

1 1 0.1

s

s

◊ ¥
=

+ +
 = 0.198.

We have seen in the text that

Ts =

2
21

2 2
2 2

KE R

R X+

and T =

2
21

2 2
22 ( )

KE sR

R sX

◊

+

\ sT

T
=

2 2 2
2 21 2

2 2 2
22 2 1

( )KE R R sX

R X KE sR

+
¥

+

=

2 2 2 2
22

2 2 2 2
2 2

( ) ( 0.05 ) ( 0.033 0.5)

( ) 0.033( 0.05 0.5 )

R sX

R X s

+ + ¥
=

+ +
 = 

0.0028

0.00833
 = 0.336

i.e. Ts/T = 0.336.

5.42 An 8-pole, 50 Hz, three-phase induction motor has a full-load torque of 200 Nm
when the frequency of the rotor emf is 2.5 Hz. If the mechanical loss is 15 Nm determine
the rotor copper loss and the efficiency of the motor. The total stator loss is 1000 W.

Solution

If s be the slip at full load then
s.f = 2.5 (from the given data)

\ s =
2.5

50
 = 0.05.

The speed of the motor at full load
N = (1 – s) Ns

But synchronous speed Ns = 
120 120 50

8

f

P

¥
=  = 750 rpm

Hence N = (1 – 0.05) 750 = 713 rpm.

or w =
713 2

60

p¥
rpm = 74.665 rad/s.

Mechanical power developed by the rotor
Pm = (200 + 15) Nm = 215 Nm = 215 ¥ 74.665

= 16052.975 W. [Q P = ws ¥ T]



Three-Phase Induction Motors I.5.49

If Pag be the air gap power then,
(1 – s) Pag = Pm

or Pag =
16.053

kW
1 0.05-

 = 16.898 kW

Rotor copper loss is (sPg) = 0.05 ¥ 16.898 = 0.845 kW
Motor input = 16.052 + 0.845 + 1 = 17.897 kW
Motor output = 200 ¥ 74.665 W = 14.933 kW

Hence efficiency is 
14.933

17.897
 = 0.8344 or 83.44%.

5.43 A 6-pole, 50 Hz, three-phase induction motor has a maximum torque of 200 Nm
when it is running at a speed of 900 rpm. The resistance of the rotor is 0.25 W. Neglecting
stator impedance determine the torque at 5% slip.

Solution

Synchronous speed Ns = 
120 50

6

¥
 = 1000 rpm

At maximum torque slip smax = 
900

1
1000

È ˘Ê ˆ- Á ˜Í ˙Ë ¯Î ˚
 = 0.1

R2 = 0.25 (given)

Hence, X2 =
2

max

0.25

0.1

R

s
=  = 2.5 W

Torque at any slip s is given by

T =

2
21

2 2
22

3

[ ( ) ]s

E sR

R sXw
◊

+
Nm

= 2
1 2 2

0.05 0.253

(0.25) (0.05 2.5)s

E
w

¥
◊ ¥

+ ¥
 = 

2
1

3

s

E

w
 0.16.

Maximum torque is given by

Tmax =

2 2 2
1 1 1

2

3 33 1 1

2 2 2.5 5s s s

E E E

Xw w w
◊ = ◊ = ◊

¥

Using this expression of (Tmax) in the expression of (T ) we get

T = 5Tmax 0.16

As Tmax = 200 Nm, we get

T = 5 ¥ 200 ¥ 0.16 = 160 Nm.

5.44 A 6-pole, three-phase induction motor develops 35 HP including 3 HP mechanical
losses at a speed of 960 rpm when connected to 440 V, 3-phase mains. The power factor
is 0.8. Find (i) the slip (ii) the rotor copper loss (iii) the total input if stator loss is 3 kW
and (iv) the efficiency.

Solution

Synchronous speed Ns = 
120 50

6

¥
 = 1000 rpm

Speed of the motor N = 960 rpm

(i) Slip = 
960

1
1000

Ê ˆ-Á ˜Ë ¯  = 0.04.
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(ii) Gross mechanical power developed is 35 ¥ 735.5 W = 25742.5 W.
or Pm = 25742.5 W = 25.742 kW.

\ Air gap power (Pag) = 
25.742

1 1 0.04

mP

s
=

- -
 = 26.81 kW.

Hence, rotor copper loss is sPg, i.e., 0.04 ¥ 26.81 or 1.072 kW.
(iii) Stator loss 3 kW (given).

Hence, total input = 26.81 + 3 = 29.81 kW.
(iv) Q Input = 29.81 kW and

Output = (35 – 3) = 32 HP = 32 ¥ 0.7355 kW = 23.536 kW,

Hence, efficiency is 
23.536

29.81
¥ 100% = 78.95%.

5.45 A 15 kW, 4-pole, 50 Hz, three-phase induction motor has a mechanical loss 2% of
the output. For a full load slip of 3% determine the rotor copper loss and air gap power.

Solution

Output = 15 kW

Mechanical loss = 
2

100
¥ 15 = 0.3 kW

Slip = 0.03
Power developed by the rotor is Pm = 15 – 0.3 = 14.7 kW
If Pag be the air gap power then (1 – s)Pg = Pm

or Pg = 
14.7

1 0.03-
kW = 15.15 kW

Rotor copper loss sPg = 0.03 ¥ 15.15 = 0.4545 kW.

5.46 The rotor resistance of an 8-pole, 50 Hz. wound rotor induction motor has a
resistance of 0.5 W per phase. The speed of the rotor is 720 rpm at full load.

Determine the external resistance to be connected with the rotor circuit to reduce the
speed to 680 rpm for full-load torque.

Solution

Synchronous speed Ns = 
120 120 50

8

f

P

¥
=  = 750 rpm.

Slip (s) = 
720

1
750

È ˘-Í ˙Î ˚
 = 0.04

If R2 be the rotor resistance then the rotor copper loss is 
2
2I R2, where I2 is the rotor

current. If Pag be the air gap power or power input to the rotor then

sPag =
2
2I R2

or 0.04 = 

2 2
22 20.5

ag ag

I R I

P P
= (i)

The new speed N = 680 rpm.

\ s =
680

1
750

Ê ˆ-Á ˜Ë ¯  = 0.093

Let R be the total resistance of the rotor circuit.
In order that the full load torque remains same Pag should have the same value as the

previous one.
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Hence, 0.093 = 

2
2

ag

I R

P
(ii)

From equations (i) and (ii)

0.093 = 
0.04

0.5
◊ R

or R = 1.1625 W
Hence the external resistance to be connected is (R – R2) or (1.1625 – 0.5), i.e., 0.6225 W
per phase.

EXERCISES

Short- and Long-Answer-Type Questions

1. What are the types of three-phase induction motors as per their rotor con-
struction? Compare between them.

2. What are the advantages of using a three-phase induction motors in indus-
try? What are the disadvantages?

3. Briefly explain the principle of operation of a three-phase induction motor.
4. Analytically justify how a rotating field is created in a three-phase induc-

tion motor when a balanced three-phase ac supply is applied at the stator
terminals.

5. What is slip? Deduce a relationship between rotor current frequency and
supply frequency in terms of slip.

6. Derive the torque equation of a three-phase induction motor in terms of
rotor quantities. What is the expression for starting torque?

7. Derive the expression for maximum torque in a three-phase induction mo-
tor. Obtain the ratios of the full load torque to maximum torque and start-
ing torque to maximum torque of such a motor.

8. Discuss the role of change of supply voltage on the torque and slip of
induction motor.

9. Show that starting torque of a polyphase induction motor is governed by
the rotor resistance. Hence discuss how we can improve the starting torque
of a slip ring induction motor.

10. Show that for a given applied voltage, the starting torque is maximum
when the rotor resistance is equal to the stand-still rotor reactance.

11. Derive the torque-slip characteristic of a three-phase inductor motor. What
is the affect of variation of rotor resistance?

12. Derive the exact equivalent circuit of a polyphase induction motor on per
phase basis. Draw the approximate equivalent circuit with necessary as-
sumptions.

13. What are the different losses in a three-phase induction motor? How do
you find efficiency of such a motor?

14. For a three-phase induction motor, prove the following.
(i) Rotor copper loss = Slip ¥ Rotor input

(ii) Mechanical power developed in the rotor = (1 – slip) ¥ Airgap power

(iii) Rotor copper loss = 
slip

1 slip

Ê ˆ
Á ˜-Ë ¯

¥ Mechanical power developed in rotor.
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15. Why do we perform no load test and blocked rotor test on induction mo-
tors? Describe how we can find the equivalent circuit parameters from
these two tests. State the necessary assumptions.

16. Why do we need a starter in starting a three-phase induction motor?
17. Write short notes on:

(i) Direct on line starting
(ii) Auto-transformer starting

(iii) Star delta starter.
18. A 6-pole, 60 Hz induction motor rotates at 3% slip. Find the speed of the

stator field, the rotor and the rotor field. What is the frequency of the rotor
currents? [Ans: 1200 rpm, 1164 rpm, 1200 rpm, 1.8 Hz]

[Hint: Ns = 
120 60

6

¥
 = 1200 rpm.]

\ Stator field rotates at 1200 rpm. Rotor field rotates in the air gap in the
same speed.

N(rotor speed) = Ns(1 – s) = 1200(1 – 0.03) = 1164 rpm
The rotor speed is then 1164 rpm.
If frequency of rotor current is fr,

fr = sfs = 0.03 ¥ 60 = 1.8 Hz.
Since rotor rotates at 1164 rpm while the speed of the rotor field is

1200 rpm, hence the field speed with respect to the rotor is (Ns – N) i.e.,
36 rpm].

19. A three-phase 8-pole squirrel cage induction motor, connected to a 400 V
(L – L) 50 Hz supply, rotates at 3% slip at full load. The copper and iron
losses at the stator are 2 kW and 0.5 kW respectively. If the motor takes
50 kW at full load, find the full load developed torque at the rotor.

[Ans: 605 Nm]
[Hint: Pag = Pin – Pscu – Psc

= 50 – 2 – 0.5 = 47.5 kW

\ T =
347.5 10

120 50
2

8 60

ag

s

P

w
p

¥
=

¥
¥

¥

 = 605 Nm.]

20. The power input to a three-phase induction motor is 50 kW. Stator loss is
1 kW. Find the gross mechanical power developed in the rotor and the
rotor copper loss per phase when the motor has a full load slip of 4%.

[Ans: 15.68 kW]
[Hint: Pin = 50 kW; s = 0.04; Pscu = 1 kW.
\ Pag = Pin – Pscu = 49 kW

Prcu = s ¥ Pag = 0.04 ¥ 49 = 1.96 kW 
1.96

kW per phase
3

Ê ˆ=Ë ¯

\ Pm = Pag – Prcu = 
49 1.96

3 3

Ê ˆ -Ë ¯  = 15.68 kW].

21. The loss at the stator of a three-phase squirrel cage 25 HP, 1500 rpm
induction motor is 2 kW. What is rotor mechanical power if the rotor
copper loss is 1 kW? What is the running slip? [Ans: 15.65 kW; 6%]
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[Hint: Pin = 25 ¥ 746 ¥ 10–3 = 18.65 kW
\ Pag = 18.65 – 2 = 16.65 kW

Pm = Pag – Prcu = 16.65 – 1 = 15.65 kW.

Q Prcu = s ¥ Pag; s = 
1000

16650

rcu

ag

P

P
=  = 0.06 i.e., slip is 6%.]

22. The rotor of a 6-pole, 50 Hz, slip ring induction motor has a resistance of
0.3 W/phase and it runs at 960 rpm at full load. How much external resis-
tance/phase must be added to the rotor circuit to reduce the speed to
800 rpm, the torque remaining constant? [Ans: 1.2 W]

[Hint: Ns = 
120 f

P
 = 1000 rpm

sfl (full load slip) = 
1000 960

1000

-
 = 0.04.

If r be the additional resistance per phase in rotor circuit, we can write

new 2

fl 2

.
s R r

s R

+
=

Since the power input to the rotor and rotor current remain constant for

constant torque and hence from the relation, slip = 
Rotor Cu loss

Rotor input
, we have

new

fl

s

s
=

2
22 2

2
222

3 ( )

3

I R r R r

RI R

+ +
= .

Substitution of the values of sfl = 0.04,

snew =
1000 800

1000

-
 = 0.2 and R2 = 0.3, yields r = 1.2 W.]

23. A three-phase, 50 Hz induction motor has an output rating of 500 HP,
3.3 kV (L – L). Calculate the approximate full-load current at 0.85 p.f.,
locked rotor current and no-load current. What is the apparent power drawn
under locked rotor condition? Assume the starting current to be 6 times
full load current and no load current to be 30% of full load current.

[Ans: If1 = 76.78 A; Ino load = 23.093 A; Ilock rotor = 460.68 A;
Plocked rotor = 2633 KVA]

[Hint: Ifl =
500 746

3 3300 0.85

¥

¥ ¥
 = 76.78 A

\ Ino load = 0.3 ¥ 76.78 = 23.03 A
Q Ilock rotor ∫ Istart

Hence Istart = 6 ¥ Ifl = 460.68 A.
Apparent power drawn during locked rotor condition is

PA = 3 ¥ VL ¥ Ist = 3 ¥ 3300 ¥ 460.68 = 2633 KVA.]
24. A 4-pole, 60 Hz, 460 V, 5HP induction motor has the following equivalent

circuit parameters:
Rs = 1.21 W; Xs = 3.10 W
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2R ¢ = 0.742 W; 2X ¢ = 2.41 W
X0 = 65.6 W

Find the starting and no-load current of the machine.
[Ans: 46.15––70.67°A; 3.87––89° A]

[Hint: With reference to the equivalent circuit of the induction motor, the
input impedance looking from the input side is

Zin = (Rs + jXs) + 
2 2

2 2

( )o

o

jX R jX

R jX jX

¢ ¢+
¢ ¢+ +

=
65.6 (0.742 2.41)

(1.21 3.1)
0.742 2.41 65.6

j j
j

j j

+È ˘
+ + WÍ ˙+ +Î ˚

 = 5.75–70.72° W.

At start s = 1.0. This means the load resistor in equivalent circuit is,
shorted, since 1 – s = 0.

\ Ist =
in3

L LV

Z

-
 = 46.15––70.67° A.

At no load, s  0, i.e., the load element in the equivalent circuit is open.
\ Zin (no load) = (Rs + jXs) + jX0 = (1.21 + j68.7) W = 68.71–89° W

\ INL =
in(NL)

460 0

3 3 (68.71 89 )

L LV

Z

- – ∞
=

– ∞
 = 3.87––89°A.]

25. A 30 HP, 3-phase 6 pole, 50 Hz slip ring induction motor runs at full load
at a speed of 960 rpm. The rotor current is 30 A. If the mechanical loss in
the rotor is 1 kW while 200 W loss is being incurred by the rotor short
circuiting system, find the rotor resistance per phase. [Ans: R2 = 0.287 W]

[Hint: Ns = 100 rpm; s = 
s

s

N N

N

-
 = 0.04

Q Rotor Cu loss = 
1

s

s-
¥ gross mech power developed in rotor Hence

we can write for this problem,

2
223I R  + 200 = 

0.04

1 0.04-
 (30 ¥ 746 + 1000)

or, 3 ¥ 302 ¥ R2 = 774.17
or, R2 = 0.287 W]

26. A 10 HP, 400 V(L – L), 50 Hz, 3-phase induction motor has a full load p.f.
of 0.8 and efficiency of 0.9. The motor draws 7 A when a voltage of 160 V
is applied directly across the live terminals, the motor being standstill.
Determine the ratio of starting to full load current when a star-delta starter
is used to start the motor. [Ans: (Ist/Ifl) = 0.39]

[Hint: Ifl = 
10 746

3 400 0.8 0.9

¥

¥ ¥ ¥
 = 15 A.

Is/c at 160 V input = 7.0 A

\ / f
s cI  at 400 V(L – L) is 

400

160
¥ 7.0 = 17.5 A.
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With star delta starter,

Istarting = /
1 1

3 3fs cI¥ = ¥ 17.5 = 5.833 A.

\
starting

fl

I

I
=

5.833

15
 = 0.39.]

27. A 75 kW, three-phase induction motor has 1500 rpm synchronous speed. It
is connected across a 440 V(L – L) supply and rotates at 1440 rpm at full
load. The two wattmeter method is applied to measure the power input
which shows that the motor absorbs 70 kW while the line current is 80 A.
If the stator iron loss is 2 kW and rotor mechanical loss is 1.5 kW, find

(i) the power supplied to the rotor
(ii) the rotor copper loss

(iii) the mechanical power developed at shaft
(iv) the torque developed at rotor
(v) the efficiency of the motor.

Assume stator resistance/phase = 0.2 W.
[Ans: Pag = 64.16 kW; Prcu = 2.57 kW Pm = 61.59 kW;

T = 408.66 Nm; h = 85.84%]
[Hint:

(i) Pin = 70 kW; Pscu (stator Cu loss)

= 23
fl

I ¥ Rs = 3 ¥ 802 ¥ 0.2 = 3.84 kW.

Psc(core loss in stator) = 2 kW
\ Pag = Pin – Pscu – Psc = 64.16 kW

(ii) Prcu = s ¥ Pag = 0.04 ¥ 64.16 = 2.57 kW.
(iii) Pm = Pag – Prcu = 64.16 – 2.57 = 61.59 kW.

(iv) T = 
3

ag 64.16 10

1500
2

60
s

P

w
p

¥
=

¥
 = 408.66 Nm.

(v) h =
0

in in

mech loss in rotormP P

P P

-
= .

=
61.59 1.5

70

-
 = 0.8584 i.e., 85.84%.]

28. A 4-pole, three-phase 50 Hz induction motor develops a maximum torque
of 20 Nm at 1440 rpm. Obtain the torque exerted by the motor at 5% slip.
Assume rotor resistance to be 0.5 W. [Ans: 19.51 Nm]

[Hint: Ns =
120 f

P
 = 1500 rpm

N = 1440 rpm

\ s =
s

s

N N

N

-
 = 0.04 = smax

But  smax =
2

2

R

X
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\ X2 =
2

max

0.5

0.04

R

s
= =  12.5 W

If s be the required slip (5%) then from the relation

max

T

T
=

max

2 2 2 2
max

2 2 0.05 0.04

(0.05) (0.04)

s s

s s

◊ ◊ ¥ ¥
=

+ +
 = 0.9756

\ T = 0.9756 ¥ 20 = 19.51 Nm.]
29. You have a 50 HP, three-phase, 60 Hz, 4-pole, 1765 rpm induction motor

operating at 400 V (L – L). Find the shaft torque. If the mechanical loss in
the shaft (rotor) is 500 W, find the gross mechanical power developed in
the shaft and the developed torque. If the rotor copper loss is 800 W, what
is the value of air gap power? Also find the electromagnetic torque devel-
oped. If the total stator losses are 1 kW, find the motor input power.

[Ans: Tsh = 201.91 Nm, Pm = 37.8 kW; Tm = 204.62 Nm
Pag = 38.6 kW; T = 204.89 Nm; Pin = 39.6 kW]

[Hint: Tsh =
0 50 746

1765
2

60

P

w
p

¥
=

¥
 = 201.91 Nm

Pm = P0 + mech loss in rotor
= 50 ¥ 746 ¥ 10–3 + 500 ¥ 10–3 = 37.8 kW

Tm =
337.8 10

1765
2

60

mP

w
p

¥
=

¥
 = 204.62 Nm

Pag = Pm + rotor copper loss
= 37.8 ¥ 103 + 800 = 38600 W = 38.6 kW

T =
3

ag 38.6 10

1800
2

60
s

P

w
p

¥
=

¥
 = 204.89 Nm

120 60
1800 rpm

4
sN

¥Ê ˆ
= =Á ˜Ë ¯

Q

Q Stator copper loss is 1 kW,
\ Pin = 1 + Pag = 1 + 38.6 = 39.6 kW.]

30. A 400 V, 4-pole, 50 Hz, 3 phase squirrel cage induction motor develops
25 HP at 4% slip on full load. If the ratio of motor resistance to standstill
reactance is 1:4, find the ratio starting torque to full load torque.

[Ans: (Ts/T) = 1.51]
[Hint: Ns = 1500 rpm; N = Ns(1 – s) = 1440 rpm (Q s = 0.04)

T(full load) = 
3

25 735.5 25 735.5

1440
2 10

60

w
p

¥ ¥
=

¥ ¥
 = 0.122 Nm.

At standstill the torque is Ts while at 4% slip it is T.
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\ Ts

T
=

2
0 2 1

2 2
0 22

2
2 1

2 2
22

( )

( )

s R E

R s X

sR E

R sX

+

+

, (so) being the slip at starting.

With s0 = 1,

sT

T
=

2
22 2 2

2 2
222

2 2 2 2
2 2 2

2

1 (0.04)( ) 4

1
0.04 11 4

R
s

XR sX

s R X R
s

X

Ê ˆ Ê ˆ+ +Á ˜+ Ë ¯ Ë ¯
= =

È ˘ È ˘ È ˘+ Ê ˆ Ê ˆÎ ˚ +Í ˙ Í ˙+ Ë ¯Á ˜ Í ˙Ë ¯Í ˙ Î ˚Î ˚

  1.51]

31. A 415 V, three-phase, 6 pole, 50 Hz induction motor runs at a slip of 4%
on full load. The rotor resistance and reactance are 0.01 W and 0.05 W
when the motor is at standstill. Find the ratio of full load torque to maxi-
mum torque. Also obtain the speed at which the maximum torque occurs.

[Ans: Nmax = 800 rpm; (T/Tmax) = 0.385]

[Hint: smax =
2

2

0.01

0.05

R

X
=  = 0.2.

The speed at a slip of 0.2 would then be 800 rpm as Ns = 1000 rpm.

Q

max

T

T
=

max

2 2
max

2 s s

s s

◊ ◊

+

for this problem 
max

T

T
 = 

2 2

2 0.04 0.2

(0.04) (0.2)

¥ ¥

+
 = 0.385.]

32. An induction motor has a short circuit current of 6 times the full load
current at normal supply voltage. It has a full-load slip of 5%.
Calculate the starting torque in terms of the full load torque if started by

(i) star-delta starter
(ii) auto-transformer starter with 60% tapping.

Neglect magnetizing branch currents. [Ans: 0.2; 0.648]

[Hint: We have 

2

fl fl

s s
fl

T I
s

T I

Ê ˆ
= ◊Á ˜Ë ¯

(i) For Y-D starting: At start, winding is placed in star and only 
1

3

Ê ˆ
Á ˜
Ë ¯

 of

normal voltage is applied. Again, short circuit current being 6 times
the full load current (winding in delta connection), we can write short
circuit phase current as

Is/c(ph) =
6 f.l. current

3

¥

\ Istarting/phase =
1

3
¥ Is/c(ph)
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as
1

3
 of normal voltage is applied per phase.

i.e. Ist/ph = fl
61

.
3 3

I¥ ¥

\
st

fl

I

I
=

61

3 3
¥  = 2

Hence,
s

fl

T

T
= (2)2 ¥ 0.05 = 0.2.

(ii) Auto-transformer starting with 60% tapping:
At start, stator winding remain in delta connection. However, only
60% voltage is made available at stator.

\ Is =
60

100
¥ 6 Ifl = 3.6 Ifl

Hence
fl

sT

T
= (3.6)2 ¥ 0.05 = 0.648.]

MULTIPLE CHOICE QUESTIONS

1. At standstill, the slip of an induction motor is given by
(a) s = 1 (b) s = 0
(c) s = 1/2 (d) s = –1
Answer: (a) s = 1

2. Under blocked rotor test of a three-phase inductor motor, the ship is
(a) 0 (b) 0.02
(c) 1 (d) •
Answer: (c) 1

3. A 4 pole, 50 Hz induction motor runs at a speed of 1440 rpm. The fre-
quency of rotor current is
(a) 2 Hz (b) 1 Hz
(c) 3 Hz (d) 50 Hz
Answer: (a) 2 Hz

4. A 50-Hz  three-phase induction motor has rated speed of 725 rpm. The
number of poles is
(a) 2 poles (b) 6 poles
(3) 4 poles (d) 8 poles
Answer: (d) 8 poles

5. Synchronous speed is function of
(a) frequency only
(b) number of poles only
(c) both frequency and number of poles
(d) voltage
Answer: (c) both frequency and number of poles



Three-Phase Induction Motors I.5.59

6. The frequency of the induced emf in the rotor circuit is
(a) maximum at synchronous speed
(b) maximum at standstill
(c) zero at standstill
(d) none of these
Answer: (b) maximum at standstill

7. The three-phase ship ring  induction motor has
(a) short circuit rotor (b) double case rotor
(c) wound rotor (d) open circuit rotor
Answer: (c) wound rotor

8. The ship of a 400 V, three-phase, 50 Hz, 4 pole induction motor when
rotating at 1440 rpm is
(a) 2% (b) 3%
(c) 4% (d) 5%
(e) none of these
Answer: (e) none of these

9. In a three-phase induction motor, the starting torque is proportional to
(a) directly voltage (b) square of voltage
(c) inverse of voltage (d) none of these
Answer: (b) square of voltage

10. A three-phase 6 pole induction motor runs at 950 rpm. What is the
synchronous speed?
(a) 900 rpm (b) 1500 rpm
(c) 1000 rpm (d) 1900 rpm
Answer: (c) 1000 rpm

11. For star delta starter, the starting torque  is

(a)
1

3
 rd of that obtained in DOL starting

(b) equal so that obtained in DOL starting

(c)
1

3
 times of that obtained in DOL starting

(d)
1

9
 times of that obtained in DOL starting

Answer: (a) 
1

3
 rd of that obtained in DOL starting

12. The relation between synchronous speed (Ns) and rotor speed (N) of a
three-phase induction motor is given by

(a) N = 
f

s
p

◊ (b) N = 
120 f

p

(c) N = 
120

(1 )p s
f

◊ - (d)
120

(1 )
f

s
p

-

Answer: (d) 
120

(1 )
f

s
p

-
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UNIVERSITY QUESTIONS WITH ANSWERS
Long-Answer-Type Questions

1. (a) “A three-phase induction motor is self-starting”—why? (WBUT 2012)
Answer: Article 5.5

(b) Obtain the relation between the slip and the frequency of the rotor
induced emf. (WBUT 2012)
Answer: Article 5.8

(c) A 4 pole, 3 phase, 275 KW, 440 V, 50 Hz, induction motor is running
with a slip of 4%. Find (i) synchronous speed (ii) rotor speed (iii)
frequency of the rotor induced emf. (WBUT 2004)

Answer:

0.04

50 Hz given.

4

s

f

P

= ¸
Ô= ˝
Ô= ˛

(i) Synchronous speed (Ns) = 
120 120 50

4

f

P

¥
=  = 1500 rpm

(ii) Rotor speed (Nr) = (1 – s) Ns = (1 – 0.04) ¥ 1500 = 1440 rpm
(iii) Frequency of the rotor induced emf is (sf ) i.e., 0.04 ¥ 50 = 2 Hz

2. (a) Explain how rotating magnetic field is produced in a three phase induc-
tion motor. (WBUT 2007, 2013)
Answer: Article 5.6.

(b) A 3 phase, 6 pole, 50 Hz. induction motor has a slip of 1 % at no load
and 3 % at full load. Calculate (i) synchronous speed, (ii) no load
speed, (iii) full load speed, (iv) frequency f rotor current at full load,
and (v) frequency f rotor current at standstill. (WBUT 2007)
Solution: No load slip snl = 0.01.
Full load slip sfl = 0.03

(i) Synchronous speed Ns = 
120 120 50

6

f

P

¥
=  = 1000 rpm

(ii) No load speed (Nnl) = (1 – snl) Ns = (1 – 0.01) 1000 = 990 rpm
(iii) Full load speed (Nf l) = (1 – sf l ) Ns = (1 – 0.03) 1000 = 970 rpm
(iv) Frequency of rotor current at full load is sfl f = 0.03 ¥ 50 =

1.5 Hz
(v) Slip at standstill is 1.

\ frequency of rotor current at standstill is 1 ¥ 50 = 50 Hz
(c) Explain with suitable diagram a method of controlling speed of an

induction motor.
Answer Article 5.16.

3. (a) “A three-phase induction motor is self starting”—why?
Solution: Refer Article 5.5.

(b) Obtain the relation between the slip and the frequency of the rotor
induced emf. (WBUT 2008)
Solution: Refer Article 5.6.
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(c) A 4-pole, 3-phase, 275 kW, 440 V, 50 Hz induction motor is running
with a slip of 4 %. Find (WBUT 2012)

(i) Synchronous speed
(ii) Rotor speed

(iii) Frequency of the rotor induce emf.
Solution: P = 4

s = 0.04
f = 50 Hz

(i) Synchronous speed Ns = 
120 120 50

4

f

P

¥
=  = 1500 rpm

(ii) Rotor speed Nr = (1 – s) Ns = (1 – 0.04) ¥ 1500 = 1440 rpm
(iii) Frequency of the rotor induced emf is sf = 0.04 ¥ 50 = 2 Hz

(d) Derive an expression for torque-slip characteristics of a 3 phase induc-
tion motor.
Solution: Refer Article 5.10.

4. (a) Derive an expression for the torque slip characteristic of a three phase
induction motor.

Answer: Article 5.10.
(b) A three phase 4 pole, 50 Hz induction motor has a slip of 1% at no load

and 3% at full load calculate (i) synchronous speed, (ii) no load speed,
(iii) full load speed, (iv) frequency of rotor current at standstill, and (v)
frequency of rotor current at full load.

(WBUT 2005)

Answer: No. of poles (P) = 4

No. load slip (snl) = 0.01

Full load slip (sfl) = 0.03

Frequency (f) = 50 Hz

(i) Synchronous speed (Ns) = 
120 120 50

4

f

P

¥
=  = 1500 rpm

(ii) No load speed (Nnl) = (1 – snl) Ns = (1 – 0.01) ¥ 1500 = 1485 rpm

(iii) Full load speed (Nfl) = (1 – sfl) Ns = (1 – 0.03) ¥ 1500 = 1455 rpm.

(iv) Frequency of rotor current at standstill = 1 ¥ 50 = 50 Hz
[Q slip a standstill is 1]

(v) Frequency of rotor current at full load = sfl ¥ 50

= 0.03 ¥ 50 = 1.5 Hz.
5. (a) Discuss briefly the principle of speed control of 3-phase induction

motor by variation of input voltage and frequency. [WBUT 2013]

Solution: Refer Article 5.16.

(b) A three-phase 415 V, 50 Hz star-connected 4-pole induction motor has
stator impedance Z1 = (0.2 + 10.5)W and rotor impedance referred to the



stator side is Z2 = (0.1 + 10.5) W and resistance representing core loss is
40 W on per-phase basis. Determine the rotor current at a slip of 0.04.

[WBUT 2013]
Solution: Refer Example 5.28.

6. (a) Obtain the condition for maximum torque for a 3 f induction motor.

[WBUT 2014]
Solution: Refer Article 5.9.4.

(b) The power input to a 400 V, 60-pole, 50 Hz, 3 f induction motor running
at 975 rpm is 40 kW. The stator losses are 1 kW and friction and
windage losses are 2 kW. Find the efficiency of the motor.

[WBUT 2014]
Solution: Refer Example 5.27.

Multiple Choice Question

1. The speed in which stator magnetic field rotates is called (WBUT 2012)
(a) actual speed
(b) synchronous speed
(c) slip speed
(d) super-synchronous speed

Answer: (b) synchronous speed
2. The resistance R0 of the exciting branch of the equivalent circuit of a three-

phase inductor motor represents (WBUT 2013)
(a) stator core loss
(b) stator copper loss
(c) friction and windage losses
(d) rotor copper loss

Answer: (a) stator core loss

Three-Phase Induction Motors I.5.62



6.1 STRUCTURE OF A POWER SYSTEM

Electricity is the only for m of energy used in industrial, domestic, commercial and

transportation sector. It is a coveted form of energy, since it can be generated in

bulk and transmitted economically over long distances. Electric power system

deals with generation, transmission and distribution of electric energy associated

with the unique feature of control of the flow or demand of energy at desired

nodes throughout the power network. Figure 6.1 represents the most basic struc-

ture of a power network, where generators produce electric energy, transformers

transform this energy from one voltage level to another and transmission lines

wheel the power from the generating stations to the load centers for final distribu-

tion of electrical energy to different loads. Tie lines interconnect one system with

the neighbouring electric system belonging to the same grid. The circuit breakers

isolate a faulty part of the network (the fault being sensed by the relays) while

static/rotary compensators may be used for voltage control at load or remote buses.

Conventionally, loads are represented in lumped or composite form.

The best location of a generating station being at a place very close to electri-

cal load center (i.e., the region where the major energy demand exists), the

practical location of the primary conventional energy sources do not necessarily

coincide with the urban centers. The location of the power plant is frequently

governed by its closeness to the energy resource and transportation facility of the

fuel as well as availability of nearest load center. Environmental aspects are also

key factors in determining the site of the plant. Mostly, a generating plant con-

sists of generating units complete with necessary accessories. Control elements

like different valves, exciters, regulators etc also form up transformers and in-

strument transformers along with breakers are intended in the station switchyard

for transmission of power and protection of the system. Sources of input to the

generating system are conventionally fossil fuels (e.g., coal, oil and gas),

hydrosource and nuclear fuel; however, non-conventional sources like wind power,

solar energy, tidal power, geothermal power etc. are also being used for stand-

alone systems.

STRUCTURE OF A
POWER SYSTEM6
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An electric power system, even a small one, usually constitutes an electric

network of vast complexity. The diversity of the system magnitude being great,

there is no general rule regarding the structure of the system that apply to any

power system. However, mostly any power system could be categorized by a

combination of generation, transmission and distribution networks. Next to gen-

eration, transmission plays a vital role in transporting power from the generating

station to load centers. Transmission of power is usually done at HV/EHV/UHV

range due to the known fact that it reduces the power loss in the line as well as

Step up transformers

Circuit breakers

Transmission level

Step down
transformers

Sub-transmission
level

Distribution
level

Step down
transformer

Step down
transformer

Step down
transformer

Secondary dist.
(L.T. consumers)

Generating
system

Neighbouring
system

Bus Bus

To
other system

To other
systemTie-line

To large
consumers

Stand by
gen-set

Primary dist.
(H.T. consumers)

Fig. 6.1 Basic structure of a power system
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improves the stability. The common transmission voltage are 33 KV/66 KV/114

KV/132 KV/138 KV/161 KV/220 KV/230 KV/345 KV/400 KV/500 KV in the

HV and EHV ranges and 765KV/800KV/1100KV/1500KV in the UHV ranges in

most parts of the world while the generation voltages have commonly been 6 KV/

11 KV/12.47 KV/13.2 KV/13.8 KV/15 KV/16 KV/22 KV (all line to line voltage).

In sub-transmission level, the circuits distribute electric power to a number of

distribution centers in a certain geographical region at a voltage level that typi-

cally varies between 23 KV to 138 KV, the most common grades being 33 KV/

66 KV/110 KV/120 KV/132 KV. The sub-transmission circuits may also receive

electric power directly from any generator bus. Larger customers are mostly

served by sub-transmission level circuits. In small power systems, the sub-trans-

mission level may coincide with distribution level.

The distribution level consists of the distribution circuits in the overall region

of distribution. Larger consumers i.e., high tension (H.T) consumers have been

termed as primary distributors while low tension (L.T) consumers are secondary

distributors. The consumers consuming energy between 3 KV and 23 KV are

H.T consumers while the consumers in the category of 110V-400/440 V lie in

the class of secondary or L.T consumers.

6.2 POWER DISTRIBUTION SYSTEMS

A distribution system can be subdivided into feeders, distributors and service

mains. Feeders are conductors of large current carrying capacity and may be a

cable in metropolitan city or a overhead line in sub-urban and village areas.

Feeders carry the current in bulk from the substation (where transmission volt-

age is stepped down for distribution purpose) to the feeding points. The distribu-

tors are conductors from which power is tapped off for supply to the consumer.

A feeder may feed a number of parallel distributors through a suitable bus

arrangement in an enclosure (popularly known as—Feeder Pillar Box). The dis-

tributor may also be a cable or an overhead line. It may be noted that the size of

the feeder is determined primarily by the current it is required to carry. This is

due to the fact that the voltage drop across the feeder can be allowed for by

stipulated regulation. On the other hand the permissible voltage drop along a

distributor is the main basis of selection of distributors. For a given power

delivered if the voltage is increased n times, the current in the feeder is reduced

to 1/n times original value. This means the conductor of the feeder needs only 1/

n times the original cross section.

If the distributor is connected to the supply system on one end only, the

system is said to be a radial system of distribution. In such a case the end of the

distributor nearest to the substation could be heavily loaded and the consumers

at the distant end of the distributor would be subjected to voltage depression as

the load on the distributor increases. In addition to this, the consumer is depen-

dent upon a single feeder so that a fault on any feeder or distributor disrupts the

supply to the consumers who are on the side of the fault away from the station.

To eliminate this problem mesh type or ring main type distributors are used in

planned metropolitan cities. This system employs a feeder which encircles the
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whole area of supply finally returning to the substation (i.e. the feeder is closed

on itself). The distributors are connected at different points on the ring main

feeder and the arrangement is similar to two feeders in parallel but different

routes. The reliability of supply is greatly increased and in the event of a fault in

any section of the feeder the supply to all consumers can continue by isolating

the faulty section.

The service mains are the small cables between the distributors and the con-

sumers premises. The service mains may be single phase or three phase type.

6.3 POWER SYSTEM REPRESENTATION

Since a complete diagram of a practical power system presenting all the three

phases (generation, transmission and distribution) is too complicated, it is a

normal practice to represent a power system by means of simple systems for

each component resulting in single-line diagram, as shown in Fig. 6.2.

To the neighbouring
system tie lines

Direction of
power flowBus-1Gen

bus

CB

Gen. auxiliary
load

Load
(auxiliary)

Interconnection
tie-line/sub transmission system

for distribution

T1

G1

Z line

Bus-2

Gen.
bus

T2

G2

Fig. 6.2 Single line representation of a simple two bus system

Any particular component may or may not be shown in the diagram depend-

ing on the information required in a system study e.g., circuit breakers need not

be shown in a load flow analysis diagram but are to be shown for a protection

study. Different generator and transformer connections are indicated by proper

symbols. Equivalent circuits of power circuit components can be represented in

the diagrams.

EXERCISES

Short- and Long-Answer-Type Questions

1. What are the primary functions of transformers in power transmission-

distribution system?

2. What location is best suited for a generating station?

3. What are the different sources of input to the generating stations to pro-

duce electrical power?

4. What do you mean by a stand alone system?

5. Why the transmission of power is done at HV/EHV/UHV level?

6. What are the common transmission voltages in India?
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7. What are the standard voltage levels for subtransmission and distribution

circuits?

8. Write a brief note on power distribution system.

9. What are the advantages of a ring main distribution system over radial

system?

10. Draw the single line diagram of a radial power system and label different

parts.

UNIVERSITY QUESTION WITH ANSWER

1. Draw a general single-line diagram from power generation to distribution.

(WBUT 2014)

Solution: Refer Fig. 6.1.





1.1 INTRODUCTION

Bipolar Junction Transistor (BJT) is most commonly used as switching devices
and amplifiers in analog electronics circuits. It has three terminals such as Base
(B), Emitter (E) and Collector (C). It is a minority carrier device and it is also a
current controlled device as depicted in Fig. 1.1(a). When a base current (IB)
flows, the transistor will be ON. If the base current (IB) is equal to zero, the BJT is
in OFF state.

Another popular transistor is Field Effect Transistor (FET). The FET is also a
semiconductor device and its operation depends on the control of current by an
applied electric field. Therefore, FET is a voltage controlled device. Unlike the
BJT, FET is a majority carrier device and this device has three terminals such as
gate (G), drain (D) and source (S) as depicted in Fig. 1.1(b).

Fig. 1.1(a) BJT Fig. 1.1(b) FET

There are two types of field effect transistors namely, Junction Field Effect

Transistor (JFET) and Insulated Gate Field Effect Transistor (IGFET). The IGFET
is commonly known as metal-oxide-semiconductor (MOS) transistor or MOSFET.
In 1960, the MOSFET was first developed by Kahng and Atalla.

FIELD EFFECT
TRANSISTORS1



Basic Electrical and Electronics Engineering–IIII.1.2

FETs are used as switching devices in analog electronics circuits, amplifiers
with high input impedance and integrated circuits (ICs). The features of field
effect transistors (FET) are as follows:

1. It provides high input impedance about 1 mega-ohm.
2. The operation of FET depends on the flow of majority carriers only. There-

fore, it is called a unipolar device.
3. It is easy to fabricate and less space is required to develop ICs using FET.
4. FET has negative temperature coefficient at high current. If current decreases,

temperature increases. Uniform temperature distribution with in device pre-
vents to generate a thermal runway. Hence, second breakdown can be pre-
vented. Consequently, this device is thermally stable.

5. It has relatively small noise with respect to BJT
6. It has zero offset voltage at zero drain current.
The only disadvantage of FET is that it has comparatively small gain band-

width product compared to BJT.
In this chapter, the basic structure of FET with channel width modulation,

JFET structure and characteristics, operating principle of JFET, structure of
MOSFET, characteristics of MOSFET, common source (CS), common gate (CG),
and common drain (CD) configurations of FET are discussed in detail. The basic
principle of CMOS is also incorporated in this chapter.

1.2 CLASSIFICATION OF FIELD EFFECT TRANSISTOR

Field effect transistors are two types such as junction field effect transistor (JFET)
and insulated gate field effect transistor (IGFET) or metal-oxide-semiconductor
transistor (MOSFET). Depending on the types of channel, the junction field effect
transistors can be divided as n-channel JFET and p-channel JFET. Depending
upon the operating principle, MOSFET is classified as depletion type MOSFET
and enhancement type MOSFET. Again MOSFET is further classified as n-channel
and p-channel MOSFET. The following chart shows the classification of field effect
transistors.
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1.2.1 Gate Isolation Types

In a field effect transistor, a GATE electrode is placed above (electrically insulated
from) the silicon surface, and is used to control the resistance between the SOURCE
and DRAIN regions. The gate is isolated from the drain and source by using an
oxide insulator (SiO2) as depicted in Fig.1.2(a).

DRAIN

W

L

GATE

“Metal” (heavily
doped poly-Si)

SOURCE

n

n
p-type

silicon

oxide i
nsulato

r

• = channel lengthL
• = channel widthW

Fig. 1.2(a) Gate-isolation-type field effect transistor

Gate-isolation-type field effect transistors are n-channel Metal Oxide Semicon-
ductor (NMOS) and p-channel Metal Oxide Semiconductor (PMOS). In these tran-
sistors, without a gate-to-source voltage applied, no current can flow between the
source and drain regions. When the gate-to-source voltage is greater than the
threshold voltage VT, a conducting layer of mobile electrons is formed at the Si
surface beneath the oxide. These electrons can carry current between the source
and drain. Figure 1.2(b) shows an n-channel metal oxide semiconductor (NMOS).
The detailed operations of NMOS and PMOS are explained in Sections 1.11, 1.12,
1.13, 1.14, 1.15 and 1.16.

gate

Source

Gate

IS

IG

ID

Drain

n n

p

oxide insulator

Fig.1.2(b) n-channel metal oxide semiconductor (NMOS)

1.3 JUNCTION FIELD EFFECT TRANSISTOR

The junction field effect transistor (JFET) has a conducting channel with ohmic
contacts on either end. The conducting channel will be either an n-type semicon-
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ductor or a p-type semiconductor. Depending on the types of channel, JFET can
be classified as n-channel JFET and p-channel JFET.

Figure 1.3 shows the structure of an n-channel JFET which has two p+ regions
on either sides of the n-channel. Actually, an n-type semiconductor bar has two
p-type heavily doped regions (p+ region) on the opposite sides of the n-channel.
Hence, p+ type region form two p+n junctions. Two p+ regions are connected
internally and a single output terminal is available from the device and it is called
gate (G) terminal.

Fig. 1.3 Structure of an n-channel JFET

One side of the ohmic contacts is called the source (S) and the other side is
known as the drain (D). Source (S) is a terminal through which electrons can enter
into the n-type semiconductor and the electrons leave the n-type semiconductor
bar through drain (D) terminal. The most simplified representation of n-channel
JFET is illustrated in Fig. 1.4.

Source (S): The source (S) is a terminal through which the majority carriers can
enter into the semiconductor bar. The current enter the semiconductor through S
terminal represented by IS.

Drain (D): The drain (D) is a terminal through which the majority carriers can
leave from the semiconductor bar. The current entering the semiconductor through
drain (D) terminal is designated by ID. The voltage between drain and source
terminals is called VDS. It is also represented by VDD.
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Fig. 1.4 (a) Simplified structure of an n-channel JFET (b) Symbol of JFET

Gate (G): Two heavily doped p+ regions on either side of n-channel are inter-
connected and called gate (G). The voltage between the gate and source is called
VGS. The VGS is applied in the direction to the reverse bias the p-n junction. The
current entering the semiconductor bar through G terminal is represented by IG.

The basic structure of p-channel JFET is shown in Fig. 1.5(a) and the symbol of
p-channel JFET is depicted in Fig. 1.5(b). The p-channel JFET consists of two n+

type regions and a p-channel. The current carriers in a p-channel JFET are holes.

Fig. 1.5 (a) Simplified structure of an p-channel JFET (b) Symbol of JFET

In n-channel JFET, if a p+n junction is reverse biased, electrons and holes
diffuse across the junction and leaves positive ions on the n-side and an negative
ions on the p-side. These immovable positive and negative ions generate deple-
tion regions. When the reverse bias voltage across p+n junction increases, the
thickness of the depletion region is also increased. While p-region and n-region
of the junctions are equally doped, the depletion region can be extended equally
in the p-regions and n-regions. Actually, in n-channel JFET p sides are heavily
doped. Then depletion region can be extended into the lower doping region only.
In a n-channel FET, the p-type region is heavily doped and n-type region is
lightly doped. Consequently, depletion region is extended into the n-channel as
shown in Fig. 1.6.
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Fig. 1.6 Depletion region in n-channel JFET

While the voltage between gate and source becomes zero all of a sudden and
the depletion region is present around the junction symmetrically, the conductiv-
ity of depletion region is zero since there is no mobile charge. Therefore, the
width of n-channel can be reduced. With increasing the reverse–bias voltage
between gate and source, the depletion region further increased in the n-type
semiconductor. Hence, the channel width further reduces.

The gate to source p+n junction of a JFET can be reverse biased when drain is
connected to the positive terminal of the dc supply (VDD) and the source is
connected to the negative terminal of dc supply as depicted in Fig. 1.7 and gate is
open. Assume that ra and rb are channel resistances which are variable. The value
of ra and rb depends on the magnitude of gate to source voltage (VGS) and drain
to source voltage (VDS).

Fig. 1.7 Gate is open (VGS = 0) and VDD voltage is applied across drain and
source while depletion region is symmetrical

When the gate (G) terminal is opened and VDD is applied across drain to source,
electrons flow from source to drain through n-type channel. As a result the drain
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current (ID) flows from drain to source. Due to drain current, there will be a voltage
drop across resistance rb. This voltage across rb provides the effect of reverse
biasing of the gate to source p+n junction. Hence, when the gate is open, gate to
source p+n junction is reverse biased by drain to source voltage. Then depletion
region is developed with in the device as shown in Fig. 1.8.

The depletion region is asymmetrical and it is extended deeper in the n-channel
near the drain terminal. The depletion layer thickness is less in the n-channel near
source terminal. Actually, the voltage across ra is larger than the voltage across
rb. Therefore, reverse bias voltage is comparatively high near drain with respect to
source.

Fig. 1.8 Effect of drain to source voltage in depletion region

1.4 OPERATION OF JFET

Figure 1.9 shows an n-channel JFET and the schematic block diagram of an n-
channel JFET with channel length L, channel depth 2d and depletion region width

Wd is depicted in Fig. 1.10. The channel resistance is R = r
L

A
 where r is the

resistivity of the channel. The expression of conductivity s is s = emnND.

Then, R = r
L

A
 = 

L

As
where s =

1

r

or, R =
n D

L

e N Am
as s = emn ND  (1.1)

where ND is the donor concentration in n-type channel
As the depletion region width is Wd, the area of the channel is

A = 2W (d – Wd) where W is the channel width.
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After substituting the value of A in Eq. (1.1), we get

R = 
2 ( )n D d

L

e N W d Wm -

When the gate to source voltage VGS = 0 and the drain-to-source voltage VDS

is very small value and VDS is about zero, the reverse bias across the p+n junction
is constant and the thickness of the depletion region across the p+n junction is
uniform as depicted in Fig. 1.10.

Fig. 1.9 Basic Structure of an n-channel JFET

Fig. 1.10 Schematic diagram of an n-channel JFET

If drain to source voltage VDS = 0 and gate to source voltage VGS decreases
from zero, the reverse bias across the p+n junction increases progressively from
source to drain. Consequently, the depletion region width increases from source
to drain and the effective channel width is reduced from source to drain. If again
the VGS decreases, the thickness of the depletion region in the channel increases
until two depletion region may contact with each other. In this condition, the
channel will be cut off completely. The gate-to-source voltage VGS at which the
channel will be cut off completely, is called the cut off voltage.



Field Effect Transistors II.1.9

When VGS = 0 and voltage VDS increases gradually from zero, the drain is
positive with respect to source. Then majority carriers (electrons) can flow through
the n-type channel from source to drain and drain current ID flows from drain to
source. The magnitude of drain current depends on

(a) majority carriers available in the n-type channel
(b) resistance of channel which depend upon

• Length of the channel (L)
• Cross-sectional area of the channel i.e., A = 2W (d – Wd)

(c) the magnitude of the applied voltage VDS

Due to the resistance of the channel and the voltage VDS, the positive potential
is gradually increased along the channel from source to drain. Therefore, the
reverse voltage across the p+n junction increases and the width of the depletion
regions also increases as depicted in Fig. 1.10.

Fig. 1.10 n-channel JFET with VGS = 0 and VDD > 0

With increases the voltage VDS, the effective channel cross-sectional area de-
creases. As a result, channel resistance increases and the rate of change of the
drain current decreases with increasing VDS. Therefore, a certain portion of output
characteristics is linear as shown in Fig. 1.11.

Fig. 1.11 Output characteristics of n-channel JFET with VGS = 0 and VDD > 0 in
linear zone
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When the voltage VDS is further increased progressively, the cross-sectional
area of the channel will be reduced. At certain value of VDS, the cross-sectional
area of the channel becomes zero and the channel will be pinched off as shown in
Fig. 1.12. The drain voltage at which pinched off occurs is called pinch-off voltage
and it is represented by VP.

Fig. 1.12 n-channel JFET with VGS = 0 and VDD = VDD(saturation)

As the depletion region width increases with increasing VDS, at certain value of
VDS the two depletion regions touch each other. At that time, the depletion region
width (Wd) is equal to d at the drain and this is represented by the pinch-off point
as depicted in Fig. 1.12. At pinch-off point the drain current is designated by
ID (saturation) and drain to source voltage is represented by VDS (saturation). The out-
put characteristics of JFET upto the pinch-off point is shown in Fig. 1.13.

Fig. 1.13 Output characteristics of n-channel JFET with VGS = 0 and VDD > =
VDD(saturation) at pinch-off

When VDS is further increased, the pinch-off point P shifts towards source
terminal as shown in Fig. 1.14. The voltage drop in the channel between the
source and the pinch-off point is constant. This constant potential drop ensures
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that the flow of the number of electrons from source to the pinch-off point re-
mains constant. Hence, the constant drain current (ID) flows after the pinch-off
point as depicted in Fig. 1.15 and the device operates in saturation region.

Fig. 1.14 n-channel JFET with VGS = 0 and VDD > VDD (saturation)

Fig. 1.15 Output characteristics of n-channel JFET with VGS = 0 and VDD > =
VDD(saturation) at saturation

When VGS < 0, the depletion region width Wd is larger than the depletion region
width with VGS = 0. Then the cross-sectional area of the channel is reduced as
shown in Fig. 1.16 and the resistance value will be increased. Therefore, the drain
current (ID) is also reduced for any value of VDS. If the drain to source voltage VDS

is increased gradually with VGS < 0, the different output characteristics curve will
be obtained. The output characteristics of the JFET for different values of VGS are
depicted in Fig. 1.17.
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Fig. 1.16 n-channel JFET with VGS < 0 and VDD > 0

Fig. 1.17 Output characteristics of n-channel JFET with VGS = 0 and VDD > 0
and VGS < 0 and VDD > 0

1.5 CHARACTERISTICS OF JFET

Characteristic curves are a set of curves which represent the relationship between
current and voltages. JFET has two important characteristics such as

(i) Drain characteristics It is a family of curves which relates between the
drain current (ID) and drain to source voltage (VDS) for different values of
gate to source voltage (VGS).

(ii) Transfer Characteristics It is a family of curves which relates between
the drain current (ID) and gate to source voltage (VGS) for different values of
drain to source voltage (VDS).
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Figure 1.18 shows the circuit diagram of JFET to determine the drain and trans-
fer characteristics of JFET. The potentiometer (P1) is used to vary the gate to
source voltage (VGS) and the potentiometer (P2) is used to vary the drain to
source voltage (VDS). The VGS and VDS voltages are measured by voltmeters. The
drain current (ID) can be measured by milli-ammeter.

Fig. 1.18 Circuit diagram of an n-channel JFET to obtain characteristics

1.5.1 Drain Characteristics

To get the drain characteristics, initially we maintain VGS = 0 V and increase the
drain-to-source voltage (VDS) in small steps and measure the drain current in each
step of VDS. Then we plot the characteristics curve with drain-to-source voltage
(VDS) along the horizontal axis and drain current (ID) along the vertical axis. This
characteristics curve is subdivided into three regions such as

• Linear region
• Saturation (Pinch-off) region
• Breakdown region

Linear region In this region, the drain current (ID) increases linearly when the
drain to source voltage (VDS) increases linearly and it flows Ohm’s law. The re-
gion OA is linear region as depicted in Fig. 1.19. In this region, the n-type semi-
conductor channel acts as a resistance.

Saturation (Pinch-off) region The region BC is called saturation region as
depicted in Fig. 1.19. Since the drain current (ID) remains constant at its maximum
value (IDSS), this region is also known as constant current region. The drain cur-
rent in saturation or pinch-off region depends on VGS, VP and IDSS and it can be
expressed by

ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

where IDSS drain saturation current, VGS is gate-to-source voltage and VP is the
pinch of voltage.

The above equation is known as Shockly’s equation. Usually, JFET is used as
an amplifier when this device operates in pinch-off region.
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Fig. 1.19 Drain characteristics of a FET with VGS = 0

Figure 1.20 shows the schematic diagram of a FET when gate-to-source voltage
is –VGS and drain-to-source voltage is VDD. Assume that the p+ region is doped
with NA acceptors per cubic meter and the n-region is doped with ND donors per
cubic meter and p+n junction is abrupt. Since NA >> ND, Wn >> Wp. The space
charge width is Wn(x) = Wd (x) and the width of the channel at distance x from
source terminal can be expressed by

Wd(x) = a – b (x) = 

1

22
{ ( )}o

D

V V x
qN

eÈ ˘
-Í ˙

Î ˚
where e is the dielectric constant of channel material

q is the magnitude of charge of electron
Vo is the junction contact potential at distance x
V(x) is the applied potential across space charge region at a distance x

At pinch-off condition, b (x) is zero and Wd (x) = a and V >> Vo. Assume V(x)

= VP and then pinch-off voltage is equal to |VP | = 
2

DqN

e
a2 as a = 

1

22
P

D

V
qN

eÈ ˘
-Í ˙

Î ˚
When Vo – V(x) is represented by VGS, we can write

a – b(x) = 

1

22
GS

D

V
qN

eÈ ˘
Í ˙
Î ˚
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or, VGS =
2

DqN

e
 {a – b(x)}2

=
2

2 ( )
1

2
DqN b x

a
ae

Ï ¸-Ì ˝
Ó ˛

=
2

( )
1

b x

a

Ï ¸-Ì ˝
Ó ˛

VP as |VP | = 
2

DqN

e
a2

Therefore, GS

P

V

V
=

2
( )

1
b x

a

Ï ¸-Ì ˝
Ó ˛

From the above equation, we get b (x) = a

1

2
1 GS

P

V

V

È ˘
Ê ˆÍ ˙- Á ˜Í ˙Ë ¯Í ˙Î ˚

Fig. 1.20 The schematic diagram of a FET with –VGS and VDD

Breakdown region When drain to source voltage is increased above VBR, the
drain current increases very rapidly. Consequently, the breakdown of gate-to-
source junction occurs due to avalanche effect. The drain to source voltage (VBR)
is called breakdown voltage. The breakdown region is represented by CD as
depicted in Fig. 1.19.

When the gate-to-source voltage is reduced from zero, the value of pinch-off
voltage (VP) is smaller than the pinch-off voltage at VGS = 0. The drain character-
istics for different values of VGS (VGS = –1V, VGS = –2V, VGS = –3V and V = –4V)
are shown in Fig. 1.21.
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Fig. 1.21 Drain characteristics of an n-channel JFET with different values of VGS

Similarly, the circuit diagram of a p-channel JFET is shown in Fig. 1.22 which is
used to determine the characteristics of p-channel JFET. The drain characteristics
of p-channel JFET with different values of VGS are illustrated in Fig. 1.23.

Fig. 1.22 Circuit diagram of p-channel JFET to obtain characteristics

1.5.2 Transfer Characteristics

This is the relationship between drain current (ID) and gate-to-source voltage
(VGS) for constant value of drain to source voltage (VDS). In Fig. 1.18, initially
maintain the drain-to-source voltage at specified value and then increase the gate-
to-source voltage in small steps and measure the corresponding drain current at
each step. After that, we can plot the curve between gate-to-source voltage (VGS)
and drain current (ID). This curve is known as the transfer characteristics of FET
as shown in Fig. 1.24 where IDSS is the maximum drain current.
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The nature of this curve is parabola and it can be expressed by

iD = iDSS

2

( )

1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯
 = iDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

(1.2)

Fig. 1.23 Drain characteristics of an p-channel JFET with different values of VGS

Where, iD is drain current, iDSS is saturation drain current when VGS = 0 and
VGS (off ) = VP is the pinch-off voltage.

After differentiating Eq. (1.2) with respect to VGS, we get

D

GS

i

V

∂
∂

= iDSS ¥ 2
1

1 GS

P P

V

V V

Ê ˆ Ê ˆ
- -Á ˜ Á ˜Ë ¯ Ë ¯

Since gm = D

GS

i

V

∂
∂

 when VDS held constant, we find

gm =
2

1DSS GS

P P

i V

V V

Ê ˆ
- -Á ˜Ë ¯

(1.3)

Form Eq. (1.2), we obtain 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 = 

1

2
D

DSS

i

i

Ê ˆ
Á ˜Ë ¯

. After substituting the value

of 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 in Eq. (1.3), we obtain gm = 
2 D DSS

P

i i

V

If VGS = 0, gm = gm0 = 
2 DSS

P

i

V
-



Basic Electrical and Electronics Engineering–IIII.1.18

Then Eq. (1.3) can be written as

gm = gm0 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

The slope of the transfer characteristics at drain current iDSS is

gm =
2 D DSS

P

i i

V

or, D

GS

i

V

∂
∂

=
2 D DSS

P

i i

V
-

If ID = IDSS, D

GS

i

V

∂
∂

 = 
2 DSS

P

i

V
-  = 

/2
DSS

P

i

V-

When a tangent is drawn at iD = iDSS and VGS = 0, the characteristics curve can
intercept at –VP /2 on the x-axis i.e., VGS. Then the value of VP can be determined
from Fig. 1.24. The gate to source cut-off voltage VGS (off ) is also equal to pinch-
off voltage VP. Hence, VP = VGS (off ). Then, the Eq. (1.2) can be written as

ID = IDSS

2

( )

1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯

Fig. 1.24 Transfer characteristics of n-channel JFET

1.6 CHARACTERISTIC PARAMETER OF JFET

The drain current iD of JFET is a function of the gate to source voltage VGS and
the drain to source voltage VDS and it can be expressed by

iD = f (VGS , VDS) (1.4)
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When any one of VGS and VDS is fixed, the relationship between other two
variables can be used to determine the following three parameters:

• Transconductance (gm)
• Drain resistance (rd)
• Amplification factor (m)
When gate-to-source voltage VGS and drain to source voltage VDS are varied,

the change of drain current can be represented by the Eq. (1.5) which is the
representation of Eq. (1.4) by Taylor’s series expansion.

DiD =

DS

D

GS V

i

V

∂
∂

DVGS + 

GS

D

DS V

i

V

∂
∂

DVDS (1.5)

Transconductance (gm) This is the slope of the transfer characteristics curves
and it is represented by gm. It can be expressed by

gm =

DS

D

GS V

i

V

∂
∂

 = D

GS

i

V

D
D

when VDS is constant.

From the above equation, gm is defined as it is the ratio of a small change in drain
current DiD to the corresponding small change in the gate to source voltage DVGS

when drain voltage VDS is constant. gm is also known as mutual conductance.
The unit of transconductance is mho.

Drain resistance (rd) The reciprocal of the slope of the drain characteristics is
called drain resistance and it is defined by

rd =

GS

DS

D V

V

i

∂
∂

 = DS

D

V

i

D
D

where VGS is constant.

Therefore, rd is the ratio of a small change in the drain voltage DVDS to the
corresponding small change in the drain current DiD while gate voltage VGS held
constant. The unit of rd is ohms.

Amplification factor (m) The amplification of JFET is defined by

m = –

GS

DS

GS V

V

V

∂
∂

 = – DS

GS

V

V

D
D

when iD is constant.

Actually m is the ratio of a small change in the drain voltage DVDS to the small
change in the gate voltage DVGS when drain current held at constant. The nega-
tive sign represents that when VGS is increased, VDS will be decreased at constant
drain current.
Dividing both sides of Eq. (1.5) by DVGS, we get

D

GS

i

V

D
D

=

DS GS

D D DS

GS DS GSV V

i i V

V V V

∂ ∂ D
+

∂ ∂ D

Since iD is constant, D

GS

i

V

D
D

 = 0
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Then 0 = 

DS GS

D D DS

GS DS GSV V

i i V

V V V

∂ ∂ D
+

∂ ∂ D

After substituting the value of the partial differential coefficients, we obtain

0 = 
1

dr

Ê ˆ
Á ˜Ë ¯

 (–m) + gm where gm =

DS

D

GS V

i

V

∂
∂

, rd = 

GS

DS

D V

V

i

∂
∂

, and m = – DS

GS

V

V

D
D

or, m = rd gm

Therefore, the amplification factor m is the product of drain resistance (rd) and
transconductance (gm).

1.7 SMALL SIGNAL MODEL OF FET

The small signal model of FET is used to represent the small changes in FET
current and voltages about the quiescent operating point. This model is different
at low frequency and high frequency. This model is equally valid for JFET and
MOSFET. In this section, low frequency model and high frequency model of FET
is explained.

1.7.1 Low Frequency Model of FET

The Eq. (1.5) can be represented by

id = gmvgs + rd vds where DiD = id, DVGS = vgs and DVDS = vds

The above equation is represented by Fig. 1.25 which is the small signal low
frequency model of FET. In this model, the gate-to-source junction is represented
by an open circuit. Since the input resistance between gate and source is very
high; about 108 to 1010 W, no current is drawn from the input terminal of FET. This
model has a voltage controlled current source. Amplitude of current is propor-
tional to the gate-to-source voltage as it is represented by gmvgs. The proportion-
ality factor is called transconductance gm. Usually, transconductance gm is
measured in milli-amperes per volt (mA/V) or milli siemens (mS). The typical value
of gm is about 0.1 mA/V to 10 mA/V for JFET and 0.1 mA/V to 20 mA/V for
MOSFET. The output resistance is equal to drain resistance and it is represented
by rd. The typical value of rd is about 100 kW to 1 MW for JFET and 1 kW to 50 kW
for MOSFET.

Fig. 1.25 Small signal low frequency model of FET
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The Fig. 1.25 can be represented by the equivalent circuit as depicted in Fig. 1.26.
The equivalent circuit consists of a voltage controlled voltage source in series
with the drain resistance. The magnitude of voltage controlled voltage source is

gmrdvgs = m ◊vgs where m = gmrd = amplification factor

Fig. 1.26 Alternative small signal low frequency model of FET

1.7.2 High Frequency Model of FET

Figure 1.27 shows the small signal high frequency model of FET. This model is
identical with Fig. 1.25 except that the capacitances between each pair of terminals
are incorporated. The capacitor Cgs represents the barrier capacitance between
gate and source and its typical value is about 1 pF to 10 pF for both JFET and
MOSFET. The capacitor Cgd represents the barrier capacitance between gate and
drain and its typical value is also about 1 pF to 10 pF for both JFET and MOSFET.
The Cds represents the internal capacitance between drain and source and its
typical value is about 0.1 pF to 1 pF for both JFET and MOSFET. The range of
parameter values of a FET is given in Table 1.1.

Fig. 1.27 Small signal high frequency model of FET

Table 1.1 Range of parameter values of a FET

Parameter Jeet Mosfet

gm 0.1 mA/V to 10 mA/V 0.1 mA/V to 20 mA/V

rd 100 kW to 1 MW 1 kW to 50 kW

Cgs 1 pF to 10 pF 1 pF to 10 pF

Cgd 1 pF to 10 pF 1 pF to 10 pF

Cds 0.1 pF to 1 pF 0.1 pF to 1 pF

rgs > 108 W > 1010 W

rg d > 108 W > 1014 W
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1.8 COMPARISON BETWEEN FET AND BJT

The comparison between field effect transistor (FET) and bipolar junction transis-
tor (BJT) is given in Table 1.2.

Table 1.2 Comparison between FET and BJT

Field Effect Transistor (FET) Bipolar Junction Transistor (BJT)

FET is unipolar device as current flows BJT is bipolar device as current flows
through the device due to either electrons through the device due to both electro-
or holes. ns and holes.

FET is a majority device. BJT is a minority device.

FET is voltage controlled device. BJT is current controlled device.

Input resistance of FET is very high and Input resistance of BJT is very low
its value is about Mega-ohms. compared to FET and its value is

about few kilo-ohms.

This device has negative temperature co- This device has positive temperature
efficient. Therefore, the current decreases coefficient. Therefore, the current
with increasing temperature. This charac- increases with increasing temperature.
teristic prevents FET from thermal break- This characteristic leads BJT to
down. thermal breakdown.

Since minority carrier storage effects do Since minority carrier storage effects
not exist in FET, this device operates at exist in BJT, this device operates at
high switching speed and cut-off frequency. low switching speed and cut-off

frequency.

As FET is less noisy compared to BJT, BJT is more noisy compared to FET.
this device is also suitable for amplifier at
low level signals.

FET requires less space to fabricate integ- BJT requires more space to fabricate
rated circuit (IC). It is comparative simpler integrated circuit(IC). It is comparative
to fabricate IC using FET. difficult to fabricate IC using FET.

1.9 COMPARISON BETWEEN n-CHANNEL FET AND
p-CHANNEL FET

The comparison between n-channel JFET and p-channel JFET are given in Table 1.3.

Table 1.3 Comparison between n-channel JFET and p-channel JFET

n-channel JFET p-channel JFET

In an n-channel JFET, the current carriers In a p-channel JFET, the current carr-
are electrons. iers are holes.

Mobility of electrons is large in n-channel Mobility of holes is poor in p-channel
JFET. JFET.

The input noise is less in an n-channel The input noise is more in a p-channel
JFET. JFET.

The transconductance is larger in n-channel The transconductance is smaller in p-
JFET than that of p-channel JFET. channel JFET than that of n-channel

JFET.
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1.10 APPLICATIONS OF JFET

The applications of field effect transistors (FET) are given below:
(i) As FET is a voltage controlled device, it can be used as a voltage variable

resistance in operational amplifier circuits.
(ii) Since the coupling capacitor is small, FET can be used in low frequency

amplifiers.
(iii) FET can be used a buffer in different measuring instruments as this device

has high input impedance and low output impedance.
(iv) As the input capacitance is low, FET can be used in cascade amplifiers in

different instruments.
(v) Frequency drift of FET is low and this device can be used in oscillator

circuits.
(vi) FETs are used in mixer circuits in FM and TV receiver.

(vii) FETs can be used in different communication equipments for low noise
level.

(viii) FET can used to manufacture integrated circuits (ICs), and memory circuits.

1.1 If a reverse gate voltage of 10 V is applied and the gate current is 10 nA, find the
resistance between gate and source.

Solution

Given VGS = 10 V, and IG = 10 nA

The gate to source resistance is equal to GS

G

V

I
 = 

9

10

10 10-¥
 = 1000 MW.

1.2 In an n-channel JFET, a = 3.5 ¥ 10– 4 cm and ND = 1021 electrons/cm3, determine

(a) the pinch-off voltage and (b) the channel width at VGS = 
2
PV

and ID = 0. Assume

e = 10eo.

Solution

Given a = 3.5 ¥ 10–4 cm, ND = 1021 electrons/cm3

(a) The pinch-off voltage is |VP| = 2

2

DqN
a

e
 = 

19 21 6 2

9 1

1.6 10 10 (3.5 10 )

2 10 (36 10 )p

- -

-
¥ ¥ ¥ ¥

¥ ¥ ¥ ¥
V

= 11.08 V

(b) We know that b(x) = a

1

2
1 GS

P

V

V

È ˘
Ê ˆÍ ˙

-Í ˙Á ˜Ë ¯Í ˙
Î ˚

 = 3.5 ¥ 10– 4

1

21
1

2

È ˘
Ê ˆÍ ˙- Á ˜Í ˙Ë ¯Í ˙Î ˚

 cm

= 1.025 ¥ 10–4 cm.

1.3 Assume that the reverse gate voltage of JFET changes from 5.0 V to 4.9 V and the
drain current changes from 1.2 mA to 1.5 mA. What is the value of transconductance?

Solution

Given DVGS = 5 – 4.9 = 0.1 V, and DID = 1.5 – 1.2 = 0.3 mA
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The value of transconductance is equal to gm = D

GS

I

V

D
D

 = 
30.3 10

0.1

-¥
 = 3 m.mho.

1.4 The drain current of a JFET is about 5 mA. When IDSS is equal to 10 mA, VGS (off )

= VP = –5 V, determine the value of VGS.

Solution

Given ID = 5 mA, IDSS = 10 mA, and VGS (off ) = VP = –5 V

We know that ID = IDSS

2

( )
1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯

or, 5 ¥ 10–3 = 10 ¥ 10–3
2

1
5
GSVÊ ˆ+Á ˜Ë ¯

or,
2

1
5
GSVÊ ˆ+Á ˜Ë ¯

=
5

10
 = 0.5 or 1

5

GSV
+  = 0.707

or, VGS = –1.464 V

The value of transconductance is equal to gm = D

GS

I

V

D
D

 = 
30.3 10

0.1

-¥
 = 3 m.mho.

1.5 In an n-channel JFET, IDS is 6 mA and VP = –6 V. Find the minimum value of VDS

for pinch-off operation. Determine the value of drain current at VGS = –3 V.

Solution

Given IDSS = 6 mA, and VP = –6 V
The minimum value of VDS for pinch-off operation is

VDS (minimum) = VGS – VP = –3 – (–6) = 3 V

We know that ID = IDSS

2

( )
1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯

= 6 ¥ 10–3

2
( 3)

1
( 6)

Ê ˆ-
-Á ˜-Ë ¯

 = 1.5 mA.

1.6 In an n-channel FET has the following parameters,

IDSS = 12 mA, VP = –8 V and gmo = 4000 ms

Determine the drain current and transconductance at VGS = –5 V

Solution

Given IDSS = 12 mA, VP = –8 V, gmo = 4000 ms and VGS = –5 V

The drain current is equal to ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 = 12 ¥ 10–3

2
( 5)

1
( 8)

Ê ˆ-
-Á ˜-Ë ¯

 = 1.68 mA
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The transconductance is gm = gmo 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 = 4000 
( 5)

1
( 8)

Ê ˆ-
-Á ˜-Ë ¯

ms = 1500 ms.

1.11 METAL OXIDE SEMICONDUCTOR (MOS) FIELD
EFFECT TRANSISTOR OR MOSFET

The Metal Oxide Semiconductor (MOS) Field Effect Transistor or MOSFET was
introduced in 1970s. The MOSFET has many advantages such as

• It requires very small area on an integrated circuit (IC)
• Digital circuits can be designed using MOSFET only
• High-density VLSI circuits such as microprocessors, microcontrollers and

memory ICs can be manufactured using MOSFET
• MOSFET can be used in analog circuits as switching device and amplifier

In MOSFET, field effect principle is used for proper operation of this device. In
this device, the current is controlled by an applied electric field perpendicular to
both the semiconductor surface and to the current direction. The operating prin-
ciple of MOSFET can be explained by the basic MOS capacitor as depicted in
Fig. 1.28.

Fig. 1.28 Structure of basic MOS capacitor

1.12 MOS CAPACITOR

The structure of basic MOS capacitor is shown in Fig. 1.28. Usually aluminum (Al)
metal is used in MOSFET. Silicon dioxide SiO2 is used in oxide layer and toxide is
the thickness of the oxide and eoxide is the oxide permittivity. The operation of the
MOS structure can be explained with the help of a simple parallel plate capacitor.
Figure 1.29 shows a parallel plate capacitor where the top plate is connected with
negative terminal of a voltage source with respect to bottom plate. Insulating
materials are placed with in two plates to separate two plates. Then a negative
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charge exists on the top plate and a positive charge exists on the bottom plate.
Consequently, an electric field is developed between two plates as depicted in
Fig. 1.29.

Fig. 1.29 A parallel-plate capacitor showing the electric field and charges

Figure 1.30 shows a MOS capacitor with a p-type substrate. The top metal is
connected to the negative terminal of supply voltage with respect to substrate
and it is called gate. Since a negative charge exists on the top metal plate, an
electric field will be induced as shown in Fig. 1.30. When the induced electric field
penetrates the semiconductor, the holes in the p-type semiconductor get a force
towards the oxide semiconductor interface. Therefore, positively charged holes
will be accumulated at the oxide-semiconductor interface corresponding to the
positive charge on the bottom plate of MOS capacitor as shown in Fig. 1.31.

Fig. 1.30 MOS capacitor with negative voltage at gate, showing the electric
field and holes flow

Fig. 1.31 MOS capacitor with an accumulation layer of holes
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If the polarity of the applied voltage of a MOS capacitor is reversed, a positive
charge exists on the top metal plate and induced electric field will be in opposite
direction as depicted in Fig. 1.32(a). As the electric field penetrates the semicon-
ductor, hole in the p-type material get a force away from the oxide-semiconductor
interface. Since the holes are pushed away from the interface, a negative charge is
induced in the p-type substrate as shown in Fig. 1.32(b). If a large positive volt-
age is applied to the gate, the induced electric field increases. As minority carrier
electrons are attracted to the oxide-semiconductor interface, a region of minority
carrier electrons accumulated near oxide-semiconductor interface and this region
is called an electron inversion layer as depicted in Fig. 1.32(b).

Fig. 1.32 (a) A MOS capacitor with p-type substrate showing electric field and
holes flow for positive gate bias (b) MOS capacitor with an induced
negative space charge region and electron inversion layer due to posi-
tive gate bias

Figure 1.33 shows the charge distribution in a MOS capacitor with an n-type
substrate. A positive voltage is applied to the top gate terminal, and then an
accumulation layer of electrons is induced in the n-type substrate.

Fig. 1.33 A MOS capacitor with n-type substrate showing electric field and an
electron accumulation layer for positive gate bias

Figure 1.34(a) shows the MOS capacitor with an induced space-charge region
due to a moderate negative gate bias. Since a negative voltage is applied to the
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gate terminal, a positive space charge region is induced in the n-type substrate
due to induced electric field. If a large negative voltage is applied, a region of
positive charges (holes) accumulated near oxide-semiconductor interface and this
region is called an hole inversion layer as depicted in Fig. 1.34(b). The magnitude
of positive charges in the inversion layer is increased with increasing applied gate
voltage.

Fig. 1.34 (a) A MOS capacitor with an induced space charge region (b) A MOS
capacitor with induced space charge region and hole inversion layer
for large negative gate bias

The term enhancement mode states that a voltage applied to MOS capacitor
and correspondingly an inversion layer is induced. When the MOS capacitor has
p-type substrate, a positive gate voltage is applied to create the electron inver-
sion layer as shown in Fig. 1.32(a). If the MOS capacitor has n-type substrate, a
negative gate voltage is applied to create the hole inversion layer as depicted in
Fig. 1.34(b).

1.13 n-CHANNEL ENHANCEMENT MOSFET

There are two types of MOSFET such as depletion-type MOSFET and
enhancement-type MOSFET. Again, each type of MOSFET is classified as n-
channel and p-channel MOSFET. In this section, the structure and operation of
depletion-type MOSFET and enhancement-type MOSFET are discussed in detail.

Figure 1.35 shows the simplified structure of an n-channel enhancement-type
MOSFET which consists of a lightly doped p-type substrate and two n+ regions.
Actually, two highly doped n+ regions are diffused within the p-type substrate.
These n+ type regions are separated by about 1 m m to 20 m m and act as source
(S) and drain (D) terminal, respectively. A thin layer of silicon dioxide, SiO2 is
placed over the surface of the structure. Then holes are cut into the SiO2 layer
and metal contacts are inserted into holes to make the source and drain terminals
as shown in Fig. 1.35. The metal contact over the channel region is used as gate
terminal. The gate, oxide and p-type substrate behave as a MOS capacitor. In Fig.
1.35, L is the channel length and its typical value is about 1 mm to 20 mm. The
thickness of oxide toxide is in the order of 400 angstroms. Figure 1.36 shows the
detail cross section of an n-channel MOSFET showing field oxide and gate oxide.



Field Effect Transistors II.1.29

Fig. 1.35 Schematic diagram of an n-channel enhancement type MOSFET

Fig. 1.36 An n-channel MOSFET showing field oxide and gate oxide

1.13.1 Operation of N-Channel Enhancement MOSFET

When zero biasing is applied to the gate, the source and drain terminals are
separated by the p-type region as depicted in Fig. 1.37(a). Figure 1.37(a) is equiva-
lent to two back to back pn+ junction diodes as shown in Fig. 1.37(b). Therefore,
the current flow through the device is zero. When the large positive gate voltage
is applied between gate to source, an electron inversion layer will be developed at
the oxide semiconductor interface and this electron inversion layer can be used
interconnect the n+ source and n+ drain as shown in Fig. 1.38. As a result, current
can flows between sources and drain terminals. With the increase of gate voltage,
the width of electron inversion layer increases and more current flows between
sources and drain. Consequently, this transistor is called enhancement-type
MOSFET. Since the carriers in the inversion layer are electrons, this transistor is
known as n-channel MOSFET or NMOS.
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Fig. 1.37 (a) An n-channel MOSFET with zero voltage gate biased (VGS = 0)
(b) equivalent circuit of Fig. 1.37(a)

Fig. 1.38 An n-channel MOSFET with positive gate biased with electron inversion
layer and induced negative space charge region

1.13.2 Drain Characteristics of n-Channel Enhancement
MOSFET

The threshold voltage of an n-channel MOSFET is represented by VTN. When the
threshold voltage VTN is applied to gate, an inversion layer of negative charges is
created. The density of charge is equal to the concentration of majority carriers in
the semiconductor substrate. Therefore, the threshold voltage is the gate voltage
which is required to turn on the MOSFET.

In an n-channel enhancement type MOSFET, threshold voltage is positive as a
positive gate voltage is required to generate the inversion layer. When the gate
voltage is less than the threshold voltage, current in the device is about zero. If
the gate voltage is greater than the threshold voltage, current flow from drain to
source as the drain-to-source voltage is applied.
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When the p-type substrate of the n-channel MOSFET is grounded, gate volt-
age is above VTN and a small drain-to-source VDS voltage is applied. Figure 1.39(a)
shows the simplified representation of MOSFET. It is clear from Fig. 1.39(a) that
the thickness of the inversion channel layer is constant along the entire channel
length. Figure 1.39(b) shows the plot of drain current iD with respect to VDS.

Fig. 1.39 (a) An n-channel MOSFET with channel inversion charge when
VGS > VTN and small VDS (b) Drain current iD vs VDS for VGS > VTN

When drain voltage increases, the voltage drop across the oxide near the drain
terminals decreases. Consequently, the induced inversion charge density near the
drain decreases. Then conductance of the channel at the drain decreases. Figure
1.40(a) shows the channel inversion charge when drain voltage increases and the
iD vs VDS curve is depicted in Fig. 1.40(b).

Fig. 1.40 (a) An n-channel MOSFET with channel inversion charge when
VGS > VTN and large value of VDS (b) Drain current iD vs VDS for VGS >
VTN and large value of VDS

Due to increase of VDS, the potential difference VGS – VDS across the oxide is
equal to VTN at drain terminal. Then induced inversion charge density at the drain
terminal is about zero as shown in Fig. 1.41(a). In this condition, the channel
conductance at the drain terminal is zero and the slope of iD vs VDS curve becomes
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zero. The drain current iD vs VDS is depicted in Fig. 1.41(b) when VGS > VTN and
VDS = VDS (saturation). The relationship between VGS, VDS (saturation) and VTN is

VGS – VDS (saturation) = VTN

Therefore, VDS (saturation) = VGS – VTN

Fig. 1.41 (a) An n-channel MOSFET with channel inversion charge when VGS >
VTN and VDS = VDS(saturation) (b) Drain current iD vs VDS for VGS > VTN

and VDS = VDS(saturation)

If VDS is greater than VDS (saturation), the point at which the inversion charge is
about zero moves towards the source terminal. In this condition, electrons enter
from source, move through the channel toward the drain terminal as depicted in
Fig. 1.42(a). Then at the point where the inversion charge becomes zero, electrons
are injected into the space charge region and they are swept by the electric field
to the drain. As a result the drain current is constant for VDS > VDS (saturation). The
iD vs VDS characteristic is shown in Fig. 1.42(b).

Fig. 1.42 (a) An n-channel MOSFET with channel inversion charge when VGS >
VTN and VDS > VDS(saturation) (b) Drain current iD vs VDS for VGS > VTN

and VDS > VDS(saturation)
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The cross section of an n-channel enhancement type MOSFET when biasing
with VGS and VDS is shown in Fig. 1.43. When the p-type substrate of the n-
channel MOSFET is grounded and a positive voltage is applied across gate to
source, an electric field will be generated perpendicularly through silicon dioxide.
This field induced negative charges in the p-type substrate. These negative charges

are minority carriers in the p-type substrate and develop an inversion layer. With
the increase of gate to source voltage, the induced positive charges in the n-type
substrate increases. Due to induced channel, the conductivity of semiconductor
increases and current flows from source to drain through the induced channel.

Fig. 1.43 Cross section of n-channel enhancement type MOSFET when biasing
with VGS and VDS

With increasing gate-to-source voltage VGS, the drain current ID increases gradu-
ally. If gate-to-source voltage is less than threshold voltage, there is no drain
current. If VGS is very small, the drain current ID will be in few nano-amperes. With
increasing gate voltage VGS, the drain current ID increases gradually. When the
value of VGS is grater than threshold voltage, drain current ID increases rapidly.
Figure 1.44 shows the plot of iD vs VDS for small value of VDS at different VGS. It
is clear from Fig. 1.44 the slope of iD vs VDS increases with increasing VGS. Since
VDS (saturation) is a function of VGS, we can get a family of curves for an n-channel

enhancement type MOSFET as shown in Fig. 1.45. The drain characteristics of an
n-channel enhancement type MOSFET is divided into non-saturation and satura-
tion regions as depicted in Fig. 1.45.
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Fig. 1.44 Plot of iD vs VDS increase with increasing VGS

Fig. 1.45 Drain characteristics of n-channel enhancement type MOSFET

In Fig. 1.45, the region for which VDS < VDS (saturation) is called non-saturation
region. The drain current –voltage characteristics in this region can be expressed
as

iD = KN [2VGS – VTN] VDS – V 2
DS where, KN is constant
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In the saturation region, the drain to source voltage is grater than VDS (saturation)

(VDS > VDS (saturation)), the drain current –voltage characteristics can be expressed
by

iD = KN [VGS – VTN]2

1.13.3 Transfer Characteristics of n-Channel Enhancement
MOSFET

Figure 1.46 shows the transfer characteristics of n-channel enhancement type
MOSFET. It is depicted in Fig. 1.46 that there is no drain current if gate to source
voltage VGS = 0. When VGS is increased about the threshold voltage VGS (th), the
drain current increases very rapidly. The transfer characteristics curve follows the
equation:

iD = KN [VGS – VGS (th)]
2 = KN [VGS – VTN]2 where, KN is constant

Fig. 1.46 Transfer characteristics of n-channel enhancement type MOSFET

1.14 p-CHANNEL ENHANCEMENT MOSFET

Figure 1.47 shows the simplified structure of a p-channel enhancement-type
MOSFET which consists of a lightly doped n-type substrate and two p+ regions.
In reality, two highly doped p+ regions are diffused with in the n-type substrate.
These p+ type regions are separated by about 1 m m to 20 mm and work as source
(S) and drain (D) terminals, respectively. The metal contact over the channel re-
gion is used as gate terminal. The gate, oxide and n-type substrate behave as a
MOS capacitor. In Fig. 1.48, L is the channel length and its typical value is about
1 m m to 20 mm. The thickness of oxide toxide is in the order of 400 angstroms.
Figure 1.48 shows the detail cross section of a p-channel MOSFET showing oxide
and biasing arrangement.
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Fig. 1.47 p-channel enhancement-type MOSFET

Fig. 1.48 Cross section of p-channel enhancement type MOSFET

1.14.1 Operation of p-Channel Enhancement MOSFET

The operation of the p-channel enhancement type MOSFET is same as n-channel
enhancement type MOSFET, but hole is used as the charge carrier in place of
electrons. A negative gate bias can able to induce an inversion layer of positive
charges (holes) in the channel. The threshold voltage of p-channel enhancement
type MOSFET is represented by VTP. When the gate voltage is equal to the

threshold voltage, an inversion layer is induced in the channel. Since the inver-
sion layer is induced, the p+ type source region is used as source of the charge
carrier and holes flow from source to drain. If a negative drain voltage is applied,
an electric field is developed in the channel which forcing the holes to move holes
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from source to drain. The p-channel enhancement type MOSFET is known as
PMOS transistor. The direction of drain current and voltage polarity of PMOS are
reverse of NMOS.

The drain characteristics of p-channel enhancement type MOSFET are same as
those shown in Fig. 1.45, but the drain current direction is out of drain and VDS

must be replaced by VSD. At saturation point, VSD(saturation) = VSG + VTP. In the
non-saturation region, the drain current can be expressed as

iD = K [2VSG + VTP] VSD – VSD
2

In the saturation region, the drain current–voltage characteristics can be
expressed by

iD = K [VSG + VTP]2

The drain characteristics and transfer characteristics of a p-channel
enhancement MOSFET are given in Fig. 1.49(a) and (b), respectively.

Fig. 1.49 (a) Drain characteristics and (b) Transfer characteristics of p-channel
enhancement MOSFET

1.15 n-CHANNEL DEPLETION TYPE MOSFET

Figure 1.50 shows an n-channel depletion type MOSFET. If zero voltage is applied
to the gate (VGS = 0), an n-channel region or an inversion layer present under the
oxide as shown in Fig. 1.50. As the thin n-channel interconnects the n+ type
source and n+ type drain, a drain-to-source current (ID) flows even though the
gate voltage is equal to zero. The term depletion means that the channel exists
even at zero gate voltage. When a negative gate voltage is applied to the n-
channel depletion type MOSFET, the device will be turned off.
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Fig. 1.50 Cross section of an n-channel depletion MOSFET with VGS = 0

Figure 1.51 shows an n-channel depletion type MOSFET with negative gate
voltage (VGS < 0). Due to negative gate voltage, a space charge region is induced
under the oxide. Hence, the thickness of n-channel region will be reduced. As the

Fig. 1.51 Cross section of an n-channel depletion MOSFET with VTN < VGS < 0

Fig. 1.52 Cross section of an n-channel depletion MOSFET with VGS = VTN
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channel thickness is reduced, the channel conductance is also reduced and in
turn drain current reduces. When the gate voltage is equal to the threshold volt-
age (VTN), the induced space charge or depletion region extends completely through
the n-channel region and drain current becomes zero as depicted in Fig. 1.52.

When a positive gate voltage is applied between gate to source (VGS > 0), this
positive gate voltage generates an electron accumulation layer as shown in
Fig. 1.53. Due to accumulation of electrons in the n-type channel, drain current
increases. The drain characteristics (iD vs VDS curves) of n-channel depletion
MOSFET is depicted in Fig. 1.54. When the gate voltage is greater than zero (VGS

> 0), n-channel depletion MOSFET operates in enhancement mode. If the gate
voltage is less than zero (VGS < 0), n-channel depletion MOSFET operates in
depletion mode.

Fig. 1.53 Cross section of an n-channel depletion MOSFET with VGS > 0

Fig. 1.54 Drain characteristics of n-channel depletion type MOSFET
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1.16 p-CHANNEL DEPLETION TYPE MOSFET

Figure 1.55 shows a p-channel depletion type MOSFET. When zero voltage is
applied to the gate, a p-channel or an inversion layer of holes exist under the
oxide. Since the p-channel interconnects the p+ type source and p+ type drain, a
drain to source current flows even though the gate voltage is equal to zero. The
depletion states that the channel exists even at zero gate voltage. If a positive
gate voltage is applied between gate to source of the p-channel depletion type
MOSFET, the device will be turned off.

Fig. 1.55 Cross section of a p-channel depletion MOSFET with VGS = 0

A p-channel depletion type MOSFET with positive gate voltage is shown in
Fig. 1.56. Due to positive gate voltage, a space charge region is induced under the
oxide. Consequently, the thickness of p-channel region will be reduced. Since the
channel thickness is reduced, the channel conductance is also reduced and in
turn drain current reduces. If positive gate voltage is equal to the threshold voltage
(VTP), the induced space charge region extends completely through the p-channel
region and drain current becomes zero.

Fig. 1.56 Cross section of a p-channel depletion MOSFET with VTP > VGS > 0
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When a negative gate voltage is applied between gate to source, this negative
gate voltage creates a hole accumulation layer as shown in Fig. 1.57. Due to
accumulation of holes in the p-type channel, drain current increases. The drain
characteristics (iD vs VDS curves) of p-channel depletion MOSFET is same as n-
channel depletion MOSFET as depicted in Fig. 1.54, but the drain current direction
is out of drain and VDS must be replaced by VSD. The cross section, drain or
output characteristics and transfer characteristics of enhancement and depletion
type MOSFETs are illustrated in Table 1.4.

Fig. 1.57 Cross section of a p-channel depletion MOSFET with VGS < 0

Table 1.4 Enhancement and depletion type MOSFETs

Type Cross section Drain or output Transfer characteristics

characteristics

n-channel
enhancement
type MOSTFET
(Normally OFF)

p-channel
enhancement
type MOSTFET
(Normally OFF)

n-channel
depletion type
MOSTFET
(Normally ON)

Contd.
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p-channel
enhancement
and depletion
type MOSTFET

(Normally ON)

1.17 CURRENT VOLTAGE RELATIONSHIP BETWEEN
n-CHANNEL MOSFET AND p-CHANNEL MOSFET

The current voltage relationship between n-channel MOSFET (NMOS) and
p-channel MOSFET is given in Table 1.5.

Table 1.5 Current-voltage relationship between NMOS and PMOS

NMOS PMOS

In non-saturation region, VDS < In non-saturation region, VSD < VSD(saturation)

VDS (saturation) and iD = Kn[2VGS – VTN ] and iD = Kp[2VSG + VTP] VSD – VSD
2 .

VDS – VDS
2 .

In saturation region, VDS > VDS(saturation) In saturation region, VSD > VSD (saturation)

and iD = Kn[VGS – VTN]2. and iD = Kp[VSG + VTP]2.

At transition point, VDS (saturation) = VGS At transition point, VSD(saturation) = VSG +
– VTN. VTP.

In enhancement mode of operation, In enhancement mode of operation, VTP < 0.
VTN > 0.

In depletion mode of operation, In depletion mode of operation, VTP > 0.

VTN < 0.

1.18 COMPARISON BETWEEN NMOS AND PMOS

The comparison between n-channel MOSFET (NMOS) and p-channel MOSFET
(PMOS) is given in Table 1.6.

Table 1.6 Comparison between NMOS and PMOS

PMOS NMOS

The p-channel enhancement type MOSFET The n-channel enhancement type MOS-
is very popular as it is comparatively much FET is less popular compared to
easier and cheaper to manufacture the p-channel enhancement type MOSFET.
n-channel MOSFET.

The holes mobility is about 2.5 times lower The n-channel MOSFET requires less
than the electron mobility. Hence, p-channel area than a p-channel MOSFET having
MOSFET requires larger area than an n-cha- same current rating.
nnel MOSFET having same current rating.

Contd.
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The p-channel MOSFET has the lower pac- The n-channel MOSFET has the higher
king density and used in low and medium packing density and used in high fre-
frequency switching applications. quency switching applications due to

smaller junction areas and lower
inherent capacitance.

The p-channel MOSFET is bigger in size The n-channel MOSFET is smaller in
for the same complexity than n-channel size for the same complexity than
device. p-channel device.

The drain resistance of a p-channel MOS- The drain resistance of an n-channel
FET is three times more than that of MOSFET is three times less than that
n-channel MOSFET having same current of p-channel MOSFET having same
rating. current rating.

1.19 CIRCUIT SYMBOLS OF JFET AND MOSFET

The circuit symbols of an n-channel JFET and a p-channel JFET is shown in Fig. 1.58(a)
and (b), respectively. Figure 1.59 shows the circuit symbols of n-channel MOSFET.
Fig. 1.59(a) and (b) can be either depletion- or enhancement-types MOSFET. In
Fig. 1.59(b), the substrate (G2) is internally connected to the source. For enhance-
ment-type MOSFET, G2 is internally connected to S as shown in Fig. 1.59(c). The
broken line indicates that there is no conducting channel between drain and source if
VGS = 0. Therefore, enhancement-type MOSFET is normally off MOSFET. For a
p-channel MOSFET, the direction of arrow is reversed as depicted in Fig. 1.60.

Fig. 1.58 (a) n-channel JFET (b) p-channel JFET

Fig. 1.59 (a) and (b) n-channel depletion or enhancement types MOSFET
(c) n-channel enhancement type MOSFET
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Fig. 1.60 (a) and (b) p-channel depletion or enhancement types MOSFET
(c) p-channel enhancement types MOSFET

1.20 COMPLEMENTARY MOSFET (CMOS)

To reduce the power dissipation to very small about 50 nW, the complementary
p-channel and n-channel enhancement MOSFET devices are manufactured with in
a same chip. Figure 1.61 shows a complementary MOS (CMOS) inverter. Transistor
T1 is a p-channel MOSFET and transistor T2 is an n-channel MOSFET. These two
devices are connected in series, their drain terminals are connected together and
gate terminals are also interconnected. The gate input voltage Vi varies from 0 V
to –VDDV. While Vi = –VDD (logic 1) transistor T1 is turned on and T2 is turned off,
the output voltage Vo is equal to 0 V (logic 0). When Vi = 0 (logic 0), the transistor
T2 is turned on and transistor T1 is turned off, then output voltage is
–VDD (logic 1).

Fig. 1.61 Complementary MOS inverter

The cross-section view of complementary MOSFET (CMOS) is depicted in
Fig. 1.62. In an n-type substrate, the p-type well is diffused. Then n-channel
MOSFET T2 is formed in this region and its three terminals are available.
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Subsequently, a p-channel MOS T1 is also formed into the n-type substrate and
its three terminals are available as depicted in Fig. 1.62.

Fig. 1.62 Cross section of complementary MOS inverter

1.21 BIASING THE FET

The biasing of FET is required to use FET as switching device and amplifiers in
any applications. To turn on the FET and operate it in any region (linear or
saturation), the biasing of FET is essential. When a FET is properly biased, a fixed
level of drain current flows through the FET from drain to source and there will be
a desired fixed voltage drop across the FET junctions. There are different types of
biasing arrangement of FET such as

• Gate Bias
• Self-bias
• Voltage divider bias
• Source bias

In this section, gate bias, self-bias, and voltage divider bias of FET are discussed
in detail.

1.21.1 Gate Bias

Figure 1.63(a) shows the gate bias of n-channel JFET. In this circuit, the gate
voltage (–VGG) is applied so that the gate source junction is properly reverse
biased. As there is no gate current, there will be no voltage drop across resistance
RG. The gate biasing can not able to provide a stable Q-point. The resistance RG

is used for ac operation. Figure 1.63(b) shows the gate bias of p-channel JFET
which is similar to Fig. 1.63(a) but the polarity of VGG and VDD are reversed.
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Fig. 1.63 Gate bias: (a) n-channel JFET (b) p-channel JFET

1.21.2 Self-bias

Figure 1.64(a) shows the self-bias of n-channel JFET. In this circuit, the drain
voltage (VDD) is applied and there is no gate voltage (VG = 0). The source terminal
is connected to the ground through resistance RS.

Fig. 1.64 Self-bias: (a) n-channel JFET (b) p-channel JFET

When the drain voltage (VDD) is applied, a drain current (ID) flows even though
gate current is not present. Since the drain current (ID) flows through RS, the
voltage drop across RS is VS = ID RS. This voltage drop reduces the gate to source
reverse voltage required for FET operation. The resistance RS is called a feed
resistance and its function is to prevent any variation in FET drain current.
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The source voltage is

VS = ID RS

The drain voltage is equal to

VD = VDD – ID RD

The drain to source voltage (VDS) is the difference between the drain voltage (VD)
and the source voltage (VS) and it can be expressed as

VDS = VD – VS = (VDD – ID RD) – ID RS

or, VDS = VDD – ID (RD + RS)

The gate to source voltage (VGS) is the difference between the gate voltage (VG)
and the source voltage (VS) and it can be expressed as

VGS = VG – VS = 0 – ID RS as VGS = 0
or, VGS = – ID RS

Then drain current is ID = GS

S

V

R
-  and the plot of drain current (ID) vs gate to

source voltage (VGS) is shown in Fig. 1.65.

Fig. 1.65 Self-bias line

Therefore, the gate-to-source voltage (VGS) is equal to the negative of the
voltage across the source resistance. Hence, if drain current increases, the voltage
drop across RS increases. This increased voltage drop increases the reverse gate
to source voltage and the effective channel width will be decreases. Then drain
current decreases. As a result, the reduced drain current decreases the gate-to-
source voltage and the effective channel width of FET increases to increase the
drain current.

The Q-point (quiescent operation point) of self-bias FET can be determined
using graphical method as shown in Fig. 1.66. It is clear from Fig. 1.66 that a self-
bias line intersects the transfer characteristic curve at mid-point. This point of
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intersection is known as Q-point. Then the co-ordinates of Q point can be deter-
mined graphically.

The drain current ID = GS

S

V

R
-  is used for self-bias line and the transfer charac-

teristic follows

ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

Fig. 1.66 Q-point

The Q-point can also be determined using dc load line. Figure 1.67(a) shows
the dc load line on the drain characteristics of a FET. The dc load line is a plot
between drain current (ID) and drain-to-source voltage (VDS).

The drain-to-source voltage is VDS = VDD – ID(RD + RS). The dc load line
intersects y-axis at point A and x-axis at point B. At point A, VDS = 0 and the

coordinate of point A is 0, DS

D S

V

R R

Ê ˆ
Á ˜+Ë ¯

. Similarly at point B, ID = 0 and the coordi-

nate of point B is (VDD, 0). Since the Q point is the mid point of the dc load line as
shown in Fig. 1.67(b).

The value of drain current at Q point is

IDQ = 
2 ( )

DD

D S

V

R R+
 and the drain to source voltage is VDQ = 

2
DDV

.
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Fig. 1.67 (a) Dc load line on drain characteristics (b) co-ordinate of Q-point

1.21.3 Voltage Divider Bias

Figure 1.68(a) shows the voltage divider bias circuit of FET and its Thevenin’s equivalent
circuit shown in Fig. 1.68(b). In Fig. 1.68(a), resistance R1 and R2 form a voltage divider.

Fig. 1.68 (a) Voltage divider bias of an n-channel JFET (b) Alternative represen-
tation of Fig. 1.68(a)

The gate voltage is equal to

VG = 
2

1 2

R

R R+
VDD and the resistance RG = 

1 2

1 2

R R

R R+
The gate-to-source voltage VGS = VG – ID RS

The drain-to-ground voltage VD = VDD – ID RD
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When the gate voltage is very large as compared to gate-to-source voltage, the drain
current is approximately constant. In actual practice, the voltage divider bias is less effec-
tive with JFET than BJT. In BJT, the base to emitter voltage VBE is about 0.7 with minor
variation from one transistor to another. In case of JFET, the VGS can vary several volts
from one JFET to another.

1.7 Determine the value of RS for a self-bias n-channel JFET, when IDSS = 50 mA,

VP = –12 V, and VGS = –5 V.

Solution

Given IDSS = 50 mA, VP = –12 V, and VGS = –5 V.

We know that ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

or, ID = 50 ¥ 10–3

2
( 5)

1
( 12)

Ê ˆ-
-Á ˜-Ë ¯

 = 17.013 mA

The value of RS is RS = GS

D

V

I
 = 

3

5

17.013 10-
-

¥
W = 293.89 W

1.8 Determine the value of drain-to-source voltage (VDS) and gate-to-source voltage (VGS)
for an n-channel JFET as shown in Fig. 1.69. Assume ID = 4 mA.

Fig. 1.69

Solution

Given ID = 4 mA, VDD = 15 V, RD = 1500 W, and RS = 500 W.

The source voltage across resistance RS is

VS = ID RS = 4 ¥ 10–3 ¥ 500 V = 2 V

The drain-to-ground voltage is

VD = VDD – ID RD = 15 – 4 ¥ 10–3 ¥ 1500 = 9 V
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The drain-to-source voltage is

VDS = VD – VS = 9 – 2 = 7 V

The gate-to-source voltage is

VGS = –VS = –2 V

1.9 Determine the operating point of a self-biased JFET, when IDSS = 10 mA,
VGS = –2 V, ID = 4.5 mA, VD = 6 V and VDD = 12 V. Compute the value of RD and RS at
this biasing condition.

Solution

Given IDSS = 10 mA, VGS = –2 V, ID = 4.5 mA, and VDD = 12 V.

At the Q point the drain current is

IDQ =
2

DSSI
 = 

10

2
 mA = 5 mA and

the value of drain-to-source voltage is

VDSQ =
2
DDV

 = 
12

2
V = 6 V

Then operating point is VDSQ = 6 V and IDQ = 5 mA

The drain-to-ground voltage is

VD = VDD – ID RD

Then, the value of RD resistance is

RD = DD D

D

V V

I

-
 = 

3

12 6

4.5 10-
-

¥
W = 1333.33 W

The source voltage across resistance RS is VS = –VGS = ID RS

Therefore, the value of RS resistance is

RS = S

D

V

I
 = 

3

2

4.5 10-¥
W = 444.44 W

1.10 A voltage divider biasing circuit of JFET is shown in Fig. 1.70. Determine the value

of drain current ID, gate to source voltage VGS, and drain to ground voltage VD when IDSS

= 5 mA, VP = –6 V, RD = 1000 W, RS = 1500 W, R1 = 500 kW, R2 = 1 MW and VDD = 15 V.

Fig. 1.70
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Solution

Given IDSS = 5 mA, VP = –5 V, RD = 1000 W, RS = 2000 W = 2 kW, R1 = 500 kW, R2 =
1 MW = 1000 kW and VDD = 15 V.

The gate voltage is equal to

VG = 2

1 2

R

R R+
VDD = 

1000 k

500 k 1000 k

W
W + W

¥ 15 V = 10 V

The gate-to-source voltage VGS = VG – IDRS

We know that ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

After substituting the value of VGS , we get

ID = IDSS

2

1 G D S

P

V I R

V

Ê ˆ-
-Á ˜Ë ¯

or, ID = 5

2
10 2

1
5
DI- ¥Ê ˆ-Á ˜Ë ¯-

or, ID = 5

2
5 10 2

5
DI- - + ¥Ê ˆ

Á ˜Ë ¯-

= 5
2

2

( 15 2 )

5

DI- +

=
2( 15 2 )

5
DI- +

or, 5ID = 225 + 4ID
2 – 60ID

or, 4ID
2 – 65ID + 225+ = 0

The ID is 5 mA or 11.25 mA

As ID = 11.25 mA > 5 mA = IDSS, the appropriate value of ID is 5 mA.

At the operating Q point, IDQ is 5 mA

Then the gate-to-source voltage is

VGS = VG – ID RS = 10 – 5 ¥ 10–3 ¥ 1500 = 2.5 V

The drain-to-ground voltage is

VD = VDD – ID RD = 15 – 5 ¥ 10–3 ¥ 1000 = 10 V.

1.11 Figure 1.71 shows a voltage divider biasing circuit of JFET. IDSS = 12 mA,
VP = –5 V, R1 + R2 = 500 kW, ID = 6 mA, RS = 500 W and VDS = 5 V, compute the value
of R1, R2 and RD. Verify whether the JFET operates in saturation region. Assume VDD =

10 V.

Solution

Given IDSS = 12 mA, VP = –5 V, R1 + R2 = 500 kW, ID = 6 mA, VDS = 5 V and VDD = 10 V.

We know that ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯
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or, 6 ¥ 10–3 = 12 ¥ 10–3
2

1
5

GSVÊ ˆ-Á ˜Ë ¯-

or, VGS = –1.464 V

The gate-to-source voltage is

VGS = VG – ID RS

Then VG = VGS + ID RS = –1.464 + 6 ¥ 10–3 ¥ 500 = 1.536 V

Fig. 1.71
The gate voltage is equal to

VG = 2

1 2

R

R R+
VDD

or, 1.536 = 2

500

R
¥ 10 as R1 + R2 = 500 kW, VG = 1.536 and VDD = 10 V

The value of R2 is 76.8 kW
The value of R1 is 500 kW – R2 = 500 kW – 76.8 KW = 423.2 kW
The drain-to-ground voltage VD = VDD – ID RD = VDS + ID RS

Then, VDD – VDS – ID RS = ID RD

The drain resistance is RD = DD DS D S

D

V V I R

I

- -
 = 

3

3

10 5 6 10 500

6 10

-

-
- - ¥ ¥

¥
 = 333.33 W

The voltage VGS – VP = –1.464 – (–5) = 3.536 V

Since VDS > VGS – VP, the transistor operates in saturation region.

1.22 FET AMPLIFIER CONFIGURATIONS

Just like bipolar junction transistor (BJT), the field effect transistor (FET) is also
used to amplify ac signals. Depending upon the configuration, the FET amplifiers
can be classified into the following three amplifiers:
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• Common source (CS) amplifier
• Common drain (CD) amplifier or Source flower
• Common gate (CG) amplifier

The small signal models of FET can be used for analyzing the above three FET
amplifiers. In this section, common source (CS), common drain (CD) and common
gate (CG) amplifiers are discussed in detail.

1.22.1 Common Source (CS) Amplifier

Figure 1.72 shows the common source amplifier circuit where resistance R1 and R2

are used as voltage divider bias of field effect transistor. The capacitor C1 and C2

are used to couple the ac input voltage and output voltage, respectively. There-
fore, C1 and C2 are called coupling capacitors. The capacitor Cs is used as bypass
capacitor.

Fig. 1.72 Common source amplifier circuit of FET

When a small ac voltage signal is applied to the gate, it generates variations in
the gate to source voltage. Consequently, the drain current varies. If the gate-to-
source voltage increases, the drain current also increases. Accordingly, the volt-
age drop across the resistance RD increases and the drain voltage decreases. As
a result, the positive half cycle of input voltage generates the negative half cycle
of output voltage. The output voltage is 180° out of phase with respect to input
voltage. Due to 180° phase shift, the common source amplifier behaves as com-
mon emitter bipolar transistor amplifier.
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Fig. 1.73 Equivalent circuit of common source amplifier

Fig. 1.74 Alternative representation of common source amplifier

Figure 1.73 shows the ac equivalent circuit of common source amplifier which
is obtained by short circuiting the capacitors and dc voltage supplies. Figure 1.73
can also be represented by the equivalent circuit as depicted in Fig. 1.74. The field
effect transistor is replaced by small signal low frequency model of FET. Now we
can determine the voltage gain, input resistance and output resistance.

Voltage gain: This the ratio of the output voltage (vo) to the input voltage (vi)

and it can be expressed as Av = o

i

v

v

The drain current id flows though RD and it’s value is equal to

id =
m d gs

d D

g r v

r R+
 = 

d

d D

r

r R+
gmvgs

The output voltage is equal to

vo = –id RD = –
d

d D

r

r R+
gmvgs RD

= –
d D

d D

r R

r R+
gmvgs

= –rLgmvgs where rL = rd || RD = 
d D

d D

r R

r R+

Since input voltage vi = vgs, output voltage vo = –rLgmvi
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Then voltage gain v is

Av = o

i

v

v
 = –rLgm

The negative sign indicates that the output voltage is 180° phase shift from
input voltage.

As the drain resistance (rd) is greater than RD, the equivalent resistance of rd

and RD in parallel is rL = RD. Then, voltage gain is Av = –gmRD.

Input resistance It is the ratio of the input voltage to the input current and it
can be expressed by

Ri = i

i

v

v
.

Since input resistance (Ri) of a FET is very high, the gate to source is consid-
ered as open circuit. The input resistance of amplifier is the parallel combination
of resistors R1, R2 and FER input resistance Ri. Then input resistance of amplifier
can be expressed by

R i.of.amplifier = R1 || R2 || Ri = R1 || R2 = RG

Output resistance The output resistance is the ratio of output voltage (vo) to
the output current (id ) and it can be expressed as

Ro = o

d

v

i

Actually, the output resistance of FET is rd. Then output resistance of amplifier
is the parallel combination of rd and RD and it can be expressed as Ro = rd || RD

As rd is very large compared to RD, the output resistance is equal to RD and
Ro = RD

1.22.2 Common Drain (CD) Amplifier

Figure 1.75 shows the common source amplifier circuit. In this circuit self biasing
is used. The capacitor C1 and C2 are used to couple the ac input voltage and
output voltage, respectively. Hence, C1 and C2 are known as coupling capaci-

tors. The capacitor Cs is used as bypass capacitor.
When a small ac voltage signal is applied to the gate, it produces variations in

the gate-to-source voltage. Then the drain current varies. When the gate-to-source
voltage increases, the drain current also increases. Consequently, the voltage
drop across the resistance RS increases and the output voltage also increases.
Since the output voltage of common drain amplifier is approximately equal to
input voltage and is in phase with input voltage, there is no phase shift between
input voltage and output voltage. Therefore, this circuit is also known as source

follower.
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Fig. 1.75 Common drain amplifier circuit of FET

Fig. 1.76 Equivalent circuit of common drain amplifier

Figure 1.76 shows the ac equivalent circuit of common drain amplifier which is
obtained by short circuiting the capacitors and dc voltage supplies. In this circuit,
the field effect transistor is replaced by small signal low frequency model of FET.
To determine the voltage gain, input resistance and output resistance, Fig. 1.76
can also be represented by the equivalent circuit as depicted in Fig. 1.77.

Fig. 1.77 Alternative representation of common drain amplifier
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Voltage gain It the ratio of the output voltage (vo) to the input voltage (vi) and

it can be expressed as Av = o

i

v

v

The output voltage is equal to

vo = gmvgs ¥ rd || RS

=
d S

d S

r R

r R+
gmvgs

Writing the KVL equation from input to output, the input voltage is equal to

vi = vgs + vo = vgs + 
d S

d S

r R

r R+
gmvgs

=
d S d S m

d S

r R r R g

r R

+ +
+

vgs

Then voltage gain Av is

Av = o

i

v

v
 = d S d S d S m

m gs
d s d S

r R r R r R g
g v

r R r R

+ +
+ +

Vg s

=
d S m

d S d S m

r R g

r R r R g+ +

After dividing by rd gm, we get Av = 
1

S

S
S

m d m

R

R
R

g r g
+ +

Since RS is much grater than 
1 S

m d m

R

g r g
+ , the voltage is approximately equal to

unity.

Input resistance It is the ratio of the input voltage to the input current and it

can be expressed by Ri = i

i

v

i
.

As input resistance (Ri) of a FET is very high, the input resistance of amplifier
is the parallel combination of resistors and FET input resistance Ri. Therefore,
input resistance of amplifier is

Ri.of.amplifier = RG || Ri = RG

Output resistance The output resistance is the ratio of output voltage (vo) to
the output current (io) and it can be expressed as

Ro = o

o

v

i
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Applying the KCL, we write

io + gmvgs = o o

S d

v v

R r
+

Since there is no current in the input side of the circuit, we can assume vgs = –vo.

Then io = gmvo + o o

S d

v v

R r
+

or, o

o

i

v
= gm + 

1 1

S dR r
+

Therefore, the output resistance Ro is equal to

Ro =
1

mg
|| RS || rd

1.22.3 Common Gate (CG) Amplifier

Figure 1.78 shows the common gate amplifier circuit. In this circuit, the input
signal is applied at source through a coupling capacitor C1 and the output voltage
is obtained from the drain terminal through a coupling capacitor C2. Due to the
capacitor CG, the gate is effectively ac ground.

Fig. 1.78 Common gate amplifier circuit of FET

When a small ac voltage signal is applied to the source, it generates variations
in the gate to source voltage. Subsequently, the drain current varies. When the
gate-to-source voltage increases, the drain current also increases. Therefore, the
voltage drop across the resistance RS increases and the output voltage also in-
creases. Hence, the output voltage of common drain amplifier is in phase with
input voltage.

Figure 1.79 shows the ac equivalent circuit of common drain amplifier which is
obtained by short circuiting the capacitors and dc voltage supplies. In this circuit,
the field effect transistor is replaced by small signal low frequency model of FET.
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To determine the voltage gain, input resistance and output resistance, Fig. 1.79
will be represented by the equivalent circuit as depicted in Fig. 1.80.

Fig. 1.79 Equivalent circuit of common gate amplifier

Fig. 1.80 Alternative representation of common gate amplifier

Voltage gain

Applying the KCL at point A in small signal equivalent circuit (Fig. 1.79), we get
ir = id – gmvgs

Applying the KVL in the outer loop of Fig. 1.79, we obtain
vo = (id – gmvgs) rd + vsg

Since vsg = –vgs = vi and id = o

D

v

R
- , we find that

vo = o
m i

D

v
g v

R

Ê ˆ
- +Á ˜Ë ¯

rd + vi

The voltage gain Av is equal to

Av = o

i

v

v
 = 

(1 )m d D

D d

g r R

R r

+
+
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Input resistance

As per Fig. 1.79 and Fig. 1.80 the current flow through resistance rd is

ird = –ir = ii + gmvgs where ird = i o

d

v v

r

-
 = i RD D

d

v I R

r

-
as vo = IRDRD

Therefore, ii = i RD D

d

v I R

r

-
 – gmvgs

As vsg = –vgs = vi, ii = i RD D

d

v I R

r

-
 + gmvi

or, ii + RD D

d

I R

r
= i

d

v

r
 + gmvi

As ii = IRD, we can write

ii + i D

d

i R

r
= i

d

v

r
 + gmvi

Then input resistance is

R¢i = i

i

v

i
 = 

1
d D

m d

r R

g r

+
+

The input resistance of amplifier is Ri = R¢i || RS

Output resistance

The output resistance of common drain amplifier is Ro = rd || RD.
Since rd >> RD, Ro = RD.

1.12 A common source JFET amplifier has gm of 5 mA/V. When the value of external
drain resistance RD is 2000 W, determine the value of voltage gain of amplifier.

Solution

Given gm = 5 mA/V and RD = 2000 W
The voltage gain is

Av = –gmRD = –5 ¥ 10–3 ¥ 2000 = –10

1.13 A common source JFET amplifier has rd of 500 kW and gm of 4 mA/V. If the value
of external load (drain) resistance RD is 20 kW, find the value of voltage gain of the
amplifier.

Solution

Given rd = 500 kW, gm = 5 mA/V and RD = 2000 W
The equivalent resistance is

rL = rd || RD = d D

d D

r R

r R+
 = 

500 20

500 20

¥
+

 kW = 19.23 kW

The voltage gain is

Av = o

i

v

v
 = –rLgm = –19.23 ¥ 103 ¥ 4.5 ¥ 10–3 = –86.535
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1.14 Figure 1.81 shows a common source JFET amplifier circuit. Determine the value of
voltage gain of the amplifier, input resistance and output resistance. Assume rd is 100 kW
and gm = 2 mA/V.

Fig. 1.81

Solution

Given rd = 100 kW, gm = 2 mA/V, RG = 1 MW and RD = 10 kW
The equivalent resistance is

rL = rd || RD = d D

d D

r R

r R+
 = 

100 10

100 10

¥
+

 kW = 9.09 kW

The voltage gain is

Av = o

i

v

v
 = –rLgm = –9.09 ¥ 103 ¥ 2 ¥ 10–3 = –18.18

The input resistance of amplifier is

Ri.of.amplifier = RG = 1 MW
The output resistance of amplifier is Ro = rd || RD = 9.09 kW

1.15 A MOSFET amplifier operates at 30 KHz with the following parameters:

rd = 200 kW, gm = 4 mA/V, CGS = 3.0 pF, CGS = 1.5 pF, CGD = 2.5 pF and RD = 10 kW

Determine the voltage gain of the amplifier.

Solution

Given rd = 200 kW, gm = 4 mA/V, CGS = 3.0 pF, CGS = 1.5 pF, CGD = 2.5 pF and
RD = 10 kW
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The equivalent resistance is

rL = rd || RD = d D

d D

r R

r R+
 = 

200 10

200 10

¥
+

 kW = 9.52 kW

The voltage gain is

Av = o

i

v

v
 = –rLgm = –9.52 ¥ 103 ¥ 4 ¥ 10–3 = –38.08

1.16 Figure 1.82 shows a common source JFET amplifier circuit. Determine the value of
output voltage gain of the amplifier, if gm = 3000 mS, and ID = 5 mA. The effect of drain
resistance is neglected.

Fig. 1.82

Solution

Given gm = 3000 mS, RG = 10 MW, RD = 5 kW, RD = 5 kW, Vi = 200 mV and ID = 5 mA
The equivalent resistance is

rL = RL || RD = L D

L D

R R

R R+
 = 

5 5

5 5

¥
+

 kW = 2.5 kW

The output voltage is

v o = Avvi = –rLgmvi = –2.5 ¥ 103 ¥ 3000 ¥ 10–6 ¥ 200 mV = 1500 mV = 1.5 V

1.17 Find the value of voltage gain of a FET amplifier as shown in Fig. 1.83. The FET
has the following parameters:

IDSS = 10 mA, VP = –4 V
At the Q point, IDQ = 5 mA and VGS = –1.5 V
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Assume that the effect of drain resistance is neglected.

Fig. 1.83

Solution

Given RG = 1 MW, RD = 4 kW, RS = 1000 W, IDSS = 10 mA, VP = –4 V, IDQ = 5 mA and
VGS = –1.5 V

We know that gm0 = 
2 DSS

P

I

V
-  = 

310 10

4

-¥
-

-
 = 2.5 mA/V

At the Q-point, gm = gm0 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 = 2.5
( 1.5)

1
( 4)

Ê ˆ-
-Á ˜-Ë ¯

 mA = 1.5625 mA/V

The equivalent resistance is

rL = rd || RD = d D

d D

r R

r R+
 = RD = 4 kW

The input voltage is
v i n = VGS + iDRS

The output voltage is
v o = –iDrL

The voltage gain is

Av = o

i

v

v
 = D L

GS D S

i Rr

V i R+
 = m GS L

GS m GS S

g V R

V g V R+

=
1

m L

m S

g r

g R+
 = 

3 3

3

1.5625 10 4 10

1 1.5625 10 1000

-

-
¥ ¥ ¥

+ ¥ ¥
 = –2.439
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1.18 Figure 1.84 shows a common drain JFET amplifier circuit. Determine the voltage
gain of the amplifier, input resistance and output resistance if gm = 5 mA/V. The effect of
drain resistance is neglected (rd = •).

Fig. 1.84

Solution

Given gm = 5 mA/V, RG = 10 MW, and RS = 10 kW
Then voltage gain Av is

Av = o

i

v

v
 = d S m

d S d S m

r R g

r R r R g+ +

or, Av = 1
S

S
S

m d m

R

R
R

g r g
+ +

 = 1
S

S
m

R

R
g

+
as rd = •

Then Av =
1

S

S
m

R

R
g

+
 = 

3

10 1000

1
10 1000

5 10-

¥

+ ¥
¥

 = 0.98

The input resistance of amplifier is

Ri.of.amplifier = RG = 10 MW
The output resistance Ro is equal to

Ro =
1

mg
 || RS || rd = 

1

mg
 || RS as rd = •

=

1

1

S
m

S
m

R
g

R
g

+
 = 

1
S

m S

R

g R+
 = 

3

10 1000

1 5 10 10 1000-
¥

+ ¥ ¥ ¥
 = 196 W
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1.18 Figure 1.85 shows a common gate JFET amplifier circuit. Determine the voltage
gain input resistance and output resistance of the amplifier Assume gm = 4000 mS and rd

= 50 kW.

Fig. 1.85

Solution

Given gm = 4000 mS, rd = 50 kW, RD = 5 kW, RG = 1 MW, and RS = 1000 W
The voltage gain Av is equal to

Av = o

i

v

v
 = 

(1 )m d D

D d

g r R

R r

+
+

 = 
6 3

3

(1 4000 10 50 10 ) 5 1000

5000 50 10

-+ ¥ ¥ ¥ ¥ ¥

+ ¥
 = 18.27

Then input resistance is

R ¢i = i

i

v

i
 = 

1
d D

m d

r R

g r

+
+

 = 
3

6 3

(50 10 ) (5 1000)

1 4000 10 50 10-
¥ + ¥

+ ¥ ¥ ¥
 = 273.63 W

The input resistance of amplifier is Ri = R ¢i ||RS = 273.63|| 1000 = 
273.63 1000

273.63 1000

¥
+

= 214.84 W

The output resistance of amplifier is Ro = rd || RD = 50 kW|| 5 kW =
50 5

50 5

¥
+

 kW = 4.54 kW

EXERCISES

Short- and Long-Answer-Type Questions

1. What is BJT? What is FET? Write the difference between BJT and FET.
2. Why FET is called Field Effect Transistor? Describe the classification of

FET.
3. Explain the construction of n-channel JFET with diagram.
4. Discuss the construction of p-channel JFET with diagram.
5. Draw the drain characteristics and transfer characteristics of n-channel JFET

and explain briefly.
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6. Define the drain resistance rd and amplification factor m of a JFET.
7. Give a list of advantages and disadvantages of JFET and MOSFET.
8. Define the following terms of a FET:

(i) IDSS

(ii) Transconductance
(iii) Drain resistance
(iv) Amplification factor
(v) Pinch-off voltage

9. Define pinch-off voltage of a JFET. Draw the depletion region (i) before
pinch-off, (ii) at pinch-off and (iii) after pinch off.

10. Derive the relationship between transconductance (gm), drain resistance (rd)
and amplification factor (m ).

11. Derive the expression b(x) = a

1

2
1 GS

P

V

V

È ˘
Ê ˆÍ ˙- Á ˜Í ˙Ë ¯Í ˙Î ˚

 for a JFET.

12. What are characteristic curves of a JFET? Explain each characteristic curve
in detail.

13. Prove that gm = gmo 1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

 assuming iD = iDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

.

14. What is small signal model of FET? Draw the low frequency and high
frequency small signal model of a FET.

15. Compare n-channel JFET and p-channel JFET.
16. Write the applications of field effect transistors (FET)
17. Explain why BJTs are called bipolar device while FETs are called unipolar

devices.
18. What is MOSFET? What are the types of MOSFET?
19. Describe the construction and working principle of an n-channel enhance-

ment type MOSFET with diagrams and draw the device characteristics.
20. Explain the construction and working principle of a p-channel enhancement

type MOSFET with diagrams and draw the device characteristics.
21. Discuss the construction and working principle of an n-channel depletion

type MOSFET with diagrams and draw the device characteristics.
22. Explain the construction and working principle of a p-channel depletion

type MOSFET with diagrams and draw the device characteristics.
23. Write differences between enhancement mode FETs and depletion mode

FETs with diagram.
24. Explain the effect of temperature in FET
25. Why n-channel MOSFET is preferred over p-channel MOSFET?
26. Draw the i-v characteristics of different types of MOSFET.
27. What is MOS? What the types of MOS? Explain the working principle of

MOS in detail.
28. What are the biasing arrangement of a FET? Discuss any two biasing circuits

of a FET.
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29. Draw the circuit diagram of a common source (CS) JFET amplifier and ex-
plain its working principle. Derive the expressions for voltage gain, input
resistance and output resistance.

30. Draw the circuit diagram of a common drain (CD) JFET amplifier and explain
its working principle. Derive the expressions for voltage gain, input resis-
tance and output resistance.

31. Draw the circuit diagram of a common gate (CG) JFET amplifier and explain
its working principle. Derive the expressions for voltage gain, input resis-
tance and output resistance.

32. Write a short note on CMOS.
33. When a reverse gate voltage of 12 V is applied and the gate current is

15 nA, find the resistance between gate and source.
34. In a n-channel JFET, a = 3.75 ¥ 10–4 cm and ND = 1021 electrons/cm3, determine

(a) the pinch-off voltage and (b) the channel width at VGS = 
2
PV

 and ID = 0.

Assume e = 15eo.
35. Assume that the reverse gate voltage of JFET changes from 5.10 V to 4.9 V

and the drain current changes from 1.2 mA to 1.75 mA. What is value of
transconductance?

36. The drain current of a JFET is about 6 mA. When IDSS is equal to 12 mA,
VGS (off ) = VP = –6 V, determine the value of VGS.

37. In an n-channel JFET, IDS is 5 mA and VP = –4 V. Find the minimum value of
VDS for pinch-off operation. Determine the value of drain current at VGS = –2 V.

38. In an n-channel FET has the following parameters,

IDSS = 15 mA, VP = –7 V and gmo = 4500 ms

Determine the drain current and
transconductance at VGS = –6 V.

39. Determine the value of RS for a
self-bias n-channel JFET, when
IDSS = 40 mA, VP = –11 V, and
VGS = –4.5 V.

40. Find the value of drain-to-source
voltage (VDS) and gate-to-source
voltage (VGS) for an n-channel
JFET as shown in Fig. 1.86.

Assume ID = 5 mA.
41. Determine the operating point of a

self-biased JFET, when IDSS = 12 mA,
VGS = –3 V, ID = 4.9 mA, VD = 6 V
and VDD = 11 V. Find the value of
RD and RS at this biasing condition.

Fig. 1.86
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42. A voltage divider biasing circuit of JFET is shown in Fig. 1.87. Determine
the value of drain current ID, gate-to-source voltage VGS, and drain-to-
ground voltage VD when IDSS = 6 mA, VP = –5 V, RD = 2000 W, RS = 1500 W,
R1 = 700 kW, R2 = 1 MW and VDD = 12 V.

Fig. 1.87

43. Figure 1.88 shows a voltage divider biasing circuit of JFET. IDSS = 11 mA,
VP = –5 V, R1 + R2 = 700 kW, ID = 6 mA, RS = 500 W and VDS = 5 V, compute
the value of R1, R2 and RD. Verify whether the JFET operates in saturation
region. Assume VDD = 11 V.

Fig. 1.88
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44. A common source JFET amplifier has gm of 6 mA/V. When the value of
external drain resistance RD is 2200 W, determine the value of voltage gain of
amplifier.

45. A common source JFET amplifier has rd of 550 kW and gm of 5 mA/V. If the
value of external load (drain) resistance RD is 20 kW, find the value of volt-
age gain of the amplifier.

46. Figure 1.89 shows a common source JFET amplifier circuit. Determine the
value of voltage gain of the amplifier, input resistance and output resis-
tance. Assume rd is 200 kW and gm = 4 mA/V.

Fig. 1.89

47. A MOSFET amplifier operates at 250 KHz with the following parameters:

rd = 240 kW, gm = 5 mA/V, CGS = 3.3 pF, CGS = 1.9 pF, CGD = 2.8 pF

and RD = 15 kW
Determine the voltage gain of the amplifier.

48. Figure 1.90 shows a common source JFET amplifier circuit. Determine the
value of output voltage gain of the amplifier, if gm = 4000 mS, and ID = 6 mA.
The effect of drain resistance is neglected.

49. Find the value of voltage gain of a FET amplifier as shown in Fig. 1.91. The
FET has the following parameters:

IDSS = 15 mA, VP = –5 V
At the Q-point, IDQ = 6 mA and VGS = –2 V

Assume that the effect of drain resistance is neglected.
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Fig. 1.90

Fig. 1.91

50. Figure 1.92 shows a common drain JFET amplifier circuit. Determine the
voltage gain of the amplifier, input resistance and output resistance if gm =
10 mA/V. The effect of drain resistance is neglected.
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Fig. 1.92

51. Figure 1.93 shows a common gate JFET amplifier circuit. Determine the volt-
age gain input resistance and output resistance of the amplifier Assume that
gm = 5000 mS and rd = 55 kW.

Fig. 1.93

MULTIPLE CHOICE QUESTIONS

1. A unipolar device uses
(a) only free electrons
(b) only holes
(c) both electrons and holes
(d) either electron or holes, but not both
Answer: (d) either electron or holes, but not both
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2. A bipolar transistor uses
(a) only free electrons
(b) only holes
(c) both electrons and holes
(d) either electron or holes, but not both

Answer: (c) both electrons and holes

3. A field effect transistor operates on
(a) minority carriers only
(b) majority carriers only
(c) positive and negative ions
(d) positive charged ions

Answer: (b) majority carriers only

4. The transconductance curve of JFET follows the equation

(a) ID = IDSS

2

( )

1 GS

GS off

V

V

Ê ˆ
+Á ˜

Ë ¯
(b) ID = IDSS

2

( )

1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯

(c) ID = IDSS
( )

1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯
(d) ID = IDSS

( )

1 GS

GS off

V

V

Ê ˆ
+Á ˜

Ë ¯

Answer: (b) ID = IDSS

2

( )

1 GS

GS off

V

V

Ê ˆ
-Á ˜

Ë ¯

5. When a JFET operates above pinch-off voltage,
(a) drain current remain constant
(b) drain current increase rapidly
(c) drain current decrease gradually
(d) depletion region becomes zero

Answer: (a) drain current remain constant

6. CMOS stands for
(a) p-channel MOS (b) n-channel MOS
(c) complementary MOS (d) common MOS

Answer: (c) Complementary MOS

7. The JFET is also called as square–law device as
(a) resistance from drain to source varies inversely as square of the drain

current
(b) transconductance curve is parabolic
(c) Reverse gate leakage current is directly proportional to the square of

the reverse gate voltage
(d) drain current varies as square of the drain voltage for a fixed gate-to-

source voltage
Answer: (b) transconductance curve is parabolic
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8. During operation of n-channel depletion type MOSFET, the gate voltage
has to be
(a) negative (b) zero
(c) low positive (d) high positive

Answer: (a) negative

9. The n-channel MOSFETs are proffered more than p-channel MOSFETs as
(a) n-channel MOSFETs have higher packing density compared to p-chan-

nel MOSFETs
(b) n-channel MOSFETs are slower than p-channel MOSFETs n-channel
(c) MOSFETs consumes less power than p-channel MOSFETs
(d) n-channel MOSFETs have lower packing density than p-channel

MOSFETs
Answer: (a) n-channel MOSFETs have higher packing density compared to
p-channel MOSFETs

10. As compared to n-channel MOS switch, the p-channel MOS switch has
(a) high on state resistance
(b) low on state resistance
(c) same on state resistance

Answer: (a) high on state resistance

11. Thermal runway cannot be developed in field effect transistor (FET) as the
temperature of the FET increases

(a) transconductance increases
(b) drain current decrease
(c) mobility decrease
(d) mobility increases

Answer: (a) transconductance increases

12. The transconductance gm of a junction field effect transistor JFET can be
expressed as

(a) gm = 
2

1DSS GS

P P

i V

V V

Ê ˆ
-Á ˜Ë ¯

(b) gm = 
2

1DSS GS

P P

i V

V V

Ê ˆ
- -Á ˜Ë ¯

(c) gm = 
2

1DSS GS

P P

i V

V V

Ê ˆ
- +Á ˜Ë ¯

(d) gm = 1DSS GS

P P

i V

V V

Ê ˆ
- -Á ˜Ë ¯

Answer: (b) gm = 
2

1DSS GS

P P

i V

V V

Ê ˆ
- -Á ˜Ë ¯

13. An FET is better chopper than a BJT because it has
(a) low offset voltage (b) high input current
(c) high input resistance (d) high series ON resistance

Answer: (c) high input resistance
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14. In a biased JFET, the shape of the channel is shown in Fig. 1.94

Fig. 1.94

(a) This is the property of the material used
(b) The drain end is more reverse biased than source end
(c) The drain end is more forward biased than source end

Answer: (b) The drain end is more reverse biased than source end

15. Which of the following statement relate to FET is true
(a) FET has low input impedance
(b) FET is less noisy than bipolar transistor
(c) FET has very large gain and bandwidth
(d) FET is a minority device

Answer: (b) FET is less noisy than bipolar transistor

16. A JFET is a
(a) Voltage controlled device with high input impedance
(b) Voltage controlled device with low input impedance
(c) Current controlled device with high input impedance
(d) Current controlled device with low input impedance

Answer: (a) Voltage controlled device with high input impedance

17. The input impedance of a JFET is in the range of
(a) Above 1 MW (b) 200 kW
(c) 2 kW (d) 200 W

Answer: (a) Above 1 MW
18. FET is a

(a) Voltage controlled device
(b) Current controlled device
(c) Impedance controlled device
(d) Resistance controlled device

Answer: (a) Voltage controlled device

19. The location of a Q-point on the dc load line of an FET amplifier is at
(a) mid-point (b) cut-off point



Basic Electrical and Electronics Engineering–IIII.1.76

(c) saturation point (d) non-saturation point
Answer: (a) mid-point

20. Which biasing method provides a solid or most stable Q-point on a JFET
amplifier
(a) gate bias (b) self-bias
(c) voltage divider bias (d) current source biasing

Answer: (d) current source biasing

21. The voltage gain of a common source JFET amplifier is
(a) –rLgm (b) rLgm

(c) –mgm (d) –m rL

Answer: (a) –rLgm

22. A common gate amplifier has
(a) High input resistance and high output resistance
(b) High input resistance and low output resistance
(c) Low input resistance and low output resistance
(d) Low input resistance and high output resistance

Answer: (d) low input resistance and high output resistance

23. The voltage gain of a source follower or common drain JFET amplifier is

(a) Av = 
1

S

S
S

m d m

R

R
R

g r g
+ +

(b) Av = 
1

G

S
S

m d m

R

R
R

g r g
+ +

(c) Av = 
1

S

G
G

m d m

R

R
R

g r g
+ +

(d) Av = 
1

G

G
G

m d m

R

R
R

g r g
+ +

Answer: (a) Av = 
1

S

S
S

m d m

R

R
R

g r g
+ +

24. When JFET is properly biased, JFET will act as
(a) current controlled current source
(b) voltage controlled current source
(c) voltage controlled voltage source
(d) current controlled voltage source

Answer: (c) voltage controlled voltage source

25. The pinch-off voltage is equal to
(a) Drain-to-source voltage
(b) Gate-to-source voltage
(c) Gate-to-source cut-off voltage
(d) Gate voltage

Answer: (c) Gate-to-source cut-off voltage

26. Compared to BJT, FET has higher
(a) input impedance (b) output impedance
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(c) current (d) voltage gain
Answer: (a) input impedance

27. The gate of FET controls
(a) width of the channel (b) drain current
(c) gate voltage (d) all of these

Answer: (d) all of these

28. The gate-to-source diode of a JFET should be
(a) reverse biased
(b) forward biased
(c) either forward biased or reverse biased
(d) none of these

Answer: (a) reverse biased

29. The voltage gain of a source follower or common drain JFET amplifier is
(a) about unit (b) about 2
(c) about 10 (d) about 100

Answer: (a) about unit

30. When the gate voltage is more negative in an n-channel JFET, the channel
width between the depletion layers
(a) expands (b) shrinks
(c) stops conducting (d) increase conducting

Answer: (b) shrinks

31. Transconductance is measured in
(a) Mhos or siemens (b) Ohms
(c) Volts (d) Amperes

Answer: (a) Mhos or siemens

32. If a JFET operates in cut off, the depletion layers are
(a) touching each other
(b) close together
(c) far apart

Answer: (a) touching each other

33. Transconductance represents how effectively the input voltage controls the
(a) output current (b) voltage gain
(c) input impedance (d) output impedance

Answer: (a) output current

34. The input impedance of a JFET is
(a) about zero (b) about infinity
(c) about 100 W (d) about 10 kW

Answer: (b) about infinity

35. The transconductance curve is
(a) linear
(b) non-linear or parabolic
(c) drain characteristics

Answer: (b) non-linear or parabolic
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UNIVERSITY QUESTIONS WITH ANSWERS

Multiple-Choice-Type Questions

1. “X” has very high input impedance and low output impedance. X may be
(a) FET and OP-AMP (b) FET and Transistor
(c) Op-Amp and Transistor (d) None of these [WBUT-2007]

2. When the gate-to-source voltage VGS of n-channel JFET is made more nega-
tive the drain current
(a) increases (b) decreases
(c) remains constant (d) many increase or decrease

[WBUT-2007]
3. Compared to the BJT, FET

(i) has a large gain bandwidth product
(ii) is less noisy

(iii) has less input resistance
(iv) has only majority carrier flow the correct statements are

(a) i and iii (b) i and ii (c) ii and iv (d) iii and iv [WBUT-2008]

4. Which of the following is not true about a JFET?
(a) It is a current controlled device
(b) It is a majority carrier device
(c) Drain and source are interchangeable in a JFET
(d) It can be used as a voltage variable resistor [WBUT-2008]

5. JFET is a
(a) current control device
(b) voltage control device
(b) temperature control device
(d) none of these [WBUT-2008]

6. A JFET
(a) is a voltage controlled device
(b) is a current controlled device
(c) has a low input resistance
(d) has a very large output resistance [WBUT-2009]

7. JFET is a
(a) voltage controlled voltage source
(b) voltage controlled current source
(c) current controlled voltage source
(d) current controlled current source [WBUT-2009]

Solutions

1. (a) FET and OP-AMP
2. (b) decreases
3. (c) ii and iv
4. (a) It is a current controlled device
5. (b) voltage control device
6. (a) is a voltage controlled device
7. (a) voltage controlled voltage source
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Short- and Long-Answer-Type Questions

1. Why FET is called unipolar transistor? [WBUT-2002]

Solution

In a field effect transistor, current is conducted by only majority carriers,
i.e., may be either electrons or holes. Due to this, FET is called unipolar
transistor.

2. With a neat diagram explain the operation of JFET. What is meant by pinched-
off voltage? [WBUT-2002]

Solution Refer to Section 1.4

3. Explain pinch-off voltage for a JFET [WBUT-2003]

Solution Refer to Section 1.4

4. What do you mean by inversion layer for an enhancement MOSFET?
[WBUT-2003]

Solution

When the substrate of an enhancement-type MOSFET is grounded and a
negative voltage is applied at the gate, the positive charges (minority carrier
in the n-type substrate) are induced on the substrate side between source
and drain region due to negative gate voltage. This induced minority carrier
layer in the substrate is called the inversion layer. The width of inversion
layer depends on the magnitude of the negative gate voltage.

5. What are the basic difference between BJT and FET? [WBUT-2003]

Solution Refer to Section 1.8

6. With a neat diagram draw and explain the basic structure of n-channel JFET.
[WBUT-2003]

Solution Refer to Section 1.4

7. Draw and explain the drain characteristics of an n-channel enhancement
MOSFET [WBUT-2003]

Solution Refer to Section 1.13.2

8. The following readings were obtained experimentally from a FET

VGS 0 V 0 V 0.2 V
VDS 7 V 15 V 15 V
ID 10 mA 10.25 mA 9.65 mA

Define and determine (i) ac drain resistance (ii) transconductance (iii) ampli-
fication factor

Solution [WBUT-2003]

AC drain resistance (rd): The reciprocal of the slope of the drain charac-
teristics is called drain resistance and it is defined by

rd = 

GS

DS

D V

V

i

∂
∂

 = DS

D

V

i

D
D

 where, VGS is constant.
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Hence, rd is the ratio of a small change in the drain voltage DVDS to the
corresponding small change in the drain current DiD while gate voltage VGS

held constant. The unit of rd is ohms.

DVDS = 15 – 7 = 8 V
DID = 10.25 – 10 = 0.25 mA

rd = DS

D

V

i

D
D

 = 3

8

0.25 10-¥
 = 32 kW

Transconductance (gm): It is the slope of the transfer characteristics
curves and it is represented by gm. It can be expressed by

gm =

DS

D

GS V

i

V

∂
∂

 = D

GS

i

V

D
D

 when VDS is constant.

From the above equation, gm is defined as it is the ratio of a small change in
drain current DiD to the corresponding small change in the gate-to-source
voltage DVGS when drain voltage VDS is constant. gm is also known as
mutual conductance. The unit of transconductance is mho.

DID = 9.65 – 10.25 = –0.6 mA

DVGS = 0.2 – 0 = 0.2 V

gm = D

GS

i

V

D
D

 = 
30.6 10

0.2

-- ¥
 = –3 ¥ 10–3 mho

Amplification factor (m): The amplification of JFET is defined by

m =

D

DS

GS I

V

V

∂
-

∂
 = DS

GS

V

V

D
-

D
 when iD is constant.

Actually, m is the ratio of a small change in the drain voltage DVDS to the
small change in the gate voltage DVGS when drain current held at constant.
The negative sign represents that when VGS is increased, VDS will be de-
creased at constant drain current.

We know that m = gmrd = –3 ¥ 10–3 ¥ 32 ¥ 103 = –96

9. Draw the circuit diagram of common source amplifier. Derive an expression
for voltage gain. [WBUT-2003]

Solution Refer to Section 1.22.1

10. A FET amplifier in the common source configuration uses a load resistance
of 150 kW. The ac drain resistance of the device is 100 kW and the
transconductance is 0.5 mA/V. What is the voltage gain of the amplifier?

[WBUT-2004]
Solution

Given rd = 100 kW, RL = 150 kW and gm = 0.5 mA/V
The amplification factor is m = gmrd
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The voltage gain is Av =
L

d L

R

r R

m

+
 = 

m d L

d L

g r R

r R+

=
3 3 3

3 3

0.5 10 100 10 150 10

(100 10 ) (150 10 )

-¥ ¥ ¥ ¥ ¥

¥ + ¥
 = 30

11. What do you mean by the static characteristics of a JFET? Give necessary
circuit diagram. [WBUT-2004]

Solution Refer to Sections 1.5.1 and 1.5.2

12. What is the function of gate in JFET? [WBUT-2004]

Solution

JFET is a voltage controlled device and the gate voltage controls the amount
of drain current which is the output current. When the gate-to-source volt-
age (VGS) is zero, maximum drain current flows through the JFET. If the gate
voltage becomes more negative, the drain current will be smaller.

13. Compare the performance of JFET and BJT. [WBUT-2005]

Solution Refer to Section 1.8.

14. Describe the operation of an n-channel JFET. [WBUT-2005]

Solution Refer to Section 1.4

15. Draw the small signal equivalent of a common source JFET. [WBUT-2005]

Solution

The small signal equivalent of a common source JFET is shown below:

Fig. 1.95 Equivalent circuit of common source amplifier

16. Handling precaution of MOSFET [WBUT-2005]

Solution

MOSFET gets damaged easily being very susceptible to overload voltage.
Consequently, MOSFET requires special handling and precautions during
installation. When someone picks up the transistor from its case and brushes
the gate against some grounded object, there will be a huge electrostatic
discharge. Therefore, MOSFET is protected by a shorting ring which is
wrapped around all four terminals during shipping. This device must be
remaining in place until after the device is soldered in to position. Before
soldering, the technician should use a soldering strap to discharge static
electricity during soldering and make sure that the tip of the soldering iron
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must be grounded. When the power is ON, the MOSFET should never be
inserted into or removed from a circuit. So that MOSFETs have a built in
gate protection known as integral gate protection, a system built into the
device to get around the problem of high voltage on the gate causing a
puncturing of the oxide layer.

17. Why do field effect transistors not draw any dc current through gate under
normal operation? [WBUT-2006]

Solution

Dc can not pass through the field effect transistor because of the capaci-

tance effect of a gate.

18. Draw the circuit diagram of source following using JFET and explain its
operation. What is the highest voltage gain available from such an amplifier
circuit? Comment on the input and output impedance? [WBUT-2006]

Solution Refer to Section 1.22.2

19. What is understood by pinch-off voltage of an FET? For a depletion mode
n-channel MOSFET, the pinch-off voltage is negative with respect to source–
explain. For enhancement mode p-channel MOSFET. What is the polarity of

pinch-off voltage? [WBUT-2006]

Solution

When the negative voltage at the gate is increased, depletion layers touched
at center and drain current ID is completely cut off. The gate to source

voltage at which the drain current ID is completely cut off (pinched off) is
called the pinch-off voltage.

For depletion mode n-channel MOSFET, VGS must be negative for reduc-
ing the channel width or channel narrowing which is responsible for pinch-
off.

For enhancement mode p-channel MOSFET, the polarity of pinch-off volt-
age is positive.

20. Write a short note on

(i) Enhancement and Depletion MOSFET [WBUT-2007], [WBUT-2009]

Solution Refer to Section 1.13 and 1.14.

21. What are the basic differences between BJT and FET? [WBUT-2007]

Solution Refer to Section 1.8.

22. (a) Why a FET known as unipolar device? [WBUT-2008]

Solution Refer to Answer of Question 1.

(b) What is pinch-off phenomenon in a JFET?

Solution Refer to Section 1.4, Fig. 1.12 and Fig. 1.13.

(c) How do you compare this device with a BJT?

Solution Refer to Section 1.8.
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23. What the disadvantages of FET over BJT?

Solution

The only disadvantage of FET is that it has comparatively small gain band-
width product compared to BJT.

24. Why is FET called unipolar transistor? [WBUT-2008]
Solution Refer to Answer of Question 1.

25. What do you mean by pinch-off condition in JFET? [WBUT-2008]
Solution Refer to Section 1.4.

26. As VGS is changed from –1 V to –1.5 V keeping VDS constant, ID of a FET
drops from 7 to 5 mA. What is the transconductance of the FET? If the ac
drain resistance is 200 kW, find also the amplification factor of the FET.

[WBUT-2008]
Solution

Thansconductance is gm = D

GS

I

V

D
D

 when VDS is constant

=
3(5 7) 10

1.5 ( 1)

- ¥
- - -

 = 4 ¥ 10–3 mho

The ac drain resistance rd is 200 kW
The amplification factor of the FET is

m = gmrd = 4 ¥ 10–3 ¥ 200 ¥ 103 = 800

27. Explain the operation of an n-channel JFET with suitable diagrams for
(i) VGS > 0
(ii) VGS < 0

(iii) VGS = 0 [WBUT-2008]

Solution Refer to Section 1.4.

28. Define parameters m, rd, and gm. Deduce the relationship m = rd gm.
[WBUT-2008]

Solution Refer to Section 1.6.

29. What are the basic differences between BJT and FET? Define pinch off
voltage. [WBUT-2009]

Solution Refer to Section 1.8 and Section 1.4.

30. Differentiate between depletion and enhancement type MOSFETs.
[WBUT-2009]

31. Compare between an FET and a BJT. [WBUT-2010]

Solution Refer to Section 1.8.

32. Write the working principle of JFET with a diagram. [WBUT-2010]

Solution Refer to Section 1.4.

33. Define transconductance, ac drain resistance, amplification factor of JFET
[WBUT-2010]

Solution Refer to Section 1.6.
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34. Draw the common source JFET amplifier circuit and find out the expression
for voltage gain, input impedance and output impedance. [WBUT-2010]

Solution Refer to Section 1.22.1.

35. Write three differences between JFET and MOSFET. [WBUT-2010]

Solution

JFET MOSFET

In JFET, the transverse electric field is In enhancement and depletion types

developed across the reverse biased pn MOSFET, the transverse electric field is
junction which controls the conductivity induced across an insulating layer
of the channel. deposited on the semiconductor material

which controls the conductivity of the
channel.

The gate leakage current of a JFET is The gate leakage current in a MOSFET is
about 10–9 A and its input resistance is about 10–12 A. Therefore, the input
of the order of 108 ohms. resistance of MOSFET is very high in the

order of 1010 to 1015 ohms.

The output characteristics of JFET are The drain resistance of a MOSFET is

flatter than those of the MOSFET. There- about 50 kW which is much lower than

fore, the drain resistance of a JFET is that of JFET.

about 1 MW which is much higher than

that of MOSFET.

JFET can be operating only in the deple- The depletion type MOSFET can be
tion mode. operate in both depletion and enhancement

mode.

Compared to MOSFETs, JFET are com- Compared to JFET, MOSFETs are easier
plex to fabricate. to fabricate.

Compared to MOSFET, JFET is less MOSFET is very susceptible to overload
susceptible to overload voltage. voltage and needs special handling during

installation. This device can be damaged

easily if it is not properly handled.



2.1 INTRODUCTION

Usually, amplifier circuits are used in signal processing systems to provide good
voltage gain. Therefore, amplifier circuits are called voltage amplifiers. The
example of an amplifier circuit is an audio amplifier. The simplified block dia-
gram of audio amplifier is shown in Fig. 2.1 which consists of a microphone, small
signal amplifiers, large signal amplifiers and a speaker. The microphone generates
a very small signal, in some millvolt range and fed to small signal voltage amplifi-
ers. The first two stages (small-signal stages) of the amplifier are used to amplify
the small voltage audio signal and it becomes larger in voltage level, but in low
current. The output of the small signal stages of amplifier is fed to the last-stage
amplifier which is known as a power amplifier. The power amplifiers are able to
handle large voltage and current swings as they have larger power gain and high
efficiency.

Voltage
Amplifier

Voltage
Amplifier

Power
Amplifier

Microphone

Speaker

Small-signal Stages Large-signal Stage

Fig. 2.1 Block diagram of an audio amplifier

Due to changes in ambient temperature, device (BJT or FET) parameters are
varied. Therefore gain stability of practical amplifiers is not very high. In case of
BJT amplifier circuits, this problem is very acute. The gain stability can be
moderately improved by using feedback technique. The feedback in amplifiers
gives better performance in different way such as

(i) Increased stability in the amplification, the gain is less dependent on
device parameters

FEEDBACK
AMPLIFIER2
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(ii) Higher input impedance
(iii) Lower output impedance
(iv) Feedback reduces distortion in the amplifier
(v) Bandwidth of the amplifier is increased leading to improved frequency

response
(vi) Linear operation over a wide range
The above advantages are achieved at the expense of gain which is much less

than the amplifier gain without feedback. The other disadvantages of feedback
amplifiers are the following:

(i) The feedback amplifier may lead to instability if it is not designed properly.
(ii) Gain of the amplifier decreases.

(iii) Input and output impedances of feedback amplifier are sensitive with
open-loop gain of amplifier, and parameter variations.

In this chapter, the basic concept of a feedback amplifier, positive and nega-
tive feedback, topologies of feedback amplifier, effect of feedback on gain, input
impedance, output impedance, sensitivities, bandwidth stability and applications
of feedback amplifiers are discussed elaborately.

2.2 FEEDBACK AMPLIFIER

A feedback amplifier is an electronic circuit in which the output signal is sampled
and fed back to the input to generate an error signal which drives the amplifier.
Generally feedback amplifiers are of two types as given below:

• Negative feedback amplifier
• Positive feedback amplifier

2.2.1 Negative Feedback Amplifier

Figure 2.2 shows the basic block diagram of a negative feedback amplifier (non-
inverting type amplifier).

b

A
x z y+

–

Fig. 2.2 Negative feedback amplifier (non-inverting type)

Here,  x is the input signal
y is the output signal
z is the error signal
A is amplifier gain
b is the gain of feedback path

Depending on the types of feedback, the variables x, y and z are voltages or
currents. The gain around the loop is negative and it is equal to –bA where both
A and b are positive real constants. Due to the loop gain being negative; the
feedback is called negative feedback.
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The output of feedback is –b.y.
The error signal can be computed as z = x – b.y
Then output signal is y = A.z = A(x – b.y)

The overall gain is equal to Af =
1 .

y A

x Ab
=

+

where, A is the gain without back or open-loop gain
Af is the gain of amplifier with feedback or closed-loop gain

It is justified from the above expression that the effect of the feedback is to
reduce the gain by the factor (1 + bA). This factor is called amount of feedback.
Commonly, it is specified in decibel (dB) by the relation 20 log |1 + bA|.

The amount of feedback is expressed by the following relationship as given
below:

Amount of feedback in dB = 1020log
fA

A
= 10

1
20log

1 Ab+

In negative feedback, the amount of feedback is negative as 1 1Ab+ > , but

during positive feedback, the amount of feedback is positive as 1 1Ab+ < .

The basic block diagram of invert-
ing feedback amplifier is depicted in
Fig. 2.3. In this figure, x is the input
signal, y is the output signal and z is
the error signal. The gain around the
loop is negative and it is equal to –bA
where both A and b are positive real
constants. As the loop gain is negative,
the feedback is said to be negative.

This amplifier has an inverting gain, and the feedback signal must be added to
the input signal to determine error signal.

The output of feedback is b.y.

In the inverting amplifier, the error signal is z = x + b.y. If x is positive and y is
negative, so that the error signal represents a difference signal.

Then output signal will be ( ). .y A z A x yb= - = - +

Then overall gain will be 
1 .

y A
Af x Ab

-
= =

+

Hence, the amount of feedback for inverting amplifier is the same as for the
non-inverting amplifier.

When A is very large, bA >> 1, the gain of the negative feedback (non-invert-
ing type) amplifier is about

Af =
1

.

y A

x Ab b
@ =

b

–A
z y+

+

x

 Fig. 2.3 Negative feedback amplifier
(inverting type)
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The gain of the inverting type amplifier is approximated by

Af =
1

.

y A

x Ab b

-
@ = -

Therefore, the gain is set by the feedback network and not by the amplifier.
The amplifier without feedback can be designed with the high gain. But when
feedback is added, the gain can be reduced to any desired value by the feedback
circuit.

2.2.2 Positive Feedback Amplifier

The basic block diagram of a posi-
tive feedback amplifier is depicted in
Fig. 2.4(a). In this figure, x is the in-
put signal, y is the output signal and
z is the error signal. The gain around
the loop is positive and it is equal to
bA where both A and b are positive
real constants. The amplifier has posi-
tive feedback which causes it to be unstable. This amplifier has a gain A, and the
feedback signal must be added to the input signal to determine error signal.

The output of feedback is b.y.
The error signal can be computed as z = x + b.y
Then output signal is y = A.z = A(x + b.y)

The overall gain is equal to Af = 
1 .

y A

x Ab
=

-

In the positive feedback amplifier, the error signal is z = x + b.y. If x is positive
and y is negative, the error signal represents a difference signal.

When A is the voltage gain (Output Voltage/Input Voltage) or A is the current
gain (Output Current/Input Current), the product bA is dimension less and b is
also dimensionless. If A is the transconductance gain (Output Voltage/Input Cur-
rent), b has the units of ohms (W). When A is the transresistance gain (Output
Current/input Voltage), the units of b will be siemens (S). Actually, the gains are
phasor functions of frequency. This creates a stability problem in feedback ampli-
fier. If frequency is increased, absolute value of |A| must be decreased as each
amplifier has a finite bandwidth. Therefore, the decrease in |A| go along with a
phase shift so that bA can be a negative real number at some frequency. If bA = –

1 at some frequency, we can say from the expression
1 .

f
y A

A
x Ab

= =
+

 that the

overall gain becomes infinite at that frequency. Therefore, an amplifier with an
infinite gain at any frequency can generate an output signal at that frequency
without any input signal. Then the amplifier is called oscillator. A negative feed-
back amplifier will oscillate if |bA| ≥ 1 at any frequency when bA is a negative real
number and the phase of bA will be 180°.

b

A
z y+

+

x

Fig. 2.4(a) Positive feedback ampli-
fier
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2.2.3 Feedback Factor

Figure 2.4(b) shows a negative feedback system with positive gain, A and feed-
back, b. The summing junction at its input subtracts the feedback signal from the
input signal to form the error signal Vin – bA, which drives the system. By using
the basic closed-loop circuit as depicted in Fig. 2.4(b), we can derive the following
general feedback equations:

The open-loop voltage gain is A = out

in

V

V

or, Vout = AVin = A(Vin – bVout) where, b is the feedback fraction

= AVin – AbVout           where Ab is the loop gain

Therefore, AVin = (1 + Ab)Vout

\ out

in

=
1

V A

V Ab+
where 1 + Ab is the feedback factor

It is clear from the above equation that the effect of the negative feedback is to
reduce the gain by the factor of 1 + bA. This factor is called the "feedback factor"
or "amount of feedback" and is often specified in decibels (dB) by the relation-
ship of 20 log (1+ b G).

–
+

Open-loop
Gain (A)Vin

V Vin out– b◊ qe

Summing
point

Forward path

Vout

Feedback network

( )Voutb◊

Subtraction

Attenuator b
Vout

Feedback path

Fig. 2.4(b) Negative feedback system

2.1 A power amplifier with a gain of 100 has an output voltage of 12 V. A negative
feedback is provided to reduce the gain to 25%. What should be the gain of the feedback

path?.

Solution

Gain of amplifier A = 100

Due to negative feedback, the overall gain is reduced to 25% of actual gain.

Af = 0.25 A

The overall gain 
1

f

A
A

Ab
=

+



Basic Electrical and Electronics Engineering–IIII.2.6

or,
100

0.25 100
1 100b

= ¥
+ ¥

Then gain of the feedback path is b = 0.03

2.2 A feedback amplifier consists of two amplifying blocks and each amplifying block
has a gain of 100.

(a) What should be the gain of the feedback block in order to maintain an overall gain of

90?

(b) When the gain of each amplifier block has been reduced to 50% of the actual value

due to parameter variation, what is the % change in the overall gain of the feedback

amplifier?

Solution

(a) Two amplifying blocks are connected in cascade and gain of each amplifying block

is A1 = 100

The gain of amplifier A = A1 ¥ A1 = 100 ¥ 100 = 104

The overall gain of feedback amplifier 
4

4

10

1 1 10
f

A
A

Ab b
= =

+ + ¥

When Af = 90,
4

4

10
90

1 10b
=

+ ¥

The gain of the feedback block is 4 4(10 90) /(90 10 ) 0.011011b = - ¥ =

(b) When the gain of each amplifier block has been reduced to 50% of the actual value, the

gain of each amplifier block is A¢1 = 50% ¥ A1 =
50

100
100

¥  = 50

New gain of amplifier A¢ = A¢1 × A¢1 = 50 ¥ 50 = 2500

The new overall gain of feedback amplifier

Af¢ =
2

2

50

1 1 0.011011 50

A

Ab

¢
=

+ ¢ + ¥
 =

2500

28.5275
 = 87.634

Reduction in over all gain = Af – Af¢ = 90 – 87.634 = 2.366

The % change in the overall gain of feedback amplifier

=
2.366

100 100
90

f f

f

A A

A

- ¢
¥ = ¥  = 2.62%

2.3 An amplifier provides a gain of A = 200.

(a) Determine the feedback path gain to provide overall gain of Af = 100

(b) If A is increased by 1%, calculate the new Af. What is the percentage change in Af?

Solution

(a) Given A = 200 and Af = 100

The feedback path gain = b

Overall gain of the system 
1

f

A
A

Ab
=

+
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After substituting the value of A and Af, we get

200

1 200b+ ¥
= 100

 Then the feedback path gain is b = 100/(200 ¥ 100) = 0.005

(b) As A is increased by 1%, the new value of A is A¢ = 1.01 ¥ 200 = 202

The new value of Af is 
202

100.4975
1 1 0.005 202

f

A
A

Ab

¢
= = =¢

+ + ¥¢

The percentage change in Af is

100
f f

f

A A

A

- ¢
¥

=
100 100.4975 0.4975

100 100
100 100

- -
¥ = ¥  = – 0.4975%

2.4 An amplifier has gain of –1000 and feedback of b = –0.1. If it had a gain change 10%
due to temperature, what will be the change in gain of the feedback amplifier?

Solution

Assume amplifier gain A = –1000, feedback path gain b = –0.1 and

change in amplifier gain is
A

A

∂
 = 10% = 0.1

The overall gain of the system is 
1

f

A
A

Ab
=

+

The rate of change in gain is 
( )2

1

1

fA A A

A A

b b

b

∂ + -
=

∂ +

or,
( )2

1

1
fA A

Ab
∂ = ∂ ¥

+

or, ( )1

f

f

A
A A
A Ab

∂
∂

=
+

or,
( )100 100
1

f

f

A
A A
A Ab

∂
∂

¥ = ¥
+

=
( )( )

0.1
100

1 1000 0.1
¥

+ - -
 = 0.099%

2.3 CLASSIFICATION OF AMPLIFIERS

To understand the basic concept of feedback, amplifiers are classified into four
different categories such as
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(i) Voltage amplifiers
(ii) Current amplifiers

(iii) Transconductance amplifiers
(iv) Transresistive amplifiers
Usually, the type of amplifiers can be determined based on the magnitudes of

the input and output impedances of an amplifier with respect to source and load
impedances. In this section, voltage amplifiers, current amplifiers, transconduc-
tance amplifiers and transresistive amplifiers are explained in detail.

2.3.1 Voltage Amplifiers

Figure 2.5 shows the Thevenin’s equivalent circuit of a voltage amplifier. In this
circuit,

Vs = Supply voltage, Vi = Input voltage, Vo = Output voltage
Rs = Source resistance, RL = Load resistance, Ri = Input resistance
Ro = Output resistance, Ii = Input current and Io = Output current

AV1

Ri

Ro

Rs
+

Vs RL

+

Vo

–
AVi

+

–

Vi

+

–

Ii Io

Fig. 2.5 Equivalent circuit of a voltage amplifier

The source voltage can be expressed as Vs = IiRs + Vi and input voltage Vi = IiRi

Therefore, Vs = IiRs + IiRi

When Ri >> Rs, Vs ª IiRi = Vi

If input resistance Ri of voltage amplifier is very large compared to source
resistance Rs, supply voltage is equal to input voltage Vs = Vi

The output voltage is Vo = AvVi + IoRo = IoRL

If RL >> Ro, AvVi = IoRL = Vo

In this amplifier, load resistance RL is very large compared to output resistance
and output voltage Vo = AvVi = AvVs as Vs = Vi.

Voltage amplifier gain o
v

s

V
A

V
=

Therefore, we can say that output voltage is proportional to input voltage and
proportionality factor Av is independent of the magnitude of the source and load
resistance. This circuit is called voltage amplifier. An ideal voltage amplifier should
have infinite input resistance Ri = • and zero output resistance Ro = 0.

2.3.2 Current Amplifiers

Figure 2.6 shows the Norton’s equivalent circuit of a current amplifier. In this
circuit,
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Is = Source current, Rs = Source resistance, Ii = Input current,
Ri = Input resistance, Io = Output current, Vo = Output voltage,
Ro= Output resistance and RL = Load resistance.

Io
Ii

Is Rs RiVi Ro Vo RLA Ii i

+

–

+

–

Fig. 2.6 Equivalent circuit of a current amplifier

The input current can be expressed as s
i s

s i

R
I I

R R
=

+

If Rs >> Ri, Ii ª Is

In a current amplifier circuit, source resistance Rs is very large compared to Ri

and source current is equal to input current.
The output current can be expressed as

Io = . o
i i

o L

R
A I

R R+

If Ro >> RL, Io = AiIi. = AiIs as Ii = Is

Hence output current is proportional to the input current Is and current ampli-
fier gain Ai

Then current amplifier gain is o
i

s

I
A

I
=

Therefore, in a current amplifier, output current is proportional to the input
current signal and the proportionality factor (Ai) and it is independent of Rs and
Ro. An ideal current amplifier should have zero input resistance (Ri = 0) and
infinite output resistance (Ro = •).

2.3.3 Transconductance Amplifiers

Figure 2.7 shows a transconductance amplifier which is represented by a Thevenin’s
equivalent in input circuit and a Norton’s equivalent in output circuit.

Io
Ii

Vs

Rs

RiVi Ro Vo RLg Vm i

+

–

+

–

+

Fig. 2.7 Equivalent circuit of a transconductance amplifier
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The source voltage can be expressed as
Vs = IiRs + Vi

or, Vs = IiRs + IiRi as input voltage Vi = IiRi

If Ri >> Rs, Vs ª IiRi = Vi

Therefore, source voltage is equal to input voltage as Ri >> Rs.
The output current can be expressed as

Io = . o
m i

o L

R
g V

R R+
If Ro >> RL, Io = gmVi. = gmVs as Vi = Vs

The transconductance amplifier gain is o
m

s

I
g

V
=

In an ideal transconductance amplifier, output current is proportional to the
supply voltage and the proportionality factor (gm) and it is independent of Ri and
Ro. This amplifier should have infinite input resistance Ri = • and infinite output
resistance (Ro = •).

2.3.4 Transresistive Amplifiers

The equivalent circuit of a transresistive amplifier is depicted in Fig. 2.8. It is
represented by Norton’s equivalent in input circuit and a Thevenin’s equivalent
in its output circuit.

Io
Ii

Is Rs RiVi

Ro

Vo RLr Im i

+

–

+

–

+

–

Fig. 2.8 Equivalent circuit of a transresistive amplifier

The input current can be expressed as

Ii = s
s

s i

R
I

R R+

If Rs >> Ri, Ii ª Is

Hence source current is equal to input current as Rs >> Ri

The output voltage is

Vo = rmIi + IoRo = IoRL

If RL >> Ro, Vo = rmIi = IoRL

or, rmIs = IoRL as Ii = Is

The transresistive amplifier gain is o
m

s

V
r

I
=
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Therefore, output voltage Vo is directly proportional to the source current Is

and proportionality factor rm and it is independent of Rs and RL. This amplifica-
tion is known as transresistive amplifier. This amplifier should have zero input
resistance, Ri = 0 and zero output resistance, Ro= 0. Table 2.1 shows the ideal
characteristics of amplifiers.

Table 2.1 Amplifier characteristics

Parameters Amplifier type

Voltage Current Transconductance Transresistive
Amplifier Amplifier Amplifier Amplifier

Input resistance Ri • 0 • 0

Output resistance Ro 0 • • 0

Input quantity Vs Is Vs Is

Output quantity Vo Io Io Vo

Transfer o
v

s

V
A

V
= o

I
s

I
A

I
=

o
m

s

I
g

V
= o

m
s

V
r

I
=characteristics

2.4 GENERALISED CONCEPT OF FEEDBACK AMPLIFIER

The schematic block diagram of a feedback amplifier is shown in Fig. 2.9. This block
diagram consists of sampling network, mixer network, feedback network, main ampli-
fier, source signal and load. The output signal (voltage or current) is sampled by a
sampling network and fed to the feedback network. The output of feedback network
is combined with the input signal in the mixer network to obtain the difference
signal Vi. Then output of the mixer network is fed to the main amplifier (basic
practical amplifier). In this section, operation of sampling network, mixer network,
feedback network, and main amplifier are explained briefly.

Basic
Practical
Amplifier

Feedback
Network

+

–
Vi

+

–
Vs

+

–

+

–
Vo

IoIi

+

–
Vf

If

Sampling
Network

Load
Mixer
Network

Signal
Source

Fig. 2.9 Schematic diagram of a feedback amplifier

Sampling Network Generally, two types of sampling networks such as voltage
sampling and current sampling are used in a feedback system. In Fig. 2.10(a), the
output voltage is sampled and in Fig. 2.10(b), the output current is sampled.



Basic Electrical and Electronics Engineering–IIII.2.12

The voltage sampling is called node sampling, and the current sampling is known
as loop sampling. Usually, the output voltage is sampled by connecting the feed-
back network in shunt across the output and the output current is sampled where
feedback network is connected in series with the output as depicted in Fig. 2.10.

Main
Amplifier

Feedback
Network

Voltage
Sampling

Main
Amplifier

Feedback
Network

Current
Sampling

Io

RL Vo

+

–

Fig. 2.10(a) Voltage sampling Fig. 2.10(b) Current sampling

Mixer network This circuit is also known as comparator network. There are
two mixer networks such as series mixing and shunt mixing. Figure 2.11(a) shows
the series mixing, and shunt mixing is depicted in Fig. 2.11(b). Sometimes, a differ-
ential amplifier is also used in mixer networks. The differential amplifier has two
inputs and provides an output proportional to the difference between the two
input signals.

Main amplifier The main amplifier is also known as basic amplifier. Usually,
four types of amplifiers such as voltage amplifier, current amplifier, transcon-
ductance amplifier and transresistance amplifiers are used in the amplifier circuit.

Feedback network This network is a passive two-port network which consists
of resistances, capacitances and inductances, and its input side is connected to
the sampling network and output side is connected with the mixer network.

Signal source The input signal will be either a voltage source or a current
source. The voltage source (a voltage signal Vs in series with a resistor Rs) is
known as Thevenin source, and the current source (a current signal Is in parallel
with a resistor Rs) is called Norton source.
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Main
Amplifier

Feedback
Network

Vi

+

–

Vs

Vf

+

–

Main
Amplifier

Feedback
Network

Ii

+

–

Is

Vf

+

–

If

Fig. 2.11(a) Series mixing Fig. 2.11(b) Shunt mixing

2.5 TOPOLOGIES OF A FEEDBACK AMPLIFIER

In a feedback amplifier, the input and output variables can be modeled as either
voltage or current. There are four combinations of inputs and outputs that repre-
sent the possible types of feedback amplifier. The four different types of feed
back amplifiers are as follows:

(i) Series–Series feedback or Current–Series feedback

(ii) Series–Parallel feedback or Voltage–Series feedback

(iii) Parallel–Series feedback or Current–Shunt feedback

(iv) Parallel–Parallel feedback or Voltage–Shunt feedback
Table 2.2 shows the different types of feedback amplifiers with input variables,

output variables, error signal, gain and feedback factor. The names of feedback
amplifier come from the way that the feedback network is connected between
input and output. The four different types of feedback amplifier circuits are shown
in Fig. 2.12(a) to Fig. 2.12(d). In this section, all types of feedback amplifiers are
explained in detail.

Table 2.2 Types of feedback amplifiers

Feedback Input Output Error Forward gain Feedback factor
amplifier variable variable signal

Series-Series Voltage Current Voltage Transconductance Ohms

Series-Parallel Voltage Voltage Voltage Voltage gain Dimensionless

Parallel-Series Current Current Current Current gain Dimensionless

Parallel-Parallel Current Voltage Current Transresistance Siemens
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Vf

Vo
b =

Vi

+

–

Vs

Vf

+

–

RL Vo

+

–

Vo

Vi
A =

+ +

–

Is

Vf

+

–

RL Vo

+

–

Io
Ii

A =

If
Io

b =

Ii Io

If

Fig. 2.12(a) Voltage–Series feedback Fig. 2.12(b) Current–Shunt feedback

+

–

Is

Vf

+

–

RL Vo

+

–

Vo

Ii
A =

Ii

If
If
Vo

b =

+

–

Vs

Vf

+

–

RL Vo

+

–

Io
Vi

A =

Vf

Io
b =

Io

Vi

Fig. 2.12(c) Voltage–Shunt feedback Fig. 2.12(d) Current–Series feedback

2.5.1 Voltage–Series Feedback Amplifier

Figure 2.13 shows the voltage series feedback amplifier. In this circuit, A is the
gain of the main amplifier, b is the gain of the feedback amplifier, Vs is the supply
voltage, and Vf is the feedback voltage, Vo is the output voltage.

The output voltage of the feedback amplifier is

Vf = bVo as
f

o

V

V
b = .

The feedback amplifier output
voltage Vf is connected in series
but in opposition to the input volt-
age.

Therefore, input voltage of the
main amplifier is

Vi = Vs – Vf  = Vs – bVo

The main amplifier gain is

A = o

i

V

V

Then output voltage is equal to

Vo = AVi = A(Vs – bVo)

Vi

+

–

Vs

Vf

+

–

RL Vo

+

–

Vo

Vi
A =

Vf

Vo
b =

+

 Fig. 2.13 The voltage–series feedback
amplifier
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The overall amplifier gain with feedback is

Af = o

s

V

V

Then Vo = A(Vs – bVo)
or, Vo = AVs – AbVo

or, Vo + bVo = AVs

or, (1 + bA)Vo = AVs

The overall amplifier gain is expressed as 
1

o
f

s

V A
A

V Ab
= =

+

Hence, the negative feedback reduces the amplifier gain by a factor (1 + bA).

2.5.2 Voltage–Shunt Feedback Amplifier

The block diagram of voltage–shunt feedback amplifier is shown in Fig. 2.14
where Ii is input current

If is feedback current
Is is supply or source current
Vo is output voltage

In this circuit, the feedback sig-
nal is proportional to output volt-
age Vo and is fed in parallel to the
input signal. The main amplifier is
a transresistive amplifier, as out-
put signal is voltage Vo and input
signal is current Ii.

The gain of the main amplifier is

o

i

V
A

I
= and units of A is ohms

Output voltage is
Vo = AIi

The gain of the feedback amplifier is

b =
f

o

I

V
The feedback current is equal to

If = bVo

The supply current is the sum of input current and feedback current.

Therefore, Is = Ii + If = Ii + bVo

The overall gain with feedback

Af = o

s

V

I
 = o

i o

V

I Vb+

+

–

Is

Vf

+

–

RL Vo

+

–

Vo

Ii
A =

If
Vo

b =

Ii

If

Fig. 2.14 The voltage–shunt feedback
amplifier
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= i

i o

AI

I AIb+
=

1

A

Ab+

Again we can say that the amplifier gain without feedback is reduced by a
factor (1 + bA) due to feedback.

2.5.3 Current–Shunt Feedback Amplifier

The block diagram of current
shunt feedback is shown in
Fig. 2.15. The feedback signal is
proportional to the output current
Io and is fed in parallel with input.
The main amplifier is a current am-
plifier.

The gain of the main amplifier is

A = o

i

I

I
 and A is dimensionless

The output current is

Io = AIi

The gain of a feedback amplifier is

f

o

I

I
b = ,

The feedback current is equal to If = bIo

The source current is the sum of input current and feedback current.
Therefore, Is = Ii + If = Ii + bIo

The overall gain with feedback is

Af = o

s

I

I
 = o

i f

I

I I+
 = o

i o

I

I Ib+

= i

i i

AI

I AIb+
 = 

1

A

Ab+

It is clear from the above expression that the amplifier gain is to reduced by a
factor (1 + bA) when negative current feedback is provided.

2.5.4 Current–Series Feedback Amplifier

Figure 2.16 shows the block diagram of a current–series feedback. In this case, the
feedback signal is proportional to output current Io which is fed back negatively
to the input in series with the voltage source. The main amplifier is a
transconductance amplifier as its output signal is current Io and input signal is
voltage Vi.

+

–

Is

Vf

+

–

RL Vo

+

–

Io
Ii

A =

If
Io

b =

Ii Io

If

Fig. 2.15 The current–shunt feedback
amplifier
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+

–

Vs

Vf

+

–

RL Vo

+

–

Io
Vi

A =

Vf

Io
b =

Io

Vi

Fig. 2.16 The current–series feedback amplifier

The gain of the main amplifier is

A = o

i

I

V
 and the units of A is siemens

The output current is
Io = AVi

The gain of the feedback amplifier is

b =
f

o

V

I

The feedback voltage is equal to Vf = bIo

The supply voltage is sum of input voltage and feedback voltage.
Therefore, Vs = Vi + Vf

= Vi + bIo

= Vi + bAVi

= (1 + bA)Vi

The overall gain with feedback is

Af = o

s

I

V
= o

i f

I

V V+

= i

i i

AV

V AVb+
 = 

1

A

Ab+

Therefore, the amplifier gain is to reduce by a factor (1 + bA) when feedback
is provided.

2.6 EFFECT OF FEEDBACK ON IMPEDANCES

In this section, the effects of feedback on input and output impedances are ex-
plained for all four types of feedback amplifiers such as voltage–series, current–
series, voltage–shunt and current–shunt feedback amplifiers.
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2.6.1 Input Impedance

Effect of voltage–series feedback amplifier in input impedance In a voltage–
series feedback amplifier, the main amplifier is modeled as a voltage–dependent
voltage source as depicted in Fig. 2.17.

Input impedance of main amplifier is
Zi = Ri

The input voltage is equal to
Vi = ZiIi = Vs – Vf

Assume Ro is negligible. Then output voltage is equal to Vo = AVi

The feedback voltage is
Vf = bVo

The source voltage is equal to
Vs = Vi + Vf = ZiIi + bVo

= ZiIi + bAVi

= ZiIi + bAZiIi

= (1 + bA)ZiIi

The input impedance of feedback amplifier is

Zif =
( ) ( )1

1i is
i

i i

A Z IV
A Z

I I

b
b

+
= = +

Hence, the value of input impedance without feedback is multiplied by a factor
(1 + bA).

Vs

Vf

+

–

RL Vo

+

–

V

V
f

o
b =

–

+

+

–

+

–

Vi

Zif

Ri

Ro+

AVi

Fig. 2.17(a) Ideal structure of voltage–series feedback amplifier

Vs

+

–

Vo

+

–

A Vf s

Rof

+
–

Rif

 Fig. 2.17(b) Equivalent structure of voltage series feedback amplifier
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Effect of current–series feedback amplifier in input impedance Figure 2.18 shows
the current–series feedback amplifier. In this circuit, the main amplifier is modeled
as a voltage-dependent current source.

Input impedance of main amplifier is Zi = Ri

The input voltage is equal to
Vi = ZiIi = Vs – Vf

Assume Ro is very high. Then output current is equal to Io = AVi

The feedback voltage is
Vf = bIo

The source voltage is equal to
Vs = Vi + Vf = ZiIi + bIo

= ZiIi + bAVi

= ZiIi + bAZiIi

= (1 + bA)ZiIi

The input impedance of feedback amplifier is

Zif =
( ) ( )1

1i is
i

i i

A Z IV
A Z

I I

b
b

+
= = +

Therefore, the value of input impedance without feedback is multiplied by a
factor (1 + bA).

Vs

Vf

+

–

RL Vo

+

–

V

I
f

o
b =

+

–

+

–

Vi

Zif

Ri Ro

AVi

Ii Io

Fig. 2.18 Ideal structure of voltage–series feedback amplifier

Effect of voltage–shunt feedback amplifier in input impedance Figure 2.19 shows
a voltage shunt feedback connection where the main amplifier is modeled as cur-
rent dependence voltage source.

The input impedance of main amplifier is Zi = Ri

Input voltage is
Vi = ZiIi

Assume Ro is negligible. The output voltage is equal to Vo = AIi
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Feedback gain is

b =
f

o

I

V

The feedback current is equal to If = bVo

The source current is
Is = Ii + If

The input impedance i i
if

s i f

V V
Z

I I I
= =

+

= i

i o

V

I Vb+
 = 

/

1

i i

o

i

V I

V

I
b+

=
1

iZ

Ab+

Hence, input impedance is reduced by a factor (1 + bA).

+

–

Is RL Vo

+

–

If
Vo

b =

Ii

If

Vi

Zif

Ri

Ro

AIi

Fig. 2.19 Ideal structure of voltage–shunt feedback amplifier

Effect of current–shunt feedback amplifier in input impedance
Figure 2.20 shows a current shunt feedback connection where the main amplifier
is modeled as current–dependence current source.

The input impedance of main amplifier Zi = Ri

Input voltage is
Vi = ZiIi

Assume Ro is very high. The output current is equal to Io = AIi

Feedback gain is

f

o

I

I
b =

The feedback current is equal to If = bIo
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The source current is Is = Ii + If

The input impedance Zif = i i

s i f

V V

I I I
=

+

= i

i o

V

I Ib+
 = i

i i

V

I AIb+

= i i

i i

Z I

I AIb+
=

( )1
i i

i

Z I

A Ib+

=
1

iZ

Ab+

Hence, input impedance is reduced by a factor (1 + bA).

+

–

Is RL Vo

+

–

If
Io

b =

Ii

If

Vi

Zif

Ri AIi Ro

+

–

Io

+

–

Fig. 2.20 Ideal structure of current–shunt feedback amplifier

2.6.2 Output Impedance

Effect of voltage series feed-
back amplifier in output
Impedance The output imped-
ance can be obtained when a volt-
age V is applied at output
terminals and Vs is shorted. Refer
the ideal structure of voltage se-
ries feedback amplifier as shown
in Fig. 2.17 and Vs is shorted and
a voltage V is applied at output
terminals. Figure 2.21 shows the
equivalent circuit to determine the

Vf

Vo
b =

Zof

I+

–

V

+

–

Vi
Ri

Ro

AVi

Vs = 0

+

–

Vf

+

–

+

Fig. 2.21 Voltage series feedback amplifier
when Vs = 0 and RL is discon-
nected
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output impedance of a voltage–series feedback amplifier where Vs = 0 and load
resistance is disconnected.

Assume I current flows through the circuit.
The voltage is

V = IZo + AVi where Zo = Ro

The input voltage is equal to feedback voltage but polarity is reversed.
Therefore, Vi = –Vf

Then voltage  V = o f oIZ AV IZ A Vb- = - As f oV Vb=
Hence, IZo = V + bAV

= (1 + bA)V
The output impedance is equal to

Zof =
1

oZV

I Ab
=

+

Hence, in voltage series feedback, the output impedance is reduced from the
without feedback by the factor (1 + bA).

In the same way, the output impedance of voltage shunt feedback amplifier can

also be computed and output impedance can be expressed as 
1

o
of

Z
Z

Ab
=

+
.

Effect of current–series feedback amplifier in output impedance
Figure. 2.18 shows the current–series feedback amplifier circuit. In this case, the
main amplifier is represented by current model. To calculate the output imped-
ance, voltage V is applied at output terminals with Vs is shorted. Figure 2.22
shows the equivalent circuit to determine the output impedance of a current–
series feedback amplifier where Vs = 0 and load resistance is disconnected.

Vs = 0

Vf

+

–

V

+

–

V

I
f

o
b =

+

–

Vi

Zof

Ri Ro

AVi

Ii

I = Io

Fig. 2.22 Current–series feedback amplifier when Vs = 0 and RL is disconnected

Assume current I flows through the circuit.
As Vs = 0, Vi = –Vf
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The output current is

I = i
o

V
AV

Z
+

= f
o

V
AV

Z
- as Vi = –Vf

=
o

V
A I

Z
b- as Vf = bI

Then we can write ( )1
o

V
A I

Z
b+ =

or, (1 + Ab)IZo = V
The output impedance is equal to

Zof = ( )1o

V
Z A

I
b= +

In the same way, the output impedance of current–shunt feedback amplifier
can be computed and output impedance can be expressed as Zof = Zo (1 + bA).

Table 2.3 shows the summary of input and output impedances of voltage–
series, current–series, voltage–shunt and current–shunt feedback amplifiers.

Table 2.3 Input and output impedances of feedback amplifiers

Impedance Types of feedback amplifier

Voltage series Current series Voltage shunt Current shunt

Input Impedance Increased Increased Decreased Dcreased
Zif ( )1iZ Ab+ ( )1iZ Ab+

1
iZ

Ab+ 1
iZ

Ab+

Output Decreased Increased Decreased Increased

Impedance Zof 1
oZ

Ab+ ( )1oZ Ab+
1

oZ

Ab+
( )1oZ Ab+

2.5 In a voltage–series feedback amplifier A = 400, Ri = 2 kW, Ro = 100 kW and
b = 0.1. Determine overall gain, input impedance, and output impedance of the feedback
amplifier.

Solution

Assume A = 400, Ri = 2 kW, Ro = 100 kW and b = 0.1

In voltage–series feedback amplifier,

Overall gain is Af =
1

A

Ab+

=
400

1 0.1 400+ ¥
 = 9.756

Input impedance is Zif = Zi (1 + bA)

= ( ) ( )31 2 10 1 0.1 400iR Ab+ = ¥ + ¥ = 82 kW
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Output impedance is Zof = 
1

oZ

Ab+

=
( )

3100 10

1 1 0.1 400
oR

Ab

¥
=

+ + ¥
 = 2.439 kW

2.6 Calculate the overall loop gain, input and output impedances for an amplifier in a
current series feedback amplifier with A = 100, Ri = 1 kW, Ro = 50 kW and b = 0.025.

Solution

Given A = 100, Ri = 1 kW, Ro = 50 kW and b = 0.025
In current series feedback amplifier,

Over all gain is Af =
1

A

Ab+
 = 

100

1 0.025 100+ ¥
 = 28.571

Input impedance is Zif = Zi(1 + bA), assume Zi = Ri

= ( ) ( )31 1 10 1 0.025 100iR Ab+ = ¥ + ¥ = 3.5 kW

Output impedance is Zof = ( )1oZ Ab+  assume Zo = Ro

= ( )1oR Ab+  = ( )350 10 1 0.025 100¥ + ¥  =175 kW

2.7 A voltage–series feedback amplifier has A = –100, Ri = 25 kW, Ro = 100 kW and
feedback factor b = –0.1.

(a) Determine overall gain, input impedance, and output impedance of the feedback

amplifier.

(b) If the gain has been reduced to –2.5, what will be the feedback factor?

Solution

Given A = –100, Ri = 25 kW, Ro = 10 kW and b = –0.1

(a) In a voltage–series feedback amplifier,

Overall gain is

Af =
1

A

Ab
=

+
100

1 ( 0.1) ( 100)

-
+ - ¥ -

 = 9.0909

Input impedance is

Zif = Zi(1 + bA) as Zi = Ri

= ( ) ( )31 25 10 1 ( 0.1) ( 100)iR Ab+ = ¥ + - ¥ -  = 275 kW
Output impedance is

Zof =
1

oZ

Ab+
as Zo = Ri

= ( )
10 k

1 1 ( 0.1) ( 100)
oR

Ab

- W
=

+ + - ¥ -
 = 909.09 kW

(b) When the gain has been reduced to –2.5, the feedback factor will be computed from

Af¢ =
1

A

Ab+
as Af¢ = –2.5

=
100

1 ( 100)b

-
+ ¥ -

 = –2.5

 Then the feedback factor is b = –0.39
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2.8 A feedback amplifier circuit is shown in Fig. 2.23 with the gain of amplifier A =
100 –180°, R1 = 10 kW and R2 = 150 kW.

Calculate output voltage and source voltage when input voltage of amplifier is 1–0°.

Solution

The above circuit configuration is voltage–series feedback.
The feedback voltage is

Vf = 2

1 2

150

150 10
o o

R
V V

R R
=

+ +

=
150

160
o oV Vb=

So, feedback path gain is 
150

160
b =

The overall gain is 
1

o
f

s

V A
A

V Ab
= =

+

=
100 180

150
1 100 180

160

– ∞

+ ¥ – ∞

=
100

1.078
150

1 ( 100)
160

-
=

+ ¥ -

Hence, Vo = 1.078 Vs

The input voltage of main amplifier is
Vi = Vs – Vf = Vs – bVo

=
150

1.078
160

s sV V- ¥  = 0.010625 Vs

As Vi = 1–0°, the source voltage is equal to

Vs =
1 0

94.11 0
0.010625

– ∞
- = - – ∞

The output voltage is equal to 1.078o sV V=
Then output voltage Vo = 1.078 Vs = 1.078 × (–94.11–0°) = –101.45 –0°

2.9 An amplifier has an open-loop gain of 200, an input impedance of 1 kW and an output
impedance of 100 W. A feedback network with a feedback factor of 0.5 is connected in a
voltage–series feedback mode. Determine the new input and output impedances.

Solution

Assume, input impedance Zi = 1 kW, output impedance Zo = 100 W, open–loop gain
A = 200 and feedback factor b = 0.5.

After feedback, new input impedance is Zif = Zi (1 + bA)

= 1 kW (1 + 0.5 ¥ 200) = 101 kW

and new output impedance is Zof = 
1

oZ

Ab+

Vs

A
Vo

+

–
R1

+

Vf

R2

Fig. 2.23 Circuit of Ex. 2.8
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=
100

1 0.5 200+ ¥
 = 0.99 W

2.10 Determine overall gain, input impedance, and output impedance of a voltage shunt
feedback amplifier. Assume the following parameters of feedback amplifier.

 Open–loop gain A = –1000, input resistance Ri = 10 kW, output resistance Ro = 20 kW
and b = –0.1,

Solution

Given A = –1000, Ri = 10 kW, Ro = 20 kW and b = –0.1
In voltage shunt feedback amplifier,

Over all gain is Af =
1

A

Ab+

=
1000

1 ( 0.1) 1000

-
+ - ¥ -

= –9.90

Input impedance is

Zif =
1

iZ

Ab+

=
1

iR

Ab+
 =

10

1 ( 0.1)( 1000)

kW
+ - -

= 99 W

Output impedance is Zof = 
1

oZ

Ab+

=
( )

320 10

1 1 ( 0.1) ( 1000)
oR

Ab

¥
=

+ + - ¥ -
 = 198 W

2.11 Compute input and output impedances for an amplifier in a current shunt feedback
configuration with A = 500, Ri = 1000 W, Ro = 5000 W and b = 0.075.

Solution

Given A = 500, Ri = 1000 W, Ro = 5000 W and b = 0.075
In current–shunt feedback amplifier,
Input impedance is

Zif =
1

iZ

Ab+
, assume Zi = Ri

=
1

iR

Ab+
=

1000

1 (0.075 500)

W
+ ¥

= 25.97 W

Output impedance is Zof = Zo (1 + bA), assume Zo = Ro

= ( )1oR Ab+  = ( )5000 1 0.075 500+ ¥  = 192.5 kW
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2.7 PROPERTIES OF FEEDBACK AMPLIFIERS

The properties of feedback amplifiers are
∑ Reduction in frequency distortion
∑ Reduction in noise and nonlinear distortion
∑ Effect of negative feedback on gain and bandwidth
∑ Gain stability with feedback
∑ Reduction in phase distortion

2.7.1 Reduction in Frequency Distortion

In a negative feedback amplifier with feedback gain b, the overall loop gain of the
amplifier is reduced by a factor (1 + bA). If we assume bA >> 1, the gain with

feedback is 
1

fA
b

@ . It follows that the feedback network is purely resistive and

the gain with feedback does not dependent on frequency even though the main
amplifier gain is frequency dependent. Therefore, the frequency distortion arising
because of varying amplifier gain with frequency is considerably reduced in a
negative voltage feedback amplifier circuit.

2.7.2 Reduction in Noise and Nonlinear Distortion

Feedback signal tends to hold
down the amount of noise signal
and nonlinear distortion at the
output stage. Figure 2.24 shows
the block diagram representation
of negative feedback amplifier
with noise signal VN.

When the noise signal VN is
present, the output voltage will
be function of input signal VS, open loop gain A, gain of feedback path b and
noise signal VN. The output voltage can be expressed as

Vo =
1

1 1
s N

A
V V

A Ab b
+

+ +
It is clear from the above expression that there is a reduction in overall gain,

but noise is reduced by the factor (1 + bA). Hence nonlinear distortion is consid-
erably improved.

An additional preamplifier of gain (1 + bA) is used to bring the overall gain up
to the level without feedback as depicted in Fig. 2.25.

A

b

Vs
¢

VN

VoVs
1 + Ab

Fig. 2.25 Feedback amplifier with noise signal and a preamplifier

A

b

Vs

VN

Vo

Fig. 2.24 Feedback amplifier with
noise signal
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The output voltage can be expressed as

Vo =
1

1 1
s N

A
V V

A Ab b
+¢

+ +

As ( )1s sV A Vb= + ¢ , output voltage is 
1

1
o s NV AV V

Ab
= +

+

The above equation states that the input signal Vs is amplified by A and the
noise signal in the output is reduced by (1 + bA).

Sometimes the extra stages might introduce as much noise back into the sys-
tem as that reduced by the feedback amplifier. This problem can be solved in
some extent by readjusting the gain of the feedback amplifier circuit to obtain
higher gain while also providing reduced noise signal.

2.7.3 Effect of Negative Feedback on Gain and Bandwidth

In a negative feedback amplifier, the overall loop gain can be expressed as

Af =
1

1 .

A A

A Ab b b
@ =

+
as bA >> 1

As long as bA >> 1, the overall loop gain is 
1

fA
b

=

Figure 2.26 shows the effect of negative feedback on gain and bandwidth.
The low-frequency gain of amplifier is Al and it can be expressed as

Al =
11

oA

f
j

f

Ê ˆ
- Á ˜Ë ¯

where, Ao is the mid frequency gain and f1 is the lower half power frequency.
The high-frequency gain of amplifier is Al and it can be expressed as

Ah =

2

1

oA

f
j

f

Ê ˆ
+ Á ˜Ë ¯

 where, f2 is the upper half power frequency

With feedback, the overall gain at low frequency is 
1

l
lf

l

A
A

Ab
=

+
 and

With feedback, the overall gain at high frequency is 
1

h
hf

h

A
A

Ab
=

+

After substituting the value of 
11

o
l

A
A

f
j

f

=
Ê ˆ

- Á ˜Ë ¯

 in equation 
1

l
lf

l

A
A

Ab
=

+
, we get
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Alf =
11

o

o

A

f
A j

f
b

Ê ˆ
+ - Á ˜Ë ¯

 = 
1

1

fo

f

A

f
j

f

Ê ˆ
- Á ˜Ë ¯

where, Afo is the mid-frequency gain with negative feedback and 
1

o
fo

o

A
A

Ab
=

+

f1f is known as lower half power frequency with negative feedback and

1
1

1
f

o

f
f

Ab
=

+

After substituting the value of 

2

1

o
h

A
A

f
j

f

=
Ê ˆ

+ Á ˜Ë ¯

in equation 
1

h
hf

h

A
A

Ab
=

+
, we obtain

Ahf =

2

1

fo

f

A

f
j

f

Ê ˆ
+ Á ˜

Ë ¯

where, f2f is known as upper-half power frequency with negative feedback and
f2f = f2(1 + bAo).

In an amplifier without feedback, bandwidth is equal to the difference between
f2 and f1

BW = f2 – f1

When feedback is used, there is some reduction in gain in low-frequency and
high-frequency region. The feedback amplifier has a higher upper 3-dB frequency
and smaller 3-dB frequency.

The bandwidth with feedback is BWf = f2f – f1f

where upper cut-off frequency f2f = f2(1 + bAo)

lower cut-off frequency 1
1

1
f

o

f
f

Ab
=

+
Therefore, an amplifier with negative feedback has larger bandwidth with re-

spect to a bandwidth without feedback.

Ao

Afo

0.707 Ao

0.707 Afo

BW

BWf

f1f f1 f2 f2f

Gain Without feedback

With feedback

Frequency

Fig. 2.26 Effect of negative feedback on gain and bandwidth
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2.7.4 Gain Stability and Sensitivity with Feedback

The overall loop gain of a feedback amplifier is 
1 .

f
A

A
Ab

=
+

Differentiation of the above equation is

1

1

f

f

dA dA

A A Ab
=

+

or,
1f

f

dA dA

A A Ab
= for bA >> 1

This shows that the magnitude of relative change in overall gain 
f

f

dA

A
 is

reduced by the factor |bA| compared to relative change 
dA

A
 in basic amplifier

gain.

The fractional change in amplification with feedback divided by the fractional
change without feedback is called sensitivity of the transfer gain. The sensitivity
S can be expressed as

Sensitivity S = 
/

/

f fdA A

dA A
 = 

1

1 Ab+
 = 

1

Ab
for bA >> 1.

The desensitivity D is equal to 
1 1

Sensitivity S
= .

Therefore
1

1D A
S

b= = +  and 
1

1

f

f

dA dA

A A Ab
=

+
 = 

1 dA

D A

Since |D| is greater than 1 for negative feedback amplifier, the percentage change
in amplification with feedback is less than the percentage change in A. Therefore,

f

f

dA dA

A A
<

2.7.5 Phase Distortion with Feedback

The gain of amplifier is complex quantity and it has a magnitude and a phase
angle. As a result, the gain A of the amplifier without feedback can be expressed as

A = |A| –q

With feedback the gain of amplifier is 
1 .

f
A

A
Ab

=
+

.
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The gain of feedback path b is either a real or a complex quantity. To simplify
the mathematical analysis, we assume b is a real number.

After substituting the value of A = |A| –q in overall gain, we get

Af =
1 . 1

AA

A A

q

b b q

–
=

+ + –

=
( )1 cos sin

A

A j

q

b q q

–
+ +

= ( )1 cos sin

A

A j A

q

b q b q

–
+ +

=
A

B

q

f

–
–

where ( ) ( )2 2
1 cos sinB A Ab q b q= + +  and

f = 1 sin
tan

1 cos

A

A

b q

b q
- Ê ˆ

Á ˜+Ë ¯

Af =
A

B
q f– -  = fA y–

where |Af| =
A

B
 and –y = –q – f

It is clear from Af = 
A

B
–q – f  = |Af | –y, the phase angle of the overall gain

decreases by f in negative feedback amplifier. Therefore, the phase distortion is
reduced.

2.12 An operational amplifier has an open-loop gain of 106 and open-loop upper cut-off
frequency of 10 Hz. If this operational amplifier is connected as an amplifier with a
closed-loop gain of 100, what will be the new upper cut-off frequency?

Solution

The closed-loop gain is 
1 .

f

A
A

Ab
=

+

Here, A = 106 and Af = 100 and open-loop upper cut-off frequency f2 = 10 Hz

(1 + b A) = 
f

A

A
 = 

610

100
 = 104

The upper cut-off frequency f2f = f2(1 + bAo) = 10 ¥ 104 = 100 kHz

2.13 An amplifier circuit has a gain of –100 and feedback path gain is b = –0.01 . When
the amplifier gain is changed by 25% due to temperature, determine the change in gain of
feedback amplifier.
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Solution

Given A = –100, b = –0.01 and 
dA

A
 = 25% = 0.25

The change in gain of feedback amplifier

1f

f

dA dA

A A Ab
=  = 

1
0.25 0.25

( 0.01) ( 100)
¥ =

- ¥ -
= 25%

2.14 A amplifier circuit has a gain of –100 and feedback ratio is b = –0.05.

Determine (a) the amplifier gain with feedback

(b) the amount of feedback in dB

(c) the feedback factor

(d) feedback voltage
Assume input voltage Vs = 50 mV

Solution

Given A = –100, b = –0.05

(a) The amplifier gain with feedback is 
1 .

f

A
A

Ab
=

+
=

100

1 ( 0.05)( 100)

-
+ - -

 = –16.67

(b) The amount of feedback in dB = 1020log
fA

A
 = 10

16.67
20 log

100

-
-

= –15.56 dB

(c) The feedback factor is b = –0.05

(d) The feedback voltage is

Vf = bVo as Vo = AfVs

= bAfVs = (–0.05) ¥ (–16.67) ¥ 50 mV = 41.675 mV

2.8 METHOD OF ANALYSIS OF A FEEDBACK AMPLIFIER

The complete analysis of a feedback amplifier is done by the following steps
given below:

Step 1: Identify the topology of a feedback amplifier

(i) Find the sampled signal—it is either voltage or current. This can be under-
stood by whether the sampled signal is taken from the output voltage node
or from the output current loop.

(ii) Find the feedback signal—it is either voltage or current. If the feedback
signal is voltage, it is mixed with external input signal in shunt connection.
When the feedback signal is current, it is mixed with external input signal in
series connection.

Depending upon the sampled signal as well as feedback signal, there are four
different topologies of feedback amplifiers as given in Table 2.4.
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Table 2.4 Feedback amplifier

Topology Sampled signal Feedback signal

Voltage series Voltage series

Voltage shunt Voltage shunt

Current series Current series

Current shunt Current shunt

Step 2: Draw the basic amplifier circuit without feedback by using the
following method

(i) For the input circuit, modify the output side as follows:
∑ In case of voltage–series or voltage–shunt topology, short the output

node to ground.
∑ In case of current–series or current–shunt topology, open the output loop.

(ii) For the output circuit, modify the input side as follows:
∑ In case of voltage–shunt or current–shunt topology, short the input node.
∑ In case of voltage–series or current–series topology, open the input loop.

Step 3: Input signal source must be converted into following ways

(i) Use Thevenin’s source for voltage–series or current–series topology.
(ii) Use Norton source voltage–shunt or current–shunt topology.

Step 4: Mention the output signal (Vo or Io) on the circuit.

Mention the feedback signal (Vf or If) on the circuit.

Step 5: Determine the gain of feedback path 
feedback signal

=
output signal

b

Step 6: Draw the equivalent circuit of the main amplifier by replacing each active
device by its proper h-parameter model. From the equivalent circuit, determine AV

for voltage amplifier, AI for current amplifier, gm for transconductance amplifier or
rm for transresistance amplifier.

Step 7: Determine overall loop gain, 
1

f
A

A
Ab

=
+

Step 8: In the same way, determine input impedance, Rif and output impedance, Rof.

2.9 PRACTICAL FEEDBACK CIRCUITS

This section provides some examples of practical feedback circuits to demonstrate
the effect of feedback.

2.9.1 FET Amplifier with Voltage Series Feedback

Figure 2.27 shows an FET amplifier circuit with voltage–series feedback. A part of
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output voltage can be feedback using a voltage divider circuit which consists of
resistors R1 and R2. The feedback voltage is connected in series with source signal
VS. The mid-frequency small signal model of Fig. 2.27 is depicted in Fig. 2.28.

Fig. 2.28 Equivalent circuit of FET
amplifier

Vf

Vi

Vs

+

–

R1

R2

Vo

+

–

VDD

RD

CD

+ –

–

+

Fig. 2.27 FET amplifier

Amplifier gain is o
m L

i

V
A g R

V
= = -  where, RL is parallel combination of resis-

tances, Ro, RD and R1 and R2.

RL can be expressed as ( )1 2|| ||L D oR R R R R= +

Feedback factor 2

1 2

f

o

V R

V R R
b = = -

+

Figure 2.29 shows the block-diagram representation of feedback amplifier. The
gain of negative feedback amplifier is

Af =
1 .

A

Ab+
 = 

( )2

1 2

1

m L

m L

g R

R
g R

R R

-
Ê ˆ

+ - -Á ˜+Ë ¯

=
2

1 2

1

m L

L
m

g R

R R
g

R R

-
Ê ˆ

+ Á ˜+Ë ¯

For bA >> 1, Af =
1

b
 = 

2

1 2

m L

L
m

g R

R R
g

R R

-
Ê ˆ
Á ˜+Ë ¯

 = 1 2

2

R R

R

+
-
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A g R= – Lm
+

R

R R

2

1 1–

Vo
Vi

+

Vs

Vf

Fig. 2.29 Block-diagram representation of feedback amplifier

2.15 Determine the overall loop gain of FET amplifier circuit as depicted in Fig. 2.27
with the following parameters gm = 1000 ms, R1 = 20 kW, R2 = 10 kW, Ro = 15 kW and
RD = 10 kW.

Solution

Given gm = 1000 ms, R1 = 20 kW, R2 = 10 kW, Ro = 15 kW and RD = 10 kW.

RL = ( )1 2|| ||D oR R R R+

or,
1 2

1 1 1 1

L D oR R R R R
= + +

+
 = 

1 1 1

10 30 15
+ +

or, RL = 5 kW

Amplifier gain is
o

m L
i

V
A g R

V
= = - = 6 31000 10 5 10 5-- ¥ ¥ ¥ = -

Feedback factor is 2

1 2

f

o

V R

V R R
b = = -

+
 = 

10 1

20 10 3
- = -

+

Overall loop gain is 
1 .

f

A
A

Ab
=

+
 = 

( )

5

1
1 5

3

-
Ê ˆ+ - ¥ -Á ˜Ë ¯

 = –1.87

2.9.2 BJT Emitter Follower Circuit

Figure 2.30 shows the emitter follower circuit with voltage–series feedback. In this
circuit Vs is supply voltage, Vi is input voltage, Vo is output voltage and Vf is
feedback voltage.

The output voltage is Vo = Vf

In this circuit, feedback voltage is in series with the input voltage.
The mid-frequency small signal model of Fig. 2.30 is depicted in Fig. 2.31.

Amplifier gain is 
( )1o

E
s

V
A R

V rp

b+
= = ER

rp

b
=  as b >> 1

Feedback factor is 1
f

o

V
B

V
= =

The block diagram representation of Fig. 2.30 is depicted in Fig. 2.32.
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The overall loop gain is

Af =
1 .

A

B A+

= E

E

R

r Rp

b

b+
ª 1 as ER rpb >>

A = ( / )b r Vp E
+

Vo
Vi

–

Vs

Vf

Fig. 2.32 Block-diagram representation of feedback amplifier

2.9.3 Emitter Current Feedback Amplifier

The emitter current feedback amplifier is shown in Fig. 2.33 and its small-signal model
is depicted in Fig. 2.34. It is clear from Fig. 2.33 that the feedback voltage is propor-
tional to the emitter current which is being fed negatively. The RB resistance across
base and VCC does not affect voltage gain of
the amplifier. The block-diagram representation
of BJT amplifier with current series feedback is
illustrated in Fig. 2.35.

The gain A
rp

b
= -  and the feedback

voltage Vf = –IoRE

As Vf = BIo, B = –RE

Amplifier gain is

Af = ( )1
1 ( )

o

s
E

rI A

V BA
R

r

p

p

b

b

-
= =

+ Ê ˆ
+ - -Á ˜Ë ¯

Vs

+

–

VCC

RCRB

IB

+

+ Vi

+

–

Vf RE

Vo

–

Fig. 2.30 BJT amplifier with
voltage–series feedback

IB

Vs

+

–

+

RB

Vi

–

rp ( / )b r Vp i

RC+

RE

–

Vo

Fig. 2.31 Equivalent circuit of BJT
amplifier

Vs

+

–

VCC

RC
RB

IB

+

+ Vi

+

–

Vf RE

Vo

–

Io

C1

Fig. 2.33 BJT amplifier with
current–series feedback
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=
Er Rp

b

b
-

+

Voltage gain with feedback is

o o C o C
vf C C

s s s E E

V I R I R
A R R

V V V r R r Rp p

bb

b b

Ê ˆ
= = = = - = -Á ˜+ +Ë ¯

Input and output Impedances without
feedback k

||i BZ R rp= , assuming RE = 0
Zo = RC

Input and output impedances with
feedback

Zif = ( )1i EZ BA r Rp b+ = +

Zof = ( )1 1 E
o C

R
Z BA R

rp

bÊ ˆ
+ = +Á ˜Ë ¯

It is clear from the above expressions that input and output impedances are
increased in current–series feedback amplifier.

A = –b/rp
+

–RE

Vo
Vi

–

Vs

Vf

RC

Io

Fig. 2.35 Block-diagram representation of BJT amplifier
with current–series feedback

2.16 Determine the voltage gain of BJT amplifier with current–series feedback as de-
picted in Fig. 2.33 with the following parameters b = 100, rp = 800 W, RC = 2.47 kW,
RE = 470 W, and RB = 470 W.

Solution

Amplifier gain is

A = o

s E

I

V r Rp

b

b
= -

+
 = 

100

800 100 470
-

+ ¥
 = – 0.00209

Voltage gain with feedback is

Avf = o o C o C
C C

s s s E E

V I R I R
R R

V V V r R r Rp p

b b

b b

Ê ˆ
= = = - = -Á ˜+ +Ë ¯

=
3100 2.47 10

800 100 470

¥ ¥
-

+ ¥
 = –5.167

IB

Vs

+

–

+

RB

Vi

–

rp ( / )b r Vp i

Vo+

RE

–

Vf

RC

+

–

Fig. 2.34 Equivalent circuit of BJT
amplifier
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2.9.4 Voltage Shunt Feedback

Figure 2.36 shows the voltage shunt feedback. Its equivalent circuit is illustrated
in Fig. 2.37. The gain of the amplifier

A = ,o

i

V
A

I
Æ • as Ii = 0

The feedback gain is 
1f

o f

I

V R
b = = -

R1

A

+

–Vs

Rf

Vo

 Fig. 2.36 Voltage–shunt negative feedback amplifier

A

+

–

Rf

Vo

If

Ii

R1
Vs

R1
Is =

Fig. 2.37 Equivalent circuit of voltage–shunt negative feedback amplifier

The block–diagram representation of Fig. 2.36 is depicted in Fig. 2.38.
The overall loop gain is

Af =
1

1

o

s

f

V A A

AI A

R

b
= =

+ -
 = –Rf as A Æ • and Ii = 0

The voltage gain is

Avf =
1

fo o s

s s s

RV V I

V I V R
= = - as o

f
s

V
R

I
= -  and 

1

1s

s

I

V R
= -

A
+

Vo
Ii

–

Is

If

1
Rf

–

Fig. 2.38 Block-diagram representation of voltage-shunt
negative feedback amplifier
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2.17 Figure 2.39 shows the transistor feedback amplifier circuit and it has the following
parameters

hie = 1kW, and hfe = 50, RC = 10kW, RB =1kW, RF =100kW

Determine the topology of the feedback and compute o

S

V

V
, Rif and Rof.

Vs

+

–

VCC

RC

RF

+

RB
E

B

C

Vo

Fig. 2.39

Solution

The feedback signal is proportional to output voltage and is connected in shunt with input
signal. Therefore, this circuit is a voltage–shunt topology.

The resistance RF is connected between the collector terminal of transistor (output)
and the base terminal of transistor (input). Applying Miller’s theorem, the RF can be
replaced by the two resistances R1 and R2 as shown in Fig. 2.40. The values of R1 and R2

are given below:

R1 =
1

FR

K-
 and 2

1
F

K
R R

K
=

-

where, K =
Collector voltage Output voltage

=
Base voltage Input voltage

= Voltage gain of amplifier = AV

The effective load resistance RL = RC || R2

where 2

100k

1
V

V

A
R

A

¥
=

-
 and RC = 10k W

RL =

100k
10k

1

100k
10

1

V

V

V

V

A

A

A
K

A

¥
¥

-
¥

+
-

 = 
1000

k
110 10

V

V

A

A

¥
W

-

The voltage gain of transistor

AV =
fe

L
ie

h
R

h
-  = 

50

1000
LR- =

50

1000
-

1000
k

110 10
V

V

A

A

¥
¥ W

-

=
50

1000
110 10

V

V

A

A
- ¥

-
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or, 110 AV – 10 = –50 × 1000

or AV =
50 1000 10

454.45
110

- ¥ +
= -

Vs

+

–

VCC

RC

+

RB

E

C

Vo

Vi B

R1

R2

Fig. 2.40

The value of 1
1

FR
R

K
=

-
 = 

100

1 1 ( 454.45)
F

V

R K

A
=

- - -
 = 219.56 W

The value of 2
1

F

K
R R

K
=

-
 = 

1
V

F
V

A
R

A -
 = 

( 454.45)
100 100k

454.45 1
K

-
ª

- -
W

Ri = hie = 1KW

1 ||ieff iR R R=  = 219.56 || 1K = 180 W

The voltage gain o o i

S i S

V V V

V V V
= ¥  = i

V
S

V
A

V
¥

The
ieffi

S ieff s

RV

V R R
=

+
 = 

180

180 1000+
 = 0.1525

The voltage gain is o

S

V

V
 = AV ¥ 0.1525 = (–454.45) ¥ 0.1525 = –69.30

The output impedance 2||of CR R R=  = 10 || 100K K  = 9.09 K

2.18. Figure 2.41 shows the transistor feedback
amplifier circuit and it has the following parameters:

hie = 2 kW, and hfe = 100, RC = 10 kW, RE = 1 kW,

RB = 1 kW, RF = 100 kW
Determine the topology of the feedback and

compute o

S

V

V
, Rif and Rof.

Solution

The feedback signal is proportional to output volt-
age and is connected in shunt with input
signal. Therefore, this circuit is a voltage–shunt
topology.

Vs

+

–

VCC

RC

RF

+

RB
E

B

C

Vo

RE

Fig. 2.41 Circuit of Ex. 2.18
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The resistance RF is connected between the collector terminal of transistor (output)
and the base terminal of transistor (input). Applying Miller’s theorem, the RF can be
replaced by the two resistances R1 and R2 as depicted in Fig. 2.42. The resistances R1 and
R2 can be expressed as

R1 =
1

FR

K-
 and 2

1
F

K
R R

K
=

-
where K = AV

The effective load resistance RL = RC || R2

where R2 =
100

1
V

V

K A

A

¥
-

and RC = 10kW

RL =

100
10

1

100
10

1

V

V

V

V

K A
K

A
K A

K
A

¥
¥

-
¥

+
-

 = 
1000

k
110 10

V

V

A

A

¥
W

-

The input resistance is

Ri = hie + (1 + hfe)RE = 2K + (1 + 100) 1K = 103 kW

The voltage gain of transistor is

AV =
100 100 1000

k
2000 2000 110 10

fe V
L L

ie V

h A
R R

h A

¥
- = = ¥ W

-

=
50

1000
110 10

V

V

A

A
- ¥

-

or, 110 AV –10 = –50 ¥ 1000

or, AV =
50 1000 10

454.45
110

- ¥ +
= -

The value of R1 =
100

1 1 1 ( 454.45)
F F

V

R R K

K A
= =

- - - -
= 219.56 W

The value of R2 =
( 454.45)

100
1 1 454.45 1

V
F F

V

K A
R R K

K A

-
= = ª

- - - -
100 kW

Rleff = R1 || Ri = 219.56 || 103 kW = 219.09 W

The voltage gain 
o o i i

V
S i S S

V V V V
A

V V V V
= ¥ = ¥

The
219.09

0.179
219.09 1000

ieffi

S ieff s

RV

V R R
= = =

+ +

The voltage gain 0.179o
V

S

V
A

V
= ¥  = (–454.45) ¥ 0.179 = –81.34

The output impedance Rof = RC || R2 = 10K || 100 K = 9.09K
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Vs

+

–

VCC

RC

+

RB

E

C

Vo

Vi B

R1

R2

RE

Fig. 2.42 Solution of Ex. 2.18

2.19 Figure 2.43 shows the transistor feedback amplifier circuit and it has the following
parameters:

hie = 2kW , and hfe = 100, RC1 = 10kW, RC2 = 1kW, RE = 0.1kW, RS = 2kW, Rf = 1kW
Determine the topology of the feedback, gain AV and Rif.

Vs

VCC
+

Is

Rs
CB Ii

If

+

–

Vi

+

RC1 RC2

Io

Rf

+

VE2

–

+
Vo

T2
V ¢o

T1

RE

Fig. 2.43 Emitter to base feedback amplifier circuit

Solution

In Fig. 2.43, transistors T1 and T2 are connected in cascade. The feedback resistance Rf is
connected between the emitter of T2 and base of T1 to provide a feedback path. The
output voltage of transistor T1 is the output voltage of first stage amplifier Vo and it is
180° out of phase from the input voltage Vi. The voltage across RE is VE2. The output
voltage Vo is connected in series with the voltage VE2. The topology of the feedback is
current shunt or series shunt feedback.

The source current is the sum of input current and feedback current, i.e. IS = Ii + If.
The feedback current is equal to

If = 2i E

f

V V

R

-

Since VE2 >> Vi, If  = – 2E

f

V

R

After neglecting the base current of transistor T2, we obtain the emitter voltage

VE2 = (If – Io) RE2
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Then If =
22

( )f o EE

f f

I I RV

R R

-
- = -

or If = 2

2

E
o

f E

R
I

R R+

As feedback current is directly proportional to the output current Io, the feedback
configuration is current shunt or series shunt feedback.

This feedback amplifier circuit can be analyzed by using Miller’s theorem. It is pos-
sible to replace the feedback resistance Rf with two equivalent resistances R1 and R2 as
shown in Fig. 2.44.

Vs

VCC
+

Is

Rs
CB Ii

If

+

RC1 RC2

Io

Rf

+
Vo

T2
V¢o

T1

RE R2

Rif

R1

Fig. 2.44 Miller theorem applied to emitter to base feedback
amplifier circuit of Fig. 2.43

The values of R1 and R2 are

R1 = 2and
1 1 1/

f f

V V

R R
R

A A
=

- -¢ ¢

where, 2E
V

i

V
A

V
=¢  = voltage gain from base of transistor T1 to the emitter of transistor T2.

As AV¢ >> 1, the effective emitter resistance is

R¢E = RE || Rf = 100 || 1000 W = 90.909 W
The input resistance of T2 is

Ri2 = hie + (1 + hfe)RE¢ = 2000 + (1+100)90.909 W = 11181.809 W
The voltage gain from base to collector of transistor T2 is

2VA = 1
2

200
1 0.821

11181.809
ie

i

h

R
- = - =

The effective load resistance of T1 is

RL¢ = RC1 || Ri2 = 10,000 || 11181.809 W = 5278.96 W
The voltage gain of transistor T1 from base to collector is

AV1 =
100

5278.96 263.94
2000

fe
L

ie

h
R

h
- = - ¥ = -¢

The voltage gain AV¢ = AV1 ¥ AV2 = (–263.94) ¥ 0.821 = –216.70
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The value of R1 is

R1 =
1000

4.59
1 1 216.70

f

V

R

A
= = W

- +¢

The input impedance Rif = R1 || Ri1 = R1 || hie = 4.59 || 2000 = 4.579 W
The resistance of signal source is

RS + Rif = (2000 + 4.579) W = 2004.579 W

2.10 STABILITY OF A FEEDBACK AMPLIFIER

In this chapter, negative feedback amplifier is discussed so far. The gain A and
phase shift of a feedback amplifier are functions of frequency. For negative feed-
back operation, |1 + bA| > 1. If |1 + bA| < 1, the feedback becomes positive or
regenerative. During positive feedback, the overall gain Af is greater than A. There-
fore, regeneration means increasing the amplification of the amplifier.

If an amplifier is designed to operate at negative feedback at a specified fre-
quency and it oscillates at some other frequency then the amplifier is not very
useful for that specified application. As a result, feedback amplifiers must be
designed in such a way that the circuit must be stable over a wide range of
frequency or all frequencies. Otherwise, transient response makes the amplifier
unstable. Any feedback amplifier will be stable when transient disturbance pro-
duces a response, but the amplitude of response must decay with time. The feed-
back system will be unstable if any transient disturbance persists indefinitely and
output response increases with time, but amplitude of output response is limited
by nonlinearity of the circuit parameters. For any stable system, all poles of the
transfer function or the zeros of (1 + bA) must be in the left half of the complex
frequency plane. The stability of an amplifier can be investigated using the Nyquist
criterion.

2.10.1 Nyquist Criterion

The gain A and phase shift of a feedback amplifier are functions of frequency. As
bA is also a complex quantity and function of frequency, different points on the
complex plane can be obtained corresponding to different values of
frequency. When frequency
is varied from + • to – •, bA
is plotted on a complex plane
with the real component
along the X-axis and the
imaginary component along
the Y-axis and a closed curve
is formed by the locus of (1
+ bA). The locus of |1 + bA|
is a circle of unit radius with
the center at point (–1 + j0).
This plot is known as
Nyquist plot as shown in
Fig. 2.45.

Positive feedback
region

1 – bA
bA

–1 + 0j

Negative feedback
region

0
Real

Imaginary

Fig. 2.45 Locus of |1 + bbbbbA|
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The Nyquist criterion states that the amplifier is unstable if the Nyquist plot
encloses the point (–1 + j0) and the amplifier is stable if the curve does not enclose
the point (–1 + j0). The Nyquist criterion for positive and negative feedback is
represented in the complex plane as depicted in Fig. 2.45. Figure 2.46 shows the
frequency response of a feedback amplifier in the complex plane. When frequency
is varied from 0 to f1, the feedback is negative. During the frequency range from f1 to
•, the feedback is positive as shown in Fig. 2.46.

Positive feedback
region

A

–1 + 0j

Negative feedback
region

f = 0
Real

Imaginary

f = •
Increasing frequency

f1

Fig. 2.46 Locus of bbbbbA in the complex plane for a feedback circuit which
acts as negative feedback form f = 0 to f = f1 and acts as
positive feedback form f = f1 to f = •••••

At any frequency range, if the locus of bA does not enclose the point (–1 + j0),
the feedback is negative and the amplifier is stable. When the locus of bA enclose
the point (–1 + j0), the feedback is positive and amplifier is unstable as illustrated
in Fig. 2.47. In this case, positive feedback amplifier acts as an oscillator whenever
Nyquist criterion is satisfied.

Real

Imaginary

–1 + 0j

Increasing
frequency

Real

Imaginary

–1 + 0j

Increasing
frequency

(a) (b)

Fig. 2.47 Nyquist plot of feedback amplifier: (a) unstable (b) stable

EXERCISES

Short- and Long-Answer-Type Questions
1. Define feedback amplifier. What are the types of feedback amplifiers? Write

advantages of a feedback amplifier.
2. What do you mean by negative feedback and positive feedback? Derive the

overall gain of negative feedback and positive feedback amplifiers. What is
the amount of feedback of a negative feedback amplifier?
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3. Explain the following amplifiers:
a. Voltage amplifier
b. Current amplifier
c. Transconductance amplifie
d. Transresistive amplifier

4. Draw a schematic block diagram of feedback amplifier and the working prin-
ciple of a feedback amplifier in detail.

5. Justify the statement “ Negative feedback can reduce the gain of an amplifier”.
6. What are the different topologies of feedback amplifier? Explain any one

feedback topology with an example.
7. Draw a voltage series feedback amplifier circuit and derive the following

parameters:
(a) Overall amplifier gain
(b) Input impedance
(c) Output impedance

8. Draw the circuit diagram of an emitter follower circuit. What type of feed-
back topology is used in this circuit? Derive the overall loop gain of the
amplifier.

9. Give a list of properties of a feedback amplifier.
10. Explain the following terms:

(a) Gain stability of negative feedback amplifier
(b) Effect of negative feedback on bandwidth
(c) Effect on input impedance of series–series feedback amplifier
(d) Effect on output impedance of voltage–series feedback amplifier

11. Define the following terminology:
(a) Feedback ratio
(b) Feedback factor
(c) Amount of feedback in dB
(e) Phase distortion of negative feedback amplifier

12. Calculate the gain of a negative feedback amplifier if A = –1000 and b = –1/10.
13. When the gain of an amplifier changes from a value of –1000 by 10%,

determine the gain change if the ampli-
fier is used in a negative feedback cir-
cuit and b = –1/50.

14. Determine the gain, input and output im-
pedances of a voltage–series feedback
amplifier having A = –200, Ri = 1.5 kW, Ro

= 100 kW and b = –1/50.
15. Compute the gain with and without

feedback for an FET amplifier as shown
in Fig. 2.48 for R1 = 500 kW, R2 = 250
kW, Ro = 40 kW RD = 8 kW and gm =
1000 ms

16. Figure 2.49 shows a BJT amplifier cir-
cuit. What type of feedback topology
is used in this circuit? Calculate the gain,

Vs

+

–

VDD

R1

Vo

R2

RD

CD

Vf

+

–
+

–

+
–

Vi

Fig. 2.48
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input and output impedance with feedback
RB = 100 kW, RE = 1.2 kW, RC = 4.7 kW, hfe

= 100 and hie = 1000.
17. An amplifier with a gain of 2500 has an

output voltage of 10 V. A negative feed-
back is provided to reduce the gain to 10%.
What should be the gain of the feedback
path?

18. A feedback amplifier consists of four am-
plifying blocks and each amplifying block
has a gain of 10.
(a) What should be the gain of the feed-

back path in order to maintain overall
gain to 75?

(b) If the gain of each amplifier block has been reduced to 80% of actual
value due to parameter variation, what is the % change in the overall
gain of feedback amplifier?

19. An amplifier has an open-loop gain of A = 250. (a) Calculate the feedback
path gain to provide overall gain of Af = 100. (b) When A is increased by
10%, calculate the new Af. What is the percentage change in Af?

20. An amplifier has gain of –20000 and feedback of b = –0.1. Due to tempera-
ture rise, gain change is about 10%. What will be the change in gain of the
feedback amplifier?

21. In a voltage–series feedback amplifier A = 5000, Ri = 100 W, Ro = 100 kW and
b = 0.1 Compute input impedance, and output impedance of feedback ampli-
fier.

22. Determine the overall loop gain, input and output impedances for an
amplifier in a current series feedback amplifier with A = 1000, Ri = 2 kW, Ro =
50 kW and b = 0.01.

23. A voltage series feedback amplifier has A = –1000, Ri = 20 kW, Ro =
100 kW and feedback factor b = –0.2. (a) Find overall gain, input impedance,
and output impedance of feedback amplifier. (b) If the gain has been re-
duced to –200, what will be the feed-
back factor?

24. The transistor feedback amplifier cir-
cuit is depicted in Fig. 2.50 and it
has the following parameters:

hie = 2kW, and hfe = 120, RC

= 5kW, RE = 1kW, RB = 1kW,
RF = 100kW

Determine the topology of the

feedback and compute 
o

S

V

V , Rif

and Rof.

VCC

Vs

+

–

+

RB

IB

RC

+
–

+

–

Vi

Vf RE

Vo

Fig. 2.49

VCC

Vs

+

–

+

RB

Vo

RE

B

RF
C

RC

E

Fig. 2.50
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25. Figure 2.51 shows the transistor feedback amplifier circuit and it has the
following parameters

hie = 1kW, and hfe = 50, RC1 = 5kW, RC2 = 1kW, RE = 50, RS

= 1kW, Rf  = 1kW.

Explain the topology of this feedback amplifier and determine AV1, AV2, AV,

and Rif. Assume any missing parameters.

Rs

Vs

VCC
+

CB

Rf

RE

T1 T2

VE2

+

–

RC1 RC2

Io

+
Vo

Is

Ii

+
V¢o

If
Vi

+

–

         Fig. 2.51

26. Define desensitivity D. What is relation between D and Af ?
27. State the Nyquist criterion of stability of a feedback amplifier.
28. Explain sensitivity of a feedback amplifier.

MULTIPLE CHOICE QUESTIONS

1. A negative feedback amplifier has a gain A and feedback path gain is b.
What will be the overall gain of amplifier?

(a)
1

A

Ab+
(b)

1

1

A

Ab

+
+

(c)
1

A

Ab-
(d)

1 A

A

b-

Answer: (a) 1

A

Ab+

2. A positive feedback amplifier has a gain A and feedback path gain is b.
What will be the overall gain of amplifier?

(a)
1

A

Ab-
(b)

1

1

A

Ab

+
+

 (c)
1

A

Ab+
(d)

1 A

A

b-

Answer: (a) 
1

A

Ab-
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3. The transfer characteristics of voltage amplifier is

(a) o
v

s

V
A

V
= (b) o

I
s

I
A

I
= (c) o

m
s

I
g

V
= (d)

o
m

s

V
r

I
=

Answer: (a) o
v

s

V
A

V
=

4. An amplifier has gain of –1000 and feedback of b = –0.1. If it had a gain
change of 20% due to temperature, what will be the change in gain of the
feedback amplifier?
(a) 1% (b) 2% (c) 0.5% (d) 0.2%
Answer: (d) 0.2%

5. An amplifier has an open-loop gain of 100, an input impedance of 1 kW and
an output impedance of 100 W. A feedback network with a feedback factor
of 0.5 is connected in a voltage–series feedback mode. The new input and
output impedance are

(a) 51 kW and 2 W  (b) 510 kW and 20 W
(c) 5.1 kW and 200 W (d) 5 kW and 100 W
Answer: (a) 51 kW and 2 W

6. An operational amplifier has an open-loop gain of 104 and open loop upper
cutoff frequency of 10 Hz. If this operational amplifier is connected as an
amplifier with a closed-loop gain of 100, what will be the new upper
cut-off frequency?

(a) 1000 Hz (b) 100 Hz (c) 10 Hz (d) 1 Hz

Answer: (a) 1000 Hz

7. Figure 2.52 shows the feedback amplifier circuit. What is the type of feed-
back used in this circuit?

(a) Voltage–series feedback

(b) Voltage–shunt feedback

(b) Current–series feedback

(d) Current–shunt feedback

Answer: (a)Voltage–series feedback
8. Which topology of feedback amplifier has very

high input and output impedances?
(a) Voltage–series feedback
(b) Voltage–shunt feedback
(c) Current–series feedback
(d) Current–shunt feedback

Answer: (c) Current–series feedback

9. An amplifier with mid-band gain A = 500 has a negative feedback 
1

100
b = .

If the upper cut-off without feedback is 600 Hz, then with feedback it would
become.

Vs

+

–

VCC

RC
RB

+

C

RE

IB

Vf

Vi

Vo

+

+

–

–

Fig. 2.52
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(a) 3000 Hz (b) 300 kHz (c) 30 Hz (d) 3 Hz

Answer: (a) 3000 Hz
10. The feedback factor of the circuit is shown in Fig. 2.53 is

(a)
10

15
(b)

5

15
(c)

1

10
(d)

1

5

Answer: (a) 
10

15

Vf

Vi A

–

+

+

V1

Vo

R1 = 10 K Rf = 5 K

Fig. 2.53

11. Figure 2.54 shows an op-amp feedback amplifier circuit. What the type of
feedback is it?
(a) Voltage–shunt feedback (b) Current–series feedback
(c) Voltage–series feedback (d) Current–shunt feedback

Answer: (a) Voltage–shunt feedback

R1

A

+

–Vs

Rf

Vo

Fig. 2.54

12. In a common emitter amplifier, the unbypassed emitter resistance provides
(a) voltage–series feedback (b) voltage–shunt feedback
(c) current–series feedback (d) current–shunt feedback

Answer: (c) current–series feedback
13. The amount of feedback in negative feedback amplifier is expressed as

(a) 10

1
20 log

1 Ab+
(b)

10

1
20 log

1 Ab-

(c) 10

1
40 log

1 Ab+
(d) 10

1
40 log

1 Ab-

Answer: (a) 10

1
20 log

1 Ab+
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14. The input and output impedances of a current shunt feedback amplifier is

(a) 1
iZ

Ab+  and Z0(1 + bA) (b) Zi (1 + bA) and 1
oZ

Ab+

(c) and
1 1

o oZ Z

A Ab b+ + (d) Zi (1 + bA) and Zo (1 + bA)

Answer: (a) 1
iZ

Ab+  and Z0(1 + bA)

15. The advantages of negative feedback amplifier are
(a) high input impedance (b) increase gain stability
(c) low output impedance (d) all

Answer: (d) all
16. A transconductance amplifier has

(a) high input impedance and high output impedance
(b) high input impedance and low output impedance
(c) low input impedance and low output impedance
(d) low input impedance and high output impedance

Answer: (a) high input impedance and high output impedance
17. Voltage–shunt feedback amplifier is a

 (a) transconductance amplifier (b) transresistive amplifier
(c) voltage amplifier (d) current amplifier

Answer: (b) transresistive amplifier
18. A transreistive amplifier has

(a) low input impedance and high output impedance
(b) high input impedance and low output impedance
(c) low input impedance and low output impedance
(d) high input impedance and high output impedance

Answer: (a) low input impedance and high output impedance
19. Negative feedback increases the performance parameters except

(a) gain (b) input impedance
(c) noise distortion (d) 3 dB frequency

Answer: (a) gain
20. The transfer characteristic of transconductance amplifier is

 (a)
o

m
s

I
g

V
= (b)

o
i

s

I
A

I
= (c)

o
v

s

V
A

V
= (d)

o
m

s

V
r

I
=

Answer: (a) 
o

m
s

I
g

V
=

UNIVERSITY QUESTIONS WITH ANSWERS

Multiple-Choice-Type Questions
1. For an emitter follower, the voltage gain is

(a) unity (b) greater than unity
(c) less than unity [WBUT-2007] [WBUT-2008]
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2. In case of voltage series feedback in an amplifier, the input resistance due
to feedback
(a) increases (b) decreases
(c) zero (d) remains unchanged [WBUT-2008]

3. In a current amplifier
(a) input is voltage, output is current
(b) input is voltage, output is power
(c) input is current, output is voltage
(d) input is current, output is current [WBUT-2008]

4. In a transconductance amplifier
(a) input is voltage, output is current
(b) input is voltage, output is voltage
(c) input is current, output is voltage
(d) input is power, output is voltage [WBUT-2008]

5. Input and output impedances of a voltage shunt feedback are
(a) Zi /(1 + Ab) and Zo/(1 + Ab)
(b) Zi (1 + Ab) and Zo/(1 + Ab)
(c) Zi/(1 + Ab) and Zo(1 + Ab)
(d) Zi(1 + Ab) and Zo(1 + Ab) [WBUT-2009]

6. In an amplifier
(a) we apply a degenerative feedback
(b) we apply a regenerative feedback
(c) bandwidth decreases due to feedback [WBUT-2009]

7. Feedback amplifier in an amplifier always helps to
(a) control its output
(b) increase its gain
(b) decrease its input impedance

 (d) stabilize its gain [WBUT-2009]
8. Voltage series negative feedback

(a) increases input and output impedances
(b) increases input impedance and decreases output impedance
(c) decreases input and output impedances
(d) increases output impedance and decreases input impedance

[WBUT-2010]
Solutions

1 (a) unity
2 (a) increases;
3 (d) input is current, output is current

 4 (a) input is voltage, output is current
5 (a) Zi/(1 + Ab) and Zo/(1 + Ab)
6 (a) we apply a degenerative feedback
7 (d) stabilize its gain
8 (b) increases input impedance and decreases output impedance
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Short- and Long-Answer-Type Questions
1. How does the negative feedback increase the bandwidth of the amplifier?

 [WBUT-2002]

Solution
The difference between the upper cut-off frequency f2 and lower cutoff
frequency f1 is called as bandwidth of an amplifier and it can be expressed as

BW = f2 – f1

When the negative feedback is applied in an amplifier, the cut-off fre-
quencies are also effected. The lower cut-off frequency is reduced by a
factor of (1 + bAo) but the upper cut-off frequency is increased by a factor
(1 + bAo). When feedback is used, there is some reduction in gain in low
frequency and high frequency region. The feedback amplifier has a higher
upper 3-dB frequency and smaller 3-dB frequency.

The bandwidth with feedback is BWf = f2f – f1f

where upper cut-off frequency f2f = f2 (1 + bAo)

lower cut-off frequency f1f =
1

1 o

f

Ab+

Since amplifier with negative feedback has larger bandwidth with re-
spect to bandwidth without feedback.

Ao

Afo

0.707 Ao

0.707 Afo

BW

BWf

f1f f1 f2 f2f

Gain Without feedback

With feedback

Frequency

Fig. 2.55 Effect of negative feedback on bandwidth

2. Establish the expressions for current gain, voltage gain, input resistance
and output resistance of a CE transistor amplifier in terms of h parameters.

[WBUT-2002] [WBUT-2007] [WBUT-2008]
Solution
Figure 2.56 shows the h-parameter equivalent circuit of CE amplifier. The
derivation of input resistance, output resistance, voltage gain and current
gain are given below:
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1
hoe

R1 R2 RC RL

RE

h Vre o h Ife B

hieIBIs

Vi Vo

IL

IC

IB +

–

 Fig. 2.56 Equivalent circuit of CE transistor amplifier

Input Resistance
Looking from base emitter terminals, we find that hie is in series with
hreVo. If we assume hre is very small, the hreVo is negligible with respect to
voltage drop across hie. The input resistance is equal to

Ri = R1 || R2 || ZB

where ZB =
( ) ie B E B E fe Bi ie B E B C

B B B

h I R I R h IV h I R I I

I I I

+ ++ +
= =

= hie + RE(1 + hfe)
Output Resistance

Looking from collector emitter terminals output resistance is
1

o
oe

R
h

= ,

but actual output resistance is 1
||o C

oe

R R
h

=
Voltage gain

The voltage gain is O
V

i

V
A

V
= = – 

( || )

( (1 ))
C C L

B ie E fe

I R R

I h R h+ +
as Vi = IB (hie + RE(1 + hfe))

=
( || ) ( || )

( (1 )) ( (1 ))

fe B C L fe C L

B ie E fe ie E fe

h I R R h R R

I h R h h R h
- = -

+ + + +

Current gain

IL = C
C

C L

R
I

R R+
 = 

fe C
B

C L

h R
I

R R+
 as IC = hfeIB

B
B S

B B

R
I I

R Z
=

+
 where, RB = R1 || R2 = 1 2

1 2

R R

R R+

The current gain is L
i

S

I
A

I
=  = 

( )( )

fe B C

C L B B

h R R

R R R Z

-

+ +
3. With the help of block diagram explain negative feedback amplifier. Point

out function of each block and derive an expression for gain with negative
feedback. [WBUT-2002]

Solution Refer Section 2.4.
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4. Find the gain and feedback factor for (i) shunt–series (ii) shunt–shunt
(iii) series–shunt (iv) series-series feedback circuits. Draw the block diagrams
for each case. [WBUT-2002]
Solution Refer Section 2.5.

5. Discuss the effect of –ve feedback on stability and gain. [WBUT-2002]
Solution Refer Section 2.7.4.

6. (a) The open loop gain of an amplifier changes by 20% due to changes in
the parameters of the active amplifying device. If a change of gain by
2% is allowable, what type of feedback has to be applied?

(b) If the amplifier gain with feedback is 10, find the value of feedback ratio
for an open loop gain of 100? [WBUT-2003]

Solution
(a) In a feedback amplifier

1

1

f

f

dA dA

A A Ab
=

+

where Af = closed loop gain, A = open loop gain and b = feed back ratio

Here
f

f

dA

A
 = 2% = 

2

100
and

dA

A
 = 20% = 20

100

Therefore, 2 20 1

100 100 1 Ab
=

+
Then bA = 9
As bA > 1, negative feedback to be applied.

(b) The overall loop gain of a feedback amplifier is

1 .
f

A
A

Ab
=

+

if Af = 10, A = 100, we can write 
100

10
1 100b

=
+

Then 9
0.09

100
b = =

7. Show the different feedback topologies with appropriate block diagrams.
[WBUT-2003]

Solution Refer Section 2.5.
8. FET amplifier in the common source configuration uses a load resistance of

150 kW. The ac drain resistance of the device is 100 kW and the
transconductance is 0.5 mA/V. What is the voltage gain of the amplifier?

[WBUT-2004]
Solution
Amplification factor m = rd ¥ gm where rd = drain resistance and
gm = transconductance
Given gm = 0.5 mA/V, rd = 100 kW and RL = 150 kW
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The voltage gain

AV =
.O m d L

i L d

V g r R

V R r
=

+

 =
3 3 3

3

0.5 10 100 10 150 10
30

(150 100) 10

-¥ ¥ ¥ ¥ ¥
=

+ ¥

9. (a) What do you understand by negative feedback?
(b) What is feedback factor? [WBUT-2004]
Solution
(a) Refer Section 2.2
(b) Feedback factor: The ratio of feedback voltage Vf and output voltage

Vo is called the feedback factor b. It can be expressed as 
f

O

V

V
b =

10. An amplifier has a voltage gain of 200. The gain is reduced to 50 when
negative feedback is applied. Determine feedback factor and express the
amount of feedback in dB. [WBUT-2004] [WBUT 2010]
Solution
Given: A = 200, Af = 50
The closed-loop gain of a feedback amplifier is

Af =
1 .

A

Ab+

or, 50 = 
200

1 200b+

Therefore, b =
3

0.15
200

=

The amount of feedback = 
50 1

200 4

fA

A
= =

The amount of feedback in dB = 20 log10 10

1
20 log

4

fA

A

Ê ˆ Ê ˆ= Á ˜Á ˜ Ë ¯Ë ¯

= – 20 log10 4 dB = – 12.0411 dB
11. Explain how stability of gain improves by negative feedback.

[WBUT-2004]
Solution Refer Section 2.7.4.

12. (a) Draw the circuit diagram of an emitter follower and explain the nature
of feedback in this circuit.

(b) What is its feedback topology?
[WBUT-2004]

Solution (a) Refer Section 2.9.2
(b) Voltage series feedback or series parallel or series shunt topology
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 13. What is the effect of negative feedback on input and output impedance of
an amplifier? [WBUT-2004]
Solution

Due to negative feedback, the input and output impedance of an ampli-
fier is changed by a factor (1 + bA). The input impedance is increased by a
factor (1 + bA) and the output impedance is reduced by a factor (1 + bA).
The input impedance is Zif = (1 + bA)Zi

The output impedance is 
1

o
of

Z
Z

Ab
=

+
 where A is amplifier gain and b is

feedback factor.
14. Identify the circuit shown. In the circuit the value of R1 = 2kW, Rf = 4kW,

determine the output voltage, input resistance and input current for an
input voltage of 2V. [WBUT-2004]
Figure 2.57 shows the voltage shunt feedback amplifier.

The gain of amplifier is 
1

fo
f

in

RV
A

V R
= = -

= –
4

2
 = –2

The output voltage 
1

f
o in

R
V V

R
= -  = –2 ¥ 2 = –4V

R1

+

–
V

Rf

Vo

Fig. 2.57 Voltage shunt feedback amplifier

The input resistance Ri = R1 = 2kW
Assume input current is Iin

The output voltage Vo = –IinRf

Then input current is 3

4
1

4 10

o
in

f

V
I

R

-
= - = - =

¥
 mA

15. (a) What do you mean by –ve feedback? (b)Why is it used in designing an
amplifier? [WBUT-2005]
Solution (a) Refer Section 2.2.
(b) The negative feedback is used in designing an amplifier as it helps to

∑ Increase bandwidth
∑ Decrease distortion
∑ Stabilize the gain
∑ Decrease noise
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∑ Reduction in frequency distortion
∑ Reduce phase distortion

16. The variation of open loop gain of an amplifier having internal gain 1000
is 10% but for a specific use only 1% gain variation is allowed. Design a
feedback amplifier for this purpose and find the corresponding feedback
fraction and overall gain. [WBUT-2005]
Solution
In a feedback amplifier

1

1

f

f

dA dA

A A Ab
=

+

where Af = closed loop gain, A = open loop gain and b = feed back ratio

Given:
f

f

dA

A
= 1% = 

1

100
 and 

dA

A
 = 10% =

10

100

Therefore,
1 10 1

100 100 1 Ab
=

+

or, bA = 9
As bA > 1 negative feedback to be applied.

The feedback fraction is 
9 9

0.009
1000A

b = = = as A = 1000

The overall gain is

Af  = 
1000

100
1 . 1 (0.009 1000)

A

Ab
= =

+ + ¥
17. Compare between voltage and current feedback mechanism.

[WBUT-2005] [WBUT-2007]
Solution (a) Refer Table 2.1.

18. (a) Mention the advantage and disadvantage of a negative (–ve) feedback
amplifier. [WBUT-2007]

(b) Determine the gain bandwidth product negative (–ve) feedback
amplifier.

(c) An amplifier with negative (–ve) feedback provides an output
voltage of 5 V with an input voltage of 0.2. On removal of feedback it
needs only 0.1 V input voltage to give the same output. Find out the
(i) Gain without feedback

(ii) Gain with feedback
(ii) Feedback ratio.

Solution
(a) The advantages of negative feedback amplifiers are given below:

∑ Increased stability in the amplification. The gain is less dependent
on device parameters

∑ Higher input impedance
∑ Lower output impedance



Feedback Amplifier II.2.59

∑ Feedback reduces distortion in the amplifier
∑ Bandwidth of the amplifier is increased. Improved frequency re-

sponse
∑ Linear operation over a wide range

The disadvantages of feedback amplifiers are
∑ The feedback amplifier may lead to instability if it is not designed

properly
∑ Gain of the amplifier decreases
∑ Input and output impedances of feedback amplifier are sensitive

with open loop gain of amplifier, and parameter variations.
(b) Assume Af = closed-loop gain, A = open loop gain and b = feed back ratio

The overall gain is 
1 .

f
A

A
Ab

=
+

The bandwidth without feedback = BW
The bandwidth with feedback = BWf

The relation between BW and BWf can be expressed as

BWf = (1 + bA)BW

The gain bandwidth product can be expressed as

(1 )
1

f f
A

A BW A BW A BW
A

b
b

¥ = ¥ + = ¥
+

(c) Output voltage Vo = 5 V and input voltage Vi = 0.2 V with feedback.
Without feedback input voltage Vi = 0.1 V

(i) The gain without feedback is 
5

0.1
o

f
i

V
A

V
= = = 50

(ii) The gain with feedback is 
5

0.2
o

f
i

V
A

V
= = = 25

(iii) The overall gain is 
1 .

f
A

A
Ab

=
+

where Af = closed loop gain, A = open loop gain and b = feed back
ratio

Therefore,
50

25
1 50b

=
+ ¥

 and 
1

50
b =

19. In a CC amplifier circuit R1 = 10 kW, R2 = 10 kW. Re = 5 kW, Rs = 1 kW.
Determine the circuit Input and output impedance, voltage and current and
power gain if the transistor parameters are hie = 2kW,
hfe = 100.

[WBUT-2007]
Solution
The current gain of common collector amplifier is

AI = 1 + hfe = 1 + 100 = 101
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The input impedance is
Ri = hie + (1 + hfe)Re

= 200 + (1 + 100) 500 = 507 kW
The output impedance is

Ro =
2000 1000

29.70
1 1 100
ie s

fe

h R

h

+ +
= = W

+ +

The voltage gain is

AV =
3

2000
1 1 0.996

507 10

ie

i

h

R
- = - =

¥
Power gain = current gain ¥ voltage gain

AP = AI ¥ AV = 101 ¥ 0.996 = 100.596

20. How does the negative feedback increase the bandwidth of the amplifier?
[WBUT-2007]

Solution (a) Refer Section 2.7.3.
21. The open loop gain of an amplifier is 100. What will be the overall gain when

a negative feedback of 0.6 is applied to the amplifier?
[WBUT-2008]

Solution
Assume Af = closed loop gain, A = open loop gain and b = feed back ratio

The overall gain is 
1 .

f
A

A
Ab

=
+

Given A = 100, b = 0.6

Then
100 100

1.6393
1 . 1 (0.6 100) 61

f
A

A
Ab

= = = =
+ + ¥

22. (a) Draw the h-parameter equivalent circuit of a CE transistor amplifier
and hence obtain the expressions for the (i) current gain (b) voltage
gain (iii) input impedance.

(b) For a CE amplifier hie = 2 kW, hre = 2 ¥ 10–4, hfe = 50 and hoe = 20 ¥ 10–

6 mho. If the load resistance is 4 kW and source resistance is 200 W,
determine the input impedance, voltage and current gains.

[WBUT-2008]
Solution
(a) Solution of Question No. 2
(b) Given: hie = 2kW, hre = 2 ¥ 10–4, hfe = 50, hoe = 20 ¥ 10–6 mho, RL =

4 kW and Rs = 200 W
The current gain of CE amplifier is

AI =
6 3

50
46.296

1 1 (20 10 4 10 )

fe

oe L

h

h R -
= =

+ + ¥ ¥ ¥
Input resistance is
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Ri= hie + hre AI RL = 2000 + (2 ¥ 10–4 – 46.296 ¥ 4000) = 2037.0368
The voltage gain is

AV =
4000

46.296 925.92
200

L
I

i

R
A

R
= ¥ =

23. (a) Formulate the expression for voltage gain, current gain and output re-
sistance of a transistor amplifier employing h-parameters.

(b) A transistor amplifier in CE configuration couples a source of internal
resistance 1 kW to a load 20 kW. Find the input and the output resis-
tance if hie=1 kW, hre = 2.5 ¥ 10–4, hfe = 150 and 1/hoe = 40 kW

[WBUT-2009]
Solution
(a) Refer Solution of Question No. 2
(b) Given: hie = 1 kW, hre = 2.5 ¥ 10–4, hfe = 150 and 1/hoe = 40 kW, RL = 20

kW and Rs = 1 kW
The current gain of CE amplifier is

AI =
3 3

150
100

1 1 (1/ 40 10 ) 20 10 )

fe

oe L

h

h R
= =

+ + ¥ ¥ ¥
Input resistance is

Ri = hie + hre AI RL = 1000 + (2.5 ¥ 10–4 ¥ 100 ¥ 20,000) = 1500 W
The voltage gain is

AV =
20, 000

100 1333.33
1500

L
I

i

R
A

R
= ¥ =

Looking from collector emitter terminals output resistance is 
1

||o L
oe

R R
h

=

= 40 kW || 20 kW = 13.33 kW
24. (a) What is a feedback amplifier.

(b) Derive an expression for closed-loop gain of the amplifier with feedback.
(c) State the assumptions made in your derivation.
(d) Write the effect of negative feedback in an amplifier in terms of gain,

bandwidth, input resistance and output resistance with respect to volt-
age series configuration. [WBUT-2009]

Solution
(a) Refer Section 2.2. (b) Refer Section 2.5.1.
(d) The effect of negative feedback in an amplifier in terms of gain, band-

width, input resistance and output resistance with respect to voltage
series configuration are given below:

Gain The overall amplifier gain is expressed as 
1

o
f

s

V A
A

V Ab
= =

+
Therefore, the negative feedback reduces the amplifier gain by a factor
(1 + bA).
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Bandwidth The bandwidth with feedback is BWf = f2f – f1f

where, upper cut-off frequency f2f = f2(1 + bAo)

lower cut-off frequency 1
1

1
f

o

f
f

Ab
=

+

Therefore, amplifier with negative feedback has larger bandwidth with
respect to bandwidth without feedback.
Input Resistance This is increased by a factor (1 + bA) and Rif =
(1 + bA)
Output Resistance The output resistance is decreased by a factor

(1 + bA) and Rof = 
1

oR

Ab+

25. (a) What are the advantages of negative feedback?
(b) Explain with proper diagram the configuration of current series and

current shunt feedback circuit. [WBUT-2009]
Solution
(a) Refer Section 2.1. (b) Refer Sectios 2.5.3 and 2.5.4.



3.1 INTRODUCTION

An oscillator is an electronic circuit that generates a repetitive electronic signal or

periodic wav eforms from a few hertz (Hz) to several gigahertzes (GHz). In the field

of electronics, an oscillator is known as a wave generator. Wave generators use

many different circuits and produce output signals such as sinusoidal, square,

rectangular, sawtooth and trapezoidal wave shapes. These wave shapes serve

different useful purposes in the electronic circuits.

Usually, oscillators use some form of active devices, crystal surrounded by

passive devices such as resistors, capacitors and inductors to generate the output

signals. For example, oscillators are extensively used in a television receiver to

reproduce both sound and picture. The other example is that clock signals

generated by oscillators regulate computers and quartz-clocks. A low-frequency

oscillator generates an ac waveform at a frequency below 20 Hz. These low-

frequency oscillators are typically used in audio synthesizers.

In this chapter, classification of oscillators, oscillator operation, Barkhausen

criteria, sinusoidal oscillators, relaxation oscillators are discussed elaborately.

3.2 CLASSIFICATION OF OSCILLATORS

Oscillators can be classified depending upon the following parameters as given

below:

(i) The wave shapes generated by the oscillators

(ii) The fundamental mechanisms used in oscillators

(iii) Range of frequency of output signal

(iv) Type of circuit (based on passive devices used in oscillators)

3.2.1 According to the Wave Shapes Generated by the
Oscillators

Generally, oscillators are classified into two broad categories according to wave

shapes such as

OSCILLATORS3
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∑ Sinusoidal oscillators

∑ Non-sinusoidal or relaxation oscillators

(a) Sinusoidal Oscillators A sinusoidal oscillator generates a sine-wave out-

put signal. Ideally, the output signal has constant amplitude with fixed frequency.

But something less than this is usually obtained from oscillators. The accuracy

of oscillators depends on the class of amplifier used, amplifier characteristics,

frequency stability and amplitude stability.

A sine-wave generator produces sine-wave signals from audio frequency to

ultra high radio frequency as well as microwave frequency. Low-frequency sine-

wave oscillators use resistors (R) and capacitors (C) to form a frequency-

determining network. These oscillators are known as RC oscillator and are widely

used in the audio frequency range.

Some sine-wave oscillators use inductors (L) and capacitors (C) for their

frequency determining network. These types of oscillators are called as LC

oscillators. This oscillator is also known as tank circuit. LC oscillators are

commonly used in high audio frequency range.

The third type of sine-wave generators is the crystal oscillators. This oscillator

provides excellent frequency stability and used in mid-audio frequency range.

(b) Non-sinusoidal Oscillators The non-sinusoidal oscillator generates non-

sinusoidal or complex waveforms such as square, rectangular, sawtooth and

trapezoidal. As oscillator outputs are generally characterized by a sudden change

or relaxation, these oscillators are called relaxation oscillators. Usually, the os-

cillators signal frequency is governed by the charge or discharge time of a

capacitor in series with a resistor. Sometimes inductors are also used in oscillator�s

circuit. Hence, both RC and LC networks are used for determining the frequency

of oscillation. The examples of non-sinusoidal oscillators are multivibrators,

sawtooth generators and trapezoidal waveform generators.

3.2.2 According to the Fundamental Mechanisms Used
in Oscillators

Oscillators can also be classified according to the fundamental mechanisms used

in oscillators. Types of oscillators are

∑ Feedback oscillators

∑ Negative resistance oscillators

(a) Feedback Oscillators In these oscillators, positive feedback is used in

feedback amplifier and Barkhausen criteria must be satisfied.

(b) Negative Resistance Oscillators In negative resistance oscillators, the

amplifying device has negative resistance to neutralize the positive resistance of

oscillators.

3.2.3 According to the Range of Frequency of Output Signal

Oscillators can be classified according to the frequency of output signal generated

by oscillators. Usually, oscillators produce signals in the audio frequency (AF)
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range and radio frequency range, and they are known as Audio Frequency

Oscillators (AFO) and Radio Frequency Oscillators (RFO) respectively. Table 3.1 shows

the different types of oscillators according to range of frequency.

Table 3.1 Types of oscillators according to range of frequency

Types of oscillators Frequency range Example

Audio Frequency Oscillators 400 Hz to 20 kHz RC oscillators such as

(AFO) phase-shift and Wien-

bridge oscillators

Radio Frequency Oscillators 20 kHz to 30 MHz LC feedback oscillators

(RFO) such as tuned collector,

Hartley and Colpitt oscil-

lators

Very High Frequency (VHF) 30 MHz to 300 MHz Crystal oscillators used

oscillators in microprocessors, micro-

controllers, ASICs, DSP

processors and computer

mother-boards

Ultra High Frequency (UHF) 300 MHz to 3 GHz Bulk Acoustic Wave

oscillators (BAW) AT cut quartz

crystal oscillators

Microwave frequency Above 3 GHz YIG tuned oscillators,

oscillators oven controlled crystal

oscillators

3.2.4 According to the Type of Circuit (Based on Passive
Devices Used in Oscillators)

The oscillators can also be classified according to the type of circuit as given

below:

∑ LC tuned oscillators

∑ RC phase shift oscillators

3.3 THE BASIC OSCILLATOR

Figure 3.1 shows the basic oscillator block diagram. An oscillator can be regarded

as an amplifier which provides its own input signal. It is clear from the block

diagram that amplification of signal power occurs from input to output. In any

oscillator circuit, a portion of the output is fed back to the input. Enough power

Fig. 3.1 Block diagram of a basic oscillator
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must be fed back to the input for the oscillator to drive itself as a signal generator.

Therefore, the oscillator must be self-driven and the feedback signal must be

positive or regenerative.

As a practical oscillator generates signals at a predetermined frequency, a

Frequency Determining Network (FDN) is required. The FDN acts as a filter

which allows only the desired frequency to pass. The basic oscillator requirements,

in addition to the application, determine the type of oscillator to be used. For any

oscillator circuit, the following requirements must be fulfilled:

(i) Amplification is required to give necessary gain for the output signal.

(ii) There should be sufficient regenerative feedback to sustain oscillations.

(iii) A Frequency Determining Network (FDN) is required to maintain the

desired output frequency.

(iv) Any oscillator has two types of stability such as amplitude stability and

frequency stability. The amplitude stability refers to the ability of the

oscillator to maintain constant amplitude of the output signal. Similarly,

frequency stability refers to the ability of the oscillator to maintain

constant frequency.

(v) Due to change in temperature and humidity, the value of capacitors,

resistors and transistors can change. The changes in these components

cause changes in amplitude and frequency. But change in amplitude and

frequency must be minimum.

(vi) For proper use of oscillators, output power is also another consideration.

Sometimes high power is obtained at some sacrifice to stability.

Generally, stable oscillators will be followed by a higher-power buffer

amplifier. The buffer is used to provide isolation between oscillator and

load. So that changes in the load do not affect the oscillators.

(vii) Usually, oscillators use class C amplifier to increase efficiency. Some

oscillators use class A amplifiers where high efficiency is not required

but distortion must be minimum.

3.4 OSCILLATOR  OPERATION

Figure 3.2 shows the negative feedback circuit. Assume the input voltage and

output voltage are vector quantity and gains are also complex numbers. In this

circuit,

oV = output voltage

sV = supply voltage

A = gain of main amplifier

b = feedback gain

The overall gain of the amplifier circuit is

1

o
f

s

V A
A

V Ab
= =

+
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Fig. 3.2 Block diagram of a negative feedback amplifier

At a particular frequency, the phase shift of Ab is 180° and polarity of the

feedback voltage fV  is reversed. Therefore, the feedback is positive and overall

gain becomes

1

o
f

s

V A
A

V Ab
= =

-

When 2Ab < , the gain of the amplifier must be larger than A . If Ab  = 1

and Ab– = 180°, the overall gain becomes infinite. It means that the input sV is

to be zero to produce any output voltage oV . Therefore, when the signal sV  is

removed from Fig. 3.2, the circuit as shown in Fig. 3.3 can oscillates at a particular

frequency determined by frequency determining network (FDN). Consequently, in

a negative feedback circuit the condition for oscillation is Ab  = 1 and Ab– = 180°

or Ab = � 1. This condition is called the Barkhausen criteria for oscillation.

Fig. 3.3 Feedback circuit used as oscillator
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To satisfy the Barkhausen criteria, the magnitude of the loop gain is unity with
a corresponding phase shift of 180° in a negative feedback circuit. An equivalent

expression using complex algebra is Ab = 1 – – 180° for a negative feedback

system. In reality, there is no requirement of input signal to start oscillator. But

the condition Ab = 1 will be satisfied only for self-sustained oscillators.

Practically, Ab  is made greater than 1 and the feedback circuit is started

oscillating by amplifying noise voltage which is always present in the system.

The saturation factors of the feedback circuit provide an average Ab  which is

about 1. Hence, the output waveforms of oscillators are not exactly sinusoidal;
and it will be non-sinusoidal in nature.

As the phase shift approaches 180° and Ab  = 1 in a negative feedback circuit,

the output voltage of the system tends to infinity, but it is limited to finite value
due to an energy-limited power supply. When the output voltage approaches
power rail +VCC or –VCC, the gains of active devices in the amplifiers are changed.
The value of A changes and forces bA away from the singularity. Figure 3.4 shows
the build up of oscillations starting from initial noise. Ideally, the trajectory of
output voltage will be toward an infinite voltage, but practically the following
things can occur:

(i) Nonlinearity in saturation causes the system to become stable.
(ii) The initial change causes the system to saturate and stay that way for a

long time before it becomes linear. This produce highly distorted
oscillations called as relaxation oscillators.

(ii) The feedback amplifier circuit stays linear and reverse direction heading
for the opposite power rail. This condition provides a sine-wave oscillator.

Fig. 3.4 The build-up of oscillations

3.4.1 Barkhausen Criterion (See page II.3.44)

Generally, the amplifier gain A and feedback path gain b are complex quantity and
function of frequency. Consequently, bA is also a complex quantity and function
of frequency. When |1 – bA| < 1 in a positive feedback amplifier, the amplifier acts
as an oscillator. Any feedback amplifier will be stable, when transient disturbance
produces a response, but the amplitude of response must decay with time. The
feedback system becomes unstable if any transient disturbance persists indefinitely
and output response increases with time, but amplitude of output response is
limited by nonlinearity of the circuit parameters. The stability of amplifier can be
investigated using the Nyquist criterion.
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The gain and phase shift of a feedback amplifier are plotted on a complex
plane. As bA is also a complex quantity and function of frequency, different
points on the complex plane can be obtained corresponding to different values of
frequency. When frequency is varied from + • to – •, a closed curve is formed by
the locus of (1 – bA). This plot is known as Nyquist plot.

The locus of |1 – bA| is a circle of unit radius with the centre at point ( )1 0j+ .

The locus of bA on the complex plane is A1– A2, while frequency is varied. At a
specified frequency fo, the point on the locus A1 – A2 is P. If P is inside the circle
of unit radius with the centre at point (1 + j0), |1 – bA| < 1 and feedback is positive
as shown in Fig. 3.6. If P is outside the circle, |1 – bA| > 1 and feedback is negative
as depicted in Fig. 3.5. When P is located at the point (1 + j0), the overall gain Af

is infinite and amplifier works as an oscillator. Consequently, Nyquist criterion
states that the locus of bA passes through or enclose the circle of unit radius with
the centre at point (1 + j0), the amplifier is unstable and will oscillate. When the
locus of bA does not pass through or does not enclose the circle of unit radius
with the centre at point (1 + j0), the amplifier is stable. Therefore, a positive
feedback amplifier acts as an oscillator when Nyquist criterion is satisfied only.

Imaginary

Real

Positive feedback
region

Negative feedback
region

1 + 0j

1 – bA

bAA1

A2

P

Fig. 3.5 Negative feedback amplifier

1 + 0j

1 – bA
bA

A1

Real

Imaginary

Positive feedback
region

Negative feedback
region

A2

P

Fig. 3.6 Positive feedback amplifier
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3.5 PHASE SHIFT IN OSCILLATION

The phase shift of bA = 1– � 180° is introduced by active and passive components.

In any well-designed feedback circuit, oscillators are made dependent on only

the passive component phase shift as it is most accurate. The phase shift

contributed by active components is minimized as it changes with temperature

and is device dependent. So that amplifiers are selected in such a way that they

contribute very little or no-phase shift at the oscillator.

A single-pole RC circuit contributes up to 90° phase shift per pole. To get

180° phase shift in any oscillators, at least two poles must be used in oscillator

design. Figure 3.7 shows that two cascaded RC circuits provide 180° phase shift.

The value of 
d

d

f

w
 at the oscillator frequency is unacceptably small. Therefore,

oscillators made with two cascaded RC circuits, have poor frequency stability.

When three equal RC circuits are cascaded, the circuit has much higher 
d

d

f

w
.

As a result, oscillator has improved frequency stability. The three section

oscillators yield three sine waves 60° phase shift relative to each other. If another

RC circuit is added or four equal cascaded RC circuits produces an oscillator with

an excellent 
d

d

f

w
. Hence this circuit is the most stable oscillator yields four sine

waves 45° phase shift relative to each other.

Fig. 3.7 Phase plot of RC sections

An LC circuit has two poles and it can contribute up to 180° phase shift per

pole pair. But LC oscillators are not very useful at low frequency operation as

low frequency inductors are very expensive, heavy, and bulky. Usually, LC
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oscillators are designed in high-frequency application, beyond the frequency range

of voltage feedback OPAMPs. Multiple RC circuits are used in low-frequency

oscillators.

3.6 PHASE SHIFT OSCILLATOR

Figure 3.8 shows a phase shift oscillator circuit. The phase shift in feedback path

of an amplifier can be provided by an RC network. The RC sections are cascaded

to get steep slope 
d

d

f

w
 required for a stable oscillator frequency. The phase shifts

of RC sections are independent of each other and bA will be equal

to
3

1

1
A A

sRC
b

Ê ˆ= Á ˜Ë ¯+
.

Fig. 3.8 Amplifier with an RC feedback network

Figure 3.9 shows the vector diagram of RC feedback network. The signal at M

is 180 degree out of phase with the signal input at R. To produce regenerative

feedback, the RC network must provide a 180° phase shift of the signal. When

power is applied to the circuit, a noise voltage will appear at M. This noise signal

couples through C1 and across R1, a phase shift occurs. The voltage across R1 is

VR1 has been shifted in phase about 60° and reduced in amplitude. The signal at

the point N is coupled to the next RC section (R2 and C2). As resistance and

capacitor size are same as before, there will be another 60° phase shift. The

signal at point P is the voltage across R2 represented by VR2 which has been

shifted about 120° and its magnitude is reduced further. The same type of operation

takes place at last RC section (R3 and C3). There will be another 60° phase shift

and has further amplitude reduction. Hence the signal at point R, VR3 has been

shifted 180°.

Fig. 3.9 Vector diagram of RC feedback network
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The loop phase shift is �180° when phase shift of each section is �60°. The 60°

phase shift occurs when 
1.732

2 as tan 60 1.732.f
RC

w p= = ∞ =

Assume the current I flows through C and R, the voltage across capacitor C is

VC which will be 90° lagging from the current I. The voltages across the resistance

R is VR which will be in phase with the current I. As a result, the voltage V has a

phase shift of q angle with respect to current.

Figure 3.10(b) shows the vector diagram of an RC section.

From Fig. 3.10(b), we can write

1
tan

2

C C

R

V IX

V IR fRC
q

p
= = =

The frequency is equal to

1

2 tan
f

RCp q
=

As q = 60°, tan tan 60 3q = ∞ =

Then
1

2 3
f

RCp
=

Fig. 3.10 RC section and its vector diagram

The transfer function of the three RC networks is

2 2 2 3 3 3

1

6 5 1
1

f

o

V

V

sRC s R C s R C

b = =
+ + +

After substituting 2s j j fw p= =  and 1

1

2
f

RCp
= , we get

2 3

1 1 1

1

1 5 6
f f f

j
f f f

b =
È ˘Ê ˆ Ê ˆ Ê ˆ
Í ˙- - -Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯Í ˙Î ˚

 As |bA| = 1, b must be real. The imaginary term in the above equation must

be zero.

3

1 16 0
f f

f f

Ê ˆ Ê ˆ
- =Á ˜ Á ˜Ë ¯ Ë ¯

or,
1 6

f

f
=
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The frequency of oscillator is

1

2 6
f

RCp
=

and the corresponding feedback gain is 
1

29
b =

The above relation is only justified when each section of the RC the network

does not affect other sections. But practically it is not possible due to device

parameter variations.

As 
1

1, 29A Ab
b

= = =

So that the circuit will oscillate if A = 29.

3.1 In an RC phase shift oscillator, if the value of resistors are R1 = R2 = R3 = 100 kW and

the value of capacitors are C1 = C2 = C3 = 0.20 nF. Determine the frequency of the

oscillation.

Solution

Given R1 = R2 = R3 = 100 kW and C1 = C2 = C3 = 0.20 nF

The frequency of RC phase shift oscillator is

f =
1

2 6RCp

= 3 9

1

2 100 10 0.20 10 6p -¥ ¥ ¥ ¥

= 3.247 KHz

3.7 BJT PHASE SHIFT OSCILLATOR

Figure 3.11 shows the BJT phase shift oscillator. The quiescent operating point of

the transistor is determined by the resistances R1, R2, RC, and RE and supply

voltage VCC. The bypass capacitor CE is connected in parallel with RE and provides

very small reactance at the low frequency signal. In this circuit, the transistor

operates in common emitter configuration and it provides a 180° phase shift

between input and output voltages. There are three R-C sections in the circuit

and these three R-C sections provide another 180° phase shift. Hence the net

phase shift around the loop is 0° or 360°. In this section the detail circuit analysis

is explained.

3.7.1 Circuit Analysis of BJT Phase Shift Oscillator

Assume each RC section is identical. For this C1 = C2 = C3 = C, R1 = R2 = R. As

input impedance of transistor ieh  is connected in series with R¢, the effective

resistance of last section is R¢ = R � hie. As R1 and R2 are very high, the effect on

ac operation of the circuit is negligible. The parallel combination of RE and CE

will be absent in the ac equivalent circuit of BJT oscillator. The equivalent
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circuit of Fig. 3.11 is shown in Fig. 3.12. As hre is very small, the value of hre V2

may be neglected. As 
1

oeh
>> RC, we can also neglect 

1

oeh
. Then the equivalent

circuit is modified as represented by Fig. 3.13. This circuit can be represented in

most simplified form as shown in Fig. 3.14. There are three loops and loop currents

are I1, I2 and I3.

Fig. 3.11 R-C phase shift oscillator using BJT

Fig. 3.12 ac equivalent circuit of Fig. 3.11

Fig. 3.13 ac equivalent circuit of Fig. 3.11 when hre V2 and 
oe

1

h
 are neglected
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Fig. 3.14 Simplest ac equivalent circuit of Fig. 3.11

KVL equation of loop-I is

1 2 3

1
0C fe CR R j I RI h R I

Cw

Ê ˆ+ - - + =Á ˜Ë ¯

 KVL equation of loop-II is

1 2 3

1
2 0RI R j I RI

Cw

Ê ˆ- + - - =Á ˜Ë ¯

KVL equation of loop-III is

2 3

1
2 0RI R j I

Cw

Ê ˆ- + - =Á ˜Ë ¯

We can write the KVL equations in matrix form as given below:

1

2

3

1

1
2 0

1
0 2

C fe CR R j R h R
C I

R R j R I
C

I

R R j
C

w

w

w

È ˘+ - -Í ˙
È ˘Í ˙
Í ˙Í ˙- - - =Í ˙Í ˙
Í ˙Í ˙ Î ˚

Í ˙- -
Í ˙Î ˚

As I1, I2, I3 are non-zero quantities, the determinant of the coefficient of I1, I2

and I3 must be zero.

Therefore, we can write the determinant of the matrix

2 2 2

2 2

1 4 1 1
3 2 0C fe C

R
R R j R j R R j h R R

C C CCw w ww

Ê ˆ Ê ˆ Ê ˆ+ - - - - - + =Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯
(3.1)

The above equation has real and imaginary parts. For oscillation, the imaginary

part must be zero as well as real part will also be zero.

The imaginary part is equal to

2

2 2 2

1 1
4 3 0CR R R

R R
C C CCw w ww

+ Ê ˆ- - - + =Á ˜Ë ¯
Then we can find that

2

2 2

1

(6 4 )CC R RR
w =

+

or,
1

6 CR
RC

R

w =
+
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Therefore, the circuit analysis of the small-signal model yields the frequency of

oscillation as

1

2
2 6 4 C

f
R

RC
R

w

p
p

= =

+

If we assume 
CR

K
R

= , the frequency of oscillation is

1

2 6 4
f

RC Kp
=

+

The real part of Eq. (3.1) is equal to

2 3 2

2 2 2 2

1 4
( ) 3 2 0C fe C

R
R R R R h R R

C Cw w

Ê ˆ+ - - - + =Á ˜Ë ¯

After substituting the value of w2 in the above equation, we obtain

23 29 4 C
fe

C

RR
h

R R
= + +

When the loop gain is greater than unity, the current gain of BJT must be

equal to hfe which follows the condition

23 29 4 C
fe

C

RR
h

R R
≥ + +

The greater-than sign (>) in the above equation compensates for parameter

changes in the amplifier. The optimum value of K is about 2.7. For this, the

minimum value of hfe is required for transistor to work as an RC oscillator. hfe

must be greater than 44.5 for oscillation.

RC phase shift oscillators are widely used as signal source in the audio-

frequency and the ultrasonic range. If any one of the three capacitors or three

resistors is changed in value, the phase shift provided by the section of the

network becomes different and oscillator frequency will be changed. Due to

change in a single capacitor or resistor, the amplitude of the output signal also

changes to some extent. While a large range of frequency is required, all capacitors

must be varied simultaneously. Generally, the range of capacitance is 50 pF to

500 pF and the frequency of oscillation can be changed in the ratio 10:1. For

higher range of frequency variation, the resistance value of different resistors

will be changed by a factor of 10.

3.8 FET PHASE SHIFT OSCILLATOR

Figure 3.15 shows the circuit diagram of an FET phase shift oscillator. The load

resistance is RL =RD || rd and the amplifier gain is A = � gmRL.

As amplifier gain is negative, the feedback is to be negative.

The frequency of oscillator is 
1

2 6
f

RCp
=  and magnitude of phase shift

network gain b = 
1

29
. The phase shift of 180° causes, this feedback behaves as
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positive. At very high frequency, the input capacitance of FET contributes loading

effect and FET should have high gain at low frequency for oscillation.

Fig. 3.15 RC phase shift oscillator using FET

3.2 Find the frequency of oscillation in an RC phase shift oscillator as shown in Fig. 3.11.

Assume R = 20 kW, C = 0.047 mF, RC = 4.7 kW. Determine the minimum value of current

gain for the oscillation.

Solution

Given R = 20 kW, C = 0.047 mF and RC = 4.7 kW
The frequency of RC phase shift oscillator is

1

2 6 4
f

RC Kp
=

+  where CR
K

R
=

4.7
0.235

20

CR
K

R
= = =

 The frequency of the oscillation is

3 6

1

2 20 10 0.047 10 6 4 0.235p -=
¥ ¥ ¥ ¥ + ¥

= 64.26 Hz

The minimum value of current gain for the oscillation is

23 29 4 C
fe

C

RR
h

R R
= + +

20 4.7
23 29 4 147.34

4.7 20
= + ¥ + ¥ =

3.3 Determine the value of capacitors and current gain of the transistor when the frequency

of oscillation in an RC phase shift oscillator is 20 kHz. Assume R1 = R2 = R3 = R = 100 kW,

RC = 5.6 kW.
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Solution

Given f = 20 kHz, R1= R2 = R3 = R = 100 kW, and RC = 5.6 kW
The frequency of RC phase shift oscillator is

1

2 6 4
f

RC Kp
=

+ where, 
CR

K
R

= ,

5.6
0.056

100

CR
K

R
= = =

 The frequency of the oscillation is

3

3

1
20 10

2 100 10 6 4 0.056Cp
¥ =

¥ ¥ ¥ ¥ + ¥

or, 3 3

1

2 100 10 20 10 6 4 0.056
C

p
=

¥ ¥ ¥ ¥ ¥ + ¥

= 0.03189 nF

The minimum value of current gain for the oscillation is

23 29 4 C
fe

C

RR
h

R R
= + +

100 5.6
23 29 4 541

5.6 100
= + + =

3.9 WEIN BRIDGE OSCILLATOR

Figure 3.16 shows Wein bridge oscillator using OP-AMP and RC bridge circuit.

The output voltage of the operational amplifier (OP-AMP), Vo is used as the

input voltage of the bridge. The output voltage of the bridge Vi can be used as

the input voltage of the amplifier. When bridge is in balanced condition, Vi = 0.

But to sustain oscillation, Vi will not be zero (Vi π 0). Therefore, the bridge will

be in slightly unbalanced condition by varying the ratio between the resistances

R3 and R4. As the Wein bridge does not provide any phase shift between input

and output voltages of bridge circuit, the operational amplifier must not introduce

any phase shift between input and output voltages of amplifier and the overall

phase shift around the loop is zero.

Fig. 3.16 Wien-bridge oscillator
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3.9.1 Analysis of Wien-bridge Oscillator

The oscillator frequency is determined by R and C. Resistors R1 and R2 and

capacitors C1 and C2 are used as frequency adjustment elements of Wein bridge

oscillator. R3 and R4 are used as part of the feedback path of the amplifier circuit.

The transfer function of the circuit has been derived using the following method

as given below:

The impedances of four arms of the Wein bridge are Z1, Z2, Z3 and Z4.

Impedance Z1 is the series connection of R1 and C1 and it is equal to

1 1 1 1
1 1

1 1 1

1 11 sR C j R C
Z R

sC sC j C

w

w

+ +
= + = = as s jw=

Impedance Z2 is the parallel combination of R2 and C2 and Z2 = 2
2

1
||R

sC
.

Therefore,

2
2 2

1 1
sC

Z R
= +

2 2

2

1 sR C

R

+
=

Then 2 2
2

2 2 2 21 1

R R
Z

sR C j R Cw
= =

+ + +
as s jw=

The other two impedances are

Z3 = R3 and Z4 = R4

The frequency of oscillation can be determined from bridge balance condition.

For the bridge balance condition, the phase angle of Z1 and Z2 will be same and

oscillation frequency fo can be obtained at this condition.

The bridge will be balanced, when Z1 R4 = Z2 R3 or 31

2 4

RZ

Z R
=

Therefore,

1 1

31

2 4

2 2

1

1

j R C

Rj C

R R

j R C

w

w

w

+

=

+

or, 31 1 2 2

2 1 4

(1 )(1 ) Rj R C j R C

j R C R

w w

w

+ +
=

When R1 = R2 = R and C1 = C2 = C, the above equation can be written as

or, 3

4

(1 )(1 ) Rj RC j RC

j RC R

w w

w

+ +
=

or,

2 2 2
3

4

(1 )
2

RR C
j

RC R

w

w

-
- =
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The condition for oscillation is that the real and imaginary parts on the both

sides must be equal.

Therefore, 3

4

2
R

R
=  and 1 � w2R2C2 = 0

Hence we can also write the condition for oscillation as

31

2 4

2
RZ

Z R
= =

For oscillation, Z1 = 2Z2

or,
1 1

1

1 j R C

j C

w

w

+ 2

2 2

2
1

R

j R Cw
=

+

or, 2
1 1 2 2(1 ) 0R C R Cw- =

Assume R1 = R2 = R and C1 = C2 = C

Then 2 2 2(1 ) 0R Cw- =

or,
1

RC
w =

or
1

2 f
RC

p =

The frequency of oscillation is 
1

2
f

RCp
=

At the balance condition of Wein bridge, the voltage across the two arms of

the bridge must be equal.

Therefore, 4
1 2

3 4
o

R
V V V

R R
= =

+

As 3

4

2
R

R
= , 

4

3 4

1

3

R

R R
=

+
 and 

1 2

1

3
oV V V= =

At balanced condition, we get,

1 2 1

3o o

V V

V V
= =

At oscillation, the input voltage of the amplifier is not equal to zero (Vi π 0)

and the ratio 4

3 4

R

R R+
 will be less than 

1

3
. Then we can write

4

3 4

1 1

3

R

R R d
= -

+

where d is the real number which is greater than 3. The bridge is slightly

unbalanced and provides a feedback voltage, Vi.

The ratio 
i

o

V

V
 remains at 

1

3
 and the ratio 

2

o

V

V
 is
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2 1 1

3o

V

V d
= -

Then input voltage of feedback amplifier is

1 2

1 1 1

3 3

o
i o o

V
V V V V V

d d

Ê ˆ= - = - - =Á ˜Ë ¯

The feedback factor is 
1i

o

V

V
b

d
= =

The condition of oscillation is bA =1. Then, 1
A

d
= . For oscillation, A = d > 3.

Advantages of Wein Bridge Oscillator

The advantages of Wein bridge oscillator are as follows:

(i) As two stage amplifiers is used, the overall gain is very high.

(ii) The output waveforms will be pure sine waves.

(iii) The frequency stability is very good. Actually, oscillation frequency

depends on R and C, since the values of R and C are fixed against

temperature variations, frequency stability can be achieved.

(iv) The frequency of oscillation can be changed easily by varying R and C.

(v) When the resistance R4 is replaced by a thermistor with negative temperature

coefficient, the amplitude of oscillation will be stabilized with parameter

variations of transistors, aging effect of transistor and other circuit

parameters. Due to negative temperature coefficient, R4 decreases with

increasing temperature. Therefore, feedback factor b decreases. As a result,

the Wein bridge adjust itself in such a way that bA = 1.

Disadvantages of Wein Bridge Oscillator

The disadvantages of Wein bridge oscillator are as follows:

(i) Large numbers of components are required for a two-stage amplifier.

(ii) Wein-bridge oscillators are able to generate only Audio Frequency (AF)

range sine wave.

3.4 In a Wein-bridge oscillator when the value of resistor R = 200 kW and the frequency

of the oscillation is 20 kHz, determine the value of capacitor C.

Solution

Given R = 200 kW and f = 20 kHz

The frequency of the oscillation is

1

2
f

RCp
=

The value of capacitor C at the frequency of oscillation is

3 3

1 1

2 2 200 10 20 10
C

Rfp p
= =

¥ ¥ ¥ ¥ = 0.0397 nF

3.5 In a Wein-bridge oscillator, the value of capacitors can be changed from 10 pF to 100

pF to generate sine wave output signals from 20 Hz to 20 kHz.
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(a) Determine the resistances required to generate the output signals from 20 Hz to

20 kHz.

(b) If the gain of the amplifier is 5, what will be the ratio of the resistances in the other

arms of the bridge?

Solution

Given capacitor range is 10 pF to 100 pF and frequency range is 20 Hz to 20 kHz.

(a) The frequency of the oscillation is

1

2
f

RCp
=

When f = 20 Hz, C = 100 pF

Then the value of required resistance is

9

1 1

2 2 20 100 10
R

fCp p -= =
¥ ¥ ¥

= 79.54 kW

The capacitance varies in the ratio 10 pF:100 pF = 1:10. Then the oscillator frequency

range will be 20 Hz to 200 Hz with R = 79.54 kW.

Therefore, to generate output signal in the frequency range from 200 Hz to 2 kHz,

the value of R will be 
1

10
th of 79.54 kW = 7.954 kW.

In the same way, for the frequency range from 200 Hz to 2 kHz, the value of R will

be 
1

10
th of 7.954 kW = 0.7954 kW.

(b) Since the gain of amplifier A = 5, for oscillation d = A = 5

4

3 4

1 1

3

R

R R d
= -

+
1 1 2

3 5 15
= - =

or, 3

4

1 7.5
R

R
+ =

Therefore, the ratio of the resistances in the other arms of the bridge is

3

4

6.5
R

R
=

3.10 TUNED COLLECTOR OSCILLATOR

Figure 3.17 shows a tuned collector oscillator circuit. The quiescent operating

point can be determined by the supply voltage VCC and the resistances R1, R2, RE

and RB. The resistance RB is in parallel with R2. As RB is very large, the effect on

the quiescent operating point is very small. In this circuit RB is used to

∑ Control the amount of feedback to the value which is just required to sustain

oscillations

∑ Reduce the loading effect of the collector by the transistor for low-input

impedance

∑ Decrease distortion
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The emitter bypass capacitor CE is connected in parallel with resistance RE and

it will not appear in the ac equivalent circuit. Here transistor operates in common

emitter configurations. The common emitter amplifier provides 180° phase shift

between input and output voltages. The additional 180° phase shift is required to

sustain oscillation. Actually phase shift of a tank circuit provides 180° phase

shift.

The Frequency Determining Network (FDN) can be made up by the capacitor

and transformer primary inductance LP. As an LC tuned circuit is connected with

the collector of transistor, this circuit is called as tuned collector oscillator. This

LC tuned circuit is also known as tank circuit as this circuit is used as a frequency

determining network.

RB

R2

R1

RE
CE

C LsLP

M

VCC
+

Fig. 3.17 A tuned collector oscillator

3.10.1 Analysis of Tuned Collector Oscillator

Figure 3.18 shows the h-parameter ac equivalent circuit of Fig. 3.17. R is the

resistance of the transformer primary winding and its value is very small so that

the tank circuit�s quality factor Q is very high.

The effective resistance offered by this circuit is

eff
PL

R
CR

=

The current flows through the secondary of transformer I1 is very small so

that it induces a negligible voltage in the transformer primary. Due to large value

of RB, the LC tuned circuit is not considerably loaded. The frequency of oscillation

is

1

2 2 P

f
L C

w

p p
= =  as 

2 1

PL C
w =

Hence the frequency of oscillation can be varied by changing either LP or C

or both. Usually, tuned collector oscillators generate oscillation signals in the

radio frequency (RF) range.
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hie

RB

I2A IP

hreV2V1

+ I1
+

–

V2hfeI1

+

–

C

LsLP

R

M1
hoe

Fig. 3.18 ac equivalent circuit of tuned collector oscillator

The voltage V2 is

2 2 eff 2
PL

V I R I
CR

= - = -

Applying KCL at the point A, we get

2 1 2fe oeI h I h V= +

After substituting the value of V2 in the above equation, we obtain

2 1 2
P

fe oe

L
I h I h I

CR

Ê ˆ= + -Á ˜Ë ¯

or 2 11 P
oe fe

L
h I h I

CR

Ê ˆ+ =Á ˜Ë ¯ (3.2)

The induced voltage across the transformer secondary winding is jwMIP

where M is the mutual inductance between primary and secondary

IP is the primary current

The transformer primary current is equal to

2

1

1P

P

j C
I I

R j L
j C

w

w
w

=
+ +

22

1

1P

I
j CR L Cw w

=
- +

= 2

1
I

j CRw
as 2 1

PL C
w =

= 2
PL

j I
R

w- as
2

1

P

C
Lw

=

As RB >> |wLS|, the effective impedance in the secondary circuit is RB + hie

Applying KVL in the secondary circuit, we get

1 2 1ie re P BI h h V j MI I Rw+ = -

or, 1 2( )B ie P reR h I j MI h Vw+ = -

or,
2

1
P re

B ie

j MI h V
I

R h

w -
=

+
(3.3)
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After substituting the values of IP and V2 in the above equation (3.3), we get

2

1 2 /( )P P
re B ie

ML L
I h I R h

R CR

wÊ ˆ
= = +Á ˜Ë ¯

(3.4)

 After substituting the value of I1 in Eq. (3.4), we obtain

2 1
1

feP P
oe re

B ie

hL L
h M h

CR R h C R
w

Ê ˆ Ê ˆ+ = +Á ˜Á ˜ Ë ¯Ë ¯ +

As 2 1

PL C
w = , we can find the mutual inductance is

( ) ie heB
oe P P

fe fe fe

hR
M CR h L CR L

h h h

D
= + + +

where ( )he ie oe fe reh h h hD = -

3.6 A tuned collector oscillator is used in a radio receiver and it has inductance LP =

0.5 mH and its tuning frequency range from 400 Hz to 1600 kHz. Determine the range of

capacitors.

Solution

Given LP = 0.5 mH and frequency range is 400 Hz to 1600 kHz.

The frequency of oscillation of a tuned collector oscillator is

1

2 P

f
L Cp

=

Therefore,
2 2

1

4 P

C
f Lp

=

When 400f = Hz, 
2 2 3

1

4 400 0.5 10
C

p -= =
¥ ¥ ¥

316.66 µF

When 1600f = kHz, 
2 2 3

1

4 (1600 1000) 0.5 10
C

p -= =
¥ ¥ ¥ ¥

0.0198 nF

3.7 A tank circuit has an inductance LP = 0.25 mH. Calculate the range of capacitors

when the tuning frequency range is 400 kHz to 1200 kHz.

Solution

Given LP = 0.25 mH and the tuning frequency range is 400 kHz to 1200 kHz

At any resonance frequency, the value of capacitor is 
2 2

1

4 P

C
f Lp

=

If  f = 400 kHz, 
2 2 3

1

4 (400 1000) 0.5 10
C

p -= =
¥ ¥ ¥ ¥

0.31695 nF

When  f = 1200 kHz, 
2 2 3

1

4 (1200 1000) 0.5 10
C

p -= =
¥ ¥ ¥ ¥

35.216 pF
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3.11 TUNED LC OSCILLATORS

The basic block diagram of tuned oscillator is shown in Fig. 3.19. Any one of

the active devices such as transistor, FET and operational amplifiers can be

used in amplifier. The open loop gain of the amplifier is A. Z1, Z2 and Z3 are

impedances which provide the feedback tank circuit and are used to determine

the frequency of oscillation. In this circuit Z1 and Z2 act as a voltage divider

circuit between the output voltage and feedback signal. The feedback voltage

is the voltage across Z1.

Z3

Amplifier

Z2Z1

Fig. 3.19 Block diagram of tuned oscillator

The gain with load but without feedback is

L
L

L o

Z A
A

Z R
=

+

where, oR  is the output resistance of the amplifier

LZ  is the load impedance

The load impedance is

2 3 1
2 1 3

1 2 3

( )
|| ( )L

Z Z Z
Z Z Z Z

Z Z Z

+
= + =

+ +
The feedback factor is

1

1 3

Z

Z Z
b =

+

The loop gain will be

LAb-
1

1 3

L

L o

Z Z A

Z Z Z R
= - ◊

+ + ( ) ( )
1 2

1 2 3 2 1 3o

AZ Z

R Z Z Z Z Z Z
= -

+ + + +

The condition of oscillator is 1Ab =

Assume
1 1Z jX= ,

2 2Z jX=  and 
3 3Z jX=

Therefore, 1 2

1 2 3 2 1 3( ) ( )
L

o

AX X
A

jR X X X X X X
b- =

+ + - +

For oscillation, the loop gain must be real. As a result, 1 2 3 0X X X+ + =
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Then, 1 2

2 1 3( )
L

AX X
A

X X X
b- = -

+

or, 1

1 3( )
L

AX
A

X X
b- = -

+

or, 1

2
L

AX
A

X
b- =  as 1 3 2X X X+ = -

X1 and X2 must be both inductive or both capacitive. The choice of X1, X2 and

X3 gives the three different oscillators such as Colpitts, Hartley oscillators and

tuned input tuned output. Table 3.2 shows reactive elements of different types of

oscillators.

 Table 3.2 Reactive elements of oscillators

Oscillator type Reactive elements

X1 X2 X3

Colpitts oscillator C C I

Hartley oscillator L L C

Tuned input, and Tuned output LC LC

3.11.1 Transistor Colpitts Oscillators

Figure 3.20 shows the transistor Colpitts oscillator. The quiescent operating point

of the transistor can be determined by the supply voltage VCC and the resistances

R1, R2, RC and RE. The capacitor CB is used to block the dc current flow from the

collector to the base of the transistor and the inductance L. The reactance of

R2

R1

RE
CE

VCC
+

RC

CB

C1 C2

L

Fig. 3.20 Transistor Colpitts oscillators
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capacitor CB is negligible at the frequency of oscillation. The emitter bypass

capacitor CE is connected in parallel with resistance RE and it will not appear in

the ac equivalent circuit. In this circuit, the transistor operates in common

emitter configurations and introduces 180° phase shift between input and output

voltages. The voltage across C1 is a fraction of the output voltage. As the

feedback voltage is equal to the voltage across C1 and it is 180° out of phase

with respect to output voltage, the net phase shift around the loop is 0° or

360°. The frequency determining network is formed by the inductance L and

capacitors C1 and C2.

In this circuit, X1, X2 and X3 are reactances of capacitors C1, and C2 and

inductance L respectively. The reactance values are 
1

1

1
X

Cw
= - , 

2
2

1
X

Cw
= - ,

X3 = wL

The condition for oscillation is

(X1 + X2 + X3) = 0

Assuming wo at resonance frequency, we can write

1 2

1 1
o

o o

L
C C

w
w w

+ =

or,
1 2

2
0 1 2

( )o
o

C C
L

C C

w
w

w

+
=

or,
eq

1
o

o

L
C

w
w

= where, 1 2
eq

1 2

C C
C

C C
=

+

or, 2

eq

1
o

LC
w =

or,
eq

1
o

LC
w =

or,

eq

1
2 of

LC
p =

The frequency of oscillation is

 
eq

1

2
of

LCp
=

3.11.2 Analysis of Colpitts Oscillator

Figure 3.21 shows the ac equivalent circuit of transistor Colpitts oscillator. In this

circuit, actually the current source hfeI1 is connected in parallel (shunt) with the

resistance 
1

oeh
. After applying the Thevenin�s theorem looking from A-B terminals,

we obtain a most simplified h-parameter ac equivalent circuit as depicted in
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Fig. 3.22. The Thevenin�s t equivalent voltage is 1

fe

oe

h
I

h
and the internal resistance

is 
1

oeh
.

Fig. 3.21 ac equivalent circuit of Colpitts oscilllator

Fig. 3.22 Simplified ac equivalent circuit of Colpitts oscilllator

The voltage difference between A and B is V2.

2 2 1

1 fe

oe oe

h
V I I

h h
= -

KVL loop equations are as follows

Loop-I equation is

1 2 3
1 1

1 1
0

fe re re
ie

oe oe

h h h
h j I I j I

h C h Cw w

Ê ˆ
- - + + =Á ˜Ë ¯

Loop-II equation is

1 2 3
2 2

1 1 1
0

fe

oe oe

h
I j I j I

h h C Cw w

Ê ˆ
- + - - =Á ˜Ë ¯
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and Loop-III equation is

1 2 3
1 2 1 2

1 1 1 1
` 0j I j I j L I

C C C C
w

w w w w

Ê ˆ
- + - - =Á ˜Ë ¯

The loop equations can be represented in combined form as

1 1

1

2
2 2

3

1 2 1 2

1 1

1 1 1
0

1 1 1 1

fe re re
ie

oe oe

fe

oe oe

h h h
h j j

h C h C
I

h
j I

h h C C
I

j j j L j j
C C C C

w w

w w

w
w w w w

È ˘
- -Í ˙

Í ˙ È ˘Í ˙ Í ˙Í ˙- - - =Í ˙Í ˙ Í ˙Î ˚Í ˙
Í ˙- - -
Í ˙Î ˚
As I1, I2 and I3 are not equal to zero, the determinant of the coefficients of I1,

I2 and I3 must be zero.

The real part of the determinant of the coefficients of I1, I2 and I3 must be

zero and we can derive

1

2

fe

he

hC

C
=
D

 where, ( )he ie oe fe reh h h hD = -

Therefore, the condition of oscillation is 1

2

fe

he

hC

C
=
D

. For example, if hfe = 100

and Dhe = 0.5, the condition for sustained oscillations is 
1

2

fe

he

hC

C
=
D

= 
100

200
0.5

= .

The imaginary part of the determinant of the coefficients of I1, I2 and I3 must

be zero and we can derive

2

1 2 1 2

1 1 1oe

ie

h

h C C LC LC
w = + +

Then the frequency of oscillation is

1

2

1 2 1 2

1 1 1
2 oe

ie

h
f

h C C LC LC
w p

Ê ˆ
= = + +Á ˜Ë ¯

or,

1

2

1 2 1 2

1 1 1 1

2

oe

ie

h
f

h C C LC LCp

Ê ˆ
= + +Á ˜Ë ¯

Since 
1 2

1 1

LC LC
+ >>

1 2

1oe

ie

h

h C C
, we get

1

2

1 2

1 1 1

2
f

LC LCp

Ê ˆ
= +Á ˜Ë ¯

= 
eq

1

2 LCp

where, 
eq 1 2

1 1 1

C C C
= + or 1 2

eq
1 2

C C
C

C C
=

+
 which is the equivalent capacitance of

C1 and C2 connected in series.
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3.8 In a Colpitts oscillator, the value of capacitors are C1 = 0.25 pF and C2 = 0.020 pF

the inductance of coils are L1 = 0.5 mH. Calculate the frequency of oscillations and the

required gain for oscillation.

Solution

Given C1 = 0.25 pF, C2 = 0.020 pF and L1 = 0.5 mH

The equivalent capacitance of C1 and C2 
1 2

eq
1 2

C C
C

C C
=

+

=
0.25 0.020

0.25 0.020

¥
+

pF = 0.0185 pF

The frequency of Colpitts oscillator is

eq

1

2
f

LCp
=  = 

3 12

1

2 0.5 10 0.0185 10p - -¥ ¥ ¥
= 0.523565 MHz

3.9 In a Colpitts oscillator, the value of capacitors are C1 = 0.125 mF and C2 = 0.020 mF

the inductance of coil is L1 = 0.5 mH.

(a) Find the frequency of oscillation.

(b) If the frequency of the oscillation is 20 kHz, find the value of inductance of coil.

And determine the voltage gain of oscillator.

Solution

Given C1 = 0.125 mF , C2 = 0.020 mF and L1 = 0.5 mH

(a) The equivalent capacitance of C1 and C2

1 2
eq

1 2

C C
C

C C
=

+
 = 

0.25 0.020

0.25 0.020

¥
+

 pF = 0.01724 mF

The frequency of Colpitts oscillator is

eq

1

2
f

LCp
=  = 

3 6

1

2 0.5 10 0.01724 10p - -¥ ¥ ¥
 = 54.236 kHz

(b) When frequency of the oscillation is 20 kHz, the value of inductance of the coil is

2 2 2 3 2 6
eq

1 1

4 4 (20 10 ) 0.01724 10
L

f Cp p -= =
¥ ¥ ¥

 = 3.677 mH

The voltage gain is 1

2

0.125

0.020

C

C
=  = 6.25

3.10 In a Colpitts oscillator, the values of capacitors and coil inductance are C1 = 0.5 mF

and C2 = 2.5 mF and L1 = 0.5 mH.

(a) When the output voltage is 10 V, calculate the feedback voltage.

(b) What is the frequency of oscillation?

Solution

Given C1 = 0.5 mF, C2 = 2.5 mF and L1 = 0.5 mH

(a) The feedback voltage is the voltage across C2 and it is directly proportional to XC2.

Therefore Vf μ XC2

The output voltage is the voltage across C1 and it is directly proportional to XC1.
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So that Vo μ XC1

2 12

1 2

1

1

1
f

o

V XC CC

V XC C

C

w

w

= = =

1

2

0.5
10

2.5
f o

C
V V

C
= = ¥  = 2 V

(b) The equivalent capacitance of C1 and C2

1 2
eq

1 2

0.5 2.5

0.5 2.5

C C
C

C C

¥
= =

+ +
 mF = 0.417 mF

The frequency of Colpitts oscillator is

3 6
eq

1 1

2 2 0.5 10 0.417 10
f

LCp p - -
= =

¥ ¥ ¥
 = 11.02779 kHz

3.11.3 Hartley Oscillator

Figure 3.23 shows the Hartley oscillator. The quiescent operating point of the

transistor can be established by the supply voltage VCC and the resistances R1,

R2, RC and RE. The capacitor CB is the blocking capacitor and is used to block the

dc current flow. The reactance of capacitor CB is negligible at the frequency of

oscillation. CE is the emitter bypass capacitor. CE is connected in parallel with

resistance RE and it will not appear in the ac equivalent circuit. As the transistor

operates in common emitter configuration, it introduces 180° phase shift between

input and output voltages. In this circuit, the voltage across the tank circuit is

connected to the collector. The feedback voltage is a fraction of the output voltage.

As the feedback voltage is equal to the voltage across L1 and it is 180° out of

phase with respect to output voltage, the total phase shift around the loop is 0° or

360°. The frequency determining network is formed by the inductors L1 and L2

and capacitor C.

In this circuit, X1, X2 and X3 are reactance of inductors L1 and L2 and capacitor

C respectively. The reactance values are

X1 = w(L1 + M), X2 = w(L2 + M), and X3 = � 
1

Cw

where, M is the mutual inductance.

The condition for oscillation is

(X1 + X2 + X3) = 0

So that 1 2

1
( ) ( )L M L M

C
w w

w
+ + + =

or, 1 2

1
( 2 )L L M

C
w

w
+ + =
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or,
2

1 2

1

( 2 )L L M C
w =

+ +

or, 2

eq

1

L C
w =

as Leq = (L1 + L2 + 2M)

or,
eq

1

L C
w =

or,

eq

1
2 f

L C
p =

The frequency of oscillation is

eq

1

2
f

L Cp
=  and

The condition for sustained oscillation is

1

2
fe

L M
h

L M

+
≥

+

3.11.4 Analysis of Hartley Oscillator

Figure 3.24 shows the h-parameter model ac equivalent circuit of Hartley oscillator.

In this circuit, actually the current source hfeI1 is connected in parallel (shunt)

with the resistance 
1

oeh
. After applying the Thevenin�s theorem looking from A-B

terminals, we obtain a most simplified circuit as shown in Fig. 3.25. The Thevenin�s

t equivalent voltage is 1

fe

oe

h
I

h
 and the internal resistance is 

1

oeh
. For simplify the

analysis of oscillator circuit, the mutual inductance between L1 and L2 is neglected.

Fig. 3.24 ac equivalent circuit of Hartley oscillator

 Fig. 3.23 Transistor Hartley
Oscillator
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Fig. 3.25 Simplified ac equivalent circuit of Hartley oscillator

The voltage across A and B is V2

2 2 1

1 fe

oe oe

h
V I I

h h
= -

KVL equation for Loop-I is

1 1 2 1 3 0
fe re re

ie
oe oe

h h h
h j L I I j L I

h h
w w

Ê ˆ
+ - + - =Á ˜Ë ¯

KVL equation for Loop-II is

1 2 2 2 3

1
0

fe

oe oe

h
I j L I j L I

h h
w w

Ê ˆ
- + + + =Á ˜Ë ¯

KVL equation for Loop-III is

1 1 2 2 1 2 3

1
0j L I j L I j L j L j I

C
w w w w

w

Ê ˆ- + + + - =Á ˜Ë ¯
The loop equation can be represented in combined form as

1 1

1

2 2 2

3

1 2 1 2

1
0

1

fe re re
ie

oe oe

fe

oe oe

h h h
h j L j L

h h
I

h
j L j L I

h h
I

j L j L j L j L j
C

w w

w w

w w w w
w

È ˘
+ - -Í ˙

Í ˙ È ˘Í ˙ Í ˙Í ˙- + =Í ˙Í ˙ Í ˙Î ˚Í ˙
Í ˙- + -
Í ˙Î ˚

(3.5)

As I1, I2 and I3 are not equal to zero, the determinant of the coefficients of I1, I2

and I3 must be zero.

The determinant of the coefficients of I1, I2 and I3 is

2 2
1 2 1 2 1 2 2 1

1
0

fe re fere
ie

oe oe oe oe

h h hh
h j L L L L L L j L L

h h h h
w w

Ê ˆ Ê ˆ
+ - + - + + =Á ˜ Á ˜Ë ¯Ë ¯

(3.6)

as wL1 + wL2 � 
1

Lw
= 0 during oscillation



Oscillators II.3.33

The real part of the equation (3.6) is

 
2 2
2 1 2 1( ) 0he fe reL h h L L LD - - + =  where, ( )he ie oe fe reh h h hD = -

or,
2 2
2 1 2 1 0he feL h L L LD - + =  as hre << 1

The value of inductance L2 is

2 2
1 1 1

2

4

2

fe fe he

he

h L h L L
L

± - D
=

D

or,
1

2
2

fe

he

h L
L =

D
 as 

2 4fe heh >> D

The imaginary part of Eq. (3.5) is equal to zero, and we can write

1 2 1 2

1
0

ie

oe

h
L L L L

C h C

w
w w

w

Ê ˆ+ + - =Á ˜Ë ¯

or,
2

1 2
1 2

1

( )oe

ie

h L L
C L L

h

w =
Ê ˆ

+ +Á ˜Ë ¯
The frequency of oscillation is

1 2
1 2

1 1

2
( )oe

ie

f
h L L

C L L
h

p
=

+ +

As 1 2
1 2( )

oe

ie

h L L
C L L

h
+ >> , the 

1 2

1 1

2 ( )
f

C L Lp
=

+

Then, oscillator frequency is 

eq

1 1

2
f

L Cp
=  where Leq = L1 + L2

In the above analysis, the mutual inductance M between L1 and L2 is neglected.

When M is incorporated in the analysis, L1 will be replaced by L1 + M and L2

will be replaced by L2 + M.

3.11 In a Hartley oscillator, L1 = 0.02 mH and C = 0.047 mF. When the frequency of the

oscillator is 100 kHz, determine the value of L2. Assume mutual inductance is negligible.

Solution

Given L1 = 0.02 mH, C = 0.047 mF and f = 100 kHz

The frequency of Hartley oscillator is

1 2

1

2 ( )
f

L L Cp
=

+

The value of 2 12 2

1

4
L L

f Cp
= -

3

2 3 2 6

1
0.02 10

4 (100 10 ) 0.047 10p

-
-= - ¥

¥ ¥ ¥ ¥
= (0.05396 � 0.02) mL = 0.03396 mL
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3.12 The frequency of a transistorized Hartley oscillator can be varied from 50 kHz to
150 kHz. The tuning capacitor can changed from 100 pF to 400 pF. Determine the values
of inductances. Assume hfe = 100 and Dhe = 0.1.

Solution

Given hfe = 100 and Dhe = 1, range of frequency = 50 kHz to 150 kHz and capacitor range
100 pF to 300 pF.

The frequency of a transistorized Hartley oscillator is

1 2

1

2 ( )
f

L L Cp
=

+

The effective inductance 1 2 2 2

1

4
L L

f Cp
+ =  mH

The ratio of inductances is 2

1

100

0.1

fe

he

hL

L
= =
D

 = 1000

So that L2 = 1000L1

The frequency variation ratio is 50 kHz : 100 kHz = 1 : 2. This frequency variation
can be achieved by the capacitance ratio 100 pF : 400 pF = 1 : 4. Therefore, if frequency
is 50 kHz, the capacitance value will be 400 pF.

When f = 50 kHz, 1 2 2 2

1

4
L L

f Cp
+ =

= 
2 3 2 12

1
H

4 (50 10 ) 400 10p -¥ ¥ ¥

= 25.35 mH
L1 + L2 = 1001L1 = 25.35 mH (as L2 = 1000L1)

Therefore, L1 = 0.02532 mH and L2 = 25.32468 mH

3.13 A Hartley oscillator uses a tank circuit with L1 = 0.4 mH, L2 = 0.3 mH and
C = 0.047 mF. What is the frequency of oscillator? Assume mutual inductance is negligible.

Solution

Given L1 = 0.4 mH, L2 = 0.3 mH and C = 0.047 mF
The frequency of Hartley oscillator is

1 2

1

2 ( )
f

L L Cp
=

+

= 
3 3 6

1

2 (0.4 10 0.3 10 ) 0.047 10p - - -¥ + ¥ ¥ ¥

= 
5

1

2 0.5735 10p -¥ ¥
= 27.765 KHz

3.14 In a Hartley oscillator L2 = 0.2 mH and C = 0.47 nF. When the frequency of the
oscillator is 150 kHz, determine the value of L1. Assume mutual inductance is negligible.

Solution

Given L2 = 0.2 mH, C = 0.47 nF and frequency of the oscillator f = 150 kHz

The frequency of Hartley oscillator is
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1 2

1

2 ( )
f

L L Cp
=

+

The value of inductance L1 is

1 22 2

1

4
L L

f Cp
= -

= 
3

2 3 2 9

1
0.2 10

4 (150 10 ) 0.47 10p

-
- - ¥

¥ ¥ ¥

= 2.397 mH �0.2 mH = 2.197 mH

3.15 In a transistorized Hartley oscillator, L1 = 0.5 mH, L2 = 0.5 mH while the frequency

has been changed from 100 kHz to 2000 kHz. Determine the range of the capacitor.

Assume mutual inductance is negligible.

Solution

Given L1 = 0.5 mH, L2 = 0.5 mH and range of frequency = 100 kHz to 2000 kHz

The frequency of the Hartley oscillator is

1 2

1

2 ( )
f

L L Cp
=

+

The value of the capacitor is

2 2
1 2

1

4 ( )
C

f L L Cp
=

+

When f1 = 100 kHz, the capacitor value is

2 2 2 3 2 3 6
1 1 2

1 1

4 ( ) 4 (100 10 ) (0.5 10 0.5 10 )
C

f L L Cp p - -= =
+ ¥ ¥ + ¥

= 5.066 nF

When f2 = 2000 kHz

2 2 2 3 2 3 6
2 1 2

1 1

4 ( ) 4 (2000 10 ) (0.5 10 0.5 10 )
C

f L L Cp p - -= =
+ ¥ ¥ + ¥

= 12.665 pF

Therefore, the range of capacitance is 5.066 nF to 12.665 pF.

3.16 In a Hartley oscillator, the value of the capacitor is 250 pF and the inductance of

coils are L1 = 0.5 mH, L2 = 0.025 mH. Calculate the frequency of oscillations and the

feedback factor. Assume mutual inductance is negligible.

Solution

Given C = 250 pF, L1 = 0.5 mH, L2 = 0.025 mH

The frequency of Hartley oscillator is

3 12
1 2

1 1

2 ( ) 2 (0.5 0.025) 10 250 10
f

L L Cp p - -
= =

+ + ¥ ¥ ¥

 = 439.53 kHz
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The feedback factor is 1

2

0.5

0.025

L

L
b = =  = 20

3.12 CRYSTAL OSCILLATORS

To get high frequency stability in an oscillators circuit, a crystal is used as the

frequency determining element. This type of oscillator is known as crystal oscillator.

Usually, cut-quartz crystals are used in crystal oscillators. There are two different

methods of cutting quartz crystals. Actually, the methods of cutting find out the

resonant frequency of oscillation and temperature coefficient of the crystal. The

cross-section of a crystal is hexagonal. When the crystal is cut in such a way that

its flat surfaces are perpendicular to X-axis (electrical axis), this cut is called X-cut

crystal. If the crystal is cut in such a way that its flat surfaces are perpendicular to

Y-axis (mechanical axis), this cut is called Y-cut crystal. Figure 3.26(a) shows the

quartz crystal and X-cut and Y-cut of quartz crystal are shown in Fig. 3.26(b) and

(c) respectively.

Fig. 3.26 (a) Quartz crystal (b) X-cut quartz crystal
(c) Y-cut quartz crystal

When the edges of X-cut crystal are subjected to mechanical stress, an electrical

potential will be developed across its faces. The polarity of electrical potential will

be reversed when stress changes from tension to compression. If electrodes are

placed on opposite faces of a crystal or quartz (X-cut or Y-cut crystal) and a

voltage is applied across electrodes, a mechanical stress is developed along the

edges. Actually, the electric field set up exerts forces on bound charges within the

crystal. Then the crystal electromechanically vibrates. This property of a crystal

is known as piezoelectric effect.The crystal oscillators are available within a wide

range of frequencies from a few kHz to 100 MHz and Q factors will be a few

thousand to several hundred thousands. The crystal oscillator frequency is very

stable with respect to temperature variation and aging. Figure 3.27(a) shows the

crystal oscillator and its reactance variation with respect to frequency is depicted

in Fig. 3.27(c).

Figure 3.27(b) shows an L CS R series resonant circuit which is used to represent

a piezoelectric crystal. The inductance L, capacitance CS and resistance R are

electrical equivalents of the mass, compliance and friction of the vibrating crystal
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respectively. The capacitance CS is the electrostatic capacitance between the

electrodes and crystal as the dielectric. The values of L, CS, R and CP depend on

crystal cut and its size and the nature of vibration of the crystal oscillator.

Fig. 3.27 (a) Symbol of crystal oscillator (b) Its circuit model
(c) Reactance variation with respect to frequency

This circuit has two resonant frequencies such as series resonant frequency

and parallel resonant frequency. At series resonant frequency fS, the reactance of

the series arm is zero.

So that 
1

0S
S S

L
C

w
w

- =

Then series resonant frequency is 
1

2
S

S

f
LCp

= . At the frequency fS, the

impedance of the series arm is equal to R.

At parallel resonant frequency fP, the reactance of the circuit will be zero. Then

we can write 
1 1

0P
P s P

L
C C

w
w w

- - = .

Subsequently, parallel resonant frequency is 
eq

1

2
Pf

LCp
=

where, eq
S P

S P

C C
C

C C
=

+ .

The variation of reactance with frequency is depicted in Fig. 3.27(c). For the

frequency range 0 < f < fS, X is negative, i.e. capacitive. At series resonant frequency

f = fS, X = 0. In the frequency range fS < f < fP, X is positive, i.e., inductive. When

f > fP, X is capacitive and asymptotically approaches zero.

Figure 3.28 shows a crystal oscillator circuit. If we compare this circuit with

Colpitts oscillator circuit, we find that both the circuits are identical except the

inductor of the Colpitts oscillator is replaced by crystal. The frequency of oscillation

of the crystal oscillator is the parallel resonant frequency 

eq

1

2
Pf

LCp
=  where,
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eq
S P

S P

C C
C

C C
=

+
. Since R is very small, the quality factor Q of the circuit is very

high. The typical value of Q will be several hundred thousand. The crystal

oscillators are available with in a wide range of frequencies from some kHz to

several MHz and Q factors will be a few thousand to several hundred thousands.

The stability of crystal oscillator frequency is very stable with respect to

temperature variation and aging.

 Fig. 3.28 Circuit of a crystal oscillator

3.17 In a crystal oscillator, the value of inductance L = 0.25 H, capacitor CS = 0.047 pF

capacitor CP = 4.77 pF and R = 10 K. Determine the series resonant frequency, parallel

resonant frequency and Q factor of the crystal.

Solution

Given L = 0.25 mH, CS = 0.047 pF, CP = 4.77 pF and R = 10 kW

The series resonant frequency is 
1

2
S

S

f
LCp

=

= 
3 12

1

2 0.25 10 0.047 10p - -¥ ¥ ¥
 = 46.45 MHz

The parallel resonant frequency is 
eq

1

2
Pf

LCp
=

where, eq

0.047 4.77

0.047 4.77

S P

S P

C C
C

C C

¥
= =

+ +
 = 0.0465 pF

or,                fP = 
3 12

1

2 0.25 10 0.0465 10p - -¥ ¥ ¥
 = 46.70 MHz
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Q factor of the crystal at series resonant frequency is

6

3

2 46.45 10 0.25

10 10

S
S

L
Q

R

w p ¥ ¥ ¥
= =

¥
 = 7292.65

Q factor of the crystal at parallel resonant frequency is

6

3

2 46.70 10 0.25

10 10

P
P

L
Q

R

w p ¥ ¥ ¥
= =

¥
 = 7331.9

EXERCISES

Short- and Long-Answer-Type Questions

1. Define oscillator. What are the types of oscillator? What are the basic

requirements of an oscillator circuit?

2. Write the basic principle of oscillator. Explain the Barkhausen criteria for

oscillation.

3. State the different conditions for oscillations in a feedback amplifier.

4. Explain Nyquist criterion to check the stability of amplifier.

5. Explain the following:

(a) Phase shift in oscillation (b) Phase shift oscillator

(c) BJT phase shift oscillator (d) FET phase shift oscillator

6. Draw a transistor phase shift oscillator circuit. Derive an expression for the

frequency of oscillation and the condition for sustained oscillations.

7. Justify the statement �Positive feedback amplifier works as an oscillator�.

8. Draw a Wein bridge oscillator using OP-AMP and R-C bridge circuit and

derive an expression for the frequency of oscillation.

9. (a)  State the amplitude stability of Wein bridge oscillator.

(b) Justify the statement �The amplifier gain in a Wein bridge oscillator

must be greater than 3 for sustained oscillations�.

(c) Write the advantages and disadvantages of Wein bridge oscillator.

(d) Write difference between RC phase shift oscillator and Wein bridge

oscillator.

10. Explain the operating principle of a tuned collector oscillator. Derive an

expression for the frequency of oscillation. Write the condition for sustained

oscillations.

11.  Give the basic principle of operation of tuned LC oscillator.

12.  Draw the circuit of transistor Colpitts oscillator and explain its operation.

Analyse a transistor Colpitts oscillator and derive an expression for the

frequency of oscillation and the condition for sustained oscillations.

13. (a)  Explain the Hartley oscillator and explain its operation.

(b) Analyse transistor Hartley oscillator and derive an expression for the

frequency of oscillation and the condition for sustained oscillations.

(c) What is the difference between a Colpitts oscillator and an Hartley

oscillator?

14. (a) State the principle of operation of a crystal oscillator and derive the

frequency of oscillation.

(b) What are the advantages of crystal oscillators?
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15. In an RC phase shift oscillator, if the value of resistors are R1 = R2 = R3 = 150

kW and the value of capacitors are C1 = C2 = C3 = 0.25 nF, determine the

frequency of the oscillation.

16. Find the frequency of oscillation in an RC phase shift oscillator as shown

in Fig. 3.11. Assume R = 25 kW, C = 0.011 µF, RC = 5.2 kW. Determine the

minimum value of current gain for the oscillation.

17. Determine the value of capacitors and current gain of the transistor when

the frequency of oscillation in a RC phase shift oscillator is 20 KHz.

Assume R1 = R2 = R3 = R = 150 kW, RC = 4.7 kW.

18. In a Wein bridge oscillator when the value of resistor R = 250 kW and the

frequency of the oscillation is 30 kHz, determine the value of capacitor C.

19. In a Wein bridge oscillator, the value of capacitors can be changed

from 10 pF to 100 pF to generate sine wave output signals from 50 Hz

to 50 kHz.

(a) Determine the resistances required to generate the output signals from

50 Hz to 50 kHz.

(b) If the gain of the amplifier is 5, what will be the ratio of the resistances

in the other arms of the bridge?

20. A tuned collector oscillator is used in a radio receiver and it has inductance

LP = 0.5 mH and its tuning frequency range from 200 Hz to 800 kHz.

Determine the range of capacitors.

21. A tank circuit has an inductance LP = 0.25 mH. Calculate the range of

capacitors when the tuning frequency range is 400 kHz to 1200 kHz.

22. In a Colpitts oscillator, the value of capacitors are C1 = 0.20 pF and C2 =

0.020 pF, the inductance of coils are L1 = 0.5 mH. Calculate the frequency

of oscillations and the required gain for oscillation.

23. In a Colpitts oscillator, the value of capacitors are C1 = 0.125 mF and C2 =

0.020 mF the inductance of coil is L1 = 0.5 mH.

(a) Find the frequency of oscillation.

(b) If the frequency of the oscillation is 15 kHz, find the value of inductance

of coil and also determine the voltage gain of oscillator.

24. In a Colpitts oscillator, the values of capacitors and coil inductance are C1

= 0.5 mF and C2 = 3.0 mF and L1= 0.5 mH.

(a) When the output voltage is 12 V, calculate the feedback voltage.

(b) What is the frequency of oscillation.

25. In a Hartley oscillator, L1 = 0.025 mH and C = 0.047 mF. When the frequency

of the oscillator is 150 kHz, determine the value of L2. Assume mutual

inductance is negligible.

26. The frequency of a transistorized Hartley oscillator can be varied from

50 kHz to 100 kHz. The tuning capacitor can changed from 100 pF to 200 pF.

Determine the values of inductances. Assume hfe = 50 and Dhe = 0.1.

27. A Hartley oscillator uses a tank circuit with L1 = 0.5 mH, L2 = 0.3 mH and C

= 0.01 mF. What is the frequency of oscillator? Assume mutual inductance is

negligible.
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28. In a Hartley oscillator L2 = 0.25 mH and C = 0.047 mF. When the frequency of

the oscillator is 125 kHz, determine the value of L1. Assume mutual

inductance is negligible.

29. In a transistorized Hartley oscillator L1 = 0.5 mH, L2 = 0.5 mH while the

frequency has been changed from 50 kHz to 500 kHz. Determine the range

of the capacitor. Assume mutual inductance is negligible.

30. In a Hartley oscillator, the value of a capacitor is 200 pF and the inductance

of coils are L1 = 0.5 mH, L2 = 0.025 mH. Calculate the frequency of

oscillations and the feedback factor. Assume mutual inductance is

negligible.

31. In a crystal oscillator, the value of inductance L = 0.20 H, capacitor CS =

0.047 pF capacitor CP = 4.77 pF and R = 5.7 K. Determine the series

resonant frequency, parallel resonant frequency and Q factor of the crystal.

32. Draw the circuit diagram of a crystal oscillator and explain its operating

principle. Derive the frequency of oscillation of a crystal oscillator. What

are the advantages of crystal oscillators?

MULTIPLE CHOICE QUESTIONS

1. A positive feedback amplifier with gain A and feedback path gain b works

as an oscillator if

(a) Ab  = 1 and 180Ab– = ∞ (b) Ab  = 2 and 180Ab– = ∞

(c) Ab  =1 and 360Ab– = ∞ (d) Ab  =2 and 360Ab– = ∞

Answer: (c) Ab  = 1 and 360Ab– = ∞

2. The maximum phase shift of the RC network as shown in Fig. 3.29 is

(a) 90° (b) 180°

(c) 270° (c) 360°

Fig. 3.29

Answer: (b) 180°

3. Which of the following oscillators is used for generation of low frequencies?

(a) RC phase shift oscillator (b) LC oscillator
(b) Wein bridge oscillator (d) Blocking oscillator

Answer: (a) RC phase shift oscillator
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4. An oscillator is an amplifier that uses

(a) positive feedback (b) negative feedback

(b) degenerative feedback (d) differentiators and integrators

Answer: (a) positive feedback

5. Wein bridge oscillator is a

 (a) sinusoidal oscillators (b) multivibrators

(b) nonsinusoidal oscillators (d) relaxation oscillators

Answer: (a) sinusoidal oscillators

6. The resonant frequency of a Wein bridge oscillator is about

(a) 10 Hz (b) 10 kHz

(c) 100 kHz (d) 10 MHz

Answer: (b) 10 kHz

7. Which of the following statements is true of phase shift type and Wein-

bridge type RC oscillators?

(a) Both use positive feedback.

(b) The phase shift type oscillator uses positive feedback only whereas a

Wein-bridge oscillator uses both positive and negative feedback.

(c) The phase shift type oscillator uses both positive and negative feedback

whereas the Wein-bridge oscillator uses positive feedback only.

(d) Both use negative feedback.

Answer: (a) Both use positive feedback at oscillation.

8. The Barkhausen criterion for oscillations in a feedback amplifier at a

particular frequency is

(a) the magnitude of the loop gain must be equal to 1 and the phase shift

must be 360°

(b) the magnitude of the loop gain must be greater 1 when the phase shift

is less than 360°

(c) the magnitude of the loop gain must be greater than 1 when the phase

shift is 180°

(d) the magnitude of the loop gain must be less than 1 when the phase

shift is 180°

Answer: (a) the magnitude of the loop gain must be equal to 1 and the

phase shift must be 360°

9. In a practical sinusoidal oscillator,

(a) the magnitude of the loop gain is slightly greater than 1, and the

amplitude of the oscillation is limited by circuit parameters

(b) the phase shift of the loop gain is less than 360° and the oscillation

frequency is variable with temperature

(c) the magnitude of the loop gain is 1 and the phase shift is 180°

(d) the magnitude of the loop gain is slightly greater than 1 and the phase

shift is 180°

Answer: (a) the magnitude of the loop gain is slightly greater than 1, and

the amplitude of the oscillation is limited by circuit parameters
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10. The frequency of oscillation of an RC phase shift oscillator is

(a)
1

2 6
f

RCp
= (b)

1

2 3
f

RCp
=

(c)
1

2 16
f

RCp
= (d)

1

2 4
f

RCp
=

Answer: (a) 
1

2 6
f

RCp
=

11. In phase shift oscillator, the RC sections in the feedback path provide a

phase shift of 180° and it is very difficult to design with bipolar transistors as

(a) the base current loads the phase shift RC network

(b) bipolar transistors have a current gain greater than 1

(c) the base-emitter voltage is about 0.7 V

(d) bipolar transistors provide a phase shift of 180° but not 360°

Answer: (a) the base current loads the phase shift RC network

12. The frequency of oscillation of a BJT RC phase shift oscillator is

(a)
1

2 6
f

RCp
= (b)

1

2 6 4
f

RC Kp
=

+

(c)
1

2 6 4
f

RC Kp
=

+
(d)

1

2 6 4
f

RC Kp
=

-

Answer: (b) 
1

2 6 4
f

RC Kp
=

+
13. Colpitts and Hartley oscillators are use the ____________ feedback.

(a) voltage-series (b) current-series

(c) voltage-shunt (d) current-shunt

Answer: (a) voltage-series

14. In a Wein-bridge oscillator, the feedback factor b is

(a)
1i

o

V

V
b

d
= = (b) i

o

V

V
b d= =

(c)
2

1i

o

V

V
b

d
= = (d)

2i

o

V

V
b d= =

Answer: (a) 
1i

o

V

V
b

d
= =

15. A quartz crystal is widely used in the design of sinusoidal oscillators as

(a) the crystal is corresponding to a very high Q, LC-tuned circuit and its

characteristics are stable with respect to temperature and time

(b) when pressure is applied to the crystal, it generates electrical oscillations

(b) the crystal provides accurate positive feedback

(c) piezoelectric properties of quartz crystal provide very low Q, LC-tuned

circuit

Answer: (a) the crystal is corresponding to a very high Q, LC-tuned circuit

and its characteristics are stable with respect to temperature

and time
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16. The frequency of oscillation of a Hartley oscillator is

(a)

eq

1

2
f

L Cp
= (b)
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(c)
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Answer: (a) 
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UNIVERSITY QUESTIONS WITH ANSWERS

Multiple-Choice-Type Questions

1. How many PN junctions does a UJT have?

(a) 0 (b) 1

(c) 2 (d) 3 [WBUT-2008]

2. UJT is used as

(a) rectifier (b) voltage follower

(c) relaxation  oscillator (d) none of these      [WBUT-2008]

3. The phase difference between the input and output voltages in a common

base arrangement is

(a) 180° (b) 90°

(c) 0° (d) 270° [WBUT-2009]

Solution: 1. (b) 1; 2. (c) relaxation oscillator; 3. (a) 180°

Short- and Long-Answer-Type Questions

1. (a)  Discuss the effect of positive feedback in an amplifier.

(b) State and expain Barkhausen criterion. [WBUT-2003]

Solution:

(a) The effects of positive feedback in an amplifier are

∑ Increase the gain of the amplifier

∑ Reduce the bandwidth

∑ Increase the distortion

∑ Increase nose

∑ Increase the instability

(b) Barkhausen Criterion In a positive feedback amplifier, the overall

voltage gain of positive feedback amplifier is given by

Af = 
1

A

Ab-

where A is the gain of an amplifier without feedback or open-loop gain

bA is the product of feedback amplifier and open loop gain.

When bA is equal to one, the denominator becomes zero and the Af

will increase to infinity. But practically, the output of feedback amplifier
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cannot be infinite. Consequently, 1 – bA = 0 represents that the frequency

of output voltage is completely different from input voltage. Therefore,

the positive feedback amplifier circuit stop functioning as an amplifier

but it starts to oscillate. So that the condition of oscillation is that

bA = 1.

An amplifier circuit reverses the phase of input voltage at its output.

Hence, there is 180° phase shift between input voltage and output

voltage. In positive feedback circuit, the feedback networks provide a

phase shift of 180° and generate a signal with 0° or multiple of 360° at

the amplifier input.

When the positive feedback circuit has the following conditions:

(i) bA = 1 and

(ii) the total phase shift around the loop is 0° or multiple of 360°,

it behaves as an oscillator. The above conditions for oscillation are

called Barkhausen Criterion for oscillation. As bA is a complex quantity,

mathematically the Barkhausen Criterion is represented by

bA = 1 + j0

or, bA = 1 and –bA = 0° or multiple of 360°

In an oscillator, the value of  bA must be exactly unity but it is not

practicable for implementation. Therefore, for all practical oscillator, the

value of bA is slightly greater than unity.

2. What is the main application of positive feedback? [WBUT-2005]

Solution: The main application of positive feedback is OSCILLATOR

3. Write a short not on Barkhausen conditions of oscillation in electronic system.

[WBUT-2005] [WBUT-2006] [WBUT-2007]

Solution: Refer Section 3.4.

4. (a) Discuss the basic structure of an UJT and explain its V-I characteris-

tics.

(b) Draw the circuit of relaxation oscillator using UJT. [2007] [2008]

Solution: A UJT is a three-terminal semiconductor device (Emitter E, Base

B1 and Base B2) as shown in Fig. 3.30(a) and (b). It is formed from a lightly

doped slab of n-type material which has high resistance. The two base

contacts are made at each end of one side of the slab and aluminum rod is

inserted on the other side to form a single p-n junction. Therefore, UJT is

called as uni-junction. The aluminum rod is located near to the base terminal

2 (B2). The B2 is positive with respect to B1 by voltage VBB. The symbol of

a UJT is shown in Fig. 3.31(a).
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Fig. 3.30 The basic structure of an UJT

Figure 3.31(b) shows the equivalent circuit of the UJT. The diode represents

the p-n junction, RB1 is a variable resistance, and RB2 is a fixed resistance.

The value of RB1 decreases when emitter current increases. The RB1 varies

from 50 kW to 50 W when emitter current IE changes from 0 to 50 mA.

Fig. 3.31 (a) Symbol of UJT (b) Equivalent circuit of the UJT

The inter-base resistance between B1 and B2 is expressed as

RBB = RB1 + RB2  and it�s  range is approximately 4 kW to 10 kW.

When IE = 0, the voltage across RB1 is

1

1

1 2
B

B
R BB

B B

R
V V

R R
=

+  = hVBB

1

1 2

B

B B

R

R R
h =

+
 is intrinsic stand-off ratio.

Actually the intrinsic stand-off ratio is controlled by the location of the

aluminum rod.
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The emitter threshold potential is

VP = hVBB + VD

The V-I characteristics of a UJT is depicted in Fig. 3.32 when VE crosses the

threshold potential VP, the emitter fires and holes are injected into the n-

type slab through the p-type rod. Therefore, the hole content of the n-type

slab increases. Consequently, the number of free electrons increases and

hence conductivity increased. Thus VE drops off while increasing IE. The

UJT operates in the negative resistance region as depicted in Fig. 3.32. The

UJT passes through the valley point (IV, VV) and then becomes saturated.

Fig. 3.32 V-I characteristics of a UJT

(b) The  relaxation oscillator is an oscillator

using UJT which can generate sawtooth

waveform. The UJT relaxation oscillators

store energy in a capacitor and then

dissipate that energy repeatedly to set-up

the oscillations. For example, the capacitor

can be charged toward a positive power

supply until it reaches a threshold voltage

sufficiently close to the supply. When the

capacitor reaches each threshold, capacitor

can be quickly discharged due to short. In

all such capacitor-based relaxation

oscillators, the period of the oscillations is

set by the dissipation rate(s) of the

capacitor.  The UJT relaxation oscillators

consist of a UJT, capacitor C which is

charged through resistance RE. Figure 3.33

shows the UJT relaxation oscillator.

The voltage across the capacitor increases exponentially and when

capacitor voltage reaches the peak point voltage VP, the UJT starts

Fig. 3.33 Relaxation
oscillator
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conducting and the capacitor voltage is discharged rapidly through RB1 and

R1. When the capacitor voltage is reached at the peak point voltage of UJT,

UIT provides negative resistance to the discharge path of capacitor which

is useful in the working of the relaxation oscillator. When the capacitor

voltage is reached at VV , the capacitor C starts to charge again. This cycle

is repeated continuously generating a saw-tooth waveform across C.

The capacitor is charged and discharged cyclically as depicted in

Fig. 3.34 VC is the voltage across capacitor. The charging time constant of

capacitor is RC. At time t1, VC = VP, the UJT is turned ON and the capacitor

discharges through R1 for t2 duration until reaches valley point voltage VV.

When UJT reaches the valley point, it becomes open circuit and capacitor

starts to charge again.

T
t1 t1 + t2

t
O

vR1

VV

VP

VC = VE

t = ( )CR RB1 1+

t2

t = R CE

t
O

t = ( )CR RB1 1+

Fig. 3.34 Waveforms of VC and VR1

The total cycle time T = t1 + t2.

Charging time of capacitor 1 ln V
E

P

V V
t R C

V V

Ê ˆ-
= Á ˜-Ë ¯

Discharging time  of capacitor 2 1 1( ) ln P
B

V

V
t R R C

V

Ê ˆ
= + Á ˜Ë ¯

Time period T = t1 + t2

The oscillation frequency is 
1 2

1 1 1

1
ln

1
E

f
T t t

R C
h

= = =
+ Ê ˆ

Á ˜Ë ¯-

 as t1 >> t2

5. Draw the volt-ampere characteristics of UJT and explain the reason for

valley point in UJT characteristics. [WBUT-2007]

Solution: Refer Solution of Question 4.

6. Write a short note on UJT and saw-tooth generator using UJT.

[WBUT-2008] [WBUT-2010]

Solution: Refer Solution of Question 4.



4.1 INTRODUCTION

Commonly used semiconductor (solid state) devices are transistors (BJTs), diodes,

and FETs. Any electronic circuit is formed when solid state devices or components

are interconnected. This circuit is known as a discrete circuit. In this circuit,

components are separable. An integrated circuit (IC) is a semiconductor wafer

on which thousands or millions of tiny resistors, capacitors, diodes and transistors

are fabricated. Sometimes, an IC is called a chip or microchip. The first integrated

circuit was developed in the 1950s by Jack Kilby of Texas Instruments and

Robert Noyce of Fairchild Semiconductor. An IC can function as an amplifier,

oscillator, gate, flip-flop, timer, counter, computer memory, or microprocessor,

etc. Depending on applications and type of signal process, ICs are categorized as

∑ Linear (analog) ICs

∑ Digital ICs

Based on application requirements, two distinctly different IC technologies

such as monolithic technology and hybrid technology have been developed.

In monolithic ICs, all active and passive elements of any electronic circuit

such as resistors, capacitors, diodes and transistors, and their interconnections

are manufactured into a single chip of silicon. When identical circuits are required

in very large quantities, monolithic ICs are manufactured at very low cost and

high reliability.

In hybrid ICs, separate compo-

nents are attached to a ceramic

substrate and interconnected by

wire or metallization pattern.

Depending upon the active devices

used in ICs, It can be classified as

bipolar ICs using BJT and unipolar

ICs using FET. Figure 4.1 shows

the classification of ICs.

OPERATIONAL
AMPLIFIER4

Integrated Circuits

Monolithic Circuits Hybrid Circuits

Unipolar Circuits

MOSFET ICs JFET ICs

Bipolar Circuits

Fig. 4.1 Classification of ICs
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The integrated circuits have a number of distinct advantages over discrete

circuits. The advantages of ICs are as follows:

(i) Its size is small; due to miniaturization, the density of components is

increased. It is possible to incorporate about 20,000 components per

square inch

(ii) Improved performance as complex circuits are fabricated for better

performance

(iii) Low cost due to batch processing

(iv) Reliability is high

(v) Less power consumption

(vi) Higher operating speed due to absence of parasitic capacitance effect

(vii) Matched devices

(viii) Less weight

(ix) Easy replacement

The limitations of ICs are as follows:

(i) Due to small size, ICs are unable to dissipate large amount of power. If

the current flow in the IC is increased, more heat will be generated in

the IC and the device may be damaged.

(ii) Inductance and transformers cannot be incorporated in ICs.

The integration of solid state technology has progressed day by day. Based on

level of integration, integrated circuits are often classified by the number of

transistors and other electronic components they contain. The ICs are classified

as SSI (small-scale integration), MSI (medium-scale integration), LSI (large-

scale integration), VLSI (very large-scale integration) and ULSI (ultra large-

scale integration). SSI chips have up to 100 transistors per chip, MSI chips have

100 to 1000 transistors per chip, LSI chips have 1000 to 20,000 transistors per

chip, VLSI chips have 20,000 to 1000,000 transistors per chip and ULSI chips

have 106 to 107 transistors per chip. Table 4.1 shows the different types of ICs

with their applications.

Table 4.1 Types of integrated circuits

Type of ICs SSI MSI LSI VLSI ULSI

No. of Up to 100 100 to 1000 1000 to 20,000 to 106 to 107

transistors transistors transistors 20,000 1000,000 transistors

per chip per chip transistors transistors per chip

per chip per chip

No. of gates Up to 30 30 to 300 300 to 3000 More than

gates per gates per gates per 3000 gates

chip chip chip per chip

Applications Logic gates, Adders, RAM, ROM, 16-bit and 32- Special

flip-flops Multiplexers, 8-bit bit micropro- processors

Counters microprocessor cessor sensors

Year of 1960-65 1965-70 1970-80 1980-90 1990-2000

Development
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ICs are also classified as linear ICs and digital ICs based on type of signals.

Linear (analog) ICs operate on continuous or analog signals and the output

signal is also continuous and depends on the input-signal level. Therefore, the

output-signal level is a linear function of the input-signal level in linear ICs.

Linear ICs are most commonly used as Audio-Frequency (AF) and Radio-

Frequency (RF) amplifiers. The examples of linear ICs are OPAM, voltage

regulators, comparators, and timers.

Digital ICs operate on discrete signals. The fundamental building blocks of

digital ICs are logic gates, which work with binary data, either 0 V (logic 0) or

+ 5 V (logic 1). Digital or discrete ICs are logic gates, flip-flops, counters,

memory, microprocessors, computers, computer networks, and modems.

The operational amplifier (OP-AMP) is a common device in audio-frequency

(AF) and radio-frequency (RF) amplifiers applications. In this chapter, operation

of OP-AMPs, symbol, equivalent circuit, voltage transfer curve, internal circuit

diagram, and specification of OP-AMPs are explained in detail.

4.2 THE IDEAL OP-AMP

An ideal OP-AMP would exhibit the following characteristics.

(i) Infinite open loop voltage gain A = •
(ii) Infinite input resistance, Ri = •. Therefore, any input signal can drive it

and there is no-loading on the preceding stage.

(iii) Zero output resistance Ro = 0. So that the output can drive an infinite

number of the devices.

(iv) Infinite bandwidth, BW = • so that any frequency signal from 0 to • Hz

can be amplified without attenuation.

(v) Infinite common mode rejection ratio, CMRR = • so that output common

mode noise voltage is zero.

(vi) Infinite slew rate, SR = • so that output voltage changes occurs

simultaneously with input voltage changes.

In practice, remove, the above characteristics of OP-AMPs can never be

realized. An ideal OPAMP simplifies the mathematical representation of any

OP-AMP circuit. The practical OP-AMP can be made close to ideal values as

given in Table 4.2.

 Table 4.2 Characteristics of OP-AMPs

Property Ideal Practical Typical Value

Open loop gain Infinite Very high 2 ¥ 105

Input resistance Infinite High 2 MW
Output resistance Zero Low 75 W
CMMR Infinite High 90 dB

Bandwidth Infinite Very high Dominant pole 10 Hz

4.3 EQUIVALENT CIRCUIT OF AN OP-AMP

A equivalent circuit of an OP-AMP with finite input and out resistances is shown

in Fig. 4.2. This circuit incorporates important values such as A, Ri, and Ro from

the manufacturer�s, data sheet.
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+ VCC

V2

V1

Inverting
input

Non-Inverting
input

Output

Vo

Vi Ri AVi

–

+

+

–

Ro

(a)

– VEE

I2 = 0

I1 = 0

Vi = 0

V2

V1

A

–

+

(b)

Fig. 4.2 Equivalent circuit of an OP-AMP

In this figure,

AVi is a Thevenin equivalent voltage source

Ro is the Thevenin equivalent resistance looking from the output terminal of

an OP-AMP

Vi is difference input voltage

Ri is input resistance

VO is output voltage

V1 is voltage at non-inverting terminal with respect to ground

V2 is voltage at inverting terminal with respect to ground

Assuming OP-AMP characteristics are close to the ideal characteristics, the

following conditions prevail at the input side of the OP-AMP.

∑ As Ri = •, current input into inverting and non-inverting terminals is

approximately zero as shown in Fig. 4.2(a).

∑ As A = •, for any finite output voltage Vo, Vi = V� � V+ = 0. Hence the

inverting and non-inverting terminals should have the same potential.

The output voltage Vo can be expressed as

Vo = AVi = A(V1 � V2)

Therefore, the output voltage Vo is directly proportional to the difference

between two input voltages V1 and V2 or the operational amplifier amplifies the

difference between two input voltages. The polarity of output voltage depends

on the polarity of the difference voltage, V1 � V2.
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4.4 IDEAL VOLTAGE TRANSFER CURVE

The basic OP-AMP equation Vo = AVi is justified when the output off-set voltage

is assumed to be zero. This equation is very useful to study the OP-AMPs

characteristics and to analyze different circuit configurations that employ feedback.

Figure 4.3 shows the graphical representation of the equation, where x-axis

represents input difference voltage Vi and y-axis represents output voltage Vo

and gain A is constant.

+Vsat

VCC

+Vi–Vi

–Vsat

Positive
saturation

Negative
saturation

Slope = A

Fig. 4.3 Voltage transfer curve

It is clear from Fig. 4.3 that the output voltage cannot exceed the positive

saturation voltage +Vsat and negative saturation voltage �Vsat. The +Vsat and �Vsat

voltages are specified by an output voltage swing rating of the OP-AMP for

given values of supply voltages. Therefore, the output voltage is directly

proportional to Vi only until it reaches the saturation voltages and thereafter

output voltage is constant either +Vsat or �Vsat depending upon the magnitude of Vi.

Figure 4.3 is called an ideal voltage transfer curve as output offset voltage Vos

is assumed to be zero. In a negative feedback OP-AMP circuit, this voltage is

approximately zero. This figure is not drawn according to scale. If it is drawn as

per scale considering the very high value of A, the curve would be almost

vertical.

4.5 OP-AMP SYMBOL AND TERMINALS

Figure 4.4 shows the symbol of an operational amplifier. The pin diagram of OP-

AMP is depicted in Fig. 4.5(a). It is available in-duel-in line plastic package as

shown in Fig. 4.5(b). Usually, it is indicated by a triangle with basic five terminals.

The five basic terminals are as follows:

(i) Positive supply voltage terminal, +VCC (7)

(ii) Negative supply voltage terminal, +VEE (4)

(iii) Output terminal voltage, VO (6)

(iv) Inverting input terminal (2)

(v) Non-inverting input terminal (3)



Basic Electrical and Electronic Engineering-IIII.4.6

The other terminals are terminal (1) and terminal (5) which are used as null

offsets. The terminal (8) is used as NC (no connection).

–

+

Inverting input

Non-inverting
input

Positive supply voltage

Output terminalVo

2
6

3

7

4

+VCC

–VEE Negative supply voltage

Fig. 4.4 Symbol of OP-AMP

1 8

7

6

5

2

3

4

–

+

Offset
Null

Inverting
input

Not-inverting
input

V
–

N.C.

Output

Offset
Null

V
+

Duel-in-line plastic package

(a) (b)

Fig. 4.5 (a) Pin diagram of OP-AMP in mini DIP
(b) Duel-in-line plastic package of OP-AMP

4.6 DIFFERENCE AMPLIFIER

Figure 4.6 shows a difference amplifier where

V1 and V2 are voltage inputs and Vo is the

output voltage. Assume it is formed by a

linear active device and this linear active

device is an ideal one for analysis of the difference amplifier. A difference

amplifier can be defined as an ideal one if any signal, which is common to both

inputs, has no effect on the output voltage.

The output voltage of difference amplifier is

Vo = Ad(V1 � V2)

where, Ad is the gain of difference amplifier.

If input voltage V1 = input voltage V2, output voltage Vo = 0. Actually, the

signal common to both inputs gets cancelled and generates zero output voltage.

This is only possible for an ideal operational amplifier. But the practical difference

amplifier does not follow the above equation as the output voltage depends not

only upon the difference signal Vd but also depends upon the average voltage of

the input signals, VC which is called the common mode signal. For example, the

output voltage Vo with input voltages V1 = 200 mV and V2 = 100 mV will be

different from the output voltage Vo with input voltages V1 = 1000 mV and V2 =

900 mV, even though the difference signal (V1 � V2) = 100 mV.

Differential
Amplifier

V1

V2

Vo

Output

Fig. 4.6 Difference amplifier
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The common mode signal is 1 2

2
C

V V
V

+
=

In any differential amplifier, the circuit is symmetric, but due to parameter

mismatch, the gain at the output with respect to the positive terminal is different

in magnitude to that of the negative terminal. Therefore, if the same voltage is

applied to both terminals, the output is not zero.

Then output voltage can be expressed as

Vo = A1V1 + A2V2

where, Vi is amplified by A1 and V2 is amplified by A2

At that moment, 2VC = V1 + V2 and

Vd = V1 � V2

Then 2VC + Vd = 2V1

or, V1 = VC + 
1

2
dV

The input voltage is V2 = V1 � Vd

= 
1 1

2 2
C d d C dV V V V V+ - = -

The output voltage is Vo = A1V1 + A2V2

= 1 2
2 2

d d
C C

V V
A V A V

Ê ˆ Ê ˆ+ + -Á ˜ Á ˜Ë ¯ Ë ¯

= ( ) 1 2
1 2

2
C d

A A
A A V V

-
+ +

= ACVC + AdVd

Here, common mode gain AC = A1 + A2 and differential mode gain 1 2

2
d

A A
A

-
=

4.6.1 Common Mode Rejection Ratio

The relative sensitivity of an operational amplifier to a difference signal as compared

to a common mode signal is known as Common Mode Rejection Ratio (CMRR).

CMRR can be defined as the ratio of the differential voltage gain Ad to common

mode voltage gain AC. It can be expressed as

CMRR = d

C

A

A
r =

Usually, CMRR is expressed in decibels (dB) as CMRR = 20 log d

C

A

A
 dB

The output voltage can be expressed in terms of CMRR is

Vo = AdVd + ACVC

= 1 C C
d d

d d

A V
A V

A V

Ê ˆ
+Á ˜Ë ¯
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= 
1

1 C
d d

d d

c

V
A V

A V

A

Ê ˆ
Á ˜

+Á ˜
Á ˜
Á ˜Ë ¯

= 
1

1 C
d d

d

V
A V

CMRR V

Ê ˆ
+Á ˜Ë ¯

as CMRR = 
d

c

A

A
r=

= 
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

It is clear from the above equation that r must be large compared to the ratio of

the common mode signal to the difference mode signal as there is always some

noise signals on the signal lines. In addition, it is undesirable that the amplification

of noise signal will be present in the output signal. The differential amplifier is

able to virtually eliminate the noise signal.

4.1 Calculate the common mode gain of an operational amplifier for the following

parameters:

The differential voltage gain Ad = 104 and common mode rejection ratio CMRR = 2000.

Solution

Given Ad = 104 and CMRR = 2000.

The Common Mode Rejection Ratio (CMRR) can be expressed as

CMRR = 
d

C

A

A
r =

Then common mode gain AC = 

4
10

5.
CMRR 2000

dA
= =

4.2 Calculate the output voltage of a differential amplifier for the following parameters:

V1 = 1000 mV, V2 = 500 mV, Ad = 1000 and r = CMRR = 2000

Solution

Given V1 = 1000 mV, V2 = 500 mV, Ad = 1000 and r = CMRR = 2000

The common mode signal is

VC = 
1 2 1000 500

2 2

V V+ +
=  mV = 750 mV

The difference signal Vd is

Vd = V1 � V2 = (1000 � 500) mV = 500 mV

The output voltage is

Vo = 
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

= 6 1 750
1000 500 10 1 500.375 mV

2000 500

- Ê ˆ¥ ¥ + =Á ˜Ë ¯
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4.3 The common mode rejection ratio CMRR of an operational amplifier is about

120 dB and difference mode voltage gain is 10,000. Determine common mode gain.

Solution

Given Ad = 10,000, CMRR = 120 dB

The common mode rejection ratio in dB can be expressed as

CMRR = 20 log 20(log log )d
d C

C

A
A A

A
= -

= 20 log 10000 � 20 log AC

= 80 � 20 log AC = 120

Therefore, 20 log AC = 120 � 80 = 40 dB

The common mode gain is

AC = 
40

Anti log
20

Ê ˆ
Á ˜Ë ¯

= 100.

4.4 The input signals of a differential amplifier are V1 = 50 mV and V2 = � 25 mV.

(a) When the common mode rejection ratio is 50, determine the output voltage of

the differential amplifier.

(b) If r = 10,000, find the output voltage.

Assume difference mode gain Ad = 20,000

Solution

Given V1 = 5 mV, V2 = � 25 mV and common mode rejection ratio CMRR = 50

(a) The common mode signal is

VC = 1 2 50 25

2 2

V V+ -
= mV = 12.5 mV

The difference signal is

Vd = V1 � V2 = 50 �(�25) mV = 75 mV

The output voltage is

Vo = 
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

= 6 1 12.5
20000 75 10 1

50 75

- Ê ˆ¥ ¥ +Á ˜Ë ¯
= 1505 mV

(b) if r = 10,000, the output voltage is

Vo = 
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

= 6 1 12.5
20000 75 10 1

10000 75

- Ê ˆ¥ ¥ +Á ˜Ë ¯
= 1500.025 mV

4.5 In a differential amplifier, the input voltages are

V1 = 10 sin(2p ¥ 25t) + 5 sin(2p ¥ 1000t) mV and V2 = 10 sin(2p ¥ 25t) � 5 sin(2p ¥ 1000t)

The common mode gain in ac is = 0.5 and difference mode gain Ad = 100. Determine

(a) VO1 (b) VO2 (c) VO. Assume a 25 Hz signal is a noise signal and 1000 Hz frequency

signal will be processed.
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Solution

(a) The common mode signal is

VC = 
1 2 10sin (2 25 ) mV

2

V V
tp

+
= ¥

The difference signal is

Vd = V1 � V2 = 10 sin(2p ¥ 1000t) mV

The output voltage is

VO1 = AdVd + ACVC

= 100 ¥ 10 sin(2p ¥ 1000t) + 0.5 ¥ 10 sin (2p ¥ 25t) mV

(b) The output voltage is

VO2 = �AdVd + ACVC

= �100 ¥ 10 sin(2p ¥ 1000t) + 0.5 ¥ 10 sin(2p ¥ 25t) mV

(c) The output voltage is

VO = VO1 � VO2

= 2 ¥ 100 ¥ 10 sin(2p ¥ 1000t) mV

= 2 sin(2p ¥ 1000t) V

4.7 OPERATIONAL AMPLIFIER INTERNAL CIRCUIT

The block diagram of a typical operational amplifier is shown in Fig. 4.8. Usually,

an operational amplifier consists of four cascaded blocks. The first two stages

are cascaded differential amplifiers, which are used to provide high gain and

high input resistance. The third stage works as a buffer as well as a level shifter.

Actually, the buffer is an emitter follower. Its input impedance is very high

hence it prevents loading of the high-gain stage. The level shifter adjusts the dc

voltages and the output voltage is zero for zero inputs. As the gain stages are

direct coupled, the adjustment of dc level is required.

1st Stage
Differential
Amplifier

2nd Stage
Differential
Amplifier

Buffer and
Level
Shifter

Output
Driver

Vo

Output

V1

V2

Fig. 4.7 Block diagram representation of OP-AMP internal circuit

The output is used to provide low output impedance as demanded by the ideal

characteristics of OP-AMP. The output voltage should swing symmetrically, in

between +Vsat and �Vsat. For this swing, the amplifier is provided with positive

and negative supply voltages (±15 V).

In the first-stage differential amplifier, there are two inputs and balanced

differential output. In this stage, maximum voltage gain is provided and also

establishes the very high input impedance of operational amplifier. This stage

should have the following characteristics:

∑ Very high input impedance about 10 MW
∑ High CMRR about 120 dB

∑ Very high open loop gain about 105

∑ Low input bias current about 0.5 mA

∑ Small input offset current about 0.2 mA

∑ Small input offset voltage about 10 mV
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In the second-stage differential amplifier, there are two inputs and an

unbalanced output differential amplifier. In this stage, the overall gain of the

operational amplifier increases. Due to direct coupling between first-stage and

second-stage differential amplifiers, the dc level at the output of the second-

stage differential amplifier is much higher than the ground potential. Consequently,

a level translator must be used in the next stage in order to bring the dc level

back to the ground potential.

Generally, the third stage OP-AMP internal circuit is buffer and level shifter.

This stage is used to shift the dc level to zero volts with respect to the ground.

Usually, an emitter follower circuit is in this stage to provide low output resistance,

and class B and class AB amplifiers are used to provide large output power. The

last stage is the output driver circuit. In this stage, a complementary symmetry

push-pull amplifier is used. The output stage should have the following

characteristics:

∑ Low output impedance

∑ Large output voltage swing capability

∑ Large output current swing capability

∑ Short circuit protection

4.7.1 Differential Amplifier

The differential amplifier stages are used to provide high gain in the difference

mode signal and cancel the common mode signal. The CMRR common mode

rejection ratio is the relative sensitivity of an OP-AMP to a difference signal as

compared to common mode signal, and CMRR is the advantages of the differential

amplifier. If the CMRR value is very high, it is better for OP-AMP. An OP-AMP

should have high input impedance.

A cascade dc amplifier can provide

high gain down to zero frequency due

to absence of a coupling capacitor. But

this amplifier suffers from the drift of

the operating point due to temperature

dependency of ICBO, VBE and hfe of

transistors. This problem can be reduced

by using differential amplifiers as

depicted in Fig. 4.9. This is an emitter-

coupled differential amplifier. This

circuit has low drift due to symmetrical

construction and can be designed in

such a way that it provides high input

resistance.

It has two input terminals B1 and B2.

B2 is the inverting terminal and B1 is the

non-inverting terminal. This amplifier can

be used in four different configurations

depending upon the input and output signals. These four different configurations are

V1 V2

+VCC

–VEE

IC1 IC2

RC RC

Vo1 Vo2

T1 T2

IE1 IE2

IE RE

VBE1 VBE2

B1 B2

Fig. 4.8 Basic differential amplifier
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(i) Differential input and differential output

(ii) Differential input and single ended output

(iii) Single input and differential output

(iv) Single input and single ended output

When a signal is applied to both the inputs, it is differential input and

differences of signals applied to the two inputs are amplified.

Assume transistor bases B1 and B2 are joined together and connected to a

voltage VCM called the common mode voltage. It is clear from Fig. 4.9, V1 = V2 =

VCM. Transistors T1 and T2 are well matched and due to symmetry of the circuit,

the current IE divides equally through transistors T1 and T2. Therefore, the emitter

current of T1 is equal to emitter current of T2.

Hence, IE1 = IE2 = 
2

EI

+VCC

–VEE

IC1 IC2

RC RC

VO1 VO2

T1 T2

IE1 IE2

IE RE

VBE1 VBE2

B1 B2
VCM

Fig. 4.9 Differential pair with a common-mode input signal VCM

The collector current IC1 and IC2 flow through the resistor RC is 
2

EI
a .

The voltage at each of the collectors will be

2

E
CC C

I
V Ra-

and the difference of the voltage between the two collectors, VO1 � VO2 will be zero.

If the value of VCC is changed, the output voltage across the two collectors

will not be changed. Consequently, the differential pair will not respond to the

common-mode input signals.

When the input voltage V2 = 0 and input voltage V1 = 1 V, Transistor T1 will

be ON and Transistor T2 will be OFF as depicted in Fig. 4.10. Then the total

current IE will flow through T1. As T1 is ON, the voltage at emitter will be 0.3 V.

As a result, the emitter-base junction of T2 will be reversed biased and T2 becomes
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OFF. The collector voltage of T1 is VO1 and will be Vo1 = VCC � aIERC and

collector voltage of T2 is VO2 = VCC. Therefore, it is clear from the above discussion

that the differential pair only responds to difference mode signals and rejects

common-mode signals.
+VCC

–VEE

IC1 IC2

RC RC

VO VO2 = Vcc

T1 T2

IE1 IE2

IE RE

VBE1
V1 = 1 V

V2 = 0ON OFF

Fig. 4.10 Differential pair with large differential input signal

Transfer Characteristics of Differential Amplifier

The collector currents for transistors T1 and T2 are IC1 and IC2 respectively. After

neglecting the reverse saturation currents of the collector base junction, we obtain

The collector current for transistor T1 is 

1

1

BE

T

V

V
C ESI I ea=

The collector current for transistor T2 is 

2

2

BE

T

V

V
C ESI I ea=

where, IES is the reverse saturation current of emitter base junction.

The ratio of two collector currents is

1

1 2

2

1

2

BE

BE BE
T

T

BE

T

V
V VV

VC ES

V
C

V
ES

I I e
e

I
I e

a

a

-

= =

KVL for loop equation for two emitter�base junctions is

V1 � VBE1 + VBE2 � V2 = 0

or, VBE1 � VBE2 = V1 � V2 = Vd

where, Vd is the difference of two input voltages.

The emitter current IE is

IE = IE1 + IE2

= 
1 2C CI I

a a
+



Basic Electrical and Electronic Engineering-IIII.4.14

= 1 2

1

1C C

C

I I

Ia

Ê ˆ
+Á ˜Ë ¯

= 1 1

d

T

V

VCI
e

a

-Ê ˆ
Á ˜+
Á ˜Ë ¯

Therefore, 1

1

d

T

E
C V

V

I
I

e

a

-
=

+

 and  2

1

d

T

E
C V

V

I
I

e

a

-
=

+

The transfer characteristics for a difference amplifier (IC vs Vd plot) is illustrated

in Fig. 4.11. The following is clear from the transfer characteristics as depicted

Fig. 4.10:

∑ If Vd > 4VT about 100 mV, IC1 = aIE and IC2 = 0. Then output voltages are

VO1 = VCC � aIE RC and VO2 = VCC

∑ If Vd < �4VT about �100 mV, IC1 = 0 and IC2 = aIE. The output voltage VO1

= VCC and VO2 is very small or negligible. Therefore, during �4Vd < Vd <

4VT, the differential amplifier can acts as switch.

∑ When Vd > ± 4VT, the differential amplifier can acts as a very good limiter.

∑ �2VT < Vd < 2VT, difference amplifier can be function as linear amplifier.

IC2 IC1

IC1.IC2

aIE

aIE
1
2

–vT–3vT–4vT vT–2vT 3vT 4vT2vT vd

Fig. 4.11 Transfer characteristics for difference amplifier

4.6 The difference amplifier as shown in Fig. 4.12 has the following parameters:

RC = 10 kW, RE = 100 kW, RS = 10 kW
The transistor parameters are as follows:

hie = 10 kW, hfe = 100, hre = 0, hoe = 0

When the amplifier is operated with common mode signal of 50 mV and difference

signal of 25 mV, determine output voltage and CMRR.

Solution

The difference gain is

Ad = ( )2

fe C

S ie

h R

R h
-

+

= 
100 100 kÙ

2(10 kÙ 10 kÙ)

¥
-

+
 = � 250
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The common mode gain is

AC = ( )1 2

fe C

S ie fe E

h R

R h h R
-

+ + +

= ( )
100 10 k

0.049
10 k 10 kÙ 1 100) 2 100 kÙ

¥ W
- = -

W + + + ¥ ¥

The output voltage is

VO = AdVd + ACVC

= (�250) ¥ 25 mV + (�0.49) ¥ 50 mV = 6252.45 mV

The common mode rejection ratio in dB is

CMRR = 
250

20 log 20 log
0.049

d

C

A

A
=  74.15 dB

V1 V2

+VCC

–VEE

IC1 IC2

RC RC

VO1 VO2

T1 T2

IE1 IE2

IE RE

VBE1 VBE2

B1 B2
Rs RS

Fig. 4.12 Difference amplifier

4.8 OPEN-LOOP CONFIGURATIONS OF OP-AMP

The open-loop configuration of operational amplifier means that there is no

connection between the output and input terminals either direct or via another

network. Therefore, the output signal is not feedback in any form as a part of the

input signal, and the loop is open as there is no feedback.

During open-loop configuration, the operational amplifier simply works as a

high gain amplifier. Usually, the open-loop configurations of OP-AMP are

classified based on the number of inputs used and the terminal to which the input

signal is applied. There are three different open-loop configurations of OP-AMP

as given below:

(i) Differential Amplifier

(ii) Inverting Amplifier

(iii) Non-invert Amplifier
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In this section, the above three configurations are explained elaborately.

4.8.1 Differential Amplifier

The circuit diagram of the open-loop

differential amplifier is shown in Fig. 4.13. In

this circuit diagram,

V1 input signal is applied to non-inverting

terminal

V2 input signal is applied to inverting

terminal

As the OP-AMP amplifies the difference

between two input signals (V1 � V2), this

circuit configuration is known as differential

amplifier.

As OP-AMP amplifies both ac and dc input signals, this device is called a

versatile device. Therefore, input signal V1 and V2 will be either ac or dc voltages.

R1 and R2 are the source resistances of supply voltage V1 and V2 respectively.

The magnitude of R1 and R2 are very less value compared to the input resistance

R1. Consequently, the voltage drops across R1 and R2 can be assumed to be zero.

Therefore, inverting terminal voltage V� = V2 and non-inverting terminal voltage

V+ = V1.

The output voltage of OP-AMP is Vo = A(V+ � V�)

where, A is the open loop gain of OP-AMP.

After substituting the values of V+ = V1 and V� = V2, we get

Vo = A(V1 � V2)

From the expression Vo = A(V1 � V2), we can state that the output voltage is

equal to the voltage gain A times the difference between two input voltages

(V1 � V2). It is also clear that the polarity of the output voltage is dependent on

the polarity of the input difference voltage.

4.8.2 Inverting Amplifier

Figure 4.14 shows the open-loop configu-

ration of the inverting amplifier. In this

amplifier only one input signal is applied to

the inverting input terminal. The non-

inverting input terminal is grounded.

Therefore, V+ = 0 and V� = V2.

Then output voltage is

Vo = A(V+ � V�) = A(0 � V2) = �AV2

The negative sign indicates that output

voltage is 180° out of phase with respect to

input or output voltage has opposite polarity. In this way, the input signal is

amplified by the open loop gain A and is also inverted at the output in the

inverting amplifier.

V2 V1

–

+

A

V–

Vi

V+

Vo

+VCC

–VEE

RL

R1R2

Fig. 4.13 Open-loop difference
amplifier

V2

–

+

A

V–

Vi

V+

Vo

+VCC

–VEE

RL

R2

Fig. 4.14 Inverting amplifier
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4.8.3 Non-Inverting Amplifier

The open-loop configuration of non-inverting amplifier is depicted in Fig. 4.15. In

this configuration, the input signal is applied to the non-inverting input terminal

and inverting terminal is grounded.

Since V+ = V1 and V� = 0, the output voltage is

Vo = A(V+ � V�) = A(V1 � 0) = AV1

Therefore, the input voltage V1 is amplified by a gain A. The output voltage is

greater than A and it is in phase with the

input voltage.

In each open-loop configuration of

operational amplifier, if any input signal

is slightly greater than zero, the output

voltage of operational amplifier will be at

saturation level. These results are obtained

from the very high gain A of operational

amplifier. Hence, when OP-AMP operates

in open loop configuration, the output of

OP-AMP is either positive saturation

voltage + Vsat or negative saturation �Vsat.

Consequently, open-loop OP-AMPs are not

used in linear applications.

4.9 FEEDBACK IN IDEAL OP-AMP

The utility of OP-AMPs can be increased by using a negative feedback. In this

case, the output voltage is not saturation voltage and the OP-AMPs behave as a

linear device as the output voltage directly proportional to input voltages. There

are two negative feedback circuits such as

(i) Inverting amplifier

(ii) Non-inverting amplifier

In this section, inverting as well as non-inverting amplifier are discussed

assuming the following assumptions:

∑ The current drawn by either inverting or non-inverting terminals is

negligible.

∑ The differential input voltage Vi between non-inverting and inverting

terminals is approximately zero.

4.9.1 Inverting amplifier

Figure 4.16 shows inverting amplifier.

The output voltage Vo is fed back to

the inverting terminal through

feedback resistance Rf and resistance

R1. The input voltage is applied to the

inverting input terminal through

resistance R1. The non-inverting terminal is grounded.

V1

–

+

A

V–

Vi

V+

Vo

+VCC

–VEE

RL

R1

Fig. 4.15 Non-inverting amplifier

R1

+

–
V1

Rf

VoI1

i=0

i=0

RL

A

Vi

Fig. 4.16 Inverting amplifier
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In an ideal amplifier, Vi = 0, i = 0 for simplifying the output voltage equation.

But in practical OP-AMP, Vi π 0. The equivalent circuit of a practical inverting

amplifier is shown in Fig. 4.17. This circuit can be simplified by thevenin�s

equivalent as depicted in Fig. 4.18 where, Veq is Thevenin�s equivalent voltage.

Rf

R1

Vi

–

+

V1

A

Ri AVi

Ro
+

–

Output

Vo

Fig. 4.17 Equivalent circuit of inverting amplifier

Rf

Req

Vi

–

+

Veq

Rif

AVi

Ro
+

–

Vo

Rof

+

–

I

I

Fig. 4.18 Thevenin’s equivalent circuit of inverting amplifier

The Thevenin�s equivalent voltage is eq 1
1

i

i

R
V V

R R
=

+

Req is Thevenin�s equivalent resistance and Req = Ri || R1 1

1

i

i

R R

R R
=

+
As Ri >> R1, Req = R1

Veq = Vi 
i

i i

R

R R+  = Vi, as Ri >> Ri

The loop equations are

Vo = IRo + AVi (4.1)

and Vi + IRf + Vo = 0

After substituting Vi in Eq. 4.1, we get

Vo = IRo � A(IRf + Vo)

or,  (1 + A)Vo = I(Ro � ARf)

The KVL equation is

Veq = I(Req + Rf) + Vo = I(R1 + Rf) + Vo as Req = R1

As I = 
(1 ) o

o f

A V

R AR

+
-
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Veq = 1 1

(1 )
( )o

f o
o f

A V
V R R V

R AR

+
= + +

-

= 
1(1 )( )f o f

o
o f

A R R R AR
V

R AR

+ + + -

-

= 
( ) 11 f o

o
o f

A R R R
V

R AR

+ + +

-

Closed Loop Gain

The closed loop gain is 
( )1 11

o fo
f

o f

R ARV
A

V R R A R

-
= =

+ + +
As A >> 1 and AR1 >> Ro + Rf, ARf >> Ro

Therefore, Af = 
1 1

fo
RV

V R
= -

Then the output voltage is 1
1

f

o

R
V V

R
= -

The negative sign indicates that there is 180° phase shift between V1 and Vo.

When Rf is replaced by Zf and R1 is replaced by Z1, we get 1
1

f

o

Z
V V

Z
= - .

This expression can be used different OP-AMPs applications such as integrator

and differentiator which are explained in Chapter 5.

Input Resistance

Input resistance of OP-AMP is i
if

V
R

I
=

The KVL loop equation is

Vi + I(Rf + Ro) + AVi = 0

or, (1 + A)Vi + I(Rf + Ro) = 0

or, Rif = 
1

f oR R

A

+

+

Output Resistance
Output resistance is calculated from the open-circuit output voltage VOC and

short circuit output current ISC

Output resistance is OC
of

SC

V
R

I
=

Figure 4.18 shows the equivalent circuit for calculating output resistance Rof

when output is shorted.

Current I1 = 
eq 1

1 1

0

f f

V V

R R R R

-
=

+ +
 flows through Req and Rf
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Current I2 = ,i

o

AV

R
 flows through Ro

Vi = �I1 Rf , I2 1

f

o

AR
I

R
= -

1
o

ARF
I

R
= -

The short circuit output current is

ISC = I1 + I2 After substituting I1 and I2, we get

= 1 1

1 1

f

f o f

ARV V

R R R R R
-

+ +

= 1

1

( )
( )

o f
o f

V
R AR

R R R
-

+
The open circuit output voltage is

VOC = VO = 
( )1 1

o f

o f

R AR

R R R A

-

+ + +
V1

The output impedance is

Rof = 
( )

( )
( )

1
1

1

1

1

o f

o fOC

SC o f

o f

R AR
V

R R R AV

I R AR V

R R R

-

+ + +
=

-

+

= 
( )

( )1

1 1

o fo f

o f o f

R R RR AR

R R R A R AR

+-

+ + + -

= 
1

1

( )

(1 )

o f

o f

R R R

R R R A

+

+ + +

= 
1

1 1

( )

( )

o f

o f

R R R

R R R AR

+

+ + +

= 

( )
( )

( )

1

1

1

1

1

o f

o f

o f

R R R

R R R

R
A

R R R

+

+ +

+
+ +

The numerator is Ro || (R1 + Rf) and its value is less than Ro. Hence output

resistance Rof is always less than Ro, if A Æ • and Rof Æ •.

4.9.2 Non-inverting Amplifier

Figure 4.19 shows a non-inverting amplifier. The input voltage is applied to the

non-inverting input terminal. The feedback resistance Rf and R1 are connected

between the output terminal, inverting input terminal and ground. This circuit

amplifies input voltage without inverting. Therefore, there is no phase shift
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between input and output signals. This circuit is a negative feed-back system as

output is fed back to the inverting input terminal. The equivalent circuit of

practical non-inverting amplifier is depicted in Fig. 4.20.

R1

+

–

Rf

Vo

V1

Vi

A

+

Fig. 4.19 Non-inverting amplifier

Rf

R1

Vi

–

V1

AVi

Ro

+

–

Vo
+

–

Ri

BA

Fig. 4.20 Equivalent circuit of practical non-inverting amplifier

The potential at node A is VA = V1 � Vi

KCL law at node A is

1 1

1

0i i i o

i f

V V V V V V

R R R

- - -
+ + =

Assume, 1
1

1 1 1
, andi f

i f

Y Y Y
R R R

= = =

Then we can write

(V1 � Vi) Y1 + ViYi + (V1 � Vi � Vo) Yf = 0

or, � (Y1 + Yi + Yf) Vi + (Y1 + Yf) V1 = YfVo (4.2)

Applying KCL at node B, we get

1( ) ( )
0i o i o

f o

V V V AV V

R R

- - -
+ =

Assume
1

o
o

Y
R

=

We can write (V1 � Vi � Vo) Yf + (AVi � Vo) Ro = 0

or, � (Yf � AYo) Vi + Yf V1 = (Yf + Yo) Vo (4.3)

After solving Eqs 4.2 and 4.3, we get
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Af = 
( )

( ) ( ) ( )
1

11

o f f io

i o f i f o

AY Y Y Y YV

V A Y Y Y Y Y Y

+ +
=

+ + + +

If A Æ •

Af = 
( )1o f

o f

AY Y Y

AY Y

+

or, Af = 
1 1

( )
1

f

f f

Y Y Y

Y Y

+
= +

Af = 
1

1
fR

R
+  As 1

1

1
Y

R
= , and 

1
f

f

Y
R

=

The gain of amplifier can be adjusted by proper selection of resistances Rf and R1.

4.10 OP-AMP CHARACTERISTICS

The manufacturers� data sheet of IC 741 series operational amplifiers provide

information regarding pin diagram, electrical characteristics and equivalent circuit

of devices, etc. IC 741 series OP-AMPs are available in different models such as

IC741, IC741A, IC741C and IC741E. The schematic diagram and electrical

parameters for all models are same, but the value of parameters will be differed

from model to model. After study the data sheet we can state the following points:

∑ IC741 is internally frequency compensated OP-AMP.

∑ IC741 is a monolithic IC.

∑ Short circuit protection is provided in this IC.

∑ This IC has offset voltage null capacity.

∑ It has large common mode and differential voltage ranges.

∑ Its power consumption is low.

∑ Absence of latch-up makes the IC741 ideal for use as voltage follower.

∑ This IC is very useful for adder, subtractor, integrator, differentiation, voltage

follower, multiplier and divider and other feedback applications.

∑ Absolute maximum ratings for the following parameters such as supply

voltage, input voltage, differential input voltage, internal power dissipation,

operating temp range and output short circuit duration, etc. are specified in

the data sheet. Table 4.3 shows maximum rating of supply voltage; inter

power dissipation and operating temperature, etc.

∑ The electrical specification of OP-AMP are input offset voltage, input offset

current, input bias current, input capacitance, offset voltage adjustment

range, etc. Table 4.4 shows the electrical characteristics of OP-AMPIC741C.

In this section, the electrical characteristics of typical operational amplifiers

IC741C have been discussed.
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Table 4.3 Maximum rating of IC

Parameters Absolute maximum rating

Supply Voltage IC741, IC741A and IC741E ±22 V

IC741C ±18 V

Internal power dissipation Metal can 500 mW

Molded and Hermetic DIP 670 mW

Mini DIP 310 mW

Flatpack 570 mW

Differential input voltage ±30 V

Input voltage ±15 V

Operating temperature Military IC741 and IC741A �55°C to 125°C

Commercial IC741E and range 0°C to 70°C

IC741C

Table 4.4 Electrical characteristics of IC741 at VS = ±15 V and
operating temperature TA = 25°C

Electrical Conditions Minimum Maximum

characteristics value value

Input offset voltage Rs £ kW 20 mV

Input offset current 20 nA 200 nA

Input bias current 80 nA 500 nA

Input resistance 2.0 MW
Input capacitance 1.4 pF

Offset voltage adjustment range ±15 mV

Input voltage range ±12 V ±13 V

Common mode rejection ratio Rs £ 10 kW 70 dB 120 dB

Supply voltage rejection ratio 30 mV/V 150 mV/V

Large signal voltage gain RL > 2 kW Vout = ±10 V 20,000 200,000

Output voltage swing RL ≥ 2 kW ±10 V ±14 V

Output resistance 75 W
Output short circuit current 25 mA

Supply current 1.7 mA 2.8 mA

Power consumption 50 mW 85 mW

Transient response Rise time 0.3 ms

overshoot 6%

Slew rate RL ≥ 2 kW 0.5 ms

4.10.1 Input Offset Voltage

The input offset voltage (VIOS) is the voltage

that must be applied between inverting and non-

inverting terminals of an operational amplifier

to null the output voltage. Figure 4.21 shows

the input offset voltage of an OP-AMP. In this

circuit, VDC1 and VDC2 are dc voltages and RS

represents source resistance.

–

+
A

V–

VIOS

V+

Vo

+VCC = 15 V

–VEE = –15 V
RsRs

VDC2 VDC1

Fig. 4.21 Input offset voltage
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The input offset voltage is VIOS = (VDC1 � VDC2)

The magnitude of input offset voltage can be positive or negative, but its

absolute value is given on the manufacturer data sheet; For example, the maximum

value of VIOS of IC 741C is about 20 mV. The smaller value of VIOS is advantage for

better input terminals matching.

4.10.2 Input Offset Current

The input offset current (IIOS) is defined

as the difference between the currents into

the inverting and non-inverting terminals.

Figure 4.22 shows the input offset current

IIOS.

The input offset current is

IIOS = |IB1 � IB2|

where, IB1 is the current input into the non-inverting terminal

IB2 is the current input into the inverting terminal.

The maximum value of input offset current for IC 741C is about 200 nA. The

difference between IB1 and IB2 will be small when the matching between two input

terminals is improved.

4.10.3 Input Bias Current

The input bias current IB is the average of the two input currents IB1 and IB2. In

the form of the equation,

IB = 1 2

2

B BI I+

where, IB1 is the current input into the non-inverting terminal

IB2 is the current input into the inverting terminal.

For IC 741C, the maximum value of input bias current, IB is 500 nA. Actually IB1

and IB2 are base currents of the first stage differential amplifier.

4.10.4 Offset Voltage Adjustment

One of the most important features of IC 741 is an offset voltage null capability.

Pins 1 and 5 are used as offset null. Figure 4.23 shows the offset voltage adjustment

of OP-AMP. A 10 kW potentiometer is

connected between offset null pins 1 and

5. The wiper of the 10 kW potentiometer

can be connected with the negative

supply voltage �VEE = �15 V.

The output offset voltage can be

reduced to zero, by changing the wiper

position of the potentiometer. The offset

voltage adjustment range is the range

–

+

A Output

+VCC = 15 V

–VEE = –15 V

IB2

IB1

Fig. 4.22 Input offset current

–

+

A Output

+VCC = 15 V

–VEE = –15 V

10 K

Fig. 4.23 Offset voltage adjustment



Operational Amplifier II.4.25

through which the input offset voltage can be adjusted and it is about ±15 mV for

IC741.

4.10.5 Thermal Drift

The operational amplifier parameters such as bias current, input offset current,

input offset voltage change with temperature.

The average rate of change of input offset voltage permit change in temperature

is called thermal voltage drift and it is represented by 
IOSV

T

D
D

 and it�s unit value

is mV/°C.

In the same way, we can define the thermal drift in the input offset current

and input bias current.

Thermal drift of input offset current = 
IOSI

T

D
D

 nA/ºC

Thermal drift of input bias current = 
BI

T

D
D

 nA/ºC

4.7 Assume input offset current (IIOS) = 20 nA and input offset voltage (VIOS) = 0 and

A = 105. (a) What is the differential input voltage? (b) What is the output offset voltage?

Assume RS = 1.5 kW

–

+

A Vo

+ = 15 VVCC

– = –15 VVEE

V–

RS

V+

VIOS

Fig. 4.24

Solution

(a) The differential input voltage = IIOS ¥ RS

= 20 ¥ 10�9 ¥ 1.5 ¥ 103 = 30 mV

(b) The output offset voltage is

Vout = AVd = 105 ¥ 30 ¥ 10�6 V = 3 V

4.8 The base current of a differential amplifiers are IB1 = 15 mA and IB2 = 20 mA.

(a) What is the input bias current?

(b) Calculate the input offset current.

Solution

Given IB1 = 15 mA and IB2 = 20 mA

Input bias current is

IB = 1 2 15 20
ìA 17.5 ìA

2 2

B BI I+ +
= =
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The input offset current

IIOS = |IB1 � IB2| = |15 � 20| mA = 5 mA

4.9 The input base current of a differential amplifiers are IB1 = 100 nA and IB2 = 80 nA.

(a) Determine the input bias current and the input offset current.

(b) When A = 105, calculate the output offset voltage.

Assume RS = 1 kW

Solution

Given IB1 = 100 nA and IB2 = 80 nA

(a) Input bias current is

IB = 1 2 100 80
nA 90 nA

2 2

B BI I+ +
= =

The input offset current

IIOS = |IB1 � IB2| = |100 � 80| nA = 20 nA

(b) The differential input voltage = IIOS ¥ R1

= 20 ¥ 10�9 ¥ 1 ¥ 103 = 20 mV

The output offset voltage is

Vout = AVd = 105 ¥ 20 ¥ 10�6 V = 2 V

4.10.6 Common Mode Rejection Ratio

Figure 4.25 shows the common mode

circuit of OP-AMP. The common mode

rejection ratio (CMRR) can be defined

as the ratio of the differential voltage

gain Ad to the common mode voltage

gain Acm. It is expressed as

CMRR d

cm

A

A
=

The differential voltage gain Ad is same as the open loop voltage gain A.

The common mode voltage gain can be computed by using the equation

Acm = ocm

cm

V

V

where, Acm common mode voltage gain

Vcm input common mode voltage

Vocm output common mode voltage

Normally, Acm is very small and Ad is very large. Therefore, the CMRR is

very large and it is very frequently expressed in decibels (dB). The CMRR value

of IC741 is about 90 dB.

Figure 4.25 shows the common mode configuration of operational amplifier. For

this circuit, RS is assumed to be zero as source resistances of practical voltage

sources are very small.

–

+

A Output

+ = 15 VVCC

– = –15 VVEE

Vcm

Fig. 4.25 Common mode circuit of
OP-AMP
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4.10.7 Supply Voltage Rejection Ratio

The change in an operational amplifiers input offset voltage due to variations in

supply voltage is known as the Supply Voltage Rejection Ratio (SVRR). Some

manufacturers represent the SVRR as power supply rejection (PSRR) or power

supply sensitivity (PSS). Usually it is expressed in mV/V or in decibels (dB).

In the form of an equation

SVRR = IOSV

V

D
D

 where, DV is the change in supply voltage

DVIOS change in the input offset voltage

For IC741, SVRR is about 6.3 mV/V.

4.10.8 Slew Rate

The Slew Rate (SR) is defined as the maximum rate of change of output voltage

per unit time. It can be expressed as

SR = max
V/ ìs.

odV

dt

This is an important parameter for high frequency applications such as

oscillators, comparators and filters. The typical values of slew rate for IC741 is

about 0.5 V/ms.

The SR indicates how rapidly operational amplifier can varies in response to

variation in the input frequency. These changes with change in voltage gain.

Normally, the slew rate of an operational amplifier is fixed. If the slope

requirements of the output signal are greater than the slew rate, output will be

distorted. Therefore, slew rate is an important factor to select OP-AMPs in high

frequency applications.

In a voltage follower circuit, the input voltage is large amplitude and high

frequency sine wave.

Assume supply voltage is VS = Vm sin wt

Then output is VO = Vm sin wt

The rate of change of output is

coso
m

dV
V t

dt
w w=

The maximum rate of change of output at cos wt = 1

max
2 V/s as 2

o
m m

dV
SR V f V f

dt
w p w p= = = =

= 6

2

10

mf Vp
 V/ms

The slew rate can also be expressed as

SR = 
max

V/ìs.
o OdV V I

dt t C

D
= =

D
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where Imax is the maximum current which flows through the capacitor C

C is the value of capacitor

 The slew rate can be improved by increasing the current and decreasing the

capacitor value. For a high value of slew rate, operational amplifiers should have

small value of capacitor with high current. The slew rate can also be improved

with higher closed loop gain.

4.10 The output voltage of operational amplifier changes by 10 V with in 5 ms. Calculate

the slew rate.

Solution

Given, change in output voltage DVo = 10 V and Dt = 5 ms

The slew rate is

SR = 
10

V/ìs =  V/ìs = 2 V/ìs
5

oV

t

D
D

4.11 The output voltage of an operational amplifier is shown in Fig. 4.26 When input

voltage is triangular wave 8 V peak-to-peak amplitude with frequency 2 MHz. What is the

slew rate of operational amplifier?

0.5 ms

Time ( )t

+4 V

–4 V

Fig. 4.26 Plot of Ex. 4.11

Solution

The slew rate is defined as the maximum rate of change of the output voltage and it is

expressed as

SR = oV

t

D
D

 V/ms

Here, DVo = 8 V and 
0.5

0.25
2

tD = =  ms

Then slew rate 
8

V/ìs V / ìs 32 V/ìs
0.25

oV
SR

t

D
= = =

D

4.12 An IC 741C OPAMP is used as an inverting amplifier with a gain of 50. The input

voltage is sinusoidal with maximum amplitude of 25 mV. What is the maximum frequency

of the input voltage?

Solution

The typical slew rate of IC 741C OPAMP is 0.5 V/ms and A = 50

The maximum output voltage is

Vm = AVid = 50 ¥ 25 ¥ 10�3 V = 1.25 V As Vid = 25 mV

The slew rate is 
6

2
0.5

10

mfV
SR

p
= = V/ms
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The maximum frequency is 6
max 10

2 m

SR
f

Vp
= ¥

60.5
10 Hz

2 1.25p
= ¥

¥
= 63.694 kHz

4.13 An IC 741C OPAMP is used as an inverting amplifier with a gain of 40. The

voltage gain vs frequency response is flat up to 30 kHz. What is the maximum peak to

peak input signal that can be applied without distorting the output voltage?

Solution

The typical slew rate of IC 741C OPAMP is 0.5 V/ms

Therefore SR = 0.5 V/ms

Frequency f = 30 kHz

The maximum output voltage is

Vm = 6 6

3

0.5
10 10

2 2 30 10

SR

fp p
¥ = ¥

¥ ¥
 V

= 2.653 V (peak) = 5.306 V (peak to peak)

The maximum peak to peak input voltage without distorting the output is

= 
5.306

40

m
id

V
V

A
= =  V = 132.65 mV ( peak to peak)

4.14 An operational amplifier has a slew rate of 0.5 V/ms. If the peak output voltage is

10 V, what is the maximum frequency at which the operational amplifier operates properly?

Solution

The slew rate of operational amplifier is 0.5 V/ms

The slew rate is SR = 
6

2
0.5

10

mf Vp
=  V/ms

The maximum frequency of operation is

fmax = 
6 60.5

10 10 Hz 7.96 kHz
2 2 10m

SR

Vp p
¥ = ¥ =

¥

4.15 An operational amplifier has a slew rate of 0.45 V/ms. How much time it will take

to change the output voltage from 0 V to 10 V?

Solution

The slew rate of operational amplifier is 0.45 V/ms

The change in output voltage, DVo is 10 V

The slew rate is

SR = oV

t

D
D

V/ms

or, Dt = 
10

0.45

oV

SR

D
=  ms = 22.23 ms

Therefore, the required time to change output voltage from 0 to 10 V is 22.23 ms
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4.16 The charging current of a 150 pF capacitor is 100 mA. What is the slew rate of the

operational amplifier?

Solution

Given capacitor C = 150 pF = 150 ¥ 10�12

Charging current IO = 100 mA = 100 ¥ 10�6

The slew rate of operational amplifier is

SR = o odV I

dt C
=

= 
6 6

12 12 6

100 10 100 10
V/s V/ìs = 0.667 V/ìs

150 10 150 10 10

- -

- -
¥ ¥

=
¥ ¥ ¥

4.17 An operational amplifier has slew rate about 0.45 V/ms and used as an inverting

amplifier with a gain of 100. The voltage gain vs frequency curve of operational amplifier

up to 20 kHz is flat. What is the maximum peak-to-peak input signal can be applied to the

operational amplifier without distorting the output voltage?

Solution

Given SR = 0.45 V/ms, A = 100 and fmax = 20 kHz

The slew rate is 
6

2
0.45

10

mf V
SR

p
= =  V/ms

The maximum output voltage is

Vm = 
6 6

3

0.45
10 10

2 2 20 10

SR

fp p
¥ = ¥

¥ ¥
= 3.58 V

The maximum output voltage is

Vm = AVid V

The maximum peak to peak input voltage to the OP-AMP without distorting the output

voltage is

Vid = 
3.58

V 35.8 mV
100

mV

A
= =

4.18 Figure 4.27 shows an operational amplifier circuit. The operational amplifier has

slew rate about 0.5 V/ms, gain is 10 and output saturation voltage levels are ±10 V,

maximum frequency is 100 kHz.

(a) Determine the maximum peak

amplitude of the output sinusoidal

signal at 100 kHz for the undistorted

output voltage?

(b) Calculate the value of R1 and R2.

Solution

Given SR = 0.5 V/ms, A = 10 and

fmax = 100 kHz

(a) The slew rate is 
6

2
0.5

10

mf V
SR

p
= =  V/ms

The maximum peak amplitude of the output sinusoidal signal is

R1

+

–

Rf

Vo

V1

Vi

A

+

Fig. 4.27 Circuit of Ex. 4.18
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Vm = 
6 6

3

0.5
10 10 V

2 2 100 10

SR

fp p
¥ = ¥

¥ ¥

= 0.796 V (peak)

(b) The closed loop gain of operational amplifier is = 10

As gain = 
1

1 10
fR

R
+ =

Therefore   
1

9
fR

R
= or Rf = 9R1

If R1 = 2.2 K and Rf = 2.2 ¥ 9 kW = 19.8 kW

Input Resistance It is the differential input resistance seeing from any of the

input terminals when the other terminal is grounded. The input resistance of

741C is about 2 MW.

Input Capacitance This is the equivalent capacitance which can be measured

from any of the input terminals when other terminal is grounded. The input

capacitance of 741C is about 1.4 pF.

Large Signal Voltage Gain Operational amplifier amplifies the difference

voltage between two input terminals. The voltage gain is defined as

Voltage gain = 
Output voltage

Differential input voltage

As the amplitude of the output signal is larger than the input signal, the

voltage gain is commonly known as large signal voltage gain. The typical value

of voltage gain of IC 741 is 2,00,000 when RL ≥ 2 kW and Vout = ±10 V.

Output Resistance The output resistance RO is the resistance measured between

the output terminal and ground. The typical value of output resistance for

IC 741C is about 75 W.

Output Short Circuit Current This current can flow when an operational

amplifier gets shorted and it�s value is very high. The operational amplifier must

be provided with short circuit protection. The short circuit current of IC741 is

about 25 mA.

Supply Current When the operational amplifier is working properly, the supply

current IS must be drawn by the device from the power supply. The typical value

of supply current is 2.8 mA for IC741.

Power Consumption If the operational amplifier is working properly, a certain

amount of power must be consumed by this device. The typical value of power

consumption is about 85 mW for IC741.

Transient Response The rise time and overshoot are the two important

characteristics of the transient response of an operational amplifier circuit. The

typical values of rise time and overshoot are 0.3 ms and 6% respectively.
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4.11 VIRTUAL GROUND

In an ideal operational amplifier, the input impedance is infinite (Zi = •) and no

current flows through inverting and non-inverting terminals (Ii = 0). As no current

flow through the input terminals, the current I flows through resistance R1 and

the same current I is also passes through resistance Rf as shown in Fig. 4.28.

Since gain of ideal operational A = •,

o

i

V
A

V
=  and Vi = 0. This states that

the input terminals of operational

amplifier are effectively shorted and

virtual ground exists in the circuit. The

normal ground of a circuit means that

it has zero potential (voltage) and it is

able to sink infinite current.

In case of virtual ground, at any point of the circuit, the terminal voltage is

zero with respect to the ground and the said terminal draws zero current. Therefore,

according to voltage is concerned, there is no difference between the normal

ground and virtual ground, but as far

as current is concerned, ordinary

(normal) ground terminal can sink

infinite current where as virtual ground

terminal draws no current. For any

operational amplifier circuit, the input

part appears as a short as Vi = 0, but it

appears as an open due to current Ii = 0.

Figure 4.29 shows the simplified equivalent circuit of Fig. 4.28. Assume B is

connected with ground and it�s potential is ground potential (zero volt). The

non-inverting terminal has ground potential. The inverting terminal A is connected

with non-inverting terminal B by dotted line. The current flow Ii = 0, and voltage

across A and B is Vi = 0. Therefore, the inverting terminal is also at ground

potential though there is no physical connection between inverting terminal and

ground. For that reason, the inverting terminal A is called the virtual ground.

4.12 FREQUENCY RESPONSE OF OPERATIONAL
AMPLIFIER

The open-loop voltage gain of operational amplifier is very high and it is about

105. When negative feedback is applied to an OP-AMP, the overall gain of

feedback amplifier is reduced to any required value by the amount of feedback

used in the circuit. At high frequency, negative feedback operational amplifier

becomes unstable as the RC coupling network introduces a phase shift in the

output voltage with respect to input voltage. When phase shift is equal to 180°,

feedback will be positive and oscillations occur in the OP-AMP feedback circuit.

To avoid this problem, IC741 has internal RC network which can reduce gain at

high frequency.

R1

+

–
V1

Rf

VoI1

I =0i

Ii=0

A

I1

A

B

Vi

Virtual ground

Fig. 4.28 Ideal operational amplifier

R1
V1

Rf

VoI1

Ii=0

Ii=0
I1

A

B

Vi Ii=0
–

+

Virtual ground

Fig. 4.29 Equivalent circuit of Fig. 4.28
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The voltage gain of operational amplifier should be uniform at all frequencies

in the bandwidth. For a practical OP-AMP circuit, ideal performance will not be

available as the transistor circuit has frequency sensitive parameters such as

inductance and capacitor in both lumped and distributed form. Capacitance effects

come in the OP-AMP equivalent circuit due to transistors and FET devices as

these are charge devices due to the substrate on which OP-AMPs are fabricated.

Figure 4.30 shows the equivalent circuit incorporating capacitance. The frequency

response of an amplifier has been divided into three regions such as low frequency,

mid frequency and high frequency. Actually, an operational amplifier is a dc

amplifier and frequency response in the low frequency and mid frequency regions

will be flat. A single capacitor at the output represents a single pole and each

pole is an energy storing element.

+ VCC

V2

V1

Inverting
input

Non-inverting
input

Output

Vo

Vi Ri AVi

–

+

+

–

RO

– VEE

C

Fig. 4.30 Equivalent circuit of OP-AMP including capacitance

The output voltage is

Vo = 

1

1

1 1
i i

O
O

sCAV AV
sCR

R
sC

=
++

The open-loop gain is

 AOL = 
1

o

i o

V A

V sCR
=

+

where A is the gain of the amplifier and CRO is the time constant

After substituting s = jw for a sinusoidal frequency response, the AOL becomes

AOL = 
1

1O

C

A A

j CR
j
ww

w

=
+ +

as 
1

C
OCR

w =
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= 
2

1 1
2 C C

A A

f f
j j

f f

p

p

=
+ +

The absolute magnitude is 1/ 2
2

1

OL

C

A
A

f

f

=
È ˘Ê ˆ
Í ˙+ Á ˜Ë ¯Í ˙Î ˚

 and phase angle 
1

tan
C

f

f
f - Ê ˆ

= - Á ˜Ë ¯

∑ At f = 0, AOL = A In dB, AOL = 20 log A

∑ At f = 0.1fc, |AOL| = 1/ 2
2 1.005

0.1
1 C

C

A A

f

f

=
È ˘Ê ˆ
Í ˙+ Á ˜Ë ¯Í ˙Î ˚

In dB, AOL = 20 log A � 20 log 1.005 = 20 log A � 0.0433 dB

∑ At f = fC 

2
OL

A
A =

In dB, AOL = 20 log A � 20 log 1.414 = 20 log A � 3.0089 dB

∑ At f = 10fC, 
101

OL

A
A =

In dB, AOL = 20 log A � 20 log 10.049 = 20 log A � 20.043 dB

Figure 4.31 shows the frequency response of an operational amplifier. When

the open-loop gain of operational amplifier is 105, the gain at very low frequency

is 20 log(105) = 100 dB. At frequency fC, magnitude is reduced by 
1

2
 times or

the gain drops by 3 dB. fC is called the half power frequency. At frequency f =

10 fC, the gain drops by 20 dB. The gain can be reduced to 0 dB (unity) at the

frequency fT. Then, fT is called frequency of unity gain. After applying the

negative feedback, if the overall gain Af is 10, it will be 20 dB in dB as shown in

Fig. 4.31 and the half-power frequency increases to fH.

3 dB

0 fC fH fT
Frequency

log f

100 dB

20 dB

Gain in dB
20 log A

Fig. 4.31 Gain vs frequency plot of OP-AMP including capacitance
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4.13 STABILITY OF OPERATIONAL AMPLIFIER

Assume the open-loop gain of operational amplifier is frequency dependent and it

can be represented as A( f ). Figure 4.32 shows a non-inverting feedback amplifier

circuit and its block diagram representation is depicted in Fig. 4.33.

R1

+

–

Rf

Vo

V1

Vi

A

+ Fig. 4.32 Non-inverting amplifier

b

AOL
+

–

V1

Vf

Vi
Vo

Fig. 4.33 Block-diagram representation of non-inverting amplifier

The error signal is

Vi = V1 � bVo

where feedback voltage is bVo and input voltage is V1

The output voltage is Vo = AOLVi and o
i

OL

V
V

A
=

Therefore, Vi = 1
o

o
OL

V
V V

A
b= -

or,   1
o

O
OL

V
V V

A
b+ =

or,  1

1 OL
o

OL

A
V V

A

b+
=

Then, 
1 1

o OL

OL

V A

V Ab
=

+
. This is called the closed-loop gain of the amplifier and

bAOL is called the closed-loop gain which is used to determine the stability of

operational amplifier. The condition for stability is 1 + bAOL = 0 or bAOL = �1.

In the complex plane bAOL = �1 can be expressed as bAOL = �1 + j0

Therefore, absolute value of |bAOL| = 1 and –bAOL= 0° or 360°.

When the conditions |bAOL| = 1 and –bAOL= 0° or 360° are satisfied at a

particular frequency, the system starts to oscillate and becomes unstable. The

system will be stable if its output reaches a final value with infinite time. If

output increases with time in the system or the system has output signal without
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input, the system is said to be unstable. To check the stability of the system, the

conditions |bAOL| = 1 and –bAOL= 0° or 360° are verified. If these conditions are

not satisfied, the system is stable and otherwise, it is unstable.

EXERCISES

1. Define integrated circuit. What are the types of ICs? Write some applications

of ICs.

2. Give a list of advantages and disadvantages of ICs.

3. Explain the operation of difference amplifier with suitable diagram.

4. Define CMRR. Derive an expression for CMRR.

5. What are the characteristics of an ideal OP-AMP?

6. Draw the schematic block diagram of an OP-AMP and explain briefly.

7. Prove that 
1

1 C
o d d

d

V
V A V

Vr

Ê ˆ
= +Á ˜Ë ¯

8. Explain the following

(a) Frequency response of OP-AMP

(b) Stability of OP-AMP

(c) Integrated circuits

(d) Virtual ground

9. Define slew rate. How is it calculated for sinusoidal input voltage? What

are the different methods to improve slew rate?

10. State specification of an IC 741.

11. What is virtual ground? Write the difference between ground and virtual ground.

12. Define (a) input offset voltage, (b) input bias current, (c) input offset

current, (d) and thermal drift.

13. Draw the frequency response of an operational amplifier and explain its

significance.

14. State the characteristics of an ideal operational amplifier. How the

characteristics of practical operational amplifier is differed from ideal

operational amplifier?

15. Calculate the common mode gain of a operational amplifier for the following

parameters: the differential voltage gain Ad = 105 and common mode

rejection ratio CMRR = 2000.

16. Calculate the output voltage of a differential amplifier for the following

parameters:

V1 = 500 mV, V2 = 100 mV, Ad = 1000 and r = CMRR = 20000

17. The common mode rejection ratio CMRR of an operational amplifier is

about 100 dB and difference mode voltage gain is 10,000. Determine

common mode gain.

18. The input signals of a differential amplifier are V1 = 150 mV and V2 = �50 mV.

(a) When the common mode rejection ratio is 50, determine the output

voltage of differential amplifier.
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(b) if r = 20,000 find the output voltage.

Assume difference mode gain Ad = 20,000

19. The difference amplifier as shown in Fig. 4.34 has the following parameters:

RC = 5 kW, RE = 200 kW, RS = 5 kW
The transistor parameters are as follows:

hie = 5 kW, hfe = 100, hre= 0, hoe= 0

When the amplifier is operated with common mode signal of 250 mV and

difference signal of 250 mV, determine output voltage and CMRR.

V1 V2

+VCC

–VEE

IC1 IC2

RC RC

Vo1 Vo2

T1 T2

IE1 IE2

IE RE

VBE1 VBE2

B1 B2
Rs Rs

Fig. 4.34

20. Assume input offset current (IIOS) = 100 nA and input offset voltage (VIOS)

= 0 and A = 105.

(a) What is the differential input voltage?

(b) What is the output offset voltage?.

Assume RS = 1 kW

–

+

A Vo

+ = 15 VVCC

– = –15 VVEE

V–

RS

V+

VIOS

Fig. 4.35

21. The base current of a differential amplifiers are IB1 = 50 mA and IB2 = 30 mA.

(a) What is the input bias current?

(b) Calculate the input offset current.
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22. The input base current of a differential amplifiers are IB1 = 200 nA and

IB2 = 10 nA.

(a) Determine the input bias current and the input offset current.

(b) When A = 105 , calculate the output offset voltage.

Assume RS = 1.5 kW
23. The output voltage of operational amplifier changes by 12 V with in 4 ms.

Calculate the slew rate.

24. The output voltage of an operational amplifier is shown in Fig. 4.36. When

input voltage is a square wave of 6 V peak to peak amplitude with frequency

1 MHz. What is the slew rate of operational amplifier?

0.5 Sm

Time ( )t

+3 V

–3 V

Output voltage ( )Vo

Fig. 4.36

25. An IC 741C OP-AMP is used as an inverting amplifier with a gain of 60. The

input voltage is sinusoidal with maximum amplitude of 20 mV. What is the

maximum frequency of the input voltage?

26. An IC 741C OP-AMP is used as an inverting amplifier with a gain of 50.

The voltage gain vs frequency response is flat up to 20 kHz. What is the

maximum peak to peak input signal that can be applied without distorting

the output voltage?

27. An operational amplifier has a slew rate of 0.5 V/ms. If the peak output

voltage is 12 V, What is the maximum frequency at which operational

amplifier operates properly?

28. An operational amplifier has a slew rate of 0.55 V/ms. How much time will

it take to change the output voltage from 0 V to 12 V?

29. The charging current of a 200 pF capacitor is 100 mA. What is the slew

rate of operational amplifier?

30. An operational amplifier has slew rate about 0.5 V/ms and used as an

inverting amplifier with a gain of 50. The voltage gain vs frequency curve

of operational amplifier up to 30 kHz is flat. What is the maximum peak-

to-peak input signal can be applied to the operational amplifier without

distorting the output voltage?

31. Figure 4.37 shows an operational amplifier circuit. The operational amplifier

has slew rate about 0. 5 V/ms, gain is 9 and output saturation voltage levels

are ±10 V, maximum frequency is 50 kHz.

(a) Determine the maximum peak amplitude of the output sinusoidal signal

at 50 KHz for the undistorted output voltage?

(b) Calculate the value of R1 and Rf.
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R1

+

–

Rf

Vo

V1

Vi

A

+

Fig. 4.37

MULTIPLE CHOICE QUESTIONS

1. The two input terminals of an operational amplifier are called as

(a) differential and non-differential

(b) inverting and non-inverting

(c) positive and negative

(d) high and low

Answer: (b) inverting and non inverting

2. A differential amplifier has

(a) four inputs (b) three inputs

(c) two inputs (d) one input

Answer: (c) two inputs

3. An OP-AMP circuit uses a feedback which is called

(a) open loop (b) inverting feedback

(c) inverting feedback (d) non-inverting feedback

Answer: (b) inverting feedback

4. A differential amplifier has

(a) common collector transistor (b) an emitter follower

(c) common base transistor (d) an op-amp

Answer: (b) an emitter follower

5. A differential amplifier is used in OPAMP circuits due to

(a) high input impedance. (b) low input impedance

(c) high output impedance (d) low output impedance

Answer: (a) high input impedance.

6. Differential amplifiers are commonly used in

(a) instrumentation amplifiers (b) buffers

(c) summing amplifier (d) zero-crossing-detectors

Answer: (a) instrumentation amplifiers

7. The common mode signal VC is applied to

(a) the inverting input terminal (b) the non-inverting input terminal

(c) both the input terminals (d) all of the above

Answer: (c) both the input terminals

8. When the two input terminals of a difference amplifier are grounded then

(a) the dc output voltage is zero

(b) the ac output voltage is zero
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(c) the output offset voltage is exist

(d) none of these

Answer: (c) the output offset voltage is exist

9. The CMRR of a difference amplifier is

(a) CMRR = 20 log d

C

A

A
(b) CMRR = 20 log C

d

A

A
 dB

(c) CMRR = 40 log C

d

A

A
 dB (d) CMRR = 40 log C

d

A

A
 dB

Answer: (a) CMRR = 20 log d

C

A

A

10. The input offset current of a difference amplifier is

(a) the difference of the two base currents

(b) average of the two collector currents,

(c) the average of the two base currents

(d) difference of the two collector currents

Answer: (c) the average of the two base currents

11. The input stage and second stage of an OP-AMP are

(a) differential amplifiers (b) CE amplifier

(c) common collector amplifier (d) power amplifier

Answer: (a) differential amplifiers

12. An operational-amplifier IC is a an

(a) analog IC (b) digital IC

(c) hybrid IC (d) digital as well as analog IC

Answer: (a) analog IC

13. The output voltage can be expressed in terms of CMRR is

(a)
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

(b)
1

1 C
d d

d

V
A V

Vr

Ê ˆ
-Á ˜Ë ¯

(c)
1

1 d
d d

C

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

(d)
1

1 d
d d

C

V
A V

Vr

Ê ˆ
-Á ˜Ë ¯

Answer: (a) 
1

1 C
d d

d

V
A V

Vr

Ê ˆ
+Á ˜Ë ¯

14. In an ideal operational-amplifier IC, the transistors are

(a) matched (b) different characters

(c) unmatched (d) none of these

Answer: (a) matched

15. The last stage of an operational-amplifier is

(a) output driver (b) differential amplifier

(c) buffer (d) level shifter

Answer: (a) output driver
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16. The rise time and overshoot of operational-amplifier are

(a) 0.3 ns and 6% (b) 0.3 ms and 6%

(c) 0.3 ps and 2% (d) 0.3 ps and 6%

Answer: (b) 0.3 ms and 6%

17. An ideal op-amp has

(a) infinite input impedance (b) zero output impedance

(c) infinite voltage gain (d) all of the above

Answer: (d) all of the above

18. The number of pins of the IC741 op-amp is

(a) 8 (b) 10

(c) 12 (d) 14

Answer: (a) 8

19. The short-circuit output current of IC741 is

(a) 25 A. (b) 25 mA

(c) 25 pA (d) 25 nA

Answer: (b) 25 mA

20. The maximum rate of change of output voltage per unit time is

(a) slew rate (b) CMRR

(c) offset voltage (d) supply voltage rejection ratio

Answer: (a) slew rate

UNIVERSITY QUESTIONS WITH ANSWERS

Multiple Choice Type Questions

1. X has very high input impedance and low output impedance. X may be

(a) FET and OP-AMP (b) FET and Transistor

(c) OP-AMP and Transistor (d) none of these. [WBUT-2007]

2. A differential amplifier has a differential gain of 20000, and CMRR =

80 dB. The common mode gain is given by [WBUT-2007]

(a) 2 (b) 1 (c) 0.5 (d) 0

3. The closed loop gain of an OP-AMP inverting amplifier is

(a) always larger than unity (b) always equal to unity

(c) always less than unity [WBUT-2007]

4. Gain of inverting amplifier is

(a) �Rf/R1 (b) (1 + Rf/R1) (c) (Rf + R1)/Rf (d) �(Rf + R1)/R1

[WBUT-2009]

5. CMRR=

(a) MOD (Ad/Ac) [Ad = voltage gain for difference signal; Ac = voltage gain

for common mode signal]

(b) V2/V1 [V1 = non-inverting input terminal signal; V2 = inverting input

terminal signal]

(c) A1 � A2 [A1 = voltage gain when inverting terminal is grounded; A2 =

voltage gain when non-inverting terminal is grounded]

(d) Vd Vc [Vd = difference signal; Vc = common mode signal]

[WBUT-2009]
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6. An ideal OP-AMP has

(a) infinite Av (b) zero Ro (c) infinite Ri (d) all of these

[WBUT-2009]

7. Output impedance of an ideal OP-AMP is

(a) 0 (b) 75 ohm (c) 100 k ohm (d) none of these

[WBUT-2010]

8. The value of CMRR for an ideal OP-AMP is

(a) 0 (b) 1 (c) infinite (d) none of these

[WBUT-2010]

Solutions:

1. (c) OP-AMP and Transistor; 2. (a) 2

3. (a) 4. (a) �Rf /R1

5. (a) MOD (Ad/Ac) 6. (d) all of these

7. (a) 0 8. (c) infinite

Short- and Long-Answer-Type Questions

1. What is virtual ground in an inverting OP-AMP circuit? [WBUT-2002]

Solution: Refer Section 4.11.

2. Write down the characteristics of an ideal OP-AMP. [WBUT-2002]

Solution: Refer Section 4.2.

3. Define the following terms in connection with an operational amplifier:

(i) common mode rejection ratio (CMRR)

(ii) input offset current [WBUT-2003]

Solution: Refer Section 4.10.

4. What is an integrated circuit? What are its advantages? [WBUT-2003]

Solution:

(a) An integrated circuit (IC), is a semiconductor wafer on which thousands

or millions of tiny resistors, capacitors, diodes and transistors are

fabricated. Sometimes, an IC is called a chip or microchip. The first

integrated circuit was developed in the 1950s by Jack Kilby of Texas

Instruments and Robert Noyce of Fairchild Semiconductor. An IC can

function as an amplifier, oscillator, gate, flip-flop, timer, counter,

computer memory, or microprocessor, etc.

(b) The advantages of ICs are given below:

∑ Its size is small. Due to miniaturization, the density of components is

increased. It is possible to incorporate about 20,000 components per

square inch.

∑ Improved performance as complex circuits are fabricated for better

performance

∑ Low cost due to batch processing

∑ Reliability is high

∑ Less power consumption

∑ Higher operating speed due to absence of parasitic capacitance effect

∑ Matched devices

∑ Less weight

∑ Easy replacement
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5. Explain the use of an OPAMP as an inverting amplifier. Derive the expression

for its voltage gain assuming ideal OPAMP. [WBUT-2003]

Solution: Refer Section 4.9.1.

6. (a) What is an integrated circuit?

(b) Give an example of a linear IC chip with its various pin connections.

[WBUT-2004]

Solution: (a) Refer Section 4.1.

(b) Refer Fig. 4.5.

7. An ideal OP-AMP has the output connected with the inverting input through

resistance of 1 kW. An ac voltage of magnitude 5 V rms is applied through

a series-resistance of 5 kW between non-inverting Input and ground. Draw

the circuit diagram and state the assumptions for determination of the output

voltage. [WBUT-2006]

Solution:

Figure 4.38 shows the amplifier circuit. Assume the resistance R1 = 8 and

Rf = 1 kW.

R2

Vo

R1

Vin

Rf

+

–

Fig. 4.38

The output voltage is

1
1

1
f

o

R
V V

R

Ê ˆ
= +Á ˜Ë ¯

= in

5
1 V

Ê ˆ+Á ˜Ë ¯• = (1 + 0) Vin = Vin = 5 V

8. Define the following which are related to OP-AMP:

(a) Input bias current

(b) Input offset current

(c) Input offset voltage

(d) CMRR

(e) Slew rate [WBUT-2007]

Solution: (a) Refer Section 4.10.

9. (a) Define the characteristic of an ideal OP-AMP.

(b) Draw and explain the operation of an OP-AMP integrator circuit,



Basic Electrical and Electronic Engineering-IIII.4.44

(c) Draw the block diagram of 741 OP-AMP. Show the terminals on diagram.

(d) An inverting amplifier has Rf = 500 kW, R1 = 5kW. Determine the

circuit voltage gain, input resistance, output resistance, output voltage,

input current if the input voltage is 0.1 V.

(OP-AMP is ideal one.) [WBUT-2007]

Solution:

(a) Refer Section 4.2.

(b) Refer Section 4.11.

(c) Refer Section 4.7 and Section 4.5.

(d) Given: R1 = 5 kW, Rf = 500 kW, input voltage Vin = 0.1 V

Figure 4.39 shows the inverting amplifier circuit

Vin

Vo

R1

Rf

+

–

 Fig. 4.39

The voltage gain is Af = 
1

500

5

fR

R
- = -  �100

The input resistance is Rin = R1 = 5 KW
The output resistance is Ro = 0

The output voltage is in
1

500
0.1 10 V

5

f

o

R
V V

R
= - = - ¥ = -

The input current in

3
1

0.1
0.02 mA

5 10

V
I

R
= = =

¥
10. Define the following terms in connection with OP-AMP

(a) CMRR: (b) Output offset (c) Slew rate [WBUT-2007]

Solution: (a) Refer Section 4.10.

11. Calculate the common mode rejection ratio of an OP-AMP that has a

differential gain of 2,00,000 and common mode gain of 6.33. [WBUT-2007]

Solution:

Differential gain 2,00,000
CMRR 31595.576

Common mode gain 6.33
= = =

12. Draw the circuit diagram and derive the expression for voltage gain of a

non-inverting amplifier using OP-AMP.

Solution: (a) Refer Section 4.9.2. [WBUT-2008]

13. Define the following terms in connection with an amplifier:

(i) Common mode rejection ratio

(ii) input bias current [WBUT-2008]

Solution: (a) Refer Section 4.10.
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14. (a) Define CMRR of an OP-AMP

(b) When a voltage of V1 = 40 mV is applied to the non-inverting input

terminal and a voltage V2 = �40 mV is applied to the inverting input

terminal of an OP-AMP, an output voltage Vo = 100 mV is obtained. But

when V1 = V2 = 40 mV, one obtains Vo = 4 mV. Calculate the CMRR.

Solution:

(a) Refer Section 4.6.1.

(b) The common mode signal is 1 2

2
C

V V
V

+
=  and the difference signal is

Vd = V1 � V2

The output voltage is Vo = ACVC + AdVd

When V1 = 40 mV, V2 = �40 mV, the output voltage is Vo = 100 mV

Then 1 2 40 40
0 V

2 2
C

V V
V

+ -
= = =

Vd = V1 � V2 = 40 � (�40) = 80 mV

The output voltage is

VO = ACVC + AdVd = AC ¥ 0 + Ad ¥ 80 ¥ 10�6 = 100 ¥ 10�3

or Ad ¥ 80 ¥ 10�6 = 100 ¥ 10�3

3

6

100 10

80 10
dA

-

-

¥
=

¥
= 1250

When V1 = V2 = 40 mV, output voltage Vo = 4 mV

Then 1 2 40 40
40 ìV

2 2
C

V V
V

+ +
= = =

Vd = V1 � V2 = 40 � 40 = 0 V

The output voltage is

6 640 10 0 4 10o C C d d C dV A V A V A A
- -= + = ¥ ¥ + ¥ = ¥

or 6 6
40 10 4 10CA

- -¥ ¥ = ¥

6

6

4 10
0.1

40 10
CA

-

-

¥
= =

¥

1250
CMRR 12500

0.1

d

C

A

A
= = =

15. (a) State the assumptions made for analyzing ideal OP-AMP

(b) What do you mean by virtual ground in OP-AMP circuits?

(c) Draw and explain the operation of an OP-AMP integrator circuit.

[WBUT-2009]

Solution:

(a) Refer Section 4.2.

(b) Refer Section 4.11.

(c) Refer Section 4.7.
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16. (a) What are the properties of an OP-AMP?

(b) How can a scale changer and a phase shifter be obtained with an

OP-AMP?

(c) Define the following: (i) Slew rate (ii) input bias current (iii) input

offset current (iv) input offset voltage.

(d) Calculate the output voltage using the circuit of Fig. 4.40 shown for

reset components of values: Rf = 470 kW, R1 = 4.3 kW, R2 = 33 kW and

R3 = 33 kW for an input of 80 mV [WBUT-2009]

Vi~

+
+

+

Rf
Rf

Rf

R1

R2 R3

Vo

–
–

–

Fig. 4.40

Solution:

(a) Refer Section 4.2.

(b) Figure 4.41 shows the circuit diagram of inverting amplifier using

operational amplifier. In this circuit, input voltage V1 is applied to the

inverting terminal through a series resistance R1. The output voltage

Vo is feedback to the inverting terminal through the feedback resistance

Rf and the non-inverting terminal of operational amplifier is grounded.

Vo

Rf

A
R1

+

V1

I1

–

Av

If

Vi

Fig. 4.41 Inverting amplifier

The output voltage of an inverting amplifier is

 1 1
1

f

o

R
V V KV

R
= - = - Assume 

1

fR
K

R
=

k is the overall loop gain of the amplifier. When Rf and R1 are selected

as precision resistors, circuit output voltage k times of input voltage. If

Rf = R1, k = 1 and the circuit acts as an inverting amplifier. The

negative sign indicates the phase inversion of output signal. If a sine

wave signal is applied at V1, then we get a amplified sine wave with a

gain of k and 180° phase shift from input signal. Therefore, this circuit

can be used as sign changer when the gain is one. If the ratio 
1

oV

V
 is

greater than one, the circuit is called scale changer.
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(c) Refer Section 4.10.

(d) The output voltage point A is

1

1
f

A i

R
V V

R

Ê ˆ
= +Á ˜Ë ¯

The output voltage point B is

2 2 1

1 1 1
f f f

B A i

R R R
V V V

R R R

Ê ˆ Ê ˆ Ê ˆ
= + = + +Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯

The output voltage point C is

3 3 2 1

1 1 1 1
f f f f

o B i

R R R R
V V V

R R R R

Ê ˆ Ê ˆ Ê ˆ Ê ˆ
= + = + + +Á ˜ Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯ Ë ¯

Vo

Rf

R1

+

R3

–
+

–

+

–

Vi

Vi
VA

A R2

Vi

Rf

VB

B

Rf

IfC

C

IfA

IfB

 Fig. 4.42

After substituting the values of resistances Rf = 470 kW, R1 = 4.3 kW,

R2 = 33 kW and R3 = 33 kW for an input of 80 mV, we get

Vo = 
3 2 1

1 1 1
f f fR R R

R R R

Ê ˆ Ê ˆ Ê ˆ
+ + +Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯

Vi = 
6470 470 470

1 1 1 80 10
33 33 4.3

-Ê ˆ Ê ˆ Ê ˆ+ + + ¥ ¥Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯
 V

= 2.031 V





APPLICATIONS OF
OPERATIONAL
AMPLIFIERS

5

5.1 INTRODUCTION

The basic operation of an operational amplifier, its dc and ac characteristics, limitations
and different configuration have been explained in Chapter 4. Generally, an operational
amplifier is a linear device and its output is directly proportional to the input. As per
transfer characteristics, the practical operational amplifier operates as a linear device
over a certain range of input signal and behaves as a nonlinear device over other regions.
Hence, applications of operational amplifiers can be divided as linear applications and
nonlinear applications.

Linear Applications In linear applications of operational amplifiers, the output
signal is related with the input signal linearly. Some of the linear applications of
operational amplifiers are as follows:

∑ Adder or summing
∑ Subtractor or difference
∑ Voltage to current converter
∑ Current to voltage converter
∑ Instrumentation amplifiers
∑ Analog computation
∑ Power amplifier

Nonlinear Applications In nonlinear applications, the relationship between input
and output signals of operational amplifiers is nonlinear. Some of the nonlinear
applications of operational amplifiers are as follows:

∑ Comparator
∑ Logarithmic and antilogarithmic amplifiers
∑ Multiplier
∑ Divider
∑ Integrator
∑ Differentiator
∑ Rectifier
∑ Pear detector
∑ Clipper
∑ Clamper
∑ Sample and hold circuits
In this chapter, adder or summing, subtractor or difference, voltage to current

converter, current to voltage converter, instrumentation amplifiers, analog computation,
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integrator, differentiator, comparator, logarithmic and antilogarithmic amplifiers,
multiplier, and divider are discussed elaborately with examples.

5.2 INVERTING AMPLIFIER

Figure 5.1 shows the circuit diagram of an inverting amplifier using operational amplifier.
In this circuit,

∑ Input voltage V1 is applied to the inverting terminal through a series resistance
R1

∑ Output voltage Vo is fed back to the inverting terminal through the feedback
resistance Rf

∑ The non-inverting terminal of operational amplifier is grounded
For circuit analysis, assume Av = •, Ri = • and Ro = 0. The input differential

voltage Vi is approximately zero and operational amplifier does not draw any current.
Therefore, current flows through R1

is same as current flows throug Rf.

As Vi = 0, the inverting terminal A is
virtually grounded.

The current flows through R1 is
I1 =

1 1 1

1 1 1

0AV V V V

R R R

- -
= =  as VA = 0

The current flows through Rf is

If =
0A o o o

f f f

V V V V

R R R

- -
= = - as VA = 0

Since I1 = If , we can write

1

1

V

R
= – 

o

f

V

R

or,
1

oV

V
= –

1

fR

R

or, Vo = 1 1
1

f

vf

R
V A V

R
- = - Assume Avf =

1

fR

R

Avf is the overall loop gain of the amplifier and its negative value indicates the
phase inversion of the output signal. Hence, the circuit acts as an inverting amplifier.
If a sine wave signal is applied at V1 then we get an amplified sine wave with a gain
of Avf and 180° phase shift from input signal.

This circuit can be used as sign changer when the gain is one (Avf = 1). If the

ratio
1

oV

V
 is greater than unity (one), the circuit is called a scale changer.

Fig. 5.1 Inverting amplifier
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5.1 Design an operational amplifier
circuit with a gain of –20. Assume input
resistance is equal to 5 kW.

Solution As gain of an operational ampli-
fier is negative, an inverting amplifier has to
be designed.

The gain of an inverting amplifier is

–
1

fR

R
= –20

Since R1 = 5 kW, Rf = 20 ¥ 5 kW = 100 kW. Figure 5.2 shows the operational amplifier with
a gain –20.

5.2 An inverting amplifier is shown in Fig. 5.3. Determine (a) I1 (b) Vo (c) IL (d) Io

Assume input voltage V1 is equal to 1 V.

+

–
V1

VoI1

I =0
I1

A

Vi

I =0

Io

Rf = 20 kW

R1 = 5 kW

RL = 10 kWIL

Fig. 5.3 Circuit of Ex. 5.2

Solution The current I1 is

I1 = 1

1

AV V

R

- 1

1

0V

R

-
= 1

1

V

R
= = 3

1

5 10¥
 A = 0.2 mA

The output voltage is equal to

Vo = – 1
1

20
1

5

fR
V

R
= - ¥ V = –4 V

The load current IL is

IL = O

L

V

R
=

3

4

10 10¥
 = 0.4 mA

The current Io is equal to

Io = I1 + IL = (0.2 + 0.4) mA = 0.6 mA

5.3 NON-INVERTING AMPLIFIER

The circuit diagram of the non-inverting amplifier using operational amplifier is illustrated
in Fig. 5.4. In this circuit,

∑ Input voltage V1 is applied to the non-inverting terminal of the amplifier

Fig. 5.2 Circuit of Ex. 5.1
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∑ The feedback resistance Rf is
connected between the output
voltage terminal and inverting input
terminal and resistance R1 is
connected between inverting
terminal and ground

Assume Vi = 0
The potential at A is VA = V1

The current flows through R1 is

I1 = 1

1 1 1

0 A AV V V

R R R

-
= - = -

The current flows through Rf is

If = 1A o o

f f

V V V V

R R

- -
=

As I1 = If , we can write

1

1

V

R
- = 1 o

f

V V

R

-

or, o

f

V

R
= 1 1

1 1

1 1

f f

V V

R R R R

Ê ˆ
+ = +Á ˜

Ë ¯
V1

or, Vo =
1

1
fR

R

Ê ˆ
+Á ˜Ë ¯ V1

or,
1

oV

V
=

1

1
fR

R

Ê ˆ
+Á ˜Ë ¯

It is clear from the above expression that the output signal has the same sign as the
input signal and there is no phase shift between input voltage and output voltage.
Therefore, output is not inverted. The required amplifier gain can be achieved by
selecting a proper value of Rf and R1.

5.3 Design a non-inverting operational amplifier circuit with a gain of 10. Assume input
resistance is equal to 10 kW.

Solution As gain of operational amplifier is
positive, a non-inverting amplifier has to be
designed.

The gain of non-inverting amplifier is

1

1 10
fR

R
+ =

As R1 = 10 kW, Rf = 9R1 = 9 ¥ 10 kW = 90 kW.
Figure 5.5 shows the operational amplifier with a
gain 10.

Fig. 5.4 Non-inverting amplifier

Fig. 5.5 Circuit of Ex. 5.3
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5.4 Figure 5.6 shows the non-inverting amplifier, where Rf = 10 kW, Rf = 100 kW and
V1 = 1 V.

Determine (a) Vo, (b) gain, (c) I1, (d) load current IL, and (d) output current Io.

 Fig. 5.6 Circuit of Ex. 5.4

Solution Since V1= 1 V, the potential at A will be VA = 1 V (as Vi = 0)

The output voltage is equal to

Vo = 
1

1

100
1 1 1

10

fR
V

R

Ê ˆ Ê ˆ+ = + ¥Á ˜Á ˜ Ë ¯Ë ¯
V = 11 V

The gain is 
1

11
11

1
oV

V
= =

The current I1 is

I1 =
3

1

1

10 10
AV

R
=

¥
V = 0.1 mA

The load current IL is

IL =
3

11

10 10
o

L

V

R
=

¥
 = 1.1 mA

The current Io is equal to

Io = I1 + IL = (0.1 + 1.1) mA = 1.2 mA

5.4 VOLTAGE FOLLOWER

The voltage follower is a circuit in which the output
voltage follows the input voltage. Figure 5.7 shows a
typical voltage follower circuit. As output voltage follows
the input voltage, Vo will be equal to Vin.

The potential at node A is Vin. As Vi = 0, VA= VB = Vin.
It is clear from Fig. 5.7 that the output terminal is directly
connected with node B. The potential at node B is
VB = Vo.

Therefore, we can write, Vo = Vin.
As output voltage is equal to input voltage, the voltage

gain of the voltage follower circuit is unity.
This circuit is also known as buffer circuit with high input impedance and zero

output impedance.

+

–

Vo

Vin

B
Vi

A

Fig. 5.7 Voltage follower
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5.5 ADDER OR SUMMING AMPLIFIER

Operational amplifiers can be used as adder circuits whose output is the sum of two or
more input signals. Such a circuit is called a summing amplifier. There are two types of
summing amplifiers such as inverting summing amplifier and non-inverting summing
amplifier. In this section, both inverting and non-inverting summing amplifiers are
explained.

5.5.1 Inverting Summing Amplifier

Figure 5.8 shows an inverting summing
amplifier with two inputs V1 and V2, two
input resistors R1 and R2, and a feedback
resistor Rf . Assume operational amplifier
is an ideal one. Therefore, Av = •, Ri = •
and Vi = 0.

Hence, the non-inverting input
terminal has ground potential as a virtual
ground (VA = 0)

The current flows through R1 is

I1 = 1 1 1

1 1 1

0AV V V V

R R R

- -
= =

The current flows through R2 is

I2 = 2 2 2

2 2 2

0AV V V V

R R R

- -
= =

The current flows through Rf is

If =
0A o o o

f f f

V V V V

R R R

- -
= = -

Applying KCL law at node A, we can write
I1 + I2 = If

or, 1 2

1 2

V V

R R
+ = o

f

V

R
-

or, Vo = – 1 2
1 2

f fR R
V V

R R

Ê ˆ
+Á ˜Ë ¯

Therefore, the output voltage is an inverted weighted sum of two inputs. If
R1 = R2 = Rf = R, the output voltage can be expressed as

Vo = – ( )1 2V V+

Hence, the circuit acts as an inverting adder circuit.

When R1 = R2 = 2Rf , output voltage will be 1 2

2
o

V V
V

+Ê ˆ= - Á ˜Ë ¯
Thus the output voltage is the average of the two input voltages V1 and V2.

Fig. 5.8 Inverting summing amplifier
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5.5.2 Non-inverting Summing Amplifier

A non-inverting summing amplifier
with two inputs V1 and V2, two input
resistors R1 and R2, and a feedback
resistor Rf is shown in Fig. 5.9.
Assume, the voltage at inverting
(–) input terminal is VA and the
voltage at non-inverting (+) input
terminal is also VA.

Apply KCL law at node A, we can
write

1 2

1 2

0A AV V V V

R R

- -
+ =

 or, 1 2

1 2

V V

R R
+  = 

1 2 1 2

1 1A AV V

R R R R

Ê ˆ
+ = +Á ˜Ë ¯

VA

 or, VA =

1 2

1 2

1 2

1 1

V V

R R

R R

+

+

The non-inverting operational amplifier with resistors Rf and R has output voltage

Vo = 1
fR

R

Ê ˆ
+Á ˜Ë ¯

VA

Then, the output voltage can be expressed as

Vo = 1
fR

R

Ê ˆ
+Á ˜Ë ¯ ¥

1 2

1 2

1 2

1 1

V V

R R

R R

+

+

The above expression is a non-inverted weighted sum of inputs.

If R1 = R2 = R =Rf , the output voltage is equal to Vo = V1 + V2

5.5 Figure 5.10 shows an adder circuit with V1 = 1 V, V2 = 2 V and V3 = –2 V. Determine the
output voltage Vo. Assume R1 = 2 kW, R2 = 1 kW, R3 = 2 kW and Rf = 4.7 kW

Fig. 5.9 Non-inverting summing amplifier
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Fig. 5.10 Circuit of Ex. 5.5

Solution The output voltage of inverting amplifier is

Vo = – 1 2 3
1 2 3

f f fR R R
V V V

R R R

Ê ˆ
+ +Á ˜Ë ¯

=
4.7 4.7 4.7

1 2 ( 2)
2 1 2

Ê ˆ- ¥ + ¥ + -Á ˜Ë ¯
V

= –7.05 V

5.6 Figure 5.11 shows an operational amplifier circuit with R1 = 1 kW, R2 = 2 kW, and
Rf = 10 kW. Derive the output voltage Vo expression in terms of V1 and V2.

Fig. 5.11 Circuit of Ex. 5.6

Solution The output voltage of amplifier can be expressed as

Vo = – 1 2
1 2

f fR R
V V

R R

Ê ˆ
+Á ˜Ë ¯

=
3 3

1 23 3

10 10 10 10

1 10 2 10
V V

Ê ˆ¥ ¥
- ¥ + ¥Á ˜¥ ¥Ë ¯

V = – (10V1 + 5V2)

5.7 Implement the equation Vo = –2V1 – 7V2

using an operational amplifier circuit. Assume
minimum value of resistance is 5 kW.

Solution The output voltage of amplifier
circuit with two input voltages V1 and V2 as
shown in Fig. 5.12 can be expressed as

Fig. 5.12 Circuit of Ex. 5.7
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Vo = 1 2 1 2
1 2 1 2

f f f fR R R R
V V V V

R R R R

Ê ˆ
- + = - -Á ˜Ë ¯

The given output voltage is Vo = –2V1 – 7V2

Therefore,
1

2
fR

R
=  and 

2

7
fR

R
=

Assume the value of resistance R2 is 5 kW
Then feedback resistance is equal to Rf = 7R2 = 7 ¥ 5 kW = 35 kW

The resistance of R1 will be R1 =
35

2 2

fR
=  kW = 17.5 kW

5.8 Figure 5.13 shows an amplifier circuit. Determine the output voltage Vo and currents IL

and Io.

Fig. 5.13 Circuit of Ex. 5.8

Solution In an ideal operational amplifier, input impedance is infinite and the input current,
i is equal to zero. Hence the source current 1 mA flows through Rf = 10 kW.

The output voltage of amplifier circuit is

Vo = – If Rf  = –1 ¥ 10–3 ¥ 10 ¥ 103 = –10 V

The load current is

IL = 3

10

10 10
o

L

V

R
=

¥
= 1 mA

The current Io is equal to

Io = If  + IL = (1 + 1) = 2 mA

5.9 An operational amplifier circuit is shown in Fig. 5.14. Determine the output voltage Vo

and current flows through R1, R2, R3 and Rf . Assume V1 = 2 V, V2 = –2 and V3 = 3 V

Fig. 5.14 Circuit of Ex. 5.9
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Solution The current flows through R1 is

I1 = 1 1 1
3

1 1 1

0 2

5 10
AV V V V

R R R

- -
= = =

¥
A = 0.4 mA

The current flows through R2 is

I2 = 2 2 2
3

2 2 2

0 2

4 10

AV V V V

R R R

- -
= = = -

¥
A = – 0.5 mA

The current flows through 3R  is

3 3 3
3 3

3 3 3

0 3

5 10
AV V V V

I
R R R

- -
= = = =

¥
A = 0.6 mA

The current flows through Rf is

I1+ I2 + I3 = If  = (0.4 – 0.5 + 0.6) mA = 0.5 mA

The output voltage is equal to

Vo = – If Rf  = –0.5 ¥ 10–3 ¥ 9 ¥ 103 V = – 4.5 V

5.6 SUBTRACTOR OR DIFFERENCE AMPLIFIER

A difference amplifier is a circuit that amplifies the difference between two signals. It is
also called a differential amplifier or a subtractor. Figure 5.15 shows a typical difference
amplifier. In this circuit voltage V1 is applied to operational amplifier-A (OP-AMP-A)
with a gain = 1. Output of OP-AMP-A is Vo1 and V2 voltages are applied to OP-AMP-
B with a gain = 1. Then output voltage of OP-AMP-B will be the difference between V1

and V2.

+

–

Rf

V1

IfA

A

I1 Vi AV

+

–

Vo

Rf

V2

IfB

A

I3 Vi AV

I2

R3

R2

OP-AMP-A

OP-AMP-B

Fig. 5.15 Difference amplifier using two OPAMPs

The output voltage of OP-AMP-A is

1 1
1

f

o

R
V V

R
= -

If Rf = R1, Vo1 = –V1

The output voltage of OP-AMP-B is Vo

V = – 1 2
2 3

f f

o

R R
V V

R R
-
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If Rf = R2 = R3 , Vo = –Vo1 – V2

As Vo1 = – V1, we can write Vo = – (–V1) – V2 = V1 – V2

5.7 DIFFERENCE AMPLIFIER WITH ONE OP-AMP

A typical differential amplifier
with one operational amplifier
is shown in Fig. 5.16. Assume
the differential voltage between
inverting (–) and non-inverting
(+) terminals of operational
amplifier is zero. Potential at A
and potential at B are same
potential. So that VA = VB.

The nodal equation at node
B is

1

1

BV V

R

-
=

2

0BV

R

-

or,
1

1

V

R
=

1 2

B BV V

R R
+ 1 2

1 2 1 2

1 1
B B

R R
V V

R R R R

Ê ˆ +
= + =Á ˜Ë ¯

or, VB = V1
2

1 2

R

R R+

or, VA = V1

2

1 2

R

R R+  as VA = VB

Applying KCL at node A we can write
I1 = If

or, 2

1

AV V

R

-
= A o

f

V V

R

-

or, 2
1 1

f f

A A o

R R
V V V V

R R
- - = -

 or, Vo = 2
1 1

1
f f

A

R R
V V

R R

Ê ˆ
+ -Á ˜Ë ¯

=
2

1 2
1 1 2 1

1
f fR RR

V V
R R R R

Ê ˆ
+ -Á ˜ +Ë ¯

If Rf = R2, the output voltage Vo = 2 2 2
1 2

1 1 1

R R R
V V

R R R
- = (V1 – V2)

+

–

Vo

If

B Vi

Rf

V1

AVR1

I2

A
V2

R1

I1

R2

Fig. 5.16 Difference amplifier using
one OP-AMP
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This circuit is very useful to detect very small difference between two signals, as

the gain 2

1

R

R
 can be considered a large value. For example, when R2 = 100 kW and R1

=1 kW and gain is 100, the difference potential (V1 – V2) will be amplified by
100 times.

5.8 ADDER–SUBTRACTOR

Operational amplifiers can also be used to
perform addition and subtraction
simultaneously. Figure 5.17 shows the
adder cum subtractor circuit. To deter-
mine the output voltage, usually Super-
position theorem is used. Therefore, to
find the output voltage Vo, the input
voltages V1, V2, V3 and V4 are applied
separately. When one voltage is applied,
other voltages are zero. For example,
when V1 is present in the circuit, the input
voltages V2, V3 and V4 are at ground
potential. Then output voltage is Vo1.
Figure 5.18 shows the circuit diagram for
this case and its equivalent is depicted in Fig. 5.19.

Fig. 5.18 Adder-subtractor circuit Fig. 5.19 Equivalent circuit of Fig. 5.18
with V2 = V3 = V4 = 0

The output voltage Vo1 = – 1

2
2

VR

R
= –V1 as Rf = R

Similarly, the output voltage for input voltage V2 is Vo2 = –V2

Fig. 5.17 Adder-subtractor circuit
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Figure 5.20 shows the circuit diagram when V3 is present and other voltages are
zero. This circuit behaves as a non-inverting amplifier.

The voltage at node B is VB = 3
3

2
3

2

R

V
V

R
R

=
+

As the voltage difference between A and B is zero, VA = VB. Hence VA = VB =
3

3

V

The output voltage due to input voltage V3 is

Vo3 =
31 3 3
3

2

A A

VR
V V

R

Ê ˆ
Á ˜+ = =Á ˜
Á ˜Ë ¯

 = V3

In the same way, the output voltage due to input voltage V4 is Vo4 = V4

After that applying the Superposition theorem, we can find the output voltage Vo

due to all four input voltages as given below:

Vo = Vo1 +Vo2 + Vo3 + Vo4

= – V1 – V2 + V3 + V4

= (V3 + V4) – (V1 + V2)

Fig. 5.20 Adder-subtractor circuit with V1 = V2 = V4 = 0

5.10 Determine the output voltage Vofor the operational amplifier circuit as shown in Fig. 5.21.
Assume V1 = 2 V, and V2 = –1 V

Fig. 5.21 Circuit of Ex. 5.10
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Solution The output voltage of operational amplifier –A is Vo1

Vo1 = – 1
1

5
2

5

fR
V

R
= - ¥ V = –2 V

The output voltage of operational amplifier –B is Vo

Vo = – 1 2
2 3

5 5
( 2) ( 1)

4 5

f f

o

R R
V V

R R
- = - ¥ - - ¥ -  V = 3.5 V

5.11 Derive the expression of output voltage Vo for the operational amplifier circuit as shown

in Fig. 5.22. Assume R1 = 10 kW, R2 = 5 kW, R3 = 10 kW and Rf = 10 kW.

Fig. 5.22 Circuit of Ex. 5.11

Solution The output voltage of first operational amplifier is Vo1

 Vo1 = – 1 2
1 2

f fR R
V V

R R
-

= – 1 2

10 10

10 5
V V- = – V1 – 2V2

The output voltage of second operational amplifier is Vo

Vo = – 1 3
2 3

f f

o

R R
V V

R R
-

 = – 1 3

10 10

5 10
oV V-

= – 2Vo1 – V3 = –2(–V1 – 2V2) – V3

= 2V1 + 4V2 – V3

5.12 Figure 5.23 shows an operational amplifier circuit. Determine the current If and the

output voltage Vo when V1 = 4 V and V2 = 5 V.
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Fig. 5.23 Circuit of Ex. 5.12

Solution The voltage at point B is

VB = 2
1

1 2

4
4

4 2

R
V

R R
= ¥

+ +
V = 2.66 V

In an ideal operational amplifier, the inverting terminal voltage VA is equal to the non-
inverting terminal voltage VB. Hence VA = VB = 2.66 V.

The current I1 is

I1 = 2
3

1

5 2.66

2 10

AV V

R

- -
=

¥
A = 1.17 mA

As the current input to inverting terminal is zero, If = I1

Therefore, If = 1.17 mA

The output voltage of operational amplifier is Vo

 As If = A o

f

V V

R

-
, the voltage is Vo = If Rf + VA

= (1.17 ¥ 10–3 ¥ 8 ¥ 103 + 2.66) V = 12.02 V

5.13 Determine the common mode rejection ratio (CMRR) of the differential amplifier as
shown in Fig. 5.24.

Fig. 5.24 Circuit of Ex. 5.13

Solution The voltage at point B is

VB = 2
1 1 1

1 2

100 100

100 2 102

R
V V V

R R
= =

+ +
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In an ideal operational amplifier, the inverting terminal voltage VA is equal to the non-

inverting terminal voltage VB. Hence VA = VB 1

100

102
V= .

The current through resistance Rf is

If = 2

1

A o A

f

V V V V

R R

- -
=

Therefore VA – Vo =
1

fR

R
 (V2 – VA ) =

100

1
(V2 – VA ) = 100 V2 – 100 VA

Then output voltage is equal to

Vo = VA + 100 VA – 100 V2 = 101 VA – 100 V2

After substituting VA, we get

Vo = 101 ¥
100

102
V1 – 100 V2 = 99.019 V1 – 100 V2

Assume V1 = VC +
2
dV

and V2 = VC – 
2
dV

The output voltage in terms of VC and Vd is

Vo = 99.019 V1 – 100 V2

= 99.019 100
2 2
d d

C C

V V
V V

Ê ˆ Ê ˆ+ - -Á ˜ Á ˜Ë ¯ Ë ¯
= (99.019 – 100) VC + (45.5095 + 50) Vd = –0.981 VC + 95.5095 Vd

This output voltage can also be expressed as

Vo = AC VC + Ad Vd

Therefore, AC = 0.981 and Ad = 95.5095
The common mode rejection ratio is

CMRR =
95.5095

0.981
d

C

A

A
= = 97.35

5.14 Figure 5.25 shows an operational amplifier circuit. Determine the output voltage Vo.

Fig. 5.25 Circuit of Ex. 5.14
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Solution If the input voltages V3 = V4 = 0, the output voltage of operational amplifier circuit
is

Vo12 = – 1 2
1 2

f fR R
V V

R R
-

= 1 2 1 2

100 100
100 50

1 2
V V V V- - = - -

When input voltages V1 = V2 = 0, the equivalent circuit is shown in Fig. 5.26 while V3 is
present in the circuit and V4 = 0.

Fig. 5.26 Equivalent circuit of Ex. 5.14
The potential at point B is

VB = 5 4 3
3 3

5 4 3

|| 2 || 2

|| 2 || 2 1 2

R R V
V V

R R R
= =

+ +
as R5 || R4 = 2 || 2 = 1 kW

Then output voltage is

Vo3 = 
1 2

100
1 1

|| 1 || 2

f

A B

R
V V

R R

Ê ˆ Ê ˆ
+ = +Á ˜Á ˜ Ë ¯Ë ¯ as VA = VB

Since R1 || R2 = 1 || 2 kW = 0.67 kW and

VB = 3

2

V
, the output voltage is equal to

Vo3 = 3100
1

0.67 2

VÊ ˆ+Á ˜Ë ¯
= 75.126 V3

Similarly, when input voltages V1 = V2 = 0,
the equivalent circuit is shown in Fig. 5.27 while
V4 is present in the circuit and V3 = 0.

The potential at point B is

VB =
5 3

5 3 4

||

||

R R

R R R+ V4

As R5 || R3 = 2 || 1 = 0.67 kW
= Fig. 5.27 Equivalent circuit of Ex. 5.14
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4

2 ||1 0.67

2 ||1 2 0.67 2
V =

+ + V4 = 0.250 V4

Then output voltage is

Vo4 =
1 2

1
||

f

A

R
V

R R

Ê ˆ
+Á ˜Ë ¯

 =
100

1
1 || 2

BV
Ê ˆ

+Á ˜Ë ¯ as VA = VB

Since R1 || R2 = 1|| 2 kW = 0.67 kW and VB = 0.250 V4, the output voltage is equal to

Vo3 =
100

1
0.67

Ê ˆ+Á ˜Ë ¯ ¥ 0.250 V4 = 37.563 V4

Then output voltage Vo is equal to

Vo = Vo12 + Vo3 + Vo4

= – 100 V1 – 50 V2 + 75.126 V3 + 37.563 V4

5.9 VOLTAGE-TO-CURRENT CONVERTER

Voltage-to-current converters are commonly used for analog systems, meters and
relays, etc. Figure 5.28 shows the circuit diagrams of voltage to current converter.

+

–
VS

Vo

IL

A

R = Rf L

RS

Fig. 5.28 Voltage-to-current converter

The current flows through resistance Rf is equal to

S A A o
L

S L

V V V V
I

R R

- -
= = -

Since VA = 0, the above equation can be written as 
0 0S o

S L

V V

R R

- -
=  –IL

or, S o

S L

V V

R R
= = –IL

or, IL = – S

S

V

R
It is clear from the above expression that

the output current is independent of the load
resistance RL and the circuit acts as a
constant current source as VS is constant.
When one end of load is grounded and the
load current is controlled by input voltage,
a different circuit will be used for voltage
to current converter. Figure 5.29 shows the
voltage to current converter when the load
is not floating type.

Fig. 5.29 Voltage-to-current converter
when load is not floating type
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Applying KCL at node A, we get I1 + I2 = IL

where, current I1 =
S AV V

R

-
, current I2 =

o AV V

R

-
 and current A

L
L

V
I

Z
=

After substituting the value of I1, I2 and IL, we obtain

S AV V

R

-
+

o AV V

R

-
= IL

or,
2S o AV V V

R

+ -
 = IL

or, VA =
2

S o LV V I R+ -

Since the operational amplifier operates in non-inverting mode, the gain of the

circuit is 1
fR

R

Ê ˆ
+Á ˜Ë ¯ .

If Rf  = R, the gain of the circuit will be 2 and the output voltage can be expressed as

Vo = 1
fR

R

Ê ˆ
+Á ˜Ë ¯

VA = 2 VA

or, Vo = 2VA = 2
2

S o LV V I R+ -Ê ˆ
Á ˜Ë ¯

or, Vo = VS + Vo – ILR

Therefore, VS = ILR and load current will be

IL =
SV

R

This equation states that the load current depends on the input voltage VS and
resistor R only.

5.10 CURRENT-TO-VOLTAGE CONVERTER

The output signal of photo cells, photodiodes and photovoltaic cells is current and its
magnitude is directly proportional to intensity of light or incident radiant energy. The
current output from these devices can be converted to voltage by using a voltage-to-
current converter. Then the voltage will
be measured to indicate the intensity of
light or radiant energy incident on the
photo devices.

The current-to-voltage (I to V)
converter is shown in Fig. 5.30. As the
inverting terminal is virtually ground,
current flows through RS is zero and IS

current flows through the feedback
resistance Rf . Fig. 5.30 Current-to-voltage converter
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Hence, the output voltage can be expressed as Vo = –IS Rf . The I to V converters are
commonly used in digital-to-analog converter (DAC) as DAC output is a current
signal which is proportional to the digital input.

5.11 INTEGRATOR

5.11.1 Inverting Integrator

When the feedback resistance Rf is
interchanged with a capacitor in an ideal
inverting mode operational amplifier, the
circuit works as an integrator. Figure 5.31
shows an integrator circuit where input
voltage is Vin.

The current flows through R1 is

I1 = in

1

AV V

R

-

As non-inverting terminal is at ground potential, node A will also be at ground
potential or virtual ground. Then VA = 0.

So that I1 = in

1

V

R

The current flows through capacitor is

If =
( )A o od V V dV

C C
dt dt

-
= -

Applying KCL at node A, we get

I1 = If

 or, in

1

V

R
 = odV

C
dt

-

 or,
odV

dt
= in

1

1
V

R C
-

After integrating both sides, we get

odVÚ  = in
1

1
V dt

R C
- Ú

So, Vo (t)  = – in 0
1 0

1
(0)

t

V dt V
R C

+Ú

where, Vo (0) is the initial output voltage. Therefore, this circuit provides an output
signal which is the integral of the input voltage.

Fig. 5.31 Integrator
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5.11.2 Non-inverting Integrator

Figure 5.32 shows the circuit diagram of a
non-inverting integrator. In this circuit, the
negative input terminal is connected to
ground through R. The input voltage Vin is
applied through resistor R. The voltage at
non-inverting terminal is same as inverting
terminal voltage which is equal to VA.

Applying KCL at node A, we can write

in AV V

R

-
 = 

0

1
AV

sC

-

or, Vin – VA = sCRVA

or, Vin = (1 + sCR) VA

Applying KCL at node B, we get

1
o BV V

sC

-
 = 

0BV

R

-

or, Vo – VB =
1 B BV V

sC R sCR
=

or, Vo = VB +
1 1

1B
B B

V sCR
V V

sCR sCR sCR

+Ê ˆ= + =Á ˜Ë ¯

As A BV V= , we can write

Vo =
1

A

sCR
V

sCR

+

or, Vo = in in1

1

V VsCR

sCR sCR sCR

+
=

+
as in

1A

V
V

sCR
=

+

Since
1

s
= Ú , we can write in

1
oV V dt

CR
= Ú

5.11.3 Practical Integrator

There are two sources of error at output voltage in an ideal integrator as given below:
∑ A very small dc offset voltage is present at the operational amplifier input.
∑ Input bias current flows through the feedback capacitor.
The above two effects will be integrated with respect to time and generate a

continuously rising output voltage till the operational amplifier will saturate. Therefore,

Fig. 5.32 Non-inverting integrator
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this ideal integrator circuit can be used as
integrator over a time range and before
starting operation, the circuit must be
recycled. Recycling can limit the output
error voltage within an acceptable range.
The bias current can be minimised by
increasing Cf and simultaneously reducing
the value of R1. The limitations of an ideal
integrator can be minimised if the feedback
capacitor Cf is shunted by resistance Rf as
depicted in Fig. 5.33.

The parallel combination of Rf and Cf

works like a practical capacitor, the circuit is also known as lossy integrator. The Rf

resistor limits the low-frequency gain operational amplifier to 
1

fR

R
. The resistance

Rcomp is used to reduce the error due to bias current.
The equivalent impedance is equal to

Zeq = Rf || Cf

=

1

1 1

f

f
f f

f f
f

f f

R
R

sC sC

sC R
R

sC sC

=
+

+

=
1

f

f f

R

sC R+

Applying KCL at node A, we get

in

1

AV V

R

-
=

eq

A oV V

Z

-

or, in

1

0V

R

-
=

eq

0 oV

Z

-
 as node A is virtual ground , 0AV =

or, in

1

V

R
=

ep

oV

Z

-

The output voltage can be expressed as

Vo = in
eq

1

V
Z

R
-

 After substituting the value of Zeq in the above equation, we get

Vo = in

11

f

f f

R V

sC R R
-

+
as eq

1

f

f f

R
Z

sC R
=

+

Fig. 5.33 Practical integrator
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= in
1

1

1

f

f f

R
V

R sC R
-

+

= in
1 1

f

f f

R
V

R sC R R
-

+

= in
1

1

1

f
f

V
R

sC R
R

-
+

If Rf is very large, 1

f

R

R
 can be neglected and the lossy integrator behaves as an

ideal integrator. Then output voltage is equal to

Vo = in

1

f f

V
sC R

-

As
1

dt
s

= Ú , we can write 
in

1

1
o

f

V V dt
R C

= - Ú
After substituting s = jw, the magnitude of the gain of lossy integrator can be

computed as

|A| = 1

2 22in 1

f

o

f f

R

V R

V C Rw

=
+

Practical integrators are commonly used in
∑ Analog computation
∑ Ramp waveform generator
∑ ADC (analog to digital converter)
∑ Different wave-shaping circuits

5.11.4 Summing Integrator

The summing integrator amplifier can be used to integrate more than one input signal.
A typical two inputs summing integral circuits is given in Fig. 5.34, where V1 and V2

are inputs.

Fig. 5.34 Summing integrator
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Assume inverting terminal of operation amplifier is at virtual ground. So that,
VA = 0.

Applying KCL at node A, we get

I1 + I2 = If

After substituting the value of currents, we obtain

1 2

1 2

A AV V V V

R R

- -
+  =

1
A o

f

V V

sC

-

or,
1 2

1 2

V V

R R
+ = –sCfVo

or, Vo = 1 2
1 2

1 1

f f

V V
sC R sC R

- -

As
1

dt
s

= Ú , we can write

Vo = 1 2
1 2

1 1

f f

V dt V dt
R C R C

- -Ú Ú

= 1 2

1 2

1

f

V V
dt

C R R

Ê ˆ
- +Á ˜Ë ¯Ú

It is clear from the above expression that the output voltage is the sum of the
integration of two input signals. In the same way, more than two voltages will also be
integrated.

5.15 Derive the output voltage of the integrating operational amplifier circuit as shown in

Fig. 5.35. Assume operational amplifier is an ideal one.

Fig. 5.35 Circuit of Ex. 5.15

Solution The current flowing through resistance R1 is

1 1
1

1 10

V V
I

R
= = mA
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The current flowing through resistance R2 is

2 2
2

2 5

V V
I

R
= = mA

The current flowing through resistance R3 is

3 3
3

3 10

V V
I

R
= = mA

Then current flowing through capacitor Cf is
If = I1 + I2 + I3

= 1 2 3

10 5 10

V V V
+ + mA

The output voltage will be

Vo = 1 2 3
1 2 3

1 1 1

f f f

V dt V dt V dt
R C R C R C

- - -Ú Ú Ú

= 1 2 3

1 2 3

1

f

V V V
dt

C R R R

Ê ˆ
- + +Á ˜Ë ¯Ú

= 31 2 3
6

1
10

10 5 100.47 10

V V V
dt-

-
Ê ˆ- + + ¥Á ˜Ë ¯¥ Ú

= ( )1 2 32.1276 4.2552 2.1276V V V dt- + +Ú

5.16 Prove that the operational amplifier circuit as shown in Fig. 5.36 is an integrator. Assume
operational amplifier is an ideal one.

Fig. 5.36 Circuit of Ex. 5.16

Solution The voltage at node A is

VA = 1

1

1
sC V

R
sC

+
 = 1

1

1
V

sCR+

As operational amplifier is an ideal one, the voltage at node B is equal to node A voltage.

Hence, VB = 1

1

1
AV V

sCR
=

+
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The output voltage can be expressed as

1
1

1o A A

sCRsCV V V
R sCR

Ê ˆ
Á ˜ +

= + =Á ˜
Á ˜
Ë ¯

After substituting the value of VA, we get

1 1

1 1 1 1

1
o A

sCR sCR
V V V V

sCR sCR sCR sCR

+ +
= = =

+

As
1

dt
s

= Ú , we can write

1

1
oV V dt

RC
= Ú

Hence, it is proved that the operational amplifier circuit as shown in Fig. 5.36 is an integrator.

5.17 Prove that the output voltage of Fig. 5.37 is 1

2
oV V dt

CR
= Ú

Fig. 5.37 Circuit of Ex. 5.17

Solution The potential at node B is

1

1

1B
sCV V

R
sC

=
+

 = 1

1

1
V

sCR+

Since the operational amplifier is an ideal one, the voltage at node A is equal to node B voltage.

Therefore, 1

1

1
B AV V V

sCR
= =

+

The output voltage can be expressed as

1 2o A A

R
V V V

R

Ê ˆ= + =Á ˜Ë ¯



Applications of Operational Amplifiers II.5.27

After substituting the value of VA, we get

1 1

2 1

1
oV V V

sCR sCR
= =

+
 assuming sCR >> 1

As
1

dt
s

= Ú , we can write

1

2
oV V dt

CR
= Ú

5.18 In an integrator circuit as shown in

Fig. 5.38, the value of RC is 1 second. Find out

the output voltage at t = 1 second, t = 2 seconds
and t = 3 seconds when input voltage is 2 V.

Solution Given RC = 1 second and Vin = 2 V

The output voltage of integrator is

in

1 1
2

1
oV V dt dt

RC
= - = -Ú Ú V 2dt= -Ú V

The output voltage at t = 1 second

1

0

2oV dt= -Ú  = – 2 V

The output voltage at t = 2 second

2

0

2oV dt= -Ú = – 4 V

The output voltage at t = 3 second

3

0

2oV dt= -Ú = – 6 V

5.19 Figure 5.39 shows an integrator circuit. Find out the output voltage when input

voltage is 2sin1000 tp and show the output voltage waveform.

Fig. 5.39 Circuit of Ex. 5.19

Solution The input voltage is Vin = 2 sin 1000 p t

 Fig. 5.38 Circuit of Ex. 5.18
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The output voltage is

Vo = in

1
V dt

RC
- Ú

=
3 6

1
(2 sin 1000 )

5 10 1 10
t dtp

-
-

¥ ¥ ¥ Ú

= 400 sin1000 t dtp- Ú

= –
1

400 ( cos1000 )
1000

tp
p

¥ ¥ - = 0.1273 cos 10000 p t V

The waveform of input voltage and output voltage are shown in Fig. 5.40(a) and (b)

Fig. 5.40 Waveforms of input and output voltages

5.20 When a step voltage input is applied to an integrator circuit from 0 to 0.5 ms as shown

in Fig. 5.41, find out the output voltage at t = 0.5 milisecond.

Fig. 5.41 Circuit of Ex. 5.20

Solution The output voltage is

Vo = in

1
V dt

RC
- Ú

=

0.5 ms

3 6
0

1
1

10 10 1 10
dt

-
-

¥ ¥ ¥ Ú V

= [ ]0.5 ms

0
100 t- V = –100 ¥ 0.5 ¥ 10–3 V = – 50 mV

5.21 If a square wave is applied as input voltage to an integrator circuit as shown in Fig. 5.42,

find out the output voltage. Assume RC = 0.1second.
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Fig. 5.42 (a) Circuit (b) Input voltage of Ex. 5.21

Solution During t = 0 to t = 1 ms, the input voltage, Vin is 1 V.

At t = 1 ms, the output voltage is

 Vo = in

1
V dt

RC
- Ú

=

1ms

0

1
1

0.1
dt- Ú V

= [ ]1ms

0
10 t- V = – 10 ¥ 1 ¥ 10–3 V = –10 mV

During t = 1 ms to t = 2 ms, the input voltage, Vin is –1 V.

At t = 2 ms, the output voltage is

 Vo = in

1
V dt

RC
- Ú

=

2 ms

1ms

1
( 1) ( 1ms)

0.1
odt V t- - + =Ú V

= [ ]2 ms

1ms
10 ( 1ms)ot V t+ = V = 10 ¥ 1 ¥ 10–3 V – 10 mV = 0 V

The output voltage waveform will be a triangular in nature as shown in Fig. 5.43.

Fig. 5.43 Output voltage waveform of Ex. 5.21
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5.12 DIFFERENTIATOR

When the positions of resistor R and
capacitor C in the integrator are
interchanged, the integrator works as a
differentiator. The circuit diagram of a
differentiator is shown in Fig. 5.44. The
potential at A is VA and it is zero as the
inverting terminal of operational amplifier
is virtually ground.

Applying KCL at node A, we get
I1 = If

or, in( ) A oA V Vd V V
C

dt R

--
=

or, in odV V
C

dt R
= -

or, in
o

dV
V CR

dt
= -

Hence the output voltage is proportional to the derivative of the input voltage Vin.
When Vin = sin w t is applied at the input terminal of the differentiator, the output is
Vo = – CRw cos w t. It means that output voltage proportionately increase linearly
with signal frequency. Due to high-frequency signal, a frequency noise component
greatly enhances signal distortions. Therefore, differential is usually avoided in high-
frequency operations. At low frequency, the output voltage amplitude increases linearly
with frequency which leads to use the differentiator as frequency to voltage converter.

5.12.1 Practical Differentiator

The limitations of a differentiator circuit are stability and noise problems at high frequency.
These limitations can be eliminated by using practical differentiation.
Figure 5.45 shows the circuit diagram of a practical differentiator. In this circuit, the
resistance R1 in series with a capacitor and capacitor Cf is connected in parallel with
resistance Rf. The Rcomp is used for bias compensation.

As R1 and C1 are connected in series,
the equivalent impedance is equal to

in 1
1 1

in in

11 sC R
Z R

sC sC

+
= + =

Since Rf and Cf are connected in
parallel, the equivalent impedance is

2

1

1 1

f
f f

f f
f

f

R
sC R

Z
sR C

R
sC

= =
++

Fig. 5.44 Differentiator

Fig. 5.45 Practical differentiator



Applications of Operational Amplifiers II.5.31

As point A is virtual ground, 0AV =
Applying KCL at node A, we can write

in

1 2

A oA V VV V

Z Z

--
=

or, in

1 2

oVV

Z Z

-
=

or, in

in 1

in

1

1

o

f

f f

VV

sC R R

sC sR C

= -
+

+

or, in
in

in 11 1

f

o
f f

R sC
V V

sR C sC R
= -

+ +

or,
in

in
in 1(1 ) (1 )

f

o
f f

sR C
V V

sR C sC R
= -

+ +

If Rf Cf = R1Cin, the output voltage can be expressed as

in
in2

in 1(1 )

f

o

sR C
V V

sC R
= -

+

As the time constant Rf Cin is greater than Rf Cf or R1Cin, the above equation
becomes

1 ino fV sR C V= -

Since
d

s
dt

=  , the output voltage can be expressed as in
1

( )
o f

d V
V R C

dt
= - .

Hence, the output voltage is the Rf C1 times the differentiation of the input voltage.
Practical differentiators are used in

∑ Rate of change detector in FM demodulations
∑ Different wave-shaping circuits

5.12.2 Summing Differentiator

The summing differentiator circuit is shown in Fig. 5.46.

Fig. 5.46 Summing differentiator
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Apply KCL at node A, we can write
I1 + I2 = If

After substituting the values of currents I1, I2 and If, we get

1 2

1 2

A oA A

f

V VV V V V

Z Z R

-- -
+ =

Assume inverting terminal is virtually ground, so that VA = 0

Then 1 2

1 2

o

f

VV V

Z Z R
+ = - (5.1)

The equivalent impedance Z1 is

1 1
1 1

1 1

11 sC R
Z R

sC sC

+
= + =

The equivalent impedance Z2 is

2 2
2 2

2 2

11 sC R
Z R

sC sC

+
= + =

After substituting the values of currents Z1, and Z2 in Eq. 5.1, we obtain

1 2

1 1 2 2

1 2

1 1
o

f

VV V

sC R sC R R

sC sC

+ = -
+ +

or,
1 2

1 2
1 1 2 21 1

o

f

VsC sC
V V

sC R sC R R
+ = -

+ +

or,
1 2

1 2
1 1 2 21 1

f f

o

sC R sC R
V V V

sC R sC R
= - -

+ +

If 1 1 1fC R C R>>  and 2 2 2fC R C R>> , we can get

1 1 2 2o f fV sC R V sC R V= - -

As
d

s
dt

= , the output voltage can be expressed as

1 2
1 2o f f

dV dV
V C R C R

dt dt
= - -

The above equation states that the output is the sum of the differentiation of input
voltage V1 and V2.

5.22 Figure 5.47 shows a differentiation circuit. Draw the output voltage waveform

when input voltage is Vin = 2 sin100 p t. Assume CR = 0.01 second.
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Fig. 5.47 Circuit of Ex. 5.22

Solution The output voltage of differentiation circuit is

Vo = indV
CR

dt
-

= 0.01 (2 sin 100 )
d

t
dt

p-

= 0.01 2 100 cos100 tp p- ¥ ¥

= 6.28 cos100 tp-
The output voltage waveform is shown in

Fig. 5.48.

5.23 Figure 5.49(a) shows a differentiation circuit. When a square wave input voltage as

shown in Fig. 5.49(b) is applied to the differentiation circuit, what will be the output voltage

waveform?

Fig. 5.49 (a) Circuit (b) Input voltage of Ex. 5.23

Solution The square wave input voltage has 2 V peak voltage and 1 kHz frequency. When
the square wave input voltage is applied to the differentiation circuit, positive and negative
spikes or impulse signal will be generated at output. The magnitude of the spikes will be about
±Vsaturation that is approximately ±13 V or ±15 V.

When the input voltage changes from –2 V to +2 V, impulse signal will be negative. While
the input voltage changes from +2 V to –2 V, impulse signal will be positive. During the time
periods for which input voltage is constant at either +2 V or –2 V, there will be no output
voltage as the differentiated of input voltage is zero. Figure 5.50 shows the output voltage
waveform with respect to input voltage.

Time
( )t

6.28 cos 100 pt
Output

voltage ( )Vo

Fig. 5.48 Output voltage waveform
of Ex. 5.22
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Fig. 5.50 Output voltage waveform of Ex. 5.23

5.13 LOGARITHMIC AMPLIFIER

The log and antilog amplifiers are nonlinear circuits where the output voltage is
proportional to the exponent or logarithm of the input voltage. Usually, to perform
multiplication and division in electronic circuits, addition and subtraction of logs are
used. The other applications of log amplifiers are powers, roots, compression,
decompression, true RMS detection and process control . There are two basic circuits
of logarithmic amplifiers such as

∑ Diode connected transistor
∑ Transdiode
But most commonly, log amplifiers are diode-connected transistor log amplifiers

In this section, the basic operation of a log amplifier is discussed.
In a logarithmic amplifier, the output voltage is directly proportional to the logarithm

of the input voltage

so that log iV Vμ
where Vi is input voltate Vo is output voltage.

When the linear operational amplifier is combined with a nonlinear device such as
diode or transistor, a logarithmic amplifier circuit can be achieved.

Figure 5.51 shows a logarithmic
amplifier. In this circuit, collector (C)
and emitter (E) terminal are connected
between inverting terminal and
output. Base of transistor (BJT) is
grounded. The inverting terminal, A
is virtually ground and 0AV =

The transistor emitter current is

1
BEqV

KT
E SI I e

Ê ˆ
= -Á ˜

Ë ¯

where Is is emitter saturation current = 10–13 A
K is Boltzmann’s constant = 8.62 ¥ 10–5 eV/°K or 1.38 ¥ 10–23 J/°K
T is absolute temperature in °K
q is the charge of electron = 1.6 ¥ 10–19 C

As base of the transistor is grounded, IE = IC

Fig. 5.51 Logarithmic amplifier
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Therefore, transistor collector current is equal to

1
BEqV

KT
C SI I e

Ê ˆ
= -Á ˜

Ë ¯

or, 1
BEqV

C KT

S

I
e

I
= -

or, 1
BEqV

C KT

S

I
e

I
+ =

As IC >> IS, we can write the above expression as 
BEqV

C KT

S

I
e

I
=

Taking log on both the sides, we find

log C BE

S

I qV

I KT
=

 or, log C
BE

S

IKT
V

q I
=

The current flows through resistance R1 is
1 1

1
1 1

AV V V
I

R R

-
= =  (as VA = 0)

Applying KCL at node A, we get

1
1

1
C

V
I I

R
= =

 or, 1

1

logBE
S

VKT
V

q I R
=

Since the emitter of BJT is connected to the output of operational amplifier, the
output voltage is equal to

1

1

logo BE
S

VKT
V V

q I R

Ê ˆ
= - = - Á ˜Ë ¯

Assume reference voltage ref 1SV I R= . Then we can obtain the output voltage as

1

ref

logo

VKT
V

q V
= -

From the above expression, it is clear that the output voltage is proportional to the
logarithm of the input voltage.

Disadvantages of Logarithm Amplifier The disadvantages of this amplifier are
the following:

(i) The output voltage depends on temperature (T ) and reverse saturation
current (IS).
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(ii) The emitter saturation current varies from one transistor to other transistor
and its magnitude also depends on temperature (T ).

(iii) Therefore, temperature affects amplifier performance and accuracy and these
effects can be reduced by temperature compensating circuits.

In this section, temperature-compensated logarithmic amplifier has been discussed.
Figure 5.52 shows a logarithmic amplifier with saturation current and temperature

compensation. The input voltage V1 is applied to one log-amplifier and a reference
voltage Vref is applied to another log amplifier. The two transistors T1 and T2 are
integrated close together in the same silicon wafer. Hence, there is a close match of
saturation currents and temperature tracking ensure very good result.

Vocon

R2

RTC

Vo

IfI1

I2

V2
Is2Vref

Vin
Is1

V1

Ic
T1

A

VBE+
–

R1

Ic
T2

B

VBE+
–

R1

R

R D

C

R

–

+

–

+

–

+
+

–

R

Fig. 5.52 Log amplifier with saturation and temperature compensation

Assume the saturation current of transistor T1 is equal to the saturation current of

transistor T2. Therefore, 1 2S S SI I I= =
The output voltage V1 can be expressed as

in
1

1

log
S

VKT
V

q I R

Ê ˆ
= - Á ˜Ë ¯

In the same way, the output voltage V2 will be

ref
2

1

log
S

VKT
V

q I R

Ê ˆ
= - Á ˜Ë ¯

Then output voltage 2 1oV V V= -
After substituting the values of V1 and V2 in the above equation, we get

refin

1 1

log logo
S S

VVKT
V

q I R I R

È ˘Ê ˆ Ê ˆ
= -Í ˙Á ˜ Á ˜Ë ¯ Ë ¯Í ˙Î ˚

or, in

ref

logo

VKT
V

q V

Ê ˆ
= Á ˜Ë ¯
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Hence, the reference voltage level is now set with a single external voltage source.
Consequently, output voltage does not depend on device emitter saturation current
IS. The voltage Vo is still dependent upon temperature and it is directly proportional
to temperature (T). The temperature effect can be compensated by the last stage

operational amplifier which provides a non-inverting gain 21
TC

R

R

Ê ˆ
+Á ˜Ë ¯

.

Then actual output voltage can be expressed as

2 in
comp

ref

1 logo
TC

R VKT
V

R q V

Ê ˆ Ê ˆ
= +Á ˜ Á ˜Ë ¯ Ë ¯

where, RTC = temperature sensitive resistance. It has a positive temperature coefficient
so that slope of the above equation will be constant with the temperature changes.

As four operational amplifiers are used for temperature-compensated logarithmic
amplifier, this circuit becomes expensive if FET operational amplifiers are used for
precision. To reduce the circuit cost, two operational amplifiers can be used for log
amplifier with same output voltage as depicted in Fig. 5.53.

Fig. 5.53 Log amplifier using two operational amplifiers

5.14 ANTILOG AMPLIFIER

The antilog of a logarithmic number is a
decimal number so that antilog amplifier
performs the reverse operation of logarithmic
amplifier. Figure 5.54 shows a typical antilog
amplifier circuit using a diode. In this circuit,
the diode is connected between input signal
and inverting terminal of an operational
amplifier. The feedback resistance Rf is con-
nected between inverting and output terminals Fig. 5.54 Antilog amplifier
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of an operational amplifier. As the non-inverting terminal is grounded, node A is at
virtual ground and the potential at A is VA = 0.

The current flows through diode is

D

T

V

V
D OI I et=

where, ID is diode current
I
O

 is reverse saturation current
VD is diode voltage t = 1 for Ge diode

t = 2 for Si diode
VT is voltage equivalent of temperature = KT

K is the Boltzmann’s constant
T is temperature in °K

Applying KCL at A, we get
If = ID

The output voltage is

in

T

V

V
o f f o fV I R I e Rt= - = -

Taking log on both sides, we obtain

in

log log T

V

V
o o fV I R e t

Ê ˆ
Á ˜Ë ¯= -

or, inlog o o f
T

V
V I R

Vt
= -

Taking inverse log on both side, we get

in1 1log (log ) logo o f
T

V
V I R

Vt

- - Ê ˆ
= - Á ˜Ë ¯

or, in1logo o f
T

V
V I R

Vt

- Ê ˆ
= - Á ˜Ë ¯

It is clear from the above expression that the output Vo is the antilog of input
voltage and consequently the amplifier acts as an antilog amplifier.

5.15 ANTILOG AMPLIFIER USING TRANSISTOR

A typical antilog amplifier using
transistor is shown in Fig. 5.55.

The collector current can be
expressed as

BE

T

V

V
C oI I et=

Fig. 5.55 Antilog amplifier using transistor
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The non-inverting terminal is at ground potential. The node A is at virtual ground.
Therefore, VA = 0. The base of a transistor is at ground potential and the collector of
transistor is at virtual ground. As a result, the voltage across base and emitter of
transistor is VBE which is equal to input voltage Vin so that VBE = Vin

Then collector current is equal to

in

T

V

V
C oI I et=

The output voltage can be expressed as

o f fV I R= -
in

T

V

V
o fI e Rt= -  (as Io = If )

or,

in

T

V

V
o o fV I R et= -

Taking log on both sides, we get

in

log log T

V

V
o o fV I R et= -

 or, inlog o o f
T

V
V I R

Vt
= -

Taking inverse log on both side, we obtain

in1 1log (log ) logo o f
T

V
V I R

Vt

- - Ê ˆ
= - Á ˜Ë ¯

 So the output voltage will be equal to

in1logo o f
T

V
V I R

Vt

- Ê ˆ
= - Á ˜Ë ¯

It is very clear from the above expression that the output voltage Vo is a inverse
logarithm of the input voltage Vin. In the output voltage equation, Io and VT are present.
The current Io and voltage VT are the functions of temperature. Due to temperature
changes, these parameters change and there are serious errors at the output voltage.
Therefore, a temperature compensation antilog amplifier must be used in place of
simple antilog amplifier.

5.16 ANALOG MULTIPLIER

An analog voltage multiplier is a circuit where the output voltage is directly proportional
to the product of the two input voltages. Figure 5.56 shows the circuit diagram of an
analog voltage multiplier which consists of log amplifiers, adder circuits and an antilog
amplifier.
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Antilog Amplifier
A-4

Vo

Vo2

Vo1
R = 5 kW

R = 5 kW

B Vi
A-3

+

–

R = 5 kW R = 5 kW

V1

V2 Log Amplifier
A-2

Log Amplifier
A-1

A

Fig. 5.56 Multiplier circuit

The output log amplifier A1 is

1
1

ref

logo

VKT
V

q V
= -

The output log amplifier A2 is

2
2

ref

logo

VKT
V

q V
= -

 The output voltage of adder circuit is

3 1 2o o oV V V= - -
After substituting the values of Vo1 and Vo2, we get

Vo3 = 1 2

ref ref

log log
V VKT KT

q V q V

Ê ˆ Ê ˆ
- - - -Á ˜ Á ˜Ë ¯ Ë ¯

= 1 2

ref ref

log log
V VKT KT

q V q V
+

= 1 2

ref ref

log (as log ( ) log log )
V VKT

AB A B
q V V

Ê ˆ
= +Á ˜Ë ¯

The output voltage of antilog amplifier is

31log o
o o f

T

V
V I R

Vt

- Ê ˆ
= - Á ˜Ë ¯

After substituting Vo3 in the above equation, we obtain

1 21
2

ref

1
log logo o f

T

V VKT
V I R

V q Vt

-
Ê ˆ¥

= - ¥Á ˜
Ë ¯

Assuming
1

T

KT

V qt
¥  is about to 1, we get

1 21
2

ref

log logo o f

V V
V I R

V

- Ê ˆ¥
= - Á ˜Ë ¯
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Applying log–1 (log) = 1, we find

1 2
1 22

ref
o o f

V V
V I R KV V

V
= - =  where 

2
ref

o fI R
K

V
=

Therefore the output voltage is the product of two input voltages V1 and V2.
Analog multipliers are commonly used in

(i) Amplitude modulation, frequency modulation and phase frequency
modulation, suppressed carrier frequency modulation

(ii) Phase detection circuit
(iii) Power measurement, velocity and acceleration measurement
(iv) Voltage-controlled attenuators and voltage-controlled amplifiers
(v) Gain of amplifier measurement

(vi) Voltage divider circuit, true RMS calculation
(vii) Frequency converters, and frequency doubling circuits
(viii) Square and square root calculations

5.17 ANALOG DIVIDER

An analog voltage divider is a circuit where the output voltage is directly proportional
to the division of the two input voltages. Figure 5.57 shows the circuit diagram of an
analog voltage divider which consists of log amplifiers, subtractor circuit and an
antilog amplifier.

Fig. 5.57 Divider circuit

The output log amplifier A1 is

1
1

ref

logo

VKT
V

q V
= -

The output log amplifier A2 is

2
2

ref

logo

VKT
V

q V
= -

The output voltage of subtractor circuit is

3 1 2 1( )o o oV K V V= -  where K1 is constant
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After substituting the value of Vo1 and Vo2 in the above equation, we get

2 1
3 1

ref ref

log logo

V VKT
V K

q V V

Ê ˆ
= -Á ˜Ë ¯

 Applying as log log log
A

A B
B

Ê ˆ = -Á ˜Ë ¯
, we get

ref2 2
3 2 2

ref 1 1

log logo

VV V
V K K

V V V

Ê ˆ Ê ˆ
= ¥ = Á ˜Á ˜ Ë ¯Ë ¯

 where K2 = K1
KT

q

 Hence we can state that output voltage Vo3 is directly proportional to 2

1

log
V

V

Ê ˆ
Á ˜Ë ¯

and we can write

2
3

1

logo

V
V

V

Ê ˆ
μ Á ˜Ë ¯

The output of antilog amplifier is

1
3log ( )o oV V-μ

After substituting the value of Vo3 in the above equation, we get

21

1

log logo

V
V

V

-
Ê ˆÊ ˆ

μ Á ˜Á ˜Ë ¯Ë ¯

Applying 1log (log) 1- = , we can express the output voltage as

2

1
o

V
V

V

Ê ˆ
μ Á ˜Ë ¯

Hence the output voltage is proportional to the division of the two analog input
voltages V1 and V2.

5.24 Figure 5.58 shows a log amplifier using OP-AMP and diode. The characteristics of the

diode is expressed as 1
DqV

KT
SI I e

Ê ˆ
= -Á ˜

Ë ¯
 .

 (a) Determine the output voltage in terms of input voltage Vin.

 (b) Calculate the output voltage when
KT

q
 = 20 mV, R = 10 kW and IS = 1 A

VO

R = 10 kW
Vin –

+

D

–

Fig. 5.58 Circuit of Ex. 5.24
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Solution (a) The current flowing through diode is 1
DqV

KT
S

I I e
Ê ˆ

= -Á ˜
Ë ¯

Therefore 1
DqV

KT

S

I
e

I
+ =

Taking log of both the sides, we get

log 1 log
DqV

KT

S

I
e

I

Ê ˆÊ ˆ
+ = Á ˜Á ˜Ë ¯ Ë ¯

or, logD

S

qV I

KT I

Ê ˆ
= Á ˜Ë ¯

or, logD
S

KT I
V

q I

Ê ˆ
= Á ˜Ë ¯

As current inV
I

R
= , the output voltage Vo is equal to VD and it can be expressed as

inlogo D
S

VKT
V V

q RI

Ê ˆ
= = Á ˜Ë ¯

(b) Given
KT

q
 = 20 mV, R = 10 kW and IS = 1 A

 The output voltage is

Vo = log in

S

KT V

q RI

Ê ˆ
Á ˜Ë ¯

= 3
3 6

0.4
20 10 log

10 10 1 10
-

-
Ê ˆ¥ Á ˜Ë ¯¥ ¥ ¥

 = 73.77 mV

5.25 Determine the output voltage Vo of a log amplifier using OP-AMP and transistor as
shown in Fig. 5.59. Assume Vin = 100 mV, R = 10 kW, T = 300°K and IS = 10–13A

Fig. 5.59 Circuit of Ex. 5.25
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Solution The output voltage Vo of a log amplifier is

Vo = 1

1

logBE

S

KT V
V

q I R

Ê ˆ
- = - Á ˜Ë ¯

= –
23 3

19 13 3

1.38 10 300 100 10
log

1.6 10 10 10 10

- -

- -

Ê ˆ¥ ¥ ¥
Á ˜¥ ¥ ¥Ë ¯

V

= – 476.635 mV

5.26 Determine the output voltage Vo of an antilog amplifier using OP-AMP and transistor as
shown in Fig. 5.60. Assume Vin = 500 mV, Rf = 10 kW, t = 1, VT = 25 mV and Io = 10–13A.

Fig. 5.60 Circuit of Ex. 5.26

Solution The output voltage Vo of a log amplifier is

Vo = 1log in
O f

T

V
I R

Vt

- Ê ˆ
- Á ˜Ë ¯

V

=
3

13 3 1
3

500 10
10 10 10 log

1 25 10

-
- -

-

Ê ˆ¥
- ¥ ¥ ¥ Á ˜¥ ¥Ë ¯

 V

= – 0.485 V

5.18 COMPARATOR

A comparator is an electronic circuit which is able to compare an input voltage signal
(Vin) with a known reference voltage (Vref). It is basically an open-loop operational
amplifier. The input voltage is applied to one of the input terminals of an OP-AMP
and the reference voltage is applied at the other terminal of OP-AMP. The ideal
characteristic of a comparator is shown in Fig. 5.61. When the input voltage Vin > Vref,
the output voltage is +Vsaturation (+Vsat). If the input voltage Vin < Vref, the output
voltage is –Vsaturation (–Vsat). Generally, three are two types of comparators such as

∑ Non-inverting comparators
∑ Inverting comparators

In this section, both inverting as well as non-inverting comparators are discussed
elaborately.
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Fig. 5.61 Transfer characteristic of an ideal comparator when Vref is positive voltage

5.18.1 Non-inverting Comparator

Figure 5.62 shows a non-inverting comparator. A fixed reference voltage Vref is applied
to inverting (–) terminal of OP-AMP through resistance R2. The time-varying input
voltage Vin is also applied to non-inverting terminal through resistance R1. When
input voltage Vin is less than reference voltage Vref, output voltage will be –Vsat

(–VCC). If the input voltage Vin is greater than reference voltage Vref, output voltage
will be +Vsat (+VCC).

Fig. 5.62 Non-inverting comparator

A sinusoidal input voltage Vm sin w t is applied to the positive (+) input terminal
and the output voltage will be either –Vsat (–VCC) or +Vsat (+VCC) as shown in Fig. 5.63
when voltage is Vref is positive. While the reference voltage is negative, the output
voltage waveform is shown in Fig. 5.64.
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Fig. 5.63 Input and output voltage waveforms when Vref is positive

Fig. 5.64 Input and output voltage waveforms when Vref is negative

In a practical comparator circuit, Vref can be obtained from a 10 kW variable resistance
(potentiometer) which acts as a potential divider. In a 10 kW potentiometer, +VCC and
–VCC are connected with the two end terminals and the wiper is connected with the
inverting (–) input terminal of OP-AMP as shown in Fig. 5.65. Hence the reference
voltage can be varied from +VCC to – VCC. When Vref is positive , the output voltage
waveform is shown in Fig. 5.63. If Vref is negative, the output voltage waveform is
depicted in Fig. 5.64.

In this circuit diodes D1 and D2 protects the operational amplifier from excessive
input voltage Vin. Due to diodes, difference input voltage of operational amplifier is
clamped to either + 0.7 V or – 0.7 V. Therefore, these diodes are called as clamp
diodes. The resistance R1 is connected in series with input voltage Vin and it is used to
limit the current through diodes D1 and D2. To reduce the offset problem, a resistance
R2 is connected in series with reference voltage Vref.
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Fig. 5.65 Practical non-inverting comparator

5.18.2 Inverting Comparator

Figure 5.66 shows an inverting comparator. The input voltage Vin is applied to inverting
(–) terminal through resistance R1. The fixed reference voltage Vref is applied to non-
inverting (+) terminal of OP-AMP through resistance R2. In a practical inverting
comparator, the Vref can as be obtained from a 10 kW variable potentiometer which acts
as a potential divider. In 10 kW potentiometer, +VCC and – VCC are connected with the
two end terminals and the wiper is connected with the non-inverting (+) input terminal
of OP-AMP. Consequently, by varying the wiper position, the reference voltage can be
varied from +VCC to – VCC.

Fig. 5.66 Non-inverting comparator

In inverting comparator, when input voltage Vin is less than reference voltage Vref,
output voltage will be +Vsat (+VCC). If the input voltage Vin is greater than reference

voltage Vref, output voltage will be –Vsat (–VCC). When a sinusoidal input voltage mV

is applied to the negative (–) input terminal of OP-AMP and the output voltage will
be either +Vsat (+VCC) or –Vsat (–VCC) as shown in Fig. 5.67 and Fig. 5.68.
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Fig. 5.67 Input and output voltage waveforms when Vref is positive

Fig. 5.68 Input and output voltage waveforms when Vref is negative

Figure 5.69 shows a practical non-inverting comparator. When two back-to-back
zener diodes are connected at
the output of OP-AMP, the
output voltage will be inde-
pendent of supply voltage.
The R is connected in series
with zener diodes to limit the
current flows through zener
diodes. The limiting output
voltage will be (VZ1+VD) and
–(VZ2+VD) where VD is the
forward voltage drop of diode
and VZ2 is the voltage across
zener diode.

Vo

–

+

R2 D2D1

A

Vref
+VCC –VEE

Vin

R1

+VCC

–VEE Vz2

R

Vz1

Fig. 5.69 Practical non-inverting comparator
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5.18.3 Applications of Comparators

Comparators are commonly used in
(i) Zero crossing detector circuit

(ii) Window detector circuit
(iii) Multivibrators
(iv) Time marker generators
(v) Phase meters

(vi) Schmitt trigger
In this section, the operation of Zero Crossing Detector (ZCD) circuit is explained.

Zero Crossing Detector The inver-
ting or non-inverting comparator can be
used as a zero crossing detector circuit,
when the reference voltage Vref is zero.
Figure 5.70 shows an inverting zero
crossing detector circuit where Vref = 0.
In the positive half cycle of supply
voltage, Vin > Vref and the output voltage
is –Vsat. During the negative half cycle of
supply voltage, Vin < Vref and the output
voltage is +Vsat. The output voltage wave
form is shown in Fig. 5.71. This circuit is
called a sine wave to square wave

converter.

Fig. 5.71 Input and output voltage waveforms of zero crossing detector circuit

5.19 SCHMITT TRIGGER

In an analog comparator circuit, the applied input voltage is compared with a known
reference voltage. When a noise voltage signal exists in the input voltage, the comparator
output signal will be square wave with some unwanted signals. The comparator output

Fig. 5.70 Zero crossing detector circuit
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state changes either from +Vsat to –Vsator from –Vsat to +Vsat when  there is some millivolt
change in the input voltage which is  above the reference voltage or less than reference
voltage. As noise signal is generated at random value, the output consists of a series of
pulses of different width as shown in Fig. 5.72. This phenomena is called chattering.
This problem can be removed by a Schmitt trigger circuit. The positive feedback of a
Schmitt trigger circuit can also speed up the response time of the system.

Fig. 5.72 Comparator output with chattering due to noise signal in input voltage

Figure 5.73 shows a Schmitt trigger circuit.
The input voltage is applied to the inverting
(–) input terminal and feedback voltage is
applied to the non-inverting (+) input terminal.

Assume the output voltage is Vo = + Vsat.
Then the feedback voltage at non-inverting
(+) input terminal will be

2
sat UT

1 2
f

R
V V V

R R
= =

+

This voltage is also called the upper threshold voltage, VUT. When the input voltage
Vin is less than VUT (Vin < VUT), the output voltage Vo will be constant at +Vsat. If the
input voltage Vin is just greater than VUT (Vin > VUT), the output voltage Vo of operational
amplifier switches from +Vsat to –Vsat and this circuit behaves as regenerative
comparator. When Vin > VUT, the output voltage Vo will be constant at –Vsat as shown
in Fig. 5.74.

Fig. 5.74 Characteristics of Schmitt trigger for Vin increasing

Then the feedback voltage is

2
sat

1 2

R
V

R R
-

+
 = VLT

Fig. 5.73 Schmitt trigger circuit
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This voltage is known as lower threshold voltage, VLT. The output voltage Vo will be
–Vsat when Vin > VLT . While the input voltage Vin is just less than VLT (Vin < VLT), the
output voltage Vo of operational amplifier switches from –Vsat to +Vsat as shown in
Fig. 5.75. Then output voltage Vo will be constant at +Vsat till Vin<VLT. The complete
characteristics of Schmitt trigger is depicted in Fig. 5.75.

Output
voltage ( )Vo

+Vsat

–Vsat

VLT Input
voltage Vin

Fig. 5.75 Characteristics of Schmitt trigger for Vin decreasing

Fig. 5.76 Complete characteristics of Schmitt trigger

In this circuit, the upper threshold voltage, VUT must be greater than the lower
threshold voltage, VLT. The difference between VUT andVLT voltages is called hysteresis
width VH and it can be expressed as

2
sat

1 2

2H UT LT

R
V V V V

R R
= - =

+

will be constant at +Vsat. If the input voltage Vin is just greater than VUT (Vin > VUT),
the output voltage Vo of operational amplifier switches from +Vsat to –Vsat and this
circuit behaves as regenerative comparator. When Vin > VUT, the output voltage Vo

will be constant at –Vsat.
Figure 5.77 shows a practical Schmitt trigger circuit. When two back-to-back zener

diodes are connected at the output of OP-AMP, the output voltage will be independent
of supply voltage ( +Vsat or –Vsat). The R is connected in series with zener diodes to
limit the current flows through zener diodes. The limiting output voltage will be
(VZ1 + VD) and – (VZ2 + VD) where VD is the forward voltage drop of diode and VZ is
the voltage across zener diode.
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 Fig. 5.77 Practical schmitt trigger circuit

5.27 In a Schmitt trigger circuit as shown in Fig. 5.73, R1 = 10 kW, R2 = 5 kW, Vin = 10 sin w t

and saturation voltage ±15 V.

(a) Determine the threshold voltage VUT and VLT. Calculate hysteresis width VH

(b) Find the output voltage waveform.

Solution (a) The upper threshold voltage, VUT is

2
sat

1 2

5
15

10 5
UT

R
V V

R R
= = ¥

+ +
V = 5 V

The lower threshold voltage, VLT is

2
sat

1 2

5
15

10 5
UT

R
V V

R R
= - = - ¥

+ +
V = –5 V

The hysteresis width VH is

H UT LTV V V= - = 5 – (–5) V = 10 V

(b) The output voltage waveform is shown in Fig. 5.78.

Fig. 5.78 Input and output voltage waveforms of schmitt trigger circuit

5.28 Figure 5.79 shows a Schmitt trigger circuit where R1= 50 kW, R2 = 10 kW, Vref = +5 V,

saturation voltage ±14 V, and Vin = 12 sin w t.
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(a) Find the threshold voltages VUT and VLT and determine hysteresis width VH

(b) Show the output voltage waveform.

Fig. 5.79 Schmitt trigger circuit

Solution (a) The upper threshold voltage, VUT is

2
ref sat ref

1 2

10
( ) 5 (14 5)

50 10
UT

R
V V V V

R R
= + - = + ¥ -

+ +
V = 6.5 V

 The lower threshold voltage, VLT is

2
ref sat ref

1 2

10
( ) 5 (14 5)

50 10
LT

R
V V V V

R R
= - + = - ¥ +

+ +
V = 1.83 V

The hysteresis width VH is

VH = VUT – VLT = 6.5 – 1.83 V = 4.67 V

(b) The output voltage waveform is shown in Fig. 5.80.

Fig. 5.80 Input and output voltage waveforms of Schmitt trigger circuit
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5.20 REALIZATION OF FUNCTIONS USING OP-AMP

In conjunction with an operational amplifier's use in the integrator circuit as depicted
in Fig. 5.31, the op-amp can be also used in the realization of other first-order
transfer functions, which are useful in filter design. The examples of first-order
functions are low-pass filters, high-pass filters and all-pass filters. Though the
low-pass and high-pass functions can be realized using RC circuits only, the
application of the op-amp in the circuit provides it with gain and isolation from
the circuit that follows it. The realization of low-pass, high-pass and all-pass
circuits are explained in this section.

5.20.1 Low-pass Circuits

Figure 5.81 shows a first-order low-pass circuit and its transfer voltage ratio is
equal to

F (s) = 1

2

1

=
1

o

i

V CR

V
s

CR

-
+

R2

R1

Vi
Vo

C

–

+

Fig. 5.81 First-order low-pass circuit

The circuit can be realized by the transfer function

F (s) = 
a

s b+
 where, a = –

1

1

CR
 and b = 

2

1

CR

The dc gain is equal to 
a

b
 = – 2

1

R

R

The alternative circuit of Fig. 5.81 without phase inversion is depicted in
Fig. 5.82.

The transfer function of Fig. 5.82 is

F (s) = =
1

o

i

K

V CR

V
s

CR

-
+

 where, K = 1 + 2

1

R

R
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C

Vi

R

Vo

+

–

R1

R2

Fig. 5.82 First-order low-pass circuit

The circuit can be realized by the transfer function

F (s) = 
a

s b+
 where, a = 

K

CR
 and b = 

1

CR

The dc gain is equal to 
a

b
 = K.

5.20.2 High-pass Circuits

Figure 5.83 shows a first-order high-pass circuit and its transfer voltage ratio is
equal to

F (s) = 2

1

1

=
1

o

i

V R s

V R
s

CR

-
+

C

Vi
Vo

+

–

R1

R2

Fig. 5.83 First-order high-pass circuit

The circuit can be realized by the transfer function

F (s) = 
as

s b+
 where, a = – 2

1

R

R
 and b = 

1

1

CR
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The alternative circuit of Fig. 5.83 without phase inversion is depicted in
Fig. 5.84. The transfer function of Fig. 5.84 is

F (s) = =
1

o

i

V Ks

V
s

CR

-
+

 where, K = 1 + b

a

R

R

C

Vi

R

Vo

+

–

Ra

Rb

Fig. 5.84 First-order low-pass circuit

The circuit can be realized by the transfer function

F (s) = 
as

s b+
 where, a = K = 1 + b

a

R

R
 and b = 

1

CR

5.20.3 High-pass Circuits

Figure 5.85 shows a first-order high-pass circuit and its transfer voltage ratio is
equal to

F (s) = 

1

= =
1

o

i

s
V s aCR

V s a
s

CR

- -
-

++
 where, a = 

1

CR

Vi Vo

R1

R1

R

C

+

–
Vi Vo

R1

R2

C

R

+

–

Fig. 5.85 First-order high-pass circuit
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EXERCISES

Short- and Long-Answer-Type Questions

1. What do you mean by linear circuit?  Give a list of linear applications of
operational amplifiers.

2. What do you mean by nonlinear circuit?  What is the difference between a
linear circuit and nonlinear circuit?  Write some nonlinear applications of
operational amplifiers.

3. Draw the circuit diagram of an inverting amplifier.  Derive the output voltage of
inverting amplifier in terms of input voltage and resistances.

4. Define non-inverting amplifier. Write the difference between inverting amplifier
and  non-inverting amplifier.

5. Explain the voltage follower circuit. Justify the statement “voltage gain of the
voltage follower circuit is unity”.

6. Explain the following amplifier circuits:
(a) Inverting summing amplifier
(b) Non-inverting summing amplifier
(c) Difference amplifier
(d) Adder cum subtractor circuit

7. Draw the circuit diagram of a voltage-to-current converter and explain its
operation.

8. Draw the circuit diagram of a current-to-voltage converter and explain its
operation. What are the applications of current-to-voltage converters?

9. Define integrator. What are the types of integrators? Write some applications
of integrators.

10. Discuss the following integrators:
(a) Inverting integrator (b) Non-inverting integrator
(c) Practical integrator (d) Summing integrator amplifier

11. Define differentiator. Write some applications of a differentiator.
12. Explain the following differentiators

(a) Practical differentiator
(b) Summing differentiator

13. Draw the circuit diagram of a logarithmic amplifier. Prove that the output voltage

of  logarithmic amplifier is 1

ref

logo

VKT
V

q V
= - .

14. State the disadvantages of logarithmic amplifier.  Explain how the temperature
compensated logarithmetic amplifier can reduce the  disadvantages of
logarithmic amplifier .

15. Discuss antilog amplifier circuit using OP-AMP and transistor. Prove that the

output voltage of  antilog amplifier is in1logo o f
T

V
V I R

Vt

- Ê ˆ
= - Á ˜Ë ¯

16. Define analog multiplier. Draw a circuit to generate the output voltage

1 2
2

ref
o o f

VV
V I R

V
= - , where input voltages are V1 and V2.
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17. Give a list for applications of multipliers. Discuss the analog divider circuit.

Prove that the output voltage of analog divider is 2

1
o

V
V

V

Ê ˆ
μ Á ˜Ë ¯

 where input

voltages are V1 and V2.

18. Explain non-inverting comparators and inverting comparators. Write some

disadvantages of comparator circuits.

19. What is the effect of noise in comparator circuits? Give a list for applications of

comparator circuits.

20. Draw a practical Schmitt trigger circuit and explain its operation with

waveforms. What is the difference between comparator and Schmitt trigger?

21. Figure 5.86 shows the non-inverting amplifier, where R1 = 10 kW, RL = Rf = 100

kW and V1= 5 V. Calculate (a) Vo, (b) gain (c) I1, (d) load current IL, and (e)

output current Io.

Rf = 100 kW

R1 = 10 K

I1 Vi

A

I1

Io

IL

i = 0

i = 0

Vo

RL = 100 kW
V1

+

–

Fig. 5.86

22. Figure 5.87 shows an adder circuit with V1 = 2 V, V2 = –5 V and V3 = 4 V.

Determine the output voltage Vo. Assume R1 = 20 kW, R2 = 10 kW, R3 = 20 kW
and Rf = 10 kW.

Fig. 5.87

23. Implement the equation Vo = – (6V1 + 2V2) using an operational amplifier circuit.

Assume minimum value of resistance is 4.7 kW.

24. An operational amplifier circuit is shown in Fig. 5.88. Determine the output

voltage Vo and current flows through R1, R2, R3 and Rf . Assume V1 = 3 V,

V2 = –5 and V3 = 2 V
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Fig. 5.88

25. Calculate the  output voltage and common mode rejection ratio (CMRR) of the

differential amplifier as  shown in Fig. 5.89  Assume V1 = 3 V and V2 = 2.

Fig. 5.89

26. Figure 5.90 shows an operational amplifier circuit. Determine the output

voltage Vo.

Assume V1 = 3 V, V2 = –5, V3 = 2 V and V3 = –2 V

Fig. 5.90
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27. In an integrator circuit, the value of RC is 1.5 second.  Find out the output

voltage at t = 2 seconds, t = 4 seconds and t = 6 seconds when input voltage is

5 V.

28. Figure 5.91 shows an integrator circuit. Find out the output voltage when input

voltage is 5 sin 100 p t and show the output voltage waveform.

Fig. 5.91

29. When a square wave as shown in Fig. 5.92 is applied as input voltage to an

integrator circuit, find out the output voltage. Assume RC = 1 second.

Fig. 5.92

30. Draw the output voltage waveform when input voltage of differentiation circuit

is Vin = 4 sin 100 p t. Assume CR = 0.01 second.

31. When a square wave input voltage as shown in Fig. 5.93 is applied to the

differentiation circuit, what will be the output voltage waveform?.

Assume missing parameters.

Fig. 5.93

32. Determine the output voltage Vo of a log amplifier using OP-AMP and

transistor as shown in Fig. 5.94. Assume Vin = 500 mV, R = 10 kW,

T = 290° K and IS = 10–13 A
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Fig. 5.94

33. Compute  the output voltage Vo of an antilog amplifier using OP-AMP and

transistor as shown in Fig. 5.95. Assume Vin = 200 mV, Rf = 10 K, t = 1,

VT = 20 mV and Io = 10–13A

Fig. 5.95

34. Figure 5.96 shows a comparator circuit where VZ1 = VZ2 = 10 V, VD = 0.6 V,

Vref = +3 V, saturation voltage ±14 V, and Vin = 2 sin w t.

Draw  the output voltage waveform.

Fig. 5.96

35. A Schmitt trigger circuit is shown in Fig. 5.97 where R1 = 12 kW, R2 = 6 kW,

Vref = + 4 V, saturation voltage ±15 V, and in 10sinV tw= .

(a) Find the threshold voltages VUT and VLT and determine hysteresis

width VH .

(b) Show the output voltage waveform.
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Fig. 5.97

36. In a Schmitt trigger circuit as shown in Fig. 5.98, R1 = 10 kW, R2 = 5 kW,

Vin 5 sin w t, and saturation voltage ±15 V. Assume VZ1 = VZ2 = 10 V,

VD= 0.6 V

(a) Determine the threshold voltage VUT and VLT. Calculate hysteresis

width VH.

(b) Find the output voltage waveform.

R3

Vin
R

Vo

A

R2

R1

VZ2

VZ1

–

+

Fig. 5.98

MULTIPLE CHOICE QUESTIONS

1. The linear application of an operational amplifier is

(a) adder circuit (b) log amplifier

(c) antilog amplifier (d) Schmitt trigger

Answer: (a) adder circuit

2. The non-linear application of operational amplifier is

(a) adder circuit (b) comparator

(c) subtractor circuit (d) voltage to current converter

Answer: (b) comparator

3. The output voltage of an inverting amplifier is

(a) 1
1o

f

R
V V

R
= - (b) 1

1

f

o

R
V V

R
=

(c) 1
1

f

o

R
V V

R
= - (d) 1

1

1
f

o

R
V V

R

Ê ˆ
= +Á ˜Ë ¯

Answer: (c) 1
1

f

o

R
V V

R
= -
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4. The output voltage of a non-inverting amplifier is

(a) 1
1

1
f

o

R
V V

R

Ê ˆ
= +Á ˜Ë ¯

(b) 1
1

f

o

R
V V

R
=

(c) 1
1

1
f

o

R
V V

R

Ê ˆ
= -Á ˜Ë ¯

(d) 1
11o

f

R
V V

R

Ê ˆ
= +Á ˜

Ë ¯

Answer: (a) 1
1

1
f

o

R
V V

R

Ê ˆ
= +Á ˜Ë ¯

5. The output voltage of an OP-AMP circuit as shown in Fig. 5.99 is

+

–

Vin

A

R

2R

Vo

Fig. 5.99

(a) Vo = 3Vin (b) Vo = 2Vin (c) Vo = –3Vin (d) Vo = –Vin

Answer: (a) Vo = 3Vin

6. When 1 2 fR R R R= = = , the output voltage of  OP-AMP circuit as shown in

Fig. 5.100 is

Fig. 5.100

(a) Vo = – (V1 + V2)

(b) Vo = (V1 + V2)

(c) Vo = – (V1 – V2)

(d) Vo = (V1 – V2)

Answer: (a) Vo = – (V1 + V2)
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7. Figure 5.101 shows an OP-AMP circuit. The output voltage of  OP-AMP  is

C C

–

+

C Vo

V t2 sin w

V t1 sin w

Fig. 5.101

(a) Vo = (V1 – V2) sin w t  (b) Vo = – (V1 – V2) sin w t

(c) Vo = – (V1 + V2) sin w t  (d) Vo = (V1 + V2) sin w t

Answer: (c) Vo = – (V1 + V2) sin w t

8. The output voltage of  differentiator circuit using OP-AMP  is

(a) in 0
1 0

1
( ) (0)

t

oV t V dt V
R C

= - +Ú

(b) in
o

dV
V CR

dt
= -

(c) in
o

dV
V CR

dt
=

(d) in 0
1 0

1
( ) (0)

t

oV t V dt V
R C

= +Ú

Answer: (b) in
o

dV
V CR

dt
= -

9. The Schmitt trigger circuit has a

(a) positive feedback

(b) negative feedback
(c) negative and positive feedback

(d) none of these

Answer: (a) positive feedback

10. The feedback element in a differentiator is

(a) a capacitor (b) an inductor (c) a diode (d) a resistance

Answer: (d) a resistance

11. The feedback element in a integrator is

(a) a capacitor (b) an inductor

(c) a diode (d) a resistance

Answer: (a) a capacitor

12.  The inverting amplifiers can be used as

(a) voltage followers (b) sample and hold circuits

(c) buffers (d) summing amplifiers

Answer: (d) summing amplifiers
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13. When one of the input terminals of a comparator is connected with ground, it

becomes inverting amplifiers can be used as

(a) zero crossing detectors (b) sample and hold circuits

(c) buffers (d) summing amplifiers

Answer: (a) zero crossing detectors

14. The log and antilog amplifiers can be used for
(a) signal compression (b) multiplier

(c) divider (d) summing amplifiers

Answer: (a) signal compression, (b) multiplier, (c) divider

15. The output voltage of an integrator circuit is

(a)
( ) ( )1 tt o

o in o
o

V V dt V
RC

= - +Ú (b)
( )t in

o

dV
V CR

dt
= -

(c)
( )t in

o

dV
V CR

dt
= (d)

( ) 1 t
t

o in
o

V V dt
RC

= Ú
Answer: (a) ( ) ( )1 t

t o
o in o

o
V V dt V

RC
= - +Ú

UNIVERSITY QUESTIONS WITH ANSWERS

Multiple-Choice-Type Questions

1. OPAMP comparator circuit uses

(a) positive feedback (b) negative feedback

(c) regenerative feedback (d) no feedback [WBUT-009]

Solution (d) no feedback

Short- and Long-Answer-Type Questions

1. Find the output voltage Vo of the three input summing amplifier circuit of the

following Fig. 5.102. [WBUT-2003]

Fig. 5.102

Solution

Figure 5.102 shows the 3-input summing amplifier. The input resistances are

R1 = 1000 W, R2 = 200 W  and R3 = 400 W. The corresponding input voltages are

V1 = –5 V, V2 = +3 V and V3 = +4 V. The feedback resistance is Rf and output

voltage is Vo.

Applying the KCL at G, we get

I1 + I2 + I3 = I0

or
31 2

1 2 3

VV V

R R R
+ +  = 

o

f

V

R
-
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The output voltage Vo= 31 2

1 2 3
f

VV V
R

R R R

Ê ˆ
- + + ¥Á ˜Ë ¯

=
5 3 4

0.02
1000 200 400

f fR R
-Ê ˆ- + + ¥ =Á ˜Ë ¯

2. Describe the use of an OP-AMP as an integrator. [WBUT-2004]

Solution Refer Section 5.11.1.

3. Draw the circuit diagram to use an OPAMP as a voltage follower?

[WBUT-2005]

Solution

Figure 5.103 shows the voltage follower circuit using OP-AMP. When R1 and Rf

are removed form an non-inverting amplifier, the circuit works as a voltage

follower.  The input voltage is applied at the non-inverting input of an

OP-AMP and the inverting input is connected to the output terminal of OP-

AMP. Due to direct connection between the inverting input and output terminals,

a 100% voltage series feedback is applied.

Fig. 5.103 Voltage follower

The output voltage gain of a voltage follower is

AV = 
1

1
fR

R
+  = 1 as Rf = 0

The  common mode rejection ratio(CMRR) of a voltage follower is

CMRR = CL

CM

A

A

As the closed-loop gain ACL = 1, the common mode rejection ratio is expressed

as

CMRR = 
1

CMA

The voltage follower has very high input impedance and very low output

impedance. The application of a voltage follower is buffer amplifier.
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4. A balanced differential amplifier using a single OP-AMP has a voltage gain of

10. The resistances connected to the input are R1  each.  Determine the value of

other resistances. Derive the formula you may use. [WBUT-2006]

Solution

Figure 5.104 shows a balanced differential amplifier using a single operational

amplifier. Assume the differential voltage between inverting (–) and non-inverting

(+) terminals of operational amplifier is zero. Potential at A and potential at B are

same potential, so that VA = VB.

 Fig. 5.104

The nodal equation at node B is

1

1

BV V

R

-
 = 

2

0BV

R

-

or, 1

1

V

R
 = 

1 2

B BV V

R R
+  = 

1 2

1 1
BV

R R

Ê ˆ
+Á ˜Ë ¯

 = 1 2

1 2
B

R R
V

R R

+

or, VB = 2
1

1 2

R
V

R R+

or, VA = 2
1

1 2

R
V

R R+
as VA = VB

Applying KCL at node A we can write

I1 = If

or, 2

1

AV V

R

-
 = A o

f

V V

R

-

or, 2
1 1

f f

A A o

R R
V V V V

R R
- - = -

or, Vo = 2
1 1

1
f f

A

R R
V V

R R

Ê ˆ
+ -Á ˜Ë ¯
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= 2
1 2

1 1 2 1

1
f fR RR

V V
R R R R

Ê ˆ
+ -Á ˜ +Ë ¯

If Rf = R2, the output voltage ( )2 2 2
1 2 1 2

1 1 1
o

R R R
V V V V V

R R R
= - = -

The gain of differential amplifier is 2

1

R

R
 which is equal to 10.

Then R2 = 10.R1 and the Rf = R2 = 10.R1

5. (a) Draw the circuit diagram of an integrator using OP-AMP. Determine the

expression for the output voltage in terms of input voltage.

(b) If the input voltage is a square wave with magnitudes +2 V and –2 V with

equal time interval, sketch the output waveform. [WBUT-2006]

Solution

(a) Refer Section 5.11.1.

(b) Figure 5.105 shows the integrator circuit with  the square wave input voltage

whose magnitudes varies in between  +2 V and –2 V with equal time interval.

Fig. 5.105

The output voltage can be expressed as in
1 0

1
( ) (0)

t

o oV t V dt V
R C

= - +Ú

Assume Ao (0) π 0 and it has some initial value.

The output voltage waveform will be a triangular waveform as shown in the

figure.

Fig. 5.106
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6. Draw the circuit of a summing amplifier using inverting operational amplifier

configuration. Establish the equation for the output voltage for this circuit.

[WBUT-2007]

Solution Refer Section 5.5.1.

7. Sketch the circuit of summer using OP-AMP to get

Vo = – V1 + 2V2 – 3V3 [WBUT-2008], [WBUT 2009]

Solution

Figure 5.107 shows the summer circuit using OP-AMP.

Fig. 5.107

The output voltage of summer circuit is

Vo =
1 2 3

f f f

A B C

R R R
V V V

R R R

Ê ˆ
- + +Á ˜Ë ¯

=
1 2 3

f f f

A B C

R R R
V V V

R R R
- - -

= –V1 + 2V2 – 3V3

To get Vo = –V1 + 2V2 – 3V3,

1

fR

R
 = 1, VA = V1,

2

fR

R
 = 2, VB = –V2,

3

fR

R
 = 3, and VC = V3

8. With the help of proper diagrams, explain the operation of an OP-AMP used as

(i) adder, and (ii) integrator. [WBUT-2008]

Solution

(i) Refer Section 5.5.1.           (ii) Refer Section 5.11.

9. Draw the circuit diagram and derive the expression for voltage gain of a non-

inverting amplifier using OP-AMP. [WBUT-2008]

Solution Refer Section 5.3.

10. Explain the working of an integrator circuit using ideal OP-AMP.

[WBUT-2010]

Solution Refer Section 5.11.





6.1 INTRODUCTION

In digital systems, signals are represented in the binary form. As a binary quantity

can be represented by two operating states called �0� and �1�, it may be transmitted

in the form of electronic OFF and ON pulses respectively. ON means binary �1�

and OFF means binary �0�. When these pulses are received by any digital system,

they are processed. The typical representation of voltage is shown in Fig. 6.1.

Binary �1� means any voltage between 2 V to 5 V and binary �0� states any

voltage between 0 V to 0.8 V. It will be noted that voltage between 0.8 V to 2 V

is not used and this may create error in a digital circuit.

Fig. 6.1 (a) Voltage representation of binary ‘1’ and binary ‘0’ (b) A digital signal

In a digital system, all communication within the system is carried out in a

digital manner. Usually, the digital communication means that all signals within

the system can have only two possible states of OFF and ON or �0� and �1�.

Digital electronics is a branch of electronics, and these electronic systems are

composed of elements that exhibit this digital behaviour. As a digital system can

only exhibit one of two possible states, they are usually easier to understand than

analog systems, which can have an infinite number of states. The field of digital

NUMBER SYSTEM,
BOOLEAN ALGE-
BRA AND LOGIC
CIRCUITS

6
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electronics is very exciting, and fast changing. Advances in digital electronics

make it possible to construct very complex systems in a simple manner. Digital

electronics are a key element of many products, namely, personal computers,

sophisticated sewing machines, microwave ovens, compact disc players, video

cassette players, etc. The brains of all of these products and many parts of these

products are composed of digital electronics. Presently, it is very difficult to

survive in this world without digital electronics.

6.2 NUMBER SYSTEMS

In general, numbers are represented using �10� symbols or figures. These �10�

symbols or figures are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The significance of each figure

depends on its position inside the string of figures used to represent the number.

These are numbers represented in �base 10�. In digital system, there are many

number systems but most commonly used number systems are the decimal, binary,

octal, and hexadecimal systems. The decimal system is the most familiar number

system that we commonly use in everyday life.

6.2.1 Decimal Number System

The decimal number system is composed of �10� symbols. These �10� symbols are

0, 1, 2, 3, 4, 5, 6, 7, 8, 9. By using these symbols, we can write any quantity. The

decimal system is also called the base �10� system as it has �10� digits. The

representation of a decimal number is shown in Table 6.1.

Table 6.1 Representation of a decimal number

102 101 100 10�1 10�2 10�3

=100 =10 =1 . =0.1 =0.01 =0.001

Most Decimal Least

Significant point Significant

Digit Digit (LSD)

The examples of decimal numbers can be 456 and 95.26. The decimal number

(456)10 can be written as

(456)10 = 4 ¥ 102 + 5 ¥ 101 + 6 ¥ 10° and the number (95.26)10

can be represented as

(95.26)10 = 9 ¥ 101 + 5 ¥ 10° + 2 ¥ 10�1 + 6 ¥ 10�2

Any positive integer can be represented by symbols or digits in a positional

number system. The number N can be represented in the equation form

N = dn dn�1 d n�2 ��..d3 d2 d1 d0 . d�1 d�2 d�3 . .. dn�1 dn (6.1)

≠
Decimal Point

The di represents the digits, which have ten values ranging from 0 to 9. The

value of �n� may be any real integer to express the number N. The digit on the

extreme right is called the Least Significant Digit (LSD) because it has the

lowest positional value of 1 for integers. The next digit to the left of this least

significant digit has the positional value of 10; the next, positional value is 100;
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and so on. The digit on the extreme left is called the Most Significant Digit

(MSD) as it has the highest positional value. The use of positional numbers can

be extended to fractions by adding a decimal point and letting digits to the right

of the decimal represent 
1

10
ths, 

1

100
ths, and so on, depending on position. The

number N can be determined from Eq. (6.2).

N = dn ¥ 10n + dn�1 ¥ 10n�1 +   + d1 ¥ 101 + d0 ¥ 10°

+ d�1 ¥ 10�1 + d�2 ¥ 10�2
 (6.2)

6.2.2 General Positional Numbers

In general, we use �base 10� in decimal system to represent a number, but a

number system can have any base. The base of a number system is also called

the radix. The rules concerning the decimal number representation in base 10

can be extended to 2 (binary), 8 (octal), and 16 (hexadecimal) based number

system. The generalized representation of a positional number to any base b is

given by Eq. (6.3) and (6.4).

N = dn dn�1 dn�2   d3 d2 d1 d0 . d�1 d�2 d�3   d�n�1 d�n  (6.3)

≠
Radix Point

Equation (6.3) means

N = dn ¥ bn + � � + do ¥ b° + d�1 ¥ b�1 + d�2 ¥ b�2 
  + d�n ¥ b�n 

 (6.4)

where,

di represents the digits,

b is the base or radix, and the �.� represents the radix point.

The notation of generalized positional number system is Nb. Here, the subscript

denotes the base.

6.2.3 Binary Number System

The simplest information is either

TRUE or FALSE. This can be

represented by two voltage levels: 5

volts for TRUE and 0 volts for FALSE

or Switch is ON and switch is OFF as

shown in Fig. 6.2.

A voltage signal, which has only

two possibilities, is represented by a

BIT. BIT stands for Binary Digit.

Binary means: only 2 possible values. The advantages of using binary

representation are simplicity to implement in electronic hardware (switch) and

good tolerance to noise. FALSE means �0� and TRUE means �1�. Electronic storage

devices are used in two distinct different states: �0� and �1�. So, these electronic

storage devices use a number system based on only two digits. In the binary

number system, the digits are zero (0) and one (1) and the radix/base is two (2).

The example of a binary number is

Fig. 6.2 Representation of binary by
Switch ON and OFF
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N = 10112 = (1011)2

where, the subscript �2� denotes the base of binary number system.

By using the formula of the general position number system, the number N

can be presented in terms of base 10 or decimal numbers.

N = 1 ¥ 23 + 0 ¥ 22 + 1 ¥ 21 + 1 ¥ 20

= 8 + 2 + 1 = (11)10

It is very convenient to determine the equivalent decimal number if we represent

the positional value of each of the digits existing in binary system. After that we

add the positional values corresponding to nonzero digits �1�. The positional

value of each digit is given below:

8 4 2 1

In the binary system, there are only two symbols or possible digit values, �0�

and �1�. This base-2 system can be used to represent any quantity that can be

represented in decimal. Table 6.2 shows the representation of a binary number.

Table 6.2 Representation of binary number

23 22 21 20 2-1 2-2 2-3

=8 =4 =2 =1 . =1/2 =1/4 =1/8

Most Binary Least

Significant Point Significant

Bit (MSB) Bit (LSB)

The three-bit binary number with different possibilities is represented by its

decimal equivalent as shown in Table 6.3.

Table 6.3 Three-bit binary numbers and it’s decimal equivalent.

22 = 4 21 = 2 20 = 1 Decimal Equivalent

0 0 0 0

0 0 1 1

0 1 0 2

0 1 1 3

1 0 0 4

1 0 1 5

1 1 0 6

1 1 1 7

6.2.4 Binary-to-Decimal Conversion

Any binary number can be converted to its decimal equivalent simply by summing

together the weights of the various positions in the binary number, which contain

1. The decimal equivalent of binary number (101010)2 is (42)10 as shown below:

(10 1 0 1 0) 2 (binary)

1 ¥ 25 + 0 ¥ 24 + 1 ¥ 23 + 0 ¥ 22 + 1 ¥ 21 + 0 ¥ 20  = 32 + 8 + 2 = 4210 (decimal)

It should be noticed that this method is to find the weights (i.e., powers of 2)

for each bit position that contains a 1, and then to add them up.
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6.2.5 Decimal-to-Binary Conversion

For decimal-to-binary conversion, there are two methods, namely, reverse of binary

to decimal and repetitive division. In this section, repetitive division method is

represented.

The repetitive division method is that the decimal number is repeatedly divided

by 2. To convert a decimal number into its binary equivalent, divide the decimal

number by 2 progressively and the reminders are noted. During presentation of

binary equivalent value, the reminders are arranged in reverse order form. The

flowchart for converting decimal number into binary by repeated division is

shown in Fig. 6.3 and the binary equivalent values for 0-15 are given in Table 6.4.

For example, to convert 2110 to binary is given below:

Repetitive Division

21/2 = 10+ remainder 1 1 (Least Significant Bit)

10/2 = 5 + remainder 0 0

5/2 = 2 + remainder 1 1

2/2 = 1 + remainder 0 0

1/2 = 0 + remainder 1 1 (Most Significant Bit)

Result 2110 = 1 0 1 0 12

Fig. 6.3 Flowchart for converting decimal number into
binary by repeated division
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Table 6.4 The binary equivalent values for 0–15

Decimal Binary Decimal Binary

102 101 100 23 22 21 20 102 101 100 23 22 21 20

0 0 0 0 0 0 0 0 0 8 1 0 0 0

0 0 1 0 0 0 1 0 0 9 1 0 0 1

0 0 2 0 0 1 0 0 1 0 1 0 1 0

0 0 3 0 0 1 1 0 1 1 1 0 1 1

0 0 4 0 1 0 0 0 1 2 1 1 0 0

0 0 5 0 1 0 1 0 1 3 1 1 0 1

0 0 6 0 1 1 0 0 1 4 1 1 1 0

0 0 7 0 1 1 1 0 1 5 1 1 1 1

6.2.6 Conversion of Fractional Decimal Number into Binary

To convert a fractional decimal number to a binary number, we multiply the

fractional part of the number repeatedly by base 2. The integer part obtained

after multiplication is noting down separately and the fractional part is again

considered for further multiplication. This process will continue till a zero

fractional part has been obtained. In this conversion method, the first integer is

the Most Significant Bit (MSB) and the last integer is the Least Significant Bit

(LSB) of the fractional decimal number. The flowchart of conversion of fractional

decimal number into binary is depicted in Fig. 6.4.

For example, the conversion of (0.75)10 into binary is explained below:

To convert 0.75 decimal to binary, the computation uses repeated multiplication

by 2. The integer part and fractional part of the product are separated after each

multiplication.

Fraction Number Product Fractional part Integer Part

.75 .75 ¥ 2 = 1.5 .5 1 MSB

.5 .5 ¥ 2 = 1.0 .0 1 LSB

The binary equivalent of (.75)10 is (.11)2. Similarly, the binary equivalent of .625

is given below:

Fraction Number Product Fractional part Integer Part

.625 .625 ¥ 2 = 1.25 .25 1 MSB

.25 .25 ¥ 2 = .5 .5 0

.5 .5 ¥ 2 = 1 0 1 LSB

The binary equivalent of (.625)10 is (.101)2.
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Fig. 6.4 Flowchart for conversion of fractional decimal number into binary

6.1 Convert the following decimal numbers to binary numbers:

(a) 15 (b) 215

Solution

(a) Conversion of (11)10 to binary

15/ 2 = 7+ remainder of 1 1 (Least Significant Bit)

7/ 2 = 3 + remainder of 1 1

3 / 2 = 1 + remainder of 1 1

1 / 2 = 0 + remainder of 1 1(Most Significant Bit)

Result 1510 = 1 1 1 12
(b) Conversion of (215)10 to binary

215/ 2 = 107+ remainder of 1 1(Least Significant Bit)

107/ 2 = 53 + remainder of 1 1

53 / 2 = 26 + remainder of 1 1

26 / 2 = 13 + remainder of 0 0
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13/2 = 6 + remainder of 1 1

6/2 = 3 + remainder of 0 0

3/2 = 1 + remainder of 1 1

1/2 = 0 + remainder of 1 1(Most Significant Bit)

Result 21510 = 1 1 0 1 0 1 1 12

6.2 Convert the following binary numbers to decimal numbers:

(a) 11011 (b) 10.11

Solution

(a) (11011)2 = 1 ¥ 24 + 1 ¥ 23 + 0 ¥ 22 + 1 ¥ 21 + 1 ¥ 20

= 1 ¥ 16 + 1 ¥ 8 + 0 ¥ 4 + 1 ¥ 2 + 1 ¥ 1

= 16 + 8 + 0 + 2 + 1 = (27)10

(b) (10.11)2 = 1 ¥ 21 + 0 ¥ 20 + 1 ¥ 2�1 + 1 ¥ 2-2

= 1 ¥ 2 + 0 ¥ 1 + 1 ¥ 0.5 + 1 ¥ 0.25

= 2 + 0.5 + 0.25 = (2.75)10

6.3 Convert the following decimal numbers to binary numbers:

 (a) 0.85 (b) 12.25

Solution

(a) Conversion of (0.85)10 to binary

Fraction Number Product Fractional part Integer Part

0.85 .85 = 1.7 .7 1 MSB

.7 .7 ¥ 2 = 1.4 .4 1

.4 .4 ¥ 2 = 0.8 .8 0

.8 .8 ¥ 2 = 1.6 .6 1

.6 .6 ¥ 2 = 1.2 .2 1

.2 .2 ¥ 2 = .4 .4 0 LSB

(0.85)10 is equal to (0.110110)2

(b) Conversion of (12.25)10 to binary

12/ 2 = 6 + remainder 0 0(Least Significant Bit)

6 / 2 = 3 + remainder 0 0

3 / 2 = 1 + remainder 1 1

1 / 2 = 0 + remainder 1 1 (Most Significant Bit)

Result (12)10 = 1 1 0 02

Fraction Number Product Fractional part Integer Part

.25 .25 ¥ 2 = .5 .5 0 MSB

.5 .5 ¥ 2 = 1 0 1 LSB

(12.25)10 is equal to (1100.01)2

6.2.7 Octal Number

The octal number system has a base of eight, meaning that it has eight possible

digits: 0, 1, 2, 3, 4, 5, 6, and 7. The octal number system is shown in Table 6.5.



Number System, Boolean Algebra and Logic Circuits II.6.9

Table 6.5 Octal number system

82 81 80 8�1 8�2 8�3

= 64 =8 =1 . =1/8 =1/64 =1/512

Most Octal Least Significant

Significant Point Digit (LSD)

Digit (MSD)

6.2.8 Decimal-to-Octal Conversion

Generally, decimal-to-octal conversion is done by using reverse octal to decimal and

repetitive division method. Repetitive division method is explained in this section.

Repetitive Division This method uses repeated division by 8. In this method,

in order to convert a decimal number to its octal equivalent, the decimal number

is divided by 8 progressively and reminders are noted down. To obtain the octal

equivalent value, the reminders are arranged in reverse order.

The example is converting 16510 to octal:

165/8 = 20+ remainder 5 5 (Least Significant Digit)

20/8 = 2 + remainder 4 4

2/8 = 0 + remainder 2 2 (Most Significant Digit)

Result 16510 = 2458

All of the remainders from the division are arranged in reverse order, from

MSD to LSD to get the correct octal sequence. Therefore, the octal equivalent of

decimal number (165)10 is (245)8

6.2.9 Binary-to-Octal/Octal-to-Binary Conversion

The binary equivalent of octal digits 0 to 7 are presented in Table 6.6.

Table 6.6 Binary equivalent of octal digit

Octal Digit 0 1 2 3 4 5 6 7

Binary Equivalent 000 001 010 011 100 101 110 111

It is clear from Table 6.6 that each octal digit is represented by three bits of

binary digits. The example of binary-to-octal conversion is

(111 100 011)2 = (111) (100) (011)2 = (7 4 3 )8.

Similarly, the octal number (453)8 can represented by the binary number

(100) (101) (011)2 = (100101011)2

6.4 Convert the following decimal numbers to octal numbers:

(a) 294 (b) 20.6875

Solution

(a) Conversion of (234)10 to octal

294/ 8 = 36+ remainder of 6 6 (Least Significant Bit)

36/8 = 4 + remainder of 4 4

4 / 8 = 0 + remainder of 4 4 (Most Significant Bit)

Result 29410 = 4 4 68
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(b) Conversion of (20.6875)10 to octal

20/ 8 = 2 + remainder of 4 4 (Least Significant Bit)

4/8 = 0 + remainder of 4 4(Most Significant Bit)

Result 2010 = 448
Conversion of (0.6875)10 to octal

Fraction Number Product Fractional part Integer Part

0.6875 .6875 ¥ 8 = 5.5 .5 5 MSB

.5 .5 ¥ 8 = 4 .0 4 LSB

(20.6875)10 is equal to (44.54)8

6.5 Convert the following octal numbers to decimal numbers:

(a) 217 (b) 56.65

Solution

(a) (217)8 = 2 ¥ 82 + 1 ¥ 81 + 7 ¥ 80

= 2 ¥ 64 + 1 ¥ 8 + 7 ¥ 1

= 128 + 8 + 7 = 143

(b) (56.65)8 = 5 ¥ 81 + 6 ¥ 80 + 6 ¥ 8�1 + 5 ¥ 8�2

= 5 ¥ 8 + 6 ¥ 1 + 6 ¥ 0.125 + 5 ¥ 0.0156

= 40 + 6 + 0.125 + 0.0781 = 46.2031

6.6 Convert the following octal numbers to binary numbers:

(a) 567.234 (b) 12347

Solution

(a) Conversion of (567.234)8 to binary

(567.234)8 = 101 110 111 . 010 011 100

(b) Conversion of (12347)8 to binary

(12347)8 = 001 010 011 100 111

6.2.10 Hexadecimal Number

In the hexadecimal system, the base is 16. So, this system has 16 possible digit

symbols. It uses the digits 0 through 9 and the letters A, B, C, D, E, and F as the

16 digit symbols. The letters A to F are used for the values of 10�15. This

hexadecimal system is also used extensively in computing. The hexadecimal

equivalent of decimal numbers 0 to 15 is presented in Table 6.7. Table 6.8 shows

the hexadecimal number system.

Table 6.7 Represent the decimal number into hexadecimal

Decimal Hexadecimal

Base 10 Base 16

0 0

1 1

2 2

3 3

4 4

(contd)
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5 5

6 6

7 7

8 8

9 9

10 A

11 B

12 C

13 D

14 E

15 F

Table 6.8 Hexadecimal number system

162 161 160 16-1 16-2 16-3

=256 =16 =1 . =1/16 =1/256 =1/4096

Most Hexadecimal Least

Significant Point Significant

Digit (MSD) Digit (LSD)

6.2.11 Decimal to Hexadecimal Conversion

Decimal-to-hexadecimal conversion can be done by reverse hexadecimal to decimal

and repetitive division methods. In this section, the repetitive division method is

explained below.

Repetitive Division Method To convert decimal to hexadecimal, the decimal

number is divided by 16 progressively and the reminders are noted down. To get

the hexadecimal equivalent value, the reminders are arranged in reverse order. The

example of converting 31810 to hexadecimal is given below:

318/16 = 19 + remainder 14  E (Least Significant Digit)

19/ 16 = 1 + remainder3  3

1 / 16 = 0 + remainder1  1 (Most Significant Digit)
Result (318)10 = (13E)16

 All of the remainders from the division are arranged in reverse order, from

MSD to LSD to form the correct hexadecimal sequence. Therefore, the

hexadecimal equivalent of decimal number (318)10 is (13E)16.

6.2.12 Binary to Hexadecimal and Hexadecimal to
Binary Conversion

Binary equivalents of hexadecimal digits (0 to F) are shown in Table 6.9. It is

depicted in this table that each group of 4 binary digits (bits) is 1 hexadecimal

digit. The example of binary to hexadecimal conversion is given below:

(1011 0011)2 = (1011) (0011) = (B 3)16.

The hexadecimal number (46A)16 can be represented by the binary number

(0100) (0110) (1010)2 = (0100 0110 1010)2.

(contd)
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Table 6.9 Binary equivalent of hexadecimal digit

Binary Hexadecimal

Equivalent Digit

0000 0

0001 1

0010 2

0011 3

0100 4

0101 5

0110 6

0111 7

1000 8

1001 9

1010 A

1011 B

1100 C

1101 D

1110 E

1111 F

6.7 Convert the following decimal numbers to hexadecimal numbers:

 (a) 870 (b) 2536

Solution

(a) Conversion of (870)10 to hexadecimal

870/16 = 54+ remainder of 6 6(Least Significant Bit)

54/ 16 = 3 + remainder of 6 6

3/16 = 0 + remainder of 3 3(Most Significant Bit)

Result 87010 = 36616
(b) Conversion of (2536)10 to hexadecimal

2536/16 = 158 + remainder of 8 8 (Least Significant Bit)

158/16 = 9 + remainder of 14 E

9/16 = 0 + remainder of 9 9(Most Significant Bit)

Result 253610 = 9E816

6.8 Convert the following hexadecimal numbers to decimal numbers:

(a) 3FC (b) DF8.28

Solution

(a) (3FC)16 = 3 ¥ 162 + F ¥ 161 + C ¥ 160

= 3 ¥ 256 + 15 ¥ 16 + 12 ¥ 1

= 768 + 240 + 12 = 1020

(b) (DF8.28)16 = D ¥ 162 + F ¥ 161 + 8 ¥ 160 + 2 ¥ 16�1 + 8 ¥ 16�2

= 13 ¥ 256 + 15 ¥ 16 + 8 ¥ 1 + 2 ¥ 0.0625 + 8 ¥ 0.0039

= 3328 + 240 + 8 + 0.125 + 0.0312 = 3576.1562

6.9 Convert the decimal number 546 into octal and hexadecimal numbers.

Decimal number (546)10 into octal

546/8 = 68+ remainder of 2 2 (Least Significant Digit)

68/8 = 8 + remainder of 4 4

8/8 = 1 + remainder of 0 0
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1/8 = 0 + remainder of 1 1(Most Significant Digit)

Result 54610 = 1 0 4 28

Decimal number (546)10 into hexadecimal

546/16 = 34+ remainder 2 2 (Least Significant Digit)

34/16 = 2 + remainder 2 2

2/16 = 0 + remainder 2 2 (Most Significant Digit)
Result (546)10 = (222)16

6.10 Convert the following binary numbers to hexadecimal numbers:

(a) 101111001011 (b) 101111001101.00110010

Solution

(a) Conversion of (101111001011)2 to hexadecimal

(101111001011)2 = (1011) (1100) (1011) = (BCB)16

(b) Conversion of (101111001101.00110010)2 to hexadecimal

 (1011 1100 1101.00110010)2 = (1011) (1100) (1101) . (0011) (0010)

= (BCD.32)16

6.3 BINARY ARITHMETIC

In any numerical system, the most common arithmetical operations are addition,

subtraction, multiplication, division, roots, powers, and logarithms, etc. If we

perform one plus one operation, we get two by using the simple arithmetic

operation of addition. But computers perform arithmetic operations on binary

numbers only. In binary arithmetic, the output of one plus one is 0. So this

binary operation of addition can be confusing to a person accustomed to working

with decimal arithmetic operation only. In this section, the four basic operations

of binary arithmetic are discussed.

6.3.1 Binary Addition

It is a very simple task to add two binary numbers and it is very similar to the

addition of decimal numbers. In decimal numbers, we start by adding the bits

one column at a time, from right to left. Unlike decimal addition, there is little to

memorize for the binary addition of bits. The rules of binary addition are given

in Table 6.10.

Table 6.10 Rules of binary addition

0 + 0 = 0

1 + 0 = 1

0 + 1 = 1

1 + 1 = 0 and a carry 1 ( i.e. 10 in binary)

1 + 1 + 1 = 1 and carry 1 ( i.e. 11 in binary)

If the sum in one column is a two-bit number, the least significant bit is

written as part of the total sum and the most significant bit is carried to the next

left column as carry. The following examples of binary addition are given below:

Addition of two binary number (1 1 0 1)2 and (0 0 1 0)2 is
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1 1 0 1

+ 0 0 1 0

1 1 1 1

Similarly, addition of (1 0 0 1)2 and (1 0 1 1)2 is

1 1 ¨ Carry bits

1 0 0 1

+ 1 0 1 1

1 0 1 0 0

In the first problem of addition, there is no bit to be carried, since the sum of

bits in each column was 1. In the second problem, carry is generated and it will

be added with the next higher bit.

6.3.2 Binary Subtraction

To subtract one binary number from another, we use the standard techniques,

which are adopted for decimal numbers. The subtraction of each bit pair, from

right to left, borrowing as needed from bits to the left. The rules of binary

subtraction are shown in Table 6.11.

Table 6.11 Rules of binary subtraction

0 � 0 = 0

1 � 0 = 1

1 � 1 = 0

0 � 1 = 1 with a borrow of 1

By using rules of binary subtraction, we will be able to subtract two binary

numbers. The subtraction of 111 from 1101 is 110 as given below:

1 1 ¨ Borrow bits

1 1 0 1

� 1 1 1

1 1 0

6.3.3 Binary Multiplication

Binary multiplication is the same as in real-number algebra, i.e., anything multiplied

by 0 is 0, and anything multiplied by 1 remains unchanged. The rules of binary

multiplication are given in Table 6.12.

Table 6.12 Rules of binary multiplication

0 ¥ 0 = 0

1 ¥ 0 = 0

0 ¥ 1 = 0

1 ¥ 1 = 1

The example of binary multiplication between two binary numbers (1010)2 and

(11)2 is given below:
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1 0 1 0

¥ 1 1

1 0 1 0

1 0 1 0 ¥

1 1 1 1 0

The result of the multiplication of (1010)2 and (11)2 is (1 1 1 1 0)2.

6.3.4 Binary Division

Division can be performed by repetitive subtraction. The rules of binary division

are given in Table 6.13.

Table 6.13 Rules of binary division

0/0 = Undefined

1/0 = Undefined

0/1 = 0

1/1 = 1

The example for binary division of (1011011)2 by (111)2 is given below:

111) 1011011 (1101

0111

1000

0111

000111

111

000

The result of the binary division of (1011011)2 by (111)2 is (1 1 0 1)2.
6.11 Add the following binary numbers:

(a) 10100 (b) 101

11011 011

Solution

(a) 1 0 1 0 0

1 1 0 1 1

1 0 1 1 1 1

≠
Carry

1 1 ¨ Carry

(b) 1 0 1

0 1 1

10 0 0

6.12 Subtract the following binary numbers:

(a) 11100 (b) 1111

� 1010 � 1011
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Solution

1 ¨ Borrow

(a) 1 1 1 0 0

� 1 0 1 0

1 0 0 1 0

(b)   1 1 1 1

� 1 0 1 1

  0 1 0 0

6.13 Multiply the following binary numbers:

(a) 1010 (b) 1111

¥ 101 ¥ 10

Solution

(a)  1 0 1 0

 ¥ 1 0 1

 1 0 1 0

0 0 0 0 ¥
1 0 1 0 ¥ ¥

1 1 0 0 1 0

The result of the multiplication of (1010)2 and (101)2 is (1 1 0 0 1 0)2.

(b) 1 1 1 1

¥ 1 0

 0 0 0 0

1 1 1 1 ¥

1 1 1 1 0

The result of the multiplication of (1111)2 and (10)2 is (1 1 1 1 0)2.

6.14 Divide the following binary numbers:

(a) 110)100001 (b) 111)1011011

Solution

(a) 1 1 0)  1 0 0 0 0 1  (1 0 1.1

0 1 1 0

0 0 1 0 0 1

1 1 0

  1 1 0

  1 1 0

The result of the binary division of (100001)2 by (110)2 is (101 . 1)2

(b) 1 1 1)  1 1 0 0 0 1  (111

   1 1 1

0 1 0 1 0

1 1 1

1 1 1

1 1 1

The result of the binary division of (1 1 0 0 0 1)2 by (111)2 is (111)2.
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6.4 BINARY CODED DECIMAL (BCD) NUMBER SYSTEM

We are already familiar with the binary, decimal, octal and hexadecimal number

systems. If we represent single-digit values for hex, the numbers 0�F, then these

numbers can represent the values 0�15 in decimal, and occupy a nibble. Often,

we wish to use a binary equivalent of the decimal system. This system is called

Binary Coded Decimal or BCD, which also occupies a nibble. In BCD, the

binary patterns 1010 through 1111 do not represent valid BCD numbers, and

cannot be used. Table 6.14 shows the BCD equivalent of decimal number from 0

to 9. This Code is called as 8421 BCD code. This code replaces each decimal

figure with a group of 4 bits in binary form. The conversion from decimal to

BCD is performed according to Table 6.14.

Table 6.14 BCD Code

Decimal Number Binary Coded Decimal Number

8 4 2 1

0 0 0 0 0

1 0 0 0 1

2 0 0 1 0

3 0 0 1 1

4 0 1 0 0

5 0 1 0 1

6 0 1 1 0

7 0 1 1 1

8 1 0 0 0

9 1 0 0 1

Conversion from Decimal to BCD is very simple as shown in Table 6.14. Each

digit of the decimal number can be represented by a byte. Then we can convert 0

through 9 to 0000 0000 through 0000 1001. The BCD equivalent value for the

decimal number 5,219 is shown below. Since there are four digits in 5219 decimal

number, there are four bytes in BCD number representation of 5219.

Thousands Hundreds Tens Units

5 2 1 9

0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 1

In computers, a minimum of 1 byte is required for storing a number. Therefore,

we can say that the upper nibble of each BCD number is wasting storage space.

BCD is still a weighted position number system in which we can perform

mathematics, but we must use special techniques in order to obtain a correct answer.

6.15 Find the BCD of the following decimal number:

(a) 99 (b) 2487

Solution

(a) The BCD equivalent of (99)10 is 1001 1001.

(b) The BCD equivalent of (2487)10 is 0010 0100 1000 0111.
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6.16 Determine the decimal equivalent of the following BCD numbers:

(a) 0111 0001 0101 0001 (b) 1001 0101 011 0110

Solution

(a) The BCD number is 0111 0001 0101 0001.

The BCD number is divided into 4-bit groups and then converted into its decimal

equivalent.

Therefore, 0111 0001 0101 0001 = (0111) (0001) (0101) (0001) = 7151

(b) The BCD number is 1001 0101 011 0110.

The BCD number is divided into 4-bit groups and then converted into its decimal

equivalent.

Therefore, 1001 0101 011 0110 = (1001) (0101) (0011) (0110) = 9536

6.5 BOOLEAN ALGEBRA

Boolean algebra was introduced by the mathematician George Boole in 1854. It is

a two-state algebra used to solve logic problems and perform the logical and

arithmetic calculations for digital equipments. This operates with logic variables,

namely, �0� and �1�. The logic variables can also be represented by logical TRUE

(T) and logical FALSE (F). Any statement can be represented by a logic variable.

One example is �The sun rises in the east, (TRUE)�. In this way, any statement

can be modeled as a logic variable.

Boolean logic variables 0 or 1 are not used to represent actual numbers but

are used to represent the state of voltage variables called logic levels. Commonly

used representation of logic levels are shown in Table 6.15.

Table 6.15 Representation of logic level

Logic 0 Logic 1

False  True

Open Switch  Close Switch

Low  High

No  Yes

Off  On

Boolean Algebra consists of several rules of relationship between mathematical

quantities, namely, true or false; �1� or �0�. This is a two-state algebra to solve

logic problems. Presently, Boolean algebra is the backbone of a computer and it

is also used to analyze and design digital circuits.

Boolean algebra uses alphabetical letters to denote variables in the same way as

normal algebra. Boolean variables are always capital letters, never lowercase, as

these variables are allowed to possess only one of two possible values, either �1� or

�0�. The inversions, AND and OR operation of Boolean algebra, are explained as

follows.

6.5.1 Inversion Operation

Each variable has a complement, meaning the opposite of its value. If we consider

variable A has a value of �0�, then the complement of A has a value of �1�. Boolean
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notation uses a bar above this variable character to denote complementation as

given below:

If A = 0 then A  = 1

or If A = 1 then A  = 0

The complement of A is denoted as A-not or A-bar. The prime symbol is also

used to represent complementation. For an example, the complement of A will be

A¢. For inversion operation, NOT gate is used as depicted in Fig. 6.5.

A

1

A

0

A

0

A

1

(a) (b)

Fig. 6.5 (a) and (b) Inversion operation

6.5.2 OR Operation

In mathematics, the sum of any number and zero is the same as the original

number. This algebraic identity can be written as X + 0 = X, where X is any

number. Similar to ordinary algebra, Boolean algebra, has its individual identities

based on the bivalent states of Boolean variables. In Boolean algebra, the sum of

anything (1 or 0) and zero (0) is the same as anything (1 or 0). This logical

function is known as OR operation. The equation for OR operation is

 O = A OR B

In Boolean algebra the �+� sign stands for the OR operation and the equation

for OR operation is O = A + B. Figure 6.6 shows the relationship between inputs

and output for OR operation.

Fig. 6.6 OR operation

6.5.3 AND Operation

Multiplication is also valid in Boolean algebra and it is the same as in real-number

algebra. Anything multiplied by 0 is 0, and anything multiplied by 1, is 1. This is

nothing but the truth table for an AND gate. In other words, Boolean multiplication

corresponds to the logical function of an AND gate. The equation for AND

operation is

O = A. B

In Boolean algebra the multiplication sign, �stands for AND operation. The above

equation can be written simply O = AB. Figure 6.7 shows the AND operation.
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Fig. 6.7 AND operation

6.6 BOOLEAN LAWS

Boolean laws have been derived by using Boolean postulates. These laws are

used to design and analyze logic circuits mathematically. Table 6.16 shows the

Boolean laws. In this section, all these laws are explained.

Table 6.16 The Boolean laws

Laws of Union

Law 1 A + 0 = A

Law 2 A + 1 = 1

Laws of Intersection

Law 3 A .0 = 0

Law 4 A.1 = A

Laws of Tautology

Law 5 A + A = A

Law 6 AA = A

Laws of Complements

Law 7 A + A  = 1

Law 8 A. A  = 0

Laws of Double Complements

Law 9 A = A

Laws of Commutation

Law 10 A + B = B + A

Law 11 AB = BA

Laws of Association

Law 12 A + (B + C) = (A + B) + C

Law 13 A(BC) = (AB)C

Laws of Distribution

Law 14 A(B + C) = AB + AC

Law 15 (A + B)(C + D) = AC + AD + BC + BD

Laws of Absorption

Law 16 A (A + B) = A

Law 17 A + AB =A

Law 18 A( A  + B) =AB

Law 19 AB + B  = A + B

Law 20 A B  + B = A + B

De Morgan�s Theorem

Law 21 A B+ = A . B

Law 22 .A B  = A + B
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6.6.1 Laws of Union

This is the first Boolean identity. It means that the sum of anything (1 or 0) and

zero (0) is the same as that quantity (1 or 0). There is no difference between

Boolean identity, laws of union and real-number algebra. Law 1 and Law 2 of

Laws of union are shown in Fig. 6.8(a) and (b) respectively and their operations

are explained as follows:

Law 1: A + 0 = A

Law 1 means that the output is always A and depends on the value of A. When

A = 1, the output will be 1. If A = 0, output will be 0.

Law 2: A + 1 = 1

It means that output is independent of A and it will be always the same when

A = 1 or A = 0. This identity is different from any seen in normal algebra. Here,

we can see that the sum of anything and �1� is �1�.

Fig. 6.8 Laws of union

6.6.2 Laws of Intersection

There are two intersection identities: A.0, and A.1. These two laws are stated

below with the help of Fig. 6.9(a) and (b):

Law 3 A.0 = 0

This law states that if one of two inputs in the AND gate is logic zero (0) and

other input is connected with signal A, the output will be logic zero (0).

Law 4 A.1 = A

It is depicted in Fig. 6.9(b) that if one of two inputs in the AND gate is

logic 1 and the other input is connected with signal A, the output will be A.

Fig. 6.9 Laws of intersection
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6.6.3 Laws of Tautology

Law 5  A + A = A

The output of adding A and A together is A as shown in Fig. 6.10(a). When

both inputs of an OR gate are connected to each other and output will be A same

as input.

Law 6  A.A = A

In normal algebra, the product of a variable and itself is the square of

that variable. But in Boolean algebra, A.A is equal to A as depicted in

Fig. 6.10(b). The equation, A.A = A means that the product of a Boolean

quantity and itself is the original quantity like 0 ¥ 0 = 0 and 1 ¥ 1 = 1. If both

inputs of an AND gate are connected to each other and output will be A same as

input.

Fig. 6.10 Laws of tautology

6.6.4 Laws of Complements

Law 7  A + A  = 1

In laws of complement of Boolean algebra, the output of OR operation of any

variable and its complement is always �1�. So, the sum of any Boolean quantity

and its complement must be �1� as shown in Fig. 6.11(a).

Law 8  A. A  = 0

In Boolean mathematics, the AND operation output between a variable A and

its complement, A  is 0. Therefore, the output must be �0� for AND operation

between any variable and its complement. As the product of any Boolean quantity

and �0� is �0�, the product of a variable and its complement must be �0� as shown

in Fig. 6.11(b).

Fig. 6.11 Laws of complements
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6.6.5 Laws of Double Complements

Law 9 A = A

There is also one identity with comple-

mentation that is known as double complement.

Double complement means that a variable

inverted twice. It simply states that it is actually

the complement of the complement of a

variable. After complementing a variable twice,

we get the original Boolean value as shown in

Fig. 6.12.

If A = 0, A =1 and A = 0 = A

6.6.6 Laws of Commutation

Law 10 A + B = B + A

Law 11 AB = BA

The commutative law is also applicable for Boolean

algebra, and it applies equally to addition and

multiplication. From this commutative property, we

can say that we can reverse the order of

variables in addition or multiplication as shown in

Fig. 6.13(a) and (b) respectively.

B

A

A

B

BAAB

Fig. 6.13(b) Laws of commutation

6.6.7 Laws of Association

Law 12 A + (B + C) = (A + B) + C

Law 13 A(BC) = (AB)C

Laws of association of Boolean algebra

are same as for conventional algebra. So

associative property can be applied in

addition and multiplication of variables as

depicted in Law 12 and Law 13. Using this

property, we can add or multiply between

associate groups with parentheses as

depicted in Fig. 6.14. In this case, the truth

table will not be changed.

6.6.8 Laws of Distribution

Law 14 A(B + C) = AB + AC

Law 15 (A + B)(A + C) = A + BC

Fig. 6.13(a)

Fig. 6.12 Laws of double
complements

Fig. 6.14 Law of association
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The laws of distribution are used to expand any Boolean expression. Laws 14

and 15 show the product of a sum and in reverse how all terms can be factored

out of Boolean sums-of-products as depicted in Fig. 6.15.

A

B

C

A

B

A

C

A B C( + )

AB AC+

A B C AB AC( + ) = +

Fig. 6.15 Laws of distribution

6.6.9 Laws of Absorption

Law 16 A (A + B) = A

Law 17 A + AB = A

Law 18 A( A + B) = AB

Law 19 AB + B = A + B

Law 20 A + A B = A + B

There are five laws of absorption in Boolean algebra as given above. These

laws are used in the simplification of logic circuits. When logic circuits are

represented by the most simplified Boolean form, the logic circuit is able to

perform the same function with fewer logic gates. As a result, the reliability of

the logic circuit will be increased and cost of manufacture will be decreased.

6.17 Prove A(A + B) = A

Solution

A(A + B) = AA + AB Applying distributive property

= A + AB Applying identity AA = A

= A.1 + AB Factoring out A

= A(1 + B) Apply identity 1 + B = 1

= A.1 Apply identity A.1 = A

= A

6.18 Prove (A + B) (B + C) = B + AC

Solution

(A + B) (B + C) = AB + AC + BB + BC Applying distributive property

= AB + AC + B + BC Applying identity BB = B

= B + AB + AC + BC Apply B + AB = B

= B + AC + BC

= B + BC + AC Apply B + AB = B

= B + AC
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6.7 DE MORGAN’S THEOREM

De Morgan developed two important rules for group complementation in Boolean

algebra. These two rules are the following:

De Morgan’s First Theorem

A B+  = A . B

De Morgan’s Second Theorem

.A B  = A  + B
De Morgan�s First Theorem De Morgan�s Second Theorem

Break Break

Ø Ø

A B+ AB
Ø Ø Ø  Ø

A  B A  + B

6.7.1 De Morgan’s First Theorem

According to De Morgan�s first theorem, when a long bar is broken, the operation

directly under the break changes from addition to multiplication as given below.

A B A B+ = ◊
Both sides of the Boolean expression can be represented by logic circuits.

(a) (b) (c)

Fig. 6.16 De Morgan’s first theorem

Figure 6.16(a) is a 2-input NOR gate and Fig. 6.16(b) is the substitute of NOR

gate using OR and inverter. Here the output is equal to

O A B= +

Table 6.17 Truth table

Inputs Output

A B O A B= +
0 0 1

0 1 0

1 0 0

1 1 0

Figure 6.16(c) has inverted inputs before they reach the AND gate. Therefore,

the Boolean equation of output is
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O A B= ◊

Table 6.18 Truth table

Inputs Output

A B O A B= ◊
0 0 1

0 1 0

1 0 0

1 1 0

After comparing Tables 6.17 and Table 6.18, we can say that they are identical.

This means the two circuits are logically equivalent; given the same inputs, the

outputs are same. In other words, the circuits shown are interchangeable.

Therefore, De Morgan�s first theorem is proved from truth tables.

6.7.2 De Morgan’s Second Theorem

According to De Morgan�s second theorem, when a long bar is broken, the

operation directly under the break changes from multiplication to addition as

given below:

A B A B◊ = +
Both sides of the above Boolean equation can be implemented by logic circuits

as shown in figures below.

Fig. 6.17 De Morgan’s second theorem

Figure 6.17(a) is a 2-input NAND gate. Therefore, the Boolean equation of

output is

O A B= ◊

Table 6.19 Truth table

Inputs Output

A B O A B= ◊
0 0 1

0 1 1

1 0 1

1 1 0
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Figure 6.17(c) has inverted inputs before they reach the OR gate. Therefore,

the Boolean equation of output is

O A B= +

Table 6.20 Truth table

Inputs Output

A B O A B= +
0 0 1

0 1 1

1 0 1

1 1 0

We can say that Table 6.19 and Table 6.20 are identical. This means the two

circuits are logically equivalent; given the same inputs, the outputs are same. In

other words, the circuits shown are interchangeable. In this way, the De Morgan�s

second theorem is proved.

6.19 Prove A + B + C + D + .A BCD  = 1

Solution

A + B + C + D + ABCD = A + B + C + D + A  + B  + C  + D  Breaking long bar in ABCD

= A + A  + B + B + C + C  + D + D  Apply identity A + A  = 1

= 1 + 1 + 1 + 1

= 1

6.8 LOGIC GATES

Logic gates are electronic circuits with a number of inputs and one output. The

output voltage depends on the input voltages. Logic gate circuits are most

commonly represented in a schematic by symbols in place of constituent transistors

and resistors. The digital systems can be made by using three basic logic gates.

These are AND gate, OR gate and NOT gate. The AND gate is an electronic

circuit whose output is high when all its inputs are high. The OR gate is also an

electronic circuit which gives a high output if one or more of its inputs are high.

The NOT gate generates an inverted version of the input logic at its output. The

most commonly used other logic gates are NAND, NOR, XOR, INV, and BUF.

The term INV stands for �inverter� and BUF stands for �buffer�. In this section,

functions of all logic gates have been explained elaborately.

6.8.1 AND Gate

The expression O = A.B means output �O� equals A AND B. The �.� sign stands for

the AND operation and actually it is same as ordinary multiplication of 1s and 0s.

The AND operation produces a result of �1�, when all input variables are �1�. But

the output is �0� when one or more inputs are �0�. Figure 6.18 shows the two

inputs AND gate and truth table is given in Table 6.21.
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Fig. 6.18 Two-input AND gate

Table 6.21 Truth table of two-input AND gate

Inputs Output

A B O = A . B

0 0 0

0 1 0

1 0 0

1 1 1

6.8.2 OR Gate

The expression O = A + B is defined as

output �O� equals A OR B. The + sign

stands for the OR operation and it is not for

arithmetic addition. When any of the inputs

of OR gate is �1� the output of the OR gate

will be �1�. But the output of OR gate is �0�

only when all the input variables are �0�. The

symbol of two inputs OR gate is shown in

Fig. 6.19 and the truth table is also given in Table 6.22.

Table 6.22 Truth table of two-input OR gate

Inputs Output

A B O = A + B

0 0 0

0 1 1

1 0 1

1 1 1

6.8.3 NOT Gate

The NOT gate or inverter circuit is represented by the symbol as shown in

Fig. 6.20(a). An alternative symbol for an inverter is shown in Fig. 6.20(b). The

NOT Gate has one input signal and one output signal. When the input signal A is

subjected to the NOT operation, the output O can be expressed as

Two-Input OR Gate

O A B= +
A

B

INPUTS OUTPUT

Fig. 6.19 Two-input OR gate
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O = A  or O = A¢

Here, ��� or ( ¢ ) represents the NOT operation. This expression means output

�O� equals NOT A or O equals the inverse of A or O equals the complement of A.

The truth table of the NOT gate is shown in Table 6.23. The NOT gate operations

can be referred as inversion or complementation.

NOT Gate or Inverter

INPUT OUTPUT

O A= ¢A

NOT Gate or Inverter

INPUT OUTPUT

O A= ¢A

(a) (b)

Fig. 6.20 NOT gate

Table 6.23 Truth table of NOT gate

Inputs Output

A O = A =A¢
0 1

1 0

The NOT operation is also referred to as inversion or complementation, and

these terms are used interchangeably.

6.8.4 NOR Gate

NOR gate is extensively used in digital electronic circuit. This gate is the

combination of the basic gates AND, OR and NOT. NOR is the same as the

inverted OR gate and its symbol is shown in Fig. 6.21. This gate has a small circle

on the output. This small circle represents the inversion operation and the output

expression of the two inputs NOR gate is

O = A B+ = (A + B)¢.

The truth table of the NOR gate is shown in Table 6.24.

Fig. 6.21 Two-input NOR gate
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Table 6.24 Truth table of two-input NOR gate

Inputs Output

A B O = A B+  = (A + B)¢
0 0 1

0 1 0

1 0 0

1 1 0

6.8.5 NAND Gate

The inverted operation of AND gate is the NAND gate and its symbol is depicted in

Fig. 6.22. There is a small circle on the output. This small circle represents the

inversion operation. The output of the two inputs NAND gate can be expressed as

O = AB  = (AB)¢.

The truth table of two inputs AND gate is given in Table 6.25.

Two-Input NAND Gate

INPUTS OUTPUT

A

B
O AB= ( )¢

O AB= ( )¢
A

B

Denotes Inversion

Fig. 6.22 Two-input NAND gate

Table 6.25 Truth table of two-input NAND gate

Inputs Output

A B O = AB = (AB)¢
0 0 1

0 1 1

1 0 1

1 1 0

6.8.6 Exclusive-OR gate

The operation of the Exclusive-OR gate is

quite different from the OR gate. When the

inputs of Exclusive-OR gate are at different

logic levels either �0� and �1� or �1� and �0�,

its output is �high�. On the other hand,

output of Exclusive-OR gate is �low� logic

level if the inputs are at the same logic
Fig. 6.23 Ex-OR gate
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levels. The Exclusive-OR gate can be written as XOR or Ex-OR gate. Figure 6.23

shows the two-input Ex-OR gate and truth table is given in Table 6.26. The output

of the two inputs XOR gate can be expressed as

O = A ≈ B

Table 6.26 Truth table of XOR gate

Inputs Output

A B O = A ≈ B

0 0 0

0 1 1

1 0 1

1 1 0

6.8.7 Exclusive-NOR gate

The last gate for analysis is the Exclusive-NOR gate and it is known as the XNOR

gate. It is equivalent to an Exclusive-OR gate with an inverted output. The truth

table for this gate is absolutely opposite of the Exclusive-OR gate as given in

Table 6.27. The output of the two inputs XNOR gate can be represented by

O = A + B

Table 6.27 Truth table of XOR gate

Inputs Output

A B O = A B≈

0 0 1

0 1 0

1 0 0

1 1 1

Fig. 6.24 Ex-NOR gate

Fig. 6.25 Equivalent circuit of Ex-NOR gate
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Figure 6.24 shows the two-input Ex-NOR gate and its equivalent is depicted in

Fig. 6.25. From the truth table, it is very clear that the purpose of an Exclusive-

NOR gate is to output a �high� when both inputs are at the same logic levels.

6.9 UNIVERSAL GATE

NAND and NOR gates have a unique property that they are universal. It means

that universal gates are able to mimic the operation of any other gate. For example,

the interconnected NAND gates can generate the OR function. Similarly, any gate

can be replaced by the NAND and NOR gates. The construction of NOT, AND,

and OR gate using NAND and NOR gates are explained below.

6.9.1 The NOT Gate Using NAND and NOR

It is depicted in Fig. 6.26 that there are two ways to construct a NOT gate or an

inverter using NAND and NOR gates. The first method is that both input terminals

of NAND and NOR gates will be interconnected and it will be same as inverter

input terminal. In Fig. 6.26(a) and Fig. 6.26(c), both terminals are interconnected

and used as an inverter input terminal. In the other method, one terminal is used

as input and the unused terminal is connected with +VCC for NAND gate and

ground for NOR gate as shown in Fig. 6.26(b) and Fig. 6.26(d) respectively.

Fig. 6.26 (a) NOT gate using NAND (b) NOT gate using NAND,
(c) NOT gate using NOR (d) NOT gate using NOR

6.9.2 The AND Gate Using NAND Gate

To construct an AND gate from NAND

gates, an inverter or a NOT gate is

required to invert the output of a

NAND gate. This inversion cancels out

the first inverted operation of NAND

gate and the final result will be AND

function as depicted in Fig. 6.27(a). The

same function can also be implemented

using NOR gates. Initially, all of the

inputs are inverted using NOR gates as inverter and then fed to another NOR

Fig. 6.27(a) AND gate using NAND gate
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gate. So, three NOR gates are required to build up a AND gate as shown in

Fig. 6.27(b).

Fig. 6.27(b) AND gate using NOR gate

6.9.3 The OR Gate Using NAND and NOR

Figure 6.28 shows the construction of OR gate using NAND gates. Initially, all

inputs are inverted by using NAND gates and then results are fed to another

NAND gate for getting OR function. In this way, an OR gate can developed

using three NAND gates. On the hand, an OR gate can be created by inverting

the output of a NOR gate as shown in Fig. 6.29.

Fig. 6.28 OR gate using NAND gate Fig. 6.29 OR gate using NOR gate

6.20 Write the truth table of the logic circuit as shown in Fig. 6.30.

Fig. 6.30 Logic circuit of Ex. 6.20
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Solution

Truth table of the above logic circuit is given below:

Table 6.28 Truth table for Fig. 6.30

A B C D AB CD O = AB  + CD

0 0 0 0 1 1 1

0 0 0 1 1 1 1

0 0 1 0 1 1 1

0 0 1 1 1 0 1

0 1 0 0 1 1 1

0 1 0 1 1 1 1

0 1 1 0 1 1 1

0 1 1 1 1 0 1

1 0 0 0 1 1 1

1 0 0 1 1 1 1

1 0 1 0 1 1 1

1 0 1 1 1 0 1

1 1 0 0 0 1 1

1 1 0 1 0 1 1

1 1 1 0 0 1 1

1 1 1 1 0 0 0

6.21 Draw the circuit diagram of the logic expression:

 O = A BC+ + ACD

Solution

The logic circuit diagram of Boolean expression is shown in Fig. 6.31. It is clear from this

figure that two AND gates, one NOR gate and one OR gate are required to implement the

logical equation O = A BC+  + ACD.

Fig. 6.31 Circuit diagram of Ex. 6.21

6.22 Write the truth table of the logic circuit as shown in Fig. 6.32.

Fig. 6.32 Logic circuit of Ex. 6.22
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Solution

Truth table of the above logic circuit is given below:

Table 6.29 Truth table for Fig. 6.32

A B C AB C AB ≈ C

0 0 0 0 1 1

0 0 1 0 0 0

0 1 0 0 1 1

0 1 1 0 0 0

1 0 0 0 1 1

1 0 1 0 0 0

1 1 0 1 1 0

1 1 1 1 0 1

6.23 Draw the output of the two input Ex-NOR gate with the given inputs A and B.

O
A

B

B

A

Fig. 6.33 Logic circuit of Ex. 6.23

Solution

The A waveform can be read as 101010 and B waveform can be represented as 110111.

The digital output of OR gate will be 100010. The waveform of output is given below:

A

1 0 1 0 1 0

1 1 0 1 11

1 0 0 0 0

1

B

O

Fig. 6.34 Output waveform of Ex. 6.23

6.24 Simplify the logic expression O = ABC D ABCD ABC D+ + .

Solution

O = ABC D ABCD ABC D+ + Factoring out AC
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= ( )AC BD BD BD+ + Factoring out B  from first and second terms of

( )BD BD BD+ +

= ( ( ) )AC B D D BD+ + Applying 1D D+ =

= ( )AC B BD+

6.25 Simplify the following logic expressions using De Morgan�s theorem.

(a) O = ( )( )A B C A B C+ + + +

(b) O = A BCD+

Solution

(a) O = ( )( )A B C A B C+ + + +

= A B C A B C+ + + + +

= ABC ABC+

(b) O = A BCD+

= ABCD

= ( )A B C D+ +

6.10 DIGITAL LOGIC  CIRCUITS

Logic gates are discussed in Section 6.8. At present, these gates are available in

integrated form and the digital integrated circuits (ICs) are most commonly used in

complex digital logic circuits design. The logic gates can be designed in different

methods. Therefore, there are different types of logic families, but unipolar and bipolar

logic families are the main logic families. Transistors, diodes and resistors are the main

elements of bipolar logic families. but MOSFETs are used in unipolar logic families. In

this section, bipolar logic families are discussed briefly.

6.10.1 Classification of Digital Logic Circuits

The digital logic circuits have broadly two categories, namely, bipolar logic and unipo-

lar logic.  The bipolar logic families are classified as saturated and unsaturated types.

In saturated type of bipolar logic family, transistors are operated in between cut-off

and saturation. Resistor Transistor Logic (RTL), Direct Coupled Transistor Logic

(DCTL), Integrated Injection Logic (IIL or I2L), Diode Transistor Logic (DTL), Transis-

tor Transistor Logic (TTL), and High Threshold Logic (HTL) are commonly used

bipolar logic families. In unsaturated bipolar logic family, the transistors are operated

in between cut-off and non-saturation. Schotty TTL and Emitter coupled logic (ECL)

are example of unsaturated bi-polar logic family. There are two types of unipolar logic

family namely P-channel MOS (PMOS) and n-channel MOS (NMOS) and complemen-

tary MOS (CMOS). The classification of digital logic circuits is shown in Fig. 6.35.
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Fig. 6.35 Classification of digital logic circuits

6.10.2 Characteristics of Digital Logic Circuit

Before discussion on various types of logic families, the performance parameters of a

logic family are explained for better understanding. The most important performance

parameters are given below:

∑ Speed of operation

∑ Power dissipation

∑ Voltage parameters

∑ Current parameters

∑ Noise immunity

∑ Fan-in

∑ Fan-out

∑ Cost

∑ Availability

The designer should select a particular logic family for any application based on

the actual requirement. To design an efficient logic circuit, the designer should study

the performance parameters from IC manuals in detail.

Speed of Operation The operating speed of a logic family is determined from

the propagation delay. If a square wave is applied to the input of an inverter, the

output of the inverter will be a square wave as shown in Fig. 6.36. It is very clear from

Fig.6.36 that the propagation delay is measured from the time difference between

50% logic transition of input from its initial value and 50% logic transition of output.

There are two types of propagation delay times, namely, tPHL and tPLH.

The propagation delay tPHL is the delay time when output changes from HIGH

to LOW due to change in input. Similarly, tPLH is the propagation delay for output

changes from LOW to HIGH. Generally, tPHL and tPLH  are very close to each other.

Actually, we consider the average value of tPHL and tPLH. The propagation delay varies
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in between 1 to 20 nanoseconds. For proper operation of a logic gate, the time period

of input signal must be more than the propagation delay time. If input frequency is very

high, and the cycle time is less than propagation delay, the switch starts malfunctioning.

Fig. 6.36 Input and output waveform of an inverter

Power Dissipation Power dissipation is the amount of power drawn from the

supply during static and dynamic condition. In static condition, the power dissipated

in a logic gate is called static power consumption, and similarly the dynamic power

consumption takes place in dynamic condition or switching transitions. The static

power consumption is the power dissipated in logic gates when the device is either

ON or OFF. During the transition from OFF to ON or ON to OFF, the power

consumed in a gate is called dynamic power consumption. The voltage and current

waveforms of logic gates are depicted in Fig. 6.37.

The power dissipation is directly proportional to switching frequency and inversely

proportional with cycle time. CMOS ICs have very low power consumption at

low frequency. If frequency increases, power dissipation increases. The average power

dissipation is determined by the simplest expression VCCIC, where IC is the average

value of current. Generally, the power dissipation varies in the range of milliwatts (mW).

Fig. 6.37 Voltage and current wave form of a logic gate
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Voltage Parameters

∑ High-level Input Voltage (VIH ) VIH  is the minimum input voltage guaranteed

to be recognised as logic 1 or HIGH. VIH is 2 V for TTL and 3.5 V for CMOS.

If  input voltage is less than VIH, it will not  be accepted as logic 1 or HIGH.

∑ Low-level Input Voltage (VIL) VIL is the maximum input voltage guaranteed to

be recognised as logic 0 or LOW.  VIL is 0.8 V for TTL and 1.5 V for CMOS.

When input voltage is greater than VIL, it will not be accepted as logic 0 or

LOW.

∑ High-level Output Voltage (VOH) VOH is the minimum output voltage for HIGH

state or logic 1 under defined load conditions. VOH is 2.4 V for TTL and 4.9 V

for CMOS.

∑ Low-level Output Voltage (VOL) VOL is the maximum output voltage for LOW

state or  logic 0.  VOL is 0.4V for TTL and 0.1 V for CMOS.

Current Parameters

∑ High-level Input Current (IIH) IIH is the current that flows into an input when

a high level or logic �1� voltage is applied to that input.

∑ Low-level Input Current (IIL) IIL is the current that flows into an input when a

low level or logic �0� voltage is applied to that input.

∑ High-level Output Current ( IOH) IOH is the maximum current that flows from

an output and  the output can source in HIGH state or logic �1� while still main-

taining the output voltage above VOH.

∑ Low-level Output Current (IOL) IOL is the maximum current that the output

can sink in LOW state or logic �0� while still maintaining the output voltage

below VOL.

Noise Immunity Noise is always present in electronics circuits due to stray

electric and magnetic fields. This signal is unwanted and spurious. Sometimes,

the noise signal distorts the output voltage of the gate. Noise immunity of a logic

gate means the circuit�s ability to tolerate noise. In order to correctly recognise

logic �0� and logic �1� states, noise immunity is measured quantitatively which is

known as Noise Margin (NM). There are two types of noise margin such as low

noise margin and high noise margin.

∑ Low Noise Margin (LNM), VNL VNL is the largest noise amplitude that is guar-

anteed for no change of the output voltage level when the input voltage of the

logic gate is in the LOW interval. The low noise margin is measured by the

expression as given below:

VNL = VIL � VOL

∑ High Noise Margin (HNM), VNH VNH is the largest noise amplitude that is

guaranteed for no change of the output voltage level when  the input voltage of

the logic gate is in the HIGH interval. It is measured by

VNH = VOH � VIH
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Fan-In Fan-in is the maximum number of inputs for a logic gate in a particular

logic family. This number is limited due to delay time. For example, a two-input

AND gate has fan-in of two, a three-input OR gate has a fan-in of three and a

NOT gate or an inverter has a fan-in of one. Generally, delay of  operation of

any gate increases with increasing fan-in quadratically. Gate delay is the delay

offered by a gate for the signal applied at input terminals, before it reaches the

gate output. Gate delay is also known as propagation delay.

Fan-Out Fan out is defined as the number of similar logic gates driven by a

single logic gate.  While a logic gate has high fan out, it is advantageous to

design integrated chips, as less number of driving circuits are required. The fan-

out depends on the amount of source or sink current of a gate while the gate

drives other gates.  When a logic gate output has more than its rated fan-out, the

logic gate has the following effects:

∑ The operating temperature of the device will be increased. Hence, reliability of

the device will be reduced and eventually the device may fail.

∑ Propagation delay will be increased and it may be above the specified value.

∑ The output rise and fall times may be increased beyond specification.

∑ In the low state, the output voltage VOL  may increase above maximum value of

VOL .

∑ In the high state, the output voltage VOH may decrease below the minimum

value of VOH .

The factors that limit the fan-out of a gate are the output current capacity as speci-

fied by the parameters IOH and IOL, and the input current requirements of the driven

gates as specified by their parameters IIH and IIL. Certainly, the sum of the currents IIH

for all the gates driven by a gate must be less than the current IOH of the driving gate.

In the same way, the sum of the IIL current parameters must be less than IOL for these

gates.  When all of the gates have the same current parameter values then the fan-out

due to current considerations can be expressed by a constant integer which is the

maximum number of gate inputs that can be connected to a single gate output.  The

fan-out  can be defined as the largest integer less than or equal to minimum of  (IOH/

IIH, IOL/IIL), where  IOH/IIH is the number of gates that can be driven by a single gate

when  output signal is high, and IOL/IIL is the maximum number if the output signal is

low. Figure 6.38 shows a TTL AND gate drives �N� numbers of similar AND gates for

high level output and low level output. Here, N is the fan out of the gate and it can be

determined from current driving capability of output and the current requirement of

input. If maximum current driving capability IOH and maximum current requirement

of each input IIH are known, the fan out of the gate will be

N = OH

IH

I

I

For example, consider IOH is equal to 50 mA and IIH is 25 mA. The fan out is

                                     N = OH

IH

500
20

25

I

I
= =
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Fig. 6.38 (a) Fan-out computation for high-level output
(b) Fan-out computation for low-level output

Cost The cost of a digital IC depends on the quantity manufactured. The designer

always tries to design low-cost ICs though the quantity of ICs used is large.

Availability To choose a logic family for particular applications, availability is

an important parameter.  Availability can be considered in two different ways as

given below:

Popularity of the Logic Family The popularity of a particular logic family depends

upon the users and digital circuit designers. If application of a logic family is more, a

large number of ICs of that logic family will be manufactured. Therefore, the cost per IC

will be very small and easily available in the market.

Breadth of the Logic Family The breadth of the logic family means the number of

different logic functions, ICs available. The complex functions would have to be

constructed using basic ICs. For example, the TTL logic family has very good popularity

and high breadth over other logic families.

Wired Logic Capability Due to wired-logic capability,  the outputs  may be connected

jointly to achieve extra logic without additional hardware. Various flexibilities are available

in different IC logic families and these must be considered while selecting a logic

family.

Availability of Complement Outputs If the complement of outputs is available in

ICs, the additional inverter is not required to invert the output.

6.26 Calculate the fan-out of a AND gate which drives AND gates.

                       Assume IOH  = 0.8mA, IOL = 20 mA, IIH = 0.02 mA, and IIL = 0.6 mA.

Solution

Fan out at high-level output , N = 
OH

IH

I

I
= 

0.8

0.02
= 40
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Fan out at low-level output, N = 
OL

IL

I

I
=

20

0.6
= 33.33 = 33 (approx.)

The fan-out of the gate is minimum of 
OH OL

IH IL

,
I I

I I

Ê ˆ
Á ˜Ë ¯

 = minimum of (40, 33) = 33

6.10.3 Direct-Coupled Transistor Logic (DCTL)

Figure 6.39 shows the Direct Coupled

Transistor Logic (DCTL) for a three-

input NOR gate. The input voltage is

applied to the base of transistors and

the output is taken from the collector of

transistor. When logic 1 or + VCC is input

to A, B, and C, transistors saturate and

the output voltage drops to its saturation

voltage or 0 V. The operations of DCTL

is highly affected due to change in slight

differences in characteristics of

transistors. If the base emitter resistance

of one transistor is slightly less than

other transistors then the transistor

draws most of the current and proper

operation of DCTL circuit will be disturbed. This phenomenon is called current hogging.

This current hogging can be reduced if resistances are connected in series with the

base of the transistor and then the base current is less dependent on base emitter

characteristics. Then the circuit is called Resistor Transistor Logic (RTL).

6.10.4 Resistor Transistor Logic (RTL)

A Resistor Transistor Logic (RTL) circuit

of a three-input NOR gate is shown in

Fig. 6.40. In this circuit, resistance is

connected in series with the base of

each transistor to reduce the hogging

current effect. Actually, the input

capacitance has been charged and

discharged through this additional

resistance and time constant will be

increased. Therefore, the switching

speed becomes slower. The fan-out of

RTL is four or five and time delay is

approximately 50 ns.

If inputs A, B and C are LOW, tran-

sistors T1, T2 and T3 are cut-off and the

Fig. 6.39 Direct-coupled Transistor
Logic (DCTL)

Fig. 6.40 Resistor Transistor Logic (RTL)
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output is HIGH or  +VCC. When any one of the inputs A, B and C is HIGH, the

corresponding transistor operates in saturation and the output will be LOW or  0.2 V

approximately. Thus NOR logic is satisfied.

6.10.5 Diode Transistor Logic (DTL)

The Diode Transistor Logic

(DTL) circuit is most

commonly used in the logic

family. Figure 6.41 shows a

DTL logic circuit. This circuit

is actually a NAND gate. To

perform logical operation

inputs are given at the

terminals A, B, and C of the

diodes D1, D2 and D3

respectively. Then the signal

is coupled with a diode D and

an inverter, which consists of a transistor and a load resistance.

When all inputs are logical 1 or +VCC, diodes D1, D2, D3 are reversed biased and

no current passes through diodes. The diode D is forward biased and current will flow

through Resistance R, Diode D and base of the transistor T. Then transistor T operates

at saturation. The output voltage of the transistor is logic 0. As the signal passes

through the forward bias diodes to transistors, the switching speed of DTL is faster

than RTL. Fan out is also increased due to high input impedance. The switching delay

is approximately 25 ns and fan-out is 8. Therefore, DTL integrated circuits are economi-

cal.

6.10.6 Transistor–Transistor Logic (TTL)

In Transistor Transistor logic (TTL), logic gates are built only around transistors. TTL

was developed in 1965. All TTL families are available in Small Scale Integration (SSI)

packages and in more complex forms as MSI and LSI packages. The differences in the

TTL series are not in the digital functions that they perform but rather in the values of

resistances and different type transistors which are used to develop basic gates.

There are many versions or families of TTL such as Standard TTL, High Speed TTL,

Low Power TTL and Schhottky TTL. TTL gates in all the versions come in three

different types of output configuration such as

∑ Totem pole output configuration

∑ Open collector output configuration

∑ Tristate  or three states output configuration

TTL circuit is most popular in bipolar logic family as it is the fastest   saturating

logic family. Figure 6.42 shows the basic TTL circuit for a two-input NAND gate.  A

single multi-emitter transistor replaces input diodes and the series diode of DTL.

Each emitter-base diode serves as one input, and the base-collector diode functions

as the series diode. The multi-emitter transistor, is economically fabricated in

monolithic form. In a multi-emitter transistor, a single isolated collector region is

Fig. 6.41 Diode Transistor Logic (DTL)
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diffused, a single base region

is diffused and formed in the

collector region, and the several

emitter regions are diffused as

separate areas into the base

region.

An output stage using an

active pull-up transistor is

added to the basic logic circuit

to give current-gain drive for

switching in both directions.

This output configuration

results in faster switching speed

and higher fan-out capability. The TTL circuit is adaptable to virtually all forms of IC logic

and produces the highest performance-to-cost ratio of all logic types. TTL circuits for

all gates have been discussed later in detail.

The different series of TTL circuits are presently available. All these circuits are

based on the same basic circuit, but some of their properties have been optimized

based on special applications. These devices in the standard TTL series are designated

with a number prefixed by a 74.  For example, 7400 stands for a NAND gate, and

7404 stands for an inverter, etc. If the resistor values in the TTL circuit are increased, its

average power dissipation can be reduced. On the other hand, propagation delay will

be increased. This low power TTL series are designated as 74LXX (74L00, 74L04, etc.)

and the typical power dissipation range is 1 mW to 10 mW for any standard gate.

Typical propagation delays are 33 ns for 74L circuits as compared to 9 ns for 74 series

circuits. The high speed TTL series are designated as 74HXX (74H00, 74H04, etc.). The

typical power dissipation of a 74H00 NAND gate is 22.5 mW, but its propagation delay

is about 6 ns.

6.10.7 Emitter-Coupled Logic (ECL)

The emitter-coupled logic circuit is shown in Fig. 6.43. The emitters of transistors T1

and T3 are coupled with the emitter of a reference transistor T2. The common-emitter

resistor of transistors T1, T2, and T3 is very high so that it behaves as a constant-

current source. Figure 6.43 depicts a constant current source in place of the common-

emitter resistor of transistors T1, T2, and T3. A reference voltage VR is connected to the

base of transistor T2.

When the inputs A and B are logical �0� or ground potential, T1 and T3 are in cut-

off. Current will not flow through RC, and the output Y1 will be logical high, +VCC.

If one of the inputs or both inputs are logical �1� and greater than the reference

voltage VR, transistor T1 or T3 or both transistors conduct. As current flows through

the corresponding transistors, RC, the collector potential, becomes low. Then output

Y1 is logical �0�.

When current through the transistors T1 or T3 increases, current through the refer-

ence transistor T2 decreases. The threshold voltage of T1 or T3 is equal to the reference

voltage VR.   As emitter coupling is present in the circuit, it does not allow transistors

Fig. 6.42 Transistor-Transistor
Logic (TTL)
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to operate in saturation. Therefore, the

switching speed of ECL is very fast and

it is approximately few nanoseconds.

Power dissipation of ECL is compara-

tively high and its value is about 50 mW.

As output impedance of ECL circuit is

very low, fan-out of this logic family is

very high, approximately 25.

The standard digital circuits of

DCTL, RTL, DTL, TTL and ECL are

explained above. The designer chooses

a particular logic family for a specific

application after reading all performance

parameters of each logic family from their

data sheet.  Table 6.30 shows the

comparison between RTL, DTL, TTL and ECL logic families based on power dissipation,

propagation delay and fan-out.

Table 6.30 Comparison of logic family

Logic family Power dissipation Propagation delay Fan out

RTL 24 mW 50 ns 5

DTL 10 mW 30 ns 8

TTL 10 mW 10 ns 10

ECL 40 mW 2 ns High

6.10.8 Schottky TTL

The Schottky TTL is an unsaturated logic

family and this TTL series is actually known in

the name of Schottky diode inverter. In a

Schottky TTL circuit, transistors are prevented

from saturation by using Schottky transistors.

These transistors are obtained when a Schottky

diode is connected between the base and the

collector of a normal transistor as shown in

Fig. 6.44(a). Figure 6.44(b) shows the symbol

of Schottky transistors. Schottky diodes have different characteristic from normal

p-n junction diodes and these diodes have very low saturation voltage of the order of

0.4 V. In case of normal p-n junction diodes, the saturation voltage is about 0.6 V. In

TTL logic family transistors operate in saturation.  When a silicon transistor operates

in saturation, the base to emitter voltage (VBE) is about 0.7 V and the collector to

emitter voltage (VCE) is about 0.1 V. If a Schottky diode is connected with a normal

transistor, the collector to emitter voltage (VCE) voltage will be more than 0.4 V but

less than the base to emitter voltage (VBE). Consequently, the Schottky diode holds

the collector to a voltage, which prevents the transistor to operate in fully saturation.

Fig. 6.43 Emitter-coupled Logic (ECL)

C

D

B

E

(a)

E

C

B

(b)

Fig. 6.44 Schottky transistor
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So, the diffusion capacitance and propagation delay are reduced. Therefore, Schottky

transistors can operate at very high switching speeds and perform consistently up to

about 100 MHz. A Schottky TTL NAND is shown in Fig. 6.45. Transistors T2 to T6 are

Schottky transistors and diodes D1 to D5 are Schottky diodes in Fig. 6.45. All resistances

R1 to R6 are high value compared to TTL logic family. Four different types Schottky

TTL, namely, Schottky TTL, low power Schottky TTL, advanced Schottky TTL and

advanced low-power Schottky TTL are available.

D1

D2

D3

R3

R2R1

R6

VCC

T5

T4

R5

T2 D4

D5
T3

R4

T6

A

B

C

Fig. 6.45 Schottky TTL NAND gate

6.27 Determine the fan out of the DTL circuit as shown in Fig. 6.46.

    Assume VCC = 5 V, R = 10 kW, R1 = R2 =�RN = 20 kW, VCE(sat) = 0.25 V,

VD = 0.7 V and IC = 1.8 mA.

Fig. 6.46 Circuit of Ex. 6.27
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Solution

Consider input at terminal A is logic level 1 and other terminals are in logic level 0.

Therefore transistor T1 operates in saturation.

The current flow through diodes D1, D2 �. DN is IL and it is calculated by

IL =
(sat)

1

CC D CEV V V

R

- -

=
5 .7 .25

20

- -
mA

= 0.2025 mA

The current flow through the resistance R is I1.

I1 =
(sat)

1

CC CEV V

R

-
=

5 .25

20

-
mA = 0.475 mA

The collector current of transistor T1 is

IC1 = N IL + I1                   where, N is the fan-out

So, the fan out N = 1 1.8 0.475

0.2025

C

L

I I

I

- -
= = 6.54 = 6 (approx)

6.28 Determine the voltages at P1 and P2 of TTL circuit as shown in Fig. 6.47.

      Assume VA = 1.1 V, VB  = 4.5 V, VD = 0.7 V, VBE = 0.7 V, VCC = 5 V, R1 = 4.7 kW, R2 =

4.7 kW, R3 = 2.2 kW

Solution

The input voltages at A, B are VA = 1.1 V, and VB = 4.5 V respectively. As VA is 1.1 V, emitter

base junction of T1 to input terminal A is in conduction state.

Consequently, the  VP1 = VA+ VBE  = 1.1 V + 0. 7 V = 1.8 V

The transistor T2 will be saturate when VP1 = 0.7 + 0.7 + 0.7 = 2.1 V.

As VP1 is 1.8 V, T2 will be OFF but transistor T1 conducts to input terminal A.

Therefore IB2 = 0 and the output voltage is equal to 5 V.

Therefore,   VP2 = 5 V.

Fig. 6.47 Transistor–transistor Logic (TTL) of Ex. 6.28
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6.29 Determine fan-out of transistor T0 as shown in Fig. 6.48. Consider VCC  = 5 V,

R = 20 kW, IB = 0.1 mA for saturation.

Fig. 6.48 Circuit of Ex. 6.29

Solution

Assume   VCC  = 5 V, R = 20 kW, IB = 0.1 mA for saturation.

The collector current IC = 
(5 0.2)

20

CC CEV V

R

- -
=  mA = 0.24 mA

The fan-out of transistor T0 is N = 
0.24

0.1

C

B

I

I
= =2.4

So,  N = 2 as fan-out is always an integer.

6.30 Determine IB1, IB2, IC1 and IC2 for the transistor T1 and T2 as depicted in Fig. 6.49.

      Consider R1 = R2 = 1.5 kW, R = 4.7 kW, VCC = 5 V, hfe = 50, and VCE = 0.2 V.

IC

IC1

R1

V1
IB1

T1 T2

IC2

R

+VCC

R2

V2

IB2

Fig. 6.49 Circuit of Ex. 6.30

Solution

Given   R1 = R2 = 1.5 kW, R = 4.7 kW, VCC = 5 V, hfe = 50, and VCE = 0.2 V.

The current IC1  and IC2 are
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IC1 = IC2 =
5 0.2

4.7

CC CEV V

R

- -
= mA = 1.021 mA

The current IB1  and IB2 are

IB1 = IB2 =
1

5 0.8

1.5

CC CEV V

R

- -
=  mA = 2.8 mA

6.31 Determine the current through diode D1 as shown in Fig. 6.50.

      Consider RB = RC = 1.5 kW, R = 4.7 kW, V1 = 0.2V and VD1 = 0.7 V.

Fig. 6.50 Circuit of Ex. 6.31

Solution

Given   RB = RC = 1.5 kW, R = 4.7 kW V1= 0.2 V and VD1 = 0.7 V.

The current flow through diode D1 is

I = 1( ) 5 (0.2 0.7)

1.5

CC D

B

V V V

R

- + - +
= mA = 2.74mA

6.32 Determine the current through RB, R,  RC  and base of the transistor as shown in

Fig. 6.51.

Assume VCC = 5 V, VBE (sat) = 0.7 V, VCE(sat) = 0.2 V, RB = RC = 2.5 kW, R = 4.7 kW, V1 = 3

V and VB = � 2 V.

Fig. 6.51 Circuit of Ex. 6.32
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Solution

The current through RB is I1 = 1 3 0.7

2.5

BE

B

V V

R

- -
=  mA = 0.92 mA

The current through R is I2 = 
0.7 2

4.7

BE BV V

R

+ +
=  mA = 0.574 mA

The base current of transistor T is IB = I1 � I2 = (0.92�0.574) mA = 0.346 mA

The current through RC is IC = 
5 0.2

2.5

CC CE

C

V V

R

- -
=  mA = 1.92 mA

EXERCISES

1. Convert the following binary numbers to decimal numbers.

(a) 1110011 (b) 101010101

2. Convert the following decimal numbers to binary numbers.

(a) 29 (b) 365 (c) 129.625

3. Convert the following binary numbers to octal, and hexadecimal numbers.

(a) 101111010 (b) 1101101

4. Convert the following octal numbers to binary numbers.

(a) 25 (b) 267

5. Convert the following hexadecimal numbers to binary numbers.

          (a)   FF (b)   BCD (c)   245

6. Convert the following decimal numbers to octal and hexadecimal numbers.

         (a)  46 (b) 274 (c) 645

7. Add the following binary numbers.

(a) 10110 (b) 1111

10100 1010

8. Convert the following decimal numbers to BCD.

(a) 456 (b) 999 (c) 267

9. Convert the following BCD numbers into decimal numbers.

(a) 0011 0101 1001 (b) 1000 0101 0110 1001

10. Write the truth table of the logic circuit as given below:

Fig. 6.52

11. Derive the logic expression of the logic circuit as given below and also write the

truth table.

Fig. 6.53
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12. Draw the output of the two input AND gate with the given inputs A and B.

A

A

B B

Fig. 6.54

13. Prove the following identities of Boolean algebra:

(a) A + A = A (b) A. A  = 0

14. Prove the commutative law

(a) A + B = B + A (b) AB = BA

15. Prove the distributive law

(a) A + (BC) = (A + B)(A + C) (b) A(B + C) = (AB) + (AC)

16. Simplify the following logic expressions using De Morgan�s theorem.

(a) O = ( )AB CD+ (b) O = ( )A B CD+ +
17. What are the types of digital logic circuits?  Explain briefly any one logic circuit.

18. Draw the circuit diagram of DCTL to perform logical AND and explain briefly

the operation of circuit.

19. Determine the rise time of a RTL circuit as depicted in Fig. 6.55. Assume

R1 = 450 ohms, R = 640 ohms, C = 5 pF, N = 10

Input equivalent
circuit of
identical gates

N

+VCC

T1

R

R1
C

R

N

Fig. 6.55

20. Write the truth table of the DTL circuit as depicted in Fig. 6.56.

T1

T2

R3

+VCC
+VCC

DB

DA

R1

R1

R4

D1 D2

Fig. 6.56
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21. Determine the voltage V1 in a NAND gate for the following conditions

(i) T2 begins to come out of cutoff

(ii) T2 operates at the edge of saturation

Consider R1 = 3 kW, R2 = 10 kW, R3 = 5 kW, R4 = 10 kW, V
Z

= 6.8 V, V
CC

= 12 V.

Assume all necessary parameters.

Fig. 6.57 NAND Gate

22. Define propagation delay, noise margin and fan-out. of digital logic circuits.

MULTIPLE CHOICE QUESTIONS

1. The binary equivalent of the decimal number 15 is

(a) 1001 (b) 1111 (c) 1010 (d) 1101

2. The decimal equivalent of 111.101 is

(a) 7.29 (b) 7.625 (c) 73 (d) 5.625

3. The decimal equivalent of the hexadecimal number FB is

(a) 229 (b) 151 (c) 251 (d) 351

4. (1111.01)2 is

(a) (15.25)10 (b) (12.25)10 (c) (23)10 (d) (12)10

5. In the  BCD form, the decimal number 621 is written as

(a) 1100 0010 0001 (b) 1000111

(c) 1100 0010 (d) 0010 0001

6. Indicate which of the following binary additions is correct.

(a) 10101 + 1111= 111101 (b) 1010 + 1101 = 10111

(c) 1010 + 1110 = 11001 (d) 1010 + 1001 = 1111

7. The decimal number  576 is equal to which of the following hexadecimal num-

bers?

(a) 229 (b) 279 (c) 240 (d) 245
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8. The binary number 111011 is equivalent to

(a) 59 (b) 56 (c) 69 (d) 79

9. Convert  (234)8 into base 2

(a) 011100111 (b) 11100111 (c) 11101011 (d) 10011100

10. Which of the following range is used as low-level (logic 0) input voltage in

TTL circuit?

(a) 0.4 V � 1.2 V (b) 0 V� 0.8 V (c) 0.8 V�2.4 V (d) 1 V�2.4 V

11. Which of the following range is used as high-level (logic 1) input voltage in

TTL circuit?

(a) 2 V � 5 V (b) 0.8 V� 5 V (c) 0.8 V�2.4 V (d) 1 V�5 V

12. Which of the following logic family is the fastest of all?

(a) TTL (b) RTL (c) DCTL (d) ECL

13. Which of the following logic families is most widely used?

(a) TTL (b) DTL (c) ECL (d) None of these

14. What is the fan-out of TTL devices?

(a) 2 (b)  4 (c) 6 (d) 10

15. What are the three basic parameters for selecting a digital logic family?

(a) Speed, cost, power consumption (b) Speed, size, power consumption

(c) Speed, size, propagation delay

16. In a positive logic circuit

(a) Logic 0 and 1 represented by 0 V (ground) and positive voltage(+VCC)

respectively

(b) Logic 0 and 1 represented by negative and positive voltages respectively

(c) Logic 0 voltage level is higher than logic 1 voltage level

(d) Logic 0 voltage level is lower than logic 1 voltage level

17. A NAND gate is called a universal logic element because

(a) all digital computers use NAND gates

(b) all the minimization techniques are applicable for optimum NAND gate

realization

(c) everybody use this gates

(d) any logic function can be realized by NAND gates alone

18. If an input signal A=10101 is applied to a NOT gate, its output signal is

(a) 01010 (b) 01001 (c) 00011 (d) 1000

19. A 3-input logic gate has its three inputs: A = 1, B = 0 and C = 1. If its output O

= 1, the gate is

(a) NOR (b) NAND (c) AND (d) OR

20. The following equation corresponds to De Morgan�s theorem in Boolean alge-

bra:

(a) (A + B)(A + B) = A + AB + B

(b) (A + B)(A + B) = AA + AB + BB + BA

(c) AB A B= +
(d) None of these

21. A 2-input logic gate has its inputs A = 0, and B = 1. If its output O = 1, the gate

would be

(a) NOT (b) OR (c) AND (d) NOR
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22. Boolean algebra is based on the premise that

(a) differential equations can be solved by analog circuits

(b) there are two states

(c) data can be stored and retrieved

(d) none of these

23. What are the values of the inputs for a NAND gate if output is 1?

(a) A = 0, B = 0

(b) A = 1, B = 0

(c) A = 0, B = 1

(d) A = 1, B = 1

24. Which function is implemented by the circuit as shown in Fig. 6.58?

Fig. 6.58

(a) O = ABC (b) O = A B C+ +

(c) O = AB C+ (d) None of these

25. Boolean algebra is different from ordinary algebra in which way?

(a) Boolean algebra can represent more than 1 discrete level between 0 and 1.

(b) Boolean algebra have only 2 discrete levels: 0 and 1.

(c) Boolean algebra can describe up to levels of logic levels.

(d) They are actually the same.

ANSWERS TO MCQ

1 (b) 2 (b) 3 (c) 4 (a) 5 (a) 6 (b) 7 (c)

8 (a) 9 (d) 10 (b) 11 (a) 12 (d) 13 (a) 14 (d)

15 (a) 16 (a) 17 (d) 18 (a) 19 (b) 20 (c) 21 (b)

22 (b) 23 (a) 24 (a) 25 (b)



SOLVED WBUT

QUESTION PAPER (2012)

GROUP – A

(Multiple Choice-Type Questions)

1. Choose the correct alternatives for any five of the following: 5 ¥ 1 = 5

(i) An ideal Op-Amp is an ideal

(a) voltage controlled current source

(b) voltage controlled voltage source

(c) current controlled current source

(d) current controlled voltage source

Ans: (b) voltage controlled voltage source

(ii) The AND function can be realized by using only n number of NOR

gates. What is n equal to

(a) 2 (b) 3 (c)  4 (d) 5

Ans: (b) 3

(iii) The Boolean expression ABC + ABC  + ABC  + ABC  is of

(a) OR gate (b) AND gate

(c) Ex-NOR gate (d) Ex-OR gate

Ans: (c) Ex-NOR gate

(iv) Which of the following statements is/are correct in regard to excess

3 code?

(a) It is a BCD code

(b) It is an unweighted code

(c) It is a self complementing code

(d) All of these

Ans: (d) All of these
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(v) In Barkhausen criterion, phase of Ab is

(a) 0° (b) multiple of 180°

(c) 0° or multiple of 180° (d) 0° or multiple of 360°

Ans: (d) 0° or multiple of 360°

(vi) In inverting amplifier circuit if input and feedback resistances are 1 kW and

3 kW respectively, i/p voltage is 3 Volt and power supply voltage is

± 6 V, then the output voltage of OP-Amp is

(a) – 6 Volt (b) + 6 Volt

(c) – 9 Volt (d) + 9 Volt

Ans: (a) – 6 Volt

GROUP – B

Answer any two of the following 2 ¥ 5 = 10

2. Mention the advantages and disadvantages of negative feedback amplifier.

Solution: Refer to Solution of Question No. 18 (a) of University Questions

with answers of Chapter 2.

3. Discuss the operation of OP-AMP as an integrator

Solution: Refer to Section 5.11.

4. (a) Implement the function F = ( )+AB CD  using NAND gates

Solution:

F = ( )+AB CD

= ◊AB CD

= ◊AB CD

The implementation of the function F = ( )+AB CD  using NAND gates

is shown in Fig. 1.

A

B

C

D

AB

CD

AB.CD

AB.CD

Fig. 1
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(b) (11011)2 = (?)10

Solution:

(11011)2 = 24 ¥ 1 + 23 ¥ 1 + 22 ¥ 0 + 21 ¥ 1 + 20 ¥ 1

= 16 + 8 + 2 + 1 = (27)10

(c) Write down the basic difference between enhancement type and deple-

tion type MOSFETs.

Solution: The difference between enhancement type and depletion

type MOSFETs are given below:

Enhancement type MOSFETs Depletion type MOSFETs

n-channel and p-channel enhancement n-channel and p-channel depletion

type MOSTFETs are normally OFF type MOSTFETs are normally ON

The cross-section view  of n-channel The cross-section view of n-chan-

enhancement type MOSFET is nel depletion type MOSFET is

pn+ n+

+ G
ID D

+

n+ n+

G
DID

+

p

±

n-Channel

The Drain or output characteristics of The Drain or output characteris-

n-channel enhancement type MOSFET tics of n-channel depletion type

 is MOSFET is

ID VG = 4 V

VD

1

2

3

0

VG = 1 VID

–1

–2

0

0 VD

The transfer characteristics of n- The transfer characteristics of n-

channel enhancement type MOSFET is channel depletion type MOSFET is

ID

– +0 VTn

0

ID

VTn

+–

VG

5. (a) What is virtual ground of an Op-Amp?

Solution: Refer to Section 4.11
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(b) Draw and explain the voltage comparator circuit using Op-Amp.

Solution: Refer to Section 5.18.

GROUP – C

Answer any two of the following 2 ¥ 10 = 20

6. (a) What is the effect of negative feedback on output impedance and phase

distortion?

Solution:

For the effect of negative feedback on output impedance, refer to

Section 2.6.2.

For the effect of negative feedback on phase distortion, refer to

Section 2.7.5.

(b) An amplifier has a voltage gain of – 100. The feedback ratio is – 0.04.

Find

(i) the voltage gain with feedback

(ii) The amount of feedback in dB

(iii) The output voltage of the feedback amplifier for an input voltage of

40 mV

(iv) The feedback factor

(v) The feedback voltage

Solution: A = –100, b = – 0.04

(i) the voltage gain with feedback is

Af = 
1 b+

A

A
 = 

100

1 ( 0.04)( 100)

-
+ - -

 = –20

(ii) The amount of feedback in dB is

20 log10

Ê ˆ
Á ˜Ë ¯

fA

A
= 20 log10

20

100

-Ê ˆ
Á ˜Ë ¯-

= 20 log10

1

5

Ê ˆ
Á ˜Ë ¯

= –20 log10 5 dB = –13.979 dB

(iii) The output voltage of the feedback amplifier for an input voltage of

40 mV is equal to

Vo = Af Vi = – 20 ¥ 40 mV = – 800 mV

(iv) The feedback factor is

1

1 b+ A
 = 

1

1 ( 0.04)( 100)+ - -
 = 0.2
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(v) The feedback voltage is equal to

Vf = bVo = (– 0.04) ¥ (–800) mV = 32 mV

7. (a) Explain the basic operation of depletion type n-channel MOSFET with a

suitable diagram.

Solution: Refer to Section 1.15.

(b) What are the basic differences between BJT and FET?

Solution: Refer to Section 1.8.

(c) As VGS is changed from 0 V to 0.2 V keeping VDS constant, ID of the

FET drops from 10.25 mA to 9.65 mA. What is the transconductance of

the FET? If the ac drain resistance is 32 kW, find also the amplification

factor of the FET.

Solution: Transconductance is

gm = 
D
D

D

GS

I

V
 = 

3(10.25 9.65) 10

0.2

-- ¥
 = 3 ¥ 10–3 mho

The ac drain resistance rd is 32 kW
Amplification factor of FET is

m = gmrd = 3 ¥ 10–3 ¥ 32 ¥ 103 = 96

(d) What do you mean by pinch off voltage for n channel JFET?

Solution: Refer to Section 1.4.

8. (a) If the feedback resistance Rf is replaced by a diode for a negative feed-

back amplifier using Op-Amp, then derive the expression of o/p voltage

vo for it. Also mention the type of application for this modification.

–

+

R1

vi

vo

Solution: The current flows through diode is I = IS 1
Ê ˆ

-Á ˜Á ˜Ë ¯

DqV

KTe

where VD is diode voltage

KT is the Boltzmann’s constant

T is temperature in °K

IS is reverse saturation current
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Therefore, 
S

I

I
+ 1 = 

DqV

KTe

Taking log both the sides, we get

log 1
Ê ˆ

+Á ˜Ë ¯S

I

I
= log ( )

DqV

KTe

or, DqV

KT
= log

Ê ˆ
Á ˜Ë ¯S

I

I

or, VD = 
Ê ˆ
Á ˜Ë ¯

KT

q
log
Ê ˆ
Á ˜Ë ¯S

I

I

vi

R1

vo

–

+

I

I

Fig. 1

As current I = 
1

iV

R
, the output voltage VO is equal VD and it can be

expressed as

VO = VD = 
1

log
Ê ˆ
Á ˜Ë ¯

i

S

KT V

q R I

This circuit is used in analog multiplier and analog divider.

(b) For the given circuit find the output voltage vo

1 kW 2 kW 4 kW 8 kW
1V

–

+

–

+
vo

3 kW1kW

–1V
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Solution: The potential at point B is equal to

VB = 
1 k

1 k 3 k

W
W + W

Vo = 
4

oV

The potential at point A is equal to the potential at point B.

Therefore VA = VB = 
4

oV

1 V

1 kW 2 kW 4 kW 8 kWA C D

I1
VA

I1

I2 VC I3
VD I4

–

+

–

+
OP-AMP-I OP-AMP-II

–1V

VB
B

3 kW

1 kW

vo

In OP-AMP-I, the current I1 is equal to current I2

Then I1 = 
1

1 k

-
W

AV
 = I2 = 

2 k

-
W

A CV V

or,
1

4

1 k

-

W

oV

= 4

2 k

-

W

o
C

V
V

or, 2 – 
2

oV
= 

4

oV
– VC

or, VC = 
4

oV
 + 

2

oV
 – 2 = 

3

4
Vo – 2

The potential at point D is VD = –1 V.

In OP-AMP-II, the current I3 is equal to current I4

Then I3 = 
4 k

-
W

C DV V
 = I4 = 

8 k

-
W

D oV V

or,
4 k

-
W

C DV V
= 

8 k

-
W

D oV V

or,

3
( 1)

4

4 k

oV - -

W
= 

( 1)

8 k

oV- -
W
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or,
3

2
Vo + 2 = –1 – Vo

or,
5

2
Vo = –3

Therefore, Vo = –1.2 V

9. Write short notes on any two of the following:

(a) Topologies of feedback amplifier

Solution: Refer to Section 2.5.

(b) Summing amplifier

Solution: Refer to Section 5.5.

(c) CMOS

Solution: Refer to Section 1.20.

(d) Design of Exclusive-OR gate

Solution: The operation of Exclusive-OR gate is quite different from

OR gate. When the inputs of Exclusive-OR gate are at different logic

levels either ‘0’ and ‘1’ or ‘1’ and ‘0’, its output is “high”. On the other

hand, output of Exclusive-OR gate is “low” logic level if the inputs are

at the same logic levels. The Exclusive-OR gate can be written as XOR

or Ex-OR gate. Figure 1 shows the two inputs Ex-OR gate and truth

table is given in Table 1.

A

B

O A B= ≈

OUTPUTINTPUTS

Two Inputs Ex-OR Gate

Fig. 1 Ex-OR gate

Table 1 Truth table of XOR gate

Inputs Output

A B O = A ≈ B

0 0 0

0 1 1

1 0 1

1 1 0
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The output of Ex-OR gate can be expressed as O = AB AB+ . The

Exclusive-OR gate can be designed by using Universal gates such as

NAND gates.

O = AB AB+

= AB BB AB AA+ + +

= ( ) ( )B A B A B A+ + +

= B AB◊  + A AB◊

= AB B AB A◊ + ◊

= AB B AB A◊ ◊ ◊

O = AB B AB A◊ ◊ ◊

The implementation of X-OR gate using NAND gates is illustrated in

Fig. 2.

Inputs
Exclusive OR (XOR)

AB .A AB.B.AB.AO =

AB

AB .B

O

A

B

A B Output

0

0

1

1

0

1

0

1

0

1

1

0

Fig. 2
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QUESTION PAPER (2013)

ES-201

GROUP – A

(Multiple-Choice-Type Questions)

1. Choose the correct alternatives for any five of the following: 5 ¥ 1 = 5

(i) The threshold voltage of an enhancement PMOS is

(a) negative (b) positive

(c) zero with respect to source (d) zero with respect to drain

Ans: (a) negative

(ii) For a source follower circuit, the voltage gain is

(a) zero (b) slightly lesser than unity

(c) slightly greater than unity (d) none of these

Ans: (c) slightly greater than unity

(iii) The expression of closed-loop gain (Af) for a positive feedback amplifier
is

(a)
1

A

Ab+
(b)

1

A

Ab-
(c)

1

1 Ab+
(d)

1

1 Ab-

Ans: (b)
1

A

Ab-

(iv) CMMR of an Op-Amp is the ratio

(a)
Differential Gain

Common Mode Gain
(b)

Common Mode Gain

Differential Gain

(c)
Slew Rate

Common Mode Gain
(d)

Slew Rate

Differential Gain
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Ans: (a)
Differential Gain

Common Mode Gain

(v) Conversion of (444.456)10 into its octal equivalent is

(a) 673.5136 (b) 674.35136

(c) 674.735 (d) none of these

Ans: (b) 674.35136

(vi) NOR and NAND are called universal logic gates because

(a) they are independent of input voltages starts

(b) any logic function can be realized by these gates

(c) they provide minimization technique

(d) none of these

Ans: (b) any logic function can be realized by these gates

GROUP – B

(Short-Answer-Type Questions)

Answer any two of the following 2 ¥ 5 = 10

2. Draw schematically the structure of an n-channel JFET and define the terms
‘source’, ‘drain’, ‘gate’ and ‘channel’.

Solution: Refer Section 1.13.

(a) Explain the importance of the term ‘field effect’.

Solution: In the field-effect transistor (FET), an electric field (voltage)
is used to control the shape of the channels of the transistor and,
hence, the conductivity of a channel of one type of charge carrier in a
semiconductor material is controlled. FETs are unipolar transistors as
they involve single-carrier-type operation. FETs can be majority-charge-
carrier devices, in which the current is carried predominantly by majority
carriers, or minority-charge-carrier devices, in which the current is mainly
due to a flow of minority carriers. The device consists of an active
channel through which charge carriers, electrons or holes flow from the
source to the drain. Source- and drain-terminal conductors are connected
to the semiconductor through ohmic contacts. The conductivity of the
channel is a function of the potential (voltage) applied across the gate
and source terminals. Therefore, field effect by changing voltage can be
used to control the conductivity of the channels of the transistor.

3. With the help of a block diagram, explain the working principle of a feedback
amplifier.

Solution: Refer Section 2.4.

(a) Derive an expression for the voltage gain with feedback.

Solution: Refer Section 2.5.1.
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4. What is an operational amplifier (Op-Amp)?

Solution: Refer Section 4.3.

(a) Mention the properties of an ideal Op-Amp.

Solution: Refer Section 4.2.

(b) What type of feedback is used in an Op-Amp adder?

Solution: In a non-inverting Op-Amp adder, negative feedback is used.

5. (a) Perform the following number conversions:

(i) (10110.1101)2 = (?) 10

Solution: 1 ¥ 24 + 0 ¥ 23 + 1 ¥ 22 +  1 ¥ 21 + 0 ¥ 20 + 1 ¥ 2–1 + 1 ¥

2–2 + 0 ¥ 2–3 + 1 ¥ 2–4

= 16 + 4 + 2 + 0.5 + 0.25 + 0.0625 = 22.8125

(ii) (143.3125)10 = (?)2

Solution: 1 ¥ 27 + 0 ¥ 26 + 0 ¥ 25 + 0 ¥ 24 + 1 ¥ 23 + 1 ¥ 22 + 1 ¥ 21

+ 1 ¥ 20 + 0 ¥ 2–1 + 1 ¥ 2–2 + 0 ¥ 2–3 + 1 ¥ 2–4

= (10001111.0101)2

(b) Realize the following Boolean expression using minimum number of NOR
gates.

Y = (A + B ) (A + B)

Solution: Y = (A + B ) (A + B)

= AA AB BA BB+ + +

= AB BA+

or, Y = ( )( ) = ( )( )A B A B A B A B+ + + +

Y = = ( ) ( )Y A B A B+ + +

The implementation of the Boolean expression Y = (A + B )( A + B) using
NOR gates is depicted in Fig. 1.

A

B

A

B

A

B
+A B

+A B

= + + +( ) ( )y A B A B

Fig. 1
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GROUP – C

(Long-Answer-Type Questions)

Answer any two of the following 2 ¥ 10 = 20

6. (a) What are the advantages of FET over BJT?

Solution: Refer Section 1.8 (Table 1.2).

(b) What do you mean by pinch-off voltage?

Solution: Refer Section 1.8 (Page II.1.8 and II.1.9).

(c) As VGS is changed from –1 V to –1.5 V keeping VDS constant, ID of FET
drops from 7 mA to 5 mA. What is the transconductance of the FET? If
the ac drain resistance is 200 kW, find also the amplification factor of
the FET.

Solution: Transconductance is gm = D

GS

I

V

D

D
 when VDS is constant

=
3(5 7) 10

1.5 ( 1)

-
- ¥

- - -
 = 4 ¥ 10–3 mho

The ac drain resistance rd is 200 kW

The amplification factor of the FET is

m = gmrd = 4 ¥ 10–3
¥ 200 ¥ 103 = 800

7. (a) Draw and explain the operation of an Op-Amp integrator circuit.

Solution: Refer Section 5.115.

(b) An inverting amplifier has RF = 500 kW, RI = 5 kW. Determine the voltage
gain, output voltage and input current if the input voltage is 0.1 V.

Solution: In an inverting amplifier, the voltage gain is equal to

Af =
500 k

= = 100
5 k

f

I

R

R

W
- - -

W

The output voltage is

Vo = in

500 k
= 0.1 = 100 0.1 = 10 V

5 k

f

I

R
V

R

W
- - ¥ - ¥ -

W

The input current in 0.1
= = = 0.02 mA

5 kI

V
I

R W

8. (a) Draw the circuit diagram of an emitter follower and explain the nature of
feedback in this circuit. What is the feedback topology of the emitter
follower?

Solution: Refer Section 2.9.2.
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(b) The open-loop gain of an amplifier changes by 20% due to the changes
in the parameters of the active amplifier device. If a change of gain by
2% is allowable, what type of feedback has to be applied? If the ampli-
fier gain with feedback is 10, find the minimum value of the feedback
ratio and the open-loop gain.

Solution: In a feedback amplifier,

f

f

dA

A
 = 

1

|1 |

dA

A Ab+

where, Af = closed-loop gain, A = open-loop gain and b = feedback
ratio.

Here,
f

f

dA

A
= 2% = 

2

100
 and 

dA

A
 = 20% = 

20

100

\
2

100
=

20 1

100 1 Ab+

Therefore, bA = 9

As bA > 1, the negative feedback has to be applied.

The overall loop gain of a feedback amplifier is

Af =
1

A

Ab+

If Af = 10, Af = 
1

A

Ab+
or, 10 = 

1 9

A

+

Therefore, open-loop gain is A = 100

The feedback ratio is b = 
9 9

=
100A

 = 0.09

11. Write short notes on any two of the following 2 ¥ 5 = 10

(a) Enhancement-type MOSFET

Solution: Refer Sections 1.13 and 1.13.2.

(b) Barkhausen criteria

Solution: Refer Section 3.4.1.

(c) CMMR

Solution: Refer Section 4.10.6.

(d) De Morgan’s theorem

Solution: Refer Section 6.7.
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QUESTION PAPER (2014)

ES-201

GROUP – A

(Multiple-Choice-Type Questions)

1. Choose the correct alternatives for any five of the following: 5 ¥ 1 = 5

(i) The decimal equivalent of binary 11.1 is

(a) 3.5 (b) 3.1 (c) 5.1 (d) 2.2

Ans: (a) 3.5

(ii) Open-loop voltage gain of an Op-Amp is

(a) small (b) large (c) can be anything

Ans: (b) large

(iii) Which of the following devices has the highest input impedance?

(a) MOSFET (b) BJT (c) JFET

Ans: (a) MOSFET

(iv) CMMR of an Op-Amp is

(a) much larger than unity

(b) much smaller than unity

(c) unity

(d) none of these

Ans: (a) much larger than unity

(v) Which of the following feedback topologies offers high input

impedance?

(a) Voltage series (b) Voltage shunt

(c) Current series (d) Current shunt

Ans: Voltage series
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(vi) Oscillators use the following feedback:

(a) Negative (b) Positive

(c) Both negative and positive (d) None

Ans: (b) Positive

GROUP – B

(Short-Answer-Type Questions)

Answer any two of the following: 2 ¥ 5 = 10

2. Draw and explain the working principle of the CMOS inverter circuit.

Solution:

CMOS Inverter

Two complementary MOSFETs. namely, p-channel MOSFET (PMOS) and n-

channel MOSFET (NMOS) are connected in such a way that the circuit

behaves as inverter. Figure 1 shows the complementary CMOS inverter. The

drains are joined together. Vdd is connected with source of PMOS and source

of NMOS is also connected with ground. Figure 1(a) shows the operation of

CMOS inverter when input is connected with low voltage (logic 0). When

input voltage is low, the NMOS will be cut-off and PMOS will be operating

in saturation mode. Then output will be Vdd. Similarly, when input voltage is

high, PMOS will be in cut-off and NMOS operate in saturation. Therefore,

the output voltage will be almost zero volt. In this way, this circuit behaves

as inverter. Table 1 shows the truth table of CMOS inverter.

Fig. 1(b) Complementary CMOS
inverter circuit when
input connected to Vdd

Fig. 1(a) Complementary CMOS
inverter circuit with
input ground

Vdd Vdd

VINPUT

T2

T1

VOUTPUT

Vdd Vdd

VINPUT

T2

T1

VOUTPUT
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Table 1 The truth table of CMOS inverter

Input Transistor Output

A T1 T2 O

Low Cut-off Saturation High

High Saturation Cut-off Low

The transistor T2 is a P-channel MOSFET. When the channel is more posi-

tive than the gate, the channel is enhanced and current is allowed between

source and drain. Therefore, the upper transistor T2 is turned on. The tran-

sistor T1, having zero voltage between gate and source, is in its cut-off

mode. Thus, the actions of these two transistors are such that the output

terminal of the gate circuit has a solid connection to Vdd and a very high

resistance connection to ground. This makes the output high or logic 1 for

the low or logic 0 state of the input.

3. What is positive feedback?

Solution: Refer Section 2.2.2.

(a) Name the different feedback topologies.

Solution: Refer Section 2.5.

4. Identify the circuit and find out the output voltage Vo of the circuit.

If Vin = 5 sin 2000pt mV, R = 100 kW and C = 1 mF

R

C

Vin Vo

–

+

Fig. 2

Solution: Figure 2 shows an integrator circuit.

The output voltage of the integrator is

Vo(t) = in

0

1
t

V dt
RC

Ú
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=
3 6

0

1
5sin 2000

100 10 1 10

t

t dtp
-

- ◊
¥ ¥ ¥ Ú

=

0

1
50 sin 2000 = 50 ( cos 2000 )

2000

t

t dt tp p

p

- ◊ - ¥ ¥ -Ú
= 0.00795cos 2000 pt

5. (a) Perform the following number conversions:

(i) (ABC)16 = (?)2

Solution: (1010  1011  1100)2

(ii) (165)8 = (?)2

Solution: (001  110  101)2

(b) Realize the following Boolean expression using minimum number of

NAND gates:

Y = ( ) ( )A B A B+ +

Solution: Y = ( ) ( )A B A B+ +

= AA AB BA BB+ + +

= AB BA B+ +

or, Y = ( )( )A B A B+ +

= ( ) ( )A B A B+ + +

= AB AB+

or, Y = =Y AB AB+

The implementation of the Boolean expression Y = (A + B)( A + B)

using NAND gates is depicted in Fig. 3.

A

B

A
B AB

A

AB

y
Y

Fig. 3
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GROUP – C

(Long-Answer-Type Questions)

Answer any two of the following 2 ¥ 10 = 20

6. (a) In a JFET for an applied voltage, VGS = 0 V and VDS = 2.5 V. The drain

current appears to be 13.5 mA. What is the value of IDSS here? If VDS is

increased to 3 V and the pinch-off voltage is stated as –2 V. What is

the value of ID?

Solution: Given ID = 13.5 mA, VGS = 0 V and VDS = 2.5 V.

The drain current ID = IDSS

2

1 GS

P

V

V

Ê ˆ
-Á ˜Ë ¯

Therefore, 13.5 ¥ 10–3 = IDSS

2
0

1
PV

Ê ˆ
-Á ˜Ë ¯

The value of IDSS is 13.5 mA.

We know that VDS = VGS – VP

So, VGS = VDS + VP = 3 – 2 = 1 V

The drain current ID = IDSS

2 2
1

1 = 13.5 1
2

GS

P

V

V

Ê ˆ Ê ˆ- -Á ˜Á ˜ Ë ¯-Ë ¯
= 30.375 mA

(b) What is known as gain-bandwidth product of an amplifier?

Solution: Refer Section 2.7.3.

7. State the Barkhausen criteria.

Solution: Refer Section 3.4.1.

8. (a) What is an integrator and a differentiator? Describe them with suitable

block diagrams.

Solution: Refer Sections 5.11 and 5.12.

(b) The midrange open-loop gain of a certain Op-Amp is 120 dB. Negative

feedback reduces this gain by 50 dB. What is the closed-loop gain?

Solution: The closed-loop gain is equal to Acl = 120 dB – 50 dB = 70 dB

9. (a) Define the truth table of the XOR gate.

Solution: Refer Section 6.8.6.

10. (a) Implement the XOR operation using the minimum number of two-input

NAND gates.

Solution: Refer Answer of 9(d) from QP of 2012.

(b) In an adder, 3 input resistances are 2 kW, 4 kW and 8 kW, and the

feedback resistance is 10 kW. What is the output voltage of the

Op-Amp?
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Solution: The output voltage of the adder circuit using the Op-Amp is

equal to

Vo = 1 2 3
1 1 3

f f fR R R
V V V

R R R

Ê ˆ
- + +Á ˜Ë ¯

where, R1 = 2 kW, R2 = 4 kW and R3 = 8 kW and the feedback resistance

Rf = 10 kW.
Input voltages are V1, V2 and V3 and the output voltage is Vo.

Vo = 1 2 3

10 10 10

2 4 8
V V V

Ê ˆ- + +Á ˜Ë ¯

or, Vo = – (5V1 + 2.5V2 + 1.25V3)

11. Write short notes on any two of the following: 2 ¥ 5 = 10

(a) MOSFET

Solution: Refer Section 1.13.

(b) Feedback amplifier

Solution: Refer Section 2.4.

(c) Universal gates

Solution: Refer Section 6.9.

(d) Operational amplifier

Solution: Refer Sections 4.2 and 4.3.
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QUESTION PAPER (2015)

ES-201

Part-I (Electrical)

GROUP – A

(Multiple-Choice-Type Questions)

1. Answer any five questions: 5 ¥ 1 = 5

(i) The output voltage of a dc generator is:

(a) AC square wave (b) AC sinusoidal wave

(c) Pulsating dc (d) Pure dc

Ans: (c) Pulsating dc

(ii) In a transformer, the flux phasor:

(a) Leads the induced emf by 90°

(b) Lags the induced emf by 90°

(c) Leads the induced emf by slightly less than 90°

(d) Lags the induced emf by slightly less than 90°

Ans: (a) Leads the induced emf by 90°

(iii) When a 50 Hz transformer is operated at 400 Hz, its KVA rating is:

(a) Increased by 8 times

(b) Reduced by 8 times

(c) Unaffected

(d) Determined by load on secondary

Ans: (d) Determined by load on secondary

(iv) Two wattmeters are connected to measure the input to a balanced three

phase circuit. The readings of the instruments are W1 and W2 respec-
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tively. The currents lag by an angle q behind the corresponding phase

voltages:

(a) If q = 0°, W1 > W2

(b) If q < 60° both W1 and W2 are positive

(c) If q = 30°, W2 > 0

(d) If q > 60°, W1 is positive

Ans: (b) If q < 60° both W1 and W2 are positive

(v) Power developed by dc motor is maximum when the ratio of back emf

and applied voltage is:

(a) Double (b) Zero (c) Unity  (d) Half

Ans: (d) Half

(vi) The critical resistance of a dc generator refers to the resistance of:

(a) Load (b) Brushes

(c) Field (d) Armature

Ans: (c) Field

GROUP – B

(Short-Answer-Type Questions)

Answer any two questions: 2 ¥ 5 = 10

2. Draw the exact equivalent circuit of a transformer and describe briefly the

various parameters involved in it.

Solution: Refer Article 3.9 (Part I).

3. Find an expression of electric field intensity and electric potential of an

isolated point charge.

Solution: Refer Article 1.7 (Part I).

4. Show that the power in a three phase circuit can be measured using

2 wattmeters.

Solution: Refer Article 4.6 and Fig. 4.13 (Part I).

5. What is slip? Deduce a relationship between rotor current frequency and

supply frequency in terms of slip of an induction motor.

Solution: Refer Article 5.7 and 5.8 (Part I).

GROUP – C

(Long-Answer-Type Questions)

Answer any two questions 2 ¥ 10 = 20

6. (a) Why is the open circuit test on a transformer conducted at a rated

voltage? Explain. 3



Solved WBUT Question Paper 2015 II.S.Q.P.3

Solution: (a) To get rated core loss (core loss is proportional to the

square of the applied voltage) which remains constant

for operation of the transformer under any load and for

calculation of efficiency. Refer Article 3.16.1 (Part I).

(b) A 20 kVA, 2000/20 V single phase transformer has a primary resistance

of 2.1 W and a secondary resistance of 0.02 W. If the total iron loss

equals 200 W, find the efficiency on (i) full load and a power factor of

0.5 lagging (ii) half load and a power factor of 0.8 leading. 7

Solution: Refer problem 3.22 on Page I.3.26 (Part I).

7. (a) What is meant by back emf ? Explain the principle of torque production

in a dc motor. 5

Solution: Refer Article 2.12 and 2.13 (Part I).

(b) A dc motor takes an armature current of 100 A at 230 V. The armature

resistance is 0.05 W. The total number of lap connected armature con-

ductors are 500 and the number of poles is 4. The flux per pole is

0.03 Wb. Find the speed and torque. 5

Solution: Refer problem number 2.37 in page I.2.38 (Part I).

8. (a) “A rotating field is created in a three phase induction motor when a

balanced three phase ac supply is applied at the stator”. Explain. 5

Solution: Article 5.6 (Part I).

(b) A three phase 4 kW, 400 V, 50 Hz induction motor is working at full load

with an efficiency of 90% at a power factor of 0.8 lagging. Calculate

(i) the input power (ii) the line current. 5

Solution: Refer problem 5.18 in Page I.5.29 (Part I).

9. (a) In a three phase 4 wire power distribution system, phase B is open

while current through R and Y are 100––30° and 60––60°. Find the

current through the neutral connection. 4

Solution: Refer problem no. 4.22 in page I.4.21 (Part I).

(b) Three equal charges each of magnitude 3.5 ¥ 10– 6 C are placed at three

corners of a right angled triangle of sides 3 cm, 4 cm and 5 cm. Find the

force on the charge at the right angle corner. 6

Solution: Refer problem 1.1 in page I.1.14 (Part I).
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Part-II (Electronics)

GROUP – A

(Multiple-Choice-Type Questions)

1. Answer any five questions: 5 ¥ 1 = 5

(i) FET is less noisy than BJT because of:

(a) High input resistance (b) Low output resistance

(c) Voltage controlled current (d) Unipolar current

Ans: (a) High input resistance

(ii) MOSFET is a:

(a) Current controlled device

(b) Voltage controlled device

(c) Temperature controlled device

(d) None of these

Ans: (b) Voltage controlled device

(iii) Current shunt feedback is used in:

(a) Voltage amplifier (b) Current amplifier

(c) Transconductance amplifier (d) Transresistance amplifier

Ans: (b) Current amplifier

(iv) An OP-AMP has:

(a) Negligible input resistance (b) Infinitely large voltage gain

(c) Very large output impedance (d) All of these

Ans: (b) Infinitely large voltage gain

(v) The simplest form of Boolean expression is:

(a) A (b) B (c) AB (d) A + B

Ans: (d) A + B

(vi) What range of decimal values can be represented by an eight bit posi-

tive unsigned binary number:

(a) 0 to 63 (b) 0 to 127

(c) 0 to 255 (d) 0 to 511

Ans: (c) 0 to 255

GROUP – B

(Short-Answer-Type Questions)

Answer any two questions 2 ¥ 5 = 10

2. (a) What is the relation among JFET parameters? 2.5

Solution: The JFET has the following parameters:

Transconductance (gm)
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Drain resistance (rd)

Amplification factor (m)

The relation among JFET parameter is:

m = gmrd

For derivation of the above equation, refer to Section 1.6 (Part II).

(b) What are the advantages of FET over BJT? 2.5

Solution: Refer to Section 1.8 (Part II).

3. Deriving proper expression explain the effect of positive feedback on gain,

input impedance, output impedance, stability and bandwidth. 5

Solution: When the feedback voltage or current (energy) is the phase

with the input signal and thus aids it, it is called positive feedback. Since

both amplifier and feedback network introduce a phase shift of 180°. The

result is a 360° phase shift around the loop. Using the feedback voltage Vf

to be in phase with the input signal Vin.

• The effect of positive feedback on gain: The positive feedback increases

the gain of the amplifier.

• The effect of positive feedback on input impedance: The positive feed-

back increases the input impedance.

• The effect of positive feedback on output impedance: The positive feed-

back decreases the output impedance.

• The effect of positive feedback on bandwidth: The positive feedback

decreases the bandwidth.

• The effect of positive feedback on stability: Distortion and instability

will be increased due to positive feedback.

4. Draw the block diagram of an OP-AMP and write down the characteristics

of an ideal OP-AMP. 5

Solution: Refer Sections 4.2 and 4.7 (Fig. 4.7) (Part II).

5. (a) Perform the following number conversion: 2.5

(i) (11011.1010)2 = (?)10

Solution: (11011.1010)2 = 1 ¥ 24 + 1 ¥ 23 + 0 ¥ 22 + 1 ¥ 21 + 1 ¥ 20

+ 1 ¥ 2–1 + 0 ¥ 2–2 + 1 ¥ 2–3

= 16 + 8 + 0 + 2 + 1 + 0.5 + 0 + 0.125

= (27.625)10

(ii) (756.603)8 = (?)16

Solution: (756.603)8 = (111 101 110.110 000 011)2

= (1 1110 1110 .1100 0001 1000)2

= (1 EE.C18)2

(b) Realize the Boolean expression using minimum number of NOR gates.

2.5

Y = AB¢+A¢B
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Solution: Y AB AB= +

Then         Y AB AB= +

             .AB AB= ( ).( )A B A B= + +

Therfore, ( ).( )Y Y A B A B= = + + ( ) ( )A B A B= + + +

The implementation of Boolean expression Y AB AB= +  using NOR

gates is depicted in Fig. 1

A

B

( )+A B

( )+A B

A

B

Y

Fig. 1

GROUP – C

(Long-Answer-Type Questions)

Answer any two questions 2 ¥ 10 = 20

6. (a) An N-channel JFET amplifier with a voltage divider biasing circuit as

shown in Fig. 3 has the following parameters: VP = – 4 V, IDSS = 4 mA.

Calculate the value of drain current at the operating point. Verify whether

the FET will operate in the pinch-off region. 7

Fig. 2
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Solution: Given:

R1 = 15 MW
R2 = 10 MW
RD = 1 kW

VDD = 25 V

VP = – 4 V

IDSS = 4 mA

The voltage 2

1 2

10
25 V 10 V

15 10
GG DD

R
V V

R R
= = ¥ =

+ +

We know that 

2

1 GS
D DSS

P

V
I I

V

Ê ˆ
= -Á ˜Ë ¯

VGS = VGG – Id RS assume Rs = 4 kW
At Q-point,

2

1 GS
D DSS

P

V
I I

V

Ê ˆ
= -Á ˜Ë ¯

or

2

4 1
4

GG D s
D

V I R
I

Ê ˆ-
= -Á ˜-Ë ¯

or

2
4 10 4

4
4

D
D

I
I

Ê ˆ- - + ¥
= Á ˜-Ë ¯

or 4ID = (4ID – 14)2 = 
216 DI – 112 ID + 196

or
216 DI – 112 ID + 196 = 0

Therefore, ID = 3.5 mA

Since drain current ID = 3.5 mA which is less than IDSS = 4 mA, the FET

will not operate in the pinch-off region.

(b) Explain the basic operation of depletion type n channel MOSFET with a

suitable diagram. 3

Solution: Refer Section 1.15 (Part II).

7. (a) Obtain the closed loop gain, CMRR in dB and maximum operating

frequency for the non-inverting amplifier shown in Fig. 3 whose common-

mode gain is 0.003 and slew rate is 0.2 V/ms. 5
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Fig. 3

Solution: Common-mode gain AC = 0.003

Slew rate SR = 0.2 V/ms,

DVo = 2.5 V

(i) The closed loop gain is equal to:

1

140 k
1 = 1 = 21

7 k

W
+ +

W
fR

R

(ii) CMRR is equal to 
21

= = = 7000
0.003

r d

C

A

A

CMRR in dB is equal to:

21
20log dB = 20log = 20 log (7000)

0.003

d

C

A

A
= 70.901 dB

(iii) Slew rate:

= V/ s
D

m
D

oV
SR

t
Therefore,

2.5
= s = s = 12.5 s

0.2

D
D m m moV

t
SR

The maximum operating frequency:

6

1 1
= = Hz

12.5 10
-D ¥

f
t

 = 80 kHz

(b) What do you mean by negative feedback? 2

Solution: Refer Section 2.2.1 (Part II).

(c) Why is it used in designing an amplifier? 3

Solution: Refer Section 2.1 (Part II).
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8. (a) Why NAND gate is called a universal gate? Explain with examples. 5

Solution: Refer Section 6.9 (Part II).

(b) A current series feedback amplifier has the following circuit parameters:

RL = 1 kW, RE = 100 W, R2 = 20 kW, R1 = 30 kW, hfe = 100. Calculate A,

Rif , Af and loop gain in dB. 5

Solution: Given: RL = 1 kW, RE = 100 W, R2 = 20 kW, R1 = 30 kW,

hfe = 100

2

1 2

20
0.4

20 30
th CC CC CC

R
V V V V

R R
= = =

+ +

1 2
1 2

1 2

30 20
|| 12 k

20 30
th CC

R R
R R R V

R R

¥
= = = = W

+ +

Assume VCC = 10 V

Vth = 0.4 ¥ 10 = 4 V

IE = (1 + hfe) IB = (1 + 100)IB = 101IB

Vth = IBRth + VBE + IE RE = 12000IB + 0.7 + 101*100 IB

= 0.7 + 22100IB = 0.4 VCC

22100 IB = 0.4 VCC – 0.7 = 0.4 ¥ 10 – 0.7 = 3.3 V

The base current:

3.3
0.149 mA

22100
BI A= =

 IE = 101IB = 101 ¥ 0.149 mA = 15.049 mA

AC emitter resistance:

25 mV

15.049 mA
er
¢ =  = 1.66W

Voltage gain without feedback 
1000

602.4
1.66

L

e

R
A

r ¢
= = =

100 1

1000 10

E

C

R

R
b = = =

Rif = Rth + (1 + hfe) RE = 12 ¥ 103 + (1 + 100) ¥ 100 = 22.1 kW

The voltage gain with feedback is:

1 1000
10

1 100

C L
f

E E

R RA
A

A R Rb b
= = = = = =

+

Loop gain in dB is equal to:

20 log Af = 20log10 = 20dB
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9. Write short notes on any two of the following: 2 ¥ 5

(a) Slew rate

Solution: Refer Section 4.10.8 (Part II).

(b) Barkhausen criterion

Solution: Refer Section 3.4.1 (Part II).

(c) Pinch-off condition of JFET

Solution: Refer Section 1.4 (Part II).

(d) Op-amp as an integrator

Solution: Refer Section 5.11 (Part II)
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